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Abstract

This paper presents a numerical study of a reshocked turbulent mixing layer using high-order
accurate Implicit Large-Eddy-Simulations (ILES). Existing theoretical approaches are discussed,
and the theory of Youngs [1] is extended to predict the behaviour of a reshocked mixing layer formed
initially from a shock interacting with a broadband instability. The theory of Mikaelian [2] is also
extended to account for molecular mixing in the single-shocked layer prior to reshock. Simulations
are conducted for broadband and narrowband initial perturbations and results for the growth rate
of the reshocked layer and the decay rate of turbulent kinetic energy show excellent agreement
with the extended theoretical approach. Reshock causes a marginal decrease in mixing parameters
for the narrowband layer, but a significant increase for the broadband initial perturbation. The
layer properties are observed to be very similar post-reshock, however, the growth rate exponent
for the mixing layer width is higher in the broadband case, indicating that the reshocked layer
still has a dependence (although weakened) on the initial conditions. These results have important

implications for Unsteady Reynolds Averaged Navier Stokes modelling of such instabilities.
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I. INTRODUCTION

The Richtmyer-Meshkov (RM) instability occurs when an interface between two fluid lay-
ers of different thermodynamic properties undergoes impulsive acceleration, typically caused
by an incident shock wave [3, 4]. This instability is important in the prediction of the evo-
lution of supernovae [5, 6], in the wakes of jet engines, mixing in scramjet combustion
chambers, and in predicting Inertial Confinement Fusion (ICF) capsule performance [7].

Once the instability has been triggered, it will grow at first linearly, and then transition
to a non-linear state characterised by mushroom shaped bubbles (light fluid moving into
heavier fluid) and spikes (heavy fluid moving into light fluid). At this point the Kelvin-
Helmholtz instability acts on the shear layers along the interface, causing a rapid transition
to turbulence. Once a fully turbulent layer is established, the statistics of the mixing layer
tend towards a self similar state [8].

Under reshock, this turbulent layer caused by the first shock wave then undergoes a
second impulsive acceleration. This acceleration can be caused by reflection of the incident
shock wave from the end wall of a shock tube, or by an outwardly propagating shock wave
in the case of a cylindrical /spherical implosion. Experimental observations show that the
second shock wave significantly increases the layer growth rate [9-13]. There is general
consensus that the growth of the mixing layer is described by W oc /. Analytical results
suggest either linear growth in time [2], a growth rate of § = 2/3 — p [14, 15] where p is a
correction dependent on the level of turbulent dissipation, § = 0.4 [16] or even logarithmic
[16-18].

Experimental results are difficult to measure due to the complex flow physics such as
fluid compressibility (including shocks), multiple gases, uncertainty in the form of the initial
perturbation, wall effects, and separating the growth of the mixing layer due to expansion
waves from turbulent growth. Results by Vetter & Sturtevant [11] and Leinov et al. [13]
indicated approximate linear growth after reshock (# = 1). Leinov et al also investigated the
influence of the mixing layer width pre-reshock on the resultant growth rate showing that
it had negligible effect, whereas the growth rate was linearly proportional to the velocity
jump at the interface. However, experiments by Houas and Chemouni [19] showed better
agreement to a power law behaviour § = 2/3 rather than the linear solution, and Prasad

et al. [20] suggest growth of § = 0.26 — 0.33. Recently, the gas curtain experiments of



Balakumar et al. [12] also show clear nonlinear behaviour of the reshocked layer, where the
initial perturbation consists of a single dominant wavelength.

Several numerical studies have examined cases of a reshock of an RM-induced turbu-
lent mixing layer, principally focusing on the various shock tube experiments. Large Eddy
Simulations (LES) by Hill et al. [21] matched the post-reshock growth measured in the
experiments of Vetter & Sturtevant to within £10%. Further LES by Latini et al. [22] also
match the experimental measurements, however again only for the reshocked layer - prior to
this the growth rate is highly dependent on the initial conditions [22]. Schilling et al. [23]
investigated a two dimensional reshocked single mode case and found that of the models
which do not depend on the wave number, k, (hence could be easily applied to a multimode
case) the Mikaelian model [2] captured the early time reshock behaviour the most accurately.

This paper examines, using high-order accurate ILES methods, the growth rate of a
reshocked mixing layer based on initially narrowband and broadband perturbations. This
study builds upon the previous study of Thornber et al. [8] which focused on the self-
similar behaviour of a single-shock RM instability. The broadband simulation employs a
perturbation spectrum typical of the finish of an ICF capsule, where P(k) oc k=2 [24]. The
aim is to study the growth rate in isolation of other fluid dynamic phenomena experienced
within the shock-tube experiments, for example reflected rarefaction waves. Hence, the
two shocks are generated numerically within the computational domain with non-reflective
boundary conditions to allow the reflected shock/expansions to exit the domain unimpeded.

Section II details the governing equations, numerical methods and initial/boundary con-
ditions for the reshock test case. Section III discusses current theoretical approaches, and
proposes an extension of the theory of Youngs [1] for broadband perturbations with reshock.

The results are presented in Section IV, and conclusions summarised in the final section.

II. GOVERNING EQUATIONS AND NUMERICAL METHODS
A. Governing Equations

The computations presented here employ the multi-component Euler equations, where
viscosity is assumed negligible (Re — oo). This involves solving in each principal direction

the following governing equations,
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U=[p, pu, pv, pw, E]",

F = [pu, pu®+p, puv, puw, (E+pyu]"

E =pe +0.5p (u2 + o+ w2) ,

and p, E, e, u, v, and w are the density, total energy, specific internal energy per unit
volume, and the Cartesian velocity components, respectively. Throughout this paper, it is
assumed that the fluid satisfies the ideal gas equation of state p = pe (7 — 1), where v = 5/3
is the ratio of specific heats and is identical for both fluids.

For the multiple component simulations presented here, the model proposed by Allaire
et al. [25] is employed in lieu of the continuity equation, replacing it with the following

equation set (for the sake of simplicity the model is presented in 1D) for two species,
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where oy are the volume fractions of the light and heavy fluids. This choice of governing
equations proves superior in numerical test cases to mass fraction based approaches and
other volume fraction methods for sharp advection of multiple species with different ther-
modynamic properties [26]. Note that it is assumed that if two fluids are present in one cell

the mixture has one characteristic velocity, and both species are in pressure equilibrium.

B. Numerical Approach

The numerical approach employed is based on a finite volume Godunov-type method,
henceforth labelled as CNS3D [27-29]. This employs fifth order spatial accuracy through

a one dimensional implementation of the limiter proposed by Kim and Kim [30], with the
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second order accurate extended stability Runge-Kutta scheme of Spiteri and Ruuth [31].
The governing equations for a multicomponent flow are solved using the approach proposed
in Allaire et al. [25], however, the current work employs the HLLC approximate Riemann
solver [32].

To improve the performance of the baseline fifth order method, the modified reconstruc-
tion method of [29] is employed. This modification is based on analysis presented in [33]
which shows that standard Godunov methods dissipation turbulent kinetic energy exces-
sively at low Mach due to the artificially high amplitude of the velocity jumps at the cell
interfaces prior to solving the Riemann problem. This is supported strongly by analysis
of simulations of homogeneous decaying turbulence [34, 35]. The modified reconstruction
method effectively progresses to central differencing of the reconstructed left and right quan-
tities as the Mach number tends towards zero, giving uniform dissipation of turbulent kinetic
energy. This modification is also supported in a recent analysis by Dellacherie et al. [36, 37].

The simulations use the Implicit LES approach [28, 38, 39], where the numerical methods
is designed in such a manner to provide realistic dissipation of turbulent kinetic energy. An
important consequence of the modification to the spatial reconstruction method is that the
dissipation rate is now proportional to the cube of the velocity divided by the cell size, as
required for an implicit sub-grid scale model based on Kolmogorov’s analysis of dissipation
in homogeneous turbulence [40]. As it is very unlikely that this model perfectly represents
the subgrid scales, the simulations employ high resolution grids in order to provide sufficient
scale separation between the largest and smallest flow features. When employed in a free
shear flow, this wide range of scale separation (large grid sizes) permits the large features
to evolve independently of numerical dissipation.

This exact numerical method has been validated in one-, two- and three dimensional test
cases [29, 39, 41]; low-speed internal separated flows [42]; cavity aeroacoustics [43, 44]; ship
airwakes [45]; hypersonic flows, including ablation [46]; and turbulent mixing induced by

RM instability [8, 47].

1. Initial and Boundary Conditions

Two different initial conditions are employed for the reshock study, using the data pro-

duced in a previous study on the RM instability [8]. As this is a study of reshock, the initial



profiles of density, volume fractions, velocity and pressure from the single shock study are
used for the reshock case. The single shock study examined the onset of self-similarity of the
mixing layer through examination of several mixing parameters, the variation of the mixing
layer growth exponent 6 and the decay exponent of turbulent kinetic energy. The initial
conditions for this study are chosen at the onset of self-similarity after the passage of the
first shock, where all parameters are now self-similar, but before the mixing layer width has
grown to a significant fraction of the domain size. The onset of self-similarity is identified
as the time when the mixing parameters © and = (see Section IV C for their definition) are
within 5% of their expected self similar values identified in the previous single shock study,
and that the decay of turbulent kinetic energy has reached a self-similar power law form [8].
This gives the correct variation of density and volume fraction across the mixing layer which
governs the magnitude of the vorticity deposited in the mixing layer due to reshock.

The passage of the first shock is represented by an equivalent velocity perturbation derived
from an assumed surface perturbation power spectrum [8]. Considering a single mode from

a multimode perturbation of the form

N
Ay, z) = Z A, €OS (Komy) cos (konz) + by, », cos (kgmy) sin (konz) +

m,n=0

Cm,n SI (komy) cos (konz) + dy, p sin (komy) sin (konz) , (5)

which considers modes with wave number m in the y direction and n in the z direction
where z is in the direction of shock propagation, y and 2z range from 0 to L. Following the
initial conditions employed in [8], to ensure an initially divergence-free velocity field a vector
potential A is defined such that u = V x A where A consists of two non-zero components

(A, and A,) given by

k.

Ay(x,y,2) = poexp(—k |z — x1]) 2 [bcos (kyy) cos (k.z) — acos (kyy) sin (k.z) +

dsin (kyy) cos (k.z) — csin (kyy) sin (k.2)] . (6)

A, (z,y,z) = poexp(—k |z — :vﬂ)% [—ccos (kyy) cos (k,z) — dcos (kyy) sin (k. z) +

asin (kyy) cos (k.z) + bsin (k,y) sin (k.2)] . (7)



where the initial location of the mixing layer is at x = x1, where ¢ is a parameter which
controls the magnitude of the perturbation. For RM, the magnitude of the initial perturba-
tion is determined from linear theory, giving ¢g = At*Au. The velocity perturbations decay
exponentially away from the interface in agreement with incompressible theory (an approx-
imation to the compressible theory where the decay is slower [48]). Finally, an additional
exponential decay is added to ensure that the velocities become zero at the boundaries of the
domain. The coefficients a — d are defined as a,,,, = RS(m)S(n)om.n, where S(p) = 1/v/2
if p=20,1if p >0, R is a random number picked from a Gaussian distribution, and oy,
is the standard deviation of a mode with wave number m in the y direction and n in the z
direction.

Two different initial perturbation power spectra are considered, the first is a narrowband
spectrum where P(k) oc C' for modes of wavelength 16Az < A < 32Az where Az is the
grid spacing which will be referred to as the ‘narrowband mixing layer’ throughout the pa-
per. The second is a more inhomogeneous turbulent layer generated by a broadband initial
perturbation with a power spectrum of the form P(k) o Ck~2 for modes of wavelength
8Azx < A < w. This perturbation was chosen as it is typical of the surface finish measured
for inertial confinement fusion capsules [24], and will be referred to as a ‘broadband mixing
layer’. The minimum wavelengths have been chosen based on previous experience demon-
strating the minimum requirements for correct resolution of the growth of the resulting
turbulent mixing layer [8].

The coefficients C' are scaled in the narrowband initial condition such that o? =
fkk::" P(k)dk = 0.1Api. As the initial modes present in the problem are in a relatively
narrow range then this is sufficient to ensure linearity of the initial wavelengths.

For the broadband case the shorter wavelengths are ‘more non-linear’ than the longer
wavelengths hence care must be taken to ensure linearity at the shortest wavelengths. The
value of C' in the broadband case is determined by specifying that the in-band amplitude ay
of the highest wavenumber remain remains linear. Due to the interference of nearby modes,
ay is defined as an integral of individual mode amplitudes over a band of width &k surrounding
mode k as detailed by Haan [49] and utilised previously in [8]. In the simulations presented
here, kay = 1/2 for the highest wavenumber resolved on the grid.

The simulations for the evolution of the mixing layer after the first shock (i.e. the

evolution of the velocity perturbation) were run on grids of 5123 for the narrowband mixing



layer and 720 x 2048 x 2048 for the broadband layer. This ensured that the broadband layer
had a sufficiently wide spectral range to achieve self-similarity, and that the narrowband
layer was well resolved [8].

Once a self-similar regime has been achieve for each mixing layer from the initial velocity
perturbation, the simulation is stopped. Figure 1 shows the initial conditions for the reshock
simulation. The turbulent mixing layer from the first simulation is used to initialise the
second simulation. In both cases the initial density ratio is 3 : 1, and the reshock is from the
heavy to the light gas. The light gas and unshocked heavy gas are given an initial velocity
into the shock such that the reshocked mixing layer remains stationary in the chosen frame
of reference. This is illustrated schematically in Figure 1. The shock strength is Mach 1.85,
equivalent to a three-fold pressure rise over the shock wave. In the simulations presented
here only the density and volume fraction field are initialised from the previous single-shock
simulations, as preliminary simulations highlighted that the the existing velocity field within
the mixing layer had only a small influence on the development of the reshocked layer. The
velocity impulse imparted by the shock is Au = 29.2, and the post-shock Atwood number
is At* = (py— p1)/(p1+ p2) = 0.49 where p, is the heavy gas density and p; is the light gas.

A grid refinement study is conducted for the reshock simulation using grid resolutions
from 1283 through to 5123, where the initial conditions for the coarser grid resolutions were
gained by spatially averaging the data from the fine resolution simulation of the development
of turbulent mixing layer from the velocity perturbation. Any differences observed between
the different grid levels are thus caused by poorer resolution of small scale features in the
lower grid resolutions. This reaveraging process was employed as it was reasoned that as
amplification of the scales occurs during reshock and that the small scales will have become
non-linear and saturated, the effective grid resolution can be decreased.

Periodic boundary conditions are used in the homogeneous direction (y and z), whereas
a special one-dimensional domain is employed in the direction of shock propagation (z di-
rection). This permits a time-dependent boundary condition in the x direction minimising
spurious reflected waves generated at the boundary by simulating a long one-dimensional
domain at both ends of the three dimensional domain [50]. All results presented are di-
mensionless by the pre-reshock integral width Wy at the time of reshock which is 0.181 for
the narrowband simulation and 0.033 for the broadband simulation, the velocity impulse

Au = 29.1575 imparted by the reshock, and a density equal to one.



III. THEORETICAL DISCUSSION
A. Broadband Perturbations

The application of current RM theory to reshock of a multimode layer is not straight-
forward. The layer prior to reshock consists of waves of linear and non-linear amplitudes.
Starting at the longest wavelengths, these will not have begun to change in amplitude be-
tween the first and second shock, as the growth rate ¢ = pAtTkagAu is initially low; p is a
constant which is typically assumed to be 1 for weak shocks but can reduce at high shock
Mach numbers to as little as 0.25 [51]; ag is the amplitude of the initial modes. The above
means that the reshock will experience the same perturbation shape and amplitude giving
the same growth rate exponent at these wavelengths as the first shock. At the shortest
length scales the waves will have already saturated, become non-linear, and formed turbu-
lent eddies. It is then expected that these eddies have a kinetic energy spectrum of the form
k=5/3 or for the narrowband case k~%/2 [8, 40, 52].

For the longer wavelengths present in the broadband case an estimation of the expected
growth rate can be formed, assuming that their amplitude prior to reshock remain linear.
This extends the methodology to proposed by Youngs [1, 8, 53] for the analysis of single shock
interaction with a multimode perturbation, following a similar line to that used by Haan
[49] (for the Rayleigh-Taylor instability), Brouillette and Sturtevant [54] and Charakhch’yan
[55]. The growth of the mixing layer from the initial shock is described based on the power
spectrum of the initial perturbation of the form P(k) oc C1k™.

Treating each mode independently, the in-band amplitude of a given wavenumber |k| is
initially ay(t = 0) \/F (O 2 m+)/2 The velocity corresponding to each wavenum-
ber after the first shock is then a; = 01/ pr At Auy km+3)/2 where the subscript (.); refers
to properties due to the first shock and p ~ 1 for moderate Mach numbers. Hence the
amplitude of each mode for a shock propagating from heavy to light (causing inversion) is

given by:

ap(t) = C2Cok™HD/2(1 — g At Augkt), for t < trg (8)

where the mean compression rate Cy = (p1 + p2)~/(p1 + p2) T, and tgs is the time of reshock

measured from the time of arrival of the first shock. Fixing the reshock at time t = tgg,



the above equation gives the amplitude of each mode at reshock, under the assumption of
linearity. At reshock, this will be in the initial amplitude for the second RM interaction

occurring at Atwood Aty and imparting a velocity impulse Au,, giving

ar(t) = ap(trs)(1l — At Ausk(t — trs)) for t > tgrs (9)
= 011/20202’Rsk(m+1)/2(1 — ,ulAthulk:tRS)(l — MgAtJAUg/{Z(t — tRS)) (10)

where this is valid only for ¢ > trg. Assuming that a structure of wavelength A = 27 /k
becomes non-linear in time ¢ = C\A/ay [1, 53] and that the width of the layer is dominated
by the ‘just saturating’ linear mode, the evolution of the mixing layer width with time is

given by making the substitution W = aj gg = C\A = 2C 7 /k in Eqn. 10

W24y = O 2CyC pe(2mCy) M2

2rCh i At] Au 2 C\ o Aty Au
(- Tt ) (1 - T2~ tes) (1)

Setting A; = 2mrCyu; At; Au; gives

W24y = O 2CoCh g (20 CH) ™2 (W — Ayt pg)(W — As(t — tgs)) (12)

This can be easily extended to describe several reshocks, and is amenable to numerical
solution. If ¢ is sufficiently large then using Eqn. (12) it can be shown that W (¢) oc ¥ (m+7).
For a broadband initial condition where P(k) oc k=2, Thornber et al. [8] showed that the
first shock would give mixing layer width W (t) o< t*3, and Eqn. (12) shows that following
reshock W (t) o< t2/>. The expected value of § has reduced, and subsequent shocks would
clearly reduce this further, until the growth rate predicted by this approach falls below that
expected due to the growth of a narrowband layer (6 ~ 0.26). There is an additional level
of dependence on the initial conditions through the coefficient C; (where P(k) = C1k™);
following the first shock W (t) C’l1 / (m+5), however after the second shock the sensitivity to
C} is reduced as the dependence of the mixing layer width is W (t) o< C| /(m7)

At intermediate and late times where the initial perturbation range is still linear this
approach takes into account both the shape of the initial perturbation, and the evolution

of the perturbation prior to reshock (which changes the effective power spectrum of the

perturbation).
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Critically, this solution is not applicable to the high wavenumbers which will clearly be
non-linear before reshock, hence the predicted growth immediately after reshock will not
be accurate. As an example, after each inversion caused by a heavy-to-light reshock the
predicted mixing layer width using Eqn. (12) will go to zero (demixing). In reality, this will
not occur as the nonlinear modes will not decrease in amplitude. This approximation can
be corrected by considering the actual envelope of the mode amplitudes in spectral space,
where the above equation is only applied to the modes which are still linear at the time
of reshock (an approach previously employed for the Rayleigh-Taylor instability by [49]).
Furthermore, it is only valid for initial perturbations where the short wavelengths become
non-linear before the long wavelength, i.e. where the perturbation spectrum power exponent
m > —3. This is not a restrictive requirement given that typical experimentally measured
values of m are 0 and —2.

At very late times Eqn. (12) predicts a reversion to the single shock solution of 6
2/(m +5) when W > Ajtrg. This occurs when the modes present in the solution have
not yet all saturated and the individual in-band amplitudes for those modes did not change
prior to reshock. This is not relevant for the simulations considered here as this late time
behaviour would only be present if they were run for approximately seventy times longer,
requiring a computationally unfeasible extensive range of initial perturbations.

For the case simulated here, an initial velocity perturbation has been employed,
hence the mixing layer is initially flat, meaning that Eqn. (8) becomes ax(t) =
—C1PCok™m+0/2 ) AtF Augkt. Propagating this forward and assuming that pq = po = 1
the evolution of this layer should thus be described by

WD) = —C12Cy pg(27CH) ™2 At pg (W — Ag(t — tgrs)) (13)

An important point to note is that the width W is usually measured as the absolute value
(i.e. width is always positive), hence to use the above equation to compare against numerical
results we would take the absolute value of W. To test the fidelity of the theoretical model,
the results of this equation are shown for the evolution of the broadband perturbation (prior

to reshock) in Figure 2. Considering that the integral width, defined as
Ly
W= [ s, (14)
0
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is one of many possible methods of measuring the width of the mixing layer and that no
calibrating coefficients have been used, the agreement with experimental data is excellent.

Table I summarises the late time values of  for a range of different perturbation power
laws of the mixing layer post-first shock perturbation. The perturbation power spectrum
after the first shock is essentially proportional to k2 times the initial power spectrum. The
data is tabulated in this form as it is possible that certain power laws emerge as part of the
transition to turbulence - i.e. Kolmogorov scaling n = —5/3 [40] and n = —3/2 as proposed
by Zhou [52] and observed in simulations by Thornber et al. [8]. For the cases considered here
the narrowband perturbation initially has P(k) = C for a narrow range, which would then
give a driving range of scales where P(k) oc k*. The broadband simulation has P(k) o< k=2
hence the single-shocked layer should have a power spectrum P(k) o< Cy. The final power
laws shown in Table I are for n = 2 and n = 4 corresponding to two candidate forms of
the infrared part of the turbulent kinetic energy spectrum. A key observation is that as the
perturbation power spectrum exponent n increases, the predicted value of 6 decreases. As
n increases by 2 for each reshock, this implies that eventually the growth rate due to the
broadband perturbation will be lower than that due to the growth of a turbulent slab and
hence the growth rate will become insensitive to the initial perturbation spectrum.

At late times when the initial perturbations have all saturated, then the layer will continue
to grow at the speed of the fastest mode. The variation of velocity of a single mode as a
function of time has been examined in detail by many authors since the original analysis of
Richtmyer (see [56, 57] for recent summaries of theoretical results). Results published by
[51, 58] indicate that the full velocity predicted by Richtmyer is not reached until tAu/\ =
0.3, and there is an initial overshoot of up to 20% greater velocity than that predicted by
linear theory. Once non-linear, the bubble velocity decreases linearly in the weakly non-
linear phase, and for tAu/A >> 1 several models predict that the velocity asymptotically
approaches zero decaying proportional to 1/t [59-63].

The mixing layer width will be dominated by this velocity until the developing turbulent
mixing zone (typically growing around W o %26 [8]) catches up to the non-linearly saturat-
ing modes. In the highly non-linear regime the velocity of the longest wavelengths decays
the slowest (as the characteristic time is o Au/\), hence the growth rate of the mixing layer
will be dictated by the longest wavelength in the problem. The asymptotic behaviour is
then expected to be W o In(t) [56]. The expected behaviour for a mixing layer, which has

12



initially grown from a realistic perturbation would be an initial growth W oc t¥/3, followed
by reshock, which would give first a complex intermediate stage described by Eqn. (13),
and then a transition to W oc t2/° (gained by assuming W << Ay(t — tgs) in Eqn. (13)).
Finally, when all modes present in the initial perturbation are saturated, there will be a
logarithmic transition regime until the developing homogeneous mixing layer growing at a
rate W o< t926 catches up with the faster growth of the long wavelengths. This behaviour is

summarised in Table II.

B. Narrowband Perturbations

Due to mode coupling and/or entrainment, it is usually postulated that there are eddy
structures on the same scale as the layer width present within the mixing layer once the
layer has reached a self-similar state after the first shock. If these are present as individual
coherent structures they will advect material from the heavy to the light side, and vice
versa. This advection process will set up a locally inhomogeneous flow field on the scale of
the eddy under consideration, which will then be amplified by RM instability - even though
such a structure is not due to a specific single perturbation of that wavelength existing in
the initial condition.

This requires a concept of a ‘local” Atwood number for a given eddy scale, which would
depend on the spatial mean density gradient (at a given time instant in the homogeneous
directions) of the mixing layer (dp/dx), the radius r of the given eddy and the spatial mean
density at one extrema of the vortex (p;), as shown schematically in Figure 3. The Atwood

number of an eddy of that scale would then be

({p1) + ({pr) + 2r{dp/dx)))  {pr) +7{dp/dz)
The factor /(1 — ©) is introduced to take into account the reduction of density variance
due to the action of molecular mixing, where the molecular mixing parameter © is defined

as

f<f1f2>d$
J{fi)(fo)dz’

This is an effective measure of the amount of mixing, which will reduce the growth rate

o= (16)
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of the reshocked layer. As an example, if mixing is perfect (i.e. © = 1 then there is no
instability as the instantaneous density gradients parallel to the interface are zero. A similar
argument has been employed in the analysis of the Rayleigh-Taylor instability by Dimonte
et al. [64]. Assuming that the gradients within the mixing layer develop self-similarly with
respect to the layer width W, i.e. 2 = a/W, 7 =r/W and (p) = (p)/(p1) then

/A= O)i(dp/di)
A = R

Next, the amplification of a single vortex is approximated by linear theory (a very coarse

(17)

assumption), noting that k = m/r and that the initial effective amplitude a ~ C,r gives

1= ,uCﬂTT (dp/dz)
AuT 1 + 7 {dp/dz)

where 0 < 7 < 1/2 assuming that no structures are present which are larger than the layer

(18)

width. This expression is essentially just Richtmyer’s formula using a local Atwood number
(v (1 —©)7(dp/dz))/(1 + (Fdp/dz)) and linking the perturbation amplitude with half it’s
wavelength. If 7 — 1/2 then

ay — /(1 — ©)uC, AL, (19)

as expected from linear theory. For the small scales # — 0 and d, —
V(1 = ©)uC,w#{dp/dz). As the local Atwood number (i.e. Atwood for 7 < 1/2) and
velocity impulse Auw, is always lower than the global Atwood number /velocity impulse then
the amplification of the velocities of the long wavelengths will drive the development of a
narrowband saturated mixing layer after reshock. It is important to highlight the factor

(1 — ©), where for a mixing layer developed from a broadband perturbation © ~ 0.37 and
for a narrowband perturbation it is © ~ 0.84. This means that for two mixing layers of iden-
tical width at reshock, where one originated from a broadband perturbation and the other
from a narrowband perturbation, the initial growth rate should be nearly double for the
broadband case. This sensitivity of the initial growth rate to the concentration fluctuations
must be taken into account in turbulence modelling approaches.

The assumption that the density gradients lead to an effective perturbation amplitude
proportional to the wavelength of the vortex structure is supported by the experimental

results of Leinov et al. [13] which indicated that the reshock growth rate was not dependent
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on perturbation amplitude. As long as the mixing layers generated in the experiments were
in the same self-similar state (i.e. mean preshock gradients scaled by the mixing layer width)
then they would experience the same growth rate regardless of the actual mixing layer width.

It also gives a linear dependence of growth rate on Awu in agreement with observations.
Using the experimental data of Leinov et al. and assuming that the growth of the layer is
dictated by the largest scales where 7 = 1, the model constant \/ma, = 0.38/m ~ 0.12.
This justifies the initial assumption that the reshock interaction can be approximated as
linear where /(1 — 0) &~ 0.4 from previous narrowband simulations [8]. The form of the

growth rate for 7 — 1/2 is also consistent with that derived by Mikaelian [2]

where C'y; = 0.28 giving \/WC'T ~ 0.09. The predicted velocity derived here, if
valid, would only apply to the initial growth. It is also applicable to the early stages of
reshock of the broadband layer, where it describes the growth of the high wavenumber
modes which are already non-linear following the first shock. In both cases, at later times
the linear behaviour would become a power law as dissipation of turbulent kinetic energy
occurs [14] or as the long wavelengths begin to dominate as described by Eqn. (12).

The parameter C); is very important for the calibration of turbulence models designed to
study mixing layer development from the RM instability. In a typical buoyancy-drag model
[17], the growth rate of the mixing layer (V' = dh/dt) is modelled using

av VIV|

© = CpAttg— Ot
o Cp gCDh

where the first term represents turbulence production with a coefficient C'z and the second

(21)

represents drag with a drag coefficient C'p. During shock interaction it can be assumed that
drag is negligible, and integrating this equation over the time taken for the shock to pass

through the layer (i.e. [ gdt = Au) gives

V = CpAttAu (22)

Comparing Eqn. (22) with Eqn. (19) shows that Cp = Cy = /(1 — ©)uC,m. As O is
dependent on the form of the initial perturbations prior to the first shock, then according

to the derivation presented here C'z must also take into account the form of the initial
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perturbations. However, the coefficient C'p is also constrained by requirements to correctly
represent the case of constant acceleration (Rayleigh-Taylor instability), which gives an

approximate solution of the form

h =~ aAtgt? (23)

where o« = 0.5Cg/(1 4+ 2Cp) and Cp =~ 1/2 [65]. There is a clear trade off between the two
conflicting requirements. This difficulty has led to proposed improvements to the standard
models to incorporate additional physics, such as the two scale model proposed by Zhou
et al [66], which could potentially address some of the issues highlighted here. Numerical
simulations within this paper aim to investigate and clarify the variation of C'g and C'; with
respect to the form of the initial perturbation spectrum.

Where the eddies are so small that diffusion renders density variation negligible the
amplification of the mode will be similar to that occurring in shock-turbulence interaction,
as previously pointed out by Brouillette and Sturtevant [10]. This process is highly unsteady,
and the exact physics of the interaction is dependent upon the turbulent Mach number
and structure and the incoming shock Mach number [67]. For isotropic turbulence, Linear
Interaction Analysis (LIA) results developed in [68] and presented in [69] show that both
the shock-normal and shock-parallel velocities are amplified by a factor of ~ 1.27 at the
shock Mach number used in this study in the inviscid limit. This is under the assumption
of isotropy of the initial turbulent flow field, which is not the case here. This would suggest
that in the limit of a very well mixed, uniform layer with no large scale structures (relative
to the layer width), the reshock process would commence with a narrowing due to the mean
compression rate, followed by growth of the mixing layer at approximately 1.27 times the
initial rate, assuming that dW /Dt o< -

To investigate this effect, simulations have been run for both the narrowband and broad-
band perturbations where the velocity field in the turbulent layer prior to reshock was set
to zero. In both cases the effect on the properties of the reshocked layer of setting the
velocity field to zero was found to be negligible, as shown in Figure 4, indicating that the
RM instability is the dominant process during reshock. There is a twenty-fold increase in
turbulent kinetic energy during the interaction, implying that fluctuating velocities have
increase by nearly five times which is far higher than that expected from amplification of

turbulent velocities alone. This is due to the state of the mixing layer prior to reshock,
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20-1) yet the effective Atwood number

where the turbulent kinetic energy decays at a rate ¢t~
is AtT o y/(1 —©) — const.. Hence as long as there is sufficient delay between the two
shocks, the interaction of the shock and density fluctuations should dominate over shock
compression of turbulence. This has important implications for turbulence modelling of
these instabilities as many turbulence models (e.g. the k — e model) rely entirely on the

source term (R,,du/dx) to model the RM instability. Where density fluctuations dominate

this term alone will not be sufficient.

IV. RESULTS

A. Flow Visualisations

Figures 5 and 6 show two and three-dimensional visualisations of the volume fraction
where the light fluid is coloured black. Compared to the results of a single shock interaction,
the flow phenomenology is very similar for both the narrowband and broadband mixing
layers, and would most likely be indistinguishable without correct labelling. The three-
dimensional renderings show that both layers have a very wide range of scales, and the two

isosurfaces chosen sandwich a wide, well mixed region.

B. Mixing Layer Width

The growth of the mixing layer has been computed using the integral width (Eqn. (14),
and is plotted in Figure 7. The widths have been non-dimensionalised by the integral width
pre-reshock, which for the broadband layer is significantly smaller than the narrowband
layer (hence the significantly longer dimensionless time duration). The values of 6 for both
perturbation types are detailed in Table I1I, where they have been computed using a non-
linear regression fit to a power law of the form W = A(t — t,)".

From Figure 7 the integral widths have converged at the two highest resolutions. This is
likely the case for the narrowband perturbation, where the values vary very little between
the highest two grid resolutions, giving # =~ 0.28 + 0.01. For the broadband case however
the value of 6 is still increasing at the highest grid resolution, even though the integral

width prediction is close for the highest two resolutions. The value of § = 0.36 for the
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5123 resolution simulation, which is slightly below the expected asymptotic value of § = 2/5
predicted in Section IIT A for the case where there is an infinite range of initial perturbation
wavelengths. This is not surprising, as one of the conclusions of the single shock studies
was that a very wide range of initial perturbations are required to achieve the expected
theoretical growth rates [8]. For reshock this constraint will be even more strict given the
enhanced growth rates of the individual modes.

The narrowband case grows with # ~ 0.28 which is marginally faster than the growth
prior to reshock (where 6 ~ 0.26). Interestingly, this is close to the value expected for the
reshock of a flow with an initial perturbation spectrum k? which gives 6 = 2/7. According
to turbulent theory [70, 71], the long wavelengths present in a turbulent layer could have a
kinetic energy spectrum proportional to k2.

Figure 8 plots both the broadband and narrowband mixing layer width (post-reshock)
on the same axis with the growth rate predicted using the Mikaelian model (Eqn. (20)).
It has been assumed that @ = 3W, i.e. the actual amplitude of the mixing layer is 3W.
The narrowband growth rate predicted by the Mikaelian model is overestimated, however
a revised value of Cy; = 0.125 gives a good agreement for the initial linear stage for 0 <
Au(t — trs)/Wo < 36. As the pre-reshock value of © = 0.84, then the coefficient C, =
Cy/(my/1—©) = 0.1 in Eqn. (19). For the broadband case, good agreement is gained with
Cy = 0.34, giving C,. = 0.14 for 0 < Au(t — trs)/Wy < 18. A reasonable estimate for the
coefficient C, in Eqn. (12) is thus C, = 0.12 £ 0.02.

A comparison with the nonlinear theory in Eqn (13) for the broadband perturbation is
shown in Figure 9. Although the theoretical solution in Eqn. (13) matched the integral width
excellently for the development of the broadband perturbation, the post-reshock mixing layer
growth is overestimated by a factor of approximately two when using C = 1.. The source
of this overestimation could be in the non-linearity of the initial modes, the lack of a wide
spectral range in the initial perturbation, or even just that the nature of the mixing layer has
changed. The last point is particularly important, as results presented later in this section
show that the mixing levels have increased. This will mean that the integral width will
not represent the ‘actual” width of the mixing layer in the same manner as before reshock,
potentially requiring a further correction to the theoretical approach. However, setting the

value of C'y = 0.27 gives a very satisfactory match to the evolution of the reshocked layer.

18



C. Mix Parameters

Two mixing parameters have been investigated, the molecular mixing fraction © and the

mixing parameter = which is defined as

_ [(min(fi, fo))dx
Jmin((f1), (f2))dz’

where (f12) indicates the y — z plane averaged volume fraction of species 1, 2 where species

—_
—
—

(24)

1 is the heavy gas. These parameters are plotted in Figure 10 and 11 for the narrowband
and broadband respectively. It is useful to note that in the narrowband simulation prior
to reshock the self similar state gives © = 0.84 + 0.02 and = = 0.84 £ 0.01. After reshock
the asymptotic values have slightly decreased giving © = 0.78 & 0.02 and = = 0.81 + 0.02,
indicating that the reaction rate for both a slow and fast reaction would be marginally
decreased after reshock. Note that the increase in the mixing parameters seen after reshock
is due to inversion of the instability.

Prior to reshock the broadband mixing layer had very low values of the mixing parameters
of © =~ 0.37 and = ~ (.38 respectively. After reshock the mix levels increase significantly
and both © and = are approximately 0.7. This increase in mixing efficiency of the layer is
consistent with the decreased growth rate - a decrease in the growth rate implies a more
homogeneously distributed mixing layer.

The early stages of reshock are highlighted in Figure 12 where the narrowband and
broadband cases are plotted on the same graph, and the time axis shifted such that the
origin is at the arrival of the reshock. In both cases shock transit initially increases the
degree of molecular mixing, then as mixing due to the second shock gets underway the
molecular mixing parameter drops to a significantly lower level before increasing slightly to
an asymptotic value. There is an increase in both © and = before the reshock compresses
the mixing layer. This is caused by numerical dissipation of the single-shocked mixing layer
due to the transfer of data from the high resolution grid used in the single shock simulation
to the coarser grid employed for the reshock. In the broadband case this has a larger effect
as the initial conditions are derived from a 720 x 2048 x 2048 grid averaged back to 5123
which causes an increase in © from 0.37 to 0.54 before the reshock hits the mixing layer.
Assuming that the initial growth rate is proportional to v/1 — ©, this implies a maximum

underestimation of 15% in the initial growth rate compared to the expected actual result,
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and would also likely result in a reduced actual reshocked value of © due to the increased
growth rate. This is considered to be a maximum error as the averaging process will effect
mainly the small scales hence should not alter the effective Atwood number for the dominant

scales. This is unavoidable given current available computing power.

D. Turbulent Kinetic Energy

Figure 13 and 14 show the variation of fluctuating/turbulent kinetic energy with time,

defined as

>y pudV
==, ['KX= 2dV, TKY = —pv3dV, 25
2oy PAV Z Z 29)

where (M) indicates a spatial average over the homogeneous direction. Note that only the

TYZ TYZ

y-direction turbulent kinetic energy (TKY) is plotted as the z-direction is nearly identical
due to the inherent symmetry of the problem. The ratio of turbulent kinetic energy in
the x and z direction are also plotted as a function of grid resolution. Firstly, there is
excellent convergence of the results on different grid levels, which is to be expected as
turbulent kinetic energy is a property of the large scales. There are three stages present
in both the narrowband and broadband simulations, firstly the kinetic energy increases
rapidly during reshock, followed by a readjustment period where TKX decreases more rapidly
than TKY and TKZ (which remain nearly constant). The final stage is the decay of all
components of the turbulent kinetic energy as a power law in time, where the level of
anisotropy (measured by TKX/TKY) remains approximately constant in time. For the
narrowband case TKX/TKY = 1.7 £ 0.1, and for the broadband case TKX/TKY =
1.8 + 0.2, which is higher level than the previous results for a single-shocked layer (where
TKX/TKY =~ 1.5).

Turbulent kinetic energy usually decays as a power law t?, where from self-similar argu-
ments it is expected that the decay exponent p of turbulent kinetic energy is proportional
to 30 — 2 [8]. For the narrowband case this gives p = —1.16, and the broadband p = —0.92.
To investigate this relationship the quantity T K X x t7? is also plotted in Figures 13 and 14
for the highest grid resolution. This quantity is approximately constant late time for both
the narrowband case, giving TK X x t116 =23 4 0.5 for tAu/Wy > 40, and the broadband
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case where TK X * t%92 = 14 £ 0.5 for tAu/W, > 400). This is a strong indication that a

self-similar regime has been achieved for the two mixing layers.

E. Turbulent Kinetic Energy Spectra

Figure 15 shows the variable density turbulent kinetic energy spectra for the narrowband
and broadband perturbation prior to reshock, just after reshock, and at late time, defined

as

E(k) = =0y, (26)
where v; = p'/?u;, (A) indicates the Fourier transform of a quantity, and (A)>k is the complex
conjugate of the transform. The instantaneous spectra are evaluated from two dimensional
slices in the homogeneous directions, and Figure 15 shows the spectra in the centre of the
mixing layer as a function of k = \/m :

As observed in Thornber et al. [8] the spectra of the narrowband layer prior to reshock
takes a k=32 form [52]. It is clear from Figure 15 (left) that there is a very strong amplifica-
tion of over one order of magnitude in kinetic energy for all modes. Immediately following
reshock (where the shock has moved fully clear of the layer) there is a k~°/3 range present in
the spectrum, however at the latest time where self-similarity is achieved the spectrum has
returned to a k=3/2 form for 10 < k < 100, but with more energy at lower wavenumbers than
in the pre-reshock case. As the growth rate of the mixing layer is essentially the integral of
the kinetic energy spectrum then the slight increase of the growth exponent 6 is most likely
due to this increase in low wavenumber energy.

The broadband spectra shown in Figure 15 (right) demonstrate again a clear increase in
kinetic energy at all wavelengths, however this is less pronounced than in the narrowband
case. At late times the spectrum has a wide range of k=32 between 10 < k < 70, and
above this the slope is closer to k%3 between 70 < k < 200 however it is important to
note that these modes are likely to be influenced by the effects of filtering by the grid and
numerical viscosity. The late time reshocked layer exhibits a relatively narrow peak, and the
peak of kinetic energy (initially shifted to higher wavenumbers) has moved back to lower
wavenumbers during the decay process.

The reduced growth rate 6 of the reshocked layer is caused as it no longer exhibits the
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approximately constant spectrum at low wavenumbers, which is present in the pre-reshocked
broadband layer and drives the mixing process [8]. There is also a decrease in kinetic energy
at the low wavenumbers over reshock which is due to the inversion then subsequent re-

inversion of these still linear modes.

V. CONCLUSIONS

This paper has investigated the flow physics of a reshock Richtmyer-Meshkov induced
turbulent mixing layer. It has also proposed a new theoretical description of the reshocked
layer by extended the theory of Youngs [1] by assuming that the envelope of the broadband
layer growth is described by linearly saturating modes after reshock. There is excellent
agreement between the predicted growth rates for the reshocked layer and the results of
high resolution Large-Eddy-Simulations, including the predicted decay rate of turbulent
kinetic energy based on self-similar assumptions.

The theory of Mikaelian [2] is found to overestimate the initial growth rate of the
reshocked narrowband layer by a factor of 2.2 where Cy; = 0.125, however it is in reasonable
agreement with the broadband case where C; = 0.34. A modified analytical description for
the initial growth rate is proposed which now includes the influence of the density variance
through the mixing parameter O, with a single coefficient C,. = 0.12 4+ 0.02 giving a good
match to both sets of numerical data.

The growth rate exponent of the narrowband layer at late times after reshock (§ = 0.28)
is marginally higher than before reshock (# = 0.26), however there is no significant variation
on the flow physics (except for accelerated growth). The broadband layer grows initially
with # = 0.62, then transitions to § = 0.36 after reshock (theoretical prediction § = 0.4),
although the value of 8 is still increasing at the highest grid resolution.

Additionally, it is shown that the post-reshock broadband mixing layer is much more
evenly mixed than the pre-reshock layer, where the mix parameter © increases from 0.37
to 0.7, close to that measured for the narrowband reshocked layer where the post-reshock
© = 0.78. This is due to the decreased growth rate exponent, which permits the layer to
develop in a more homogeneous fashion.

This paper has highlighted several potential pitfalls in the modelling of RM instabilities,

namely that in some circumstances the increase of turbulent kinetic energy due to shock
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compression of turbulence will be almost negligible compared to that due to the density vari-
ation, and most importantly that the form of the initial conditions still influence the nature
of the mixing layer following reshock. This has important ramifications in the determina-
tion of model coefficients as has been highlighted through the simple buoyancy-drag model,
where a dependence on the form of the initial perturbations should be included.However, as
discussed in Section III, the effects of initial conditions are expected to diminish after just a

few reshocks due to the changing form of the perturbation power spectrum after each shock.
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Captions

Figure 1: The initial condition for the reshock study. Note that the computational domain

size is 2w x 2w x 2mw. The arrows indicate the initial direction of motion of the fluids.

Figure 2:Comparison of the theoretical prediction for mixing layer width with data from

a very high resolution single-shock broadband RM instability preformed by Thornber et al.[8]

Figure 3:Schematic of a typical eddy in a turbulent mixing layer across which there is a

spatial mean density gradient (dp/dz).

Figure 4:Evolution of integral width for the 5123 reshocked narrowband simulation with

and without a velocity field in the pre-reshock mixing layer

Figure 5:Two-dimensional slices through the reshocked narrowband (left) and broadband

(right) mixing layers in the self-similar regime. Note that the light fluid is black

Figure 6:Three-dimensional visualisations of isosurfaces of volume fraction (0.01 and 0.99)
for the reshocked narrowband (left) and broadband (right) mixing layers in the self-similar

regime
Figure T:Evolution of integral width versus time for the narrowband mixing layer (left)
and broadband (right). Included on the narrowband figure is a comparison with the theory

of Mikaelian [2]

Figure 8:Evolution of integral width versus time for both mixing layers, where the time

scale has been shifted to set tpg = 0

Figure 9:Evolution of integral width versus time for the broadband mixing layer at the

highest resolution compared to the theoretical approaches outlined in Section III

Figure 10:Evolution of mix parameters versus time for the narrowband mixing layer
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Figure 11:Evolution of mix parameters versus time for the broadband mixing layer

Figure 12:Evolution of mix parameters versus time in the early stages at 5123 grid resolution

Figure 13:Evolution of kinetic energy(left) and the ratio of x to y direction kinetic energy

(right) versus time for the narrowband mixing layer

Figure 14:Evolution of kinetic energy(left) and the ratio of x to y direction kinetic energy

(right) versus time for the broadband mixing layer

Figure 15:Evolution of the kinetic energy spectra for the narrowband (left) and broadband

case (right) during reshock and at late time
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TABLE I:
4—5/3‘—3/2‘ 0 ‘ 2 ‘ 4

9‘ 3/5 ‘ 4/7 ‘2/5‘2/7‘2/9
Tables

Captions
Table 1:Tabulated values of the late time value of § based upon Eqn. (13) as a function
of the post-first shock power spectrum P(k) = Ck™ of the single-shocked layer. Note that

n = m + 2 for scales generated by RM instability

Table 2: Different growth rate regimes expected for the RM broadband layer before,

during and after saturation of all initial perturbations

Table 3: Variation of # for the narrowband (N) and broadband (B) case as a function of

grid resolution
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TABLE II:

First shock Reshock Reshock Late time Latest time
Stage
t ~ trg tAU/ Apar < 1[EAUW/ Az > 1| EAU/ Apae >> 1
Behaviour |8 = 2/(m + 5)|Complex, Eqn. (13)(0 =2/(m+7)| W xInt 0 ~ 0.26
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TABLE III:
N |6 (N)|6 (B)

1283] 0.26 [0.296
256310.275/0.339

5123| 0.28 {0.362
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