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ARTICLE INFO ABSTRACT

Communicated by Dr Mehdi Ghoreyshi For atmospheric flight at hypersonic speeds, waverider designs offer the benefit of higher aerodynamic perfor-
mance by sustaining an attached shock wave at the leading edge. Inverse design methods are typically used to
generate waverider shapes by combining an a priori desired flow field with streamline-tracing starting from the
rear of the vehicle. A difficulty of these inverse design methods is to perform valid parameter space explorations
or design optimisation tasks, for which direct optimisation frameworks are better suited. This work builds on
the direct optimisation approach introduced by Son et al. (Aerospace, Vol 9, Issue 7, 2022, 348) in which four
parameters are used to define waverider shapes. An in-depth exploration of the design space is presented based
on similar methods consisting of inviscid CFD-derived surrogate modelling followed by genetic algorithm-based
optimisation of aerodynamic performance and internal volume. Focus is placed on software accessibility and the
wide-speed problem approached through a cost function incorporating information from simulations at multiple
Mach numbers. The established open-source framework enables systematic and computationally tractable ex-
ploration of waverider design spaces, establishing a reproducible and extensible optimisation infrastructure for
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1. Introduction

Several vehicles relying either fully or partially on waveriding have
been experimentally studied and flight tested over the past two decades
including the X-43 [1] (winged-body/waverider configuration), the X-
51 [2] (forebody waverider), the HTV-2 [3] (lifting body with high lift
over drag characteristics of waveriders [4]), various HIFiRE [5] config-
urations, HEXAFLY-INT [6] and the GHGV-2 [7]. These geometries are
typically constructed for a specific flow field (a design Mach number
and shock wave shape) [8], analytically or through streamline-tracing
methods. The nature of the basic flow fields can be two-dimensional
[9-15] ( "wedge-derived", "caret" or "A" waveriders), axi-symmetric
(cone-derived) [10,11,16,17], three-dimensional [10,11,18-25] or com-
binations of the previous main types [10,11,26-28]. Waveriders can
be generated with either a direct method (parametrised geometry, e.g.
[26,27,29-31]) or through inverse methods (streamline-tracing). It is
worth noting that some of the direct methods still require streamline-
tracing as part of the geometry generation process. As pointed out by
Lewis [32], any vehicle shape with a presented leading edge angle be-
low the shock wave attachment limit can be considered a waverider. In
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general, the inverse approaches have gained popularity, especially since
the introduction of the osculating cone method by Sobieczky et al. [23].
Regardless of the specific inverse design of choice, the method remains
unchanged as detailed in Ding et al. [11], Zhao et al. [28], Son et al. [31].

Inverse-design methods are unable to assess a priori the desired aero-
dynamic performance as well as obtain geometrical information such as
internal volume [31]. These limitations undermine shape optimisation.
Once the geometry is generated, the geometrical information can be as-
sessed and the aero-thermodynamic performance can be obtained via
impact methods [33,34]. However, the general use of Computational
Fluid Dynamics (CFD) has become more affordable and widespread. In-
viscid simulations are particularly popular and these can be augmented
through viscous corrections [7,35-39] instead of solving the more costly
turbulent problem via the Reynolds-Averaged Navier-Stokes (RANS)
equations. A general disadvantage of the resulting waverider designs
is the problem of reduced performance at off-design conditions. The so
called wide-speed operating problem of waveriders has been addressed
in several previous investigations [28,40-45]. The current study revis-
its this issue in the context of waverider shape optimisation based on
cost function engineering. Whereas aerodynamic stability and heating
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are other challenging topics in waverider shape design, these aspects
will not be considered in this study. For further details about the aero-
dynamic stability and heating of waveriders, the reader is referred to
[46-51] and [31,52-66], respectively.

To design a waverider, optimisation algorithms are conventionally
used together with single- or multi-objective functions that consider one
or more of the previously discussed design criteria (e.g. volume, aerody-
namic performance, heating and stability). Previously, gradient-based
algorithms have been tested [67]. However, there is a risk of getting
stuck in a local optimum and the computational cost linked to comput-
ing the gradients increases with the number of design variables. The is-
sue of gradient computation expenses can be overcome through adjoint-
based methods which solve a set of differential equations to obtain all
gradients at once [68]. Adjoint-based optimisation combined with CFD
is gaining popularity in aerodynamic shape optimisation because this
approach can handle a large number of design variables (e.g., all points
of the surface mesh) and therefore allows for direct control of the shape
through its mesh surface points. However, it has been demonstrated
[37,38,69,70] that adjoint-based optimisation methods get easily stuck
in a local optimum. A potentially different approach within adjoint-
based CFD is the use of free-form deformation through a reduced set of
control points instead of considering the complete surface mesh of the
vehicle of interest as exemplified by Qu et al. [71]. A multi-disciplinary
optimisation (MDO) approach was also taken by Morita et al. [72] us-
ing an adjoint-based optimiser, accounting for trajectory-aero-structural
coupling.

Gradient-free optimisation algorithms aim to find the global opti-
mum by direct search of the design space. An efficient parametrisation
with good design space coverage can reduce their general cost and make
search algorithms more practical for aerodynamic shape optimisation
[67,73] - at the expense of potentially missing the exact global optimum.
Within the waverider literature, search-based algorithms have been con-
sidered in the past [29,63,74,75]. Of particular interest is the MDO of
air breathing waveriders by Bowcutt [33], where the objective to max-
imise mission range while accounting for multi-disciplinary variables
resulted in a 46 % increase from the baseline. However, waverider opti-
misation through a well-defined direct design framework, derived from
inverse-design method has not commonly been adopted. The work by
Son et al. [31], where four efficient design variables in conjunction with
the osculating cone theory were implemented into multi-objective op-
timisation, paves the way for a general optimisation framework for the
aerodynamic shape optimisation of waveriders. A key feature of their
approach is the validity of the input design parameters, a topic which
has also recently been explored by Ghosh et al. [76].

An outstanding challenge of waverider optimisation is the creation
of comprehensive software solutions which can take into account all
aspects of the flight corridor. Specifically, optimisation methods to date
struggled to integrate and balance aerodynamic, structural, and heating
requirements. Furthermore, waverider optimisation is lacking a clearly
defined design space. For example, the adjoint solver, as integrated in
commercial software like Simcenter Star-CCM + [77], provides detailed
control over the vehicle shape but, as a result, is very likely to get stuck
in local optima and prevent a thorough exploration of the parameter
space [69]. To overcome such limitations, Son et al. [31] proposed a
direct design method and a robust geometry parametrisation building
on the works of Kontogiannis et al. [30] and Takashima and Lewis [26].

The starting point of the present study is the independent repro-
duction of the parametrised geometry generation and optimisation pro-
posed by Son et al. [31]. Thereafter, the design space is explored and
single-objective and multi-objective optimisation are carried out. To this
end, a genetic algorithm is employed with a surrogate model derived
from inviscid CFD data. The parametric waverider generation method
as described by Son et al. [31] allows consideration of the wide-speed
problem implicitly via an additional Mach number dependency which
can then be leveraged in an optimisation framework. The adoption of
such strategy is presently assessed. It differs from the more traditional
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approach to extend the efficient applicable range of a starting waverider
geometry through various design methods such as combining two wa-
veriders into one as explained by Zhao et al. [28]. An open-source
Python software for the generation of the hypersonic waveriders has
been developed [78,79] as part of this work with the aim to boost re-
search in the field, often limited by the unavailability of geometry gen-
eration tools.

This work is structured as follows. Section 2 introduces details of the
parametrised waverider geometry generation, CFD simulations, param-
eter space sampling, surrogate modelling, and optimisation methods.
Section 3 presents design feature analysis, single-objective and multi-
objective optimisation results alongside the discussion and outlines lim-
itations of the presented work. Finally, conclusions are drawn in Sec-
tion 4 and points for future research are highlighted.

2. Methods

This section provides a description of the proposed framework for
waverider design optimisation depicted in Fig. 1. An initial design space
sampling (see 2.3) of the selected design parameters is performed which
is used to obtain a set of waverider geometries via an open-source gen-
erator (see 2.1). The computational mesh and setup for CFD analysis
is subsequently performed (see 2.2) and the CFD simulations launched.
Quantities of interest from the CFD runs are extracted (see 2.2) and sur-
rogate models for each are built (see 2.3). These models are then used
for single-objective and multi-objective shape optimisation studies with
a genetic algorithm (see 2.4). Furthermore, a feature analysis of the de-
sign space inputs on the extracted quantities of interest is performed and
discussed in the Results and Discussion section (3.1). This study is com-
plemented by a thesis [79] and a public software repository’ providing
every detail underpinning this study to maximise reproducibility.

The Methods section is further structured as follows. The direct
parametrisation method is introduced in Section 2.1. The CFD strategy
and the associated surrogate modelling are detailed in Sections 2.2 and
2.3, respectively. Finally, the optimisation algorithm is covered in Sec-
tion 2.4.

2.1. Waverider parametrisation

In this work, the parametrisation by Son et al. [31] is adopted to
parametrise the base plane of the waverider (see Fig. 5 of Nassif [79] for
an overview of typical waverider nomenclature). The technique makes
use of four geometric parameters to define the upper surface curve (USC)
and the shock wave curve (SC) of the waverider. This method consists
of a small number of design variables while resulting in a wide variety
of shapes (see Fig. 7 of Son et al. [31]), making it an efficient parametri-
sation method for optimisation. Fig. 2 describes the parametrisation
scheme accounting for symmetry. A local two-dimensional coordinate
system is set up such that y = y+ h, z/ = z and w represents the half-
width of the waverider.

The SC is composed of a flat region, defined by the distance d,, and
a curved region following it. The curved region is defined as a fourth-
order Bézier curve with five control points. These are equally spaced
in z and lie on the line )’ = 0, except for the rightmost whose vertical
position is determined by the distance d,. Furthermore, the USC is de-
fined as a third-order Bézier curve with four control points. These are
also equally spaced in z, while the vertical positions of the two internal
points are determined by the distances d; and d,. These distances are

! https://github.com/jade5638/jade_nassif thesis
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Fig. 1. Schematic of the proposed waverider optimisation framework inspired
by the work of Son et al. [31]. The grey boxes are part of the flow field analysis
whereas other steps are needed to tackle the optimisation problem.
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then normalised as

d
X1= ;1 with d, € [0, w[ - X1el0,1]
d, .
x2= -2 with d, € [0, h] - X2€e[0,1]
< 4 1)
X3=—3 withd; € [0,h—d,] — X3€l[0,1]
(h—dy) 3 2
X4 da with d, € [0, 4 — d>] X4 €[0,1]
= — ,h — — ,
(h—dy) 4 2

which gives the final four geometric parameters (X1,X2,X3,X4).

Sobieczky’s [23] osculating cone method (see also [24] for a recent
review) is then applied on the base plane to obtain the remainder of the
waverider geometry.

The open-source "Waverider Generator" [78] Python package en-
sures the reproducibility of the geometry generation by integrating the
Osculating Cone Theory (OCT) and the aforementioned parametrisation.
It was used to produce all geometries in this work. A comprehensive de-
scription of the input geometrical and flow parameters is provided in
Nassif [79] as well as more details on the OCT with appropriate refer-
ences.

Son et al. [31] made use of the geometric parameters X1 to X4 to
define a design space for optimisation as

X1 e[0,1]
X2 e[0,1 . 4
V= (0. 1] with respect to GC : X2 < l<b—u) . 2)
X3 e[0,1] (1-X1)* 64\h
X4 €10,1]
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Here V is the design parameter vector and GC refers to a Geometric
Constraint. The rest of the parameters including A, w, Mgesign, and the
p shock angle are kept constant.

A known problem in waverider generation through inverse design
methods is the selection of the local curve radii of the SC which can lead
to unfeasible geometries. Prior work from Kontogiannis [80] mentioned
these radius curvature issues which had to be tackled through additional
constraints as also acknowledged by Son et al. [31] Radius curvature
issues are addressed here by the Geometric Constraint (GC) in Eq. (2)
originating from OCT ensuring that the inverse design method does not
fail. Specifically, the OCT requires the intersection between any two
osculating planes to be above the USC [31].

As such, the GC dynamically restricts the maximum value that X2
can take based on the value of X1.

The same design space will be used in this study, with the addition
of the design Mach number Mg, as a design variable. This is because
the optimisation problems considered here are multi-point and aim to
optimise the performance of the waverider across two flight conditions.

The rationale behind the inclusion of Mgeggn in the design space
is that a waverider designed for Mach 5 will not maintain the design
shock wave shape at Mach 8 and vice versa. For this reason, in this
optimisation framework, the influence of Meggn on the shock wave
shape is considered. It is an inherent part of the wide-speed problem
mentioned in Section 1. Fig. 3 shows the shock angle at the symmetry
plane, denoted as f), against Mg, for both flight conditions. Here,
the design shock angle is g = 15°. The curves are obtained by making
use of the oblique shock relations (f — 6 — M relation).

At Mach 5, a waverider designed for that flight condition will have
B, = p = 15°. Similarly, at Mach 8, a waverider designed for that flight
condition will display f§, = # = 15°. However, when the freestream Mach
number M, # Mgesign, the resulting f, is either higher (Mach 5) or
lower (Mach 8) than the target. For simplicity and consistency across
a range of waverider shapes, the change in the shock wave shape can
therefore be quantified as:

Ap=1po - Bl 3

where f is the target shock angle. At Myegiq, ~ 6.1, Af is equal for both
flight conditions, and this can serve as an important point to compro-
mise between the two design conditions. Furthermore, it’s important to
note that Mg, ’s contribution to the geometrical properties of the wa-
verider is an increase in the deflection angle with an increase in Myegign,
as predicted by the f — § — M relation. This translates to an increase in
the thickness of the waverider for a specific shock wave shape. An ex-
ample is shown in Fig. 4, where this phenomenon is clearly visible:

Presently, Mesign is added to the design space of Son et al. [31] to
give the final design space used in this study:

Mdesign €[5.8] GC : _X2 < l(i)4

X1 €0, 1] (=Xt " 64\ h
X=4X2 €10,1] with respectto {7 =15°

X3 c[0.1] h=1876m

X4 e0.1] w=4.2m

4

where X is the vector of design variables. Including the design Mach
number in this parameter set does allow the consideration of waverider
geometries optimised for another Mach number than the ones of interest
(5 and 8 in our case) and therefore increases the pool of potential shapes.
The above set of parameters leads to a vehicle length / = h/tan () ~ 7 m
which is chosen to be similar to the X-51 [2] that is 7.5m long.

The GC (see Eq. (4)) limits the maximum value that X2 can take as
a function of X1. By denoting the RHS of the GC as a constant k, X2, ..
can be calculated as:

X2ay = min (1, k(1 — X1)*) )

max



J. Nassif, J.-J.O. Hoste and T.1. Jozsa

Aerospace Science and Technology 175 (2026) 111978

Symmetry Plane
SC

usc

SC Control Points
USC Control Points
Tip

h
y)
z
0’ :
d, :

Fig. 2. Parametrisation of the base plane.
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Fig. 3. Shock angle at symmetry plane against M yegign-
As shown in Fig. 5, when X1 < X_;;, X2 is not limited and can take as:

any value between 0 and 1. After that point, X2 .. is less than 1 and My Myesien
decreases quartically. Note that throughout this work, & is multiplied by X1 & X1 8
O.? tF) ;')re\./ent ﬂoatmg-pomt errors during the optlml'se.mon process, and Xpwusc=| X2 |= 1 wrt X1 < X1 @)
this is in line with the work by Son et al. [31]. In addition to the GC, the X3 0
design space established in the previous section exhibits intricate rela- X4 0

tionships between the variables because of the parameter X2. Indeed, as
seen in Eq. (1) and Fig. 2, the parameters X3 and X4 are coupled to X2
such that, as X2 increases, their influence on the geometry decreases.
Ultimately, when X2 = 1 = d, = h, X3 and X4 become redundant as the
distances d; and d, will be calculated as

(6)

dy=X3-(h-d,)=X3-0=0m
dy=X4-(h—d,)=X4-0=0m

which will result in the same geometry regardless of the values of X3
and X4. This configuration corresponds to a waverider with a flat USC.
Hereafter, X3 and X4 will be treated as 0 whenever a solution with X2 =
1 is reached to denote this specific case. It can be written in terms of X

Additionally, setting X2 = 0 results in a planar shock wave. As a conse-
quence, when X2 = 0, X1 becomes redundant as the entirety of the SC
is already flat. Similar to the previous case, this case will be denoted
hereafter as:

M design M design
X1 0
Xpasc=| X2 [=[ O ®
X3 X3
X4 X4

Having established the inputs of the design space, many outputs of
interest can be obtained, some of which are used in the optimisation
problems. A database containing these outputs for 100 points across the
design space was created and stored in this project’s GitHub Repository?.

2 https://github.com/jade5638/jade_nassif_thesis
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[X1,X2,X3,X4]=[0.10,0.50,0.50,1.00]

— USC

-—-- SC

—— LSC for Mgesign= 5
LSC for M gesign= 6.5

—— LSC for M gesign= 8

Fig. 4. Effect of Mg, on the lower surface of the waverider. View from the base plane. For f = 15°, h = 1.876 m and w = 4.2 m.
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Fig. 5. Geometric constraint curve.

Table 1

Outputs of the design space.
Symbol  Unit Output Description Method
D [N] Inviscid drag force Inviscid CFD
L [N] Inviscid lift force Inviscid CFD
(L/D) [-] Inviscid lift to drag ratio Inviscid CFD
14 [m3] Internal volume cadquery [81]
Set [m?] Wetted surface area cadquery [81]
Veff [-] Volumetric efficiency V23 /8 et

The full sampling strategy is outlined later in Section 2.3. Table 1 lists
the main outputs considered in this study and the methods by which
these were obtained.

Note that, for convenience, all forces are those acting on only half
the geometry as a symmetry plane boundary condition is applied in the
CFD setup. Moreover, the lift and drag are obtained at angle of attack «
of 0° representing cruise condition and this is the case throughout the
optimisation. Furthermore, the subscripts "M5" and "M8" will be used
hereafter to denote forces at the M5 and M8 flow conditions respec-
tively. On the other hand, geometric properties such as V, Sye; and veg
are obtained on the entire geometry through cadquery [81], which is a

Python library for handling and creating CAD models. The volumetric
efficiency is presently computed with the wetted area which is readily
available from cadquery. The literature favours the use of the planform
area instead [17,82] which should be kept in mind when comparing
with other work in the literature.

2.2. Performance estimation and computational setup

As shown in Table 1, the aerodynamic performance is obtained via
CFD. This section describes the CFD setup used to solve the inviscid
flow around a waverider with the Euler Equations. In this case, the flow
is solved in a steady-state to represent cruising condition and minimise
computational cost. The commercial CFD solver Simcenter STAR-CCM +
19.02.009-R8 [77] was used to conduct all CFD simulations in this work,
owing to its compact user interface which handles all stages of the simu-
lation from meshing to post-processing. This feature, along with the use
of Java macros, provides a significant advantage in terms of workflow
automation. Throughout this section, the figures produced as well as the
Grid Convergence Study were done on the waverider with

X = (Mgesign: X1, X2, X3,X4) = (6.5,0.25,0.5,0.5,0.5)

which corresponds to the mid-range of each design variable - except for
X1 as this would break the GC.
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sym

The domain presented in Fig. 6 was kept for all inviscid CFD simu-
lations.

As is commonly done in the literature [31,44,74], the wake behind
the waverider is not included in the domain due to the lack of viscosity
which prevents an accurate representation of the wake and can lead
to convergence issues. Furthermore, only half the body is included -
making use of the symmetry. The boundaries of the domain 0Q have
been divided into four regions such that:

0Q = 1—‘farﬁeld U 1—‘sym U 1—‘upper surface Y l—‘lower surface 9

The mesh is unstructured and generated using Polyhedral elements with
the built-in STAR-CCM + automated mesher. Further details about the
metrics used to obtain the base grids can be found in Nassif [79]. The
shock wave is the main feature of the flow and is driving the lift and
the drag characteristics. As such, Adaptive Mesh Refinement (AMR) was
included in the CFD setup to ensure the sharp gradients around the shock
are well captured and reasonable estimates of lift and drag are reached.
The criterion chosen is shown in Eq. (10):

C=||VM<x,y,z)||-s=\/("M)2+<"M)2+("M)2-s 10)

“ox oy oz

where M (x, y, z) is the local Mach number represented as a scalar field
across the domain and s is the Adaptation Cell Size (ACS), calculated
as "twice the maximum distance between a cell centroid and any of the
cell vertices" in Star-CCM + [77]. The refinement can take place when
C ¢ [0,0.1], with a maximum refinement level of 2. Furthermore, the
minimum Face Validity was set at 0.9 to prevent bad quality cells in
the refined regions. Additionally, only cells with an ACS greater than
0.001 m were eligible for refinement. AMR was set to take place ev-
ery 100 iterations to allow the solution on the current mesh to reach
a realistic steady-state convergence before being refined. A number of
refinements ¢ is also predefined to serve as a minimum number of
iterations before considering the convergence criterion. For example, if
nges = 2, then a minimum of 2 x 100 = 200 iterations is set before check-
ing for convergence.

Fig. 7 showcases this AMR setup after 3 refinements at a = 0° for
the M5 flow condition. The criterion is suitable for this type of flow as
it successfully refines the region of the shock and the overflow to the
upper surface. A grid convergence study is discussed in Nassif [79] for
both the M5 and M8 cases and therefore it is not presented here.

Inviscid simulations were used to obtain the aerodynamic coeffi-
cients. The Coupled Implicit solver was selected where the equations get
solved simultaneously through pseudo-time marching [77,83]. More-
over, the Advection Upstream Splitting Method (AUSM) + Flux Vector

Domain (§2) zk
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Ffarﬁeld

(pper surface

Fig. 7. AMR on the symmetry plane (left) and back plane (right) with n¢ = 3.

Splitting (FVS) [84] scheme was chosen to evaluate inviscid fluxes. In
addition to this, the Courant number was determined through the Au-
tomatic Control method built into Star-CCM + [77]. Furthermore, the
Incomplete Lower Upper (ILU) [85] relaxation scheme was selected for
the Algebraic Multigrid (AMG) Linear Solver. A third-order Monotonic
Upstream-centred Scheme for Conservation Laws (MUSCL) scheme with
central differencing was selected in conjunction with the Venkatatkrish-
nan [86] slope limiter. The scheme results in third-order accuracy except
around regions with strong gradients, where the limiter reduces the ac-
curacy to second-order [83]. Given the hypersonic nature of the flow,
the air cannot be assumed to be an ideal gas [83,87]. For this reason, a
Real Gas model known as Equilibrium Air [88], recommended by Cross
et al. [83] and the Star-CCM + user guide [77] was chosen. To complete
this work, Cranfield University’s High Performance Computing (HPC) fa-
cilities were used to run all CFD simulations. 16 cores were selected by
default with a maximum time of one hour per simulation. In most cases,
the computational time did not exceed 30-40 minutes. The choice of
inviscid CFD simulations is mainly motivated by keeping the computa-
tional cost as low as possible as viscous simulations are at least an order
of magnitude more expensive for the computational domain depicted in
Fig. 6. Moreover, optimisation exercises are practically done using the
cheapest available, but sufficiently accurate, method (inviscid CFD in
this case) and the higher fidelity option is adopted for detailed design
verifications and studies. This is exemplified by recent work [7,31,35]
and motivates the current choice.

The lift to drag ratio L/D was chosen as a convergence criterion.
This is because lift and drag are the two quantities which are obtained
from the CFD setup and used in the optimisation problems, described in
Section 2.4. The solution is considered converged if

|(L/D)max - (L/D)min| <e an

Where (L/D)y.y and (L/ D)y, are the maximum and minimum values
of L/D over 40 sequential samples, and ¢ = 1 x 107%. A maximum num-
ber of iterations was also set at 1000. In the event that convergence is
not reached, the behavior of L/D is observed. If the quantity seems to
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Table 2
Flow conditions employed for optimisation.

M5 at 25km alt. M8 at 30 km alt.

e [Pal 2506 1169

U, [m/s] 1490 2416

T, [K] 221.65 226.65

pe [kg/m®]  3.940%x1072 1.797 x1072

oscillate about a certain value but does not settle enough to reach the
established criterion, then the solution is still deemed valid and the last
value of L/D is recorded.

As specified earlier in Section 2.1, the multi-objective optimisation
problems consider two flow conditions:

1. Mach 5 at 25km altitude (M5)
2. Mach 8 at 30 km altitude (M8)

The two flow conditions are summarised in Table 2.

2.3. Surrogate modelling

The first step in building a surrogate model is to determine a set of
sample points to accurately represent the design space and which will
be used to train the model. As such, a first discussion focuses on the
sampling methodology and the following part focuses on the training
and validation of the surrogate models used in optimisation through
a Kriging approach. The Surrogate Modelling Toolbox (SMT) Python
library [89] was chosen to conduct all the steps outlined in these
sections, as it provides a wide range of tools and options to construct
surrogate models.

The Latin Hypercube Sampling method [90] was selected to sample
the design space due to its numerous advantages over classic random
sampling (see detailed discussion in 2.5.1 of Nassif[79]). In the work
by Son et al. [31], which considers the same design space with the ex-
ception of the design Mach number, a final set of 60 points were used to
train the surrogate models for volume, C;, and C;. However, the latter
two displayed poor accuracy in some regions, which could be partly due
to an insufficient number of points. For this reason, and given the addi-
tion of Myegiqy, in the design space, a target was set to sample 100 points.

Due to the Geometric Constraint (see Section 2.1) which dynamically
restricts X2, 500 samples were initially obtained via Latin Hypercube
Sampling and these were then filtered to only keep the ones which sat-
isfy the constraint, resulting in 183 valid points. The K-Means clustering
algorithm, as implemented in the Scikit-learn Python package [91], was
then applied to select 100 representative points from this set. Each sam-
pling point i, representing a waverider, will be refered to as Waverider
i. Waverider 63 was omitted from the set due to meshing issues, leading
to 99 final sample points. Slices of the sampling across the design space
are shown in Figure 16 of Nassif[79].

An ordinary Kriging model was built for each of the following quan-
tities: V' (internal volume), Sy, (wetted area), Ly (lift at M5), Lyg
(lift at M8), Dy;5 (drag at M5) and Dyg (drag at M8).

The samples obtained via Latin Hypercube Sampling (see Sec-
tion 2.3) were first separated into a testing (10 %) and a training (90 %)
dataset. The KRG class of the SMT Python package [89] was then used
to train the surrogate models, each instance of this class representing an
individual surrogate model. The models were then evaluated on testing
data with very satisfactory predictive behavior. For further details, the
reader is referred to Nassif[79].

2.4. Shape optimisation

This section outlines the optimisation approach taken and the differ-
ent cases considered. The implementation of the Genetic Algorithm (GA)
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Table 3
Summary of the considered optimisation cases.
Optimisation Case Objective
1 Maximising volume
2 Maximising lift L ;s
3 Maximising volume & minimising inviscid drag

used in the optimisation is first covered. Single-objective unconstrained
test cases are then presented, the objectives of these being to:

e evaluate the performance of the surrogate model and optimisation
algorithm on simple cases.
« identify redundant optimisation objectives.

Five multi-objective optimisation cases are finally presented.

Across the optimisation cases, the cost function may be normalised
with respect to a reference value for easier comparison across these
cases. These values (D ys,D s, L s, Lag) are obtained as the averages
across the database of samples and are summarised in Table 10 of Nas-
sif [79].

Genetic algorithms (GA) [92], which mimic the process of natural
selection, evolve a set of solutions over many generations. This makes
them suitable for multi-objective problems with conflicting objectives,
where a set of optimal trade-off solutions is more relevant than a single
optimal solution. At every generation, "genetic" operations are applied
on "parent" solutions to obtain new "offspring" solutions based on their
performance (fitness value). This allows for a thorough exploration of
the design space. The GA of the Python library PyGAD [93] was used
in this work, owing to its flexibility and extensive documentation. It
is worth noting that PyGAD maximises the solution, and so this may be
reflected in the way the optimisation problems are tackled and presented
hereafter. The following paragraphs outline the optimisation setup.

GAs are inherently random due to their stochastic processes. As
such, the optimisation was run more than once to ensure robustness
and consistency in the results. In multi-objective problems, after each
run, the set of Pareto-optimal (non-dominated) solutions from the last
generation was recorded. Once all the runs were performed, the set of
non-dominated solutions across all runs was computed to give the final
Pareto front. Further details about exact parameter settings are provided
in Table 5 of Nassif [79].

Given that GAs cannot directly evaluate constraints, it was decided
to indirectly account for broken constraints via a penalty approach with
details found in Nassif [79]. Furthermore, to favour geometrically valid
solutions, it was decided to attribute a fitness value of 0 whenever the
Geometric Constraint (GC) is broken. This would prioritise valid solu-
tions and minimise the number of non-valid solutions present at every
generation.

Here, two single-objective cases and one multi-objective case are
described as summarised in Table 3. These unconstrained optimisation
cases were found sufficiently representative of the general capabilities of
the approach. The cost function of lift maximisation (case 2 in Table 3)
is simply L 5/ L 5. By comparison, formulating the multi-objective op-
timisation (case 3 in Table 3) is slightly more complicated based on

|4
Maximise{ (12)
D

avg
where:
_ 0.5Dy5 +0.5Dyg

= — — 13
0.5Dys +0.5Dyg

avg
It is worth acknowledging that Eq. (13) can be extended to include tran-
sonic and supersonic flow conditions in the optimisation. In short, the
proposed method provides freedom for customisation regarding wide-
speed waverider design along trajectories of interest. The reader is re-
ferred to section 2.6.3 of Nassif[79] for the comprehensive analysis
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Feature importances for (L/D)ws, Lns, Duvs and Volume
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Fig. 8. Feature importances for (L/D)ys, Lys, Dys and volume.

of further constrained and unconstrained single-objective and multi-
objective optimisation cases.

3. Results and discussion

In Section 3.1, the importance of each design parameter is discussed
based on single-objective optimisation results. Then, the single and
multi-objective optimisation results are covered in Sections 3.2 and 3.3,
respectively.

3.1. Design space analysis

Son et al. [31] made use of Analysis of Variance (ANOVA) to de-
termine the influence of the inputs on the outputs of the design space.
However, ANOVA assumes independence between the design variables.
As demonstrated in Section 2.1, interdependencies do exist between the
design variables, and this can lead to inaccuracies in the outcome of
ANOVA. In this work, another approach was taken by training random
forest models (RFMs) and extracting the feature importances. In a RFM,
the importance of a feature directly reflects how crucial this feature is
in correctly predicting the output, as it is calculated based on the fea-
ture’s contribution to minimising error across the ensemble of decision
trees [94]. Moreover, RFMs do not assume independence and are able
to model complex relationships, making them a more suitable and flex-
ible alternative to ANOVA. These models were trained solely for this
purpose via the Scikit-learn Python package [91] with 1000 trees.

The feature importances are shown in Fig. 8 for M5. The M8 results
do provide the same insight and are therefore not discussed here.

The (L/D)ys is clearly dominated by Megign, With the other variables
playing little to no importance in determining the ratio. Looking more
closely at the available sample points in Fig. 12, Myegign generally leads
to a decrease in (L/D)y;s. The relationship is non-linear and appears to
"cap" the maximum lift to drag ratio achievable as a function of Mgegig,-

Similarly, Lys and Dyj5 are mainly driven by M gegigy From Fig. 9, an
increase in Megig, generally leads to an increase in Ly and the same
is shown in Fig. 22c of Nassif[79] for Dy;5. However, the geometric
parameters have gained more importance than with (L/D)ys, especially
in the prediction of lift. Furthermore, in the paper by Son et al. [[31],
Fig. 9], X3 has significantly more influence on lift and drag compared to
X4. Here, their importances are similar, and this may be a result of one,
or a combination of (a) Larger number of samples, (b) Introduction of
M gesign to the design space, (c) Use of a RFM instead of ANOVA. When
it comes to volume, X2 has the most influence on the output and is in
line with the findings of Son et al. [31]. This is because X2 controls the

Table 4
Maximum and minimum volume values for
three design Mach numbers.

Mesign ~ Vinin (M®] Vi [m®] AV [m?)
5.0 2.54 13.31 10.68
6.5 4.11 21.02 16.91
8.0 4.91 24.90 19.99

curvature of the SC, which determines the location of the centre of the
local osculating cone and therefore influences the flowfield the most
[31]. As seen in Fig. 9, a higher value of X2 tends to result in a higher
volume. This is in line with the findings of Son et al. [31] where the
maximum volume waveriders found in the optimisation neared X2 = 1.
Moreover, X3 is more important than X4, which is the opposite in Son
et al. [31]. Once again, this may be attributed to one of the reasons
mentioned earlier.

Overall, the introduction of Mg, to the design space reveals the
major role it plays in determining key aerodynamic properties like L/ D,
lift and drag. This is because, for a combination of X1 to X4 (i.e., specific
shock wave and upper surface shapes), Meggn determines the upper
and lower bounds of volume. Indeed, as mentioned in Section 2.1, an
increase in Mg, results in an increase in the deflection angle, which
increases overall volume. With this in mind, the trade-off relationships
between lift/drag and volume, identified in the previous section, explain
why lift and drag tend to increase with Mgegign.

Furthermore, as seen in Fig. 9 for Lys, 8s M gegign increases, the range
of lift also appears to increase (i.e., the difference between the maximum
and minimum values). The same is seen for the Dy;5 in Fig. 22c of Nas-
sif [79]. For a given M yegign, the minimum volume waverider is obtained
when:

X = (Mgesign X1,X2,X3,X4) = (Mgegign, 0,0, 1, 1)

which corresponds to a flat SC with the lowest possible USC. On the
other hand, the maximum volume waverider is obtained when:

X = (Mgesign: X1,X2, X3,X4) = (Mgesign» X1erit» 1,0,0)

Which corresponds to a SC with maximum curvature, flat USC and max-
imum flat section in the SC. The minimum and maximum volumes were
recorded for three values of Mgee, and this is shown in Table 4. AV
denotes the difference between the maximum and minimum.

Table 4 highlights the increase in AV with Mg, Therefore, this
explains why the plots of lift and drag against Myegign appear to "widen"
with an increase in design Mach number.
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Fig. 9. Visualisation of the single-objective optimisation results with maximum volume (left) and maximum lift (right) as objectives. 3D view of two optima reached
in the test cases (top) along with corresponding plots of the base plane (middle). Graph of the lift as a function of the design Mach number (left) and graph of the

volume as a function of the X2 design parameter for all samples.

3.2. Single-objective optimisation cases

Fig. 9 presents the optimal solutions for the single-objective cases
introduced in 2.4 which aim at maximising the volume and the L.
A scatter plot of the originally sampled design space used in creating
the surrogate model and the surrogate predicted optimal solution is also
provided for each objective function. The maximum volume case results
in values for X2 of 1 and a design Mach number of 8. The behaviour is
in line with the dominant identification of both these parameters on
the volume as indicated in the feature analysis (3.1). X1 has reached its
critical value and the values of X3 and X4 do not play a role any more as
a flat USC is obtained (see discussion in 2.1). The maximum Ly;5 solution
is also one where the design Mach number is 8 but unlike the other
optimal solution, both X1 and X2 do play a role. The intersection of the
USC and LCS is closer to the LSC value at the symmetry plane resulting

in a more rounded USC. A posteriori CFD analysis of the optimal shapes
did indicate relative errors in surrogate models predicted values below
1% (see Table 16 of Nassif[79] for a quantitative overview). Overall,
the optimisation setup’s ability to successfully reach both known and
unknown solutions with high accuracy has been demonstrated by these
test cases.

3.3. Multi-objective optimisation case

The multi-objective case discussed here aims at maximising the Vol-
ume while minimising the drag. In this case, both Mach 5 and Mach 8
are considered relevant as defined in Section 2.4. Fig. 10 presents the
resulting solutions as a Pareto front. The Drag Fitness (proportional to
average drag cost function defined in Eq. (13)) as a function of Vol-
ume indicates the conflicting objectives and a suite of shapes are found
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Fig. 10. Pareto front as function of the volume and the drag fitness (a). Pareto
front as a function of the volume and the design Mach number (b). Design pa-
rameters as functions of the volume indicating two distinct geometries as the
results of the optimisation (c).

which favour one objective over the other. In the Pareto Front obtained
by Son et al. [31], the trade-off relationship is non-linear. Here, the re-
lationship between the two appears linear with a first linear region that
spans from the minimum volume to a volume of 12.5m> while the sec-
ond covers the remaining range till the maximum volume. These will
be referred to as the first and second intervals hereafter. The role of
Mgesign in shaping the waveriders is shown in the centre of Fig. 10. It
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Table 5
Comparison between single-objective and multi-objective opti-
misation results.

Design Point V [m®]  Lys [N]  Dys [Nl  (L/D)ys
Case 1 24.96 104,073 19,499 5.3
Case 2 24.08 108,690 18,596 5.8
Pareto Sample 1 12.78 49,987 4704 10.6
Pareto Sample 2 24.89 103,847 19,455 5.3

can be seen that in the first interval, Mg, Temains more or less con-
stant around 5. Then, it oscillates slightly until it starts stably increasing
throughout the second interval. The two parts of the Pareto Front are
visible through multiple outputs of the design space as discussed in Nas-
sif [79]. Finally, the behaviour of X1 and X2 across the Pareto front is
shown in the bottom panel of Fig. 10. During the first interval, both
variables are zero, which corresponds to waveriders with a flat Shock
wave Curve (SC). Then, a buffer/transition zone takes place until the
variables stabilise into the second interval. In this second part, X2 tends
towards its maximum value of 1 while X1 stabilises around X1 ;.. When
X2 reaches its maximum value, X1, is the maximum value X1 can take
according to the GC. For a given Mgy, this configuration also repre-
sents the maximum volume waverider, as has been shown in 3.1. Along
with the previous discussions, this further confirms the findings that:

e The Pareto Front is divided into two main linear regions. In the first
region, the increase in drag is less steep than in the second.

o In the first region, M e, ~ 5 and a flat SC is favoured. Furthermore,
(L/D)ys and veg do not vary much [[79], Fig. 25].

¢ In the second region, the maximum volume configuration for a given
Mgesign is favoured. Additionally, Meggn increases rapidly while
(L/D)ys decreases rapidly [[79], Fig. 25] and Fig. B.16.

Furthermore, this division in the Pareto Front shows that, in the first
section, the increase in volume is provided by a change in the shape
of the USC - given that the SC is flat and Mg, is constant. On the
other hand, in the second section the increase in volume is provided
purely by an increase in Megign- With regards to the Pareto Front, this
indicates that the flat SC configuration can provide a sufficient increase
in volume early on and maintain a low drag. However, at some point a
steep increase in drag becomes inevitable if an increase in volume is to
be achieved and so the solution then shifts to the second section of the
Pareto Front with the increase in Myegign-

A comparison between sample results of the Pareto front and the
Single objective Case 1 (maximise volume) and 2 (maximise Lys) is
presented in Table 5. Pareto Sample 1 is a point just to the right of the
line delimiting the left zone to the right zone while Sample 2 corresponds
to the upper right point in Fig. 10 (a). The waverider shapes for Single
objective Case 1 and Pareto Sample 2 are very similar indicating the
equivalence of the objectives. Single objective Case 2 is a shape that can
be found towards the right end of the Pareto front and is associated with
high drag and lower aerodynamic efficiency. Pareto Sample 1 illustrates
the compromise between payload and aerodynamic efficiency (range).

Fig. 11 presents the inviscid flow fields predicted with CFD for ge-
ometries number 67 (M gesign = 5.1) and 42 (Myegign = 7.7) from the orig-
inal database used in the surrogate model. These geometries are repre-
sentative for the two extremities of the Pareto front with the former one
being a low volume flatter shock surface case and the latter being a high
volume case with curved shock. The flat shock waverider design does
not show signs of spillage at off-design (see (a) and (b)) unlike the other
(see (c) and (d)) geometry and is indicated clearly by the density gradi-
ents. The magnitude of the pressure coefficient on the lower surface of
waverider 42 is higher than waverider 67 which results in higher abso-
lute lift force. However, as previously explained, the growth in volume
increases the drag force significantly leading to smaller overall L/D.

One aspect observed with the introduction of Myegign into the design
space is a limited diversity in the resulting geometries. In the present
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Fig. 11. Flow field contours of Mach number and density gradient as well as surface pressure coefficient: geometry 67 at (a) Mach 5, 25 km, and (b) Mach 8, 30 km;
geometry 42 at (c) Mach 5, 25 km, and (d) Mach 8, 30 km condition. The same focal point is applied for these visualisations. Three axial cuts are shown with flow

going from right to left.
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Fig. 12. (L/D)ys, (L/D)ys (top) and Lys, Lyg (bottom) as a function of My.g,, across the sampled points.

study, only two distinct waverider configurations were obtained. In-
deed, only two “types” of waveriders were presently obtained. Son et
al. [31] fixed the design Mach number and performed optimisation only
through the geometric parameters X1...X4. Their resulting shapes pro-
gressively change through the Pareto Front. Introducing Megign may
prevent such a diverse set of solutions from being reached. This is
likely because an increase in volume can also be obtained via Megign-
Whereas, when Mg, is constant, the increase in Volume can only
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be achieved via the manipulation of the geometric parameters, yield-
ing a Pareto Front similar to the one reported in Son et al. [31]. Nar-
rowing down the parameter space can ease optimisation, however, the
final shape is not solely determined by aerodynamic variables but a
multitude of other engineering subdisciplines such as potential intake
integration, stability and control, structures and mass balance, trajec-
tory optimisation and heat management as exemplified by Bowcutt
[33].
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3.4. Limitations

There are several limitations associated with the present work which
are briefly discussed here. Regarding the input design space variation,
currently the parameters X1 to X4 are sampled between [0,1] (see Sec-
tion 2.1). The multi-objective optimisation results indicate a range of
optimal shapes with a flat SC which do not allow for practical inter-
nal volume usage (caret waveriders). Further efforts are needed to limit
the design space input parameter ranges to avoid these shapes allowing
for more practical designs. This engineering practicality has to be linked
with internal system design and control surface sizing. Furthermore, vis-
cous heating should be considered to devise the heat management and /
or thermal protection which requires viscous CFD simulation and blunt
leading edges. If a wider variability of waverider shapes is of interest, a
different parametrisation might be more suitable as presently the design
space is dominated by Mg, limiting the type of results. This can be
done within the current open-source framework.

Another point of interest, mentioned in the present work, is the possi-
bility to rely on a viscous correction to modify inviscid drag coefficients
as a low-cost solution and consider it in potential objective functions.
The feasibility of such an approach has been demonstrated in the liter-
ature for the STRATOFLY MR3 waverider configuration [35]. Further-
more, a similar strategy has been adopted in the trajectory optimisation
work on the GHGV-2 waverider configuration as mentioned in Auten-
rieb and Fezans [7]. This exercise, for the waverider shapes herein pre-
sented, is left for future work but the applicability of such a strategy is
demonstrated in Appendix A.

The presented multi-objective case relies on the volume instead of
the volumetric efficiency. Explorations with the volumetric efficiency
as a cost function (see [79] 3.3.2.2 on page 68) have shown jumps and
gaps in the pareto front indicating poor coverage of the objective as a
function of other outputs such as drag. The result is attributed to the
non-linearity of the cost function itself and further investigations are
required such as extending the surrogate model database.

4. Conclusions

An approach for the aerodynamic shape optimisation of hypersonic
waveriders, based on the reference framework by Son et al. [31], was
further explored in this work. The approach made use of a geometric
parametrisation (X1,X2,X3,X4) of the back plane in conjunction with the
osculating cone theory providing valid geometries. To perform design-
space exploration studies, inviscid CFD simulations were used for perfor-
mance estimation, and an accurate Kriging surrogate model was trained
for outputs of interest. A genetic algorithm was then coupled to the sur-
rogate models and used to perform optimisation.

Feature importances analysis via random forest models indicates that
the design Mach number is the driving factor for L/D, lift and drag. In
particular, M., appears to heavily influence the behaviour of L/D.
Volume remains primarily controlled by X2 due to the curvature of the
shock wave playing the biggest role in the volume of the vehicle.

Single-objective optimisation test cases were then performed to as-
sess the accuracy of the surrogate and the performance of the overall
optimisation setup. These confirmed the major role of the design Mach
number in shaping the optimal waveriders for their respective objective
function.

A multi-objective multi-point case with conflictive objectives of max-
imising volume while minimising drag was presented. The Pareto Front
of solutions consists of two linear regions. In the first region, the op-
timisation favours solutions with a flat shock wave shape and a fixed
design Mach number. In the second region, Mg, begins increasing
while favouring various solutions with a flat upper surface, maximum
curvature, or a maximum flat shock region (X1 = X1.,).

Overall, this work establishes an openly available and extensible
optimisation framework that enables systematic and computationally
tractable exploration of waverider design spaces. By combining surro-
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gate modelling, genetic optimisation, multi-Mach-number simulations
and cost function engineering, the study provides a reproducible foun-
dation for scalable and generally applicable product development. Var-
ious points for future work can be considered. This includes the use of
viscous simulations to tune the viscous correction coefficients adopted
in this work which might depend on shape families. The design-space
exploration tasks could also include static aerodynamic stability con-
siderations to make it more practical. Design space explorations could
be made for vehicles with different size ranges which could potentially
identify similarities.
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Appendix A. Viscous correction

The use of visous corrections for modifying inviscid drag resulting
from affordable CFD simulations as an alternative to more costly fully
viscous simulations has been adopted in the waverider literature [7,35].
Ding et al. [95] present visous drag contributions between 10 and 35 %
for Mach 4, 6 and 8 flows at various angles of attack. In the work of
Viole et al., viscous drag contributions in the order of 20 to 30% are
observed (inferred from available plots) between Mach 4 and Mach8 at
0 deg angle of attack. The visous correction adopted in the latter work
is given by Eq. (A.1).

- - S,
ACp ise = (10810 (Lret Reyyie)] 7 (1+ M) VSLe(

ref

(A1)

The formula relies on the reference length, the unit Reynolds num-
ber, the Mach number, the wetted area and the reference area. There
are three tuninig coefficients which are fitted to « = 0.43, = 0.31
and y = 0.37 for the STRATOFLY MR3 vehicle.

To confirm the applicability of the viscous correction formula of Eq.
(A.1) to the present work, a similar fitting exercise is performed. To this
end, waverider number 67 (Fig. A.13) from the surrogate database ° is
selected as it presents the highest L/D case for both Mach 5 and Mach
8 with a value of ~ 11 and corresponds to the upper right most point of
Fig. A.14.

The fitting is performed based on five Mach number cases (Train
set) computed with the same cut-back configuration as in Section 2.2.
An altitude of 30 km is considered for these cases resulting in different

3 https://github.com/jade5638/jade_nassif_thesis
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Fig. A.13. Waverider number 67 of database used for surrogate model.
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Fig. A.15. Viscous correction evaluation for waverider number 67.

Reynolds numbers. In addition, two other cases have been computed at
an altitude of 25 km for both Mach 5 and Mach 9 and are used for a pos-
teriori checking purposes of the fitted coefficients (Test set). The viscous
contributions obtained from the various simulations range between 38
- 42%. The least squares regressor of the Scipy Python library is used
for the fitting with lower bounds set to 0 and without upper bounds.
Fig. A.15 presents the result of this exercise which resulted in tuning
coefficients « = 0.538, p = 0.516 and y = 0.332. The STRATOFLY
MR3 viscous correction is also presented and is clearly under-estimating
the viscous contribution for this specific waverider which is not unex-
pected as presently no wake is considered. The relative errors between
actual viscous drag predictions and viscous corrections are below 2%
in absolute value for both train and test sets. These results illustrate the
feasability of relying on a viscous correction form of the like of Eq. (A.1)

Appendix B. L/D as a function of Mg, across Pareto front
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Pareto Front after K-means (n = 40) for Case 1
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Fig. B.16. L/D as a function of Mg, across the optimised geometries.
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