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SUMMARY

_
` All three steps in the identification, namely characterizationg

parameter estimation and verification are considered and applied to the
determination of aircraft parameters from flight data. The estimation
procedure includes the equation error method and the output error method

fwith the weighted least squares, maximum likelihood and Bayesian estimation

technique. The problems concerning accuracy and identifiability are also
discussed.

A general computing algorithm is developed covering all estimation
* techniques described. It is applicable to linear as well as nonlinear

systems and is flexible enough for the solution of various identifiability
problems. Using this algorithm the computing program has been compiled in
general terms to enable the user to achieve the objectives mentioned. â

R ' As examples, the results of the identification of aircraft parameters
and aerodynamíc derivatives for four different aircraft are presented.

They include the analysis of flight data from the Basset variable stability
aircraft and from the M.S. 760 Paris aircraft, the simulated data for a
nonlinear model of the F-100 aircraft, and the flight data from the

longitudinal motion of the HP-115 slender deltafwing research aircraft.

The report is completed by the recommendation for future work in the
area of aircraft parameter identification. - ' gg
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NOTATION

state matrix (n x n)

input matrix (n x p)

wing span,.[n _

transformation matrix (m x n)

rolling -, pitching ~,.and yawing - moment
coefficients -

longitudinal -, lateral -, and vertical - force
coefficients

mean aerodynamic chord, [ng

transformation matrix (m x p)

expected value

a) constant bias vector Km x 1)
b) acceleration due to gravity, [m/szl

gradient (sensitivity) matrix (m x q)

identity matrix *

moment of inertia of aircraft about x,y,a
body axes, respectively-, [kg ng] , -

product of inertia of aircraft referred to x

body axes, [kg m2]

cost function

likelihood function

rolling, pitching, and yawing moments,[Nnï¬

Fisher information matrix (q x q) for the
unknown parameters

error covariance matrix (q x q) for the
estimated parameters (Cramer-Rao lower bound)

a) number of outputs

b) aircraft mass, [kg]

number of data points

Q) number of states

b) measuremnt noise vector (m x 1)
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âº

ribution
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X

a fr a) vector of initial conditions (n x 1)
_ b) angle of attack, [rad]

B Ü- a) vector of unknown parameters in A,B,6 and D
_ ` b) sideslip angle, [rad]

y;t -parameter vector (q x l)

6 pitch angle, [rad]

relative density parameter

v residual

p ' air density, [kg/m3]

correlation coefficients

o standard deviation

1H- `I-Ä±

'02 . variance'

- 1 unit of time, [s]

i4º r Ä bank angle, [rad]

Matrix exponents: .

T e indicates transpose matrix operation

-1 indicates inverse matrix operation

Supscripts:

E - measured quantity

o ' 1 value

.
5H.f.
N

e _ steady~state value

Additional uotation:

FPE final prediction error

ML »maximum likelihood

MSE man square error

WLS weighted least squares

norm of quantity enclosed

l.| ~determinant of a matrix enclosed ~

- §,n,§ rudder, elevator, and aileron deflections, [rad]
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10 Iuraonucron

Parameter identification has been developed over the last ten years
as a strategy and technique for establishing the properties of any

^ system by the measurement of its input and output time histories. During

development several different approaches and methods have been proposed
and tested. Their review may be found in two excelent survey papers by

nykhoff, Ref. 1, ana by Asröm and Eykhøff, Ref. 2.'

The process of parameter identification has also been applied to the
determination of stability and control derivatives of an aircraft from

flight test data. There are several reasons why aircraft paramter
identification forms a very important field of flight test data analysis.

These include: p _

l.` many instances where prototype aircraft do not have the predicted .

characteristics, when cost and safety considerations control the ways of

obtaining a better knowledge of aircraft parameters, '

. 2. requirements for a better uderstanding of theoretical predictions and _
wind tunnel testing and the possibility of deeper understanding of
aerodynamic phenomena_ and their relationship to aircraft stability and

control, ~ 'V ` u º ` 'u _

3. requirements for simulators which need to be more accurate representations
of the aircraft in all flight regimes, V

4. requirements for better stability augmentation and adaptive flight
control systems. 4 V '

`
Previous approaches to the measurement of aerodynamic characteristics

of an aircraft were based mainly on time eonsuming steady-state measurements
and on the measurement of free oscillations. The analysis of transient
manoeuvres was firstly proposed by Greenberg in Ref. 3 and by Shinbrot in
iRef. 4. It was, however, applied to very simple manoeuvres and it resulted
in only limited information about system paramters and their accuracies.

_ The identification of aircraft paramters using modern control theory,_
theory of statistical inference and new digital techniques has brought

quantitatively new ways of aircraft testing and flight data analysis. This

approach enables us to evaluate from one test run all or almost all stability
and control derivatives involved, together with their accuracies and confidence
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intervals. At the same time the accuracy of measured data is also estimated
so that this data can be used in the analysis with a corresponding level
of confidence.

. If necessary, there is the possibility of separating the measurement
noise in the output variables from the external disturbances to the system
caused by gust wind effects or modeling errors.

The identification techniques give the opportunity of including in the
analysis the a priori knowledge of aircraft parameters obtained from
theoretical predictions, wind tunnel measurements and previous flight
measurement regardless of the testing and/or analysis techniques used.

Finally the identification methods provide tools for a proper design
of an experiment (e.g. optimum shape of the input signal) to obtain the
most accurate results and for testing the hypothesis about the correct form
of the mathematical model describing the analysed motion of an aircraft.

Substantial contributions in the field of aircraft parameter identification

were made by several authors, namely by Taylor and Iliff in Ref. 5, by Denery
in Ref. 6, by Mehra in Ref. 7, by Mehra.and Stephner in Ref. 8 and by Rault
in Ref. 9. Besides these contributions the merits of NASA as an organization
should be mentioned as well. In this establishmnt the new technique of
parameter identification has found very positive acceptance and so far_it has '
been used on data analysis of more than fifteen different aircraft.

At the Cranfield Institute of Technology the research in aircraft parameter
identification was initiated about two years ago. This report summarizes the
results achieved and is concentrated on two main objectives: f âº

1. to present a computing algorithm upon which the general computing program '
has been compiled and applied to linear as well as nonlinear systems using
different estimation techniques, 4 _

2. to outline several methods of data analysis using various tools provided
by the parameter identification technique. .

`. ,For that reason no detailed and rigorous development of estimation methods

is,presented. It can be found in the references mentioned. However, even if
this report is limited in its objectives, it is believed that it might form
the basis for further research in the aircraft parameter identification at the
Cranfield Institute of Technology and might contribute to the wider acceptance
of these techniques in the analysis of flight test data.

I I
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2 . Pzoßrç NTM STATEME

The problem under consideration is to identify an aircraft as a dynamicâ
system when given the equations governing its motion and the measurements
of its output and input variables. All three steps in the identification
procedure, namely characterization, parameter estimation and verification
will be considered.

Characterization is a qualitative operation defining the structure of
a system. The system is assumed to be deterministic with time-invariant

parameters. Its description is in the form of differential equations which
may be either linear or nonlinear. The initial conditions are, in general,
different from zero. The unknown parameters include the coefficients of
equations of motion, the initial conditions and constant bias Ä a
errors in measured output variables. The measured variables are used in the
form of sampled time histories with a constant sampling rate.

The second step of the identification forms the parameter estimation.
Several estimation techniques based on methods of estimation theory are used.
For their development no external disturbances to a system (process noise)
and no masurement errors in the input variables are assumed.

_ Parameter estimation results in the determination of.the numerical values
of unknown parameters, in the estimation of their accuracy and the accuracy
of whole identification process. . -

The purpose of verification is to relate the results obtained to well- .
known physical points of the system under investigation. .This approach can
raise the question of the reliability of estimates in general and the problem
of correct mathematical modelling in particular.

r

rI I I I Ä±
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3. CHARACTERIZATION

It is assumed that the system under investigation is described, in
general case, by the state equation

à = f (x, u, B) , x(0) = a (3.1)

and by the output equation

= s (X. H. 6) (3-2)

In these equations x is an (n x l) state vector, u is an (p x l) input vector,
B is a {(q ~ n) x l} vector of unknown parameters, m is an (n x 1) vector'
of initial conditions and y is an (m x l) output vector.

If the system is linear then the above mentioned equations become

å = Ax + Bu , x (0) =-a (3.3)

y = Cx + Du (3.4)

where the unknown parameters B are contained in all four matrices A, B, C V
and D. ` '

To represent any realistic flying vehicle completely would be a task of
immence difficulty. The problem is to select the simplest approximate
representation that will permit the successful determination of the unknown
parameters from measured data. _

If a flight vehicle consists of a single mass with no substantial amount
of internal liquid, and if the vehicle is relatively inflexible, then it may
be possible to idealise it as a rigid body.

If, in addition, only small perturbations about some steady~state
equilibrium -conditions are considered, and the aircraft is of usual design
and in no extreme flight condition, then the equations of motion may be w
linearized. The linearization results in two independent systems of equations
describing the longitudinal and the lateral motion of an aircraft. The

equations have the form V

Ti = A'x + B'u , x(0) = 0 (3.5)

..
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Because T is a nonsingular square matrix then by letting A = TIA' and
B - T13' equations (3.5) can be modified to the more standard form (3.3).

The equations for both the longitudinal and the lateral motion of an
aircraft are presented in Appendix A using the dimensional as well as
nondimensional expressions for the aerodynamic derivatives.

The form of output equation depends upon the variables measured in
flight. These are usually represented by the airspeed, linear accelerations,
angular velocities and incidence angles. In some cases the angular accelera-
tions and attitude angles are measured as well. Many of the measured quantities
are the state variables considered. The linear accelerations are usually
treated as output variables. However, the possibility of including them as
state variables is also considered. '

. Whereas the equations describing the longitudinal and lateral motion of
an aircraft are well developed the modelling of an aircraft during large
disturbance manoeuvres or in extreme flight conditions (high angles of attack,
transonic regime) is a difficult task demanding the formulation of a set of
nonlinear equations. Further,for the new families of STOL and VTOL aircraft
nonlinear forms of their models must normally be used. T

The problem of modelling a complicated system raises the-fundamental '
question of how complex the model should be. Although a more complex model
can be justified for proper description of aircraft motion it is not clear T
in the case of parameter identification what should be the best relationship
between model complexity and measurement information. If too many unknown
parameters are sought for a limited amount of data then a reduced reliability
of evaluated parameters can be expected, or attempts to identify all parameters
might fail. ' '

As an example of a nonlinear model the equations for a rapid rolling_
manoeuvre of an aircraft are developed in Appendix B. This type of manoeuvre
is a combined longitudinal and lateral motion which follows rapid and large '
deflection of the ailerons. During this motion the airspeed changes can very,_
often be neglected. ` '

Because of the complexity of this model further simplification is proposed
which gonggitutes apíttihg the combined motion into independent longitudinal
and lateral movements. ' .

1_
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Ä. PARAMTEß ESTlMATIONíPROCEDUR§ .

As was stated previously the identification of system parameters refers
to the evaluation of coefficients in the known mathematical model from measured
input~output data. Part of this problem is, therefore, reduced to a parameter
estimation which uses the tools of estimation theory.

4.1 The estimation methods

, There are several methods for the solution. Their basic differences arei
due to the variety of assumptions regarding the prior probability and an
optima1\-criterion. - `

Four estimatíon methods will be described. The first two methods are the
least squares technique. The optimality criterion is a soalar quantity, termed
the cost fuction. Its minimization requires the minimization of the sum of u
_squares of differences between data points and corresponding points derived from
the solution. I

Ä The remaining two methods are based on the maximization of probability
density fuctions. T

Regressigp;a5aly§i§;

In this case it is assumed that the input variables and all the state
variables and their derivatives can be obtained from measurement, and that only
the state variable derivatives are corrupted by noise.

The cost function has the form

iJ= 1- 2 (° - i )T w <' - '
21:1 *si ± 1&1 *

.\
l

1 N
i=-5 _: ||º°<Ei -«±il|2 <a.âº=l N1

where T denotes a transpose matrix, index E denotes measured values, N is the
nuber of data points and ||'||is the norm of quantity enclosed.

The introduction of a positive definite weighting matrix, WI, into (4.l)means only a generalized approach to the problem. Because of the in
of the solution for individual equations in (3.1) the values of WI do not enterthe calculations for unknown parameters. A

dependence
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'
The least squares solution is obtained by finding the minimum.of J.

This requires forming the first variation of J and setting it to zero, see
eog Refs 50

Then each of n equations will have the form `

N NT T -'I 0C. ° 2 X. X. 2 X. .. 4.2J 1 1 } ía 1 XEJI ( )

a 1, 2| coe, n

where matrix
Gj containes the unknown parameters in the jth state equations

and matrix Xi is formed by measured state and input variables at time intervals

Qi. If some of the coefficients in (3.1) are known constants they are included
in the elements of vector

åEjí after their multiplication by corresponding
value of

xšji or ui. 4 _ i . '

So far it has been considered that all the state variables and their
derivatives are known from measurenents taken. The measurement of the
derivatives of the state variables is, however, a difficult problem. ~Nnmerical
.differentiation of the state variables is straightforward but tends to decrease
the signal to noise ratio. Several ways have been introduced to overcome thesee'
aiffieuies, some of :hem are described inaef. s ana Ref. o. T

One of the modifications is based on the integration of equation (3.1).
It allows the use of directly measured state variables and integrated state
and input variables. The cost function then becomes

1 N _ 2
J-=5_º= ~II==-Xi ll <«º.aâº~1

N1 V

where x is the solution of the equation

tl,
x ='f f (xE, B, u) dt (4.4), o

and where WI has different meaning from that in (4.1).
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The function x can be further expressed as

x = Ro + HE AB (4-5)

where RE is the gradient matrix of xo with respect to the unknown parameters B
The vector xo is calculated from (4.4) for the estimated values Bo. V

The individual components of HE can be oomputed by the solution of the
equatons

d 3x 3 âx _
AäE~(§šš-) = äšš f (XE, U. B) º äšš (0) 0 (4~5)

du
ja 11 2, if, _ n)

Setting the gardient of (4.3) equal to zero and using (4.5) and (4.6) the
solution for the increments AB will have the form

Ä.k N N
.AB =

{iz gi"i= 1= V â
º

Because of (4.4) x is linearly related to the unknown parameters B. Their
final values are, therefore, obtained directly from

å Bo + Ag (4.8)

and no iterative procedure is necessary.

The standard error of the estimated parameters in each state equation is
found from the relation ' '

i
3 Ur 'djj º ' 1» z H qr UU9)

where
djj is the diagonal term of the inverse matrix in the expression for the

least squares solution and qr is the number of unknown parameters in the rth
state equation. The variance, oi, is estimated byN

ië §12 _:;_____._
or N _ q (4.10)Y

heiß Sri is the resulting error after the insertion of measured values into
the rth state equation at the time interval ti. c
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The measurement equation is

z = y +.n

where z is an (m x 1) vector

(4.11)

of measuremnt and nis the vector of
measurement errors. 4 The cost function is formed as

1 N 2.J = í- Z1 Ilzí ~ yillw (4.12)in

It is minimized with respect

§T = (GT, ßT}_ The unknown
a nonlinear manner. For the
»is used. It begins with the

to the unknown parameters 1, where
parameters are contained in the output y in
minimization of J-the method of quasilinearization
linearization of the state and the output about

the previous estimates ao and ßo. â
º

x (oo + A0. Bo + AB) = x (ao + Bo) +

+
(§53 ,J åšfg <1..aâº

'f = -txJ(a s 3 âºy 8 0 0 0 -
'

a
+§fl,

Vºu8}*

35 }{^} + åë-Aa (4.14)3x 36 3B AB 38

The sensitivity matrices 3x/âa and âx/âß are obtained from the solution
of the following set of linear time~varying differential equations

v Edt 3a. 3x
J

j E III

Jà ax af

j- CIO

3x 3x 3a-- , -- (0) =
5&3- (4.15)

3a. 3a. .
J J

, I

= o (4.16)
3x 3f.à. 4 _..

38 '
J

3x-- (0)3 . .
63 aBJ

v(q"n)
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When the gradient V7 J is equated to zero a new estimate is obtained as

N -1 N
A7 = { z ug wi ui } z ui w (zi - yi) (4.17)i=1 _ i=1

The jth column of H is ây/8y.,where y. is the jth parameter in the vector Y
and j = 1, 2, 000, Q0

After one iteration the new estimate of unknown parameters is obtained as

in 1° + Av

The iterative process is repeated until the differences between two successive
estimates in Ay are not significant.

` The lack

eans that.i'

least squares
estimate 7 is

e (7) = Y- 7 = -{ z H: wl ui) z H: w ni (4.18)

of probabilistic statements regarding the measurement errors
ii impossible to make any probabilistic statement about the
estimate. It follows from the solution that the error in

proportional to the measurement error n, i.e. -

N -1 N V a
º 1-1 i= « o

If E{n} = 0 and the measurement errors are independent then e(?) has zero
mean and the least squares estimate are unbiased. If E{nnT} = 026, where
is known diagonal matrix, then the covariance of e(?) is -

E {

with WI = §1.
the estimate.

N -1 .
eeT} =.a2(_z ui w ui) _ (4.19)=l

This covariance matrix provides a measure of the precision
., _

The variance ozis identical with the mean square error (MSE) and is
estimated from . V

MSE -=-1 ge -9'ºTw<=-sºº (420)mN i i 1 i i Â°in - _

9

of

The mean square error can be used as the performance index function to give a
measure of performance for the iterative estimation procedure, i.e. for its
COIIVBIQEHCC Ä±
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It is assumed for this technique that the measurements are

zi = yí + ni , i = 1, 2, ..., N (4.21)

where ni is a sequence of independent gaussian random variables withT 4= . . 5 ôoE{n&} 0 and E{n nJ} R1 1]

The maximum likelihood estimate of the unknown parameters 7 and unknown
coefficients in R1 can be obtained by maximizing the conditional probability
density of zi given a, B, R1, i.e.

P (219 Z2! "*¶ zu /ai B9 (nl)

nz!Maximizationof p means also maximization of ßnp. The logarithm of the .
conditional probability density is called the likelihood function

N 2 A w- N
º.<pº = - å íízi - yišl - F m- 1-; im <4.22â

º
2

where1R1| denotes the determinant of R1, see e.g. Ref.7 or Ref. 12.

- To maximize linearized equation (4.22) the partial derivatives of

L(y° + Ay, R1) with respect to each parameter change Ay are set to zero
giving the new estimate ` '

N T _1 -1 N __ T 1
Av

{íí Hi R1 Hi} ií Hi R1 (zi yii (4.23)

while the estimate of R1 is obtained from

N _
_ L T

where vi = zi - yí is the residual at the time interval ti.
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Ä±
A lower bound on the error covariance matrix for the estimated

parameters is given by the Cramr~Rao inequality, Ref. 11.

E uv - vº <  ~ vºT1 º E1 <4.2fºâº

where M represents the Fisher information matrix defined as .

M =

ETheestimate of the information matrix can be,therefore, found from
. _/N' ' -1M = { Z H. R H.} (4.26)

131 1 1 1 _

_ Finally the performance index function Jm(y°) is derived by substituting
the covariance matrix of the measurement noise into the likelihood function for
the nominal solution with 7° and R10, Ref. 12. The maximization of this
likelihood function is equivalent to the minimization of

Jm <Y.,> = lR10<m>l = r <fº.2vâº

Bazesian estimation:

The Bayesian estimation techniques uses for the parameter estimation
both the information contained in measured data and the a priori information
about the parameters involved. Treating Y as a random vector and applying
Bayes rule yields the posterior distribution ` ,

P (Y/2) = M *ffa (4.28)
P(Y) p(2/v) p(Y)

/p(2/Y)_ º(=) fY>(z Y) >(Y) dv A
see e.g. Ref. l.

The most probable value of yis obtained by maximizing p(y/z) with respect
to Y. In calculating this estimate, p(z) can be treated as a constant. For
p(y) and p(z/Y) assumed gaussian the distribution p(Y/z) is also gaussian and
is expressed as

p(y/z) = const X

_- N ' 2_ 1 _ .
=eº<º- --5 2 H21 - 1--à-

Ilvwolåll (4.29)2

WI~_N

i=1
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where R2 = E and vu = E iv).

Expression (4.29) is maximized by maximizing the exponent.V Using the
linearization and setting the gradient with respect to Y equal zero yields

N -1 N-1 T -1 -1 T -1Ay = (R2 +
iíl ui R1 ui) (-R2 (Y - yo) + išni R1 (zi - yi)} (4.30)

The estimate of R1 is obtained from (4.23) and the performance index is
equivalent to that given by (4.27). The Cramêr-Rao bound on the error
covariance matrix of estimates is, however, found from '

N , -1 .-1 -1 -T -1 . VM
(R2 +

iii ni R1 ui) _ (4.31)

4.2 çomparison of various estimates _

The method of regression analysis minimizes the sum of squared errors `
which result from the insertion.of measured data into the equation (3.1) or (3.3)
For that reason it is also called the equation error method. The computational
scheme for this method with the modification using integrated measured data is
presented in Fig. 1.

As it is pointed out in Ref. 6 the output error method gives biased
estimates when noise is present in measured state variables. This method is
also very sensitive to bias errors in measured data which is demonstrated on
several examples in Ref. 10. The other disadvantage is the independence of
each equation which is to be minimized.º Despite this, the technique is very`"
simple to apply both to linear and nonlinear systems and it can be used as a
good start~up procedure for the iterative methods. .

The weighted least squares estimation provides unbiased estimates of
unknown parameters provided that the mathematical model is correct and there
is no noise in the measured inputs, see e.g. Ref. 6. The only significant cost
is due~to inaccuracy in the estimates which means that the weighted sum of
squared errors between the measured and computed outputs is minimized. The-
WLS estimation is known as the output error or the response curve fitting .
method. _ â
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For the maximum likelihood technique it is assumed that the distribution
of measured variables is known. In this distribution only a finite number i
of parameters is to be determined. There is no prior knowledge regarding
the values of the unknown parameters Y. If the gaussian distribution is
further assued then, according to the Gauss-Markoff theorem, the ML
estimate is identical to the minimum variance estimate. This is also apparent
from the comparison of expressions (4.17) and (4;23) which are identical for

_1
Because, in general, the coefficients in the matrix š are not

SIÃ
S
9ºº-

known in advance the estmate of this matrix is updated during the iterative
process. Then the final values of its coefficients are related to the
variances of measurement noise.

The cost function for the ML technique is given as

1 N 2 NJ = 5. iii Ilzi - yi||šš + í- In |R1|_ (4.32)

which means that its value depends upon the second term on the right hand
side of (4.32). 'h `

In the practical application of ML estimation, usually more iterations
and better starting estimates are required than with the weighted least
squares approach. This could be the reason for the combination of both

techniques. '

In the Bayesian estimation technique the unknown parameters are treated
as random variables. The optimum estimate is taken as the mean of the
conditional distribution P(Y/z). This result is reminiscent of the-basic V
concept of maximum likelihood estimation. The posterior density function
p(y/z) is, however, more or less different from p(z/Y) depending upon the
distribution of p(Y). The distribution p(y) is the prior knowledge concerning
the unknown parameters.

If the gaussian distribution for p(z/Y) and p(y) is adopted then the
Bayesian estimate can be treated as the minimum variance estimate with

expanded cost function ,

N' 2 1 '2 N'

hfig zi-yiš + í¬f¬å, ww R1 <«.3aâ
º

1 2



It includes a penalty for

s *

departure from a priori values Yo. The inclusion
of a priori values in (4.33) means more constraint and can improve the
identification process in
there can be limitation in_the use of
data of a priori values are often not

Bayesian estimation can be simplified
~ weighting of some or all parameters.

Ay remains the same. Only the matrix

Because of the similarity of the

various sensitivity cases. On the other hand
this technique because the statistical
available. For that reason the

to the ML estimation with the a priori
The expression (4.30) for the estimates

Rš is replaced by the weighting matrix W2.

iterative approaches described, all
of them can be treated as output error methods provided that the simplified âº

assumptions for the ML and Bayesian estimations are adopted. The general
computational scheme for the output error method is given in Fig. 2.

__.' .In Table l the cost functions and the expressions for the estimates
for the output §8nå¬ equation error method are summarized and are completed
by basic assuptions and by_a priori knowledge. W

4.3 Accuracy or the Estimation Procedure h - I

The accuracy of an estimation procedure may be defined in several ways.
Very often it is Judged by devatons both in the parameters of the -
mathematical model and in the output variables.

From the previous comparison of theestimation methods it is apparent `
that the maximum likelihood estimation provides the most accurate estimate
of unknown parameters. As shown in Ref. 13 these estimates are consistent,

asymptotically normal and.efficient under very general conditions.
¬<..- .

The unknown parameters, Y, form a q dimensional random vector with mean

diagona1.e1ements of this matrix are
o2Yj, whereas

formed by the expressions p.j avi oyj, where pij1

value 7 and with the lower bound on the covariance matrix M1. The main

the off-diagonal terms are
is the correlation coefficient

for yi and yj.. The accuracy of parameter yj is thus bounded by the estimate
of

ø§j, which is the standard error.
The error covariance matrix M1 defines the hyperellipaoid

<1-. ºTn<v~s@º =-ok

...___--_..- -º--- -«----_____.___._-__.-_v_-»_-_-..º«--~ º ~
º`Ä±

(4.34)
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where k is a constant., The intercepts of this hyperellipsoid with the
coordinate exes are given by the reciprocal square roots of the diagonal
elements of the matrix. M. H These quantities, however; only provide an
indication of the q-dimensional k-sigma bounds and do not, in general,
define the limits of this region. _

From the gaussian probability density function for 7 two probability
statements may be formed, namely:

1. probability that the random q-vector lies within the boundaries of the
.hyperellipsoid contour. This probability is given, according to Ref. 14
by T T

pq(k) = erf (k//íä ~ I2/n *
1 r .

I q-2 .-
k3 kx exp (-kz/2) (k + íeš-+ ... + 1_3_5__._(q _ 2)} -(4.35)

for odd q

2 42 k k'
Pqš) " 8Xp("k/2){1 4 ':­ 4 4 ...rr

kq-2
.2.4....(q-2) } (4'36)

for even q

2. probability that any one element of the random vector lies between the
intercepts of the hypérrectangular, which encloses the hyperellipsoid,
with the corresponding coordinate axis without regard to where the
remaining elements lie. This probability is expressed as p1(k). _

The measure of overall parameter uncertainty is connected with the volume
of the hyperellipsoid and is, therefore, given by determinant of the error
covariance matrix. '

A hyperellipsoid in q-space is not very useful since it cannot be readily
visualized. Therefore its projection into two-dimensional space is often `
used instead. Then k-sigma ellipses can be found for two-element sets of the
random vector y without regard to the behaviour of the remaining elements.
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The desired ellipse is obtained by partitioning the covariance matrix, then

multiplying by the value of kz for selected p2(k) and finally performing a
matrix inverse. The magnitudes and directions of the principal axes of the
final contour follow from the solution of the related eigenvalue-eigenvector
problem, see e.g. Ref. 14. i

The probability for q a 1 and q = 2, i.e. p1(k) and p2(k) may be obtained
from (h.3S) and (4.36), respectively. Of particular interest are the values
for k = 1, 2 and 3.

q/k 1 2 3

1 .ses ;9ss .997
. 2 .394 h .ass .989

These values are called the one-, two- and three- sigma probabilities.â
' The explicit values of correlation coefficients can be found in the 1

. . . -1 N . . . .normalzed error covariance matrix M . The normalzaton is achieved by
pre- and post- multiplication of the matrix by matrices WT and W,
respectively, where W is the diagonal matrix with elements

l/oYj. Then
the main diagonal elements of the normalized error covariance matrix are - -

equal to 1 and for the off-diagonal correlation coefficients the relation
-1 1 píj §_l holds. _ '

The closeness of computed and measured outputs may be defined by a
criterion developed either from the performance index or the cost function.
For the ML estimation technique the numerical values of both quantities are
given by the determinant of the measuremnt noise covariance matrix as
follows from (4.27) and (4.32). -~ -

If ln [R1] is adopted as a measure for the fit error, it is possible
to use its value for a comparison of results of repeated measureents under
the same conditions or for studying of changes in the structure of the model
assued. Increasing the number of unknown parameters increases the number '
of statistical degrees of freedom which results in decreasing value of
in IRII. ~
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Experience has shown that at the same time the lengths of the error
hyperellipsoid along each of the axes could become less uniform and the
total volume of this ellipsoid could increase. .

This problem has also been mentioned in Ref. 8 and as a result a
new criterion for fit error has been proposed. This criterion was originally
developed by Akaike in Ref. 15 as a one step ahead final predicted error
(FPE) of the predictor obtained by using the least squares estimate of
autoregression coefficients. For the ML estimation procedure it takes the
form

N _Fes 1
i-;% zu |R1| (4.37)

This criterion does not improve monotonically with the increasing nuber
of unknown parameters but has some minimum value which could determine
the optimal number of parameters included in a model. It is possible that
the most advantage of FPE as a fit error criterion would be during the
analysis of a system where little is known about its structure.

The accuracy of estimated parameters is closely related to the
sensitivity. The concept of sensitivity can be treated as the sensitivity
of the function y~= g(x, u, B) with respect to the parameters. This approach
means that the system is sensitive to changes in one particular parameter
if a small change results in a large change in y. Then it is possible to
expect that any eaningful theory of erros should lead to relatively small
confidence in such parameters. On the other hand, if y changes by only a
small amount when a parameter is changed, y is insensitive with respect to
that parameter and the theory should result in a large certainty. .

The concept of sensitivity mentioned can Be mathematically expressed
and connected with the nonprobabilistic definition of certain maximum
allowable errors in evaluated parameters, see Ref. 16. The sensitivity
of the parameters defined in this way is then given by the error covariance
matrix.

It follows from the previous explanation that both the accuracy and -
the sensitivity of the parameters express the same feature and this depends
upon the accuracy in measured data, correctness of a model and design of an
experiment. _
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4.4 Identifiability

The concept of identifiability is usually related to various problems
connected with the ability to identify the parameters in the model assumed
for the system. The first group of problems mentioned is referred to the

identifiability of the parameters of the system. They can be solved by
finding the maximum number of parameters, which can be identified from
masurements of the system input - output data, and their location in the
matrices. I

. The remaining problems are mostly concerned with the identifiability
of a description of the system which means:

I. the possibility of a numerical solution of the estimation process,
2. the reliability of the estimates in terms of physically realistic

values and small error covariances for the parameters. _

.š<1e5i§_ieb_i_1i=z 2f_=11e_Pefeme=sfe= o
- The determination of the maximum number of parameters, which can be

identified from measurement of input - output data, and the location of
these parameters in the matrices were studied by Denery in Ref. 6. for a
linear system.' .' _ _

å = Ax + Bu ' (4.37)

y = Cx _ (4.38)

From results obtained it can be concluded:

1. all parameters which are coefficients of the measured states are
. identifiable,
2. if m

2_np, where np is the number of state equations containing the
uknown paraeters (i.e. np §_n), all parameters in (4.37) may be
identified,

3, if m < np , the equations must be transformed into the canonical form
proposed which containes a maximum n (m + p) parameters all of which
are uniquely defined by the input - output behaviour of the system.
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the nonlinear system the parameter identification can be solved
for m

:_np. To the author's knowledge no theory exists for the determination.
of the maximum number of identifiable parameters and their location in the
equations for this type of system.

In the application of parameter identification to aeronautics the

identifiability of the aerodynamic derivatives must be considered in addition
to the identifiability of the parameters. As follows from Appendix A and Appendix
B the aerodynamic derivatives are contained in parameters (coefficients of
state and output equations) as single terms or in combinations. In some cases
it is not possible to determine all derivatives included in the estimated

parameters.' One very well known example is the impossibility of evaluating

Cmq and Cmå separately for measured elevator deflection as the input and
a, q and

The

nz as the output variables. . .

limited possibility of extracting all derivatives was mentioned

by Greenberg in Ref. 3 and later, more rigorously, in Ref. 17 and Ref. 18
together with the working rule for the decision which derivatives can be

uniquely determined.

ldsíiåiebilif ef_a_<1efº.=_f_i_P5i2_°_â the vísmÄ±

Whereas the identification of the parameters depends upon the structure
of a system, the identifiability of a description of the system is, in.
addition, influenced by the design of the experiment, the adequacy of the
model, the number of unknown parameters
in these

wide range of characteristics, e.g. the
data and

and the sensitivity of output variables
parameters. The design of the experiment itself represents the

input form, the length of measured
its accuracy; 1

It is beyond the scope of this report to discuss all factors mentioned
which can cause identifiability problems. Dealing with them is the matter '
of experience and good a priori knowledge about the system under investigation.
Nevertheless a brief remark about the appropriate input will be presented and
some approaches to the identifiability problems mentioned. _

The

involved

response
must not

response

basic demand on the input is the proper excitation of all modes _
(i.e. large signal to noise ratio and a minimal correlation between

variables) within the_frequency range of interest. In addition it
be possible to express the input as a linear combination of system
variables. ' º . .

*
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The previous approaches to the selection of suitable forms of an input
were purely qualitative ones. Only recently in Ref. 9. and mainly in Ref. 8

0 Ä±the quantitative approach has been used for the developent of the optmum
input form for a given linear system. The design of an input is formulated
as an optimal control problem with the sensitivity of the system response
to the unknown parameters as the performance criterion. Pilot acceptability
and other criteria are taken into accout indirectly.

An efficient tool for improving the identifiability is the use of a priori
known values of the parameters. This information is obtained

predictions, wind tunnel or previous flight measurement. Then
values can be included in the estimation procedure as a set of
a set of values with weights expressing their uncertainty (the
weighting) and finally in the form of probability distribution
.estimation).

from theoretical

the a prioriâº

fixed values,
a priori

(the Beyesian

The introduction of fixed parameters generally improves numerical
convergence. It can be useful in such cases where the numerical solution
with all uknown parameters failed. Because the true values of fixedi'

parameters are not known, the estimated parameters will depend upon these
fixed values. To remove this dependence the number of fixed parameters should
be successively reduced to zero during repeated computing.

p The other possibility of using fixed parameters is in those cases where
the estimated parameters are strongly correlated. Then fixing dependent
parameters can decrease the error covariances of remaining parameters. So
far it is not known which values should be given to the dependent parameters
when their a priori values are not available.

The significant improvement in identifiability may be achieved by a priori
weghting. Ths approach improves numerical onvergence, could ensure physcally
realistic values for estimated parameters and small error covariances. Very
often the standard errors of the a priori values are not known. In these cases
the rough estimates of corresponding weights may be obtained from the assumed
maximum errors in the a priori Vë1UeSº 6 . as w . = 3/6. . In all casesmax 23 Jmax
the obtained fit error should be compared with that obtained without a priori
values included. Their difference should not be too large.

The identifiability of a description of the system is also discussed
in Ref. 8 and some ways for its improvement are demonstrated in examples.
In addition two other approaches are introduced. The first one is the
constrained optimization technique. »It uses a range of allowable values or
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relationships between äerodynamic derivatives as the constraints on the
parameter to avoid non-physical estimates.

The second technique is the rank-deficient solution of matrix inverse.

Using it the inverse of the information matrix is first computed leaving
out one or more of its smallest eigenvalues. Then the inversion is repeated
until all previously omitted eigenvalues are added in again. The last
inverse is the full rank inverse and the procedure is repeated at every
iteration. _ '

Experience with various identification techniques shows that the
identifiability problems are probably the most difficult ones in the whole
process of parameter identification. Further research is, therefore, needed
to enable parameter identification to be used with ever increasing confidence
and thus make this technique more atractive.
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5. TIONVERIFICA

The problems concerning the model structure have been discussed in
connection with characterization of the system and identifiability. It
follows from these discussions some doubts about the correctness of the
model used could still remain even if the parameter estimation has been

successfully_completed. One of the possible ways of checking the validity
of the structure is based on the analysis of residuals. For the ML
estimation these residuals should form a sequence of uncorrelatèd random
variables with gaussian distribution and zero mean, as pointed in Chapter 4.1.

' The simplest way for checking some of the assumptions mentioned is
the time sequence plot of residuals. -From this time history trends can
be appaent and eventual deterministic components discovered. '

The check of normality uses the calculated percentage cumulative âº

distribution, P5, for each of N samples of the residuals vk (ti), k = l,2,...,m.
Because of large number of data points the grouped residuals are usually used
in the calculation. The probability of the residuals v. less than or equal1
to the jth class limit is '

V Av

where
vj are the midpoints of the class intervals and Av is the length

of the class intervals.1 A 4

It is advantageous to plot vj as abcissas and the corresponding Pj
values as orñinates on the probability paper, on which the ordinate scale
is graduated according to the area under a normal distribution function.
Then the fitted line of all values of

Pj must, in the case of a normal
distribution, be a straight line. The mean value can also be checked and
is zero if the condition

P
{vi < vj = 0 } = 502 (5.2)

is satisfied.

,._...,_¬¬.._-v.-,....._,...........-......_¬..,.-_.,-..-....w...._..._.,__...._-...._ V _ _.._._. _
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V The assumption of uncorrelated residuals is checked by the auto-
correlation function of the residuals. Its estimate is found from the
expression . -

i Net- R (r) = v. v ' r = O 1 ... r (5.3)_ ' _, 9 B 9 I 'v N r
iè 1 1 r max

and the relative standard error of this estimate from the expression

3
(av º - /§3 (5.4)

as presented in Ref. 19.

If the residuals are to be uncorrelated, and in the normal case also
independent, then the condition Rv (r + 0) = 0 should be satisfied.
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ALGORITHM AND PROGRAM

A lot of

algorithm and
l. cover all

effort has been devoted to the development of a computing

program which would:
four estimation_techniques described,

2. be applicable to linear as well as nonlinear systems,
3. be flexible enough for solving various identifibility problems.

If the modified equation method is used then its similarity to the
output error method is apparent from expressions (4.3) and (4.12), and -
(4.7) and (4.17). Therefore the problem of covering both linear and
nonlinear models with one algorithm remained. It consisted in finding
general expressions for the constraint and sensitivity equations which
could be used for both systems. The solution has been, in the main,
found in the introduction of the augmented input vector which includes
nonlinear terms in x, ux and u, as well as the input variables u.

p The constraint equations (3.1) and (3.2) can be now expressed as

I OX

'
Y

where u* =

an (m x 1) vector of measurement biases, g, was added in the output equation.

= Ax + Bu* , x(0) = a (6.1)

= cx + nu* 4 g

u* (x, u) is the augmented input vector mentioned. 'In addition

An (q x 1) vector of unknown parameters is

YT = ia. B. sl

whe re

T
8 =

and where

a s

b is
Ä±CIS

d is an (ld x l) vector of unknown parameters

{a, b, c, d}

an (Za x 1) vector of unknown parameters in
'in

A.
an (lb x 1) vector of unknown parameters B,
an (ße x l) vector of unknown parameters in C

which are different from those in A,

in D

which are different from those in B.
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For the number of unknown parameters the following relations hold:

za + lb + ße + ßd = 2

2 + n + m = q

NOTE:

l. for the regression analysis

å = A xñ + Bu* , x(0) = a (6.3)

y = :E

1
u* = u* (XE. u)

_ where ois a vector with known elements.
2. for the linear system the augmented input vector u* is

the input vector u.

_ The sensitivíty equatíons developed

â . = A* x .
a3 ag

xbj =

A*i. = A* x .
ag a3

and

Yaj *'°* aa

C*
jxb

acW .

QDI-Ä±

Ycj

_=~ê-P-_u*
Ya; adj '

yßj = Cxåj

. åZ_
ygj äsj '

'

3A
Ba.

J
áÃ
ab.

J

BC

al
3 .

3C
3b.

J

í = 1

x , xaj(0)

ü* xbj(o)

_ âa
xaj(0) 3a]

X

u*

from (6.1) and (6

º2°~°Ä±

,2,o|

,2,o,

simplified to

.2) have the form

za

(6.4)lb

n

.2.000.j= 1,2,..., ßd

= l,2,..., m

__ _ _ __ l



where

A* = A + B

X

The expression 3u*/

ja 142.000

NOTE:

1. for the

f
x

º The sensitivity

, .
ai

. 3B
*bj =

where La +

2; for the

u* = u

The es

_ 3x'
3 . 'ag
al

3

3A
âa. XE '

J

âu*
âx

x is

,n.

regression analysis

=
XE . Q =

equa

xaj(

u* ,
b5(âb.

J

zb = z = q.

linear model

, A* = A and

timate for Ay

1 QJ T
BY M

(šçÃ¥

N
~

(WZ + Z H?
1 1

The (m x q)
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for the estimation without a priori wèighting Wé = 0,
for the WLS estimation WI is the weighting matrix with constant elements,
for the ML estimation WI = Rš and the matrix is either fixed or updated
after each iteration using the relation i '
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yí)forthe Bayesian estimation WI = ä and W2 = š.

The iterative process is completed if
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Jk is the cost function corresponding to the estimation technique
after the kth iteration. '

v,
For the regression analysis and the WLS estimation the estimates of
ard error of evaluated parameters are obtained from the main diagonal
nts of the matrix il after their multiplication by /2J/mN .

normalized matrix š is obtained from
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The computing programfhas been written in general terms to enable the
to achieve the Bbjectives mentioned previously. The generality of the
am was made possible by a storage compression algorithm which allowed
ensitivity equations (6.4) to be written as.
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where 3x/BBA is an (n x Za) matrix for the 23 unknown parameters in A,

âx/388 is an In x lb) matrix for the lb uknown parameters in B,

FA(x) is a matrix whose element fj E contains the element xl of x' 7
as defined by an (n x n) diagram whose element (j,2) contains
the value k, A

FB(u*) is a matrix whose elements are defined by a diagram in a
similar way to FA(x).

The scheme for the set up of the diagram and for the design of the FA
matrix are presented in Ref. 20.

The submatrices of H are then given by

22. = * šš_ _ '
aßA C aßA " FCA ix)

§2 = c* (6.12)B B'

a _ = _

F
u

U

-z :cal =I8a âu ag

where FCA(x) , FDB(u*) , FCC(x) and FDD(u*) are defined by diagrams in a
similar way to FA(x). _

At each time interval ti equations (6.11) are solved using the fourth-
order Ruuge~Kutta algorithm together with the estimated state vector from (6.1)
The matrix Hi is compiled from submatrices obtained by using equations (6.12),
and the quantities

T T ^
Hi W1 Hi and Hi WI (zi yi)

are evaluated and accumulated to give M and BJ/ây.

For the inverse of the matrix M the iterative process described in
Ref. 20 has been included in the program. Experience has shown that the use
of this approach can lead to a single pass improvement of about four significant
figures in the accuracy of an inversion of a poorly condítioned matrix,

O
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. The flowchart for the computing program is presented on page 31 and 32Â»
The scheme has been implemnted at Cranfield Institute of Technoløgy on a T
small 16 bit word length computer using an intermediate level interpretation
language which was designed specifically for experimental data nalysis
applications. The language has been developed by Williams in Ref. 21 who has
also compiled the program described.

The interpretation language offers considerable operational flexibility.
In addition to enabling acquisition, scaling, transformation and processing
to take place without recourse to intermediate storage, it allows "hands on"
control even, under some circumstances, during program execution. The
consequences of this last feature are that wayword runs can often be "rescued
without the need for restarting the entire process, and that the general
program described here can be incorporated, without modification, into a
special purpose program suite to enable data to be input and output in a
user oriented format. The only modification to this general program is that
connected with a specific form of the nonlinear system. This modification
is prepared for each nonlinear system under investigation as a short sub-
routine.

- _The disadvantage of the language is the relative slowness of execution
due to its interpretative nature. It is assumed that computing is roughly
ten times slower than that based on the compiling program..

U
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Compute for each time interval:
1. state variables, eq.\ (6.1)
2. values of the sensitivity functions, eqº (6.11)
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7. EXAMPLES

As examples, the results of the identification of aircraft parameters
and aerodynamic derivatives for four different aircraft are presented. They
include the analysis of flight data from the BASSET variable stability aircraft
and from the M.S. 760 PARIS aircraft, the simulated data for a nonlinear model
of the F~l00 aircraft, and the flight data of the HP~l15 aircraft.

The flight test programe on the BASSET aircraft was carried out at C.I.T.
after installation of a variable stability and control (V.S.C.)_system. The
variable characteristics of the aircraft are selected by setting of the
potentiometers on the special purpose analogue computer. A substantial part
of the flight test programme was formed by the measurement of basic aircraft
parameters and by the measurement of parameters~ for preselected values of
stability derivatives or aireraft response characteristics. As a final result
of these measurements the predicted calibration curves for setting of the
potentiometers were checked and eventually modified accordingly. Detailed
description of the aircraft, its systems, flight test programme and results
is given in Ref. 22. In the report presented the results from the measurement
on the basic aircraft and some interesting cases from the variable stability
simulation are mentioned. _

The measurement on the M.S. 760 PARIS aircraft was carried out at C.I.T.
as well. During this experiment the input-output data for the short period
longitudinal and lateral motion was obtained. The main purpose of the parameter
identification was a comparison of the ML estimates with those from_theoretical
predictions, wind tunnel measurement and previous flight tests. A description -
of the M.S. 760 PARIS aircraft can be found in various C.I.T. reports. The
basic characteristics of the instrumentation system installed on the aircraft
were evaluated and summarized in Ref. 23. ' '

In the third example the responses of the F-100 aircraft in two rapid
rolling manoeuvres were computed using the aircraft characteristics from
Ref. 24. The flight conditions and input forms were chosen to represent
typical pilot outputs and aircraft performance.

In the fourth example the data is taken from the measurement of the
HP-115 slender delta-wing research aircraft in its longitudinal motion. The
responses were excited from the horizontal steady-state flights at different
airspeeds by the elevator deflection. Because of the input form used the
airspeed changes during the transient motion were negligible. For the identi*
fication the time histories of n, q and nz were available. The detailed
description of the identification process applied is in Ref. 27. In this report
only a brief idea about the analysis is given.
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7.1 BASSET_Variable Stability Aircraft

The BASSET data for the short period longitudinal motion of the basic

aircraft was obtained from six runs. During these measurements the same

flight conditions were maintained within the best possible limits. For the

parameter identification the ML estimation was used and the model of the
aircraft was assumed in the form

id Za 1 a Z V Z0 ni « T-= + " M (1.1)' M M ' M M 1 '
Q _<_ O a q_ < n _ _

º âº
and 4 4 -

o 1 0 0 0
a an"

q = op 1 + o o ' (7.2)
q _ _ 1

nz zu o z z'. . ~_ ± . _ " °- _

The results of the identification are summarized in Table 2 which

includes the values of parameters, lower bounds on their standard errors,
mean square errors of output variab1es.and fit~errors. In the last colum
of this table the sample mean values and their standard errors are given.
The estimated parameters indicate slightly higher scatter than would be ~ ~

expected from their standard errors. This could be caused by the input
form used which was larger in amplitude and in duration than was necessary
for the proper excitation of the short period motion only Both the airspeed

changes and possible nonlinearities were not included in the model representing
the aircraft. Also not included were the dynamic characteristics of the ~
V±S.C. system. ' ~ i

0ne_typical set of measured input and output data is shown in Fig 3.

together with the computed time histories of the output variables. The ~

corresponding-residuals-are plotted in Fig. 4. The oscillatory components
in all three time histories are presented. However no further attempt was
made to find the reason for that.
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The accuracy of the mean values of the estimated parameters was checked
in Fig. 5 by comparison of predicted outputs, based on the mean values, with
those actually measured. The disagreement in q and nz is mainly due to
constant bias errors in measured variables. These errors were not included
in the preducted time histories. '

The next step in the BASSET.experiment was measurement on the aircraft
with the V.S.C. system operating. The cases were selected to demonstrate
the ability of_the ML estimation technique to identify the parameters of
the aircraft with completely different mode characteristics.

The results of the identification of the variable stability aircraft

performing the short period longitudinal motion are presented in Table 3.
The changes in aircraft characteristics were achieved by altering the values
of derivatives-C , C . and C in both directions with respect to values_ ma mu mq
for the basc arcraft. The predcted values included in the table are
based on evaluated mean values, on theoretical calibration curves for the

potentiometer setting and on the secondary effects of the V.S.C. system.
In most cases the disagreement between the predicted and evaluated values
occures for those parameters which_are strongly correlated (for strong
correlation the values of the correlation coefficient equal to or greater
than 0.85 were chosen). It would be possible to expect some improvement
in results if fixing parameters or-a priori weighting is used. -

The measured data for three cases in Table 3 is plotted in Figure 6
to 8 inclusive, and compared with computed outputs. The first caseçdemonstrates
the effect of positive e.g. margin, the other two changes in the damping
coefficient, In Figure 7 the damping ratio is equal to 0.06. ~This low value
was achieved by settinghthe positive value of Cmå. In Figure 8 the damping
ratio is equal to 0º95 and was achieved by a large value of C . In all cases

mq
the fit between measured and computed variables is satisfactory.

The lateral motion of the aircraft was excited simultaneously by the
rudder and aileron.' Five repeated runs were chosen for the parameter
identification using the ML estimation. Equations (A.6) with bias terms
added described the aircraft. In-these equations the paramters YP, YÃ³
and

Ya were treated as known constants defined as

Xp = ae , Y* =. äè eos ee and YZ = o J.

The output vector included the variables p, r and B.

a
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The results of the identification are given in Table 4. The degree

_of repeatability for individual parameter varies. Under ideal conditions
the lower bounds on standard errors should be close to the estimates of

standard errors for the mean values. The differences are mainly due to

the fact that the

also be caused by

Lt, LC and NP) or

The measured

presented
residuals

frequency
caused by

measurements were not repeated often enough, but can

decreased identifiability in some parameters (e.g.

by other unknown reasons (see e.g. large scatter in_Lg).

and computed variables for one of the five runs are
in Figure 9 and the resulting residuals in Figure 10. The
in r and B contain deterministic oscillatory components the V
of which agree with the Dutch-roll frequency. This is very likely
the non-steady flight regime before the introduction of inputs and

in more detailed analysis, therefore, the non-zero initial conditions should
be

in

data

mean

show

In addition to the previous measurement on the basic aircraft one run with

included.

The non-steady conditions are probably the reason for greater differences
measured and predicted time histories in r. The comparison of both sets of

is given in Figure ll where the predicted outputs are based on sample
values from Table 4. The remaining pairs of output variables in p and
no substantial differences. - -

the input variable in ç only was analysed. Because the complete lateral
motion was not properly excited the parameter identification created some

identifiability problems. The results in Table S indicate high inconstiency
in the estimated parameters from the regression analysis, the WLS and ML
estimation. The evaluated parameters are far apart from the a priori values

obtained as the mean values from three previous measurements. Some of the
estimated

Substantial improvement in the ML estimates has been achieved-by fixing

paraeters Li and NP on their a priori values and by the Bayesian estimation.

parameters have also non-physical values.

These results are given in the last two columns of Table 5 and are in very

good agreement with the a priori values. Despite large differences in the

parameters from various estimations and under various conditions-the mean

square errors and fit errors remain almost the same. This emphasizes the

known fact that those two errors do not fully characterize the accuracy of-
the parameter identification. The easured and computed output variables
are compared in Figure 12. The computed curves are based on results of the

Bayesian estimation. -
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The last set of results was taken from the identification of the lateral

motion of the aircraft with the V.S.C.system operating. The data included
six runs in which all stability derivatives involved were changed individuall
For the determination of

convergence is generally
The weighting matrix was

evaluated cost fuctions
the minimum variance ones for which J = 0.5.

the parameters the HLS estimation was used because

more'rapid than for the ML estimation technique.
based on the data from previous results. The

indicated the departure of the WLS estimates from

The results obtained are presented in Table 6 where the predicted
values of parameters are also included. The changes in mode characteristics
of the basic aircraft and no appropriate changes in the forms of the input
variables resulted in strong single or even multiple correlation between

parameters. This decreased the identifiability for some parameters and,

consequently, could have caused the differences between their estimated and

predicted values. -All strongly correlated parameters are summarized in
Table 7.- `

.Measurement and computed data for three runs are plotted in Figure 13
to 15 inclusive. The first example demonstrates small dihedral effect on the

resulting response. In Figure 14 the aircraft has positive damping in yaw
and in Figure 15 small directional stability. The fit between measured and

computed outputs is good in almost all cases.

7.2 M.S. 760 PARIS aircraft

The longitudinal responses of the aircraft were measured in horizontal

flights at¬different airspeeds» Only the short period motion was excited

by pulse input in the elevator deflection. The aircraft parameters were
evaluated by the ML estimation and equations (7.1) and (7.2) represented the
model.. The mnondimensional aerodynamic derivatives

expressions given in Appendix A. These derivatives
as functions of the lift coefficient CL, and fitted
order polynomals. It was assumed that CL =- Cza
plotted derivatives Cm and Cmn contain additional
C . 'having the formsmu

cLa cmd and CLH CmÃ¥
zu Zu

1

___..- .- ._....\...,__..._.......'--. -- -

were obtained from

are plotted in Figure 16

by the first or second
and

CL" =~ CZ . The
terms with the derivative
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respectively. The differences between Cm and those values plotted are
less than one percent. however, for the derivative Cm the differences
could be about eight percent (the plotted points have larger negative values)
and.should be, therefore, considered when comparison with Cm values from
other data is made.

In Figure 16 the ML estimates are compared with those determined from
wind tunnel and steady-state flight measurements. The differences ranging
from ten to fourteen percent are apparent in the lift curve slope values
from the unsteady and steady-state measurements. The ML estimates of CLâ
are also higher than values from steady-state flights. The reamining
derivatives are in good agreementÂ§

One of the sets of measured and computed time histories is presented
in Figure 17. The corresponding residuals and their autocovariance functions

are plotted in Figure 18. .The end parts of the measured data in Figure 17
are distorted, probably by a gust wind. This distortion is also seen in the
residuals and it is, very likely, the reason for the shape of the autocovariance
functions which are different from the expected ones for white noise. _

An attempt was made to investigate the reason for the descrepancies in
values of CL obtained from the unsteady and steady-state measurements. The
results based on different model forms are presented in Table 8. The omission
of biased terms decreased the number of unknown parameters but effected only
the parameter Mq and the fit in n . Then the additional term Z was included2 <
in the model. As a consequence its previous fixed value was only slightly
changed but the values of other parameters remained almost the same.

For the a'priori weighting the value Za = ~l.32 ±_0.0l, which corresponds
to CL = 4.8, was used. The resulting ML estimate of Zawas very close to the
a priori value. At the same time the value of Z was also decreased. ' This -T
could mean that the data obtained from the unsteady measurements was not very
sensitive to changes in Za. '

The last three colums in Table 8 include the results where the combina- _
tions of two measured outputs were used for the parameter identification.
This approach could eventually eliminate one of the output variables if this
were distorted by bias errors. In all cases, however, the value of CL0 changed
almost insignificantly. The different value of

Mq and Mn for aE and nzE
analysed are due to decreased information on the pitching motion of the
aircraft contained in these variables. ~
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The aircraft parameters were also identified from each output variable
separately. In this ease all ooefficients in (7.1) could not be identified.
The equations of motion, therefore, had to be transformed into the observable
canonical form

.
il 0 -K0 xl Kyo j
. _ + n
x2 1 K1 xz Kyl Y

y = [o1] + xyzâ

The coefficients in these equations
transfer function

`S*<
AUV

where

K1 =

K0 =

for y = a

Ka2Ã

for y = q

K =
<2`

and for y = nÃ¢

Kn2 =

O

0

= yl yo
Ky2 + 2

K s + K . _
--_._..___

(7.3)

(7.4)

are identical to those in the

(7.5)
s -+ K s + K1 o

-MU _ Q

M + Z M V_ 0 Ü Q

' al = zn ' Ka0 = M

_' Kq Mn ' Kq0Â
°

(7.6)

- Z M
n n Q

-Z M Z M' . .0 n + n a (7 7)

_ == ' = M..
zn ' Kn1 Zn zu ' Kn0 zu n zn za Mu

The results of the ML estimation are given in Table 9. They are compared
with the predicted values based on parameters in Table 8 for the basic model
and the model with a priori weighting of Za. The parameters Kal , K and Kl n2
are excluded from the table. Their identification is unrealistic because
of their small values and great sensitivity.
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As follows from expression (7.6) and (7.7) the changes in the parameter

Za can significantly influence the coefficients K1 , Kqo and Kno = ~ Kqo,
and a reasonably good estimate of Za can be found from the ratio of Kqo and
Kq. The results from qE and n;E are close to the predicted values. If
K is assumed equal to -12 then Z = - 1.32 for n* and Z = - 1.47 for qql o zh a E
analysed. 7

A11 parameters obtained from aE differ from those predicted. This could
be due to some bias error in aE or due to identfiability problems because
all parameters considered are strongly correlated. '

Because the investigation of various model forms did not give the answer
to the problem further measurement was carried out with different input forms.
In addition to symmetric pulse, asymmetric pulse with sharp increase of
deflection and double pulses with either symmetric or asymmetric forms were
applied. The forms of the inputs used in four runs analysed can be seen in
Figure 16 and Figure 19. The ML estimates from those runs are presented in
Figure 10. In addition to results usually given the values of the trace of
the matrix §1 are also included. 'As pointed out in Ref. 8 they provide
information on the overall performance of the input. In this case, a lower_o-
value of the trace indicates the better performance.

For the single and double symmetric pulses the values of Za and Ma
are in agreement. The differences

in-Mq and Mn could be caused by strong
correlation in these parameters. The values of Za are now not very far from
those obtained from steady~state and wind tunnel measurements. '

The estimates from the remaining two runs (run 2.8 and run 2.11) are

very consistent. The value of Za and Ma are different, however, from values
in two previous runs. On the other hand the remaining parameters and fit
errors are almost the same in all four cases. This demonstrates the influence
of the design of an experiment on the accuracy of the estimated parameters and
thus creates a problem for further research.

The lateral data on the aircraft was obtained from measurement in
horizontal flight at different airspeeds using the aileron and rudder deflection
simultaneously. The ML estimation was applied and the model was based on `

equation (A.6) with hnown parameters YP , Yó and Ye = 0. The output vector
was yr = {p, r, ß,ny#}.' From the estimated parameters the nondimensional
aerodynamic derivatives were evaluated. They are plotted in Figure 20 in
relation to CL and are fitted by first or second order polynomials. The two-
sigma confidence limits for each set of points were also established.



41

In Figure 21 the ML estimates are compared with predicted values and
with the results of wind tunnel and flight measurements. The flight
measurements in this case are obtained from steady-state data or from free
oscillations. It follows from the comparison that the only significant
disagreement is in the derivative CL8. The large negative value in this
derivative obtained from free oscillations could be caused by the large
value of Cr used in data analysis by the time vector method, see Ref. 25.~

'
The measured input and output variables in one run are presented in

Figure 22 and compared with the computed outputs. There is very good fit
in all four variables. The residuals for this data are plotted in Figure 23.
Their time histories for r and B include oscillatory components. Some f
changes in the model structure were made to enable these components to be .
removed; The best improvement was due to the introduction of

Yš and YP as
additional unknown parameters. The results for this extended model are given
in Table ll together with the estimates for the basic model. The significant
improvement in the mean square error and in the residuals. for r can be seen.
The oscillatory character of residuals in B, however, remains. It could be_
caused by the error in ßvane reading corrections, by external disturbances or
by both. / âº

_ The autocovariance functions for the residuals in the extended model
are given in Figure 25. .These functions for the variables p and n; are very
close to those for white noise. In order to check the normality of the
residuals their cumulative frequencies are plotted in Figure 26.

Also included in Table ll are two cases with different constraints.
First of all the bank angle, Q, was added to the output variables. In this

particular case more constraint on the roll rate data resulted in the

departure of corresponding parameters from their previously estimated values.
This was accompanied by the decrease of fitness in the p and

ny data.
In the second case the lateral acceleration was excluded from the output

vector. As expected the main differences appeared in the parameters of the
side force equation and in the mean square error for B. There were also some

changes in parameters of the yawing moment equation but the fit between
measured and computed yaw rate is the same as that for the basic model.

The effect of various input forms was demonstrated in three runs in which
other flight conditions were maintained approximately the same. The various
forms of inputs are given in Figure 22 and Figure 27. The ML estimates are
presented in Table 12 and are again completed by the trace of the matrix §1;
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Even if the input forms in run 2.4 and 3.48 are similar their overall

performances are quite different. The third input form , which consists
of a series of pulses in aileron deflection followed by pulses in rudder

deflection, has the best performance index.

Some changes in the parameters can be also found.. It is not clear,

however, whether the differences in the corresponding parameters are caused

by different input forms or by the decreased identifiability in parameters,
some of which are strongly correlated. As with the longitudinal motion the
demand on further research into the optimal input form seems to be obvious.

7.3 F-100 Aircraft in Simulated Rapid Rolling Manoeuvres.

Equations (B.4) and (B.5) for a rapid rolling manoeuvre of an aircraft

developed in Appendix B were used in the calculation of the simulated data.
The aircraft responses were calculated as rolling pull-outs initiated from
a 3g pull4up at Mach number 0.9 and height approximately 6000 m. In the
first run the rudder was locked, in the second run the rudder deflection
was used to regain coordination. - ~ _

The time interval during the calculation was At = 0.0Ss and the number
of samples for each variables was N ä 160. To the computed outputs the

gausian random noise with zero mean was added.
measurement noise had the following values _ _

_ 2
y s

B, Q 1 x 166

p, q, r V 2.5 x 105 (1/S21

(1/S21

{1/s2}

n* 2.5 X 107
v

n* 4 x 106z

The inputs chosen and the resulting outputs are presented in Figure 28
and Figure 29.

The prevailing rolling motion of the aircraft and the complexity of
the model make the evaluation of physically realistic and sufficiently
accurate parameters almost impossible, even if simulated data is used.
Therefore for the parameter identification only simplified equations (8.6)
were used. This model describes the lateral part of the complete motion with
the OUCPUC variables ßº Pº r and

n; and with the input variables E, n, a and

The variance of this simulated

q.
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In run 2 the input variables also include C. The previous number of 24
unknown parameters in run 2 was reduced to 18 by this simplification.

The true values of paramters and the ML estimates in run 1 are given
in Table 13. Two cases are included. In the first one all parameters in
the simplified model were identified. The main difference between true and
estimated parameters is only in values of the parameter L8. This is caused
by the small excitation of the sideslip angle during the aircraft motion
and by very large term Lpp. Even if the values of the other parameters are
satsfactory, the simple and multiple correlation between them exists. The
correlated parameters are reviewed in Table 15 together with the cases

analysed.Inorder to remove this correlation four of the correlated parametersr '
were fixed at their estimated values.i The estimates of remaining parameters
are given in the last column of Table 15. There are almost no changes in
their values comparing to the previous case. The number of strongly correlated
`parameters, however, was substrantially reduced." '

Because of the rudder deflection used in run 2 the sideslip angle was
decreased. This effected the accuracy of the estimated parameter LB' even
more, as can be seen from the results in Table 14. The fixing of parameters
in case B and C_removed the strong correlation, first of all between some and
then between all remaining parameters. The accuracy of the estimates, however,
was not improved. .

Finally the a priori weighting was used in case D with a priori values

LB = "-9.5 10.5

Lr = 0.135 :_0.02 . NP = 0.0021 ±_0.0002

This approach resulted in very accurate estimates of all parameters and
small number of strongly correlated parameters.

The limited experience with the identification of a rapid rolling
manoeuvre of the aircraft indicates that difficult identifiability problems
leading to inaccurate values of parameters and their strong correlation can
be met. The results will be substantially influenced by the design of an
experiment, by the complexity of a model and by the amount and accuracy of
the a priori information on parameters. The further identification of real

flight test data from carefully planned experiments could significantly
contribute to the solution of this problem.
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7.4 HP-115 Slender Delta-Wing Research Aircraft

\\

Taking into account the wind tunnel test and preliminary flight test
results, the linearized equations of motion are considered in the form

. = 2q Mau + Mqq + Maze + Mqaqa + Mnana + Mnn M

é=q

The vertical acceleration can then be expressed

= . I 2 ' lng Zaa + Zqq + ZGB + Zuge + Zquqa + Znanu + Znn+ Zñn + Z0

= 2 _ ` 0a Zaa + Zqq + Zazu _+ Zqaqa + Znunu + Znn + Zñn + Z0

J.

n+Mo

88

The parameters in (7.8) and (7.9) are defined in Ref. 25.

. For the parameter estimation, the linear model with Zñ =
first used. The further simplification was achieved by fixing Zq

(7.8)

(7.9)

= 0 was

and Z1
Q

F

on their wind tunnel values and
Zn on values from the steady-state flights.

Comparison of masured and computed time histories at a low angle of attack
is given in Fig. 30. The fit between the two output variables is very good.
The resulting parameters and the lower bounds on their standard errors are
presented in the third column of Table 16. The estimated parameters accord
well with predictions.

The use of the linear model in the case of low angle of attack (a =e
7.2 deg) was also substantiated by comparing previous results with those from
the ML estimation with a priori weighting and the nonlinear model having

Zna = Mn = O.The a priori values were taken from the linear case with
weights proportional to their standard errors.

The results of the two approaches mentioned did not produce significantly
different values of parameters. The estimates of variance s2(nä), however,
can be considered as significantly different. The measure for significant
difference in parameters is based on 20 confidence intervals, and that for
those in variances of measurement noise on the critical value for their ratio.-

In the second.test case of a high angle of
linear model was proved to be inadequate. This
the measured and computed output time histories

Fig. 32 for the linear model and the nonlinear

attack (ae =
follows from

presented in

model with a

20.3 deg) the
the comparison of

Fig. 31 and

priori weighting.
The substantial improvement of the fit in the vertical acceleration is apparent
and is confirmed by the numerical values of corresponding variance estimates
in Table 16. .
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The use of a nonlinear model also had the significant effect on the
damping parameter

Mq, whereas the remaining parameters from the linear
model and their counterparts in the nonlinear model do not differ significantly.
These results are given in the second part of Table l6. The strong correlation
between Mu and Mq in the linear case was removed by the addition of nonlinear
CEIIIIS.

The time histories of residuals in both output variables and the corres-
ponding autocovariance functions were computed and plotted as in Fig. 33 to
Fig. 35. The effect of nonlinear terms on Rnzo is apparent whereas the function

Rqo did not change. ,In all cases the autocovariance function R is differentqofrom that assumed for the random white noise. This could be caused by bias _
errors in the masured time histories of q.

The resulting non-dimensional derivatives of the aircraft are plotted
in Fig_36 as functions of ae and eompared with predictions. Both the simplified
linear model (7 deg.< ae <16 deg.) and the nonlinear model with Zn = Mna = 0
(ae_>16 deg.) were used for the evaluation of CL0, Cm, Cmn and Cmq + Cmá .
The remaining derivatives were estimated by applying the nonlinear model only.
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8. RECOMMENDATION FOR FUTURE WORK

Some areas for future work in the aircraft parameter identification have
been proposed in Ref. 8. These proposals are in agreement with trends based

upon the experience and achievements at C.I.T. and other establishments. The

topics for the further research mentioned can, therefore, be summarized as:

l. extensive application of the generalized maximum likelihood technique,
which considers the measurement noise in the input variables and the
external disturbances, for the estimation of the aircraft states and

parameters. This very general approach would cover the determination and

analysis of aircraft performance, stability and control chatacteristics,
and handling and riding qualities,

2., identification of aerodynamic derivatives from flight data for specific
- important flight regimes (eig. high angle of attack and transonic flights

large disturbance combined manoeuvres) and unorthodox aircraft (STOL,
VTOL) design. This will require the continuing development in methods
for model structure determination and verification since the models in
such regimes and for such aircraft are not well known, .

3. correlation of the.flight test results with wind tunnel results for

high performance aircraft and aircraft of special design,

4. development of methods for solving identifiability problems and the.
determination of the effect of a stability augmentation system and a
human pilot on the identifiability of the parameters, -

S. development of methods for the design of optimal inputs for linear as
well as nonlinear systems. Modification of the optimal input for pilot
acceptability and case of implementation, and flight test Validation
of optimal inputs.
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Aircraft parameter identification is a qualitatively new strategyQ Ä±and technique for the design of an experment and for flight test data
analysis. The identification_procedure includes three steps, namely
characterization, parameter estimation and verification.

Characterization is a qualitative operation defining the structure of
a system. If the aircraft is of usual design and in no extreme flight
conditions, then the equations of motion are well defined. On the other'
hand the modelling of an aircraft during large disturbance manoeuvres, in
extreme flight conditions or of unorthodox design could create problems.
Very often it is not clear what should be the best relationship between
model complexity and measurement information.

For parameter estimation two methods were introduced and compared.
The first one is the equation error method and is usually used as the
start upprocedure for the output error method." This second method can.
include-different estimation techniques from which the weighted least
squares, maximum likelihood and Bayesian estimation were used. Further
generalization of the maximum likelihood estimation, which takes into account
the measurement.noise in the input variables and the effect of external
disturbances, was not considered in this report.

The problems of accuracy and identifiability were broadly discussed.
Experience with various
of a numerical solution

parameters, in terms of physcally
for the parameters, are

parameter identification.

_ Even if the

doubts about the

possible ways of
of residuals was introduced.

A general computing algorithm

techniques described in the report
as nonlinear systems, and which is
various identifiability problems.
has been compiled in general terms
mentioned. `

âº

indentification techniques shows that the possibility
of the estimation process and the reliability of the

o a Ä±realistc values and small error covarances
the most important problems in the whole process of

parameter estimation has been successfully completed some
correctness of the model may remain. Therefore one of the
checking the validity of the structure based on the analysis

was developed which covers all estimation g
and which is applicable to linear as well
also flexible enough for the solution of

Using this alorithm the computing program
to enable the user to achievethe objectives
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- The estimation methods were applied successfully in three different

examples: , .

l. BASSET variable stability aircraft data for longitudinal and lateral
motion with different mode characteristics were analysed. The

repeatability of the estimates and the predictions based on sampleÂ»
mean values obtained were checked. Some identifiability problems were
met during the analysis. For their solution fixing parameters and a

priori weighting was used. ~

2. PARIS aircraft data was_used for the estimation of nondimensional-

aerodynamic deri'atives. These derivatives were compared with

theoretical predictions and results from wind tunnel and steady-state

flight measurements. The effects of different model structures and
various input forms were investigated. _ T

3. F~10O aircraft simulated data on two rapid rolling manoeuvres was '

identified using a simplified nonlinear model of the system. _Difficult

identifiability problems resulted in large covariances for some estimated .

parameters. The results of the identification of rapid rolling manoeuvres
will be substantially influenced by the design of an experiment, by the

complexity of a model and by the amount_and accuracy of the a priori
information on parameters.. The further indentification of real flight
test data from carefully planned experiments could significantly contribute
to the solution of this problem., ~

4. HP-115 aircraft data demonstrates the ability of the ML technique '
with and without a priori weighting to evaluate the significant

parameters even if the measurement information is limited.

It is believed that the results achieved might form the basis for further
research in the aircraft parameter identification at the Cranfield Institute V
of Technology. The areas for this research have been proposed. The results
of the report presented might also contribute to the wider acceptance of
identification techniques in the analysis of flight test data.

J
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Apvsunx ~A

r models of an aircraft.

In Ref.26 the complete set of linearized equations of aircraft motion
are developed. The datum conditions correspond to steady rectilinear flight.
These

the 1

ü + x

z u + (

equations are referred to the system of_body axis and have the form:

ongitudinal equations

uu + xww + weq + glô _* xnn = 0

l + z.) å + z w + z q - u q + g 0 + z n ~ 0 (A.1)u w w q e 2 n

IIlU+ m.ü + m w + Q + m q + m q = 0U W V Q H

the 1

v + y

ß_v +v

IlV+eV Z

by va

new s

where

- q + 5 = 0

ateral equations

+
ypv ~ we? + ver - 814 + V66vv + yšš = 0

+ 2 a
(A.2)lß pp + exí + ßrr + leg + LC; = 0

ñ + npp + i + nrr + nei + nc; = 0
- P + Ã¥ = o

For the analysis of experimental data state variables w and v are replaced
riables u and B using the relations w = uea amd v = ueß. Then for-the
ets of state variables equations (A.l) and (A.2) may be rewritten as

_Tå = A'x + B'u ' (A.3)

for the longitudinal motion
Tx ={uº aa qa e}

U B 1]
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x * u x - wu e w e

z .
U,_ . Z .U . W2

:Lawm
+
r'

I -um B1u e w q
O 0 1

_
x 1 0

U

Z V
_ll ' 'Que

.
, T = .

mn 0 nem*

0 O _ 0
_ .

and for the lateral motion

A'=

1
_

w=

_ For the aircraft param

and to use the concíse form for the coeffícients in matrces A and B

x?={ß,vºq.@}

TH ={E,c}

Y
yV ae- _ 18

nz -2 -ze v V p r

u n - n 4 ne v p t

0 1 0 `

u ue e

_ T=
ßš RC , V

'ng " IIC

O O

å = Ax + Bu (A 4)

1 + z.w

-gl

32
:8

0

0

0

0

1

O

31
T'e

o

0

0

eter identification it is more convenent to
rearrange equatíon (A.3) into the more common form
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The longitudinal equatíons become

ü xu xa xq x u xn

u zu _ zu zq ze ' ah zn
I = . + n
q Mu Ma mq M q Mn

è o ' o 1 o e o

where
.

X =U

xf BG

X. =
Q

.xea

X =
7

M- =U

M =G

M. =

The relationships between the coeffícíents in the longitudinal equations
and the nonfdimensional aerodynamíc derivatives are given by

X :lcu 1 Xu ' xu

l
H ZuZu â C º Z

-Xu.

UKCW

"W8

- g cos Ge 1

~ x
T

A
z

"*'f**'- G

UmCV

z ' 1u` Z=u 1 + z. u~ w e

ZWZ 1 ----_...i....u 1 + z.W

z ~ u
_ Q GZ :

q 1 + zÃ 

º g sin 6
z = e6

_
1 + z.w

Z = - _-_..
n 1 + zÃ¥

III.UW

P
+
NÄ±

+2.W

Zw må 2+_u ----e 1 + z.w

m. (z u )

Q Q

a
G

1 + z.w

T Km' n i* Xn

1 1 1

mWM = -m+.._.__.._+ .n n 1 zw

1

ue

1

ue

1

:_e

m. g sin 6

C
Zn

(4.5)
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When non-dimensíonal aerodynamic
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derivatives are used the coefficíents
in (A.6) may be expressed as `

1
Ya ?`°Ys

P,

1 .Y = __
p ae + 2Î¼

éçzß ~ ez CnÃL 2 _
8

ix T2

1
Lp Zixr

L 1111

1 - ex ez
- e C

1 - ex ez
- e Cz nrClr

r Zišr

1

1 - ex ezM
_

C35L = fe
s T2_ ix

,

fe Fu;
1 - ex ez1

Cc - ez Cnc
L; = 1 X

21

where

2m
U=`°5'š"g

1 ~'ex ez

Ã

lÄ±X
|

XädÎ¼
Ã

Xp Ye   Cva c
-1 _1_~ Y TCR

Cnß ~-ex CzÃ
l ~ ex ez

N :E-_-_..
B í T2Z

N = l eng _ eX Cåp
-p 2í 1 1 - e e -z X z

Wl Cnr e*.CLrN =± , . f     _ _r 21 1 1 - e ez X z

c -- c
_ N du cnš fx ßÅ¡

5 i T2 1 ~ ex ez
zu

N = v fnë _ °* Cßï¬
1 - ex ezC 1 í 12z

ll
12 = sanr

For the output equations the acceleration equations are transformed to
the instrument location at

nx Ã¼

n = 1- å + ru
Y 8

nz ' Ü-rpv

where nx u and ni are readíngsaccelerometer in g

The perturbed

+ qw

have the form .

n: = g nX

*º = ...
Hy 1Ve y

ng = å- nV ze

=ü+w +

the centre of gravity. These equations are

- rv + g sin G

- pw - g cos 6 sin 0 (A.7)

- qu - g cos 6 cos.@ 1

of the longitudinal, lateral and vertical
units,respectívely. -

acceleration equations where w and V are replaced by a'an

g cos 9 0eq. e

= Ã¥

= š'+ r ~ aep ~ §2 cos Geo . (A~8)

- q + %~ sin G86e

d B
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In Steady ~ state flight there exists

n = sin 0Xe e

n = 0
ye _

n = ~ cos 6ze e

Using (A.5), (A.6) and (A.8) and including the state variables
measured quantities the matrices in the output equaticn y = Cx + Du
formulated as follows: _ '

for the longitudinal motion

T _
y = {ul ai q ei nf) ug' `

OH

«= ~
H D [%~]

x x V o o xÜ Ü í _ T

c zu zu 0 0 , n__ zn

M M M o i Mi _u a q n -

for the lateral motion

VT = íß, ip! riiói n; Ü

§9YY' o o Y Y
_ß º c c

= I. ' =c'
LB LP Lt o , zn LE LE

NB NP Nr o N5 NC

(A.9)

as
may be

(A.o)

(A.11)

(A.12)

(A.13Â§

(A.14)

_ It is also possible to include the linear acceleration as the state
variable provided that this variable is replaced by the filtered one. Thereforeif the variablesnx, ny and nz are passed through a first_order 1ow~pass filter
with unit gain and time constant~rF then the filtered accelerations are

_ X

nxFandsimilarly for the others.
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A APPENDIX fs;
Ä±

I
Nonlinear models for rapid rolling manoeuvres of an aircraft.

In a rapid rolling manoeuvre little change in the forward speed will
be expected. The mathematical model for an aircraft can, therefore, bey
developed from equations of the concise form.- With respect to-body axes
there are:

v + uer - pw - gm3 = Å¡

E.â + v -*uP eq m..gn3=

. ñ + e(f + PQ) + bxqr = å;
. 2 2 4 M
q + °v( "P º * bvrp + °*v' = íy (B.âº

f + ez(ñ ¬ qr)
N

bzpq _ cxzq = T;

§3 = rm3 - qn3 V

ñ3 = pn3 - rß3

Ös za ` pm: T

where

23 = ~ sin O

m3 = sin 0 cos 6

n3 = cos Ö cos 6

The equations may be expressed in terms of perturbations from a symmetrical
equlbrium flight conditions defined by the steady~state values of
u , w , p , q , r ; 9 and ø .e e e e e e e

The following simplifying assumptions are introduced:~

l. the perturbations in all variables except in rate of roll can be treated
as small quantities, -

2. the gravity terms have only.small effect. They can be either neglected
or expressed in a simple form,

3. the set of variables in (B.l) is replaced by a set Ve, 3, a, p, r, Ã̧
using the relations V = u, B = v/V and a = w/V,



61;4.the coefficíents of aerodynamíc forces and moments have the form
bc = C B~ c cY Cm + Yp zva + Ygš * auf

CZ C20 + Czaa + Czq zva + Cznn + C252 5 _(B.2)

b~ b

cz"
2

Cm = cmaa + Cmi + Cmq 5: + Cmš2(<)§ + Cmnn

cn = cñrB(«ºß + <:np(«º 1% + cn,<<=º + CnE(«º+; + cnc:

where
Cß8(a) , Cßr(a) , .... , Cnš (a) are considered as linear functions

of a, i.e.

CiB(a) ~ = Cßß + C180 a

'
CnE(a) = Cnš +- Cnša a

Using the above mentioned assumptíons equatíons (B.1) can be rewrítten
as

0 1 IB = -yvß + (ae - V-yp) p - r + %- cos Ge cos Øe ç + -e e

1 1
+ßP--º'E~--vc

ve 5 ve ç _
. . 1 ' 2 1a = - zva + q -

å: cos Ge sn Qeó _ BP - §2 zE2 5 - vz- znn

+ exí = - Veßvß ~ Epp - (lt + bxqë)r - Velvußa + (B.3)

_
2raar_ - expq - bxqr - ZE a 5 - 2;; + _

-L -:L
ct n"

O I 2
q + V måa = - Ve mwa~ mqq + cxyr + eyp ~ bypr +

N

2 2`-
m62 a E - m62 E - mnn
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r + ezp = - Venvß - (np - bzqe) p + cx: q ~ nrr - Venva Ba +
-

np ap - nr ar - hzpq ¬ ng ag +
-

neš - ncš "Z .

ê = P â

For parameter identification purposes it is convenient to express the
state and output equations of an aircraft as

Ti = Äx + Äu* , x(0) = a

y = Gx + Du* (B.4)

where the state vector and the außmeßd .input vector are defined as

XT = (Bs a Pº qº r @}

2 _
*T = {Baº ßp ap: ar» P P¶º Pr qr aaz (ßs)

~ UE: §2; Es ça Ü 1}
T T es

y -= (X . nç. §3

and the matrixkí as Â«

1 O 0 0 0 0 '

0 1 0 0 0 0

0 0 1 0 ex O
0 0 0 1 0 0

0 O ez 0 1 0
O 0 0 0 0 1

T =

and âº

«+4

»Thematrices A B: C' and D' are presented on page 61. They also
include the unknown bias terms Yo, 2°, ...., No. The expressions for the
coefficients in the above mentioned matríces are as follows:
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where the index E denotes measured quantities. For the simplified model
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TABLE 7 Porcmcters with Strong Correlotion BASSET Variable
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Ä±

ITEM RUN 1.4 . RUN 2 8 RUN 2.9 RUN 2.11

Za 1.370 Â± 0.00Å¡ ~ 1.43 Â± 0.02 - 1.34 Â± 0.01 1.435 Â± 0.006

Z _
V

a 0.169 Â± 0.005
- 0.14 Â± 0.02 _ 0.16 Â± 0.01 0.158 E 0.007

Zo 0.0019 - 0.00021 0.0049 0.0071

Z 10 0.00054 0.0037 - 0.00012 0.0010

Ma
- ~ 5.94 Â± 0.02 - 6.12 Â± 0.05 - 5.65 Â± 0.06 6.53 Â± 0.02

M
Q .7s_ Â± 0.01 - 1.78* Â± 0.04 Ä 1.95* Â± 0.03 1.80* Â± 0.02

M _
T

-11.59 Â± 0.04 -11.9* Â± 0.1 -12.44* Â± 0.09 12.07* Â± 0.06

Mo 0.0027 0.0034 0.0085 -0.0019

S2(«) 5.7 x 1o`7 2.9 xx 1o°6 9.0 x 10`6 1.7 x 10-6

S?cqâº 8.2 4 x
's10' 5.7 x 10'6 8.3 `x 10'6 1.5 - x 10`5

s2(n:) 2.1 x 10`6 5.9 x 10_6 6.8 x 10`6 8.9 x 0'6

1znla I -39.2 -36.9 -35.2

Tr(ñ1) 2.20 x 10 3 -2.14 X 10'2 1.30 X 1o`2 4.60 x 10'3

* strong correlation

TABLE IO Effect of various Input Forms on Parcmeters Determined from

Flight Data using ML. Estimction. PARBS Aircraft



RUN 2.4 `

ITEM
BASIC Mon EXTENDEMODEL

D @ IN MEASURBD
VARIABLES ny EXCLUDED

- 4.03* Â± 0.06 - 4.o7** Â± 0.06 - 4.52* Â± 0.06 "Â± 0.080*

Â±

L
P

L 0.79I
0.08 '1.01 Â± 0.07 0.58 Â± 0.07 0.65 Â± 0.oÂ§

-13. _
LB 3 +

0.1 -13.5 Â± 0.1« ¬14.2 Â± 0.1 -13.6 Â± 0.2

-32.8* Â± 0.4 -ss.6** Â± 0.4 -36.2* Â± 0.4 ~34.6 Â± 0.5

Â±

L
E

LC 1.5
0.2 1.8 Â± 0.2 1.1 Â± 0.2 1.7 Â± o.i 1

L 0.00770
0.0076 0.012 0.032

0.39** Â± 0.01 - o.2s*'*Å¡
*
0.01 0.46** Â± 0.01 - 0.29 Â± 0.01

0.40 Â±

N _
EL

N _r
0.01 0.41â- Â± 0.01 0.42 Â± 0.01 - 0.31 Â± 0.01

3.38 Â±
NB Â

» 0.02 3.70* Â± 0.03 3.27 Â± 0.02 3.73 Â± 0.02

_ .4s** Â±
Ns

0.08 - o.ss***Â± 0.08 1.95** Â± 0.07 - 0.49 Â± ofoàii

Â±- 3.11N
C

0.03 _ Â± 0.02 3.16 Â± 0.03 - 2.95 ±. 0.03 1

N 0.000970
0.0030 0.00099 6 0.0030

'
o.o427e 0.013 Â± 0.00 1 0.04276 0.04276

' ~ 0.120

Y
P

YB Â
± 0.002 _ Â± 0.002 0.120 Â± 0.002 - 0.26~ Â± 0.02

Ya 0
- 0.017 Â± 0o.oo3 0 0

Y 0.037 _
C +

0.003 0.044 Â± 0.00Ã¡ 0.039 Â± 0.003 0.186 Â± 0.009â

- 0.0062Y
o

-`0.0050 0.0068 0.00076

- 0.00074Y 10
- 0.00055 0.00069

S2(p) 2.1 i X 1o'S 2.1 x 1o`5 2.8 x 1o`5
Â¶

2.7 X o`5

S2(r) 1.8 x 1o'5 4.0 x 1o'6 2.0 -x 1o`5 1.6 $ 1o'5

S2(B) 1.2 x 1o`6 1.3 x 1o'6 1.2 x 1o`6 4.3 X 1o`7

s2(n§) ¶3.s x o'7 3.2 x 1o'7 6.2 x 1o'7

Vn|R1| ~so.o
-51.7

*9**!**~k

TABLE Il Effect of various Model Forms on Pcrcmeters Detcrmined from

strong correlatíon

Flight Data using ML Estimction PARIS Aircraft '



ITEM RUN 2.4 RUN 3.4B RUN 3.6G

L - 4
P

03* Â± 0.06 20* Â± 0.08 09* Â± 0.04

L 0
r

79 = Â± 0.08 9 Â± 0 1 36 Â± 0.05

LB -13 3 Â± 0.1 -1 4 Â± 0 2 3 Â± 0.1

-32 8* Â± 0.4 6* Â± 0 6 0* Â± 0.3L
E

L
C 1

S Â± 0.2 S Â± 0 2. 2 Â± 0.2

L 0.o 0077 29 072

N
P

- o. 39** Â± 0.01 55** Â± 0 02 427** t 0.00

N - 0r 40 Â± 0.01 56 Â± 0 02 415 Â± 0.00

N8 3
38 Â± 0.02 29 Â± 0 04 27 Â± 0.01

,
Ne - 1

.45** Â± 0.08 9** Â± 0 2 79k* Â± 0.05

N _
CW 3

11 Â± 0.03 37 Â± 9 08 27 Â± 0.03

N 0o 00097 018 0019

YB Ü- o
120 Â± 0.002 118 Â± 0 00 118 Â± 0.00

Y 0
C .

037 Â± 0.003 046 Â± 0 .00 036 Â± 0.00

Y - 0o 0062 0025 0011

Y 1 - o0 00074 00041 00044

Szcp 2 1 x 1o'5 9 x 10-s S x 1o*5

s2(±) 1 8 x 1o¬5 0 x 10 -5 1 x 1o'5

szcß 71 2 x 1o`6 7 x 10 5 1 x o'5
'

s2(n;) 's
5 x 1o'7 7 x 10 -7 6 x 1o'7

ßnlnli -so 0 0 7 _

T±(M 1) o 214 498 115

*9**

TABLE I2 Effect of various Input Forms on Pcrcmetzrs Dztermned from

Flight Data using ML Estimction. PARIS Aircraft

strong correlation

âº
~±



ITEM TRUE
VALUE

ESTIMATED VALUE

CASE A CASE B

YÃ
0.20 - 0.201 Â± 0.003 - 0.201 Â± 003

Ls
10 -15 Â± 2 -15.3 Â± 4

3.9 - 3.89 Â± 0.02 - 3.89 Â± 01L _
P

Lr 0.13 - 0.3 _ Â± 0.2 0.28 Â± 03

~.
5.7 5.67 Â± 0.02 5.68 Â± 02

N
P

0.002 - 0.0006 Â± 0.009 - 0.0006 Â± 001

NT
0.24 - 0.243 Â± 0.004 - 0.243 Â± 003

Ye
0.0071 0.0068 Â± 0.0004 0.0068 Â± .0004

Lßu
680 -580 Â± 44 -577 Â±

Lru 8.4 6 Â± 3.3

32 -26 Â± 7 .
Lgâ

La
23 -23.2 Â± 0.s -23.20 Â± os 2

_N
pa

1.67 - 1.6 Â± 0.2

Nau
1.1 1.1 Â± 0.8 '

Ns
0.92 - 0.93 Â± 0.05 -0.934 Â± 007

r

TABLE I3 Comparison of 'True ond Determincd Values of-Parcmzters

from Simulcted Data using ML Estirnction. F - O

Aircraft - Run I.



ITEM
TRUE
VALUE

ESTIMATED VALUE

CASE A CASE B -' CASE C CASE D

YÃ
0.20 - 0.202 ±0 003 - 202 ±0 03 - 0.202 Â± 0.003- 0.201 ±0.003

Ls
10.0 -19.0 ±3 0 ±3 -19.0 Â± 0.2 -10.2 ±0.5

L
D

3.9 - 3.89 ±0 03 - 89 ±0 02 -3 89 Â± 0.01 - 3.87 ±0.01

Lr 0.13 0.3 ±0 2 34 ±0 .03 0. 34 Â± 0.03 0.13 ±0.02

Ns.
5.7

'
5.65 ±0 05 65 ±0 .04 5 .65 Â± 0.02 5.71 ±0.03

0.002 - 0.01 ±0 01 014 ±0 005 -o 014 Â± 0.001 0.0002±0.0002N
P

Nr 0.24
- 0.245 ±0 004 - 245 ±0 .003 -o 245 Â± 0 .003- 0.24O ±0.004

Ye
0.0071 0.0080±0 oooÃ  0080±0 .0003

0.oo79±o.oooÂ¶
Y

c
0.03 0.017 ±0 .008 0 017 Â± 0 003 0.019 ±0.008

Lau
80 ' ' -504 ±6 ±6 -667 ±10

L.TC! 8.4 ~ 5 ±4 7.5 ±0.6

Laa
32 -27 ±6 º±4 -37 ±2

La
23 U -23.2 ±0 4 23.2 ±0 3 -23 22 Â± 0 06 -22.6 ±0.1

La 2.5 3.2 ±0 s_` 3.2 '±o 7 . 3 2 Â± 0 6 3.1 ±0.7

N
pa

1.6 - 1.4 ±0 2 â - 1.37 4-±o 04 - 1.62 ±0.03

Nau
1.1 2.4 Â± ±@.41.4 u

Na
0.92 - 1.01- ±0 06 - 1.01 1±o 01 - 1 01 Â± 0 ±0.0101 -` 0.94.

Nr;
5.3 - 5.4 ±0 1 5.41 ±0 07 -s 41 Â± 0 06 - 5.32 ±0.06

TABLE I4 Comparison of True und Determíned Values of Parcrneters

from Símulcted Data using ML Estimation. F-IOO

Aircraft. Run 2
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RUN CASE STRONG CORRELATION BETWEEN

1

A11 unknown parameters
estimatedL N , N

LB' Lßu Lr ra 6 5a p pa

Nau (NP, Npa) LE(LB, Lßa, Lea, LP)

NE (NP, Npa, Nau)

,L L,

Lra, Laa, Npa, Nau fixed LB, L6 LE, LP Nš,Np

2

A11 unknown parameters
estimated N ,

Npu NE(Np, Npa) Nš(Np, Npa, Nm)

g, vc L6, Lea Lr, Lm LE, Laa

YC, Lra, Nša fixed
Lg (LM, Laa) _ Laa (L

LB, LBG LE, LB NP, Npa NP, NB

B)

YZ' Lra' Liu' Npa' Nša

fixedApriori weighting of L

Lr, NP

s'
Ya, Y; Nau, Npa
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Fig. 3 Comparison of time Histories Mecsured in Flight with those Computcd
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Fig. 4 Time Histories of Residuals. BASSET Aircraft
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Fig.5 Comparison of Time Histories Meosured in Flight with those Predcted
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Fig.7 Comparison of Time Histories Measured in Flight with those Computed
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Fig._8 Comparison of Time Histories Mcasurcd in Fiight with those Computed
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Fig. 9 Comparison of Time Historics Meosured in Flight with those Computed
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Fig. 9 Comparison of Time' Historieš Mecsured in Flight with those Computed.
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Fig.l0 Time Histories of Residucls. BASSET Aircraft
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Fig. ll Comparison of Timeistories Measured in Flight and those Predcted
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Fig.I'2 Comparison of Time Histories Meosurcd in Flight with those Computed
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Fig.l3 Comparison of Time' Historics Mcasured in Flight with those Computcd
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Fig. I4 Comparison of Time Histories Measured in Flight with those Computed
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Fig. I4 Comparison of Time Histories Measured in Flight with those Computed
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Fig. I5 Comparison of Time Histories Measured in Flight with those Computcd
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Fig. |5 Comparison of Time Histories Measured in Flight with those Computcd
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