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This study addresses nonlinear and non-Gaussian state estimation problems where the particle filter (PF) exhibits 
the impoverishment issue. This issue arises from the discretisation of the continuous posterior distribution of 
the state and the use of importance sampling, where the true distribution of the state is unknown. In this study, 
we propose density-based spatial clustering of applications with noise (DBSCAN)-based particle Gaussian mixture 
(PGM) filters: the PGM-DS and PGM-DU filters, where DS indicates the PGM filter with DBSCAN and DU indicates 
the PGM filter with DBSCAN and the unscented transform (UT). These filters assume the posterior distribution 
of the state to be a Gaussian mixture model (GMM) and sample particles from this GMM. At every time step, the 
particles are clustered into multiple Gaussian components using DBSCAN, the components are updated with the 
Kalman/linear minimum mean squared error (LMMSE) update, and the GMM is reconstructed with the updated 
means and covariances. The proposed filters are tested in three numerical simulation scenarios and compared 
with other state-of-the-art nonlinear filters. The results show enhanced performance and robustness across the 
tested simulation scenarios, with lower computational cost compared to the other filters.

1. Introduction

The particle filter (PF), or a sequential Monte Carlo (SMC) method, is 
an estimator that approximates the probability density function (PDF) 
of the state using random discrete samples [1--3]. The characteristics 
of Monte Carlo (MC), the nature of Bayesian inference and the Markov 
property allow the PF to be one of the most commonly utilised estima

tors in nonlinear and non-Gaussian scenarios compared to other non

linear filters. Because the posterior distribution of the state is typically 
unknown in closed form, PFs rely on samples drawn from an importance 
distribution to approximate it. In other words, the performance of the PF 
heavily depends on the choice of the importance density. Furthermore, 
by approximating the posterior distribution with discrete samples, the 
filter can suffer from additional issues such as particle degeneracy and 
impoverishment [4]. Particle degeneracy and impoverishment can be 
critical to the performance of the PF since they reduce the diversity 
of the random samples, which is the key strength of the PF in han

dling non-linearity. Particle degeneracy occurs when only a few particles 
have large weights, while the others have negligible weights. The most 
common way to address particle degeneracy is the resampling method, 
which samples particles in the high-weight region, as proposed in [4--7]. 
However, resampling algorithms can lead to the impoverishment prob
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lem, where the particles collapse into a few particles after resampling. 
One simple solution for this issue is to jitter the particles [4].

Multiple recent works have attempted to resolve these issues by 
hybridising PF with machine learning methods [8] or by incorporat

ing kernel density approaches into PF [9]. For example, Imbiriba and 
Closas mitigated the particle degeneracy issue by utilising a Gaussian 
process (GP) to enhance the posterior distribution approximation of the 
PF [10], while Comandur et al. developed the Gaussian flow Gaussian 
PF (GFGPF), which integrates an invertible Gaussian flow method into 
the GPF [11]. Kuptametee et al. mitigated the particle impoverishment 
issue by adopting a genetic algorithm-based particle herding scheme 
[12], while Kim et al. developed the shifting kernel PF (SKPF), which 
incorporates shifting kernel functions during resampling [13]. One of 
the main approaches to overcome the aforementioned issues is to incor

porate Gaussian mixture model (GMM) or a weighted sum of Gaussians 
into Bayes filters to approximate the posterior distribution of the state. 
Approximating the posterior distribution of the state using GMM can 
improve the performance of the filter in nonlinear scenarios and can 
alleviate the aforementioned issues. Alspach and Sorenson proposed a 
Gaussian sum filter, which approximates the PDF of the state with a 
weighted sum of Gaussians [14]. Kotecha and Djurić proposed a Gaus

sian sum PF as a bank of PFs with GMM state PDF with the expectation
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maximisation (EM) algorithm [15]. Psiaki proposed a ``blob'' filter based 
on a GMM for highly nonlinear scenarios [16,17]. The name ``blob'' was 
used in contrast to the ``particle'' where the distribution of the state was 
assumed to be a GMM. One of the main differences between this ap

proach and previous GMM filters is that the resampling step is placed 
between time propagation and measurement update to enforce the max

imum size of the variance of each Gaussian component using a matrix 
inequality (MI) upper bound. Yun and Zanetti proposed fuzzy cluster

ing methods to approximate the GMM in mixture filters, demonstrating 
improved performance compared to the EM algorithm and K-means clus

tering [18]. Raihan and Chakravorty proposed particle Gaussian mixture 
(PGM) filters, the PGM1 and PGM1-UT filters, using a modified K-means 
clustering to construct the GMM based on the clustering results [19--21]. 
This approach was proposed to overcome one of the major limitations 
in previous research which is the number of components in the GMM 
is fixed. However, it still faces the issue of high computational cost to 
ensure a minimum number of samples in each cluster for calculating 
the sample covariance of each component. Moreover, the modified K

means clustering still has additional issues, as it requires a predefined 
maximum number of clusters.

To this end, we propose PGM filters based on density-based spatial 
clustering of applications with noise (DBSCAN) [22,23]: the PGM-DS 
and PGM-DU filters, where DS indicates the PGM filter with DBSCAN 
and DU indicates the PGM filter with DBSCAN and unscented trans

form (UT). These DBSCAN-based PGM filters offer multiple advantages: 
a predefined number of clusters is not required, and DBSCAN ensures 
a minimum number of particles in each cluster by its inherent charac

teristics. The proposed filters are tested in three numerical simulation 
scenarios and compared with multiple nonlinear filters, including the 
unscented Kalman filter (UKF), the ensemble Kalman filter (EnKF) [24], 
the PF, the adaptive kernel Kalman filter (AKKF) [25] and the PGM1 
and PGM1-UT filters.

1. New PGM filters with clustering based on DBSCAN are proposed.

2. The proposed filters are compared to other state-of-the-art nonlin

ear filters and show enhanced performance.

3. The robustness analysis confirms the robustness of the filters to 
measurement noise and the DBSCAN design parameters.

The rest of this paper is composed as follows: Section 2 briefly in

troduces the Bayes filter and GMM for the reader’s comprehension. 
Section 3 proposes the DBSCAN-based PGM filters and Section 4 pro

vides the result of numerical simulations of the DBSCAN-based PGM 
filters. Finally, we conclude this study with future work in Section 5.

2. Preliminaries

2.1. Bayes filters

Bayes filters are widely applied in many estimation problems. The 
state of the system of interest can be estimated using the system dynam

ics and the measurement model. This process can be denoted as follows, 
for the discrete-time case:

𝒙𝑘|𝑘−1 = 𝑓𝑘 (𝒙𝑘−1|𝑘−1,𝒘𝑘) , (1)

𝒛𝑘 = ℎ𝑘
(
𝒙𝑘|𝑘−1,𝒗𝑘) , (2)

where the subscript 𝑘 = 1,2,3… indicates the time instance, 𝒙𝑘 is the 
state vector, 𝑓𝑘 is the discrete system dynamics, 𝒘𝑘 is the process noise, 
𝒛𝑘 is the measurement vector, ℎ𝑘 is the discrete measurement model 
and 𝒗𝑘 is the measurement noise. The general form of the PDF of the 
recursive Bayes filter can be calculated as follows:

𝑝
(
𝒙𝑘|𝒛1∶𝑘) = 𝑝

(
𝒛𝑘|𝒙𝑘)𝑝(𝒙𝑘|𝒛1∶𝑘−1)

∫ 𝑝
(
𝒛𝑘|𝒙𝑘)𝑝(𝒙𝑘|𝒛1∶𝑘−1)𝑑𝒙𝑘 . (3)

However, an analytical solution for this integration is often not avail

able, except in some special cases such as the linear Gaussian case, as in 
the well-known linear Kalman filter [26]. In nonlinear and non-Gaussian 
cases, an approximation must be made. For example, the extended 
Kalman filter utilises Jacobian matrices for piecewise linearisation and 
UKF utilises sigma points to obtain an approximate solution. One of the 
most versatile methods of approximating the solution in nonlinear and 
non-Gaussian scenarios is PF or SMC, which approximates the posterior 
distribution of the state using random samples called ``particles''. The 
PF computes the integral in Eq. (3) using sample representation or MC 
integration. This approximate integral can be calculated as follows:

𝑝
(
𝒙𝑘|𝒛1∶𝑘) ≃ 𝑁𝑝∑

𝑖=1 
𝑤𝑖𝛿

(
𝒙𝑘 − 𝒙𝑖

𝑘

)
, (4)

where 𝑁𝑝 is the number of samples, 𝑤𝑖 is the weight of the 𝑖𝑡ℎ sample 
which sums to 1, 𝛿 (⋅) is the Dirac delta function and 𝒙𝑖 is the 𝑖𝑡ℎ sample.

2.2. Gaussian mixture model

The GMM, which represents a distribution as a weighted sum of mul

tiple Gaussian components, can be used to approximate the arbitrary 
unknown distribution of a PF. The nature of the Gaussian distribution, 
which is characterised by the first two moments, enables a simple and 
effective calculation of the distribution of interest. The PDF of the state 
𝒙𝑘 can be approximated by a GMM with 𝑁𝑚 components as follows:

𝐺𝑀𝑀
(
𝒙𝑘

)
=
𝑁𝑚∑
𝑛=1 
𝑤𝑛

(
𝝁𝑛, 𝝈2

𝑛

)
, (5)

where 𝑤𝑛 is the weight of the 𝑛𝑡ℎ Gaussian component, which sums 
to 1, and 𝝁𝑛 and 𝝈2

𝑛 are the mean and variance of the 𝑛𝑡ℎ component, 
respectively. Here, the Gaussian component 

(
𝝁𝑛, 𝝈2

𝑛

)
is defined as 

follows:


(
𝝁𝑛, 𝝈2

𝑛

)
= 1 

𝝈𝑛

√
2𝜋
𝑒
− 1

2

(
𝒙−𝝁𝑛
𝝈𝑛

)2
. (6)

More details on the GMM can be found in [17,19]. A GMM can be 
constructed using the EM algorithm [27] with given data points, and an 
arbitrarily shaped PDF can be approximated using it. In this study, the 
GMM is utilised to approximate the unknown PDF of the state.

3. DBSCAN-based PGM filters

DBSCAN-based PGM filters utilise DBSCAN to cluster the particles, 
and each cluster is considered a Gaussian component of the GMM. Each 
component is then updated using the measurement, and the updated 
components are used to construct the GMM to approximate the posterior 
distribution of the state. At the next time step, new particles are sampled 
from this GMM, eliminating the resampling step commonly used in most 
other PFs.

3.1. DBSCAN

DBSCAN is a clustering algorithm that has three main advantages 
over other clustering algorithms: 1) it doesn’t require a fixed number 
of clusters, 2) it can cluster arbitrarily shaped clusters and 3) it has the 
ability to handle noise. It is called density-based since clusters are de

fined based on the density of points within a given distance, 𝜖, from 
core points. The two design parameters to compute the density are 𝜖, 
which specifies the radius around a given point, and 𝑚𝑖𝑛𝑃 𝑡𝑠, which is 
the minimum number of points required around that point to determine 
whether it is a core point. This ensures that clusters contain at least 
𝑚𝑖𝑛𝑃 𝑡𝑠 points and reduces the computational burden compared to con

strained K-means clustering, which requires optimisation to guarantee a 
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minimum number of particles in each cluster. The parameter 𝜖 can be se

lected using a k-distance graph, whilst the parameter 𝑚𝑖𝑛𝑃 𝑡𝑠 is typically 
chosen according to the rule of thumb 𝑚𝑖𝑛𝑃 𝑡𝑠 ≥𝑁 + 1. Given these de

sign parameters, the clustering process of DBSCAN can be summarised 
as follows [22]:

1. Identify the core points based on 𝜖 and 𝑚𝑖𝑛𝑃 𝑡𝑠.
2. Form connected subgraphs of core points.

3. Assign reachable points to their nearest neighbouring cluster.

4. Label the remaining points, which are neither core nor reachable, 
as noise.

3.2. PGM-DS and PGM-DU filters

Two variants of PGM filters are proposed here, both based on the 
Kalman/linear minimum mean squared error (LMMSE) update. The 
PGM-DS filter is a baseline method that calculates the mean and co

variance of each Gaussian component directly from clustered particles 
and updates them using the Kalman update. The PGM-DU filter uses the 
UT (as in the UKF [28]), employing sigma points to calculate the mean 
and covariance of each component. With the LMMSE update, the up

dated mean 𝝁𝑛
𝑘|𝑘 and covariance 𝑷 𝑛

𝑘|𝑘 of the 𝑛𝑡ℎ component at time step 
𝑘 can be calculated as follows:

𝝁𝑛
𝑘|𝑘 = 𝝁𝑛

𝑘|𝑘−1 +𝑲𝑛
𝑘

(
𝒛𝑘 − 𝔼

[
ℎ
(
𝑿𝑛
𝑘

)])
, (7)

𝑷 𝑛
𝑘|𝑘 = 𝑷 𝑛

𝑘|𝑘−1 −𝑲𝑛
𝑘
𝑷 𝑛
𝑧𝑥,𝑘
, (8)

𝑲𝑛
𝑘
=
(
𝑷 𝑛
𝑧𝑥,𝑘

)𝑇 (
𝑷 𝑛
𝑧𝑧,𝑘

)−1
, (9)

where 𝑿𝑛
𝑘

is the set of particles clustered in the 𝑛𝑡ℎ component, 𝑲𝑛
𝑘

is 
the Kalman gain of the 𝑛𝑡ℎ component, and the cross-covariance 𝑷 𝑛

𝑧𝑥,𝑘
and innovation covariance 𝑷 𝑛

𝑧𝑧,𝑘
are calculated as follows:

𝑷 𝑛
𝑧𝑥,𝑘

= 𝔼
[(
ℎ
(
𝑿𝑛
𝑘

)
− 𝔼

[
ℎ
(
𝑿𝑛
𝑘

)]) (
𝑿𝑛
𝑘
− 𝔼

[
𝑿𝑛
𝑘

])𝑇 ]
, (10)

𝑷 𝑛
𝑧𝑧,𝑘

= 𝔼
[(
ℎ
(
𝑿𝑛
𝑘

)
− 𝔼

[
ℎ
(
𝑿𝑛
𝑘

)]) (
ℎ
(
𝑿𝑛
𝑘

)
− 𝔼

[
ℎ
(
𝑿𝑛
𝑘

)])𝑇 ]
. (11)

In the case of the PGM-DU filter, the sigma points of the 𝑛𝑡ℎ com

ponent, 𝑛
𝑘|𝑘−1, are computed using the UT prior to the update step, as 

follows:


𝑛
𝑘|𝑘−1 =

[
𝔼
[
𝑿𝑛
𝑘

]
,𝔼

[
𝑿𝑛
𝑘

]
±
√

(𝐿+ 𝜆)𝑷 𝑛
𝑘|𝑘−1

]
, (12)

where 𝐿 is the dimension of the state, 𝜆 = 𝛼2 (𝐿+ 𝜅)−𝐿with predefined 
parameters 𝛼 and 𝜅, and 

√
(𝐿+ 𝜆)𝑷 𝑛

𝑘|𝑘−1 denotes the matrix square 
root, typically computed via Cholesky decomposition. The mean and 
covariance can be calculated using the sigma points as follows:

𝝁𝑛
𝑘|𝑘−1 =

2𝐿 ∑
𝑖=0 
𝑊

(𝑚)
𝑖


𝑛
𝑖,𝑘|𝑘−1, (13)

𝑷 𝑛
𝑘|𝑘−1 =

2𝐿 ∑
𝑖=0 
𝑊

(𝑐)
𝑖

[

𝑛
𝑖,𝑘|𝑘−1 − 𝝁𝑛

𝑘|𝑘−1
] [


𝑛
𝑖,𝑘|𝑘−1 − 𝝁𝑛

𝑘|𝑘−1
]𝑇
, (14)

where 𝑊 (𝑚)
𝑖

and 𝑊 (𝑐)
𝑖

are the mean and covariance weights of each 
sigma point, defined as follows:

𝑊
(𝑚)
0 = 𝜆 

𝐿+ 𝜆
, (15)

𝑊
(𝑐)
0 = 𝜆 

𝐿+ 𝜆
+
(
1 − 𝛼2 + 𝛽

)
, (16)

𝑊
(𝑚)
𝑖

=𝑊 (𝑐)
𝑖

= 1 
2 (𝐿+ 𝜆)

, 𝑖 = 1,… ,2𝐿. (17)

The sigma points of 𝑛𝑡ℎ component in the measurement space can be 
calculated by 𝑛

𝑖,𝑘|𝑘−1 = ℎ
(

𝑛
𝑖,𝑘|𝑘−1

)
and the mean can be calculated as 

follows:

Algorithm 1 PGM-DS and PGM-DU filters.

Given: 𝑓𝑘, ℎ𝑘, 𝒙0, 𝑷 0, 𝑸, 𝑹, 𝒛𝑘, 𝑁𝑝, 𝜖, 𝑚𝑖𝑛𝑃 𝑡𝑠, 𝛼, 𝛽, 𝐿, 𝜆
1: for 𝑘 in K do

2: Draw samples from given initial 𝒙0 and 𝑷 0
3: Time propagation with given system dynamics 𝑓𝑘
4: Clustering using DBSCAN with 𝜖 and 𝑚𝑖𝑛𝑃 𝑡𝑠
5: if Distance between clusters ≤ threshold then

6: Merge clusters

7: end if

8: if PGM-DS then

9: Update with Eqs. (7)--(11)

10: else

11: Calculate sigma points with Eqs. (12)--(18)

12: Update with Eqs. (7)--(9) and Eqs. (19)--(20)

13: end if

14: Construct a GMM with updated mean and covariance with Eq. (5)

15: Sample 𝑁𝑝 new particles from the GMM for the next time step

16: end for

𝒛𝑛
𝑘
=

2𝐿 ∑
𝑖=0 
𝑊

(𝑚)
𝑖


𝑛
𝑖,𝑘|𝑘−1. (18)

The update can be performed using Eqs. (7) and (8), where the cross

covariance 𝑷 𝑛
𝑧𝑥,𝑘

and the innovation covariance 𝑷 𝑛
𝑧𝑧,𝑘

, computed using 
the sigma points, are as follows:

𝑷 𝑛
𝑧𝑥,𝑘

=
2𝐿 ∑
𝑖=0 
𝑊

(𝑐)
𝑖

[

𝑛
𝑖,𝑘|𝑘−1 − 𝒛𝑛

𝑘

][

𝑛
𝑖,𝑘|𝑘−1 − 𝝁𝑛

𝑘|𝑘−1
]𝑇
, (19)

𝑷 𝑛
𝑧𝑧,𝑘

=
2𝐿 ∑
𝑖=0 
𝑊

(𝑐)
𝑖

[

𝑛
𝑖,𝑘|𝑘−1 − 𝒛𝑛

𝑘

][

𝑛
𝑖,𝑘|𝑘−1 − 𝒛𝑛

𝑘

]𝑇
. (20)

The PGM filters have a straightforward structure -- the posterior 
distribution of the state is approximated by a GMM and the GMM is 
reconstructed using the updated mean and covariance of each Gaussian 
component. Time propagation is performed directly using the system 
dynamics, as shown in Eq. (1), similarly to the PF. After the time propa

gation, DBSCAN clusters the propagated particles into multiple compo

nents with associated weights. It is worth noting that DBSCAN performs 
clustering based on density, meaning that a predefined number of clus

ters is not required. In other words, the number of components in the 
GMM is automatically determined by DBSCAN based on particle density. 
In addition, the design parameter 𝜖 in DBSCAN is chosen empirically, 
while the other parameter, 𝑚𝑖𝑛𝑃 𝑡𝑠, is set to 𝑁 + 1 in this implementa

tion. At this stage, if components are sufficiently close to one another, 
they may be merged into a single cluster. For the update step, the PGM

DS filter calculates the mean and covariance directly from clustered 
particles, whilst the PGM-DU filter uses the sigma points to compute 
the mean and covariance. Each component with mean and covariance 
is then updated using the Kalman update, as shown in Eqs. (7) and (8). 
For the next time step, particles are sampled from the posterior distri

bution of the state, which is reconstructed as a GMM from the previous 
time step. The proposed PGM-DS and PGM-DU filters are summarised 
in Algorithm 1.

4. Numerical simulation

The performance of the proposed PGM-DS and PGM-DU filters is ex

amined and compared to other filters in the following three numerical 
simulation scenarios:

1. The first scenario is a 1-dimensional nonlinear dynamics, chosen to 
illustrate filter performance in a low-dimensional but highly non

linear setting.

2. The second scenario is a 2-dimensional partially observable pendu

lum model, which captures both nonlinearity and ambiguity due to 
partial observability.
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3. The last scenario is a 40-dimensional data assimilation problem 
of atmospheric dynamics, where the main challenges are high di

mensionality and intermittent observations. The PF exhibited an 
impoverishment issue after the measurement update.

The proposed filters are compared to UKF, EnKF, PF, AKKF and 
PGM1 filters. The EnKF is a sample-based Bayes filter in which the 
samples (ensemble members) are shifted rather than weighted, incorpo

rating with a Kalman update. It is more efficient than the standard PF, 
particularly in high-dimensional applications such as the tested Lorenz 
96 model, if the filter is applicable in the given scenario. It is worth 
noting, however, that the performance of the EnKF can be limited in 
some nonlinear and non-Gaussian settings, as is discussed in [29]. The 
EnKF used in this study is implemented based on [24]. The AKKF is 
another sample-based Bayes filter that uses a kernel method, where par

ticle updates are performed in kernel space via mapping functions. It 
demonstrates improved performance with a smaller number of particles 
compared to the standard PF, but the computational cost can increase 
exponentially in high-dimensional scenarios due to the kernel mapping 
for each particle. The implementation is based on [25], using a quadratic 
kernel, a kernel normalisation parameter 𝜆

𝐾
= 10−3 and a polynomial 

scale factor 𝛼𝐾 = 103. Each scenario was evaluated using 100 MC sim

ulations, run in parallel. It is worth noting that none of the filters were 
parallelised in the simulation implementation, although parallelisation 
is feasible since it was not the focus of the study.

4.1. Performance evaluation metrics

For the performance evaluation, three metrics are considered: 1) the 
time-averaged root mean square error (ARMSE), 2) the percentage of 
cases exceeding the 99.99% 𝜒2 bound and 3) the averaged elapsed time. 
The MC-averaged RMSE over a total of 𝑁𝑀𝐶 runs at time step 𝑘 can be 
calculated as follows:

RMSE𝑀𝐶 (𝑘) =

√√√√ 1 
𝑁𝑀𝐶

𝑁𝑀𝐶∑
𝑚𝑐=1 

(
𝒙𝑚𝑐
𝑘

− 𝒙̂𝑚𝑐
𝑘

)2
, (21)

where 𝒙𝑚𝑐
𝑘

is the true state and 𝒙̂𝑚𝑐𝑘 is the estimated state at time step 𝑘
of the 𝑚𝑐𝑡ℎ MC run. The ARMSE can be calculated as follows:

ARMSE = 1 
𝐾

𝐾∑
𝑘=1

RMSE𝑀𝐶 (𝑘) . (22)

A smaller ARMSE value indicates that the estimated state is closer 
to the true state. In other words, the filter provides more accurate state 
estimation across the MC runs and time steps. The percentage of cases 
exceeding the 99.99% 𝜒2 bound is calculated by counting the number 
of cases where the 𝜒2 value exceeds the 99.99% threshold at each time 
step and dividing it by the total number of MC runs. The 𝜒2 at time step 
𝑘 of the 𝑚𝑐𝑡ℎ MC run can be calculated as follows:

𝜒2
𝑚𝑐 (𝑘) =

(
𝒙𝑚𝑐
𝑘

− 𝒙̂𝑚𝑐𝑘

)𝑇 (
𝑷 𝑚𝑐
𝑘

)−1 (
𝒙𝑚𝑐
𝑘

− 𝒙̂𝑚𝑐𝑘

)
. (23)

This chi-squared value indicates how well the model fits the data. 
In other words, a higher percentage of cases exceeding the threshold 
suggests that the filter’s computed covariance does not accurately reflect 
the true estimation error [30]. The final metric, averaged elapsed time, 
is defined as the total computation time for all MC runs divided by the 
number of MC runs.

4.2. Scenario 1: 1-dimensional nonlinear dynamics

The first scenario is a 1-dimensional nonlinear dynamics [31], which 
is also considered in [16,19,20,25]. The system dynamics and measure

ment model for this problem are defined as follows:

𝑥𝑘 = 0.5𝑥𝑘−1 +
25𝑥𝑘−1
1 + 𝑥2

𝑘−1

+ 8cos (1.2 (𝑘− 1)) +𝑤𝑘, (24)

Table 1
UT parameters for the 1

dimensional nonlinear dynamics.

Parameters 𝛼 𝛽 𝛾

Value 1.3 1.5 0.2 

Fig. 1. One example result of the 1-dimensional nonlinear dynamics. 

Fig. 2. RMSE of the 1-dimensional nonlinear dynamics. 

𝑧𝑘 =
𝑥2
𝑘

20 
+ 𝑣𝑘, (25)

where 𝑤𝑘 and 𝑣𝑘 are zero-mean Gaussian process and measurement 
noises, respectively. The initial state and noise covariances are set as 
in previous studies [19], 𝑥0 = 0.0, 𝑃0 = 2, 𝑄 = 10 and 𝑅 = 1 over 52 
time steps with Δ𝑡 = 1. It is worth noting that this problem is partially 
observable due to the presence of 𝑥2

𝑘
in the measurement model. A total 

of 50 particles is used for all particle-based filters, including PGM-DS 
and PGM-DU filters. The DBSCAN design parameters are set to 𝜖 = 10
and 𝑚𝑖𝑛𝑃 𝑡𝑠 = 2, and the maximum number of clusters for the PGM1 and 
PGM1-UT filters is set to three. The parameters for the PGM-DU filter, 
the PGM1-UT filter and the UKF are shown in Table 1.

The results from a total of 100 MC runs of the 1-dimensional nonlin

ear dynamics are shown in Figs. 1, 2 and 3 and Table 2.
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Fig. 3. The percentage of cases exceeding the 99.99% 𝜒2 bound of the 1

dimensional nonlinear dynamics.

Table 2
Results of the 1-dimensional nonlinear dynamics.

Filters ARMSE % of cases exceeding 
99.99% 𝜒2 bound 

Average elapsed 
time per run (s) 

PGM-DS 5.3291 0.85% 0.1040 
PGM-DU 7.8349 0.00% 0.0985 
PGM1 5.4168 1.32% 66.0475 
PGM1-UT 7.1555 4.40% 65.9947 
AKKF 7.5849 0.70% 0.1011 
EnKF 11.2110 0.62% 0.0591 
UKF 8.6486 6.70% 0.0059 
PF 5.3718 4.92% 0.0197 

The PGM-DS filter demonstrated the best performance in terms of 
ARMSE, while the PGM-DU filter the best performance with the lowest 
percentage of cases exceeding the 99.99% 𝜒2 bound, compared to all 
other tested filters. Compared to the PGM1 and PGM1-UT filters, the 
PGM-DS and PGM-DU filters showed enhanced performance in either 
ARMSE or the percentage of cases exceeding the 99.99% 𝜒2 bound, while 
also reducing the average elapsed time by approximately 99.84%.

4.3. Scenario 2: simple pendulum system

The second scenario is a simple pendulum system, in which a rod 
rotates with a given initial angle and angular velocity. The system dy

namics and measurement model for this system are defined as follows:

𝜃𝑘 = 𝜃𝑘−1 + Δ𝑡𝜃̇𝑘−1 + Δ𝑡2𝜃̈𝑘−1 +𝑤𝑘, (26)

𝑧𝑘 =𝐿| sin𝜃𝑘|+ 𝑣𝑘, (27)

where 𝜃𝑘, 𝜃̇𝑘 and 𝜃̈𝑘 are the angle, angular velocity and angular acceler

ation between the rotating rod and the ground, respectively. Δ𝑡 denotes 
the time step, 𝐿 is the length of the rod, set to 𝐿 = 3. The terms 𝑤𝑘 and 
𝑣𝑘 are zero-mean Gaussian process and measurement noises with co

variance 𝑄 and 𝑅, respectively. The initial state and noise covariances 
are set to 𝑥0 = [0.4𝜋,0.0]𝑇 , 𝑃0 = 0.4𝐼2×2, 𝑄 = 10 and 𝑅 = 0.02 for 200 
time steps with Δ𝑡 = 0.05. The initial state estimate for the filters is set 
to 𝑥0 = [0.0,0.0]𝑇 . It is worth noting that this problem is also partially 
observable due to the presence of | sin𝜃𝑘| in the measurement model, 
where only the magnitude of the projected rod length is observed, and 
the sign is unknown. This leads to a bimodal posterior distribution, mak

ing the problem non-trivial, especially under the tested initial condition 
𝜃̇0 = 0, in which two mathematically valid solutions may exist. Further

more, it is assumed that the initial state estimate provided for the filters 

Table 3
UT parameters for the simple pendulum system.

Parameters 𝛼 𝛽 𝜅 𝛾

Value 1.0 2.0 0.0 𝛼2 (𝑛+ 𝜅) − 𝑛

Fig. 4. One example result of the simple pendulum system. 

Fig. 5. RMSE of the simple pendulum system. 

differs from the true initial condition of the system dynamics. A total 
of 100 particles is used for all particle-based filters, including the PGM

DS and PGM-DU filters. The DBSCAN design parameters are set to 𝜖 = 5
and 𝑚𝑖𝑛𝑃 𝑡𝑠 = 3, and the maximum number of clusters for the PGM1 and 
PGM1-UT filters is set to two. The parameters for the PGM-DU filter, the 
PGM1-UT filter and the UKF are shown in Table 3.

The results from a total of 100 MC runs of the simple pendulum 
system are shown in Figs. 4, 5 and 6 and Table 4.

As aforementioned, this system has two mathematically valid solu

tions due to the partial observability in the measurement model. How

ever, since ARMSE is computed using the mean of the estimated state, 
it may not align with either mode of the posterior distribution. This can 
result in misleading interpretations of estimation accuracy. For these 
reasons, ARMSE is not an appropriate performance metric for this sce

nario. Furthermore, since the system dynamics of the pendulum are 
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Table 4
Results of the simple pendulum system.

Filters ARMSE % of cases exceeding 
99.99% 𝜒2 bound 

Correct 
guess 

Average elapsed 
time per run (s) 

PGM-DS 2.3880 49.63% 49 1.2204 
PGM-DU 2.5697 47.11% 53 1.0566 
PGM1 2.7229 56.19% 45 139.8337 
PGM1-UT 2.5836 46.54% 53 139.6743 
AKKF 2.5224 64.17% 34 4.1178 
EnKF 4.8542 44.27% 0 1.3329 
UKF 2.1949 21.29% 0 0.0475 
PF 2.6180 66.18% 52 0.2957 

Fig. 6. The percentage of cases exceeding the 99.99% 𝜒2 bound of the simple 
pendulum system.

periodic, poor estimation or even complete estimation failure can still 
produce low ARMSE. For example, although the UKF failed to estimate 
the state, as shown in Fig. 4, it still produced a lower ARMSE com

pared to other filters that successfully estimated the state. In terms of 
the percentage of cases exceeding the 99.99% 𝜒2 bound, the PGM-DS 
and PGM-DU filters outperformed both the AKKF and PF. Also, PGM-DS 
and PGM-DU filters demonstrated unbiased estimation, as indicated by 
the ``Correct guess'' metric in Table 4, whereas the AKKF produced bi

ased estimates and the UKF failed to estimate. Compared to the PGM1 
and PGM1-UT filters, the PGM-DS and PGM-DU filters showed enhanced 
performance while also reducing the average elapsed time by approxi

mately 99.13%.

4.4. Scenario 3: Lorenz 96 model

The final scenario is the Lorenz 96 model [32], which describes a 
simplified model of atmospheric dynamics. The Lorenz 96 model as

sumes 𝑁𝑜 equally spaced observation points along the latitude of Earth 
and is formulated as a cyclical system. In other words, 𝑥0 = 𝑥𝑁𝑜−1 and 
𝑥𝑁𝑜 = 𝑥1. The system dynamics model for this problem is defined as 
follows:

𝑥̇𝑖 = 𝑥𝑖−1
(
𝑥𝑖+1 − 𝑥𝑖−2

)
− 𝑥𝑖 + 𝐹 , (28)

where 𝑥𝑖 is the state at the 𝑖𝑡ℎ observation point, and 𝐹 is a constant ex

ternal forcing term. In order to test the Lorenz 96 model using discrete

time filters, the system is discretised using a fourth-order Runge-Kutta 
(RK4) ODE solver [33]. The discretised form of the Lorenz 96 model is 
given as follows:

𝒙𝑘 = 𝒙𝑘−1 +
Δ𝑡
6 

(
𝑘1 + 2𝑘2 + 2𝑘3 + 𝑘4

)
+𝒘𝑘, (29)

Table 5
UT parameters for the Lorenz 96 model.

Parameters 𝛼 𝛽 𝜅 𝛾

Value 0.001 2.0 0.0 𝛼2 (𝑛+ 𝜅) − 𝑛

Table 6
Results of Lorenz 96 model.

Filters ARMSE % of cases exceeding 
99.99% 𝜒2 bound 

Average elapsed 
time per run (s) 

PGM-DS 18.4441 45.02% 81.9433 
PGM-DU 18.4680 41.51% 80.9594 
PGM1 18.4313 44.90% 365.1138 
PGM1-UT 18.4697 41.73% 355.8726 
AKKF 18.7708 46.39% 1.4065e+03 
EnKF 18.3014 50.69% 11.7241 
PF 23.0626 41.96% 11.7051 

where 𝒙𝑘 = [𝑥1
𝑘
, 𝑥2
𝑘
, 𝑖𝑠𝑡ℎ𝑒𝑠𝑡𝑎𝑡𝑒𝑎𝑛𝑑… , 𝑥

𝑁𝑜
𝑘

]𝑇 and 𝒘𝑘 is the zero-mean 
Gaussian process noise with covariance 𝑄 at time step 𝑘. Also, Δ𝑡 is 
the time step, and 𝑘1 through 𝑘4 are defined as follows:

𝑘1 = 𝒇
(
𝒙𝑘−1

)
, (30)

𝑘2 = 𝒇
(
𝒙𝑘−1 +

Δ𝑡
2 
𝑘1

)
, (31)

𝑘3 = 𝒇
(
𝒙𝑘−1 +

Δ𝑡
2 
𝑘2

)
, (32)

𝑘4 = 𝒇
(
𝒙𝑘−1 + Δ𝑡𝑘3

)
, (33)

where 𝒇 (⋅) represents the system dynamics. The measurement model 
for the Lorenz 96 model is defined as follows:

𝒛𝑘 =𝑯𝒙𝑘 + 𝒗𝑘, 𝑯 𝑖,𝑗 =

{
1, if 𝑗 = 2𝑖− 1.
0, otherwise,

(34)

where 𝒗𝑘 is the zero-mean Gaussian measurement noise with covariance 
𝑅 at time step 𝑘. In this simulation, 40 observation points are consid

ered (𝑖.𝑒., 𝑖 = 1,2,… ,40), with a constant external forcing term set to 
𝐹 = 8. The initial state and noise covariances are as in previous studies 
[19], 𝒙0 = 𝐹 [1⋯1⋯1]𝑇 , 𝑷 0 = 10−3𝑰40×40, 𝑄 = 10−2 and 𝑅 = 10−2 for 
200 time steps with Δ𝑡 = 0.05. In addition, the measurement update is 
performed every 20 time steps, corresponding to a 1 Hz update rate. It 
is worth noting that this problem is high-dimensional (40-dimensional) 
and partially observable, as the update is performed intermittently and 
measurement is available only from certain stations (if 𝑗 = 2𝑖− 1). A to

tal of 2,000 particles are used for all particle-based filters, including the 
PGM-DS and PGM-DU filters. A higher number of particles is used in 
this scenario compared to the previous ones due to the increased state 
dimensionality. The DBSCAN design parameters are set to 𝜖 = 100 and 
𝑚𝑖𝑛𝑃 𝑡𝑠 = 41, and the maximum number of clusters for the PGM1 and 
PGM1-UT filters is set to two. The parameters for the PGM-DU filter, the 
PGM1-UT filter and the UKF are shown in Table 5.

The results from a total of 100 MC runs of the Lorenz 96 model are 
shown in Figs. 7, 8 and 9 and Table 6.
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Fig. 7. One example result of Lorenz 96 model. 

Fig. 8. RMSE of Lorenz 96 model. 

Fig. 9. The percentage of cases exceeding the 99.99% 𝜒2 bound of Lorenz 96 
model.

Fig. 10. ARMSE of the tested filters under increasing measurement noise, 𝑅, 
2𝑅, 5𝑅 and 10𝑅, in the 1-dimensional nonlinear dynamics.

The EnKF is one of the most widely used filtering techniques for high

dimensional data assimilation problems such as the Lorenz 96 model 
[24], and serves as a strong baseline for performance comparison. All 
tested filters, including the PGM-DS and PGM-DU filters, demonstrated 
performance comparable to the EnKF while outperforming it in terms of 
the percentage of cases exceeding the 99.99% 𝜒2 bound. It is also note

worthy that the PF failed to estimate the state after the first measure

ment update due to the particle impoverishment problem. Compared 
to the PGM1 and PGM1-UT filters, as well as the AKKF, the PGM-DS 
and PGM-DU filters achieved improved or comparable performance in 
ARMSE or the 𝜒2 metric while reducing the average elapsed time by ap

proximately 77.40% compared to the PGM1 and PGM1-UT filters, and 
by 94.21% compared to the AKKF.

5. Robustness analysis

To further assess the robustness and properties of the proposed fil

ters, a robustness analysis is conducted using the 1-D nonlinear dy

namics. First, the noise robustness of the proposed filters is tested by 
increasing the measurement noise. Second, the sensitivity of the pro

posed filters to the DBSCAN design parameters is evaluated.

5.1. Noise robustness analysis

Measurement noise can significantly impact the performance of state 
estimation, and it is important to evaluate the robustness of the proposed 
filters to measurement noise. The proposed filters, along with other non

linear filters, were tested using the 1-dimensional nonlinear dynamics 
under increased measurement noise, as shown in Fig. 10.

In this analysis, four measurement noise levels, 𝑅, 2𝑅, 5𝑅 and 10𝑅, 
were considered to test the filters under baseline noise and under mod

erate, high and extreme increases in measurement noise, respectively. 
The figure indicates that the proposed filters exhibit a small increase 
in ARMSE at the small increment level, 2𝑅, and a slightly higher in

crease in ARMSE for the 5𝑅 and 10𝑅 cases. In contrast, most of the 
other filters display a consistent increase in ARMSE as the measurement 
noise increases. In particular, the UKF and PF exhibit steeper increases 
in ARMSE at 5𝑅 and 10𝑅. These results demonstrate that the proposed 
filters are robust to moderate increases in measurement noise. However, 
the PGM-DU filter, which incorporates the UT, demonstrates a relatively 
rapid increase in ARMSE as the noise level increases.

5.2. Parameter sensitivity analysis

The selection of the two DBSCAN design parameters 𝜖 and 𝑚𝑖𝑛𝑃 𝑡𝑠
can affect the performance of clustering which can lead to a difference 
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Fig. 11. Sensitivity of the PGM-DS and PGM-DU filters to the DBSCAN design 
parameters, 𝜖 and 𝑚𝑖𝑛𝑃 𝑡𝑠, in the 1-dimensional nonlinear dynamics. The surface 
plots show the ARMSE values for different parameter combinations (rotated for 
better visibility).

in the performance of the filtering with GMM construction. The grid 
search sensitivity analysis was conducted by varying the DBSCAN design 
parameters across predefined ranges to explore their joint impact on 
the filter performance, using the 1-dimensional nonlinear dynamics, as 
shown in Fig. 11.

In this analysis, ten 𝜖 values 2, 4, 6, … , 20 and ten 𝑚𝑖𝑛𝑃 𝑡𝑠 values 
𝑁 + 1, 𝑁 + 2, … , 𝑁 + 10 were considered. The figure indicates that 
the ARMSE of the PGM-DS filter increases as 𝑚𝑖𝑛𝑃 𝑡𝑠 increases and 𝜖 de

creases. In contrast, the PGM-DU filter is relatively robust to variations 
in both parameters, although its overall error remained larger than that 
of the PGM-DS filter. Furthermore, the proposed filters failed to clus

ter when all particles were considered as noise, leading to estimation 
failure when 𝜖 = 2 and 𝑚𝑖𝑛𝑃 𝑡𝑠 ≥ 𝑁 + 8, as shown on the left side of 
Fig. 11.

6. Discussion

We proposed two new filters: the PGM-DS and PGM-DU filters. 
Throughout all three numerical scenarios, both filters outperformed the 
PGM1 and PGM1-UT filters, as well as other tested filters, while reducing 
the computational cost. The reduction in computation was possible due 
to the characteristic of DBSCAN, where the minimum number of parti

cles to calculate the sample covariance of the Gaussian component was 
ensured with the DBSCAN design parameter 𝑚𝑖𝑛𝑃 𝑡𝑠, whilst the PGM1 
and PGM1-UT filters with modified K-means need an optimisation step 
to ensure that. In addition to the comparison with other PGM filters, 
the proposed filters also showed improved performance compared to 
the PF, although they required higher computation. It should be empha

sised, however, that the primary purpose of the computation comparison 
was to highlight that the computational load of the PGM-DS and PGM

DU filters is significantly lower than that of other PGM filters, a finding 
that holds true. Moreover, whilst some filters showed good performance 
in specific scenarios, the PGM-DS and PGM-DU filters consistently per

formed well across all tested cases. In particular, the AKKF exhibited 
degraded performance in the first scenario, the EnKF was unable to pro

vide an accurate estimate in the first two scenarios, consistent with its 
known limitations in some nonlinear settings, and both the UKF and PF 
failed to estimate the state properly in the last scenario. One thing that 
should be noted here is that the PGM-DU filter showed a smaller per

centage of cases exceeding the 99.99% compared to the PGM-DS filter, 
and the PGM-DS filter showed a smaller ARMSE compared to the PGM

DU filter. As we already mentioned in Section 4.1, this indicates that 

the PGM-DS filter provides more accurate estimates of the state, but the 
filter’s computed covariance does not indicate the true accuracy well. 
On the other hand, the PGM-DU filter suggests less accurate estimates 
of the state, but it tends to predict the better-matched uncertainty to the 
actual one.

From the robustness analysis, it is shown that the proposed filters are 
robust to moderate increases in measurement noise and to variations 
in the DBSCAN design parameters within certain regions in parame

ter space. However, the PGM-DU filter demonstrated a relatively rapid 
increase in ARMSE as the noise level became larger. Moreover, the pro

posed filters failed to cluster and estimate the state when 𝜖 = 2 and 
𝑚𝑖𝑛𝑃 𝑡𝑠 ≥ 𝑁 + 8, which represents a limitation of the filters. The ra

tionale behind this failure is the noise-handling behaviour of DBSCAN, 
which labels samples as noise if they are not reachable from core points 
based on the parameters 𝜖 and 𝑚𝑖𝑛𝑃 𝑡𝑠. In the extreme case, all parti

cles can be labelled as noise and, consequently, no samples are left to 
construct the GMM, causing the filter to fail in estimation. This can also 
limit performance if the filter parameters are not properly tuned, as the 
observation that more samples are considered as noise indicates fewer 
particles are available to approximate the density, leading to a poorer 
GMM approximation. Therefore, future research exploring other vari

ants of DBSCAN may help mitigate this issue.

In addition to exploring alternative clustering strategies, future work 
will also consider other filters. One such method is the feedback parti

cle filter (FPF), a popular variant of PF that provides a resampling-free 
solution to nonlinear problems and addresses the particle degeneracy is
sue [34]. The FPF has also shown promising results in high-dimensional 
settings [35], and a detailed comparison with the proposed filters is 
planned as part of future research.

7. Conclusion

In this study, DBSCAN-based PGM filters, the PGM-DS and PGM-DU 
filters, are proposed. These new filters based on DBSCAN demonstrated 
enhanced performance, which does not require a predefined number of 
Gaussian components and eliminates the need for optimisation to ensure 
the minimum number of particles in a cluster. Throughout three numeri

cal simulation scenarios, the PGM-DS and PGM-DU filters demonstrated 
improved estimation performance compared to the PGM1 and PGM1

UT filters, with much less computational cost. Furthermore, it is shown 
that the proposed filters perform well across all three tested numerical 
simulations, whereas other nonlinear filters, such as UKF, EnKF or PF, 
failed to estimate the state in certain scenarios. The robustness analysis 
demonstrated that the proposed filters are robust to moderate increases 
in measurement noise compared to other tested filters, and to variations 
in the DBSCAN design parameters within certain regions of the parame

ter space, though performance may degrade when parameters are poorly 
tuned.

Several directions remain for future research. First, exploring alter

native types of DBSCAN to mitigate the limitations caused by parameter 
selection is one direction of future work. Moreover, although the present 
study focused on comparisons with UKF, EnKF, PF, AKKF and PGM1 fil

ters, a thorough comparison with the FPF is planned for future work. 
Such a comparison would provide a more comprehensive evaluation of 
the relative strengths and limitations of the proposed filters.
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