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ABSTRACT 

Studies have been made of the structure 

of weak compression (shock) waves in relaxing 

gases. These studies have been primarily concerned 

with the development of separate theoretical 

and experimental techniques. These t~chn1ques 

are not inter-related in general except in the 

overall context of Vibrational relaxation. 

The theoretical studies have been concerned 

with the influence on the structure of weak no~mal 

shock waves of translational non-equilibrium. 

bimodal relaxation and second order unimodal 

relaxation. The affect of translational non­

equilibrium on the relaxation process has been 

stUdied by forming an asymptotic expansion in the 

ratio ot the viscous length to the relaxation 

length. The perturbation scheme was singular and 

required the application at the method of matched 

asymptotic expansions. Bimodal relaxation has 

been studied by forming an asymptotic expansion 

in the ratio of the energy of the secondary 

vibrational mode to the total Vibrational energy. 



The addition of a second order term to 

the rate equation describing the behaviour of a 

single vibrational mode has also been studied by 

forming an asymptotic expansion. In this case. 

the perturbation parameter was the ratio ot the 

two relaxation times concerned. 

The experimental studies have been 

concerned with the production and study or weak 

normal shock waves in the Cranfield Institute or 

Technology 2" shock tube. A time resolved 

quantitative schlieren system has been used for 

the study ot the weak normal shock waves. This 

particular system had been developed previously 

for this purpose. and further developments and 

refinements have been made to it. 

Experimental studies have been made with 

the schlieren system ot the structure or strong 

inc ident shock waves in c arbon dioxide. The 

vibrational relaxation time of carbon dioxide 

determined in this way for translational 
o 0 

temperatures trom 300 K to 1200 K has been found 

to be in reasonable agreement with measurements 

made elsewhere. 



A technique has been developed for the 

production of weak incident shock waves in t.i.1e 

shock tube, which involved the positioning of a 

perforated plate in the channel of the shock tube. 

The vibrational relaxation time of carbon dioxide 

determined in this wB¥ for translational 
o 

temperatures of approximately 300 K has been found 

to be in good agreement with measurements made 

elsewhere. Good agreement has also been obtained 

between the experimentally measured denSity 

gradient profiles and theoretical profiles. The 

curvature of the shock waves obscured the transition 

from a fully dispersed to a partly dispersed shook 

wave. 

Further improvements and refinements have 

been made to a technique which had been developed 

previously for tl~ propagation of weak normal 

shock waves through the reflected shock region 

of the shock tube flow. 'i'his technique was used 

to study the behaviour of fully dispersed shock 

waves at high temperatures. The relaxation time 

of carbon dioxide determineu in this WB¥ for 
o 0 

temperatures trom 300 K to 600 K has been found 

to be in good agreement wi th measurements made 

elsewhere. 
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1. G~{&RAL INTRODUCTION. 



a 
1.1. Vibrational Energy 

The exi t ati on and de-exi. tation of the vibrational DIOdes 
of gas""o\ec..~\(.s is but one aspeot of the real ~and.o behaviour ot 
gases. All gases exhibit real gas behaviour; ~ the magnitude ot 
the et:f'eots ve.ry. It is torro tous that at normal temperatures and 
pressures the major constituents of air, namely o~gan and nitrogen, 
exhibit negligible real gas eitecis. At bigh ambient t8lllP81"aturea or 111 
high velooi ty flight, where large amounts of the kinetio energy of 
the flow are oonverted into thermal energy in the vioini t1' of the 
vehiole, these real gas etteots oease to be negligible and arust be 
taken into acoount in 8DY' rigorous evaluation of the aero~oa 
ot the now oonoerned. The particular real gas phenomenon of 
interest here is the manner and rate at whioh energy is re-distributed 
amongst the vibrational modes of a polyatomio gas moleaUe in a 
non-equilibrium situation. The studies whioh have been oonducted 
have been oonoerned with general aspeots ot vibrational behaviour 
rather thaD the evaluatien of the properties of ezq particular gas. 

In general, the rotational behaviour ot a polyatomo 
gall oazmot be almply desoribed. However, as carbon dioxide belongs 
to the olass ot linear polyatomio molecules, that is, its nuolei lie 
on average along a straight line, the roational behaviour oan be 
described by a 01assioal1y excited rigid rotator model. 

The vibrational behaviour ot carbon dioxide oan be 
described by either a truncated harmonic oscillator or an anharmonio 
oscillator; depending on the accuracy required and the vibrational 
energy levels. The oarbon dioxide molecule oomprises two o2;Ygen atoms 
and a carbon atom oonneoted together by ohemioal \;.~"'~" as indicated 
in figure 1.1. It -oan be seen that the molecule haa two bending 
modea, a ay1IIIIetrio stretching mode and an asymmetrio stretohing moele. 

Each of these modes ~ be described by either of the , 
above models. However, the bending modes of the carbon dioxide 
mo1eaule are in Ferllli resonance with the syDIIletrio stretohing mode, 
so, tor <%Ynamio oeneiderations, these modules can' be oonsidered to b. 
acting together. 

The simple harmonio osoi1lator does not take acoount 
ot the real behaviour ot the atoms either at large separation distances; 
approaching dissooiation, or very small aeparation distanoea, when the 
atoms should oollide. Nevertheless, the trunoated harmonio oaoillator 
dOes provide aD excellent description of the behaviour of the module 
tor low vibrational e'f'\~"l 'J 1&,\1(.1$. 



The potential energy curves tor an harmonio 
oscillator and an anharmonic oscillator are shown in figure 1.2. 
The anharmonic curve is due to Morse. It can be sean that the 
anharmonio model takes account ot the approach to dissociation 
aDd the limiting minirmun separation distanoe ot the atOlls. 

For the purposes ot calculating the vibrational enerpe. 
in the present studies, the tabulated data ot Hilsenrath _t al 
(Ret.1.1.) has been fitted with polynomial curves. 

'l'he description given bY' the truncated harmoD1o 0.oil1ator 
model. ot the energ,r oontent ot a vibrational mode i. as tollowsl 

R Qvib g 
-rib • 1.1. 

( Qvib 
ezp 

) -1 

T 

where GT.lb is the oharacteristio vibrational temperature ot the 
appropriate IIOde. For oarbon dioxide, these temperature are, 

Qvib (bending) 

Qvib (symmetric stretch) 

Qvib (a~trio stretoh) 

• 9590
X: 

• 1920~ 

• 3380~ 

3 

The quantum description ot the ~o behaviour ot gas 
molecules given by so called 'Master Equation' (page 298 ot Ret 1.2.) 
is 00DSi4erablT simplified tor the case ot a s1rrple hannonio osoillator. 
This was fir.t noted bl Landau and 1'eller (Ret. 1.3.) mel the tollow1q 
equation tor a oollection of simple harmonio 080illator. was t1rri 
'I1van'b,y Bethe and Teller (Ret. 1.4.) 

!t E. vib • - ~ \ i. vib - Lvib (equi1.) ! 1.2. 

where C is the relaxation time, or time oonstant, ot the mode and 
£ ~ •. its energy. It oan be seen that the equation states that the 
rate ot ohange ot energy in the mode is proportional to its departure 
t.rom equilibrium. 

It can be shown f'rom a consideration ot the transition 
probabilities that the relaxation time can approximated b,y the 
tollowing relation (Page 315 ot Ret. 1.2.). 

A. a result ot this solution, 1II0st relaxation ti_ data i. 
pres_ed on the Landau-Teller plot ot 

. in (p) verBU8 T1-



4. 

1.2. The Study o:f Vibrational Behaviour 

The vibrational behaviour o:f a gas molecule can be 
studied by subjecting the molecule to a known input o:f 
energy and observing the response o:f the vibratio.llal modes' 
directly or indirectly. There are many :forms o:f input ' 
which can be used, but the two most commonly used are a 
sinusoidal and a step input of energy. In the case of 
the sinusoidal input, the characteristics o:f the vibrational 
modes can be determined :from the attenuation and phase 
sh1:ft in the response o:f the vibrational modes. In the 
oase o:f the step input, the transient response of the 
vibrational modes is observed. 

The earlier studies of vibrational relaxation made 
use of the first of these methods, Pieroe (Ref. 1.5). 
Ultrasonic sinusiodal waves were driven through the gas 
by means of a piezo-electric crystal, which was made to 
osoillate at a ohosen frequenoy. The waves were refleoted 
:from a flat plate positioned a short distance from the 
crystal to form a system of standing waves between the 
crystal and the plate. The attenuation and speed of 
propagation of these waves were determined for a range 
of frequencies. 

The form of the result which was obtained is shown 
in Figure 1.3. The frequency of maximum attenuation per 
wavelength was the inverse of the relaxation time. The 
majority o:f the results which were obtained in this way 
were restricted to near room temperature conditions and 
only recently have relaxation times been determined in 
this way for elevated temperatures, Oarnevale (Ref. 1.6). 

The step input of energy to the gas moleoule is 
obtained by \/ay of the shock wave. However, the shock 
wave is only one feature of supersonic flows. As the 
strength of a disturbance in a gas is increased it 
becomes possible to distinguish between compressions 
and expansions. This is of great value in this context, 
because it enables the excitation and de-excitation of 
vibrational modes to be studied separately. One, two 
and three dimensional flows can be generated, but it is 
advantageous for practical and analytical purposes to 
keep the flow field as simple as possible and to use 
the minimum number of dimensions required for a stable 
flow situation. A steady compression, or shook wave, 
can be generated in a one-dimensional flow, whereas an 
expansion is essentially unsteady and requires a 
minimum of two dimensions for stabi1i'ty. 
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The form of the ehook waves whioh oan be produoed in 
a vibrationally relaxing gas have been oategorised by 
Lighthill (Ref. 1.7) into partly dispersed and fUlly dispersed 
shock waves. Sketches of typical velocity profiles for 
these types waves are presented in Figure 1.4. A partly 
dispersed shock wave is defined as one in which the speed 
of the gas flowing into the wave is greater than the speed 
of sound of the gas caloulated wi th all of the vibrational 
modes frozen. It oan be seen from Figure 1.4 that the 
partly dispersed shook wave consists of a thin diffusion 
resisted shock front followed by a broad relaxation region. 
This oharacteristio of the partly dispersed shook wave 
arises from the fact that the vibrational modes of a gas 
molecule require several thousands of moleoular oollisions 
in order to equilibrate, whereas the translational and 
rotational modes require only a few oollisions. It oan be 
assumed for most studies of vibrational relaxation that the 
vibrational modes remain frozen through the diffusion 
resisted shock front and that they eqUilibrate with the 
translational and rotational modes in the relaxation 
region. 

If the velooity of the gas flowing into the shock 
wave is less than the speed of sound of the gas caloulated 
with the vibrational modes frozen, then the diffusion 
resisted shock front ceases to exist and the wave beoomes 
fully dispersed as shown in Figure 1.4. The struoture of 
the fUlly dispersed shook wave is determined solely by the 
balanoe between the convective steepening of the wave and 
the relaxation of the vibrational modes. The thermodynamio 
and velocity gradients within the fully dispersed shook 
wave are so small that diffusive effeots oan be neglected. 

The expansion is inherently more unstable than the 
shock wave in that there is no oonvective steepening 
present, and the expansion continues to grow with distanoe 
or time from its point of origin. The struoture of the 
expansion is therefore very sensitive to disturbances at 
its point of origin. The expansion is also far less 
sensitive to vibrational relaxation than the shock wave. 
Consider the sketch of an unsteady expansion which is 
shown in Figure 1.50 For a given upstream velocity, u1 , 
the downstream velooity, u , will depend upon the degr6e 
to which the vibrational m6des eqUilibrate with the 
translational and rotational modes. 

The two extremes of frozen and equiibrium flow are 
shown. The velooity profile must lie between these two 
extremes regardless of the Vibrational relaxation times. 
Clearly, the profile is very insensitive to the relaxation 
time oonoerned. 



Shock waves and both steady and unsteady expansions 
can be produced and studied in gases at high temperatures 
by the use of the shock tube. The strong incident shock 
wave has provided a means of studying many gas-dynamic rate 
prooesses, not least of which has been vibrational relaxa­
tion. Wedges have been placed in the flow of hot gas 
behind the incident shock wave to produce two-dimensional 
shock waves and expansion fans, and multiple diaphragm 
techniques have been used for theproduction of unsteady 
expansions. The reflected shock wave has also been used 
for the study of rate processes. 

Many techniques have also been developed for the 
observation and measurement of these rate processes. 

The details of these techniques for the production 
and study of rate processes in the shock tube will not 
be entered into here. The relevant aspects of these are 
reViewed and discussed in the appropriate seotions herein. 

,. 



1. , Present Studies 

The present studies have been primarily conoerned 
with the gas dynamics of flows in relaxing gases and not 
with the determination of the moleCular properties of the 
gases. 

The two main aims of the present studies were the 
extension of the basio theories governing the dynamios 
of relaxing gases and the investigation of experimental 
techniques for the production and study of relaxing gas 
flows. 

The theoreotical and experimental studies are not 
necessarily related, except in the overall context of 
vibrat10nally relaxing gas flows. However, where applic­
able, and bearing in mind the 11m! tations of both the 
theoretical and the experimental studies, comparisons have 
been made between the results of the various studies. 

In addition, an essential part of the assessment 
of any experimental results is the determination of 
relaxation times for comparison with the results of other 
researchers. 

\ 

The stUdies have been restricted to vibrational 
behaViour in normal shock waves. The theoretical studies 
have been further restricted to weak normal shock waves 
in order to obtain closed form analytical solutions, but 
these solutions will also be qualitatively correct for 
strong shook waves. Norwal shock waves have been produoed 
exper1mSltally in carbon dioxide in the Crantield 
Institute of Technology 2" shock tube. 

An assumption which is normally made wi th regard 
to the shock wave in a vibrationally relaxing gas is 
that transport effects can be neglected in the analysis 
of the relaxation process. It is assumed that the therm­
dynamic gradients are so small in the relaxation resisted 
parts of the wave as to render diffusion regligible, and 
that the diffusion resisted front of the partly dispersed 
shock wave is negligibly thin. An analysis has therefore 
been developed which takes into account the first order 
effeots of diffusion. This has made use of a perturba­
tion scheme based on the ratio of the viscous length to 

7. 

the relaxation length of the gas, which is a small quantity 
for most gases. This analysis together with some theoretical 
profiles is presented in Section 2.2. 



Previous experimental analyses of the behaviour of 
ga~es with more than one aotive vibrational mode have assumed 
that the vibrational modes behave as a single mode having the 
total vibrational energy of the molecule and governed by a 
single rate equation. Theoretical analyses have been based 
on the calculation of special cases, see Clarke and Rodgers 
(Ref. 1.8), and closed form analytical solutions restrioted 
to limiting cases of infinite relaxation times, Becker 
(Ref. 1.9) for example. 

It has been observed that the vibrational behaviour 
of certain gases is dominated by one of the vibrational 
modes. This arises because the amount of energy stored in 
the dominant mode is considerably in excess of that in the 
other modes. A bimodal analysis has therefore been 
developed using a perturbation scheme based on the ratio 
of the energy in the secondary vibrational modes to the 
total vibrational energy. This allows the relaxation 
times to be arbitrarily chosen. A first order correotion 
to the unimodal behaviour has been developed in this way. 
This analysis is presented in Section 2.3. 

A further assumption whiCh has been made use of 
extensively in vibrational studies is that the behaviour 
of the Vibrational modes can be described by the linear 
rate law derived by Bethe and Teller (Ref. 1.4). The 
experimental findings of Zienkiewicz and Johannesen 
(Ref. 1.10) had indicated that this rate law may not have 
been applicable. A first order correction to this 
behaviour has been derived by assuming that the linear 
rate law is the first term of an expansion of a more 
complex funotion and determining the seoond term. This 
analysis is presented in Section 2.4. 

A teohnique was required for the observation and 
measurement of the normal shock waves produced in the 
shock tube. At the outset of the work, a Maoh Zehnder 
interferometer and a time resolved schlieren system 
were available for use with the shock tube. A review 
was made of other available techniques and it was 
ooncluded th~t the time resolved schlieren system would 
Oe the most applicable to the present studieG. The 
reasons leading to this choioe, a description of the 
sohlieren system, an analysis of its performanoe, and 
the developments whioh have been made to~ are desoribed 
in Seotion 3.1. 

I. 



Extensive use has been made of the relaxation regions 
of strong incident shock waves for the study of vibrational 
relaxation, and many measurements have been made of the 
relaxation time of carbon dioxide in this way. The 
performance of the schlieren system was evaluated by 
applying it to the study of such relaxation regions and 
comparing the results with those of other researchers. 
A better understanding of the problems associated with 
the study of strong incident shock waves was obtained, 
and techniques for the improvement of the observation 
and measurement of these regions have been investigated. 
These studies are presented in Section 3.2. 

At the outset of this work, doubts existed regarding 
the behaviour of the relaxation regions behind the strong 
incident shock waves, because, as noted above, the results 
obtained by Zienkiewicz and Johannesen (Ref. 1.10) 
indicated that the relaxation time might depend on the 
departure from equilibrium within the relaxation regions. 
The departures from equilibrium within fully dispersed 
shock waves are inherently less than those in the 
relaxation regions of strong incident shock waves. 
Therefore, the vibrational behaviour should be much closer 
to that given by the 'heat bath' theory of Bethe and Teller 
(Ref. 1.4). 

The fully dispersed shock waves also had the advantage 
that their structures were inherently more sensitive to 
vibrational behaViour, while changes in the relaxation 
time(s) through them could be neglected. A major part 
of the present experimental studies has therefore been 
concerned with the production and study of fully dispersed 
shock waves propagating through regions of elevated 
temperatures. 

As a preliminary to these studies, weak incident 
shock waves have been produced and studied. These waves 
have been used to study weak partly dispersed shock waves 
and fully dispersed shock waves, including the transition 
between the two. The small change in the translational 
temperature through these waveG has allm'led the relaxation 
time to be talcen as a constant through them. This has 
enabled direct comparisons to be made between theoretical 
Wid experimental profiles without the added complication 
of variations in the relaxation time through them. A 
double diaphragm technique has been developed for this 
aspect of the experimental studieG. The ~evelopmen~ of 
this and the results which have been obta1ned with ~t 
are presented in Seotion 3.3. 



A technique had been developed previously for the 
propagation of fully dispersed shock waves through gases 
at elevated temperatures (Ref. 1.11). This technique 
involved the use of a porous end wall in the channel of 
the shock tube. As the incident shock wave reflected off 
the end wall of the shock tube, a small portion of the 
wave travelled into the porous end face to reflect from 
the back face and re-emerge into the reflected shock 
region as a fully dispersed shock wave some time later. 
The technique has been further developed and improved, 
al though no major advance has been made with it. This 
wor~ is presented in Section 3.4. 

10.'*- .... 

A description of the Cranfield Institute of Technology 
2" shock tube, the improvements which have been made to it, 
and a discussion of real shock tube behaviour are given in 
Appendix 2. An error analysis for the schlieren system 
and the particular experiments is given in Appendix 3. 

Conclusions have been reached regarding the applicability 
of the theoretical and experimental techniques which have 
been inve~tigated. These, and recommendations for future 
work are presen"ted in Section 4. 
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2. THEORETIC..:\L STUDIES, 



Theoretical studies have bean made or oertain aapeots 

ot vibrational relaxation in weak normal shook wave •• 

The erreot or translational non-equilibrium on 

~2. 

vibrational relexation has been studied by rorming an aaymptotio 

expansion in the ratio or the visoous length to the relaxation 

length. The perturbation soheme was singular under oertain 

oondi tions and required the application or the method or mtohed 

a~totio expansions. 

Inv1soid bimodal vibrational relaxation has been 

studied by torming an a~ptotio expansion in the ratio of the 

anergy ot the secondary vibrational mode to the total vibrational 

lanergy. In this ~, no restriotion had to be plaoed on the 

relaxation time. involved in order to obtain an analytical 

solution. 

The addition of a seoond order term to the rate equation 

describing the behaviour of a single aotive vibrational mode 

haa also been studied. 



NOTATION. 

a Speed of sound. 

C Specific heat. 

D Diffusion coefficient. 

e Energy. 

F Total momentUlll. 

h Enthalpy. 

H Total enthalpy. 

k Constant. 

K Mach number. 

D Number. 
• 
N Number rate of production of molecular species. 

p Pressure. 

pu X-wise component of stress tensor, p • xy 

en X-wise component of energy flux vector, <lx' 
Q Hass flow. 

Rg Particular gaa constant. 

R Rate tel'll. 

s Entropy. 

t Time. 

T Te.perature. 

u Velocity. 

v,V Non-dimensionalised velocity. 

x Co-ordinate. 

z,Z Non-dimensionalised .~o-ordinate. 

CI Constant. 

S Non-dimensionalised specific heat. 

c Perturbation parameter. 

Ie Equivalent bulk viscosity. 

.. Coefficient of viscosity • 

v Vibrational mode. 

II Density. 



NOTATION CONT'D. 

y Ratio of specific heats. 

e,e Non-dimensionalised temperature. 

o Perturbation parameter. 

T aelaxation time. 

6 PerturbatioD parameter. 

r CoDatat. 

SUBSCRIPTS. 

s Downstream state. 

t Translational mode. 

r Rotational mode. 

1 Combined translational and rotational .o4.s. 
2 First vibrational mode. 

a Second vibrational mode. 

f Frozen stat •• 

• Equilibrium state. 

• Upstream state. 
a MOlecular species. 

V V1br.tioD&l. JaOCl.s. 



2.1 Introduction 

Three aspects of the structure of shock waves in 
relaxing gases have been investigated theoretically. 
The approach taken has been to develop extensions to the 
basic theory of fullyQ~~ partly dispersed shock waves 
by way of perturbation teohniques. 

The first extension to the basic theory was ooncerned 
with the effects of viscosity, heat conduction, rotational 
relaxation and mass diffusion of the Vibrational energy 
on the profiles ot shock waves in vibrationally relaxing 
gases. In the theory ot fully and partly dispersed shock 
waves, as presented by Lighthill (Ret. 2.1) and Clarke 
and I'loChesney (Ref. 2.2), all of these effects are 
neglected. In the case of the partly dispersed shock 
wave they are assumed to be ei ther confined wi thin a . 
negligibly thin diffusion resisted shock front or negligible 
in the relaxation resisted parts of the wave. In the oase 
of the fully dispersed shock wave these effects are assumed 
to be negligible throughout the wave •. 

These are very reasonable assumptions, because the 
translational and rotational ~odes adjust very quickly 
compared to the vibrational modes. For example, the 
rotational relaxation time of carbon dioxide, has been 
determined by ultrasonic techniques; Ener, Gabrysh & 
Hubbard (Ret. 2.3), to be of ~,,(. order of 2.3 x 10-3 
microseconds at NTP, whereas the relaxation time of the 
vibrational roodes·is of the order ot 7 microseconds at 
NTP. Thus, the thickness of the diffusion resisted shock 
front is of the order of 10-4 times that of the vibrational 
relaxation region, and the translational and rotational 
modes adjust so rapidly on the scale of the vibrational 
relaxation region that they can be taken as being in 
equilibrium throughout it. These assumptions are also 
borne out by measurements of the thicknesses of diffusion 
resisted shock waves in oarbon dioxide made by Anderson 
and Hubbard (Ref. 2.4), who found the thickness ot a 
shock wave of Mach 1.23 to be 5 x 10-5 oms. at NTP. 
This compares to vibrational relaxation regions having 
thicknesses of 0.5 cms. at NTP, Zienkiewicz and Johannesen 
(Ref. 2.5) and Simpson et al (Ref. 2.6) and many others. 

Most experimental studies have been ooncerned with 
either the diffusion resisted shock front or the vibrational 
relaxation region. It is of interest to question the 
nature of the interaction be~~een translational and 
rotational non-equilibrium and vibrational non-equilibrium 
at positions in the wave where they have the same order of 
eftect on the shock profile. Such a region must exist 
between the downstream end of the diffusion resisted shock 
tront and the upstream end of the vibrational relaxation 



region. In this region the thickness of the diffusion 
resisted shock front would consti tute 1~; of the width 
of the region and there would be a 1% change in the 
thermodynamic state of the gas through the region due to 
vibrational relaxation. Clearly, any attempt to study 
this region would be frought with difficulties. 

As the strength of the shock wave is reduced, a 
stage is reached when the diffusion resisted shock front 
disappears and the wave becomes fully dispersed, as 
discussed in Part 1. However, the width of the diffusion 
resisted shock front increases as its strength decreases, 
so the possibility exists that it could become of the 
same thickness as the vibrational relaxation region. 

It is olear that, if such a region could be found, 
it would be in a weak shock wave in the vicinity of the 
transition from a fUlly dispersed to a partly dispersed 
shock wave. The extension to the theory which has been 
developed hau therefore been restricted to weak shock 
waves. This is also convenient mathematically, because 
several approximations can be made which mmplify the 
solution and enable an analytical solution to be obtained 
without significantly cl~ging the essential physics of 
the flow. Nevertheless, if necessary, the results could 
be qualitatively applied to strong shock waves also. 

The requisite conservation and rate equations and 
their derivation from the equations of change together 
with the approximations which have been made are presented 
in Appendix 1. 

As noted above, the effects of translational and 
rotational non-equilibrium on the scale of the vibrational 
relaxation region are very small. This fact appears in 
the non-dimensional equations derived in Appendix 1 through 
the small parameter, e • 

This parameter has the appearance of the inverse of 
a Reynolds number baoed on the cllaracteristic length of 
the vibrational relaxation region. 

A perturbation scheme has been developed with this 
parameter. The first term of the solution, with C a 0, 
yields the partly dispersed/fully dispersed solution, as 
would be expeoted. This solution is presented in 
Seotion 2.2.1. 



2.1 

The presenoe of the diffusion resisted shook front 
appears as a s~gularity at the upstream end of the partly 
dispersed shook wave in this solution. It is found that 
the perturbation soheme must be developed in three separate 
flow regimes. These are: the fully dispersed shook wave 
where the departure of the wave strength from that required 
for transition is greater than the perturbation parameter; 
the partly dispersed shook wave where the departure of the 
wave strength from that required for transition is also 
greater than the perturbation parameter; and the region 
of the transi tion wave where the departure of the wave s tr8ll8th 
from that required for transition is of the same order as 
the perturbation parameter. 

The solution for the partly dispersed shook wave is 
given in Seo~on 2.2.2. The region of the singularity is 
investigated by the applioation of the method of matohed 
asymptotio expansions due to Van Dyke (Ref. 2.7.) The 
variables are scaled by functions of the perturbation 
parameters so as to transform the singu,lari ty to a region 
of order unity. The first order solution for this "inner" 
region, witht • 0, is that for a diffusion resisted shook 
wave with rotational relaxation and oonstant thermodynamio 
properties. 

The equations which are obtained in this case are not 
amenable to analytioal solution. An analytioal solution 
has been obtained by the use of an equivalent bulk visoosity 
description for the rotational behaviour. This is aoceptable 
because of the weak nature of the wave, Anderson and HOrnig 
(Ref. 2.4), but does preclude any consideration of separate 
rotational/vibrational ooupling. 

Aooording to the theory of matohed asymptotic expansions, 
the "inner"solution must "matoh" the "outer" solution for 
the relaxation region. 

In general, the first term of the "inner" solution 
should also provide information regarding the .. soaling of 
the seoond term of the "outer" solution. In this particular 
oase, the first requirement is met, but the exponential 
nature of the solution for the diffusion resisted shook 
wave at its upstream and downstream limits preoluded any 
information regarding the next term of the "ou1;er" expansion. 
The solution for the vibrational relaxation region was 
therefore oontinued as an asymptotio power series in ~ • 



~e separate con~ributions from viscous diffusion 
and heat conduction, rotational relaxation; via the 
bulk viscosity, and mass diffusion of the vibrational 
energy could be identified in the next term of this 
outer expansion. There was no evidence in this term of 
any conditions which might produce the desired region 
because the solution w~s dOminated by the small value' 
of the perturbation parameter. The second term of the 
expansion in the "inner" region was found in a similar 
manner. This was also of order £; for matching with 
the "outer" solution. This did not yield any further 
information and the partly dispersed wave solution was 
left at this stage. 

2t 

The first term of the expansion for the fully 
dispersed shock wave possessed no Singularities and was 
therefore continued as an asymptotic power series. This 
solution is presented in Section 2.2.3. As with the 
partly dispersed shock wave, the contributions of 
translational and rotational non-equilibrium remained 
of the same order as the perturbation parameter through­
ou t the wave. 

The last flow regime to be considered was that for 
the transition from a fully dispersed shock wave to a 
partly dispersed shock wave. This solution was developed 
as an asymptotic expansion about the exact transition 
as well as in the perturbation parameter E., because the 
behaviour depended on the relative magnitudes of the 
departure from tranSition, measured in terms of the wave 
strength, and the s1 ze of the perturbation parame ter , • 

The first term in the asymptotio expansion was 
therefore that for the exact transiton. This was found 
to oontain a singularity in the velooity derivative at 
the upstream end of thewave. 

The e~uations were transformed into velocity 
derivative/velocity space, and a solution was sought 
for the region of the singularity using the method of 
matohed asymptotic expansions. This solution is given 
in ~ection 2.2.4. 

It was found from the reqUirements for "matohing" 
of the "inner" and "outer" expansions that the region of 
singularity had to be scaled by the perturb~tion ~ara­
meter E, raised to the one half power. Talung this to 
have a numerical value of the order of 10-4 indioated 
that the effects of translational and rotational non­
equilibrium were of the order of 1~ of those due to 
vibrational relaxation at the exact transition. The 
first term of the "inner" expansion was derived and 
theoretical profiles obtained. 



These results indicated that it may be possible to 
find a region in which the diffusion resisted shock front 
constitutes 10% of the thickness of the vibrational 
relaxation region and in which the vibrational relaxation 
causes a 10~ change in the thermodynamic state of the gas. 

This shows that it should be possible to study the 
combined effects of translational and rotational non­
equilibrium and vibrational non-equilibrium. However, 
the experimental stUdies of part 3 have shown that it 
would not be possible to study such behaviour with the 
existing equipment. Nevertheless, an experiment could 
be designed for a larger, possibly lower density shock tube 
in whioh it should be possible to observe such a region. 

The second extension to the theory of fully and 
partly dispersed shock waves was concerned with bimodal 
vibrational relaxation. Bimodal analyses have been applied 
to the results of experimental measurements, Zienkiewioz 
and Johannesen (Ref 208) and Witteman (Ref. 209) for 
example, in order to determine the relative rates of 
relaxation of the separate modes of vibration in linear 
tri-atomic molecules. Numerical solutions have been 
investigated, Becker (Ref. 2.10) for example, and limiting 
cases of infinite relaxation times have been studied, . 
Clarke and Rodgers (Ref. 2.11). The present studies have 
been concerned'with the determination of any measureable 
features of shock waves which were related to bimodal 
behaviour. 

An analytical solution was required in which the 
effeots of the bimodal behaviour could be readily identified 
in terms of the thermodynamic state of the gas. The 
solution had to oontain the essential physics of the flow 
and yet not necessarily be exact. 

As with the first extension to the theo~J, the approaoh 
taken has been to develop a perturbation solution around 
the basiC solution for the fully dispersed and partly 
dispersed shock waves. In many simple polyatomic gases 
the vibrational behaviour is dominated by one of the 
vibrational modes at certain temperatures. The combined 
bending a symmetric stretching modes of carbon dioxide 
compared to the asymmetric stretching mode is an example 
of this. A perturbation scheme has thereforebeen 
developed on the basis of the ratio of the energy in the 
seoondary vibrational mode to the total vibrational energy. 



· ~e S?lution to this problem is given in Section 2.3. 
InV1sc~d v~brational relaxation is considered and linear 
rate equations are used to describe the vibrational behaviour 
The first correction term to the unimodal behaviour has been • 
derived. 

An interesting feature of the solution was that a 
singularity occurred if the ratio of the rate of energy 
transfer between the modes to the rate of transfer between 
translation and the secondary mode became of the same order 
as the perturbation parameter. This result can be viewed 
in two ways. If the two vibrational modes are no t in 
resonance or near resonance, the perturbation can be treated 
as an asymptotic power series to give the first order 
correction if to bimodal behaviour directly. However, if 
the modes are in near resonance, a solution could be sought 
in the region of the singularity in order to obtain a 
solution for the near resonance case. There are obviously 
other ways of obtaining this latter form of solution by a 
perturbation scheme based on the fact that the modes are 
near to resonance, which is probably more direct. 

In the present studies the solution for the case 
where the modes are not in near resonance has been derived. 

The last extension to the basiC theory of fully and 
partly dispersed shock waves to be investigated was that 
of unimodal vibrational relaxation governed by a non-linear 
rate equation. 

Linear rate equations are normally used in the 
analysis of vibrational relaxation, but the results of 
Zienkiewicz and Johannesen indicated that the linear rate 
equation might not be applicable in strong shock waves. 
This has since been shown not to be the case by Simpson at ale 
However, at the outset of this work this was not lmown. 

A non-linear equation has been derived by assuming 
that the linear rate equation is the first term in an 
asymptotic expansion of a more comvlex function about an 
equilibrium state. This equation has been applied to an 
inviscid gas with a single vibrationally relaxing mode. 
A perturbation solution has been obtained by assuming that 
the correction to the linear rate equation was small 
compared to the linear term. A solution could have been 
ontained more directly, but in this way, comparisons could 
be made between this extension to the theory and those 
mentioned above if required. The solution to this problem 
is given in Seotion 2.4. 
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7hool"eticru. p.i.'ofilee have been computed 

for this solution which show that even it' the 

results of Zienkiewicz and Johannesen cou.ld be 
. 

expla±ned by a non-lineOl' rate efd,uat1on, the 

erCeo'lis on a ~ullY' <liGpel'Sed shoolt wave would be 

negligible. Thu.s, the uae of full" u,1apersea 

shock waves for tho study or vibl"at1onul relaxat10A 

would overoume !''JlY w'l.cel'·~a.1ntie& associated ',1f1'h 

. the de'partures from equilibriwn 1n the strOllS 

. inoident shock wave. 

The solutions to the above extensions 

to the theorl of ful~ an4 partly dispel.'sed shook 

waVes is given in the !ollowing sections. 

2.2, Viscous Vibrational Relaxation Using A Single First 

Order Rate Esuation. 

202 01.The Basic Solution. 

Applying the upstream boundary oond!~!oDa ~o 

equation.A.,.11 and ~.,.~" we bave, 

.• 2.2. 

vheN we bav. P\&1; ~2 •• 

\ . 
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The appropriate rate equations for this problem 

are equations".\.4-o and ".\."'. that is, 

and, 

Equations 2 .1 • and 2..2 can be rewritten 

· iR. 

to express 8t , ar , and 82 in terms of v. These relationships 

can then be differentiated as required and substituted into 

equations 203 ,and 2.4 to give a fifth order 

non-linear ordinary differential equation in v(z). Such 

an equation is not amenable to analytical solution, so an 

approximate solution will be found by forming an asymptotic 

expansion in c, which is a small quantity for most gases. 

We shall seek a solution to the above equations for 

v(z) of the form, 

Writing similar expansions for the thermodynamic 

variables, substituting them into the above equations and 

expanding to order 61(£), it is clear that the first value of 

61(£) which will yield a non-trivial solution is aiven by 
6

1 
(e) • 0(1). 



So, p~tting 61(£) = 1 without loss of generality' 

and expanding to order unity, the above equations becoM, 

2.1 , 

(1)2 
aU) 

= v(l)(l -+ 1 ) t v Y1i2 y--M2 
e - e • 

from equation 2.2 , which is unchanged, 

Yt 8(1) B aU) -+ 8 aU) Y M! (1)2 
Y - 1 t -+ -+.JL v 

r r 2 2 2 t 
Yt 

Y M2 

= t B -+ B2 -+ 
..,!L.-

Y - 1 r 2 t 

from equation 2.3 , 

aU) = aU) 
t r 

, and from equation 2.4 
(1) 

(1) da2 = (a(l) 
v CiZ t 

Solving these equations we find that v(l) must 

satisfy the following equation, 

where, 

u = 
y - 1 Y -+ 1 t 

- 1 e (1 -+ -l ), 
y -+ 1 Y.- -1 tr2 

2.6. 

£40. 



and, 

y y T 1 
v - e (v T 1) 
a - 2y Y T 1 s 

e 

This solution has been derived and discussed in 

detail elsewhere, by Lighthill ~.~.,.) and Clarke (~.l..~.) 

for example, so only the pertinent features of the solution 

will be discussed here. 

Firstly, it will be noted that dv(l)/dz becomes 

singular if vel) passes through v , providing v ~ 1, or v • 
(1) a a 8 

Now, v falls from the upstream value of unity to the 

downstream value of v , and it can be shown that v > v • 
(1) s a s 

Thus, dv Idz is regular for va ~ 1, and singular for va< 1. 

Clearly, v has great significance with regard to a 
the form of the wave, so we shall consider its physical 

significance. 

It can be shown from the overall shock ratios that, 

Putting va = 1 and re-arranging this expression we 

have, 

= 

where af _ is the upstream frozen sound speed, that iS t the 

speed of sound when only the translational and rotational modes 

are active in this context, ie. 

where y • 1.1+ • 

= (y R T )t 
g -



Thus, the condition v = 1 occurs when the Mach number a 
of the flow into the wave is equal to the ratio of the frozen to 

equilibrium sound speeds. The solutions defined by v ~ 1 have 
a 

been designated fully dispersed and partly dispersed shock waves 

respectivelyo From the above definition of v it can 
a 

be seen that these designations are equivalent to, 

That-is, the flow into a fully dispersed shock wave is 

subsonic with respect to the frozen sound speed, .. while the flow 

into a partly dispersed shock wave is supersonic with respect to 

the frozen sound speed. 

A sketch of the behaviour of v(l)(z) for v > 1 is 

shown in figure 2.1.a. It can be seen that vel) fa~ls monotonically 

from the upstream value of unity to the downstream value of v • s 

It has been shown from equation 206 that dv(l)/dz 

is regular in this casei however, we must inquire if the higher 

derivatives which appear in the general solution are also 

regular, that i., such terms as, 

, , etc. 

It can be shown that these terms do cease to be regular 

when both v
a

- 1 and v(l)_ ,l are 0(£), so that the cases 

Iv - 11 = 0(1) and Iv - 11 = 0(1) must be considered separately. a a 

When Iv - 11 = 0(1) the perturbation scheme is regular a 
and the asymptotic expansion, equation 205 can be continued 

to determine ~2(£) and v(2) directly. When Iva- 11 = 0(1), 

however, we must first investigate the region of the singularity. 



The behaviour of v(l)(z) for v < 1 is shown in 
a 

figure 2.1.b. It can be seen that in this case the continuous 

solution of equation 206 can only satisfy one of the boundary 

conditions. The only physically acceptable solution is for v 

to fall discontinuously from the upstream value of unity to 

2v - 1 and thence to decrease monotonically to the downstream a 
value of v. The solution to this problem will be found by 

s 
stretching the variables to examine the discontinuous region 

and matching the resulting 'inner' expansion to the original 

'outer' expansion in the manner of matched asymptotic expansion •• 

Van D,yke (Ref. 2.7.). 

In general both v and z should be stretched; 

however, the change in v is 0(1) throughout, except when Iv - 11 
a 

= 0(1), so that in this case only the independent variable, _, 

need be stretched, and the case when Iv - 11 = 0(1) will be a 
considered separately. 

Thus. we shall treat the problem in three separate 

parts, namely, 

v > 1; Iv - 11 = 0(1) a a 

v < 1; Iv - 11 = 0(1) a a 

Iv - 11 = 0(1) • a 

The last of these cases includes both fully 

dispersed and partly dispersed shock waves for IVa - 11 = 0(1). 

2.6. 
Let us now return to the solution of equation 

Rewriting this equation in partial fractions we have, 



where, 

1 _ 1 ~ dv(l) 
~ B (1) 1 dz = - Q 

V - 1 

1 - v A = ___ a-.. 
1 - v s 

v (v - v ) 
& B = s s a 

1 - v s 

Integrating this equation in the regions of 

continuity we have, 

v(l) ~ A.ln(v(l) - 1) - B.ln(v(l) - v ) = QZ ~ k 
s 1 2.8. 

In the case of the fully dispersed shock wave the 

constant of integration can be arbitrarily chosen and will be 

left unspecified for the present. 

For the partly dispersed shock wave the solution 

on each side of the discontinuity must be considered separately. 

It is convenient to set z = 0 at the discontinuity, so that, for 

z < 0, v<l) = 1, and as z + 0 on the downstream side of the 

discontinuity v<l) + 2v - 1. 
a 

We therefore have, 

v(l) = 1 for z < 0 

and, 

(1) 
v -

= QZ for z > 0 2.10. 

We shall now proceed to consider the aboVe three 

cas.s .eparat.ly. 



2.2.2. The Partly Dispersed Shock Wave. Iva- 11 = 0(1). 

In this section a solution will be obtained for the 

discontinuous region of the partly dispersed shock wave, which 

has been set at z = O. This will be~chieved by enlarging the 

region to order unity by stretching the variables by appropriate 

functions of E. Attention has been restricted to waves through 

which the total change in v is 0(1), so that only the independent 

variable, z, need be stretched. That is, the following inner 

variables will be defined, 

v = v, a = e, & Z = z/a(E) 

where aCE) + 0 as £ + O. 

The general equations, 2.1 

2.4 become after scaling, 

, 2.2 

from equation 2.1 • 

from equation 2.2. 

1 vel + 'Y"M2) 
e • 

Yt YeM! 2 
Y _ 1 at + Sr9r + 8292 + ~ V 

t 

--

fro .. equation 2.3 , 

d dar 
!. v ~e +!. - ) = a dZ r a dZ 

2.11. 

, 2.3 and 

2.12. 



and from equation 2.4, 

An asymptotic expansion must again be formed in c 

in this inner region, that is, we shall write, 

as e + 0, and where 62(e) = 0(1). 

,,-,. 

Writing similar expansions for the other thermodynamic 

variables, at' ar , & a2, substituting them into the above 

equations and expanding to order aCe), it is found that the only 

value of aCe) which yields a non-trivial solution that matches 

with the outer solution is aCe) = O(e). So, without loss of 

generality we can put aCe) = c in the above equations and expand 

to order unity. The equations become, 

f1"Om equation 2 .13 , 

_ Yt 
- y - 1 

t 

y M2 
e -'t-
2 



and from equation 2,15 , 

The only solution of the last of these equations 

which will match with the first outer solution for z < 0 is, 

Thus, the above equations reduc~ to those of the 

diffusion resisted shock wave with rotational relaxation, viz., 

(1)2 e~l) (1) dV(l) 
V + -::-ii2H - V - = 

Ye • dZ 
2.18. 

and, 

Y
t 

Y M2 
= +8 +...!..-

Y - 1 r 2 t 

and finally. 

2.20. 

Eliminating e~l) and e~l) in favour of vel) in the 

above equations yields a third order non-linear differential 

equation in v(l)(Z), which is not amenable to analytical SOlution. 

The use of an equivalent bulk viscosity model to describe the 

rotational behaviour would appear to be an acceptable way of 

further simplifying the above equations in order to obtain an 

analytical solution for V(l)(Z), for the following reasons: 

a. The necessary restriction of the theory to weak waves, 

which has already been imposed. 

b. The already approximate nature of the description of 

the rotational behaviour by a simple linear rate law. 



c. The knowledge that the rotational mode rapidly 

equilibrates with the translational mode in a non-equilibrium 
situation. 

d. The use of a bulk viscosity model has been shown 

experimentally and theoretically to be justified in the case 

of weak waves, Anderson and Hornig (Ref. 2.4.). 

Accordingly, an equivalent bulk viscosity, ~, will be 

defined as, 

Applying the bulk viscosity model, equations 2.18 

2.19 and 2.20 reduce to, 

2 eel) (1) 
vel) t _ (1 + K (1) dV = v(l)(l + 1 ) 

+ Y'1i'2 ~) V dZ 'Y"'M2 

and, 

• - e -

Y eel) 
y - 1 t 

eel) can be eliminated in favour of vel) to giva, 
t 

2.21. 

, 

2,22. 

2.23. 

2.24. 

It will be recalled that ~ has been taken as constant, 

80 that this equation can be integrated directly to give, 

- (2v - l).ln(v(l) - 2v + 1) 
a a 



It can be seen that the constant of inte&ration, 

K, is ineependent of the first outer solution. 

Thus, the behaviour of the solution in the inner 

region has been determined to order unity, and as might have been 

expected it is the solution for a diffusion resisted shock wave 

with a Prandtl number of a and with constant properties. 

This solution must now be investigated to 

determine if it provides any information regarding the next term 

of the outer expansion. Rewriting equation 2.25 in outer 

coordinates.we have, 

1n (yU) _ 1) - (2v - l).ln(y(l) - 2v ... 1) 
a a 

(1 - v ) ... 1 a X z ... K 2.26. = -u ... a;) X I: 

\.I 

It can be seen that for z < 0, vel) - 1 is an 

exponentially small quantity as I: + O. The limit as £ + 0 for 

z > 0 is not so obvious, so, puttin~ vel) - 2v ... 1 = 6 and a 
lettina c + 0, equation 2.26 can be expanded for small 6 

as, 

10(6 ... 2v - 2) - (2v - 1).ln(6) a a 

(1 - v ) = __ --=a~ .X ... 12- ... K 
(1 .... a;) X 

\.I 

The dominant term on the left hand side of this 

equation for 6 + 0 is, 

- (2v - 1).ln(6) 
a 

10 that the equation can be reduced to, 



So. 

(1 - v ) 
6 = ~ exp{- a y + 1 z 

K}{ (2V
l 

_ l)} } -+ 
(1 ... E) y £ 

'" 
a 

and it can be seen that ~ is an exponentially small quantity as 
c • 0, z > o. 

Thus. the outer representation of tbe first term 

of the inner expansion to any order of £ is. 

2.27. 

The lack of coupling between the inner and outer 

solutions enables the second term of the outer expansion to be 

evaluated from the full equations, 2.1 , 2.2 • 2.3 

and 2.4, whilst retaining the equivalent bulk viscosity model 

for the first term of the inner expansion. However, the 

thermodynamic gradients in the regions of the wave governed by 

the outer solutions are much smaller than those in the diffusion 

resisted part of the wave. Consequently, the rotational mode will 

be nearer to equilibrium with the translational mode and the bulk 

viscosity description of the behaviour of the rotational mode will 

be valid in the outer region even for strong shock wav ••• 

Accordingly, the bulk viscosity model will be 

applied to the full equations, as follows, 

2.28. 

and, 

2.30. 



51. 

The form of the equations has been radically 

altered, but the outer and inner asymptotic sequences given by 

equations 2.5 and 2.17 still apply. as do the solutions 
for v(l)(z) and V(l)(Z) given by equations 2.6 and 2.24-
respectively. 

The second term of the outer expansion can 

now be evaluated. As no information has been provided by the 

first term of the inner expansion,we will proceed by 

means of • simple asymptotic power series in c, ie.62(c) = c. 

After .xtracti~i the solution for v(l)(z) the above equations 

become, 

2.31. 

and, 

2.33. 

The following requisite relatioDships caD be 
(1) 

found from the solution for v (z). 

S!~l) • y + 1 VeK! (v(l) _ v ) ~(l) 
d. V - 1 82 a dz 

and, 

d
28(1,) 2 (1) 2 (1) 

2 • X + 1 Ve H., (dv )2 + (v(l) _ v )!..:! ~ 
d.2 V - 1 ~2 t cia • da2 , 



These relationships, together with equation 

2.6 can now be substituted into equations 2.31 0' 2.32 
and 2.33 in order to obtain a solution for v(2)(z) in terms 

of v(l)(z). After substituting and differentiating as appropriate, 
a linear first order differential equation in v(2)(v(1» is 

obtained. The integrating factor for this equation is found to 
be dz/dv(l), so that the equation becomes, 

d '(2) dz ~ = 
-;(lHv 

dvUH 
v + 1 Y dz 1 'S ~ 

Y ... 1 -d (1) (1) t • II v (1 + ~) 
(1) 

... (1 + E) L (v(l)!!!. ) 
"dv(l) dz v v • v a 

a (1) 
• X + 1 d «v(l). v ) dv )~ 

y dv(l) a dz j 
2.36. 

This equation can be split into partial fractions 

and intearated to give, 

(1) 
y(2) = Y (l ... F-) ~ , (2v - 1) - v 

1 a s 
Y + 1 "dz t . v (l - v )(v • 

a s a 
v2 (2v - 1) - v s a s 

... V- (1 - v )(v - v ) • • s a s 
In(v(l) • v

s
) 

(2v - 1) - v 
( a s _ l).ln(v • v(l» 

... y.·(v - l)(v - v ) a 
a a 8 

(1) 
- ~ 'In(l - v(l» ... In(v(l). v ) 

dz t 8 

dv(l) 
... k2 dz 2.37. 

It can be seen that the constant of the integration 

cannot be evaluated from the boundary conditions, because dv(l)/dz 

is zero for z + - - and for z + + -. It will be noted however 

that for z < 0, v(2) = 0, which is the solution for the second 

term of the outer expansion for z < O. The constant of the integration 

must be evaluated for z > 0 by matching with the inner expansion, 

or by the application of an overall conservation law. It has been 

ShOWD that the inner expansion provides no information for matchini 

with this outer solution so the latter course of .action muat be 

adopted. 



To this end, the divergence of the conservation equations 2.28 
and 2.29. and the vibrational rate equation, 2.30 ,will 

be integrated across the discontinuity at z = O. This will be 

done by integrating from z = - e to z = + e, expanding the 

equations for £ + 0 and finally letting e + O. Applying this 

procedure to the above equations and expanding them tQ order 
unity we have, 

] 
+e = 0 

-e 

anel, 

[ 
X 8(1) 8 eel) 

y - 1 t + 2 2 = 0 

and, 

T J+e e~l)_ e~l) 
= (1 + -2 ) (1) dz 

Tr2 -e v 
2.40. 

which are the equations for the vCl)(z) solution. The integrand 

of the last of these equations is regular and the integral 

tends to zero as e + 0, anel the equation becomes, 

2.41. 

wbere (to) meana that the variable is evaluated at z : to. 

Equation 2.41 shows that to order unity the 

vibrational temperature remains frozen across the discontinuity 
I. 

at its upstream value, and yields the result which has already 

been used, namely that v(l)(+O) = 2v - 1. a 

Applying the aforementioned procedure to the 

full equations once more, expanding to order c, and extract ins 

tbe above first order solution, the equations become, 



_ y + 1 v v(2) ] +e : 0 
y a -e 

2.42. 

2.43. 

2.44. 

From the upstream boundary conditions, 

2.46. 

2.47. 



SS. 

Equation 2. 48 results from the fact that 

the integrand of equation 2.44. is regular and the integral 

tends to zero as e + O. The above equations can now be solved 
to give, 

The constant of integration in equation 

2.37 can now be evaluated for z > 0 by comparing the above 

equation with equation 2.37 .valuated at v(l) = 2va• 1, 
The solution for the second term of the outer expansion 

therefore becomes, 

(2) 

" 

forz<O 

v2 (2v - 1) - v s a s 
+ (y- U - v )(v - v ) 

a s a s 

(2v - 1) - v v - vel) 
+ (va (v ~ l)(v _ : ) - l),ln la. v 

a as. 

d (1) 1 (2v • 1) • v 1 vel) y ~ v, a & 'In • 
+ y + 1 a; dz t· v (1 • v )(v - 1) 2(1 - v ) 

a s a a 

,,2 (2v • 1) - v vel). v 
s a s ln s 

+ V- (1 • v )(v - v)' (2v - 1) - v 
• s a s a 8 



v(l) } 
- In -----2v - 1 a 

for z > 0 2.51. 

The first term in parentheses is the contribution 

from viscous diffusion, the second term from rotational 

relaxation and the third term from mass diffusion of the vibrational 

energy. 

This completes the solution for the second term 

of the outer expansion, and we shall now return to the inner 

expansion.· The outer asymptotic sequence to order cia, 

Rewriting this sequence in inner coordinates&nd 
taking the inner limit with Z fixed, we have, 

For z < 0 this becomes, 

v(s;c) '" 1 2.54. 

(2) mil which it is concluded that as Z + .--, V . +. 0 for matchin" 



67. 

For Z > 0 equation 2.53 becomes. 

(2v - 1 - v ) 
v(Zjc) ~ 2v - 1 + E 2a(Z - 1) ; 1 s a v -a 

~2v - 1 - v ) 
+ C (1 + ~) X 2a a s 

~ Y + 1 v - 1 a 

It can be seen from this equation that the secona 

term of the inner expansion must be o(c) for order matching with 

this outer limit. Accordingly we put 62 = c in the inner 

expansion. The full equations using a bulk viscosity model 

for the behaviour of the rotational mode become in inner variables, 

e 
y2 +...:L - (1 + ~)y.5!Y. = y (1 + ~H ) 

e" ~ c1Z Ye _ 

2.57. 

Substituting the inner expansion with a2 .c 
into the above equations and extractini the solution for y(l)(Z) 

we have to order c, 

2.60. 

2.61. 



The last of these equations 

directly to give, 

(2) 
(2) d82 

82 + dZ = 

sa. 

can be intearated 

2.62. 

The constant of the integration has been 

evaluated by matc,hing with the outer solution for z < o. Equation 

2.62 can be integrated once more in principle by the use of 

the integrat,ing factor exp Z. The solution for 8~ 2) then 

becomes, 

(2) T2 - 1 
82 = -(1 + - )y M2Y + 1 exp(-Z). 

Tr2 e-v 

"'(1) A 

Y and Z are dummy variables which bear the 

same relation to each other as vel) and Z. The constant of the 

integration has been evaluated from the requirement that the 

aolution remains bounded for z < O. As we can write 8~2)(y(1», 
equations 2.59 and 2.60 can be written, 

1 8 8 (2) , 
.d 'V(2) dZ ~ fl a;l Y - 1 2 2 ~dZ ~2 
:;;(l)t :;(1)' = t + l!'~ Y YeM!71Hdy(l)~ 

and y(2)(Z) has the solution, 



SCi· 

"(2) "(1) 
92 ,Y and Z are dummy variables which bear 

the same relation to each other as e~2), y(l) and Z. Equations 

2.63 and 2.65 must be integrated numerically because 

~h.ir analytiCal solution is intractable unless further approximations 

are reaorted to. No attellpt has therefore been made to eValuate 
the conatant of this last integration analytically. 

This completes the solution of viscous vibrational 

relaxation for the case v < 1 and 11 - v I = 0(1) to first order a a 
in c. 

These solutions for the partly dispersed shock 

wave have been computed for a shock Mach number of 1.2. It was 

assumed that the upstream state of the gas was at NTP, ie. y = 
e 

1.293 • 

The theoretical profiles obtained are presented 

in figures 2.2 and 2.3 for the first and second order terms 

respectively. It can be seen that the solutions match in terms 

of the velocity change. However, it will be noted from equation 

2.25 that the position of the first inner solution cannot 

be fixed along the Z axis frolll the matching requirell8nts. For 

convenience, we have set v = v at Z = o. 
a 

This freedom of choice with regard to the first 

inner solution indicates a lack of coupling between the inner 

and outer solutions. The reason for this can be seen tf the ,. 

solutions are plotted on a velocity gradient/ velocity plane, 

as shown in figure 2.... It would appear from this that a more 

rigorous solution would be obtained by the determination of an 

intermediate expansion at v = 2v - 1, as indicated. This has a 
not been persued here, but it is clear that a future development of 

the analysis should .X4IIIine this region. 



2.2.3. The Fully Dispersed Shock wave.lv.- 11 = 0(1). 

In this case the perturbation scheme is regular 

and we can proceed directly to the evaluation of the next 

term in the original asymptotic expansion, 62(£)v(2)(z), in 

equation 2.5 • The expansion will be continued as an 
asymptotic power series in £, so that 6

2
(£) = £. 

A bulk viscosity model for the behaviour of the 

rotational mode will be used to be consistent with the solution 

for the partly dispersed shock wave given in the preceeding 

section. The resulting basic equations are exactly those given 

by equations 2.28 ,2.29 and 2.30 ,as follows: 

'[2 
(1 + - )(8

t 
- 82) 

'[r2 

2.66. 

2.67. 

2.68. 

Substituting the original asymptotic expansion, 

equation 2.5 ,with 42(£) = £, into the above equations and 

extracting the solution for v(l)(z) we have, 



2.71. 

Using equations 2.6 , 2.34 and 2.35, 
the above equations reduce to a first order linear differential 

equation in v(2)(v(1». This equation can be integrated by the 

us. of the integrating factor dz/dv(l) to give, 

(1) (2v - 1) - v 
v(2) dv y ( + ~)' a s .In{1 _ vel»~ = dZ y + 1 1 ~ t - v (1 - v )(v - 1) 

a s a 

V2«2v - 1) - v ) 
s a s .In(v(l)- v ) 

+ v (1 - v )(v - v ) s 
a s a s 

v 

+ ut j 
v - va 

As with the first term for the fully dispersed 

shock wave, the constant of integration is arbitrary and will be 

18ft unspecified for the present. This completes the solution 

of viscous vibrational relaxation for the case v > 1 andll - v I a a 
= 0(1), to first order in E. This is a straightforward perturbation, 

and DO profUes have been computed. 



2.2.4. The Transition From A Fully Dispersed To 

A Partly Dispersed Shock Wave. Iv - 11 = 0(1). - a 

In this section the analysis of viscous 

vibrational relaxation will be completed by considering the 

transition from a fully dispersed to a partly dispersed shock 

wave. In terms of the total range of waves strengths considered 

this constitutes a very small part. but it is instructive to 

inquire into the precise nature of the transition. 

We shall write. 

v = 1 + 6 a 2.73. 

where 6 is 0(1) and is positive or negative according as to 

whether the wave is fully or partly dispersed. 

It has already been shown that the downstream 

velocity, vs ' is related to va by, 

= 2 Ve V + 1 v - 1 
Vs V Ve+ 1 a 

so that in this case v becomes. s 

or, putting. 

w. have, 

= ~ ~e X + 1 _ 1 
Vb • V V + 1 e 

2.74. 

2.76. 



It can also be shown that, 

1 _ 1 ~ Y + 1 
Y"ii2 - Y +u 

e • Y 
2.n. 

C • d th l' f ( 1 ) • onS1 er now e so ut10n or v g1ven by 

equation 2.6 ,which is common to both the fully dispersed 

and the partly dispersed shock wave solutions. Substituting 

equations 2.73 and 2.76 this equation becomes, 

V(l)~V(l) _ (1 + 6) }:;(l) : 

(v(l)· l)~v(l)- (Vb +6(vb+ l»j 2.78. 

The solution of equation 2.6 for v < 1 

has been shown to be a discontinuous fall in vel) fromathe 

upstream value of unity to 2v - 1, followed by a monotonic a 
decrease to the downstream value of v. In this case therefore s 
the velocity falls discontinuously from the upstream value of 

unity to 1 +26, and thence monotonically to Vb +6(v
b

+ 1). In 

the limit as 6 • 0 the discontinuity dissappears and the 

solution for vel) becomes, 

and, 

dv(l) 
dz' 

dv(l) 
- : 0 dz 

for a < 0 2.79. 

for z > 0 2.80. 

where as before vel): 1 at z : -0. and vel): 1 + 26 at z : +0. 

Equations 2.79 and 2.80 can be integrated 

directly to give upon application of the boundary conditions, 

vel) = 1 for z < 0 2.81. 



and, 

(1) v(l)_ v 
v - 1 + vb,ln 1 _ v b = az for z > 0 

b 
2.82. 

The behaviour in this case is as sketched in 
figure 2.5. It can be seen from the foregoing set of equations 

that the first term of the original outer expansion is valid for 

a = 0(1), and the effect of ~ is postponed until higher order terms. 

Similarly, the first term of the inner expansion in the original 

partly dispersed shock wave solution given by equation 2.24 
becomee, 

2.83. 

In this case v(l) decreases monotonically from 

the upstream value of unity to 1 + 26. When 6 + 0 equation 

2.83 has the trivial solution, 

for all Z 2.84. 

and an alternative scaling mus~ be sought. 

It can be seen from equations 2.79 and 2.80 

that the discontinuity has been transferred from the velocity to 

its derivative, and an inner expansion must now be provided to describe 

the behaviour within that discontinuity. For convenience the 

equations will be transferred to a velocity derivative/velocity , 

plane, that is, the following new variables will be defined, 

& P = dt/dz 

and the equations rewritten in them, In order to incorporate the 

requirement that 6 = 0(1), the analysis must be started from the 

basic equations in the form given by equations l. \.,\-1 ,c:\ ,\.let and 

A.,.~I, together with a bulk viscosity description of the behaviour 

of the rotational. mode, 



Making the appropriate substitutions and applying 
the upstream boundary condi tiona. equation 4\. \.31 becolDes. 

v(v - 2) + G
t
(!+ ~ y + 1) + £(1 + ~)(l - v)p = 
y y ~ 

v y + 1(1 + ~) 
y 

similarly frOm equationA.\.1Q, 

and froll equation~. '-Cot-' , 

A 

+ ~v - 2) = 0 2 2.86. 

2.87. 

Differentiating and substituting as appropriate 

the following second order differential equation in pCv) is 

obtained, 

2.88. 

where, 

A = (1 - v)2 2 y (1 + ~) 
P Y - 1 ~ 



and, TtY D = (1 + _2 ) e
l

<- y + 1(1 + 6)v - v(v- 2) 
Tr2 Ye- Y 

- e(l + ~)(l - v)p) + ~2~ v - 2)~ - (1 - v)p y + 1(6) 
lA 'y - 1 

- (1 - v)p Y + 1 v + e(l - v)p2 y 1(1 + ~) 
y - 1 Y - ~ 

(1 "') 2 Y + 1 - e - v p Y - 1 

An approximate solution to equation 2.88 will 

be found by forming an asymptotic expansion in e, that is, we 

sball seek a solution for v(z) of the form, 

as e + 0, and where 6
B
(e) = 0(1). 

Differentiating equation 2.89 with respect 

to z we have, 

Substituting these equations into equation 

2.88 , and expanding to order unity it becomes, 

dv(a) a(v(a) + vb - 1) 

dz = (l _ v(a» for z > 0 2.91. 

and, 

for z < 0 2.92. 

Integrating these equations we have, 



from eqUation 2.91 , 
.. (a) 

.. (a) v - vb 
v - 1 .. vb·ln 1 _ v = az 

b 
for z > 0 

and froID equation 2.92 , 

yea) = 1 for z < 0 

The behaviour of dV(a)/dz(z) is sketched in 

figure 2.5. It can be seen that an inner expansion is required 

in the region of the discontinuity, and the variables must be 

scaled in such a way as to become of order unity in this inner 

region. It will be noted that the derivative of the velocity 

dy(a)/dz, must be of order unity in both the inner and outer regions. 

Thus, v and z must be scaled by the same function of c in order 

to preserve this condition. Accordingly, the following inner 

variables will be defined, 

where, 

.. = v, & P = P 

Equation 2.88 becomes in inner variables, 

-1 dP .. eA (e) c dV = d 2.96. 

• = 

a = (1 - A(t)V)2p y! 1(1 .. ~) - 3t(1 - A(t)y)p2 y y 1(1 .. ~) 

- (1 - A(e)V)2 P y ~ i .. (1 - A(t)Y)P y ~ i(l .. a) 



.. e(l + ~)(l .. A(£)V)P} + iA(£)V(A(£)V .. 2)} 

.. (1 .. A(c)V)P I +b~ 6 - (1 - V)P I + ~ A(£)V 
I .. I .. 

+ £(1 .. A(£)V)p2 I 1(1 + ~) - £(1 .. A(£)V)P2 I + 1 
I .. ~ I .. 1 

As with the outer solution, an asymptotic expansion 

will be formed in £ in order to obtain an approximate solution for 

9(Z),that is, we shall write, 

as £ + 0, and where A
S

(£) = 0(1). 

Differentiating equation 2.97 with respect to 

Z we have, 

When these equations are substituted into equation 

2.96 and it expanded to the lowest order in £ it is found that 

the relative magnitudes of £ and o must be considered. So, taking 

the lowest order terms of each we have, after multiplying through 

by A
2(£), 

( 2 2 (a) (a) (a) 
c2p CI) X (1 + E-) II +c2p I (1 + ~)(.2! )2 

I - 1 ~ A(a)2 I .. 1 ~ dV(a) 
dV (a) T I 

+ £A(£)p(CI) Y (1 + ~) ~ = A3(£)(1 + _2 >': e I" 1 V(CI)_ V(CI)~ 
Y .. 1 ~ dV(a) Tr2 t Ie- 1 I ~ 

_ 6A2(c) pea) y + l'_'A3(£) pea) X + 1 yea) 2 
I .. 1 I .. 1 .99. 



It will be recalled from equations 2.91 and 

that the first term of the outer expansion did not 

contain a term in~. Consequently. the first term of the inner 

expansion cannot contain a term in 0 for it to match with the 

outer sOlution. In this case. the only scaling factor which 

produces a solution to match with the outer solution is £1. 
Therefore. substituting 6(£) = £1 and ~ = 0 into equation 2.99 
and expanding to order (£)3/2 we have. 

p(Q) (Q) ( 
y 1 -:-r"Q) (1 + ~) dP = P Q) - Q(v

b 
- 1) 

Y + V\Q ~ dV(Q) 2.100. 

This equation can be integrated directly by 

separation of variables to give, 
dV(Q) 

2 K , dy(Q) dZ - Q(vb - 1) ~ 
- y +Yl(l + ~)t dZ + Q(vb - l).ln -a(v - 1) j 

b 

= Y (a)2 2.101. 

where the constant of the integration bas been evaluated by 

matching with the outer solution, that is, as v(a). 0, dy(Q)/dZ 

• 0, and as y(Q) • + -, dy(Q)/dZ + a(v
b 

- 1), which match with 

the outer solutions given by equations 2.91< and 2.92, 

Equation 2.100 must be solved numerically, and 

the resulting behaviour of dy(Q)/dZ(Z) is sketched in figure 2.S • 

The first term of the inner expansion provides 

no information about the next term of the outer expansion, 

which can therefore proceed as a simple asymptotic power series 

in £, and the next term of the inner:expansioD found by matching. 
This course of action will not be persued and the solution will 

be terminated at this stage. 
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The particular solutioll for Va = 1 has been 
computed for an upstream state of NTP, ie 'It e = 1.293. The 
theoretical velocity gradient profile which is obtained is 
presented in figure 2.6. This solution was integrated to 
yield the velocity profile shown in figure 2.7. 

A future analysis of this~roblem should include 
an investigation of the cases where {"""+ 0 , which have not 
been persued hereo 

The value of the perturbation parameter £ , at 
NTP is of the order of 10-4 for carbon dioxide. It can be 
seen from the theoretical profiles which have been presented 
that the effects of diffusion will be of the order of 1 ~~ of 
the total velocity change thl"ough the relaxation resisted 
parts of the v/aves, or contained within a diffuSion resi'sted 
shock front of the order of 1 i~ of the thickness of the 
relaxation resisted parts of the waves. 

This indicates that conditions could be fOWld where 
the contributions of diffUSion and relaxation of the 
Vibrational mode are of the same order and where they would 
contribute a 1 O/~ change in the u.istance through the wave. 

It should therefore be possible to· deSign an 
experiment in which diffusion af~ Vibrational relaxation can 
be seen occuring at the same position in the wave and at 
levels which can be measured. 

'This completes the solution of viscouS Vibrational 
relaxation which has been investiJated here. 



2.3. Inviscid Bimodal Vibrational Relaxation. 

In this section a solution will be obtained for the 

one-dimensional flow of a gas with two coupled vibrational 

modes. Viscosity, heat conduction and mass diffusion will b. 

neglected, and it will be assumed that the rotational mode 

is in equilibrium with the translational mode. That is, the 

conservation equations to be used are those given by equations 

"."." and A.\.3Q with £ = 0 and Gt = Gr' The behaviour of the 
vibrational mode. will be described by equations ~.\.~. and 
~., .... ~. 

By substituting and differentiating as appropriate 

these equations can be combined to form a s~cond order non­

linear differential equation in v(z). This equation is not 

amenable to exact analytical solution and a perturbation 

scheme must be found to provide an approximate solution. 

'72.. 

Over the temperature range of interest, the energy of the 

primary vibrational mode of carbon dioxide (bending) is much 

greater than that of the secondary vibrational modes (stretching). 

A reasonable perturbation scheme can thus be formed by characterising 

the modal energies by temperatures and using the ratio of the 

specific heat(s) of the secondary mode(s) to the total vibrational 

specific heat as the perturbation parameter. 

The perturbation parameter, a , will; be defined as, 

2.102. 

where, 

2.103. 



C2 is the specific heat of the primary vibrational mode 

and C3 is the specific heat of the secondary vibrational mode. 

From the above equations it follows that, 

73. 

: 1 - a 2.104. 

It will be noted that by defining a in this way, y 
e 

does not become a function of a, and unnecessary complications 

aN obviated. 

The conservation equations and rate equations become, 

and, 

and, 

and, 

d8a v- = dz 

2.105. 

2.106. 

2.108. 

Applying the upstream boundary conditions to equations 

1.. ,pS. &: 2,..10,," they become, 

2.109. 

and, 

y H2 
_. X e • 

Y ·-l + T • 
2.110. 



A solution for v(z) of the form. 

2.111. 

as 0 + 0. will be sought, where Ab(o) = o{ Aa(O) • 

It can be seen from an inspection of equation~.\o~ that 

the expansion breaks down when t23/t2 = 0(1), and the solution 

must be restricted to the case t23/t2 ~ 0(1). This is not unduly 

restrictive. because it only excludes the case when the second 

mode equilibrates so quickly with the primary mode that they can 

be regarded as being in equilibrium and behaving as a single 

mode. 

When equation 1.\\\ is substituted into equations 

2..'07 ,2.'08 and 1..,oCl , and they are expanded to order Aa(O) 

it is found that the first value of A (0) to yield a non-trivial 
a 

solution is A (0) = 0(1). So. putting A (0) = 1 without loss of a a 
generality the equations become. 

de(a) 
v(a) _2 = sea) Sea) 2.112. 

dz t 2 

anei. 

and. 

y M2 e • 
+-2 

2.113. 

2.115. 



Solving these equations, it is found that v(z) must 

satisfy the following equation, 

y + 1 
h ~ - IX - 1 e w ere CI • -ay +1 -y~-~l • 

e 
& v 

a 

2.116. 

This is exactly the result obtained in section 2.2.1, 

except that CI~ has a slightly different meaning. The remarks 

which were made therein also apply here, however, this section 

will only be concerned with the regions where the solutions 

are continuous. Integrating equation 2.. \\b in these regions 

of continuity we have, 

where. 

A 1 - v =-a 1 • v 
s 

and B 
v (v - v ) = s s a 

1 - v s 

The constant of the integration will only be evaluated 

for the partly dispersed shock wave. So, putting v(a) = 2Va- 1. 

at z = +0, equation 2. .\\1 becomes for the partly dispersed shock 

wave, 

( ) (v(a). 1) 
v· - (2v.- 1) - A.1n 2(v • 1) 

a 

for z < 0 

(v(a). v ) 
s 

- B.ln 2v - 1 - v 
a s 

for z > 0 

It can be seen that the behaviour of the secondary 

2.118. 

mode does not enter in to this first term. However. its behaviour 

must be determined in order that the perturbation sche.. be 

continued. 



2.120. 

The integrating factor for this linear differential 
equation is, 

.'f2 t2 
exp{ (- 't - ) 

t3 t 23 

and the solution for 8~a) is, 

Jz 1 
-(a) d~} 

-. v 

8
3
(a) = exp{ _(':2 't.:2 )!Z l( ) d~}. T3 T

23 
__ V a 

2.121. 

A(a) A A (a) ~ 
wheN v • z, e, t ,z and e are dummy variables, each set 
of which are related to each other in the same way as v(a), z, 
etc. , 

The constant of the integration has been evaluated from 

the boundeclDess. requirement of the downstream boundary condition. 

This equation will be made use of in determining the next term 

of the expansion. 

The first term of this expansion.is uniformly valid 

in the regions of interest, so the expansion can be continued 

directly as an asymptotic power series in o. Substituting 

equation a.", with l.b(o) = 0 into equations 1.107, 'l.'~'. 

1._'0' and "lI.h 0 and extracting the v(a)solution we have, 

(b) (a) (a) 
(a) d82 (b) d82 (a) d82 = 

v di 'tv dz -v dz 

2.122. 
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and, 
(h) (a) 

(a) dS3 (h) dS3 = ~2(e(h). s(h» + ~2 (s(h). s(b» 
v Cii + v Cii T3 t 3 T23 2 3 

and, 

and, 

2.125. 

It can be shown from these equations that v(b) must 

obey the followina first order linear differential equation, 

2.126. 

Th ' . f f h' .. d /d (a) e 1ntegrat1ng actor or t 1S equat10n 1S z v • so 
that v(b) has the solution, 

where v(a) and i are dummy variables related to each other in 
the .... way a. yea) and z. 
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Clearly, many forms of theoretical profiles 

could be computed from this solution, depending on the relative 

magnitudes of T2, T3 and t 23 • As there was no information 

available regarding the magnitude of these relaxation times 

for carbon dioxide, no theoretical profiles have been 

computed. It was not considered to be worth while to compute 

the limiting cases of infinite relaxation times as this 

had been done elsewhere for the unperturbed solutions. This 

may have provided a useful check on the accuracy of the 

perturbation scheme, but this was not considered to be 

relevent to the present studies. This solution will be 

applicable at such time that bimodal behaviour can be 

observed in weak compression waves. 



2.4. Inviscid Vibrational Relaxation Using A Second 

Order Rate Equation. 

In this section a solution will be obtained for the 

one-dimensional flow of a gas with a single active vibrational 

mode whose behaviour is governed by a second order rate equation, 

that is ,equation A. \ .4".. Viscosity, heat conduction and mass 

diffusion will be neglected, and it will be assumed that the 

rotational mode is in equilibrium with the translational mode. 

The conservation equations to be used are therefore those given 

by equations CL\.S1 and4.\.lQ with £ = 0, and e = e • 
r t 

Applying the upstream boundary conditions to equations 

".\"~1 and ~.\'1" with £ = 0 they become, 

= 

and, 

y M2 
e GIl 

+-2 

2.128. 

These equations can be substituted into the rate 

equation, C\.,.&+ .... , and a solution obtained directly, however, the 

form. of tb •• olution is so complex as to disguise the essential 

features. Equation ~ .\.'+'f. can be rewritten using the Binomial 

theorem as, 

2.1300 

Substituting equations 1.l2.g and 2.&1.Q, into equation 

2.I~o we have, 

v(v - v ) 
a dv + r v(v - v ) ~ = ~~ 

(v - l)(v - va) dZ a dz 2.131 • 



where Q~ 
Y + 1 e y - 1 = -~ , & r : 

2 y - 1 Y + 1 e 

The first term on the left hand side of equation 

~.'31 is the basic solution obtained in section 2.2." except 

that a~ has a different meaning. The second order term in 

the rate equation thus appears as a correction to this basic 

solution in a similar manner to the other solutions herein. 

Integrating equation2.,~, in the regions of continuity 

in v we bave, for the partly dispersed shock wave, 

and, 

v - (2v - 1) a 

v = 1 for z < 0 

(v - l) 
+ A.ln 2(v - 1) 

a 2 

(v - v ) 
s 

- B.ln (2v - 1 - v ) 
a s 

',2v - 1) (v - 2) 
r a a 

6 
= CI~z for z > 0 

and for the fully dispersed shock wave, 

v + A.ln(v - 1) 

where, 

1 - va 
A a 1 

- V s 
, & B = 

v (v - V ) 
S s a 
1 - v s 

2.133. 

and for the partly dispersed shock wave v = 2va- 1 at z = o. 



If we write, 

then the first and second order terms can be identified in 

terms of the basic solution and the correction term of 

equation 2.. , 11. • . In this way, theoretical profiles have 

been computed for p(l) and for p(2). These computations 

have been performed for shock Mach numbers of 1.03, 1.04, 

1.05 and 3.0. The resulting profiles are presented in 

figures 2.8, 2.9 and 2.10. 

The difference between the first and second order 

solutions for the M = 3.0 case were compared to the 

dependence on departure from equilibrium observed by 

Johannesen for that Mach number <Rc.C. 2.. S.). It was found 

that,for the non-correlation of the Johannesen data to be 

explained in terms of a second order rate equation, the 

magnitude of the ratio of the relaxation times would have 

to be of the order of 0.3 • as shown in figure 2.10. 

It can be seen from figures 2.8 and 2.9 that, if the 

ratio of the relaxation times was of this order, the correction 

to the velocity profiles for the weak normal shock waves 

would be negligible. 
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3.1. THE SCHLIEREN SYSTEM. 



IS. 

SUMMARY 

A quantitative schlieren system has been used to 

study the normal shock waves which have been produced in the 

shock tube. This particular system was developed for this 

purpose in an earlier stu~, and further developments 

and refinements have been made to it. 

The principle of operation of the system is described, 

and the relevent optical theory is outlined, The physical 

layout of the system is described, and consideration is given 

to its practical limitations with regard to the spatial and 

temporal resolution and the calibration. The method of settina 

up the system for optimum performance is also described 

together with the developments and refinements ~ich have 

been made. 

Conclusions are drawn regarding the suitability of 

the system for this application and future developments are 

discussed. 



NOTATION. 

A Aperture. 

b Height of sampling slit. 

C Speed of light 

Co Speed of light in a vacuum, 

Cs Cathode luminous sensitivity of photomultiplier. 

D Beam divergence. 

F Focal length. 

f Bandwidth. 

G Photomultiplier gain. 

h Height of source slit image at knife edge. 

I Intensity. 

k Width of sampling slit in screen. 

L Width of working section. 

M Mirror. 

n Refractive index. 

R Light ray. 

Ra Anode resistence of photomultiplier. 

t Time. 

W Wave front. 

X' Coordinate. 

Y Coordinate. 

S Gladstone-Dale constant. 

a Displacement of source image at k~ife edge. 

t Coordinate. 

n Coordinate. 
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NOTATION Cont'd. 

• Angle 'of light rays leaving working section. 

P Density. 

Po Reference density. 
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3.1.1. Introduction 

M8%J1' measuring techniques have been applied to the stu~ 
of vibrational relaxation processes in shock waves. These teohniques 
ma;y be categorised into those whioh observe the behaviour ot the gas 
at a macro-soopio level, that is, by the measurement of the 
translational state of the gas or by flow visualisation teolmiques, 
and those whioh observe the gas at a microscopic level; by mom taring 
the behaviour of particular vibrational modes for example. 

One of the simplest means of determining the translational 
state of a gas is to measure its static or stagnation pressure. 
Unfortunately, neither of these measurements are suited to the stu~ 
of relaxation processes in shock waves produced in a shock tube. 
The relaxation regions of partly dispersed shook waves are essentially 
isentropic. Consequently, the change in the stagnation pressure in the 
now, which is measure of the entropy produced, would not yield Bl'l1' 
information regarding the relaxation prooess. 

The statio pressure change through the shook wave oould 
be measured with a wall mounted pressure transduoer. However, the 
boundary lSiYer on the walls of the shock tube would di stort the wall 
pressure history to an unacoeptable extent. 

In addition, the ph;ysical size of a oommeroially 
available pressure transducer, typioally 3 mm. diameter, does not give 
adequate spatial resolution for the thickness of the relaxation 
regions that oan be produoed in the shook tube which is to be used for 
the present studies. Nevertheless, the static pressure ohange across 
shook waves produoed in the shook tube does provide a usetUl means of 
determ1ning the shook strength where other, more accurate techniques, 
oannot be made use of. . 

End wall pressure history measurements have been used 
to nudT the Vibrational relaxation of gases. Baganott (Ref.).l.) 
has made measurements of the vibrational relaxation ot o arb on dioxide 
wi th this teohnique, and the results obtained were in good agreement 
with those obtained by other more universally applied teohniques suoh 
as Mach Zehnder interferometry. More reoently, Hanson and Baganoff 
(Ref.3.2.) have made similar measurements in nitrogen with similar 
results. This teohnique is most suitable for use in shook tubes 

. having internal dimensions sufficiently large to ensure that oorner 
refleotions at the end face to not interfere with the measurement times 
whioh could be obtained in the shook tube used for the present 
studies. '!'his teohnique could not have been applied to the studT of· 
the fUl17 dispersed shook waves produced in the refleoted 8hook region. 



The translational tem.perature of a gas can be 
determined from measurements of the heat transfer rates to 
stagnation point or wall mounted pl'obes. The stagnation 
point probe would not be suitable bec!:iuse it would measure 
the stagnational entha.lpy of the flow, which is constant 
through the relaxation regions. As with the wall mounted 
pressure transducers, the boundary layer would severely 
distort the heat transfer history at the wall. In addition. 
the absolute change in tempera.ture th,rough the relaxation 
region can be very smallo 

Spectral Line Reversal is one of the preferred 
teclmilues for the determination of the vibrational 
temper~ture of a gas. The tecllllique requires the gas to be 
seeded with an element, such as Sodium, which is one of the 
more commonly used. Holbeche and Woodley (Ref. 3.3.) have 
used Sodium line reversal for relaxation measurements in 
nitrogen, carbon monoxide and oxygeno Hall and Russo (Ref. 
3.4.) ha~e also applied the technique to relaxation studies 
in nitrogen and carbon monoxideo The only objection to the 
use of' this teclmique for· the pre sent studies was the amount 
of time which would have to be devoted to its development 
compared to other more readily available techniques. 

Other optical techniques such as infra-red, . 
emm1sion and ultra-violet spectroscopy'" have been developed 
for the study of the behaviour of particulal~ vibrational 
moues in a relaxing gas. Hodgson and Hine (Ref 0 3.5.) 
have recently made measurements of the relaxation time of 
the asymmetric stretching mode of carbon dioxide using an 
infra-red emmision tecb,n,ique. In these studies, the gas 
samples were not optically thin LlJ.1U the results had to be 
corrected to allow for I'C-Llbsol'pLion of ener6Y. Earlier 
work usin~ infra-red emmiuioll Hat:: conducted by Hooker and 
Millikan (i1er. 3.6.) on carbon mOlloxiue, Camac (Ref. 3070)~ 
Borrell (Ref. 3.8.) aJ.1.d 'j"leuner, Hoach and Smith (Ref. 3090) 
for example. This tecillli(lUe WU.S Hot considered suitable 
for the present studies becaul:-jc part of the work was 
concerned with the study of tho ti':.:Jnslational state of the 
gas as well as the vibrational s~at,eso 

Extensive use hatJ bct:.:n illa<le of denSity measuring 
techniques for the study of viUl'ational relaxation. 
Interferometry has been mo.:d:,;.,:tC!l.,;:Lvoly uoed. i3.lthough tho 
laser schlieren technique lw ... iXVH t:l:1Ut.: increasinG use of in 
recent years. These technilj"uG;j .. ;.lL\..l.L'G the attraction for 
the pl'esent studies t.hat they rcupond to both the 
tr anslational behaviour of' the gas and the vibrational 
behaviour, because of the sensitivity of gas density to 
the vibrational stateo 

~ C.F. Reference 3.27. 



In addition, these technic.!.ues are optical and 
do not introduce disturbances into the flow. They are 
affected by the boundary layers on the walls of the shock 
tube, but not to the same extent as wall pressure and heat 
transfer measurements. 

Many resea1.'Che1'S have made use of the Mach 
Zehnder interferometer for example Zienkiewicz and 
Johannesen {Ref. 3.10.~ Griffith (~ef. 3.110) and Simpson 
(itef. 3.12.). A Mach Zehnder interferometer was available 
for the present studies, but its sensitivity was conSidered 
to be inadequate for the study of the weak Shock waves. 
The sensitivity is determined by the extent to which the 
fringe shifts can be resolved. Simpson has reported 
obtaining a resolution of 0.05 of a fringe shift defined 
by fluctuations in an eqilibrium flow in the shock tube. 
The interferometer which was available for the studies 
had a resolution which was a factor of three worse than 
that quoted by Simpson, but this was determined by optical 
imperfections in the system. The interferometer could 
have been ueveloped to achieve a higher performance, but 
its inherent insensitivity for the study of weak shoclt 
W:lves w'as cOl1sidere<l to be a major dis advantage for the 
present studieso It is noted that the interferometer is 
one of the best tecllniques ~vailable for the determination 
of shock strengths from theil"l total density change,; 
Zienkiewicz and Johannesen (Ref. 3.'13.). 

The schlieren teclmi~ue appeared to offer greater 
scope in terms of its l'ange and sensitivi ty than the 

~
nterferometer. Vfitteman (::'e£. 3.·il~o) was one of the first 
esearchers to draw attention to t:1C u::>e of the schlieren 
echnique in this type of 1"010 ,-111d '/:,1) <lemonstrate the use 

of a time resolved ClU['l1.titu:~iv,:: schlieren system in which 
the output is proportional toLlll~ ,,;patial integral of the 
densi ty gradients in the flow i'.Lt31<l. '1'he range of the 
system was increased to eHCO(llP:JSS the ,~radients in the 
diffusion resisted shock frouts 01 the shock waves by the 
use of an inclined knife eut.,'e o 1)0.011 and de Boer , 
(Ref. 3.15.) have applied. tldu tl;.:clUli'.Jue to the study of 
vibrational relaxation in ocvt:l':.ll t;u.ses 0 The oscillograms 
presented by them do not exhibi~ the uharp rise normally 
associated with the output fl"orn tihc diffusion resisted 
shock front and the l'cluXElcioll l;JII,US were fOWld to be a 
factor of four greater l;hcl.Ll VI'.:; UI I i,Ll.incu by other 
I'esearchers, but this WLUJ at V.L·~;. :Jlll.CJl1. to illlPUl'i ties in the 
gases studied by other l'csea:r.'l!';'!.dl'S. ~Ul a1 te1'nati ve 
explanation might have been that the particular arrangenl:lnt 
introduced significant errOl'S into the ou·tput signal from 
the systemo de Boer(Ref'. 3.16.) haG analYf:led the opticS of 
the integrating schlieren syote11l awl shown that the spatial 
rel:Jolution in the results obtained by Witteman could be 
accoWlted tor by optical impel'f'eetionso 



The resolving pov/er of the arrangement used by 
Vl1tteman was calculated by de Boer to be 0.18 mm. compared 
to a measured value of 0015 mm.o Similarly, the resolving 
power of the arrangement in the form used by Daen and 
de Boer was calculated by de Boer to be 0.3 mm. compared 
to measured values between 0.2 lamo and 0.3 romo in helium 
and between 0.3 mm. and 0.4 rum. in argon. It was 
concluded that the resolution could be explained in terms 
of the optical limitations of the system and it has since 
been developed to give a resolving power of 0.9 nun., 
although no reports have been found of results obtained 
wi th the improved arrangement. In h1s original work 
Witteman calculated the affect of shock curvature on the 
appapent spatial 1~eso1ution of the system using the 
analysiS of Hartunian (Ref. 3.17.). He showed that shock 
curvature could only account for between 10; and 50~ of 
the apparent resolving power. 

In 1965, Kiefer and Lutz (Hef. 3.18.) drew 
attention to the use of a laser schlieren technique. In 
their arrangement, the system operated in a non-integcaating 
mode C1nd the spatial resolutIon of the system was defined 
by the narrow beam from the la~el~. J.\ 8patial resolution 
of 1.25 mm., defined at the e-2 l)oints of the gausian 
distribution of the laser beam, WiJS ob-Lained together 
wi th a temrJoral redolution, deteI'mined by the electronics 
of 0 0 22 microseconds o 

Applications of this techniquelio the study of 

~
ibrational relaxation in oxygen b;:,r Kiefer and Lutz (Ret • 
• 190) yielded results which a~J.'eed closel~ with those 
bta1ned by White and Millikan (TIero 3.20.) using an 

interferometric techni'lue. Eicfcl' ilnd Lutz have also 
a.p:7l1ed the techniQue to the Gtuc!_~r uf vibrational 
relaxation in deuteriulll (R(::f. ].2-j.) ~md hydrogen (Refo 
3.22.). In these studies the 1',:)soluGion of the system 
has been impl-'oved to 0.8 mill. b~r tlle use of a converging 
-telescope in the light uea-ill uet ,!een the light source an.d 
the shock tube. This was the UI)st _L'o8olution which could 
be obtained in this way, becauso .luptllcr convergence 
C 8used the mean diameter of t~lC iJecHll to increase towards 
the latter stages of 1 ts tl·rulG:i.~ c':!poss the shock tube 
flowo 

The use of tIle lU'.'l;i,' ,j_:; ,:i . .l'.n'en technique is 
very attract1 ve for the stuuy U.L viiJI'uLiunal relaxation, 
because of its ran~e, seasitivi-ty and inherent simplioityo 
It is alSo:l:nherently mores8Ilsitive to the rate processes_ 
associated with vibrational relaxation than other density 
measuring teclmiques, because i-Ii responds to the gradient 
ot the dens 1 ty • 



A non-integrating schlieren system using a 
conventional light. source has many of the attributes of 
the laser schlieren, but a mOl'e complex optical system 
has to be used. The conventional arrangement has the 
advwltage over the laser schlieren that the light source 
can be interchanged with a spark source f~ schlieren 
photography. This facility wa.s found to be particularly 
useful in the studies of fully dispersed shock waves 
pl~opagating through the reflected shock region. 

A decision W::lS made at the outset of an earlier 
study by f?cot"t (Ref. 3.23.) to adopt the use of a 
conventional non-integrating schlieren system for 
relaxation studies. This system has been developed and 
l'ef'ined for the present studies. This section presents 
an analysis of' the optics of this system :md a consideration 
of possible errors in the system. Particular problems 
were encountered in the calibration of this system and 
the way in which these were overcome is also described. 

3.1 .2. PRIllCIPLE OF OP~~\TION 

The schlieren system utilises 
fact that light r83s passing through a translucent 

j
SUbstance are turned towards the l'egions of higher 
of that substanceo 

the 

density 



In this application the system is arranged to pr'oduce an image 

of the world.ng section of the shook tube on a screen. The 

intensity at this image is related to the densit7 gradients in 

the gas flOW' within the shook tube. 

A conventional schlieren ~out is shown schematicalq in 

figure ).1.1. .'l'he light source is focussed with a 'thin lens 

onto the source slit which is an adjustable rectangular aperture 

with the longest side lying in the horizontal plane. This souroe 

slit is placed at the focus at the first concave parabolic 

mirrcr, 1'1' which oollimates the light beam before it passes 

through the worldng section. After passing through the work:i.ng 

seotion the light beam is refleoted b.Y a second ooncave parabolic 

mirrar, 1&2' to pr'oduce a focussed image of the source slit at 

the focus of this mirror. A knite edge is placed at this point 

to partial.l3' obscure the image of the souroe slit. The part at 

the beam which passes over the knife edge produces a focussed image 

of the worlc:i.ng section on the screen. 

Density gradients in the flow within the shook tube oause 

the raJ'S of light passing through the working section to be 

refracted, to emerge at a slight angle to the incident beam. This 

produces a displacement or these rB3s at the knif'e edge, oausing 

more or less rB3s to pass over the knite edge. In this W8¥, the 

intensity of image of' that part of the working section on the 

screen is either increased or decreased acoordinglY. The system 

onl¥ responds to density gradients normal to the knite edge, 

because displ&oements at the image of' the source alit parallel to 

the knite edge do not ohange the intensity of the illlaie. 



In this particular application the intensity of the 

image is sampled by a small slit in the screen which allows part 

at the light beam to pass through to a photomultiplier placed 

behind the screen. The photomultiplier converts the intensity 

at the incident light into an electrical output. All at the 

shock waves to be studied are convected through the working . 

secticm at the shock tube, so that a time resolved electrical 

output oan be obtained which oan be related to the spa.tial variation 

or the density- gradients within these shock waves. 

3.,1 • 3. The Theory Of Operation. 

We are concerned with the be haviour of light rays wi thin 

the warlcing seotion of the shock tube at position Y1'X1 , as shown 

in figure 3.2.A. Light enters the working section from the left 

hand side travelling parallel to the Y axis. 

Consider the elemental behaviour of the light rays at 

the point Y1'X
1

• It will be assumed that the speed at light in 

the gas, C, is a fWlCtion of 71 o~. R1 and R2 are two light rays 

and W
1 

&: W
2 

are the positions at a wave front at times t and 

t + ~t respeotive~. 

The time taken for the light wave to travel along the 

light rq ~ muat be equal to the time taken for the light wa.ve to 

travel alcmg ~, that :18, 
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It OaD be seen :from the figure that the axJ&le 6; i8 given 

• 
( ad aT] ) .1lT] 

~T] + (ar/ aT!. ).~ 

Or, Dlgleot1Dg seoond crder terms, 

• 

Ooa'bin1Dg equatiClOS 3.1..2 and 3.1.4, ,y{ehave, 

t ao • _. - -o 

Or:-, taking the limit as ~ • 0, we have, 

I;; . -.-.~ J 
1 dO .. 

o 0 dT] 

It the light beam enters the working section normal to 

the tlOft, 18. ;. 0 at I = 0, equation 3.1,.6 becomes, 

y 

· J 
• 

1 dO _._. 
o ax 



100· 

1£ onl,y two dimensional flows are oonsidered, ie. dO/a (x), 

equaticm ~.1.7· .. reduce.s to, 

1 dO y 
= _e_e 

o ax 

The speed of light in a substance is narma.l.l1' referred to 

the speed of light in an absolute vacuum, and. the ratio at theae 

tWo apeed8 i. the refractive index at the subataJlCe, that is, 

n = o /0 o 

where n is the refractive index of the substance and 00 i. the 

speed at light in an absolute VaoUWll. 

It has been shown from quantum oonsiderations, and 

oonfirmed experimentally far a wide range of substances that the 

refractive index of a substame is related to its density b,y 

the lazoentz - lazoentz law ( Ret. 3. 24. ), vi z. 

( n-1). ( n+1) 

( n2+ 2 ). P 

= oonst. 3.1.1:0. 

where p is the density of the substance. Fer a gas n - 1 is 

typioall¥ 10-3 to 10-4, so that the ratio (n + 1 ) / ( n
2 + 2 ) 

oan be assumed oonstant for all practical purposes. This equation 

then reduces to the Gladstone - n..le law, 

(n-1 )/p • 3'.1111 • 



It oan .1ailar~ be shown that, 

~.,.~ 

So tha. t in this oase, 

• -4 4 • 10 CIIS • 

It can be seen from the above oalculations that 

provided the displacement at the edge at the war:"'king section 

window of , • 10-' CIIS. ( ~ + d
4o

) is within the required 

spatial resolutian of the &ystem shadowgraph 6££'ects oan be 

negleoted. Similar~, provided the apparent displacement of' 

the ray at the o entre line of' the war:"'ldng section at 4.. 10-4 

oms. ( <J, + d,) is within the required spatial resolution of 

the system it oan be assWDOd that the image an the soreen is 

exact tro. this stanipoint. 

3. , . S.?t, Spherioal Aberration, 

It was assumed in the preoeeding theary' that 

the ooncave adrrars were parabol1o. In practice these mirrcrs 

are spherical and they onq become identical to parabolic IIdrrGL"S 

in the l:UIit as the apertures t.Dd to zero. 



il.U 2.. . 

For a finite aperture the focal length of' a spherical 

mirror is a tunction at the radial position of the point or 

reflection. In the limit as the aperture tends to zero the focal 

length tends to half the radius at curvature ot the IllirrCll". ~ 

this is taken as the position of' the k:ni1'e edge then a ray of' 

light originating at a distance P from the axis of' the mirror 

will be displaced a distance 6 at the knite edge, and a distance 6 
t • 

at the screen. This will cause the calilration or the system to 

be a function of' the radial point of refleotion and allow light 

to enter the sampling slit in the screen from a distance 6 awtq 
• 

trom the oorrect position. 

It oan be sha.m from the geometry of figure l .I.Ci that, 

P/R = sin e , 

i'2 • R + pI tan 2 e , 

and, 

6 t = ( (B/2) - i' 2 ). tan 2 e • 

lirom whioh it oan be shown that, 

6 • t 

+ (B/2). tan 2 ( sin ~ (P/R» j s., .3?a. 



U1. 

Fat:' the xresent arrangement P < 1 OIU. and i. • 200 OIU., 

so that, 

-s .. 2.5. 10 oms. 

and, 

• 2. &t (max.) • -5 5 • 10 0_ • 

I. , ,'S.4.. Depth or Focus. 

The depth of focus of a schlieren 

system is deter mined by the size of the image at the source 

slit. In this case onl3 the hei&lt of the image has to be 

oonsidered. It has been shewn (Re+:\. ~'.) that the diameter ot 

the circles ot oonfusion is given by, 

where U is the distaooe from the oentre or the werking section to 

the concave mirrcr, ~. and d is the diameter at the oiroles ot 

oontusion at the edges of the werking section. 

Por the present arrangement U II 200 OIlS., so that, 

4. 2 10·' • OllIS. 



1.1.>.$. Beam Divergence .And Alignment. 

It was assumed in the preoeeding thaar,y that the 

incident light beam was properly collimated and entered the 

working seotion of the shock tube normal. to its axis. In practice 

the col.limation and alignment depend upon the above mentioned 

spherical. aberrations and the accuracy with which the system 

oan 'be set up. This setting is achieved by ref'l~otina the light 

beam f'r0ll the surf'aoes of the working section windon te :produoe 

an iDge of' the source slit adjacent to itself. 

When a focussed image of the source slit is obtained 

the source slit is at the focus of the ooncave mirrcr, K
1

, and 

the light beam is collimated. It can be shown that the total 

divergence of' the beam in passing through the working seotion 

is related to the distance between the source slit and the focus 

of' the ooncave mirrcr by, 

D 1:1 ~.I.Y. 

where D is the total divergence, ~ is the aperture of the mirror, 

and e
1 

is the distance 'between the source slit and the f'ocus at 

the llirrcr. 

Far the present alT8llgeJDEtnt A, < 1 oms. and e
1 

1:1 % 0.5 OllIS., 

80 that the llaXimum divergence over the width of' the wcrld.ni 

MOtion .... , 

I 



D max. = -4 :t 1.25 • 10 CIIs. 

When the image of the source slit returns tlrougb itself' 

the beam is aligned normal to the windows of the werking section 

and henoe norMl to the axis of the shook tube. It can be shown 

that the total alignment error over the width of the werking 

seotion is related. to distance between the image and the source 

slit by, 

E a (e
2

• L ) / B 

where E is the total alignment errcr, B is the distance trom the 

source slit to the working section, and e
2 

is the distanoe between 

the source slit and its image. 

In practice the tour images were not ooinoident because 

the windows of the working section were neither perfectly 

flat nor exactly parallel to each other. The images were 

spread over 0.5 oms.. The oentre of these images oould be aligned 

with the souroe slit to within 10.1 oms., and B • 400 oms.) so 

that the JII8Ximwa error was, 

E max. • -, 
:!: 1.25 • 10 OIDS. 



3 .I.S .,. Bandwidth, 

Far a given optical and electronic system the 

signal to noise ratio of the main photomult·\t>Q..\~~ is proportional 

to the he~ght of the sampling slit a.nd inversly proportional to 

the bandwidth of the system, that is, 

sl N b/f 3.l.l7 .. 

where b is the hs.ght of the sampling slit and f is the bandwidth 

of the system. 

This expression demonstrates the compt'omise which has to 

be made between the signal to noise ratio, which must be a 

maximum, the he'ght ot the sampling slit (and heme the spatial 

resolution) , which must be a minimum, and the bandwidth, which 

wst be a maximum. 

For these experiments the bandwidth of the system was 

set at 50 MHZ.- The spatial resolution and. hence the size of the 

sampling slit was determined from the above considerations, and. 

the resulting noise level accepted, which far most of the traces 

obtained oonstituted 2 % of the signal. 



3.1.'. Setting Up The System. 

It is clear fromxhe calculations of the preceding 

section that great care must be exercised in the setting up 

of the schlieren system to ensure that an adequate spatial 

resolution is obtained. The initial setting of the system 

described herein was conducted in the conventional manner, 

emplpying the reflected crosswire technique for beam alignment 

and divergence, and the visual setting of the focii of images. 

The final settings were conducted and quantified by means of 

optical/electronic techniques as will be discussed in this 

section. 

3.1.6.1. The Measurement Of The Intensity 

Distribution Of The Source Image. 

The image of the source slit was scanned by 

replacing the knife edge with a sampling slit, and placing a 

photomultiplier behind this slit. The sampling slit was 

traversed across the image of the source slit by driving the 

vibrator on a reduced mains voltage at a frequency of 50 Hz •• 

A typical output from the photomultiplier is shown in figure 

'.'.7. In the top trace the output is displayed against a time 

base, whilst in the bottom trace the output is displayed 

against the output from the position transducer which: was"" 

monitoring the position of the sampling slit. The hysteresis 

was caused by the position transducer which was an electromagnetic 

device 



Ideall,y, it the source slit had been unif'~ illuminated, 

these outputs would have appeared as discOlltinuOWl square wave 

funotiona. In practice diffraction, astig_tism, tocuasq errors, 

and -.lalignment pt"oduce a tinite rise ani fall. The ob.1eot ~ 

this s.tting was to maximise the outpllt and hence the sensitivity 

whi~ retaining an undistarted output,and to maximise the lineN" 

range ~ the syst.m by mjnimising the ris. and tall or the 

output. 

This display was used to ensure that the source slit had. 

parallel edges which were free trom d1startiona, to set the 

source slit parallel to the lcnite edge, and to optimise the 

relative positions of the light source, lens and sourc. sUt 

for ma,xj mum undistarted output. 

'5.1.',2. The Optimisation Of The Spatial Resolution. 

A simple device has be.n inoarpQt"ated into the 

syst.m to determine som of the af'crementioned factors which 

a:f'feot the spatial resolution of the system. A sk.toh at the 

device is shown in figure 3,' .10. It oan be seen that the device 

oonsists of & blade mounted in an alignment block whiob is 

traversed through the working section by means at the motal" 

driven oam. 

The alignment block was 1 5 oms. long and was maohiDed to 

give a rumx1ng ol.aranoe in the shook tube of 5 • 10-' 0118. 



The blade was aligned to the sides or the block to within ± 10-3 

OIlS. oyer the width at the sampling slit of 2 CIIS.. So, to within 

± 1.5 • 10-3 cms. over the width or the sampling all t • the blade 

repl"esented the normal to the axis of the shock tube tor the 

purpoeea of checking the spatial resolution or the systea. 

This ohopper arrangement was traversed through the WClrking 

section at a frequency or 0.5 Hz.. The speed of the chopper waa 

determined from the time taken tar it to traverse both at the 

light probes ,which were a kno.m distance apart. ~ the 

speed of the ohopper ,the time ta.ken tor the blade to traverse the 

sampling allt oould be related to the spatial resolution at the 

system. 

An example of the type of output which was obtained when 

the system was set up visua.lly is shown in tigurel.l.lI. It can 

be Been that with the sampling slit set at 0.008 cms. the measured 

spatial resclution was 0.01 3 ems. • There is also evidence of 

diffraction fringes on the upper part ot the trace. The screen 

oonfiguration ter this case is also shown in the tigure. It Was 

tound that the two slits were too tar from the axis ot the system 

t.or thea both to be optimised tar spatial resolution. 

These two slits were replaoed by a single slit ani the 

two light probes tor the determination at the shook wave velocity. 

The optimised output with this contiguration is shown in 

tigure 3. '.1'. It can be seen that the slit was tarmed by double 

knite edge_ to pt'event light entering the alit obl1qu.~. 



, ,z.o. 

A measured spatial resolution or 0.007 c_ .... Obta1mcl ritb 

the sampling slit set at 0.008 CM.. It will. al.o be ~ tbat 

there .... no evideme at diftraction tringes. 

All an example d the uaet'u.lneaa of thia 1ieobD1que the 

'-feet of the focussi~ of the warld.ng section 1aage ia abGIm 1D 

tigure' -,. 11. The IIIBrked degree to which the output chana .. OaD 

be olearl,y seen. but these ohanges would DOt haTe 'been 41eoerDiCl 

with the naked eye. 

This technique oould not evaluate the .treets or depth or 
tocus, beall a.lignment am beam divergenoe. nu.a oould haft 'been 

done bT using a double blade and is an illlpl"CMt_nt wb10h abo.t14 

be bern in mind tar the future develOpMnt at the qat ... 

These tests have shom that without taking into account 

those eftects mentioned in the last paragr:aph the &yste. can 

be adjusted to give a spatial resolution at 7. 10-' cu. 

The malalignment am. the divergeme or the beaa could account 

tar a turther 1.3 • 10-3 ou •• and the upth of focus .. further 

2 • 10-3 
CIlS.. This latter figure is the diameter or the 

circles of oonfusion which would be obtained at the edges ot 

the werking seetion, and a mere repr-esentative tigure would be 

the mean value of 1 -3 • 10 OllIS.. Thus. the total spatial 

resolution of tbe systell would have been 9.3 • 10·' 0 ... • 



The only other effect of anr significance 

which could further reduce the effective spatial 

resolution of the system was the shadowgraph effect. 

Again this effect has been over-calculated, because it 

was assumed in section 3.1.5.2 that the edge ot the 

working section was in focus. However, it has been shown 

with the above technique that the centreline ot the 

working section could be focussed to within 0.5 ems. 

along the axiS of the light beam. A more representative 

figure tor the shadowgraph effect would theretore be 
-3 

0.75 x 1iO cms. It is therefore reasonable to conclude 

that the schlieren system should have a spatial resolution 
-2 

of better than 10 cms. 

Other researchers such as Kiefer and Lutz 

(Ref. 3.19.) have checked the spatial resolution of their 

schlieren systems by USing them to observe inCident shock 

waves propagating through monotomic gases such as argon 

and helium. This technique does ,~~rantee that the 

resolution is no worse than the apparent thickness ot 

the shock wave, but a true measure of the resolution is 

not obtained because the curvature of the shock wave 

detracts trom the apparent spatial resolution ot the 

system. 

The SChlieren system used in the present 

studies has been applied to the observation of the 

diffUSion resisted shock front of incident shock waves 

propagating through carbon dioxide. 

. ~ '~ 

• 



The spatial resolution of the system has 

been determined from the riset1me of the signal as the 

front of the shock wave passes the observat10n pos1tion. 

Figure 3.1.14 shows the results of two snch testa appli~ 

to the schlieren system in its final formo It can be 

seen that the risetime of the signal was less than 003 

microseconds. As the system had a bandwidth ot the order 

of 50 MHz., the majority of this risetime was att~ibutabl8l 

to the spatial resolution of the system. If this was 

so, then the system had a resolntion ot better than 0.02 

ems. 

It can also be seen that the thickness o~ 

the diffusion resisted shock front was of the order or 

001 ems., which is consistent with the value ot 0.0,6 ems. 

quoted by Kiefer and Lutz for oxygen (Ret. 3.19.) 

3.1.7. Calibration. 

The schlieren system has been calibrated 

by assuming that the theory developed above holds and 

calibrating the photomultiplier outputs in terms 01' the 

knife e~ge displacement. This assumes that displacements" 

of the knife edg.e relative to the light beam are equivalent 

to displacements; of the light beam relative to the mite 

edge. 



" l1'6. 

This equivalence is guaranteed if the disturbed light 

rays return to the same position on the screen as the undisturbed 

light rays. It has been shown in the preceding seotions that for 

this application those displacements whioh do occur do so within 

the required spatial resolution am. therefore do not affect the 

oalibration. 

This type of ,calibration is narma.l13 conducted statioally. 

The knif'e edge is displaced by a measured amount and the resulting 

change in the photomultiplier output is measured. In this 

applioation this was not possible and a device was developed for 

dynamically oalibrating the system. 

The whole of the system was mounted on a single stand, 

which was isolated from the floor by springs to prevent 50 to 

100Hz. vibrations from reaching the optical components 8lld oausing 

fluctuations in the photoDiultiplier outputs. The oomplete 

arrangement had a natural frequeooy of 2 Hz:.. 1'his arrangement 

reduced the fluctuations on the photomultil>lier outputs to 

an acceptable level far measurement, but they were still large 

enough to prevent a static calibration from being made. 

The system which was developed to overcome this problem 

is shown sohematically in figure3.I.IS. The knife edge was 

mounted on a vibrator which Was driven from reduced mains voltage 

at a frequency of 50 Hz.. 1be amplitude of the kni:f'e edge 

displacement was such that it complete13 traversed the source slit 

image, The position of the knife edge was monitored by a 

position transducer as shown. 



Several ditferent t3})es of position transducer were 

investigated ani the best performance was obtained with a Id.near 

Variable D:i.fferential 'lransformer type 100 MS-L manufaotured by 

Electro Meohanisms Ltd. This tranduoer had a maximum displaoement 

of 0.25 cms. ani a claimed linearity of ± 1 % over the :f'ul.l 

range. The primary excitation and demodulation were por:f'crmed 

by a Tektronix • Q • strain gauge unit. The oomplete arrangement 

had a bandwidth of 2.5 KHz.. This output was used to drive the 

X plates of a Tektronix oscilloscope, whilse the output from the 

main photomultiplier was used to drive the Y plates ct the 

osoillosoope. The resulting display was as indioated in the 

sketch in figure 'a. I. IS. 

The L.V.D.T. was oalibrated statioa.l.ly by switohing the 

vibratcr off and displacing the knife edge with a micrometer head. 

This displacement was related to the output from the L.V.D.T. 

measured with a digital voltmeter ar with the above oscilloscope. 

A typical oalibration ourve of the latter type is shown in figure 

,.1. ,I.. A linearity of 0.8 ~~ was obtained over a range of 0.06 oms. 

after muoh oare had been taken in setting up the transducer. It 

was thought that the reduotion in the linearity was oaused by 

the proximity of the large vibrll.tar as oan be seen in figure 3. IJ~. 

This linearity was however acoeptable for the present application. 

A typioal knif'e edge calibration is shown in:figure 3. I. n. 
The rather br'oad trace arises from the h3steresis ot the L.V.D.T., 

as does the slight non-linearity. 



l a. s. 

This calibration can be related to the 

density gradients in the flow by the application o~ 

the above theory. This part of the calibration 

requires a \(-t\o'" \~,.e. of' the Gladstone Dale constant 

f'or the gas under study, which was carbon dioxide. 

From Allen (Ref. 3.26.) the ref'r&etive index of' carbon 

dioxide at normal temperature and pressure is given by, 

n - 1, = A ( 1 + B/~2) 

where ~ is the wavelength of the light source, in 1, 
. ~ 5 
A = 4.39 x 10 and B = 6.4 x 10 • 

The light source used f'or the present studies 

was a~ercury ~apour ~c lamp, the light from which was 

passed through an optical f'ilter centered at 5461 1 and 

having a half height spectral width of 50 A. 

3.1.8. Th~ Suitabili~f The Schlieren 

System For This Application And Future Developments. 

The schlieren system was chosen for this 

application because it was considered to otter certain 

advantages over other available techniques. The resulta 

which have been obtained with the schlieren system in the 

present studies have confirmed this. 
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As far as can be ascertained from the results 

obtained herein, the calibration of the schlieren system 

as determined above appears to be correct. However, 

scatter in the results of several percent due to other 

causes has rendered an exact check on the calibration 

impossible. It can be said that no evidence has been 

found to suggest that the calibration of the system 

was incorrect, and to this extent the above analytioal 

findings have been confirmed. 

If a more accurate check on the calibration 

of the system is required, it is recommended that a 

study should be made of fully dispersed incident shock 

waves (see seotion 3.3.) and the strength of the waves 

determined by other means such as pressure measurement 

or interferometry. The caloulated denSity change can 

then be compared with the integral of the schlieren 

output in order to determine the calibration. 

The measured spatial resolution of the 

system was found to be better than 0.02 ems. compared 

to a value of 0.01 cms. arrived at from a theoretical 

analysis and from Simple tests. Other results obtaine~ 

in section 3.4. oonfirm that the spatial resolution 

was better than 0.03 cms, 



Considerable effort has been devoted 

to linearising the output from the system. This is 

not in general essential, for, if the calibration 

characteristic is known, the traces can be adjusted 

accordingly. However, the data reduction is 

simplified considerably if' the calibration is known 

to be linear. 

As will be discussed in section 3.2., 

the electronic fOl"m of the output is ameanable to 

electronic data reduction, which would be highly 

impractical with a non-linear cal,tbrationo Of 

particular interest in this respect is the possibility 

of integrating the output from the schlieren system 

electronically to give the total denSity change through 

the shock waves. This permits a denSity gradient / 

denSity presentation to be used for the data, whioh 

removes one of the main sources of error in the 

experiments. 
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~.e. STRONG INCIDENT SHOCK WAVES. 



SmTMARY 

Studies have been made of the structure of 

strong incident shock waves in carbon dioxide. The 

shock waves were produced in the Cranfiel~ Institute 

of Technology 2" shock tube described in appendix 2, 

and the structure o~ thes~ shock waves was studied 

with the time resolved schlieren system described in 

section 3.1. 

The vibrational relaxation time of carbon 

dioxide has been determined in this w~ for 
o 0 

translational temperatures from 300 K to 1200 K. 

The degree of agreement which was obtained between 

these results and those of other researchers has 

been found to be highly dependant on the method or 

analysis and data reduction. 

Comparison of experimental density gradient 

pro~iles with theoretical profiles calculated from 

existing relaxation time data con~irms the 

assessment of the performance. of the schlieren system 

presented in section 3.1. 

A means of improving the accuracy of the 

measurements by the use of electronio data reduotion 

is proposed. 



3.2..1. Introduction. 

The study of the structure of strong incident shock 

waves produced in a shock tube is a commonly used technique 

for the evaluation of vibrational relaxation in gases. These 

wav,es consist of a thin diffusion resisted shock front followed 

by a broad relaxation region through which the vibrational modes 

equilibrate with the translational modes. Relaxation regions 

are typically 104 times as thick as the diffusion resisted shock 

fronts and the latter can be regarded as discontinuities on the 

scale of the relaxation region •• 

The change in the vibrational state of the gas through 

the diffusion resisted shock front can be neglected. and it can be 

assumed that the vibrational modes remain frozen at their upstream 

state. Equally. the effects of viscosity. heat conduction and 

mass diffusion can be neglected in the relaxation region. 

These are the partly dispersed shock waves which have been 

referred to in ~ ... t a. The structure ,Which consists of a 

discontinuity followed by a relaxation region,is given by the so 

called I basic solution I D-{ ~'"~ 2.. 

The change in the thermodynamic state of the gas through 

the relaxation region is essentially exponential in form and the 

relaxation times of the vibrational modes are related to the 

local characteristic lengths of the regions. This characteristic 

length can be evaluated from the ratio of the departure from the 

downstream equilibrium of a thermodynamic variable to its local 

spatial derivative, that is, if the density is the particular 

thermodynamic variable in question. 

'i.~.'. 
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where rs is the downstream equilibrium value of the densi t7 and X ia 
the required oharaotersi tio length. It oan be shown that this 
oharaoteririio length is direot17 related to the rela.mtion time, aa 
tollon, 

i . 'l! =- ~. {(~.. ~ _ p \ ~. 
~ ,,~--- ).-

• 'Jl~ ll-R:..;'o 
~.a..ll. 

wherel~ is the densit7 at ~.the upstream end of the relaxation region, 
that is, behind the diffusion resisted shook tront, ~,is the relaxation 
time and MJJ & Ws are the Mach number and velooit7 reapeotive17 of the 
inoident shOok wave. It is iDIPlici t in the relation that only one 
vibrational mode is ,o~SI ~c.l"ed. or that a number of vibrational modes 
oombine in auoh ,a WIq as to act as a single mode. 

It the characteristio length, x, can be determined experimental17, 
it is a siDIPle matter to cOJIIPUte the fUnotion, f, trom the initial 
oondi tiona in the shook tube, the shook mach number and the appropriate 
position in the relaxation region measured in terms ot the densit)" ,P, 
and henoe to oODlPute the relaxation time, 't'. 

Many researohers have made use of the inoident shook wave in this 
WIq and the most recent have made use of the above relation in some 
form or other to determine the behaviour ot the relaxation time wi thin 
the relaxation region. 

Smiley, Winkler and Slawsky (Ref. 3.28) were one of the first 
groups of researchers to study vibra.tional relaxation behind incident 
shook waves in carbon dioxide. The studies were made with a Mach 
Zehnder interferometer. Smiley, Winkler (Ref. 3.29) have published 
results for rel~tion times mea.sured in oarbon dioxide at temperatures 
trom 400 to 1500lC. The pl\Ysioal oharacterisi tics of the shook tube 
used were suoh that the number of fringe shifts obtained in the 
relaxation regions were small and the .... \~Q+\o" region was verT thin. 
This limited the aoour&C7 of the results to % 2f11,. The relaxation 
times obtained are in reasonable agreement with more reoent data at 
the lower temperatures, but the7 are sisnitioantl)" shorter at 
higher temperatures. 

An approximate form of anal)"sis was used, whioh gave an overall 
relaxation time for each region. This was calculated trom the ~\.-\- .. ",c.(.. 

over whioh the densitT ohanged bT lie of its equilibrium value. It 
is stated that the total change in densitT aoross the shock waves 
were oonsistent with all of the vibrational modes being in equilibrium 
dONnriream of the relaxation region. 

Grim th, Briokl and Blackman (Ret". 3. 30) were also one ot the 
earlier groups of researohers to study vibrational relaxation in this:; 
WIq. '!'hey' also used a Mach Zehnder interferometer.' to monitor the 
d.ena1 t7 ohaDgea in the relaxation regiona. Their method of maJ¥lia 



differed from that of Smiley and \'linkler in that the 
relaxation time was determined from the mean slope of a 
plot of the logarithm of the density ohange versus distanoe 
through the relaxation region. The relaxation times 
obtained were of the same order as those obtained by 

. Smiley and Winkler at the lower temperatures, but were 
signifioantly longer at the higher temperatures. The data 
was muoh oloser to that whioh has been obtained more 
reoently. 

Johannesen (Ref. 3.31) suggested an approaoh to the 
detailed analysis of the relaxation regions whioh made use 
of the Rayleigh-line equations. This teohnique removed 
the innacouraoies resulting from preVious approximate 
analyses and provided a simple means of determining the 
behaviour of the relaxation time through the relaxation 
region. 

In a oompanion artiole, Blythe (Ref. 3.32) reviewed 
the teohniques whioh had been used for the analysis of 
relaxation regions. The aoouraoies of these teohniques 
were oompared with a solution obtained from a numerioal 
integration of the relaxation equation and with the 
Rayleigh-line teohnique proposed by Johannesen. The 
assumption of a oonstan t relaxation time through the 
region was the main souroe of error in the previous 
teohniques. This aooounted for errors of 15 to 20% in 
the Smiley and ;iinkler resul ts and for errors of 1 ~ in 
the Friffi th, Briokl and Blaokman results. It ,.,as suggested 
that the Rayleigh-line approaoh should be adopted in order 
to provide a simple means of removing these errors. 

Daen and de Boer (Ref. 3.15) have studied vibrational 
relaxation behind inoident shook waves ,nth their integrat-
ing sohlieren instrument (see Seotion 3.1). . 

PartioUlar attention was paid to the assessment of 
the performance of the instrument and to the effects of 
shoCte curvature. The apparent thiclmesses of shook waves 
produced in argon &ld heliwn ro1d studied with the instrument 
oould not be aooounted for by instrwnent errors. The 
apparent thiolmessee that would be apparent according to 
the Hartunian theory for shock curvature. (see Appendix 2). 

The carbon dioxide resul ts \'lhich were obtained with the 
instrument were analysed by measuring the time taken for the 
output to change from the initial zero to 95% of the final 
value. These times were then converted to i/e distanoes for 
the exponentials. The relaxation times obtained were sub­
stantially longer than those obtui~ed by both Smiley and 
Winkler and Griffith, Briokl and Blackman. The water vapour 
oontent of the test gas in the experiments was known to be 
10 to 15 ppm and it was suggested that the differenoes oould 
be 



aooounted for by the presenoe of water vapour in the teat gases 
used by the other researohera, and not to errora in the integrating 
schlieren instrument. 

Witteman (Ref. 3.33.) has also obtained relaxation time data tor 
oarbon dioxide with an integrating schlieren instrument; app&l'ently 
with the same equipment as was used by Daen and de Boer. 

'l'he relaxation times were determined in this oase from the 
initial slope of the density profile at t • o. That i8, 
illlllediately' behind the d1tf'usion resisted shook front. The 
relaxation times obtained by this method were signifioantly shorter 
than those obtained by Daen and de Boer, but it would appear that 
the differenoe is attributable to the method of anal.ysis. The 
Wi ttemaD results lie much closer to those whioh were obtained 
by Griffith et alia and to those whioh have been obtained more 
reoently. Witteman also analysed the distribution of vibrational 
energies in the relaxation regions and showed that the valency modea 
followed the bending modes very closely. 

Johannesen, Zienkiewioz, Blythe and Gerrard (Ref. 3. 34. ) have 
also studied the relaxation regions behind inoident shook waves in 
oarbon dioxide with a Mach Zelmder interferometer. '!'hey applied 
the R8\Yleigh-line approach to the analysis of the density profiles 
so obtained. It was found that the data oorrelated linearly onto a 
plot of the logarithm of the density ohange through the relaxation 
region versus distance through the region. This oorrelation applied 
over the whole of the region within the experimental errors. B.r 
analysing the data in this way, it was possible to plot the behanOlD:' ot 
the relaxation time wi thin the relaxation region on the Landau-
Teller plot. 

It was oonoluded from this data that the relaxation time was 
not a single valued tunotion of the tranai tional temperature ot the 
gas and that it was in some w~ dependant on the departure trom 
equilibrium within the relaxation region. The relaxation times 
obtained showed a similar overall +1--~ to those ot Gritfi th et al, 
but the absolute values were a factor of two longer. The total 
denaity ohanges across the shook waves were oonsistent with allot 
the vibrational modes being in equilibrium downstream ot the shook 
wave. 

Possible sources of error in their density measurements were' 
oonsidered by Zienkiewioz, Johannesen and Gerrard (Ref. 3.10.) An 
attempt was made to explain the differenoe between their findings, whioh 
indioated oomplete vibrational equilibrium downstream ot the shook wave, 
with those of Griffith at al, whioh indioated that only the bending 
modes haG. equilibrated. It was shown that an impurity level equivalent 
to 15~ of n1 trogen would be required to explain the diUerenoea, and 
this possibility was diaoounted. Particular attention w:aa liven to 
the eftects o:t the . P'OUP'·retl'&otive index on the bright .... fIoiDp 



shit't when white light is used in the interferometer. It was 
shown that this had negligible effeot on the differenoe between the 
reS11l ts ot the two groups ot reaea;rohers. The question was lett un­
resolved. 

The apparent dependanoe of the relaxation time on the departure 
f'rom equilibrium wi thin the relaxation regions was investigated by 
Zienldewioz aNi Johannesen (Ref. 3.13.). They showed that a bimodal 
model of the relaxation behaviour could lead towa;rds relaxation times 
whioh were single valued tunctions of the translational temperature, 
However, the results were inoonclusive. 

In the same paper, Zienkiewioz and Johannesen reported on a 
similar analysis whioh they had made of the relaxation data obtained. 
by Blac1c:mal1 in Ox\ygeJl (Ref. 3.35.). It was found that this gas 
exhibited a similar behaviour although it oould not be explained in 
terms ot a bimodal model. The apparent dependanoe on the departure 
f'.rom equilibrium was less with ox\ygen, but this was partially 
attributable to the smaller ohange in the transitional temperature 
through the relaxation region. 

Following the work of Zienkiewioz and Johannesen, Kiefer and 
Lutz (Ref. 3.19.) extended a previOUSly developed numerioal teohnique 
(Ref. 3.21.) to obtain an exact solution of the relaxation equation 
f'rom density data. Studies were oonducted with a laser $C.\'\'\€.t"'e.C' 

II1'stem on ox\ygen to obtain rf.sul ts for oomparison with those 
, ... c.s~V\~ by Zienld.ewioz and Johannesen. 

Their analysis was based on a pieoewise integration of the 
relaxation equation through the relaxation region. This was an iterative 
teolmique whioh was started with initial estimates of the relaxation 
time obtained f'rom measurements made by White and Millikan (Ref. 3.20). 
'!'he iterations were oontinued until the input and output values for the 
relaxation tillles agreed within l~. The results obtained in this ~ 
indioated that the relaxation time of o:z;rgen wal a single-valued 
funotion of thet,",,~5\~·'ot\~\. temperature wi thin the experimental 
errors. The teolmique relied upon a knowledge of the start ot the 
relaxation region. However, the results were shown to be insensitive 
to the ohoioe of this pesi tion and it was assumed to oocur at the 
oentre ot the initial spike f'rom the di:ff'u.sion resisted shook front. 

They also showed that the forcing of a linear fit to the plot 
of the logarithm of density ohange versus distanoe through the 
relaxation region masked a slight ourvature in the plot whioh wal 
ori tioal in the determination of the relaxation time behaviour. It' 
was also oonluded that the measurement of density as made by Zienkiewios 
and Johannesen was too insensitive to test for variations in the 
relaxation time through the relaxation regions. 

Simpson, BridgelJlan and. Chandler (Ret.3.loa.) have also studied 
the v:l.brational relaxation ot oarbon dioxide behind incident shook 
waTe.. Their IDe&INl'Ulcts were made with a Mach Zehnder interferometer 



in the same manner a.s those made by Zienk1ewioz and Johannesen. 
They noted the existanoe of systematio deviations in the density 
profiles from the exact exponentials assumed by Zienk1ewicz and 
Johannesen. Acoordingly, the data was fitted with a quadratio 
term in produot with the exponential term in order to allow for 
these deviations. The relaxation times obtained in this w~ tor 
carbon dioxide were tound to be Bingle-valued :funotions ot the 
translational temperature wi thin the experimental errors. The 
total densit7 ohanges across the shock waves were oonsistent with 
all of the vibrational modes being in equilibriUIII downstream of the 
shook waves. 

At the outset of the present experiments, no detailed .studies 
of relaxation regions in oarbon dioxide using a sohlieren system had 
been reported, although sinoe, Simpson, Chandler and Straw.on (Ret.3.36.) 
have published results of such experim.nts. As Kieter and Lutz 
(Ref.3.19.) had oommented on the insensitivit7 ot'the Mach Zehnder 
interferometer to detailed relaxational behaviour~ it was oOnSidered 
that the application of the sohlieren system to oarbon dioxide 
studies might make a useflU oontribution to the knowledge ot the 
subject. 

The integrating sohlieren instrument had been applied bY' Daen and 
de Boer and b7 Witteman to carbon dioxide studies. However, the 
output of their instrument was pro~ional to the densi t7 ohange 
and not to the densit7 gradient. In addition, the sensitivity of the 
instrument was determined by its response to the diffusion resi.ted 
shock tront. This instrument was, therefore, no more sensitive to 
vibrational relaxation than the Mach Zehnder interferometer. 

The application ot the sc.\.J.ieren system to the stu~ of 
relaxation regions in oarbon dioxide would also provide a useful 
oheck on the performance of the sohlieren System prior 10 its applioation 
to other studie.. There were detailed differenoes between the 
relaxation times obtained by various researohers, but these had 11 ttl. 
impact 9Jl the denai ty profiles whioh were observed. Therefore a 
gross oheck on the performanoe ot the sohlieren system oould be made. 

The applioation of the sohlieren system would also lead to a 
better understanding of the problems assooiated with the stu~ and 
anal.7sis of the relaxation regions, and in turn might enable pOsBible 
improvelD8llts to be oonsidered and investigated experimentalq. 



3.2.2. First Series of Experiments 

The time resolved quantitative sohlieren ~stem whioh is 
desoribed in seotion 3.1. herein had been partially developed tor 
this type of applioation at the outset of these experiments 
and these experiments were oonduoted with the sohlieren system in its 
original torm. The vaouwn ~stem had not been modified at the time ot 
these experiments and the ultimate vaouwn whioh oould be obtained was 
10-3 torr. it was therefore oonsidered that the results from these 
experiments would only serve to evaluate the performanoe of the 
schlieren system and provide relative information regarding the 
relaxation times, and that the absolute values ot the relaxation times 
obtained would not be reliable. 

The soreen of the sohlieren system oontained two sampling slits 
one larger than the other. The largest slit was used for the analysia 
of the wave profiles, whilst the two ali ts together acted as timing 
markers from whioh the shook velooi ty oould be determined. 

The osoillogram whioh is shown in figure 3.2. 2.A is typioal ot the 
results obtained in those experiments. Both of the tra.oes are ot the 
same output from the photomultiplier behind the two sampling slits. The 
upper trace was taken on a. taster time base for the analysis ot the 
wave profile whilst the lower trace shows both outputs tor the 
determination ot the shook velooity. 

Both of the traces were triggered by the arrival of the shook wave 
at the first slit, the output from whioh is shown Qn the upper trace. 
This method ot $~.ook velooi ty determination was neoessitated beoause 
the timing seotion was far upstream ot the working seotion in the 
cylindrioal part ot the shook tube. (see Appendix 2.). 

It has been shown in section 3.1 that the output from the sohlieren 
system was proportional to the density gradient in the flow, and henoe 
the amplitude ot the upper trace was proprtional to the denrity gradient. 
However, as there was no free run on the trace pri.or to the arrival 
ot the signal to be analysed the absolute amplitude relative to the 
zero density gradient was not known. It was asawned for the purposes 
of this analysis that the traoe had returned to zero density gradient 
towards the right hand side of the trace. 

This series of experiments were analysed by plotting the amplitude 
of the trace versus osoillosoope time on a log-linear plot, as shown in 
figure 3.2.3. tor run 2559. This method followed that of ZieDkiewioz 
and Johannssen, except that the densi t1 gradient is used here whereal 
Zienkiewicz and Johannesen analysed the dena1 t1 ohange through the 
relaxation region. The data presented in figure 3.2.3. has been non­
dimena10nalised by the total density ohaZlge throuch the reluatioD 
region. 



It can be seen from Figure 3.2.3 that the data 
presented correlated linearly 011 this plot, and it could be 
concluded from such presentations that, within experimental 
errors, the density gradient was exponential in form through 
the relaxation regiono It will be noted that this form of 
curve fitting gives an undue weighting to the near equilibrium 
data and Simpson et al (ref. 3.12) have commented on the 
sensitivity of the relaxation times to the near equilibrium 
data. 

It was assumed that the characteristic length of the 
region was constant throughout. The constant, A, was 
calculated from the slop of the graph in Figure 3.2.3. The 
conditions behind the shock wave were obtained from a 
measurement of its velocity and the initial conditions in 
the shock tube channel. Values of the constant, A were then 
plotted versus T -~in the same manner as presented by 
Zienkiewicz and dOhannesen for each of tl1e elCperiments. The 
results are shown in Figure 3.2.4., where they are compared 
with the same mean line through Zienkiewicz and Johannesen's 
data. 

The influence of the undue weighting which ~las given 
to the near equilibrium data was not assessed, but it was 
considered that aa alternative method analysis should be 
investigated. To this end, the density gradient data was 
integrated to give the density change through the relaxation 

'

region. It was necessary to calibrate the schlieren system 
to place the data in the correct position in the relaxation 
region; in terms of density chanGe. For -thiS, a conventional 
calibration was made of the schlieren system, which was mown 
to be within 10~ and therefore adequate for these purposes. 

The density gradient was plotted aGainst the density 
clUillge as shown in Figure 3.2.5. for run 2559. It is clear 
that the constant, A, can be obtained directly from such a 
plot as the mean slope of the curve, as indicated by the 
straight solid line. In this plot the near equilibrium data 
i G given its proper weighting, and an al terna ti ve fi t can be 
made to the data as indicated by the dotted line. It can be 
seen that both of the fi ttlnC;B sho ... m suffer a zero error, 
which leads to an infinite or zero value for the relaxation 
time at equilibrium; dependinG on hOT'" the data is fitted. 
This error was attributed to the wrong choice of equilibrium; 
depending on how the data is fitted. This error was attri­
buted to the wrong choice of equilibrium state for the traces 
and the data was consequently adjuGted to give no zero error. 

The relaxation time of carbon dioxide was calculated 
for each of the experimental points shown in Figure 3.2·.4. 
using the relation given by equa.tion 3.2.2. It wil be 
recalled that for an exponential density gradi~nt in the 
relaxation region, the characteristic length, x, is the 
1nveroe ot the constant A. 



The dependenoe of the funotion, f, given in equation 3.2.2. on 
the Mach number of the inoident shook wave is shown in figure 3.2.6. The 
ourves shown are for six points equally spaced in terms of density ohange 
through the relaxation region. The curve 'A' is the upstream 'frozen' end 
of the relaxation region whilst the curve 'f' is the downstream 'equilibrium' 
end of the region. The behaviour of the translational temperature raised 
to the one third power is shown in figure 3.2.7. for each of the six point. 
through the relaxation region. It oan be seen that great oare must be 
eJreI'c.·,~ed in the use of the curves for the oalculation of the relaxation 
times in order to preserve the detailed differenoes whioh appear in the 
data in the form shown in figure 3.2.5. 

'!'he relaxation times obtained in this wavr for the first series 
of experiments are shown in figure 3.2.8. where they are oompared with the 
Simpson data. 

The dashed lines indioate that the data has been extrapolated 
linearly towards the frozen end of the region. It can be seen that there 
was a large amount of soatter in the results. This was not oonsidered 
surprising in view of the limitations of the experimental set-up. Thi. 
point is particularly brought out in figure 3.2.5. in whioh the dashed 
curve is that whioh is obtained it the data is made to fit the reluation 
time meanrement. to small ohanges in the experimental profile •• 



3.2.3. Second Series of Experiments 

A second series of experiments were initiated when the 
schlieren system and the vacuum system had been improved as far as 
was oonsidered necessary. The schlieren system was brought to the 
final configuration described in seotion 3.1., md had a spatial 
resolution of better than 0.02cms. and a bandwidth ot 50 )1Hz. 
The V&CUUIII system was in the final configuration described in appendix 
2 ,and the system had an overall impurity level ot less than 30 p.p.m. 
of water vapour. 

From experience gained in the first series ot experiments, greater 
care was exeroised in the choice of initi~\ ohannel pressures and 
diaphragms in order to optimise the spatial resolution ot the wave 
profiles and the signal to noise ratio ot the syatem. The .,hlieren 
system was also calibrated eaoh dq during these experiments in the 
manner desoribed in seotion 3.1. using the vibrating knife edge, ao 
that the absolute value ot the density and its gradient were more 
accurately known. 

The soreen of the schlieren system in its final configuration 
configuration contained only one sampling slit which allowed light to 
pass through to the main photowl tiplier for the analysi s ot the 
wave profile. 

The two light probes were mounted on the tront ot the screen, 
which conve,yed the light to a second photomultiplier. 1rhese probes 
were primarily required for the deterudnation ot the velooity of weak 
shock waves in other experiments as a gross oheck on the inoident 
shock velocity. The primar.y incident shook velooity measurement was 
made by timing the passage of the ahook wave with wall mounted 
thermometers upstream of the working aection. These measurement. were 
oorreoted aooording to the oalibration discussed in appandix 2. 

The oloillogram shown in figure 3.2.2.B is typioal of the results 
whioh were obtained in this seoond series ot experiments. The upper 
trace is the output trom the main photomultiplier behind the sampling 
slit, whilst the lower trace is the output trom the photomultiplier 
oonneoted to the light probes. Both of these traces were triggered by 
the passage of the image of the inoident shook wave over the first 
light probe. In this way, a tree run appeared on the output trom 
the main photo~tiplier prior to the arrival ot the image ot the 
inoident Shock wave at the main sampling slit. 

It oan be seen from figure 3.2.2.B that there was a precursor dip 
in the trace ahead of the output from the inoident shook wave. This 
oould not be attrl' buted to radiation, beoause a narrow bandwidth til ter 
oentred at 54610 was positioned in the light beam between the working seotion 
seotion and the screen. The most propable cause is believed to be a 
refleotion ot the light beam off the curved front of the incident 
shook wave. The position of the trace ahead ot the precursor dip 
was take to be zero denai ty gradient reterenoe tor the e%periments. 
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As mentioned above, the schlieren system was 
more rigorously calibrated for these experiments, and the 
amplitudes of the traces were readily converted into density 
gradients. The time r'esolved outputs were converted to 
spatial variations and integrated numerically to give the 
densi ty changes through the relaxation regions. This 
procedure was conducted on a computer uSing pOint by point 
measurements taken off the oscillograms. 

This data was plotted as denSity gradient versus 
denSity change, as shown in the upper part of figure 3.2.90 
for run 3148. Any zero errors which occurred were corrected 
for this type of plot and the required ratio.(p' -p) / (J. f/tl. 'Ie) 
evaluated directlyo \ 

The behaviour of this ratio for run 3148 is shown 
in the lower part of figure 3.2.9. It can be seen that the 
scatter in the ratio increases as the downstream equilibrium 
is approached, as would be expected from the decreasing 
amplitude of the trace there, Simpson (Ref • .3.12.). The 
ratio appears to remain nominally constant as the downstream 
equilibrium is approached, although it will be recalled that 
this has been enforced to a certain extent by the requirement 
that there be no zero erroro 

The relaxatt.on times were calculated in the manner 
described in the first series of experiments, except that 
instead of the ratio being taken as a constant through the 
relaxation region, the variation was tal~en into accOWlt and 
point values were taken of the ratio through the regiono The 
relaxation timeo obtained. in this VUJ.y for the sccond series of 
expej,'imcnts are shown in fiL;Ul'(} .3.2.100 It can be seen that 
even with the incorporation or 'LliG improvements the scatter 
has only been slightly reducod. [I.~Hl thel'e is no tendency for the 
data to lie along the Simpson CUl'VCo 

As a further c.llock un these experiments, theoretical 
curves were plotted from the l.·olaxation time data published 
by Zienkiewicz and Johanneuull :JJ.lLi. by Simpson et ale Figure 
.302.9. presents curves obtainuu ill. this way for run .3148. 
It can be seen that sliGhL acl.jUGLlilcnt of the zero pOSitions 
could cause all of the threu CUI'veS to agree over most of the 
relaxation regiono 

Figures .3.2. -j -j ., 5. :-' 0 120, 'J..tld 3.2.13., present 
compari.sons of measlu~ed pl'u.d.l'::l; ,11 L·ll theoretical profiles 
obtained from the Simpson <lata fOl~ a l-"ange of incident shock 
Mach numbers. It can be seen that the <.lata can be made to 
agree over most of the relaxation region by adjusting the 
choice of the start of the relaxation region. 
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If the fitting shown is oorreot, then there oan be no residual 
densi ty gradient downstream of thesho(;.\( wave, beoause the zero gradient 
datum was taken upstream of the shook wave. This implies that the 
differenoe between the present data and that due to Simpson oould be 
acoounted for by the manner in whioh equilibrium is approached rather 
than the equilibrium values of the traces. This does lead to the 
possibility that the near equilibrium behaviour is affeoted by the 
separate relaxation of the asymmetrio stretohing mOde. Unfortunately, 
the present experimental arrangement is not suffioiently refined to 
prove or disprove this. 

It oan be seen trom figures 3.11, 3.12 and 3.13 that the apparent 
thiomesses ot the diffusion resisted shook tronts ranged trom 0.02 to 
0.15 ems.; depending on the inoident shoek lI'aoh number. The values 
are of the same order as those obtained by other researohers. The 
apparent thinomess is attributable to the curvature ot the inoident 
shook wave; as discussed in appendix 2. 



14- Z 

3.2.4. Electronic Data Reduction 

One of the prime difficulties in the deeper understanding ot 
the strong incident shock wave in the relaxing gas is the 
essentially exponential nature of the relaxation region. The data 
reduction which is involved in reducing the measurements to u8eable 
form precludes 8ZlJ'Qc.c.,'~<:'t.~(. and detailed assessment of the 
behaviour in the relaxation region. The weakest link in the 
reduction of the data to the form presented in figlU'es 3~2.5. or 
3.2.9. is the measurement of the traces and the subsequent numerioal 
integration. It is oonsidered that substantial \- 'r""-(e.~c.f'\ ts coo\~ ~e 
made by oonduoting this measurement and oompu.tation eleotronioally, 
as will DOW be described. 

The output from the time resolved quantitative sohlieren system 
is in an ideal form for electronic analysis in that it is a real time 
analogue signal. It is a simple matter to pass the output through an 
operational amplifier with the required feedback for time integration 
over the desired period. As the velooi ty of the inc; dent shock wave 
is nominally cOllstant, the output from the integrator would be 
proportional to the density change, and henoe essentially exponential 
in form. However, by driving the Y pla:bes of an oscillosoope with 
the direot output and the X plates with the integral a display ot 
the f01'lll shown in figures 3.2.5. and 3;;2.9. is obtained. 

An invesiigation was conducted into the possibilities of using 
this type of data reduction. The operational amplifier employed was 
a Tektronix '0' unit, which was equiped with controls for the direot 
setting of the feedback elements to give the required period ot 
in*egration. A Tektronix 536 osci110soope was used for the display. 

An electronic simulation was made of the output from the 
schlieren system, an example of which is shown in tigre 3.2.14.A. 
It can be seen that the signal sonsisted of a delta function followed 
by an exponential dec8\Y, which was essentially the form of the outpu1 
:f'.rom the schlieren system. The resulting display obtained on the 
oscilloscope is shown in figure 3.2.14.£. The finite response of 
the system distorted the initial delta :fUnotion, but the subsequent 
trace is linear indicating that the simulated input was truely 
exponential and the system was integrating correctly. The display 
shown is for a longer time constant than was obtained in the shock 
tube experiments. A range of time constants were investigated and 
it was found that the system did not have a sufficiently fast rise time 
for the shock tube measurements to yield accurate resul te. In addi tiOll, 
the large· variation in the velocity of the 8pot across the screen 
of the oscilloscope gave rise to a variation in the intensity of the 
trace. This occurred to such an extent that part of the trace was 
too bright whilst part of the trace was too dim for reoording with 
Polaroid film. The Z modulation of the oscilloscope was modified 
to take into account the variaticn in the velocity of the spot, but 
there was not auttioient improvement for any acourate measurements to 
be made. 



It was decided that the system should be applied to the 
reduotion of shook tube data to evaluate its performance, but it 
realised that the date would not be suffioiently accurate for any 
relaxation time information to be obtained. Two typical output. 
whioh were obtained from shook tube tests are shown in figure 
3.2.15. The ,region to the le:ft hand side oj( the trace was 
the diffusion resisted shock front, and the bright spot on the 
right hand side is the downstream equilibrium state. It oan be " 
seen that not only JrIIlSt the intensity of the trace be better 
oontro1led, but the duration of the intensi ty ~st be finely 
adjusted so that the upstream and downstream equilibrium points 
do not appear too bright and thereby reduoe the resolution. 

The curvature of the trace is very evident and is oonsistent 
wi th the relaxation time data presented by Simpson et ale The len 
hand side of the trace shows the effeots of the limited bandwidth 
of the equipment, but the majority of the trace is a true 
representation of the actual profile, 

These tests have shown that the teohnique of eleotronio data 
reduction oould be applied to the stud.Y of the relaxation regions of 
strong shook waves in order to obtain more detailed information 
regarding the relaxation process. This teohnique warrants further 
development, but, as the incident shock wave xas not the oentral part 
ot this .tu~, it was not persued here. 



3.2.5. CONCLUDING REMARKS 

This investigation has demonstrated the applicability of the 
conventional schlieren system to the stu~ of vibrational relaxation 
in strong inoident shock waves produoed in the "r,tH."; tube. The 
performanoe of the schlieren system so far has indioated that with turther 
developlJ'ent 1 t has the potential to provide fUrther detailed information 
about the relaxation regions of strong inoident shock waves. It has 
the advantage over the laser schlieren that it oan be arrangad 
to give an output whioh is directly proportional to density gradient. 
This reduces the amount of data reduction required for eaoh experiment 
and is well suited to the proposed electronio data reduotion, because the 
latter relies on the data being proportional~ the density gradient. 
in orier to perform the€\C~~tr-~I'\·I( .. integration. 

The precursor dip is a source of doubt in the performance of the 
schlieren system. It has been noted that a similar dip appears in 
the data obtained by Simpson, Chandler and Strawson (Ref. 3.36) in 
argon. This aspeot has not been investigated here, but it should 
reoeive turther attention before the teohnique is applied to more 
accurate studies of strong incident shook waves. 

The relaxation time for carbon dioxide has been obtained for 
tell1peratures from 3000Jc to l2000Jc from the stu~ of the strong inoident 
shook waves to an aocuracy of ± 304by direot data reduction. However, 
it has also been shown that if the near equilibrium behaviour is 
ignored the relaxation time data oan be made to oorrelate on to the 
curve obtained by Simpson et al, except for the near frozen data whioh 
is affeoted by the curvature of the shook wave. Aooepting the form 
of curve fitting proposed by SilJ'pson et aI, and limiting measurements 
to the oentral part of the relaxation region, it can be conoluded that 
the relaxation time ia a aingle valued twnotion of the translational 
temperature, a. determined by Simpson, Bridgeman and Chandler. (Ret 
3.12.). 

Sinoe the oompletion· ~f' the present experimental studies, Simpson 
Chandler and Strawaon (Ref. 3.36.) have published the results of 
similar studies using a laser sohlieren teohnique, whioh oonfirmed their 
earlier findings. They have also demoRatrated conolusively that the 
relaxation time does not depend on the departure from equilibrium 
wi thin the relaxation region by studying waves propagating through 
mixture. of' argon and carbon dioxide. 
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'.3. WEAK INCIDENT SHOCK WAVES. 



SUMMARY 

Studies have been made of the structure of weak 

incident shock waves in carbon dioxide. A technique has 

been developed for the production of the weak incident shock 

waves, which involved the positioning of a perforated plate 

in the channel of the shock tube. 

The shock waves were produced in the Cranfield 

Institute of Technology 2" shock tube described in appendix 

2 , and the structure of these waves was studied with the 

time resolved schlieren system described in section 3.1. 

The vibrational relaxation time of carbon dioxide 

has been determined in this way for translational temperatures 

of approximately 300oK, and has been found to be in good 

agreement with measurements made elsewhere. 

Comparison of the experimentally measured density 

gradient profiles with theoretical profiles calculated from 

the basic solution of part 1 have shown good agreement. 

The regions of maximum density gradient in the fully dispersed 

shock waves and the diffusion resisted shock fronts of the 

partly dispersed shock waves departed from the theoretical 

profiles. This has been attributed to the curvature, 
of the shock waves as discussed in section 3.1, 'for-
the strong incident shock waves. 

The suitability of the use of weak normal shock 

'40. 

waves for the study of vibrational relaxation has been discussed, 

and conclusions have been reached regarding the optimum wave 

strength for this type of study. 

It has been concluded that the suitability of the 

time resolved schlieren system for this type of application 

bas been confirmed. 



3.3.1. Introductions 

An essential feature of the strong incident 

shock waves discussed in the preceding section was that 

they were partly dispersedj the structure of these waves 

consisted of negligibly thin diffusion reSisted shock 

tronts followed by broad relaxation regions. As the 

strength of this type ot wave is reduced. a stage is 

reached when the diffusion reSisted shock front dissappears 

and the structure of the shock wave becomes solely 

determined by relaxation of the vibrational mode(s). 

These are the fully dispersed shock waves discussed in 

part 2 herein. 

The existence of fully dispersed shock waves 

was first noted by Bethe and Teller (Ref. 3. a I.) in 

1 941 • Lighthi 11 (Ref 0 3. ~ q .) der i ved an approximate 

theoretical solution for the distribution of flow 

parameters through fully dispersed shock waves. The 

theoretical predictions of Bethe and Teller were 

investigated experimentally by Griffith and Kenny 

(Ref. 3.37. ) with the intention of demonstrating the 

existance ot these waves. They produced fully dispersed 

shock waves in the form of incident shock waves in a shock 

tube. Carbon dioxide was used as the test gas because 

of its large Vibrational energy content at room temperature. 



The density profiles through the fully dispersed 

shock Vlaves were studied with a Mach Zehnder interferometer 

and the total fringe shifts through the waves were used 

to determine the wave strengths. ~od agreement was 

obtained between the experimental profiles and theoretical 

profiles calculated from the Lighthi11 approximation. 

Relaxation times of the order of 5 microseconds at NTP 

were obtained in these experiments. These times were 

shorter than expected and the difference was attributed 

to impurities in the test gas • 

. The objectives of the present investigation were 

to confirm these earlier findings with the schlieren 

system, to further evaluate the performance of the 

schlieron system in this type of application and to 

investigate the transition from a fullY dispersed inciden~ 

shock wave to a partly dispersed inCident shock wave. 

The latter was conducted in conjunction with the theoretical 

results of part 2 for the tranSition. 

Figure~.3.1 shows the vsristion of the denSity 

gradient with denSity change,Af', for a range of weak 

incident shock waves. The reason for this choice of 

presentation will be discussed later. The profiles shown 

were computed for a fixed equilibrium ratio of the specific 

heats of 1.293, which is nominally the room temperature 

value for carbon dioxide. 



The diffusion resisted shock fronts of the partly 

dispersed shock wave profiles shown in figurel.~.1 have not been 

included. Ideally, with a negligibly thin diffusion resisted 

shock front observed by a schlieren system having a finite 

resolution only the relaxation region should be observed, as 

shown. 

The transition from a fully dispersed to a partly 

dispersed shock wave can be seen to occur at an incident shock 

Mach number slightly above 1.04, which, in terms of normal 

shock tube operation is a very weak shock wave. It will also 

be noted that there is a radical change in the profiles from 

a Mach numbe~ of 1.01 to 1.07, which is a change of only 6\ 

in the shock velocity. 

These then are the types of waves to be produced and 

studied with the schlieren system. It had been demonstated 

previously(~.3.2. ~.) that the schlieren system was ideally 

suited to the study of weak shock waves. A reliable method 

of producing weak incident shock waves was not available and 

had to be developed. 

~.3.~. Methods Of Weak Shock Wave Production. 

In principle, it should be possible to produce very 

weak incident shock waves by the use of very weak diaphragms. 

In practice, it has been found to be very difficult for the 

pressure differentials required. 

Weak diaphragms had been developed previously by 

the author( I\~.~. 2.!t) for this type of application, where they 

proved to be adequate. These were manufactured from 0.0025 ems. 

thick aluminium household cooking foil and had a bursting 

pressure of 300 tow. 



By etching these diaphragms in a cruciform pattern 

with a 2\ solution of hydrofloric acid, the bursting pressures 

could be reduced to as little as 50 torr. An example of the 

type of output which was obtained from the schlieren system of 

weak incident shock waves produced in this way is shown in run 

2576 of figure3.~.l. The screen of the schlieren system was 

in its original form for these tests, and contained two sampling 

slits which allowed the light to pass through to a single 

photomultiplier. The upper trace shows the output from the 

photomultiplier as the image of the incident shock wave was 

convected across both of the sampling slits. The lower trace 

was delayed to show only the output from the second slit. 

The diaphragm which was used had been etched for a 

period of 20 minutes giving a bursting pressure of nominally 

50 torr. It can be seen from the oscillogram that i~ 

was possible to produce incident shock waves in this way 

which were sufficiently weak to be fully dispersed. However, 

there were several dissadvantages with this technique. 

Firstly, the diaphragms did not petal cleanly, 

so there was no guarentee that the wave was properly formed 

prior to reaching the working·section. Secondly, the bursting 

of the diaphragms was unreliable in that the bursting pressures 

varied widely and premature bursting occurred. Often, pinholing 

occurred, causing a leakage of driver gas into the channel. It 

will also be noted that the initial pressure in the channel 

had to be very high for a sufficiently weak wave to be produced. 

This restricted the widths of the waves and hence reduced the 

effective spatial resolution of the meas~ing system. It was 

concluded that an alternative technique should be sought. 



One alternative technique which was investigated 

consisted of placing an orifice plate behind the diaphragm. 

The intention was that it would partially convert the unsteady 

expansion into a steady one. and hence reduce the strength 

of the incident shock wave for a given diaphragm by choking 

the flow. 

An example of the type of output which was obtained 

with the schlieren system of this type of wave is shown in run 

2447 of figure3.3.~. The oscillogram shows the outputs from 

both of the sampling slits. The orifice plate contained a 

1 cm. diameter hole. and it reduced the Mach number of the 

incident shock wave from 1.6 to 1.1, as shown. It can be seen 

that the wave profile had the appearence of that of a fully 

dispersed shock wave, whereas the Mach number of the shock 

wave indicated that it was partly dispersed. This was 

attributed to incomplete formation of the incident shock wave 

and it was concluded that this technique was unacceptable. 

In view of the success which had been achieved by 

the author with the slotted end face technique (t<. ,-t. ~ . 2 ~ . ) 

I '-S. 

it was decided that a similar technique should be investigated 

for this application. A perforated plate was therefore 

positioned in the channel of the shock tube between the diaphragm 

and the working section, as shown in figure 3.~.~. 

The principle of operation was that the incident shock 

wave reflected off the plate allowing part of the wave to pass 

through to emerge as spherical waves which then coalesced into 

a plane normal shock liave prior to their arrival at the working 

section. The position of the plate was arranged so that none 

of the wave process upstream of the plate arrived at the working 

.ection during the test time. 



A range of perforated plates were manufactured. 

These had holes drilled at 0.5 cms. x 0.5 cms. spacings over 

the whole of the cross-section of the shock tube, giving a total 

of approximately 80 holes. The sizes of the holes were chosen 

to give a range of open to total area ratios from 2% to 60%. 

Calculations showed that a reasonable position for the plate 

was half way between the diaphragm and the working section. A 

second diaphragm station was therefore fitted at this position 

to enable the plates to be readily interchanged. 

A series of tests were initially conducted with air 

as the test gas in order to determine the performance of the 

plates in terms of transmitted to incident shock strengths. 

These tests were conducted at an incident shock Mach number of 

nominally 1.74, and the results which were obtained are 

presented in figure 3. 3.4-. This form of presentation was chosen 

because it enabled data for different gases to be correlated. 

Mt is the transmitted shock Mach number and Ms is the incident 

shock Mach number. 

These tests were repeated with carbon dioxide as the 

test gas. The incident shock Mach number in this case was 

nominally 1.44 and these results are also presented in figure 

~.~.4.. The two sets of data correlate reasonably well and it may 

therefore be possible to use this form of presentation to 

predict the behaviour of other gases. No theoretical analysis 

of the performance of these plates has been attempted, but it 

is considered that a quasi-onedimensional approach would produce 

some useful information. The reflected shock region behind 

the plate could be regarded as being the reservoir for the steady 

flow through a throat formed by the plate. It would probably 

be necessary to include some loss factor because of the 

discontinuous nature of the throat. However. for the present 

requirements such an approach would be academic. 



It can be seen from figure3.'14 that, a transmitted 

shock Mach number of 1.035 could be obtained in carbon dioxide 

by using the smallest hole size (2%). It was concluded that, 

if the technique could produce well formed transmitted shock 

waves, it would be well suited to this application, and the 

range of hole sizes would be adequate. 

A series of tests were conducted to assess the degree 

of formation of the transmitted shock wave using the time 

resolved schlieren system. Typical examples of the outputs 

which were obtained are shown in figure ~.~.S. These results 

were obtained with the schlieren system in its improved 

configuration (see section 3.1.). The upper traces are outputs 

from the main photomultiplier placed behind the single sampling 

slit. The lower traces are the outputs from the second 

photomultiplier which was monitoring the light probes. 

It can be seen that well formed "laves were produced 

with this technique, and, at much lower channel pressures than 

hitherto possible. The transition from a fully dispersed to 

a partly dispersed shock wave can be clearly seen in these 

oscillograms. The diffusion resisted shock front appears rrom 
1 ts apparent thickness to be curved and therefore 
consistent with the results of the strong incident shock waves. 

It was therefore concluded that this technique would be suitable 

for the production of well formed, weak, normal shock waves. 

This technique also offered other advantages over the 

other techniques. The strength of the transmitted shock wave was 

determined primarily by the area ratio of the plate and was 

therefore insensitive to changes in the diaphragm bursting 

pressure. In addition, the incident shock wave provided a 

sufficiently strong and reliable triggering pulse for the 

electronics which had not been available with other techniques. 



We shall revert to the use of the term incident 

shock wave to mean the transmitted shock wave in the 

following parts of this section, because the original incident 

shock wave ceases to have any significance in that context. 

a.~.3. Method Of Analysis. 

The manner in which the wave profiles were analysed 

will be discussed prior to continuing with a description of 

some of the more rigorous studies which have been made. 

The overall shock ratios and the ratios across the 

diffusion resisted shock front were calculated. These are 

presented graphically in figures 3.~.b ~Q l.~.i~ where 'frozen' 

refers to the ratios across the diffusion resisted shock front 

and 'equilibrium' refers to the overall ratios. The regime 

of the weak incident shock wave was arbitrarily chosen to be waves 

having Mach numbers up to 1.4. For this reason, the data has 

been terminated at that Mach number. 

It can be seen from figurel.~.~that the frozen and 

equilibrium translational temperatures cross at an incident 

shock Mach number of approximately 1.2. Consequently, the 

total change in the equilibrium ratio of the specific heats 

is only 0.15\ at an incident shock Mach number of 1.4. It 

was concluded that for the purposes of analysis it would be 

sufficiently accurate to take a mean value of the equilibrium 

ratio of the specific heats through the relaxation resisted 

parts of the shock waves. The relaxation time of carbon dioxide 

only changes by~ \ through the relaxation region of a shock 

wave of Mach number 1.4 and can also be taken as constant for 

these purposes. These approximations allow the fully dispersed 

and the partly dispersed solutions of p~~ta to be used 

directly for the computation of theoretical profiles for 

comparison with experimentally measured profiles. 



Thus, as the relaxation time can be taken as a 

constant through the wave, a closed form solution of the 

equations can be used. The widths of the shock waves will 

be proportional to the relaxation times evaluated at the 

mean translational temperatures of the relaxation regions. 

A difficulty was encountered in the determination 

of the strength of the shock waves. At the higher Mach 

numbers, approaching 1.4, there was no difficulty. In that 

case, the strength of the waves could be determined from 

their velocity by direct measurement, either at the timing 

station or at the light probes. However, as the strength 

of the wave decreases, the velocity asymptotes towards the 

speed of sound of the gas and cannot be used for accurate 

determination of wave strengths. 

An alternative means of determining the wave strength 

was available in the case of the fully dispersed shock waves. 

The schlieren system had been calibrated, and, as the profiles 

were continuous, the outputs could be integrated to give 

the total density change across the waves and hence the wave 

strengths. 

This left a range of wave strengths just above the 

transition which were not continuous and yet not strong enough 

for the velocities to be used with any accuracy for the 

determination of their strengths. Additional difficulties were 

involved, as can be seen from figure a.~ 8 There is considerable 

doubt as to what the schlieren system will measure. On the 

one hand it could measure the change in density through the 

relaxation region alone. In this case the strength of the wave 

could be determined from a comparison of the integral of the 

output from the schlieren system with the theoretical density 

change across the relaxation region. However, even if it could 

be guaranteed that this was the case, the change in the density 

across the relaxation region is insensitive to the wave strength 
over this range. 



As was mentioned in the introduction, the wave 

profiles were analysed by plotting them in a density gradientl 

density plane, and comparing them with theoretical profiles in 

that plane. rigurei~.q shows a typical fully dispersed shock 

wave result in this plane·. The output from the schlieren 

system was calibrated and numerically integrated with a 

computer to give result as shown. It can be seen that both the 

density gradient and the density have been non-dimensionalised 

1'70. 

by the free stream density, Pl' In addition, the density gradient 

has been non-dimensionalised by the free stream velocity, u. 

Thus, the only difference between the experimental and theoretical 

profile was the relaxation time, T. 

The total density change across the shock wave was 

used to determine its strength and hence the Mach number 

using a mean value for the equilibrium ratio of the specific 

heats. The theoretical profile wa~ then calculated from the 

basic solution given in ~~~ 2. The ratio of the theoretical 

to the experimental profile was taken at a number of points 

in the shock wave for fixed' values of density, the result of 

which was the relaxation time at each point through the wave. 

The mean value of the relaxation t:i.me was then calculated and 

the experimental profile re-non-dimensionalised to compare 

the theoretical and experimental profiles in detail. 

The procedure in the case of the partly dispersed 

shock waves was similar except that the strength of the waves 

was determined from their velocities. 



~.l.~. Experimental Results. 

Figurel.~.,o shows a range of typical schlieren 

outputs of the waves produced by this technique. These 

results were obtained with the schlieren system in its 

final configuration. That is, with a spatial resolution 

of better than 0.02cms. and a temporal resolution of better 

than 0.1 ~s.. The vacuum system had also been improved and 

the new working section incorporated. 

The upper traces of the oscillograms are the outputs 

from the main photomultiplier which was monitoring the 

sampling slit. The lower traces are the outputs from the 

second photomultiplier,which was monitoring the light probes, 

and were used for the determination of the velocities of the 

shock waves. 

It can be seen that the profiles remained continuous 

well above the wave strength required for the ~aves to become 

partly dispersed. This confirmed that a broadening of the 

diffusion resisted shock front had occurred as had been 

indicated in the preliminary tests. Unfortunately. this 

~u~~~e of the waves masked the details of the transition. 

The cur~~~~e of the waves fortuitously aided the 

analysis of the wave profiles. because it was clear that the 

schlieren system had responded to the total change in the 

density gradients across the weak partly dispersed shock waves. 

This enabled the integrals of the schlieren outputs to be taken 

as the total density change across the waves. and hence the 

strengths of the waves to be readily calculated. 

Results such as these were analysed in the manner 

described above. The relaxation times obtained in this way 

for carbon dioxide are presented in figure 3.1.1'. 

t71. 



Figure 3.3.11 shows that the relaxation times 

for cs.rbon dioxide: from these experiments were in eood 

agreement with those obtained by Simpson (Ref. 3./2..), 

and it can be se.en from the data presented by Si"mpson 

that the results were also in close agreement with those 

from ultrasonic measurements. 

The results for the weak incident shock wave 

show that there was greater scatter in the fully dispersed 

shock Wave data (at the lower temperature end of the 

results) than in the partly dispersed shock wave data. 

This was attributed to the high degree of sensitivity of 

the profiles of the fully dispersed shock waves to the 

wave strengths. 

Having obtained the relaxation times and non­

dimensionalised the experimental data accordingly, they 

were compared directly with theoretical profiles on plots 

of density gradient versus true spatial position through 

the wave. Figure 3.3.12 shows two typical fully dispersed 

shock wave profileso It can be seen that the theoretical 

and experimental profiles agreed very closely except near 

to the maximum density gradient. The reduction of the 

experimental output near to the maximum denSity gradient 

could be accounted for by the curvature of the shock wave, 

as discussed in the preceding section. This effect was 

more pronounced in the case of the partly dispersed shock 

wave profiles which are shown in figures 3.3.13 and 3.3.14. 

It can be seen that the agreement was aga1n very good except 

near to the front of the shock wave. 



frat 

The apparent thicknesses of the diffusion resisted 

shock fronts of these partly dispersed shock waves were of the 

order of 0.1 cm. (1 unit in the non-dimensionalised variable, 

z, was approximately 0.2 cm.). This confj.rmed that these weak 

incident shock waves had been broadened by shoe.\( c:u"\J'~t\L~c.a U ~ 

the strong incident shock waves of the preceding section. 

This demonstrated that the formation of the transmitted shock 

waves studied in this case was as good as that of the original 

strong incident shock waves. 

3 . \. S. Discussion Of Results And Conclud:i.ng Remarks. 

The relaxation times determined :i.n these experiments 

were in good agreement with those determined elsewhere. However, 

it was noted that the scatter in the relaxat:i.on t:i.mes was greater 

for the fully dispersed results than for the partly dispersed 

results. The measured density gradient profiles were in good 

agreement with the theoretical profiles except for the transition 

from fully d:i.spersed to partly d:i.spersed shock waves. 

It was unfortunate that the actual transiti.on was 

obscured by the ,~~~~~~ of the shock wave. However, the 

theoretical results of ~o..¥t 2. indicated that, :i.n any event, 

the schlieren system would not have monitored the transit:i.on. 

It was originally anticipated that the fully dispersed 

shock waves would be more sensitive to vibrational relaxation 

than the essenti.ally exponent:i.al relaxation regions of the 

strong incident shock waves. This has been confirmed to a large 

extent, but some of the benef:i.ts have been offset by the 

sensit:i.vity of the wave profile to hs strength, as can be seen 

from figure l.l..l. The larger scatter in the fully dispersed shoek 

wave results is attributed to this fact. 



Consider the profiles of the weak partly dispersed 

shock waves shown in figure~.~. S. It can be seen that the 

slope of the profiles • and hence the relaxation time, is 

insensitive to changes in the wave strength. In addition, 

the translational temperature remains almost constant through 

the relaxation region. It is concluded from this that the 

weak partly dispersed shock wave would be more suitable for 

the study of vibrational behaviour, and the scatter in the 

relaxation times would be less than with the fully dispersed 

shock waVe. 

These studies were as accurate as could be expected 

in the small (2" diam.) shock tube which was used. They have 

confirmed the suitability of the schlieren system for this 

application and have given no cause to doubt the calibration 

of the schlieren system. The results which have been obtained 

provided a useful guide in the development of techniques 

for the propagation of weak normal shock waves through regions 

of elevated ~emperature, which will be discussed in the 

following section. 



Note: 6p is density change through the rel~xation resisted 

parts of the wave, that is, throughout fully dispersed shock 

waves and through the relaxation regions of partly dispersed shock 
waves. 
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3.4. THE PROPAGATION OF WEAK NORMAL SHOCK WAVES 

THROUGH GASES AT ELEVATED TEMPERATURES. 



SUMMARY 

Further developments and refinements have been made 

to a technique which had been developed previously for the 

propagation of weak normal shock waves through gases at elevated 

temperatures. This technique involved the use of a porous end 

face in the channel of the shock tube. The design of the end 

face was improved and a better understanding was obtained of 

the weak shock wave formation process and of the reflected shock 

region into which the weak shock waves were propagated. 

Fully dispersed shock waves were produced in carbon 

dioxide with this technique. These were studied with the time 

resolved schlieren system described in section 1.1. herein. The 

relaxation time for carbon dioxide for temperatures from 3000 K 

to 6000 K was ·found to be in reasonable agreement with measure­

-ments made elsewhere. The maximum temperature limitation 

imposed by the bifurcation of the reflected shock wave was 

investigated, and it was concluded that no further improvements 

could be made in the present shock tube. 

A comparison of experimentally measured density 

gradient profiles with theoretical profiles indicated reason­

-able agreement. A comparison of these with the results of 

section s .• indicated that the weak shock wave formation was 

almost as good as that of the weak incident shock wave. It 

was discovered that the degree of formation had been fortuitous, 

and that a shock wave in a monotomic gas such as argon would not 

have formed into a stable form in the time available. 

It was concluded that the technique had been succe~s­

-ful for the evaluation of relaxation times in a near equilibrium 

situation, but that the profiles could not be used for any 

detailed investigation of vibrational behaviour. 



3,,4.1, Introduction. 

It was evident from the results of the preceding 

section that the weak normal shock wave offered certain 

advantages over the stro~g incident shock wave for the study 

of vibrational relaxation in gases. 

The main advantage was that the departure from 

equilibrium of the vibrational mode(s) which occurred in 

the weak shock wave was substantially less than that which 

occurred in the strong partly dispersed shock wave. The 

behaviour of the vibrational mode(s) within the weak normal 

shock wave should therefore be ~uch closer to the 'Heat 

'77. 

Bath' behaviour predicted theoretically by Landau and Teller (Ret.3.4.o,) 
than in the strong partly dispersed shock wave. 

The change in the relaxation time through the weak 

shock wave and its effect on the shape of the profile could 

be neglected; the relaxation time being determinable from 

the overall width of the shock wave. The fully dispersed 

shock wave had the particular advantage that its profile was 

inherently more sensitive to detailed relaxation phenomena 

than the essentially exponential behaviour of the relaxation region 

of the partly dispersed shock wave. 

It was therefore concluded that the development of 

a teChnique for the propagation of weak normal shock waves 

through gases at elevated temperatures should be investigated. 

The weak incident shock wave of the preceding section was an . 

example of a possible means of achieving this, in that the 

initial channel gas could have been heated prior to the 

firing of the shock tube. 

~~~ to achieve the required degree of heating with any 

certainty and reliability would be difficult and prohibitively 

expensive. Therefore, the use of the weak incident shock wave 

must be restricted to the evaluation of room temperature data, 



The shock heating of the test,gas in the channel of 

a shock tube is in itself an efficient method of heating the 

gas. An alternative to the steady state heating of the test 

gas would therefore be to shock heat the gas and then to pass 

the weak normal shock wave through the region of heated gas. 

This method of heating is essentially transient and the 

propagation of the two shock waves would have to be closely 

coordinated. There are two regions of the shock heated gas 

in a shock tube which are suitable for this purpose. These 

are the regions behind the incident and reflected shock waves. 

Such techniques had been developed previously by the author, 

and this section is primarily concerned with the developments 

which have been made to one these techniques. 

~.4.~. Shock Heating And Propagation Techniques. 

An attempt had been made by the author to make use 

of the region behind the incident shock wave with what has 

come to be called the 'double diaphragm' technique. This 

experiment was initially designed by Goy (Ae{.3.,,",,). It 

consisted of placing a second weak diaphragm in the channel 

of the shock tube, which supported a small pressure 

differential; the downstream pressure was greater than that 

upstream. 

The principle of operation was that the incident 

shock wave which was propagating through the test gas would 

be attenuated by the pressure differential across the weak 

diaphragm causing a weak shock wave to be reflected back 

into the heated gas behind the incident shock wave. It was 

assumed that the diaphragm would play no part in the 

interaction process. 

.1S. 



It was foun4 after considerable investigation and 

development that the technique could not be made to work in 

the Cranfield Institute of Technology 2" shock tube. The 

main reasons for this were that the diaphragm created a larger 

disturbance than the pressure differential which it supported,. 

and there was not sufficient running time available behind 

the incident shock wave for a stable shock wave to be formed. 

This technique was therefore abandoned in favour of a 

technique which made use of the region behind the reflected 

shock wave. 

This second technique consisted of fitting a porous 

end face in the end of the channel of the shock tube. A wave 

diagram of the associated wave process is shown in figure 3.~.1. 

The principle of operation of this technique was that as the 

incident shock wave reflected off the front face of the porous 

end face a Small percentage of the shock wave would be 

transmitted into the end face. This shock wave would be 

reflected off the bottom of the porous end face to re-em~rge 

into the reflected shock region of the main shock tube flow as 

a weak normal shock wave. The main question to be answered 

was whether it would be possible to manufacture a porous end 

face which would generate weak normal shock waves in the 

time and distance available behind the reflected shock wave. 

An end face was developed which consisted of 

laminations of steel gauge plate and steel shims to form 

rectangular slots spanning the width of the working section 

of the shock tube. A picture of the assembled end face is 

shown in figure) .... 2. For these tests, it was necessary to 

use the square working section, which in turn necessitated 

the incorporation of a transition section between the 

cylindrical shock tube and the square cross section of the 

working section. It was realised that the presence of the 

transition section would create disturbances, but it was 

considered that these would be tolerable for an initial 

evaluation of the technique. 



Limited success was obtained with this technique. 

Fully dispersed shock waves were produced in carbon 

dioxide and the vibrational relaxation times obtained 

were in reasonable agreement with measurements made 

by Simpson (Ref. 3. '~.) and Zienkiewicz and Johannesen 

(Ref. 3. 10.). However, it was not possible to 

evaluate the degree of formation of the weak shock wave 

or to investigate alternative end face designs in the 

time available. 

The results which were obtained were restricted 
o 

to a maximum translational temperature of 600 K, because, 

of the occurrence of turbulence in the reflected shock 

region. This resulted from the bifurcation of the 

reflected shock wave due to its interaction with the 

boundary layer on the walls of the shock tube behind 

the incident shock wave. Bifurcation of reflected shock 

waVeS is discussed in Appendix 2. 

It was concluded that the technique showed 

sufficient promise for it to be actively persued and 

developed. The main areas re~uiring investigation and 

development were considered to be the following: 

1. Studies of alternative end face designs. 

2. An evaluation of the reflected shock region with 

particular reference to carbon dioxide. 

3. An eValuation of the degree of formation of the Waves. 

4. The use of tully dispersed shock waves produced by 

this technique for the detailed study ot vibrational 

behaviour. 



3.4.~. End Face Design. 

It was clear from the original tests that the waves 

which emerged from the slotted end face were cylindrical in 

form. It was infered from the density gradient profiles of 

the weak waves which were produced that they had been well 

formed, although no spark pictures were taken of the cylindr­

-ical waves to confirm this. 

A series of spark schlieren pictures were therefore 

taken of the waves produced by the slotted end face. Some 

examples of the pictures which were obtained with air as the 

test gas are presented in figurea.~.~. Air was used as the 

test gas in this context because the waves were more distinct 

than in carbon dioxide, as will be discussed in a later part 

of this section. 

All of the spark pictures presented in fl.gure 3. ".3. 

were taken at the same initial channel pressure of 200 torr 

and nominal shock Mach number of 1.72, but with progressively 

longer delay times after the passage of the incident shock 

wave. The delay time increases from run 3010 through 3016, 

3011, 3012 to 3013. The front of the end face was approx­

-imatelyone shock tube diameter (5 ems.) from the top of 

the working section windows seen in the pictures. 

The reflected shock wave can just be seen entering 

the top of the working section window in run 3010, and 

approximately half way across the window in run 3016. A 

complex wave pattern existed between the reflected shock wave 

and the end face, as can be seen in the spark picture of run 

3011. This pattern was not present in the testa with carbon 

dioxide, as will be discussed later. 



The weak waves which had emerged from the end face 

can be seen in the top of the spark picture of run 3012. The 

white vertical line was a fault in the photograph and not a 

feature of the flow. These waves can be seen again in run 

3013. It can be seen from these last two pictures that the 

wave formation left a lot to be desired, although it must be 

,82.. 

remembered that these pictures were taken in air and the waves 

produced in carbon dioxide appeared to have coalesced completely. 

One of the main reasons for the choice of the slotted­

end face was that it provided the best compromise between ease 

of adjustment, machining tolerance and internal finish ( in the 

slots ) available at that time. This will be appreciated from 

details of the slotted end face shown in figure 1.4.~. 

A dissadvantage of this design was that the plates 

were not restrained at their outer ends. Great care had to 

be exercised in the assembly of the gauge plates to ensure 

that they did not warp and hence produce non-uniform widths 

of slots. It was not possible to improve upon this arrange-

-ment because it would have necessitated substantial modifications 

to the working section which were considered to be unwarranted 

at that time. 

The slotted end face was ideally suited to the 

square working section, and the latter could have been modified 

to retain the ends of the gauge plates. However, for reasons 

of minimum flow disturbance and ultimate purity of the gas, a 

cylindrical working section was preferred. The slotted end face 

could have been modified for use in a cylindrical working 

section, but it would have been far more difficult to adjust 

slot widths and depths in that case. Also, the above spark 

schlieren pictures indicated that there was a need to improve 

the distribution of porosity of the end face. 



A circular holed end face had the obvious advantage 

of flexibility of the distribution of porosity, which could 

be made more uniform than was possible with the slotted end 

face. The use of a circular holed end face had been dismissed 

previously because of the inherent difficulties involved in 

obtaining good internal finish in the holes. It was considered 

that it would be worth while investigating the possibility of 

the use of an holed end face. 

A circular holed end face was manufactured to fit 

into the square working section so that spark schlieren pictures 

could be taken of the ensuing wave process for its assessment. 

The end face which was manufactured is shown in figure 3.4.. S. It 

was the end face in centre of the picture; the other end faces 

will be discussed later. 

This square end face was manufactured from a solid 

brass block. 3/32" diameter holes were drilled and reamed into 

the block at a spacing of 0.2 x 0.2". giving a total of 64 

holes over the end face. It was not possible to drill these 

holes deeper than 2" and consequently deeper holes were achieved 

by assembling blocks together as shown in figure 3.4.S. This 

end face was mounted in the same block as the slotted end face 

shown in figure 'la. 4 ....... 

Spark schlieren pictures were taken of the wave 

process ensuing from this end face. Four different configurations 

of hole depth and distance between the windows and the end face 

were investigated. The dimensions of these configurations are 

given in figure3.~~ and the resulting spark pictures in figures 

'.".1 and S ...... I. These spark schlieren pictures will be discussed 

in more detail in the later parts of this section. 

Of particular interest here are the runs which were 

made with air as the test gas, ie. pictures C and D of this 

aeriea. 



The upper pictures show the reflected shock waves 

passing the windows and the lower pictures show the weak 

shock waves which had emerged from the holes. The oscillograms 

were of pressure histories obtained on the side wall of the 

shock tube adjacent to the working section windows as shown in 

figure 1."" c.. 

The spark schlieren pictures have not reproduced very 

well, but it can be seen from a comparison with figure ~.~.i. 

that the waves appeared to have coalesced to a far greater 

extent than those from the slotted end face. This arrangement 

was still not entirely satisfactory, as it was clear that the 

internal finish of the holes left a lot to be desired. 

,84-. 

However, it was generally concluded that the cylindrical working 

section should be employed together with an end face containing 

a large number of circular holes. 

In seeking a means of improving the internal finish 

of the holes, it was discovered that hyperdermic tubing had 

the desired properties of good internal finish and high 

tolerance. Accordingly, 

from hyperdermic tubing. 

1 ..... 5, from which it can be 

a range of end faces were manufactured 

A sample of these are shown in figure 

seen that the hyperdermic tubing was 

sandwiched between two plates to form the end face. 

The fitting at the top of the photograph in figure 

1.~S was used to locate the end faces in the end of the cylindrical 

working section. The rod running through the fitting, and 

upon which the end faces were mounted, was adjustable to enable 

the distance between the working section windows and the end 

faces to be varied. This rod was locked in position and sealed 

by means of an '0' ring. 

The results obtained with these end faces, which will 

be discussed later, indicated that the performance of this type 

of design was well within the limitaions imposed by other aspects 

o"f the experiments. It was concluded that no further improvements 

were justifiable at that stage. 



304.4. The Reflected Shock Region 

It was not possible to make a detailed study of the 
reflected shock region in the earlier work (Ref. 3.23), 
because of lack of aVailable time. It was assumed for 
those purposes that the weak shock waves propagated through 
an ideal reflected shock region, the oonditions in whioh 
oould be calculated from the incident shock velocity by 
using the normal shock relations. It was therefore 
essential for a detailed study to be made of the reflected 
shock region in carbon dioxide before prooeeding with the 
relaxation measurements. 

The main reasons for departures from ideal conditions 
behind the refleoted shook wave have been disoussed in 
Appendix 2. These are: 

The initial acoeleration of the incident shook wave, 
boundary layer attenuation of the inoident shook 
wave, and bifuroation of the refleoted shock wave. 

To these has to be added non-uniformities due to the 
outflow into the porous end wall. 

The distance between the diaphragm and the end wall 
of the channel was the main parameter over whioh oontrol 
oould be exeroise~ to achieve a compromise between the 
first three factors listed above. 

A series of tests were conducted to evaluate the 
affect of the distance between the diaphragm and the 
working section on the refleoted shock conditions. Wall 
surfaoe temperatures and pressures were measured in the 
working seotion for two different diaphragm positions, 
and over a range ot incident shook Mach numbers. A range 
of results are presented in Figure 3.4.9. The upper dia­
phragm results lon the left hand side) were obtained at 
60 diameters from the diaphragm and the lower diaphragm 
results (on the right hand side) were obtained at 110 
diameters from the diaphragm. ~he latter position was 
that used in the previous experiments. The working section 
was fixed and two diaphragms locations were used for these 
studies (see Appendix 2). 

The P traoes are wall pressure histories, and the T 
traces are the wall temperature historieso It can be seen 
that the results have been oompared at the same values of 
initial ohannel pressure to show the affeot on the atten­
uation of the incident shock wave. The extra attenuation 
due to the inoreased channel length was of the order of 5%. 
The pressure traces show that the running time was ourtailed by 
the arrival of the refleoted head of the unsteady expansion 
in the oase. of the lower diaphragm results. 



The. first d~sturbanc~ from the reflected shoc~contact 
surface ~nteract~on curta~led the running time in the case 
of the upper diaphragm position. 

The temperature traces indicated that there were large 
fluctuations in the gas temperature and a marked degree of 
cooling soon after the reflection of the incident shock 
wave. This was attributed to the flow of slightly colder 
gas through the bifurcated edges of the reflected shock 
wave. The explanation for this, Davies (Ref. 3.42), was 
that the gas was decelerated less in passing through the 
oblique shock waves than through the normal part of the 
reflected shock wave. Hence, less kinetic energy was 
oonverted into thermal eneI.'gy in the flow through the 
oblique shock waves. The affect that this had on the 
reflected shock conditions increased as the reflected shock 
wave moved further from the end wallo 

It was difficult to apply the wall pressure measurements 
in any quantitative manner to the flow through whioh the 
weak shock waves were travelling, because of the presence 
of the bifurcation. It was concluded that the original 
deoision to accept the reflected shock conditions as being 
ideal was the. best which could be made in the ciroumstanoes. 
The calculations were improved slightly by taking acoount 
of the flow into the end face. 

This was done by assuming that the conditions behind, 
rather than ahead of, the weak shock waves were those 
given by the ideal theory for the reflected shock conditions. 

The turbulence in the reflected shock region also 
warranted closer inspection, because the results of 
Strehlow and Cohen (Refo 3043) indicated that the flow 
adjacent to the end face became stationary and wave free 
after the reflected shock wave had moved away from the 
immediate vicinity of the end faceo A series of spark 
schlieren photographs have been taken and these are 
presented in Figure 3.4.10. The photographs were obtained 
with the diaphragm in the upper position. 

The reflected shock wave can just be seen entering 
the top of the picture in run 3020, and approximately half 
way across the picture of run 30210 In the latter case, 
the bifurcation of the reflected shock wave can be see(n 
together with the turbulent flow of gas through it. The 
end face was approximately one shOCk tube diameter away 
froIn the centreline of the working section windows). The 
turbulence adjacent to the end wall can be seen in the 
pioture of run 3022. As the delay was inoreased, the 
looal turbulenoe appeared to inorease. 



The upper temperature limit had been set by the 
incident shock Mach number at which the density gradients 
in the turbulence became of the same order as those in the 
waves being studied. Therefore, as the turbulence did 
not decay with time, the temperature limit could not be 
raised by studying the wave at longer times after the 
~eflection of the incident shock wave. The maximum 
temperature was t11eEefore limi ted, as with the previous " 
experiments, to 600 K. 

There appears to be no way of raising this limit 
in pure carbon dioxide. The onset of bifurcation does 
occur at higher incident shock Mach numbers in other gases, 
so the technique might be more applicable to them. Carbon 
dioxide could be mixed with argon for example, which does 
not cause bifurcation over the requisite shock Mach number 
range. In this way, it should be possible to either reduce 
the effects of bifurcation and/or raise the incident shock 
Mach at which bifurcation occurs. 

It is also of interest to note that Mark (Ref. 3.44) 
showed theoretically that bifurcation should cease above a 
certain incident shock Mach number, typically seven. If 
this occurs in practice, then it may be possible to apply 
the technique at much higher translational temperatures. 



i ..... S. The Formation Of The Weak Shock Waves. 

In the earlier studies, the degree of formation of 

the weak shock waves was infered from the agreement between 

the relaxation times obtained with them and measurments made 

elsewhere. This could have been fortuitous~ _s ~h~. 

was reason to believe that the relaxation times obtained in 

this way ~~ not have agreed with those from the strong 

incident shock wave. 

This was investigated by studying the formation of 

weak shock waves emerging from one of the hyperderic tubed 

end faces in the cylindrical working section. The end face 

was held in place by a fitting which facilitated the movement 

of the end face relative to the working section windows (see 

.\»~.'w '1. ) • The distance between the end face and the windows 

could be varied between 0 and 3 inches. 

A series of experiments were performed to investigate 

the formation of the weak shock waves using argon as the test 

gas. These experiments were conducted at an initial channel 

pressure of 100 torr, and at an incident shock Mach number of 

nominally 1.8. This was considered to be representative of 

the conditions under which relaxation time measurements had been 

made. The time resolved quantitative schlieren system in its 

final configuration was applied to the study of these waves. 

A range of the results which were obtained in this 

way are presented in figurel.~.". It can be seen that the shock 

waves emerged from the end face with a half he\ght width of 

approximately 5 ~s. in time. As the wave moved further from the 

end face, the maximum density gradient increased whilst the width 

of the wave decreased, indicating that the wave was coalescing. 



For a montomic gas such as argon, the width of the 

shock wave should have been negligible on this scale. However, 

it was clear from the results shown that the wave was still 

coalescing after 3 inches. It might be concluded from this that 

the technique was unsuccessful. 

These tests were repeated with carbon dioxide as the 

test gas. The results are presented in figure ~.t..n.. It can b. 

seen from these results that the formation of the weak shock 

waves in carbon dioxide had been fortuitous. The profile of 

the wave emerging from the end face was very close to its final 

equilibrium state. The profile appeared reasonably stable 

after having travelled 1.5 inches, although the traces were 

distorted by the turbulence from the reflected shock wave. 

,q l'l 

A distance I time graph was plotted from these results 

for each test gas, as shown in figure~.~.3. It can be seen that 

both of the gases appeared to be travelling at a constant velocity 

within the experimental error. It had been hoped that this form 

of presentation would indicate the degree of formation of the 

wave. However, the velocity of the waves were so close to the 

speed of sound that even the large changes in the profiles of 

the argon shock waves were not reflected in this plot. 

The half h&~ght widths of the profiles have also 

been plotted versus distance from the end face, as shown in 

figure 3.~'4. It can be Been from an extrapolation of the argon 

results that the wave would have properly coalesced after travel~­

-ing a distance of approximately 11 ems. • This was equivalent 

to S5 diameters based on the spacings of the holes in the end 

face, which was consistent with normal shock tube behaviour. 

The carbon dioxide results confirmed the visual 

assessment that the wave was formed almost immediately into its 

final equilibrium profile. 



Consider the wave diagram of the shock wave process 

associated with this end face shown in figure 3.4.IS. The shock 

wave process inside the holes has been shown as being the 

same as that in the main part of the shock tube. This was not 

quite correct, as will be discussed later, but it is sufficiently 

accurate for the present purposes. 

Having determined the formation distance required for 

the weak shock waves, it was necessary to optimise the end face 

geometry. The weak shock wave travelled at a higher velocity 

than the reflected shock wave and therefore overtook it. 

Consequently, the length of the end face and the distance between 

the windows and the end face had to be chosen such that the 

best compromise was reached between the time allowed for 

formation, the time to over take the reflected shock wave and 

the time of arrival of the first disturbance from the reflected 

shock wave I contact surface interaction. 

A series of experiments were conducted to optimise 

the geometry. These experiments were conducted in the square 

working section to enable spark schlieren pictures to be taken 

of the full width of the flow. The square holed end face was 

used for this work, and the range of configurations have 

already been presented in figure3.~~. The spark schlieren 

pictures which were obtained in this way are presented in 

figures?""" and 3 ..... 1) together with side wall pressure histories 

in the working section. It will be recalled that the delays 

for the upper pictures were chosen to show the reflected shock 

waves whilst the delays for the lower pictures were chosen to 

show the weak shock waves. 

It was found that the most reasonable compromise was 

obtained by having the distance between the end face and the 

windows equal to the depth of.the holes in the end face. The 

final depth of the holes was set at 2 inches. 



It was concluded from all of the above results 

that the formation of the weak normal shock waves had 

indeed been fortuitous. Nevertheless, the waves were 

well formed and useable for this application, but it 

was noted that the situation would have to be reviewed 

for other gases. In the presence of the disturbances 

from the bifurcation of the reflected shock wave, a 

better assessment of the weak wave formation eo~ld 

not be made. 

It was of interest to note that the argon res~ltB 

(see figure 3.4.14) indicated that the spatial resol~tion 

of the schlieren system m~8t have been better than 

0.0.3 ems •• 



, Cf'4-. 

3 ..... E,. FuJ.ly Dispersed Shock Waves. 

It was decided that the earlier experiments which 

had been made with this technique for the evaluation of the 

relaxation time of carbon dioxide using fuJ.ly dispersed shock 

waves shouJ.d be repeated. It was realised that the upper 

temperature limitation could not be raised, but it was considered 

that better low temperature data would be obtained with the 

incorporated improvements. 

One the main improvements was in the method of 

determining the strengths of the fuJ.ly dispersed shock waves. 

Previously, the strengths of the fully dispersed shock waves 

had been determined from the shape of the density gradient 

profiles of the waves. The sensitivity of the profile shape 

to the wave strength can be seen from figure 3.4..1. This 

technique was found to be unsatisfactory because of the 

distort~n of the profile due to broadening. 

The strengths of the fully dispersed shock waves 

studied in the present experiments were determined from the 

total density change across them. The output from the time 

resolved quantitative schlieren system was calibrated and 

integrated numerj.cally on a computer to give the density 

profile and the total density change of each wave. The 

conditions behind the fully dispersed shock waves were calculated 

from the initial conditions in the channel and the incident 

shock velocity. It was assumed that the conditions behind 

the fully dispersed shock wave were those given by the ideal 

theory for the reflected shock region (see se.ct-\~l."""~. This 

normal shock data is presented in figure l .... U, for the incident 

shock wave andl.~." for the ~flected shock wave for a 

carbon dioxide test gas. 



The methods of data reduction and analys~s used 

for these experiments were similar to those used for the 

weak incident shock waves of the preceding section. The 

experimentally measured density gradient profiles were non­

-dimensionalised by the upstream density and the inverse of 

the upstream veloc~ty. These were then plotted versus the 

density change through the waves non-dimensionalised by the 

upstream density. Theoretical profiles were calculated and 

plotted in a similar manner. 

The ratio of the theoretical density gradient to 

the experimentally measured gradient was determined for a 

number of points equally spaced in terms of density through 

the wave. This ratio gave the relaxation time at each point 

through the wave. Any variation in the relaxation time through 

the wave was attributed to experimental error, and a mean 

value of the relaxation time was determined for each wave. 

The experimental profiles were then re-non-dimensionalised 

by this mean value of the relaxation time for direct comparison 

with the theoretical profiles. 

The experiments were conducted with an hyperdermic 

tubed end face containj.ng 76 x 2.38 mm. diameter holes. Figure 

~.4.ltr shows a range of outputs from the time resolved quantitative 

schlieren system of the waves produced by this end face in 

carbon dioxide. The incident shock Mach numbers range from 

1.08 to 2.0. 

The upper traces of the oscillograms are the outputs 

from the main photomultiplier placed behind the single sampling 

slit; it will be recalled that the schlieren system was in its 

final configuration. These traces were triggered by the incident 

shock waves passing the first of the light probes, and they have 

been delayed in order to expand them to the desired time base. 



It can be seen that the fully dispersed shock 

wave s WAre not well formed for incident shock Mach numbers, 

below 1.2, which set a lower limit for the technique 

in terms of the translational temperature. However, the 

weak incident shock waves catered adequately for the; 

lower temperatures. As the Mach number of the incident. 

shock waves approached two, the profiles became very 

distorted. This was caused by the bifurcation of the 

reflected shock wave discussed above, which set an 

upper temperature limitation on the results of 
o 

approximately 600 K. 

The upper oscillograms of figure 3.4.19 are of 

similar outputs, but with the upper traces not del~ed 

and displayed on longer time bases. These recordings 

were teken to aSSist in the assessment of the flow into 

which the fully d'~spersed waves were propagating. The 

incident shock waves can be seen as negative going spikes 

occurring within the first half centimetre of the traces. 

The reflected shock waves can be seen as the first 

positive going spikes occurring after approximately four 

centimetres from the start of the traces. The fully 

dispersed shock waves can be seen as the last positive 

going spikes occurring approximately eight centimetres 

after the start of the traces. A particular point of 

interest WaS the rising output following the incident 

shock wave in each trace. This was the negative denSity 

gradient whioh had been observed in section 3.2. 



The lower oscillograms of figure 3.4.11 (runs 3294, 

3292, 3289 & 3288) show the output~ from the light probes 

of the fully dispersed shock waves (upper traces) and of the 

incident shock waves (lower traces). As with the incident 

shock waves, the traces of the fully dispersed shock waves 

were used for the determination of their velocities. This 

information was used to convert the time resolved schl~eren 

outputs of figure 1.4 .• ' into spatial variations. 

The results shown in figure~.~,g and others were 

analysed in the manner described and the relaxation times for 

carbon dioxide evaluated. These results are presented in the 

Landau-Teller plot of fj,gure 3.4.1.0. Also shown are the results 

of the previous series of experiments <RG(.3.2 ~), together with 

the results of Simpson <U.1.'Z.,) and Zienkiewicz; and 

Johannesen (Re~. 3.10.). 

The scatter in the present results did not appear 

to have been greatly improved over the results obtained previously. 

However, comparison with the results from the weak incident 

shock waves in carbon dioxide indicated that the scatter was 

peculiar to fully dispersed shock waves rather than this 

particular method of production. This was related to the 

method used for the determination of the wave strengths, as 

discussed in ~~,O~ 3.3. 

It was concluded that further improvements in the 

means of determining the strengths of the fully dispersed 

shock waves were required. The total pressure or density 

. change measured directly might be more suitable, although 

this was by no means clear. It may be that the strengths of 

fully dispersed shock waves cannot be determined with sufficient 

accuracy for this type of work. 



Figures 3.4.21 and 3.4.22 show a comparison 

of the non-dimensionalised experimental density gradient 

profiles with the theoretical profiles calculated from 

the basic solution of part 1 herein.tor two of the above 

runs. The agreement was similar to that obtained with 

the weak incident shock waves of the preceding section. 

It was reasonable to conclude from this that, for a 

limited temperature range, this technique was as 

successful as could be expected in the present shock 

tube. 



3.4. 7. Concluding Remarks. 

This investigation has yielded an increased knowledge 

of the wave processes associated with the porous end face 

technique, and it has been possible to ~ke certain improvements 

to the design of the end face. Unfortunately, the upper 

temperature limitation has not been elevated. Nevertheless, the 

porous end face technique is still the most promising of the 

teChniques available for the production of weak normal shock 

waves. 

It is of interest to compare the agreement between 

the theoretical and experimental profiles of this section with 

those of the preceding section. It can be seen that the fully 

dispersed shock waves were as well formed as they were in the 

case of the weak incident shock waves. It was conoluded from 

this that there would be little point in trying to improve the 

wave formatl.on process in the present shock tube. 

The results for argon showed that the maximum fDrmation 

distance for the weak shock waves was of the order of 55 diameters 

based on the spacings of the holes. This was consistant with 

normal shock tube behaviour, and will therefore be a useful 

figure for use in any future design. 

The exact mechanism of the wave processes within the 

holes on the end face has not been rigorously investigated. 

However, the times of arrival of the weak shock waves at the 

observation station after the passage of the incident shO,Ck wave 

were approximately 10% greater than those given by the ideal 

model shown in figure l. ~ IS.' This was therefore considered to 

be a reason figure to take in any future design. 
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This work has been a qualified success in that it has not been 
possible to develop the topics to a stage where a substantial con­
tribution can ba made to the knowledge of vibrational behaviour in 
gas molecule.. However. the techniques have been developed to a 
stage whera they can be applied to studies in a large low density 
shock tube, which will overcome many of the limitationa that have 
been impoeed on the present experiments. Such a shock tube is 
currently under development at the Cranfield Institute of Technolegy. 

The three extensions to the theory which have been investigated 
have been developed to ~ stage where comparisons can be made between 
theoretical and experimental profiles when the latter become available. 

The study of viscous vibrational relaxation has confirmed the 
earlier order of magnitude estimates of the effects of diffusion on 
the relaxation process. That is, the effects of diffusion are either 
negligible within the relaxation resisted parts of the shock waves or 
contained within a negligibly thin viscous shock front in the parti­
cular case of the partly dispersed shock wave. 

The weaklst aspect of this extension to the theory was the USe 
of a bulk viscosity model for the behaviour of the rotational mode. 
Any future study of this topic should include the introduction of a 
more rigorous description of the rotational behaviour. An alternative 
approach to the development of tha parturbation scheme should also be 
investigated in this case. The present approach, which has been 
based on the application of the method of matched asymptotic expansions 
in the velocity/distance plane, has proved to be adequate for these 
purpo~es. However, the lack of coupling between the inner and outer 
solutions gives cause for concern. A future scheme might be based on 
a solution for the velocity derivative/velocity plane, and an inter­
mediate asymptotic expansion sought for the region between the upstream 
limit of the relaxation region and the downstream limit of the diffusion 
resistad shock front. This intermediate region can be studied 
experimentally in a low density shock tube. 

The theoretical study of the transition from a fully dispersed 
to a partly dispersed shock wave has shown that the effects of 
diffusion are greatest in terms of the order of the scaling parameter 
at the exact transition. 

The width of the diffusion resisted shock front was still less 
than 1% of the thickness of the relaxation resisted parts of the 
shock wave in carbon dioxide. Only the exact transition was investi­
gated for the present purposes, but any future study should include 
the investigation of wave strengths slightly above and slightly below 
the exact transition, if only for the sake of completeness. Here 
again, the experimental study of the transition would be facilitated 
by the use of a low density shock tube. 

The study of bimodal vibrational relaxation could not be takan 
further bec.u.e of the lack of information regarding tha relaxation 
times involved, although there is scope for computation. baaed on 
order of magnitude estimates of these relaxation time., which might 
prove to be u.eful in a «tura study. 



The perturbation scheme used for the present study was slightly 
restrictive, in that the case where a rapid transfer of energy 
occurred between the two vibrational modes has to be excluded from 
the eolution because of its singulsr nature. 

This is not unduly restrictive because, in this situation, 
the two modes will be in resonance or near resonance and can be 
treated as a single combined mode. Carbon dioxide is an example 
of this in that the bending modes are in resonance with the symmetric 
stretching mode. In this case, the two modes in the bimodal model 
would be the combined bending and symmetric stretching modes and the 
asymmetric stretching mode. However, it should be borne in mind 
that this extension to the theory in common with the others is 
intended for more general application and not restricted to carbon 
dioxide. Nevertheless, the near resonance situation is of interest, 
and a solution for this would ensue from a study of the singularity. 
An inspection of the equations indicates that the method of matched 
asymptotic expansions may be applicable to this problem. 

At the outset of this work, doubts existed regarding relaxation 
time measurements obtained from strong incident shock waves, 
because of the large departures from equilibrium. The analysis of 
second order unimodal vibration served to demonstrate that, even if 
this was true, there would be negligible effects in shock wavea 
having Mach numbers less than 1.1 in carbon dioxide. 

It is noted that since the completion of this work Simpson et al 
(Ref. 4.1) have shown that the relaxation time does not depend on the 
departure from equilibrium within the relaxation regions of strong 
incident shock waves. 

The theoretical profiles obtained in this case could be compared 
to the experimental profiles of strong incident shock waves on an 
order of magnituda baaia only, because the assumptions of constant 
relaxation time atc. rendered the theory applicable to weak wavea 
only. However, there is ample acope for computed solutions in which 
the variationa in these parameters can be allowed. 

The experimental studies of the strong incident shock wave have 
demonstrated the usefulness of the conventional schlieren system for 
the atudy of vibrational relaxation. The relaxation times obtained 
from the strong incident shock waves are in reasonable agreement with 
resulte obtained elsewhere and the centre portion of the experimental 
density gradient profiles agree closely with theoretical curves 
calculated from the relaxation time data of Simpson et al (Ref. 4.1). 

The departure from the Simpson curve at the frozen end of the 
relaxation region is attributable to the curvature of the shock wave, 
but the preciae aource of the departure at the equilibrium end of the 
region cannot be identified. 



Any future investigation of the strong incident shock wave with 
the conventional schlieren system shauld make use of the electronic 
data reduction which has been proposed. This will enable a more 
detailed study to be made af the relaxation regian by reducing the 
errors incurred in the manual data reduction. The results indicate 
that this technique would not be af use in the present shock tube 
because of its emaIl diameter and the extent of the non-uniformities. 
However, if the strong incident shock wave can be generated in a 
larger shOck tube and only the core of the flow is studied, then the 
affect of these non-uniformities will be reduced permitting a more 
detailed study of the relaxation process. 

The foregoing remarks apply equally well to the study of the 
weak incident shock w~ve. The results from these experiments showed 
that the perforated plate provided an excellent means of producing 
weak normal shock waves which were as well formed ss the original 
incident shock waves. 

Unfortunately, the exact transition from a fully dispersed shock 

~,o 

wave to e partly dispersed shock wave was obscured by the curvature of the 
shock wave. However, the theoretical results indicate that it would 
not have been possible to have observed the transition with the time 
resolved schlieren system in any case, because of its inadequate 
spatial resolution. 

The comparison of the experimental profiles with the theoretical 
profiles for the basic fully dispersed/partly dispersed shock wave 
solutions showed that the agreement was good and that the shock waves 
were aswell formed as could be expected in the small diameter shock 
tube. These results also provided a guide for the results which 
could be expected with the waves produced by the porous end face 
technique. 

The porous end face technique has been subjected to further 
extensive study. Considerable knowledge has been gained about the 
technique, although little improvement has been made to the results 
which have been obtained with it. The discovery that the wave 
formetion had been fortuitous was regarded as something of a setback. 

The results obtained with the holed end face indicated that it 
should be possible to produce well forlded shock waves by this technique 
in other gases as well as carbon dioxide if mixtures of gases are 
studied in order to reduce the bifurcation of the reflected shock wave. 

It was intended that this technique should provide relaxation 
timedata for small departures from equilibrium at elevated temperatures. 
This requirements has been met elsewhere with high temperature ultra­
sonic measurements, Carnevale et al (Ref. 4.2), but the present 
technique may still be capable of providing information regarding wave 
etructure which cannctbe obtained from ultrasonic measurements. 



The relaxation times which have been obtained do not contribute 
much to the knowledge of vibrational behaviour in carbon dioxide. 
However, there was general agreement with results obtained elsewhere, 
thereby confirming the applicability of this technique to the study 
of vibrational behaviour. 

All of the experiments have confirmed the usefulnese of the 
schlieren system for the study of vibrational relaxation. The main 
limitation on the performance of the schlieren system wae its spatial 
resolution. 

It is concluded that the experimental and theoretical techniques 
which have been developed should be applied to the study of vibrational 
relaxation in gasss by way of shock waves in a large, low denSity 
shock tube, such as that under development at the Cranfield Institute 
of Technology. (very advantaga should be taken of that facility to 
overcome the limitations which have been impoaed on tha present 
experi.ents. 
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THE EQUATIONS GOV~RNING THE ONE-

DIHENSIONAL FLOVI OF A R~AXING GAS 



The equations governing the one-dimensional 

~low o~ a relaxine eRS are developed from the 

conAervation ot mass. momentum and energy. The rate 

equations appropriate to the relevant aspects or. 

vibrational relaxation are also developed from the 

conservation ot chemical species. The appropriate 

boundary conditions for equilibrium at the upstream 

and downstream limits of the flow are applied to the 

equations and they are non-dimenslonalised by the 

upstream conditions. 

Az. 



NOTATION. 

• 
C 

D 

e 

F 

h 

H 

k 

H 

D 
• 
N 

P 

Pn 

eu 

s 

t 

T 

u 

v,V 
X 

z,Z 
a 

8 

c 

II' 

v 

Speed of sound • 

Specific heat. 

Diffusion coefficient. 

Energy. 
Total momentum. 
Enthalpy. 
Total enthalpy. 
Constant. 
Mach nUillber. 

Number. 

Number rate of production of molecular apeei ••• 
Pressure. 

X-wise component of stress tensor, p .•• 
'ef 

X-wise component of energy flux vector, qi' 

Mass flow. 

Particular iaa constant. 

Rate tena. 

Entropy. 

TilDe. 

Te.perature. 

Velocity. 

Non-dimensionalisea velocity. 

Co-ordinate. 

Non-dimensionalised co-ordinate. 

Constant. 

Non-dimensionalised specific beat. 

Perturbation parameter. 

Equivalent bulk viscosity. 

Coefficient of viscosity. 

Vibrational mode. 

J)enaity. 



. A .... 
• 

NOTATION CONT'D. 

y Ratio of specific heats. 

e,e Non-dimensionalised temperatyre. 

o Perturbation parameter. 

Y Relaxation time. 

, Perturbation p&NMter. 

r CoDatant. 

SUBSCRIPTS. 

8 Downstream state. 

t Translational mode. 

r Rotational mode. 

1 Combined translational and rot.tiOD&1 .ode •• 

2 First vibrational mode. 

3 Second vibrational mode. 

f Frozen state. 

e Equilibrium state. 

• . Upstream .tate. 

a Molecular specie •• 

" Vibrational lDOCle •• 



A.1.1. Introduction 

The equations governing the one-dimensional flow of a relaxing, 
gas are well known and their derivation can be found in many raferances, 
Clarke and McChesney (Raf. A.1.1) and Vincenti and Kruger (Ref. A.1.6) 
for example. 

The equations have been developed from the equations of change 
derived from the Boltzmann equation. It has been assumed that the 
translational and rotational modes are classically excited and that 
the gas is both thermally and calorifically perfect. Viscoeity, heat 
conduction and mass diffusion of the vibrational energy has been 
included in the model and, because of the dilute nature of the gas, 
bulk viscosity has bean neglected. The rotational behaviour has been 
neglected. The rotational beheviour has been described by a linear 
rate equation and coupling between rotation and vibration has been 
included. 

The energy equation has been simplified by assuming that both 
the Prandtl number and the Schmidt number were constant through the 
region of interest and that they were numerically equal to a value 
of i. 

Rate equations have been derived from the species continuity equation 
for each of the extensions to the theory considered in Part ~ 
These were as follows: 

1. A rate equation describing a single vibrational mode including 
mass diffusion of the vibrational energy and rotational­
vibrational coupling. 

2. Two linear rate equations describing the bimodal relaxation of 
two vibrational modes. 

3. A rate equation describing the behaviour of a single vibrational 
mode with the addition of a second order correction term. 

The equations have been non-dimansionalised and the overall 
shock ratios have been determined. 
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S\.\. 2.. Basic Equations. 

Consider the steady one-dimensional flow of a pure, 

viscous, compressible, and heat conducting gas with active 

vibrational modes. It will be assumed that the translational 

and rotational modes are classically excited, and that the 

equations of change can be derived from the Boltzmann equation, 

as for example in reference A . \ . \ • 

For the case of steady one-dimensional flow these 

equations of change can be integrated to give, 

the conservation of mass. 

pu = Q A.1.l. 

the conservation of momentum, 

pu2 + Pll = F A. t. 2. 

and the conservation of energy, 

e + e + ~ n e + iu2 + .9.1 + ~ll = H 
t r -2 v Q P v-

where et , e and e are the translational, rotational and vibrational r v 
energies per unit mass respectively. 

The x-wise component of the stress tensor, Pll' is given 

by, 

Ii du 
Pll = P - '3 11 dX A. 1. '+. 

The gas flows considered will be sufficiently dilute 

for bulk viscosity to be neglected, and an equivalent bulk 

viscosity d.scription of the behaviour of the rotational and 
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vibrational modes will not be required because this description 

will be provided by rate equations. 

The x-wise component of the energy flux vector, ql, 

for a pure gas is, 

A.1.5. 

Only the mass diffusion of the internal mode energies 

has been considered, as other diffusive affects are negligible. 

The self diffusion coefficient,D, describes the inter-diffusion 

of molecules having rotational and vibrational modes at different 

quantum levels. The molecules are all of the same mass, so 

the use of a single diffusion coefficient is permissible providing 

the cross sections are the same for all quantum levels, and the 

number of inelastic molecular collisions is small in comparison 

wi th the total number ( Ref '~".~). These assumptions are valid for 

the behaviour of the vibrational modes, but in the case of the 

behaviour of the rotational mode it must be tacitly assumed that 

its departure from equilibrium is sufficiently small for the 

above description to be a reasonable approximation to the true 

behaviour. 

Substi tuting equations".,. ~ and".'. 5 into equations 

A. ~.2 andA.'.3, we have, 

and, 

et 
... e ... L n ev "'" iu2 ... l!. - ~ ~ 

r v:2 p p dx 

1 
dTt de 

d En - - { At dx ... pD dx
r 

... pD d ( e " )} : H A. 1.7. 
Q x v:2 v 

It will be assumed that the gas is thermally and 

calorifically perfect, so that the caloric equation of state 



is 

A. 1.8. 

where CPt and CVt are the translational specific heats at 

constant pressure and volume respectively, and are assumed 

constant, and where CPt - CVt = Rg • the gas constant for the 

particular gas. 

For a pure gas the thermal equation of state is simply, 

A. 1.9. 

Making use of equations A. , .8 and A. I .9, equation 

A.\.7 can be written, 

+ !u ~ } ;: H 

Two well known parameters appear in this equation, 

namely the Prandtl number and the Schmidt number, defined 

respectively as, 

. lJCPt 
Prandtl number = ----

At 

Schmidt number ;: lL 
pD 

It will be assumed that both of these parameters are constant 

throughout the region of interest and numerically equal to a, which 

is a reasonable assumption for most simple gases in that it enables 

the equations to be simplified whilst retaining the essential 

physics. 

The boundary conditions for this one-dimensional flow are 

'simple boundedness conditions, that is, that the flow must be in 

equilibrium at x • t-, viz., 
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d
n 

-- ~ 0 as x ~ ± • for all n ~ 1 
dx

n A .1.12. 

These limits will be identified in terms of the 

thermodynamic variables by the subscripts -, for x ~ - -, and s, 

for x ~ + ., respectively. To give direction to the flow it will 

be assumed that u. > us' 

If we write, 

and take ~ as a constant, equation ~.,.lO becomes, 

[n 2 d 
CPtTt + e + e + lu - ~ {CPtTt + • 

r v=2 v r 

+ [:=2 
2 e + iu } = H v 

It will be noted that the assumption that ~ is constant 

restricts the theory to weak waves. through which the change in 

~ can be neglected. 

Applying the above boundary conditions to the integral 

of this equation we have. 

A.1.13. 

The statement of the problem is completed by a description 

of the behaviour of the rotational and vibrational modes. This 

description is provided by the rate equations. as will be discussed 

in the following section. 
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A.l.3. The Rate Equation. 

The conservation of mass, equation ~.'.l,can be shown 

to originate from a consideration of species continuity (Ref. F\.'.\), 

but its derivation is so commonplace as to be accepted from the 

outset. However, in order to consider the behaviour of the internal 

modes of the molecule, we must return to the species continuity, 

which for the case of steady flow is, 

d {n ( u + u )} = j di a a a A.1.1l4. 

where n is the number of molecules of species a, u is the 
a . • a 

diffusion velocity of the particular species, and N is the a 
number rate of production of species a per unit volume due to 

reactions. We are considering a pure gas, so that the term 

'species' refers to molecules in a particular internal quantum 

state. 

We can write (Ref. ~.\.\.) 

n u = nD dd (n In) a a x a 

where it is assumed that the diffusion coefficient, D, is the 

same for all quantum levels, which is reasonable in this case. 

Substituting this expression into equation A.I.~, mUltipying 

through by the particular internal energy, £a' possessed by a 

molecule having an internal quantum state a, and summating over 

all quantum levels,we have, 

A.1.15. 

This equation can be applied to any internal mode, 80 

we can write, 

A.1.16. 



for the rotational mode. and, 

~ (e + p£ ~.v) = .! \ N £ 
dx v Q dx Q ~a av av A.1.17'. 

for the vth vibrational mode. Here again, only the latter of 

these equations is valid in any strict sense, because their 

derivation is based on the assumption that inelastic collisions 

are infrequent. For want of a better description of the rotational 

behaviour, it is assumed that its departure from equilibrium is 

so small as to render equation A. a.lb a reasonable approximation 

to the true behaviour. 

In accordance with the assumption of a perfect gas, it 

will be assumed that the rotational and vibrational mode energies 

can be characterised by temperatures, that is, 

er = C T and e - C T A.i.i8. -rr v v v 

Thus, writing, 

1 [. and R 1 [" R = - N £ = - N £ r pC ar ar v pCv av av r a 

equations A.l.lb , and ~.1.'7 • become', 

d T 
D dTr R A.i.i9. u-( +PQ<iX) = dx r r 

and, 

d D dT 
A.11.20. u- ( T + p __ v) = R 

dx v Q dx v 

The simplest and most commonly used form for the rate 

term, R, expresses a linear dependence on the departure from 

equilibrium of the particular mode concerned (Ref J\.'.\) , that is, 

R = ! (T(EQUILIBRIUM) - T} 
t 



where T is the characteristio time for the particular energy 

transfer process concerned,. and is known as the relaxation time, 

T is the characteristic temperature of the particular mode concerned 

and T(EQUILIBRIUH) is the equilibrium value of that temperature. 

Energy can be transfered between any of the active modes, 

that is: translation to vibration, translation to rotation 

rotation to vibration, or between vibrational modes. It will 

be assumed that each of these interchanges of energy can be expressed 

in the form of a linear combination of terms like equation A.l.~\, 

where the equilibrium temperature of one mode is the temperature 

of the other mode concerned. For the rotational mode we have, 

therefore, from equationR.\.\<\, 

=1(T -T) 
tr t r 

... [.L(T -T) 
T V r v vr 

and from equation ... \ .1.0, for the vth vibrational mode, 

d D dTv 1 T - T ) u-( T ... PQ dx ) = - ( dx v t t v v 

1 ( T - T ) ... intervibrational ... -Trv r v 

coupling terms. 

where T t t t t t & t t are the relaxation times which r v vr rv . 

A.1.22.. 

A.1.2.3. 

characterise each of the energy transfer processes. In general 

the T are not equal to the T vr rv 

This problem will be investigated for the case of a 

single vibrational mode. This mode will be identified by the 

subscript 2, that is, v = 2. (This notation enables subscript 

1 to be reserved for the cOmDined translational and rotational 

mode. for later use.) 



It will be assumed that the rotational/vibrational 

transfer occurs independently of the translational/rotational 

transfer 80 that, 

in which case the· rate equations become, 

and, 

Two further forms of the rate term for the vibrational 

modes will be considered. The first of these is the case of bimodal 

vibrational relaxation in which there is an exchange of energy 

between the two vibrational modes Which is independent of the 

translational and rotational modes. It will be assumed for this 

case that the gas is non-heatconducting and inviscid, and that 

the rotational mode is in equilibrium with the translational mode. 

The rate equations in this case are, 

and, 

dT3 1 1 
u -- : - ( Tt - T3) + -- ( T2 - T3) dx T3 T23 

A.1.27. 

Two special cases of bimodal vibrational relaxation 

have been investigated elsewhere, namely series· and parallel 

relaxation, in which T3 + -, and t 23 + -, respectively. Both of 
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these cases have been investigated in some generality by Becker 

( Ref .".\ .... ), and the case of parallel relaxation has been 

investigated in depth by Clarke and Rodgers ( Ref.A.\.S.). The 

object here will be to investigate the general case as expressed 

by equations A.I.).~ and (:\.\.2.7 • 

The third form of the rate term to be investigated 

involves the addition of a second order term to the linear 

term given by equationA.\.2.\ for the case when" = 2. The 

gas will again be assumed inviscid and non-heatconducting and 

the rotational mode will be assumed to be in equilibrium with 

the translational mode. 

It can be shown ( Ref.Ao. \.6») that the linear rate term 

is the first term in a Taylor series expansion of a more general 

rate function about a suitable equilibrium state in the flow. 

Two possible equilibrium states about which the rate ~erm might 

be expanded are: A real equilibrium state, for example as x + ±-, 
or a fictitious equilibrium state obtained with p and Tt fixed 

at their local values within the flow. In both of these cases 

the first order rate term is of the form, 

aR 
R ~ { __ "} .( T (EQUIL.) - T ) + H.O. 
" aT" EQUIL. " " 

A. 1 • 27. "" • 

-1 
where {aR"/aT"}EQUIL. is the relaxation time mentioned above. 
If a real equilibrium is chosen then the relaxation time is 

evaluated at the reference state, ie. as x + ± ., and must be 

constant through the flow region. In the case of a fictitious 

equilibrium the coefficient is evaluated at the local values of 

p and T
t

, so that it can in general vary through the flow region. 

For this reason the second form of definition is used more 

frequently for experimental analysis where the pressure and 

temperature changes are so large that the dependence of the 

relaxation time on them has to be taken into account. For analytical 

solutions it is sometimes more convenient to take the relaxation 

time as a constant through the flow field, as will be done here, 

and in which case both definitions o~ the equilibrium state yield 

the same first order term. 



The second order term of the Taylor series expansion can 

be found in a similar manner. Expanding the rate tera to second 

order about the local equilibrium state we have, 

3R " 
Rv '" {aT v}EQUIL.· ( TvEQUIL. - Tv) A.1 .28. 

v 
a2R 

v '" + i{aT2 }EQUIL.· ( Tv(EQUIL.) - Tv)2 
v 

The asterisk in the above equation indicates that a local 

equilibrium has been used. However, for analytical simplicity 

it will be assumed that the change in these coefficients through 

the flow region can be neglected. 

Writing, 

'" {aRvlaTv}EQUIL. 

and. 

22'" 
{a RvlaT)EQUIL. 

equation 2.3.12 becomes, 

R ",! { T (EQUIL.) 
v Tv V 

. . 

- lltv -

llt"T = 
v • 

Substituting this rate term into the inviscid 

equation with v = 2 we have, 

A.1.29. 

A.1.30. 

A.1.,31. 

. rate 



A.\.~. Non-dimensionalisation. 

~he variables involved will be non-dimensionalised 

as follows: 

A.,~ 

The temperatures will be non-dimensionalised with respect 

to the upstream temperature, T t that is, • 

at = TtlT ,a = T IT ,a = T IT • - v v - r r-

The velocities will be non-dimensionalised with respect 

to the upstream velocity, u , that is, -
v = ulu -

The independent variable, x, will be non-dimensionalised 

with respect to the relaxation length of the first vibrational 

mode, that is, 

A.1035o 

The relaxation length of the first mode is chosen as . 

the scale of the problem because we shall be primarily concerned 

with the behaviour of the flow on that scale. 

The Mach number of the flow into. the wave will be defined 

as, 

where a (= Iy R T ) is the upstream equilibrium sound speed, 
e- e g • 

that is, with all of the vibrational modes in equilibrium with 

the translational and rotational modes, and y (= Cp/Cv) is the e 
ratio of the specific heats of the gas. 



Non-dimensionalising equation A·\., in this manner we 

have, after some simplification, 

where, 

-1 
It can be seen that £ has the appearance of a Reynolds 

number based on the relaxation length of the first vibrational 

IIlOde, u.T2' 

Non-dimensionalising equation A.I.13 we have, 

Y En Y HY 
---1- e + B e + B e + -!. M2v2 = --= 

Y - 1 t r r 2 v v 2 - a L 

t v= e-
A.1.39. 

where Yt<=CPt/CVt) is the ratio of the specific heats when only 

the translational mode is excited, B = C /R and B = C /R • r r g v v g 

The rate equations can be non-dimensionalised to give: 

from equations It. . \ . a..'t-, and A. \. 1.S , 

A.1.40. 

anel, 

A.1.41. 



where. 

It will be noted that R has the appearance of a Reynolds 
number based on the rotational relaxation length. 

From equations A. 1.14 and A.I.2.7, we have. 

A.1.42. 

and. 

da 3 = ~2., ( + ~2 ( v dz at - 83) 82 - e~) t3 t 23 ~ 
A.1.43. 

From equationA.&.ll we have. 

A.1.44. 

The boundary conditions become, 

dn 
- + 0 as z + ± • for n ~ 1. 
dzn A.1.45. 

Thus, equations~.I.?»7 and A·I.let taken with the appropriate 

rate equations and the above boundary conditions complete the 

extensions of the theory to be investigated. 

A. I . 5. Overall Shock Rat ios • 

It will be useful to consider the relationship 

between the upstream and downstream limits of the flow. 

Applying the upstream and downstream boundary conditiona 

aimultaneoualy to equationaA.I,i7 and A,,,.,, We obtain, 



, ~.~. 

8 1 + 
s 

1 + v = • y Y M2 Y M2 
8 e • 'e-

A.1.4Q. 

.anel. 
Yt En Y ",2 

8 e + e ... 8 e + ...!.....!. y2 
I' • Yt - 1 s _ v a 2 • v-2, 

Yt 
1'" En B 

Y M2 
• 8 + e -+ 2 I' Y - v=2 v t 

A.1.47. 

Eliminating 8
8 

between theae two equation. we bave. 

1 2 
v. • + 1 ( Ye - 1 ... i2.) Ye 

which we aball make use of later. 
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APPENDIX 2. 

THE SHOCK TUBE Aim .4.J.~CILL.lillY EQUIPMENT, 



SUMMARY 

The modifications which have been made to 

the Cranfield Institute of Technology 2'" shock tube for 

this work are outlined. 



A.2.1. Introduction 

All of the experimental aspects of this work were conducted 
in the College of Aeronautics 2" diameter shock tube. The shock 
tube and its mode of operation are described herein. The develop­
ments which have baen made to the shock tube and the ancillary 
equipment for the present experiments are also described. 

A.2.2. Principle of Operation 

The shock tube consists of a straight length of pipe divided 
in two parts by a diaphragm. One part of the tube, the channel, is 
filled with the gas to be tested, while the other side, the driver, 
is filled with a gas under pressure until the diaphragm ruptures. 
This causes a shock wave to propagate through the test gas. A w~ve 
dagram, which is a time/distance plot, of this incident shock wave 
and the subsequent wave processes is shown in figure A.2.1. 

The incident shock wave is balanced by an unsteady expansion 
fan propagating into the undisturbed driver gas. This reduces the 
preseure of the driver gas and increases its velocity to match the 

'conditions behind the incident shock wave, that is, across the 
contact surface. 

In general the temperature and density across the contact 
surface are not matched. It is assumed that the incident shock 
wave, the contact surface and the unsteady expension fan are formed 
instantaneously. 

The incident shock wave and the head of the unsteady expansion 
fan ara reflected from the corresponding ends of the shock tube 
leaving the gas stationary adjacent to the end walls. If the end 
of the channel is plane the gas between the reflected shock wave 
and the end wall will be stationary and uniform. 

The conditions throughout the wave process can be calculated 
theoretically from the goemetry of the shock tube and the initial 
conditions in the driver and channel. for maximum accuracy in 
calculations of the conditions in the shock wave processes it is 
preferable to compute them from the initial conditions in the 
channel and a knowledge of the incident shock velocity, which can 
be measured directly. Normal shock relationships are used to 
compute the.conditions behind both the incident and reflected shock 
wavee. 



It can be seen that the flow processes in the shock tube ara 
essentially unsteady and it is necessary to know the dUration of 
steady uniform conditions behind the incident and reflected shock 
waves. It can be seen from Figure A.2.1 that the duration of 
uniform conditions, or running time, behind the shock wave can be 
limited by the arrival of the contact surface, the reflected shock 
wave, or the reflected hear of the unsteady expansion fan. The 
duration of uniform conditions behind the reflected shock wave can 
be limited by the arrival of the disturbance resulting from the 
reflected shock wave/contact surface interaction, the tail of the 
unsteady expansion, or the head of the unsteady expansion. 

For the particular shock tube used in these experiments, the 
duration of uniform conditions behind the incident shock wave waB 
found to be limited by the arrival of the contact surface. The 
duration of uniform conditions behind the reflected shock wave was 
limited by the arrival of a disturbance at the end face resulting 
from the interaction of the reflected shock wave with the contact 
surface. For the experiments conducted in this shock tuba, these 
running times were measured directly. 

It will be noted that the flow in the shock tube is constant 
area one-dimensional flow and in principle, ideal for the production 
of one-dimensional high temperature supersonic flows for the study 
of shock wave structure. 

A.2.3. Description of the Facility 

A photograph of the shock tube control room is shown in 
Figure A.2.2. The shock tube was mounted vertically and can be 
seen emerging from the floor of the control room in the bottom of 
the picture. 

The dimensions of the shock tube are shown in Figure A.2.3. 
It can be seen that there were two diaphragm positions, the use of 
which will be discussed later. These diaphragm positions and the 
driver of the shock tube were below the floor level of the control 
room. 

A photograph of a working section which was used at an early 
stage in this work is shown in Figure A.2.4. This working section 
was square in cross-section while the remainder of the shock tube 
was circular, so a circular to square transition block was 
incorporated at the upstream end of the working section. 

Just below the working section shown in Figure A.2.4. can be 
seen the timing section in which two thin film thermometers were 
positioned to sense the passage of the incident shock wave. The 
velricity of tha incident shock wave was obtained from the time 
taken ror it to pass the two thermometers. This velocity was used 
to compute the incident shock Mach number and hence the condition. 
throughout the subsequent w~ve processes in the shock tube. 



The gas inlet valve through which the shock tube was 
e~acuated and refilled with the appropriate tsst gas can be seen 
below the timing section in figure A.2.4. The shock tube was 
evacuated with a Leybold D2 rota~y pump giving an ultimate vacuum 
of 10-3 torr and a combined leak and degassing rate of 2 x 10.3 
torr per minute. 

The vacuum system was redesigned for the final studies to 
incorporate a small oil diffusion pump connected directly to the 
channel of the shock tube via a new gas inlet valve designed 
specifically to accomodate the diffusion pump. The parts of this 
valve are shown in Figure A.2.5. and it is shown in its assembled 
form in Figure A.2.6. The original valve was pneumatically 
cohtrollad and the vacuum system was exposed to wet compressed 
air during part of the valve operation. The new valve was 
designed to be manually operated in order to overcome this problem. 
The component on the left hand side of the picture in figure A.2.6. 
formed part of the shock tube, while the vacuum pumps were connected 
to the large hola in the side of the essembly. It can be seen from 
these pictures that the valve consisted of a piston controlled by 
the leadscrew and hand wheel. The end of the piston was shaped so 
that it would fit flush with the bore of the shock tube when the 
velve was closed. 

The valve was vacuum sealed with '0' rings throughout. All of 
the fixed seals used butted '0' rings. The seal line which caused 
greatest concern was that around the sliding Joint between the piston 
and the sleeve. Two '0' rings were fitted in grooves in the piston, 
and they can be seen on the right hand side of the leadscrew in 
figure A.2.S. The region between these 'a' rings was connected 
directly to the rotary vacuum pump to maintain the region at a 
moderate vacuum. An '0' ring was also fitted to the back of the 
piston fo form a butted seal whsn the valve was fully opened. 

The valve is shown fitted to the shock tube in figure A.2.7. 
An Edwerds E02 3" oil diffusion pump can be seen connected to the 
valve via a Tee piece. The original Leybold D2 rotary pump was 
retained as a roughing and backing pump, and can also be seen in 
this picture. An ultimate vacuum 2f 2 x 10.5 torr and a combined 
leak and degassing rate of 2 x 10- torr per minute. The whole of 
the vacuum and gas inlet system is shown schematically in figure A.2.S. 

The vacuum pressures were measured with an Alpha particle gauge 
during the roughing period and with an Ionisation gauge for the 
determination of the ultimate vacuum. The initial channel pressures 
were measured with a Texas Instruments pressure galvanometer giving 
a digital readout of the channel pressure to an accuracy of 10.1 
torr. for pressures below 100 torr a small tank having one tenth of 
the volume of the channel was first filled with the test gas and its 
pressure measured with the pressure galvanometer. The gas was then 
allowed to expand into the channel of the shock' tube to give the 
required initial channel pressure. In this way, the accuracy of the 
Texas Inetruments pressure galvanometer could be used to give an 
accuracy in the initial pressure of better than 0.1% over the range 
of initial channel pressures used in these experiments. 



Doubts existed regarding the uniformity of the flow in the 
square workihg section, because of the transition from a circular 
cross section to a square cross section which was necessitated in 
the original arrangement of the working section. 

It was decided that a new working section should be deSigned 
and incorporated for the final series of experiments. The working 
section was made from stainless steel for reasons of ultimate vacuum 
and high purity. A photograph of the new working section is shown 
in figure A.2.9. The original windows from the square working 
section were used for reasons of economy and availability. The facss 
of the window mountings were machined back from the bore of the shock o tube towards the windows at an angle of 2 to the axis of the shock 
tube, thus producing the elliptical window aperture which can b. 
seen in the picture. 

Experiments were conducted to relate the initial temperature 
of the test gas to the temperature of the shock tube walls. It was 
found, that if ths channel was filled over a period of the order of 
several minutes, the gas acquired the same temperature as the channel 
to within 0.20

• The initial temperature of the test gas could 
therefore be measured indirectly by a mercury tharmometer strapped 
to the outside walls of the shock tube channel to an accuracy of 
better than 0.1%. 

A.2.4. Real Shock Tube Behaviour 

The ideal shock tube behaviour described in Section A,2.2. is 
not generally obtained in practice due to thepresence of the dia­
phragm in the flow and to 'real gas effects'. These latter affects 
are predominantly viscous, although other forms of diffusion and 
dispersion can also modify the flow in the shock tube. 

The formation of the incident shock wave takes a finite time, 
which is dominated by the diaphragm opening time. Compression and 
expansion waves can continue to propagate between the diaphragm 
station and the incident shock wave long after the initial rupture 
of the diaphragm. These waves subject the incident shock wave to 
a prolonged period of acceleration and cause non-uniformities in 
the flow behind the incident shock wave. 

Many researchers have investigated the influence of the 
diaphragm opening process pn the formation of the incident shock 
wave. Rose and Nelson (Ref. A.2.1.) were two of the earlier 
researchers to investigate the nature of the region behind the 
incident shock wave at different distances from the diaphragm 
position. 

A rise in density with distance behind the incident shock wave 
was found which increased as measurements were made closer to the 
diaphragm position. However, at 60 to 70 diameters from the dia­
phragm the rise in density between the incident shock wave and the 
contact surfece was found to be less than 4%. 



One of the more recent and more relevent studies was conducted 
by Simpeon (Aef. A.2.2.). He compared the performance obtained with 
several diaphragms made from different materials of different thick­
nesses and having different score depths. The results showed that 
the time taken for the incident shock wave to accelerate to a uniform 
velocity was proportional to the product of the incident shock 
velocity and the diaphragm opening time. The results also showed 
that the minimum opening time was obtained when the score depth was 
a minimum consistent with 'dean' petalling. 

Obvious modern materials for diaphragms are Melinex and Mylar 
plastics because of their inherently low inertia for a given 
bursting pressure. Unfortunately, it was not possible to obtain 
repeatable bursting pressures at the desired levels with these 
materials and their use was consequently abandoned. Aluminium alloy 
wes a more suitable material and was readily available for the present 
experiments. 

The material used for the diaphragms ranged in thickness from 
26 standard wire gauge to 30 standard wire gauge, except for those 
diaphragms which were used for the production of the weak incident 
shock waves. The diaphragms were scored with a sharp edged roller 
in a cruciform pattern to a depth which was sufficient to ensure 
'clean' petalling. A typical repeatability of !S% in the bursting 
pressure was obtained with these diaphragms at a nominal bursting 
pressure of 3 atmospheres. The repeatability might have been imprbvad 
by the incorporation of a diaphragm bursting device, but this was 
neither practical nor desirable. 

Figure A.2.10 presents some measurements which were made of 
the variation of the incident shock velocity with position along 
the shock tube in the vicinity of the working section. It can be 
seen that the incident shock wave was still accelerating as it 
approached the observation position. According to the data presented 
by Simpson, these results indicated that the diaphragms had opening 
times of the order of 100 microseconds. It can be seen from Figure 
A.2.10 that the incident shock velocity increased by 1.5% over the 
60 cms. upstream of the observation position. 

'As mentioned above, this acceleration of the incident shock wave 
gives rise to no-uniformities in the flow behind the shock wave. 
However, as the region of interest behind the incident shock wave 
was of the order of 1 cm. wide, the change in conditione due to the 
acceleration of the incident shock wave would be negligible compared 
to other errors. 

Viscosity is neglected in the ideal theory of the shock tube 
behaviour. This is equivalent to assuming that there is a velocity 
discontinuity at the walls of the shock tube, and the gas ve+ocity 
has its free stream value there. In practice the velocity must be 
zero at the walls and the free stream velocity must decrease to zero 
through a boundary layer. This boundary layer grows with distance 
behind the incident shock wave in the manner shown in figure A.2.11. 
The boundary layer affects the shock tube flow in several waya. 



Under certain conditions the boundary layer, which will be 
laminar immediately behind the incident shock wave, becomes turbulsnt 
soma distance downstream of the incident shock wave. 

If this transition occurs ahead of the contact region, the 
turbulent eddies will further broaden an already broadened contact 

region. (The contact region is also broadened under the action 
of diffusion induced by the large changes in density and temperature 
across it). The result is a broad undefined region of mixed driver 
and channel gases. This situation is further agrevated by turbulent 
addies generated by the driver gas passing through the diaphragm 
position. 

The boundary layer also attenuates the incident ahock wave 
and accelerates the contact region thereby reducing the available 
running time behind the incident shock wave. The boundary layer 
grows witR distance behind ths incident shock wave and eventually 
engulfs the whole of the shock tube flow to producs fully developed 
pipe flow. 

Hooker (Ref. A.2.3). has investigated the intermixing of driver 
and channel gas in the contact region by using a spectroecopic 
technique to determine the time of arrival of the driver gas at the 
observation position after the passage of the incident shock wave. 

The length of the contact region was found to be insensitive 
to the initial channel pressure and the diaphragm opening time. 

Henshall (Ref.A.2.4). has shown that the acceleration 
of the contact region and the attenuation of the incident shock 
wave can be related theoretically to the presence of the boundary 
layer. He showed that the contact region velocity exceeded the 
ideal particle velocity and that it approached the velocity of 
the incident shock wave. He also determined the growth and thickness 
of the boundary layer using a laminar incompressible model. This 
model was based on a mass flow balance between the inflow through 
the shock wave and the outflow to the boundary layer. 

Mirels (Ref. A.2.5). and Trimpi and Cohen (Ref. A.2.6). 
applied more rigorous models to the boundary layer analysis, 
which took into account the essential unsteadyness of the flow 
and the compressibility and thermal conductivity of the gas. The 
theories assumed that the ratios of the specific heats were constant 
so the results were quantitatively correct for weak waves only. Mirels 
restricted his attention to laminar boundary layers, whereas Trimpi 
and Cohen extended the theory to cater for both laminar and turbulent 
boundary lay8~8. 

Calculations based on the work of Trimpi and Cohen indicated 
that the attenuation of incident shock waves in carbon dioxide would 
be much less than that in other gases. E~perimental results have 
a180 b.en presented to support this aspect of the theory. 



Spence and Woods (Ref. A.2.7) have also derived solutions for 
laminar and turbulent boundary layers and have accounted for the 
attenuation of the incident shock wave and the acceleration of the 
contact region. They have also determined the distribution of flow 
variables behind the incident shock wave. 

Although many researchers have investigated various aspects of 
the flow behind the incident shock wave; both experimentally and 
theoretically, a comprehensive and systematic study has not yet been 
made (page 75 of Ref. A.2.8). It appears that the most reliable 
model is obtained by assuming that the velocity of the gas increases 
behind the incident shock wave from the ideal particle velocity to a 
velocity equal to the shock velocity at the contact region. However, 
for the present study, this limiting situation has not baen reached 
and it is considered that such an approach would be inapplicable. 

If this limiting case had occured, a steady state treatment could 
be applied to the flow immediately behind the incident shock wave to 
determine the effect of the boundary layer growth on the uniformity 
of the relaxation region. Mirels (Ref. A.2.9) has treated such a 
flow as a subsonic compressible flow in an expanding channel with 
co-ordinates moving with the incident shock wave. The area of this 
pseudo duct changed in a manner described by, 

where x was the distance behind the shock front and L was the distance 
dQwnstream of the shock wave at which the boundary layer filled the 
entire cross section of tbe shock tube, i.e. at closure., 

The distribution of the flow variables behind the shock front 
is very sensitive to the degree of attenuation of the shock wave. 
If the shock wave is not attenuated, theories predict that the 
thermodynamic variables and the velocity of the gas will all increase 
with distance downstream of the shock wave. However, if the incident 
shock wave is attenuated by only 10%, the downstream of the shock 
while the velocity will continue to increase. 

The boundary layer also caused the incident shock wave to 

A ~o 

become curved in the manner indicated in Figure A.2.12. Duff and Young 
(Ref. A.2.10) have made measurements of the profile of incident shock 
waves in a low denSity shock tube. The measurements were made with 
piezoelectric pressure transducers mounted on atations across the 
shock tube. The shock waves were found to be spherical in profile 
and had an apparent thickness given by, 

where L1 ia the mean free path ahead of the ehock wave and A is the 
radius of the shock tube cross section. The thickness was found to 
be independent of the shock wave velocity. 



Hartunian (Ref. A.2.11) has analysed the shock curvature in 
terms of the displacement flow resulting from the presence of a 
boundary layer. He used a laminar boundary layer model with 
potential flow in the core between the boundary layers and a lin.arised 
oblique shock model for the incident shock wave adjacent to the shock 
tube wall. The analysis produced a result for the shock profile of the 
form, 

where x is the distance measure along the shock tube, y is the 
distance measured across the shock tube, P1 is the initial channel 
pressure and q is a function of the incident shock Mach number. 
tor x and y in'mm. and Pi in mm. Hg., q has values at an incident 
shock Mach number of 2 of 26 in air and 30 in argon; no figures 
have been calculated for carbon dioxide. 

de Boer (Ref. A.2.12) has extended the theory developed by 
Hartunian to both laminar and turbulent boundary layers in viscous 
compressibla flow. These results of these studies were compared 
with measurements made in dissociating oxygen and good agreement 
was obtained. The refinement to the theory indicated that the 
Hartunian result underpredicted the apparent shock thickness by 25%. 

Lin and tyfe (Ref. A.2.13) have investigated the slope of the 
incident shock wave to assess its effect in comparison with the 
effects of curvature. They have shawn that contribution to the 
apparent thickness from sloping af the shock wave is negligible 
compared to the contribution from shock curvature. 

The presence of the boundary layer also generates non-uniformities 
in the reflected shock region and reduces the running time available 
behind the reflected shock wave. 

Part of the reflected shock wave adjacent to the side walls moves 
back into the boundary layer. Under certain circumstances the total 
pressure in the boundary layer exceeds that in the central core and 
causes the reflected shock wave to propagate at a higher velocity in 
the boundary layer than in the cars. This leads to bifurcation of 
the reflected shock region as shown in tigure A.2.13. The boundary 
thickens and can separate from the walls under these conditions and 
the influence of the boundary layer can extend well into the core of 
the flow. This process continues as the reflected shock wave progresses 
down the shock tube until the shock tube is filled with turbulent flow 
behind the reflected shock wave. 

Strehlow and Cohen (Ref. A.2.14) have studied the reflected 
shock region using a schlieren technique. They discovered that the 
reflected shock wave accelerated until a steady velocity is attained. 
When the reflected shock wave has travelled eome distance, the 
bifurcation c.ases and the rear of the turbulent region decelerates. 



further studies by Strehlow and Cohen (Ref. A.2.15) indicated 
that the bifurcation left a region adjacent to the end wall which 
was stationary and wave free. 

The extent of the bifurcation is highly dependent on the 
particular gas being studied. Bifurcation occurs in carbon dioxide 
for shock Mach numbers above 1.3, whereas it is non-existant in argon 
and helium. 

Mark (Ref. A.2.16) has analysed the bifurcation process and 
explained the underlying physics. He has shown that the bifucation 
should cease above a certain Mach number, although it has not been 
possible to find any reports of experimental confirmation of this. 

An assessment of the non-uniformities in the flow behind the 
incident shock waves produced in the present experiments has been made 
by observing the density gradients inthe flow behind the relaxation 
region. figure A.2.14 shows a typical results. It can be seen that 
the trace exhibits a slight second derivative of density behind the 
relaxation region. If this is attributable to non-uniformities 
caused by the presence of the boundary layer, the density must have 
been decreasing with distance downstream of the shock wave. It can 
be seen from the error estimate presented that this source of error 
could produce an error of =2% in the total density change through 
the relexation region. 

A.2.5. Gas Purity 

Collisions between water vapour molecules and carbon dioxide 
moldsculas are of the order of 300 times more efficient than 
collisiono amongst carbon dioxide molecules alone for small con­
centrations of water vapour. For the affect of the water vapour 
on the relaxation time measurements in carbon dioxide to be less 
than 1%, its content must be less than 30 parts per million (PPM). 

The carbon dioxide was analytic grade as supplied by the 
Distillers Company. This had a guaranteed water vapour content of 
less than 25 PPM, and was passed into the shock tube over a phosphorous 
pentoxida water vapour trap. The water vapour content was not 
measured after it hadpassed over the trap, but it ~as reasonable to 
assume that it was less than 20 PPM. 

The impurity level of the test gas is also determined by the 
residual impurity in the shock tube channel prior to filling with 
the carbon dioxide. That is, by the ultimate vacuum which can be 
attained and by the combined leak and degassing rate of the system. 

rigure A.2.15. shows the combined effects of the gas impurity 
level and the residual impurity level. The two curves show the 
performance obtained with the initial configuration and with the 
final configuration. 



for a given incident shock Mach number, the initial channel 
pressure is determined by the spatial resolution and sensitivity 
of the optical system. These require that the initial pressure 
decreases with increasing shock Mach number. The ranges of the 
initial channel pressures required in the various experiments ara 
also shown in figure A.2.15. It can be seen that the initial con­
figuration did not have a low enough impurity level for most of 
the experiments, but the level in the final configuration was 
adequate. Even so, the upper limit of the strong incident shock 
experiments was determined by the requirement to keep the impurity 
lavel balow 30 PPM. 
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· APP'&"1DIX 3 

ERROR ANALYSIS 



An assessment is presented of the major factors which have 
determined the errors in the present experiments. 

The error ~ssessment has been broken down into the following 
main areas, 

1. The determination of the calibration of the schlieren system. 

2. The determination of density gradient profiles from oscillogram 
measurements. 

3. The determination of the conditions behind the incident and 
reflected shock waves. 

4. The determination of relaxation times from the strong incident 
shock waves. 

5. The determination of the Mach number of a fully dispersed shock 
wave. 

These areas will now be considered separately. 

A simple block diagram of the schlieren calibration is shown in 
figure A.3.1. The complexity of this calibration is regarded as one 
of the weak points of the present arrangement. 

The calibration of the schlieren system affected the measurements 
in two ways. In the case of the strong partly dispersed shock waves, 
the accuracy of the calibration had little impact on the relaxation time 
results. Any inaccuracy caused a shortening or lengthening of the 
data from each experiment on the Landau-Teller plot. That is, it 
caused the data to be rotated about the low temperature equilibrium 
end. Any non-linearity in the calibration caused the orientation of 
the results on the Landau-Teller and a displacement of the data from 
a common line. The affect was of the same order ae that due to 
inaccuracies. In the case of the fully dispersed shock waves, the 
inaccuracies and non-linearities had a different impact. The main 
impact was via the determination of the wave strength from the total 
density change through it, which was calculated from the integral of 
the schlieren output. Non-linearities had little impact on the 
relaxation times determined from fully dispersed shock waves providing 
the local mean value of the calibration was used. 

The overall error in the knife edge calibration is estimated to 
be !2%, including inaccuracies and non-linearities. 

The Gladstone-Dale constant was taken to be an order better than 
this, and was neglected in the assessment. Other sources of error 
were embodied in the equation relating the displacement of the source 
image at the knife edga to the density gradients in the flow. The 
two main factors to be considered here are the reduction in the 
.ffective path length through the shock tube flow due to the presence 
of th. boundary layer and non- uniformities in the flow, particularly 
shock curvatur., also due to the boundary layer. 



An assessment of the reduction in effective path length can be 
obtained from figure A.2.14. of Appendix 2. The extent of the non­
uniformity can be seen to be of the order of :2%, and this is taken 
as a measure of the possible reduction in path length.. The affect 
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of shock curvature appears to dominate a region in the partly dispersed 
shock waves which is of the same order as the apparent shock thickness. 
If this area is neglected, any other errors can be taken as being 

included in the above 2%. 

It is concluded that, providing care is exercised in the analysis 
of experimental data, the schlieren calibration errors can be taken 
as !4%. 

figure A.3.2. presents a block diagram of the determination of 
density gradient profiles from oscillogram measurements. A specified 
figure for the accuracy and linearity of an ascillogram is typically 
of the order of 3%. However, with careful setting up, errors of less 
than 1% can be obtained, depending on the noise level of the ~aces. 
It can be seen from Figure 3.2.2. of Section 3.2. that the noise level 
was of the order of 5% in some cases. As the data was effectively 
smoothed during the analysis, most of this random error was removed 
leaving a possible systematic error of the order of !2%, including 
oscillogram errors. It can be seen from Figure A.3.2 that the shock 
velocity also entered in at this stage. As will be discussed balow, 
this contributed an error of less than 1%. 

It is concluded that errors of up to !7% could be present in the 
density gradient profiles obtained in these experiments. However, 
most of these errors were systematic scaling errors rather than 
random errors and non-linearities. 

figure A.3.3 presents a block diagram of the computations required 
for the determination of the conditions behind the incident and 
reflected shock waves. As noted in Appendix 2, the errors in the 
measurement of the initial channel pressure, P1' and the initial 
channel temperature, T1, are negligible on the scale of the other 
errors which are being considered. 

The incident shock velocity has been determined in a combination 
of ways as indicated; by measurements with wall thermometers upstream 
of the working section, by measuring the delay between its passage at 
the last thermometer and its arrival at the working section, and by 
the time taken for it to traverse two light probes in the schlieren 
soreen. A best estimate was obtained from these measurements taking 
into account the degree of attenuation as indicated in figure A.2.10 
of Appendix 2. The error in the shock velocity was estimated to be 
less than 1~. 

The conditions behind the incident and reflected shock waves 
are calculated using the enthalpy data of Hilsenrath et al and no 
errors were attributed to this source. The computations were 
essentially iterative, but they were taken to accuracies outside 
the lavel. Deing considered in this estimate. 



It would appear from the results of other workers that it would 
be reasonable to take the departure from ideal conditions behind the 
incident and reflected shock waves to be of the order of 2% and 4% 
respectively for the range of incident shock Mach numbers considered. 
However, it should be noted that the conditions into which the waves 
were travelling behind the reflected shock wave were highly suspect 
and the errors could be much greater. 

A block diagram showing the determination of relaxation times 
from strong incident shock waves is presented in rigure A.3.4. 
As shown, the density gradient profile is integrated in order to 
obtain the presentation of dP/dx versus P -P for analysis. This 
integration can introduce large errors into the measurements, as 
discussed in Section 3.2. This will be discussed separately later. 
However, it will be noted that this soutce of error could be removed 
by the use of electronic means of integration. The data was smoothed 
on this plot, so many of the random errors should have been removed. 
The conversion to characteristic time from characteristic length 
using U1 cancels out the errors introduced by u1 in rigure A.3.2. 

As the amplitude of the density gradient trace does not affect 
the characteristic time, the main sources of error are the noise on 
the traces and the non-ideal conditions behind the shock wave. It 
is estimated that ths resultant error in the characteristic time, taking 
into account the smoothing of the data and excluding the integration 
error, is !3%. 

The only other factor having a major impact on the accuracy 
of the relaxation time is theincident shock Mach number. This affects 
the Landau-Teller presentation through the correction function, f, 
and the translational temperature raised to the one third power. The 
combined effects rssult in errors which are of the order of 5 to 8 times 
the original error in the Mach number. Accordingly, an error or :8% 
ia attributed to this source. 

The total error in the relaxation times from this analysis is of 
the :12%. However, this does not account for the departure from tha 
Simpson curve, see rigure 3.2.10, or for the amount of scatter. It 
is concluded that the errors must be attributable to the method of 
integration of the density gradient data. 

This conclusion is borne out by rigures 3.2.11 to 3.2.13 of 
Section 3.2, which show good agreement between the theoretical curve 
using the Simpson data and the measured density gradient profiles. 
The agreement is much better than would be expected on the basis of 
the error analysis. However, as was noted, these were mainly scaling 
errors and they could be masked by the freedom of choice in the start 
of the relaxation region. 



Figure A.3.S shows the method by which the strengths of the 
fully_dispersed shock waves were determined. It can be seen that 
the density gradient profiles were integrated to give the total 
density change across the waves, which could be related to the Mach 
number of the waves. The accuracy of the Mach number determi~ed in 
this way is determined by the accuracy of the density gradient 
profile, which is !S%. However, as a large portion of this was 
random error a more representative figure is !S%. It can be sean 
from Figure 3.3.1 of Section 3.3 that this will be reflected as the 
same order of error in the density gradient and hence in the 
characteristic time. 

It can be seen from Figure 3.3.8 of Section 3.3 that the error 
of !S% in the total density change is reflected as an error of 
!O.2% in the shock Mach number. However, it can be seen ~rom 
Figure 3.2.6 of Section 3.2 that the conversion function steepens 
as the wave strength decreases. The error in the relaxation time 
due to the !S% error in the density change will therefore be !2%. 
The total error on the Landau-Teller plot should therefore be of 
the order of !10%. Figure 3.3.11 of Section 3.3 shows that this 
estimate is reasonably consistent with the results obtained. 

In view of the uncertainties associated with the reflected 
shock region, an analysis for that part of the studies will not 
be considered. It is noted that the scatter in experimental results 
is between 1~ and 20%. 
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