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This paper investigates the effect of wall temperature and flow conditions on the Potential 

for Energy Recovery of the NACA0012 airfoil. A work-energy balance has been derived from 

the governing equations for moving control volumes for a body in dynamic equilibrium, 

aerodynamically decoupled from its propulsive source. The formulation has been applied to 

an extensive test matrix of computational fluid dynamics cases, with steady level flight 

imposed and wall temperature, angle of attack, Reynolds and Mach number varied 

independently. The decomposition of the wake energy shows explicitly that the near-field work 

of the body manifests as global energy constituents, viscous dissipation and baroclinic work. 

The analysis identifies the conditions and underlying mechanisms which minimize and 

maximize the Potential for Energy Recovery, revealing that there are synergistic opportunities 

for tightly coupled airframe and propulsor configurations with waste heat to reject. 
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𝐶𝑝  =  pressure coefficient [-] 𝑑  =  distance [m] 𝐷  =  drag force [N] 

d𝒮  =  infinitesimal surface area [m2] 

d𝒱  =  infinitesimal volume [m3] 𝑒𝑎21  =  mesh convergence approximate relative error [%] 𝑒𝑒𝑥𝑡21   =  mesh convergence extrapolated relative error [%] 𝐸̇𝑘  =  kinetic energy flux rate energy flux rate [W] 𝐸̇𝑝  =  pressure boundary work rate [W] 𝐸̇𝜏  =  viscous boundary work rate [W] 𝒇  =  volumetric body force vector [N] 𝑭𝑖𝑠𝑜  =  aerodynamic force vector acting on a body isolated from a propulsor [N] 𝐺𝐶𝐼𝑓𝑖𝑛𝑒21  =  fine grid convergence index [%] 𝑘  =  thermal conductivity [W/m/K] 𝐿  =  lift force [N] 𝑀𝑎  =  Mach number [-] 𝑛̂  =  surface normal unit vector [-] 𝑁1, 𝑁2, 𝑁3 =  number of cells in mesh refinements 1,2 and 3 [-] 𝑝  =  static pressure [Pa] 𝑃𝑟  =  Prandtl number [-] 𝑄  =  observed order of convergence [-] 𝑟21, 𝑟32 =  medium to fine and coarse to medium mesh refinement factors [-] 𝑅𝑒  =  Reynolds number [-] 𝑡  =  time [s] 𝑇  =  static temperature [K] 𝑢, 𝑣  =  streamwise and transverse velocity components [m/s] 𝑼  =  flight velocity [m/s] 



𝒱  =  volume [m3] 𝑽  =  velocity vector in an arbitrary inertial reference frame [m/s] 𝑊  =  weight [-] 𝑊̇  =  Work supply rate [W] 𝑥̂, 𝑦̂   =  unit vectors [-] 𝑿  =  position vector [m] 𝛼  =  angle of attack [˚] 𝛽  =  lift to drag ratio (𝐿/𝐷) [-] 𝛾  =  ratio of specific heats [-] ℰ̇  =  mechanical energy flux rate [W] Θ  =  volumetric pressure work rate [W] 𝜆  =  PER utilization factor [-] 𝜇  =  molecular viscosity [kg/m/s] 𝜈  =  kinematic viscosity [m2/s] 𝜌  =  density [kg/m3] 𝜏  =  shear stress [Pa] 𝝉̿  =  viscous stress tensor [Pa] 𝜙1, 𝜙2, 𝜙3 =  variable for convergence monitoring (𝐶𝐷𝑉) for mesh refinements 1, 2 and 3 [-] Φ  =  viscous dissipation rate [W] 

Subscripts (  )∞  =  freestream quantity, or infinitely large control volume (  )′  =  energy rate quantity normalized by 𝐷𝑉∞ (  )𝑎  =  Absolute inertial Reference Frame quantity (ARF) (  )𝐵  =  body quantity (  )𝑒  =  boundary layer edge quantity (  )𝑂  =  control volume outer surface quantity (  )𝑞̇  =  non-adiabatic quantity 



(  )𝑞̇=0  =  adiabatic quantity (  )𝑟  =  Relative inertial Reference Frame quantity (RRF) (  )𝑡𝑒  =  trailing edge quantity (  )𝑇𝑃  =  Trefftz plane quantity (  )𝑤  =  wake or wall quantity 

I. Introduction 

ll-electric, hybrid-electric, fuel cells, and alternative fuel combustion systems are currently being developed as 

part of the civil aviation industries transition away from kerosene fueled propulsion. New approaches to propulsion 

system integration are being explored to exploit these technologies and simultaneously improve the aerodynamic 

performance of future aircraft. Boundary Layer Ingestion (BLI) is one such concept which has demonstrated the 

potential to improve propulsive efficiency, reduce drag and weight [1], firstly by tightly integrating the propulsor into 

the airframe, but also by partially recovering the energy contained within the boundary layer, mitigating the aircrafts 

wake and jet losses. Distributed Electric Propulsion (DEP) is an attractive concept due to the inherent flexibility in the 

quantity, sizing, and positioning of the electric propulsors, which in some configurations takes advantage of BLI as 

well as offering lift enhancement in wing-integrated designs [2]. The strong aero-propulsive coupling in these 

configurations means the conventional thrust-drag accounting methods such as those examined by Moirou et al. are 

not strictly applicable [3]. This has motivated the development of mechanical energy-based [4] and exergy-based [5] 

analyses, which avoid the ambiguity of assigning thrust and drag contributions all together by directly relating the 

energy content of the flow to the propulsive power requirement of the vehicle [6].  

 Whilst there are potentially significant aero-propulsive advantages to these systems, electrifying the propulsion 

system introduces additional thermal management challenges, due to the acquisition, transportation and rejection of 

waste heat generated by electric machines, fuel cells and battery systems [7]. Atmospheric heat rejection through 

surface heat exchangers is a potential solution for electrified aircraft that was examined by Kellerman et al. [8] and 

Habermann et al. [9], concluding that it may be a viable option for smaller passenger aircraft, or could be used in 

combination with conventional ram air cooling systems on large aircraft. Early studies have demonstrated that there 

are circumstantial benefits and penalties of surface heating and cooling on the drag force. In laminar regions of the 

boundary layer, cooling delays the transition to a turbulent flow thereby reducing skin friction [10], whereas in 

A 



turbulent boundary layers, heating reduces skin friction as its influence on shear layers acts as a reduction in the 

effective Reynolds number [11]. Regardless of the flow regime, laminar or turbulent, heating promotes flow separation 

[10] [11], whereas cooling has an opposing effect and reduces the pressure drag contributions by decreasing the 

boundary layer thickness [12]. As a result, some studies show that drag reductions can be achieved by cooling [13] 

and others by heating [14].  

 Several more recent studies have applied force-based analyses to 2D Reynolds averaged Navier-Stokes (RANS) 

computational fluid dynamics (CFD) simulations of airfoils with surface heating and cooling [9] [15] [16]. A limitation 

of force-based analyses is the recoverable mechanical flow energy cannot be determined, which is relevant to BLI and 

wake ingesting propulsion systems, as well as formation flight and any configurations with strong propeller wing 

interactions such as DEP. Conversely, energy or exergy-based approaches provide no means to quantify lift [6]. 

Therefore, combining both, offers deeper insight by enabling a more extensive flow-field decomposition, as 

demonstrated by Aguirre and Duplaa [17]. Recovery metrics have been defined under both formulations, the Exergy 

Waste Coefficient (EWC) [18] and Potential for Energy Recovery (PER) by Sanders and Laskaridis [19]. Despite 

recent developments in energy and exergy-based analyses, and the current thermal management challenge of battery-

electric or fuel cell powered propulsion systems, there is a limited number of studies applying these formulations to 

heated or cooled aerodynamic bodies. Mutangara et al. [20] applied the PER metric to the wake energy of various 

simple adiabatic bodies in isolation, in the works of Arntz and Atinault [21] as well as Lamprakis et al. [22], studies 

were conducted using simplified fuselage geometry with wall heating, both concluding that there are favorable 

synergies for waste heat rejection and energy recovery via BLI propulsion systems.  

 Through an extensive design of experiments (DoE) of 2D RANS CFD cases, this study aims to demonstrate under 

what circumstances (Re, Ma, α) there are favorable synergies, trade-offs and penalties between surface heating, 

recoverable energy, and aerodynamic forces. This work is therefore relevant to the development of electrified aircraft 

with waste heat to reject, and configurations where there is strong airframe-propulsor interaction. A work-energy 

balance is derived from the generalized governing equations for moving control volumes for a body in dynamic 

equilibrium in section II. This is combined with the baroclinicity-corrected PER metric of Lamprakis et al. [23] in 

section III to assess the wake energy distribution and recoverable energy of an adiabatic body. Section IV extends this 

analysis to a non-adiabatic body, to evaluate how thermal gradients influence PER, and employs a near-field force 

equation to simultaneously assess the sensitivity of aerodynamic forces to surface heating and cooling. Finally, the 



concept of energy recovery, and the application of the PER metric is introduced in the context of wake and boundary 

layer ingestion using the numerical results and a PER utilization factor. 

II. Work-Energy Relationships of Flight 

A. Inertial Reference Frame Perspectives 

In general Newtonian mechanics, Mallinckrodt and Leff [24] describe and emphasize the important distinction 

between Galilean invariance versus Galilean covariance in terms of force-momentum versus work-energy 

relationships, respectively. In other words, force vectors and their momentum counterparts are independent of the 

inertial reference frame in which they are perceived but work and energy are not. However, Galilean covariance 

dictates that the change in work perceived through a shift in inertial reference frame will be accompanied by an 

equivalent change in corresponding energy. This distinction has important implications when considering energy-

based approaches to aircraft aerodynamic performance analysis.  

Aircraft aerodynamic performance has typically been centered around forces, and, out of convenience, it has 

become common practice to visualize, calculate, test, and analyze forces with respect to a reference frame fixed to the 

aircraft. This is referred to herein as the Relative inertial Reference Frame (RRF) in steady flight, where the aircraft is 

perceived to be in static equilibrium with the flow moving over it. However, as argued by Renard and Deck [25], 

Sanders and Laskaridis [19], Sanders [26] [27], and Lamprakis et al. [23], the RRF becomes problematic when 

attempting to analyze aerodynamics in terms of work-energy relationships, as well as their extensions to exergy 

analysis [28]. Firstly, static equilibrium is achieved by a forward force (thrust) that directly opposes drag, but in the 

RRF this thrust force is also perceived to be stationary and therefore doesn’t appear to do any work. Secondly, there 

appears to be an external energy source that continuously supplies the flow-field with streamwise kinetic energy. 

Therefore, counterintuitively, the atmosphere appears to act simultaneously as both an energy source and sink to the 

system. Finally, the RRF is only a valid inertial reference frame in steady flight, and caution is required when 

considering other flight regimes to ensure that any work and energy associated with accelerations is properly 

accounted for. 

Instead, to better reflect work-energy relationships it is appropriate to consider an inertial reference frame in which 

the undisturbed atmosphere is naturally perceived to be in an exergetic dead state, which has also been described by 

Berhouni et al. [28]. This alternative reference frame intuitively perceives the undisturbed atmosphere to be stationary, 



which is without any potential to do work. The aircraft, in this Absolute inertial Reference Frame (ARF)**, is perceived 

to move through the initially quiescent atmosphere, imparting energy to the flow that it displaces and disturbs. Unlike 

the RRF, the ARF is a valid inertial reference frame regardless of the aircraft’s flight trajectory, and readily accounts 

for work-energy transfers of unsteady aircraft motion. Nonetheless, during steady flight, as is the focus of this work, 

the aircraft is perceived to be in dynamic equilibrium from the ARF’s point of view instead of static equilibrium from 

the RRF’s point of view. In the former, the drag opposing thrust force now acts at the aircraft’s flight velocity, thereby 

doing useful work on the flow via the no-slip condition at the aircraft surfaces. In a simplified explanation, work may 

be visualized to be initially transferred to the flow in the form of kinetic energy, which then eventually dissipates 

viscously with time as the aircraft moves on and the atmosphere naturally returns to the exergetic dead once again.  

B. Integral Forms of the Fundamental Equations for Moving Control Volumes 

To enable the formulation of work-energy relationships of flight in the ARF, Sanders [26] showed that it is 

necessary to begin with generalized integral forms of the governing equations, that permit the arbitrary motion of a 

control volume within an arbitrary inertial reference frame. The relations of mass, linear momentum and mechanical 

energy are given in Eq. (1) to (3), respectively. 

 DD𝑡 ∭ 𝜌d𝒱ℳ𝒱(𝑡) = d
d𝑡 ∭𝜌d𝒱 + ∯ 𝜌(𝑽 − 𝑽𝒞𝒮) ⋅ d𝓢𝒞𝒮(𝑡)𝒞𝒱(𝑡) = 0 (1) 

 DD𝑡 ∭ 𝜌𝑽d𝒱ℳ𝒱(𝑡) = d
d𝑡 ∭𝜌𝑽d𝒱 + ∯ 𝜌𝑽(𝑽 − 𝑽𝒞𝒮) ⋅ d𝓢𝒞𝒮(𝑡)𝒞𝒱(𝑡) = ∯(−𝑝𝑛̂ + 𝝉̿ ⋅ 𝑛̂)d𝒮𝒞𝒮(𝑡) + ∭𝜌𝒇𝒞𝒱(𝑡) d𝒱 (2) 

 DD𝑡 ∭ (|𝑽|22 𝜌) d𝒱ℳ𝒱(𝑡)  =  dd𝑡 ∭(|𝑽|22 𝜌) d𝒱𝒞𝒱(𝑡) + ∬ |𝑽|22 𝜌(𝑽 − 𝑽𝒞𝒮) ⋅ d𝓢𝒞𝒮(𝑡) = 

− ∯(𝑝𝑽 − 𝝉̿ ⋅ 𝑽)𝒞𝒮(𝑡) ⋅ d𝓢 + ∭(𝑝𝛻 ⋅ 𝑽 − 𝝉̿: 𝛻𝑽 + 𝜌𝒇 ⋅ 𝑽)d𝒱𝒞𝒱(𝑡)  

(3) 

Eq. (1) to (3) relate the time rate-of-change of mass, linear momentum and kinetic energy within an arbitrary material 

volume in motion, ℳ𝒱(𝑡), to that experienced by an arbitrary control volume in motion, 𝒞𝒱(𝑡), at the instance in 

time where the two coincide spatially. The time derivative of an integrated quantity within 𝒞𝒱(𝑡), symbolized by 
ddt , 

 
** Following the naming convention of Renard and Deck [25] 



does not equate to that of ℳ𝒱(𝑡), symbolized by 
DD𝑡, due to the relative motion between the two volumes at this 

instance in time. Following the Leibniz General Transport Theorem, the difference is the net flux in quantity exiting 

the control volume via its surfaces, 𝒞𝒮(𝑡), which have a different velocity, 𝑽𝒞𝒮, relative to that of the fluid, 𝑽. In Eq. 

(1) to (3), fluid density, velocity, pressure, and viscous stress tensor are symbolized by 𝜌, 𝑽, 𝑝, and 𝝉̿,  respectively. 

The symbol 𝒇 accounts for any volumetric body forces acting on the fluid from a distance, which is convenient for 

including body force representations of propulsion systems. In accordance with convention, the control volume’s 

surfaces are described by a normal vector which points directly out of the volume, such that d𝓢 = 𝑛̂d𝒮. 

The fully generalized forms of Eq. (1) to (3) can be used to describe the flow-field in the ARF [23] [27], represented 

by a coordinate system 𝑿𝑎 = ⟨𝑥̂𝑎 , 𝑦̂𝑎, 𝑧̂𝑎⟩. Considering steady flight, the ARF can be related to the RRF, represented 

by coordinate system 𝑿𝑟 = ⟨𝑥̂𝑟 , 𝑦̂𝑟 , 𝑧̂𝑟⟩, via Galilean transformation, such that: 

𝑽𝑎  = 𝑽𝑟  + 𝑼 =  𝑽𝑟  −  𝑽∞ (4) 

Where 𝑼 is the flight velocity (i.e., the reciprocal of the free-stream velocity, 𝑽∞) as well as the velocity at which 𝑿𝑟  moves relative to 𝑿𝑎. This is useful because it is typically more convenient in CFD to model the aerodynamic body 

in the RRF and transform the results to the ARF for analysis. 

C. Application to Aerodynamic Bodies in Dynamic Equilibrium 

When studying the aerodynamics of airframe components, it is convenient to consider them in isolation from the 

propulsion system. In steady flight, this aerodynamic decoupling makes the implied assumption that dynamic 

equilibrium is somehow maintained††. The effort required must be accounted for by the work-energy balance and may 

be represented as a supply of work to the body, via an external aerodynamically decoupled force and moment couple, 

acting directly on the center of mass from a distance to overcome drag, and to counterbalance lift, if not done so by 

the body’s own weight. 

Fig.  1 depicts a schematic of an aerodynamically isolated airfoil in steady flight at two instances in time. The 

external force, 𝑭𝑖𝑠𝑜, acts on the center of mass and at the flight speed to ensure dynamic equilibrium, thereby supplying 

useful work,  𝑭𝑖𝑠𝑜 ⋅ 𝑼, to the system. This airfoil, along with its encapsulating control volume, is shown to be 

translating at flight velocity 𝑼 = −𝑽∞ with respect to the ARF coordinates, 𝑿𝒂 = 〈𝑥̂𝑎, 𝑦̂𝑎〉, which are fixed to the 

 
†† In wind tunnel experiments, balancing forces are provided by the model sting/support, whereas in CFD simulations 

this balance is enforced via boundary conditions. 



page. The RRF coordinates, 𝑿𝑟 = 〈𝑥̂𝑟 , 𝑦̂𝑟〉, and control volume surfaces, are fixed relative to the airfoil and move with 

the same flight velocity, as perceived by the ARF. For convenience, a rectangular 2D control volume (𝒞𝒱) is assumed, 

with its control surface (𝒞𝒮) partitioned into an inner surface, 𝒮𝐵, which drapes over the airfoil’s surfaces, and an outer 

surface, 𝒮𝑂, comprised of a front, upper, lower, and rear (Trefftz) plane (𝒮𝑂𝑇𝑃). The front, upper, and lower outer 

surfaces are positioned sufficiently far away from the airfoil such that the local fluid is in its exergetic dead state, with 𝑽𝑎 = 0, 𝑝 = 𝑝∞ and 𝑇 = 𝑇∞. In this work, the Trefftz plane is always defined to be perpendicular to 𝑼 to survey the 

wake’s energy content, and may be located at any position downstream of the airfoil’s trailing edge. 

 

Fig.  1 Moving 2D control volume encapsulating an aerodynamically isolated airfoil in dynamic equilibrium in 

the ARF, versus the static equilibrium perceived by the RRF. 

 Applying the ARF momentum-force balance of Eq. (2) to the control volume in Fig.  1, assuming steady flow, and 

rewriting in terms of gauge static pressure, 𝑝𝑔 = 𝑝 − 𝑝∞, gives the near versus far-field relationship: 

 ∬(𝑝𝑔𝑛̂ − 𝝉̿ ∙ 𝑛̂)𝒞𝒮(𝑡) d𝒮𝐵  = − ∬(𝑽𝑎𝜌𝑽𝑟 ∙ 𝑛̂ + 𝑝𝑔𝑛̂ − 𝝉̿ ∙ 𝑛̂)d𝒮𝑂𝒞𝒮(𝑡)  (5) 

 The left-hand side of Eq. (5) is the near-field reaction force acting on the airfoil by the fluid and contains the 

components of both lift and drag. The isolated force that opposes this reaction force, whilst supplying work to the 

system, is therefore given as: 

 𝑭𝑖𝑠𝑜 = − ∬(𝑝𝑔𝑛̂ − 𝝉̿ ∙ 𝑛̂)𝒞𝒮(𝑡) d𝒮𝐵 = −(𝐷𝑥̂ + 𝐿𝑦̂) (6) 

This force acts at a velocity equal to the flight velocity, and the associated work is the dot product between the two: 
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 𝑭𝑖𝑠𝑜 ∙ 𝑼 = −(𝐷𝑥̂𝑟 + 𝐿𝑦̂𝑟) ⋅ (−𝑉∞𝑥̂𝑟 + 0𝑦̂𝑟) = 𝐷𝑉∞ = ∬(𝑝𝑔𝑽∞ − 𝝉̿ ⋅ 𝑽∞)𝒞𝒮(𝑡) ⋅ d𝓢𝐵 (7) 

 The control surface, 𝒮𝐵, moves at the body’s flight speed, which is the reciprocal of the free-stream velocity vector, 

and so the drag power is the work transferred to the flow via the no-slip condition, and can be expressed as: 

 𝐷𝑉∞  = 𝑭𝑖𝑠𝑜 ⋅ 𝑼 = ∬(𝑝𝑔𝑽∞ − 𝝉̿ ⋅ 𝑽∞)𝒞𝒮(𝑡) ⋅ d𝓢𝐵  = − ∬(𝑝𝑔𝑽𝒞𝒮 − 𝝉̿ ⋅ 𝑽𝒞𝒮)𝒞𝒮(𝑡) ⋅ d𝓢𝐵 (8) 

Subsequently, this expression of near-field work can be identified within, and made the subject of the work-energy 

balance, by applying Eq. (3) to the control volume of Fig.  1: 

 ∬(𝑝𝑔𝑽∞ − 𝜏̿ ⋅ 𝐕∞)𝒞𝒮(𝑡) ⋅ d𝓢𝐵⏟                𝑭𝑖𝑠𝑜⋅𝑼
 

= dd𝑡 ∭(|𝑽𝑎|22 𝜌)d𝒱 + ∬ (|𝑽𝑎|22 𝜌𝑽𝑟⏟      𝐸̇𝑘 + 𝑝𝑔𝑽𝑎⏟  𝐸̇𝑝 − 𝝉̿ ∙ 𝑽𝑎⏟  𝐸̇𝜏 )𝒞𝒮(𝑡) ⋅ d𝓢𝑂⏟                            ℰ̇
+ ∭−𝑝𝑔(𝛻𝒞𝒱(𝑡) ⋅ 𝑽𝑎) d𝒱⏟            Θ𝒞𝒱(𝑡)

+ ∭𝝉̿: 𝛻𝑽𝑎 d𝒱𝒞𝒱(𝑡)⏟          Φ  

(9) 

D. Energy Manifestations in the Flow-Field 

 The first term on the right-hand side of Eq. (9), pertains to the amount of near-field work that manifests as unsteady 

perturbations of kinetic energy within the flow-field. However, from here, this paper assumes steady level flight, and 

therefore Eq. (9) reduces to Eq. (10), which with these assumptions is equivalent to the earlier ARF formulated 

mechanical energy balance of Sanders and Laskaridis [19]. To analyze the power distribution amongst the terms it is 

useful to normalize Eq. (10) by the drag power (𝐷𝑉∞ = 𝑭𝑖𝑠𝑜 ∙ 𝑼), to form Eq. (11), where (  )′ = (  )𝐷𝑉∞. 

 𝑭𝑖𝑠𝑜 ∙ 𝑼 = ℰ̇ + Θ + Φ (10) 

  = ℰ̇′ + Θ′ + Φ′ (11) 

Eq. (10) states that the work rate supplied to the body through the action of the isolated force, equals the work input 

rate to the flow. Via the no-slip condition, this work input manifests as different forms of mechanical energy 



throughout the flow-field and can be decomposed into three terms: mechanical energy flux rate (ℰ̇), volumetric 

pressure work rate (Θ) and a viscous dissipation rate (Φ). The latter two terms are Galilean invariant volumetric 

quantities which account for physically different loss mechanisms yet are partially coupled through thermo-

mechanical interaction. Whereas the first right-hand term constitutes the fluxes of these volumetric quantities, where 

the flow has not yet returned to the exergetic dead state within the extents of the chosen control volume.  

1. Mechanical Energy Flux Rate 

Eq. (9) shows that the mechanical energy flux rate (ℰ̇) can be decomposed further into a boundary pressure work 

rate term (𝐸̇𝑝), kinetic energy flux rate (𝐸̇𝑘), and a viscous boundary work rate (𝐸̇𝜏). 𝐸̇𝑝 describes the rate at which 𝑝𝑔 

is doing work on the control surface in the ARF, whereas 𝐸̇𝑘 captures the rate that the absolute kinetic energy is 

crossing the control surface. Following the control volume definition described in section II.C, ℰ̇ need only be 

calculated over the Trefftz plane as contributions from other surfaces are ≈ 0. A more convenient form is given in Eq. 

(12), but is only applicable to the control volume described. The viscous boundary work rate (𝐸̇𝜏), has been omitted 

from Eq. (12) because it has been demonstrated, numerically, by Sanders and Laskaridis [19] to have negligible 

contribution to the work-energy balance. 

 ℰ̇𝑇𝑃 = ∬(𝜌 (𝑢𝑎2 + 𝑣𝑎2)2 𝑢𝑟⏟        𝐸̇𝑘 + 𝑝𝑔𝑢𝑎⏟𝐸̇𝑝 )d𝒮𝑂𝑇𝑃𝒞𝒮(𝑡)  (12) 

2. Viscous Dissipation Rate 

In the RRF at the wall 𝑽𝑟 = 0 due to the no-slip boundary condition, whereas in the ARF 𝑽𝑎 = 𝑼. This viscous 

interaction between the fluid and the moving wall raises its absolute kinetic energy. At the wall local viscous forces 

are drawing the fluid along with body, whereas at any distance away from the wall viscous and turbulent shear stresses 

decelerate the flow dissipating this kinetic energy and irreversibly converting it to internal energy [29]. Therefore, 

viscosity may be perceived as the enabling mechanism that generates the surplus mechanical energy which forms the 

boundary layers and the wake. The irreversible nature of viscous dissipation means that Φ is strictly positive. Local 

viscous losses accumulate throughout the flow field, which intuitively, and mathematically, by Eq. (10), always 

contribute to an increase in the drag power of the body. 



3. Volumetric Pressure Work Rate 

Outside of the boundary layers, compressible fluid behavior may be well approximated as a barotropic flow, that 

is 𝜌 ≈ 𝑓(𝑝) only, where any significant temperature variation is due to the near isentropic compression and expansion 

of the fluid. However, in the boundary layers some degree of irreversible self-heating always occurs which leads to a 

misalignment of the pressure and density gradients, the flow is more precisely described as baroclinic; 𝜌 = 𝑓(𝑝, 𝑇). 
The work of Sato [30] determined that baroclinicity is a requirement for Θ to make a net contribution to the drag 

power. The dissipative work done by viscous and turbulent shear stresses is accounted for by Φ, but the relatively 

small amount of expansion work, or positive baroclinic work, due to viscous heating is captured by Θ. Lamprakis [31] 

identified that baroclinic losses are primarily confined to the boundary layers, meaning that this loss can be well 

approximated by a volume integral enclosing the body and extending a short distance downstream of the trailing edge 

where the isentropic energy exchanges have self-cancelled [32]. The total baroclinic loss is therefore the net result of 

viscous heating and any other heat sources/sinks which do not reach thermal equilibrium isentropically. 

E. Wake Energy Decomposition 

The simplest application of Eq. (10) is to an inviscid, incompressible flow case. For a 2D airfoil, there are no 

losses, and the energy balance reduces to 0 = ℰ̇ [4], or −𝐸̇𝑝 = 𝐸̇𝑘, the pressure and kinetic energy fluxes 

counterbalance each other exactly. Introducing compressibility yields −ℰ̇ = Θ, which for a flow that has not fully 

expanded within the extents of its control volume (Θ ≠ 0), demonstrates that ℰ̇ contains a counterpart to Θ which 

accounts for the surface flux rate of the flow’s isentropic compression or expansion process. In a viscous flow, the 

effects of viscosity give rise to surplus mechanical energy, a quantity which is not counterbalanced by the pressure 

dependent terms, 𝐸̇𝑝 or Θ. In the absence of any mechanical energy recovery device, this surplus quantity is ultimately 

a loss, which is dissipated by turbulent and viscous shear stresses in the boundary layers and the wake, energy which 

is predominantly accounted for by Φ.  

The work-energy balance can be used to provide insight into the wake’s energy content and exchange pathways. 

Fig.  2 illustrates the general energy trends for an isolated body in steady level flight, moving through a compressible 

viscous fluid. Fig.  2 depicts that at an infinite distance downstream‡‡ the energy distribution consists of only global 

losses, Θ∞ +Φ∞. In terms of drag power fractions, Φ′ has accumulated and asymptotes towards a value equal to ( −
 

‡‡ Where 𝑽𝑎 = 0 and 𝑝𝑔 = 0.  



Θ∞′ ). Taking the spatial derivative of Eq. (10) in the freestream direction (𝑥̂) yields Eq. (13) and shows that the rate Φ 

accumulates is equal to the decay rate ℰ̇ + Θ. 

 dΦd𝑥 = −(dℰ̇d𝑥 + dΘd𝑥) = −(d𝐸̇𝑘d𝑥 + d𝐸̇𝑝d𝑥 + dΘd𝑥) (13) 

 

 

Fig.  2 General application of Eq. (10) to an array of control volumes with the Trefftz plane progressively 

moving downstream from the trailing edge to infinite. 

A consequence of Φ being strictly positive is that dΦ/d𝑥 must also be positive. For an incompressible flow Eq. 

(13) reduces to 
dΦd𝑥 = − dℰ̇d𝑥, there is a direct exchange of energy between the two terms. Close to the trailing edge and 

outside of the boundary layers, a significant portion of the energy is due to the relatively inviscid exchange between 

the pressure and velocity fields. Downstream of the body, the pressure field recovers over a short distance and as a 

result 
d𝐸̇𝑝d𝑥 ≈ 0 (see Fig.  5). The accumulation of Φ′ reaches a maximum as the wake’s kinetic energy asymptotes to 

zero, 
dΦd𝑥 ≈ − d𝐸̇𝑘d𝑥 . Similarly, in compressible flows, there is a rapid decay of Θ a short distance downstream of the 

trailing edge and the dissipative exchange of Φ and 𝐸̇𝑘 persists into the far-field. 

F. Potential for Energy Recovery 

The Potential for Energy Recovery (PER) metric first introduced by Sanders and Laskaridis [19] represents the 

fraction of the total drag power that has not yet been converted irreversibly to internal energy. Lamprakis et al. [23] 

further developed the metric to incorporate the baroclinic loss realized by Sato [30]. As PER constitutes the flow’s 

recoverable mechanical energy, it can, theoretically, be completely and directly converted to useful work by an ideal 
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mechanical energy device [33], as opposed to the conversion of heat to useful work, which is limited by the Carnot 

efficiency. PER may be applied to quantify the portion of the wakes energy at a given Trefftz plane position that could 

hypothetically be recovered by a BLI or wake ingesting propulsor.  

For incompressible flows, absent of baroclinic losses, the original formulation [19] is applicable: 

 (𝑃𝐸𝑅)𝑇𝑃 =  −Φ𝑇𝑃′  (14) 

For compressible flows, the baroclinicity corrected form [23] should be applied. This utilizes the calculation of 

the global baroclinic work, Θ∞, which, strictly speaking, makes Eq. (15) an approximation as there will be local 

baroclinic losses that exist within the chosen control volume. The assumption that these local losses are approximately 

equal to the global loss is valid as the baroclinic losses are predominantly confined to the boundary layers [31].   

 (𝑃𝐸𝑅)𝑇𝑃 ≈  − (Θ∞′ +Φ𝑇𝑃′ ) (15) 

In practice, the calculation of Θ∞ is performed by computing the integral over the entire CFD domain. 

III. Energy Analysis of an Airfoil with Adiabatic Walls 

Steady 2D RANS CFD simulations have been performed on the NACA0012 airfoil with an adiabatic wall 

boundary condition. Eq. (10) is applied to decompose the wake energy content, enabling PER to be calculated via Eq. 

(15). A rectangular control volume is assumed, following the description in section II.C. The front and side planes are 

fixed with respect to the CFD domain and positioned sufficiently far away such that their contributions to ℰ̇ are ≈ 0. 

Further details of the computational model, as well as a domain size and grid refinement study can be found in the 

appendix. The freestream temperature (𝑇∞) was held constant with the foresight of any future experimental work, 

which would require control of the two predominantly temperature dependent non-dimensional parameters 𝑃𝑟∞ and 𝛾∞. The angle of attack (𝛼), as well as the Reynolds and Mach number have been varied independently of one another 

whilst holding the others constant. The conditions simulated are listed in Table 1 and are limited to subsonic freestream 

flows, 𝛼 that avoid the stall region to ensure steady flow, and turbulent Reynolds numbers, based on the turbulent flow 

threshold for smooth flat plates [34]. 



Table 1 Adiabatic design of experiments 

 

Property Range 𝑅𝑒∞ 106, 107, 108 𝑀𝑎∞ 0.15, 0.30, 0.45, 0.60 𝛼 0, 2, 4, 6, 8
o
 

 

 The PER metric is applicable to any control volume with its Trefftz plane located at or downstream of the trailing 

edge. Fig.  3 demonstrates the downstream decay of PER for a symmetric flow, due to the accumulation of Φ. For the 

flow cases studied, different Mach number curves coincide with one another, as initially observed by Lamprakis et al. 

[23]. A deviation exists close to the trailing edge, but as shown by Fig.  4, PER becomes independent of the Mach 

number within ½ a chord. Therefore, total energy losses for a symmetric flow with adiabatic walls depend solely on 

the Reynolds number, higher Re increasing the viscous dissipation rate, thereby reducing PER.  

 

Fig.  3 Decay of PER downstream of the trailing edge for 0.15 ≤ Ma ≥ 0.60, fixed Re and α = 0˚. 

 

Fig.  4 PER versus Ma for a non-lifting flow, a) Compressibility dependent PER at trailing edge, b) 

Compressibility independent PER ½ chord downstream. 



 

The wake energy distribution is however influenced by the Mach number. Fig.  5 shows that close to the trailing edge 

there is a rapid exchange between the energy constituents. Increasing Mach number amplifies this behavior, due to 

the strong response of the pressure field to fluid compressibility. These pressure gradients are predominantly a 

response to the curvature and stagnation of the flow, which there is little of in the wake, and at 𝑑𝑇𝑃 𝑐⁄ > 2 the energy 

distribution again depends only on Re, as 𝐸̇𝑘 gradually decays and Φ asymptotes towards the global value shown in 

Fig.  6. The combination of high freestream Ma and Re can yield the unique result of negative ℰ̇. The increased 

dissipation rate reduces 𝐸̇𝑘 and therefore |𝐸̇𝑝| > |𝐸̇𝑘|. This is accompanied by positive 
dℰ̇d𝑥 close to the trailing edge, 

by Eq. (13) as Φ is strictly positive ℰ̇ must return to a positive value as 
dΘd𝑥 approaches zero. It is important to note, 

that negative ℰ̇ should not be interpreted as a source of thrust or energy, but rather, a result of the decomposition, as 

for flow conditions that produce it, it is compensated for by increased dissipation and locally counterbalanced by Θ. 

 

Fig.  5 Incompressible and compressible flows for α = 0˚. Top left: 𝓔̇′ , top right: (𝚯′ − 𝚯∞′ ) decay of volumetric 

pressure work, bottom left: 𝑬̇𝒌′ , bottom right: 𝑬̇𝒑′ .  

 As the freestream Mach number increases, density gradients in the flow become stronger. Subsequently, localized 

compression and expansion of the viscous fluid contributes to a net increase in internal energy. A small amount of 

work done is done by the local flow expanding against its surroundings caused by viscous heating, contributing to 

  
      

    
  



Θ∞. Whilst PER has been shown (Fig.  3) to be circumstantially independent of Ma, Fig.  6 shows how Ma influences 

the global energy distribution, increasing baroclinic losses (Θ∞′ ) and reducing the viscous dissipation (Φ∞′ ). For the 

adiabatic airfoil cases shown, the Θ∞′  residual accounts for a relatively insignificant portion of the total power 

distribution but does become significant for flows with heat sources/sinks and is discussed further in section IV. 

 

Fig.  6 Influence of Ma on both viscous and compressibility associated losses. 

 

Fig.  7 shows that within the limits of stall, PER increases with angle of attack. Neglecting the small contribution 

from Θ∞′ , the increase can be attributed to a reduction in Φ in the boundary layers. 

 

 

Fig.  7 Progression of PER and the viscous dissipation fraction in the wake for α = 0˚, 4˚, 8˚. 

To examine this further, a 𝐶𝑝 distribution is shown in Fig.  8. For increased 𝛼 there is a clear reduction in pressure on 

the upper surface associated with lift, this is accompanied by a region of adverse pressure. At the wall in the RRF, the 



momentum equation reduces to the viscous and pressure terms only, Eq. (16), revealing that in adverse pressure the 

flow curvature at the wall must be positive. 

 ∂𝑝∂𝑠 = 𝜕𝜏𝜕𝑛 = 𝜇 𝜕2𝑢𝜕𝑛2|𝑤 (16) 

This naturally reduces the wall velocity gradient 
𝜕𝑢𝜕𝑛|𝑤, reducing shear stress and viscous dissipation Φ, in the ARF 

more kinetic energy has been imparted to the flow. As global losses are governed by Re, the inevitable viscous 

dissipation is shifted downstream to the wake. On the lower surface an opposing effect can be observed from Fig.  8, 

a region of favorable pressure exists beyond the stagnation point (𝑥𝐵/𝑐 where 𝐶𝑝 =  ). However, the subtle shift in 

stagnation point and the prolonged region of favorable pressure, alters the distances at which these two opposing 

effects take place, producing the net result of increased PER. 

 

Fig.  8 Cp distribution comparison for α = 0˚, 4˚, 8˚, Ma = 0.15, Re = 106 

 

IV. Force and Energy Analysis of an Airfoil with Non-Adiabatic Walls 

Introducing a heat source or sink at the wall causes a local change in fluid properties that can have a significant 

effect on the boundary layer, the resulting energy balance, and the aerodynamic force vector, prompting analyses in 

both the force and energy domain. The energy analyses consider only the streamwise force component aligned with 𝑼 [6], as the lift force is typically defined to be perpendicular to the direction of motion [35] it does no work, and 

therefore makes no direct contribution to the energy exchange between the body and its surroundings. However, the 

aspects of the flow field that facilitate lift do influence the streamwise force and the wake energy distribution. 



To explore the influence of wall heating and cooling on the flow physics in both the force and energy domains, a 

second DoE has been performed over a wide range of uniform wall temperatures, whilst maintaining the 300K 

freestream temperature. Wall (𝑇𝑤) to freestream (𝑇∞) temperature ratios listed in Table 2 have been simulated for a 

range of Re, Ma and 𝛼, within the same limits of turbulent, steady, and subsonic flow from section III. 

Table 2 Non-adiabatic design of experiments 

 

Property Range 𝑅𝑒∞ 106, 107, 108 𝑀𝑎∞ 0.15, 0.60 𝛼 0, 2, 4o 𝑇𝑤/𝑇∞ 6/9, 7/9, 8/9, 1.0, 1.5, 2.0, 2.5, 3.0 

 

A. Effect of Surface Heat Transfer on the Boundary Layer 

Heating decreases the density of air and increases its molecular viscosity, the ratio of the two increases momentum 

diffusivity, 𝜈 = 𝜇/𝜌. In the absence of additional forces, the reduction in density naturally increases the thickness of 

the boundary layer. Heating the wall generates both a negative temperature and viscosity gradient in the wall normal 

direction, and an additional term arises in Eq. (16) when 
𝜕𝜏𝜕𝑛 is expanded out, to give Eq. (17). White [34] summarizes 

the work of Reshotko [10], which, using Eq. (17), describes how the wall temperature affects the near-wall curvature.  

Due to the negative viscosity gradient, in adverse pressure gradients wall heating can only increase the near-wall 

curvature, pushing the flow closer to separation. 

 𝜇 𝜕2𝑢𝜕𝑛2|𝑤 = 𝜕𝑝𝜕𝑠 − 𝜕𝑢𝜕𝑛 d𝜇d𝑛 (17) 

 Fig.  9 demonstrates this local behavior at 𝑥𝐵/𝑐 = 0.9, where there is more positive 
𝜕2𝑢𝜕𝑛2|𝑤, reduced 

𝜕𝑢𝜕𝑛|𝑤 and 

increased boundary layer thickness (𝑛𝑒) for greater wall temperatures.  



 

Fig.  9 Boundary layer velocity and temperature profiles normalized by 𝑻∞, 𝒖𝒆 and 𝒏𝒆 for a range of 𝑻𝒘, at 𝒙𝑩/𝒄 = 0.9 for Ma = 0.15, Re = 106 and α = 0˚.  

There are, however, more subtle factors that contribute to these changes in the boundary layer. Heating the laminar 

portion of the boundary layer has been shown to destabilize the flow [34], early workers discussed the use of wall 

cooling to delay the onset of turbulence [10]. Therefore, the thicker boundary layer for higher wall temperatures is 

partly due to a shift of the transition point towards the leading edge. At the same 𝑥𝐵/𝑐 the turbulent boundary layer of 

a heated wall is more developed and thus thicker. Furthermore, the pressure and density gradients now have 

components that lie perpendicular to one another and the baroclinic torque term (
1𝜌3 ∇𝜌 × ∇𝑝) in the vorticity transport 

equation is non-zero [36]. In adverse pressure gradients, the low-density fluid parcels close to the wall are decelerated 

more-so than those further away§§, pushing the velocity profile towards the less stable condition of positive near-wall 

curvature 
𝜕2𝑢𝜕𝑛2 as can be seen in Fig.  9 for 

𝑇𝑤𝑇∞ = 2 → 3. 

B. Near-Field Force Decomposition 

1. Drag Force 

The change in the viscous and pressure drag components relative to the adiabatic case for different ratios of 𝑇𝑤/𝑇∞ 

is shown in Fig.  10 for all the flow cases simulated. Two general trends can be clearly seen; heating reduces the 

viscous drag and increases the pressure drag, as may be deduced from Refs. [11] [12]. The opposite is observed for 

wall cooling. The reduction in 
𝜕𝑢𝜕𝑛|𝑤with heating, that was discussed in the previous section, combined with the small 

 
§§ Assuming only minor variation in 𝜕𝑝/𝜕𝑠 in the wall normal direction 



increase in molecular viscosity, evidently, produces a net reduction in wall shear stress, 𝜏𝑤 = 𝜇 𝜕𝑢𝜕𝑛|𝑤, which is 

consistent with the work of Mabey [11]. 

 

Fig.  10 Change in viscous and pressure drag components for all non-adiabatic flow cases simulated, normalized 

by the drag component of the adiabatic case. 

The increase in the pressure drag results from the difference between the surface pressure distribution on the fore 

and aft parts of the body. Fig.  11 compares the 𝐶𝑝 distribution for different 𝑇𝑤/𝑇∞ for a non-lifting flow of low Ma 

and Re. It shows that the difference in the pressure field is only significant towards the trailing edge, the stagnation 

pressure at the leading edge is virtually unchanged by the presence of a temperature gradient. The delayed recovery 

of the pressure field and the resulting increase in pressure drag in heated flows must therefore be due to the reduction 

in the pressure gradient tangent to wall, on average over the length of the body. At the wall where the pressure and 

viscous shear forces are in equilibrium, the reduction in the viscous force has a direct influence on pressure distribution 

by reducing the strength of the pressure gradient, delaying the recovery of the pressure field, and increasing the 

pressure drag. Similarly, the pressure drag increases by reducing 𝑅𝑒∞ for both the adiabatic and non-adiabatic case. 



 

Fig.  11 Cp distribution comparison for a range of 𝑻𝒘/𝑻∞ for α = 0˚, Ma = 0.15, Re = 106 

 

The change in the total drag (𝐷𝑇) depends on the significance of the pressure drag component of the adiabatic case. 

Fig.  12 highlights the two extremes, where heating has produced opposing trends. Low Ma, high Re and 𝛼 = 0° is a 

viscous dominant flow case, characteristic of thin boundary layers. Heating therefore reduces the total drag across the 

temperature range studied, whereas the pressure drag for a high Ma, low Re and 𝛼 > 0° is already significant, and 

heating of the walls amplifies this effect, increasing in the total drag. 

 

Fig.  12 Total drag force comparison between conditions which maximize the pressure drag and minimize the 

viscous drag. 

2. Lift Force 

The generation of lift ultimately requires flow asymmetry across the upper and lower surfaces. Asymmetry is 

typically achieved through combination of angle of attack and cambered geometry. Much less practically, non-uniform 

heating or cooling of the surfaces can also meet the flow asymmetry requirement. Samiee et al. [15] showed that 



heating the lower surface only generates lift*** for symmetric geometry with 𝛼 =  0°, heating of the upper surface 

would therefore produce a downforce. This agrees with Kallath et al. [16] work on local heating, for 𝛼 >  0° they 

conclude that heating the lower surface close to the trailing edge can augment the lift force, whilst heating the upper 

reduces it. Uniform heating therefore combines the effects of the upper surface lift reduction and the lower surface lift 

increase, Fig.  13 shows the net result for 𝛼 >  0°. The lift force is reduced linearly, behavior that is consistent across 

all flow cases and most sensitive to the same conditions which have a significant pressure drag component (low Re, 

high Ma). This net result demonstrates that for the same wall temperature the upper surface exhibits a greater 

sensitivity to heat rejection than the lower. This is due to the upper surface boundary layer predominantly being a 

region of adverse pressure for 𝛼 >  0° (Fig.  8), and the effect that this has combined with the temperature gradient on 

the near wall curvature as discussed in section IV.A. 

 

Fig.  13 Change in lift force against 𝑻𝒘/𝑻∞. 

Fig.  14 shows the surface pressure distribution for different 𝑇𝑤/𝑇∞ at 𝛼 = 4°. The forebody makes the largest 

local contribution to the lift force††† and is also the region where the most noticeable change occurs across different 𝑇𝑤. The magnitude of the stagnation pressure is unchanged by heating; however, the tangential pressure gradient along 

the upper surface is less favorable in the vicinity of the stagnation point, reducing the drop in pressure. McLean [37] 

discusses the reciprocal nature of the forces exerted on a fluid parcel and the inertia that sustains them. In the case of 

a heated wall, the reduction in density acts to reduce the magnitude of the fluid parcels inertia, and the strength of the 

pressure force (𝜕𝑝/𝜕𝑠) reduces accordingly. 

 
*** Or cooling of the upper surface only 
††† The region with the largest ∆𝑝 across the upper and lower at the same 𝑥𝐵/𝑐 position 



 

Fig.  14 Wall pressure distribution comparison for a range of 𝑻𝒘/𝑻∞, α = 4˚, Ma = 0.15, Re = 106. 

The discussion up to this point has focused on the surface pressure and the implications for the near field integral, 

the far-field integral provides an alternative perspective of the same phenomena. The equation may be formed by 

substituting the far-field relationship of Eq. (5) into Eq. (6) and taking the dot product with 𝑦̂ from Fig.  1: 

 𝐿 = −𝑭𝑖𝑠𝑜 ∙ 𝑦̂ = (− ∬(𝑽𝑎𝜌𝑽𝑟 ∙ 𝑛̂ + 𝑝𝑔𝑛̂)d𝒮𝑂𝒞𝒮(𝑡) ) ∙ 𝑦̂ (18) 

Assuming a control volume of infinite depth with a finite distance between its parallel front and Trefftz planes 

eliminates the pressure contributions [38] [39] from Eq. (18). This leads to Eq. (19) and the lift force may now be 

observed as the change in transverse momentum (𝜌𝑣𝑎) between the two planes: 

 𝐿 = ∬(𝜌𝑣𝑎)𝑢𝑟 d𝒮𝑂𝐹𝑃+∞
−∞ − ∬(𝜌𝑣𝑎)𝑢𝑟 d𝒮𝑂𝑇𝑃+∞

−∞  (19) 

Local heating increases the fluids momentum diffusivity (𝜈 = 𝜇/𝜌), reducing the rate that transverse momentum (𝜌𝑣𝑎) 

is imparted to the wake, leading to a reduction in lift. As demonstrated by Fig.  13, cooling has the opposite effect, the 

increase in density and fluid inertia produces a strong downward deflection of the flow at the trailing edge increasing 

the lift force. 

3. Aerodynamic Efficiency 

The effect of uniform surface heating and cooling has been assessed for both lift and drag independently of one 

another, demonstrating that cooling can increase the lift force whilst heating decreases it. The drag force does not 

exhibit the same monotonic behavior, as for the same 𝑇𝑤/𝑇∞, there may be a penalty or a benefit depending on the 



flow case. To understand the implications for the overall aerodynamic performance, the 𝐿/𝐷 ratio (𝛽) must be assessed 

as the two force components are intrinsically coupled. Fig.  15 shows this relationship between 𝛽 and 𝑇𝑤/𝑇∞, for a 

combination of Ma and Re that showcase the full range of 𝛽 sensitivity to wall temperature. 

 

Fig.  15 Lift to drag ratio of the non-adiabatic case normalized by the adiabatic case against 𝑻𝒘/𝑻∞. 

Assuming the lift requirement is unchanged, the reduction by uniform heating would require an increase of 𝛼, further 

increasing the drag towards a more pressure dominant case and potentially eliminating any aerodynamic benefit of 

surface heating. Fig.  15 shows that surface heating may improve the aerodynamic efficiency of a viscous dominant 

combination of low Ma and high Re due to the total drag reduction from Fig.  12 outweighing the reduction in lift. 

High Ma and low Re cases, as shown, are subject to both a severe lift and drag penalty. A small benefit at 𝛼 = 4° may 

be observed for surface cooling, which is the net result of increased lift and a reduction in pressure drag. 

C. Mechanical Energy Decomposition 

The trends of total drag force ratio (𝐷𝑞̇/𝐷𝑞̇=0) shown in Fig.  12 are identical to a drag power ratio, with negligible 

numerical difference between the two calculation methods, as demonstrated by the grid and domain size studies in the 

appendix. The work-energy balance provides additional insight into the losses, with a more extensive decomposition, 

not limited to just the viscous and pressure drag contributions. A consequence of wall heating is the portion of viscous 

dissipation that occurs over the body is reduced, and the loss is shifted downstream to increase the wake portion, as 

shown by Fig.  16. The wake region is defined from the trailing edge of the airfoil to an infinite distance downstream‡‡‡ 

 
‡‡‡ For the numerical calculation the extent of the CFD domain is used. 



and is calculated by Eq. (20), where Φ𝑡𝑒 is calculated over a control volume with its Trefftz plane located at the trailing 

edge (𝑑𝑇𝑃 𝑐⁄ = 0), and the surface normal parallel to the freestream velocity vector: 

 Φ𝑤 = Φ∞ −Φ𝑡𝑒  (20) 

 

Fig.  16 Viscous dissipation of the wake region normalized by the total viscous dissipation against 𝑻𝒘/𝑻∞. 

The reduced boundary layer dissipation leaves a larger portion of ℰ̇ and (Θ − Θ∞) remaining at the trailing edge, 

increasing PER at this location as shown by Fig.  17.  

 

Fig.  17 PER at the trailing edge against 𝑻𝒘/𝑻∞. 

The downstream decay of PER is presented in Fig.  18. Away from the trailing edge, PER is largely unaffected by 

the upstream heat rejection over the wide range of 𝑇𝑤/𝑇∞ that were simulated. Therefore, as was shown for an 

adiabatic airfoil, wake dissipation is governed predominantly by 𝑅𝑒∞ as 
dΦd𝑥  is practically independent of 𝑇𝑤/𝑇∞ 

beyond a Trefftz plane distance of ½ a chord (Fig.  18.b). 



 

Fig.  18 a) Downstream decay of PER, Ma = 0.15, α = 0˚, b) Viscous dissipation gradient against Trefftz plane 

position. 

 

Within ½ a chord downstream, the trend shown in Fig.  17 is reversed and persists into the far-field. PER now 

reduces with increasing 𝑇𝑤 due to the increase in Φ𝑤′  and Θ∞′ . Naturally there is a crossover point, which occurs 

marginally earlier for greater Re, due to the higher baroclinic work that is shown in Fig.  19. The portions of viscous 

and compressibility associated loss have changed significantly from that of the adiabatic case (Fig.  6).  

 

Fig.  19 Wall heating influence on the viscous and compressibility associated losses at an infinite distance 

downstream of the trailing edge for a non-lifting ‘incompressible’ Mach number.  

In the case of heating, work must be done by the local flow to displace the surroundings for the density gradients 

to exist. Simultaneously, the reduction in fluid density lessens the strength of the velocity gradients and therefore 

reduces the magnitude of the viscous shear stresses and Φ′. With a sufficiently large heat sink,  Θ∞′  becomes negative, 

and is accompanied by Φ∞′ >  , such that the work-energy balance is maintained. The same mechanism which 



increases Θ∞′  for heating, reduces Φ′. Fig.  19 demonstrates that when heat sources or sinks are present, compressibility 

associated (Θ∞′ )  losses can become significant even for ‘incompressible’ Mach numbers. Sanders and Laskaridis [19] 

note that some previous studies employing energy-based analyses, account for Θ’s contribution to the drag power by 

applying an assumed correction to Φ. This appears to be an unnecessary approximation and its implications could be 

particularly important for the accurate modelling of aero-propulsive configurations or surface heat exchangers. 

D. Considerations for Energy Recovery  

Establishing a well-defined measure of how much energy is theoretically recoverable is a logical first step prior to 

the development of an energy recovering device. In previous sections, the rationale behind computing PER for the 

body in isolation was to clearly distinguish between conditions which minimize and maximize the recovery potential. 

An energy recovering device aims to utilize the available PER at its inlet, to reduce the work supply rate from the 

aircrafts on board energy (𝑊̇), such that 
𝑊̇𝐷𝑉∞ <  . This concept may be expressed as Eq. (21), where a non-dimensional 

PER utilization factor is introduced, 𝜆, which may be ≤  . 𝜆 =   represents the ideal scenario where all PER is 

utilized, in the event of adverse propulsor-body interaction effects 𝜆 < 0 and therefore 
𝑊̇𝐷𝑉∞ >  . 

 𝑊̇𝐷𝑉∞ =  − 𝜆(𝑃𝐸𝑅) (21) 

 For real aircraft and propulsor geometry, demonstrating the aero-propulsive benefit of an energy recovering 

configuration requires comparison against a chosen baseline. The choice of baseline is somewhat arbitrary, as 

discussed by Hall et al. [40], however, in this section, where the airfoil body remains unchanged and the propulsor is 

conceptual, it is justifiably selected to be the adiabatic body in isolation.  Eq. (21) is rearranged to make 𝑊̇ the subject 

and then normalized by (𝐷𝑉∞)𝑞̇=0𝑖𝑠𝑜  to form Eq. (22), which is applied in Fig.  20. The aim here is to qualitatively show 

the potential reduction in 𝑊̇ under different flow and heating conditions for 0 ≤ 𝜆 ≤  . Here it is assumed that 

propulsor-body interaction effects are negligible, such that (𝐷𝑉∞)𝑞̇𝑖𝑠𝑜 = (𝐷𝑉∞)𝑞̇𝑟𝑒𝑐 and (𝑃𝐸𝑅)𝑖𝑠𝑜 = (𝑃𝐸𝑅)𝑟𝑒𝑐. 
 𝑊̇𝑞̇𝑟𝑒𝑐𝑊̇𝑞̇=0𝑖𝑠𝑜 = (𝐷𝑉∞)𝑞̇(𝐷𝑉∞)𝑞̇=0𝑖𝑠𝑜 [ − 𝜆(𝑃𝐸𝑅)] (22) 



These assumptions are valid for wake ingestion§§§ [40] [41], and have been shown to be a reasonable approximation 

for simplified BLI configurations**** on axisymmetric fuselages and flat plates [40] [41]. The approximation, (𝐷𝑉∞)𝑖𝑠𝑜 ≈ (𝐷𝑉∞)𝑏𝑙𝑖, holds for turbulent Re∞ [23], but may be less accurate for a powered airfoil or wing, as 

interaction effects are enhanced by greater ratios of propulsor diameter to body chord length [30]. Fig.  20 compiles 

the results of the non-adiabatic DoE for 𝛼 =  0° and 𝛼 =  4°, to show the relation between freestream conditions (Re∞, 

Ma∞), wall temperature, (𝑃𝐸𝑅)𝑡𝑒 and the non-adiabatic to adiabatic drag power ratio (𝐷𝑉∞)𝑞̇ (𝐷𝑉∞)𝑞̇=0⁄ . The drag 

power ratio map (shaded green) shows where there are purely aerodynamic benefits and penalties of heating and 

cooling relative to the adiabatic case, whereas including (𝑃𝐸𝑅)𝑡𝑒 shows where there are potential aero-propulsive 

opportunities for an energy recovering device. 

 

Fig.  20 Maps of non-adiabatic to adiabatic drag power ratio (shaded green), secondary x-axis showing maps 

(unshaded) of required propulsor work rate for zero and complete PER utilization. 

 
§§§ Analyses of wake ingesting propulsors typically assume the pressure field has recovered upstream of the propulsor 

inlet, 𝑝𝑔 ≈ 0. 
**** Axisymmetric fuselage or flat plate (adiabatic body) with a trailing edge actuator disc. 



For 𝜆 = 0, 𝑊̇𝑞̇𝑟𝑒𝑐 𝑊̇𝑞̇=0𝑖𝑠𝑜⁄ = (𝐷𝑉∞)𝑞̇ (𝐷𝑉∞)𝑞̇=0𝑖𝑠𝑜⁄  and the two maps coincide, though it is important to note that whilst 

these two ratios have the same value, they represent physically different quantities. This is made clear by increasing 𝜆, which shifts the 𝑊̇𝑞̇𝑟𝑒𝑐 𝑊̇𝑞̇=0𝑖𝑠𝑜⁄  maps to the left, leaving the shaded (𝐷𝑉∞)𝑞̇𝑟𝑒𝑐 (𝐷𝑉∞)𝑞̇=0𝑖𝑠𝑜⁄  map unchanged.  

 By using the adiabatic body in isolation as the baseline case, Fig.  20 highlights two opportunities for reducing 𝑊̇𝑞̇𝑟𝑒𝑐 𝑊̇𝑞̇=0𝑖𝑠𝑜⁄ , the first being a direct reduction in the bodies drag power by surface heating, and the other by energy 

recovery. For the heated non-lifting case there is synergy, as 𝐷𝑉∞ is reduced and (𝑃𝐸𝑅)𝑡𝑒 is maximized, offering the 

greatest potential to reduce 𝑊̇𝑞̇𝑟𝑒𝑐 𝑊̇𝑞̇=0𝑖𝑠𝑜⁄ . The lifting case (𝛼 =  4°) introduces two trade-offs, firstly there is a lift 

penalty associated with uniform surface heating††††, and secondly, for the low Re∞ 
high Ma∞ map,  (𝑃𝐸𝑅)𝑡𝑒 is 

maximized at the expense of increased 𝐷𝑉∞. However, depending on the value of 𝜆, there could still be a reduction in 𝑊̇𝑞̇𝑟𝑒𝑐 𝑊̇𝑞̇=0𝑖𝑠𝑜⁄ , suggesting that in some circumstances, localized heat rejection upstream of a BLI propulsor could be 

beneficial for performance, which is in agreement with Lamprakis et al. [22] work on axisymmetric fuselages. The 

lift penalty for uniform surface heating is, however, relatively insensitive to the high wall temperatures which have 

been simulated. For the extreme case, 
𝑇𝑤𝑇∞ = 3.0, the penalty is up to 20%, yet at more moderate temperature ratios 

such as 
𝑇𝑤𝑇∞ ≤  .5 the lift penalty is up to 5%. Uniform surface heating was implemented in this work to study the 

influence on the flow field, but for future aircraft with waste heat to reject, localized heating is anticipated to be a 

more practical scenario through the integration of surface heat exchangers [9]. Strategic placement of these could 

provide a means to minimize the lift penalty or even increase lift [16], whilst enhancing the performance of wing 

integrated BLI propulsors through an increase in the potential for energy recovery. 

V. Conclusion 

A work-energy balance has been derived from the governing equations for a body in dynamic equilibrium moving 

through an initially quiescent atmosphere. This mechanical energy-based formulation, alongside the conventional 

near-field force equation, has been applied to an extensive test matrix of 2D RANS CFD cases of the NACA0012 

airfoil. A range of freestream conditions have been examined for non-lifting and lifting scenarios with both adiabatic 

and non-adiabatic walls. The work-energy balance shows explicitly that the near-field work of the body manifests as 

global energy constituents, viscous dissipation and baroclinic work. The formulation enables the recoverable energy 

 
†††† Fig.  20 shows lift force ratios in magenta ref. from Fig.  13. 



fraction, PER, to be calculated, and its application to an energy recovery device has been introduced in the context of 

wake and boundary layer ingestion using a PER utilization factor. 

The analysis of a non-adiabatic body demonstrates that baroclinic losses can be significant even for low Mach 

numbers if heat sources or sinks are present, which is a direct result of non-isentropic expansion or contraction. The 

presence of strong thermal gradients reveals that PER is maximized by wall heating, as well as low Re, high 𝛼 and 

high Ma, within the limits of stall and absent of shocks. These conditions reduce the fraction of total viscous losses 

that occur over the body, increasing PER at the trailing edge.  

The increase in PER with wall heating, in some circumstances, such as lifting cases or low Re, comes at the expense 

of increased drag relative to an adiabatic case, due to the temperature gradients influence on the boundary layer, 

increasing its thickness and near wall curvature, pushing the flow towards separation. Despite this, a reduction in the 

required work rate supply from an on-board energy system may still be achieved, depending on the PER utilization 

factor of the aero-propulsive system. For a BLI system integrated into a lifting body, further consideration needs to be 

given as surface heating can introduce a lift penalty, potentially negating any benefits of increased PER. However, for 

uniform heating studied in this work, the lift penalty has been shown to be relatively insensitive for 𝑇𝑤/𝑇∞ ≤  .5. 

Strategic local heating is a potential means to mitigate this penalty or even enhance lift.  

Theoretically, heat sources and sinks could be used to optimize aerodynamic performance in flight. This isn’t 

necessarily practical, but it does raise an interesting question regarding the best use of rejected of waste heat from 

battery-electric or fuel cell powered propulsion systems. Furthermore, localized heat rejection upstream of a BLI 

propulsor could enhance performance through a reduction in local mechanical energy dissipation. As a minimum, the 

flow physics should be understood to ensure that any aerodynamic penalties, if unavoidable, are at least accounted for 

during the systems level design stage of new aircraft. 

Appendix 

A. CFD Model Setup 

 The NACA0012 airfoil with a sharp trailing edge has been used throughout this work‡‡‡‡. It has simple, symmetric 

geometry and existing experimental and CFD results are well documented. All CFD work has been performed using 

 
‡‡‡‡ https://turbmodels.larc.nasa.gov/naca0012numerics_val.html 



ANSYS FLUENT 2020 R2 and ICEM for meshing. Solutions were computed using the coupled solver, Green-Gauss 

cell-based gradient scheme with second order discretization and the k-ω SST turbulence model. Air was modelled as 

an ideal gas using Sutherland’s equation for 𝜇(𝑇). 𝑐𝑝 and 𝑘 were assumed to be constant for the study of an adiabatic 

airfoil and equal to the freestream values listed in Table 3, whereas in the non-adiabatic study a piecewise polynomial 

and a kinetic theory-based equation were used for 𝑐𝑝(𝑇) and 𝑘(𝑇), respectively. Boundary conditions are depicted in 

Fig.  21. 

Table 3 Freestream fluid properties 

 

Property Value Unit 𝑇∞ 300 K K 𝑎∞ 347.2 m/s 𝑃𝑟∞ 0.737 - 𝛾∞ 1.4 - 𝑐𝑝∞ 1006.82 J/kg/K 𝑘∞ 1.846 W/m/K 𝜇∞ 0.0252 (10-5) kg/m/s 

 

 

Fig.  21 CFD boundary conditions and domain shape, not to scale. 

B. Mesh Refinement and Domain Size Study  

A mesh refinement and domain size study for a single flow case has been performed following the method and 

nomenclature presented by ASME [42] . See Table 4 for detailed results. A total of nine meshes were produced, three 

domain sizes for three levels of mesh density, at Re = 6E+6, Ma = 0.15 and α = 10º. Normal to the wall a cell growth 

ratio of 1.05 was used, with the first cell height adjusted for each Reynolds number to ensure y+ was less than, but 

        



approximately equal to unity for all simulations. The distance from the leading edge to the pressure outlet (𝑑𝑓𝑓) in 

Fig.  21 is 300 chords for the final§§§§ domain size.  

 Importantly, Fig.  22 shows that the solution has approached the asymptotic range, where 𝐶𝐷𝑉 is the drag power 

non-dimensionalized by 
12 𝜌∞|𝑽∞|3𝒮. The error bars are within the Richardson’s extrapolated solution. The values of 𝐺𝐶𝐼𝑓𝑖𝑛𝑒21  are very low, almost less than 0.1% in all cases. Which means that no more than a 0.1% improvement to the 

results would be achieved with another refinement of the mesh for a refinement factor of 𝑟 ~  .3. Also shown in Fig.  

22 is a comparison of the drag power calculated using the work-energy balance and the drag power calculated using 

the near-field force integral. The two converged solutions match very well, which demonstrates that the work-energy 

balance theory discussed in section II has been applied correctly. 

 

Fig.  22 Mesh convergence results, comparing near-field force and work-energy balance solutions, error bars 

show the convergence error index 𝑮𝑪𝑰𝒇𝒊𝒏𝒆𝟐𝟏 , horizontal lines depict Richardson’s extrapolated values. 

Furthermore, Table 5 compares near field force predictions from different CFD codes using the k-ω SST turbulence 

model with that of the mesh independent solution in Fig.  22. There is excellent agreement between the lift and drag 

coefficients. The data in Table 5 was collated by Jespersen et al. [43] from the NASA Langley turbulence modelling 

validation site for the NACA0012 airfoil*****. These results are well correlated against wind tunnel data, demonstrating 

that the flow is represented accurately by the RANS solution. 

 
§§§§ Corresponds to large domain size in Fig.  22. 
***** https://turbmodels.larc.nasa.gov/naca0012_val_sst.html 



 

Table 4 Drag power dependence on mesh density for three domain sizes using two drag power calculation 

methods for comparison: (a) Work-Energy balance, (b) Near Field Force 

 Domain Size 1 Domain Size 2 Domain Size 3 𝑁1 1,152,215 998,915 845,615 𝑁2 648,249 556,349 464,449 𝑁3 371,893 313,631 251,751 

 (a) (b) (a) (b) (a) (b) 𝑟21 1.333 1.333 1.340 1.340 1.349 1.349 𝑟32 1.320 1.320 1.332 1.332 1.358 1.358 𝜙1 0.012627 0.012631 0.012647 0.012657 0.012690 0.012709 𝜙2 0.012632 0.012640 0.012648 0.012666 0.012691 0.012717 𝜙3 0.012612 0.012666 0.012637 0.012691 0.012683 0.012741 𝑄 4.70 3.83 8.83 3.75 5.92 3.64 𝜙𝑒𝑥𝑡21  0.012625 0.012627 0.012647 0.012653 0.012689 0.012705 𝑒𝑎21 0.043% 0.072% 0.006% 0.069% 0.010% 0.062% 𝑒𝑒𝑥𝑡21  0.015% 0.036% 0.001% 0.035% 0.002% 0.032% 𝐺𝐶𝐼𝑓𝑖𝑛𝑒21  0.019% 0.045% 0.001% 0.043% 0.003% 0.040% 

 

Table 5 Comparison of nearfield force predictions by different CFD codes using the k-ω SST turbulence 

model against the grid independent solution. Data extracted from ref. [43]. 

CFD Code 𝐶𝐷 𝐶𝐿 

FLUENT (current paper) 0.01263 1.0767 

CFL3D 0.01236 1.0778 

FUN3D 0.01253 1.0840 

NTS 0.01251 1.0765 

OVERFLOW 0.01262 1.0847 
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