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Abstract: The control of time-delay linear systems is a common challenge in real-world
autonomous system applications. Time delays can negatively affect the stability and performance
of controllers, necessitating the exploration of alternative approaches. In this context, this
paper proposes the implementation of a reinforcement learning (RL)-based policy iteration (PI)
algorithm by transforming a time-delay system into an augmented state approximate linear
system. This transformation is achieved by segmenting the delay into discrete delays, which
allows for the application of RL algorithms to solve the optimal control problem. Through
simulation studies in scenarios such as chemical plants and regenerative chatter systems,
the effectiveness of the proposed methodology is demonstrated and associated challenges are
identified. This approach offers a solution to address the complexity of controller design for
time-delay systems, facilitating system management through approximations.
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1. INTRODUCTION

Linear models face significant challenges in modern au-
tonomous systems, especially in complex environments,
revealing their limitations (Guo et al., 2023). A key issue
is time delay or latency, inherent in real-world systems,
which compromises the effectiveness traditional control
approaches (Kwon and Park, 2019; Witrant et al., 2016),
prompting the need for more adaptive strategies.

Time delays may be intrinsic or externally introduced,
resulting from energy, material or information transport,
or actuator and sensor response time (Sereni et al., 2023).
These delays affect system state, output and control input,
compromising the stability and performance (Wei et al.,
2022; Hua et al., 2018; Fridman, 2014).

In autonomous system networks, these issues are even
more noticeable, as data transmission latency, irregular
sampling, and loss of information present significant chal-
lenges to the design and analysis of controllers (El De-
beiki et al., 2024). This is of particular significance in
applications such as autonomous vehicles (Ge and Orosz,
2017; Huang et al., 2022; Carlucho et al., 2023), where
control decisions must be made in fractions of seconds. Any
delay in communication between sensors and actuators
can result in loss of accuracy or safety failures. Another
example is collaborative robotics (An et al., 2023), where
robots coordinate and share real-time information, also
face efficiency issues due to latency or data loss, leading
to misscoordination and errors. In industrial contexts like
teleoperation in factories or distributed plants (Kebria

et al., 2019, 2020), feedback delays significantly affect
process quality and efficiency. In all of these cases, latency,
irregular sampling, and information loss increase controller
design complexity and impose strict constraints on system
stability and robustness.

1.1 Related works

One of the most significant challenges in continuous time-
delay systems is ensuring the stability of the closed-loop
system trajectories. The delay, both in the state and in the
input, introduces additional dynamics that can potentially
lead to instability if they are not addressed properly (Gu
et al., 2003). Moreover, whilst stability is an essential
condition for the operation of a delay system, often it is
preferable for a system to exhibit a prescribed optimal
behavior to achieve specific performance objectives.

The optimal control problem for continuous-time lin-
ear systems with state delay was initially studied by
Krasovskii (1962), where the authors use dynamic pro-
gramming to establish a set of sufficient conditions for
optimality in an infinite time horizon. These results yield
the design of a control policy strategy that considers
the delay in its design (Ross, 1971; Eller et al., 1969).
Here, the solution to the optimal policy requires solving
an infinite-dimensional Riccati equation, which presents
significant computational challenges due to the incorpora-
tion of partial differential equations (PDEs). In addition,
these algorithms assume complete knowledge of the system
dynamics, which is often challenging in practice because of
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the difficulty in obtaining an accurate model of a system
with time delay.

In this context, recent advances in reinforcement learning
(RL) (Sutton and Barto, 2018; Yu and Perrusquia, 2021)
and adaptive dynamic programming (ADP) (Liu et al.,
2020) have been widely applied to obtain the optimal
control policy that drives the system to exhibit an optimal
control performance given some cost index by only using
measurements collected from the interaction of the system
with the controller. These methodologies have consistently
demonstrated their potential for designing optimal/near
optimal control algorithms that exhibit both adaptive
and optimal performances without requiring knowledge
of the system model (Vamvoudakis et al., 2021). Integral
reinforcement learning (IRL) is the baseline of ADP/RL
algorithms for continuous time systems (Moghadam and
Jagannathan, 2019) which lie in the recursive relation of
the Bellman equation.

ADP/RL techniques have been developed for different
classes of dynamical systems, both linear and specific
nonlinear classes (Liu et al., 2020). These approaches
include the design of value iteration and policy iteration
algorithms (Lian et al., 2024; Perrusquia, 2022) based on
either gradient or batch-least squares (BLS) rules. On the
one hand, gradient rules are used to update in each time
step a well-defined parameterization of a Hamilton-Jacobi-
Bellman (HJB) equation or algebraic Riccati equation
(ARE). Gradient rules are widely employed in RL algo-
rithms that has an actor-critic structure (Vamvoudakis
et al., 2021; Ganie and Jagannathan, 2024). On the other
hand, BLS-based algorithms collect rich and heteroge-
neous data from the on-line interaction to construct a
well-defined linear system of equations to estimate the
parameters of the optimal control problem (Palanisamy
et al., 2014). BLS algorithms are usually preferred over
gradient methods due to their stable performance for data
collection. Nevertheless, the learning time of BLS algo-
rithms increase for relative large scale systems.

There are few systematic approaches available for linear
continuous systems with time delay due to their infinite-
dimensional nature. Usually time-delay systems have
been studied in discrete-time which avoids the infinite-
dimensionality problem of continuous time systems with
time-delay (Rizvi et al., 2021). In recent years, data-driven
policy iteration (Cui et al., 2023a) and value iteration
(Cui et al., 2023b) approaches were proposed to solve the
optimal control problem of time-delay systems. However,
the complexity of the overall algorithm increases even for
small scale time-delay systems.

In view of the above, this paper proposes a near-optimal
control for a class of continuous linear time delay systems
using ADP/RL. The key idea is to transform the time-
delay system into a large scale linear system that can be
solved by any value or policy iteration algorithms. This
is done by segmenting the delay into discrete-time delays
that yield to a extended state vector that includes the
current state and the r discrete states with delay. This
large-scale system allows to design a near optimal control
policy that optimizes a pre-defined cost index. Simulation
studies using a chemical refining plant and regenerative

chatter system are provided to show the benefits of the
approach and the future research challenges.

2. OPTIMAL CONTROL PROBLEM FOR LINEAR
TIME-DELAY SYSTEMS

Consider a linear time-delay system of the form
z(t) = Aox(t) + A1z(t — 7) + Bu(t) (1)

where x(t) € R™ represents the system state and u(t) €
R™ corresponds to the control input. The matrices,
Ag,A; € R™™™ and B € R™™"™ describe the unknown
drift dynamics and input matrix, respectively. The system
constant delay is denoted as 7 > 0. Let denote x:(0) =
x(t + 0) as the trajectory segment of (1) over the interval
[t — 7,t] for all § € [—7,0].

Assumption 1. The delay 7 of the system is assumed
known or that it can be estimated using any delay ap-

proximation technique, e.g., coherence techniques (Carter,
1993).

Consider an infinite horizon cost given by
J= / (@7 ()Qx(t) +u' (HRu(t) dt,  (2)
0

where Q = QT = 0 € R and R= R » 0 € R™*™
are positive semi-definite and definite weight matrices.
Assumption 2. The system (1) with output y = Q/?x(t)
is exponentially stabilizable and detectable (Curtain and
Zwart, 2012).

The objective of the optimal control problem is to find
a control policy u*(t) that minimizes the quadratic cost
function given by (2), subject to (1).

Definition 1. Admissible Control (Ross, 1971; Ross and
Fliigge-Lotz, 1969): A control policy input u(t) € Lo is
admissible for the system (1) with respect to (2), if for
any initial condition x;, the value function (2) is finite.
Lemma 1. (Cui et al. (2023a)). Consider a linear-time de-

lay system (1) that satisfies Assumption 2. Then the opti-
mal control that minimizes (2) is given by

’ K1 (G)mt(ﬁ)dﬂ

-7

=-R'BT [Pgm(t) —

u*(t) = —Kox(t) —

0
wa)wt(e)de] )

—T
and the minimal cost index is given by

0

V*(zo) =2 (0)Piz(0) +2x"(0) [ Py (0)xo(0)dd

0 0 -
+ [ T | ] (©)Pyama(é)deds, (4)

where Pf = P;' » 0, Py(0) and Py(£,0) = Py (€,0)
are the unique solutions to the following partial differential
equations (PDEs) for all 6,¢ € [—,0].
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AlP; + P;Ay— P;BR'B"P; + P} (0)
0+0 0 <10 0 0 1
+ Pf(0)+Q=0,,

dpé*e(@) = (Aj — P;BR'B") P;(0) + P;(0,9),
OP;(&,0)  OP;(§0) .7 -1BT px
e g =Pl (BR'BTP()),

Pi(—7)=Fj A, (5)
P;(—T,H) = AlTpl*(e)7

Proof. Refer to Curtain and Zwart (2012).

The closed-loop system between the time-delay system (1)
under the optimal control (3) is exponentially stable at the
origin. Notice that the PDEs are strongly nonlinear even if
the matrices Ag, A1 and B are known. Also observe that
the algebraic Riccati equation (ARE) for linear systems is
recovered when delay is not considered. In the next section
we transform the time-delay system into a augmented state
linear system that helps to obtain an analytic solution of
the optimal control problem for time-delay system and
avoid computing the PDEs (5).

3. TIME-DELAY SYSTEMS AS AUGMENTED STATE
LINEAR SYSTEMS

In this paper, we use a finite difference technique (LeV-
eque, 2007) to replace the PDEs in the optimal control
solution. This allows to transform the time-delay system
into an augmented state finite-dimensional system that has
a unique solution.

Let r € N be a natural number that divides the interval
[-7,0] into equal-sized segments whose endpoints are
0 = _ﬁT, with ¢ = 0,1,...,r. Since we are working with
continuous-time systems then the r aggregate states with
delays need to be expressed as dynamic states. To do so, we

consider an implicit Euler integration method as follows

a'c(t (i+1)7> ::c(t—if)—m(t—(i+1)£). "

r T/r

This allows to construct an augmented state linear system
with the following matrices

-AO 0, 0, “41
T r
s r 0
A= |00 Tl =2 O 0 g
| o Ot
0, <o 0y, EIn 711—”
L T —

and Q'f' = dla‘g{annv 70n} S RNXN, where A.,- (S
RNXN and BT e RNXm with N = n('r + ]_)

Assumption 3. It is assumed that the pair (A,, B,) is
controllable and stabilizable for r > 1 by the Popov-
Belevitch-Hautus (PBH) test (Hespanha, 2018) and the

pair (A, Qi/z) is detectable.

This allows to represent the time-delay system as the
following augmented state linear system

2(t) = A,2(t) + Boul(t) (7)

where z(t) = {:I:T(t),:cT (tf %) oo (t—T) ! € RV,

The cost index (2) is rewritten as
J = /Oo (zT(1)Qrz(t) + u' (t)Ru(t)) dt. (8)
0

Notice that (7) is a linear system that adds discrete
delay elements into the state vector. The Hamilton-Jacobi-
Bellman (HJB) equation of (7) under the cost (8) is

H(z,u)=2z"(t) (A P+ PA, +Q,) z(t)
+ 22" (t)PB,u(t) +u' (t)Ru(t) =0, (9)
where P = PT = 0 € RV*Y is the unique kernel matrix
solution of the following ARE

A'P+PA, - PB,R'B/P+Q,=0y. (10)

The kernel matrix P has the following form
Poo Po1 - Por
PP, P,

(11)
Pr,() Pr,l PT,?”
where P € RVXN P;j e R"" and P ; = PJTZ"

The near optimal control is obtained by differentiating the
35&)) = 0 and solving for u(t). Then, the near
optimal control policy is given by
u(t)= —R'B Pz(t) = —Kz(t), (12)
where K = R™!BTP € RV*™ is a near optimal control
gain. From the couple matrix (11) we can observe that
PO ~ P070
Pl(fi/T)%TP07i+1, OSiST*l,
Pi(-7) = PyA1 = Py oA,
which provides a direct relation between the optimal
control solution obtained from the PDEs (5) and the
solution provided by the augmented state linear system.
Notice that the matrix P»(&,6) does not appear in this
parameterization.

Hamiltonian

(13)

However, the ARE (10) requires knowledge of the aug-
mented state system dynamics. In the following section,
we develop a model-free policy iteration (PI) RL algorithm
(Perrusquia and Guo, 2023) to solve the optimal control
problem of time-delay systems under an augmented state
linear system parameterization.

4. PI REINFORCEMENT LEARNING

Consider the augmented state system (7) written as
£(t) = A,z (t) + Bo(u(t) — vit) +oi(t)  (14)

where v;(t) = —IC;z(t) € R™ is a stabilizing control policy
and IC; € RV*™ is a control gain at iteration i. Then (14)
is rewritten as

2(t) = (Ar — B,K,)z(t) + Br(u(t) — vi(t))

= Agz(t) + B,u;(t),

where w;(t) = wu(t) — v;(t) and Ax = A, — B, K,.
Here, we avoid the dependency of ¢ for simplicity. Define
Kiv1 = R_lB,TPi where P, € RV*N s an iterative
kernel matrix. Then the Hamilton-Jacobi-Bellman (HJIB)
equation (9) is rewritten in terms of the system (15) as

H(z,u,v;) =(Agz + Bu;) Piz+ 2z P,(Axz + Bw,)
+27Q.z + v, Rv; —2u] RK;; 12 =0. (16)

(15)
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We integrate the right-hand side of (16) from ¢ to ¢t + T to
obtain the integral reinforcement learning (IRL) equation
of the form

2 (t+T)Pz(t+T) -z (t)Piz(t)

t+T
i / @7 (0)RK 11 2(0)do
t

t+T
__ /t (27 (0)Q2(0) + ul (o) Rus(0)) do, (17)

where T' > 0 is a sampling time. Then, we collect x samples
and construct the following matrices

- 4T ~ KT T
Z = |z(0)®z(c z(0)®z(o }

L t t+(k—1)T
[ t+T t+xT T

I — / > (Rit)do - - / 2@ (Ru;)do
|/t t+(k—1)T
[ ft+T t+xT T

I,= / p(o)do - 7/ plo)do)| (18)
|/t t+(k—1)T

where p(0) = 27 (0)Q,2(0) + u] Ru;, Z € R"** I, €
R*>mN and I, € R® with ¢ = N (N +1). Here, ® and ®
denotes the standard and symmetric Kronecker product.
Define Q = [Z,-2I,.] € R*HmN) then the new
improved kernel P; and control gain KC;4; are computed
using a simple batch-least squares rule

vech(P;)

vec(ICit1)

where vec(:) and vech(-) stand to the vectorization and
half vectorization operators, respectively.

} =—(Q'Q'a'r, (19)

Remark 1. The matrix Q@ must be a full rank matriz,
i.e., rank(Q2) = ¢+ mN to ensure parameter estimates
convergence in each reinforcement leaning iteration i.

5. SIMULATION STUDIES

To demonstrate the effectiveness of the approach, we
present two numerical examples. We only report the results
of the delay discretization that gives better results in terms
of computational resources and closed-loop stability.

5.1 Chemical refining plant

Consider a chemical refining plant with transportation
delay Ross (1971) described by

—4.93 —1.01 0 0
A —-3.20 —5.30 —12.8 0
0 6.40 0.347 —32.5 —1.04|
0 0.833 11.0 —3.96
192 0 0 0
0 192 0 0 L
Ay 0 0 187 0 ’B{OJ’
L0 0 0 0.724

and 7 = 1. The weight matrices of the cost index (2) are set
to @ = diag{1,10,1,100} and R = I,. We approximate
the solution of the time-delay system using r partition of
the delay in the interval [—7,0]. We use r = 4 partitions
of the delay. As a result, we obtain an augmented state
linear system of the following dimensions: A, € R20%20
B, € R?%2 and Q, € R?°*20, We use a sampling time

of T = 0.02s seconds. To verify the optimality of the
approach, we compute the optimal solution using the ARE
(10).

1
1 2
Number of iterations

Fig. 1. Convergence results of the PI RL algorithm.

The initial conditions of the augmented system are set
to z(0) = x, where x = [x1,..,xn]" is a vector of
random initial states obtained from a uniform distribution
in the range of [0,0.25]. To ensure parameter estimates
convergence, we use a small probing noise of e(t) =
39 a; sin(fit), where a; and f; are randomly sampled
from a uniform distribution in the range of [—0.375, 0.375]
and [—3m, 37], respectively. We use a threshold of € = 0.01
to stop the algorithm when the spectral error norm is equal
or less than the proposed value, i.e., ||IC;yx1 — K;| <.

0.12

—;
0.08 —,
—,
0.04 —,
0.0 ==
—o.04 . . . . |
0 1 2 3 4 5

Time (sec)

Fig. 2. Evolution of the system states under the near-
optimal control policy.

Fig. 1 shows the learning results of the proposes approach.
Here, both P; and KC; converge to estimated matrices
that satisfy the pre-defined threshold ¢ which are close
to the real near-optimal values P and K, respectively.
Here, when the stopping criterion is met, we obtain the
following spectral norm errors compared with the near
optimal solution provided by the ARE: | Ps — P|| = 0.3723
and ||IC5— K || = 3.1654¢~5; these results demonstrate that
the RL algorithm is capable to effectively find the near
optimal solution for this augmented system. Recall that
both P and K are sparse matrices, such that small error
deviations in each term of the matrices produces a large
spectral norm error. Notice that the algorithm finds a fast
solution in few number of iterations which means that the
probing noise is adequate even for this augmented system.
Fig. 2 shows the temporal evolution of the original system
states using the near-optimal control policy derived from
the algorithm. The results of Fig. 2 shows the effectiveness
of the approach to stabilize the time-delay system.

To assess the validity of the proposed approach, we com-
pare the cost function (2) using three different methods:
the PI RL-based method, a model-based solution from the
ARE with approximate known matrices A, and B,, and
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a Julia optimizer initialized with values near the optimal
gain control.

The results are summarized in Table 1, showing the cost
function J and error norm between each method and a
reference method. The PI RL approach and model-based
method demonstrate exceptional agreement with negligi-
ble differences in J, validating the reinforcement learning
approach’s accuracy. The Julia optimizer method shows a
slight deviation in J. While this error is more noticeable,
the similarity suggests it remains a valid tool, particu-
larly with appropriate optimization seeds. However, results
indicate the PI RL and model-based methods provide
consistent and accurate J values.

Table 1. Comparison of the cost and error
function value between methods.

J [l
PI RL 0.04802769 | —
Model based 0.04802768 | 9.9999¢-9
Julia optimizer | 0.04752630 | 0.501389e-3

5.2 Regenerative Chatter in Metal Cutting

To further verify the effectiveness and generalization of
the approach we consider a regenerative chatter system in
metal cutting applications Cui et al. (2023a) that has the
following time-delay dynamics

0 1 00 0
AO _(k_+7t) _£ 7A1 Lt 0 7B ~ >
m m m m

where 7 = 1.3, m =2, ¢ = 0.2, k = 10 and F; = 1. The
weight matrices of the cost index (2) are set to Q@ = 1001
and R = 1. We use r = 2 partitions to discretize the delay.
As a result, we obtain a linear system of the following
dimensions A, € R6*6 B, € RS and Q, € R6*6. For this
particular system, we use a sampling time of T = 0.008s.

We follow a similar procedure to the chemical plant, that
is, we set the initial conditions as a random vector of a
uniform distribution in the range of [—10, 10]. The probing
noise is modified into e(t) = Z?il a; sin( f;t), where a; and
fi are randomly sampled from a uniform distribution in
the range of [0.01,0.05] and [—8m,87]. We use the same
stopping threshold for this system.

Fig. 3 shows the learning results of the RL algorithm
in the regenerative chatter system. Similar performances
are obtained, that is, convergence to the near optimal
values and satisfying the stopping threshold. We obtain
the following spectral norm errors compared with the
near optimal solution provided by the ARE: ||Py — P|| =
0.0371 and ||KC4 — K| = 0.0002; these results verify the
effectiveness of the proposed approach. Fig. 4 depicts the
temporal evolution of the time-delay system under the
obtained near-optimal control policy.

6. CONCLUSIONS

This paper reports a near-optimal control approach for
continuous-time linear systems with state delay using RL.
The approach uses a finite difference technique to dis-
cretize the delay and transform the time-delay system into
an augmented state linear system whose optimal solution

—~ || X, - K||
—||P; =P
+||Pz’—1 _PiH
+||xi—l *xiH

3 4

Number of iterations

Fig. 3. Convergence results of the near optimal control

problem using the proposed PI RL algorithm

9
—_;
5L —,

0 1 2 3 4 5
Time (sec)
Fig. 4. Evolution of the system states with near-optimal
control.

can be easily obtained using any value iteration or policy
iteration algorithm. In this paper, we use a policy iteration
algorithm to solve the near optimal control problem of
augmented state systems. The algorithm uses a batch-least
squares rule to estimate the parameters of the optimal
control problem in each iteration of the RL algorithm. The
results obtained from the simulation studies demonstrate
the effectiveness of the proposed methodology without
facing issues due to the infinite-dimensionality nature of
time-delay systems. Future work will consider how optimal
partitions of the delay can be obtained online without
affecting closed-loop stability of the time-delay system. In
addition, we will study how to reduce the dimensionality
of continuous augmented state linear systems to obtain a
low-dimensional representation that preserves its dynamic
properties as well as preserving the properties of the real
time-delay system.
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