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SUMMARY
" All three steps in the identification, namely characterization,
parameter estimation and verification are considered and applied to the
determination of aircraft parameters from flight data. The estimation
procedure includes the equation error method and the output error method
‘with the weighted least squares, maximum likelihood and Bayesian estimation
"technique. The problems concerning accuracy and identifiability are also

discussed.

A general computing algorithm is developed covering all estimation
techniques described.' It is applicable to linear a§ well as nonliﬁear
systems and is flexible enough for the solution of various identifiability
problems. Using this algorithﬁ the computing program has been compiled in

general terms to enable the user to achieve the objectives mentioned.

As examples, the results of the identification of aircraft parametérs
and aerodynamic derivatives for four different aircraft are presented. N
They include the analysis of flight data from the Basset variable stability
aircraft and ffom tﬁe M.S. 760 Paris aircraft, the simulated,data for a
nonlinear model of the F-100 aircraft, and the flight data from the

longitudinal motion of the HP-115 slender delta-wing research aircraft,

The report is completed by the recommendation for future work in'the

area of aircraft parameter identification.
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NOTATION
state matrix (n x n)
input matrix (n x p)
wing span,.[nﬂ
transformation matrix (m x n)

rolling -, pitching -, and yawing - moment

coefficients

longitudinal -, lateral -, and vertical - force

"coefficients

mean aerodynamic chord, [m]
transformation matrix (m x p)
expected value

a) constant bias vector {m x 1)

b) acceleration'due‘tO‘g:évity, [m/szl

gradient (sensitivity) matrix (m x q)

identity matrix
moment of inertia of aircraft aboutrx,y,z
body axes, réSpectively-, [kg mz]

product of inertia of aircraft referred to x a z

body axes, [kg ﬁz]

cost function

likelihood function

rolling, pitching, and yawing moments,[qu

Fisher information matrix (q x q) for the

unknown parameters

error covariance matrix (q x q) for the

estimated parameters (Cramer-Rao lower bound)

a) number of outputs

b) aircraft mass, [kg]
number of data points

2) number of states

b) measurement noise vector (m x 1)




C1x.

- +readings 6f:the longitudinal, lateral, and vertical
. accelerometer,-|g-units . k .
ey

i e

y’z e Y’z

Pj ' | percentaée cumulative distribution

P number of inputs

P»qsT rolling; pitching, and yawing velocities, [rad/s]

q | " number of unknown parameters

R1~ ; measurement noise covariance matrix (m x m)

R2 _ ‘ covariance matrix of a priori known parameters (q x q)

Rx "autocorrelation function |

Rxo ' autoeovariance function

T correlation lag number

S | ﬁing area

s (¢) .standard error

sz(°), variance estimate

T transformation'matri#

t | time, [s]

u,v,w " longitudinal, lateral, and vertical éitspeéd components,
[w/s] |

u inpg; vector (p x 1)

u* _ gugmented.input vector (p x 1)

vV true airspeed, [m/s]

W : diagonal transformation matrix (q x q) with elements
lléi

wl,z weighting matrices (m x m) and (q x q) |

X,Y,z2 ' longitudinal, lateral, and vertical forces, [N]

X ' state vector (n x 1)

y output vector (ﬁ x 1)

z measurement vector (m x 1)




a a) vector of initial conditions (n x 1)
. b) angle of attack, [rad]

B a) vector of unknown parameters in A,B,8 and D

b) sideslip.angle, [rad]

A .ﬁarameter vector (q x 1)
- EyN,E rudder, élevator, and aileron deflections, [rad]
0 pitch angle, [rad]
M relative density parameter
v _ residual
p air density, [kg/m3]
913 corrélation coefficients
o standard deviation
‘o2 variance
T ' unit of timg, [s]
[ | - bank angie, [rad]

Matrix exponents:

T  indicates transpose matrix operation
-1 indicates inverse matrix operation
Supscripts:

E - measured quantity

o ' initial value

e i steady~state value

Additional notation:

FPE final pfedictioa error
ML . maximum like;ihood

MSE mean square errér

WLS | weighted least squares
||'ll norm of quantity enclosed

l-l - determinant of a matrix enclosed
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Non-dimensional aerodynamic derivatives:
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1. INTRODUCTION ;

Parameter identification has been developed over the last ten years
as a strategy and technique for establishing the properties of any
system by the measurement of its input and output time histories. During
development several different approaches and methods have been proposed
and tested. Their review may be found in two excelent survey papers by
Eykhoff, Ref. 1, and by Astrém and Eykhoff, Ref. 2.

The process of parameter identification has also been applied to the
determination of stability and control derivatives of an aircraft from
,flight test data. There are several reasons why aircraft parameter

identification forms a very important field of flight test data analysis.
These include:

1. many instances where prototype aircraft do not have the predicted
characteristics, when cost and safety considerations control the ways of

obtaining a better knowledge of aircraft parameters,

2. requirements for a better understanding of theoretical predictions and
wind tunnel testing and the possibility of deeper understanding of
aerodynamic pﬂeﬂomena- and their relationship to aircraft stability and

control,

3. requirements for simulators which need to be more accurate representations

of the aircraft in all flight regimes,

4, requirements for better stability augmentation and adaptive flight

control systems.

Previous approaches to the measurement of aerodynamic characteristics
of an aircraft were based mainly on time consuming steady-state measurements
and on the measurement of free oscillations. The analysis of transient
manoeuvres was firstly proposed by Greenberg in Ref. 3 and by Shinbrot in
'Ref. 4, 1t was, howevér, applied to very simple manoeuvres and it resulted

in only limited information about system parameters and their accuracies.

The identification of aircraft parameters using modern control theory, .
theory of statistical inference and new digital techniques has brought
quantitatively new'ways of aircraft testing and flight déta analysis. This
approach enables us to evaluate from ome test run all or almost all stability

and control derivatives involved, together with.their accuracies and confidence




intervals. At the same time the accuracy of measured data is also estimated
so that this data can be used in the analysis with a corresponding level

of confidence.

If necessary, there is the possibility of separating the measurement
noise in the output variables from the external disturbances to the system

caused by gust wind effects or modeling errors.

The identification techniques give the'oppottunity of including in the
analysis the a priori knowledge of aircraft parameters obtained from
theoretical predictions, wind tunnel measurements and previous flight

measurement regardless of the testing and/or analysis techniques used.

Finally the identification methods provide tools for a proper design
of an experiment (e.g. optimum shape of the input signal) to obtain the
most accurate results and for testing the hypothesis about the correct form

of the mathematical model describing the analysed motion of an aircraft.

Substantial contributions in the field of aircraft parameter identification
were made by several authors, namely by Taylor and Iliff in Ref. 5, by Denery
in Ref. 6, by Mehra in Ref. 7, by Mehra and Stephner in Ref. 8 and by Rault
in Ref. 9. Besides these contr1but1ons the merits of NASA as an organization
should be mentioned as well. In this establlshment the new technique of
parameter identification has found very p031t1ve acceptance and so far it has

been used on data analysis of more than fifteen different aircraft.

At the Cranfield Institute of Technology the research in aircraft parameter
identification was initiated about two years ago. This report summarizes the

results achieved and is concentrated on two main objectives:

l. to present a computing algorithm upon which the general computing program
has been compiled and applied to linear as well as nonlinear systems using

different estimation techniques,

2. to outline several methods of data analysis using various tools provided

by the parameter identification technique.

For that reason no detailed and rigorous development of estimation methods
is presented. It can be found in the references mentioned. However, even if
this report is limited in its objectives, it is believed that it might form
the basis for further research in the aircraft parameter identification at the

Cranfield Institute of Technology and might contribute to the wider acceptance

of these techniques in the analysis of flight test data.
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2. PROBLEM STATEMENT

The problem under consideration is to identify an aircraft as a dynamic
system when given the equations governing its motion and the measurements
of its output and input variables. All three steps in the identification
procedure, namely characterization, parameter.estimation and verification

will be considered.

Characterization is a qualitative operation defining the structure of
a system. The system is assumed to be deterministic with time-invariant
parameters. Its description is in the form of differential equations which
may be either linear or nonlinear. The initial conditions are, in general,
different from zero. The unknown pafameters include the coefficients of
equations of motion, the initial condztxons and constant bias
errors in measured output variables. The measured varlables are used in the

form of sampled time hxstories with a constant sampling rate.

The second step of the identification forms the parameter estimation.
Several estimation technlques based on methods of estlmatlon theory are used.
For their development no external disturbances to a system (process noise)

and no measurement errors in the input variables are assumed.

Parameter estimation results in the determination of the numerical values

of unknown parameters, in the estimation of their accuracy and the accuracy

of whole identification process.

The purpose of verification is to relate the results obtained to well-
known physical points of the system under investigation. . This approach can
raise the question of the reliability of estimates. in general and the problem

of correct mathematical modelling in particular.




3. CHARACTERIZATION

It is assumed that the system under investigation is described, in

general case, by the state equation
x=f (x, u, ) , x(0) = a (3.1

and by the output equation
y =8 (x, u, B) | | (3.2)

In these equations x is an (n x 1) state vector, u is an (p x 1) input vector,
B8 is a {(q - n) x 1} vector of unknown parameters, & is an (n x 1) vector

of initial conditions and y is an (m x 1) output vector.

If the system is linear then the above mentioned equations become
X =Ax + Bu , x (0) =« _ : (3.3)
y = Cx + Du S (3.4)

~where the unknown parameters B8 are contained in all four matrices A, B, C
and D.

To represent any realistic flying vehicle completely would be a task of
immence difficulty. The problem is to select the simplest approximate
representation that will permit the successful determination of the unknown

parameters from measured data.

If a flight vehicle consists of a single mass with no substantial amount
of internal liquid, and if the vehicle is relatively inflexible, then it may

be possible to idealise it as a rigid body.

If, in addition, only small perturbations about some steady-state
equilibrium conditions are considered, and the aircraft is of usual design
and in no extreme flight condition, then the equations of motion may be
linearized. The linearization results in two independent systems of equations’
describing the longitudinal and the lateral motion of an aireraft. The

equations have the form

Tx = A'x + B'u , x(0) =0 (3.5)




Because T is a nonsingular square matrix then by letting A = TIA' and

B = EIB' equations (3.5) can be modified to the more standard form (3.3).

The equations for both the longitudinal and the lateral motion of an
aircraft are presented in Appendix A using the dimensional as well as

nondimensional expressions for the aerodynamic derivatives.

The form of output equation depends upon the variables measured in
flighé. These are usually represented by the airspeed, linear accelerations,
angular velocities and incidence angles. In some cases the angular accelera-
tions and attitude angles are measured as well. Many of the measured quantities
are the state variables considered. The linear accelerations are usually
treated as output variables. However, the possibility of including them as

state variables is also considered.

Whereas the equatlons descrxbxng the longitudinal and lateral motlon of

an aircraft are well developed the modelling of an aircraft during large

" disturbance manoeuvres or in extreme flight conditions (high angles of attack,

transonic regime) is a difficult task demanding the formulation of a set. of
nonlinear equations. Further,for the new families of STOL and VTOL aircraft

nonlinear forms of their models must normally be used.

The problem of modelling a complicated system raises the fundamental
question of how complex the model should be. Although a more complex model
can be justified for proper description of aircraft motion it is not clear
in the case of parameter identification what should be the best relatLOnshxp
between model complexity and measurement information. If too many unknown
parameters are sought for a limited amount of data then a reduced reliability

of evaluated parameters can be expected, or attempts to identify all parameters
might fail, '

As an example of a nonlinear model the equations for a rapid rolling
manceuvre of an aircraft are developed in Appendix B. This type of manoeuvre
is a combined longitudinal and lateral motion which follows rapid and large
deflection of the ailerons. During this motion the airspeed changes can very

often be neélected.

Because of the complexity of this model further simplification is proposed

which constitutas splitting the combined motion into indebendent longitudinal

and lateral movements.




4. PARAMETER ESTIMATION PROCEDURE

As was stated previously the identification of system parameters refers
to the evaluation of coefficients in the known mathematical model from measured
input-output data. Part of this problem is, therefore, reduced to a parameter

estimation which uses the tools of estimation theory.
4.1 The estimation methods

There are several methods for the solution. Their basic differences are
due to the variety of assumptions regarding the prior probability and an

optimal ' criterion.

Four estimation methods will be described. The first two methods are the
least squares technique. The optimality criterion is a scalar quantity, termed
the cost functioﬁ.‘”lts minimization requires the minimization of the sum of
squares of differences between data points and corresponding points derived from
the solution.

The remaining two methods are based on the maximization of probabllxty

density functions.
gggpgpg}gp;pg__ysxs'

In this case it is assumed that the input variables and all the state
variables and their derivatives can be obtained from measurement, and that only

the state varxable derxvatxves are corrupted by noise.

The cost function has the form

J.: l g (. . )T w (0 - * ) =
FIPR - S (S B TR
. |
.._:})_..z 4, - ”‘2, (4.1)

1

where T denotes a transpose matrix, index E denotes measured values, N is the

number of data points and ||°||is the norm of quantity enclosed.

The introduction of a positive definite weighting matrix, Wl, into (4.1)
means only a generalized approach to the problem. Because of the independence
of the solution for individual equatxons in (3.1) the values of wl do not enter

the calculations for unknown parameters.




The least squares‘solution is obtained by finding the minimum of J.
This requires forming the first variation of J and setting it to zero, see
€8s Refo 50

Then each of n equations will have the form

N
T
5 i xEJl _ (4.2)

.j ul’ 2’ .."n

where matrix Gj containes the unknown parameters in the jth state equations
and matrix xi is formed by measured state and input variables at time intervals
Si. If some of the coefficients in (3.1) are known constants they are included

in the elements of vector xE after their multiplication by corresponding
v . OT . '
alue of xb o u,

So far it has been considered that all the state variables and their
derivatives are known from measurements taken. The measurement of the
derivatives of the state variables is, however, a difficult problem. Numerical
differentiation of the state variables is straightforward but tends to decrease
the signal to noise ratio. Several ways have been introduced to overcome these

difficulties° Some of them are described in Ref., 5 and Ref. 10.

One of the modxfxcatlons is based on the integration of equation (3.1)

It allows the use of directly measured state variables and integrated state

and input variables. The cost function then becomes

N 2 |
% - % | (4.3)
1 wl

where x is the solution of the equation
34

x=/ff (xE, B, u) dt _ (4.4)
., o ' .

and where wl has different meaning from that in (4.1).




The function x can be further expressed as
X = iio + “E AB (4.5)

where Hp is the gradient matrix of X with respect to the unknown parameters 8.

The vector X, is calculated from (4.4) for the estimated values Bo' '

The individual components of HE can be computed by the solution of the

equations'_
d ,9x 9 3x | _
.EE'(EEE.) = 38T £ Oy uy B) 3*; 0) =0 ‘ : (4-6)

j = 1», 2, '.'.‘ooo, (q - n)

Setting the gardient of (4.3) equal to zero and using (4.5) and (4.6) the ‘

solution for the increments A8 will have the form '

N N | ‘I

L T SR S .
8= LE Mgy Wyl Mg W) Ot oxgg) - WD

Because of (4. 4) X is 11nedr1y related to the unknown parameters B. Their

final values are, therefore, obtained directly from

~

g = B + 48 ' (4.8)
and no iterative procedure is necessary.

The standard error of the estimated parameters in each state equation is

found from the relation
s (Bj) =0, /djj sy 3 =1,2, .o.., q | | (4.9)

where djj is the diagonal term of the inverse matrix in the expression for the
least squares solution and q, is the number of unknown parameters in the rth
state equation. The variance, oi, is estimated by

2 .

1 € .
Gf_ = T——-q—-—- : (4.10)
r : .

IIM =z

where €,i is the resulting error after the insertion of measured values into
the rth state equation at the time interval L.




The measurement equation is

z=y+n . _ (4.11)

where z is an (m x 1) vector of measurement and n_is the vector of

measurement errors. - The cost function is formed as

1 ¥ 2 |
J=5 I ”zi - yillw ' (4.12)
1=l 1

It is minimized with respect to the unknown parameters ¥, where

; o T . . .

yT = {aT, B }.» The unknown parameters are contained in the output y in

a nonlinear manner. For the minimization of J the method of quasilinearization

is used. It begins with the linearization of the state and the output about

the previous estimates a, and Bo.

X (ao + Aa, B°.+_AB} = x (ao + Bo) +

+ {ax 3x}qu}

y = g_{xv(ao R Bo) s U, Bo} +
3 (2  3x gy, 2g
*ox Laa 0 3g Magl o 3p 08 (4.14)

The sensitivity matrices 3x/da and 3x/3B are obtained from the solution

of the following set of linear time-varying differential equations

d,ax of  ax ax % '
dt (aa. * X sa. °? . ) = oa . (4.15)
b J J J
j=1,2, ... n
d 9% af  ax of Ix

i=12, ...y (@ -~ n)




When the gradient Vy J is equated to zero a new estimate is obtained as

N T -1 N T
AV} = {iil H, Wl Hi } ifl Hi Wl (zi - yi) (4.17?

The jth column of H is ay/ajj,where Yj is the jth parameter in the vector y
and j =1, 2, ..., q. ’

After one iteration the new estimate of unknown parameters is obtained as
5 +
V=, + oy

The iterative process is repeated until the differences between two successive

estimates in Ay are not significant.

The lack of probabilistic statements regarding the measurement errors
means that i€ is impossible to make any probabilistic statement about the
least squares estimate. It follows from the solution that the error in

estimate ¥ is proportional ‘to the measurement error n, i.e.

- N T -1 N T ‘

If E{n} = 0 and the measurement errors are independent then e(§) has zero
mean and the least squares estimate are unbiased. If E{mnl) = 026, where ©

is known diagonal matrix, then the covariance of e(§) is

N -1

T = w2 T ’ -
Efeely =0t r W W B} (4.19)

with wl = 51. This covariance matrix provides a measure of the precision of

the estimate, ’

The variance o2is identical yith the mean square error (MSE) and is

estimated from

N
1 I
WEew I 9y

wl (zi - 9i) (4.20)
i=l : :

The mean square error can be used as the performance index function to give a
measure of performance for the iterative estimation procedure, i.e. for its

convergence.




11

Maximum likelihood (ML) estimation.

—— . . M e G Gme G G S S S G— — — . S—

It is assumed for this technique that the measurements are

z, =y, +n yi=1,2, ..., N ' : (4.21)
where n, is a sequence of independent gaussian random variables with
E{ni} = 0 and E{ni n}} = R, Gij . ‘

The maximum likelihoéd estimate of the unknown parameters y and unknown
coefficients in R1 can be obtained by maximizing the conditional probability

density of z; given a, 8, R i.e.

1'
p (zl’ zz’ L zN /“, B’ Rl) =p (nl, nzg LR Y nN)

Maximization of P means also maximization of np. The logarithm of the

conditional probability density is called the likelihood function

1 _N mN :
L(p) = 5-.E ”zi yill-l E-lnlkll ~5 &n2m (4.22)
1=] R
2
where]Rll denotes the determinant of Rl’ see e.g. Ref.7 or Ref. 12,

To maximize linearized equation (4.22) the partial derivatives of

L(yo + Ay, Rl) with respect to each parameter change Ay are set to zero

giving the new estimate

N -1 N .
. T =1 T =1
Ay {.z H, R1 Hi} .z H, R1 (zi yi) (4.23)
i=1 i=l
while the estimate of R1 is obtained from
N .
_1 T
R1 = X iil v, vy (4.23)

where vi‘ﬂ z; = §; is the residual at the time interval L.
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A lower bound on the error covariance matrix for the estimated

parameters is given by the Cramér-Rao inequality, Ref. 11,

. T =1
E{&8-v) ¢§-v)}) >M ' (4.24)
where M represents the Fisher information matrix defined as .
3L, ,dL.T '
M A E {(5;0 (5; } : (4.25)

The estimate of the information matrix can be,therefore, found from

s

N
M={(z H R u) | (4.26)
i=1 :

Finally the performance index function Jm(yo) is derived by substituting
the covariance matrix of the measurement noise into the likelihood function for
the nominal solution with Yo and RIO’ Ref. 12. The maximization of this

likelihood function is equivalent to the minimization of
In (0p) = IRjg @] = - (4.27)

The Bayesian estimation techniques uses for the parameter estimation
both the information contained in measured data and the a priori information
about the parameters involved. Treating y as a random vector and applying

Bayes rule yields the posterior distribution

p(y) p(z/y) p{y) p(z/y)
p(z) pr(Z7V) p(y) dy

p (y/z) = (4.28)

see e.g. Ref. 1.

The most probable value of yis obtained by maximizing p(y/z) with respect
to y. In calculating this estimate, p(z) can be treated as a constant. For
p(y) and p(z/y) assumed gaussian the distribution p(y/z) is also gaussian and
is expressed as
p(y/z) = const x
.'_ N
Xexp - L

O]

2 2
\ 1
“ﬁ‘Yd#—flh”%%ll (4.29) o

1=1 2
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where R, = E ey - yo)'(y - YO)T} and y, =E {v}.

Expression (4.29) is maximized by maximizing the exponent. Using the

linearization and setting the gradient with respect to y equal zero yields

N -1 N
=1 T =1 =1 T =1
oy = {R, + iil He Ry H:} (=R, (v —v) + i§1ﬂi Ry (z; -y} (4.30)

The estimate of R1 is obtained from (4.23) and the performance index is
equivalent to that given by (4.27). The Cramér-Rao bound on the error

covariance matrix of estimates is, however, found from

N -1 . |
-1 -1 T =1 ~ :
B = (R + 2R H, ) (4.31)

4.2 Comparison of various estimates

The method of regression analysis minimizes the sum of squared errors
which result from the iﬁgertion.of measured data into the equation (3.1) or (3.3).
For that reason it is also called the equation'error method. The computational
scheme for this method with the modification using integrated measured data is

presented in Fig., 1.

As it is pointed out in Ref. 6 the output error method gives biased
estimates when noise is present in measured state variables. This method is
also very sensitive to bias érrors in measured data which is demonstrated on
several examples in Ref. 10. The other disadvantage is the independence of
each equation which is to be minimized.. Despite this, the technique is very
simple to apply both to linear and nonlinear systemé and it can be used as a

good start-up procedure for the iterative methods.

The weighted least squares estimation provides unbiased estimates of
unknown parameters provided that the mathematical model is correct and there
is no noise in the measured inputs, see e.g. Ref. 6. The only significant cost
is due to inaccuracy in the estimates which means that the weighted sum of
squared errors between the measuréd and computed outputs is minimized. The .
WLS estimation is known as the output error or the response curve fitting

method.




For the maximum likelihood technique it is assumed that the distribution

of measured variables is known. In this distribution only a finite number

of parameters is to be determined. There is no prior knowlédge regarding>

the values of the unknown parémeters Y. If the gaussian distribution is
.further assumed then, according to the Gauss-Markoff theorem, the ML

estimate is identical to the minimum variance estimate. This is also apparent
from the comparison of expressions (4.17) and (4323) which are identical for

wl = R}. Because, in general, the coefficients in the matrix ﬁlAare not

1
known in advance the estimate of this matrix is updated during the iterative
process. Then the final values of its coefficients are related to the

variances of measurement noise.
The cost function for the ML technique is given as
. L, N ' 2 . . .
J=5 I ||z - v;lIgt + 5 ¢ [’ ] (4.32)
i=1 ' 1
which means that its value depends upon the second term on the right hand
side of (4.32).

In the practical application of ML estimation, usually more iterations
and better starting estimates are required than with the weighted least
squares approach. This could be the reason for the combination of both

techniques.

In the Bayesian estimation technique the unknown parameters are treated
as random variables. The optimum estimate is taken as the mean of the
conditional distribution p(y/z). This result is reminiscent of the basic
concept of maximum likelihood estimation. The posterior density function
p(v/z) is, however, more or less different from p(z/y) deﬁending upon the
distribution of p(y). The_distriﬁution p(y) is the prior knowledge concerning

the unknown parameters.

If the gaussian distribution for p(z/y) and p(y) is adopted then the
Bayesian estimate can be treated as the minimum variance estimate with
expanded cost function

N 2 2 '
1 1 N
J=5 I Ilzi - yill-l + EdIY - 70”-1 + 5 in lRll (4.33)
=1 R Ry




It includes a penalty for departure from a priori values Yo The inclusion
of a priori values in (4.33) means more constraint and can improve the
identification process in various sensitivity cases. On the other hand

there can be limitation in the use of this technique because the statistical
data of a priori values are often not available. For that reason the
Bayesian estimation can be simplified to the ML estimation with the a priori
weighting of some or all parameters. The expression (4.30) for the estimates

Ay remains the same. Only the matrix R; is replaced by the weighting matrix W, .

Because of the similarity of the iterative approaches described, all
of them can be treated as output error methods provided that the simplified
assumptions for the ML and Bayesian estimations are adopted. The general

computational scheme for the output error method is given in Fig. 2.

In Table 1 the cost functions and the expressions for the estimates
for the output .and" equation error method are summarized and are completed

by basic assumptions and by a priori knowledge.

4.3 Aécuracy of the Estimation Procedure

The accuracy of an estimation procedure may be defined in several ways.
Very often it is judged by deviations both in the parameters of the ‘

mathematical model and in the output variables.

From the previous comparison of theestimation methods it is apparent
that the maximum likelihood estimation provides the most accurate estimate
of unknown parameters. As shown in Ref. 13 these estimates are conmsistent,

asymptotically normal and.efficient under very general conditions.

The unknown parameters, f, form a q dimensional random vector with mean
value ¥ and with the lower bound on the covariance matrix ﬁl. The main
diagonal elements of this matrix are ozyj’ whereas the off-diagonal terms are
formed by the expressions pij oyi cyj’ where pij is the correlation coefficient
for Y; and Yj" The accuracy of parameter Yj is thus bounded by the estimate

Y3

The error covariance matrix ﬁl defines the hyperellipsoid

of ¢-., which is the standard error.

G- M- =k | (4.34)
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where k'is a constant. The intercepts of this hyperellipsoid with the
coordinate exes are given by the reciprocai square roots of the diagonal
elements of the matrix. M. These quantities, however, only provide an
indication of the q-dimensional k-sigma bounds and do not, in general,

define the limits of this region.

From the gaussian probability density function for y two probability

statements may be formed, namely:

1. probability that the random gq-vector lies within the boundaries of the
‘hyperellipsoid contour. This probability is given, according to Ref. 14
by ’

pq(k) = exf (k/V2) - V2/7 x

v q_z
2 k3 k
xexp (KY2) {k+ T34 ooty -39
for odd q
2 4
2 k k
Pq(k) - exp (-k"/2) {1 + 12 Y T2 teeet
K372 ‘
M 1.2.40-..(q-2) } . (4'36)

for even q

2. probability that any one element of the random vector lies between the
intercepts of the hypérrectangular, which encloses the hyperellipsoid,
with the cortesponding coordinate axis without regard to where the

remaining elements lie. This probability is expressed as pl(k).

The measure of overall parameter uncertainty is connected with the volume
of the hyperellipsoid and is, therefore, given by determinant of the error

covariance matrix.

A hyperellipsoid in q-space is not very useful since it cannot be readily
visualized. Therefore its projection into two-dimensional space is often
used instead. Then k-sigma ellipses can be found for two-element sets of the

random vector y without regard to the behaviour of the remaining elements.
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The desired ellipse is obtained by partitioning the covariance matrix, then
multiplying by the value of k2 for selected pz(k) and finally performing a
matrix inverse. The magnitudes and directions of the principal axes of the
final contour follow from the solution of the related eigenvalue - eigenvector

problem, see e.g. Ref 14,

The probability for q = 1 a1d q=2, i,e. pl(k) and pz(k) may be obtained
from (4.35) and (4 36), respectively. Of particular interest are the values
~for k = 1, 2 and 3. ‘

q/k 1 2 3

.683  .955 .997
2 394 .865 .989

These valués.are'called the one-~, two- and three- sigma probabilities. .

g The explicit values of correlation coeff1c1ents can be found in the
normalized error covariance matrix Ml. The normallzatxon is achieved by
pre- and ﬁost- multiplication of the matrix Ml by matrices WT and W,
respectively, where W is the diagonal matrix with elements 1l°yj' Then
the main diagonal elements of the normalized error covariance matrix are
equal to 1 and for the off-diagonal correlation coefficients the relation
-1 < pij < 1 hélds.

The closeness of computed and measured outputs may be defined by a
criterion developed either from the performance index or the cost function.
For the ML estimation technique the numerical values of both quantities are
given by the determinant of the measurement noise covariance matrix as
follows from (4.27) and (4.32).

1f &n lRll is adopted as a measure for the fit error, it is possible
to use its value for a comparison of results of repeated measurements under
the same conditions or for studying of changes in the structure of the model
assumed. Increasing the number of unknown parameters increases the number

of statistical degrees of freedom which results in decreasing value of
L R.|.
n IR |
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Experience has shown that at the same time the lengths of the error
hyperellipsoid along each of the axes could become less uniform and the

total volume of this ellipsoid could increase.

This problem has also been mentioned in Ref. 8 and as a result a
new criterion for fit érror has been proposed. This criterion was originally
developed by Akaike in Ref. 15 as a one step ahead final predicted error |
(FPE) of the predictor obtained by using the least squares estimate of
autoregression coefficients. For the ML estimation procedure it takes the

form

N - | o
g o Ry | (4.37)

FPE =
This criterion does not improve monotonically with the increasing number
of unknown parameters but has some minimum value which could determine

" the optimal number of parameters included in a model. It is possible that
the most advantage of FPE as a fit error criterion would be during the

analysis of a system where little is known about fts structure.

The accuracy of estimated parameters is closely related to the

sensitivity. The concept of sensitivity can be treated as the sensitivity

of the function y = g(x, u, B) with respect to the parameters. This approach
means that the system is sensitive to changes in one particular parameter

if a small change results in a large change in y. Then it is possible to
expect that any meaningful theory of erros should lead to relatively small
confidence in such parameters. On the other hand, if y changes by only a
small amount when a parameter is changed, y is insensitive with respect to

that parameter and thé'theory should result in a large certainty.

The concept of sensitivity mentioned can be mathematically expressed
and connected with the nonprobabilistic definition of certain maximum
allowable errors in evaluated parameters, see Ref. 16. The sensitivity

of the parameters defined in this way is then given by the error covariance

matrix.

It follows from the previous explanation that both the accuracy and
the sensitivity of the parameters express the same feature and this depends
upon the accuracy in measured data, correctness of a2 model and design of an

experiment.
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4.4 Identifiability

The concept of identifiability is usually related to various problems
connected with the ability to identify the parameters in the model assumed
for the system. The first group of problems mentioned is referred to the
identifiabiliﬁy of the parameters of the system., fhey can be solved by
finding the maximum number of parameters, which can be identified from

measurements of the system input — output data, and their location in the

matrices.

The remaining problems are mostly concerned with the identifiability

- of a description of the system which means:

1. the possibility of a numerical solution of the estimation process,
2, the reliability of the estimates in terms of physically realistic

values and small error covariances for the parameters.

— — — - o— w— —— — s o o

- The determination of the maximum number of parameters, which can be
identified from measurement of input -~ output data, and the location of
these parameters in the matrices were studied by Denery in Ref. 6. for a

linear system.
X = Ax + Bu - | © (4.37)
y = Cx V ] (4-38)

From results obtained it can be concluded:

1. all parameters which are coefficients of the measured states are
identifiable,

2. if m E.np, where By is the number of state equations containing the
unknown parameters (i.e. n, < mn), all parameters in (4.37) may be
identified,

3, if m< ny the equations must be transformed into the canonical form
proposed which containes a maximum n (m + p) parameters all of which

are uniquely defined by the input - output behaviour of the system,
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For the nonlinear system the parameter identification can be solved
for m :_np. To the author's knowledge no theory exists for the determination.
of the maximum number of identifiable parameters and their location in the

equations for this type of system.

In the application of parameter identification to aeronautics the
identifiability of the aerodynamic derivatives must be considered in addition
to the identifiability of the parameters. As follows from Appendix A and Appendix
B the aerodynamic derivatives are contained in parameters (coefficients of
state and output equations) as single terms or in combinations. In some cases
it is not possible to determine all derivatives included in the estimated
parameters. ' One very well known example is the impossibility of evaluating
Cmq and Cm& separately for measured elevator deflection as the input and
a, q and nzﬁas the output variables.

The limited possibility of extracting all derivatives was mentioned
By Greenberg in Ref., 3 and later, more rigorously, in Ref. 17 and Ref, 18
together with the working rule for the decision which derivatives can be

uniquely determined.

S o G m— w—— o — — —— ———— —" — - — — o — - — —

Whereas the identification of the parameters depends upon the structure
of avsystem, the identifiability of a description of the system is, in
addition, influenced by the design of the exﬁeriment, the adequacy of the
model, the number of unknown parameters and the sensitivity of output variables
in these parameters. The design of the experiment itself represehts the
wide range of characteristics, e.g. the input form, the length of measured

data and its accuracy.

It is beyond the scope of this report to discuss all factors mentioned
which can cause identifiability problems. Dealing with them is the matter
of experience and good a priori knowledge about the system under investigation.
Nevertheless a brief remark about the appropriate input will be'presented and

some approaches to the identifiability problems mentioned.

The basic demand on the input is the proper excitation of all modes
involved (i.e. large signal to noise ratio and a minimal correlation between
response variables) within the frequency range of interest. 1In addition it
must not be possible to express the input as a linear combination of system

response variables.
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The previous approaches to the selection of suitable forms of an input
were purely qualitative ones. Only recently in Ref. 9. and mainly in Ref. 8
the quantitative approach has been used for the development of the'optimum
input form for a given linear system. The design of an input is formulated
as an optimal control problem with the sensitivity of the system response
"to the unknowﬁ parameters as the performance criterion. Pilot acceptability

and other criteria are taken into account indirectly.

An efficient tool for improving the identifiability is the use of apriori
known values of the parameters. This information is obtained from theoretical
predictions, wind tunnel or previous flight measurement. Then the a priori .
values can be included in the estimation proéedure as a set of fixed values,

a set of'values with weights expressing their uncertainty (the a priori
weighting) and finally in the form of probability distribution (the Beyesian

" estimation).

The 1ntroduct10n of fixed parameters generally improves numerxcal
convergence. It can be useful in such cases where the numerical solution
with all unknown parameters failed. Because the true values of fixed
parameters are not known, the estimated paiameters will'depend.upon these
fixed values. To remove this dependénce the number of fixed parameters should

be énécessively reduced to zero during repeated computing.

The other possibility of using fixed_parémeters is in those cases where
the estimated parameters are strongly correlated. Then fixing dependent
- parameters can decrease the error covariances of remaining parameters. So
far it is not known which values should be given to the dependent parameters

when their a priori values are not available.

The significant improvement in identifiability may be achieved by a priori
wéighting. This approach improves numerical onvergence, could ensure physically
realistic values for estimated parameters and small error covariances. Very
often the standard errors of the a priori values are not known. In these cases
the rough estimates of corresponding weights may be obtained from the assumed
maximum errors in the a priori values, Gmax’ as v, 3/5Jmax In all cases
the obtained fit error should be compared with that obtained without a prxorl

values included. Their difference should not be too large.

The identifiability of a description of the system is also discussed
in Ref. 8 and some ways for its improvement are demonstrated in examples,
In addition two other approaches are introduced. The first one. is the

constrained optimization technique. - It uses a range of allowable values or
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relationships between derodynamic derivatives as the constraints on the

parameter to avoid non-physical estimates.

The second technique is the rank-deficient solution of matrix inverse.
Using it the inverse of the information matrix is first computed leaving
out one or more of its smallest eigenvalues. Then the invérsion is repeated
until all previously omitted eigenvalues are added in again. The last

inverse is the full rank inverse and the procedure is repeated at every

iteration.

Experience with various identification techniques shows that the
identifiability problems are probably the most difficult ones in the whole
process of parameter identification. Further research is, therefore, needed
to enable parameter identification to be used with ever increasing confidence

and thus make this technique more atractive.




5. VERIFICATION

The problems concerning the model structure have been discussed in
connection with characterization of the system and identifiability. It
follows from these discussions some doubts about the correctness of the
modgl used could still reméin even if the parameter estimation has been
,sucéessfully.completed} One of the possible ways of checking the validity
of the structure is based on the analysis of residuals, For the ML
estimation these residuals should form a sequence of uncorrelatéd random

variables with gaussian distribution and zero mean, as pointed in Chapter 4.1,

The simplest way for checking some of the assumptions mentioned is
the time sequence plot of residuals., From this time history trends can

be apparent and eventual deterministic components discovered.

Tﬁé check of normality uses the calculated percentage cumulative
distribution, Pj’ for each of N samples of the residuals Ve (ti), k=1,2,...,m
Because of large number of data points the grouped residuals are usually used
in the calculation. Thevprobability of the residuals v; less than or équal

to the jth class limit is

where vJ are the mxdpoxnts .of the class intervals and Av is the length

of the class intervals,:

It is advan;ageous to plot vj as abcissas and the corresponding Pj
values as. ordinates on the probability paper, on which the ordinate scale
is graduated according-to the area under a normal distribution function.
Then the fitted liqe of all values of Pj must, in the case of a normal
distribution, be a straight line. The mean value can also be checked and

is zero if the condition
P {vi < vj =0 } = 507 (5.2)

is satisfied.
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The assumption of uncorrelated residuals is checked by the auto-

correlation function of the residuals. Its estimate is found from the

expression
' Rv (r) = N-r iﬁl Vi Vier 07 ¥ =0, 1, *e T hax .3

and the relative standard error of this estimate from the expression

5 R ) = /. max ' (5.4)
v

" 2N

as presented in Ref. 19,

If the residuals are to be uncorrelated, and in the normal case also

independent, then the condition Rv (r + 0) = 0 should be satisfied.




. where

6., COMPUTING ALGORITHM AND PROGRAM

A lot of effort has been devoted to the development of a computing
algorithm and program which would:
l. cover all four estimation techniques described,
2, be applicable to linear as well as nonlinear systems,

3. be flexible enough for solving various identifibility problems,

If the modified equation method is used then its simiiarity to the
output error method is apparent from expressions (4.3) and (4.12), and
(4.7) and (4.17). ‘Therefore the problem of cévering both linear and
nonlinear models with one algorithm remained. It consisted in finding
general expressions for the constraint and sensitivity equations which
could be used for both systems. The solution has been, in the main,
found in the introduction of the augmented input vector which inclﬁdes

nonlinear terms in ¥, ux and u, as well as the input variables u.

The constraint equations (3.1) and (3.2) can be now expressed as

% = Ax + Bu* | s x(0) =a (6.1)

y = Cx +Du* + g

where u* = u* (x, u) is the augmented input vector mentioned. ‘In addition

an (m x 1) vector of measurement biases, g, was added in the output equation,

An (g x 1) vector of unknown parameters is

YT = {a, B, g}

BT = {a, b; ¢, d}

and where
a is an (za x 1) vector of unknown parameters in A,
b is an (zb X 1) vector of unknown parameters in B,
¢ is an (2c x 1) vector of unknown parameters in C
which are different from those in A,
d is an (kd x 1) vector of unknown parameters in D

which are different from those in B.
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For the number of unknown parameters the following relations hold:

£ + 2 4+ 24 + 2 = L
a c

b d

L +n+m=gq

NOTE:

l. for the regression analysis
X = A xﬁ + Bu* , x(0) = a 6.3)
y = %

u* = y* (xE' u)
where a is a vector with known elements,
2. for the linear system the augmented input vector u* is simplified to

the input vector u.

The sensitivity equations developed from (6.1) and (6.2) have the form

. 9A .
= A% fadalali -~ =
xaj A xaj + aaj X , xaj(O) 0, j 1,2,00., L,
. ) L,
= * — 11K = = '
xbj A xbj + abj u*, xbj(O) 0, 3 12,000, lb (§.4)
X . =A% x , = x .(0) = da_ j=1,2,.e0, n
aj aj 7 * “aj aaj ’ pEre ey
and
, aC
=,-C* covm—
Yaj A Xaj Y %
J
oC
= %* —— 13
Ypy = & Fpy; * b u
aC . ‘ '
ycj = ‘a"é’:"x 9 J = 1.2’000’ R.c . (605)
)
aD
de = '5_d".-ll*' J = 1'2’000. gd
i .
y = Cx

)
' 3 .
y a-z__ j = 1'2’...’m
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where
* *
A* = A + p ¥ , C* = ¢ +p 28
9x ax
- OX_ y . =
a. 2a. » s 0000y ai 'aT‘".-
J J J J

The expression 3u*/dx is a (p x n) matrix the columms of which are 3u*/3xj,

j = 1.2.00.’“.

'NOTE:

1. for the regression analysis
x=x , €=1and D=0

The sensitivity equations are simplified as

o A ) . ,
xaj“a—a}-xE,xaj(O)-o, J =1,2,0¢o’ Rla

Sy = - w, %30 =0, 3 =1,2,..., 2 (6.6)
J

where La + zb = L = q.
2. for the linear model
u* = y, A* = A and C* = C.

The estimate for Ay can be computed from the expression

aJ. T

=1
Ay M (3;9
N T -1 ‘N T
- (W, + ifl Hy W HY (W, Gy + iil By W (2,-9.)) 6.7)

The (m x q) sensitivity matrix, H, is composed as

Hs= {YB » Ya , ;}




where the ith column of Y8 is 3y/36 » J =1,2,...,2, the ith column

of Y.'xs 3y/3dJ, J=1,2,..., n and I is the (m x m) identity matrix.

NOTE:
1. for the estimation without a priori wéighting Wé = 0,
2, for the WLS estimation Wl is the weighting matrix with constant elements,

3. for the ML estimation Wl = Ri and the matrix is either fixed or upda:ed

after each iteration using the relation
1 N ~ A
Rl = N izl (zi - yi) (zi - yi) ) (6.8)

4. for the Bayesian estimation wl = ﬁi and W, = E;.

The iterative process is completed if

—3— < 0.01 ' A(6.9)

where Jk is the cost function corresponding to the estimation technique
used after the kth iteration.

For the regression analysis and the WLS estimation the estimates of
standard error of evaluated parameters are obtained from the main diagonal

elements of the matrix ﬁl after their multiplication by v2J/mN .

The normalized matrix ﬁ§0RM is obtained from

=1 T -1 | : |
Mopy = W MW | (6.10)

The computing programrhas been written in general terms to enable the
user to achieve the objectives mentioned previously. The generality of the
program was made possible by a étorage compression algorithm which allowed

the sensitivity equations (6.4) to be written as

d éax ax

= %
e ) <4 e 5
d ,ox
—_— ——) = * .
3 G " M as + Fo(uh), aeB“” (6.11)
d 9%, _ ,, 9x  ax
it G A¥ 3’ 5q O =1
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where ax/asA is an (n x 23) matrix for the 23 unknown parameters in A,
ax/SBB is an (n x £b) matrix for the lb unknown parameters in B,

FA(x) is a matrix whose element fj K contains the element Xy of x
. ’

as defined by an (n x n) diagram whose element (j,%) contains
the value k,

FB(u*) is a matrix whose elements are defined by a diagram in a

simglar way to FA(x).

The scheme for the set up of the diagram and for the design of the FA
" matrix are presented in Ref. 20.

The submatrices of H are then given by

y = ok 9% _
c + Fep (x)

28, 38,

y_ o ax ,

ot c* Sy + Fpp(u%) | (6.12)
ok ), = F ()

38 cc %, DD

.a_z =a_x "éz =

da Caa ’ 3g I

; * * i . : i
where FcA(x) , FDB(u ), Fcc(x) and FDD(u ) are defxneq by diagrams in a
similar way to FA(x).

At each time interval t; equations (6.11) are solved using the fourth-
order Runge-Kutta algorithm together with the estimated state vector from (6.1).

The matrix H, is compiled from submatrices obtained by using equations (6.12),

and the quantities

T ~
Hi Wl Hi and Hi Wl (zi yi)

are evaluated and accumulated to give M and 3J/3y.

For the inverse of the matrix M the iterative process described in
Ref. 20 has been included in the program. Experience has shown that the use
of this approach can lead to a single pass improvement of zbout four significant

figures in the accuracy of an inversion of a poorly conditioned matrix.
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The flowchart for the computing program is presented on page 31 and 32.
The scheme has been implemented at Cranfield Institute of Technology on a
small 16 bit word length computer using an intermediate level interpretation
language which was designed specifically for experimental data nalysis
applications. The language has been develope& by Williams in Ref. 21 who has
also compiled the program described.

The intérpretation language offers considerable operational flexibility.
In addition to enabling acquisition, scaling, transformation and processing
to take place without recourse to intermediate storage, it allows “hands on"
control even, under some circumstances, during program execution. The
consequences of this last feature are that wayword runs can often be "rescued"
without the need for restarting the entire process, and that the general
program described here can be incorporated, without modification, into a
special purpose program suite to enable data to be inpdt and output in a
user oriented format. The only modification to this general program is that
connected with a specific form of the nonlinear system. This modification

is prepared for each nonlinear system under investigation as a short sub-
routine.

.The disadvantage of the language is the relative slowness of execution
due to its interpretative nature. It is assumed that computing is roughly

ten times slower than that based on the compiling program, .




(1)

(2)

(3)

(4)
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Read in:

1. measured input and output data

2. matrices A,B,C and D with the initial estimates
3. vectors a é?d g with the initial estimates

4, matrices wl\ang~w2 SO

Specify:

1. N, £, £, 2 and 2,

2, diagrams for the design of matrices
Fao Fps Feas Fogr Fppps and Fpy

3. whether a and /or g are fixed

4, estimation technique

5. whether the measured values are used in the
sensitivity equations

! No

NONLINEAR SYSTEM

Yes

Specify u* and set up Ju*/3x

y

Compute the cost function using the initial
estimates, eq. (4.33)

;

BEGIN NEW ITERATION

|

Parameter Identification Program Flowchart.
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(6)

)]

(8)

€))

(10)

(11)
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Compute for each time interval:

1. state variables, eqs: (6.1)

2. values of the sensitivity functions, eq. (6.11)
and (6.12)
3.H W, H, and HX W, (z. - y.)
e SO T i 1 VT
Compute:
1. matrix M and vector 3J/9y , eq.. (6.7)
2. inverse of M
3. vector Ay, eq. . (6.7)
' Y
Write J and Ay
h 4
Update:
1. matrices A, B, C, D and ii
2, vectors o and g
Compute new value of J, eq. (4.33)
t " No Ret
- Return
- < .
Jk Jk-l 0.01 Jk > (5)
Yes
Compute T e (6.10)
mp MyorM * ©8° .
Write:
1. A, B, C, D, W, a il Rl
. » ] ’ ? 1’ lg’ NORM’ 1

2. as an option M and/or Ml

Parameter Identification Program Flowchart (Concluded).
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7. EXAMPLES

As examples, the results of the identification of aircraft parameters
and aerodynamic derivatives for four different aircraft are presented. They
‘include the analysis of flight data from the BASSET variable stability aircraft
and from the M.S. 760 PARIS aircraft, the simulated data for a nonlinear model

of the F-100 aircraft, and the flight data of the HP-115 aircraft.

The flight test programme on the BASSET aircraft was carried out at C,I.T.
after installation of a variable stability and control (V.S.C.) system, The
variable characteristics of the aircraft are selected by setting of the _
potentiometers on the special purpose analogue computer. A substantial part
of the flight test programme was formed by the measurement of basic aircraft
parameters and by the measurement of parameters- for preselected values of
stability derivatives or aircraft response characterlst1cs. As a'final result
of these measurements the predicted calibration curves for setting of the
potentiometers were checked and eventually modified accordingly. Detailed
description of the aircraft, its systems, flight test programme and results
is given in Ref. 22, 1In the report presented the results from the measurement
on the ba51c a1rcraft and some 1nterest1qg cases from the varlable stability

51mulat10n are mentioned.

The measurement on the M,S. 760 PARIS aircraft was carried out at C.I.T,
as well, During this experiment the input-output data for the short period
longitudinal and lateral motion was obtained. The main purpose of the parameter
identification was a comparison of the ML estimates with those from theoret1ca1
predictions, wind tunnel measurement and previous flight tests., A description
of the M.S. 760 PARIS aircraft can be found in various C.I.T. reports. The
basic characterlstxcs of the instrumentation system installed on the aircraft

were evaluated and summarized in Ref, 23,

In the third example the responses of the F~100 aircraft in two rapid
rolling manoceuvres were computed using the aircraft characteristics from
Ref. 24. The flight conditions and input forms were chosen to represent

typical pilot outputs and aircraft performance,

In the fourth example the data is taken from the measurement of the
HP-115 slender delta-wing research,aircraft in its longitudinal motion., The
responses were excited from the horizontal steady-state flights at different
airspeeds by the elevator deflection. Because of the input form used the
airspeed changes during the transient motlon were negligible, For the identi-
fication the time histories of n, q and n, were available. The detailed
description of the identification process applied is in Ref. 27, 1In this report

only a brief idea about the analysis is given,




aircraft was obtalned from six runs.

“in all three time histories are presented.
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7.1 BASSET Variable Stability Aircraft

The BASSET data for the short period longitudinal motion of the basic
During these measurements the same
flight conditions were maintained within the best possible limits. For the

parameter identification the ML estimation was used and the model of the

- aircraft was assumed in the form

G z, 1 a Z ZoT n
= + 1 " (7.1)
3 M M q ' M M 1 '
S L @ 9l n ]
and ’
a 1 0 0 0
a n :
q| =10 1 + o o (7.2)
q 1
n Z 0 z A
z o n o

The results of the identification are summarized in Table 2 which
includes the values of parameters, lower bounds on their standard errors,

mean square errors of output variables.and fit .errors. In the last colum

"of this table the sample mean values and their standard errors are given.

The estimated parameters indicate slightly higher scatter than would be

'Aexpected.from their standard erxrors. This could be caused by the input

form used which was larger in amplitude and in duration than was necessary

for the proper excitation of the short period motion only. Both the airspeed

~changes and possible nonlinearities were not included in the model representing

- the aircraft. Also not included were the dynamic'charactefistics of the

V.S.C. system,

One typical set of measured input and ouﬁput data is shown in Fig 3.
together with the computed time histories of the output variables. The .
éorresponding-reéiduals-are plotted in Fig. 4. The oscillatory components
However no further'attempt was

made to find the reason for that.
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The accuracy of the mean values of the estimated parameters was checked |

-in Fig. 5 by comparxson of predicted outputs, based on the mean values, with

those actually measured. The disagreement in q and n, is mainly due to
constant bias errors in measured variables. These errors were not included

in the preducted time histories.

The next step in the BASSET.experiment was measurement on the aircraft
with the V.S.C. system operating. The cases were selected to demonstrate
the ability of the ML estimation technique to identify the parameters of

the»aircraft'with complétely different mode characteristics.

The results of the identification of the variable stability aircraft
performing the short period &ongit@dinal motion are presented in Table 3.
The changes in aircraft characteristics were achieved by altering the values
of deriyatives-cma s C . and Cmq in both directions with respect to values

ma
€or the basic.aircraft. The predicted values included in the table are

'based on eévaluated mean values, on theoretical calibration curves for the

potentiometer setting and on the éecondary effects of the V.S.C. system.
In most cases the dxsagreement between the predlcted and evaluated values
occures for those parameters which are strongly correlated (for strong
correlation the values of the correlation coefficient equal to or greater
than 0.85 were chosen). ituwbuld be possible to expect some improvement

in results if fixing parameters or a priori weighting is used.

The measured data for three cases in Table 3 is plotted in Figure 6
to 8 inclusive, and compared with computed outputs. The first case.demenstrates
the effect of posxtlve e.g. margin, the other two changes in the damping
coeff1c1ent, In Flgure 7 the damping ratio is equal to 0.06. -This low value
was achieved by sett1ng the positive value of C G In Figure 8 the damping
ratio is equal to 0.95 and was achieved by a large value of C + In all cases

the fit between measured and computed variables is satlsfactory.

The lateral motion of the aircraft was excited simultaneously by the
rudder and aileron.' Five repeated runs were chosen for the parameter
identification using the ML estimation. Equations (A.6) with bias terms
added described the aircraft. In these equations the parameters Yp, Y

¢

and Y, were treated as known constants defined as

£
Y =a R Y =.8 cos © and Y, =0
P e u, e £

The output vector included the variables p, r and B.
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The results of the identification are given in Table 4. The degree
_df repeatability for individual parameter varies. Under ideal conditions
the lower bounds on standard errors should be close to the estimates of
standard errors for the mean values. The differences are mainly due to
the fact that the measurements were not repeated: often enough, but can
also be caused by decreased identifiability in some parameters (e.g.

Lr’ LC and Np) or by other unknown reasons (see e.g. large scatter in,Lg).

~ The measured and computed variables for one of the five runs are
presented in Figure 9 and the resulting residuals in Figure 10. The
residuals in r and B contain deterministic oscillatory components the
frequency of which agree with the Dutch-roll frequency. This is very likely
caused by the ﬁbn—steady flight regime before the introduction of inputs and
in more.detailed analysis, therefore, the non-zero initial conditions should

be included.

The. non-steady conditions are probably the reason for greater differences
in measured_énd‘predicted time historiss in r. The comparison of both sets of
data is given in Figure 11 where the predicted outputs are based on sample
mean values from Table 4. The remaining pairs of output variables in p and B

show no substantial differences.

In addition to the previous measurement on the basic aircraft one run with
the input variable in 7 only was analysed. Because the complete lateral
motion was not properly excited the parameter identification created some
identifiability problems. The results in Table 5 indicate high inconstiency
in the es;imated parameters from the regression analysis, the WLS and ML
estimation. The evaluated parameters are far apart from the a priori values
obtained as the mean values from three previous measurements. Some'of the

estimated parameters have also non-physical values.

Substantial improvement in the ML estimates has been achieved by fixing
parameterg Li and Np on their a priori values and by>the Bayesian estimation.
These results are given in the last two colummns of Table 5 and are in very
good agreement with the a priori values. Despite large differences in the
parameters from various estimations and under various conditions the mean
square errors and fit errors remain almost the same. This emphasizes the
known fact that those two errors do not fully characterize the accuracy of
the parameter identification. The measured and computed output variables
are compared in Figure 12. The computed curves are based on results of the

Bayesian estimation.
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The last set of results was taken from the identification of the lateral
motion of the ai:craft bith the V.S.C.system operating. The data included
six runs in which all stability derivatives involved were changed individually.-
For the determination of the parameters the WLS estimation was used because
convergence is generally more rapid than for the ML estimation technique.
The weighting matrix was based on the data from previous results. The
evaluated cost functions indicated the departure of the WLS estimates from

the minimum variance ones for which J = 0.5.

The results obtained are presented in Table 6 where the predicted
values of parameters are also included. The changes in mode characteristics
of the basic aircraft and no appropriate changes in the forms of the input
variables resulted in strong single or even multiple correlation between
parameters. This decreased the identifiability for some parameters and,
consequéntly, could have caused the differences between their estimafed and

predicted values. -All strongly correlated parameters are summarized in
Table 7.

‘Measurement and computed data for three runs are plotted in Figure 13
to 15 inclusive. The first.example demonstrates small dihedral effect on the
resulting response. In Figure 14 the aircréft has positive damping in yaw
and in Figure 15 small directional stability. The fit between measured and

computed outputs is good in almost all cases.

7.2 M.S. 760 PARIS aircraft

The longitudinal responses of the aircraft were measured in horizbﬁtal
flights at different airspeeds. Only the short period motion was excited
by pulse input in the elevator deflection. The aircraft parameters were
evaluated by the ML estimation and equations (7.1) and (7.2) represented the
model. The :nondimensional aerodynamic derivatives were obtained from
expressions given in Appendix A. These derivatives are plotted in Figure 16
as functions of the lift coefficient CL’ and fitted by the first or second
order polynomials. It was assumed that CLa == CZa and CLn e Czn . The
plotted derivatives Cma and»Cmn contain additional terms with the derivative

C_. having the forms
ma

C C . C C .
La “mg and : Ln mo

Zp 211

B el




respectively. The differences between Cmn and those values plotted are

less than one percent. However, for the derivative Cmu‘the differences
could be about eight percent (the plotted points have larger negative values)
and should be, therefore, considered when comparison with C . values from

other data is made.

In Figure 16 the ML estimates are compared with those determined from
wind tunnel and steady-state flight measurements. The differences ranging
from ten to fourteen percent are apparent in the lift curve slope values
from the unsteady and steady-state measurements. The ML estimates of CLn
are also higher than values from steady~state flights. The reamining

derivatives are in good agreementj;

One of the sets of measured and computed time histories is presented
in Figure 17. The corresponding residuals and their autocovariance functions
are plotted in Figure 18. The end parts of the measured data in Figure 17
are distorted, probably by a gust wind. This distortion is also seen in the
residuals and it is, very likely, the reason for the shape of the autocovariance

functions which are different from the expected ones for white noise.

An attempt was made to investigate the reason for the descrepancies in
values of CLa obtained from the unsteady and steady-state measurements . The
results based on different model forms are presented in Table 8. The omission
of biased terms decreased the number of unknown parameters but effected only
the parameter Mq and the fit in n . Then the additional term Zq was included
in the model. As a consequence its previous fixed value was only slightly

changed but the values of other parameters remained almost the same.

For the a priori weighting the value Za = -1.32 + 0.01, which corresponds
to Cla = 4.8, was used. The resulting ML estimate of Zawas very close to the
a priori value. At the same time the value of Zn was also decreased. This
could mean that the data obtained from the unsteady measurements was not very

sensitive to changes in Za'

The last three columns in Table 8 include the results where the combina-
tions of two measured outputs were used for the parameter’identification;
This approach could eventually eliminate one of the output variables if this
were distorted by bias errors. In all cases, however, the value of CLu changed

almost insignificantly. The different value of Mq and Mn for a_ and n,

E
analysed are due to decreased information on the pitching motion of the

E

aircraft contained in these variables.




The aircraft parameters were also identified from each output variable
separately. In this case all coefficients in (7.1) could not be identified.

The equations of motion, therefore, had to be transformed into the observable

canonical form

x1 0 -Ko x1 Kyo
. = - <+ n (703)
X, 1 K1 X, Kyl .
y = [o,1] |*1| + k.n (7.4)
. y2 .
B x2

The coefficients in these equations are identical to those in the

transfer function

K 1 s + K o -
L) =k, + - y | (7.5)
’ y s -+ K;s +K
1 o
where
KO = -‘Ma + 2 q
for y = a
L= = = M - M
Kaz.' o, Kal Zn ’ KaO . Zn q
for y = q
Kq2_= o, qu =.Mn , qu = -Za Mn + Zn Ma (7.7)
: = *
and for y n¥
an = Zn . Kn1i= Z Za . Kno =2Z M~-2 Z M

The results of the ML estimation are given in Table 9. They are compared
with the predicted values based on parameters in Table 8 for the basic model

~and the model with a priori weighting of Z,. The parameters K K ., and K

al ’ "nl n2
are excluded from the table. Their identification is unrealistic because

of their small values and great sensitivity.




As follows from expression (7.6) and (7.7) the changes in the parameter

K and K = - K
n

Za can significantly influence the coefficients K1 » K0 0 q0’

and a reasonably good estimate of Za can be found from the ratio of qu and
qu. The results from 9 and n;E are close to the predicted values. If

qu is assumed equal to -12 then Z“ = - 1.32 for n%,

zh’and Za = - 1.47 for 9

analysed.

All parameters obtained from ap differ from those predicted. This could
be due to some bias error in a, or due to idéntifiabi}ity problems because
all parameters considered are strongly correlated.

Because the investigation of various model forms did not give the answer
to the problem further measurement was carried out with different input forms.
In addition to symmetric pulse, asymmetric pulse with sharp increase of
deflection and double pulses with either symmetric or asymmetric forms were
applied. The forms of the inputs used in four runs analysed can be seen in
Figure 16 and Figure 19. The ML estimates from those runs are presented in

Figure 10. In addition to results usually given the values of the trace of

the matrix ﬁl

are also included. As pointed out in Ref. 8 they provide
information on the overall performance of the input. In this case, a lower

value of the trace indicates the better performance.

For the single and double symmetric pulses the values of Za and Mu
are in agreement. The differences in-Mq and Mn could be caused by strong
correlation in these parameters. The values of Za are now not very far from

those obtained from steady—-state and wind tunnel measurements.

The estimates from the remaining two runs (run 2.8 and run 2.11) are
very consistent. The value of Za and Ma are different, however, from values
in two previous runs. On the other hand the remaining parameters and fit
errors are almost the same in all four cases. This demonstrates the influence
of the design of an experiment on the accuracy of the estimated parameters and

. thus creates a problem for further research.

fhe lateral data on the aircraft was obtained from measurement in
horizontal flight at different airspeeds using the aileron and rudder deflection
simultaneously. The ML estimation was applied and the model was based on °
equation (A.6) with known para@eters Yp . Y¢ and YE = 0. The output vector
was y = {p, r, s,ny#}.' From the estimated parameters the nondimensional
aerodynamic derivatives were evaluated. They are plotted in Figure 20 in
relation to CL and are fitted by first or second order polynomials. The two-

sigma confidence limits for each set of points were also established.
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In Figure 21 the ML estimates are compared with predicted values and
with the results of wind tunnel and flight measurements. The flight
measurements in this case are obtained from steady-state data or from free
oscillations. It follows from the comparison that the only significant
disagreement is in the derivative CLB' The large negative value in this
derivative obtained from free oscillations could be caused by the large

value of Clraused in data analysis by the time vector method, see Ref., 25.

The measured input and output variables in one run are presented in
Figure 22 and compared with the computed outputs. There is very good fit
in all four variables. The residuals for this data are plotted in Figure 23.
Their time histories for r and B include oscillatory components. Some
changes in the model structure were made to enable these components to be

~removed. The best improvement was due to the introduction of YE and Yp as

additional unknown parameters. The results for this extended model are given
in Table 11 together with the estimates for the basic model. The significant
improvementyin'the mean square error and in the residuals. for r can be seen.
The oscillatofy character of residuals in B, however, remains. It could be

caused by the error in Bvane reading corrections, by external disturbances or
by both. !

The autocovariance functions for the residuals in the.extended model
are given in Figure 25. These functions for the variables p and n; are very
close to those for white noise. In order to check the normality of the

residuals their cumulative frequencies are plotted in Figure 26.

Also included in Table 11 are two cases with different constraints.
First of all the bank angié, ¢, was added to the output variabies. In this
particular case more constraint on the roll rate data resulted in the
departure of corresponding parameters from their previously estimated values.

This was accompanied by the decrease of fitness in the p and n_ data,

In the second case the lateral acceleration was excluded from the output
vector. As expected the main differences appeared in the parameters of the
side force equation and in the mean square error for B. There were also some
changes in parameters of the yawing moment equation but the fit between

measured and computed yaw rate is the same as that for the basic model.

The effect of various input forms was demonstrated in three runs in which
other flight conditions were maintained approximately the same. The various
forms of inputs are given in Figure 22 and Figure 27. The ML estimates are

presented in Table 12 and are again completed by the trace of the matrix ﬁl;
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Even if the input forms in run 2.4 and 3.4B are similar their overall
performances are quite different. The third input form:, which consists
of a series of pulses in aileron deflection followed by pulses in rudder

deflection, has the best performance index.

Some changes in the parameters can be also found. It is not clear,
however, whether the differences in the corresponding parameters are caused
by different input forms or by the decreased identifiability in parameters,
some of which are strongly correlated. As with the longitudinal motion the

demand on further research into the optimal input form seems to be obvious.

7.3 F-100 Aircraft in Simulated Rapid Rolling Manoeuvres.

Equations (B.4) and (B.5) for a rapid rolling manoeuvre of an aircraft
developed in Appendix B were used in the calculation of the simulated data.
The aircraft responses were calculated as rolling pull-outs initiated from
5 3g pull-up at Mach number 0.9 and height approximately 6000 m. In the
first run the rudder was locked, in the second run the rudder deflection.

was used to regain coordination.

The time interval during the calculation was At = 0.05s and the number
of samples for each variables was N ® 160. To the computed outputs the
gausian random noise with zero mean was added. The variance of this simulated

measurement noise had the following values

y 52
B, a 1 x 166
P)q, T | 2.5 x 16° {1/s%}
n 2.5 x 107 {1/s%}
n 4 x108°  (1/s%)

The inputs chosen and the resulting outputs are presented in Figure 28

and Figure 29.

The prevailing rolling motion of the aircraft and the complexity of
the model make the evaluation of physically realistic §nd sufficiently
accurate parameters almost impdssible, even if simulated data is used.
Therefore for the parameter identification only simplified equations (B.6)
were used. This model describes the lateral part of the complete motionm with

the output variables B, p, r and n; and with the input variables £, n, a and q.
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In run 2 the input variables also include . The previous number of 24

unknown parameters in run 2 was reduced to 18 by this simplification.

The true values of parameters and the ML estimates in run 1 are given
in Table 13. Two cases are included. In the first one all parameters in
the simplified model were identified. The main difference between true and

estimated parameters is only in values of the parameter L This 1is caused

by the small excitation of the sideslip angle during theeaircraft motion
and by very large term Lpp. Even if the values of the other parameters are
satisfactory, the simple and multiple correlation between them exists. The
correlated parameters are reviewed in Table 15 together with the cases

analysed.

In order to remove this correlation four of the correlated parameters

~ were fixed at their estimated values. The estimates of remaining parameters
are given in the last column of Table 15. There are almost no changes in

their valueé'comparing to the previous'case. The number of strongly correlated

parameters, however, was substrantially reduced.

Because of the rudder deflection used in run 2 the sideslip angle was

decreased. This effected the accuracy of the estimated parameter LB even
more, as can be seen from the results in Table 14, The fixing of parameters
in case B and C removed the strong correlation, first of all between some and
then between all remaining parameters. The accuracy of the estimates, however,

was not improved.

Finally the a priori weighting was used in case D with a priori values

L, = =9.5+ 0.5

(g
i

0.135 + 0.02 . N, = 0.0021 + 0.0002

This approach resulted in very accurate estimates of all parameters and

small number of strongly correlated parameters.

The limited experience with the identification of a rapid rolling
manoeuvre of the aircraft indicateés that difficult identifiability problems
leading to inaccurate values of parameters and their strong correlation can
be met. The results will be substantially influenced by the design of an
experiment, by the complexity of a model and by the amount and accuiacy of
the a priori information on parameters. The further identification of real
flight test data from carefully planned experiments could significantly

contribute to the solution of this problem.
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7.4 HP-115 Slender Delta-Wing Research Aircraft

Taking into account the wind tunnel test and preliminary flight test

results, the linearized equations of motion are considered in the form

. 2 . o
= + + + n + Z.
a Zau + qu Zazu + anqa Znunu Znn Znn + Zo
) (7.8)
j=Ma+Mq+Mx?+M qa+M na+M M.n + M
q o qu 02 qaq nan nn nn o
6 = q

The vertical acceleration can then be expressed as : .

= A 1 2 ° 1
Zaa + qu + zee + Zaza + quqa + Znana + Znn+ Zﬁn + Zo (7.9)

The parameters in (7.8) and (7.9) are defined in Ref. 25,

For the parameter estimation, the linear model with Z = Mﬁ =0 Qas
first used. The further simplification was achieved by flxlng Zq and Z;
on their w1nd tunnel values and Z on values from the steady-state flights.
Comparlson of measured and computed time histories at a low angle of attack
is given in Fig. 30. The fit between the two output variables is very good.
The resulting parameters and the lower bounds on their standard errors are
presented in the third column of Table 16, The estimated parameters accord
well with predictions. ’ _

The use of the linear model in the case of low angle of attack (ae =
7.2 deg) was also substantiated by comparing previous results with those from
the ML estimation with a priori weighting and the nonlinear model having

na
weights proportional to their standard errors.

z = Mna = 0,The a_priori values were taken frqm the linear case with

The results of the two approaches mentioned did not produce significantly
different values of parameters. The estimates of variance sz(n:), however,
can be considered as significantly different. The measure for significant
difference in parameters is based on 20 confidence intervals, and that for
those in variances of measurement noise on the critical value for their ratio..

In the second test case of a high angle of attack (ae = 20.3 deg) the
linear model was proved to be inadequate. This follows from the comparison of
the measured and computed output time histories presented in Fig. 31 and
Fig. 32 for the linear model and the nonlinear model with a priori weighting.
The substantial improvement of the fit in the vertical acceleration is apparent
and is confirmed by the numerical values of corresponding variance estimates
in Table 16,
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The use of a nonlinear model also had the significant effect on the
damping parameter M , whereas the remaining parameters from the linear
model and their cou:terparts in the nonlinear model do not differ significantly,
These results are given in the second part of Table 16. The strong correlaticn
between M, and Mq in ﬁhe linear case was removed by the addition of nonlinear
terms.

The time histories of residuals in both output variables and the corres-—
ponding autocovariance functions were computed and piotted as in Fig. 33 to
{ig. 35. The effect of nonlinear terms on inzo is apparent whgreas the function
,Rqo did not change. . In all cases the autocovariance function Rqo is different
from that assumed for the random white noise. This could be caused by bias
errors in the measured time histories of q. _

The resulting non-dimensional derivatives of the aircraft are plotted
in Fig. 36 as functions of aé and. compared with predictions. Both the simplified
linear model (7 deg.< @, <16 deg.) and the nonlinear model with Zna =M =0

no

[ [ i + [ .
(ae_>16 deg.) were used for the evaluation of C C Cmn and Cmq Cma

Lo’ “ma?
The remaining derivatives were estimated by applying the nonlinear model only,
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8. RECOMMENDATION FOR FUTURE WORK

Some areas for future work in the aircraft parameter identification have
been proposed in Ref. 8., These proposals are in agreement with trends based
upon the experience and aciievements at C.I.T. and other establishments. The

topics for the further research mentioned can, therefore, be summarized as:

1. extensive application of the generalized maximum likelihood technique,
which considers the measurement noise in the input variables and the
external disturbances, for the estimation of the aircraft states and
parameters. This very generél approach would cover the determination and
analysis of aircraft performance, stability and control chatacteristics,

and handling and riding qualities,

2;' identification of aerodynamic derivatives from flight data for specific
important flight regimes (e.g. high angle of attack and transonic flights,
large disturbance combined manoeuvres) and unorthodox aircraft (STOL,
VTOL) design. This will require the continuing development in methods
for model structure determination and verification sinceithe models in

such regimes and for such aircraft are not well known,

3. correlation of the. flight test results with wind tunnel results for V

high performance aircraft and aircraft of special design,

4, development of methods for solving identifiability problems and the
determination of the effect of a stability augmentation system and a

human pilot on the identifiability of the parameters,

5. development of methods for the design of optimal inputs for linear as
well as nonlinear systems. Modification of the optimal input for pilot
acceptability and case of implementation, and flight test validation

of optimal inputs.
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9, CONCLUSION

Aircraft parameter identification is a qualitatively new strategy
and technique for the design of an experiment and for flight test data
analysis, The identification procedure includes three steps, namely

characterization, parameter estimation and verification.

Characterization is a qualitative operation defining the structure of
a system. If the aircraft is of usual design and in no extreme flight
conditions, then the equations of motion are well defined. On the other’
hand the modelling of an aircraft during large disturbance manoceuvres, in
extreme flightlconditions or of unorthodox design could create problems.
Very often it is not clear what should be the best relationship between

model complexity and measurement information.

For parameter estimation two methods were introduced and compared.
The first 6ne is the equation error method and is usually used as the
start up_procedure for the output error method. This second method can
include different estimation iechniqqes from thch the weighted least
squares, maximum likelihood and Bayesian estimation were used. Further
generalization of the maximum likelihood estimation, which takes into account
the measurement noise in the input_variables-and the effect of external

disturbances, was not considered in this report.

The problems of accuracy and identifiability were broadly discussed.
Experience with various indentification techniques shows that the possibility
of a numerical solution of the estimation process and the reliability of the
- parameters, in terms of physically realistic values and small error covariances
for the parameters, are the most important problems in the whoie process of

parameter identification,

Even if the parameter estimation has been successfully completed some
doubts about the correctness of the model may remain. Therefore one of the
possible ways of checking the validity of the structure based on the analysis

of residuals was introduced.
[y

A general computing algorithm was developed which covers all estimation
techniques described in the report and which is applicable to linear as well
as nonlinear systems, and which is also flexible enough for the solution of
various identifiability problems. Using this alorithm the computing program
has been compiled in general terms to enable the user to achievethe objectives

mentioned.
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. The estimation methods were applied successfully in three different

exanples:

1. BASSET variable stability aircraft data for 1ongi£udina1 and lateral
motion with different mode characteristics were analysed. The
repeatability of the estimates and the predictions based on sample
mean values obtained were checked. Some identifiability problems were
met during the analysis. For their solution fixing parameters and a

priori weighting was used.

2. PARIS airéraft data was used for the estimaﬁion of nondimensional
aerodynamic deri- atives. These derivatives were compared with |
theoretical predictions and results from wind tunnel and steady-state
flight measurements. The effects of different model structures and

various input forms were investigated.

3. F-loolaircraft simulated data on two rapid roiling’manoeubres was
identified using a simplified nonlinear model of the $jstem. Difficult
identifiability proﬁlems resulted in large covariances for some estimated
parameters. The results of the identification of rapid rolling manoceuvres
will be substantially influenced by the design of an experiment, by the
complexity of a model and by the amount and accuracy of thé a priori
information on parameters. - The further indentification of real flight
test data from carefully planned experiments could significantly contribute

to the solution of this problem. .

4., HP-115 aircraft data demonstrates the ability of the ML technique
with and without a priori weighting to evaluate the significant

parameters even if the measurement information is limited.

It is believed that the results achieved might form the basis for further
research in the aircraft parameter identification at the Cranfield Institute
of Technology. The areas for this research have been proposed. The results
of the report presented might also contribute to the Qider acceptance of

identification techniques in the analysis of flight test data.
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APPENDIX A

Linear models of an aircraft.

In Ref.26 the complete set of linearized equations of aircraft motion
are developed. The datum conditions correspond to steady rectilinear flight.
These equations are referred to the system of body axis and have the form:

the longitudinal equations

.c.
+

x,u + XV + weq + gle + xnn = 0
z u + (1 + zﬁ) w o+ z W + zqq - ug + gze + znn = 0 | (A.1)

mu+mw+nmw+qg+mqgq+mng=20
, B Mt d+rmgtmy

- q+d =0

-the lateral equations

Qe
+

E+yg =0

YVt TP T WP Y UT T gé Y, C

[}
©

&vv + p+ 2pp tef+ zrr + 2££ + lcc (A.2)

nv+ep+ + f+nr+n 0
v P npp Y

z £ +n.¢g

£ 4
-p+¢=0

For the analysis of experimental data state variables w and v are replaced
by variables a and B using the relations w = u and v = ueB. Then for -the

new sets of state variables equations (A.1) and (A.2) may be rewritten as
Tk = A'x + B'u : (A.3)

where for the longitudinal motion |
x? ={u, a, q, 6}

u = n




_ o _ - -
xu uexw we gl
-z z g
u w u u
e ‘ e e
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- m - um -m 0
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- x 1 0 0 0
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Z
-~ 0 1+2z, O 0
u
L e
B =" . , T=
- mn 0 uemw 1 0
0 (4] 0 (0] 1
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and for the lateral motion
T
x  ={8, p, q, 6}
uT ={¢g, ¢}
B y g |
p
—y a-’—— —1 ———
v e u- u
e e
- u f - 2 - £ (0]
v P r
A'=
- u nv - np - nr 0]
0 1 0 (0]
- -
y y .
SIS 1 (1 o o o
u u
e e -
o 1 e, 0
-2, -1 T=
B'= & LI 0 e 1 0
Z
- n - n
& g 0 0 0 1
0 0 -
L. -

~ For the aircraft parameter identification it is more convenient to
rearrange equation (A.3) into the more common form

X = Ax + Bu _ (A.4)

and to use the concise form for the coefficients in matrices A and B.




The longitudinal equations become

- — - - - - -
u xu )(a Xq Xe u Xn
a Zu Za Zq Ze o Zn (A.5)
L] = + n
q Mu Ma Mq Me q Mn
) 0 0 1 0 ) 0
~ where
z, 1 N
xu =7 xu Zu =T 1+ 2z, u_
e
X = - ux z
V] ew 7 e -V
o 1+ z‘.'
X = - v,
q z - u 1
z = -2
Xe = - g cos (-)e q 1+ ze u,
X = - x Z o g.snx Ge 1
n n 3] 1 + 2z, u
e
zn 1
z = - ———
n 1+ 2z, u,
LTS m. g sin ee
Mum"mu+1+z. M6“ 1+ z,
W
z m, z m,
M = -u m +.u M = -m + -2 Y
(v} e

m, (z - u
M = -m +-9_4 e.)
q q 1+ X

The relationships between the coefficients in the longitudinal equations
and the non-dimensional aerodymnamic derivatives are given by

1 ve ve
xua?ch’ xu=‘-r—cm’ xnﬂ?-an
‘ 1 1 . 1 1
zu = m czu s Za = T CZU ’ Zq = ) + zu zq’ Zn = '.i? Czn )
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When non-dimensional aerodynamic

derivatives are used the coefficients

in (A.6) may be expressed as
1 1. 1 1
= — = + —_—— = - Y  —
Y871 % T %ty Y tT Gy "7 Yy
L = B 28 ~ °2 Cng N =Y “ng " °x Cap
B i T2 1-e, e, ) 8 i T2 l-e e,
x z
1 C&p ®2 qu 1 cnp C&p
Lp Tt l1-e e Np I l~-e_ e :
x z z
1 C&r T % Cnr 1 Cnr T ®x C&r
L = %= N_ = ==
r 2i.t l-e e r 2i1 1 ~-e_ e
x 2z x
L o= M o~ % St N = M Cng Tex i
3 i TZ 1 - e, e, £ i T2 ) e, e,
x . Z.
_u CZC - e, Cnc N o Cn; e, C&;
g 12 T 8x % g z? l-e e
x z
where
' u _ 2m i = Ix i = I.z
pSb ? x  mbZ * z mbZ

the instrument location at the centre of gravity.

where n, n and n -
accelerome!er in g

*
nx

For the output equations the acceleration equations are transformed to

o]

n =
y

| "z |

el

Fﬁ + QW - rv + g sin ©

V + ru-pw - g cos O.gin ¢

units respectlvely.

W o+ pv - qu = g cos O cos. ¢ |

These equations are

(A.7)

are readings of the longitudinal, lateral and vertical

The perturbed acceleration equations where w and v are replaced by @ and B
have the form

i
m<:’ao
-]

H]
ﬂ,<IOQ
=

u + weql+ g cos eee

g

é +r- P "y cos 0e¢
: e
a-gq+ %— sin eee
e

(A.8)
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In steady - state fiight there exists

nXe = sin Oe
nye = 0 : . _ ‘(A.9)
n = = cOs O

ze e

Using (A.5), (A.6) and (A.8) and including the state variables as
measured quantities the matrices in the output equaticn y = Cx + Du may be
formulated as follows: ‘

for the longitudinal motion

T .

y = {us a, q, 9, n:: n:p q} © (A.10)

c = ["6'] ’ D = [3.] (A.11)
[x x o o] (x

u [+ 3 n

' = T = - o

C z, za o] o, D' zn - (A.12)
M M M 0 M
| u [+ q ] L n i

for the lateral motion

T o e e . | | |

y = {8, P, T, ‘¢, “y » Py T} (A.13)
Yy ¥ o o] vy v ]

| B P £

c' = o], p' =|L .

Ly LP L . £ Lc | (A.14)
N N )

LNB P r 3 _NE Nc_

. It is also possible to include the linear acceleration as the state
variable provided that this variable is replaced by the filtered one. Therefore
if the variablesﬂnx, ny and n, are passed through a first order low-pass filter

with unit gain and time constant T, then the filtered accelerations are

%F ° T3t s (A.15)

“and similarly for the others,
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_ APPENDIX ‘B

’
3

Nonlinear models for rapid rolling manceuvres of an aircraft.

In a rapid rolling manoceuvre little change in the forward speed will
be expected. The mathematical model for an aircraft can, therefore, be
developed from equations of the concise form. With respect to body axes
there are:

V+ur-pw-gng =

Bl Bl

W+ pv -ruq - gn, =

4 LA L
p+e (f+pq)+bars= I,

> 2
+ r?p%) +brptc 1=
4+ e, (rp) y xy

(] <

y (B.1)

N
' qr) +b.pq - ¢, q =7

e
+
(]
”~~
©
!

13 = rm, - qn,
m3 = png - r23

N3 = qi3 = pmy

L, == s1n O
my = sin ¢ cos ©

cos ¢ cos ©

fl

The equations may be expressed in terms of perturbations from a symmetrical

equilibrium flight conditions defined by the steady-state values of

u, w Yy ,0 and ¢ .
e’ e’ pe’ qe’ e! e e

The'following simplifying assumptions are introduced:-

1. the perturbations in all variables except in rate of roll can be treated
as small quantities,

2, the gravity terms have only small effect. They can be either neglected
or expressed in a simple form,

3. the set of variables in (B.l) is replaced by a set Vo, 8, a, p, ¥, ¢
using the relations V = u, 8 = v/V and a = w/V,




4. the coefficients of aerodynamic forces and moments have the form
pb

Cy = Cyp * Cyp 2v_ * Gyl * Gyt
C. = c..+C a+c, 35 4 C.on+c, 22 (B.2)
z zo ' ¢ 2q 2V z 3 (5.
C, = C,.(a)B+cC () B 4 ¢ (@) ID  4c, (@)E +C z+Com
2 28 2 vt W L Lz 2n
- dc qc 2
Cu Coa® * Cmg 20 * Cmq v CmEZ(a)é; * Cmnn
e e
- N ‘ pb rb
Cn CnB(G)B + Cnp(a) §VE'+ Cnr(a) iv; + Cng(a)ﬁ + Cn;C

where ClB(a) . Czr(c) s esss 5 C (@) are considered as linear functions

ng

of a, i.e.
CiB(a) .= C + C o

Cng(a) = C + C a

Using the above mentioned assumptions equations (B.1) can be rewritten
as
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B y,B8 * (o v yp) p-r+ V. cos O cos o ¢ +
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®P "y Ve ~ v Y8
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Irep=- Vean - (np - bzqe) P Cxz 47 PF T venva Ba  +
- npa ap = n_ OF - bzpq - n&a af +
- neg - ncc
$=p

For parameter identification purposes it is convenient to express the
‘state and output equations of an aircraft as

T% = Ax + Bu¥x , x(0) =a
y = Cx + Du¥® ' (B.4)

where the state vector and the .augmented .input vector are defined as

T
x' = {B, a, p, q, T, ¢}
T 2 2 ' .
u*” = {Ba’ gp, ap, ar, p , Pq, pr, qr, ag", . (B.5)
2 v .
ak, £°, &, L, n, 1}
y' = {x', n¥, n%)

y .

and the matrix T as

"1 0 0 0 0 0]
0 1 ] 0 o O
0o 0o 1 0 e, 4]
T =lo o 0o 1 0o o
) o z 0 1 0'
LO ) 0 0 0 1 i
and »
[ el
The matrices A, B, C' and D' are presented on page 61. They also

include the unknown bias terms Y , Z , ...., N . The expressions for the
coefficients in the above mentioned matrices are as follows:
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Matrices in Equations (B.4) Describing a Rapid Rolling Manoeuvre of an Aircraft
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. C . g Cm&
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y e
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C
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z z
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N = c Voo Y
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Equations (B.3), which describe a rapid rolling manoceuvre of an aircraft,
can still be too complicated for the estimation of the unknown parameters,
mainly because of their large number. To decrease this complexity a simplification
of equations (B.3) is proposed based on splitting of them into two independent
sets, The first set of equations represents a simplified mgdel which describes
the lateral motion only. The variables a.amd ¢ are considered as additional
inputs. Therefore, the state, augmented input and output vector are defined as

T R
X = {89 Py Iy ¢}
u*t = {BGE; P“E,3TGE, pqE’ rqu aEE’ £, T, N, 1} (B.6)

T T
y = {x", n;J



vhere the index E denotes measured quantities.
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For the simplified model

‘the matrices A, B, C''and D' in (B.4) are . expressed as

C'={Y8’v Y;,' o,

The matrix T is now equal to

[1

0

)

0

-

0} D'=

—

{0, 0, 0, 0,0, 0, Y

0

L

0

Ba

1

L

“Ba
1N

N

0

pa

pa

0

L

0

Tra .

xa

£ YC' o, Yo}

In the second simplified model, describing the longitudinal motion
and r_ are added.

only, the input variable B

T
X

T .2 2 2
u* = {BEPE’ -PE > PEI'E s a8 , &, n, 1}

T
y

and the matrices in (B.4) takes the form

= fa, q}

T
= *
{x", nz}

c'={z ,0}

The matrix T is now equal to the unit matrix.

E’ PE

E
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TABLE 3 Comparisor of Predicted and Estimated Parameters from Flight

BASSET Variable Stability

Data by ML Estimation.

Aircraft
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TABLE 3 Comparison of Predicted and Estimated Parameters from Flight

'BASSET Variable Stability

Data by ML Estimation.
Aircraft — Concluded
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TABLE 4  Compariscn of Results from Repeated Flight Measurements by

BASSET Aircraft

ML Estimation.
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TABLE 5 Comparison of Results from Flight Data us

imates.

ing various Est

(Rudder Input Only)

BASSET Aircraft.
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TABLE 6 Comparison of Predicted and Estimated Parameters from Flight

BASSET Variable Stability Aircraft

Data by WL S Estimation.
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TABLE 6 Comparison of Predicted and Estimated Parameters from

BASSET Variable

Flight Data by WLS Estimation.

Stability Aircraft — Concluded
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TABLE 7 Parameters with Strong Correlation.

Stability Aircraft
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TABLE 8 Effect of various Model Forms on Parameters Determined

PARIS Aircraft

from Flight Data using ML Estimation.
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TABLE 9 Comparison of Predicted and Estimated Parameters from Flight

PARIS Aircraft

Data by ML Estimation.




ITEM RUN 1.4 RUN 2.8 RUN 2.9 RUN 2.11
z_ |- 1.370 £ 0.005 [ - 1.43 £0.02 | - 1.34 = 0.01 |- 1.435 + 0.006
. |- 0169 £0.005 - 0.14 £0.02-0.16 #0.01 |- 0.158 £ 0.007
z, |- 0.0019 - 0.00021 0.0049 - 0.0071 |
z! |- 0.00054 0.0037 - 0.00012 0.0010
M |-5.94 £0.02 |-6.12 #0.05 | - 5.65 % 0.06 |- 6.53 * 0.02
M, [-1.75 % 0.01 |- 1.78%.+ 0.04 | - 1.95% + 0.03 |- 1.80% * 0.02
Mo [-11.59 £0.04 |-11.9% £ 0.1 | -12.44% 0.09 |-12.07* + 0.06
M, 0.0027 0.0084 | o0.0085 10.0019
@ | 5.7 x107 | 2.9 x10°| 9.0 x10°| 1.7 x107°
s2(q) 8.2 X 10'6v 5.7 x10°° 8.3 x10°%| 1.5 x10°
sz(n;) 2.1 x10° 5.9 x 10°° 6.8 x 10°° | 8.9 «x 107°
in|R, | |-39.2 -36.9 -35.2 -36.0
ey | 2.20 x 1003 | 2.14 x 1072 1.30 x 102 | 4.60 x 1073

* strong correlation

TABLE 10 Effect of various Input Forms on Parameters Determined from
Flight Data using ML Estimation.

PARIS Aircraft




RUN 2.4

HE BASIC MODEL EXTEeD b eASTRED n,, EXCLUDED
L T 4.03% * 0.06 |- 4.07** £ 0.06 |- 4.52* £ 0.06 |- 4.15 * 0.08
L_ 0.79 + 0.08| 1.01 #* 0.07| 0.58 £ 0.07 | 0.65 # 0.09
Ly -13.3 0.1 [-13.5 0.1 |-14.2  £0.1 |-13.6 0.2
L, _32.8% & 0.4 |-33.6%* * 0.4 |-36.2% * 0.4 |-34.6 * 0.5
L, 1.5 +o0.2 | 1.8 0.2 | 1.1 0.2 | 1.7 0.2
L, 0.0077 1 0.0076 0.012 | o.03:2
N, - 0.39** + 0,01 |- 0.28%°*%%0.01 |- 0.46** £ 0.01 |- 0.29 # 0.01
N - 0,40 + 0.01 |- 0.41 + 0.01|- 0.42 % 0.01 |- 0.31 % 0.01
Ng | 3.38 £o0.02| 3.70* £0.03] 3.27 ¢ 0.02 | 3.73 & 0.02
N, _ 1.45%* % 0.08 |- 0.56%**+ 0,08 |- 1.95%* + 0.07 |- 0.49 * 0,09
N, ~3.11  * 0.03 |- 3.03 + 0.02]- 3.16 +0.03 |- 2.95 # 0.03
N, 0.00097 0.0030 0.00099 | 0.0030
Y | 0.04276 0.013 + 0.001 0.04276 0.04276
Y - 0.120 * 0.002|- 0.124 + 0.002- 0.120 + 0.002|- 0.26 % 0.02
Y, 0 - 0.017 # 0.003 0 0 |
Y, 0.057 % 0.003 0.044 * 0.003 0.039 % 0.003| 0.186 £ 0.009
Y 2 0.0062 ~0.0050 ~ 0.0068 0.00076 |
Y1 |- 0.00074 - 0.00055 - 0.00069 | -
s (p) 2.1 x10°| 2.1 x100%| 2.8 x10°| 2.7 x107
s2(x) 1.8 x105| 4.0 x10%| 2.0 x10°| 1.6 x107
s2(8) 1.2 x10%| 1.3 x10%) 1.2 x10%| 4.3 x107’
@ | 3.5 x107) 3.2 x107| 6.2 x107 -
on|Ry| |-50.0 -51.7 - -

*¥2k%k3%%% gtrong correlation

TABLE |1 Etffect of various Mode! Forms on Parameters Determined from
Flight Data using ML Estimation  PARIS Aircraft




ITEM RUN 2.4 RUN 3.4B RUN 3.6G
L - 4.03* % 0.06 |- 4.20* * 0.08 |- 4.09%* + 0.04
L 0.79 - £ 0.08 0.9 0.1 0.36  * 0.05
Ly -13.3  + 0.1 |-12.4 % 0.2 -13.3 + 0.1
Le -32.8% 0.4 |-37.6* ¢+ 0.6 -34.0%*  * 0.3
L, 1.5 % 0.2 0.5 £ 0.2 1.2 + 0.2
L, 0.0077 0.29 - 0.072
N - 0.39%% + 0,01 |- 0.55%* % 0,02 |- 0.427** + 0.007
N - 0.40 +0.01 |-0.56 +0.02 |- 0.415 + 0.007
Né 3.38  + 0.02 I 3.29 + 0.04 3.27 + 0.01
N, - 1.45%* £ 0,08 |- 2.9** + 0.2 - 1.79%** * 0,05
N, - 3.11 £0.03 |-4.37 £ 0.08 |-3.27 % 0.03
N, 0.00097 - 0.018 - 0.0019
Y, - 0.120 # 0.002 |- 0.118 #* 0.002 |- 0.118 + 0.001
Y, 0.037 + 0.003 | 0.046 * 0.003 0.036 + 0.002
Y - 0.0062 1 0.0025 - 0.0011
Y1 - 0.00074 - 0.00041 - 0.00044
s%(p) 2.1  x10°° 3.9  x 107> 7.5  x 107
s% () 1.8 x 107 9.0 x107° 8.1  x10°°
s%(g) 1.2 x10% 1 17 x107° 1.1 x 107
Sz(n;) 3.5  x 1077 4.7 x 107’ 5.6  x 1077
sn|R | | -50.0 -45.0 -44.7
ol | 0.214 0.498 0.115

*¥?%% strong correlation

TABLE 12 Effect of various Input Forms onParameters Determined from
Flight Data using ML Estimation. PARIS Aircraft |




- TRUE ESTIMATED VALUE
VALUE A ;
CASE A CASE B

Y, - 0.20 | - 0.201 % 0.003 |- 0.201 # 0.003
Ly 210 -15 + 2 -15.3 = 0.4
L |-3.9 - 3.8 +0.02 |-3.80 % 0.01
L 0.13 | 0.3 to0.2 0.28 + 0.03
Né 5.7 5.67 + 0.02 5.68 + 0.02
N 0.002 | - 0.0006 * 0.009 |- 0.0006 + 0.001
N_ - 0.24 | - 0.243 + 0.004 |- 0.243 * 0.003
Y 0.0071] 0.0068 + 0.0004 | 0.0068 + 0.0004
L -680 -580 + 44 _577 + 8

.Ba

L 8.4 6 + 3.4 _

ra L4

L -32 -26 + 7 )

Eo -

Le 223 23.2  + 0.5 223.20 * 0.06
N -1.6 | -1.6 0.2 -

pa .

N 1.1 1.1  * 0.8 ' -

Ea
Ng -0.92 | -6.93 +0.05 |-0.934 £ 0.007

TABLE 13 Comparison of True and Determined Values of Parameters
from Simulated Data using ML Estimation. F — [OO
Aircraft — Run |,




ESTIMATED VALUE

ITEM JX%ﬁ;
CASE A CASE B CASE C CASE D

Y, | 0.20 |- 0.202 £0.003 |- 0.202 £0.03 |- 0.202 % 0.003- 0.201 £0.003
L, | 10.0 |-19.0 13 F19.0 3 -19.0 #* 0.2 |-10.2 0.5
LD - 3.9 |- 3.89 0.03 | 3.89 #0.02 |- 3.89 # 0.01 |- 3.87 0.0l
L 0.13 0.3 0.2 0.34 +0.03 0.34 + 0.03| 0.13 +0.02
Ng 5.7 5.65 #0.05 | 5.65 +0.04 5.65 + 0.02| 5.71 0.03
N 0.002 |- 0.01 #0.01 | 0.014 0.005 |- 0.014 + 0.001] 0.0002%0.0002
N, | 0.24 |- 0.245 £0.004 | 0.245 £0.003 |- 0.245 & 0.003(- 0.240 £0.004
Y, 0.0071] 0.0080+0.0008 0.0080+0.0003 - 0.0079+0. 0008 -
Y, 0.03 0.017 +0.008 - 0.017 + 0.003 0.019 +0.008
Ly, [680 ~ |-504 6  [504 6 - S667 10
L 8.4 5 +4 - - 7.5 %0.6

Yo _ -

L. |- 32 -27 +6 -27 +4 - -37 +2

Ea

L, |- 28 -23.2  +0.4 |-23.2 0.3 |-23.22 + 0.06[-22.6 0.1
Ly 2.5 3.2 +0.8 3.2 £0.7 3.2 +£0.6 | 3.1 0.7
Ny | 16 [-1.4 #0.2 | 1.37 0.04 - - 1.62 0.03
N 1.1 2.4 + - - 1.4 0.4

Eo _
N, | 0.92 |- 1.01- £0.06 | 1.01 #0.01 |- 1.01 #0.01 - 0.94. +0.01
N, 5.3 1-5.4 +0.1 | 5.41 +0.07 |- 5.41 * 0.06 |- 5.32 *0.06

TABLE |4 Comparison of True and Determined Values of Parameters

from Simulated Data using ML Estimation.

Aircraft.

Run 2

F-100
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RUN CASE STRONG CORRELATION BETWEEN
LB’ LBa L.s Lra LB’ Lga Np’ Npa
All unknown parameters '
1 estimated : Nga (Np’ Npa) Lg(LB’ LBa’ Lga’ Lp)
NE (Np, Npa’ Nga)
Lra’ Lga’ Npa’ NE“ flxgd LB’ LSa LE’ Lp Ng’”p
Y, Y L,, L L, L L., L
All unknown parameters ¢ _C B* B rore & L
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