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Abstract: This paper introduces a stable adaptive PID-like control scheme for quadrotor Unmanned
Aerial Vehicle (UAV) systems. The PID-like controller is designed to closely estimate an ideal
controller to meet specific control objectives, with its gains being dynamically adjusted through
a stable adaptation process. The adaptation process aims to reduce the discrepancy between the
ideal controller and the PID-like controller in use. This method is considered model-free, as it
does not require knowledge of the system’s mathematical model. The stability analysis performed
using a Lyapunov method demonstrates that every signal in the closed-loop system is Uniformly
Ultimately Bounded (UUB). The effectiveness of the proposed PID-like controller is validated through
simulations on a quadrotor for path following, ensuring accurate monitoring of the target positions
and yaw angle. Simulation results highlight the performance of this control scheme.

Keywords: unmanned aerial vehicle; PID-like controller; ideal controller; second-order nonlinear
system; model-free control

1. Introduction

In the last three decades, UAV technology has rapidly gained popularity, driven by
advancements in computing and positioning technologies (such as GPS) and the numerous
benefits UAVs offer. The field of UAVs has expanded beyond military applications, with
numerous potential civil applications emerging. These include fireground surveillance,
agriculture, film production, large infrastructure management, reconnaissance, and search
and rescue operations [1].

The automatic control of UAV systems, including path tracking and attitude stabiliza-
tion [2], as well as observer design [3,4], has garnered significant attention from researchers
in the control community. Control techniques for UAV systems vary based on the complex-
ity and requirements of the application. PID control [5,6] is widely used for its simplicity,
adjusting control inputs based on error correction. Advanced methods like Model Predic-
tive Control (MPC) [7] and Linear Quadratic Regulator (LQR) [8,9] optimize performance
and handle multivariable systems but require significant computational resources. Sliding
Mode Control (SMC) [10] and adaptive control [11,12] offer robustness against uncertainties,
though they can be complex to implement due to the chattering problem and computation
time. Backstepping control [13] is a powerful tool for managing the nonlinear dynamics
of quadrotor UAVs, offering systematic design benefits. However, its complexity and
computational demands need to be carefully managed to ensure effective and reliable
control in practical applications. Fuzzy logic and neural network controls [14,15] manage
imprecision and nonlinear dynamics effectively, with neural networks learning from data.
Reinforcement learning (RL) [16] shows promise for complex environments through trial-
and-error learning, albeit with high computational demands. Other control techniques can
be found in the literature, such as an auto-tuning adaptive PID controller based on sliding
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mode methodology [17], filtered observer-based IDA-PBC control [18], and fault-tolerant
control [19]. Each technique offers distinct advantages and limitations, making the choice
dependent on the specific needs of the UAV system.

It is important to highlight that most of the control methods proposed in the literature
for quadrotor UAVs rely on knowledge of the model, such as in [9,11,13,20] and other
works in the literature. Model-based controllers offer precise management but have notable
disadvantages. They depend on the accuracy of the UAV model, which can be complex
and time-consuming to develop. These approaches also require significant computational
resources, which can strain limited onboard processing capabilities. Additionally, a model-
based control may struggle with adapting to physical changes or varying environmental
conditions, and it can be sensitive to model uncertainties. In contrast, model-free con-
trollers [21–23] simplify implementation by avoiding the need for accurate models and
adapt well to changing conditions. They are robust to uncertainties, require less computa-
tional power, and provide effective real-time performance by adjusting based on feedback.
They can be applied across different drone types and configurations without necessitating
model-specific adjustments. Furthermore, they can expedite the deployment of drones in
dynamic or unforeseen scenarios where quick and efficient control is paramount, such as
in search and rescue operations, disaster response, and other time-critical missions. The
primary motivation behind this research is to develop a robust model-free controller that
can easily adapt to the effects of uncertainties and disturbances. By avoiding reliance on a
precise system model, the proposed approach aims to enhance flexibility and resilience,
making it well suited for practical applications in dynamic and uncertain environments.

PID control algorithms are the most widely used in automatic control [24,25], having
been employed in process industries since the 1940s. Their popularity is due to their
versatility, simple design, reliability, and ease of implementation on various platforms.
Today, about 90% of manufacturing systems are managed by PID controllers. Designing an
effective PID controller involves tuning three key parameters, proportional gain, integral
gain, and derivative gain, to attain the most effective control outcomes. To obtain acceptable
control outcomes, the values of the controller gains must be tuned. Tuning PID controllers
involves various methods to achieve optimal system performance [26–28]. Common
heuristic methods include the Ziegler–Nichols and Cohen–Coon methods, trial-and-error,
and rule-based tuning. Analytical methods involve the root locus method, frequency
response methods (Bode and Nyquist plots), optimization-based approaches (like gradient
descent and genetic algorithms), pole placement, and internal model control. Modern
systems also use software-based methods, such as auto-tuning algorithms and simulation-
based tuning, to automatically and iteratively adjust PID parameters [27,28]. These methods
are selected and often combined based on the specific application and system needs.

This research paper introduces a stable adaptive PID-like controller to ensure the
effective path tracking of a quadrotor UAV. We begin by presenting the principle of the
proposed stable adaptive PID-like control strategy, specifically designed for a general
class of second-order nonlinear systems. The fundamental concept of this control scheme
is to employ a PID-like controller to approximate an ideal controller that fulfils control
objectives. To this end, the adaptive laws for its gains are developed using the gradient
descent technique, with the goal of minimizing the error relative to the unknown ideal
controller and the PID-like controller in use. The stability of the entire closed-loop system
is analyzed using a Lyapunov approach. This proposed PID-like controller guarantees the
boundedness of all variables in the closed-loop system and ensures that the output tracking
error converges to a small neighbourhood close to the origin. Given that this strategy does
not depend on knowledge of the model, the introduced PID-like controller may be viewed
as a straightforward and efficient model-free controller.

In summary, the primary advantages of the proposed control method and the contri-
butions of this work are as follows:
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1. The adaptive PID-like controller is designed directly for a general class of second-order
nonlinear systems, under certain acceptable assumptions. Therefore, it can be applied
to various types of UAV systems. An analysis of the stability of the closed-loop system
is conducted using a Lyapunov method, confirming that all signals in the closed-loop
system exhibit uniform ultimate boundedness.

2. A notable feature of the proposed controller is that all initial values of the estimated
parameters can be set to zero. This simplification facilitates the implementation
process and reduces the need for precise initial parameter estimation, enhancing the
practicality of the controller in various applications.

3. Thanks to the integral structure of its adaptive law, the proposed robust adaptive
PID-like controller generates a smooth control signal, unlike sliding mode-based
control approaches as discussed in [10,29,30] and other papers in the literature.

4. In contrast to the backstepping-based control methods described in [13,31,32] and
other works in the literature, the proposed approach prevents the issue of “explosion
of complexity” because the controller design in this scheme does not require the
repeated differentiation of specific functions.

5. Compared to the methods in [9,12,13,20] and other studies in the literature, the
proposed robust adaptive PID-like controller does not require knowledge of the
controlled UAV system model for its implementation. Therefore, it can be considered
as an efficient robust model-free controller for UAV systems.

The structure of this paper is as follows: Section 2 covers the dynamic modelling
of a quadrotor UAV and outlines the control objectives. Section 3 details the design of
the proposed robust adaptive PID-like controller. Section 4 discusses the application of
the designed controller to a quadrotor UAV and presents the simulation results. Finally,
Section 5 summarizes and concludes the research work.

2. Dynamic Modelling and Control Objectives for a Quadrotor UAV
2.1. Mathematical Model of a Quadrotor

Figure 1 depicts a quadrotor UAV system comprising four rotors. Two diagonal motors
(1 and 3) operate in the same direction, while the others (2 and 4) operate in the opposite
direction to counteract torque. Adjusting rotor speed enables control over lift force and
movement generation. The equations that dictate the positional movements of a quadrotor
UAV are fundamentally aligned with the principles governing a rotating rigid body that
possesses six degrees of freedom [33,34].
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Consider two primary reference frames (illustrated in Figure 1): the Earth-fixed inertial

reference frame Ha
(

oa,
→
ea

1,
→
ea

2,
→
ea

3

)
and the body-fixed reference frame Hm

(
om,

→
em

1 ,
→
em

2 ,
→
em

3

)
.

The quadrotor’s absolute position is described by
→

oaom = ζ = [x, y, z]T and its orientation
by the three Euler angles (ϕ, θ, ψ).

In the reference frame Hm, the translational velocities are defined as v = [v1, v2, v3]
T

and the rotational velocities as Ω = [Ω1, Ω2, Ω3]
T. Let Γ =

[ .
ϕ,

.
θ,

.
ψ
]T

∈ Ha represent the

angular velocity and
.
ζ =

[ .
x,

.
y,

.
z
]T ∈ Ha represent the translational velocity of the airframe

in the Earth-fixed inertial reference frame. The relationship among the velocity vectors( .
ζ, Γ

)
and (v, Ω) is given by { .

ζ = Rtv
Ω = RrΓ

(1)

Here, Rt and Rr represent the velocity transformation matrix and rotation velocity
matrix between Ha and Hm, respectively [34].

By applying Newton’s laws in the reference frame Hm, considering external forces
∑ Fext and moments ∑ Text acting on the centre of mass, the dynamic equations of motion
for the quadrotor UAV [33] are derived as follows:{

m
.
v + Ω × (mv) = ∑ Fext

IT
.

Ω + Ω × (ITΩ) = ∑ Text
(2)

where m represents the mass, and IT = diag
(

Ix, Iy, Iz
)

denotes the total inertia matrix of
the quadrotor. ∑ Fext and ∑ Text encompass external forces and torques acting at the centre
of the quadrotor, aligned with the orientation of the reference frame Hm. These forces and
torques can be expressed by{

∑ Fext = Fprop − Faero − Fgrav

∑ Text = Tprop − Taero − Tgyro
(3)

with Faero = Ktv representing aerodynamic friction, with Kt = diag
(
Ktx, Kty, Ktz

)
as the

matrix of translation drag coefficients. Taero = KrΩ represents aerodynamic drag, with
Kr = diag

(
Krϕ, Krθ , Krψ

)
as the matrix of aerodynamic drag coefficients. Fgrav = mRT

t G
denotes gravitational force effects, where G = [0, 0, g]T and g = 9.81 m/s2. The gyroscopic
torques Tgyro arise from the interaction of the airframe rotation speed Ω and the speeds wi

of the four propellers, given by Tgyro = ∑4
i=1 Ω × IRWi with Wi =

[
0, 0, (−1)i+1wi

]T
.

The forces and torques produced by the propeller system are denoted as

Fprop =

 0
0

∑4
i=1 Fi

 =

 0
0

b∑4
i=1 w2

i

, Tprop =

 l b
(
w2

2 − w2
4
)

l b
(
w2

3 − w2
1
)

c∑4
i=1 (−1)i+1w2

i

 (4)

where Fi = bw2
i represents the thrust force produced by rotor i, i = 1 : 4, wi is the rotational

speed of rotor i, b > 0 is the thrust coefficient, and l is the distance from the centre of the
quadrotor to the axes of the rotors, while c > 0 denotes the drag coefficient.

By using Equations (2)–(4) and assuming that (Ω1, Ω2, Ω3) ≈
( .

ϕ,
.
θ,

.
ψ
)

, the complete
dynamic model of the quadrotor is formulated as follows:
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

..
ϕ =

.
θ

.
ψ
((

Iy − Iz
)
/Ix

)
− (IR/Ix)

.
θ w −

(
Krϕ/Ix

) .
ϕ + (l/Ix)u2..

θ =
.
ϕ

.
ψ
(
(Iz − Ix)/Iy

)
+

(
IR/Iy

) .
ϕ w −

(
Krθ/Iy

) .
θ +

(
l/Iy

)
u3..

ψ =
.
ϕ

.
θ
((

Ix − Iy
)
/Iz

)
−

(
Krθ/Iy

) .
θ + (1/Iz)u4..

x = −(Ktx/m)
.
x + (cos ϕ sin θ cos ψ + sin ϕ sin ψ)(1/m)u1..

y = −
(
Kty/m

) .
y + (cos ϕ sin θ sin ψ − sin ϕ cos ψ)(1/m)u1..

z = −(Ktz/m)
.
z − g + ((cos ϕ cos θ)/m)u1

(5)

with w = ∑4
i=1(−1)

i+1
wi, and u = [u1, u2, u3, u4]

T denotes the system inputs such that
u1 = b

(
w2

1 + w2
2 + w2

3 + w2
4
)

u2 = b
(
w2

2 − w2
4
)

u3 = b
(
w2

3 − w2
1
)

u4 = c
(
w2

1 − w2
2 + w2

3 − w2
4
) (6)

where u1 is the total thrust generated by all four rotors, while u2, u3, and u4 denote the roll,
the pitch, and the yaw torques, respectively.

Remark 1. Quadrotor UAV systems are underactuated and cannot be linearized using static-state
feedback when the tracking outputs are x, y, z, and ψ. A common and effective solution to this
problem is the use of virtual control inputs, which simplify the control design by transforming
the underactuated problem into a series of fully actuated control problems, thereby facilitating the
creation of stable and robust control laws for the quadrotor UAV systems.

2.2. Control Objectives and Control Architecture

This research introduces a stable adaptive PID-like control method for quadrotor UAV
systems. We aim to ensure that the positions (x, y, z, ψ) converge towards their respective
desired trajectories (xd, yd, zd, ψd). As the movements along the x and y axes correspond to
pitch and roll rotations, respectively, we need two controllers to ensure that the angles (ϕ, θ)
also converge to their desired values (ϕd, θd), as illustrated in Figure 2. In both instances,
an adaptive PID-like controller will be employed to achieve this objective.
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The dynamics model (5) reveals that the motion along the x and y axes is contingent
upon the control input u1. Specifically, u1 represents the total thrust vector engineered to
achieve the intended linear motion.

Let us define two components ux and uy by{
ux = (cos ϕ sin θ cos ψ + sin ϕ sin ψ)
uy = (cos ϕ sin θ sin ψ − sin ϕ cos ψ)

(7)
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ux and uy can be regarded as the orientations of u1 that control movement along the x and
y axis, respectively. Therefore, using Equation (7), the desired roll angle ϕd and the desired
pitch angle θd, which enable appropriate motions along the x and y axis, can be determined
as follows: {

ϕd = ar sin
(
ux sin(ψd)− uy cos(ψd)

)
θd = ar sin

((
ux cos(ψd) + uy sin(ψd)

)
/cos(ϕd)

) (8)

Utilizing Equations (5) and (7), the translation subsystem can be represented by the
following expression:

..
x = −(Ktx/m)

.
x + (1/m)ur..

y = −
(
Kty/m

) .
y + (1/m)up..

z = −(Ktz/m)
.
z − g + ((cos ϕ cos θ)/m)u1

(9)

where ur = ux u1 and up = uy u1.
To simplify applying the adaptive PID-like controller proposed in the previous section to the

quadrotor UAV systems, we define the output vector as Y = [ϕ, θ, ψ, x, y, z]T, the control input vec-

tor as u =
[
u1, u2, u3, u4, ur, up

]T, and the state space vector as X =
[
ϕ,

.
ϕ, θ,

.
θ, ψ,

.
ψ, x,

.
x, y,

.
y, z,

.
z
]T

,

F(X) = [ f1(X), · · · , f6(X)]T, and D(X) = diag(d1(X), · · · , d6(X)) with the elements fi(X) and
di(X), i = 1 : 6, specified as

f1(X) =
.
θ

.
ψ
((

Iy − Iz
)
/Ix

)
− (IR/Ix)

.
θ w −

(
Krϕ/Ix

) .
ϕ , f4(X) = −(Ktx/m)

.
x

f2(X) =
.
ϕ

.
ψ
(
(Iz − Ix)/Iy

)
+

(
IR/Iy

) .
ϕ w −

(
Krθ/Iy

) .
θ , f5(X) = −

(
Kty/m

) .
ym

f3(X) =
.
ϕ

.
θ
((

Ix − Iy
)
/Iz

)
−

(
Krψ/Iz

) .
ψ , f6(X) = −(Ktz/m)

.
z − g

d1(X) = l/Ix , g2(X) = l/Iy, g3(X) = l/Iz
d4(X) = 1/m , g5(X) = 1/m , g6(X) = (cos ϕ cos θ)/m.

Thus, the quadrotor system described by Equation (5) is represented by

..
Y = F(X) + D(X)u (10)

which aligns with the general input–output form outlined in Equations (11) and (13), where
p = 6 in this case. Furthermore, −0.5 π < ϕ < +0.5 π and −0.5 π < θ < +0.5 π, which
ensures that d6(X) > 0, thus affirming the positive definiteness of the matrix D(X).

3. Proposed Robust Adaptive PID-like Controller
3.1. Problem Statement

We introduce, in this section, a stable adaptive PID-like controller for a general second-
order nonlinear system Π, consisting of p subsystems Πi. This class of systems is outlined
in the subsequent normal form

Πi


.
xi1 = xi2.
xi2 = fi(X) + di(X) ui
yi = xi1

, i = 1, . . . , p (11)

with X =
[
x11, x12, x21, x22, . . . , xp1, xp2

]T ∈ ℜ2p representing the overall state vector,

assumed to be measurable; u =
[
u1, u2, . . . , up

]T denotes the control input vector and

Y =
[
y1, y2, . . . , yp

]T stands for the output vector; fi(X) and di(X), i = 1, . . . , p, represent
unknown and smooth nonlinear functions.

In light of the fact that the suggested adaptive PID-like controller functions as a model-
free control approach, we will construct this controller directly for the general class of
second-order nonlinear systems detailed in (11).
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Let us define

..
Y =

[ ..
y1, · · · ,

..
yp

]T
, F(X) =

[
f1(X), · · · , fp(X)

]Tand D(X) = diag
(
d1(X), . . . , dp(X)

)
The dynamic system (11) can be rewritten in the following compact form:

..
yi = fi(X) + di(X) ui, i = 1, . . . , p (12)

Therefore, the system Π reads as

..
Y = F(X) + D(X)u (13)

We seek to establish a controller that maintains the boundedness of all variables within
the closed-loop system while ensuring the tracking of a predetermined desired trajectory

Yd(t) =
[
yd1(t), . . . , ydp(t)

]T
.

Remark 2. Although the second-order nonlinear system Π is fully actuated, unlike quadrotor UAV
systems, the path-tracking problem for a quadrotor UAV with two virtual control inputs results
in a dynamic model (10) that can be viewed and treated as a second-order nonlinear system. This
transformation simplifies the controller design and enables the application of the proposed robust
PID-like controller to quadrotor UAV systems.

In this paper, we base our analysis on the following assumptions:

Assumption 1. The matrix D(X) in (13) is assumed to be positive definite and bounded as
0 < d0 Ip < D(X) < d1 Ip where Ip denotes the p × p identity matrix and d0 and d1 are two
positive constants.

Assumption 2. The desired trajectory ydi(t), i = 1, . . . , p, is a known function of time that remains
bounded, with its derivatives also being bounded and known. Additionally, ydi(t) is assumed to be
twice differentiable.

Remark 3. It is worth noting that Assumption 1 serves as a sufficient condition to guarantee the
regularity of the matrix D(X), thereby enabling the feedback linearization of system (13) through a
static state feedback.

To begin the development of the control law u(t), we define the tracking errors as
follows:

e1(t) = yd1(t)− y1(t),
...
ep(t) = ydp(t)− yp(t)

(14)

and we consider the following filtered tracking errors:

υ1(t) =
(

d
dt + λ1

)
e1(t), λ1 > 0,

...
υp(t) =

(
d
dt + λp

)
ep(t), λp > 0

(15)

In (15), when υi(t) = 0, it corresponds to a linear differential equation, and its solution
indicates that the tracking error ei(t) tends to zero at a time constant of 1/λi. Moreover, the
derivative

.
ei(t) of the error signal ei(t) also tends to zero [35–37]. Thus, the control objective

shifts to designing a controller that maintains υi(t), i = 1, . . . , p, at zero. Consequently, the
fundamental challenge of stabilizing the vector

[
ei(t),

.
ei(t)

]T is reduced to maintaining
the scalar υi(t) at zero. Furthermore, the bounds on υi(t) can be directly converted into
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bounds on the signal errors ei(t). In particular, when |υi(t)| ≤ Qi with Qi is a positive
constant, it can be inferred that [35]

∣∣∣e(j)
i (t)

∣∣∣ ≤ 2jλ
j−1
i Qi, j = 0, 1, i = 1, . . . , p. Increasing

the parameter λi can lead to a minimization of the bounds Qi.
The derivative with respect to time of the filtered errors (15) can be expressed as

.
υ1 = Λ1 − f1(X)− d1(X) u1,
...
.
υp = Λp − fp(X)− dp(X) up

(16)

with β1, . . . , βp being given by
β1 =

..
yd1 + λ1

.
e1,

...
βp =

..
ydp + λp

.
ep

(17)

Let us denote υ =
[
υ1, . . . , υp

]T and β =
[
β1, . . . , βp

]T. As a result, Equation (16) can
be written as follows:

.
υ = β − F(X)− D(X)u (18)

Given knowledge of the nonlinear functions F(X) and D(X), the control objective can
be attained by employing the subsequent ideal control law:

u∗ = D−1(X)(−F(X) + β + Kυ + K0tanh(υ/ε0)) (19)

with K = diag
(
k1, . . . , kp

)
and K0 = diag

(
k01, . . . , k0p

)
, such that k0i > 0 and ki > 0 for

i = 1, . . . , p, ε0 represents a small positive constant and tanh(·) stands for the hyperbolic
tangent function, which is defined for the vector υ =

[
υ1, . . . , υp

]T by

tanh(υ/ε0) =
[
tanh(υ1/ε0), . . . , tanh

(
υp/ε0

)]T (20)

When we adopt the control input as u = u∗, the dynamics (18) is streamlined to

.
υ = −Kυ − K0tanh(υ/ε0) (21)

or, equivalently,
.
υi = −kiυi − k0itanh(υi/ε0), i = 1, . . . , p (22)

This signifies that υi(t) → 0 as t → ∞ , thus leading to the convergence of ei(t) and
.
ei(t) to zero [30].

Based on the preceding analysis, obtaining the ideal controller (19) is straightforward
when the nonlinear terms F(X) and D(X) are known.

Nevertheless, as these terms are assumed to be unknown in this paper, implementing
the ideal controller (19) becomes infeasible. Thus, in this study, we suggest designing an
adaptive PID-like control system to estimate this unknown ideal controller.

3.2. Adaptive PID-like Control Design

In the preceding subsection, we demonstrated the existence of an optimal control law
u∗, as defined by Equation (19), capable of fulfilling control objectives. Nevertheless, this
optimal controller remains impractical due to its reliance on unknown functions. To address
this issue, in this subsection, we introduce an adaptive PID-like controller as a solution. The
considered adaptive PID-like controller aims to estimate the ideal controller, mitigating the
impact of unknown functions. The discrepancy between the adaptive PID-like controller
and the ideal controller will serve as the basis for updating the free parameters of the
PID-like controller.
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3.2.1. Control Law

To establish the control law, we presume that each element of the optimal input control

vector u∗ =
[
u∗

1 , . . . , u∗
p

]T
can be estimated using a PID-like controller upidli , i = 1, . . . , p,

characterized by the following general form:

upidli = Kpi ei(t) + KIi

∫ t

0
ei(τ) dτ + Kdi

dei(t)
dt

+ Kci (23)

where Kpi denotes the proportional gain, KIi represents the integral gain, Kdi
is the deriva-

tive gain, and Kci stands for an unknown control gain independent of the tracking error.

For convenience, let Θi =
[
Kpi , KIi , Kdi

, Kci

]T and Λi(ei) =

[
ei(t),

∫ t
0 ei(τ)dτ,

dei(t)
dt

, 1
]T

.

Thus, we can express Equation (23) as

uPIDLi (ei, Θ) = ΛT
i (ei)Θi (24)

Additionally, we hypothesize the presence of an optimal time-varying parameter
vector Θ∗

i , which possesses a bounded time derivative, ensuring that the ideal control u∗
i

satisfies
u∗

i = ΛT
i (ei)Θ∗

i + εi(X) (25)

Here, εi(X) represents the estimation error, while Θ∗
i denotes an unknown ideal

parameter vector that optimizes the term |εi(X)|.
Let us define

ε(X) =
[
ε1(X), . . . , εp(X)

]T , Θ∗ =
[
Θ∗T

1 , . . . , Θ∗T
p

]T
and Λ(e) = diag

(
Λ1(e1), . . . , Λp

(
ep
))

Thus, we can express u∗ by

u∗ = ΛT(e)Θ∗ + ε(X) (26)

Prior to proceeding, it is necessary to establish an assumption concerning the estima-
tion error ε(X).

Assumption 3. The estimation error ε(X) in (26) is constrained by the following bounds:

εT(X)D(X)ε(X) ≤ ε̃0υTD(X)υ + ε̃1 (27)

where ε̃0 and ε̃1 are two positive constants.

Since the ideal parameter vector Θ∗ is unknown, it needs to be estimated using an
appropriate adaptation law. Let Θ represent an approximation of the ideal vector Θ∗ and
define the control law as the adaptive PID-like approximation of the ideal controller (26).
In other words, we adopt a controller for system (13) as

u = uPIDL = ΛT(e)Θ (28)

Following the determination of the controller structure, the subsequent stage involves
devising an adaptive scheme for the free parameters Θ to ensure that the control law
u closely estimates the ideal controller u∗. To achieve this objective, a gradient descent
adaptation algorithm will be introduced in the upcoming subsection.

Remark 4. We selected the control law (23) with the unknown gain Kci to enhance the estimation
capabilities of the ideal controller (19). The gain Kci serves to approximate the unknown constant
quantity within the ideal controller, thereby improving the overall accuracy and performance of the
adaptive control system. Additionally, this can be beneficial in applications where a base level of
control action is desired regardless of the tracking error.
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3.2.2. Adaptation Law for PID-like Control

The objective at this phase is to formulate an adaptive law for estimating the parame-
ters Θ, enabling the PID-like controller (28) to accurately approximate the unknown ideal
controller (26). The adaptive law must be formulated to reduce the discrepancy between
u∗ and u. In addition, the adaptive law must guarantee that the parameter estimates
remain bounded. To accomplish this, we express the discrepancy between u∗ and u in the
following manner:

ed = u∗ − u (29)

The term ed stands for the actual discrepancy between the ideal control u∗ and the
control input uPIDL.

From (26) and (28), (29) transforms into

ed = u∗ − ΛT(e)Θ = ΛT(e)Θ̃ + εi(X) (30)

where Θ̃ = Θ∗ − Θ denotes the parameter estimation error vector.
The derivation of the error equation, which governs the closed-loop system, is achieved

by manipulating the right-hand side of Equation (18) with the addition and subtraction of
D(X)u∗, as follows:

.
υ = Λ − f (X)− D(X)u + D(X)u∗ − D(X)u∗ (31)

Using (19) and (30), (31) is simplified as follows:

.
υ = −Kυ − K0tanh(υ/ε0) + D(X)ed (32)

Now, let us introduce a quadratic cost function that quantifies the difference between
the ideal controller u∗ and the implemented PID-like controller uPIDL, outlined as

J(Θ) =
1
2

eT
d D(X)ed =

1
2

(
u∗ − ΛT(e)Θ

)T
D(X)

(
u∗ − ΛT(e)Θ

)
(33)

The gradient descent technique is adopted in this work to reduce the cost function (33).
Therefore, by employing the gradient descent method [35–37], the subsequent first-order
differential equation is established as an adaptive law governing the parameters Θ:

.
Θ = −η∇θ J(Θ) (34)

where η represents a positive and constant design parameter.
The gradient of J(Θ) with respect to Θ can be derived from (33) as follows:

∇θ J(Θ) =
∂J(Θ)

∂Θ
= −Λ(e)D(X)ed (35)

Hence, the gradient descent algorithm can be expressed by

.
Θ = ηΛ(e)D(X)ed (36)

It is worth noting that the error signal ed defined in (29) is unavailable because the
ideal controller u∗ is unknown. To address this challenge, we will use Equation (32). In
fact, Equation (32) demonstrates that despite the unavailability of the error vector ed, the
vector D(X)ed is accessible, and it is determined by

D(X)ed =
.
υ + Kυ + K0tanh(υ/ε0) (37)

Thus, based on (37), (36) becomes

.
Θ = ηΛ(e)

( .
υ + Kυ + K0tanh(υ/ε0)

)
(38)
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As demonstrated in [38], the adaptive law (38) lacks the capability to ensure that the
parameters Θ̃ remain bounded despite the unavoidable estimation errors that are typically
present in adaptive methods. To enhance the robustness of the adaptive law (38) against
such approximation errors, we introduce a σ-modification term as follows [38]:

.
Θ = η Λ(e)

( .
υ + Kυ + K0tanh(υ/ε0)

)
− η σ Θ (39)

where σ represents a small positive constant.
The overall structure of the proposed adaptive PID-like controller is illustrated in the

block diagram shown in Figure 3.
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3.3. Stability Analysis of the Closed-Loop System

For the purpose of investigating the convergence of the tracking errors ei(t) and the
stability of the closed-loop system, we will make use of the subsequent Lyapunov-like
function.

V =
1
2

υTυ +
1

2η
Θ̃

T
Θ̃ (40)

The derivative with respect to time of Equation (40) can be expressed as

.
V = υT .

υ − 1
η

Θ̃
T .

Θ +
1
η

Θ̃
T .

Θ
∗

(41)

By employing (32), (36), and (39), Equation (41) transforms into

.
V = υT(−Kυ − K0tanh(υ/ε0) + D(X)ed)− Θ̃

T
(Λ(e)D(X)ed − σ Θ) +

1
η

Θ̃
T .

Θ
∗

(42)

Given (30), we can express (42) by

.
V = −υTKυ − υTK0tanh(υ/ε0) + υTD(X)ed −

(
eT

d − εT(X)
)

D(X)ed + σ Θ̃
T

Θ +
1
η

Θ̃
T .

Θ
∗

(43)

or
.

V = −υTKυ − υTK0tanh(υ/ε0) + υTD(X)ed − eT
d D(X)ed + εT(X)D(X)ed + σ Θ̃

T
Θ +

1
η

Θ̃
T .

Θ
∗

(44)
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We utilize the following inequalities:

σ Θ̃
T

Θ ≤ −σ

2

∥∥∥Θ̃
∥∥∥2

+
σ

2
∥Θ∗∥2 (45)

εT(X)D(X)ed ≤ 1
4

eT
d D(X)ed + εT(X)D(X)ε(X) (46)

1
η

Θ̃
T .

Θ
∗
≤ σ

4

∥∥∥Θ̃
∥∥∥2

+
1

σ η2

∥∥∥ .
Θ

∗∥∥∥2
(47)

υTD(X)ed ≤ 1
4

eT
d D(X)ed + υTD(X)υ (48)

We can establish a bound for (44) as follows:

.
V ≤ − 1

2 eT
d D(X)ε − υTK0tanh(υ/ε0)− υT(K − D(X))υ − σ

4

∥∥∥Θ̃
∥∥∥2

+ σ
2 ∥Θ∗∥2 + 1

σ η2

∥∥∥ .
Θ

∗∥∥∥2

+εT(X)D(X)ε(X)
(49)

Applying inequality (27), we obtain

.
V ≤ − 1

2 eT
d D(X)ε − υTK0tanh(υ/ε0)− υT(K − (1 + ε̃0)D(X))υ − σ

4

∥∥∥Θ̃
∥∥∥2

+ σ
2 ∥Θ∗∥2

+ 1
σ η2

∥∥∥ .
Θ

∗∥∥∥2
+ ε̃1

(50)

As this paper assumes that the parameters Θ∗ and its time derivative
.

Θ
∗
, along with

the functions ε(X) and D(X), are bounded, we are able to establish a positive constant
bound, referred to as ∆, such that

∆ = sup
t

(
σ

2
∥Θ∗(t)∥2 +

1
σ η2

∥∥∥ .
Θ

∗
(t)

∥∥∥2
+ ε̃1

)
(51)

Suppose the design parameter ki is selected to yield ki > (1 + ε̃0)g1, i = 1, . . . , p, and
α = min

(
2min1≤i≤p(ki − (1 + ε̃0)g1), 0.5σ η

)
. Then, inequality (50) can be expressed as

follows:
.

V ≤ −1
2

eT
d D(X)ed − υTK0tanh(υ/ε0)−

α

2
υTυ − α

2η

∥∥∥Θ̃
∥∥∥2

+ ∆ (52)

or .
V ≤ −αV + ∆ (53)

Now, we are able to establish the subsequent theorem, which demonstrates the bound-
edness of all variables within the closed-loop system.

Theorem 1. Given system (13) and assuming that Assumptions 1 and 2 hold and the design
parameter ki is selected such that ki > (1 + ε̃0)d1, i = 1, . . . , p, the controller given by (27), along
with the adaptation law specified by Equation (39), ensures that the closed-loop system exhibits
UUB stability, and the output tracking errors ei(t) converge to a small vicinity around the origin.

Proof of Theorem 1. Based on Equation (53), it results in

V(t) ≤ V(0)e−αt +
∆
α

(54)

Thus, using (54), it can be demonstrated that for V ≥ ∆/α, we have
.

V < 0. As per a
conventional Lyapunov theorem, the signals υ(t), Θ̃(t), and u(t) within the closed-loop
system remain bounded. Additionally, by utilizing (40) and (54), we can establish that

∥υ(t)∥ ≤
√
∥υ(0)∥2 + 1

η

∥∥∥Θ̃(0)
∥∥∥2

e−0.5αt +
√

2∆
α . To ensure the convergence of tracking
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error to a small vicinity near zero, the design parameters ki, σ, and η should be selected

suitably. Consequently, it becomes feasible to minimize
√

2∆
α to any desired extent by

denoting Q =
√

2∆
α and given that e−0.5αt → 0 for t → ∞ . Thus, there exists T such that

∥υ(t)∥ ≤ Q for t > T, which implies that the tracking errors converge towards residual
sets in the following manner:

∥∥∥e(j)
i (t)

∥∥∥ ≤ 2jλ
j−1
i Q, j = 0, 1, i = 1, . . . , p. □

4. Application of the Robust Adaptive PID-like Controller

At this stage, we demonstrate the application of the suggested adaptive PID-like
controller to control both the rotational and translational subsystems of a quadrotor UAV
system. The primary aim of this control is to guarantee the monitoring of the specified
positions (xd, yd, zd, ψd). To achieve this, we have designed six adaptive PID-like controllers.

4.1. Controller Design for the Rotation Subsystem

In the rotation subsystem, achieving the convergence of angular positions (ϕ, θ, ψ)
towards the desired trajectory (ϕd, θd, ψd) is possible through the use of the control inputs
(u2, u3, u4). This subsection details the application of our control methodology outlined in
Section 3 for governing the roll, pitch, and yaw angles. To start, the tracking errors, denoted
as

(
eϕ, eθ , eψ

)
, and the filtering errors, represented as

(
υϕ(t), υθ(t), υψ(t)

)
, are defined in the

following manner: 
υϕ(t) =

.
eϕ(t) + λϕeϕ(t), eϕ = ϕ − ϕd

υθ(t) =
.
eθ(t) + λθeθ(t), eθ = θ − θd

υψ(t) =
.
eψ(t) + λψeψ(t), eψ = ψ − ψd

(55)

The inputs (u2, u3, u4) are selected as the outputs of three PID-like controllers ex-
pressed as 

u2 = Kpϕ eϕ(t) + KIϕ

∫ t
0 eϕ(τ) dτ + Kdϕ

deϕ(t)
dt

+ Kcϕ

u3 = Kpθ
eθ(t) + KIθ

∫ t
0 eθ(τ) dτ + Kdθ

deθ(t)
dt

+ Kcθ

u4 = Kpψ eψ(t) + KIψ

∫ t
0 eψ(τ) dτ + Kdψ

deψ(t)
dt

+ Kcψ

(56)

which are continuously updated online using the subsequent parameter adaptation laws:
Θϕ =

[
Kpϕ , KIϕ

, Kdϕ
, Kcϕ

]
,

.
Θϕ = η Λ

(
eϕ

)( .
υϕ + kϕ υϕ + k0ϕ tanh

(
υϕ/ε0

))
− η σΘϕ

Θθ =
[
Kpθ

, KIθ
, Kdθ

, Kcθ

]
,

.
Θθ = η Λ(eθ)

( .
υθ + kθ υθ + k0θ

tanh(υθ/ε0)
)
− η σΘθ

Θψ =
[
Kpψ , KIψ

, Kdψ
, Kcψ

]
,

.
Θψ = η Λ

(
eψ

)( .
υψ + kψ υψ + k0ψ tanh

(
υψ/ε0

))
− η σΘψ

(57)

As previously shown, the PID-like controllers defined by (56) and adjusted using the
adaptive laws (57) ensure the convergence of the angles (ϕ, θ, ψ) to their respective desired
values (ϕd, θd, ψd).

4.2. Controller Design for the Translation Subsystem

The three inputs
(
u1, ur, up

)
pertaining to the translation subsystem can also be synthe-

sized in a similar manner. To successfully control the altitude z of the quadrotor, the input
u1 is determined as the output of an adaptive PID-like altitude controller. Additionally, to
achieve desired translation motions (xd, yd), the values of

(
ur, up

)
utilized in computing the

desired pitch and roll angles are individually derived from adaptive PID-like controllers.
To accomplish this, the tracking errors

(
ex, ey, ez

)
and the filtering errors

(
υx(t), υy(t), υz(t)

)
are defined as follows:
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
υx(t) =

.
ex(t) + λxex(t), ex = x − xd

υy(t) =
.
ey(t) + λyey(t), ey = y − yd

υz(t) =
.
ez(t) + λzez(t), ez = z − zd

(58)

and the computation of the control inputs
(
u1, ur, up

)
is performed through

u1 = Kpz ez(t) + KIz

∫ t
0 ez(τ) dτ + Kdz

dez(t)
dt

+ Kcz

ur = Kpx ex(t) + KIx

∫ t
0 ex(τ) dτ + Kdx

dex(t)
dt

+ Kcx

up = Kpy ey(t) + KIy

∫ t
0 ey(τ) dτ + Kdy

dey(t)
dt

+ Kcy

(59)

where the gains in (61) are dynamically adjusted online in the following manner:
Θz =

[
Kpz , KIz , Kdz , Kcz

]
,

.
Θz = η Λ(ez)

( .
υz + kz υz + k0z tanh(υz/ε0)

)
− η σΘz

Θx =
[
Kpx , KIx , Kdx , Kcx

]
,

.
Θx = η Λ(ex)

( .
υx + kx υx + k0x tanh(υx/ε0)

)
− η σΘx

Θy =
[
Kpy , KIy , Kdy , Kcy

]
,

.
Θy = η Λ

(
ey
)( .

υy + ky υy + k0y tanh
(
υy/ε0

))
− η σΘy

(60)

The PID-like controllers described in (59) and adapted with the dynamic laws (60)
guarantee that the positions (x, y, z) converge to their corresponding desired positions
(x, y, z).

4.3. Simulation Results and Discussions

In this part, we examine the efficiency of the proposed stable adaptive PID-like con-
troller for a quadrotor UAV through a simulation study. Figure 2 illustrates the control
structure, and the quadrotor parameters used are as follows [34]: m = 0.5 kg, l = 0.24 m,
Ix = Iy = 3.8 × 10−3 Nm.s2/rad, Iz = 7.1 × 10−3 Nm.s2/rad, IR = 2.8 × 10−5 Nm.s2/rad,
b = 3.0× 10−5 N.s2/rad2, c = 3.2× 10−7 Nm.s2/rad2, Kt = diag(3.2, 3.2, 4.8)×10−2 N.s/m,
Kr = diag(5.6, 5.6, 6.4)×10−4 Nm.s/rad, and g = 9.81 m/s2.

It is important to note that in this simulation, the parameters of the quadrotor UAV
are assumed to be entirely unknown, meaning the control system does not rely on knowing
the system’s model. The quadrotor UAV system’s dynamic model is needed strictly for
simulation purposes.

The simulation results discussed in this paper pertain to the path tracking issue.
A vertical helix serves as the reference trajectory and is defined as xd = 0.5 cos(0.5 t),
yd = 0.5 sin(0.5 t), zd = 1 + t

10 , and ψd = π
3 . The initial conditions of the quadrotor

UAV system are set as (x, y, z) = (0, 0, 0.5)m and (ϕ, θ, ψ) = (0, 0, 0.5)rad. The controller
parameters used in the simulation are as follows: λz = λϕ = λθ = λψ = 5, λx = λy = 7,
kz = kϕ = kθ = kψ = kx = ky = 3, k0z = k0x = 0.1, k0ϕ = k0θ

= 5, k0ψ = k0y = 1, η = 5,
σ = 0.001, and ε0 = 0.01. In this simulation study, we set the initial values of the param-
eter estimates as follows: Θϕ(0) = Θθ(0) = Θψ(0) = Θx(0) = Θz(0) = [0, 0, 0, 0]T and
Θz(0) = [0.01, 0, 0, 0]T. To evaluate the robustness of the introduced adaptive PID-like con-
troller under external disturbances, an external disturbance Dπi(t) = 0.01(10 + 5 sin(2πt)),
i = 1, . . . , 6, is introduced for each subsystem.

Figures 4–11 depict the simulation outcomes regarding the path tracking of the quadro-
tor UAV. It is evident from Figure 4, Figure 5, and Figure 8 that the actual trajectories
(x, y, z, ψ) converge to (xd, yd, zd, ψd), demonstrating the controller’s ability to achieve ac-
curate tracking with a short transient response. The positions z, x,y, and the yaw angle
ψ converge rapidly to their reference trajectories, with response times of less than 2 s.
Additionally, the roll and pitch angles (ϕ and θ) exhibit even quicker responses, with
convergence times of less than 0.05 s. Additionally, as illustrated by Figures 6 and 7, the
control signals exhibit smoothness and practical feasibility, while the parameter estimates
shown in Figures 9–11 remain within bounds. The bounded nature of these parameters
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ensures reliable system performance without risk of divergence, even in the presence of
potential model uncertainties or disturbances. The absence of excessive oscillations or
abrupt changes in the control signals further highlights the controller’s efficiency. These
simulation findings effectively showcase the tracking proficiency of the proposed adaptive
PID-like controller within the quadrotor UAV control domain.
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Figure 12 illustrates the 3D flight trajectories of the quadrotor resulting from a com-
parative study between the robust adaptive PID-like controller and a PID controller with
constant gains. The parameters of the PID controller are listed in Table 1; these gains were
obtained through trial-and-error and are the ones that provided the best performance. The
performance evaluation was based on the key characteristics of the tracking errors over the
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time interval t ∈ [5, 45]s. To assess tracking accuracy, we analyzed the average absolute
values of the errors, along with their standard deviations and ranges, over the test duration.
Clearly, the results in Table 2 and the curves in Figure 12 demonstrate that the robust
adaptive PID-like controller provides significantly better tracking performance compared
to the PID controller.
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Table 1. PID controller gains.

Gains x y z ϕ θ ψ

Kp 3 4.5 37 0.5 0.2 0.8

Ki 1 1 15 1 1 0

Kd 3 2 24 1 0.5 0.06

Table 2. Comparison of tracking accuracy between the proposed robust adaptive PID-like controller
and a PID controller.

Controllers x (m) y (m) z (m) ψ (deg)

PI
D

-l
ik

e
C

on
tr

ol
le

r Avg(|ei|) 7.3 × 10−4 1.9 × 10−3 1.9 × 10−4 1.8 × 10−5

Rge ei (−18, 2)× 10−4 (−4.9, 5)× 10−3 (−3.2, 4.3)× 10−4 (−3, 3)× 10−5

Std ei 8.6 × 10−4 2.2 × 10−3 2.1 × 10−4 2 × 10−5

PI
D

C
on

tr
ol

le
r Avg(|ei|) 144 × 10−4 8.9 × 10−3 5.4 × 10−4 5080 × 10−5

Rge ei (−619, 235)× 10−4 (−21, 16)× 10−3 (−101, 1.9)× 10−4 (−8240,−1930)× 10−5

Std ei 165 × 10−4 10 × 10−3 15 × 10−4 2230 × 10−5

5. Conclusions

This paper proposes a stable adaptive PID-like controller for quadrotor UAVs. The
control scheme is designed for a general class of second-order nonlinear systems and
applied to a quadrotor UAV system. The method includes an adaptive PID-like controller
with an adaptive law, using the gradient descent technique to update parameters and
minimize the error relative to the unknown ideal controller and the PID-like controller
in use. This approach does not rely on knowledge of the system’s mathematical model,
ensures the boundedness of all signals in the closed-loop system, and guarantees the
convergence of tracking errors to a neighbourhood of the origin. Simulations demonstrate
the controller’s effectiveness in guiding the quadrotor along a predetermined trajectory
of Cartesian positions and yaw angle while maintaining overall system stability. Future
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work will focus on enhancing this approach by integrating a state observer for state vector
estimation.
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