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 A B S T R A C T

This paper presents the development of a novel Physics-Informed Neural Networks (PINN) method to 
predict lubrication film characteristics at the slipper–swashplate interface of axial piston pumps. It embeds 
the Reynolds equation and continuity conditions into the neural network’s (NN) loss function, bridging 
conventional numerical simulations and data-driven methods. A numerical model for the slipper–swashplate 
interface was established using the Finite Difference Method (FDM) to generate datasets for training two 
PINN model variants that incorporate physical constraints, as well as a counterpart pure-data-driven Neural 
Network (NN) model. The validation shows excellent accuracy of the PINN models (the relative error below 
5%) compared with the counterpart NN model (the relative error about 8%). Regarding prediction runtime, 
the trained PINN and NN models reduce computational time by 99.4% relative to the FDM approach. The 
study highlights the capabilities and limitations of PINN in tribology, stressing explicit geometric constraints 
for physical consistency. This study presents an efficient surrogate model for real-time lubrication assessment, 
establishes a framework for using PINNs in complex tribological systems, and contributes to hydraulic system 
design optimization and condition monitoring to enable more efficient operation of axial piston pumps.
1. Introduction

1.1. Background

Lubrication plays a fundamental role in mechanical systems, where 
thin oil films serve as critical interfaces that minimize wear, reduce 
friction, and enhance operational efficiency across various components, 
including bearings, engine pistons, gears, and slipper pairs in axial 
piston pumps. The effectiveness of these lubrication systems is partic-
ularly crucial in high-performance applications where reliability and 
efficiency are paramount.

Axial piston pumps represent a cornerstone technology in mod-
ern hydraulic systems, finding extensive applications across aerospace, 
naval vessel, rail transit, national defence, and military industries due 
to their superior power density, precise control capabilities, and robust 
performance characteristics [1–3]. These pumps rely heavily on stable 
oil films at the slipper–swashplate interfaces to effectively transfer high 
loads while minimizing internal leakage. The complex dynamics of 
these interfaces, operating under high-pressure and high-speed con-
ditions, demand sophisticated lubrication analysis to ensure optimal 
performance and prevent catastrophic failures. Fig.  1 illustrates the 
typical configuration of an axial piston pump, consisting of a valve 
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plate, a cylinder block, multiple pistons with slippers, a swash plate, 
and a drive shaft.

The lubrication film thickness plays a critical role in determining 
the working condition of the friction pair. For axial piston pumps, 
a lubrication film that is too thin can lead to excessive wear and 
even slipper burning damage due to insufficient separation and high 
surface temperature. On the other hand, if the oil film is too thick, 
it will reduce the sealing effect, increase internal leakage, and de-
crease the pump’s volumetric efficiency [4–6]. Therefore, accurately 
predicting and analyzing oil film thickness is very important for design-
ing and maintaining reliable machines. It helps engineers understand 
the lubrication status, improve performance, decrease wear and avoid 
failures [7]. However, the complex dynamics of slipper–swashplate 
interfaces, characterized by high-pressure, high-speed conditions and 
intricate geometric configurations, present significant challenges for 
traditional computational methods, necessitating the development of 
more efficient and accurate modeling approaches.

Traditionally, computational fluid dynamics (CFD) methods model 
lubrication by solving the Reynolds equation, by capturing fluid mo-
tion, elastic deformation, and pressure-viscosity effects. However, CFD 
simulations are computationally intensive and slow, particularly for 
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Fig. 1. General configuration of axial piston pump [9].

complex geometries and dynamic loading conditions. On the other 
hand, purely data-driven machine learning approaches offer compu-
tational speed and convenience but require extensive high-quality 
datasets and typically lack physical consistency and interpretability, 
limiting their reliability and generalization beyond the training data. 
To address these limitations, this study adopts the Physics-Informed 
Neural Networks (PINN) framework [8].

PINN are machine learning models that directly incorporate known 
physical laws, such as the Navier–Stokes equation, into neural net-
work training. Rather than solely depending on large datasets, PINN 
embed these governing equations into their loss functions, ensuring 
predictions align closely with known physics. This enhances accuracy, 
interpretability, and reliability, even with limited data. In lubrication 
modeling, PINN present a promising, computationally efficient alter-
native to traditional CFD, accurately simulating lubrication films in 
sliding contacts, especially under complex and dynamic conditions.

1.2. Related works

PINN modeling framework is a transformative paradigm in scien-
tific machine learning that combines data-driven approaches with the 
laws of physics. PINN is a class of deep learning neural networks 
that can learn the response of physical systems without requiring 
large amounts of simulation data by embedding the partial differential 
equations (PDEs) or ordinary differential equations (ODEs) of physical 
systems into their loss functions. The concept of PINN was significantly 
advanced by Raissi et al. [8]. The core idea is to approximate the 
PDE solution using a fully connected neural network and compute the 
derivatives through automatic differentiation (AD). Training involves 
minimizing a combined loss function that includes the PDE residual, 
initial conditions, and boundary conditions, transforming the PDE solu-
tion into an unconstrained optimization problem. The meshless nature 
of PINN allows them to handle complex or high-dimensional geome-
tries. This approach provides a more robust, interpretable, and general-
izable modeling approach for data-scarce applications by incorporating 
the laws of physics into the loss function [10].

The development of PINN stems from the progress of deep neu-
ral networks and aims to bridge the gap between machine learning 
and scientific computing [11]. Traditional numerical methods (such 
as finite elements) are computationally expensive and require specific 
adjustments [12], while purely data-driven models face the problems of 
data scarcity and insufficient generalization ability [13]. PINN exploit 
the ability of neural networks to solve differential equations while 
obeying the laws of physics, aiming to provide more efficient and flex-
ible solvers to handle complex physical systems such as nonlinearities 
or shock waves. Its core motivation is to address the challenges of data 
scarcity and physical plausibility in scientific engineering, and ensure 
the accuracy and physical consistency of model results by incorporating 
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physical laws into the learning process [14,15]. The laws of physics 
serve as a powerful form of regularization, allowing PINN to achieve 
accurate and generalizable solutions even with limited data, making 
them attractive in applications where data acquisition is expensive and 
physical consistency is critical.

The ideal entry point for applying PINN in tribology is the Reynolds 
equation, the governing PDE for hydrodynamic lubrication. It describes 
the pressure distribution in thin, viscous fluid films under assumptions 
of laminar, iso-viscous, and incompressible flow, forming the bedrock 
of lubrication analysis.

The PINN formulation for this problem begins with a standard 
feedforward neural network, or multilayer perceptron (MLP), which 
is structured to approximate the pressure field, 𝑝(𝑥, 𝑦; 𝜃) and thickness 
field ℎ(𝑥, 𝑦; 𝜃), where 𝜃 represents the network’s trainable weights and 
biases. The network takes spatial coordinates (𝑥, 𝑦) as input and yields 
the predicted pressure as output. The core of the method is a composite 
loss function that the network is trained to minimize.

Pioneering studies in tribology have validated this approach. Among 
others, Almqvist et al. [16] provided a foundational, fully explicit 
mathematical description of a PINN for the one-dimensional Reynolds 
boundary value problem, demonstrating its feasibility and accuracy 
against analytical solutions. This was followed by the work of Zhao 
et al. [17], who extended the method to the two-dimensional Reynolds 
equation. They validated the PINN predictions for pressure distribution 
and film thickness against both FEM simulations and experimental 
results, achieving strong agreement. These early successes firmly es-
tablished PINN as a legitimate, meshless computational tool for hy-
drodynamic lubrication, opening the door to tackling more complex 
tribological phenomena.

Li et al. [18] compared the application of three deep learning 
strategies, supervised, unsupervised, and semi-supervised, in solving 
the Reynolds equation for gas bearings. The study revealed a trade-off 
between prediction accuracy and physical interpretability, and pointed 
out that semi-supervised learning can achieve the best balance between 
the two with a small amount of data, making it a practical solution.

Xi et al. [19] applied PINN to solve the Reynolds equations for 
journal bearings, focusing on comparing soft and hard constraint meth-
ods for applying boundary conditions. The study found that applying 
hard constraints by constructing specific functions can significantly im-
prove the accuracy of boundary value solutions. Rom [20] first applied 
PINN to complex Reynolds equations involving cavitation models. The 
proposed ‘‘extended PINN’’ model incorporates physical parameters as 
network inputs, enabling a single model to solve for multiple operating 
conditions, thereby creating a general surrogate model capable of rapid 
and accurate predictions, with significant potential for parameteriza-
tion studies and optimization design. Cheng et al. [21] developed the 
HL-nets framework, systematically comparing two approaches for han-
dling inequalities and complementary constraints in cavitation models. 
The study clearly demonstrated that the method of ‘‘imposing’’ con-
straints by altering the network structure significantly outperforms the 
traditional ‘‘penalization function’’ method in terms of computational 
accuracy and stability.

Huang et al. [22] reviewed the design challenges for slipper pairs 
in high-pressure axial piston pumps, emphasizing the limitations of 
traditional PV value-based methods for high-pressure applications. The 
study concludes that a comprehensive understanding of micro-scale oil 
film dynamics and fluid–structure coupling is essential for optimizing 
the slipper structure to prevent friction and wear failures at pressures 
exceeding 42 MPa. Ransegnola et al. [23] developed a strongly coupled 
simulation model to investigate the mutual interaction between lubri-
cating interfaces and its effect on the spin dynamics of the piston and 
slipper in axial piston machines. The study revealed that piston spin 
is highly dependent on operating conditions, especially the swashplate 
angle, and that accurately modeling this spin is critical for predicting 
the machine’s frictional losses and overall efficiency. Du et al. [24] 
developed a predictive method for the eccentric wear of slipper pairs by 
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establishing a mixed lubrication model that incorporates both abrasive 
and adhesive wear mechanisms. The research demonstrated that wear 
depth is primarily influenced by operating pressure and speed, and that 
the resulting wedge-shaped wear profile on the slipper’s outer edge 
can paradoxically enhance the hydrodynamic effect, thereby improving 
lubrication performance. Zhao et al. [25] conducted a numerical and 
experimental analysis of fluid dynamic lubrication for slippers with 
various surface structures (single, double, and four-support belts) in 
valve distribution piston pumps. The results showed that while multi-
support belt structures can reduce friction torque by up to 17.07%, 
they also increase the probability of slipper overturning, revealing a 
design conflict between reducing friction and ensuring stability. Ye 
et al. [26] developed a new coupled dynamic model to simultaneously 
analyze the dynamic vibrations of the slipper and piston and the 
lubrication characteristics of the oil film at the slipper/swash-plate 
interface. The study concluded that the vibration responses and oil 
film thickness are strongly interdependent, with the relative motions 
between components influencing the oil film and the film’s nonlinear 
properties affecting the bodies’ vibration behavior.

1.3. Research gaps

To the best of the authors’ knowledge, we have not found any 
published works that developed a PINN model to estimate the film 
thickness in the slipper pair of axial piston pumps. A significant re-
search gap exists at the intersection of these two fields. While PINN 
have been validated on lubrication problems with prescribed geome-
tries and boundary conditions, its application to a fully coupled, multi-
degree-of-freedom dynamic system like the slipper pair, where the oil 
film thickness and boundary pressures are themselves unknown outputs 
of the system’s dynamic equilibrium, remains unexplored. This gap is 
critical because traditional dynamic simulations, while detailed, are too 
computationally expensive for rapid parameter studies, optimization 
tasks, or potential real-time control applications.

1.4. Aim, objectives and main contributions

To address the research gaps formulated in the previous subsection, 
the primary aim of this paper is to enhance the prediction efficiency 
of lubrication film thickness and pressure field in sliding contact sys-
tems by developing a PINN surrogate model. This approach seeks 
to minimize the time required for simulations while maintaining an 
acceptable level of predictive accuracy. To achieve the aim, physical 
governing equations for axial piston pumps will be embedded into a 
neural network architecture.

The main contributions of this work are highlighted as follows.

• To construct and train a PINN that incorporates the Reynolds and 
continuity equations for modeling lubrication film status.

• To develop a CFD-based numerical simulation of lubrication flow 
in sliding contact configurations and generate a dataset for train-
ing and validating the PINN model.

• To benchmark the predictive accuracy and computational effi-
ciency of the developed PINN model against conventional CFD 
simulations.

• To evaluate the generalization capability of the PINN model under 
various operating and loading conditions.

1.5. Paper organization

The remainder of this paper is structured as follows. Section 2 es-
tablishes the comprehensive methodological framework for this study. 
It begins by detailing the high-fidelity tribo-dynamic numerical model, 
which integrates rigid-body kinematics with the Reynolds equation to 
generate the ground-truth dataset for training. Subsequently, the archi-
tecture of the PINN is presented, with a specific focus on the evolution 
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from a standard soft-constrained model (PINN-1) to an enhanced archi-
tecture incorporating hard geometric constraints (PINN-2). Section 3 
provides a critical analysis of the results. It starts with an examination 
of the flow field characteristics derived from the CFD simulations, fol-
lowed by a rigorous benchmarking of the PINN’ predictive performance 
against the numerical baseline. This section evaluates the models in 
terms of transient tracking accuracy, spatial field distribution, error 
metrics, and computational efficiency. Finally, Section 4 summarizes 
the key findings of this research and outlines potential directions for 
future work in extending PINN to complex tribological systems.

2. Methodology

This chapter details the methodological framework for predicting 
the lubrication characteristics of an axial piston pump’s slipper pair. 
The approach is twofold. First, a high-fidelity numerical model is es-
tablished, incorporating kinematic analysis and the governing Reynolds 
equation, which serves as the source for generating training and val-
idation datasets. Second, the architecture and training process of a 
PINN are defined. The core of this method is the formulation of a 
composite loss function that embeds the governing physical laws as soft 
constraints. This ensures the network’s predictions are not only data-
driven but also physically consistent across the entire domain, creating 
a computationally efficient surrogate model.

2.1. Slipper pair tribo-dynamic model for data generation

This section presents the comprehensive mathematical model de-
scribing the tribo-dynamic behavior of the slipper pair. This high-
fidelity numerical model serves two primary purposes: (1) to fundamen-
tally analyze the complex interplay between the slipper’s motion and 
the lubricating oil film’s characteristics; (2) to generate the extensive 
dataset required for the subsequent training and validation of the PINN 
surrogate model. The model development integrates the slipper’s multi-
degree-of-freedom (DOF) dynamics with the governing equations of 
hydrodynamic lubrication.

2.1.1. Slipper dynamic model
To model the complex motion of the slipper, as shown in Fig.  2, 

three coordinate systems are established. They serve as foundational 
references for the FDM formulation, as they define the global/local 
coordinate systems, variable directions, and geometric relations used 
throughout the governing equations. A global stationary coordinate 
system (𝑂−𝑋𝑌𝑍) is fixed to the pump housing, followed by a rotating 
frame (𝑂 − 𝑋′𝑌 ′𝑍′) that revolves with the cylinder block to describe 
the orbital motion of the slipper assembly. Finally, a local, body-fixed 
coordinate system (𝑂𝑠 −𝑋𝑠𝑌𝑠𝑍𝑠) is attached to the slipper to define its 
own dynamic behavior, particularly its axial displacement and tilting 
angles. The kinematic transformations between these frames allow for 
a complete description of the slipper’s position and orientation relative 
to the swashplate.

The intricate motion of the slipper relative to the swashplate is 
simplified to three principal degrees of freedom (DOF), which are 
sufficient to capture its essential dynamic behavior: axial translation 
along its central axis (𝑧𝑠), and tilting rotations about the two orthogonal 
axes (𝑥𝑠 and 𝑦𝑠) in its own body-fixed coordinate system. The dynamic 
equilibrium of the slipper is governed by Newton’s second law, which 
can be expressed in a generalized matrix form as: 
𝐌𝐪̈ + 𝐂𝐪̇ +𝐊𝐪 = 𝐐 (1)

where 𝐪, 𝐪̇, and 𝐪̈ are the generalized vectors for displacement, velocity, 
and acceleration, respectively, defined as 𝑞 = {𝑧𝑠, 𝛼, 𝛽}𝑇 . The terms 
𝐌, 𝐂, and 𝐊 represent the generalized mass, damping, and stiffness 
matrices of the slipper assembly. Fig.  3 shows the specific location of 
the coefficient of damping and stiffness at the spherical joint.



H. Qiu et al. Tribology International 221 (2026) 112049 
Fig. 2. Coordinate system for slipper dynamics.

The vector 𝐐 on the right-hand side represents the sum of all 
external generalized forces and moments acting on the slipper. It is 
conceptually divided into two main components: 
𝐐 = 𝐐𝐞𝐱𝐭 +𝐐𝐨𝐢𝐥 (2)

Here, 𝐐𝐞𝐱𝐭 encompasses forces arising from the piston chamber 
pressure and inertial effects. The primary axial force component results 
from the high-pressure fluid acting on the piston area, which can be 
expressed as 𝐹𝑧 = −𝜋𝑅2

𝑝𝑝𝑤𝑐𝑜𝑠𝛽 (see the derivation in Appendix  A.1), 
where 𝑝𝑤 is the instantaneous piston chamber pressure, 𝑅𝑝 is the piston 
radius, and 𝛽 is the swashplate angle. Additional moment components 
in 𝐐𝐞𝐱𝐭 are generated by centrifugal forces and inertial effects due to 
the slipper’s orbital motion around the pump’s main axis.

The term 𝐐𝐨𝐢𝐥 represents the reaction forces and moments generated 
by the lubricating oil film. These are obtained by integrating the 
pressure distribution 𝑝(𝑟, 𝜃) over the slipper’s sealing land area (A): 
𝐐𝐨𝐢𝐥 =

{

𝐹𝑟,𝑀𝑟𝑥,𝑀𝑟𝑦
}

(3)
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(4)

This force vector creates a direct coupling between the slipper’s 
dynamic motion and the oil film’s pressure field, making the entire 
system a tightly coupled, nonlinear problem.

2.1.2. Lubrication film model
The performance of the slipper–swashplate interface is fundamen-

tally dictated by the thin oil film separating the two surfaces. The 
model for this film is defined by its thickness profile and the pressure 
distribution within it. The local thickness of the oil film, ℎ, at any 
point (𝑟, 𝜃) on the slipper sealing land is a function of the slipper’s 
instantaneous dynamic state. It is geometrically defined as the sum of 
the central film thickness, ℎ𝑐 , and the variations caused by the slipper’s 
tilting angles, 𝛼 and 𝛽 (see the derivation in Appendix  A.2): 
ℎ(𝑟, 𝜃, 𝑡) = ℎ𝑐 (𝑡) + 𝛼(𝑡)𝑟 sin 𝜃 + 𝛽(𝑡)𝑟 cos 𝜃. (5)

The central thickness ℎ𝑐 is directly related to the axial displacement 𝑧𝑠. 
This equation links the slipper’s dynamics directly to the geometry of 
the lubrication gap, which in turn governs the pressure generation.
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Meanwhile, the pressure distribution 𝑝(𝑟, 𝜃, 𝑡) within the oil film is 
governed by the two-dimensional Reynolds equation [27], expressed 
here in cylindrical coordinates to match the slipper’s geometry: 
𝜕
𝜕𝑟

(

𝑟ℎ3

12𝜇
𝜕𝑝
𝜕𝑟

)

+ 1
𝑟

𝜕
𝜕𝜃

(

ℎ3

12𝜇
𝜕𝑝
𝜕𝜃

)

= 1
2

𝜕
𝜕𝑟

(𝑟ℎ𝑈𝑟) +
1
2

𝜕
𝜕𝜃

(ℎ𝑈𝜃) +
𝜕ℎ
𝜕𝑡

(6)

where 𝜇 is the dynamic viscosity of the lubricant. The terms on the 
right-hand side represent the physical mechanisms of pressure gen-
eration. The first two terms, involving the relative tangential (𝑈𝜃)
and radial (𝑈𝑟) velocities, describe the hydrodynamic wedge effect 
caused by the slipper’s orbital motion and tilting. The final term, 𝜕ℎ∕𝜕𝑡, 
represents the squeeze effect, which generates pressure due to the 
time-varying film thickness.

To obtain a unique solution for the pressure field, the Reynolds 
equation must be supplemented with a set of appropriate boundary 
conditions:

1. Pressure Boundaries: The pressure at the outer radius of the 
slipper sealing land (𝑟 = 𝑅2) is set to the casing pressure 
(typically atmospheric). The pressure at the inner radius (𝑟 = 𝑅1)
is determined by the pressure in the slipper’s central pocket, 𝑝𝑖𝑛.

2. Flow Continuity: The pressure 𝑝𝑖𝑛 is not constant; it is deter-
mined by the balance between the oil flowing into the pocket 
from the piston chamber through a throttle orifice and the oil 
leaking out across the inner sealing land. This mass conservation 
principle yields a continuity equation: 𝑄𝑖𝑛 = 𝑄𝑜𝑢𝑡. The inflow is 
modeled as follow: 
𝑄𝑖𝑛 = (𝑝𝑤 − 𝑝𝑖𝑛)∕𝐶𝑡. (7)

where 𝐶𝑡 is the flow resistance of the throttle. The outflow, 𝑄𝑜𝑢𝑡, 
is calculated by integrating the radial flow rate at the outer 
boundary (𝑟 = 𝑅2). Which can be expressed as: 

𝑄𝑜𝑢𝑡 = ∫

2𝜋

0

ℎ3

12𝜇
𝜕𝑝
𝜕𝑟

𝑟𝑑𝜃. (8)

3. Periodicity: Due to the circular geometry, the pressure and its 
gradient must be continuous in the circumferential direction, 
such that 𝑝(𝑟, 0) = 𝑝(𝑟, 2𝜋) and (𝜕𝑝∕𝜕𝜃)|𝜃=0 = (𝜕𝑝∕𝜕𝜃)|𝜃=2𝜋 .

2.1.3. Numerical solution framework
The tribo-dynamic model constitutes a system of coupled, nonlinear 

differential equations. The slipper’s dynamic equations of motion are 
ordinary differential equations (ODEs) in time, while the Reynolds 
equation is a partial differential equation (PDE) over the spatial domain 
of the oil film. A robust numerical scheme is required to solve this 
system.

Fig.  4 shows the overall simulation work flow for solving the 
dynamic model of oil film of slipper pair. The solution is advanced 
in time using a step-by-step integration method. At each time step, 
an iterative procedure is employed to ensure convergence between 
the slipper dynamics and the lubrication model. First, the Reynolds 
equation is discretized on a polar grid using a second-order accurate 
finite difference method (FDM). The resulting large, sparse system 
of linear algebraic equations for the nodal pressures is then solved 
efficiently using an iterative solver like the Successive Over-Relaxation 
(SOR) method [28]. Once the pressure field converges, the film reaction 
force 𝑄𝑜𝑖𝑙 is calculated via numerical integration. This force is then 
substituted back into the slipper’s dynamic equations, which are solved 
to update the slipper’s position and velocity (𝑞, 𝑞̇) for the next time step.

This simulation framework is executed across a wide range of 
predefined operating conditions (i.e., varying pump speeds and delivery 
pressures) to systematically generate a comprehensive database. This 
database, containing the instantaneous slipper states and the corre-
sponding oil film pressure and thickness fields, forms the ground truth 
for training and rigorously testing the PINN-based surrogate model 
detailed in Section 2.3.
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Fig. 3. Schematic of damping coefficient at spherical joint.
Fig. 4. Flowchart for solving the oil film of slipper pair.
Fig. 5. Comparison between the present FDM simulation and reference results [17]: (a) central film thickness ℎ𝑐 , (b) tilting angle 𝛼, and (c) tilting angle 𝛽 as 
functions of angular displacement.
2.2. Validation of the FDM model

To verify the accuracy and reliability of the proposed Finite Dif-
ference Method (FDM) numerical framework, the simulation results 
are compared against benchmark data from established literature [17]. 
The validation focuses on the transient kinematic characteristics of the 
slipper–swashplate sliding contact over a complete shaft revolution (0◦
to 360◦). Specifically, the comparisons are evaluated based on three 
critical dynamic parameters: the central film thickness (ℎ𝑐), the tilt 
angle in the x-direction (𝛼), and the tilt angle in the y-direction (𝛽).

Fig.  5 illustrates the comparative analysis between the proposed 
FDM model and the reference data. As depicted in Fig.  5(a), the 
predicted central oil film thickness ℎ𝑐 exhibits a strong correlation with 
the literature results, accurately capturing the periodic dynamic fluc-
tuations induced by the fluctuating operating pressure throughout the 
pump cycle. Furthermore, the simulated tilt angles 𝛼 and 𝛽, presented 
in Fig.  5(b) and Fig.  5(c) respectively, align closely with the benchmark 
data in terms of both phase and amplitude. The numerical model suc-
cessfully reproduces the complex, coupled multi-axial tilting behaviors 
of the slipper under transient elastohydrodynamic conditions.
5 
Although minor discrepancies can be observed at certain peak 
values and transitional phases—which are primarily attributable to 
variations in spatial discretization density, specific convergence toler-
ances, or slight differences in the numerical treatment of the boundary 
conditions—the overall dynamic trends remain highly consistent. This 
rigorous agreement comprehensively demonstrates the validity and 
effectiveness of the proposed FDM solver. Consequently, the established 
FDM framework is proven to be robust and accurate, serving as a highly 
credible ground-truth baseline for the subsequent development, train-
ing, and evaluation of the Physics-Informed Neural Network (PINN) 
model.

2.3. Lubrication prediction based on PINN

PINN is an emerging modeling approach that integrates physical 
laws with deep learning techniques. Unlike traditional numerical meth-
ods, PINN not only leverage observational data for training but also 
embed governing equations and boundary conditions directly into the 
loss function of the neural network, thereby enhancing the model’s 
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generalization ability and physical consistency. This approach is par-
ticularly advantageous for solving complex physical field problems, 
as it reduces the reliance on large labeled datasets and offers strong 
nonlinear fitting capabilities.

In slipper pair oil film lubrication, accurate prediction of the oil 
film pressure distribution is crucial for lubrication performance anal-
ysis and structural optimization. By employing PINN, it is possible to 
efficiently predict the oil film pressure field with limited data while 
strictly adhering to physical constraints. PINN can automatically satisfy 
governing equations such as the Reynolds equation and flexibly handle 
boundary and continuity conditions, making them suitable for complex 
geometries and multi-physics coupling problems.

This section introduces the PINN-based lubrication prediction
method. First, the basic structure and the modeling process of PINN 
are described. Subsequently, the construction of the physics loss, the 
training procedure, and the specific application of PINN to the slipper 
pair oil film lubrication problem are detailed, laying the foundation 
for the subsequent discussion of results. In this study, the full-cycle 
coupled behavior is learned from labels generated by the validated 
FDM dynamic framework; the dynamic influence is therefore learned 
implicitly from data labels rather than enforced by an explicit dynamics 
residual term in the PINN loss.

2.3.1. PINN structure
In this study, a Multi-Layer Perceptron (MLP) serves as the backbone 

architecture for the PINN. The Universal Approximation Theorem [29] 
ensures MLP’s capability to represent the continuous pressure field 
𝑝(𝑟, 𝜃) governed by the Reynolds equation. PINN utilize automatic dif-
ferentiation to compute exact derivatives (e.g., 𝜕𝑝∕𝜕𝑟, 𝜕2𝑝∕𝜕𝜃2) essential 
for physics-based loss functions, avoiding numerical errors from finite 
difference schemes. The MLP’s structural simplicity and suitability for 
mapping low-dimensional coordinates (𝑟, 𝜃) to scalar pressure values 𝑝
make it more appropriate than CNNs or RNNs for this application.

Fig.  6 illustrates the architecture of the initial model, PINN-1, which 
is based on the standard unsupervised approach. The network takes 
the polar coordinates (𝑟, 𝜃), angular displacement of piston 𝜑 and the 
working conditions (𝑃𝑤𝑜𝑟𝑘, 𝜔) as input. The output layer directly yields 
the predicted pressure 𝑝 and the film thickness ℎ as scalar fields.

In the present formulation, the network input uses the angular 
displacement 𝜑 as the temporal coordinate, instead of using time 𝑡
directly. For a given operating angular speed 𝜔 (in rad/s), we use the 
kinematic relation 

𝜔 =
𝑑𝜑
𝑑𝑡

, 𝜑 = ∫

𝑡

0
𝜔𝑑𝑡. (9)

Therefore, the time derivative of the film thickness required in the 
Reynolds-equation residual is obtained through the chain rule: 
𝜕ℎ
𝜕𝑡

= 𝜕ℎ
𝜕𝜑

𝜕𝜑
𝜕𝑡

= 𝜔 𝜕ℎ
𝜕𝜑

. (10)

This transformation is applied consistently when evaluating physics-
loss terms, so that the model remains physically consistent while using 
𝜑-based inputs.

The total loss function, total, is composed of the data loss (data) 
and the physics loss (p), which includes the Reynolds Equation Loss, 
Boundary Conditions Loss, and Continuity Loss. However, initial re-
sults from PINN-1 revealed that while the average film thickness was 
accurately predicted, the point-wise thickness distribution failed to 
strictly adhere to the geometric law of a planar surface. This physical 
inconsistency, attributed to the lack of an explicit geometric constraint, 
demonstrated that the network struggled to intrinsically learn the 
rigid-body kinematic relationship governing the film thickness.

To address this deficiency, an enhanced architecture, PINN-2, was 
developed, as shown in Fig.  7. The fundamental difference lies in how 
the film thickness is predicted, moving from a fully data-driven output 
to a Physics-Informed Parametric Output. In PINN-2, the output layer 
of the MLP is structurally modified to predict the pressure 𝑝 alongside 
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the three kinematic parameters that uniquely define the planar film 
profile: thickness at three monitoring points (ℎ1, ℎ2, ℎ3). These thickness 
values are used to calculate the spatial state of the oil film (ℎ𝑐 , 𝛼, 𝛽). 
Crucially, the final film thickness ℎ(𝑟, 𝜃) is not directly predicted by 
the network, but is mathematically constructed in a subsequent layer 
using the geometric constraint established in Eq.  (5). This architectural 
change effectively embeds the geometric constraint of the slipper pair’s 
rigid-body motion directly into the forward pass of the network, acting 
as a hard constraint. This ensures that the predicted film thickness field 
ℎ is mathematically guaranteed to be planar at all times, thereby en-
forcing physical consistency and dramatically improving the accuracy 
and interpretability of the results, as evidenced by the high physical 
accuracy achieved by PINN-2 compared to PINN-1.

Before inputting the dataset into the neural network for training, it 
is essential to sample and normalize the data. The raw data obtained 
through simulation calculations is extremely large, often containing re-
dundant data, and the data scales of each dimension vary significantly. 
This can lead to issues such as gradient explosion or gradient vanishing 
during training, thereby affecting training efficiency.

In order to obtain important grid points of raw data, the grid points 
are divided into boundary points and internal points. Perform uniform 
sampling on these two sets of grid points separately to ensure there 
are sufficient boundary points. In this paper, the Z-score normalization 
method [30] is used to process data. The data is normalized according 
to the formula describe below: 
𝑥𝑛𝑜𝑟𝑚𝑎𝑙 =

𝑥 − 𝜎𝑑
𝜇𝑑

. (11)

where 𝜎𝑑 is the standard deviation of raw data, 𝜇𝑑 is the mean of raw 
data. After that, the raw data is converted into a dataset with a mean 
of 0 and a standard deviation of 1.

For PINN, the loss function includes supervised points which are so-
lutions from oil film simulation, and lubrication-physical losses, which 
involves Reynolds equation loss, boundary loss and continuity loss. The 
physics loss in this work is limited to lubrication-governing constraints 
(Reynolds equation, boundary conditions, continuity, and geometric 
constraints). The slipper dynamic equation is not explicitly embedded 
as a residual term. The total loss function is expressed as: 
total = 𝜆1 data + 𝜆2 Re + 𝜆3 bc + 𝜆4 c, (12)

where 𝜆1, 𝜆2, 𝜆3 and 𝜆4 are weight coefficients of each loss term that 
determine the importance of each condition when updating PINN pa-
rameters.

The mean square error (MSE) is adopted to measure the loss of a 
neural network, and it can be expressed as follows: 

data = 𝑀𝑆𝐸 = 1
𝑁𝑑

𝑁𝑑
∑

𝑖=1
(𝑦̂(𝑥𝑖) − 𝑦𝑖)2. (13)

where 𝑦̂(𝑥𝑖) are predicted values, 𝑦𝑖 are value of the input dataset, which 
are considered as true values.

The Reynolds equation is the main physical loss for the PINN model; 
it ensures that PINN’s predicted values comply with the physical laws of 
oil film flow. To ensure consistency with physical laws, the Reynolds 
equation in the same form as in Section 2.1.2 is used. The Reynolds 
equation loss function can be defined as:

Reynolds =
1
𝑁𝑑

𝑁𝑑
∑

𝑖=1
[ 𝜕
𝜕𝑟

(

𝑟𝑖ℎ3𝑖
12𝜇

𝜕𝑝𝑖
𝜕𝑟

)

+ 1
𝑟𝑖

𝜕
𝜕𝜃

(

ℎ3𝑖
12𝜇

𝜕𝑝𝑖
𝜕𝜃

)

− 1
2

𝜕
𝜕𝑟

(𝑟𝑖ℎ𝑖𝑈𝑖𝑟) −
1
2

𝜕
𝜕𝜃

(ℎ𝑖𝑈𝑖𝜃) −
𝜕ℎ𝑖
𝜕𝑡

]
2
. (14)

To calculate the Reynolds equation loss correctly, predicted data 𝑦̂(𝑝, ℎ)
are denormalized to the physical scale. This is because the input data 
of PINN are normalized before entering the model, and the output data 
from the model are also normalized. The derivative term of output 
𝑦̂(𝑝, ℎ) also needs to be denormalized to the physical scale before 
calculating the Reynolds equation loss.
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Fig. 6. The network structure of PINN-1.
Fig. 7. The network structure of PINN-2.
Boundary loss constrains the physical condition of the boundary 
area in the physical domain. It is the inlet pressure at the inner bound-
ary and the outlet pressure at the outer boundary, which is defined as: 

bc =
1
𝑁𝑑

𝑁𝑑
∑

𝑖=1
[𝑝̂𝑏(𝑥𝑖) − 𝑝𝑏(𝑥𝑖)]2, (15)

where, 𝑥𝑖 is the input data of boundary domain, 𝑝̂𝑏 is predicted 
boundary pressure. Note that 𝑝𝑏 is the true boundary pressure, which 
is considered as 0 at the outlet and 𝑝𝑖𝑛 at the inlet.

The loss of continuity conditions constrains the consistency of the 
inlet flow rate and outlet flow rate under the prediction values of the 
model, which is defined as: 

c =
1
𝑁𝑑

𝑁𝑑
∑

𝑖=1
[𝑞𝑖𝑛(𝑥𝑖) − 𝑞𝑜𝑢𝑡(𝑥𝑖)]2. (16)

where 𝑞𝑖𝑛 and 𝑞𝑜𝑢𝑡 are predicted inlet flow rate and outlet flow rate, 
respectively. They are calculated by Eq.  (7) and Eq.  (8). This loss 
function ensures that the PINN model adheres to the mass conservation 
principle, which is crucial for accurately modeling the lubrication flow.

2.3.2. Dataset construction and training–testing split
To ensure a rigorous and unbiased evaluation of the proposed mod-

els, the dataset generated from the FDM simulations was systematically 
divided into training and testing subsets based on operating conditions 
7 
rather than random sampling. Because the dataset is produced by a 
coupled FDM dynamic simulation, dynamic effects are embedded in the 
supervisory labels used to train the surrogate model.

The full simulation campaign covered four working pressures (10, 
20, 30, and 40 MPa) and five rotational speeds (5,000, 10,000, 15,000, 
20,000, and 25,000 RPM), yielding 20 baseline operating conditions. In 
addition, two supplementary in-domain operating conditions (20 MPa 
and 11,250 RPM) and (25 MPa and 12,500 RPM) were generated for 
the sensitivity analysis (see Section 3.2.4), resulting in a total of 22 
operating conditions. For each condition, a complete operating cycle 
was simulated, and the corresponding pressure and film-thickness fields 
were recorded to form the dataset. For models testing and evaluation, 
the four operating conditions, namely (20 MPa and 15,000 RPM), (30 
MPa and 20,000 RPM) and the two supplementary conditions were 
excluded from the training as unseen test conditions.

These two cases represent intermediate-high operating regimes and 
were selected to evaluate the interpolation and robustness performance 
of the trained models under unseen conditions. All remaining 18 oper-
ating conditions were used for training. This condition-based splitting 
strategy ensures that the testing data are physically independent from 
the training data, thereby preventing data leakage across operating 
regimes. Consequently, the reported prediction accuracy reflects the 
true generalization capability of the models across varying pressure–
speed combinations rather than memorization of specific simulation 
states.
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Table 1
Architecture and activation candidate comparison for hyperparameter deter-
mination.
 Case MLP structure Activation Final normalized total loss 
 A [5,16,32,16,2] ReLU 1.00  
 B [5,16,64,16,2] ReLU 0.73  
 C [5,16,64,64,16,2] ReLU 0.62  
 D [5,16,64,16,2] tanh 0.56  
 E (selected) [5,16,64,64,16,2] tanh 0.41  
 F [5,16,96,96,16,2] tanh 0.39  

2.3.3. Methodology for loss-weight determination
The loss-term weights were determined through a validation-driven 

two-stage procedure. In the first stage, a broad logarithmic screen-
ing was conducted to identify suitable orders of magnitude for each 
coefficient. Candidate settings that led to unstable optimization or 
physically inconsistent predictions were discarded. In the second stage, 
local refinement was performed around promising regions using smaller 
multiplicative adjustments, with repeated training/evaluation cycles 
until no consistent improvement was observed.

The final configuration was selected by jointly considering pre-
diction quality and physical consistency, rather than optimizing a 
single objective. In practice, this means balancing field-level predic-
tion behavior with the satisfaction of governing-equation, boundary-
condition, and continuity constraints. This multi-criteria strategy avoids 
over-fitting to one loss component and yields a more reliable overall 
model.

To reduce stochastic bias, shortlisted configurations were addition-
ally checked under repeated runs with different random initializa-
tions and shuffled mini-batches. The selected setting showed stable 
convergence behavior and consistent physical plausibility across runs.

2.3.4. Hyperparameter determination for architecture and optimization
To improve reproducibility, we explicitly describe how architecture 

and optimization hyperparameters were selected. The screened items 
include MLP depth/width, activation function, batch size, and learning-
rate strategy. A compact comparison of representative architecture–
activation candidates is summarized in Table  1. Although Case F 
achieves a slightly lower loss, it uses a more complex network, which 
requires longer training and higher execution cost; therefore, Case E is 
selected as the final configuration due to its better overall complexity–
efficiency trade-off.

The selection follows a two-stage procedure. First, a coarse screen-
ing is performed to identify feasible model complexity and activation 
candidates with stable optimization behavior. Second, local refinement 
is conducted around the best-performing region to obtain a config-
uration that balances convergence quality, physical consistency, and 
computational efficiency.

For optimization, a three-stage learning-rate schedule is adopted to 
accelerate convergence: 

𝜂 =

⎧

⎪

⎨

⎪

⎩

10−2, 0%–25% epochs,
10−3, 25%–75% epochs,
10−4, 75%–100% epochs.

(17)

This staged strategy enables rapid descent in the early phase, stable 
transition in the middle phase, and fine optimization in the final phase, 
thereby improving overall convergence speed compared with using a 
single fixed learning rate.

Regarding mini-batch configuration, the selected batch size is cho-
sen based on training throughput and optimization efficiency under the 
current hardware/software setting. In our implementation, this setting 
provides the fastest practical training speed while maintaining stable 
gradient updates for the coupled data/physics objectives.

For the activation function choice, tanh is preferred over ReLU-
type alternatives in this task. The PINN requires smooth derivatives for 
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Table 2
Structural and operating parameters of slipper pair.
 Parameters Value 
 Inner radius 𝑅1 (mm) 1.8  
 Outer radius 𝑅2 (mm) 3.4  
 Piston diameter 𝑅𝑝 (mm) 2.5  
 Slipper rotation radius 𝑅𝑐 (mm) 10  
 Swashplate angle 𝛽 (◦) 18  
 Viscosity 𝜇 (Pa ⋅ s) 0.005 
 Atmospheric pressure 𝑝𝑎𝑡𝑚 (MPa) 0  

Fig. 8. Physical locations of three points for defining oil film plane.

automatic differentiation in PDE-related terms; tanh provides smoother 
first- and higher-order derivative behavior, thereby reducing non-
physical oscillations and improving optimization stability in high-
gradient transient regions. By contrast, piecewise-linear activations 
are more prone to derivative discontinuity effects in PDE-constrained 
training, which can degrade physical-field smoothness.

Based on the above protocol, the final model uses the selected MLP 
architecture, tanh activation, the chosen batch size, and the three-
stage learning-rate schedule. All comparative results in Section 3 are 
reported under this fixed configuration for fair evaluation.

3. Results and discussion

3.1. Oil film FDM simulation analysis

To ensure that simulations can provide comprehensive training and 
test datasets, it is essential to define a rational range and number of 
working conditions for the simulations. In order to ensure relatively 
stable simulation data, the simulation time was set to two operating 
cycles. The working condition parameters setting included working 
pressure and operating speed are set as (10 MPa, 20 MPa, 30 MPa, 40 
MPa) and (5,000 RPM, 10,000 RPM, 15,000 RPM, 20,000 RPM, 25,000 
RPM), respectively. The other physical parameters are shown in Table 
2.

3.1.1. Oil film thickness analysis
The thickness field of the oil film can be represented as a plane 

in 3D space, and this plane can be defined by the thickness of three 
non-collinear points. In this paper, three points 𝐴(𝑅2, 0), 𝐵(𝑅2,

2𝜋
3 ), 

and 𝐶(𝑅2,
4𝜋
3 ) on the simulation domain are taken to represent the 

thickness field of the oil film. Fig.  8 shows the physical locations of 
three points. The change in oil film thickness with angular displacement 
under typical operating conditions (20 MPa and 15,000 RPM) is shown 
in Fig.  9.

To avoid the influence of the initial state settings on the oil film 
state, the oil film state during the second cycle is used for analysis. 
It is worth noting that, in the second cycle, the inclination of the oil 
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Fig. 9. Change curve of oil film thickness at three points (20 MPa and 15,000 RPM).
film in the low-pressure zone (0◦, 180◦) is smaller than that in the high-
pressure (180◦, 360◦) zone. The difference in the inclination of the oil 
film between the high-pressure zone and the low-pressure zone is due to 
the different magnitudes of external loads acting on the oil film. Larger 
external loads require greater oil film support force to balance. A larger 
oil film inclination angle can provide more dynamic pressure support 
force, thereby offsetting more external loads from the plunger oil cavity 
pressure. This results in the oil film’s inclination angle increasing as the 
external load increases.

Fig.  10 shows the variation of oil film thickness difference at dif-
ferent operating speeds in a 20 MPa working pressure. It can be 
seen that the higher operating speeds result in greater inertial forces, 
which exacerbate the oil film’s tilt. This phenomenon reveals a complex 
balance between hydrodynamic and hydrostatic effects in the dynamic 
behavior of the slipper. At high speeds, the hydrodynamic wedge effect, 
generated by the slipper’s tilt and rotation, becomes more pronounced, 
creating additional hydrodynamic load-bearing capacity. This is crucial 
for maintaining the necessary oil film thickness under high loads and 
preventing direct metal-to-metal contact. Therefore, the increase in the 
oil film’s tilt angle can be viewed as an adaptive response of the system 
to cope with the increased dynamic loads.

3.1.2. Oil film pressure analysis
The throttling effect of the throttle hole causes a pressure drop. 

Notably, the inlet pressure is approximately linearly related to the 
working pressure and is minimally affected by the operating speed. 
This indicates that hydrostatic support is the primary load-bearing 
mechanism in this slipper design, especially in the high-pressure region. 
Hydrostatic pressure balance at the inlet is crucial for preventing 
slipper wear during startup and low-speed phases. Whether the PINN 
model can subsequently accurately capture this boundary condition, 
determined by the orifice and strongly correlated with the working 
pressure, is a key indicator of its physical consistency.

Fig.  11 shows the variation of inlet pressure with the angular 
displacement of the slipper under different working pressures and 
operating speeds. Fig.  11(a) illustrates the effect of varying rotational 
speeds, from 5,000 RPM to 25,000 RPM, while maintaining a constant 
working pressure of 20 MPa. The operating speed has been shown 
to have little effect on the inlet pressure. On the other hand, Fig. 
11(b) shows that the working pressure has a dominant effect on the 
inlet pressure. At 15,000 RPM operating speed, the inlet pressure is 
approximately 90% of the working pressure, which is precisely due to 
the pressure drop caused by the throttling effect of the throttle hole.
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Table 3
PINN hyperparameters.
 Parameters Value  
 Epoch 500  
 MLP size 5, 16, 64, 64, 16, 2 
 Learning rate 0.01, 0.001, 0.0001 
 Batch size 4096  
 Activation function tanh  
 Data loss weight coefficient 𝜆1 1  
 Reynolds loss weight coefficient 𝜆2 1 × 106  
 Boundary conditions weight coefficient 𝜆3 1 × 10−12  
 Continuity loss weight coefficient 𝜆4 1 × 104  

3.2. Predictions of oil film from PINN

To apply the physics condition into the computational domain, a 
total of 11,250 collocation points are set at the inner and boundary 
of the oil film area, and the physics loss of the PINN models is 
computed at these collocation points. All these points are generated in 
uniformed distribution to ensure the convenience and stability of loss 
computation. Three levels of learning rate of the Adam optimizer are 
set at different stages of PINN training. A high learning rate is used for 
the first 25% epoch, a medium level of learning rate is used for 25% 
to 75% epoch, and a low learning rate is used after 75% to ensure the 
convergence of the total loss. The hyperparameters of PINN are shown 
in Table  3. In this study, the model is used as a full-loop surrogate with 
partial physics constraints. Specifically, lubrication physics (Reynolds, 
boundary, continuity, and geometric constraints) is enforced explicitly 
in the loss, while the influence of slipper dynamics is learned implicitly 
from labels generated by the coupled FDM simulation framework.

The convergence history of the PINN, depicted in Fig.  12, provides 
critical insight into the training dynamics and the successful integra-
tion of physical laws. The total loss for both the training and testing 
datasets exhibits a rapid and substantial decrease of over two orders 
of magnitude within the initial 100 epochs, before stabilizing to a 
low, converged value. Crucially, the nearly identical trajectories of 
the training and testing loss curves demonstrate the model’s excellent 
generalization capability and the absence of overfitting, a key ben-
efit derived from the regularization effect of the embedded physical 
constraints. A closer examination of the individual loss components 
reveals a distinct, hierarchical learning process. Initially, the training 
is dominated by the data loss, which plummets almost instantaneously 
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Fig. 10. Variation of thickness difference at different operating speed (20 Mpa).
 
(a) 

  
(b) 

 

Fig. 11. Variation of inlet pressure in different working pressures and operating speeds.
as the network rapidly anchors its solution to the provided simula-
tion data. Subsequently, as the data fidelity is achieved, the Reynolds 
equation loss becomes the primary contributor to the total loss and 
its steady reduction governs the refinement phase of the training. 
This transition signifies the core mechanism of the PINN, where the 
model shifts from a data-driven fitting exercise to a physics-constrained 
optimization, ensuring the solution is not only accurate at discrete 
points but also physically consistent across the entire computational 
domain. The eventual convergence of all loss components to a stable 
equilibrium confirms that the final model represents an optimal balance 
between data fidelity and adherence to the governing principles of fluid 
dynamics.

3.2.1. Transient results comparison
Fig.  13 shows the comparison of transient results produced by the 

proposed MLP Neural Network, PINN-1, PINN-2 and FDM in 30 MPa 
and 20,000 RPM. The results include the average oil film thickness, 
inlet pressure and average pressure. In this figure, Neural Networks 
refers to the PINN-1 model without any physical loss functions, i.e., a 
purely data-driven neural network. As this chart shows, the PINN model 
demonstrates higher accuracy in predicting oil film thickness compared 
to purely data-driven neural networks.
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Purely data-driven neural network models exhibit significant limi-
tations in predicting the transient dynamics of slipper pairs. Although 
the model can correctly identify the fundamental frequency periodicity 
of the system as the rotation angle changes, it tends to generate overly 
smoothed prediction curves due to data sparsity and a lack of physical 
inductive bias, thus losing crucial high-frequency dynamic details. As 
shown in the figure, the model fails to accurately reproduce the charac-
teristic double-peak structure in the oil film thickness curve, exhibiting 
a smoothed sine waveform similar to a low-pass filter. Furthermore, 
in the pressure transient response, the model cannot capture the steep 
step changes in inlet pressure and mean pressure, resulting in signifi-
cant hysteresis and waveform distortion during pressure build-up and 
unloading phases, and even predicting physically unreliable negative 
pressure values in the low-pressure region.

The PINN-1 model, incorporating soft constraints based on physical 
equations, significantly enhances its ability to capture nonlinear tran-
sient characteristics. Thanks to the guidance of the Reynolds equations 
and boundary conditions on the loss function, PINN-1 successfully re-
produces most of the complex dynamics in FDM simulations, including 
rapid pressure rises and dramatic fluctuations in oil film thickness. 
However, due to the lack of strict geometric kinematic constraints, 
the model exhibits numerical instability in transitional regions with 
abrupt state changes (such as pressure abrupt changes near 180◦ and 
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Fig. 12. Loss history of PINN training process.
360◦). Obvious non-physical oscillations and overshoot are visible in 
the curves, indicating that relying solely on residual penalties from 
partial differential equations is insufficient to completely suppress local 
solution errors. This leads to convergence difficulties when handling 
high-gradient transient responses, failing to fully guarantee smoothness 
and physical consistency throughout the entire cycle. Furthermore, 
prediction accuracy decreased as the rotation angle approached 720◦, 
highlighting a common challenge for machine learning models at the 
boundaries of training datasets: models excel in interpolation regions 
but may degrade in extrapolation or near the boundaries.

The PINN-2 model, employing hard geometric constraints, demon-
strates superior transient accuracy and robustness, with its predic-
tion curve achieving near-perfect agreement with the FDM benchmark 
solution. By explicitly embedding the rigid-body kinematics of the 
slipper into the network architecture, PINN-2 eliminates the oscilla-
tions present in PINN-1, ensuring a smooth transition between oil 
film thickness and pressure changes. This model not only accurately 
captures minute peak-to-valley variations in oil film thickness but also 
exhibits extremely high rigidity in the step response of the pressure 
field, capable of reproducing the instantaneous pressure build-up and 
unloading with almost no time delay or overshoot. This high degree 
of agreement confirms that combining physical conservation laws with 
hard geometric constraints can effectively overcome the smoothing 
effect of purely data-driven methods and the numerical jitter of soft-
constraint methods, thereby achieving high-fidelity transient prediction 
of complex tribodynamic systems.

3.2.2. Field results comparison
Fig.  14 shows a comparison of the pressure field produced by 

the MLP neural network, PINN-1, PINN-2, and FDM at 𝜙 = 270◦

under working conditions of 30 MPa and 20,000 RPM, which are not 
included in the training set. The FDM simulation results are treated 
as an approximate theoretical solution. The difference between the 
theoretical solutions and the predicted results can be used to obtain 
the error in the pressure field and the error in the thickness field.

While the purely data-driven neural network model can capture 
the overall trend of pressure decreasing from the inner radial to the 
outer radial direction on a macroscopic scale, they exhibit significant 
limitations in quantitative accuracy. As shown in Fig.  14, the error 
distribution of this model presents a distinct concentric circle region 
of high amplitude, with a peak error approaching 2.6 MPa, a mean 
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absolute error (MAE) as high as 2.36 MPa, and a relative error of 
8.0%. This systematic bias indicates that, in the absence of constraints 
from physical laws such as the Reynolds equation, relying solely on 
data fitting is insufficient to accurately reproduce the complex gradient 
characteristics in fluid dynamics, especially in regions of rapid pressure 
changes, where the model cannot guarantee physical consistency.

The PINN-1 model significantly improves the prediction fidelity of 
the pressure field by embedding the Reynolds equation into the loss 
function, demonstrating the effectiveness of physical information in the 
output of the gauge network. Compared with the purely data-driven 
model, the error distribution of PINN-1 is significantly reduced, with 
the mean absolute error decreasing to 0.89 MPa, indicating that the 
introduction of the governing equation successfully guides the model to 
learn the correct fluid dynamics behavior. However, residual annular 
error distributions are still visible in the error contour plot, suggesting 
that relying solely on the soft constraint form of the partial differential 
equations is insufficient to eliminate the uncertainties of numerical 
calculations in certain local regions, leaving room for improvement 
in the uniformity of the pressure distribution in the circumferential 
direction.

The PINN-2 model, employing an improved architecture, demon-
strates superior pressure prediction performance, achieving a high 
degree of agreement with numerical simulation benchmarks. Error 
analysis reveals that the PINN-2 error field is virtually blank, indicating 
that its predicted values are extremely close to the true values across 
the entire computational domain. The mean absolute error is further 
reduced to 0.45 MPa, with a maximum relative error of only 1.9%. This 
outstanding performance confirms that the enhanced constraint mech-
anism effectively eliminates non-physical fluctuations in the pressure 
field, enabling the model to not only surpass the previous two methods 
in numerical accuracy but also to reproduce complex fluid pressure 
gradient distributions with exceptional precision, achieving a perfect 
capture of high-fidelity flow field characteristics.

Fig.  15 shows the comparison of thickness field produced by MLP 
neural network, PINN-1, PINN-2 and FDM at 𝜙 = 270◦ when working 
conditions are 30 MPa and 20,000 RPM. Purely data-driven neural 
network models exhibit a severe lack of physical consistency in predict-
ing the thickness of the skid’s underside oil film. Although the model 
attempts to establish a mapping between input and output through 
extensive data fitting, the lack of rigid body kinematic constraints 
results in significant non-physical nonlinear distortions in the predicted 
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Fig. 13. Comparison of transient results produced by proposed MLP Neural Network, PINN-1, PINN-2 and FDM (30 MPa and 20,000 RPM):(a) Average Thickness 
(b) Inlet Pressure (c) Average Pressure.

Fig. 14. Comparison of the pressure distribution produced by proposed MLP Neural Network, PINN-1, PINN-2 and FDM (30 MPa, 20,000 RPM and 270 ◦).
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Fig. 15. Comparison of the thickness distribution produced by proposed MLP Neural Network, PINN-1, PINN-2 and FDM (30 MPa, 20,000 RPM and 270 ◦).
thickness field, failing to reproduce the planar characteristics expected 
when the skid is tilted. As shown in the figure, the error distribution 
contour plot reveals extremely high deviation regions, and the thickness 
distribution exhibits a curved ring-shaped topology with a high center 
and low sides, severely violating the physical fact that the slipper’s bot-
tom surface is a rigid plane. Theoretically, the oil film thickness should 
adhere to the geometric relationship described in Eq.  (5), meaning it 
should be a flat surface at all times. Quantitative results further confirm 
this, with the model’s mean absolute error (MAE) reaching 2.4 μ m and 
a relative error of 8.0%, indicating that relying solely on data-driven 
methods is insufficient to accurately generalize the complex motion 
postures of skids in the absence of geometric prior knowledge.

While the PINN-1 model incorporates the Reynolds equation as a 
physical soft constraint, it has not achieved a qualitative breakthrough 
in the geometric reconstruction of the thickness field. Although the 
inclusion of the physical equation constrains the flow field variables to 
some extent, the thickness ℎ still participates in training as a free output 
field of the network. The network tends to minimize the Reynolds 
equation residuals by locally adjusting the thickness values, rather 
than learning global geometric laws. This results in the PINN-1 model 
predicting a thickness distribution with a lower numerical error than 
pure neural networks (MAE reduced to 1.44 μm), but its error contour 
plot still shows a significant wavy distribution, indicating that the 
predicted surface still exhibits non-physical warping deformations. This 
geometric inconsistency reveals the limitations of soft constraint mech-
anisms in handling problems with strong geometric dependencies; that 
is, relying solely on PDE residuals is insufficient to force the network 
to adhere to strict geometric constraints.

The PINN-2 model, which incorporates hard geometric constraints, 
completely solves the physical consistency problem of thickness pre-
diction and achieves high-fidelity reproduction of FDM simulation 
results. By reconstructing the network output layer, the original spatial 
13 
thickness field prediction is transformed into the prediction of three 
monitoring points(ℎ1, ℎ2, ℎ3). PINN-2 mathematically enforces that the 
output oil film thickness always satisfies the plane equation constraints. 
This improvement ensures that the prediction results perfectly match 
the actual physical plane in terms of geometry, eliminating the nonlin-
ear distortions that appeared in the previous two models. Reflected in 
the error contour plot, the deviation of PINN-2 is almost negligible, 
with its mean absolute error significantly reduced to 0.53 μm and 
its relative error to only 1.7%, strongly demonstrating that explicitly 
embedding hard geometric kinematic constraints is a key strategy to 
ensure the physical interpretability and accuracy of the tribological 
surrogate model.

The error metrics for the prediction accuracy of the PINN model 
with different constrain are presented in Table  4. In these metrics, three 
indicators are used to evaluate errors of results, namely (i) the mean 
absolute error (MAE), (ii) relative error (RE) and (iii) the maximum 
relative error (REmax). MAE is used to measure the average deviation 
between predicted values and FDM reference values, and is defined 
in Eq.  (18) as follows: 

𝑀𝐴𝐸 = 1
𝑁𝑑

𝑁𝑑
∑

𝑖=1
|𝑦̂𝑖 − 𝑦𝑖|, (18)

where 𝑁𝑑 represents the total number of sample points in the test set, 
𝑦̂𝑖 is the model predicted value (pressure 𝑝 or thickness ℎ), and 𝑦𝑖 is the 
corresponding FDM simulation true value.

For the oil film thickness field, since its value is always greater than 
zero throughout the entire domain, the mean relative error (RE) defined 
in Eq.  (19) was used to evaluate its prediction accuracy: 

𝑅𝐸 = 1
𝑁𝑑

𝑁𝑑
∑

𝑖=1

|

|

|

|

𝑦̂𝑖 − 𝑦𝑖
𝑦𝑖

|

|

|

|

× 100% (19)

For the pressure field, considering that the outlet pressure at the 
outer diameter of the slipper is close to 0, directly calculating the 
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Table 4
Error metrics comparison between FDM simulation and PINN prediction (30 
MPa, 20000 RPM)
 Methods Pressure Thickness

 MAE (MPa) REmax MAE (μ m) RE  
 Pure data 2.36 3.8% 2.4 8.0% 
 PINN-1 0.89 3.2% 1.44 4.8% 
 PINN-2 0.45 1.9% 0.53 1.7% 

point-by-point relative error would cause the denominator to approach 
zero, resulting in significant numerical instability. Therefore, to more 
robustly assess the relative deviation of the pressure field, this paper 
introduces the maximum relative error (𝑅𝐸𝑚𝑎𝑥), which is defined in Eq. 
(20) as the ratio of the maximum absolute error to the maximum value 
in the reference range (i.e., the 𝐿∞ norm relative error): 

𝑅𝐸𝑚𝑎𝑥 =
max |𝑦̂𝑖 − 𝑦𝑖|
max |𝑦𝑖|

× 100% (20)

This metric (𝑅𝐸𝑚𝑎𝑥) can effectively avoid numerical singularities in 
low-pressure areas, while intuitively reflecting the relative accuracy of 
the model in capturing maximum pressure characteristics.

3.2.3. Uncertainty and randomness analysis
To evaluate the robustness of the proposed model with respect to 

stochastic training effects, five independent training runs were con-
ducted under identical hyperparameters but different random initializa-
tions and data shuffling orders. The predictive variability was assessed 
using the central film thickness ℎ𝑐 under the unseen test operating 
condition.

Fig.  16 illustrates the mean prediction together with the ±1𝜎 and 
±2𝜎 confidence bands obtained from the five runs. The results demon-
strate an excellent repeatability of the model. The five individual 
realizations almost completely overlap with the mean curve throughout 
the entire operating cycle. The uncertainty bands remain extremely 
narrow, even in regions characterized by rapid thickness transitions 
and high gradients (around 200◦ and 600◦), where numerical instability 
would typically be more likely to occur. Quantitatively, the maximum 
deviation across runs is negligible compared to the absolute magnitude 
of the film thickness, and the fluctuation amplitude remains well within 
the ±2𝜎 envelope across the full rotational range. This indicates that the 
model converges consistently toward a stable solution manifold, and 
the embedded physical constraints effectively regularize the optimiza-
tion process, preventing divergence to alternative local minima. These 
results confirm that the proposed framework exhibits strong training 
stability and low sensitivity to random initialization, ensuring that the 
reported predictive performance is reproducible and not dependent on 
a particular stochastic realization.

3.2.4. Generalization sensitivity to training points distance
To verify the generalization ability of the PINN model, we con-

ducted a sensitivity analysis based on intra-domain distance under dif-
ferent operating conditions. The analysis is conducted in the (𝑃work , 𝜔)
space, where 𝑃work is working pressure and 𝜔 is rotational speed in 
RPM. For each test condition, the normalized nearest-training-point 
distance is defined as: 

𝑑 = min
(𝑃𝑗 ,𝜔𝑗 )∈train

√

(𝑃work − 𝑃𝑗

10 MPa

)2

+
( 𝜔 − 𝜔𝑗

5, 000 RPM

)2
. (21)

Notably, the denominator 10 MPa and 5, 000 RPM are the pressure/speed
intervals used in dataset construction, ensuring a dimensionless and 
scale-consistent distance measure. Three representative in-domain con-
ditions were selected to form Near/ Medium/ Far levels of data support, 
namely (i) Near: (20 MPa, 11, 250 RPM); (ii) Medium: (25 MPa, 12, 500
RPM); (iii) Far: (20 MPa, 15, 000 RPM); with the corresponding dimen-
sionless distances 𝑑 = 0.250, 0.707, 1.000, respectively.
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Table 5
Transposed error metrics of PINN-2 for near/medium/far in-domain cases.
 Metric Near Medium Far  
 Pressure MAE (MPa) 0.24 0.38 0.45 
 Pressure 𝑅𝐸max (%) 1.0 1.6 1.9  
 Thickness MAE (μm) 0.33 0.47 0.53 
 Thickness RE (%) 0.9 1.1 1.7  

Fig. 16. Uncertainty quantification of predicted central film thickness ℎ𝑐 over 
five independent training runs (mean curve with ±1𝜎 and ±2𝜎 bands).

For each case, we evaluate pressure-field errors using MAE and 
𝑅𝐸max, and thickness-field errors using MAE and RE. The transposed 
summary is listed in Table  5. As 𝑑 increases from Near to Far, all error 
metrics increase monotonically, indicating a clear distance-sensitive 
trend. This confirms that prediction quality is highest near well-
supported training regions and degrades gradually as the condition 
moves farther from the training set, even within the original operating 
envelope. Importantly, the observed degradation remains controlled, 
and PINN-2 preserves physically consistent predictions across all three 
in-domain cases. These results support the robustness of the pro-
posed hard-constrained framework for practical operating-condition 
variation.

3.2.5. Computational efficiency
Table  6 summarizes the computational cost of the FDM simulation 

and the neural-network-based models. The reported preparation time 
for 22 scenarios is 14,938 s, which corresponds to the one-time offline 
cost of generating the full FDM dataset used for model development and 
evaluation. For model training, the pure data-driven Neural Network 
(NN) requires 271 s, while PINN-1 and PINN-2 require 528 s and 595 
s, respectively. The additional training cost of PINN models is expected, 
since physics-based constraints introduce extra computational overhead 
during optimization.

For online prediction, FDM requires 679 s to complete one operating 
cycle, whereas all trained neural-network-based models complete the 
same prediction in 2 s. This indicates an inference-time reduction of 
approximately 99.7% relative to FDM. Overall, although offline data 
preparation and PINN training are more expensive, these costs are 
incurred only once; the resulting surrogate models provide substantial 
acceleration for repeated evaluations, making them suitable for rapid 
parametric studies and near real-time applications.

4. Conclusion and outlook

This study has successfully established and validated a physics-
informed machine learning framework for the rapid prediction of lubri-
cation characteristics in axial piston pump slipper pairs. The proposed 



H. Qiu et al. Tribology International 221 (2026) 112049 
Table 6
Comparison of run time between FDM simulation and PINN prediction.
 Methods FDM simulation Neural Network PINN-1 PINN-2 
 Simulation time of 22 scenarios (s) 14,938 – – –  
 Training time (s) – 271 528 595  
 Run time (s) 679 2 2 2  
model, by embedding the Reynolds equation and mass continuity di-
rectly into the loss function, achieved a computational speedup of 
approximately 99.7% compared to the traditional Finite Difference 
Methods (FDM), reducing the simulation time from 679 s to just 2 s per 
cycle while maintaining high accuracy compared to high-fidelity nu-
merical simulation results. A critical comparative analysis revealed the 
limitations of standard soft-constrained formulations (PINN-1), which, 
despite capturing general transient trends, suffered from geometric in-
consistencies in film thickness distribution with a relative error of 4.8%. 
In contrast, the enhanced architecture (PINN-2) incorporating explicit 
hard geometric constraints significantly improved physical fidelity, 
reducing the thickness relative error to 1.7% and the pressure mean 
absolute error to 0.45 MPa. These results conclusively demonstrate 
that ensuring the physical validity of data-driven tribological models 
requires explicit inclusion of lubrication-governing equations and strict 
kinematic constraints, but also the strict enforcement of kinematic 
constraints to guarantee robust and interpretable solutions.

Although the proposed PINN-2 framework demonstrates strong 
accuracy and efficiency within the investigated operating envelope, 
several potential underperformance scenarios should be acknowledged. 
Prediction accuracy may degrade when the model is applied to op-
erating conditions with limited representation in the training set, 
particularly in regions with rapid transient changes and steep pres-
sure/thickness gradients. In addition, because the current formulation 
is built on the present Reynolds-based framework and prescribed 
constraints, its reliability may be reduced in regimes dominated by 
coupled physics that are not explicitly modeled, such as strong thermo-
elastohydrodynamic effects, severe cavitation, or roughness-driven
mixed lubrication. Therefore, the present model should be interpreted 
as a high-fidelity surrogate within its validated physical and data 
domain, and not yet as a universal solver for all lubrication regimes.

Building upon the findings of this study, future research will aim 
to extend this efficient surrogate modeling approach to encompass a 
fully coupled, multi-degree-of-freedom dynamic system where the PINN 
serves as an embedded solver for real-time kinematic interactions. A 
key next step is to explicitly incorporate the slipper dynamic equi-
librium equation into the training objective as an additional physics 
residual. The scope of physical modeling should be broadened to in-
clude thermal-elastohydrodynamic lubrication (TEHL) effects, surface 
roughness in mixed lubrication regimes, and cavitation phenomena 
to enhance applicability under extreme operating conditions. Addi-
tionally, investigations into advanced neural network architectures, 
such as those employing adaptive activation functions or curriculum 
learning, will be prioritized to further optimize convergence and sta-
bility. Ultimately, the superior computational efficiency demonstrated 
by the PINN-2 model paves the way for its integration into digital twin 
frameworks, enabling real-time health monitoring, fault diagnosis, and 
operational optimization of hydraulic machinery.
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Appendix. Derivation

A.1. Derivation of the axial piston force component (𝐹𝑧)

The axial force component 𝐹𝑧 is the projection of the hydraulic load 
from the piston chamber onto the slipper’s central axis 𝑧𝑠, see Fig.  3. 
The primary hydraulic force acting on the piston end is determined by 
the product of the instantaneous working pressure 𝑝𝑤 and the piston 
cross-sectional area 𝐴𝑝 = 𝜋𝑅2

𝑝, resulting in a total magnitude of 𝐹𝑝𝑖𝑠𝑡𝑜𝑛 =
𝑝𝑤𝜋𝑅2

𝑝. Due to the geometric configuration of the swashplate mecha-
nism, the slipper’s central axis is inclined by an angle 𝛽 relative to the 
piston’s translational axis. Consequently, the force transmitted through 
the spherical joint must be projected onto the slipper’s local coordinate 
system by multiplying by cos 𝛽. Since the positive 𝑧𝑠 direction is defined 
as pointing away from the swashplate (increasing film thickness), this 
compressive hydraulic load acts in the negative direction, leading to 
the derived expression 𝐹𝑧 = −𝜋𝑅2

𝑝𝑝𝑤 cos 𝛽.

A.2. Derivation of the oil film thickness equation

The local oil film thickness ℎ(𝑟, 𝜃, 𝑡) is geometrically defined by the 
rigid body kinematics of the slipper sealing land moving relative to the 
swashplate surface. By establishing a local Cartesian coordinate system 
fixed to the slipper center, the clearance height for a tilted planar 
surface can be linearly expressed as ℎ(𝑥, 𝑦, 𝑡) = ℎ𝑐 (𝑡) + 𝜆𝑦𝑦 + 𝜆𝑥𝑥, where 
ℎ𝑐 (𝑡) represents the central film thickness and the coefficients 𝜆𝑦, 𝜆𝑥
correspond to the planar slopes. Introducing the slipper’s generalized 
coordinates where 𝛼(𝑡) and 𝛽(𝑡) denote the tilting angles inducing height 
variations along the 𝑦-axis and 𝑥-axis respectively, and substituting the 
polar coordinate transformations 𝑥 = 𝑟 cos 𝜃 and 𝑦 = 𝑟 sin 𝜃, the equation 
yields the final kinematic relationship ℎ(𝑟, 𝜃, 𝑡) = ℎ𝑐 (𝑡) + 𝛼(𝑡)𝑟 sin 𝜃 +
𝛽(𝑡)𝑟 cos 𝜃. This derivation assumes small angle approximations which 
are valid given the micron-scale magnitude of the lubrication gap.

Data availability

Data will be made available on request.
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