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ABSTRACT 

The improvement of the numerical capabilities of predicting the structural loading of 

high speed, low angle impacts, such as an aircraft during ditching, is addressed in this 

thesis. Research into the phenomenon of ditching, has shown that specific flow 

phenomena occur, which influence the structural loading of the aircraft as well as its 

general dynamics. These phenomena are cavitation, suction and the presence of air. 

The simple water model that is used in vertical simulations does not provide accurate 

enough predictions, when considering impacts characterised by high forward velocities. 

The meshless Smoothed Particle Hydrodynamics (SPH) method, known for its ability to 

model large deformations, was enhanced with the addition of cavitation and aeration, in 

order to improve the fluid model used for fluid-structure interactions with forward 

velocities, such as ditching. With the use of a homogeneous mixture model, a more 

realistic transient cavitation model was implemented, considering the presence of 

vapour nuclei in the fluid. It considered the vapour pressure, the growth and reduction 

evolution of the phenomenon with the use of the Rayleigh-Plesset equation and the 

change in the properties of the fluid. Initial 2D investigation captured the phenomenon 

and compared well with published results. Further investigation of plate impacts 

showed the sensitivity of the approach on the number of nuclei present in the fluid, as 

well as the influence of the boundary and the potential wave reflection interference on 

the free surface. The presence of air in the water model was implemented with a 

mixture approach, governed by the change of the properties of the air. Investigation of 

plate impacts and a fuselage section showed that the pressures decrease, according to 

theory, with increasing levels of aeration. In the case of the fuselage section, the 

results showed little influence in the overall behaviour and highlighted the importance 

of the phenomenon of suction. Finally, the numerical investigation of ricochet, a 

phenomenon also characterised by high forward velocities and with available 

experimental results, was considered as a means of assessing the overall capabilities 

of the SPH method. Sphere and cylinder results compared favourably for the lower 

velocity impacts but proved inaccurate for the higher velocities range. This was 

attributed to a lower deceleration experienced by the projectiles combined with a 

frictionless contact. The computational cost of such simulations was also considered 

prohibitive for further investigation within this project. 
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1 Introduction 

This project is focused on the structural response of high speed, low angle impacts of 

structures, such as during an aircraft ditching event. A ditching event is described as 

the planned water landing of an aircraft, while the crew is in control of the aircraft. As 

part of the aircraft certification process, manufacturers are obliged to show that 

following a ditching, the aircraft will be able to stay afloat in order to allow for the safe 

disembarkation of passengers [1].  

Aircraft manufacturers have defined some basic characteristics that an aircraft must 

attain for an optimum ditching event, in order to show compliance to ditching 

certification as given by EASA CS 25.801 emergency provisions [1]: 

• “Each practicable design measure, compatible with the general characteristics 

of the airplane, must be taken to minimize the probability that in an emergency 

landing on water, the behaviour of the airplane would cause immediate injury to 

the occupants or would make it impossible for them to escape.” 

• “The probable behaviour of the airplane in a water landing must be investigated 

by model tests or by comparison with airplanes of similar configuration for which 

the ditching characteristics are known.” 

• “It must be shown that, under reasonably probable water conditions, the 

flotation time and trim of the airplane will allow the occupants to leave the 

airplane and enter in the life rafts required by CS 25.1415. If compliance with 

this provision is shown by buoyancy and trim computations, appropriate 

allowance must be made for probable structural damage and leakage. If the 

aeroplane has fuel tanks (with fuel jettisoning provisions) that can reasonably 

be expected to withstand a ditching without leakage, the jettisonable volume of 

fuel may be considered as buoyancy volume.” 

Current industry needs include the introduction of novel designs and materials. 

However, the methods employed in ditching analysis mean that these new designs 

would be expensive and time consuming to process. Extensive research in the past 

fifty years has tried to identify the behaviour of aircraft of various profiles and a 

multitude of configurations [2] [3] [4] [5] [6]. Current designs, in principle, still use similar 

fuselage profiles to tested configurations.  
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Initial investigations into ditching, included analytical and semi-analytical methods that 

used simple geometries and scale model test results of conventional fuselages shapes, 

in order to obtain the pressure loading on the fuselage [7] [8] [9] [10] [11] [12] [13].  

Numerical methods have been introduced in ditching analysis with the improvement of 

computing technology. However, the focus has been on relatively simple structures 

dropped in a simplified water model [14] [15] [16] [17] [18] [19] [20]. Even though there 

has been progress in the field of finite element structural modelling, water modelling 

has seen less improvement.  

1.1 Aims and Objectives 

This project is a contribution to a European initiative (SMAES project, funded by FP7 

Programme), with a focus on the flow phenomena that are present during a typical 

water landing. These phenomena are air cushioning and aeration, suction and 

cavitation [21]. It has been established, through experimental data, that these flow 

phenomena can affect the overall behaviour of the fuselage upon impact and also the 

structural response (pressure distribution and deflection) of the fuselage [22] [10] [23]. 

This project aims to improve the numerical capability to predict the structural loading on 

an aircraft during ditching. This process is much more complex than vertical impacts of 

simple structures. Specifically, the aim is to improve the meshless SPH code, owned 

by Cranfield University, in order to improve the fluid model used for fluid-structure 

interactions with forward velocities such as ditching. This will be achieved by: 

• Understanding the phenomenon of ditching. This will include a review of 

accidents, experimental work and the state-of-the-art in the numerical analyses 

of aircraft ditching and fluid-structure interaction simulations. The main factors 

that influence the accurate prediction of the loading of the structure will be 

assessed. 

• Developing a more detailed understanding of how cavitation, suction and the 

presence of air affect the flow and the structural loading in such cases. 

• Developing and implementing a physical cavitation model that can improve the 

predictions for the loading of the structure and investigating the parameters that 

can influence these predictions. 

• Developing and implementing an aerated water model in order to investigate 

the effect of air on the loading of the structure. 
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• Investigating angled water impact cases that will allow the assessment of the 

water model. 

1.2 Thesis Structure 

Chapter 2 provides an overview of ditching research. It includes the initial theories 

applied to relatively simple structures impacting the water vertically. Moreover, an 

accident review is considered from the past decades, including discussions of the 

major ditching events. Finally, a review has been undertaken, of the experimental 

investigation and the effects of fuselage shape, velocities and other aircraft 

configurations on the water impact of more modern airliners. 

Chapter 3 progresses to the numerical investigation of ditching with examples of both 

vertical (helicopter and simple shapes) and fixed-wing simulations, demonstrating the 

current numerical capabilities in modelling water and introducing the limitations that 

existing water models have. 

Chapter 4 provides a detailed description of the water flow phenomena of air 

cushioning, ventilation, cavitation and suction. Particular interest lies with cavitation, 

since it is further developed. Cavitation growth and collapse are introduced along with a 

review of numerical attempts to model the phenomenon.  

Chapter 5 provides the essential information on the meshless Smoothed Particle 

Hydrodynamics approach that is used for the water modelling. Moreover, the MCM 

code, Cranfield University’s SPH code, is described and an initial plate impact with high 

forward velocity is discussed, as a coupled example of the code.  

Chapter 6 details the development and application of a homogeneous cavitation model. 

Initial validation cases are considered, which demonstrate the correct implementation 

of the current model. Further test cases of plate impacts under high forward velocity 

are considered, providing an understanding into the applicability of the approach in the 

context of ditching and assess the limitations of the approach. 

Chapter 7 investigates the influence of air in the water in more detail, and provides an 

implementation for a homogeneous mixture of water and gas. The main effect of 

aerated water, which is the reduced pressure profiles, is validated with simple 2D test 

cases, followed by plate and fuselage runs. Comparison of the fuselage runs with other 

numerical results is also made. 
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Chapter 8 details the theory behind the phenomenon of ricochet of spheres and 

cylinders, a high forward velocity scenario with a less complicated structure. An 

equation that relates the critical angle of impact of a non-spinning cylinder with its 

velocity is derived, based on previous theories for spheres and numerical simulations 

are performed, in order to evaluate the accuracy of the ricochet prediction for both the 

new theoretical value and the experimental results for spheres.  
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2 Ditching Theory and Accident Review 

In this chapter, the main differences between water and hard landings are described, 

along with the main stages of ditching of a fixed-wing aircraft. Furthermore, the original 

theories of water impact, initially considered for seaplane designs, will be discussed. 

An accident review with the major ditching accidents is detailed. Experimental results 

from model tests of aircraft and the influence of a variety of parameters are finally 

provided as part of this review. 

2.1 Characteristics of Water Impact 

Even though there has been considerable research in the field of helicopter 

crashworthiness, fixed-wing aircraft ditching assessment has attracted less interest, 

mainly due to the complexities of the water-structure interaction imposed by the high 

forward velocity. It is well known that for vertical water impacts, characteristic of 

helicopter behaviour, the structural loading is different from hard soil landings. The 

distribution of loading in vertical water impacts varies along the fuselage and the impact 

pulse is longer. As a consequence, fuselage skin rupturing can allow water to enter the 

aircraft, thus reducing the floatation time [18]. Moreover, from a structural point, the 

elements of the fuselage that are designed to fail during impact and absorb energy fail 

to collapse, party or entirely due to the nature of the load distribution. In doing so, the 

load path can reach weak points of the fuselage leading to damage. Finally, higher 

levels of energy need to be absorbed by the occupants. Figure 2-1 illustrates the 

differences. 

 

Figure 2-1: Loading of a structure during a hard surface impact (left) and a 

soft/fluid surface (right). Figure reproduced from Zimmermann et al. [24]. 

For fixed-wing aircraft characterised by high forward velocities, ditching can be 

categorised in four phases, as shown in Figure 2-2. During the approach phase, the 

aircraft is configured in a similar way to a normal landing, but with the landing gear 

retracted. For a successful ditching, it is assumed that the first point of contact is the 
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rear part of the fuselage. Pressure loads on that area of the fuselage can be significant, 

leading to deformations of the skin and potential rupture. As the aircraft decelerates 

during the landing phase, there can be a strong pitch-up moment, caused by suction 

forces on the aircraft, resulting in a more severe second impact of the forward fuselage 

and potential nose diving [4]. This behaviour can lead to further damage in the centre 

and forward sections. Finally, after a successful ditching the aircraft enters the 

floatation phase, where the safe exit of passengers takes place [10]. From a structural 

point of view, the most severe loading and thus the most dangerous period for water 

penetration is during the impact and landing phases.  

 

Figure 2-2: Stages of the ditching event of a fixed-wing aircraft. 

2.2 Water Impact Theories 

Research into water impact started in 1929 with the work of von Karman and the 

vertical impact of a wedge, as part of the research of that era for the design of 

seaplanes [7]. The objective of that research was to establish an analytical solution for 

the pressure on a simple non-deformable structure. Figure 2-3 shows a wedge during 

partial immersion. 

 

Figure 2-3: Vertical impact of a 2D wedge with semi-cylinder area depicting the 

added mass. Figure reproduced from Mayo [25].   

To derive the pressure solution, von Karman started by assuming that the added mass 

of the plate, which is the mass of a displaced volume of fluid, is equal to the mass of 

water that is present in half a cylinder. Starting from the momentum, M: 
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M =
𝑊

𝑔
𝑣 + 0.5𝜌𝜋𝑣𝑥2 =

𝑊

𝑔
𝑣0 , 

(2-1) 

where W is the weight of the body per unit length, x is the width of the wetted wedge. 

For a dead-rise angle β, the vertical velocity can be written as: 

v =
𝑑𝑦

𝑑𝑡
= 𝑡𝑎𝑛𝛽

𝑑𝑥

𝑑𝑡
 , 

(2-2) 

which, after substitution and rearranging of equation (2-1), gives: 

𝑑𝑥

𝑑𝑡
=

𝑣0𝑐𝑜𝑡𝛽

1 +
𝑞𝜋𝑥2

2𝑊

 , 
(2-3) 

where q=gρ.  

Using the fact that: 

𝑑2𝑥

𝑑𝑡2
=
𝑑

𝑑𝑥
[0.5 (

𝑑𝑥

𝑑𝑡
)
2

] , 
(2-4) 

equation (2-3) becomes: 

𝑑2𝑥

𝑑𝑡2
= −

𝑣0
2𝑐𝑜𝑡2𝛽

(1 +
𝑞𝜋𝑥2

2𝑊 )
3

𝑞𝜋𝑥

𝑊
 . 

(2-5) 

The force per unit length can then be expressed as: 

𝐹 =
𝑊

𝑔

𝑑2𝑦

𝑑𝑡2
=

𝑣0
2𝑐𝑜𝑡𝛽

(1 +
𝑞𝜋𝑥2

2𝑊 )
3  𝜌𝜋𝑥 , 

(2-6) 

which gives an average pressure per unit length of: 

𝑃 =
𝐹

2𝑥
=

𝑣0
2𝑐𝑜𝑡𝛽

2 (1 +
𝑞𝜋𝑥2

2𝑊 )
3  𝜌𝜋 . 

(2-7) 

It follows from equation (2-7) that the maximum pressure would be in the centre of the 

wedge which means that for x=0: 
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𝑃𝑚𝑎𝑥 =
𝑣0
2

2
 𝜌𝜋𝑐𝑜𝑡𝛽. 

(2-8) 

The above derivation suffers from the fact that, as the dead-rise angle, β, reaches zero, 

the pressure becomes infinite, suggesting that it is not valid for flat plates. 

Wagner proposed, in 1931, that the displaced water from the sides of the wedge would 

lead to a greater width and virtual mass values compared to the von Karman analysis. 

The virtual mass of a wedge similar to the previous theory is greater by a factor of(
𝜋

2
)
2
 

[25]. According to Wagner, the pressure distribution is not uniform. The highest 

pressures are located on the top edges of the wedge, whereas the pressure is more 

evenly distributed at the bottom of the wedge [9]. The maximum pressure was found to 

be towards the top edges of the wedge, where the water forms a spray: 

𝑝𝑚𝑎𝑥 =
𝜌

2

1

𝑢2
𝑣0
2

(1 + 𝜇)2
 , 

(2-9) 

 

 where 𝜇 is defined as: 

𝜇 =
𝜋𝜌𝑥2

2𝑚
 , 

(2-10) 

and 𝑢 is the ratio of the velocity over the rate of increase of the wetted surface: 

𝑢 = 𝑣/
𝑑𝑥

𝑑𝑡
 . 

(2-11) 

The analytical solutions above represent the original investigations into the vertical 

water impact of simple non-deformable shapes. These solutions are still used today as 

part of semi-analytical methods [26]. Further improvements to the above solutions have 

been proposed and an overview of these is found in [20] and [25].  

 

2.3 Accident Review 

Data from the US and the UK show that 88% of ditching events are survivable with 

minimum injuries to the crew or the passengers [27]. The trend is the same for both 
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high wing and low wing aircraft. Statistics show that up to 50% of the survivors drown 

after the impact [27].  

A ditching event is described as the planned water landing of an aircraft. It is 

categorised as a consequential factor to the accident, since in most cases it is the 

result of fuel exhaustion or crew error [28] [29]. Furthermore, a ditching event assumes 

that the pilot has some control over the aircraft. These parameters, along with the fact 

that the passengers have time to prepare, increase the survival rates for planned water 

landing events, compared to unplanned ones [30] [31]. Next, some accident data are 

discussed. This will provide evidence of the significance of a safe water landing with no 

water penetration in the fuselage and also provide some details of the structural 

damage sustained by modern passenger airliners. Unfortunately, to this point, there are 

no collective data specifically for planned water impacts (ditching events) from the 

latest decades and there is no distinction between planned landings on water and land 

in recent publications. From 1959-1979 there were 16 accidents involving water, of 

which only in 11 of them water was a major factor in the survival of the occupants [30]. 

Table 2-1 shows the accidents that occurred for this period collectively.  
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Table 2-1: Water accidents between 1959-1979. Table reproduced from Patel et al. 

[30]. 

 

From the list above, only one can be classified as a ditching event. That is the DC9 

accident at St. Croix. AML 980 was a flight that ditched outside Virgin Islands in 1970, 

where 40 of the 63 passengers and crew survived the event, giving a 63.5% survival 

rate. According to the NTSB report poor weather, failed landing attempts and fuel 

exhaustion were the main factors that contributed to this accident. The ditching attitude 

was a general nose up position with flaps between 5° and 6°. The DC-9 did not sustain 

great damage and stayed afloat for about 10 minutes [32]. The aircraft is estimated to 

have experienced decelerations of the region of 8-12 g, based on the time it took the 

aircraft to come to a stop and the fact that several seats, with a design limit of 9 g, 

experienced failure [33]. Another accident, not mentioned in Table 2-1, is the ditching 

of a Lockheed Constellation 1049H in 1962, in the North Atlantic that suffered total 

engine failure in 3 out of the 4 engines, leading to a controlled landing in the sea 560 

nautical miles west of Shannon, Ireland. Out of the 76 passengers and crew, 28 

perished giving a survival rate of 61.5%. According to the accident report, the pilot 

landed in the face of the swell, a procedure which is not recommended as it can lead to 

severe structural damage. Even though the aircraft did not experience any skipping 
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after the initial impact, it suffered from the loss of the left wing, along with the externally 

located life rafts. Based on passengers’ accounts, the aircraft suffered from one severe 

deceleration that led to seat and seatbelt failure. As a consequence, several 

passengers were thrown out of the seats and sustained injuries that hampered their 

safe egress from the aircraft [34]. Occupant survivability means that there is at least 

one survivor, there is a way for passengers to exit the aircraft, the impact forces are 

within survivable limits and there is enough occupant space, within the airframe, for the 

passengers to move [30]. With respect to the fatalities, Table 2-2 shows that the 

majority of the fatalities are due to drowning and not direct trauma from the impact. 

Fatalities due to direct force trauma represent a significantly smaller percentage of 

fatalities.   

Table 2-2: Fatalities for water impact accidents between 1959-1979. Table 

reproduced from Patel et al. [30]. 
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High 

Energy 

507 206 40.6 4 0.79 202 39.8 

Slide/Roll 387 16 4.1 1 0.26 15 3.9 

 

Care must be taken with these data, because the author does not explicitly define 

ditching in the accident categories. Slide or roll events most likely do not fall under the 

category of ditching and most likely many of the high-energy accidents were performed 

with insufficient preparation or control. It is suggested that when the fuselage tears, 

which is the case in 7 out of the 11, the fatalities from drowning reach 36.8%, whereas 

for accidents where the fuselage crushes but does not tear, the fatalities from drowning 

reduce to 25.9% of the passenger load [30]. The displacement of the floor was evident 

in 4 accidents involved in deep water entry and the fatality rate due to the displacement 

was 13.8% of the total occupants [35]. Figure 2-4 makes the distinction and shows the 

causes of the 11 water entry accidents. 
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Figure 2-4: Classification of the water entry accidents taking place between 1959-

1979. The majority of the fatalities occurred when there was a break in the 

fuselage. The survival rate is increased significantly when the fuselage does not 

rupture. Figure reproduced from Widmayer et al. [35]. 

From Figure 2-4 it is found that 82.5% of fatalities occurred when there was a break in 

the fuselage and only 17.5% when the fuselage is just crushed. 

Comparing these data with ground accidents in Figure 2-5, it is suggested that the 

percentage of fatalities per total passenger load is smaller for water impacts [31].  
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drowned)

Fuselage break (1 accident, 0 
drowned)

Lower fuselage crush (2 
accidents, 15 drowned)
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Figure 2-5: Comparison of ground and water accidents with respect to fatalities 

per total passenger loading. Comparison shows that the percentage of fatalities 

per total passenger load is smaller for water impacts. Figure reproduced from 

Johnson [31]. 

From 1980 until 1996 there were 30 reported fatal accidents, where the aircraft 

performed a forced landing, but the data does not distinguish between landing on land 

or water [28]. Similarly, for the period between 1997 and 2006 there were 22 similar 

reports [29]. From what is mentioned so far, those latest figures cannot be used since 

the percentage of commercial aircraft that are forced to land on water are far less than 

those that land on hard soil. This gives an indication of the difficulty to collect data for 

ditching events, due to the scarcity of their occurrence.   

However, some general conclusions can be drawn from the above data. Firstly, the 

occurrence of a ditching event is far rarer compared to the rest of the accident types. 

This is the main reason why data for ditching events are not easily gathered. As far as 

the passenger survivability is concerned, Table 2-2 and Figure 2-4 clearly indicate that 

most fatalities do not result directly from the impact but from drowning. It is important to 

notice that in the 11 accidents that are recorded above, four of them are classified as 

survivable and further three as partially survivable, if the actions and the training of the 

crew were better.  

More recent events include the Hudson River landing in 2009 and the Tuninter 

Mediterranean ditching. The aircraft in the Hudson ditching accident was a US Airways 

Airbus A320. It was forced to ditch in the river after dual engine failure, due to bird 
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ingestion. There were no fatalities in this event and only 5 serious injuries, out of the 

155 passengers and crew. Table 2-3 provides a comparison of the recommendations 

that Airbus suggests for a safe ditching and the actual configuration of the accident 

aircraft. 

Table 2-3: Recommendations and actual configuration of A320 aircraft of the 

Hudson River landing. Table based on NTSB [36]. 

 Certification Accident  

Pitch, deg 11 9.5 

Airspeed, knots 118 125 

Glideslope, deg -1 -3.5 

Descent rate, m/s 1.07 3.81 

 

The accident investigation reported that the prescribed conditions of Table 2-3 could 

not have been practically achieved in this case, mainly due to the timing of the engine 

failure, during the climb phase. 

One could argue that this accident should be classified as an impact, since the descent 

rate (sink rate) is much higher than the regulations define. On the other hand, NTSB 

suggests that due to the difficulty of maintaining the certification parameters during a 

flight with minimal engine power and also because there was sufficient time to go 

through parts of the relevant checklists, prepare the cabin and the passengers, this 

accident can be categorised as a successful ditching [36].  

As far as the structural damaged is concerned, it was focused on the rear part of the 

fuselage. The water pressures imparted on the aft fuselage led to the collapse of 

frames, the cargo door and the passenger floor struts. Furthermore, the bottom 

fuselage skin cracked and water rushed in the aircraft. Further pressures and suction 

forces resulted in the failure of the lower fuselage skin and the pressure bulkhead. 

These post-impact damages are due to the forward motion of the aircraft and the flow 

of water in the aircraft [36].  
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The second accident, which happened in the Mediterranean Sea in 2005, involved an 

ATR-72. It was forced to ditch after fuel starvation and shut down of both engines. 

There were 16 fatalities, 16 serious injuries and 7 minor injuries. 

The accident report [37] states that the aircraft sustained severe damage and was 

broken apart into three pieces. The rear of the fuselage detached at first impact. All 

three parts remained afloat for 20-30 minutes after ditching. Subsequently, the forward 

and aft sections of the fuselage sank, while the central section along with the engines 

and the wings (high wings) remained afloat. Due to the configuration of the ATR-72, the 

wings and engines did not impact the water surface and they suffered very little 

damage.  

The lower part of the fuselage was dented in places, with many breaks due to the 

impact. In the rear of the aircraft there was a large opening, as well as severe damage 

on the pressure bulkhead. Generally, the rear part was completely collapsed, however 

the occupant space was maintained. Strong bending stresses caused the rear section 

to detach at the time of impact and also allowed the central part of the fuselage to 

detach from the wing. The front section, including the cockpit, was severely damaged 

and compressed [37].  

As far as the recommended ditching configuration is concerned, it is similar to the 

Airbus case above but the optimum pitch angle is 9° [37]. The main outside parameter 

that needs to be considered when ditching, irrespective of the aircraft, is the sea state. 

In calm seas, it is recommended to land into the wind in order to reduce the aircraft’s 

speed, whereas if there is a swell, ditching parallel to the swell (parallel to wave crests) 

is preferable. Finally, it is considered best practice for the wings to be level in order to 

avoid yawing [37].  

2.4 Experimental Tests Review  

A number of experiments, including full scale and scale models of aircraft and aircraft 

components, have been performed by NACA and NASA since the late 1920s. Initial 

tests involved the use of simple shapes in water and were focused on the design of 

hulls and seaplane bottoms. These experimental tests provide the benchmark for the 

general understanding of the influence of aircraft design and ditching configuration that 

forms modern standard practices.  
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Sottorf [38] performed a variety of tests on planing surfaces with flat rectangular plates, 

describing the pressure distribution on a flat plate when impacting the water. At the 

front part (leading edge) of the plate, the pressure peaks to its maximum at the moment 

of impact and then drops steadily. It was found that when dealing with relatively small 

angles of attack, the pressure becomes zero at the trailing edge.  

Shoemaker [39] conducted experiments with V-shaped planing bottoms of various 

dead-rise angles in order to determine the drag of the wetted surface to the flow. It was 

found that, for small dead-rise angles, the resistance of the V-shaped bottom 

decreases with increasing speed. These observations follow from the fact that the 

resistance of a flat body reduces with increasing speed, due to the lift that is generated, 

allowing for a smaller wetted area.  

Mayo [13] tested a prismatic float at a dead-rise angle of 22.5°, with varying flight 

parameters establishing the loading of the floats. It was determined that, when landing 

with a small flight path angle (angle with respect to the horizontal), then the planing 

forces are significant, causing a more severe impact. On the other hand, landing with a 

high flight path angle tends to reduce the effect of planing, leading to milder impacts 

and reduced forces. 

A full ditching test of a B-24D Liberator bomber has also been conducted (Figure 2-6) 

[5]. The pressures and accelerations at the bottom of the aircraft were recorded. The 

overall dynamics of the impact included an initial impact of the tail section, before 

skipping out of the water for a brief period of time. The second impact led to a nose 

dive and a deep-water fuselage run. The tail section experienced the highest pressures 

during the first impact, while during the second impact the forward section experienced 

the highest pressures. The highest decelerations recorded were 2.7 g [5]. 
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Figure 2-6: B-24D Liberator aircraft. Figure reproduced from Steiner [5]. 

Fisher et al. [11] performed scale model ditching tests of the DC-4 and DC-6 airliners. 

These tests are the first that apply directly to the ditching behaviour of an aircraft that 

resembles the needs of this project. The experiments took place in both calm and 

rough waters for various speeds and attitudes. The results of those tests provide the 

first understanding as to the effect of the different structural elements on the ditching 

behaviour of an aircraft. In order to reproduce damage on the underside of the 

fuselage, replaceable scale-strength sections, made from balsa wood frames and 

aluminium sheets, were used.  

Firstly, the effect of the position of control surfaces, such as the flaps, was investigated. 

It was determined that their extension or retraction is not important, as far as the impact 

sequence is concerned, but it was observed that when the flaps were fully retracted the 

aircraft took longer to come to a stop. This is expected since the main aim of the flaps 

is to reduce the aircraft’s speed. As a result of the higher speed the impact was more 

severe, leading to more pronounced decelerations. Thus, it was suggested that the 

flaps should always be lowered for a ditching event. 

Next the effect of the attitude was considered. It was found that the pitch angle (angle 

of the aircraft to the horizontal, including the angle of attack) of the aircraft can 

influence the decelerations and the damage of the fuselage. According to the 

experimental results and for that specific type of aircraft, the most favourable pitch 

angle was 12°, producing the lowest decelerations and the least damage.  

Finally, the effect of the state of the sea was discussed and it was concluded that in 

rough seas, as expected, the damage and decelerations are more severe. If the aircraft 
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lands parallel to the wave crests it will not be severely damaged [11]. Figure 2-7 shows 

the ditching testing performed on a scale model of a DC-6 airliner. The two most 

important aspects of the impact are the initial tail strike on the surface of the water and 

the subsequent nose dive.  

 

 

Figure 2-7: Sequence of ditching event of a 1/16-scale model DC-6 aircraft with a 

12° pitch angle. Initial tail strike followed by a nose dive and potential severe 

damage. Figure based on Fisher et al. [11]. 

A comparison of the damage of the underside of the fuselage is shown in Figure 2-8, 

for calm and rough water ditching. This experiment shows the influence of the state of 

the water on the damage, especially on the forward section of the model. This can be 

attributed to the fact that the model may have suffered from low pressures at the aft 

fuselage leading to a pitching up moment, followed by a more severe impact at the 

front. 
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a) 

 

b) 

Figure 2-8: Comparison of the damage on the underside of the fuselage of a 1/16-

scale model DC-4 aircraft with a 12° pitch angle: a) calm waters, b) rough waters 

(6-ft waves). Scale-strength was achieved with balsa wood and aluminium sheets 

placed in key locations of the underside of the scale model. Figure based on 

Fisher et al. [11]. 

An important area of research was conducted by McBride et al. [2] and it raises the 

question of the influence of the cross section of the aircraft’s fuselage on the overall 

behaviour during a ditching event. A variety of impact speeds were tested for a total of 

nine different cross sections. The experiments showed that, if the rear cross section is 

flat then the tendency for a high-attitude response and high suction forces is 

decreased. Moreover, this kind of aircraft fuselage could lead to skipping after the initial 

impact. For an upswept rear fuselage, there can be significant suction forces during the 

landing phase, leading to the behaviour similar to that of Figure 2-9. When dealing with 

lower impact velocities, the flat cross section is better, whereas for higher impact 

velocities a rounded fuselage is preferable, in order to reduce the effect of suction 

forces. Another finding of these experiments was that aircraft with high fineness ratio 

are prone to skipping and reduced suction forces. The importance of this research lies 
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in the fact that modern aircraft manufacturers still use these results in order to make 

design choices for new models.  

 

 

Figure 2-9: General behaviour of an upswept rear fuselage during ditching in 

calm waters. Initial aft body contact followed by nose diving. Figure based on 

McBride et al. [2].  

Fisher et al. [12] provided a more comprehensive report on a number of bomber fighter 

and transport models, in order to establish the influence of different structural elements 

on their ditching behaviour. As far as the wings are concerned, they suggest that the 

best position is marginally higher than the bottom of the fuselage. This will allow for a 

clearance during ditching, so that the engines and the flaps will not interfere with the 

ditching but also allow for the wings to act as a means of buoyancy. A high wing will not 

be affected by significant impact pressures, suggesting that the bottom of the fuselage 

will need to absorb most of the impact energy and thus sustain more extensive damage 
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[4]. For the flaps the extended position is preferred. The trade-off between extended 

and retracted flaps is that the deployed flaps can lead to diving of the airplane, whereas 

the flaps-up configuration can lead to significantly more damage due to the higher 

impact velocities. The ability of the flaps to break off during ditching was considered to 

reduce the risk of diving, caused by the moments generated by their extension. With 

respect to the engine nacelles, they must be above the bottom of the aircraft to avoid 

rapid deceleration. The landing gear should always be retracted.  

Next the effect of the shape of the fuselage was investigated. It was observed that high 

longitudinal and lateral curvature can lead to suction forces and subsequently a trim-up 

attitude. This is similar to the experimental observations of [2] [12].  

Further publications include experiments on fuel tank positions [3] and engine positions 

[40], which have been shown to have negligible influence on the overall ditching 

behaviour. Moreover, the extension of the landing gear can increase the risk of diving 

[41]. 

Thompson [6] investigated the ditching behaviour of a scale model of a jet transport in 

various sea conditions. In order to allow for damage in the model, sections of the 

bottom of the fuselage were made of cardboard, balsa wood and aluminium foil, as 

shown in Figure 2-10. A combination of different flap settings, landing speeds and 

landing attitudes were considered, as well as a combination of landing gear 

configurations. The outcome of these experiments suggested that the optimum 

configuration would be a medium landing attitude (7°) with the flaps extended, as this 

would lead to reduced accelerations. An interesting observation in these experiments 

was that the bottom of the fuselage experienced less damage with the main landing 

gear extended, a fact that is disputed by other experimental data. However, the 

different position of the landing gear on this model, compared to a typical airliner could 

be the reason for this discrepancy. Additionally, the undercarriage of this model 

consists of 24 wheels, suggesting that they can absorb higher levels of energy than a 

typical airliner. 
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Figure 2-10: Area of removable sections used to model failure on a 1/30-scale 

model. Balsa wood, aluminium foil and cardboard were used for the scale-

strength of the shaded areas. Figure reproduced from Thompson [6]. 

 

Figure 2-11: Damage sustained in calm (left) and rough water impacts (right) for 

an attitude of 7°, with flaps extended, the main landing gear fully extended and a 

speed of 71 m/s. Figure based on Thompson [6]. 

Figure 2-11 shows the damage sustained for a moderate attitude at impact and the 

main gear extended. As it is could be expected, the rough water impact shows the 

whole of the main gear system and half the flaps being torn away. The damage on the 

structural elements, which are supposed to fail and are covered with the aluminium foil, 

do not show any significant differences. The observation that the landing gear 
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extension provides a better ditching configuration could be due to the higher energy 

absorption of the landing gear structure during the impact. This observation, however, 

stands alone against the majority of research, which suggests that for a smooth 

ditching the landing gear should be fully retracted.  

The above review provides a description of the most significant ditching experiments 

with the most important results. A detailed investigation into forced water landing tests 

was done by Smith et al. [4].  This report outlines testing techniques (tower drop tests, 

controlled launch of aircraft models) and data acquisition methods up to 1948, along 

with some additional experiments performed in the UK. The report provides clear 

guidelines for a variety of parameters that would allow a successful ditching. With 

respect to the velocity of the aircraft a low landing velocity is preferred. This will lead to 

reduced impact forces and pressures and avoid instabilities in the longitudinal direction. 

 As far as the angle of descent is concerned, it is suggested that a relatively small 

angle will produce lower pressures, thus allowing for a more successful ditching 

scenario. In the case of high angle of descent, the aircraft would be prone to diving in 

the water, leading to significant structural failure and reduced flotation time [4].  

The attitude of the aircraft at touchdown is another aspect that has been discussed by 

many researchers. It is established that a tail down attitude is best for a smooth contact 

with the water. As it has been recommended in the accident reports, ditching parallel to 

the swell is ideal. If ditching occurs on a rising wave front the impact forces increase 

due to the increase in the wetted area of fuselage [4].  

2.5 Conclusions 

In this chapter, the initial analytical solutions of von Karman and Wagner were 

described, which provided the basis for the initial seaplane design. Their limitations 

with regards to modern fixed-wing airliners are apparent in the fact that these early 

theoretical developments dealt with simple rigid structures impacting the water surface 

vertically. An accident review was discussed along with the most important 

experimental investigations, which demonstrated that the aircraft needs to be in a 

similar position to landing in order to perform a successful ditching. A variety of 

parameters from sea state to fuselage shape and wing position has also been 

discussed.  
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Current ditching methods include a combination of scale model testing along with the 

use of numerical analyses, as demonstrated by Climent et al. [42] with the test case of 

an EADS-CASA CN235 model. This leads to the next chapter, where more recent 

investigations into water impacts and ditching, with the use of computer simulations, 

will help provide the background into the research that has been done so far in the 

field. Moreover, the limitations that the engineering community faces with respect to 

ditching will become clear. 
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3 Numerical Investigations 

In this chapter, a review of the numerical analyses of water impacts performed in the 

past is given. Both vertical impacts (helicopter and sections), as well as simulations 

that consider forward velocities are reviewed. The purpose of this chapter is to 

showcase the state-of-the-art in the field but also to demonstrate the limitations that are 

present.  

3.1 Vertical Impacts 

There has been considerable research into the numerical analysis of water impacts, 

with particular interest in vertical drop tests of simple shapes. The reason for this is that 

computationally it is less expensive and also it served towards the ditching 

investigation of helicopters and helicopter subfloor sections. As it will be discussed 

later, the loading predictions for vertical impacts are considered to be generally 

adequate. However, the following review shows the implications on the loading 

predictions caused by the use of a simplified water model and primarily by the lack of 

any air present in the simulations. Since the focus of this project is in ditching attempts, 

which are characterised by forward velocities, the description that follows is by no 

means exhaustive. A more complete review is provided by Seddon et al. [20]. Oger et 

al. [19] performed 2D simulations of wedge water entry using the SPH method. The 

SPH model was developed with a variable smoothing length as seen in Figure 3-1. The 

variable smoothing length allows the SPH model to be refined in a particular area of 

interest (in this case it is the SPH region closer to the wedge for the initial impact 

pressures), while keeping a coarser particle spacing in the rest of the fluid domain. This 

set-up allows for a smaller overall fluid domain and thus reduced computational costs. 

 

Figure 3-1: Vertical drop of rigid wedge in a water domain consisting of SPH 

particles with variable smoothing length. Figure reproduced from Oger et al.  

[19]. 
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The authors used the Murnaghan equation of state for modelling the water which is 

given by: 

𝑝 = 𝐵 ((
𝜌

𝜌0
)
𝛾

− 1) , 
(3-1) 

 

where B is the bulk modulus and relates to the speed of sound c as: 

𝐵 =
𝜌0𝑐0

2

𝛾
 . 

(3-2) 

 

The above equation of state is widely used, mainly due to its simplicity. It relates the 

pressure to the density of the liquid. The main findings of the above simulations were 

concerned with the effect of the variable smoothing length. It was found that there are 

pressure peaks at the interface between the fine and the coarse smoothing length, 

which were attributed to inner wave reflection. Moreover, the initial pressure peaks at 

impact were comparable to experimental results. However, for dead-rise angles lower 

than 20° they were slightly higher. This discrepancy was thought to be caused by the 

lack of any air in the model and thus any air cushioning effects were neglected. 

Pentecote et al. [43] used the SPH method in PAM-CRASH in order to perform similar 

2D simulations of wedges of varying dead-rise angle. For the water model a polynomial 

equation of state was used and for the wedges the dead-rise angles were 10°, 20° and 

30°. The vertical accelerations recorded in the simulations for the higher dead-rise 

angles compared well with the experimental results that the authors provide. As it is 

expected results for the flatter wedge, with a dead-rise angle of 10°, proved less 

accurate, again due to the lack of any air modelling. Figure 3-2 shows the horizontal 

velocity during the impact of a wedge with a 20° dead-rise angle. 

 

Figure 3-2: Evolution of the horizontal velocity for a wedge of 20° dead-rise angle 

during water impact using the SPH method. Figure based on Pentecote et al. 

[43].  
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A more complex analysis was also performed by Pentecote et al. [43] for a helicopter 

subfloor, modelled with aluminium. The SPH particle spacing was similar to the finite 

element size. As it is shown in Figure 3-3, the water domain was modelled with a 

combination of SPH particles in the vicinity of the impact and finite elements in the rest 

of the domain. The pressure results obtained did not agree well with experimental data. 

The duration of the initial pressure peaks was shorter and the peak values considerably 

higher. The authors suggested that accurate recordings of pressures can be quite 

cumbersome to achieve during experiments, primarily due to the high sensitivity of the 

transducers. However, it must be noted that the fact that the pressure peaks were 

higher and the pulses shorter in the simulations can also be due to the neglect of any 

air in the simulations. As with the flatter wedge components, this can be a significant 

problem when dealing with flatter surfaces, such as a helicopter subfloor. 

 

Figure 3-3: Coupled FE-SPH simulation for helicopter subfloor impact. Water 

defined by finite elements further away from the structure and with SPH particles 

in the immediate vicinity of the subfloor. Figure based on Pentecote et al. [43].  

Francesconi et al. [18] performed drop tests of aluminium alloy panels of various 

thicknesses and compared the experimental results to simulations, performed with the 

SPH and ALE methods in LS-DYNA. The focus of these studies was to investigate the 

accuracy of the acceleration prediction by the two different methods.  

Both modelling techniques captured the general behaviour of the water at the point of 

impact. However, the ALE model failed to capture the splash to the extent that the SPH 

did (Figure 3-4). As far as the accelerations are concerned, both methods agreed with 

the results of the drop tests. However, the impact pulse was more accurate for the SPH 

model. The main difference between the models is that for the SPH case the 

penetration of particles through the cut was less pronounced due to the coarser particle 
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spacing. However, the reduced computational cost of the coarser SPH model 

outweighs this discrepancy. 

 

                                  

Figure 3-4: ALE (left) and SPH (right) simulation of a panel with a cut impacting 

water. Figure based on Francesconi et al. [18].  

Similar vertical drops of aluminium skin panels were simulated by two meshless 

methods, SPH and EFG [15]. The models are shown in Figure 3-5. The test specimens 

consisted of deformable panels, which were attached to L-shaped stiffeners. The main 

difference to the previous models is that these panels do not have any opening at the 

bottom. The impact velocities that were tried ranged from 3.1-7.7 m/s and the 

accelerations were recorded. The refinement of the models was the same for both the 

SPH and the EFG approach. 

                                                           

Figure 3-5: Vertical drop test simulations for an aluminium box with L-stiffeners. 

SPH (left) and EFG model (right). Velocities ranging from 3.1 to 7.7 m/s. Figure 

based on Anghileri et al. [15]. 

The authors suggest that both models give an accurate physical representation of the 

impact with respect to the experiments. Figure 3-6 shows that the SPH simulation fails 
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to capture any of the splash that is clearly evident in the EFG simulation. Comparing 

the numerical results of the two models, the authors suggested that both models were 

acceptable in capturing the initial deformation and deceleration peaks. Finally, it was 

observed that the SPH model led to a longer pulse.  

 

 

Figure 3-6: SPH (left) and EFG (right) simulation of aluminium box with L-

stiffeners impacting water. Reduced splash is evident for the SPH simulations 

due to the coarse particle distribution. Figure based on Anghileri et al. [15]. 

Additional experimental and numerical investigations were performed with an interest in 

helicopter ditching crashworthiness by Anghileri et al. [14]. Triangular and semi-circular 

sections were considered and impact pressures and accelerations were recorded 

through experiments and compared to numerical results. The numerical method used 

was SPH in the commercial LS-DYNA package. The structure was modelled with 

conventional finite elements, while the water domain was modelled with SPH particles. 

A uniform coarser model and varying particle spacing were considered. Figure 3-7 and 

Figure 3-8 show the initial set-up of the simulations and the overall behaviour during 

impact.  
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Figure 3-7: Initial set-up of the triangular and semi-circular sections. Rigid 

structures were considered with impact velocities ranging between 4 m/s and 9 

m/s. Figure based on Anghileri et al. [14]. 

 

Figure 3-8: General impact of the triangular and semi-circular sections [14]. For 

both cases the accelerations matched the experimental results. Figure based on 

Anghileri et al. [14].  

According to the authors, the accelerations and pressure results compared well with 

the experimental data and captured the peak magnitudes and trends accurately. As a 

general modelling advice, the authors suggested that the accurate material description 

and adequate particle spacing between the structure and the fluid are paramount for 

the accurate simulations of such test cases. 

The numerical analysis of the water impact of a space capsule was also investigated 

by Candy et al. [16]. Both a Lagrangian and an Eulerian approach were used for the 

water modelling and the accelerations and pressures were recorded. The capsule 
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(Figure 3-9) was modelled as a rigid body, as experimental results showed no 

significant deformations occurring during impact. The acceleration and displacement 

results compared well with respect to the experiments, however it must be noted that 

the Lagrangian approach, which is computationally less expensive, provides less 

accurate displacement results as the simulation progresses. This is attributed to the 

extreme distortion of the elements as the capsule penetrates the water domain. 

 

Figure 3-9: Vertical impact of space capsule at 9 m/s with no inclination included. 

Figure reproduced from Candy et al. [16]. 

A detailed review of the capabilities of the Finite Element method with respect to the 

response of a helicopter subfloor vertically impacting the water has been done by 

Hughes et al. [44]. A detailed model of a helicopter subfloor was modelled with finite 

elements in LS-DYNA consisting of aluminium panels, composite sections and rivets. 

The water domain was also modelled with finite elements, given the fact that the 

interest in the study was only for the initial stages of the impact. Figure 3-10 shows the 

subfloor with nodal constraints used for the impact simulations. 

 

Figure 3-10: Subfloor overview with 18 points that constrained the global motion 

in lateral and horizontal translation. Figure reproduced from Hughes et al. [44]. 
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The lack of any air modelling led to higher pressure predictions than in the 

experiments. It is concluded that the purely Lagrangian water model can provide an 

acceptable correlation to experimental results for the initial stages of the impact. It is 

not the best option for longer fluid-structure interactions due to the extreme distortion of 

the elements, that can lead to numerical instabilities. It is suggested that other options, 

such as SPH and ALE should be investigated with regards to helicopter ditching 

analysis. Figure 3-11 shows the evolution of the impact and the extreme distortion of 

the water elements close to the boundary.  

 

Figure 3-11: Impact evolution of subfloor showing the extreme distortion of the 

Lagrangian water elements in the vicinity of the structure 35 ms after impact. 

Figure reproduced from Hughes et al.  [44]. 

3.2 Horizontal Impacts 

The numerical investigation of impacts that are characterised by high forward velocity 

has attracted less interest than the vertical impacts described above. One of the 

attempts to simulate the ditching of an aircraft was performed by Pentecote et al. [43]. 

A generic aircraft model was used and the water domain was modelled with both SPH 

particles and finite elements, allowing for a reduced computational cost. The middle 

section of the water, where the aircraft impacts, was modelled with SPH particles, 

whereas the rest was modelled with solid finite elements. 

Figure 3-12 shows the evolution of the ditching. Generally, the impact followed the 

patterns that was observed in experiments and also gave a representation of the spray 

that surrounds the aircraft. High contact forces were experienced at the first point of 
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impact (rear section) and also during the impact of the forward fuselage. However, no 

further details are provided and the generic model used for the aircraft does not allow 

for any conclusions with respect to the accuracy of these simulations. 

 

 

 

Figure 3-12: Evolution of the ditching of the generic aircraft. SPH and finite 

elements used for the water domain. Figure based on Pentecote et al. [43]. 

A detailed model of an Airbus A321 during ditching was modelled by Ortiz et al. [45] 

[46]. Two different aircraft configurations were considered, one at 9° inclination and a 

forward velocity of 50 m/s and the second at 8° and 60 m/s. For both cases, the vertical 

velocity was kept at 1.5 m/s, which the authors considered a typical sink rate. For the 

first case both ALE and SPH were used for the water model. The ALE model used a 

two-phase model that can allow for the presence of air, whereas the SPH modelled 

used a one-fluid model (only water). Pressure results showed that the ALE model was 

able to capture lower pressures due to the inclusion of air. The above simulations were 

compared to a hard soil impact which, as expected, differs in both the distribution of 

deformations and also in the magnitude and duration of accelerations experienced by 

the fuselage. However, this set of simulations showcases the ability of the ALE and 

SPH methods in modelling a full aircraft ditching scenario.  
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Figure 3-13: Ditching of A321 at 60 m/s forward velocity and 8° inclination. 

Highest pressures and deformations observed at the rear of the aircraft. 

Structural deformation visible on the lower section of the aft section. Figure 

based on Ortiz et al. [46]. 

Wittlin et al. [47] performed simulations of rotorcraft impacts with vertical and horizontal 

velocities using both a FE code and a hybrid approach. The Finite Element method 

was used in order to record pressures, forces and accelerations, whereas the hybrid 

method was used as a less computationally intensive approach for design evaluation 

and parametric studies. For the water model, an Eulerian approach was used, which 

included a layer of air. Figure 3-14 shows the general evolution of the impact. The 

accelerations and pressure results were of comparable magnitudes to test cases.  
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Figure 3-14: Evolution of rotorcraft water impact computed using the generic FE 

code MSC/DYTRAN. Figure reproduced from Wittlin et al. [47]. 

Another ditching simulation was performed by Climent et al. [42]. A coupled FE-SPH 

approach was used by EADS-CASA, in order to evaluate the capabilities of the coupled 

approach in modelling the vertical impact of a helicopter subfloor, similar to the one 

performed by Hughes et al. [44]. Next, the ditching simulation of a CN-235-300M 

aircraft (Figure 3-15) was considered.  

 

Figure 3-15: EADS-CASA CN-235-300M aircraft. Figure reproduced by Climent et 

al. [42]. 
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The numerical simulations were able to represent the skipping motion of the aircraft, 

however the predicted pressures did not agree with the experiments. They 

demonstrated a much sharper profile compared to the experiments. This can be 

attributed to the lack of any air modelling between the structure and the water. Figure 

3-16 shows the last step of the impact of the aircraft on the SPH particles. To reduce 

computational cost the water particles were modelled with a thin layer, which at an 

initial assessment appears too small for the scale of the simulation. 

 

Figure 3-16: Impact of CN-235-300M scale model with the use of finite elements 

and SPH particles for water modelling. Figure reproduced by Climent et al. [42].  

Streckwall et al. [26] used generic aircraft models to simulate ditching events. A hybrid 

approach was used in order to estimate the forces on a section, using an enhanced 

momentum method, based on the von Karman and Wagner theories. The authors also 

made use of a RANS solver in order to model the interaction of the structure with the 

free surface and the subsequent behaviour of the fuselage. For both the hybrid and the 

RANS simulations three general bodies of revolution were used provided by [2], shown 

here in Figure 3-17. 

 

Figure 3-17: The three models used for the simulation in the hybrid and RANS 

solvers. All models are based on the experimental investigation by Mc Bride et 

al. [2]. Figure based on Streckwall et al. [26]. 

The results show high pressures developing at the front of the submerged part and 

negative pressures at the rear. The results for the A, D and J bodies correlate well with 

respect to test results for the pitch angle and position of the centre of gravity. Figure 

3-18 shows the general behaviour of the different fuselage bodies. 
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Figure 3-18: Simulations for general body of revolution A, D and J respectively. 

Initial horizontal velocities were set at 9.14 m/s. Figure based on Streckwall et al. 

[26].  

3.3 Conclusions and Limitations 

An overview of the numerical attempts at modelling of ditching has been provided. The 

main limitations in the methods above are related to the ditching scenarios that are 

considered and the methods with which the water is modelled. As far as the ditching 

scenarios are concerned, the majority of research is focused on vertical impacts of 

simple shapes (box structures or wedges). With respect to helicopter ditching 

crashworthiness, these simplified attempts can produce accurate predictions for 

pressures and accelerations for the initial stages of the impact. Any discrepancies in 

the results are mainly due to the lack of air modelled between the structure and the 

water surface and the distortions of the finite element water model. Numerically, both 

Lagrangian and Eulerian methods have been tried. It has been shown that a 

combination of computational cost and length of run should be taken into account when 

deciding the modelling approach.  

Considering the simulations of structures with forward velocities, such as in the fixed-

wing aircraft, the numerical attempts are less developed. The numerical attempts either 

use a generic model for the aircraft, that can only describe the general behaviour of the 

model to experimental results, or more importantly, the water model is not accurate 

enough. During these impacts, there are phenomena in the water flow that occur which 

can significantly influence the pressures imparted on the structure, as well as the 

general behaviour of the structure. The most important of them are the effect of air, 

cavitation and suction. However, current explicit FE codes fail to incorporate any of 

them, or their representation is not accurate enough. Examples of cavitation modelling 

are applied in commercial CFD codes with good accuracy, however in these software 

applications the interest lies in the flow over rigid symmetric structures and do not 

provide any local deformations or accelerations of the structures.  
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Moreover, literature indicates the difficulty in comparing numerical simulations with 

experimental results due to the scarcity of these tests and the low levels of repeatability 

of such complex experiments.  

The literature review so far has helped to develop an understanding of the 

phenomenon of ditching by reviewing experimental test cases, investigating the state-

of-the-art with respect to the numerical analyses performed, as well as through the 

review of some major and recent ditching accidents. In the next chapter the flow 

phenomena, for cases of high forward velocity water impacts, will be described along 

with various attempts in modelling them.  
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4 Air Cushioning, Suction and Cavitation 

In this chapter, the main physical phenomena that occur in the water during the impact 

and landing phases of ditching will be described, with respect to their influence on the 

loading of a structure. Furthermore, the influence of these phenomena for the case of 

high forward velocity impacts, such as a ditching event, will be assessed. 

4.1 Air Cushioning 

In the numerical attempts described in Chapter 3 there have been a number of cases 

where the pressure and acceleration predictions failed to provide good correlation with 

experiments, due to the lack of air modelling. The effect of air in fluid-structure 

interaction problems is further analysed in this chapter. For high velocity water impacts, 

there is considerable mixing between air and water.  

Where entrapment of air is present in an area between the structure and the fluid, it is 

known as an air cushion. The air cushioning effect is of particular interest in vertical 

water impacts and it can influence the pressure duration and distribution [48]. Initially, 

during an impact there is a peak pressure, followed by a lower and more constant 

pressure [49]. With the presence of air, the peak pressure is reduced and its pulse is 

longer, providing a milder impact profile. The smaller the amount of trapped air, the 

higher the peak pressure and the shorter the pulse will be [49]. Typically, this 

phenomenon is more pronounced with structures that have small deadrise angles, 

such as hull section and wedges [50] [51]. This means that the vertical drop of a flat 

plate will be influenced far more from the trapped air compared to a similar drop of a 

wedge that has a large dead-rise angle. In these cases, air cushioning appears in the 

form of a single cavity filled with air. The body motion of a flat structure being dropped 

into a water tank depends on the velocity, gravity and the presence of air. As a result of 

the compressibility of the air, the pressure in the air cushion will deform the free surface 

of the water and the structure prior to the actual impact [52].  

The majority of the research is focused on the water impact of simple shapes, such as 

wedges, as a means of understanding the phenomenon of slamming in hull design 

processes. Korobkin [53] performed the analysis of the elastic response of a beam 

impacting the water vertically and determined that the stresses and pressures are 

lower for thicker layers of air. An interesting observation made by both Korobkin [53] 

and Lewison [54] is that, the effect of air and the potential reduction in the pressure 
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does not necessarily mean that the stresses and strains on deformable structures will 

lead to a more favourable design. This is due to the fact that the duration of the initial 

impact is longer. For the case of a fixed-wing aircraft, the shape of the lower fuselage 

can influence whether an air cushion will occur and also determine its severity. This 

follows closely from the numerical attempts reviewed in Chapter 3.  

Peseux et al. [55] performed simulations of wedge drops. The pressure results followed 

similar patterns. However, the peaks recorded were considerably higher for the wedges 

with the smaller dead-rise angle. This discrepancy was attributed to the lack of air in 

the water model. Panciroli et al. [56] also investigated the vertical impact of wedges 

with the SPH method excluding air, reaching the same conclusion as Peseux et al. 

[55]. These simple tests complement the general water impact simulations described in 

Chapter 3 and follow closely with their findings.  

The use of the ALE method has shown to provide a reduced pressure peak upon the 

impact of an Airbus A321 model. Inherently, the ALE method allows for the use of a 

two-phase approach. This means that the presence of air can be taken into 

consideration. This approach provides lower pressures when compared to the single 

phase SPH method as shown in Figure 4-1 [45]. 
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Figure 4-1: Pressure distribution (in MPa) upon impact of an Airbus A321 model. 

Top figure water model with two-phase ALE method and bottom figure water 

model with SPH method. Figure based on Ortiz et al. [45]. 

When a body impacts the water with a forward velocity component present, there is a 

possibility that low pressure areas will develop in that region of the fluid. This will allow 

the surrounding air to be sucked between the fluid and the structure, leading to the 

ventilation of the low-pressure regions. This, in turn, will lead to an increase of the 

pressure to atmospheric levels [51]. 

Judge et al. [22] performed a series of tests in order to investigate the flow separation 

and subsequent ventilation that can occur, when simple wedge shaped structures are 

impacting the water with forward velocity. It was found that the geometry and velocity of 

the structure affects the degree of ventilation. For the case of small dead-rise angles 
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for wedge impact, the horizontal velocity needs to be considerably higher than the 

vertical one for ventilation to take place. Moreover, the angle of impact relative to the 

free surface of the liquid is also influential. The effect of air, due to ventilation, becomes 

more important for higher angles, while maintaining a constant ratio of forward and 

vertical velocity. Figure 4-2 shows the effect of ventilation on the trailing edge of a 

wedge penetrating the water with forward velocity. The separation of the flow at the 

trailing edge allows the air to be sucked in and alter the pressure distribution.  

 

Figure 4-2: Ventilation at the trailing edge of a wedge upon impact with an impact 

angle of 0°. Impact direction from left to right. Figure reproduced from Judge et 

al. [22]. 

With respect to aircraft impacts, ditching scale model tests indicate that air is sucked 

under the wetted fuselage from the sides and the rear causing ventilation [10]. Initially, 

as the aircraft touches down with the aft section the pressure can drop below 

atmospheric, thus allowing air to be sucked under and fill the cavity that has formed. As 

the event progresses, the middle and forward sections of the fuselage come into 

contact with the water. As a result, areas at the front and the sides of the fuselage can 

also experience a low enough pressure that will allow air to be drawn inwards from the 

sides and also to be transported from the front section. Figure 4-3 shows the possible 

areas where the effects of air can be experienced. 
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Figure 4-3: Areas where ventilation can take place. Top figure shows the bottom 

view of the scale model. Red area (forward section of the fuselage) shows the air 

being transported towards the low-pressure areas that the aircraft experienced 

towards the aft section. The blue and yellow section in the top figure also 

indicate areas of low pressure that the air can be sucked in. Figure based on 

Busch et al. [10].  

 

4.2 Suction 

Suction forces can influence both the local and global dynamics of an aircraft when 

ditching. During the impact phase of an aircraft, a low-pressure area under the rear of 

the fuselage can develop, allowing for the formation of a suction force, which acts as a 

downwards force that pulls the fuselage skin further into water [8].  

As was described in Chapter 2, experimental research has shown that the shape of the 

rear of the fuselage can affect the global behaviour of the aircraft, due to the presence 

of these suction forces. For a general shaped aircraft, the flow phenomena that occur 

during a ditching event are shown in Figure 4-4.  
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Figure 4-4: Water flow phenomena including cavitation, ventilation and suction 

during the impact phase of a ditching event. Figure reproduced from Siemann et 

al. [21]. 

Looking into the aft part of the fuselage, there is the potential for a force to develop that 

can submerge the rear part even more than in a usual water impact. This immersion 

can cause extended local deformations on the rear section of the fuselage.  

The suction of the fuselage will eventually lead to a reduced velocity and a subsequent 

wing stall, leading to a change in the global behaviour of the aircraft. Figure 4-5 shows 

the overpressure that can occur close to the centre of the fuselage (green), which can 

lead to a pitching down moment. The suction force is located further behind (purple), 

leading to a strong pitching up moment [21]. 

 

Figure 4-5: Moment caused by suction forces (purple pressure distribution) 

leading to the pitching up motion of the fuselage. Figure reproduced from 

Siemann et al. [21].  
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Following the wing stalling and during the landing phase, global deformations can 

occur with particular focus on the forward section of the aircraft. This is due to the fact 

that the aircraft will experience a pitching down moment after the stalling, with potential 

deep diving of the nose. The diving can cause severe damage to the forward section, 

increasing the risk of skin rupturing. It has been found that fuselages with upwards-

curved rear sections are the most susceptible to experience suction [4].  

Allen [23] performed experiments on a generic aircraft with an upswept aft section thus 

providing a good example of the expected flow behaviour around the fuselage. The 

structure was guided in the water, so its dynamics could not show any change in 

attitude.  

 

Figure 4-6: Ditching sequence of generic aircraft with upswept aft fuselage and 

corresponding pressure distribution along the fuselage. Pressure distribution 

graphs (LHS of the figure) are taken with respect to the water surface. Figure 

based on Allen [23]. 
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From Figure 4-6 it is evident that, as the ditching progresses the water at the rear of the 

fuselage, highlighted with the red circle, fails to detach from the structure. Looking at 

the pressure distribution, this corresponds to the negative pressures indicated by the 

relative dip of the curve.  

Numerical investigations [21] have shown the importance of modelling suction when 

dealing with ditching. Figure 4-8 shows the results of two full aircraft ditching 

simulations. In both cases, the fuselage models are rigid and so the interest is in the 

global behaviour of the structure. For both cases, the water model is a combination of 

finite elements and SPH particles, similar to the numerical attempts discussed in 

Chapter 3. For suction to be modelled naturally, it would be essential to have a large 

section of air with an initial atmospheric pressure covering the simulation domain, 

however this is not straightforward in the case of the SPH approach, since the large 

density variations in the interface would lead to numerical instabilities. Instead, suction 

in the simulations of Figure 4-7 and Figure 4-8 was modelled with a modified contact 

algorithm that allows the structure and the water to remain in contact, if the penalty 

force is less than a specified value.  

The numerical attempts showed that ditching simulations without suction produce a run 

that is characterised by a steady decline of the pitch attitude. On the other hand, the 

inclusion of suction captured the pitching up moment of the aircraft and provided 

improved attitude profiles, when compared to experiments.  
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Figure 4-7: Numerical results for an Airbus A321 with (top) and without (bottom) 

suction modelling using the commercial software PAM-CRASH. With suction 

modelling active, the fuselage of both models pitches up as expected. Figure 

reproduced from Siemann et al. [21]. 
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Figure 4-8: Numerical results for an Airbus Military CN235 with (left) and without 

(right) suction modelling using the commercial software PAM-CRASH. With 

suction modelling active, the fuselage of both models pitches up as expected. 

Figure reproduced from Siemann et al. [21].  

4.3 Cavitation 

Cavitation is described as the formation of bubbles in a fluid as a result of a phase 

change of the fluid from liquid to vapour [57]. Cavitation can alter the pressure and 

force distribution between the structure and the flow. This is due to the discontinuity 

that appears in the fluid, as cavitation takes place [58]. The onset of cavitation occurs 

when the liquid pressure drops below its vapour pressure, while maintaining a constant 

temperature and the collapse of cavitation occurs when the cavitating fluid reaches an 

area of high pressure [59]. Cavitation is not easy to assess through experimental 

investigation of model aircraft, due to scaling consideration discussed in Section 

4.3.6.1. Hence, the more accurate representation of this phenomenon can improve the 

overall assessment of aircraft ditching loading with respect to the numerical analyses, 
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which are currently considered to complement the experimental tests, such as in [42]. 

Figure 4-9 shows the difference between cavitation and a similar phenomenon, boiling. 

 

Figure 4-9: Pressure vs temperature for onset of cavitation. Figure reproduced 

from Franc [59]. 

4.3.1 Types of Cavitation 

Cavitation can be classified based on the method by which it is initiated [57]. 

Hydrodynamic cavitation is the result of pressure changes in a liquid. This can be the 

result of a sharp interface or a rarefaction wave. When dealing with high velocity 

impacts there will be two pressure waves at impact. The first is the compression wave 

and behind it is a rarefaction wave, which can have low enough pressure to induce 

cavitation [60] [61]. Next, acoustic cavitation can develop through sound waves in the 

flow that alter the pressure. More specialised methods of cavitation include optic 

cavitation, which occurs when high intensity photons break down the cohesion of the 

liquid and particle cavitation, where a particle causes liquid instability and loss of liquid 

cohesion. In this project, the focus is on hydrodynamic cavitation and the “rupture” of 

the fluid under certain conditions.  

Hydrodynamic cavitation can be found in the form of travelling nuclei (voids) of almost 

spherical shape, which initially are microscopic in size and can be found in a volume of 

liquid. Once these nuclei reach a low-pressure area, they expand and become large 

cavitating bubbles. These cavitating bubbles are called transient since their duration is 

very small. Next, there is the attached or fixed cavitation, which is a more stable 
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phenomenon and occurs when there is separation of flow such as in the cases of flow 

over a hydrofoil or a step. A cavity is formed at the boundary between the flow and the 

object. Moreover, transient cavitating bubbles form around this cavity. The steady-state 

nature of the attached cavitation can best be described by a cyclical behaviour. For 

example, the flow over a hydrofoil will lead to a cavitation region over the leading edge, 

followed by the collapse of the cavitation region at the trailing edge and the appearance 

of a jet that travels towards the leading edge and causes the cavitation region to partly 

shed away. This process continues to occur for as long as the flow and the structure 

remain under the same conditions [57] [58] [59] [62]. The main effects of this type of 

cavitation, usually found on hydrofoils, are the loss of lift and increase of drag. This is 

out of the scope of this project.   

Finally, vortex cavitation is the creation of cavitation due to the variation in pressure 

between the pressure and suction sides of an object. This is usually found in propellers 

[59] [58]. Figure 4-10 shows these three main types of hydrodynamic cavitation. 

 

Figure 4-10: Travelling, attached and vortex cavitation (left to right). Figure based 

on Franc [59]. 

The majority of interest, as it will be discussed later on, in hydrodynamic cavitation lies 

in two main areas. The first one is related to the effects that attached cavitation has on 

streamlined bodies. Specifically, cavitation is known to increase the drag and reduce 

the lift on hydrofoil surface [63]. An additional area of interest is in the damage that 

cavitation can cause during collapse. This is a particular problem in propeller induced 

cavitation, where severe material degradation can occur due to cavitation bubble 

collapse on the suction (low pressure) surface of the propellers.  In high velocity impact 

phenomena, such as in the case of aircraft ditching, transient cavitation is known to 

take place. Material erosion and hydrodynamic performance is out of the scope of this 
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project. Instead, an accurate description of the pressure distribution and structural 

loading is necessary to capture the phenomenon of aircraft ditching.  

4.3.2 Nucleation 

For the onset of cavitation it is thought that there are microscopic voids in the liquid. 

These voids are also called nuclei and they can be described as the “weak points” of 

the liquid. These nuclei can be found in an arbitrary distribution within a certain volume 

of liquid. These nuclei can contain vapour or gas or a mixture of both [64]. The term 

“weak points” refers to the fact that cavitation inception starts from these nuclei, once 

the pressure in that area of the liquid drops to critical value. The existence of these 

nuclei can occur in two ways. These are called homogeneous and heterogeneous 

nucleation [62]:  

• Homogeneous nucleation occurs when thermal motions in a liquid give rise to 

void formation, which are the “weak points” of the liquid.  

• Heterogeneous nucleation takes place when there are gas micro nuclei trapped 

in areas of a solid boundary or due to the existence of suspending nuclei.  

The amount of nuclei present in water has been investigated, however precise data are 

hard to record, mainly due to the non-repeatability of the experiments, as well as the 

fact that the liquid conditions, such as the standing time of the water, can affect the 

results. Moreover, in water volumes that have not been degassed or decontaminated, 

cavitation can occur due to contaminant nuclei destabilisation, rather than gas and/or 

vapour nuclei destabilisation [62]. The importance of the nuclei population is the fact 

that their response varies depending on their initial size, as well as the overall 

population within a water volume. Relatively large nuclei grow smoothly, while smaller 

nuclei experience a more violent change in size [64]. This behaviour can alter the flow 

dynamics and consequently the structural loading. The nuclei population is usually 

given as a radius distribution function dN(r), defined as a function n(r), such that the 

number of nuclei present in a cubic metre of water with a radius in the range of [r, r+dr], 

is given by [65]:  

𝑑𝑁(𝑟) = 𝑛(𝑟)𝑑𝑟 , (4-1) 

 

where 𝑛(𝑟) =
𝐵

𝑟4
. 



 

52 

In the above equation r is the radius of the nuclei, dr is the increase in the radius range 

and B is an experimental parameter which is dependent on the type of water. This 

parameter is an estimate of the number of nuclei with the specified radius.  

Figure 4-11 shows a typical distribution function based on various water conditions and 

the scatter depending on whether the measurements were performed in a laboratory 

environment or at sea. 

 

Figure 4-11: Nuclei radius distribution function. Figure reproduced from Brennen 

[62]. 

Even though the population of nuclei can vary between different water volumes, there 

is a general trend when considering the size of the nuclei. The population of nuclei 

decreases as their size increases. Figure 4-12 shows the number of nuclei/cm3 as a 

function of diameter for three methods of nuclei population measurements.  



 

53 

 

Figure 4-12: Typical distribution of nuclei population for three different 

measurement methods. Figure reproduced from Franc et al. [64]. 

The above measurements are valid for the specific set of conditions, such as 

contamination, standing time and salinity of the body of fluid, that the water was tested 

and does not provide any guide as to the nuclei contents used in the next chapter. 

4.3.3 Liquid Tensile Strength 

So far it has been established that cavitation occurs when the liquid pressure drops to 

or below the vapour pressure of the liquid. For most engineering purposes the onset of 

cavitation occurs when:  

𝑃 = 𝑃𝑣  .                                                      (4-2)                                                                       

In the case of water however, the cohesive forces are strong due to surface tension 

[66]. Figure 4-13 shows that, in some cases, the fluid can withstand negative pressures 

(metastable condition), which prevent the fluid from changing phase, even at pressures 

lower than the vapour pressure. The difference between the pressure, at which the fluid 

actually cavitates and the vapour pressure is called static delay [64] [67]. 
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Figure 4-13: Andrew Isotherms. Figure reproduced from Franc et al. [64]. 

Investigating Figure 4-13, it is evident that for certain paths the pressure can even 

reach negative absolute values (point M). Experimental work has shown that water can 

reach high tensions (negative absolute pressures) in the region of 50-200 bar. 

However, these results took place in carefully controlled environments which are rarely 

encountered in typical fluid-structure interactions. These pressures are not 

encountered in the applications relevant to this thesis. For more details on these 

experiments the reader is directed to the work of Sedgewick et al. [68] and Trevena 

[69].  

The difference between the vapour pressure and the lowest pressure that the fluid can 

sustain prior to cavitation is called the ultimate tensile strength [68].  This term was 

derived because of the effect that surface tension has on delaying the inception of 

cavitation, especially in the case of water.  

Assuming that the liquid is populated with spherical nuclei (necessary for hydrodynamic 

cavitation) then its tensile strength, otherwise known as the Young-Laplace equation, is 

related to the surface tension and the nuclei radius. For purely vaporous nuclei the 

tensile strength is [62]: 

Δ𝑃 =
2𝑆

𝑅
 , 

                                                         (4-3)                                                                                

where S is the surface tension and R is the nuclei radius. 
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In the case of a fluid with nuclei containing a mixture of vapour and gas then the tensile 

strength is given as: 

Δ𝑃 =
4𝑆

3𝑅
 . 

                                                          (4-4)                                                                                                                                                                 

The presence of gas is considered to be an impurity in the fluid domain. Experimental 

data have shown that the presence of gas (air) led to significantly lower tensile strength 

of the liquid and that the reduction in the presence of gas can lead to a lower critical 

pressure for cavitation inception, as a consequence of the higher tensile strength of the 

liquid. This relates to the static delay, described previously. The purer the water, the 

lower the pressure can drop before the onset of cavitation. The existence of gas also 

represents a rupture in the continuity of the liquid and thus a “weak spot” for cavitation 

to occur. This is more pronounced with undissolved gas being present in water [58].  

The above equation is given for completeness. In this project, it is assumed that the 

presence of gas is neglected. The emphasis is on transient cavitation characterised by 

liquid vaporisation. The short life time of these transient nuclei, along with the generally 

small amount of gas present in them, allows for the gas content to be neglected.  

The surface tension of water at ambient conditions is approximately 0.073 N/m. 

Assuming an initial nuclei radius of 50 µm then the tensile strength of a purely 

vaporous bubble is 2880 Pa.  

4.3.4 Cavitation Growth and Collapse 

Cavitation growth can be described in three steps, all occurring very rapidly. First, there 

is the breakdown of the liquid and the increase in the size of the nuclei into larger 

cavitation bubbles. Next, these bubbles are filled with vapour. Finally, almost 

instantaneously with the second step, the bubbles are saturated with vapour.  

Initially, the cavitation nuclei are assumed spherical due to surface tension and their 

dimension varies between a few micrometres and a few hundred micrometres. It is 

assumed that, at microscopic level, the nuclei are in equilibrium with the surrounding 

liquid, as shown in Figure 4-14, satisfying the following equation [64]: 

𝑝𝑣 + 𝑝𝑔 −
2𝑆

𝑅
= 𝑝∞ , 

                                                        (4-5)                                                                                                                                                                                                                                                 

where 𝑝𝑣 is the vapour pressure, 𝑝𝑔 is the gas pressure, 𝑝∞ is the pressure in the liquid 

at infinity, S is the surface tension and R is the nuclei radius. 
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Figure 4-14: Nucleus in fluid. Figure reproduced from Franc et al.  [64]. 

As the surrounding pressure decreases, the initially microscopic nuclei begin to 

increase in size in a stable manner without cavitation. As discussed above the pressure 

can only drop as low as the vapour pressure and tensile strength will allow it to.  

Consider a spherical vaporous bubble with radius 𝑅, an internal pressure 𝑝𝑣 and an 

external pressure 𝑝∞. The surface tension acts inwards, trying to reduce the size of the 

drop. For the bubble to increase in size, as is expected during cavitation, the external 

pressure must reach a critical value, 𝑝𝑐, so that the pressure difference, 𝑝𝑣 − 𝑝𝑐, is 

acting outwards, trying to increase the volume of the bubble [70]. The corresponding 

radius of the bubble for a critical pressure is also called critical radius, 𝑅𝑐.   

Considering a hemispherical cut of the bubble, the surface tension is [70]: 

2𝜋𝑅𝑐𝑆 ,                                                            (4-6)                                                                                                                                                                                                                                                

where 2𝜋𝑅𝑐 is the circumference of the hemisphere. The force due to the difference in 

pressure, on the projected area of the hemisphere is [70]: 

𝜋𝑅𝑐
2(𝑝𝑣 − 𝑝𝑐) .                                                            (4-7)                                                                                                                                                                                                                                                

The equilibrium is given when equation (4-6) is equal to equation (4-7): 

𝜋𝑅𝑐
2(𝑝𝑣 − 𝑝𝑐) = 2𝜋𝑅𝑐𝑆 .                                                            (4-8)                                                                                                                                                                                                                                                
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Rearranging equation (4-8), leads to the critical pressure for a purely vaporous bubble: 

𝑝𝑐 = 𝑝𝑣 −
2𝑆

𝑅𝑐
 . 

                                                            (4-9)                                                                                                                                                                                                                                                                                              

The above can also be deduced from equation (4-5) by neglecting the presence of gas. 

In the case of a nucleus that contain both vapour and gas then [58]: 

The velocity potential for an irrotational flow is: 

𝜑 =
𝑅2

𝑟

𝑑𝑅

𝑑𝑡
 , 

                                                          (4-10)                                                                                                                                                                                                                                                

where 𝑅 is the nucleus radius, r is the radial distance from the centre of the nucleus 

and t is time. 

The radial velocity can be given, with respect to the nuclei centre, as [58]: 

𝑢 = −
𝜕𝜑

𝜕𝑟
=
𝑅2

𝑟2
𝑑𝑅

𝑑𝑡
 . 

                                                          (4-11)                                                                                                                                                                                                                                                

Neglecting gravity, the equation of motion of the liquid is given as the Bernoulli’s 

equation of unsteady potential flow [58]: 

−
𝜕𝜑

𝜕𝑡
+
𝑢2

2
+
𝑝

𝜌
= 𝐹(𝑡) =

𝑝∞
𝜌
 , 

                                                          (4-12)                                                                                                                                                                                                                                                

where 𝑝 is the local pressure in the liquid and 𝑝∞ is the pressure in the liquid at infinity 

(𝑢 = 0 and 𝜑 = 0). 

At the nuclei wall the equation of motion (4-12) leads to (for r = R) [58]: 

−𝑅
𝜕𝑈

𝜕𝑡
−
3𝑈2

2
=
𝑝∞ − 𝑃

𝜌
 , 

                                                        (4-13)                                                                                                                                                                                                                                                

where P is the pressure of the liquid at the nuclei wall.  

The equilibrium for nuclei possessing both gas and vapour is given as [58]:  

𝑝𝑣 +
𝑁𝑇

𝑅3
−
2𝑆

𝑅
= 𝑃 , 

                                                        (4-14)                                                                                                                                                                                                                                                 

where 𝑝𝑣 is the vapour pressure, 𝑁 is constant for fixed mass of a specific gas, 𝑇 is the 

temperature, 𝑃 is the pressure at the bubble wall and S is the surface tension.  
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The above equation is similar to the generalised equilibrium equation given in (4-5).  

Substituting equation (4-14) into (4-13): 

 

where, 𝑓(𝑅, 𝑇) is the force required for change in the nuclei radius. A positive value 

indicates growth and a negative value indicates collapse of cavitating nuclei. For 

equilibrium, and radius 𝑅 = 𝑅𝑐, equation (4-15) becomes [58]: 

Assuming constant temperature, T and constant N, the critical radius is [58]: 

Equation (4-17) is based on the stability conditions of the equilibrium of a bubble, which 

states that the equilibrium is stable when 
𝑑𝑓

𝑑𝑅
< 0 and unstable when 

𝑑𝑓

𝑑𝑅
≥ 0. As such, 

the critical radius for the onset of cavitation is when 
𝑑𝑓

𝑑𝑅
= 0 [58].  

Using equation (4-17) in equation (4-16) and considering that the pressure at the nuclei 

wall is the critical pressure for cavitation to occur, leads to: 

Rearranging, the critical pressure is given as [58] [62] [64]: 

𝑝𝑐 = 𝑝𝑣 −
4𝑆

3𝑅𝑐
 . 

                                                          (4-19)                                                                                                                                                                                                                                                

Subscript c denotes the critical state of both the pressure and the radius. Once the 

pressure drops to 𝑝𝑐, the nuclei start expanding in an unstable way. At this point, the 

fluid breaks down and cavitation takes place. The most important parameter in 

equation (4-9) and (4-19) is the critical radius. Any nuclei with size above that critical 

radius will expand explosively into a cavitating bubble.  

𝜌 (𝑅
𝜕𝑈

𝜕𝑡
+
3𝑈2

2
) = −(𝑝∞ − 𝑝𝑣 +

2𝑆

𝑅
−
𝑁𝑇

𝑅3
) = 𝑓(𝑅, 𝑇) , 

                                           (4-15)                                                                                                                                                                                                                                                

[− (𝑝∞ − 𝑝𝑣 +
2𝑆

𝑅
−
𝑁𝑇

𝑅3
)]
𝑅=𝑅𝑐

= 𝑓(𝑅, 𝑇) = 0 . 
                                            (4-16)                                                                                                                                                                                                                                                

𝑅𝑐 = √
3𝑁𝑇

2𝑆
= 0 . 

                                          (4-17)                                                                                                                                                                                                                                                

𝑅𝑐 =
−4𝑆

3(𝑝𝑐 − 𝑝𝑣)
 . 

                                           (4-18)                                                                                                                                                                                                                                                
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Figure 4-15: Liquid tension vs radius for nuclei containing both gas and vapour 

for various gas contents at constant temperatures. Curves are based on bubble 

equilibrium equation (4-16) [58]. The locus of the peaks, shown by the dashed 

line, represents the critical radius equation (4-19). Figure reproduced from 

Brennen [62]. 

The graph of Figure 4-15 shows the equilibrium conditions based on the rate of change 

of the equation (4-16) with respect to the radius of the nuclei, for different fixed gas 

contents. The radius of the nuclei increases in a stable manner, as the liquid pressure 

𝑝∞ decreases, until it reaches the locus of curves, which represents the critical radius. 

As the liquid pressure decreases, the nuclei (with fixed gas content) increase in size 

until they reach the particular critical pressure, at the maximum of the curve. Until this 

point the nuclei are under stable conditions, passing through a number of equilibrium 

states. Once the liquid pressure drops below the value corresponding to the maximum 

of the curve, cavitation will take place and the nuclei will increase into cavitating 

bubbles. The locus of the different curves represents equation (4-19) [62].     
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Figure 4-16 shows the generalised graph of the stable and unstable conditions for 

bubble growth with respect to critical radius and pressure for equation (4-19). 

 

Figure 4-16: Generalised equilibrium curve for nuclei containing both vapour and 

gas. Curve represents equation (4-19). Liquid pressure vs critical radius. Figure 

reproduced from Franc [59]. 

At point 1, the nucleus has an initial radius less than the critical one. If the pressure 

drops but remains above the critical pressure, then the nucleus will increase in size but 

it will remain in equilibrium. At point 2, the pressure has decreased further but is still 

higher than the critical pressure. As a result, the nucleus increases in size further, 

maintaining equilibrium with the surrounding liquid. If the pressure is lowered to the 

critical pressure, then the microscopic nucleus will develop into a cavitating bubble. 

Finally, at point 3, the nucleus has reached a radius greater than the critical radius. 

This means that even a small drop in the liquid’s pressure will lead to further growth of 

the cavitating bubble [59].  

The critical radius has two main side-effects in cavitation. The first one is evident from 

equations (4-9) and (4-19). The smaller the critical radius of the nucleus, the higher the 

influence of the tensile strength and surface tension is to the critical pressure. As a 

result, the static delay for cavitation will be prolonged [64].  

For an initial radius of 5 𝜇m and surface tension of S= 0.073 kg/s2 the critical tension is 

equivalent to: 

4𝑆

3𝑅𝑐
= 19466.667 Pa. 
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Using the Antoine equation (see Chapter 6) for room temperature, the saturated vapour 

pressure is close to: 

𝑝𝑣 = 3166  Pa. 

Using equation (4-19) the critical pressure is: 

𝑝𝑐 = −16300.667 𝑃𝑎 = 85024.333 Paabs . 

For an initial radius of 30 𝜇m the critical tension is:  

4𝑆

3𝑅𝑐
= 3244.444 Pa. 

This gives a critical pressure of:  

𝑝𝑐 = −78.444 𝑃𝑎 = 101246.556 Paabs . 

The example above shows the effect of the critical radius of the nuclei on the critical 

pressure. It shows that, for small enough initial radii of the microscopic nuclei, the 

pressure can drop considerably, before the onset of cavitation, due to the effect of the 

tensile strength of the liquid.  

The second effect is related to the extent and severity of the cavitation. If the critical 

radius is small then there are more nuclei that will explode into cavitating bubbles, thus 

affecting the flow dynamics [62]. This is based on Figure 4-12, which shows that for a 

specified volume of liquid, it is more likely to have a larger number of small nuclei. This 

means that there are more “weak points” in the fluid that will expand into cavitating 

bubbles as the pressure drops.   

In most practical cases the initial size of the nuclei varies, which means that the 

“weakest point” of the liquid is usually taken as the largest nucleus present in the area 

of the fluid that will experience cavitation. Since the largest nucleus is considered as 

the critical radius, the effects of the tensile strength of the liquid are usually neglected 

and the assumption that the critical pressure is the same as the vapour pressure is 

used [64]. For most numerical cases however, it is always assumed that the size of the 

nuclei is the same throughout the water domain at the start of the simulation [71]. 

Once the fluid reaches an area with a pressure higher than the critical one, the nuclei 

that have developed into cavitation bubbles start to collapse in a violent manner. As the 

cavitating bubbles reduce in size there are complex phenomena that take place, 
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including very high implosion velocities. For a purely vaporous cavitation bubble 

compressibility is considered to be of less significance during the initial stages, due to 

the low velocities that the bubble experiences. During collapse however, the vapour in 

the bubble will act as a gas because there is not sufficient time for condensation to 

occur. This will affect the inward collapse velocity of the bubble, as well as its pressure. 

This means that the compressible nature of the flow should be considered [59] [64] 

[58]. 

Typically, the initial collapse is followed by rebounds and subsequent collapses. In the 

case of a non-viscous flow these rebounds do not attenuate but can keep appearing 

indefinitely as it is shown in Figure 4-17 [62].  

Finally, another difference between growth and collapse is the spherical nature of the 

cavitating bubbles. Usually for cavitation growth, the nuclei are considered spherical. 

However, as cavitation collapse progresses, the spherical nature of the cavitating 

bubbles is no longer valid [72]. 

 

 

Figure 4-17: Spherical cavitation bubble behaviour (based on the Rayleigh – 

Plesset method) in the absence of any viscous effects [U is the growth/collapse 

velocity of the bubble, R and R0 are the bubble’s current and initial size and t is 

time]. Figure reproduced from Brennen [62]. 

The importance of cavitation collapse is related to possible material erosion caused by 

high pressures and velocities. Vaporous cavitating bubbles exhibit a fragmentation 
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behaviour as their size reduces to orders smaller than their maximum [62]. As the 

bubbles collapse a jet appears through them leading to fragmentation.  

Given the presence of a solid boundary near the fluid, there would be a difference in 

the inward acceleration of the bubbles present in the cavitating fluid. This would cause 

one side of the bubbles to collapse faster than the other leading to the appearance of 

this jet with a direction towards the solid boundary.  

Cavitation damage is significant in structures that experience repeated cavitation 

collapse, such as ship propellers. The severe pressures close to the boundary lead to 

surface fatigue, as shown in Figure 4-18. Moreover, for softer materials, such as 

aluminium, cavitation collapse can lead to pitting of the surface, which is directly linked 

to the formation of the jet discussed above.  

 

 

Figure 4-18: Material erosion on ship propellers caused by vortex cavitation 

collapse. Figure reproduced from Senocak [73]. 

The above is a brief description of the effects of cavitation collapse. In this project, the 

focus is on the effects of cavitating bubbles during the ditching of an aircraft, which 

does not experience repeated cavitation collapse exposure and so it is not necessary 

to investigate any potential material damage caused by it.  

4.3.5 Mixture Properties 

The phenomenon of cavitation is a problem that involves a mixture of liquid, vapour 

and gas. Generally, the amount of gas present in water is small so the focus here is on 

a liquid-vapour mixture.  
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The introduction of vapour into the liquid will alter both its density and its speed of 

sound. Initially, the density of water is considered to be 𝜌𝑙 = 1000 kg/m
3 and the 

density of vapour is 𝜌𝑣 = 0.023 kg/m
3. The ratio of the liquid density to that of the 

vapour is larger than 40,000 [74]. As cavitation progresses and the vapour inside the 

cavitating bubbles increases, there is a severe reduction in the mixture density [75]. 

Figure 4-19 shows the changes that the flow is undergoing with respect to its density. 

As separate entities both water and vapour are considered incompressible for low 

velocities. However, the mixture is compressible when the pressure is close to the 

saturated vapour pressure [76]. 

 

Figure 4-19: Variations in liquid and mixture density [77]. 

The second property that changes due to the presence of the vapour is the speed of 

sound. The speed of sound of the water in liquid form is 𝑐𝑙 = 1482.9 m/s. Generally, it 

is acceptable to use the speed of sound of an ideal gas so 𝑐𝑣 = 340.26 m/s for the 

vapour part. The result of the phase change is that the speed of sound of the mixture 

can be lower than either of the individual components [78]. 

 

4.3.6 Cavitation Parameter 

Cavitation parameter is a flow similarity number that can provide a quantitative 

comparison of cavitation, which is particularly helpful but not limited to the attached 

cavitation cases. Considering a flow over a structure would lead to a pressure 

difference between a point close to the body and a point further away in the flow. This 
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difference is proportional to the dynamic pressure and is given as the negative of the 

pressure coefficient [58]:  

−𝐶𝑝 = 
𝑃0 − 𝑃

0.5𝜌𝑣0
2 , 

                                                         (4-20)                                                                                                                                                                                                                                                  

where 𝑃0 is the pressure of the fluid, 𝑃 is the pressure at a point close to the structure, 

𝜌 is the density of the fluid and 𝑣𝑜 is the velocity of the flow with respect to the 

structure. 

The cavitation parameter is equal to equation (4-20) and cavitation inception occurs 

when 𝑃 = 𝑃𝑐 and is given as: 

 

𝜎𝑐 = 
𝑃𝑐 − 𝑃𝑣

0.5𝜌𝑣0
2 . 

                                                         (4-21)                                                                                                                                                                                                                                                 

If the surrounding pressure is high enough, then there will not be any cavitation 

inception but as the pressure reduces to 𝑃𝑐 the extent of cavitation increases. It should 

be noted that the above parameter is a relatively crude approach for obtaining 

cavitation flow similarity, since it is assumed that the fluid cannot sustain any tensions 

unlike the theory described previously [62].  

4.3.6.1 Scale Models 

When dealing with scale modelling of a structure, its Reynolds number will be different 

from the full scale structure, unless the velocity is altered in order to match the 

Reynolds number of the full scale and model structure. By changing the velocity, the 

cavitation number will change [62]. This simple explanation is the reason why scale 

model tests fail to capture cavitation.  

4.3.7 Cavitation Numerical Modelling 

There have been numerous attempts to model cavitating flows in the past. In what 

follows is a description of the most common approaches along with their limitation. The 

applications that these methods are used in, are also described. 

4.3.7.1 Interface Tracking Method  

The interface tracking method provides a clear distinction between the vapour and 

liquid part of the flow. It is most commonly used in order to simulate stable cavitation 
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occurrences, such as attached cavitation, because in those types of cavitation there is 

a clearly defined closed area of pure vapour or gas [79] [80] [75]. The limitation in its 

applicability to transient cavities is due to the fact that, even though it can track two 

distinct interfaces as they interact with each other, it does not allow for the creation of 

new interfaces [81]. 

4.3.7.2 Homogeneous Method 

The most common approach in the literature involves homogeneous or continuum 

models. The major difference to the interface approach is that there is no interest to 

track the cavitating bubbles, but instead the flow is treated as a mixture of vapour and 

liquid [75]. These models are usually employed for transient cavitation. Homogeneous 

models are used under the assumption that the relative velocity between the nuclei and 

the liquid is zero. This is commonly referred to as the slip velocity [80]. 

Homogeneous models can include a two-fluid or a one-fluid approach. The two-fluid 

model assumes that the liquid and vapour phases co-exist in the flow and every phase 

is governed by its own set of differential equations. This method is used to model 

compressible multi-phase flows, taking into account the physical details of the mixture, 

such as the effects of mass exchange and surface tension [75]. The problem with this 

approach is that it usually requires data which are difficult to know a priori.  

The one-fluid approach uses one set of differential equations under the concept that 

the flow is treated as a mixture. The most common application of this approach relates 

to the definition of steady cavitation over streamlined bodies. For this method, the use 

of mass transfer equations between the liquid and the vapour are employed [75] [82].  

The one-fluid approach is the most widely used, primarily due to its simplicity in 

modelling the growth and collapse of the cavitating nuclei. The cut-off and the vacuum 

models are the simplest one-fluid models. Both these techniques treat the flow as a 

pure fluid, neglecting the phase changes and any changes in the properties of the 

liquid. The cut-off model does not allow the liquid pressure to drop below a predefined 

threshold. Currently this method is used in transient FE codes, such as LS-DYNA. For 

simulations where cavitation is of interest, a cut-off pressure value of zero is chosen, 

whereas when cavitation is neglected this value is set to a very high negative value [75] 

[83]. The vacuum model treats the cavitation region as an area of no mass [81]. 

In addition to the one-fluid method, a bubble dynamics approach is usually employed in 

order to account for the evolution of the cavitating bubbles. This approach allows for 
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the consideration of bubble collapse and can be used for cavitation erosion; however, it 

can lead to numerical instabilities, because it cannot provide accurate enough results 

for high void fractions. This is due to the fact that the majority of bubble dynamics 

methods use the Rayleigh-Plesset equation, which does not account for interaction 

between bubbles [80]. The Rayleigh-Plesset equation is applicable to transient 

phenomena and it is possible to include the effects of surface tension and viscosity. 

The shortcomings of the Rayleigh-Plesset approach is the fact that it does not account 

for the potential non-spherical nature of the bubbles and that the mass transfer 

between the vapour and the liquid are not considered. This means that the accuracy of 

this method for steady-state cavitating phenomena, such as the attached cavitation 

over hydrofoils is not acceptable [84]. Table 4-1 gives an overview of some methods 

and their applications. The majority of the research is focused on the steady-state 

behaviour around axisymmetric bodies and hydrofoils. 

With respect to aircraft ditching, the areas where cavitation is expected to appear is in 

the areas of low pressure and, as described before, these are likely to occur at the rear 

section of the fuselage. Accurate cavitation modelling has the effect of reducing the 

permissible pressures imparted on the aircraft, since the onset of the phenomenon is 

based on the tensile strength of the liquid. By reducing the pressures on the fuselage, 

the local deformations will also be reduced. If the arbitrary cut-off model is not used, 

the liquid pressure would drop lower than the liquid tensile strength would otherwise 

permit. Hence, the inclusion of a more realistic cavitation model is necessary in order to 

achieve more accurate loading predictions during ditching.  
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Table 4-1: Selected review of various methods for cavitation modelling. 

Authors Method Applications 

Huang et al. [85] Homogeneous approach with a 

density model including phase 

exchange rates. 

Steady-state cavitation for 

axisymmetric bodies and 

hydrofoils. 

Kubota et al. [71] Homogeneous approach with the 

Rayleigh Plesset equation and 

Poisson’s equation. 

Cloud cavitation on 

hydrofoils. 

Zhang et al. [76] Homogeneous approach with 

phase exchange method. 

Steady-state axisymmetric 

cylinders and hydrofoils. 

Xie et al. [81] Homogeneous pressure based 

approach (use of barotropic 

equations). 

Transient cavitation in 

pressure induced cases. 

Tamura et al. [80] Modified Rayleigh-Plesset for 

higher void fractions and use of 

convection-diffusion techniques. 

Steady-state hydrofoil 

cavitation. 

Liu et al. [86] Homogeneous one-fluid barotropic 

pressure approach. 

Transient cavitation in 

pressure induced cases and 

underwater explosions. 

Singhal et al. [74] Homogeneous approach with the 

use of phase exchange rates 

based on Rayleigh-Plesset 

equations and the use of 

turbulence modelling. 

Steady-state in orifice and 

hydrofoils. 

Chen et al. [87] Barotropic model and turbulence 

modelling. 

Steady-state in venturi and 

hydrofoils. 
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4.4 Conclusions 

This chapter provided a more detailed understanding of the flow phenomena occurring 

during a ditching event.  

The water phenomena present during fluid-structure interactions have been introduced, 

along with their influence on both simple structures and aircraft models. It is important 

in this project to identify which of these phenomena are more likely to influence the 

structural response of a ditching event of a fixed-wing aircraft with high forward 

velocity.  

As far as the air cushioning in the form of a distinct cavity is concerned, it has been 

found to have a significant influence on the pressure and decelerations of a structure. 

Having said that, it must be argued that it is more profound when the contacting 

surface is large with small angles with respect to the water surface. Furthermore, its 

influence depends on the direction of the impact. For fixed-wing water landing, where 

the forward velocity is high, and the geometry of the structure is not as flat, it is 

expected that it will not play as an important role as in vertical drops of square boxes. 

The computational cost of introducing air particles would not provide significant 

benefits. However, the effect of suspended particles within the fluid should be 

investigated further (Chapter 7) and compared to available published results. 

Suction can influence the pressure distribution and loading of an aircraft, depending on 

the fuselage shape, suggesting that its omission can compromise the accuracy of the 

simulations. Modelling of suction forces would allow for more accurate simulation of the 

motion of the aircraft, either through the presence of air at atmospheric pressure or by 

a contact definition, as described before. However, it is considered more appropriate to 

establish the capabilities of the current meshless method (SPH code) with respect to 

cavitation and also aeration; the last being a mixture approach accounting for the 

presence of air in the liquid which is described in Chapter 7.  

With respect to cavitation the review identified the different types of cavitation that 

exist. Furthermore, the nucleation procedure was established and the influence of the 

nuclei on the flow has been defined. Next, the cavitation pressure and the concept of 

liquid tensile strength was briefly introduced, which shows the strong cohesive nature 

of water and how this can affect the cavitation pressure. The cavitation growth and 

collapse were discussed including the importance of the nuclei size and the 

significance of compressibility during the later stages of collapse. Finally, the effect of 
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cavitation on the density and speed of sound was discussed, showing that they can be 

far smaller than the individual components of the flow. 

Cavitation modelling methods have also been described. It is evident that, depending 

on the nature (steady-state or transient) of cavitation, a different approach is employed. 

The majority of literature deals with steady-state occurrence of axisymmetric bodies 

and hydrofoils thus a mass transfer approach is preferred. However, for transient 

phenomena a mixture approach linking pressure to density and subsequently to void 

fraction is preferred. This is achieved with the use of a mixture density function 

accounting for vapour and liquid. Finally, the Rayleigh-Plesset bubble dynamics model 

has been briefly outlined. This model is used in conjunction with the mass transfer 

approaches. The Rayleigh-Plesset approach will be used for transient cavitation in this 

project and will be discussed in more detail in Chapter 6. 

Next, information about the SPH code will be provided, as it is the method used for the 

modelling of the fluid. Moreover, an initial test case of a high forward velocity impact 

will be discussed, showing the current capabilities of the code.  
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5 The MCM Code 

In this chapter, a description of the code used for the water modelling is given. 

Cranfield University’s code implementation of the Smoothed Particle Hydrodynamics 

(SPH) method will be explained and an initial forward velocity example will be 

described. This example is the impact of an inclined plate with both forward and vertical 

velocity.  

5.1 SPH General Description 

Smooth Particle Hydrodynamics (SPH) was first developed for astrophysical problems 

due to the need for a meshless approach into simulations [88]. The basis of the SPH 

method is the use of approximations for the solution of differential equations. It is a 

Lagrangian method, allowing for the tracking of the properties of discreet elements as 

they move in time. In the Lagrangian method the grid, or mesh, is fixed on the material 

as it moves. In this way, the properties of each material point can easily be tracked. 

The main difference between the Finite Element and the SPH methods, is the fact that 

SPH uses particles (interpolation points) instead of mesh defined elements. Each of 

these particles is characterised by velocity, position, mass, stress and internal energy. 

Since it is a meshless approach, it allows for the simulations of highly distorted material 

without any of the problems of a mesh defined Lagrangian method. This is particularly 

important for simulating a free surface fluid under high velocity impact. SPH is based 

on an arbitrary distribution, the kernel approximation, of interpolation points in order to 

determine the particle variables [89] [90].  

The SPH approach starts from the following integral representation of a function: 

𝑓(𝑥) = ∫ 𝑓(𝑥′)𝛿(𝑥 − 𝑥′)𝑑𝑥′ ,
Ω

 

                                                          (5-1)                                                                                                                                                                                                                                                  

where 𝑥 is the position vector, Ω is the volume domain of interest and 𝛿(𝑥 − 𝑥′) is the 

Dirac delta function, which is given by: 

𝛿(𝑥 − 𝑥′) = {
             0   𝑥 ≠ 𝑥′           

1    𝑥 = 𝑥′ .
                                 

                                             (5-2)                                                                                                                                                                                                                                                                                                          
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Next, the Dirac delta function is replaced by a kernel function denoted as 𝑊(𝑥 − 𝑥′, ℎ). 

The interpolation points used for the kernel approximation are defined through the 

smoothing length ℎ. This parameter determines the domain of particles over which the 

kernel is applicable [75]. Equation (5-1) then becomes [91]: 

< 𝑓(𝑥) >= ∫ 𝑓(𝑥′)𝑊(𝑥 − 𝑥′, ℎ)𝑑𝑥′

Ω

 , 
                                                          (5-3)                                                                                                                                                                                                                                                  

where <> represents a kernel approximation. 

The kernel usually satisfies the following three criteria [90]: 

The kernel is normalised: 

 

∫ 𝑊(𝑥 − 𝑥′, ℎ)𝑑𝑥′ = 1
Ω

 . 
                                                               (5-4)                                                      

 

 

As a consequence, the kernel function is usually defined as a bell-shaped function, as 

shown in Figure 5-1. It should be noted that corrected functions, such as Shephard and 

MLS, are not normalised. 

It has compact support: 

 

𝑊(𝑥 − 𝑥′, ℎ) = 0    𝑓𝑜𝑟     |𝑥 − 𝑥′| ≥ 2ℎ .                                                (5-5)                                                          
 

 

This suggests that the kernel approximation for a point 𝑥 occurs only for a support 

domain of 2ℎ. The original implementation of SPH used a Gaussian kernel, which did 

not satisfy this criterion. 

When the smoothing length approaches zero, the kernel reduces to the Dirac delta 

function: 

 

lim
ℎ→0

𝑊(𝑥 − 𝑥′, ℎ) =  𝛿(𝑥 − 𝑥′) .                                                           (5-6)                                                                                                                                                                                                                                                                                                               
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Figure 5-1: Support domain of smoothing kernel W. Figure reproduced from Liu 

et al. [75]. 

From this criterion, it follows that as the smoothing length reduces to zero the 

approximation of function 𝑓(𝑥) becomes equal to equation (5-1).  

There is a variety of kernel functions available, the most common of which is a cubic 

B–spline [92]: 

𝑊(𝑥 − 𝑥′, ℎ) = 𝐶

{
 
 

 
 1 −

3

2
𝑧2 +

3

4
𝑧3       𝑖𝑓 0 ≤ 𝑧 < 1

(2 − 𝑧)3

4
                 𝑖𝑓 1 ≤ 𝑧 < 2

0                                 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 ,

 

         

                                            (5-7)                                                                                                                                                                                                                                                                                                               

where:   

𝑧 =
|𝑥 − 𝑥′|

ℎ
 , 

                                                           (5-8)                                                                                                                                                                                                                                                                                                               

and C is [90]: 

𝐶 =

{
 
 

 
 
2

3
   𝐷 = 1               

10

7𝜋
   𝐷 = 2                 

1

𝜋
     𝐷 = 3 ,               

 

                                                                                    

                                                          (5-9)                                                                                                                                                                                                                                                                                                               

where D is the number of spatial dimensions of the problem. 
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The cubic B-spline kernel has a compact support domain, in contrast to a Gaussian 

function that never reaches zero.  

Since the domain of interest in the SPH method is represented by a set of particles, it is 

essential to convert the continuous integral representation of the kernel approximation 

of equation (5-3) into a summation form, accounting for the number of particles, N, in 

the support domain. Consider Figure 5-1, with a support domain around particle i and 

k=2, which is a typical value characterising the radius of the support domain. The mass 

of particle j is given as: 

𝑚𝑗 = ∆𝑉𝑗𝜌𝑗 . 
                                                                               (5-10)                                                      

Then, equation (5-1) can be approximated for particle i as [75] [93]: 

〈𝑓(𝑥𝑖)〉 ≅∑𝑓(𝑥𝑗)𝑊(𝑥𝑖 − 𝑥𝑗, ℎ)

𝑁

𝑗=1

∆𝑉𝑗 

 

= ∑𝑓(𝑥𝑗)𝑊(𝑥𝑖 − 𝑥𝑗, ℎ)

𝑁

𝑗=1

1

𝜌𝑗
(𝜌𝑗∆𝑉𝑗) 

= ∑
𝑚𝑗

𝜌𝑗
𝑓(𝑥𝑗)𝑊(𝑥𝑖 − 𝑥𝑗, ℎ)

𝑁

𝑗=1

 . 

 

                                                         (5-11) 

The above derivation means that a variable at a particle i is the sum of the 

contributions of the neighbouring particles j within the support domain.  

The kernel has units of 1/V, where V is the volume. Defining density 𝜌 as the variable f 

in the final form of equation (5-11), the simplest form of the density equation is derived 

[75]: 

𝜌𝑖 =∑𝑚𝑗 (𝑊(𝑥𝑖 − 𝑥𝑗, ℎ))

𝑁

𝑗=1

 . 

 

                                  (5-12) 

Equation (5-12), called the summation form of density, effectively states that the 

density of particle i is equal to the weighted summation of the neighbouring particles 

located within the support domain. The summation form of the density conserves the 
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mass exactly however it leads to poor results at the boundaries due to the lack of 

particles in the whole support domain. 

Another form for the evolution of density is given by the following form of the 

conservation of mass as (full derivation in Appendix A) [75] [94]: 

𝑑𝜌𝑖
𝑑𝑡

= 𝜌𝑖∑
𝑚𝑗

𝜌𝑗
(𝑣𝑗 − 𝑣𝑖)

𝜕𝑊(𝑥𝑖 − 𝑥𝑗, ℎ)

𝜕𝑥𝑖

𝑁

𝑗=1

 ,                                                          (5-13) 

where 𝑣𝑗 − 𝑣𝑖 is the velocity difference between particles j and i.  

Equation (5-13), derived from the continuity equation, is usually applied for flow 

problems that deal with strong discontinuities, because it considers the velocity 

difference between the particles. The following simulations were performed in order to 

show the difference in the pressure and density variations, along the interface of an air-

water block of particles under the influence of gravity, with the use of the summation 

equation of the density (5-12) and the density evolution from equation (5-13). The aim 

is to demonstrate the boundary deficiency of equation (5-12) and also its ability to 

provide a smoother transition of density between the water and air.  

The set-up includes a 2D box of water and air 10 m x 10 m with the same amount of 

particles for the water and air domains, as shown in Figure 5-2. The density of the air is 

1.225 kg/m3 and that of water is 1000 kg/m3. 

 

   

Figure 5-2: Air water mixture with air at the top (left) and pressure distribution of 

the domain under gravity. Fringe levels show pressure in Pa.                                                                                           
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The initial simulation was performed with the use of the continuity equation for the 

density (equation (5-13)). The pressure at the bottom of the box should be 

approximately 50,000 Pa. The result of Figure 5-2 yields results close to this value.  

Next, equation (5-12) was applied to the entire problem domain. It is expected that it 

will provide a smoother density transition between the air and the water interface. 

Figure 5-3 shows a comparison of the densities between the continuity approach and 

the summation method. 

 

Figure 5-3: Density difference between the continuity form of density (left) and 

the summation form (right). Fringe levels show density in kg/m3. 

The density at the interface does not transition as abruptly for the summation approach 

when compared to the continuity one. There is a row of particles that is affected by 

both the water and the air particles, leading to a smoother density transition. However, 

the deficiency of the summation form at the boundaries, due to the reduced number of 

neighbouring particles becomes evident. The density at the top of the air is less than 

the initial density of air. This deficiency is only present at the top boundary, due to the 

boundary treatment applied in the current SPH code that will be discussed later. 

Finally, the effect of the summation form of the density on the pressure distribution is 

shown in Figure 5-4. The summation form provides a slightly more accurate pressure 

distribution as far as the peak value is concerned at the bottom of the water.  
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Figure 5-4: Pressure distribution results for the box under gravity with the use of 

the summation form of the density. Fringe levels show pressure in Pa. 

The conservation of momentum and energy are given from the following equations (full 

derivation in Appendix A) [94]: 

𝑑𝑣𝑖
𝑑𝑡

= −∑𝑚𝑗 (
𝜎𝑗

𝜌𝑗
2 +

𝜎𝑖

𝜌𝑖
2)

𝑁

𝑗=1

𝜕𝑊(𝑥𝑖 − 𝑥𝑗, ℎ)

𝜕𝑥𝑖
 , 

                                                         (5-14) 

𝑑𝐸𝑖
𝑑𝑡

= −
𝜎𝑖

𝜌𝑖
2∑𝑚𝑗

𝑁

𝑗=1

(𝑣𝑗 − 𝑣𝑖)
𝜕𝑊(𝑥𝑖 − 𝑥𝑗, ℎ)

𝜕𝑥𝑖
 . 

                                                                             

(5-15) 

 

Artificial viscosity was introduced as a means to handle shocks. It is an artificial 

dissipative term, which effectively smooths the discontinuity present in a shockwave 

front. The following term was introduced by Monaghan et al. [95]: 

Π𝑖𝑗 = {

−𝛼𝑐𝑖𝑗𝜇𝑖𝑗 + 𝛽𝜇𝑖𝑗
2

𝜌𝑖𝑗
                          𝜇𝑖𝑗 < 0            

0                                            𝜇𝑖𝑗 ≥ 0 ,

                        (5-16) 

where 𝛼 and 𝛽 are viscosity coefficients, 𝑐𝑖𝑗 = 0.5(𝑐𝑖 + 𝑐𝑗), 𝜌𝑖𝑗 = 0.5(𝜌𝑖 + 𝜌𝑗) and: 

𝜇𝑖𝑗 =
ℎ(𝑣𝑖 − 𝑣𝑗)(𝑥𝑖 − 𝑥𝑗)

|𝑥𝑖 − 𝑥𝑗|
2
+ 𝜀ℎ2

 , 
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where 𝜀 is 0.1 for most cases.  

5.2 MCM Structure  

The structure of the MCM code is shown in Figure 5-5. During the input phase the data 

from the input file are imported and the relevant checks, such as correct use of 

equation of state and boundary conditions are performed. Next, during the initialisation 

phase, parameters that are not given from the input file are calculated. These include 

data such as initial pressures/stresses and time step size.  

Finally, the output phase provides all the relevant state plots and time history variables 

for the simulations at intervals specified in the input file.  

 

Figure 5-5: Structure of the MCM code. Figure reproduced from De Vuyst et al. 

[92]. 
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Figure 5-6: Structure of the Solution phase of the MCM code. Figure reproduced 

from Vuyst et al. [96]. 

The solution phase is the bulk of the code which performs the time integration. The 

main routines that it includes are given in Figure 5-6. The first operation that needs to 

be performed is to determine the neighbouring particles (j) for the particle of interest.  

The most direct approach to finding the neighbours of particle i would be to evaluate 

the distance between the particles and determine which can classify as neighbours, 

based on whether they are at a distance less than the support domain. This approach 

would be computationally expensive so an approach called linked list is employed [94].  

With the linked list approach the particles are divided into a grid with dimensions in 3D 

cases of 2h x 2h x 2h, which corresponds to the support domain, as shown in Figure 

5-7. Then the neighbouring particles of a specific particle can either be in the same grid 

or the surrounding ones. This means that the search for the neighbour particles takes 

place in 3, 9 or 27 grid elements for 1D, 2D and 3D cases respectively, as shown in for 

2D cases [75].  
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Figure 5-7: Grid representation of the linked list approach. Figure reproduced 

from Liu et al. [75]. 

The efficiency of the linked list approach becomes evident as the number of particles 

increases.  

 

 

Figure 5-8: Search for neighbouring particles with the linked list approach for 2D 

cases. Figure reproduced from Liu et al. [75]. 

Once the neighbour particles are determined, the strain rate and density are evaluated. 

The MCM code uses the continuity form of the density described above. Next, the 

constitutive model is applied, which determines the stresses on the particles based on 

the material model that is used. Then the boundary conditions and body forces are 

calculated. In order to deal with the particle deficiency at the boundaries a set of ghost 

particles can be applied at each boundary with the use of symmetry planes, as shown 

in Figure 5-9. These particles have ghost mass, velocity and pressure as their original 
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counterpart particles and are included in the neighbours’ search, thus avoiding the 

boundary deficiency issues inherent in SPH [14]. 

 

Figure 5-9: Symmetry planes concept. Figure reproduced from Liu et al. [75]. 

Finally, the accelerations can be computed including body forces, artificial viscosity and 

any other contact forces based on the momentum equation (5-14). The accelerations 

are then used to update the velocities and positions of the particles [96].  

5.3 Inclined Plate  

A test case was developed for a water impact of an inclined plate with high forward 

velocity, as an initial example of the MCM code coupled with the FE code DYNA3D. 

This example also represents a simplified version of the experimental tests defined by 

SMAES. The simulations involve a curved structure, representing a section of the 

bottom part of the fuselage. By performing these initial simulations, a better 

understanding of simulating fluid-structure interaction problems with high forward 

velocity can be achieved. They also contribute towards an assessment of the 

parameters that influence the simulations and particularly the fluid behaviour modelled 

with SPH.  

The structure under consideration is given in Figure 5-10. It is an elastic plate 1 m long 

and 0.5 m wide. Under the plate there is a section attached to it with a 1.5 m radius of 

curvature. Moreover, the structure has been given a 5° inclination with respect to the 

water surface.   
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Figure 5-10: FE structure under consideration. Left figure shows overall impact 

test case and right figure shows zoomed in area with structure detail. 

The material used for the plate is aluminium Al 2024-T3 and the input data for the 

material are given in Table 5-1. 

Table 5-1: Input data for FE material model 

Density, kg/m3 2700 

Young’s Modulus, Pa 7.2x109  

Poisson’s ratio, - 0.33 

Yield Stress, Pa 3.45x108  

 

The model consists of 422 nodes and 400 shell elements with 10 mm thickness and a 

total mass of 27 kg. With respect to the initial conditions, the body is assigned a 

forward velocity of 30 m/s and a vertical velocity of 1.5 m/s. The edges are fully 

constrained in both rotations and translations. The nodes, selected for time history data 

plots are shown in Figure 5-11.   

Additionally, nodal constraints have been defined for the plate. The “spotweld nodes 

option” has been applied. This method constrains two nodes of the structure to move 

along a vector that is internally defined between the two nodes. The nodes are then 

only able to translate along the direction defined by this vector.    
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Figure 5-11: Position of the nodes that time histories were recorded at (bottom 

view). 

5.3.1 1 m Depth Tests 

The impact test cases in the following two sections describe the impact of a curved 

structure into a water domain. The water domain varies in depth and consists of SPH 

particles modelled with the MCM code. The number of particles is also varied in a 

similar way as conventional mesh refinement in Finite Element simulations. The depth 

and particle variation allows for an initial comparison of the vertical accelerations 

experienced by the structure. The water domain was 6 m long and 2 m wide. Two 

different depths were tested; 1 m and 2 m. For the water domain with 1 m depth there 

were 128,744 particles with a total mass of 12,000 kg of water and a particle distance 

of 0.045 m. The smoothing length was 0.585 m.  

The finer particle distribution was developed with 255,640 particles and a particle 

distance of 0.036 m. The smoothing length was 0.0468 m. The comparison between 

the two impacts is shown in Figure 5-12. 

For both models the Murnaghan equation of state was used. The parameters are given 

below.  

Table 5-2: Murnaghan EOS input data. 

Bulk Modulus B, MPa 13.0 

Parameter γ, - 7.0 
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Figure 5-12: Inclined plate impact with coarser particle density shown on the top 

figure and finer particle density on the bottom. Results obtained at 0.8 s. Depth 

of water domain is 1 m. Forward velocity is 30 m/s and vertical velocity is 1.5 

m/s.  

Initial results show that the particle distribution affects the general behaviour. The 

frames above show that, with increased particle density, the splash in front of the 

structure is better defined and there is more detail with respect to the water jets from 
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the sides. A comparison for the vertical accelerations on the nodes 265 and 342 is 

shown in Figure 5-13 and Figure 5-14 respectively.  

 

Figure 5-13: Vertical acceleration for the fine and coarse particle distribution for 

node 265 and 1 m deep water domain.  

 

Figure 5-14: Vertical acceleration for the fine and coarse particle distribution for 

node 342 and 1 m deep water domain.  

The acceleration results indicate that there is an initial smooth increase, for as long as 

the aft section is in contact with the water, followed by a larger secondary deceleration 

phase as the rest of the structure impacts. For node 265, which is located further back, 

the initial acceleration peak occurs earlier for the finer particle distribution. This can be 

attributed to the fact that the contact between the finite elements and the SPH particles 

depends on the smoothing length (and consequently on the inter particle distance), so 
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the interaction will start at a different stage in the simulation. The oscillations can be 

attributed to the elastic material properties of the structure. As the impact progresses, 

the structure experiences variations in deformations, which lead to the oscillatory 

nature of the accelerations. Moreover, the oscillatory nature of the results can also be 

due to wave reflection from the bottom boundaries leading to a noisier signal. For node 

342 the initial acceleration peaks do not seem to be significantly affected, however the 

secondary impact again occurs earlier for the finer particle distribution. The effect of the 

plate oscillation should also be considered as part of the discrepancies. 

5.3.2 2 m Depth Tests 

For the 2 m deep test case the water domain consisted of 257,488 particles, with a 

total mass of 24,000 kg, whereas for the finer particle distribution there are 502,150 

particles. The particle distance, smoothing length and equation of state is the same as 

in the 1 m deep models. The impact is shown in Figure 5-15. 
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Figure 5-15: Inclined plate impact with coarser particle density shown on the top 

figure and finer particle density on the bottom. Results obtained at 0.8 s. Depth 

of water domain is 2 m. Forward velocity is 30 m/s and vertical velocity is 1.5 

m/s. 
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The general behaviour is similar to the 1 m deep simulations. The accelerations in 

Figure 5-16 and Figure 5-17 follow similar trends to the 1 m deep test case as well, 

even though the oscillations for node 265 are not as pronounced, meaning that any 

reflected wave effect takes longer to reach the surface, thus minimises the disturbance 

on the structure. 

 

Figure 5-16: Vertical acceleration for the fine and coarse SPH distribution for 

node 265 and 2 m deep water domain. 

With respect to node 342, the increase in depth has not affected the results 

considerably, suggesting that the results can be caused by the oscillation of the plate. 
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Figure 5-17: Vertical acceleration for the fine and coarse SPH distribution for 

node 342 and 2 m deep water domain. 

The main findings of the simulations are that the particle spacing affects the timing of 

the maximum recorded accelerations. Moreover, the increased depth of the water 

domain provides less oscillations in the results, suggesting that there is less 

disturbance on the structure by unwanted wave reflection. Finally, the oscillation of the 

plate due to its elastic properties is considered as the main reason for the 

discrepancies in the forward section of the plate.  

5.4 Conclusions  

In this chapter, the theory of SPH was described, along with the implementation of the 

method in the university’s MCM code. An initial test case of an inclined plate impacting 

a water domain with high forward velocity was implemented, that will also be used in 

subsequent sections. The main findings include the influence of the particle spacing 

and more significantly the depth of the water domain with respect to the obtained 

results (accelerations). 

In the next chapter the methodology used for the modelling of cavitation will be 

described and an investigation into the applicability of the method within the MCM code 

will be performed.  
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6 Cavitation Modelling  

The interest in modelling cavitation is based on the fact that the pressure distribution on 

the fuselage of an aircraft during ditching is affected by the presence of cavitating 

regions, thus playing a key role in the structural integrity of the fuselage skin and also 

due to the scaling difficulties that model aircraft face during experiments, as described 

in Section 4.3.6. 

The majority of the cavitation models shown in Section 4.3.7 include the use of a 

homogeneous mixture and a range of phase exchange parameters in order to simulate 

attached cavitation over streamlined bodies. In this project however, the interest is in 

transient cavitation, which appears in the form of cavitating nuclei in the fluid. Currently, 

the SPH code uses a simplistic approach for the inclusion of cavitation. It uses the 

pressure cut-off model, which makes no attempt to alter the physical properties of the 

flow and does not provide a good approximation of the vapour pressure. The approach 

that will be used for the cavitation model is a combination of the one-fluid 

homogeneous model and the bubble dynamics approach presented in Section 4.3. The 

choice of this approach is based on the fact that the interest in cavitation in this project 

is from a macroscopic perspective, where each SPH particle is a mixture of both liquid 

and vapour. Hence, a homogeneous approach is relevant. Furthermore, the fact that 

the mixture density depends on the amount of vapour present in each particle means 

that a procedure for determining the size of the cavitating nuclei, and as a 

consequence the amount of vapour present in them, is necessary. The Rayleigh-

Plesset form will thus be introduced and used as it was briefly described in Section 4.3. 

With respect to the pressure for the onset of cavitation, the new approach will consider 

not only the vapour pressure of the fluid, which has been the case in previous 

numerical investigations, but it will also take into account the effect of the tensile 

strength of the fluid.  

6.1 Methodology Assumptions 

One of the most important assumptions is that the interest in this project lies with 

transient cavities. As a consequence, the cavitating nuclei have a very short lifetime 

and any mass exchange taking place between the liquid and the vapour is negligible. 

Transient cavities are characterised by the phase change from liquid to vapour. This 

makes it acceptable to assume that the gas content is neglected, allowing us to 

consider purely vaporous nuclei.  
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With respect to the density of the mixture it is essential to consider the influence of both 

the liquid and the vapour. The liquid in this project is water and, for the temperature 

ranges considered, its density does not change. Furthermore, it is assumed that the 

pressure of each particle, remains constant, once it reaches the critical cavitation 

pressure. This allows the vapour density to remain unchanged as well. This is 

acceptable for the growth and part of the collapse of cavitating nuclei, while the 

mixture’s velocity is far smaller than the liquid’s speed of sound [60].  

Next, the pressure inside the SPH particles is considered equal to the critical pressure 

of equation (4-9). This is different to the usual approach that assumes that the critical 

pressure is equal to the vapour pressure. It is expected that for small enough nuclei the 

surface tension will give significantly different critical pressures. In order to have 

cavitation it is logical to assume that there are microscopic nuclei present in the liquid. 

The total number of the nuclei present is predetermined and their initial size is the 

same throughout the liquid. 

Finally, the nuclei are assumed to be spherical throughout the phenomenon. This is 

acceptable for the growth and initial stage of collapse but as the size of the nuclei 

reduces they can assume a variety of shapes [72]. 

 

6.2 Vapour Pressure 

There exist several empirical and semi-theoretical equations, which have been 

developed in the past decades, with respect to the accurate estimation of the vapour 

pressure of liquids. The most famous one is the Clausius-Clapeyron [97]. This is based 

on the assumption that the vapour acts as an ideal gas and it is given as: 

ln𝑃𝑣 = −
Δ𝑣𝑎𝑝𝐻

0

𝑅𝑇
+
Δ𝑣𝑎𝑝𝑆

0

𝑅
 , 

                                                          (6-1)                                                                                                                                                                                                                                                                                                                                   

where 𝑃𝑣 is the vapour pressure, Δ𝑣𝑎𝑝𝐻
0 is the enthalpy of vaporisation, Δ𝑣𝑎𝑝𝑆

0 is the 

entropy of vaporisation, 𝑅 is the constant of ideal gas and T is the temperature. 

The above equation assumes that the enthalpy of vapourisation (otherwise known as 

heat of vapourisation) is constant, which is only acceptable for small temperature 

ranges. This leads to deviations in the substance’s phase diagram and a “bowed” 

graph instead of a straight line (for pressure vs 1/T). As such, it appears that 
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extrapolation of the vapour pressure graph over large temperature ranges is not 

accurate. With respect to the other empirical approaches, a priori knowledge of the 

required terms, for some of the empirical formulae, is cumbersome making the use of 

these equations more difficult [97]. 

The simpler Antoine equation is used instead, which is given as [60]: 

𝑙𝑜𝑔𝑃𝑣 = 𝐴 −
𝐵

𝑇 + 𝐶
 , 

                                                          (6-2)                                                                                                                                                                                                                                                                                                                                   

where A, B and C are empirically calculated dimensionless parameters, depending on 

the temperature T and are given in Table 6-1. The Antoine equation provides a better 

fit for the phase diagram compared to the Clausius-Clapeyron equation (6-1). It 

provides a less pronounced bowing of the P vs 1/T graph, where a straight line is 

expected. This has been established for temperatures up to 0.75-0.85 of the critical 

pressure of the liquid, Tcrit, where the error in the vapour pressure is less than 0.001%. 

For water Tcrit=374°C, and as such, the Antoine equation can provide accurate vapour 

pressure estimations for temperatures up to approximately 300°C. This is within the 

scope of this project. Additionally, the simplicity and availability of data of the Antoine 

equation make it an ideal solution for this application.  

From Table 6-1 it is obvious that the Antoine equation can be used in a variety of 

examples, given the wide range of temperatures that it considers.  
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Table 6-1: Coefficients for the Antoine equation depending on temperature. Table 

reproduced from Zardoni [60]. 

Temperature (K) A B C 

273-303 5.40221 1838.675 -31.737 

304-333 5.20389 1733.926 -39.485 

334-363 5.0768 1659.793 -45.854 

364-373 5.08354 1663.125 -45.622 

Once the pressure of equation (6-2) is computed, it is used for the evaluation of the 

critical pressure given from equation (4-9). The critical radius of the nuclei and the 

surface tension are known variables and they do not change during the phenomenon. 

Once equation (4-9) is evaluated, it is used as the new cut-off value including the 

tensile strength of the fluid and the temperature dependent vapour pressure. This 

provides a better approximation from the cut-off model.  

 

6.3 Growth Phase 

Once the vapour pressure is reached, the density and speed of sound of the fluid flow 

will change into a two-phase homogeneous fluid. Using bubble dynamics models will 

allow for the evolution of the cavitating nuclei to be considered. The most commonly 

used method is the simplified Rayleigh-Plesset equation. The Rayleigh-Plesset 

equation provides an approximate method for determining the radius of a spherical 

bubble [72] [71]. Initially the Rayleigh-Plesset equation is (full derivation in Appendix B): 

𝜌 [𝑅𝑅̈ +
3

2
𝑅2̇] = [𝑝𝑣 − 𝑝∞(𝑡)] + 𝑝𝑔0 [

𝑅0
𝑅
]
3𝛾

−
2𝑆

𝑅
− 4𝜇

𝑅̇

𝑅
 . 

                               (6-3)                                                                                                                                                                                                                                                                                                                                   

Since the nuclei under consideration are only filled with vapour, the second term of the 

equation can be dropped. Moreover, the assumption of a non-viscous liquid means that 

the last term is also neglected. This is generally true for small nuclei. Furthermore, the 

pressure in the fluid 𝑝∞ is constant. The fluid pressure can be considered constant 

when dealing with small nuclei radii (less than 2.7 mm for water) [59]. In that case, the 

hydrostatic pressure difference is negligible. Following integration, the nuclei growth 

velocity can be found as [59]: 
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𝑅2̇ =
2

3

𝑝𝑣 − 𝑝∞
𝜌𝑙

[1 −
𝑅0
3

𝑅3
] −

2𝑆

𝑅
[1 −

𝑅0
2

𝑅2
] . 

                                                        (6-4)                                                                                                                                                                                                                                                                                                                                   

As the radius increases to many times the initial radius, it can be assumed that the last 

term of equation (6-4) is sufficiently small to give an asymptotic interface velocity: 

𝑅̇ ≅ √
2

3

𝑝𝑣 − 𝑝∞
𝜌𝑙

 , 

                                                        (6-5)                                                                                                                                                                                                                                                                                                                                                                       

where 𝑝∞ is the pressure of the surrounding fluid. Once the pressure of an SPH particle 

reaches the critical value for cavitation, equation (6-5) can be written as: 

𝑅̇ ≅
√2

3

2𝑆
𝑅𝑐
𝜌𝑙
 . 

       

                                                       (6-6)                                                                                                                                                                                                                                                                                           

Since the method assumes that the initial radius of the nuclei is the critical radius, it 

follows that 𝑅𝑐 = 𝑅0. The simplified nuclei interface velocity above depends only on the 

critical pressure of the SPH particle (i.e. the critical nuclei radius) or in other terms the 

difference between the vapour pressure and the surrounding pressure [62] [64]. It also 

shows that for larger initial nuclei the growth velocity reduces, which follows closely 

with the theory that smaller nuclei explode more violently than the bigger ones. 

Once the interface velocity is known the radius of the nuclei will follow the equation: 

𝑅(𝑡 + 𝑑𝑡) = 𝑅(𝑡) + 𝑅̇𝑑𝑡 .                                                       (6-7)                                                                                                                                                                                                                                                                                                                                                                                                                                                     

The density of the mixture, given in equation (6-8) consists of two parts. The first is the 

vapour density and the second is the liquid density and is given as [98]: 

𝜌 = 𝛼𝜌𝑣 + (1 − 𝛼)𝜌𝑙  .                                                        (6-8)                                                                                                                                                                                                                                                                                                                                                                       

The next step is to define the void fraction α, used in the above equation. The void 

fraction is a parameter, which determines the amount of vapour in each SPH particle 

that reaches the critical cavitation pressure. It can assume values ranging from 0 to 1. 

A value of 0 means that there is only liquid present in the SPH particle and hence no 

cavitation is present. On the other extreme, a value of 1 means that the SPH particle is 

saturated with vapour. The vapour volume within a particle is considered to be: 
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𝛼 =
𝑉𝑣
𝑉
=

𝑉𝑣
𝑉𝑙 + 𝑉𝑣

 . 
                                                       (6-9)                                                                                                                                                                                                                                                                                                                                                                                                                                                 

Assuming 𝑉𝑣 ≪ 𝑉 and that the total volume of a particle is unity, it follows that equation 

(6-9) becomes: 

𝛼 =
𝑉𝑣
𝑉
=

𝑉𝑣
1 + 𝑉𝑣

 . 
                                                       (6-10)                                                                                                                                                                                                                                                                                                                                                                                                                                      

Considering that the vapour volume is the total volume of the individual spherical 

nuclei, it follows that equation (6-10) can be written as: 

𝛼 =

4
3
𝜋𝑛𝑅3

1 +
4
3𝜋𝑛𝑅

3
 , 

                     

                                                       (6-11)                                                                                                                                                                                                                                                                                                                                                                       

where 𝑛 is the number density of nuclei present in a m3. 

As the nuclei increase in size, so does the void fraction. It must be noted that, with 

bigger nuclei there is potential for more interaction and grouping, however the current 

method does not allow for these interactions to be considered. As a consequence, the 

results may not be as accurate as experimental data for high void fraction values. This 

is one of the most important limitations of the Rayleigh-Plesset approach [80]. As was 

discussed previously, the nuclei number density present in a flow is an empirical 

measurement and any changes in that number will alter the extent and behaviour of the 

cavitation. 

The final property that needs to be considered is the speed of sound. As it was 

discussed earlier, the speed of sound of the mixture can be significantly lower than the 

liquid’s speed of sound. The speed of sound equation uses the mixture density of 

equation (6-8) and a combination of the void fraction and the speed of sound of the 

individual components and is given as [78] (full derivation given in Appendix C): 

𝐶 = {[𝛼𝜌𝑣 + (1 − 𝛼)𝜌𝑙] ∗ [
𝛼

𝜌𝑣𝑐𝑣
2 +

1 − 𝛼

𝜌𝑙𝑐𝑙
2 ]}

−1/2

 , 
                                     (6-12)                                                                                                                                                                                                                                                                                                                                                                       

where 𝑐𝑣 is the speed of sound of vapour and 𝑐𝑙 is the speed of sound of the liquid.  
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6.4 Reduction Phase 

Once the SPH particles are in a high pressure region they should start to reduce in 

size. It should be noted that the interest in this project is in the continuum field and as 

such moving into the actual collapse phase will only complicate the modelling attempts. 

Moreover, cavitation collapse is focused on material damage and degradation, a 

phenomenon associated with cavitation in propellers and pumps due to the cyclical 

occurrence of the phenomenon.  This is also out of the scope of this project. 

The reduction of cavitating nuclei follows a similar method to the growth described 

above, with the exception that the nuclei reduction velocity is [64]: 

𝑅̇ = √|
2

3

𝑝𝑣 − 𝑝∞
𝜌𝑙

[1 −
𝑅0
3

𝑅3
]| . 

                                               (6-13)                                                                                                                                                                                                                                                                                                                                                                       

Following the same procedure as above the nuclei reduction velocity can be rewritten 

as: 

𝑅̇ = √|
2

3

2𝑆
𝑅𝑐
𝜌𝑙
[1 −

𝑅0
3

𝑅3
]| . 

                                               (6-14)                                                                                                                                                                                                                                                                                                                                                                       

In contrast to the growth phase, the reduction velocity is influenced by the current 

nuclei radius as well as the pressure difference (tensile strength of the liquid). Once 

equation (6-14) is evaluated, the reduction in the nuclei size should occur. This is given 

as: 

𝑅(𝑡 + 𝑑𝑡) = 𝑅(𝑡) − 𝑅̇𝑑𝑡 .                                                     (6-15)                                                                                                                                                                                                                                                                                                                                                                       

 

6.5 Methodology Implementation 

In this section, the essential input parameters and the structure of the method within 

the MCM code will be discussed.  

The main structure of the MCM code includes the following main routines.  
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For the cavitation model implementation the following subroutines have been modified.  

• Mcm_initial.f90 

o Mcm_initialise_database.f90 

• Mcm_solution.f90 

o Mcm_f3dm9.f90 

Main.f90 (calls the main routines of the MCM code) 

mcm_getinput.f90 (reads input files, assigns initial 

values such as velocity, material properties and 

nodal positions to the particles) 

mcm_initial.f90 (initialises all data, boundary 

conditions, initial pressure, stress, energy, 

density and speed of sound) 

mcm_solution.f90 (main solution 

loop with time integration) 

Output (writes output files) 
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o Mcm_voidfraction.f90 

o Mcm_eos28c.f90 

o Mcm_eos4c.f90 

mcm_initialise_database.f90 initialises the input data. All of the parameters that are 

used in the MCM code are initialised in this subroutine and are usually given an original 

value of zero. The input parameters of the method within the MCM code are given in 

Table 6-2. 

Table 6-2: Input parameters for cavitation model  

Input Parameter Description 

Pref Reference value of 0 or 1 to assess if the problem has an 

initial pressure or not.  

tempcav Temperature used for the evaluation of the Antoine 

Equation. 

rmin Minimum radius of the nuclei (same as critical radius)  

nuclei Nuclei number density of nuclei/m3  

cl Speed of sound of the liquid 

 

The implementation of cavitation in the MCM code considers the theory described in 

sections 6.1-6.4. Since the cavitation model considers a homogeneous approach, there 

is no attempt to distinguish between the water and the vapour interface. Instead, the 

method assumes that each SPH particle is a mixture of water and vapour under one 

criterion. If the pressure drops to the critical cavitation pressure, then the SPH particle 

is no longer pure liquid but a combination of liquid and vapour. This means that each 

SPH particle is assumed to be populated by microscopic nuclei. The number density of 

the nuclei is user defined input.  

mcm_ f3dm9.f90 is the subroutine that defines the fluid material model. This routine 

has been modified so that the Antoine equation (6-2) is incorporated. Based on the 

temperature, initial pressure defined by the user in the input file and equation (4-9), the 

subroutine calculates the critical pressure for cavitation. This is stored and compared 

against the pressure of each SPH particle for each timestep later in the solution. If the 
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pressure of the particle drops to or below the critical pressure, then the cavitation 

model is activated.  

mcm_voidfraction.f90, is a new subroutine that has been included in the MCM code. 

This subroutine is used only for each SPH particle with pressure equal to the critical 

cavitation pressure. As long as the SPH particle has a pressure equal to the critical 

cavitation pressure then equations (6-6), (6-7), (6-8) and (6-11) are employed. In the 

implementation of the code the void fraction has been capped at 0.7. In SPH density 

ratios of up to 0.1 can be handled with no particular numerical difficulties, however for 

smaller density ratios, particles at the interface can have large velocities with opposite 

directions leading to an unstable solution [99]. If the void fraction increases to a 

maximum of 0.99 then the densities can range from 1000 kg/m3 in pure liquid form to 

10 kg/m3 for pure vapour. By capping the void fraction at 0.7 with a density ratio of 

approximately 0.3, it is ensured that any sharp density interfaces will not affect the 

solution.  

Even though the nuclei growth velocity remains constant, the nuclei radius increases at 

each timestep. The void fraction is updated and this subsequently is used for the SPH 

particle density, which is a mixture density (water and vapour). In the next timestep the 

same process is followed, as long as the SPH particle has a pressure still equal to the 

critical cavitation pressure.  

As soon as the pressure of a cavitating SPH particle increases above the critical 

cavitation pressure, the cavitation reduction phase occurs. As far as the reduction 

phase is concerned, this is triggered once the particles start to compress and the 

pressure increases. In that case, equations (6-8), (6-11), (6-14) and (6-15) are 

employed. The reduction phase remains active, for each SPH particle, in the 

subsequent timesteps until the nuclei radius or the void fraction reaches their initial 

value. Then the flow is assigned its original values with respect to the density, nuclei 

radius and void fraction. Moreover, the growth/reduction velocities are reset to zero. If 

the pressure of the SPH particle drops to the critical cavitation pressure, then the 

growth phase is activated once again and the growth of the nuclei is estimated based 

on the latest void fraction, nuclei radius and mixture density, as described above.   

mcm_eos4c.f90 is the subroutine that calculates the speed of sound for each SPH 

particle when the Gruneisen equation of state is used. If the cavitation model is active, 

then the speed of sound is estimated based on equation (6-12). This process is used in 



 

100 

order to take into account the effect of both the liquid and the vapour in the calculation 

of the speed of sound of the mixture.  

Similarly, mcm_eos28c.f90 is the subroutine that calculates the speed of sound for 

each SPH particle for the case when the Murnaghan equation of state is used. This 

subroutine is also modified so that the speed of sound uses equation (6-12).  

The flow chart below shows the solution loop performed for each MCM particle.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Start time integration loop 

Strain rates 

gradvij=gradvij+Volj(vj-vi)dwdx 

Eij=0.5(gradvi+gradvj) 

Rij=0.5(gradvi-gradvj) 

Tr(Eij)=Eii+Ejj+Ekk 

Density update 

𝜌 = 𝜌/(1 − 𝑡𝑟(𝐸𝑖𝑗)𝑑𝑡) 

Determine 

neighbours 
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                                If cavitation is active 

 

 

 

 

Material strength and stress tensor 

If cavitation is active: 

Estimate Antoine equation in absolute and gauge terms: 

Pv=10(a−(b/T+c))100000 

Pvg=Pv-101325 

Estimate tensile strength of water in absolute and gauge terms: 

Δ𝑝=(2s)/rmin 

Δ𝑝g = Δ𝑝 -101325 

Estimate critical pressure if there is an initial pressure: 

pcrit= Pvg- Δ𝑝g - pact 

Estimate critical pressure if there is no initial pressure: 

pcrit=Pvg- Δ𝑝g 

pcut=pcrit 

The stress tensor for hydrostatic pressure (for water) 

[
 
 
 
 
 𝜎𝑖𝑖 −

1

3
𝑡𝑟(𝐸𝑖𝑗) 0 0

0 𝜎𝑗𝑗𝑖
1

3
𝑡𝑟(𝐸𝑖𝑗) 0

0 0 𝜎𝑘𝑘 −
1

3
𝑡𝑟(𝐸𝑖𝑗)]
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Void fraction calculation 

If the pressure is less than the cut-off pressure, pcut, and the Tr(Eij)>0 then calculate the bubble growth velocity 

and update the bubble radius rmax. Then update the void fraction and the density. 

v= ((0.67Δ𝑝/ρ0))0.5 

rmax=rmax+(vdt) 

α=(nπ1.33(rmax3))/(1+(nπ1.33(rmax3))) 

ρ=((αρv)+((1- α)( ρ0))) 

 

If the void fraction reaches 0.7 then, 

 

v=0.0 

rmax=rmax+(vdt) 

α=0.7 

ρ=((αρv)+((1- α)( ρ0))) 

 

If the pressure increases above the cut-off pressure then calculate the bubble reduction velocity and update the 
bubble radius, rmax. Then update the void fraction and the density.  

a=rmin3 

b=rmax3 

v=((0.67Δ𝑝/ ρ0)(1-(a/b)))0.5 

rmax= rmax-(vdt) 

α=(nπ1.33(rmax3))/(1+(nπ1.33(rmax3))) 

ρ=((αρv)+((1- α)( ρ0))) 

 

If the void fraction, voidf, or the maximum bubble radius, rmax are less than the original values then: 

 

rmax=rmin 

α= α0 

v=0 

ρ=((αρv)+((1- α)( ρ0))) 
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Calculate trial value for internal energy 

Update stress tensor with pressure and  

calculate critical timestep, calculate 

acceleration, update boundary 

conditions, calculate total energy and  

update velocity and position of particle 

 

 

 

Speed of sound 

If the cavitation model is active and for as long as the pressure is less than the cut-off pressure, pcut, the speed 

of sound is calculated by the following: 

c=(αρv +(1- α)ρ0)(( α/( ρv(𝑐𝑣
2)))+((1- α)/( ρ0𝑐𝑙

2)))-0.5 

 

Update pressure and internal energy: 

Select the appropriate Equation of state. For the Murnaghan EOS: 

p = b((ρ/ρ0)γ - 1.0) 

If the cavitation model is active check if the pressure is less than the cut-off pressure, pcut. If valid then: 

p = pcut 

ρ = ρ(1 – tr(Eij)dt) 

Then update the internal energy: 

e = etry - 0.5𝑝Δ𝑉 

End of time integration loop 
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6.6 Methodology Verification 

In this section, the above methodology is tested on simple 2D simulations, namely a 

set of constrained particles, a more realistic step simulation, a venturi flow simulation 

and a 2D tube test.  

6.6.1 Initial Verification 

Initial trials in the MCM code for a 2D set of particles in tension were performed in order 

to check if the code works properly. The 2D simulation was performed with 15 particles. 

The particles were fully constrained in both translation and rotation and were assumed 

to be pre-seeded with microscopic nuclei. The strain rate was prescribed for all the 

particles as shown in Table 6-3. Figure 6-1 shows the simple set-up of the experiment 

and Table 6-3 shows the relevant input data.  

 

Figure 6-1: Set of particles for code verification. 

 

 

Table 6-3: Initial input data. 

Initial Pressure, Pa 101325  

Liquid density, kg/m3 1000 

Vapour density, kg/m3 0.023  

Nuclei number density (n), /m3 3.7x107 

Initial radius of nuclei, m 5x10-5  

Temperature, K 298.15 

Strain rate, /s ±1  
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The model is fully constrained in translations in x and y displacements. The length of 

the model is 0.352 m and the height is 0.176 m. The particle spacing was set at 0.088 

m and the smoothing length was 0.1144 m. The total mass of the water domain is 

116.16 kg. The equation of state that was used is the Gruneisen EOS and the inputs 

are given in the table below.  

Table 6-4: Gruneisen EOS input data. 

Velocity Curve Intercept, C, m/s 1482.9 

First slope coefficient, S1, - 2.0367 

Second slope coefficient, S2, - 0 

Third slope coefficient, S3, - 0 

Gruneisen coefficient, γ0, - 1 

First order volume correction 

coefficient, α, - 

0.5 

Initial relative internal energy, ε0, 

kg/ms2 

101325 

Initial relative volume, V0, - 1 

 

 

Of particular interest are the results for the pressure, density and void fraction. The 

graph in Figure 6-2 shows the drop of the pressure during cavitation. The critical 

pressure, according to equation (4-9), should be approximately 246 Pa, which means 

that this is the lowest pressure that the liquid can sustain prior to cavitation. Indeed, the 

code did not allow the fluid to drop below that threshold. A closer look at the result of 

Figure 6-2 is shown in Figure 6-3. 
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Figure 6-2: Pressure drop during cavitation and pressure growth after reduction. 

Initial pressure of 101325 Pa. 

 

Figure 6-3: Comparison of critical pressure for varying initial bubble radii and 

constant nuclei number density. Initial pressure of 101325 Pa. Graph shows the 

zoomed in area of interest. The smallest the initial bubble radius the stronger the 

effect of surface tension. This shows that the pressure needs to drop to a lower 

level in order to reach the cavitation critical pressure. 
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Changes in the initial nuclei radius altered the critical pressure. Figure 6-3 shows the 

variations of the pressure results based on a range of initial radii, while maintaining the 

rest of the parameters constant. As expected, the pressure drops more when the initial 

radius is small, showing the influence of the tensile strength of the liquid (surface 

tension of the nuclei in the liquid). For larger initial radii the effect of the surface tension 

becomes less important, allowing the critical pressure to reach values closer to the 

actual vapour pressure, which for a temperature of 298.15 K is 3660 Pa. 

The void fraction depends on both the initial radius and the bubble number density. In 

reality for larger initial radii the number density of initial nuclei should be smaller. 

However, for comparison purposes and to examine the behaviour of the void fraction 

the initial nuclei present were assumed constant for this simple test case, while the 

same radii variations as above were investigated. Figure 6-4 shows the change in the 

void fraction based on the radii discussed above. 

 

Figure 6-4: Void fraction comparison for varying initial bubble radii and constant 

nuclei number density.  

The reduction in the void fraction is due to the fact that the initial radius governs the 

nuclei growth velocity, which in turn controls the radius growth and the void fraction of 

equation (6-11).  
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The dependence of the density on the void fraction is clearly shown in Figure 6-5. The 

more pronounced density fluctuations were obtained with the smaller nuclei radius. 

This is in accordance with the void fraction results obtained in Figure 6-4. The higher 

values of void fraction will associate a larger percentage of the particle to the vapour 

properties, thus leading to a much reduced mixture density.  

 

Figure 6-5: Density variation for varying initial bubble radii and constant nuclei 

number density. Higher void fractions lead to a larger percentage of the particle 

to the vapour properties and a reduced mixture density. 

 

6.6.2 2D Venturi Case 

A 2D venturi case is the first verification simulation. It is known that during the flow of 

liquid through a constricted area, such as in the venturi throat, the pressure drops and 

the fluid can experience cavitation. The aim of this example is to show that the fluid will 

experience cavitation in the vicinity of the venturi throat.  

The following example has been modelled, based on the simulation analysis performed 

by Coutier-Delgosha et al. [100]. The numerical model used by Coutier-Delgosha et al. 

is an implicit finite volume algorithm, which solves the Reynold’s-Averaged Navier- 

Stokes (RANS) equations and a barotropic law that links density to pressure.   
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The 2D venturi model is shown in Figure 6-6. The model has been designed with two 

parts. The first is the fluid, shown in green, which is allowed to translate only in the x-

direction. The second part is the venturi shape, shown in red. This has been fully 

constrained in translations. Symmetry planes have been added at the top of the model 

at a distance of half the particle spacing, in order to provide the top section of the 

venturi. The total number of the SPH particles is 58770. The particle distance is 0.04 m 

and the smoothing length has been set at 0.052 m. The Gruneisen equation of state 

has been used for all the particles with atmospheric pressure applied to the moving 

particles. The input parameters for the equation of state are given below.  

Table 6-5: Gruneisen EOS input data. 

Velocity Curve Intercept, C, m/s 1482.9 

First slope coefficient, S1, - 2.0367 

Second slope coefficient, S2, - 0 

Third slope coefficient, S3, - 0 

Gruneisen coefficient, γ0, - 1 

First order volume correction coefficient, α, - 0.5 

Initial relative internal energy of moving particles, 

ε0, kg/ms2 

101325 

Initial relative internal energy of fixed boundary 

particles (venturi shape), ε0, kg/ms2 

0 

Initial relative volume, V0, - 1 

The final boundary condition is that two sets, 4 particles long, have been fully 

constrained in translations at either side of the moving fluid. These particles act as a 

barrier on either side of the moving fluid and they translate with the initial velocity 

assigned to the fluid. This was done in order to avoid leakage from the sides of the fluid 

model.  

One aspect of this model is its length. Considering the inability of the MCM code to 

include inlet and outlet conditions, it was necessary to create a long enough model to 

allow the flow to become steady. The main simulation inputs are given in Table 6-6.  
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Figure 6-6: 2D venturi model with SPH particles. Green particles indicate the fluid 

and the red particles indicate the venturi shape. The venturi particles are 

constrained in translations. The black line indicates the presence of symmetry 

plane to avoid particles moving upwards.   

Table 6-6: Initial input data. 

Fluid length, m 74  

Fluid height, m 1  

Venturi overall length, m 142 

Venturi inlet length, m 0.904  

Venturi outlet length, m 2.34  

Venturi height, m 0.39  

Liquid density, kg/m3 1000  

Vapour density, kg/m3 0.023 

Nuclei number density (n), /m3 8x107 

Initial nuclei radius, m 5x10-5  

Temperature, K 298.15 

SPH particles 58770 

Mass of fluid, kg 76573 

Mass of the venturi shape, kg 17494  

Initial pressure of moving fluid, Pa 101325 
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Particle spacing, m 0.04 

Initial velocity, m/s 7.2  

Gravitational acceleration, m/s2 9.81 

 

The simulation results are shown in Figure 6-7 and Figure 6-8. The results were taken 

once the fluid had reached a steady solution. The steady solution was deemed 

satisfactory once the fluid showed nearly constant behaviour in the venturi region. 

 

Figure 6-7: Void fraction results in the venturi region at 0.255 s. Fringe levels 

show void fraction. High concentration of cavitation is indicated at the throat of 

the venturi.  

 

Figure 6-8: Fluid density results in the venturi region at 0.255 s. Fringe levels 

show density in kg/m3. Drop in density is located at the throat of the venturi as a 

result of cavitation.  
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The results indicate that cavitation takes place in the throat of the venturi, as it is 

expected. As the SPH particles go through the venturi, the pressure drops and the 

cavitation model becomes active. The void fraction increases significantly, especially 

downstream. This leads to a rapid reduction of the density, which at this stage is 

composed of a liquid and a vapour part. As the void fraction increases, the density 

reduces further. Figure 6-9 shows the density results obtain by Coutier-Delgosha et al. 

[100]. The absolute density values compare reasonably well, with density variations in 

the cavitation regions ranging from 250-600 kg/m3.  

 

 

Figure 6-9: Density reduction downstream of the venturi by Coutier-Delgosha et 

al. [100]. Results show the variation of density as a fraction of the reference 

water density (1000 kg/m3).  

There are two main discrepancies between the published results and the results shown 

in Figure 6-7 and Figure 6-8.  

The first one is related to the extent of cavitation in the throat of the venturi. In the 

published results, cavitation appears to be more concentrated near the throat. This 

difference can be caused by the fact that SPH and the MCM code can lead to high 

levels of noise especially for coarse particle distribution. This phenomenon is 

exacerbated by the symmetry plane that is applied at the top of the particles, as shown 
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in Figure 6-6. As the fluid travels through the throat of the venturi, pressure waves 

reflect from the symmetry plane resulting in further disturbance of the fluid. One 

remedy for this is to include a much larger water domain. This would however, be 

exceptionally expensive in terms of computation time, because the simulation only 

reaches a steady-state after 0.2 seconds. This means that the height of the water 

domain will need to be almost 300 m (for typical water speed of sound of 1483 m/s) in 

order to minimise the effect of reflected pressure waves. Additional remedies would 

include creating a much finer mesh and reducing the length of the body of water, to 

partly counteract the added computational costs. Considering that the aim of this 

verification simulation is to observe the cavitation taking place at the throat of the 

venturi, the above simulation is deemed to have an adequate particle spacing.  

The second discrepancy is related to the occurrence of the cavitation cloud further 

downstream from the throat. This is caused by the fundamental differences between 

the MCM capabilities and the Reynolds-Averaged Navier-Stokes approach that was 

employed by Coutier-Delgosha et al. [100]. The lack of any turbulent modelling in the 

SPH code is the main reason why the code is not able to predict the re-entrant jet and 

the subsequent cloud cavitation occurring downstream of the venturi throat. This 

should not pose any restrictions in this project because the re-entrant jet and cloud 

cavitation are associated with attached cavitation, which is a cyclical process taking 

place when fluid passes over a streamlined cross section. In the case of aircraft 

ditching the interest lies in the transient cavitation, which is best described by the 

occurrence of cavitation at the throat of the venturi. For a more comprehensive 

approach to turbulence modelling in cavitation, the reader may refer to the work of 

Coutier-Delgosha et al. [100] and Singhal et al. [74].  

 

6.6.3 2D Step Case 

A 2D step example was also tried, where both attached cavitation and transient 

cavitation was found to be present in simulations performed by Zhang et al. [76]. The 

water flow velocity is 20 m/s in the bulk of the liquid and 30 m/s above the step. These 

velocities have been chosen so that the simulation follows the one performed by Zhang 

et al. [76]. The region where cavitation occurs in the published results is shown in 

Figure 6-10.  
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Figure 6-10: Cavitation evolution by Zhang et al. [76]. Attached cavitation shown 

in white.  

The focus on this simulation is to investigate how well the code can simulate transient 

cavitation, caused by the low pressure behind the compression wave at the step, as 

well as the ability to simulate the cavity on top of the step. Table 6-7 shows the initial 

input data and boundary conditions for the test case. 

Table 6-7: Initial input data. 

Liquid density, kg/m3 1000  

Vapour density, kg/m3 0.023  

Nuclei number density (n), /m3 1.2x107 

Initial nuclei radius, m 0.0001  

Temperature, K 298.15  

SPH particles 56071 

Mass, kg 548870  

Initial pressure, Pa 101325  

Particle spacing, m 0.1  

Smoothing length, m 0.13 

Gravitational acceleration, m/s2 9.81 

 

Symmetry planes have been added at the top and sides of the model at a distance of 

half the particle spacing. The Gruneisen equation of state has been used for all the 

particles with atmospheric pressure applied to the moving particles. The input 

parameters for the equation of state are given below.  
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Table 6-8: Gruneisen EOS input data. 

Velocity Curve Intercept, C, m/s 1482.9 

First slope coefficient, S1, - 2.0367 

Second slope coefficient, S2, - 0 

Third slope coefficient, S3, - 0 

Gruneisen coefficient, γ0, - 1 

First order volume correction coefficient, α, - 0.5 

Initial relative internal energy, ε0, kg/ms2 101325 

Initial relative volume, V0, - 1 

The final boundary condition is that two sets, 4 particles long, have been fully 

constrained in translations at either side of the moving fluid. These particles act as a 

barrier on either side of the moving fluid and they translate with the initial velocity 

assigned to the fluid. This was done in order to avoid leakage from the sides of the fluid 

model.  

An overview of the model is given below. The step was also modelled with SPH 

particles, which were fixed in both translation and rotation.  

 

Figure 6-11: Water (red) and step (blue) composed of SPH particles. Step 

particles are fixed in translations and rotations. The black lines indicate the 

presence of symmetry planes. 

The water domain to the left of the step is 50 m in length and 10 m in height, whereas 

the length of the water domain over the step is 5 m and the height is 6.6 m.  

With respect to the transient cavitation, Figure 6-12 and Figure 6-13 show the pressure 

and void fraction in the bulk of the liquid. As the pressure wave travelled away from the 
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step, the pressure started to drop allowing for the creation of cavitation. The extent of 

the cavitation can be seen in Figure 6-13, where the void fraction increased up to its 

maximum value of 0.7. 

Looking into the steady-state attached cavitation in Figure 6-14, the cavity started to 

form early on during the simulation. However, steady-state solution would require a 

large number of particles and additional computational cost. In this simulation there 

were not enough particles so as to capture possible shedding, as this is not the primary 

interest of this research. Moreover, particles close to the right wall of the simulation 

also experienced some cavitation, which is due to the disturbance by the presence of 

the reflected wave. 

It becomes evident that a larger fluid domain is needed in order to reduce the effect of 

any reflected wave on the evolution of cavitation. In theory, sheet cavitation is usually 

accompanied by transient cavitation bubbles at its top. The results show that particles 

close to the sheet cavitation started to act like cavitation bubbles with an increase of 

void fraction. Based on the simulation results by Zhang et al. [76] the attached cavity 

should cover approximately 1.9 m. The fully developed attached cavity in this case was 

1.8 m.  

 

Figure 6-12: Pressure distribution at 0.042 s for the liquid domain. Fringe levels 

show pressure in Pa.  
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Figure 6-13: Void fraction behind the pressure wave at 0.042 s. Fringe levels 

show void fraction. 

                     

Figure 6-14: Zoomed in area of the void fraction at the flow step interface at 0.04 

s. Fringe levels show void fraction.   

The initial verification of the code has shown that the code works appropriately. It is 

evident that the results are dependent on the parameters that the user defines. With 

respect to pressure variations, the two parameters that can influence the results are the 

initial nuclei radius and the temperature. With respect to the density of the mixture, the 

initial radius and the number of nuclei are the most influential parameters. Insufficient 

number of nuclei can result in less pronounced cavitation and smoother density 

variations.  

6.6.4 2D Tube Case 

The following simulation is a 2D block of water particles, which move in opposite 

directions. This set-up has been implemented with other cavitation algorithms in the 

past so a comparison of results could provide an insight of whether the current code 
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provides acceptable results. Moreover, a comparison between the new code and the 

cut-off approach will be discussed.  

The block of water consists of 671 particles spaced at 0.025 m apart with a total mass 

of 419.375 kg. The length of the model is 1.5 m and symmetry planes have been 

applied in order to constrain any vertical motion. Table 6-9 shows the initial data used 

for these simulations while Figure 6-15 shows the initial state of the tube. The 

Gruneisen equation of state has been used with atmospheric pressure applied to the 

particles. The input parameters for the equation of state are given in Table 6-10. The 

various sensitivity cases that were considered are presented in Table 6-11. 

Table 6-9: Initial data for the 2D tube experiment. 

Initial Pressure, Pa 101325  

Density, kg/m3 1000  

Fixed velocity, m/s +100/-100 

Temperature, K 298.15  

Length, m 1.5  

Height, m 0.25  

SPH Particles 671 

Mass, kg 419.4  

Particles spacing, m 0.025  

Smoothing length, m 0.0325 
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Table 6-10: Gruneisen EOS input data. 

Velocity Curve Intercept, C, m/s 1482.9  

First slope coefficient, S1, - 2.0367 

Second slope coefficient, S2, - 0 

Third slope coefficient, S3, - 0 

Gruneisen coefficient, γ0, - 1 

First order volume correction coefficient, α, - 0.5 

Initial relative internal energy, ε0, kg/ms2 101325 

Initial relative volume, V0, - 1 

The final boundary condition is that two sets, 3 particles long, have been fully 

constrained in translations at either side of the moving fluid. These particles act as a 

barrier on either side of the moving fluid and they translate with the initial velocity 

assigned to the fluid. This was done in order to avoid leakage from the sides of the fluid 

model.  

 

 

Figure 6-15: SPH particles for 2D tube experiment showing initial velocity applied 

in opposite directions. Fringe levels show velocity in the x direction in m/s.   
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Table 6-11: Initial radius and nuclei number density sensitivity cases. 

Initial radius r nuclei number density (n) /m3 

50 μm 9x107 2.5x1010 

100 μm 3.7x107 8x107 

200 μm 3.7x107 8x107 

 

The symmetry planes have been applied at the top and bottom of the water domain, at 

half the particle distance, in order to keep the SPH particles from moving along the y-

direction. The symmetry planes are shown in Figure 6-16. 

 

Figure 6-16: Symmetry planes shown in black indicate the restriction in the y-

direction. The symmetry planes are applied at half the inter-particle distance 

(0.0125 m) on top and at the bottom of the water domain.  

This simple simulation has been performed by [86] and there is a direct comparison 

between their results and the cut-off method. The approach that they used is a 

barotropic relation, so the pressure results do not take into account the tensile strength 

of the liquid, such as in this project. It must also be noted that the simulation by [86] is 

for a tube that is 1 m in length compared to the one in this project that is 1.5 m. The 

parameters that were discussed are the density and the pressure behaviour of the 

water tube. Figure 6-17 shows the results of their simulations at 0.2 ms and will be the 

basis of comparison for the method used in this project. 
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Figure 6-17: Pressure and density results at 0.2 ms at the centre of the 2D tube 

as obtained by Liu et al. [86]. Cut-off model considers only the presence of water 

with a cut-off pressure of 0 Pa and it does not take into account the effect of 

vapour in the water. The present model is the barotropic model used by Liu et al. 

in their implementation of cavitation. 

The combination of radius and nuclei number density that provided similar results as 

the publications is for 50 microns and n=2.5x1010 /m3. The pressure drop in the middle 

of the tube is expected as the fluid is stretched under the opposite direction velocity. 

Figure 6-18 shows the pressure distribution at 0.2 ms as performed with the new 

cavitation approach. As expected, the pressure drop is symmetric and did not fall below 

the critical pressure. It follows closely the results by [86]. Figure 6-17 shows that the 

liquid experienced cavitation between 0.4 m-0.6 m along the length of the tube. For a 

1.5 m tube such as in this project this translates to 0.6 m-0.9 m. Indeed, the results 

from Figure 6-19 captured the phenomenon in this region. 
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Figure 6-18: Pressure distribution for 2D tube at 0.2 ms. Fringe levels show 

pressure in Pa. The pressure drops in the middle of the 2D tube as the particles 

move apart (going into tension), leading to the occurrence of cavitation.  

The difference between the simple cut-off model and the new model with respect to the 

pressure is evident in the close up of Figure 6-19. The difference becomes more 

apparent in the density comparison that follows. 

 

Figure 6-19: Pressure comparison between cut-off and new model at 0.2 ms. 

Pressure taken at the centre of the 2D tube. The cut-off model simply caps the 

pressure at 0 Pa, whereas the new model takes into account the effect of the 

“tensile strength” of the liquid, radius of initial nuclei and the vapour pressure. 

The density variation is shown in Figure 6-20. The density dropped in the middle of the 

tube as the pressure dropped. The sharp reduction in the density occurred when the 

particles reached the critical pressure and cavitation was initiated.  



 

123 

 

Figure 6-20: Density variations in the 2D tube at 0.2 ms. Fringe levels show 

density in kg/m3. The pressure drops in the centre of the 2D tube as the particles 

move apart (going into tension), leading to a reduction in pressure.  

The graph in Figure 6-21 shows the difference between the new cavitation model and 

the cut-off approach. The results fit fairly well with the published results. The peak 

densities are captured well, even though density changes for the new cavitation model 

covered a much wider region. This could be due to the fact that the particle spacing 

was too coarse, which led to a much bigger interpolation region (smoothing length 

value). Finer particle distribution would lead to a more localised interpolation region, 

thus the density variations can be found in a more confined region towards the centre 

of the 2D tube.  
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Figure 6-21: Density comparison at the centre of the 2D tube between cut-off and 

the new model at 0.2 ms. The new model considers the effect of vapour leading 

to a reduced density at the centre of the 2D tube when compared to the simpler 

cut-off model. The cut-off considers the fluid to be pure water.  

The rest of the test cases shown in Table 6-11 are shown in Figure 6-22. One of the 

major conclusions is that the density drop is strongly dependent on the nuclei 

population, n. For a given initial radius, it is observed that the increase in n reduces the 

density further, showing that the cavitation severity becomes stronger. A secondary 

conclusion is that the current methodology is highly sensitive to both the initial radius 

and the initial number of nuclei. In order to capture the correct results for a specific 

case, a range of values should be tried. This necessity for a sensitivity analysis can be 

described as one of the disadvantages of the new cavitation approach.  

Further tests included the application of the 2D tube experiment with gauge pressure 

terms. Appropriate changes have been made in the code to allow the user to decide 

whether absolute or gauge terms will be used. The results were identical for the density 

and the magnitude of the pressure drop was the same (even though it goes into 

negative gauge values). 
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Figure 6-22: Density variation at the centre of the 2D tube for an arbitrary set of 

initial radii and nuclei number densities (given per m3).  

 

6.7 Inclined Plate Impact 

A set of simulations were performed with the simple inclined plate described in Section 

5.3, as it is a one of the SMAES initiative test cases. The purpose of these simulations 

was to establish the behaviour of the fluid domain in a forward velocity impact case and 

observe the influence of the cavitation parameters. Table 6-12 shows the complete set 

of simulations described in this section.  

Table 6-12: Overview of test cases 

Initial radius r Nuclei number density (n) /m3 

100 μm 6x108 

100 μm 7x108 

100 μm 8x108 

100 μm 9x108 

970
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rmin=50 microns n=9*10^7

rmin=100 microns n=3.7*10^7

rmin=100 microns n=8*10^7

rmin=200 microns n=3.7*10^7

rmin=200 microns n=8*10^7
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The initial pressure was set at 101325 Pa. Finally, the temperature, required for 

determining the coefficients that are used for the Antoine equation, was taken as 

298.15K (25°C).  

Since there were no experimental results for comparison, the selection of the number 

of nuclei was based on an iterative procedure, based on the qualitative results shown 

in Figure 6-23 and Figure 6-24 for a water domain of 1 m depth.  

 

a) Plots at 0.05 s, 0.065 s and 0.084 s  

 

b) Plots at 0.05 s, 0.065 s and 0.084 s  

Figure 6-23: Void fraction evolution for a) n=6x108 /m3 and b) n=7x108 /m3 for 1 m 

deep water domain. Fringe levels show void fraction. Side plane cut view of 3D 

impact evolution. Direction of travel from left to right. 
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             a) Plots at 0.05 s, 0.065 s and 0.084 s  

 

 

b) Plots at 0.05 s, 0.065 s and 0.084 s  

Figure 6-24: Void fraction evolution for a) n=8x108 /m3 and b) n=9x108 /m3 for 1 m 

deep water domain. Fringe levels show void fraction. Side plane cut view of 3D 

impact evolution. Direction of travel from left to right. 

The results of Figure 6-23 do not show significant differences and the void fraction 

followed a reasonable pattern, as the pressure wave propagated in a radial direction. 

The highest level of cavitation was present during the impact of the leading edge of the 

plate, where the particles in the region reached the maximum allowable void fraction of 

0.7. This could be due to the fact that as the particles at the leading edge detached 

from the free surface they experienced tensions that could possibly reach low enough 

values for cavitation to occur. Another reason for this behaviour is that the impact of the 

leading edge is severe enough to produce tension in the fluid that can lead to cavitation 
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or that the motion of the plate, as in the results of Chapter 5, caused oscillations to the 

pressure field. 

The void fraction results shown in the cross sections above illustrate the severity of 

cavitation based purely on the nuclei population. The cavitation region increased in size 

as the number of nuclei increased in number.  

For the cases shown in Figure 6-24 the relatively high nuclei population led to 

cavitation at the bottom boundary, where the particles experienced tension as they 

moved outwards artificially. The artificial “bulging” of the particles at the bottom can 

lead to tensions which then propagate radially towards the free surface producing a 

noisy signal. For the interest of this project, it would be ideal to avoid any noise at least 

until the leading edge of the plate impacts the water. Hence the depth of the water 

domain was increased to 2 m and the case of n=8x108 /m3 was selected in order to 

evaluate any changes in the water domain behaviour (Figure 6-25).  

The most significant change is the fact that the particles at the boundary exhibited a 

much higher level of disturbance and similar noisy signal were observed. Moreover, it 

is observed that during the middle stage, the growth of the void fraction is concentrated 

in a smaller region in comparison to the equivalent results of Figure 6-24. This means 

that the simulations can provide a qualitatively more accurate representation of 

cavitation further away from the boundary. Cavitation is expected to occur near the 

structure and should not influence the entire fluid domain. The boundary effects 

present in these simulations are less pronounced compared to the shallow water 

model.  
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Figure 6-25: Void fraction evolution for n=8x108/m3 for 2 m deep water domain. 

Fringe levels show void fraction. Side plane cut view of 3D impact evolution. 

Direction of travel from left to right. Results shown at 0.04 s, 0.058 s and 0.074 s.  

In order to avoid the particle disturbance at the bottom boundary, symmetry planes 

were added. The same test case as in Figure 6-25 is shown in Figure 6-26. The results 

immediately improved with respect to the disturbance at the boundary, however the 

noisy signal was still present. Since the symmetry planes act as physical barriers to the 

water domain the noisy signal was due to the reflected pressure waves. The depth 

however, was adequate since the noisy signal did not dominate throughout the 

simulation as it was observed in Figure 6-24 and to a lesser extent in Figure 6-25.  

The results so far indicate that the particles at the bottom boundary can lead to noisy 

signals, either due to the artificial tension which leads to an increase in the void fraction 

(for the case of no symmetry planes) or due to the reflection of pressure waves caused 

by the inclusion of symmetry planes. In both cases a water domain large enough 

should be used so that any noisy signal does not influence the region close to the 

plate.  
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Figure 6-26: Void fraction evolution for n=8x108 /m3 for 2 m deep water domain 

with symmetry planes applied. Side plane cut view of 3D impact evolution. 

Direction of travel from left to right. Results shown at 0.04 s, 0.058 s and 0.074 s. 

The black line indicates the boundary symmetry plane.  

It should be noted that the distinct void fraction area at the leading edge, shown in the 

latest stage of impact of Figure 6-26, is similar to the one of Figure 6-23, further 

suggesting that a large enough water domain is necessary.  

The initial 1 m deep test case was also tried for comparison purposed with the 

symmetry planes applied and is shown in Figure 6-27. Once again, there was no 

particle disturbance at the bottom boundary, however the shortcomings of the smaller 

depth of the water domain for high number of nuclei become evident with the 

propagation of the noisy signal.  
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Figure 6-27: Void fraction evolution for n=8x108 /m3 for 1 m deep water domain 

with symmetry planes. Side plane cut view of 3D impact evolution. Direction of 

travel from left to right. Results shown at 0.04 s, 0.058 s and 0.074 s. The black 

line indicates the boundary symmetry plane. 

In addition to the inclined plate tested above, a more complete model was attempted. 

This model is representative of the experimental se- up provided as part of the SMAES 

initiative. The plate represents part of the bottom of the fuselage, whereas the addition 

of the trolley system is added in order to guide the impact of the plate under the 

specified initial conditions. The Finite Element model consists of a plate, support 

structure and trolley system and a full description, including material properties, is 

given in Figure 6-28. At the time of these simulations experimental results were not yet 

fully available, so a general description of the applicability of the cavitation method is 

provided.  
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Figure 6-28: SMAES plate and trolley components. Figure based on Aparici [101]. 

 

The initial data used for the structure and the water domain and the structure are given 

in Table 6-13, Table 6-14 and Table 6-16. 
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Table 6-13: Description of trolley and plate components. Table based on Aparici 

[101]. 

Component Thickness  Shells Solids Mass Material 

Plate [A] 1.5 cm 5304 - 20.85 kg 
Al Alloy 

2024-T351 

Frame [B] 1 cm 2144 - 36 kg Mild Steel 

Trolley Skin [C] 0.3 cm 3744 - 27.05 kg Mild Steel 

Support frame [D] 0.6 cm 2434 - 39.89 kg Mild Steel 

Solid mass (also 

accounting for 

wheels’ mass) [E] 

9.1 cm - 3060 666.21 kg Mild Steel 

 

The structure has a prescribed horizontal velocity of 40 m/s, a prescribed vertical 

velocity of 1.5 m/s and acceleration applied at 9.81 m/s2. The structure has a sliding 

boundary plane defined, which prescribes the motion of all the elements. In this case, a 

vector has been defined and all the nodes can only translate along this vector.  

Additionally, nodal constraints have been defined for the plate and the frame and also 

for the trolley skin and the support frame. This allows each of these structures to act as 

a single rigid body.  

Table 6-14: Initial input for SMAES plate impact. 

FE plate inclination, ° 4 

FE plate prescribed forward velocity, m/s 40 

FE plate prescribed vertical velocity, m/s 1.5 
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The material properties for each of the components is given below.  

Table 6-15: Material properties for FE structure. 

Material 
Young’s 

Modulus, Pa 

Poisson’s 

ratio, - 

Yield stress, 

Pa 

Al Alloy 2024-T351 7.2x1010 0.3 3.24x108 

Mild Steel 2.1x1011 0.3 4.7x108  

The input parameters for the water domain are given below. 

Table 6-16: Initial input for water domain for SMAES plate impact. 

Number of particles 19200 

Fluid Length, m 6 

Fluid Width, m 1 

Fluid Depth, m  0.4 

Water density, kg/m3 1000 

Mass, kg 2400 

Particle spacing, m 0.05 

Smoothing length, m 0.06 

Nuclei number density (n), /m3 2.5x108 

Initial nuclei radius, m 5x10-5  

Initial pressure, Pa 101325 

Temperature, K 298.15 
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The overall model is shown in Figure 6-29.  

 

Figure 6-29: Overall description of the model. On the left is the water domain and 

the structure and on the right is a view through the vertical symmetry of the 

structure.  

The Murnaghan equation of state was used. The parameters are given below.  

Table 6-17: Murnaghan EOS input data. 

Bulk Modulus B, MPa 550.0 

Parameter γ, - 4.0 

 

Finally, symmetry planes have been applied around the model as shown below.  

Table 6-18: Symmetry plane coordinates. 

Xmin  Xmax Ymin Ymax Zmin Zman 

-2.0 m 8.0 m -1.5 m 1.5 m -2.0 m 1.0 m 
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The above symmetry planes allow for the fluid particles to move freely within the 

coordinates defined by the symmetry planes, while minimising the potential of 

numerical instability caused by particles that have moved at great distances and are no 

longer relevant to the simulations.  

Initial results, Figure 6-30, showed that the depth of the water domain is extremely 

small leading to tension at the bottom boundary, which then propagated to the rest of 

the water domain in a similar manner to the previous simulations. A depth of four times 

the initial size, 1.6 m, was also considered with 121,000 particles as shown in Figure 

6-31 which still provided a noisy signal. Looking at the effect of the nuclei number 

density, it is evident that further sensitivity cases should be conducted to find an 

acceptable level of depth in combination with an acceptable level of nuclei number 

density. Time constraints however did not allow for a more detailed investigation of this 

specific set-up.  

 

Figure 6-30: Void fraction evolution for n=2.5x108 /m3 for 0.4 m water depth. 

Fringe levels show void fraction. Side plane cut view of 3D impact evolution. 

Direction of travel from left to right. Results shown at 0.04 s and 0.08 s.  
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Figure 6-31: Void fraction evolution for n=2.5x108 /m3 for 1.6 m water depth. 

Fringe levels show void fraction. Side plane cut view of 3D impact evolution. 

Direction of travel from left to right. Results shown at 0.04 s and 0.08 s. 

Deeper water domains were prohibitively expensive to perform, which is one of the 

main difficulties facing high forward velocity impacts. However, an additional test case 

with lower nuclei number density was also performed similar to the earlier models, 

since it was found that it can confine the extent of cavitation. The nuclei number density 

chosen for this simulation is n=1x108 /m3 and the results are shown in Figure 6-32.  
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Figure 6-32: Void fraction evolution for n=1x108 /m3 for 1.6 m water depth. Fringe 

levels show void fraction. Side plane cut view of 3D impact evolution. Direction 

of travel from left to right. Results shown at 0.04 s and 0.08 s. 

The extent of cavitation is evidently restricted; however further increase of the depth is 

required if the simulation is to provide any meaningful results. The main findings of 

these simulations are that the size of the water domain, along with the choice of nuclei 

populations are the most important parameters for simulating ditching test cases. Thus, 

future analyses should focus on varying the depth even further or at least to the point 

where there is no pressure wave interaction at the free surface. Moreover, it should be 

noted that, computationally, these sensitivity analyses will become prohibitively large. 

6.8 Conclusions 

The methodology for cavitation was described, which includes the use of the Antoine 

equation for the estimation of the vapour pressure and the use of the tensile strength of 

the liquid for a better approximation of the critical pressure where cavitation occurs. 

The method for the growth and reduction of cavitation was detailed with the use of the 

bubble dynamics approach of Rayleigh-Plesset, a simplified vaporous bubble method 

that is widely used in cavitation research.  

The major changes in the cavitation method, compared to the cut-off model, were the 

use of the critical pressure instead of an arbitrary cut-off pressure, the introduction of 
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the void fraction, allowing the code to evaluate the amount of vapour and liquid in the 

particles and the introduction of a new mixture density and speed of sound.  

The Rayleigh-Plesset equation was applied for the ideal case of spherical nuclei in 

transient conditions, neglecting the compressibility of the mixture, as it is more 

profound in the later stages of cavitation collapse. The high velocities during collapse 

invalidate the assumption of incompressibility. The effect of compressibility is more 

important at the later stages of cavitation collapse because the vapour inside the nuclei 

undergo cavitation collapse does not condense fast enough. This means that the 

vapour component starts to act like a gas, at which point compressibility becomes an 

issue.  However, it is necessary to consider the context under which cavitation is 

studied in this project. The interest is in the phenomenon from a continuum point of 

view, so investigating bubble radii of the order of less than 10-7 m would only lead to a 

more complicated implementation of the phenomenon. Moreover, cavitation collapse is 

a phenomenon associated with cavitation damage and material erosion due to the 

cyclical occurrence of attached, cloud and vortex cavitation. This is not a phenomenon 

observed in aircraft ditching cases. This means that the issue of compressibility can be 

avoided if the model is confined in the growth and reduction of the radius to its original 

value.  

The new approach was implemented in the SPH code and a set of 2D simple examples 

were tried in order to show the applicability, as well as the limitations of the method. 

The results suggest that the code can adequately provide a new cut-off pressure, 

which is based on the vapour pressure, the surface tension and the initial radius of the 

microscopic nuclei. Furthermore, it can simulate the changes in the fluid’s properties in 

a better way compared to the cut-off model, taking into account the amount of vapour.  

A 2D venturi test case showed that cavitation will take place at the constriction of the 

venturi throat as is expected and the density values follow closely the published results. 

Comparison to published results of a 2D tube test case showed reasonable similarities 

in both the pressure and density trends and values. 

Further test cases included the high forward velocity impact of plates in water, but the 

lack of any experimental data did not allow for a direct comparison of the simulation 

predictions. However, they provided a better understanding of the difficulties of the new 

approach. These difficulties are related to two main areas. The first is the effects that a 

relatively small water domain can have, which can lead to wave reflection and artificial 
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cavitation dominating the domain. Larger water domains for the simple plate examples 

were found to provide less noisy results, however this was not the case for the more 

detailed plate model where an even larger domain is required. Computationally this can 

be unacceptable, which leads to the second parameter that can greatly influence the 

results, the number of nuclei.  

The number of nuclei was shown to affect greatly the extent of cavitation and hence a 

tuning process should be followed. Both the simple and more detailed plate test cases 

demonstrated that by reducing the number of nuclei, the results suffer from reduced 

areas of cavitation. The lack of any experimental tests by SMAES does not allow for a 

direct comparison of any experimental results to the simulations. It must be noted that 

as part of the future work for this topic, any tuning of the number of nuclei should follow 

closely the experimental results without missing out any potential cavitation regions.  
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7 Aerated Water Modelling 

The presence of air during ditching was investigated in the literature review in Chapter 

4, where it was shown that it can lead to a cushioning effect. Moreover, it was shown 

that the numerical attempts in fluid-structure interactions did not include air, leading to 

poor predictions of pressure loads, especially for sections which have a small angle 

with respect to the water surface. This chapter aims to introduce an aerated water 

model in order to investigate the effects of air particles on the pressures imparted on a 

structure impacting the water with forward velocity. A methodology is outlined, that 

aims to treat the water as a mixture of liquid and gas (air). Four test cases are 

considered with increased complexity in order to demonstrate the capabilities of the 

method.  

 

7.1 Theory and Methodology 

Unlike cavitation, aerated water is the mixture of two distinct materials, instead of a 

mixture of one material of different phases. It has previously been discussed how a 

pocket of air can influence the pressure distribution on an object upon impact with the 

surface of the water. There are different ways in which air can affect the pressure 

distribution of the flow on a structure. Apart from a distinctive pocket or layer of air at 

the water surface, the fluid can become a mixture of liquid and small gas particles. Air 

can be entrapped between the liquid’s surface and the impacting structure and the air 

content can be split into smaller regions of air particles, also termed air bubbles. This is 

usually the case in the more severe impact cases [17]. The effect of such division of 

the air pocket is effectively the same as in the air cushion phenomenon, in that it 

reduces the high shock pressures at the start of the impact, while the initial pulse of the 

impact is prolonged.  

The fact that the air bubbles lead to the same effect on the overall behaviour of the flow 

allows the use of a mixture approach for its modelling. Moreover, the interest is to 

observe the changes of the flow from a macroscopic point of view rather than 

observing the behaviour of a single gas (air) bubble in a liquid.  

When aerated water is treated as a mixture, it is considered to consist of gas bubbles 

distributed in the fluid. As in the cavitation process detailed in Chapters 4 and 6, the 

density and speed of sound change significantly. The density of the mixture depends 
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on both the gas and the liquid component and their relation is governed by the amount 

of air that is present. The speed of sound also takes into account the mixture nature 

and it has been found that, for a gas volume fraction of 10%, the speed of sound is 33 

m/s, far less than the liquid’s or air’s speed of sound [102].  

Peregrine et al. [48] observed that as the severity of the impact increases and the 

amount of air increases, due to the more significant mixing, the pressure experienced 

by a rigid body (such as a wall) reduces.  

Another aspect that has been considered is whether the flow with the air bubbles 

behaves adiabatically or isothermally. Bullock et al. [49] suggested that a 

straightforward answer does not exist, as depending on the size of the air bubbles, the 

centre of the bubble can behave in an adiabatic manner, whereas the outer surface 

that is in contact with the liquid can behave in an isothermal manner. It follows that the 

smaller gas particles would behave isothermally, whereas larger ones would behave 

adiabatically. However, considering a mixture approach that does not explicitly 

distinguish between air and water particles would then complicate the definition of the 

behaviour even further. Peregrine et al. [48] considered both cases for a mixture 

approach and while it was determined that the effect in the pressure is negligible, it was 

suggested that the change in the polytropic index (which is lower for an isothermal 

process) would alter the speed of sound of the mixture. This means that a lower speed 

of sound is expected for the isothermal case, leading to supersonic flow regimes for 

milder impacts. It is suggested that the best description for such a case would be an 

initially adiabatic process that changes to an isothermal as their size reduces, due to an 

increase in pressure. Since the above work shows the negligible difference between 

the two processes, it allows for this complicated heat transfer approach to be simplified 

to an adiabatic process.  

The fact that both air and water are present in the flow means that the compressibility 

of the mixture should be considered. For the cavitation method the vapour is treated as 

incompressible, however for the case of aerated water the effects of air compressibility 

need to be discussed. The density and bulk modulus of air alters significantly with 

changes in pressure. When dealing with a mixture, then the compressibility is taken as 

[49]: 

1

𝐾𝑎𝑤
=
𝛽

𝐾𝑎
+
1 − 𝛽

𝐾𝑤
 , 

(7-1) 
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where a and w represent air and water phases, aw represents the mixture, K is the bulk 

modulus and 𝛽 is the gas volume fraction, which is the most significant parameter with 

respect to milder pressure peaks. An increase of 1% in the gas volume fraction has 

been found to increase the compressibility of the mixture by as much as 65% in typical 

drop test cases [49]. This has serious implications when trying to predict any realistic 

water-structure behaviour, as it is very hard to demonstrate such small changes in the 

gas content on any experimental water tank [49]. Other parameters that can influence 

the aerated water mixture include the type of water (freshwater or saltwater) and the 

severity of the impact. 

For the methodology in this project it is assumed that each particle is pre-seeded with a 

percentage of air. The percentage of air, which is defined by the user, will change as 

the phenomenon progresses. This assumption is not accurate in real life fluids, where 

the concentration of any gas follows an arbitrary distribution, however the introduction 

of a small number of air particles in the domain would lead to sharp density variation at 

the interface with the liquid particles, which could lead to numerical instabilities [99].  

As it was discussed above, the compressibility of the mixture is highly influenced and 

governed by the gas (air) component. An initial investigation was performed with both 

changing and constant liquid density, in order to assess the effect on the pressure 

evaluation. The pressure equation used, follows the assumption that the processes in 

the mixture behave in an adiabatic manner. The equation for the pressure is given as: 

𝑃

𝜌𝛾
=
𝑃0

𝜌0
𝛾  , 

(7-2) 

where 𝛾 is the adiabatic index and is equal to 1.4, subscript 0 represent the old state 

and 𝜌 is the density.  

The graph of Figure 7-1 shows the variation in pressure, which is negligible. This 

suggests that the compressibility of the mixture is controlled by the gas content to a 

greater degree when compared to the compressibility of the liquid. Obviously, once the 

pressure increases to significant levels, the compressibility of the liquid should also be 

considered. This leads to the next assumption of the method. Just as with the initial gas 

fraction (percentage of air in the particle), the user is able to define a minimum limit of 

gas content, below which the mixture no longer contains air but is thereafter treated as 

pure water. 
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Given the fact that the SPH method cannot deal with strong density variations [99] and 

based on the fact that the densities of the gas and water components are significantly 

different, it was considered appropriate to also set a maximum limit for the gas content. 

The maximum volume gas content is capped in the SPH code at 70% air. This is done 

in order to avoid any strong discontinuities which could lead to numerical instabilities 

within the code.  

 

Figure 7-1: Variation in the pressure with and without consideration of the 

liquid’s (water) compressibility. 

As mentioned above, in the proposed model, each SPH particle is considered to be 

seeded with a portion of gas. In the SPH method the mass of the particle is taken as 

constant throughout the computation. Depending on whether the particle is in tension 

or compression, the corresponding changes in the volume are computed.  

It has also been established that any changes in the mixture properties of the aerated 

model can be considered to be driven by the gas content. As such, it is necessary to 

define a mass fraction for each particle, which depends on the gas content, the mixture 

density and the gas density. Since the mass remains constant these values are the 

original values set by the user and the gas mass fraction is given as [74]: 
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𝑓𝑔 =
𝛽0 ∗ 𝜌𝑔0

𝜌0
 , 

 

(7-3) 

where 𝜌𝑔0 is the initial density of the gas component, 𝛽0 is the initial gas content (gas 

volume fraction) and 𝜌0  is the initial mixture density, based on the initial density of the 

gas, the initial gas volume fraction and a constant water density. 

The mixture density is given as in the cavitation model: 

𝜌 = 𝛽𝜌𝑔 + (1 − 𝛽)𝜌𝑙 , (7-4) 

and the gas volume fraction is: 

𝛽 =
𝜌𝑙 − 𝜌

𝜌𝑙 − 𝜌𝑔
 . (7-5) 

 

In order to evaluate the gas density, it is essential to use an additional closure equation 

for the system. This is [74]: 

1

𝜌
=
𝑓

𝜌𝑔
+
1 − 𝑓

𝜌𝑙
 . 

 

(7-6) 

Combining equations (7-4) and (7-6) leads to the following equation for the gas density: 

𝜌𝑔 =
𝜌𝑓𝑔𝜌𝑙

𝜌𝑙 + (𝑓𝑔 − 1)𝜌
 . 

(7-7) 

Finally, the speed of sound of the mixture, given in equation (7-8) uses the same 

equation as in the cavitation approach. The only difference is that the gas density 

changes depending on whether the mixture is in compression or tension [49]. A full 

derivation of the mixture speed of sound is given in Appendix C. 

 

𝐶 = {[𝛽𝜌𝑔 + (1 − 𝛽)𝜌𝑙] ∗ [
𝛽

𝜌𝑔𝑐𝑔
2 +

1 − 𝛽

𝜌𝑙𝑐𝑙
2 ]}

−1/2

  . 
(7-8) 
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Figure 7-2 shows the dependence of the speed of sound of the mixture on the gas 

content, as an SPH water particle is in tension. It follows the theoretical description that 

the speed of sound of a mixture reaches values lower than the speed of sound of either 

the components (water and air). In the graph of Figure 7-2 it is assumed that the initial 

point is a particle with a gas content of 10% and a corresponding mixture speed of 

sound of approximately 40 m/s. 

 

 

Figure 7-2: Speed of sound of a mixture of water and gas for a volume fraction of 

10% up to 70%.  
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7.2 Methodology Implementation 

In this section, the essential input parameters and the structure of the method within 

the MCM code will be discussed.  

The main structure of the MCM code includes the following main routines.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Main.f90 (calls the main routines of the MCM code) 

mcm_getinput.f90 (reads input files, assigns initial 

values such as velocity, material properties and 

nodal positions to the particles) 

mcm_initial.f90 (initialises all data, boundary 

conditions, initial pressure, stress, energy, 

density and speed of sound) 

mcm_solution.f90 (main solution 

loop with time integration) 

Output (writes output files) 
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For the aeration model implementation the following subroutines have been modified.  

• Mcm_initial.f90 

o Mcm_initialise_database.f90 

o Mcm_calcmass.f90 

o Mcm_eoscalc.f90 

o Mcm_eos13p.f90 

o Mcm_eos13c.f90 

• Mcm_solution.f90 

o Mcm_rhoupd.f90 

o Mcm_eos28c.f90 

o Mcm_eqos13.f90 

o Mcm_eqos28.f90 

mcm_initialise_database.f90 initialises the input data. All of the parameters that are 

used in the MCM code are initialised in this subroutine and are usually given an original 

value of zero.  

mcm_calcmass.f90 calculates the particle masses by dividing the material’s mass 

equally among the particles. The gas mass fraction, fg, is estimated in this subroutine. 

This is done because it is necessary for the later stages of the code to have the actual 

mass of each component, which is updated at each timestep. Using this initial mixture 

density and the gas fraction given in the input file, we can determine the actual gas and 

water mass of each particle based on equation (7-3). Once the gas mass fraction is 

calculated, the mass of each of the mixture components, the water and air 

components, is calculated. The inputs used are given in the table below.  

Table 7-1: Input parameters for mcm_calcmass.f90 

Input Parameter Description 

gasfraction Initial gas content/particle 

rholiquid Water density 

rhogas Air density 

rho0 Initial input mixture density 

The initial density for the mixture should be calculated following the example below: 
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Assuming that the flow has the characteristics of Table 7-2 the initial mixture density 

using equation (7-4) is 900.1225 kg/m3 with a total particle mass of 4.713x10-4 kg.  

Table 7-2: Initial input example 

gasfraction 0.1 

rholiquid 1000 kg/m3 

rhogas 1.225 kg/m3 

mcm_eoscalc.f90 selects the appropriate equation of state as assigned in the input 

file. It also calculates the initial density and internal energy. The initial density of the 

mixture and the gas content is estimated based on the input file and for the purposes of 

this project it provides the same initial densities as read in the input file. The internal 

energy uses the gas content density as read from the input file and the mass of the gas 

component as calculated in mcm_calcmass.f90. This is due to the negligible effect of 

the water density in the mixture as observed in Figure 7-1. If the aeration model is not 

active and the particles are pure water then no change in the subroutine occurs.  

mcm_eos13p.f90 is the subroutine that calculates the initial pressure when the ideal 

gas equation of state is used. This subroutine has been modified to include the 

adiabatic equation of state of equation (7-2). When using the adiabatic equation of 

state (7-2) there is one issue that needs to be resolved. The initial pressure is used to 

determine the pressure at the next step. If the initial pressure is zero then the updated 

pressure at subsequent steps will always be zero. To overcome this an initial pressure 

is defined in the input file. For this project it is always equal to atmospheric pressure. 

This allows the initial pressure to be computed and not give a zero value. Once the 

pressure is estimated then the pressure is reduced by whatever initial pressure has 

been read from the input file (i.e. P=Pad-Patm). 

mcm_eos13c.f90 is the subroutine that calculates the speed of sound when the ideal 

gas equation of state is used. It has been modified to consider the aeration model. If 

the aeration model is active but the gas volume fraction is zero, which means that the 

particles have compressed beyond the minimum allowable gas volume fraction, and 

they have been switched to being pure water, then the Murnaghan equation of state as 

given below is called. 
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𝑝 = 𝐵 ((
𝜌

𝜌0
)
𝛾

− 1) , 
(7-9) 

 

where B is the bulk modulus, 𝜌 is the density at the current timestep, 𝜌0 is the density 

at the previous timestep and 𝛾 is a coefficient. 

The bulk modulus and coefficient 𝛾 need to be additional inputs in the input file, which 

are read directly when this equation of state is activated in the subroutine 

mcm_eos28p.f90. This is because the main line of the input file that reads the inputs 

for the equation of state, are already occupied with the adiabatic/ideal gas equation of 

state.  

If the aeration model is active and the gas volume fraction is not zero, the mixture 

speed of sound is calculated as given by equation (7-8).  

mcm_rhoupd.f90 is the subroutine that updates the density based on the continuity 

equation. If the aeration model is active, then the gas density is updated based on 

equation (7-7). Once the gas density is updated, the gas volume fraction is also 

updated based on equation (7-5).   

The first time (per particle) that the gas fraction reaches the minimum limit, the gas 

fraction is set to zero, the initial density is set to the liquid density and the mass of the 

particle is set as the mass of the liquid component. Then the density is updated with an 

inverted Murnaghan equation of state using the current pressure. At that point, the 

input for equation (7-9) are used since the equation of state changes. The code 

determines if this is the first timestep that each particle is filled only with liquid, in which 

case the above inverted Murnaghan equation is used. In the subsequent timesteps the 

density of these particles updates based on the continuity equation as for a pure liquid 

flow. 

mcm_eqos13.f90 is the subroutine that calculates the pressure at each particle based 

on the equation of state. For the aeration implementation the ideal gas subroutine 

eqos13 has been modified. The same philosophy as for the changes in 

mcm_eos13p.f90 is applied. If the particles have switched to pure water, after they 

have reached the specified minimum gas volume fraction, mcm_eqos28.f90 is used. 

This subroutine updates the pressure based on equation (7-9).  

The parameters necessary as input are given in Table 7-3. 
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Table 7-3: Input parameters for aerated water model and description 

Input Parameter Description 

gasfraction Initial gas content/particle 

rholiquid Water density 

rhogas Air density 

gaslimitmax Maximum limit for the gas fraction (set at 0.7) 

gaslimitmin Minimum limit for the gas fraction ( below which the flow 

is pure water) 

B Bulk modulus ( as in the Murnaghan equation of state) 

gamma Gamma parameter for the Murnaghan equation of state 

Adiabatic flag Flag that activates the adiabatic pressure equation (7-2) 

p0 The initial pressure that is used in the case of the 

adiabatic pressure formula (need for a value to initialise 

the pressure). 

 

 

The flow chart below shows the solution loop performed for each MCM particle.  

 

 

 

 

 

 

 

Start time integration loop 

Determine neighbours 
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If aeration is active and particle is 

a mixture of gas and liquid 

If aeration is active and particle 

has been compressed, for the first 

time, and has a gas fraction 

smaller than the input-defined 

minimum limit 

Strain rates 

gradvij=gradvij+Volj(vj-vi)dwdx 

Eij=0.5(gradvi+gradvj) 

Rij=0.5(gradvi-gradvj) 

Tr(Eij)=Eii+Ejj+Ekk 

Density update 

 

𝜌𝑔 =
𝜌𝑓𝑔𝜌𝑙

𝜌𝑙 + (𝑓𝑔 − 1)𝜌
 

𝛽 =
𝜌𝑙 − 𝜌

𝜌𝑙 − 𝜌𝑔
 

Density update 

𝜌0 = 𝜌𝑙 

𝜌 = 𝜌0/𝑉0 

𝑚 = 𝑚𝑙 

𝜌 = 𝜌(((𝑃 + 𝐵)/𝐵)1/𝛾) 

𝜌 = 𝜌/(1 − 𝑡𝑟(𝐸𝑖𝑗)𝑑𝑡) 
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Calculate trial value for internal energy 

Speed of sound 

The speed of sound is calculated by the following: 

c=(αρg +(1- α) ρ0)(( α/( ρg(𝑐𝑔
2)))+((1- α)/( ρ0 𝑐𝑙

2)))-0.5 

 

Speed of sound 

The speed of sound is calculated by the 

following (Murnaghan): 

𝑐 = √𝐵𝛾/𝜌𝑙
 

 

Material strength and stress tensor 

The stress tensor for hydrostatic pressure (for water) 

[
 
 
 
 
 𝜎𝑖𝑖 −

1

3
𝑡𝑟(𝐸𝑖𝑗) 0 0

0 𝜎𝑗𝑗𝑖
1

3
𝑡𝑟(𝐸𝑖𝑗) 0

0 0 𝜎𝑘𝑘 −
1

3
𝑡𝑟(𝐸𝑖𝑗)]

 
 
 
 
 

 

If aeration model is active and 

the gas fraction is greater than 

zero 

If aeration model is active and the 

gas fraction is equal to zero 
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Update stress tensor with pressure and  

calculate critical timestep, calculate  

acceleration update boundary conditions,  

calculate total energy and update velocity  

and position of particle  

 

 

 

 

 

 

 

End of time integration loop 

Update pressure and internal energy: 

Select the appropriate Equation of State. If the aeration model is active and the gas fraction is greater 

than zero the the pressure is calculated with the adiabatic equation: 

𝑃 =
𝑃0𝜌𝑔

𝛾

𝜌𝑔0
𝛾  

If the aeration model is active but the particle has reverted back to pure fluid then the Murnaghan 
Equation of State is called: 

 

p = b((ρ/ρ0)γ - 1.0) 

Then update the internal energy: 

e = etry - 0.5𝑝Δ𝑉 
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7.3 2D Test Case 

The first test case is a 2D column of particles that impacted a boundary at a variety of 

velocities. The purpose of this simple test case was to establish the influence of the 

different parameters such as initial and minimum gas fraction, velocity and equation of 

state on the results.  

The column is 4 m long and 0.5 m wide, consisting of 20451 particles. Initially the 2D 

test was performed with pure water content. This formed the basis of the initial 

comparison. The velocity of the column was 0.001 m/s and the particle spacing was 

chosen at 0.01 m. The Murnaghan equation of state, (7-9), was used with B=5.5x108 

Pa and 𝛾= 4. The results are shown in Figure 7-3 - Figure 7-4. The results exhibited a 

typical behaviour of a pressure wave travelling as the column impacts a rigid boundary 

(located at the bottom). The table below shows the main input parameters. 

 

Table 7-4: Input data for 2D water column tests. 

Height, m 4.0 

Width, m 0.5 

No of particles 20451 

Particle spacing, m 0.01 

Smoothing length, m 0.013 

Velocity, m/s 0.001 

Density, kg/m3 1000  

Mass, kg 2045.1 

 

The pressure results corresponded to a material with a density of 1000 kg/m3 and a 

speed of sound of approximately 1483 m/s. Initial pressure of the fluid column is zero, 

so the results can be considered as computed in gauge terms. The pressure has been 

measured at five elements along the length of the water column. These elements and 

their vertical distance from the bottom of the column are given below. 
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Table 7-5: Five particles and their corresponding vertical distance from the 

bottom of the column. Used for pressure readings. 

Particle Distance from the bottom, m 

18526 0.15 

18097 0.47 

15684 0.85 

13211 1.12 

13238 1.39 

 

Figure 7-3: Pure water pressure results at t=0.0012 s. Maximum pressure 

corresponds to the theoretical value for a quasi-compressible fluid like water. 

Fringe levels show pressure in Pa. 
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Figure 7-4: Change in pressure distribution along the length of the column for 

pure water. Theoretical wave propagation pressure of 1483 Pa for particle 18526 

shows that the simulation follows the theoretical estimate. 

Consider the plane wave impedance equation [103]: 

𝑝 = 𝜌𝑐𝑣 , (7-10) 

 

where 𝜌 is the density, 𝑐 is the speed of sound and 𝑣 is the velocity of the fluid.  

The pressure wave should peak at the 1483 Pa as is shown in Figure 7-4. The 

theoretical curves for the first and last particle, at 0.15 m and 1.39 m from the bottom of 

the column has also been included. The results between the analytical and the 

numerical simulations show good agreement.  

The same test was performed with the aerated model described before. The test was 

performed with the ideal gas equation of state, which is already given in the MCM code 

in the following form: 

 

 



 

158 

𝑝 = 𝜌(𝛾 − 1)𝑒 , (7-11) 

 

where e is the internal energy of the particle and 𝛾=1.4 is the adiabatic index, which is 

typical for a diatomic gas like air.  

Next the aeration model was tested using the ideal gas equation of state. The input 

parameters for the aerated column are given in Table 7-6. 

Table 7-6: Aerated water model input parameters for 2D column. 

Initial gas volume fraction 0.1 

Water density, kg/m3 1000 

Gas (air) density, kg/m3 1.225 

Particle spacing, m 0.01 

Minimum gas volume fraction 0.001 

Initial pressure, Pa 101325 

Velocity, m/s 0.001 

 

The results for the ideal gas equation of state tests are shown in Figure 7-5 - Figure 

7-8. 
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Figure 7-5: Pressure distribution for aerated water model in 2D column with ideal 

gas equation of state. Fringe levels show pressure in Pa. initial velocity of 0.001 

m/s. Initial gas volume fraction of 10%. 

 

Figure 7-6: Change in pressure distribution along the length of the column for 

aerated water model with the ideal equation of state (7-11). Theoretical wave 

propagation pressure of 36 Pa for particle 18526 shows that the simulation 

follows the theoretical estimate. Initial velocity of 0.001 m/s and initial gas 

volume fraction of 10%. 
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Figure 7-7: Gas volume fraction evolution in 2D column with ideal gas equation 

of state for the pressure evaluation. Fringe levels show gas volume fraction 

values. Initial gas volume fraction of 10% 

 

Figure 7-8: Gas fraction at various points along the length of the 2D column with 

the ideal gas equation of state. 

The differences in the pressure between Figure 7-4 and Figure 7-6 are due to the 

differences between the mixture and the pure water models. In the pure water model 
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the speed of sound is 1483 m/s, as opposed to the mixture’s speed of sound of around 

40 m/s. This means that the propagation of the pressure wave will be slower in the 

aerated model than the pure water model. Indeed, comparing the pressure plots above 

indicates that, for a 10% initial gas volume fraction, the peak pressures appear at a 

later stage. Furthermore, the maximum peak pressures in the aerated model are 

significantly lower when compared to the pure water model. This can again be 

attributed to the lower speed of sound of the mixture when compared to the pure water. 

Considering the plane wave impedance equation (7-10), then the pressure wave 

should peak at the values given in Table 7-7.  

Table 7-7: Estimated pressure peaks for the pure water and aerated models. 

Input Pure water model Aerated model 

density, kg/m3 1000 900 

Velocity, m/s 0.001 0.001 

Theoretical speed of sound, 

m/s 

1483 40 

Propagation pressure, Pa 1483 36 

The theoretical curves for the first and last particle, at 0.15 m and 1.39 m from the 

bottom of the column has also been included. The results between the analytical and 

the numerical simulations show good agreement. 

The gas fraction reduced as the particles compressed, which is also expected. As the 

pressure wave propagated through the column, the variation in the gas content is 

evident. Behind the pressure wave, when the pressure has settled, the gas content 

remained constant, whereas the drop seen in Figure 7-8 corresponds to the transition 

of the pressure wave through the column. Due to the low velocity and small minimum 

gas fraction set in the input file, the particles never managed to become pure water. 

The results for the same test case with the adiabatic equation of state, equation (7-2), 

are identical to that of Figure 7-6.  

Finally, it must be noted that the particles at the top of the column underwent an 

unphysical behaviour in that they moved away from the column. This is due to the fact 

that there was an initial pressure of 1 atm present. The adiabatic equation of state 
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given in equation (7-2) would provide a zero pressure if the initial pressure was set to 

zero. To overcome the problem, the adiabatic equation of state was modified in the 

MCM code in order to offset the pressure by any value given as input initial pressure. 

The results of Figure 7-9 - Figure 7-10 show the correct particle behaviour for zero 

initial pressure. 

 

Figure 7-9: Pressure distribution for initial pressure of zero with offset in the 

adiabatic formula. The results show the correct behaviour and no particles are 

detached at the top from the main fluid column. Fringe levels show pressure in 

Pa. Note: the pressure levels are in gauge terms as opposed to the pressure 

results of Figure 7-5. Initial velocity of 0.001 m/s.  
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Figure 7-10: Change in pressure distribution along the length of the column for 

aerated water model with the adiabatic equation of state (7-2). Theoretical wave 

propagation pressure of 36 Pa for particle 18526 shows that the simulation 

follows the theoretical estimate. Initial velocity of 0.001 m/s and initial gas 

volume fraction of 10%. 

The pressure values were the same as in the previous example, however there was no 

particle disturbance at the top of the column. As it is expected, the gas fraction 

variations remained the same as in the previous test cases. The tests so far were 

concerned with small velocities and hence small variations in the gas fraction and 

pressure waves.  

Next, the same test case was considered but with a velocity of 1 m/s. It provides a 

better comparison between the ideal and adiabatic equations of state. The pressure 

and gas fraction results for the adiabatic equation of state are shown in Figure 7-11 

and Figure 7-12. 
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Figure 7-11: Pressure evolution (left) and gas fraction evolution (right) for 2D 

column at 1 m/s with adiabatic equation of state and initial gas volume fraction of 

10% (plot taken at t=0.028 s). Fringe levels on the left show pressure in Pa and on 

the right the gas volume fraction. 

 

Figure 7-12: Pressure (left figure) and gas volume fraction (right figure) along 

various points for 2D column at 1 m/s and initial gas volume fraction of 10% with 

adiabatic equation of state. Gas fraction reduction is more severe than in the 

previous case, as expected for more severe impacts.  

Term c in equation (7-10) can only be considered as the speed of sound of the fluid if 

v<<c, in which case the wave propagation velocity is equal to the speed of sound. For 

a 10% gas fraction, the speed of sound of the mixture would be 40 m/s (using equation 

(7-8). This suggests that, for v=1 m/s, the assumption that v<<c is not valid. In order to 
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assess the pressure peaks of Figure 7-12, the propagation velocity from the model was 

used directly in equation (7-10). This is given in Table 7-8.  

Table 7-8: Estimated pressure peaks for the aerated model for 1m/s impact 

velocity and initial gas volume fraction of 10%. 

Input Aerated model 

density, kg/m3 900 

Velocity, m/s 1 

Propagation velocity at particle 13238 (1.39 m from the 

bottom), m/s 

45.9 

Propagation pressure, Pa 41310 

The propagation pressure, calculated from equation (7-10), with a propagation velocity 

of 45.9 m/s compares well with the numerical results. If the estimated speed of sound 

was used (40 m/s) instead of the propagation velocity of the model, then the pressure 

peak would have been 36000 Pa. This is approximately 16% less than the pressure 

peak in Figure 7-12. Comparing the rise time of the pressure wave between Figure 

7-10 and Figure 7-12, it can be seen that the speed of the compression wave has also 

increased by approximately 16%. A 16% increase in the speed of the compression 

wave means that the propagation velocity increases from a theoretical 40 m/s to 

approximately 46 m/s. This compares well with the propagation velocity of Table 7-8. In 

turn the propagation pressure increases by approximately 16%, from 36000 Pa to the 

more accurate 41760 Pa. This also compares well with the propagation pressure of 

Table 7-8. These results demonstrate that equation (7-10) can assume that the 

propagation velocity is equal to the speed of sound only if v<<c. 

The gas volume fraction evolution showed the dependency of the gas content on the 

severity of the impact, as it is expected. Comparison between the gas volume fraction 

reduction in the original test case and the latest one (i.e. with impact velocity of 0.001 

m/s and 1 m/s) shows that the higher velocity impacts would cause a more significant 

compression of the particles and as a result reduce the gas volume fraction content in 

each particle.  

The results for the ideal gas law are shown in Figure 7-13. 
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Figure 7-13: Pressure evolution (left) and gas evolution (right) for 2D column at 1 

m/s with ideal equation of state (plot taken at t=0.028 s). Fringe levels on the left 

show pressure in Pa and on the right the gas volume fraction. Initial gas volume 

fraction of 10%.  

The results for the ideal gas show that the wave propagation was slower compared to 

the test with the adiabatic equation of state. Moreover, comparing the maximum 

pressure it is observed that the ideal gas law underestimated the results.  

The above tests indicate that using the adiabatic equation of state can provide more 

accurate results, corresponding to pressure values closer to the theoretical estimates.  

Next a set of simulations was performed with a higher initial gas volume fraction (20%), 

in order to establish its influence on the pressure peaks. The parameters remain the 

same as in the previous test cases, however the initial density changes in order to 

account for the higher initial gas volume fraction. The difference in the initial density is 

shown in Table 7-9. It is expected that the pressure should be smaller. The results are 

shown in Figure 7-14 and Figure 7-15. 
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Table 7-9: Initial density and speed of sound variation depending on the initial 

gas volume fraction. 

Initial gas volume fraction, 

% 

Density, kg/m3 Theoretical speed of 

sound, m/s 

0 1000 1483 

10 900 40 

20 800 20 

 

Figure 7-14: Pressure points for 2D column at 1 m/s with adiabatic equation of 

state and initial gas fraction of 20%. The pressure peaks are lower when 

compared to the peak values for an initial gas content of 10%. Initial velocity of 1 

m/s. 

Following equation (7-10) and the propagation velocity of the model, the pressure for 

the mixture at 1.39 m from the bottom can be estimated. This is given in Table 7-10.  
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Table 7-10: Estimated pressure peaks for the aerated model for 1m/s impact 

velocity and initial gas volume fraction of 10%. 

Input Aerated model 

density, kg/m3 800 

Velocity, m/s 1 

Propagation velocity at particle 13238 (1.39 m from the 

bottom), m/s 

31.7 

Propagation pressure, Pa 25340 

The pressure peaks were lower compared to the test cases with an initial gas content 

of 10%. Moreover, the peak values took longer to reach their maximum indicating a 

less severe pressure wave. This follows the theory which suggests that the presence of 

air in the water reduces impact forces and provides a less pronounced peak. The 

theoretical estimate for the propagation pressure provided a peak value of 25340 Pa, 

which compares well with the simulation results. Once again, using the theoretical 

speed of sound as the wave propagation velocity would have led to a peak pressure of 

16000 Pa, which is 60% less than the model predictions. These results further 

demonstrate that equation (7-10) can assume that the propagation velocity is equal to 

the speed of sound only if v<<c.   

 

Figure 7-15: Gas fraction points for 2D column at 1 m/s with adiabatic equation of 

state and initial gas fraction of 20%. 
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As far as the gas fraction is concerned, its value should reduce with increasing 

compression, which means that higher velocity impacts should compress the particles 

further reducing the amount of gas present in them. This can be seen in Figure 7-16 

where the same column with initial gas fraction of 20% was tested with velocities of 5 

and 10 m/s. 

 

Figure 7-16: Gas fraction reduction for velocities of 5 m/s (left) and 10 m/s (right) 

for the 2D column test with the adiabatic equation of state and an initial gas 

content of 20%. The particles compress more with the 10 m/s impact case 

leading to a reduction in the gas content.  

There are three main findings with respect to the simulations performed above. Firstly, 

the adiabatic equation of state appears to provide more accurate pressure results when 

compared to the alternative ideal gas equation of state. This was checked against the 

plane wave propagation equation for a fluid for different impact velocities. For the 

higher impact velocities (1 m/s) the propagation velocity should be used, in the plane 

wave propagation equation, instead of the speed of sound of the mixture. Secondly, the 

higher gas content leads to slower wave propagation and lower pressure peaks. This is 

in accordance with theory, suggesting that the cushioning effect is more profound with 

higher levels of air. Finally, the above simulations correctly predicted a higher reduction 

of the gas fraction as the velocity increases, which is expected because the particles 

are compressed more in such cases. 

7.4 Drop Test 

In this section a validation case is considered. Experiments of a drop test of a guided 

circular plate, made of steel, of varying mass and with various velocities onto aerated 

water have been performed by Walkden [104]. The results of these experiments have 

been collected and analysed by Bullock et al. [49].  
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The experimental test cases used three different impact velocities, 1.98 m/s, 2.8 m/s 

and 3.43 m/s. Two different masses were considered, 1.35 kg and 1.85 kg. Finally, the 

levels of aeration in the water domain ranged from 0% (pure water) up to 17.5%.  

The aim of this validation case is to show that the aeration model, described above, 

provides a reasonable peak pressure reduction with increasing levels of aeration in the 

water domain.  

7.4.1 Simulation Model 

For the validation purposes the heavier mass of 1.85 kg and the highest impact velocity 

of 3.43 m/s were selected. The overall model is shown in Figure 7-17. The structure is 

considered rigid and the element size was chosen carefully, in order to match closely 

with the SPH particle spacing (Figure 7-18). 

 

Figure 7-17:  Overall drop test set-up for aeration validation case. 

 

Figure 7-18:  Relative SPH particle – finite element spacing.  
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The main input parameter for the circular plate are given in the table below. 

Table 7-11: General input data for circular plate for drop test in aerated water. 

Diameter, m 0.09 

Height, m 0.018 

No of elements (Rigid 

Solids) 

30240 

Vertical velocity, m/s 3.43 

Mass, kg 1.85 

Boundary conditions Only vertical motion allowed and fully constrained in 

rotations 

The main input parameters for the water domain are given in the table below. 

Table 7-12: General input data for water domain for drop test in aerated water. 

Length, m 0.2 

Height, m 0.12 

Width, m 0.2 

No of particles 189584 

Particle spacing, m 0.003 

Smoothing length, m 0.0039 

Density, kg/m3 1000 

Mass, kg 4.8 

 

No symmetry planes or gravity has been applied to the model. The adiabatic formula 

(7-2) was used with 𝛾 = 1.4. 
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As far as the aeration test cases in this validation section are concerned, two separate 

case with 5% and 10% initial gas volume fraction were considered. The input 

parameters for these cases are given in Table 7-13. 

Table 7-13: Aerated water model input parameters for drop test in aerated water. 

Initial gas volume fraction 0.05 0.1 

Initial mixture density density, kg/m3 950.0 900.13 

Liquid (water) density, kg/m3 1000 1000 

Gas (air) density, kg/m3 1.225 1.225 

Particle spacing, m 0.003 0.003 

Minimum gas volume fraction 0.001 0.001 

Maximum gas volume fraction 0.7 0.7 

Mixture mass 4.56 4.32 

7.4.2 Simulation Results 

The figure below shows the pressure results for the pure water (with 0% aeration) and 

the results with 5% and 10% aeration. The results focus on the initial stages of the 

impact. This is because the aim is to capture the reduced pressure peaks as the 

aeration levels increase.  
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Figure 7-19: Top view of pressure plots at 0.00074 s. Plots neglect the plate in 

order to show the pressure results. Results show a reduced peak pressure as 

the aeration levels increase. Fringe levels show pressure in Pa. 

The results show that as the aeration levels increase, there is a drop in the peak 

pressures as expected. This is shown in the figure below, where a comparison of the 

peak pressures at the centre of the water domain is plotted.  
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Figure 7-20: Pressure evolution for circular plate impact on water. Pure water, 5% 

aeration and 10% aeration cases were considered and compared to experimental 

results by Walkden [104]. Comparison shows good agreement, especially for the 

10% aeration case.  

The pressure results of Figure 7-20 compare relatively well with the experimental 

results. The difference in the results are possibly due to the reduced water model. This 

was done in order to reduce the computational costs, since the aim of this validation 

case was to show the reduced peak pressure that occur at the start of the impact. 

Nevertheless, some noise and rebound of pressure waves from the edges of the water 

domain can influence the results further towards the centre of the water domain.  

Secondly, the contact definition was chosen so that there is no particle penetration 

during the impact. Softer contact stiffness could be further investigated, as long as 

there is no penetration.  

Finally, the particle spacing, chosen at 0.003 m, provided pressure predictions with an 

error of 16%-27% when compared to the experimental results. Further work on this test 

case could involve a finer particle distribution, along with an equally more detailed 

Finite Element model.  
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For completeness, the gas volume fraction is shown in the figure below for the 5% and 

10% aeration cases. The results show the reduction in the gas volume fraction 

immediately below the circular plate. This is the expected behaviour since the particles 

beneath the plate are compressed.  

 

Figure 7-21: Top view of gas volume fraction plots at 0.00074 s. Plots neglect the 

plate in order to show the pressure results. Results show a reduction in gas 

content as the particles compressed. Fringe levels show gas volume fraction. 

7.5 Inclined Plate  

In this section, a more realistic and complicated example was tested for the aerated 

model. The same plate example, as in Section 6.7 (Figure 6-28), was used. The plate 

test cases include the structure, impacting the water with an inclination of 4° and 10° at 

a horizontal velocity of 40 m/s and a vertical velocity of -1.5 m/s. In both inclination 
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tests the initial gas volume fractions range from 0.05 to 0.2. Even though there are no 

experimental results for the effect of aeration, these results can provide added 

confidence in the aeration model, with respect to complicated fluid-structure interaction 

problems. All the boundary conditions set out in Section 6.7 remain in place.  

7.5.1 4° Inclination 

The water model consists of 19200 particles with a spacing of 0.05 m and a total length 

of 6 m. The main input parameters for the water domain are given in Table 7-14. The 

details of the structure are given in section 6.7. For an inclination of 4°, the pressure 

levels for the pure water model are given in Figure 7-22. 

Table 7-14: General input data for water domain for plate impact at 4° inclination. 

Length, m 6.0 

Height, m 0.4 

Width, m 1.0 

No of particles 19200 

Particle spacing, m 0.05 

Smoothing length, m 0.06 

Density, kg/m3 1000  

Mass, kg 2420 

The Murnaghan equation of state was used. The parameters are given below. Since 

the flow velocities of the simulations were not expected to reach values close to the 

speed of sound it was beneficial to employ a reduced compressibility. This increased 

the critical time step, while maintaining the incompressible nature of the liquid. 

Table 7-15: Murnaghan EOS input data. 

Bulk Modulus B, MPa 1.5 

Parameter γ, - 7.0 
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Figure 7-22: Global behaviour for pure water model at 4° inclination. Side view of 

model at 0.09 s. Forward velocity of the structure is 40 m/s and vertical velocity 

of the structure is -1.5 m/s. Fringe levels show pressure in Pa. Top figure shows 

complete set-up and bottom figure shows pressure levels for the water domain 

only.  

Next the aeration model was tested. The necessary inputs are given in Table 7-16. 

Table 7-16: Aerated water model input parameters for plate impact tests at 4° 

inclination. 

Initial gas volume fraction 0.05 0.1 0.2 

Initial mixture density density, kg/m3 950.0 900.13 800.3 

Liquid (water) density, kg/m3 1000 1000 1000 

Gas (air) density, kg/m3 1.225 1.225 1.225 

Particle spacing, m 0.01 0.01 0.01 

Minimum gas volume fraction 0.001 0.001 0.001 

Maximum gas volume fraction 0.7 0.7 0.7 

Mixture mass, kg 2280 2160.3 1920.6 
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Similar global behaviour, to the pure water test case, was observed for the aerated test 

cases in Figure 7-23-Figure 7-25. Since there were no experimental data available, the 

interest in this section is primarily on the changes in the water model and how that 

affects the forces imparted on the structure. Direct comparison of the pressure levels 

would not be correct, as the peak pressures are not experienced at the same locations. 

 

Figure 7-23: Global behaviour of structure for aeration levels of 5% for 4° 

inclination. Side view of model at 0.09 s. Forward velocity of the structure is 40 

m/s and vertical velocity of the structure is -1.5 m/s. Fringe levels show pressure 

in Pa. Top figure shows complete set-up and bottom figure shows pressure 

levels for the water domain only.  
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Figure 7-24: Global behaviour of structure for aeration levels of 10% for 4° 

inclination. Side view of model at 0.09 s.  Forward velocity of the structure is 40 

m/s and vertical velocity of the structure is -1.5 m/s. Fringe levels show pressure 

in Pa. Top figure shows complete set-up and bottom figure shows pressure 

levels for the water domain only.  
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Figure 7-25: Global behaviour of structure for aeration levels of 20% for 4° 

inclination. Side view of model at 0.09 s. Forward velocity of the structure is 40 

m/s and vertical velocity of the structure is -1.5 m/s. Fringe levels show pressure 

in Pa. Top figure shows complete set-up and bottom figure shows pressure 

levels for the water domain only. 

 

A better understanding of the effect of aeration on the structure was found through the 

force acting on it. The overall contact force acting on the Finite Element model is 

shown in Figure 7-26. 
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Figure 7-26: Vertical force acting on the structure for the original (pure water) 

model, 5%, 10% and 20% aeration models for impact of plate at 4° inclination.  

In general, the force graphs follow a similar trend when compared to the original (pure 

water) model. However, as the gas content increased, the slope of the force graphs 

reduced. This is due to the fact that, as in experimental results for simpler shapes, the 

presence of air in the water acted as a cushioning factor. The compression of the air 

prior to the actual impact was found to provide less abrupt peaks. In this model, the 

presence of air in a mixture approach followed a similar behaviour. Moreover, the peak 

forces in the graph were consistently reduced as the gas (air) content increased. The 

oscillations present, were due to the potential increase in the vibration on the plate. 

Next, the pressure at the centre of the plate was compared for all four case.  
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Figure 7-27: Pressure acting on the centre of the plate for the pure water model, 

5%, 10% and 20% aeration models.  

The pressure results show that the peak pressures became lower as the aeration 

increases, especially for the 10% and 20% cases. This is in accordance with the force 

behaviour, discussed previously, as well as with the theory. Moreover, a clearer 

observation with respect to the pressure pulse can be made. For the pure water case 

the initial pressure peak at the first point of impact lasted for 0.05 s. The duration was 

the same for the 5% aeration case, however it progressively increased to 0.055 s and 

0.06 s for the 10% and 20% aeration cases respectively. This suggests that maybe a 

5% aeration combined with the relatively coarse particle distribution is too low to show 

any significant difference. 

Overall, the results for this test case indicate that the presence of air will reduce the 

pressures imparted on the structure. Even though there are no experimental results for 

comparison, the above behaviour is expected following the simulations on simple 

angled shapes performed by [42] [43]. The low angle of the plate, as well as the fact 

that it is a flat section, further suggest that the presence of air will play a role. Its 

significance however requires experimental results.  
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7.5.2 10° Inclination 

The same case as before was modelled but in this set-up with an inclination of 10°. In 

this case, the water model consists of 32000 particles with a spacing of 0.05 m and a 

total length of 10 m. The same equation of state and boundary conditions as in Section 

7.5.1 were used. The pressure results for the pure water case are shown in Figure 

7-28. 

Table 7-17: General input data for water domain for plate impact at 10° 

inclination. 

Length, m 10.0 

Height, m 0.4 

Width, m 1.0 

No of particles 32000 

Particle spacing, m 0.05 

Smoothing length, m 0.06 

Density, kg/m3 1000  

Mass, kg 4000 
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Figure 7-28: Global behaviour for pure water model at 10° inclination. Side view 

of model at 0.09 s. Forward velocity of the structure is 40 m/s and vertical 

velocity of the structure is -1.5 m/s. Fringe levels show pressure in Pa. Top figure 

shows complete set-up and bottom figure shows pressure levels for the water 

domain only. 

The overall behaviour of the structure remained the same, however the water domain 

suffered from greater disturbances compared to the 4° inclination. The fact that this 

feature appears to this extent in the higher inclination test case, suggests that it was 

related to the positioning of the structure rather than the way the water is model. Since 

the impact was concentrated in a smaller area of the structure, it is expected that the 

water deformation in the vicinity will be more severe. 

Another aspect that needs to be discussed is the deformation of the particles at the 

bottom of the water domain. This was present in both the 4° and 10° inclination 

impacts. Since there was no boundary applied on the bottom of the water domain, the 

particles were allowed to move outwards freely. The reason for the choice of this depth 
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was purely the computational cost of such simulations. Extending the depth would lead 

to a better description in the boundary. 

Next the aeration model was tested. The necessary inputs are given in Table 7-18. 

Table 7-18: Aerated water model input parameters for plate impact tests at 10° 

inclination. 

 

 

Similar global behaviour, to the pure water test case, was observed for the aerated test 

cases in Figure 7-29-Figure 7-31. Since there were no experimental data available, the 

interest in this section is primarily on the changes in the water model and how that 

affects the forces imparted on the structure. Direct comparison of the pressure levels 

would not be correct as the peak pressures are not experienced at the same locations. 

Initial gas volume fraction 0.05 0.1 0.2 

Initial mixture density, kg/m3 950.0 900.13 800.3 

Liquid (water) density, kg/m3 1000 1000 1000 

Gas (air) density, kg/m3 1.225 1.225 1.225 

Particle spacing, m 0.01 0.01 0.01 

Minimum gas volume fraction 0.001 0.001 0.001 

Maximum gas volume fraction 0.7 0.7 0.7 

Mixture mass 3800.3 3600.5 3201 
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Figure 7-29: Global behaviour of structure for aeration levels of 5% for 10° 

inclination. Side view of model at 0.09 s. Forward velocity of the structure is 40 

m/s and vertical velocity of the structure is -1.5 m/s. Fringe levels show pressure 

in Pa. Top figure shows complete set-up and bottom figure shows pressure 

levels for the water domain only.  
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Figure 7-30: Global behaviour of structure for aeration levels of 10% for 10° 

inclination. Side view of model at 0.09 s. Forward velocity of the structure is 40 

m/s and vertical velocity of the structure is -1.5 m/s. Fringe levels show pressure 

in Pa. Top figure shows complete set-up and bottom figure shows pressure 

levels for the water domain only.  
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Figure 7-31: Global behaviour of structure for aeration levels of 20% for 10° 

inclination. Side view of model at 0.09 s. Forward velocity of the structure is 40 

m/s and vertical velocity of the structure is -1.5 m/s. Fringe levels show pressure 

in Pa. Top figure shows complete set-up and bottom figure shows pressure 

levels for the water domain only. 

The force graph of Figure 7-32 for the 10° inclination is similar in trend as in the 4° 

case. As the aeration levels increased, the force peaks reduced and the slope of the 

force graph was not as abrupt as in the pure water case. 
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Figure 7-32: Vertical force acting on the structure for the original (pure water) 

model, 5%, 10% and 20% aeration models for impact of plate at 10° inclination. 

With respect to the pressure at the middle of the structure, shown in Figure 7-33 and 

Figure 7-34, there are two points that need to be discussed. Firstly, the peak values 

were found to be higher, when compared to the 4° inclination. One possible 

explanation for this, is the increase in the angle of impact, which leads to a smaller 

wetted surface. This would lead to higher contact forces (as it is indeed the case from 

Figure 7-32) and as a consequence higher pressure values.  

The second observation, from the pressure results, is that there was no significant 

difference in the peak values. To the contrary, the pressure reached an initial peak 

value of around 50 MPa in all of the cases. The most likely explanation for this is the 

configuration of the test case at a higher angle of impact. The elements chosen for the 

pressure results were located in the centre of the plate, which was possibly further from 

any direct contact with the water and were certainly not located close to the first point 

of contact.   



 

190 

 

 

Figure 7-33: Pressure results for four elements (4156, 5608, 6934 and 7273) at the 

centre of the impacting plate for pure water (top figure) and 5% (bottom figure) 

aeration at 10° inclination. 
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Figure 7-34: Pressure results for four elements (4156, 5608, 6934 and 7273) at the 

centre of the impacting plate for 10% (top figure) and 20% (bottom figure) 

aeration at 10° inclination. 

A pressure comparison is given in Figure 7-35 between the original (pure water) and 

the aerated model. In this case, the pressure was taken at an element in the middle of 

the trailing edge of the plate that is in direct contact with the water. The trend of the 

results is much closer to the results obtained in the 4° inclination test cases. The 

pressure peak was at its highest when the pure water is considered and it reduced as 

the aeration levels increase. Finally, the duration of the initial impact peak was larger 
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for the higher levels of aeration. This final set of results suggests that the initial choice 

of the elements in the middle of the plate for the higher inclination test case was not the 

most appropriate, as it failed to capture the effect of aeration on the structure. 

 

Figure 7-35: Pressure results for an element at the trailing edge of the plate for 

the pure water model, 5%, 10% and 20% aeration models for impacting plate at 

10° inclination.  

 

7.6 NACA2929 J-Body 

In this section, a fuselage shape is considered and it is taken from a paper by McBride 

et al. [2]. Their investigation looked into a variety of fuselage shapes including the J-

body and their effect in the general behaviour upon ditching. The experimental set-up 

consisted of catapulting the fuselage model at a pitch angle of 10° and a horizontal 

velocity of 9.144-18.288 m/s (30-60 ft/s). The fuselage of the J-body was swept up, 

with a tendency to increase suction forces, fineness ratio of 9, and a circular cross 

section. The reduction in forward velocity, the change in attitude and the change of the 

height of the centre of gravity were recorded.  
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The aim of this set of simulations is to provide further confidence in the aeration model. 

Furthermore, the testing of a complete fuselage should allow for the investigation of the 

overall dynamics of the fuselage, as a consequence of the presence of air in the water.  

Moreover, the following test case was considered in simulations by Streckwall et al. 

[26] at TUHH, allowing for an initial comparison of the fluid-structure interaction of this 

fuselage to other numerical tools. Streckwall et al. [26] used some generic aircraft 

models to simulate ditching events. A hybrid approach was used in order to estimate 

the forces on a section, using an enhanced momentum method based on the von 

Karman and Wagner theories. The authors also made use of a RANS solver in order to 

model the interaction of the structure with the free surface and the subsequent 

behaviour of the fuselage.   

The fuselage model consists of 15000 rigid shell elements. The initial conditions of the 

model include the application of gravity and an initial forward velocity of 12.192 m/s (40 

ft/s) and a vertical velocity of 0.7 m/s. With respect to the water model it consists of 

647500 particles having a total length of 4.1 m, a width of 0.4 m and a depth of 0.2 m. 

The particle spacing was chosen at 0.008 m, which is fine enough to allow for an 

accurate description. It must be noted that one of the limitations of this model is the 

computational cost involved in such long runs. The length of the water model was 

chosen as stated above purely to avoid excessive computations. Figure 7-36 shows 

the initial set-up of the structure. Table 7-19 and Table 7-20 shows the input 

parameters for the structure and water domain models. 
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Table 7-19: General input data of the structure for fuselage water impact. 

No of elements (Rigid Shell) 14828 

Element thickness, m 0.002 

Mass, kg 5.67 

X coordinate of centre of 

mass 

10.5 

Y coordinate of centre of 

mass 

0.0 

Z coordinate of centre of 

mass 

0.14 

Horizontal velocity, m/s 12.192 

Vertical velocity, m/s 0.7 

Gravity, m/s2 9.81 

Boundary condition Constrained in the lateral direction (y-axis) 

Table 7-20: General input data of the water domain for fuselage water impact. 

Length, m 4.1 

Height, m 0.4 

Width, m 0.2 

No of particles 647500 

Particle spacing, m 0.008 

Smoothing length, m 0.01 

Density, kg/m3 1000  

Mass, kg 328.0 
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The Murnaghan equation of state was used, using the same principle as in Sections 

7.5.1 and 7.5.2. The parameters are given below.  

Table 7-21: Murnaghan EOS input data. 

Bulk Modulus B, MPa 1.5 

Parameter γ, - 7.0 

 

 

Figure 7-36: Initial set-up of fuselage structure. 

The test cases followed the same initial gas fraction choices from the previous 

simulations, which are an initial gas content of 5%, 10% and 20%. Table 7-22 shows 

the aeration parameters that were used.  
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Table 7-22: Aeration parameters for fuselage water impact. 

Initial gas volume 

fraction 

0.05 0.1 0.2 

Mixture density, 

kg/m3 

950.0 900.13 800.3 

Mixture mass, kg 311.6 295.2 262.5 

Minimum gas 

volume fraction 

0.001 0.001 0.001 

Maximum gas 

volume fraction 

0.7 0.7 0.7 

Gas density (air), 

kg/m3 

1.225 1.225 1.225 

Liquid density 

(water), kg/m3 

1000 1000 1000 

 

 

The pressure evolution of the pure water is shown first in Figure 7-37. 

 

Figure 7-37: Impact evolution for the pure water case at 0.04 s. Fringe levels 

show pressure in Pa.  Peak pressure was 190 kPa 
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With respect to the aerated cases the results are shown in Figure 7-38- Figure 7-40. To 

maintain consistency, the impact evolution in all the simulations were taken at the 

same time.  

 

Figure 7-38: Impact evolution for the 5% aerated water at 0.04 s. Fringe levels 

show pressure in Pa. Peak pressure was 129 kPa. 

 

 

 

Figure 7-39: Impact evolution for the 10% aerated water at 0.04 s. Fringe levels 

show pressure in Pa. Peak pressure was 93.6 kPa. 
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Figure 7-40: Impact evolution for the 20% aerated water at 0.04 s. Fringe levels 

show pressure in Pa. Peak pressure was 90.5 kPa. 

The impact evolution results showed a general trend of reduced peak pressures when 

compared to the initial pure water model.  

As far as the trajectory is concerned, the fuselage after the initial impact followed a 

relatively horizontal course, see Figure 7-41. Experimental results from McBride et al. 

[2] indicate that the fuselage should pitch up as a result of suction forces at the rear 

section of the fuselage. However, the lack of any discrete air particles in the above 

method did not allow the phenomenon of suction to be modelled. This led to 

inaccuracies in the general behaviour of the fuselage. Moreover, this model did not 

experience any skipping, which compares well with the experimental data. 
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Figure 7-41: Impact evolution of fuselage on pure and aerated water (5%, 10% 

and 20%) at 0.12 s. The fuselage does not experience any pitching up motion, 

which is the expected experimental behaviour [2]. This is due to the lack of 

suction modelling. 

With respect to the gas fraction and its evolution, it is expected to change as the 

fuselage progresses. The most significant change in the gas content should appear in 

the vicinity of the contact of the fuselage with the flow domain, since this is the area 

where there most abrupt pressure changes occur. Due to the relative small depth of the 

water, the sound waves caused by the impact travelled to the bottom and caused 

pressure changes at the boundary. This led to changes in the gas content. This issue 

can be avoided with an increase in depth, at the expense of computational costs.  

Figure 7-42 shows the gas content at the end of the simulation (0.24 s). The figure 

shows the top of the water without the fuselage so that the gas content range can be 

visible. As the fuselage skidded forward it compressed the water directly beneath it. 

The front section also compressed the particles directly in its path. Hence, indicated 
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with the blue fringe levels are the particles that are compressed and so the gas content 

reduced. On the other hand, as the particles were displaced and moved further away 

into the spray, they experienced lower pressures leading the particles to go into 

tension. This was accompanied by an increase in the gas content. A finer particle 

distribution would be ideal for a better description of the spray. This description 

compared well with experimental evidence, where the spray in usually a mixture of 

water and air. 

 

Figure 7-42: Gas content at t=0.24 s for 5% (top left), 10% (top right) and 20% 

(bottom) aeration. Top view with fuselage section blanked. Direction of travel 

from right to left.  

Next a comparison of the position and velocity is considered with respect to the pure 

water model, as well as the numerical results provided by Streckwall et al. [26] from 

TUHH. The vertical velocity, pitch attitude and CG height are shown in Figure 7-43 - 

Figure 7-47. 
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As far as the vertical velocity is concerned, the initial reduction was not as severe for 

the aerated cases when compared to the pure water case. Since the presence of air 

leads to less severe loading of a structure a lower deceleration was also expected. The 

20% aeration case provided the best fit, when compared to the results obtained from 

the TUHH simulations. It must be noted that the hydrodynamic loading obtained in the 

TUHH simulations was derived from the von Karman method, however there are no 

additional details with respect to the water model.  

Once the vertical velocity became negative, the magnitude of the velocity was greater 

for the aerated cases. As it was observed in the plate impact case, this could be 

caused by the lower contact forces as the aeration levels increased.  

 

Figure 7-43: Vertical velocity comparison for pure water, aerated cases (5%, 10% 

and 20%) and TUHH simulations with no suction.  

Next, the horizontal velocity and the effect of aeration are considered. For these results 

TUHH has provided experimental data as well. Due to the small timescales of the 

simulations, compared to the experimental investigation by McBride et al. [2], it was not 

possible to obtain accurate enough information directly from the paper hence the 

available extracted data from TUHH were used. From Figure 7-44 it is established that 

the simulations failed to capture the reduction of the horizontal velocity compared to the 

experiments. This was due do the lack of any suction modelling. In experimental work, 

as the aircraft skids along the water, it experiences a pitching up moment caused by 

negative pressure building up at the rear of the fuselage. This leads to a drop in its 
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forward velocity. In the current simulations there was no distinct layer of air and hence 

no atmospheric pressure that could allow for the development of such a pitching up 

moment.  

The use of an aeration model did not influence the horizontal velocity significantly. This 

is expected, since the effects of air entrapment are far more pronounced in vertical 

impacts of flat objects. When there is a high forward velocity component, such as in the 

case of ditching and a circular cross section, such as in this specific body, means that 

the angled impact approach allows for part of the air to escape. For completeness, in 

Figure 7-45 a closer look in the effect of aeration on the forward velocity shows that as 

the aeration levels increased, the horizontal velocity reduced at higher rates. 

 

Figure 7-44: Horizontal velocity comparison of pure water, aerated cases (5%, 

10% and 20%), experimental data [2] and TUHH simulations with no suction.  
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Figure 7-45: Zoomed in section of the horizontal velocity comparison of pure 

water, aerated cases (5%, 10% and 20%), experimental data [2] and TUHH 

simulations with no suction. 

As a result of the lack of suction modelling, the pitch attitude and the height of the CG 

of the fuselage did not compare well with respect to the experimental data, as shown in 

Figure 7-46 - Figure 7-47. With respect to the pitch attitude, the numerical results 

predicted that the fuselage would attain an almost horizontal profile before pitching up, 

however experimental results indicate that the attitude should increase from an earlier 

stage.  Even though the higher gas content simulations tend to close the gap between 

the experimental and numerical predictions it still did not provide accurate enough 

results.  
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Figure 7-46: Pitch attitude comparison for pure water, aerated cases (5%, 10% 

and 20%), experimental data [2] and TUHH simulations with no suction. 

With respect to the CG height, the comparison shows that the fuselage would dive 

deeper as the aeration level increased compared to the pure water case. This is in 

accordance with the fact that the structure would sustain lower contact forces. The 

experimental results indicate that the height of the centre of gravity should increase 

due to the pitching up of the fuselage, however similar to the comparison made 

previously, the numerical predictions fail to match with the experiments due to the lack 

of suction modelling. 
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Figure 7-47: CG (Centre of Gravity) height comparison for pure water, aerated 

cases (5%, 10% and 20%), experimental data [2] and TUHH simulations with no 

suction. 

Even though the aeration model changed the pressure imparted on the fuselage, it did 

not provide any significant change to its overall dynamics. Unlike the flat plate example, 

the circular cross section of the fuselage means that the effect of air will not be as 

severe. One of the most important outcomes of this test case is that suction forces are 

far more important for a fuselage with a circular cross section and are important for 

predicting the correct overall behaviour of the body. 

7.7 Conclusions 

The theory governing a mixture of water and air was described, establishing the effect 

of the presence of gas on the density and speed of sound of the mixture. Moreover, the 

effect of aerated water on the pressures imparted on a structure was outlined. A 

methodology was developed for the SPH code, where the aerated water mixture is 

governed by the gas content, while the liquid is considered fully incompressible. 

Additionally, it was shown that the adiabatic equation of state provides more accurate 

pressure results when compared to the alternative ideal gas equation of state. This was 

checked against the plane wave propagation equation for a fluid. For the higher impact 

velocities (1 m/s) the propagation velocity should be used, in the plane wave 

propagation equation, instead of the speed of sound of the mixture. The 2D validation 

test cases showed that the maximum pressures were closer to the theoretical value 

with the adiabatic equation of state.  
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Three example test cases were considered, increasing in complexity, in order to 

evaluate the method and also to enhance the confidence in the approach. In the first 

example a circular plate is dropped in aerated water of varying gas fraction content. 

The simulation results were compared directly to the experimental results available. 

The results showed good agreement with respect to the reduction of the peak impact 

pressures, as the gas volume fraction increases. The discrepancies in the results are 

thought to be due to the small fluid domain, which can lead to pressure waves 

rebounding from the edges, as well as the particle spacing. Further investigations, 

could be performed in order to determine whether more accurate pressure peaks can 

be achieved.  

Next, a plate supported by a guiding structure was considered impacting the mixture at 

an angle and high forward velocity. The pressures imparted on the structure showed 

that, as the gas content increases, the pressures reduce and the pulse of the peak 

impact is longer providing a smoother impact profile.  

Finally, a fuselage shape impacting the mixture was tested and compared against both 

experimental and other numerical results. With respect to the methodology employed, 

the results showed lower pressure peaks with increasing gas content, however 

comparison to experimental results showed the influence that the suction forces have 

on the global behaviour of the structure.  

It can be concluded that, for any accurate comparison between experimental and 

numerical results, the addition of air particles or an artificial atmospheric pressure 

surrounding the fuselage is paramount, if the correct behaviour is to be predicted.  

During the impact phase of an aircraft, a low pressure area under the rear of the 

fuselage can develop (as described in Chapter 4), allowing for the formation of a 

suction force which acts as a downwards force that pulls the fuselage skin further into 

water. This immersion can cause extended local deformations on the rear section of 

the fuselage. The presence of air particles, at atmospheric pressure, surrounding the 

fuselage can provide a physical description of the phenomenon. As the pressure drops 

at the aft section of the fuselage, the surrounding particle will submerge the aft section 

of the fuselage into the water domain, leading to a pitching up moment. This will lead to 

a reduced forward velocity and a change in the global behaviour of the fuselage. 

Practically, this was not possible to be done as part of this project, due to the 

computational cost of introducing a large number of air particles in the simulation. 
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Moreover, the modelling complexity of introducing air particles would need to be 

investigated before performing more complicated simulations, thus increasing the 

overall resources required. 

The next chapter will investigate the ability of the code to model the phenomenon of 

ricochet. This is due to the similar nature of impact to ditching, as both are forward 

velocity impacts. Moreover, the availability of experimental results means that an 

assessment of the numerical results is achievable. 
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8 Ricochet Modelling 

This chapter deals with the phenomenon of ricochet. The reason for this is the fact that 

ricochet, as it will be described, is a problem with similar characteristics to ditching, in 

that it deals with the water impact of structures that have high forward velocity. The 

interest in ricochet also stems from the availability of experimental data for spheres, at 

least allowing for an assessment of the code in dealing with such impacts. This will 

complement the previous chapters, for which experimental results (for the plate 

impacts shown before) were not made available in time.  

The phenomenon of ricochet of projectiles upon impact with a liquid surface has been 

studied extensively in the past. Even though initial interest in the ricochet and its effects 

has been focused on military operations, there has also been a general interest in the 

investigation of the phenomenon given its complex nature. Investigations of ricochet of 

spheres off water have taken place in the past [105] [106] [107] providing theoretical 

and experimental results.  

A description into the existing theories for the phenomenon of ricochet is given along 

with experimental results. Furthermore, an analytical solution that depends on the 

impact velocity is provided for a cylindrical projectile. This complements the existing 

analytical solutions for a spherical projectile. Finally, the numerical results are 

presented for 2D and 3D cases respectively. A series of simulations have been 

performed that include a variety of angles and velocities. These are compared to the 

theoretical results and applicable experimental results.  

8.1 Ricochet Theory and Experimental Data 

Ricochet is described as the rebound of an object one or more times from a surface, 

either a liquid or a solid one. The earliest recordings of ricochet date back to the 16th 

century, showing the application of the phenomenon in military operations. An overview 

of these initial recordings can be found in [108]. During WWII the ricochet of projectiles 

off water was also considered by Wallis, with the concept of the “bouncing bomb”, 

designed to cause damage on dams.  

The angle of impact, the velocity and the densities of the projectile and the surface 

target are some of the parameters that can influence the behaviour of the projectile. 

The main characteristics of ricochet are that the projectile usually retains its shape with 

no significant deformations, while the impacted surface is penetrated. Moreover, its 
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trajectory is governed by the vertical component of the pressure acting upwards, 

producing a lift force on the projectile [108]. 

Similar impact scenarios can describe the phenomenon of bouncing and broaching. 

Bouncing is the rebound of the projectile due to the elastic deformations, while 

broaching is described as the rebound of a projectile after it has been completely 

submerged [108]. Figure 8-1 shows the different paths that the projectile can follow 

during impacts with a liquid surface. 

 

Figure 8-1: Different cases of water impact. Case a) describes the phenomenon 

of ricochet, case b) the phenomenon of broaching and cases c) and d) the 

phenomenon of sinking. Figure reproduced from Johnson [108]. 

The projectile can have a range of angles for which ricochet can occur. There is a 

maximum angle however, beyond which the projectile will submerge rather than 

ricochet. With respect to the maximum angle for ricochet to occur, there have been 

several theoretical estimates. The first one, proposed by Birkhoff et al., is for a sphere 

and as it is shown in equation (8-1), depends on the density of the projectile and the 

target. The main assumption employed in this approach is that the pressure on a 

surface area is 𝑝 = 1/2𝜌𝑢2𝑐𝑜𝑠2𝛽, where 𝑢 is the speed of the sphere and 𝛽 is the 

angle of the outward normal of the surface area with respect to the line of forward 

motion. The characteristics of the projectile during impact are shown in Figure 8-2. 

Moreover, the pressure is only applied to the submerged parts of the projectile [105]. A 

detailed derivation of equation (8-1) is given by Johnson et al. [105].  
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Figure 8-2: Partially submerged projectile during oblique impact. v is the velocity 

of impact and line of forward motion, dS is the surface area and 𝜷 is the angle of 

the outward normal of the surface area with respect to the line of forward motion. 

𝜃𝑐 = 17.5°√
𝜌

𝜌′
 , 

(8-1) 

where 𝜌 is the density of the liquid surface,  𝜌′ is the density of the projectile and 

subscript c denotes the critical condition for ricochet. 

Equation (8-1) implies that the mass of the projectile is neglected, which is acceptable 

for high velocity impacts, where the hydrodynamic forces are high enough. 

Furthermore, the application of backspin on the projectile, known to increases the lift 

and subsequently the maximum angle for ricochet, is not considered [109] [107]. 

An alternative approach proposed by Hutchings [106] takes into account the effect of 

spin, which was compared to a non-spinning sphere. Spinning of the projectile, in an 

anticlockwise manner, with respect to its centre of gravity, is called backspin. It can 

increase the maximum angle of impact at which the object can achieve ricochet. 

Furthermore, cylindrical projectiles were also considered including spin. The main 

difference in this approach is the use of the Rayleigh pressure formula and a larger 

wetted area over which this pressure is applied. The main assumption of the Rayleigh 

formula is the fact that it considers steady-state laminar flow across an inclined plate. 
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 The Rayleigh pressure formula is given as [106]: 

𝑝 =
𝜋𝑐𝑜𝑠𝛽

4 + 𝜋𝑐𝑜𝑠𝛽
𝜌𝑢2 , 

(8-2) 

 

where 𝛽 is the angle of the outward normal from the surface area with respect to the 

line of forward motion. 

Hutchings then derived the following equation for the critical angle of ricochet for 

cylinders while taking into account the spin of the projectile: 

𝜃𝑐 = 18.7 ∗ (
(1 +

1.6𝑎𝜔
𝑢

)
0.5

√𝜎
⁄ ) , 

(8-3) 

where 𝑎 is the radius, 𝜔 is the angular velocity, 𝑢 is the projectile’s velocity and 𝜎 is the 

specific gravity. 

Assuming no angular velocity (no spin), equation (8-3) provides a similar result to the 

one of equation (8-1).  

Another theoretical approach, taking into account the effect of the projectile’s weight 

and the impact velocity, is proposed by Soliman et al. [107] for a sphere. Equation (8-4) 

shows the relationship between the impact velocity, the critical angle from the Birkhoff 

et al. theory, the weight of the projectile and the angle of impact, 𝜃𝑔. 

𝜃𝑔
2 =

𝜌

10𝜌′
−
4𝑎𝑔

𝑢̅2
 , 

(8-4) 

where 𝑢̅ is the mean velocity and 𝑎 is the radius of the sphere.  
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Tests were carried out by Soliman et al. [107] in a tank measuring 1.82 m in length and 

0.3 m in depth and width. The sphere that was tested was 0.0254 m in diameter and 

was made of steel. Figure 8-3 shows the range of velocities tested and a comparison 

between theoretical and experimental results. Figure 8-3 shows the dependency of the 

results on a variety of depths for the water tank. There is good agreement between the 

experimental results and the theoretical estimate, even though the theory 

overestimates the range of ricochet. This can be attributed to the fact that the authors 

used the entry velocity instead of the mean velocity of the sphere. This being said, the 

theoretical estimates show that ricochet will not occur for angles higher than 7°, 

following closely the initial theory of Birkhoff et al., stating that the critical angle for 

ricochet of steel sphere is between 7° and 9° [105]. The main difference between the 

two approaches, as shown in equation (8-1), is that the original theory of Birkhoff et al. 

does not depend on the velocity of the projectile. 

The results of Figure 8-3 show that for a given angle, the velocity is influenced by the 

depth. In particular, the smaller the depth the smaller the velocity needed. Finally, it 

must be noted that the exit angle of the sphere should be less than the entry angle and 

approach [107]: 

𝜃𝑒𝑥𝑖𝑡 ≅ 0.9 ∗ 𝜃𝑖𝑛 . (8-5) 
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Figure 8-3: Experimental results for ricochet and sink cases depending on 

velocities and angles (left) and dependency of depth on ricochet (right). Tests 

carried out in a tank with steel spherical projectiles. The maximum angle at 

which ricochet can be achieved was determined to be approximately 6°. Figure 

reproduced from Soliman et al. [107]. 

Kirk derived an approximate analytical solution for the bouncing bomb that was 

designed by Wallis during WWII. The author considered a 5 ft long and 4 ft diameter 

bomb with a spin rate of 500 rpm. It was found, from first principles, that the impact 

velocity from a drop height of 60 ft would be 328 ft/s and the impact angle would be 

10.7° [110]. The effect of backspin, as discussed previously, is responsible for the 

increase in the maximum angle at which ricochet can be achieved, when compared to 

a non-spinning projectile.  

The literature above has shown the interest for the critical angle of spheres with and 

without spin as well as cylinders with spin, however there is a lack of a theoretical 

curve that links the velocity of the impact to the angle, as in Figure 8-3, for a cylinder 

without spin. 

Next, the derivation of a theoretical estimate for the critical angle of a non-spinning 

cylinder and its influence on the velocity will be described. Hutchings [106] developed a 
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theoretical estimate for a spinning cylinder, however the coupling of the angular and 

linear velocities, shown in equation (8-3), does not allow for the derivation of the critical 

angle of a non-spinning cylinder by just neglecting the angular component. The 

derivation below, given by Hutchings [106], starts from the definition of the lift force for 

a spherical projectile. Using this basis, the derivation continues with the lift force for a 

spinning cylindrical projectile. Finally, a simplification of this derivation allows the 

estimation of the lift force for a non-spinning cylindrical projectile. In Figure 8-4 the 

partially submerged spherical projectile is shown, along with the angles of the wetted 

area. According to Hutchings, the wetted area, given by angle Φ𝑤, is equal to 2Φ0 for 

0 ≤ Φ0 ≤
𝜋
2⁄  and π for Φ0 >

𝜋
2⁄ , thus taking into account the effect of the forward 

splash once the cylinder has submerged to depths greater than its radius. 

 

Figure 8-4: Generalised case of a partially submerged sphere and the wetted area 

angles. Left figure shows the elevation view and right figure shows a plan view. 

𝚽 and 𝚿 indicate the longitude and latitude at the element dA respectively. 

Figure reproduced from Hutchings [106].  

The velocity of the flow normal to the element dA is given as: 

                 𝑣 𝑠𝑖𝑛𝜑 𝑐𝑜𝑠𝜓 .                                                           (8-6) 

Using the basic equation (8-2):  

𝑝 =
𝜋𝑠𝑖𝑛𝜑 𝑐𝑜𝑠𝜓

4 + 𝜋𝑠𝑖𝑛𝜑 𝑐𝑜𝑠𝜓
𝜌𝑣2 . 

(8-7) 

According to Hutchings [106] the pressure is integrated over the wetted area and 𝜑 is 

between 0 and 𝜋 and 𝜓 is between - 𝜋/2 and 𝜋/2. Therefore, the denominator of 
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equation (8-7) will be between 4 and 7.1. Hutchings proposed that the denominator of 

equation (8-7) can be assumed as a fixed value of 5.   

The lift force, which is the vertical component of the pressure distribution, described by 

equation (8-7), on element dA of a spherical projectile is given as [106] : 

                 𝑑𝐿 =
𝜋

5
𝜌 𝑣2 𝑠𝑖𝑛𝜑 𝑐𝑜𝑠𝜓 𝑐𝑜𝑠𝜑 𝑑𝐴 .                                                           (8-8) 

Next consider a cylindrical projectile with backspin as shown in Figure 8-5 [106]. 

 

Figure 8-5: Elevation view of partially submerged cylindrical projectile with 

backspin. 𝝎 is the angular velocity of the spinning projectile, 𝒗 is the velocity of 

the centre of mass, 𝒗′ is the velocity of the surface element relative to the water,  

𝜶 is angle between 𝒗′ and the surface of the cylinder, 𝜸 is the angle between 𝒗 

and 𝒗′  and 𝚽 is the angle between the vertical axis and the surface element dA. 

The lift acting on surface element dA is: 

                 𝑑𝐿 =
𝜋𝑠𝑖𝑛𝛼

4+𝜋𝑠𝑖𝑛𝛼
𝜌 𝑣′2 𝑐𝑜𝑠𝜑 𝑑𝐴 ,                                                           (8-9) 

where 

                 𝑣′2 = (𝑣 + 𝑎𝜔𝑐𝑜𝑠𝜑)2 + (𝑎𝜔𝑠𝑖𝑛𝜑)2 ,                                    (8-10) 

and 

                 𝑠𝑖𝑛𝛼 = 𝑠𝑖𝑛𝜑𝑐𝑜𝑠𝛾 − 𝑐𝑜𝑠𝜑𝑠𝑖𝑛𝛾 .                                                           (8-11) 
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Assuming that the backspin velocity is small compared to the velocity of the projectile’s 

centre of mass, 𝜔 ≪ 𝑣, and neglecting second order terms [106]: 

                 𝑣′2 ≈ 𝑣2 + 2 𝑎𝜔𝑣𝑐𝑜𝑠𝜑 ,                                                           (8-12) 

 

                 𝑠𝑖𝑛𝛾 ≈ 𝛾 ≈
𝑎𝜔

𝑣
𝑠𝑖𝑛𝜑 ,                                                           (8-13) 

and 

                 𝑠𝑖𝑛𝛼 ≈ 𝑠𝑖𝑛𝜑 −
𝑎𝜔

𝑣
𝑠𝑖𝑛𝜑𝑐𝑜𝑠𝜑 .                                                             (8-14) 

The above equation suggests that angle 𝛾, the angle between the velocity of the 

projectile’s centre of mass and the velocity of the surface element relative to the water, 

is small.  

For 𝑑𝐴 = 𝑎𝑙𝑑𝜑, where l is the length of the cylinder and 𝑎 is the radius, the lift acting on 

a surface element becomes: 

                 𝑑𝐿 =
𝜋

5
𝜌𝑎𝑙(𝑣2 𝑠𝑖𝑛𝜑 + 𝑎𝜔𝑠𝑖𝑛𝜑𝑐𝑜𝑠𝜑)𝑐𝑜𝑠𝜑 𝑑𝐴 .                                   (8-15) 

The above equation uses the same principle with respect to the denominator of the lift 

force equation as for the spherical projectile in equations (8-7) and (8-8). 

For a non-spinning cylinder the lift force on the element dA is given as:  

                 𝑑𝐿 =
𝜋

5
𝜌 𝑣2 𝑠𝑖𝑛𝜑 𝑐𝑜𝑠𝜑 𝑑𝜑 .                                                           (8-16) 

The above equation is a simplification of equation (8-15) since no angular velocity is 

taken into account.  

Integration of equation (8-16) over the wetted area gives the total lift force: 

                 𝐿 =
𝜋

10
𝜌 𝑎 𝑙 𝑢2 𝑠𝑖𝑛2𝜑𝑤  .  (8-17) 

Lift can also be described as: 

                 𝐿 = 𝑚
𝑑𝑦2

𝑑𝑡2
 . 

 

(8-18) 
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Based on the assumption that the impact angles are small, it can be assumed that the 

velocity 𝑢 = 𝑑𝑥/𝑑𝑡 is constant leading to the following relationship [106]: 

                 
𝑑2𝑦

𝑑𝑡2
≈ 𝑢2

𝑑2𝑦

𝑑𝑥2
 . 

 

(8-19) 

Combining equations (8-17)-(8-19): 

               𝑚𝑢2
𝑑2𝑦

𝑑𝑥2
=

𝜋

10
𝜌 𝑎 𝑙 𝑢2 𝑠𝑖𝑛2𝜑𝑤 .  

 

(8-20) 

The angle of the wetted area can also be written with respect to the radius 𝑎 and the 

vertical coordinate y: 

               𝑠𝑖𝑛2𝜑𝑤 = (2𝑠𝑖𝑛𝜑0𝑐𝑜𝑠𝜑0)
2 =

4(𝑎2−𝑦2)𝑦2

𝑎4
 .   

 

(8-21) 

Equation (8-20) then becomes: 

               𝑚𝑢2
𝑑2𝑦

𝑑𝑥2
=

𝜋

10
𝜌 𝑎 𝑙 𝑢2

4(𝑎2−𝑦2)𝑦2

𝑎4
  .   

 

(8-22) 

In order to get a relationship between the angle and the velocity, the weight of the 

projectile should be considered, otherwise the velocity term disappears. This would 

lead to an equation relating only to the densities of the water and the cylinder similar to 

equation (8-1). The addition of the weight was also included in the work of Soliman et 

al. [107] leading to equation (8-4). By adding the weight of the cylinder and defining 

that the mass, m, is 𝑚 = 𝑉𝜌′, where V is the volume: 

        𝜌′𝜋𝑎2𝑙𝑢2
𝑑2𝑦

𝑑𝑥2
=

4𝜋

10
𝜌 𝑎 𝑙 𝑢2

(𝑎2−𝑦2)𝑦2

𝑎4
− 𝜌′𝜋𝑎2𝑙𝑔   

 

(8-23) 

𝑑2𝑦

𝑑𝑥2
=

4𝜌

10𝜌′
(𝑎2 − 𝑦2)𝑦2

𝑎5
−
𝑔

𝑢2
 . 

 

(8-24) 
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Using the chain rule, the fact that 
𝑑𝑦

𝑑𝑥
= 𝑡𝑎𝑛𝜃𝑐 ≈ 𝜃𝑐 at the start of the impact (𝑦 = 𝑎) and 

integrating gives: 

                                   ∫ 𝑑 (
𝑑𝑦

𝑑𝑥
)
20

𝜃𝑐
2 = ∫

8𝜌(𝑎2−𝑦2)𝑦2

10𝑎5𝜌′
𝑑𝑦

0

𝑎
− ∫

2𝑔

𝑢2
𝑑𝑦

0

𝑎
    

 

(8-25) 

∫ 𝑑𝜃𝑐
2

0

𝜃𝑐
2

= ∫
8𝜌(𝑎2 − 𝑦2)𝑦2

10𝑎5𝜌′
𝑑𝑦

0

𝑎

−
2𝑔

𝑢2
(0 − 𝑎) 

 

(8-26) 

−𝜃𝑐
2 = ∫

4𝜌(𝑎2𝑦2)

5𝑎5𝜌′
𝑑𝑦

0

𝑎

−∫
4𝜌𝑦4

5𝑎5𝜌′
𝑑𝑦

0

𝑎

+
2𝑔𝑎

𝑢2
 . 

 

(8-27) 

 

Equation (8-27) leads to the definition of the critical angle for a cylinder: 

𝜃𝑐
2 =

4𝜌

𝜌′
(
1

15
−
1

25
) −

2𝑔𝑎

𝑢2
 . 

(8-28) 

Equation (8-28) has a similar form to that for a sphere in equation (8-4). Figure 8-6 

shows the differences between the theoretical results of Soliman et al. [107] for a 

sphere without spin (equation (8-4)) and the results for a cylinder given in equation 

(8-28). 
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Figure 8-6: Theoretical critical angle as a function of velocity for a sphere and a 

cylinder with no spin. Theoretical results for a sphere are taken from Soliman et 

al. [107]. 

The asymptotic behaviour of the curves is due to the squared velocity term of equation 

(8-4) and (8-28). Both these theoretical estimates have been performed for a steel 

projectile with density of 7800 kg/m3. Reducing the density of the impactor would lead 

to an increase in the theoretical critical angle for ricochet by 40% for both the sphere 

and the cylinder. Similarly, reducing the radius of the sphere or the cylinder would lead 

to an increase in the theoretical critical angle by almost 1%. The main differences 

between the two theoretical curves are caused by the difference in the initial pressure 

formula used, as well as the wetted surface area. In equation (8-4) the authors started 

the theoretical derivation from the fact that the pressure on an element is 

(
1

2
) 𝜌(𝑢𝑐𝑜𝑠𝛽)2, where 𝛽 is the angle between the velocity and outward normal on the 

element however, the derivation for the cylinder made use of equation (8-2). The 

comparison shows that the trends of the curves are in good agreement with the results 

for the sphere. Based on equation (8-1) the critical angle is 6.26°, while based on 

equation (8-3) and assuming that ω=0 the critical angle is 6.69°. This is the same as 

the result of equation (8-28), if the velocity term is neglected. So far there only existed 

an equation for the critical angle of a cylinder that was coupled to the angular velocities 

however, equation (8-28) provides an equation that would provide similar results to the 

Birkhoff et al. theory but includes the influence of the velocity. It must be noted that the 

drag force, which is not taken into account in the above analytical solution, would act in 
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the opposite direction of the projectile’s motion, leading to an upward motion and 

possibly subsequent resurfacing and/or ricochet. This suggests that the theoretical 

curve for the critical ricochet angle may show sinking instead of ricochet for certain 

velocity and angle combination, thus leading to a more conservative approach.  

8.2 Initial 3D Sphere Ricochet 

The simulations in this section are based on the test cases of Soliman etl.al [107]. The 

ability of the current coupled code to model a fluid-structure interaction, which includes 

both horizontal and vertical components of velocity, for a simpler structure will be 

compared to the experimental results of Figure 8-3.  

A sphere of 0.0254 m in diameter was modelled consisting of solid rigid elements with 

steel properties, given in Table 8-1. The sphere had a total mass of 0.065 kg and Table 

8-2 shows the set of velocity and angle combinations that were tested.   

Table 8-1: Dimensions and properties of the 3D sphere for the water impact 

simulations. 

Diameter, m 0.0254 

Density, kg/m3  7800  

Young’s Modulus, Pa 2.1x1011  

Mass, kg 0.065  

Poisson’s ratio, - 0.33 
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Table 8-2: Combination of velocities and angles tested for water impact of 3D 

sphere simulations. 

Initial velocity (ft/s) Angle (°) 

100 7.5 

100 5 

80 6.5 

70 4 

60 6.5 

60 3 

40 6 

40 5 

40 2 

30 6 

30 5 

20 11 

20 6 

20 5 

18 10 

15 7 

15 6 

14 7 

12 6 

10 5 
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The water model consists of 18711 particles. Table 8-3 shows the main characteristics 

of the water domain. 

Table 8-3: Water domain dimensions and properties for water impact of the 3D 

sphere simulations. 

Length, m 0.4  

Depth, m 0.05  

Width, m 0.1  

Particle spacing, m 0.005  

Smoothing length, m 0.0065  

Water density, kg/m3 1000  

Mass, kg 2.0  

 

Figure 8-7 shows the initial pressure distribution under gravity. 

 

Figure 8-7: Initial pressure distribution for the water domain under gravity. Fringe 

levels show pressure in Pa.  
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The final set-up for the ricochet experiments is shown in Figure 8-8. 

 

Figure 8-8: Side view of FE sphere and SPH water particles set-up.  

A sensitivity study was used to select an appropriate contact stiffness and avoid 

penetration of particles in the sphere. Figure 8-9 shows the different contacts and cross 

sections that helped identify the ideal stiffness. Given these results, an initial contact 

stiffness of K=1 kg/m4 s2 was chosen. The contact stiffness is a parameter that affects 

the contact between the FE structure and the SPH particles. A higher value of K means 

that the contact is harder and the deformation of a structure more severe. In the test 

cases investigated in this chapter the structure is a rigid body. As such, no 

deformations are expected, however the correct value of the contact stiffness can help 

to avoid potential particle penetration as shown in Figure 8-9.  

 

                      a)                          b)                               c) 

Figure 8-9: Stiffness variations: a) K=0.01 kg/m4 s2, b) K=0.1 kg/m4 s2, c) K=1 

kg/m4 s2. Particle penetration shown for the lower values of the contact stiffness. 

Figure shows a cut across the FE structure and the SPH particles in order to 

show potential particle penetration. 

Next a range of simulations was performed and some of the results are shown in 

Figure 8-10. The trajectory of the sphere and the angle of the exit of the sphere from 

the water domain will be discussed. 
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           a)                                                        b) 

 

           c)                                                        d) 

Figure 8-10: Water impact simulations of a rigid steel sphere: a) 40 ft/s at 2°, b) 60 

ft/s at 3°, c) 70 ft/s at 4° and d) 100 ft/s at 5°. Direction of travel from left to right.  

With respect to the trajectory of the sphere for the above simulations, it is evident that 

there was no sinking. The sphere penetrated the water surface reaching a minimum 

point and then resurfaced and continued on an upward trajectory. This trend is 

equivalent to the trajectory of Figure 8-1(a). The contact that the coupled code uses, 

treats the finite element nodes as particles and if they are within a distance of 2h from 

an SPH particle then a node to node contact is used.  
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Next, the investigation of the exit angles was considered. Theoretically, this angle 

should be less than the impact angle for ricochet cases. Table 8-4 shows the set-up 

angle for the simulation, the actual angle prior to contact and the exit angle for the 

various simulations. All measurements were taken from the centre element of the 

sphere. The results compare well with the theoretical estimates (considering the actual 

impact angle, 𝜃𝑖𝑛), apart from the lower velocity case. This could be because of the 

increased influence of the gravity for smaller angles of impact. 

Table 8-4: Impact and exit angles for the various ricochet simulations. 

Velocity (ft/s) Set-up angle (°) 𝜽𝒊𝒏(°) 𝜽𝒆𝒙𝒊𝒕(°) Maximum 

𝜽𝒆𝒙𝒊𝒕 𝒕𝒉𝒆𝒐𝒓𝒚(°) 

40 2 2.55 2.6 2.3 

60 3 3.1 2.44 2.8 

70 4 4.1 2.74 3.7 

100 5 5 3.8 4.5 

Further simulations have been performed in order to check the ability of the coupled 

code to correctly predict the sinking of the sphere. The results provided by [107] will be 

used for comparison purposes. A cross section of the first test at 10 ft/s with an angle 

of 5° is shown in Figure 8-11. 

 

Figure 8-11: Cross sectional cut of sphere impact with initial velocity of 10 ft/s 

and an impact angle of 5°.  

The sphere followed a trajectory similar to Figure 8-1(d). As the sphere impacted the 

water it begun to spin, as in the ricochet cases above. The average vertical velocities 

remained negative and as the forward velocity decreased, the sphere started to 

penetrate the water domain at an increased rate. Figure 8-12 shows a selection of the 
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remaining results. None of these cases resulted in sinking, which is the behaviour 

observed in the experimental results by Soliman et al. [107]. The vertical velocities 

become positive producing an upward trajectory of the sphere and an eventual 

ricochet. 

 

        a)                                                       b) 

 

       c)                                                         d) 

Figure 8-12: Water impact simulations of a rigid steel sphere:  a) 40 ft/s at 5°, b) 

40 ft/s at 6°, c) 80 ft/s at 6.5° and d) 100 ft/s at 7.5°. Results suggest that the 

sphere will ricochet contrary to experimental evidence that suggest that the 

sphere should sink. Direction of travel from left to right. 

The reasons for the discrepancies in the sphere’s behaviour are further investigated in 

the following sections of this chapter with the use of simpler 2D models. The effect of 

the particle distribution and potentially reduced decelerations are discussed.   

The total set of simulations tested is shown in Figure 8-13. The continuous line shows 

the experimental results taken from Figure 8-3. The square points represent the 

simulations where ricochet occurred and the triangle points are the non-ricochet case.  
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Figure 8-13: Complete set of 3D sphere water impact simulations. Comparison 

between experimental [107] and simulation results. Experimental and theoretical 

curves have been taken from Figure 8-3.  

The sphere example showed that the code fails to predict the correct behaviour. 

Potentially reduced deceleration experienced by the projectile can be one reason for 

this discrepancy. The most straightforward approach to consider the effects of the 

deceleration is to account for the drag force that the projectile can experience, when 

travelling in a steady-state condition through a liquid. The difficulty with such an 

analysis at this stage, is that the sphere never reaches such a condition. An additional 

concern is the relatively coarse particle distribution. Further simulations are necessary 

in order to investigate the effect of the particle distribution.  

8.3 Cylinder Mesh Sensitivity Analysis 

Given the computational cost of performing such simulations, it was decided to perform 

the mesh sensitivity analysis of a 2D cylindrical problem, as it allowed for a reduced 

model size and hence computational cost. Given the theoretical estimate of the critical 

angle, shown in Figure 8-6, it would be computationally advantageous to start the 

simulations with these 2D models.  
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8.3.1 Water Domain Model 

In order to determine the influence of the particle spacing, three particle densities were 

initially used: 0.002 m, 0.001 m and 0.0005 m. The dimensions given in the 

experimental results are prohibitively large, when the computational time is considered. 

Hence, a smaller domain that is 0.4 m long, 0.1 m in width and 0.05 m in depth was 

defined. Table 8-5 shows the number of particles for the respective particle spacing 

and the smoothing length used based on equation (8-29). The density of water has 

been taken as 1000 kg/m3. The smoothing length for the simulations has been defined 

as: 

ℎ = 1.3𝑑 , (8-29) 

 

where d is the particle spacing. 

Table 8-5: Particle spacing options used for the cylinder mesh sensitivity 

analysis.  

Particle spacing (m) Number of particles Smoothing length (m) 

0.002 10251 0.0026 

0.001 40501 0.0013 

0.0005 161001 0.00065 

In order to account for the effect of gravity on the water model, an initial static analysis 

was performed prior to the ricochet tests. This provided correct estimates of the initial 

pressure in the water domain. The Murnaghan equation of state was employed: 

𝑝 = 𝐵 ((
𝜌

𝜌0
)
𝛾

− 1) , 
(8-30) 

 

where 𝛾 = 4 and B is the bulk modulus. Accounting for the true compressibility of the 

liquid (Table 8-6), the value of B can be calculated from: 

𝐵 =
𝜌0𝑐

2

𝛾
= 5.5x108 Pa . 

(8-31) 

 

Since the flow velocities of the simulations were not expected to reach values close to 

the speed of sound it was beneficial to employ a reduced compressibility of B=5.5x106 
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Pa. This increased the critical time step, while maintaining the incompressible nature of 

the liquid. 

Table 8-6: Input values for evaluation of true compressibility. 

Denisty, kg/m3 1000  

Speed of Sound, m/s 1482.9 

𝜸, -  4 

Figure 8-14 shows the initial pressure distribution under gravity for the water domain. 

Table 8-7 shows the maximum and minimum pressures in the fluid. 

 

Figure 8-14: Side view. Pressure distribution on the water domain under gravity. 

Fringe levels show pressure in Pa.  

Table 8-7: Pressure extremes for the 3 different particle spacing options for the 

water under gravity. 

Particle Spacing (m) Maximum Pressure (Pa) Minimum Pressure (Pa) 

0.0005 1814.06 5.909 

0.001 1849 36.02 

0.002 1826 13.88 

The maximum pressures were significantly larger than the theoretical hydrostatic 

pressure of 981 Pa. This discrepancy was only present in 2D simulations. Due to the 

3D nature of the FE solver, the water domain has been designed as a single layer of 

SPH particles (2D) but with the third dimension present. This means that the support 
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domain needed for the approximation in the SPH method is insufficient for the third 

dimension, since there are no particles present there. The reason for this modelling 

decision was the fact that the correct estimation of the mass of the water domain is 

needed for the coupled simulations at later stages (the FE code does not allow for a 

pure 2D model so a quasi-2D case will be developed below). Simply changing the 

water model from 2D to 3D would cause numerical errors due to the change in the 

mass estimation of the water.  

8.3.2 2D Cylinder Model 

With respect to the projectile it was assumed that it is an infinitely long cylinder. Since 

the material used for the projectile is rigid, it was more convenient to model a hollow 

cylinder with shell elements. To compensate for the reduced mass of the hollow 

projectile, the density was artificially increased from 7800 kg/m3 to the values given in 

Table 8-8, depending on the particle spacing of the water. The mesh of the projectile 

followed closely the particle spacing of the water domain, so that the node spacing of 

the projectile follows the particle spacing of the water domain. This is appropriate 

because the contact definition treats the FE nodes as particles. The only boundary 

condition on the projectile is that it was constraint in the lateral direction. Figure 8-15 

shows the mesh of the projectile for the different particle spacing options. 

Table 8-8: Dimensions and material properties for steel cylinder. 

Element Spacing, m 0.002 0.001 0.0005 

Density, kg/m3  37289.8931 18638.27 9318.20671 

Young’s Modulus, Pa 2.1x1011  2.1x1011 2.1x1011 

Poisson’s ratio, - 0.33 0.33 0.33 

Diameter, m 0.0254 0.0254 0.0254 

Thickness, m 0.00127 0.00127 0.00127 
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Figure 8-15: Side view of steel cylinder. Finite Element mesh sizes for a) 0.002 m, 

b) 0.001 m, c) 0.0005 m particle spacing. 

In order to determine the particle spacing influence on the phenomenon, an initial 

velocity of 9.144 m/s (30 ft/s) at an inclination of 7° was chosen. This set of initial 

parameters should, according to the left graph of Figure 8-3, demonstrate a clear 

sinking of the projectile. Figure 8-16 shows the projectile’s behaviour over time for the 

three particle spacing options. It is seen that for the coarser particle spacing of 0.002 m 

the projectile did not sink. Less pronounced upward motion was noticed for the medium 

particle spacing of 0.001 m, where there was more prolonged ploughing of the water 

before the projectile’s vertical velocity became positive. The behaviour of the projectile 

follows roughly the sinking pattern of Figure 8-1(d), suggesting that this level of particle 

detail is necessary to achieve the correct behaviour.  
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Figure 8-16: Side view. Cylinder impact on the water for the three different 

particle spacing at initial velocity of 30 ft/s and an inclination of 7°. Top figure is 

for 0.002 m, middle for 0.001 m and bottom for 0.0005 m of particle spacing. 

Direction of travel from left to right.  

In order to determine the convergence of the results and specifically the particle 

spacing, it would be beneficial to show the response of the projectile upon impact in a 

water domain with further refined particle spacing. The projectile’s properties are 

shown in Table 8-9. Figure 8-17 shows the trajectory of the projectile in a water domain 

with particle spacing of 0.00025 m and the results, from a phenomenological 

perspective, appeared similar to that of the 0.0005 m spacing. Overall, it is obvious that 
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the finer particle spacing can provide a more detailed splash during impact and a more 

consistent behaviour of the projectile.  

Table 8-9: Material properties for steel cylinder for refined case with particle 

spacing of 0.00025 m. 

Particle Spacing, m 0.00025 

Density, kg/m3 4659.01053 

Young’s Modulus, Pa 2.1x1011 

Poisson’s ratio, - 0.33 

 

Figure 8-17: Side view. Cylinder impact on the water with initial velocity of 30 ft/s 

and an inclination of 7°. Water particle spacing of 0.00025 m. Direction of travel 

from left to right. 

Figure 8-18 and Figure 8-19 show the vertical displacement and velocities of the 

simulations above. This can complement the phenomenological results, shown above. 

The displacement graph suggests that the simulations with the two finer particle 

options did not produce any ricochet, as the displacements never became positive. The 

velocity graph shows that for coarser particle spacing options the vertical velocity 

increased into positive regions leading to the ricochet of the projectile. As the particle 

spacing reduced, this trend diminished and for the particle spacing options of 0.0005 m 

and 0.00025 m the velocity attained an almost constant value. For the majority of these 

initial simulations the length of the water domain was 0.4 m but for the particle spacing 

option of 0.0005 m the simulations were doubled in length, in order to check the 
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influence of the length. Both the displacements and velocities were the same 

irrespective of the length of the water, apart from the boundaries where the contact 

forces could be unrealistic and any results should be treated with caution. The 

convergence of the two finer models suggests that the best choice between 

computational costs and accuracy of the phenomenon would be a particle spacing of 

0.0005 m.  

 

Figure 8-18: Cylinder impact on the water for the three different particle spacing 

at initial velocity of 30 ft/s and an inclination of 7°. Vertical displacement analysis 

for the different particle spacing options. Results show a convergence for the 

finer particle distribution of 0.0005 m and 0.00025 m.  
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Figure 8-19: Cylinder impact on the water for the three different particle spacing 

at initial velocity of 30 ft/s and an inclination of 7°. Vertical velocity analysis for 

the different particle spacing options. Results show a convergence for the finer 

particle distribution of 0.0005 m and 0.00025 m. 

For all the above, the contact stiffness was selected high enough, such that there is no 

penetration between the particles and the projectile and also it is low enough so that 

the particles are not unrealistically distant from the projectile. Numerically, the contact 

force depends not only on the stiffness, but also on the particle density of the model. 

The contact treats both finite element nodes and SPH particles as particles. Coarser 

particle spacing would provide noisier contact forces. For a given contact stiffness 

value of K=1, Figure 8-20 shows the contact force/unit area based on the projected 

area of the 2D object and the particle spacing. The contact force for a constant 

projected area was of the same magnitude but, as expected, the signal was noisier for 

the coarser of the two simulations. The choice of a constant stiffness value was based 

on the fact that it prevented penetration of particles, while maintaining close proximity 

of the interface particles to the projectile. 
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Figure 8-20: Vertical contact force comparison for the finer particle spacing 

options. 

 

The theoretical vertical velocity has also been derived from equations (8-19) and 

(8-24). The aim is to establish whether the theoretical equation can provide an 

asymptotic behaviour similar to that of Figure 8-19. In order to determine the vertical 

velocity of a cylinder, with an initial velocity of 9.144 m/s (30 ft/s) at 7° inclination, the 

following timeframes were used.  
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Table 8-10: Discreet distances, times and vertical velocities for theoretical 

vertical velocity calculation of cylinder with diameter of 0.0254 m. Initial velocity 

of 9.144 m/s (30 ft/s) at 7° inclination. 

Distance of centre of gravity 

from water surface (m) 
Time (sec) 

Vertical velocity 

(m/s) 

0.0254 0 -1.11 

                      0.024342 0.014689 -0.97274 

0.023283 0.020773 -0.79441 

0.021167 0.029378 -0.59411 

0.02032 0.032182 -0.39754 

0.01905 0.035981 -0.21426 

0.016933 0.041547 -0.06397 

0.0127 0.050884 0.021575 

0 0.071961 0.164273 

 

The time was estimated with the use of: 

𝑡 = √
2ℎ

𝑔
 ,  

(8-32) 

 

where h is the distance of the centre of gravity of the cylinder from the surface of the 

water (initial taken as h(t = 0) = 0.0254 m). The major drawback of this approach, is 

that the hydrodynamic drag experienced by the cylinder during the impact cannot be 

analytically estimated. However, this approach allows the definition of discreet heights 

and times of a free falling object, which are used for determining the theoretical vertical 

velocity from equations (8-19) and (8-24).   
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Figure 8-21: Theoretical vertical velocity for a cylinder with diameter of 0.0254 m 

and an initial velocity of 9.144 m/s (30 ft/s) at 7° inclination.  

The graph follows the points of Table 8-10, as calculated from equations (8-19) and 

(8-24). The first point to note in Figure 8-21 is the slope of the vertical velocity until 0.03 

s. The almost linear slope is due to the fact that the hydrodynamic drag is not 

considered in equation (8-24). As such, the cylinder experiences only the effect of 

gravity. Since this is constant, the vertical velocity follows a linear trend failing to 

capture any asymptotic behaviour. The effect of the drag force would be to reduce the 

vertical velocity further, approaching the numerical results. After 0.035 s, the theoretical 

curve matches the numerical results more accurately. One potential explanation for 

that, is that as the vertical velocity approaches zero, the effect of the drag reduces and 

the velocity is influenced to a higher degree by gravity.    

8.3.3 2D Cylinder Ricochet Simulations 

In these simulations the mass of the 2D non-spinning projectile was calculated for a 

cylinder with a length equal to the particle spacing, in effect considering a slice of an 

infinitely long cylinder. The same Finite Element model was used as the one for the 
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sensitivity analysis. For a steel cylinder with length of 0.0005 m the mass should be 

1.976x10-3 kg. In order to match this mass with a hollow cylinder, the density was 

increased artificially to 9318.20671 kg/m3 as given in Table 8-8. The water domain was 

0.8 m long and 0.1 m deep. The dimensions and properties of the cylinder and the 

water domain are given in Table 8-11 and Table 8-12. 

Table 8-11: Dimensions and properties of 2D cylinder for water impact 

simulations. 

Diameter, m 0.0254  

Thickness, m 0.00127 

Density, kg/m3 9318.20671  

Mass, kg 1.976x10-3  

 

Table 8-12: Dimensions and properties of water domain for water impact of 2D 

cylinder simulations. 

Length, m 0.8  

Depth, m 0.1  

Width, m equal to the particle spacing 

Particle spacing, m 0.0005  

Smoothing length, m 0.00065  

Water density, kg/m3 1000  

 

Figure 8-22 shows the overall results obtained for a variety of simulations. The results 

show that the coupled code overestimated the ricochet behaviour as the velocities and 

angles increased. As explained above, Hutchings [106] used the Rayleigh pressure 

formula, which assumes steady-state flow on a plane lamina. The same formula was 

used for the derivation of the theoretical curve for the cylinder, which is the orange 

curve of Figure 8-22. However, it is clear that depending on the pressure formulae that 
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were used by previous analyses, the critical angle will differ slightly but not enough to 

explain the discrepancies. Another parameter that could influence the accuracy of the 

predictions is the drag experienced by the projectile. This, as it will be shown later, 

could be lower than what a steady solution would provide, allowing for a higher velocity 

to be maintained. The fact that the simulations did not capture any splash on the sides 

of the projectile may have influenced the deceleration. 

 

Figure 8-22: Overall set of water impact of 2D steel cylindrical projectiles. 

Comparison is made to the theoretical curve for ricochet for a 2D cylinder. Good 

comparison can be made for the low velocity impacts. Deviation from the 

theoretical curve occurs for high velocity cases. 

Figure 8-23 shows the impact of the projectile for the cases of 15 ft/s at 6° inclination 

and for 40 ft/s at 7°.  
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Figure 8-23: Side view. Water impact of 2D steel cylindrical projectile: top: 15 ft/s 

at 6° (indicating sinking), bottom: 40 ft/s at 7° (indicating ricochet). Direction of 

travel from left to right.  

The 2D cylinder simulations agree with the critical velocity for the lower impact test 

cases but predict ricochet above the critical angle for higher velocities.  

In the following section a 3D analysis was performed in order to investigate whether the 

correct water pressure can influence the predictions. The 3D cylinder simulation was 

performed with a relatively small water domain, with only 6 particles in width. Due to 

the prohibitive computational cost of these 3D analyses, the water model was 

developed with a particle spacing of 0.001 m. This was shown to provide inaccurate 

projectile behaviour in the 2D case, however the correct initial pressure distribution and 

its influence should be investigated with these 3D cases. The 3D model consists of 

243006 particles and it is 0.4 m in length, 0.1 m in depth and 0.006 m in width. Similarly 

to the 2D case, applying an initial gravity gives the pressure distribution shown in 

Figure 8-24. The 3D analysis did not suffer from the wrong pressure as in the 2D case 

before. 
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Figure 8-24: Initial pressure distribution for the 3D model. Fringe levels show 

pressure in Pa.  

The projectile was modelled with 5120 shell elements and since it was assumed to be 

rigid it was modelled as a hollow cylinder, keeping the computational costs low. As a 

consequence, the density of the cylinder was increased, in order to have the correct 

mass, to 94947.2503 kg/m3. The cylinder’s diameter was the same as that for the 2D 

cases (0.0254 m) and its height was the same as the width of the water domain (0.006 

m). Figure 8-25 shows the projectile’s trajectory for an initial velocity of 9.144 m/s (30 

ft/s) and an inclination of 7°. Based on the theoretical results of Section 8.1, this 

combination of velocity and angle should result in a clear sinking however, the results 

showed that the projectile would ricochet. 

 

Figure 8-25: Side view. Water impact of 3D steel cylindrical projectile at 30 ft/s 

and an inclination of 7°. Direction of travel from left to right.  

In the 2D analysis the effect of drag was discussed as one of the potential reasons for 

the deviation between the experimental and numerical results. Since it has been 

established that the water pressure did not affect the overall behaviour of the cylinder 
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significantly, the next factor to investigate is the horizontal drag and its influence on the 

trajectory of the cylinder. A comparison between the drag experienced by the 3D 

cylinder and a theoretical estimate of the drag of a cylinder is expected to provide 

different results. This would be due to the fact that the theoretical estimate assumes a 

steady-state flow around the body, a condition that is not true especially for the initial 

impact of the cylinder in the above simulations.  Nevertheless, this comparison should 

provide an indication about the effect of the drag on the deceleration of the projectile. 

For the velocity of 9.144 m/s and the projected area of the 3D simulations above the 

Reynolds Number was in the region of Re ≅ 2.3x105. This means that the coefficient of 

drag for the cylinder would be close to unity, leading to a drag force of F = 6.3N [111]. 

Figure 8-26 shows the horizontal contact force on the 3D cylinder. The contact force 

(drag) showed a relatively steady behaviour between 0.02 and 0.05 s. After that point, 

the boundary deficiency of the SPH method affected the contact force and 

consequently the projectile’s behaviour. The contact force between 0.02 and 0.05 s 

was not as low as the theoretical estimate, as it was expected. This was not only due to 

the fact that this was not a steady-state flow over the cylinder, but also because, as it 

can be seen from Figure 8-25, there was no water surrounding the projectile. From this 

analysis it appears that there was no significant forward deceleration, thus allowing the 

projectile to maintain its momentum and lead to ricochet.  

 

Figure 8-26: Horizontal component of the contact force on the 3D steel cylinder. 

Results indicate that there is no significant forward deceleration to slow the 

projectile down. As a consequence, the projectile maintains its momentum that 

leads to ricochet. 
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The main observations about the cylinder mesh sensitivity and ricochet analyses are 

that the particle spacing of the fluid has a significant effect on the behaviour of the 

projectile. The decelerations experienced by the cylinder are not as high as they 

steady-state solution provides. This was attributed to the lack of any water on the sides 

of the cylinder during the event. This appeared to have a more significant effect for the 

higher velocities range, where the numerical predictions deviate from the theoretical 

estimates. Even though the coarser 2D simulations were performed with an initially 

wrong pressure distribution in the water (due to gravity), the subsequent 3D test case 

showed no significant change to the projectile’s displacement, incorrectly predicting 

ricochet. Given the influence of the particle spacing on the overall behaviour of the 

cylindrical projectiles, it was decided to perform additional simulations with a more 

detailed water and sphere model.  

 

8.4 Final 3D Sphere Ricochet 

The following simulations were performed with a particle spacing of 0.001 m compared 

to the 0.005 m used before. Even though the cylinder analysis showed that this particle 

spacing may not be adequate for the correct behaviour to be predicted, it was 

considered a compromise between computational costs and accuracy. Figure 8-27 

shows the water model and the sphere finite element. 

With respect to the water domain, the dimensions were altered in order to reduce the 

number of particles. The length of the water domain is 0.4 m and both the height and 

width are 0.05 m. For a particle spacing of 0.001 m this leads to a total of 1043001 

particles. The MPI parallel version of the code was used in order to reduce the 

computational cost of these simulations. The material properties and the equation of 

state for the water remained the same, as for the previous simulations. The tables 

below show the dimensions and properties of the sphere and water. 
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Table 8-13: Dimensions and properties of 3D sphere for water impact 

simulations. 

Diameter, m 0.0254 

Density, kg/m3  7900  

Young’s Modulus, Pa 2.1x1011  

Mass, kg 0.065  

Poisson’s ratio, - 0.33 

Table 8-14: Dimensions and properties of water domain for water impact of 2D 

cylinder simulations. 

Length, m 0.4  

Depth, m 0.05  

Width, m 0.05 

Particle spacing, m 0.001  

Smoothing length, m 0.0013  

Water density, kg/m3 1000  
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Figure 8-27: Initial position of the 3D steel sphere and the water domain with a 

particle spacing of 0.001 m. 

The overall results of the test cases performed are shown in Figure 8-28.  

 

Figure 8-28: Overall results for the water impact of a 3D steel sphere and a water 

particle spacing of 0.001 m. Comparison is made with experimental and 

theoretical results taken from Figure 8-3 [107].  
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Due to the large number of particles and the relatively short water domain, any 

combinations of higher velocities and angle would have led to inconclusive results as to 

whether the sphere would ricochet or not. Hence, in this section the simulations were 

confined in the lower range of velocities and angles and tried to capture an improved 

behaviour and trend, compared to the coarser models. The results show better 

agreement with the finer models of Section 8.2, as it is expected. The comparison with 

the coarser results of Figure 8-13 shows that sinking occurred at velocities of 20 ft/s 

(Figure 8-29) for a range of angles, whereas for the coarser model this occurred only in 

the region of 10 ft/s. Moreover, for the velocities up to 40 ft/s there was a more 

reasonable pattern suggesting that for increasing velocities, the ricochet angle also 

increased. However, the computational restrictions of the finer models did not allow for 

a conclusive result at higher velocities, since that would require a far larger water 

domain. As the velocities increase, the curve deviates from the experimental and 

theoretical results, which can be due to the drag experienced by the projectile 

influencing the deceleration of the sphere at the higher velocities range.  

 

Figure 8-29: Side view cut. Cross section of 3D steel sphere impacting water 

domain at 20 ft/s and 6° inclination. The sphere sinks as the simulation 

progresses following the theoretical and experimental results by Soliman et al. 

[107]. 

8.5 Conclusions 

This chapter investigated the phenomenon of ricochet, based on the fact that it is 

characterised by the same high forward velocities as a ditching event. The simplicity of 

the structure, compared to the more complex plate impacts of the previous chapters, 

combined with the availability of results made this phenomenon an ideal candidate. 

The main aims of this study were to assess the ability of the code to simulate impacts 



 

248 

characterised by high forward velocity and identify aspects that can be crucial for the 

accurate prediction of the structure’s behaviour. 

An overview of the ricochet theory and the SPH formulation was presented. A 

theoretical estimation of the critical angle of a non-spinning cylinder, with respect to the 

specific density and the velocity, was also derived. The analytical solution for the 2D 

cylinder does not consider the effect of drag. As a result, the theoretical curve of the 

vertical velocity of the projectile is not capable of producing an asymptotic curve as 

shown in the simulation results. Additionally, it must be noted that the drag component 

would act in the opposite direction of the projectile’s motion, leading to an upward 

motion and possibly subsequent resurfacing and/or ricochet. This suggests that the 

theoretical curve for the critical ricochet angle may show sinking instead of ricochet 

thus leading to a more conservative approach. 

2D and 3D simulations of a rigid cylinder were performed with the use of a couple FE-

SPH code. The sensitivity analysis showed that the overall behaviour of the projectiles 

was significantly affected by the particle spacing. The particle spacing was found to 

play an important role as to whether the projectile is predicted to ricochet.  

Simulations of a steel sphere impacting the water surface were also performed based 

on experimental results by Soliman et al. [107]. The simulation results showed good 

agreement with the experimental results by Soliman et al. [107] for the lower velocity 

impact cases. The simulations failed to predict the correct behaviour for combinations 

of higher velocities and angles. Once again, the particle spacing had a considerable 

effect on the overall behaviour of the projectile. 

Apart from the influence of the particle spacing, it was found that the contact force 

between the projectile and the water and consequently the drag force acting on the 2D 

and 3D projectile, can be less than the theoretical values for a steady-state solution, 

leading to less severe deceleration of the object. It must be noted that an accurate 

analytical solution for the drag force of a submerging cylinder is not possible due to the 

continuous change of wetted area, velocity and coefficient of drag.  

One possible reason for the inaccurate predictions could be the lack of air present in 

the simulations. However, based on the geometry of the projectiles, both the sphere 

and the 2D cylindrical object, the effects of air should not be significant. Moreover, as it 

was observed in Section 7.5, the effects of air on the position of the centre of gravity of 

a curved cross section of a fuselage does not provide any significant changes. 
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With respect to the low decelerations, especially in the case of the 2D cylindrical 

projectile, they could be attributed to the lack of any particles on the sides of the 

projectile. Even in the 3D cases, the modelling technique used, which allowed for a 

reduced computational cost, meant that the projectile’s width was the same as the 

water domain and thus did not consider the effects of water on the sides of the 

projectile. This alone however, cannot fully explain the inaccurate prediction for the 3D 

sphere behaviour, where the water domain’s width was larger than the diameter of the 

sphere. The lack of friction in the contact approach of the SPH code should also be 

considered as a potential reason. 

The effect of spin was discussed in theory as it can alter the maximum angle of 

ricochet considerably. Indeed, the sphere model exhibited that behaviour after impact, 

however the contact treatment in the SPH method means that it would not affect the 

overall behaviour. More specifically, the contact algorithm in SPH treats the finite 

element nodes as particles, while they are within a distance of 2h, equal to the support 

domain of the kernel, and applies a node to node contact. Since the projectiles had a 

uniform mesh, this means that any rotation would not change the contact force 

between the projectile and the water. 

Finally, the depth of the water domain could have been a factor in the behaviour of the 

projectiles. As it was observed in the plate impact simulations, in Section 5.3 and 

partially in Section 6.7, the depth of the water domain can have an effect on the 

recorded accelerations and the reflected waves from the bottom boundary can 

influence the forces imparted on the structure at the free surface. 

The main outcomes of the above study with respect to the water modelling with SPH 

are that the particle density is the most significant parameter than influences the 

predictions. Moreover, for the majority of these simulations the modelling was driven by 

the need for reduced computational resources. The results however, indicate that for 

an accurate prediction of high forward velocity water impacts, including that of ditching, 

a finer particle distribution is necessary. For the case of the 3D sphere specifically, a 

longer water domain would also be necessary for more accurate predictions at the 

higher velocities range, further increasing the computational cost. 
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9 Conclusions and Future Work 

9.1 Conclusions 

This thesis aimed to improve the numerical capabilities to predict the structural loading 

of high speed, low angle impacts, such as during an aircraft ditching event and more 

specifically to improve the meshless SPH code, in order to improve the fluid model 

used for fluid-structure interactions with forward velocities, such as ditching.  

The first objective of this project was to understand the phenomenon of ditching 

including an accident, experimental and numerical review and to assess the factors 

that influence the accurate prediction of the loading of the structure. 

An overview of the original theories of water impact were discussed. These theories 

applied to simple rigid objects, namely wedges, and pressure formulae were derived 

based on the wetted area of the object. Further review of accidents resulted in two 

main conclusions. Firstly, any structural damage was highly dependent of the sea 

state, as well as the configuration of the aircraft. Secondly, most fatalities occur due to 

drowning, which shows the importance of avoiding fuselage rupture during such 

events. 

A review of experimental work was performed showing the relevant full scale and 

model tests. This research showed the number of parameters that can affect the 

ditching behaviour of airliners, which are the pitch attitude, the velocity, the sea state, 

the fuselage shape and the flap/landing gear position. It also provided an 

understanding of the possible damage that can be caused by suction forces on the 

fuselage, namely the damage sustained at the forward section of the fuselage. An 

investigation into the state-of-the-art of the numerical simulation showed that the 

majority of the cases considered were for vertical drops of simple shapes, which led to 

accurate enough predictions. Moreover, ditching simulations have been performed to a 

lesser extent. The main conclusions of this investigation are that for the vertical 

impacts, the lack of air modelling can lead to inaccurately large pressures and that for 

the aircraft ditching simulations, the simplified water model led to inaccurate loading 

predictions. Cavitation, suction and the presence of air were considered as the main 

phenomena that the current water models lack. As a result, for an accurate description 

of ditching, the investigation of these phenomena needed to be performed. 
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The second objective of this project was to develop a more detailed understanding of 

how cavitation, suction and the presence of air affects the flow and the structural 

loading in such cases. 

A literature review on these phenomena was performed. The effect of an air pocket 

was found to provide a cushioning effect during impact, reducing the pressure peaks 

and providing a longer pressure pulse. This was more profound for flat objects, which 

followed closely the numerical investigations reviewed previously.  

Suction was determined to be one of the most significant forces acting on an aircraft, 

which can result in severe secondary damage. It was found that the omission of this 

phenomenon from the numerical simulations can lead to inaccurate attitude 

predictions.  

Cavitation was finally investigated in more detail, as it is difficult to assess its influence 

with model impacts, due to scaling effects. The different types of cavitation were 

investigated. Transient cavitation was found to be the one of interest in this project, as 

it is caused by the tension experienced by the fluid. A modelling review showed that the 

majority of the simulations were concerned with the attached cavitation taking place 

over symmetric bodies, such as cylinders and hydrofoils. In these modelling attempts 

the interest lies with the general evolution of the flow, rather than its effects on the 

structural loading. With respect to ditching, an accurate modelling of cavitation can lead 

to reduced forces (and pressures) experienced by the body, as the fluid is not allowed 

to reach inaccurately high negative pressures.  

The third objective of this project was to develop and implement a physical cavitation 

model that can improve the predictions for the loading of the structure and investigating 

the parameters that can influence these predictions. 

A one-fluid homogeneous mixture approach for cavitation modelling was implemented, 

considering the correct vapour pressure, the evolution of the mixture’s properties and 

accounting for the cavitation nuclei growth and reduction. This was an improvement to 

the SPH code, which at the time was able to consider cavitation by using an arbitrary 

cut-off pressure value. Initial numerical validation cases showed that the method is 

sensitive to the nuclei population, which affects the extent of cavitation. Further 

simulations of plates impacting the water under high forward velocity were performed, 

which highlighted the influence of the size of the water domain. A small enough water 

domain can lead to wave reflection and artificial cavitation dominating the domain. 
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Larger water domains for the simple plate examples led to less noisy results, however 

this was not the case for the more detailed plate model, where an even larger domain 

was deemed necessary.  

The fourth objective of this project was to develop and implement an aerated water 

model in order to investigate the effect of air on the loading of the structure. 

The effects of air in the form of a cavity between the structure and the water surface 

were deemed less significant than the effects of suction and cavitation for aircraft 

ditching, however the effect of suspended air particles in the water due to the 

fractioning of such a cavity was an area of interest. The literature review performed 

earlier indicated a gap in this aspect, with the inaccurate predictions of numerical 

simulations of both simple structures as well as fuselage sections. In order to bridge 

this gap, the effect of aerated water on the pressures imparted on a structure was 

investigated with the implementation of a mixture approach, governed by the gas 

content, while the liquid was considered fully incompressible. Test cases of increasing 

complexity were performed, including plate impacts and a fuselage section, which 

provided a comparison of the applied method with results obtained by TUHH as well as 

experimental results. The main outcomes of the simulations were that the presence of 

air reduces the pressure peaks and allows for a longer pressure pulse, thus providing a 

smoother impact profile. This was found to be dependent of the level of aeration, as 

expected from theory. With respect to aircraft ditching however, the comparison 

between experimental and numerical results showed that the effect of air does not 

improve the overall dynamics of the aircraft considerably. It was concluded that the 

effects of suction are far greater in capturing the correct behaviour of this specific 

fuselage. However, the increased computational cost and the increased modelling 

complexity of introducing distinct air particles were the two factors that did not allow for 

the modelling of suction in this project. 

The fifth objective of this project was to investigate angled water impact cases that will 

allow the assessment of the water model. 

The phenomenon of ricochet was examined as a simpler test case with experimental 

and theoretical results available for comparison. The fact that ricochet deals with high 

forward velocity impacts of structures at an angle is the main reason why this 

phenomenon was chosen, as it deals with similar initial conditions as a ditching event. 

The theoretical investigation into ricochet provided a clearer understanding of the 
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relation between velocity and angle and specifically that a higher angle of impact is 

necessary for ricochet to occur, as the velocity increases. Moreover, it became clear 

from literature that a theoretical estimate relating the angle of impact with the velocity 

for a non-spinning cylinder was not available and hence it was derived.  

The SPH code was employed for the water modelling of both cylinders and spheres in 

2D and 3D simulations. Results fitted fairly well for the lower velocity impacts, however 

for higher velocities the results were not accurate.  

The conclusions of this investigation are that the particle spacing significantly affects 

the trajectory of the projectile and should be taken into account for future simulations. 

Moreover, the depth of the water domain could also be a reason for the inaccurate 

predictions. This was shown to affect the results of the plate impacts from the previous 

models as well, suggesting that potential wave reflection can lead to inaccurate 

pressure predictions at the free surface. Finally, the lack of any friction in the contact 

definition, along with the lack of water particles on the sides of the cylinder test cases, 

could explain the lower decelerations experienced by the projectile.  

9.2 Future Work 

The areas of future work should focus on the following: 

• For cavitation, a larger combination of nuclei populations and water domain 

sizes should be tested. The water domain should be large enough so that there 

is no influence from reflected waves, until at least the leading edge of the plate 

comes into contact with the water.  

• Comparison of experimental results should take place with respect to cavitation, 

based on the results provided by INSEAN, one of the SMAES partners. 

• Implement a suction model by either introducing air particles at atmospheric 

pressure or by including a contact definition in the SPH code, similar to the one 

provided by [21]. For the first option, a less complicated analysis should be 

performed to assess the ability of the code to deal with water and air particles at 

different pressures. 

• An analysis should be performed to weigh the computational cost of such a 

complex set of simulations against the benefits. An alternative numerical 

method, the Arbitrary Lagrangian Eulerian (ALE) Finite Element method, should 

be considered as it can incorporate two materials. 
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• An investigation into the addition of friction in the contact definition between the 

SPH particles and the finite elements should be performed. Additional tests for 

larger water domains, in length and depth, should be considered for the ricochet 

test cases and a comparison between experiments, theory and numerical 

analysis should be performed.  
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Appendix A SPH Derivations 

A.1 Mass 

Mass is written as: 

𝑚 = 𝜌𝑑𝑉 . A- 1 

 

Total mass can be expressed as: 

∫ 𝜌𝑑𝑉
𝑉

 . 
A- 2 

 

Accounting for the rate of change: 

𝑑

𝑑𝑡
∫ 𝜌𝑑𝑉
𝑉

 . 
A- 3 

 

The derivative can be moved inside the integral and with the use of Reynolds Transport 

Theorem: 

𝑑

𝑑𝑡
∫ 𝜌𝑑𝑉
𝑉

= ∫
𝑑

𝑑𝑡
𝜌

𝑉

𝑑𝑉 +∫ 𝜌𝒖𝑛̂
𝑆

𝑑𝑆 , 
A- 4 

 

where the surface integral represents the rate of transport of mass (flux) across the 

surface, S. Using the Divergence Theorem: 

𝑑

𝑑𝑡
∫ 𝜌𝑑𝑉
𝑉

= ∫
𝑑

𝑑𝑡
𝜌

𝑉

𝑑𝑉 +∫ 𝑑𝑖𝑣(𝜌𝒖)
𝑉

𝑑𝑉 . 
A- 5 

 

For conservation of mass the above equation must equal zero: 

∫
𝑑

𝑑𝑡
𝜌

𝑉

𝑑𝑉 = −∫ 𝑑𝑖𝑣(𝜌𝒖)
𝑉

𝑑𝑉 , 
A- 6 

 

 

and 

𝑑𝜌

𝑑𝑡
= −𝜌𝑑𝑖𝑣𝒖 ,  

A- 7 

 

 

which can be rewritten as: 

𝑑𝜌

𝑑𝑡
= −𝜌

𝜕𝒖

𝜕𝑥
 . 

A- 8 
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Writing the above in the kernel approximation [93] [94]: 

<
𝑑𝜌

𝑑𝑡
>= −∫ 𝜌′𝑊

𝜕𝒖′

𝜕𝑥′
𝑑𝑥′

𝑉

 , 
A- 9 

 

where the dash is for the variable estimated at point 𝑥′. The above equation is of the 

general form: 

∫ 𝑓(𝑥′)
𝜕𝑔(𝑥′)

𝜕𝑥′
𝑊𝑑𝑥′

𝑉

 . 
A- 10 

 

Expanding with the use of Taylor series for 𝑥′ = 𝑥 [94]: 

∫ 𝑓(𝑥′)
𝜕𝑔(𝑥′)

𝜕𝑥′
𝑊𝑑𝑥′

𝑉

= ∫ {𝑓(𝑥)
𝜕𝑔(𝑥)

𝜕𝑥
+ (𝑥′ − 𝑥)

𝑑

𝑑𝑥
(𝑓(𝑥)

𝜕𝑔(𝑥)

𝜕𝑥
) +⋯}𝑊𝑑𝑥′

𝑉

 . 

A- 11 

 

Since 𝑊((𝑥 − 𝑥′), ℎ) = 𝑊(|𝑥 − 𝑥′|, ℎ) i.e. is an even function then the second term of 

the Taylor series expansion is an odd function leading to: 

∫ (𝑥′ − 𝑥)
𝑑

𝑑𝑥
(𝑓(𝑥)

𝜕𝑔(𝑥)

𝜕𝑥
)𝑊𝑑𝑥′

𝑉

= 0 . 
A- 12 

 

Neglecting the higher order terms and for 𝑥′ = 𝑥: 

∫ 𝑓(𝑥′)
𝜕𝑔(𝑥′)

𝜕𝑥′
𝑊𝑑𝑥′

𝑉

= 𝑓(𝑥′)
𝜕𝑔(𝑥′)

𝜕𝑥′
 , 

A- 13 

 

and 

𝑓(𝑥′)
𝜕𝑔(𝑥′)

𝜕𝑥′
= 𝑓(𝑥)∫

𝜕𝑔(𝑥′)

𝜕𝑥′
𝑊𝑑𝑥′

𝑉

. 
A- 14 

 

Using equation (A- 14) to simplify equation (A- 9) leads to: 

<
𝑑𝜌

𝑑𝑡
>= −𝜌∫ 𝑊

𝜕𝒖′

𝜕𝑥′
𝑑𝑥′

𝑉

 . 
A- 15 

 

Integrating by parts leads to: 

<
𝑑𝜌

𝑑𝑡
>= −𝜌𝑊𝒖′ + 𝜌∫ 𝒖′

𝜕𝑊

𝜕𝑥′
𝑑𝑥′

𝑉

 . 
A- 16 
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The first term on the RHS can also be written as: 

𝜌𝑊𝒖′ = 𝜌∫
𝑑(𝑊𝒖′)

𝑑𝑥′
𝑑𝑥′

𝑉

 , 
A- 17 

 

and with the use of Green’s Theorem: 

𝜌∫
𝑑(𝑊𝒖′)

𝑑𝑥′
𝑑𝑥′

𝑉

= 𝜌∫ 𝑊𝒖′𝑛𝑑𝑆
𝑆

 . 
A- 18 

 

For a problem where the kernel is not cut by the boundaries, any surface term should 

be equal to zero. Neglecting the surface integral term: 

<
𝑑𝜌

𝑑𝑡
>= 𝜌∫ 𝒖′

𝜕𝑊

𝜕𝑥′
𝑑𝑥′

𝑉

 . 
A- 19 

 

Moving on to the particle approximation: 

𝑑𝜌𝑖
𝑑𝑡

= 𝜌𝑖∑
𝑚𝑗

𝜌𝑗
𝒖𝒋
𝜕𝑊𝑖𝑗

𝜕𝑥𝑖

𝑁

𝑗=1

 . 
A- 20 

 

An extension to the above equation includes the velocity difference of the particles. 

Using the fact that the kernel is zero at infinity [94]: 

𝜌𝒖∫
𝜕𝑊

𝜕𝑥′
𝑑𝑥′

𝑉

= 0 . 
A- 21 

 

Representing the above in the particle approximation form: 

𝜌𝑖𝒖𝒊∑
𝑚𝑗

𝜌𝑗

𝜕𝑊𝑖𝑗

𝜕𝑥𝑖

𝑁

𝑗=1

= 0 , 
A- 22 

 

which can be subtracted from equation (A- 20) to give: 

𝑑𝜌𝑖
𝑑𝑡

= 𝜌𝑖∑
𝑚𝑗

𝜌𝑗
(𝒖𝒋 − 𝒖𝒊)

𝜕𝑊𝑖𝑗

𝜕𝑥𝑖

𝑁

𝑗=1

 . 
A- 23 
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A.2 Momentum 

Momentum is defined as 𝑚𝑢 and the rate of change of momentum is: 

𝑑

𝑑𝑡
∫ 𝜌𝒖𝑑𝑉
𝑉

 . 
A- 24 

 

 

Using the Reynolds Transport Theorem: 

𝑑

𝑑𝑡
∫ 𝜌𝒖𝑑𝑉
𝑉

= ∫
𝑑

𝑑𝑡
𝜌

𝑉

𝒖𝑑𝑉 +∫ 𝜌𝒖𝒖𝑛̂
𝑆

𝑑𝑆 . 
A- 25 

 

 

Using the Divergence Theorem: 

𝑑

𝑑𝑡
∫ 𝜌𝒖𝑑𝑉
𝑉

= ∫
𝑑

𝑑𝑡
𝜌

𝑉

𝒖𝑑𝑉 +∫ 𝑑𝑖𝑣(𝜌𝒖𝒖)
𝑉

𝑑𝑉 . 
A- 26 

 

Based on Newton’s Second Law, any change in momentum is due to a force acting on 

the body: 

𝑑

𝑑𝑡
∫ 𝜌𝒖𝑑𝑉
𝑉

= ∫
𝑑

𝑑𝑡
𝜌

𝑉

𝒖𝑑𝑉 +∫ 𝑑𝑖𝑣(𝜌𝒖𝒖)
𝑉

𝑑𝑉 = ∫ 𝝈𝑛̂
𝑆

𝑑𝑆 , 
A- 27 

 

which using the Divergence Theorem: 

𝑑

𝑑𝑡
∫ 𝜌𝒖𝑑𝑉
𝑉

= ∫
𝑑

𝑑𝑡
𝜌

𝑉

𝒖𝑑𝑉 +∫ 𝑑𝑖𝑣(𝜌𝒖𝒖)
𝑉

𝑑𝑉

= ∫ 𝑑𝑖𝑣𝝈
𝑉

𝑑𝑉 , 

A- 28 

 

and 

𝑑

𝑑𝑡
(𝜌𝒖) + 𝑑𝑖𝑣(𝜌𝒖𝒖) = 𝑑𝑖𝑣𝝈 . 

A- 29 

 

Expanding the LHS: 

𝑑𝜌

𝑑𝑡
𝒖 +

𝑑𝒖

𝑑𝑡
𝜌 + 𝒖(𝜌𝑑𝑖𝑣𝒖 + 𝒖𝑔𝑟𝑎𝑑𝜌) = 𝑑𝑖𝑣𝝈. 

A- 30 

 

Rearranging: 

𝑑𝒖

𝑑𝑡
𝜌 + 𝒖(

𝑑𝜌

𝑑𝑡
+ 𝜌𝑑𝑖𝑣𝒖 + 𝒖𝑔𝑟𝑎𝑑𝜌) = 𝑑𝑖𝑣𝝈. 

A- 31 
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Noting that: 

𝜌𝑑𝑖𝑣𝒖 + 𝒖𝑔𝑟𝑎𝑑𝜌 = 𝑑𝑖𝑣(𝜌𝒖) , A- 32 

 

then: 

𝑑𝒖

𝑑𝑡
𝜌 + 𝒖(

𝑑𝜌

𝑑𝑡
+ 𝑑𝑖𝑣𝜌𝒖) = 𝑑𝑖𝑣𝝈 . 

A- 33 

 

The second term on the LHS vanishes since it is the conservation of mass leading to: 

𝑑𝒖

𝑑𝑡
𝜌 = 𝑑𝑖𝑣𝝈 , 

A- 34 

 

𝑑𝒖

𝑑𝑡
=
1

𝜌
𝑑𝑖𝑣𝝈 =

1

𝜌

𝜕𝝈

𝜕𝑥
 . 

A- 35 

 

Using the Quotient Rule [93] [94]: 

𝑑𝒖

𝑑𝑡
=
𝜕

𝜕𝑥
(
𝝈

𝜌
) +

𝝈

𝜌2
𝜕𝜌

𝜕𝑥
 . 

A- 36 

 

In the kernel format: 

<
𝑑𝒖

𝑑𝑡
>= ∫ 𝑊

𝑉

𝜕

𝜕𝑥′
(
𝝈′

𝜌′
)𝑑𝑥′ +∫ 𝑊

𝑉

𝝈′

𝜌′2
𝜕𝜌′

𝜕𝑥′
𝑑𝑥′ . 

A- 37 

 

Using the same procedure as in the conservation of mass (with the Taylor series 

expansion): 

<
𝑑𝒖

𝑑𝑡
>= ∫ 𝑊

𝑉

𝜕

𝜕𝑥′
(
𝝈′

𝜌′
)𝑑𝑥′ +

𝝈

𝜌2
∫ 𝑊
𝑉

𝜕𝜌′

𝜕𝑥′
𝑑𝑥′ . 

A- 38 

 

Following the same procedure as in the conservation of mass, i.e. integrating by parts, 

making use of Green’s Theorem and neglecting the surface terms: 

<
𝑑𝒖

𝑑𝑡
>= −∫ (

𝝈′

𝜌′
)

𝑉

𝜕𝑊

𝜕𝑥′
𝑑𝑥′ −

𝝈

𝜌2
∫ 𝜌′

𝜕𝑊

𝜕𝑥′𝑉

𝑑𝑥′ . 
A- 39 

 

Moving on to the particle approximation: 

𝑑𝑢𝑖
𝑑𝑡

= −∑
𝑚𝑗

𝜌𝑗

𝑁

𝑗=1

𝝈𝒋

𝜌𝑗

𝜕𝑊𝑖𝑗

𝜕𝑥𝑖
−
𝝈𝒊

𝜌𝑖
2∑

𝑚𝑗

𝜌𝑗

𝑁

𝑗=1

𝜌𝑗
𝜕𝑊𝑖𝑗

𝜕𝑥𝑖
 . 

A- 40 

 

The above is equivalent to: 
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𝑑𝑢𝑖
𝑑𝑡

= −∑𝑚𝑗

𝑁

𝑗=1

(
𝝈𝒋

𝜌𝑗
2 +

𝝈𝒊

𝜌𝑖
2)
𝜕𝑊𝑖𝑗

𝜕𝑥𝑖
. 

A- 41 

 

A.3 Energy  

Multiplying the momentum by velocity gives [112]: 

∫ 𝜌𝒖𝒖𝑑𝑉
𝑉

= ∫ 𝒖𝑑𝑖𝑣𝝈
𝑉

𝑑𝑉 , 
A- 42 

 

where: 

∫ 𝜌𝒖𝒖𝑑𝑉
𝑉

=
𝑑

𝑑𝑡
∫

𝜌𝒖𝒖

2𝑉

𝑑𝑉 =
𝑑𝐾

𝑑𝑡
 , 

A- 43 

 

which is the rate of change of the kinetic energy. 

Noting that the stress 𝜎 tensor is symmetric and that [113]: 

𝑑𝑖𝑣(𝝈𝑻𝒖) = 𝑑𝑖𝑣(𝝈𝒖) = 𝒖𝑑𝑖𝑣𝝈 + 𝝈: 𝑔𝑟𝑎𝑑𝒖 , A- 44 

 

then: 

𝑑𝐾

𝑑𝑡
+∫ 𝝈:𝑔𝑟𝑎𝑑𝒖

𝑉

𝑑𝑉 = ∫ 𝑑𝑖𝑣(𝒖𝝈)
𝑉

𝑑𝑉 . 
A- 45 

 

The integral on the LHS is the rate of internal mechanical work and is the response of 

the volume to the stress. The time rate of change of internal energy U should be equal 

to the rate of internal mechanical work: 

𝑑𝑈

𝑑𝑡
= ∫ 𝝈: 𝑔𝑟𝑎𝑑𝒖

𝑉

𝑑𝑉 . 
A- 46 

 

In terms of specific internal energy [112]: 

𝑑𝑈

𝑑𝑡
=
𝑑

𝑑𝑡
∫ 𝜌𝐸
𝑉

𝑑𝑉 = ∫ 𝝈:𝑔𝑟𝑎𝑑𝒖
𝑉

𝑑𝑉 . 
A- 47 

 

Then: 

𝜌
𝑑𝐸

𝑑𝑡
= 𝝈: 𝑔𝑟𝑎𝑑𝒖 , 

A- 48 
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and rewritten it becomes: 

𝑑𝐸

𝑑𝑡
=
𝝈

𝜌

𝜕𝒖

𝜕𝑥
  . 

A- 49 

 

Using Monaghan’s second golden rule of SPH means that [94]: 

𝑑𝐸

𝑑𝑡
=
𝝈

𝜌2
(𝜌2

𝜕

𝜕𝑥
(
𝒖

𝜌
) + 𝒖

𝜕𝜌

𝜕𝑥
) . 

A- 50 

 

Using the Quotient and product rules: 

𝜌2
𝜕

𝜕𝑥
(
𝒖

𝜌
) =

𝜕

𝜕𝑥
(𝜌𝒖) − 2𝒖

𝜕𝜌

𝜕𝑥
  . 

A- 51 

 

which leads to: 

𝑑𝐸

𝑑𝑡
=
𝝈

𝜌2
𝜕

𝜕𝑥
(𝜌𝒖) −

𝝈𝒖

𝜌2
𝜕𝜌

𝜕𝑥
  . 

A- 52 

 

In the kernel format: 

<
𝑑𝐸

𝑑𝑡
>= ∫

𝝈′

𝜌′2
𝜕

𝜕𝑥′
(𝜌′𝒖′)𝑊𝑑𝑥′

𝑉

−∫
𝝈′𝒖′

𝜌′2
𝜕𝜌′

𝜕𝑥′
𝑊𝑑𝑥′

𝑉

 . 
A- 53 

 

Using the same procedure as in the conservation of mass (with the Taylor series 

expansion): 

<
𝑑𝐸

𝑑𝑡
>=

𝝈

𝜌2
∫

𝜕

𝜕𝑥′
(𝜌′𝒖′)𝑊𝑑𝑥′

𝑉

−
𝝈𝒖

𝜌2
∫

𝜕𝜌′

𝜕𝑥′
𝑊𝑑𝑥′

𝑉

 . 
A- 54 

 

Following the same procedure as in the conservation of mass, i.e. integrating by parts, 

making use of Green’s Theorem and neglecting the surface terms: 

<
𝑑𝐸

𝑑𝑡
>= −

𝝈

𝜌2
∫ (𝜌′𝒖′)

𝜕𝑊

𝜕𝑥′
𝑑𝑥′

𝑉

+
𝝈𝒖

𝜌2
∫ 𝜌′

𝜕𝑊

𝜕𝑥′
𝑑𝑥′

𝑉

 . 
A- 55 

 

Moving on to the particle approximation: 

𝑑𝐸

𝑑𝑡
= −

𝝈𝒊

𝜌𝑖
2∑

𝑚𝑗

𝜌𝑗
𝜌𝑗𝒖𝒋

𝜕𝑊𝑖𝑗

𝜕𝑥𝑖

𝑁

𝑗=1

+
𝝈𝒊𝒖𝒊

𝜌𝑖
2 ∑

𝑚𝑗

𝜌𝑗
𝜌𝑗
𝜕𝑊𝑖𝑗

𝜕𝑥𝑖

𝑁

𝑗=1

 . 
A- 56 

 

Rearranging gives: 
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𝑑𝐸

𝑑𝑡
= −

𝝈𝒊

𝜌𝑖
2∑𝑚𝑗(𝒖𝒋 − 𝒖𝒊)

𝜕𝑊𝑖𝑗

𝜕𝑥𝑖

𝑁

𝑗=1

 . 
A- 57 
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Appendix B Rayleigh-Plesset Equation  

The following derivation of the Rayleigh-Plesset equation was provided by [59] [64]. 

Initially consider that any mass transfer is neglected meaning that the interface velocity 

is equal to: 

𝑅̇ =
𝑑𝑅

𝑑𝑡
 . 

B- 1 

 

The normal stresses at the interface are, for r=R:  

𝑡(𝑅, 𝑡) = −𝑝(𝑅, 𝑡) + 2𝜇
𝜕𝑢

𝜕𝑟
 , 

B- 2 

 

where 𝜇 is the kinematic viscosity and 𝑢 is the velocity field. Based on the equilibrium 

equation (4-5) the balance of the forces is: 

−𝑡(𝑅, 𝑡) = 𝑝𝑣 + 𝑝𝑔(𝑡) −
2𝑆

𝑅
. 

B- 3 

 

The gas pressure can also be expressed in terms of its initial state as [59] [64]: 

𝑝𝑔(𝑡) = 𝑝𝑔0 [
𝑅0
𝑅(𝑡)

]
3𝛾

 , 
B- 4 

 

where 𝛾 is the ratio of the heat capacities of the gas component.  

Combining equations (B- 2) and (B- 3): 

𝑝(𝑅, 𝑡) = 𝑝𝑣 + 𝑝𝑔0 [
𝑅0
𝑅(𝑡)

]
3𝛾

−
2𝑆

𝑅
+ 2𝜇

𝜕𝑢

𝜕𝑟
|
𝑟=𝑅

 , 
B- 5 

 

which gives the pressure at the interface. 

Density for an incompressible fluid (which is the case for low enough velocities 

compared to the speed of sound of the fluid) does not undergo significant changes. 

The rate of change of volume of a nucleus with radius R should be equal to the rate of 

change of volume for an arbitrary nucleus with radius r. 

𝑑𝑉𝑅
𝑑𝑡

=
𝑑𝑉𝑅
𝑑𝑅

𝑑𝑅

𝑑𝑡
=
𝑑𝑉𝑟
𝑑𝑟

𝑑𝑟

𝑑𝑡
 

B- 6 
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𝑑

𝑑𝑅
(
4

3
𝜋𝑅3)

𝑑𝑅

𝑑𝑡
=
𝑑

𝑑𝑟
(
4

3
𝜋𝑟3)

𝑑𝑟

𝑑𝑡
 

B- 7 

 

 

4

3
𝜋𝑅2

𝑑𝑅

𝑑𝑡
=
4

3
𝜋𝑟2

𝑑𝑟

𝑑𝑡
 

B- 8 

 

 

𝑑𝑟

𝑑𝑡
= (𝑅2/𝑟2)

𝑑𝑅

𝑑𝑡
 

B- 9 

 

 

𝑢(𝑟, 𝑡) = (𝑅2/𝑟2)𝑅̇ . B- 10 

 

 

Using the momentum equation in the Eulerian form:  

−
1

𝜌

𝜕𝑝

𝜕𝑟
=
𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑟
 . 

B- 11 

 

Substituting equation (B- 9) leads to the following equation: 

−
1

𝜌

𝜕𝑝

𝜕𝑟
= 𝑅̈

𝑅2

𝑟2
+ 2𝑅̇2 [

𝑅

𝑟2
−
𝑅4

𝑟5
] , 

B- 12 

 

which after integration from r to infinity, and considering the fact that 

𝑅(∞, 𝑡)̇ = 0: 

𝑝(𝑟, 𝑡) − 𝑝∞(𝑡)

𝜌
= 𝑅̈

𝑅2

𝑟2
+ 2𝑅̇2 [

𝑅

𝑟
−
𝑅4

4𝑟4
] . 

B- 13 

 

For r=R: 

𝑝(𝑟, 𝑡) − 𝑝∞(𝑡)

𝜌
= 𝑅𝑅̈ +

3

2
𝑅̇2 . 

B- 14 

 

Substituting in equation (B- 5) and noting that for r=R, 𝑢(𝑟, 𝑡) = (𝑅2/𝑟2)𝑅̇: 

𝜌 [𝑅𝑅̈ +
3

2
𝑅2̇] = 𝑝𝑣 − 𝑝∞(𝑡) + 𝑝𝑔0 [

𝑅0
𝑅
]
3𝛾

−
2𝑆

𝑅
− 4𝜇

𝑅̇

𝑅
. 

B- 15                                                                                                                                                                                                                                                                                                                                                                  
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Appendix C Mixture Speed of Sound 

Consider the following bulk modulus equation of a mixture given as [49]: 

1

𝐾𝑎𝑏
= −

1

𝑉𝑎 + 𝑉𝑏
[
𝑑𝑉𝑎
𝑑𝑃

+
𝑑𝑉𝑏
𝑑𝑃

] , 

 

C- 1                                                                                                                                                                                                                                                                                                                                                                

where, a and b are the two components of the mixture, V is the volume and P is 

pressure.  

The bulk modulus of each of the components is: 

1

𝐾𝑎
= −

𝑑𝑉𝑎
𝑑𝑃

1

𝑉𝑎
 , 

 

C- 2                                                                                                                                                                                                                                                                                                                                                                

1

𝐾𝑏
= −

𝑑𝑉𝑏
𝑑𝑃

1

𝑉𝑏
 . 

 

C- 3                                                                                                                                                                                                                                                                                                                                                                

 The above equations can be written as: 

𝑑𝑉𝑎
𝑑𝑃

= −
𝑉𝑎
𝐾𝑎
 , 

 

C- 4                                                                                                                                                                                                                                                                                                                                                                

𝑑𝑉𝑏
𝑑𝑃

= −
𝑉𝑏
𝐾𝑏
 . 

 

C- 5                                                                                                                                                                                                                                                                                                                                                                

Equation (C-1) becomes: 

1

𝐾𝑎𝑏
=

1

𝑉𝑎 + 𝑉𝑏
[
𝐾𝑏𝑉𝑎 + 𝐾𝑎𝑉𝑏

𝐾𝑎𝐾𝑏
] . 

C- 6                                                                                                                                                                                                                                                                                                                                                                

The volume fraction of the mixture can be written as: 

𝛽 =
𝑉𝑎

𝑉𝑎 + 𝑉𝑏
 . 

C- 7                                                                                                                                                                                                                                                                                                                                                                
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Equation (C-6) can then be written as: 

1

𝐾𝑎𝑏
=

𝐾𝑏𝑉𝑎 + 𝐾𝑎𝑉𝑏
(𝑉𝑎 + 𝑉𝑏)𝐾𝑎𝐾𝑏

=
𝛽(𝐾𝑏𝑉𝑎 +𝐾𝑎𝑉𝑏)

𝑉𝑎𝐾𝑎𝐾𝑏
=
𝛽

𝐾𝑎
+
𝛽𝑉𝑏
𝑉𝑎𝐾𝑏

 . 
C- 8                                                                                                                                                                                                                                                                                                                                                                

Additionally, from equation (C-7):  

𝑉𝑏 =
𝑉𝑎(1 − 𝛽)

𝛽
 . 

C- 9                                                                                                                                                                                                                                                                                                                                                                

Combining equations (C-8) and (C-9): 

1

𝐾𝑎𝑏
=
𝛽

𝐾𝑎
+
(1 − 𝛽)

𝐾𝑏
 . 

C- 10                                                                                                                                                                                                                                                                                                                                                                

The bulk modulus can also be written in terms of density and speed of sound as 

follows: 

𝐾 = 𝑐2𝜌 . C- 11                                                                                                                                                                                                                                                                                                                                                                

Substituting the above equation into equation (C-10), for each component of the 

mixture and rearranging, the speed of sound is: 

1

𝑐𝑎𝑏
2 = 𝜌𝑎𝑏 [

𝛽

𝑐𝑎
2𝜌𝑎

+
(1 − 𝛽)

𝑐𝑏
2𝜌𝑏

] . 
C- 12                                                                                                                                                                                                                                                                                                                                                                

 


