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ABSTRACT

Studies have been made of the structure
of weak compression (shock) waves in relaxing
gases. These studies have been primarily concerned
with the development of separate theoretical
and experimental techniques. These techniques
are not inter-related in general except in the

overall context of vibrational relaxatione

The theoretical studies have been concerned
with the influence on the structure of weak normal
shock waves of translational non-equilibrium,
bimodal relaxation and second order unimodal
; relaxation. The affect of translational non-
equilibrium on the relaxation process has been
studied by forming an asymptotic expansion in the
ratio of the viscous length to the relaxation
length. The perturbation scheme was singular and
required the application of the method of matched
asymptotic expansions. Bimodal relaxation has
been studied by forming an asymptotic expansion
in the ratio of the energy of the secondaary
vibrational mode to the total vibrational energy.



The addition of a second order term to
the rate equation describing the behaviour of a
single vibrational mode has also been studied by
forming an asymptotic expansion. In this case,
the perturbation parameter was the ratio of the

two relaxation times concerned.

The experimental studies have been
concerned with the production and study of weak
normal shock waves in tne Cranfield Institute of
Technology 2" shock tube. A time resolved
quantitative schlieren sysitem has been used for
the study of the weak normal shock waves. This
particular system had been developed previously
for this purpose, and further developments and

refinements have been made to it.

Experimental studies have been made with
the schlieren system of the structure of strong
incident shock waves in carbon dioxide. The
vibrational relaxation time of carbon dioxide
determined in this way for tranglational

o

temperatures from 300 K to 1200 K has veen found

to be in reasonable agreement with measurements

made elsewhere,



A technique has obeen developed for the
production of wesk incident shock waves in tie
shock tuve, waich lnvolved the positioning of a
perforated plate in the chaannel of the shock tubee.
The vibrational relaxation time of carbon dioxide
determined in this way for translational
temperatures of approximately BOOOK has been found
to be in good agreement with weasurements made
elsewhere. Good agreementi has also been obtained
between the experimentally measured density
gradient profiles and theoretical profiles. The
curvature of tne shock waves obscured the transition
from a fully dispersed to a partly dispersed shock

wave,

Further improvements and refinements have
been made to a technique which had been developed
previously for the propagation ol weak normal
shock waves through the reflected shock region
of the shock tube flow. <This technique was used
to study the benaviour of fully dispersed shock
waves at high temperatures. The relexation time
of carbon dioxide determined in this way for
temperatures from SOOOK to 6000K has been found
to be in good agreement with measurements made

elsewhere,
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1. GENERAL INTRODUCTION,



1.1. Vibrational Energy

The exitation and de—exitation of the vibrational modes
of gasmolecuies is but one aspect of the real dynamio behaviour of
gases. All gases exhibit real gas behaviour; only the magnitude of
the effects vary. It is fortuitous that at normal temperatures and
pressures the major constituents of air, namely oxygen and nitrogen,
exhibit negligible real gas effects. At high ambient temperatures or in
high velocity flight, where large amounts of the kinetic energy of
the flow are converted into thermal energy in the vicinity of the
vehicle, these real gas effects cease to be negligible and must be
taken into acocount in any rigorous evaluation of the aerodynamics
of the flow concerned. The partioular real gas phenomenon of
interest here is the manner and rate at which energy is re-distributed
amongst the vibrational modes of a polyatomic gas molecule in a
non-equilibrium situation. The studies which have been conducted
have been concerned with general aspects of vibrational behaviour
rather than the evaluation of the properties of any particular gas.

In general, the rotational behaviour of a polyatomic
gas camot be simply described. However, as ocarbon dioxide belongs
to the class of linear polyatomic molecules, that is, its muclei lie
on average along a straight line, the roational behaviour can be
described by a classically excited rigid rotator model.

The vibrational behaviour of carbon dioxide can be
described by either a truncated harmonic oscillator or an anharmonio
oscillator; depending on the accuracy required and the vibrational
energy levels. The carbon dioxide molecule comprises two oxygen atoms
and a carbon atom comnected together by chemical Lond( as indicated
in figure 1.1. It.can be seen that the molecule has two bending
modes, a symmetric siretching mode and an asymmetric stretohing mods.

Bach of these modes may be desoribed by either of the .
above models. However, the bending modes of the carbon dioxide
molecule are in Fermi resonance with the symmeiric stretching mode,
so, for dynamic oonsiderations, these modules can be considered to be
acting together.

The simple harmonic osocillator does not take account
of the real behaviour of the atoms either at large separation distances;
approaching dissooiation, or very small separation distances, when the
atoms should collide. Nevertheless, the truncated harmonic oscillator
does provide an excellent descripiion of the behaviour of the module
for low vibrational enewrqy levels,



The potential energy curves for an harmonic
oscillator and an anharmonic oscillator are shown in figure 1.2.
The anharmonic ocurve is due to Morse. It can be seen that the
anharmonic model takes account of the approach to dissociation
and the limiting minimum separation distance of the atoms.

For the purposes of calculating the vibrational energies
in the present studies, the tabulated data of Hilgenrath et al
(Ref.1.1.) has been fitted with polynomial curves.

The desocription given by the truncated harmonic oscillator
model of the energy content of a vibrational wode is as follows:

Rg °vib

<)
“p(vib)-l
T

%viv 1.1.

where 9.,y is the characteristic vibrational temperature of the
appropriate mode. For carbon dioxide, these temperature are,

9, (bending) - 959°K
O v (symmetric stretch) = 1920%K
O, (asymetric stretoh) = 3380%

The quantum description of the dynamic behaviour of gas
molecules given by so called 'Master Equation' (page 298 of Ref 1.2.)
is oonsiderably simplified for the case of a sirple harmonic oscillator.
This was first noted by Landau and Teller (Ref. l.3.) and the following
equation for a collection of simple harmonic oscillators was first
.given by Bethe and Teller (Ref. 1.4.)

4 & wvip --_l_iivib-f.vib (eqnil.)-i 1.2.
dt *

where C is the relaxation time, or time constant, of the mode and
€ uw, its energy. It can be seen that the equation states that the
rate of change of energy in the mode is proporitional to its departure

from equilibrium.

It can be shown from a consideration of the transition
probabilities that the relaxation time can approximated by the
following relation (Page 315 of Ref. 1.2.).

Ag a result of this solution, most relaxation time data is
presented on the Landau-Teller plot of

in (p) versus T



1¢2. The Study of Vibrational Behaviour

The vibrational behaviour of a gas molecule can be
studied by subjecting the molecule to & known input of
energy and observing the response of the vibrational modes;
directly or indirectly. There are many forms of input
which can be used, but the two most commonly used are a
sinusoidal and a step input of energy. In the case of
the sinusoidal input, the characteristics of the vibrational
modes can be determined from the attenuation and phase
shift in the response of the vibrational modes. In the
case of the step input, the transient response of the
vibrational modes is observed.

The earlier studies of vibrational relaxation made
use of the first of these methods, Pierce (Ref. 1.5).
Ultrasonic sinusiodal waves were driven through the gas
by means of a piezo-electric crystal, wnhich was made to
oscillate at a chosen frequency. The waves were reflected
from a flat plate positioned a short distance from the
crystal to form a system of standing waves between the
crystal and the plate. The attenuation and speed of
propagation of these waves were determined for a range
of frequencies.

. The form of the result which was obtained is shown
in Figure 1.3. The frequency of maximum attenuation per
wavelength was the inverse of the relaxation time. The
majority of the resulis which were obtained in this way
were restricted to near room temperature conditions and
only recently have relaxation times been determined in
this way for elevated temperatures, Carnevale (Ref. 1.6).

The step input of energy to the gas molecule is
obtained by way of the shock wave. However, the shock
wave is only one feature of supersonic flows. As the
strength of a disturbance in a gas 1s increased it
becomes possible to distinguish between compressions
and expansions, This is of great value in this context,
because it enables the excitation and de-excitation of
vibrational modes to be studied separately. One, two
and three dimensional flows can be generated, but it is
advantageous for practical and analytical purposes %o
keep the flow field as simple as possible and to use
the minimum number of dimensions required for a stable
flow situation. A steady compression, or shock wave,
can be generated in a one-dimensional flow, whereas an
expansion is essentially unsteady and requires a
pinimum of two dimensions for stability.



The form of the shock waves which can be produced in
a vibrationally relaxing gas have been categorised by
Lighthill (Ref. 1.7) into partly dispersed and fully dispersed
shock waves, Sketches of typical velocity profiles for
these types waves are presented in Figure 1.4. A partly
dispersed shock wave is defined as one in which the speed
of the gas flowing into the wave is greater than the speed
of sound of the gas calculated with all of the vibrational
modes frozen. It can be seen from Figure 1.4 that the
partly dispersed shock wave consists of a thin diffusion
resisted shock front followed by a broad relaxation region.
This characteristic of the partly dispersed shock wave
arises from the fact that the vibrational modes of a gas
molecule require several thousands of molecular collisions
in order to equilibrate, whereas the translational and
rotational modes require only a few collisions. It can be
assumed for most studies of vibrational relaxation that the
vibrational modes remain frozen through the diffusion
resisted shock front and that they equilibrate with the
trggslational and rotational modes in the relaxation
region.

If the velocity of the gas flowing into the shock
wave is less than the speed of sound of the gas calculated
with the vibrational modes frozen, then the diffusion
resisted shock front ceases to exist and the wave becomes
fully dispersed as shown in Figure 1.4. The structure of
the fully dispersed shock wave is determined solely by the
balance between the convective steepening of the wave and
the relaxation of the vibrational modes. The thermodynamic
and velocity gradients within the fully dispersed shock
wave are 8o small that diffusive effects can be neglected.

The expansion is inherently more unstable than the
shock wave in that there is no convective steepening
present, and the expansion continues to grow with distance
or time from its point of origin. The structure of the
expansion is therefore very sensitive to disturbances at
its point of origin. The expansion is also far less
sensitive to vibrational relaxation than the shock wave,
Consider the sketch of an unsteudy expansion which is
shown in Figure 1.5. For a given upstiream velocity, u,,
the downstream velocity, u_,, will depend upon the degrle
%o which the vibrational m8des equilibrate with the
translational and rotational modes.

The two extremes of frozen and equilibrium flow are
shown. The velocity profile must lie between these two
extremes regardless of the vibrational relaxation times.
Clearly, the profile is very insensitive %o the relaxation

time concerned.



Shock waves and both steady and unsteady expansions
can be produced and studied in gases at high temperatures
by the use of the shock tube. The strong incident shock
wave has provided a means of studying many gas~dynamic rate
processes, not least of which has been vibrational relaxa=-
tion. Wedges have been placed in the flow of hot gas
behind the incident shock wave to produce two-dimensional
shock waves and expansion fans, and multiple diaphragm
technigques have been used for theproduction of unsteady
expansions. The reflected shock wave has also been used
for the study of rate processes.

Many techniques have also been developed for the
observation and measurement of these rate processes.

The details of these techniques for the production
and study of rate processes in the shock tube will not
be entered into here. The relevant aspects of these are
reviewed and discussed in the appropriate sections herein,
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1.3 Present Studies

The present studies have been i i
. . Primarily concerned
w;th the gas dypamlcs of flows in relaxing gases and not
g;tn the determination of the molecular properties of the
ses.

The two main aims of the Present studies w
: ere
extension of the basic theories governing the dynangg
of relaxing gases and the investigation of experimental
gle.chniques for the production and study of relaxing gas
ows,

The theorectical and experimental studies are not
necessarily related, except in the overall context of
vibrationally relaxing gas flows. However, where applic-
able, and bearing in mind the limitations of both the
theoretical and the experimental studies, comparisons have
been made between the results of the various studies.

In addition, an essential part of the assessment
of any experimental results is the determination of
relaxation times for comparison with the results of other
researchers.,

\

The studies have been restricted to vibrational
behaviour in normal shock waves., The theoretical studies
pave been further restricted to weak normal shock waves
in order to obtain closed form analytical solutions, but
these solutions will also be qualitatively correct for
strong shook waves. Normal shock waves have been produced
experimentally in carbon dioxide in the Cranfield
Institute of Technology 2" shock tube,

An assumption which is normally made with regard
to the shock wave in a vibrationelly relaxing gas is
that transport effects can be neglected in the analysis
of the relaxation process. It is assumed that the therm-
dynamic gradients are so small in the relaxation resisted
parts of the wave as to render diffusion regligible, and
that the diffusion resisted front of the partly dispersed -
shock wave is negligibly thin. An analysis has therefore
been developed which takes into account the first order
effects of diffusion. This has made use of a perturba-
tion scheme based on the ratio of the viscous length to
the relaxation length of the gas, which is a small quantity
for most gases. This analysis together with some theoretical

profiles is presented in Section 2.2.



Prgvious experimental analyses of the behaviour of
gases with more than one active vibrational mode have assumed
that the vibrational modes behave as a single mode having the
tgtal vibrational energy of the molecule and governed by a
single rate equation. Theoretical analyses have been based
on the calculation of special cases, see Clarke and Rodgers
(Ref. 1.8), and closed form analytical solutions restricted
to limiting cases of infinite relaxation times, Becker
(Ref. 1.9) for example.

It has been observed that the vibrational behaviour
of certain gases is dominated by one of the vibrational
modes. This arises because the amount of energy stored in
the dominant mode is considerably in excess of that in the
other modes. A bimodal analysis has therefore been
developed using a perturbation scheme based on the ratio
of the energy in the secondary vibrational modes to the
total vibrational energy. This allows the relaxation
times to be arbitrarily chosen. A first order correction
to the unimodal behaviour has been developed in this way.
This analysis is presented in Section 2.3.

A further assumption which has been made use of
extensively in vibrational studies is that the behaviour
of the vibrational modes can be described by the linear
rate law derived by Bethe and Teller (Ref. 1.4). The
experimental findings of Zienkiewicz and Johannesen
(Ref. 1.10) had indicated that this rate law may not have
been applicable. A first order correction to this
behaviour has been derived by assuming that the linear
rate law is the first term of an expansion of a more
complex function and determining the second term. This
analysis is presented in Section 2.4.

A technique was required for the observation and
measurement of the normal shock waves produced in the
shock tube. At the outset of the work, a Mach Zehnder
interferometer and a time resolved schlieren system
were available for use with the shock tube. A review
was made of other available techniques and it was
concluded th.t the time resolved schlieren system would
ve the most applicable to the present studies. The
reasons leading to this choice, a description of the
schlieren system, an analysis of its performance, and
the developments which have been made to it are described

in Section J.1.



Extensive use has been made of the relaxation regions
of strong incident shock waves for the study of vibrational
relaxation, and many measurementshave been made of the
relaxation time of carbon dioxide in this way. The
. performance of the schlieren system was evaluated by
applying it to ti:e study of such relaxation regions and
comparing the results with those of other researchers.,

A better understanding of the problems associated with
the study of strong incident shock waves was obtained,
and techniques for the improvement of the observation
and measurement of these regions have been investigated.
These studies are presented in Section 3.2,

At the outset of this work, doubts existed regarding
the behaviour of the relaxation regions behind the strong
incident shock waves, because, as noted above, the results
obtained by Zienkiewicz and Johannesen (Ref. 1.10)
indicated that the relaxation time might depend on the
departure from equilibrium within the relaxation regions.
The departures from equilibrium within fully dispersed
shock waves are inherently less than those in the
relaxation regions of strong incident shock waves.
Therefore, the vibrational behaviour should be much closer
{g Fha? i%ven by the 'heat bath' theory of Bethe and Teller

el ° °

The fully dispersed shock waves also had the advantage
that their structures were inherently more sensitive to
vibrational behaviour, while changes in the relaxation
time(s) through them could be neglected. 4 major part
of the present experimental studies has therefore been
concerned with the production and study of fully dispersed
shock waves propagating through regions of elevated
temperatures.

As a preliminary to these studies, weak incident
shock waves have been produced and studied. These waves
have been used to study weak partly dispersed shock waves
and fully dispersed slhiock waves, including the transition
between the two. The small change in the translational
temperature through these waves has allowed the relaxation
time to be taxen as a constant through them. This has
enabled direct comparisons to be made between theoretical
and experimental profiles without the added complication
of variations in the relaxation time through them. A
double diaphragm technique has been developed for this
aspect of the experimental studies. The development of
this and the results which have been obtained with it

are presented in Section 3.3.



1o 41 8.

A technique had been developed previously for the
propagation of fully dispersed shock waves through gases
at elevated temperatures (Ref. 1,11), This technique
involved the use of a porous end wall in the channel of
the shock tube. As the incident shock wave reflected off
the end wall of the shock tube, a small portion of the
wave travelled into the porous end face to reflect from
the back face and re-emerge into the reflected shock
region as a fully dispersed shock wave some time later.
The technique has been further developed and improved,
al though no major advance has been made with it. This
wor« is presented in Section 3.4.

A description of the Cranfield Institute of Technology
2" shock tube, the improvements which have been made to it,
and a discussion of real shock tube behaviour are given in
Appendix 2. An error analysis for the schlieren system
and the particular experiments is given in Appendix 3.

Conclusions have been reached regarding the applicability
of the theoretical and experimental techniques which have
been investigated. These, and recommendations for future
work are presented in Section 4.
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Theoretical studies have been made of certain aspeots
of vibrational relaxation in weak normal shock waves.

The effect of translational non-equilibrium on
vibrational relexation has been studied by forming an asymptotio
expansion in the ratio of the viscous length to the relaxation
length. The perturbation scheme was singular under certain
conditions and required the application of the method of matched
asymptotic expansions.

Inviscid bimodal vibrational relaxation has been
studied by forming an agymptotic expansion in the ratio of the
energy of the secondary vibrational mode to the total vibrational
lenergy. In this way, no restriction had to be placed on the
relaxation times involved in order to obtain an analytical
golution.

The addition of a second order term to the rate equation
desoribing the behaviour of a single active vibrational mode
has also been studied.



NOTATION.

a Speed of sound.

c Specific heat.

D Diffusion coefficient.

[ ] Energy.

F Total momentum.

h Enthalpy.

H Total enthalpy.

k Constant.

M Mach number.

n Number.

N Number rate of production of molecular species.

P Pressure.

P11 X-wise component of stress tensor, pxy'

q1 X-wise component of energy flux vector, q,°

Q Mass flow.

R‘ Particular gas constant.

R Rate term.

8 Entropy.

t Time.

T Temperature.

u Velocity.

v,V Non-dimensionalised velocity.

x Co-ordinate.

z,2 Non-dimensionalised co-ordinate.
Constant.

a

8 Non-dimensionalised specific heat.
€ Perturbation parameter.

K Equivalent bulk viscosity.

" Coefficient of viscosity.

v Vibrational mode.

[ Density.
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NOTATION CONT'D.

Y Ratio of specific heats.

0,0 Non-dimensionalised temperature.
] Perturbation parameter.

T Relaxation time.

é Perturbation parameter.

r Constant.

SUBSCRIPTS.

Downstream state.
Translational mode.
Rotational mode.
Combined translational and rotational modes.
First vibrational mode.
Second vibrational mode.
Frozen state.
Equilibrium state.
Upstreanm state.
Molecular species.
Vibrational modes.
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Three aspects of the structure of shock waves in
relaxing gases have been investigated theoretically.
The approach taken has been to develop extensions to the
basic theory of fullyawd partly dispersed shock waves
by way of perturbation techniques.

The first extension to the basic theory was concerned
with the effects of viscosity, heat conduction, rotational
relaxation and mass diffusion of the vibrational energy
on the profiles of shock waves in vibrationally relaxing
gasesa. In the theory of fully and partly dispersed shock
waves, as presented by Lighthill (Ref. 2.1) and Clarke
and McChesney (Ref. 2.2), all of these effects are
neglected. In the case of the partly dispersed shock
wave they are assumed to be either confined within a -
negligibly thin diffusion resisted shock front or negligibdle
in the relaxation resisted parts of the wave. In the case
of the fully dispersed shock wave these effects are assumed
to be negligible throughout the wave. -

These are very reasonable assumptions, because the
translational and rotational modes adjust very quickly
compared to the vibrational modes. For example, the
rotational relaxation time of carbon dioxide, has been
determined by ultrasonic techniques; Ener, Gabrysh &
Hubbard (Ref. 2.3), to be of th¢ order of 2.3 x 10=3
microseconds at NTP, whereas the relaxation time of the
vibrational modes.is of the order of 7 microseconds at
NTP. Thus, the thickness of the diffusion resisted shock
front is of the order of 10~4 times that of the vibrational
relaxation region, and the translational and rotational
modes adjust so rapidly on the scale of the vibrational
relaxation region that they can be taken as being in
equilibrium throughout it. These assumptions are also
borne out by measurements of the thicknesses of diffusion
resisted shock waves in carbon dioxide made by Anderson
and Hubbard (Ref. 2.4), who found the_thickness of a
shock wave of Mach 1.23 to be 5 x 10-2 cms. at NTP.

This compares to vibrational relaxation regions having
thicknesses of 0.5 cms. at NTP, Zienkiewicz and Johannesen

(Ref. 2.5) and Simpson et al (Ref. 2.6) and many others.

Most experimental studies have been concerned with
either the diffusion resisted shock front or the vibrational
relaxation region. It is of interest to question the
nature of the interaction between translational and
rotational non-equilibrium and vibrational non-equilibrium
at positions in the wave where they have the same order of
effeot on the shock profile. Such a region must exist
between the downstream end of the diffusion resisted shook
front and the upstream end of the vibrational relaxation
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region. In this region the thickness of the diffusion
resisted shock front would constitute 1% of the width
of the region and there would be a 1% change in the
thermodynamic state of the gas through the region due to
vibrational relaxation. Clearly, any attempt to study
this region would be frought with difficulties.

As the stirength of the shock wave is reduced, a
stage is reached when the diffusion resisted shock front
disappears and the wave becomes fully dispersed, as
discussed in Part 1. However, the width of the diffusion
resisted shock front increases as its strength decreases,
80 the possibility exists that it could become of the
same thickness as the vibrational relaxation region.

It is clear that, if such a region could be found,
it would be in a weak shock wave in the vicinity of the
transition from a fully dispersed to a partly dispersed
shock wave. The extension to the theory which has been
developed has thereforebeen restricted to weak shock
waves., This is also convenient mathematically, because
several approximations can be made which & mplify the
solution and enable an analytical solution to be obtained
without significantly changing the essential physics of
the flow. Nevertheless, if necessary, the results could
be qualitatively applied to strong shock waves also.

The requisite conservation and rate equations and
their derivation from the equations of change together
with the approximations which have been made are presented
in Appendix 1.

As noted above, the effects of translational and
rotational non-equilibrium on the scale of the vibrational
relaxation region are very small. This fact appears in
the non-dimensional equations derived in Appendix 1 through
the small parameter, € .

This parameter has the appearance of the inverse of
a Reynolds number based on the characteristic length of
the vibrational relaxation region.

A perturbation scheme has been developed with this
paremeter. The first term of the solution, with € = 0,
yields the partly dispersed/fully dispersed solution, as
would be expected. This solution is presented in
Section 2.2.1,
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The presence of the diffusion resisted shock front
appears as a singularity at the upstream end of the partly
dispersed shock wave in this solution. It is found that
the perturbation scheme must be developed in three separate
flow regimes. These are: the fully dispersed shock wave
where the departure of the wave strength from that required
for transition is greater than the perturbation parameter;
the partly dispersed shock wave where the departure of the
wave strength from that required for transition is also
greater than the perturbation parameter; and the region
of the transition wave where the departure of the wave strength
from that required for transition is of the same order as
the perturbation parameter.

The solution for the partly dispersed shock wave is
given in Section 2.2.2. The region of the singularity is
investigated by the application of the method of matched
asymptotic expansions due to Van Dyke (Ref. 2.7.) The
variables are scaled by functions of the perturbation
parameters so as to transform the singularity to a region
of order unity. The first order solution for this "inner"
region, with &€ = 0, is that for a diffusion resisted shock
wave with rotational relaxation and constant thermodynamic
properties.

The equations which are obtained in this case are not
amenable to analytical solution. An analytical solution
has been obtained by the use of an equivalent bulk viscosity
description for the rotational behaviour. This is acceptable
because of the weak nature of the wave, Anderson and Hornig
(Ref. 2.4), but does preclude any consideration of separate
rotational/vibrational coupling.

According to the theoiy of matched asymptotic expansions,
the "inner"solution must "match" the "outer" solution for
the relaxation region. . - .

In general, the first term of the "inner" solution
should also provide information regarding the.scaling of
the second term of the "outer" solution. In this particular
case, the first requirement is met, but the exponential
nature of the solution for the diffusion resisted shock
wave &t its upstream and downstream limits precluded any
information regarding the next term of the "outer" expansion.
The solution for the vibrational relaxation region was
therefore continued as an asymptotic power series in € ,
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The separate contributions from viscous di i
and heat conduction, rotational relaxation; 3iﬁf%§:°n
bulk viscosity, and mass diffusion of the vibrational
energy could be identified in the next term of this
outer expagsion. There was no evidence in this term of

~any conditions which might produce the desired region

because the solution wgs dominated by the small value’
of the perturbation parameter. The second term of the
expansion in the "inner" region was found in a similar
manner. This was also of order £€; for matching with

the "outer" solution. This did not yield any further

information and the partly dispersed wave solution was
left at this stage.

The first term of the expansion for the fully
dispersed shock wave possessed no singularities and was
therefore continued as an asymptotic power series. Thig
solution is presented in Section 2.2.3, As with the
pertly dispersed sihock wave, the contributions of
translational and rotational non-equilibrium remained
of the same order as the perturbation parameter through-
out the wave.

The last flow regime to be considered was that for
the transition from a fully dispersed shock wave to a
partly dispersed shock wave. This solution was developed
as an asymptotic expansion about the exact transition
as well as in the perturbation parameter €, because the
behaviour depended on the relative magnitudes of the
departure from transition, measured in terms of the wave
strength, and the size of the perturbation parameter €.

The first term in the asymptotic expansion was
therefore that for the exact transiton. This was found
to contain a singularity in the velocity derivative at
the upstream end of thewave,

The equations were transformed into velocity
derivative/velocity space, and a solution was sought
for the region of the singularity using the method of
matched asymptotic expansions. This solution is given
in Section 2.2.4.

It was found from the requirements for "matching"
of the "inner" and "outer" expansions that the region of
singularity had to be scaled by the perturbation para-
meter £ , raised to the one half power. Taking this to
have a numerical value of the order of 104 indicated
that the effects of translational and rotational non-
equilibrium were of the order of 1% of those due to
vibrational relaxation at the exact transition. The
first term of the "inner" expansion was derived and

theoretical profiles obtained.
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These results indicated that it may be possible to
find a region in which the diffusion resisted shock front
constitutes 10% of the thickness of the vibrational
relaxation region and in which the vibrational relaxation
causes a 10% change in the thermodynamic state of the gas.

This shows that it should be possible to study the
combined effects of translational and rotational non-
equilibrium and vibrational non-equilibrium. However,
the experimental studies of part 3 have shown that it
would not be possible to study such behaviour with the
existing equipment. Nevertheless, an experiment could
be designed for a larger, possibly lower density shock tube
in which it should be possible to observe such a region.

The second extension to the theory of fully and
partly dispersed shock waves was concerned with bimodal
vibrational relaxation. Bimodal analyses have been applied
to the results of experimental measurements, Zienkiewicz
and Johannesen (Ref 2.8) and Witteman (Ref. 2.9) for
example, in order to determine the relative rates of
relaxation of the separate modes of vibration in linear
tri-atomic molecules. Numerical solutions have been
investigated, Becker (Ref. 2.10) for example, and limiting
cases of infinite relaxation times have been studied,
Clarke and Rodgers (Ref. 2.11). The present studies have
been concerned:with the determination of any measureable
features of shock waves which were related to bimodal
behaviour.

An analytical solution was required in which the
effects of the bimodal behaviour could be readily identified
in terms of the thermodynamic state of the gas. The
solution had to contain the essential physics of the flow
and yet not necessarily be exact.

As with the first extension to the theory, the approach
taken has been to develop a perturbation solution around
the basic solution for the fully dispersed and partly
dispersed shock waves. In many simple polyatomic gases
the vibrational behaviour is dominated by one of the
vibrational modes at certain temperatures. The combined
bending a symmetric stretching modes of carbon dioxide
compared to the asymmetric stretching mode is an example
of this. A perturbation scheme has thereforebeen
developed on the basis of the ratio of the energy in the
secondary vibrational mode to the total vibrational energy.
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The solution to this problem is given in Section 2
Inviscid vibrational relaxation is considered and linea£3.
rate equations are used to describe the vibrational behaviours
gheiflgst correction term to the unimodal behaviour has been

erived,

An interesting feature of the solution was that a
singularity occurred if the ratio of the rate of energy
transfer between the modes to the rate of transfer between
translation and the secondary mode became of the same order
as the perturbation parameter. This result can be viewed
in two ways. If the two vibrational modes are not in
resonance or near resonance, the perturbation can be treated
as an asymptotic power series to give the first order
correction if to bimodal behaviour directly. However, if
the modes are in near resonance, a solution could be sought
in the region of the singularity in order to obtain a
solution for the near resonance case. There are obviously
other ways of obtaining this latter form of solution by a
perturbation scheme based on the fact that the modes are
near to resonance, which is probably more direct.

In the present studies the solution for the case
where the modes are not in near resonance has been derived.

The last extension to the basic theory of fully and
partly dispersed shock waves to be investigated was that
of unimodal vibrational relaxation governed by a non-linear
rate equation.

Linear rate equations are normally used in the
analysis of vibrational relaxation, but the results of
Zienkiewicz and Johennesen indicated that the linear rate
equation might not be applicable in strong shock waves.
This has since been shown not to be the case by Simpson et al.
However, at the outset of this work this was not known.

A non-linear equation has been derived by assuming
that the linear rate equation is the first term in an
asymptotic expansion of a more complex function about an
equilibrium state. This equation has been applied to an
inviscid gas with a single vibrationally relaxing mode.

A perturbation solution has been obtained by assuming that
the correction to tihe linear rate equation was small
compared to the linear term. A solution could have been
ontained more directly, but in this way, comparisons could
be made between this extension to the theory and those
mentioned above if required. The solution to this problem

is given in Section 2.4.
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Theoretvical pirofiles have been computed
. for this solution which show that even if the
results of Zieniiiewicz and Johannesen could be
explained by a non=llnear rute equation, the
veffects on a fully dispersed shock wave would be
negligibles Thus, the use of fully dispersed
- 8hock waves for the study of vibrationul relaxation
‘would overcume ny uncertainties assoclated ‘with |
“the departures from equilibrium in the strong

- dncident shock wave.

The solutions to the above extensions

to the theory of fully and partly dispersed shook

waves 1is given in the following sectionée

2.2, Viscous Vibrational Relaxation Using A Single First
‘Order Rate Eguation.

2.2.71 +The Basic Solution.

Applying the upstream boundary conditions to
equationsP.3) and Q.39 we have,

)
2,0t . .4 1 2.1
Y + ";'.w." &v az s v(lr~ -Y'_“i-> ele
.nd.
-t—- -e-:——
R RN Rt A
| y M2 .
- .2.2'

2 Yt v+B8_ +8 v
, Yt.I by a e

vhere we have put vsa,.



The appropriate rate equations for this problem
are equationska\-ko and k-\-h\, that is,

d der
cv~a;(er teg ) = R(et - er)
T, B8
2 2
+e=" =6, -0) 2e30
*p2 Br 2 r
and,
de
d 2, _ -
v E;(Gz + ¢ 3z ) (Gt 02)
Ty 2.0
+ - (0 -0 ) oklo
tr2 r 2
Equations 21 y and 262 can be rewritten

to express et, er. and 02 in terms of v. These relationships
can then be differentiated as required and substituted into
equations 2.3 » and 2.4 to give a fifth order
non-linear ordinary differential equation in v(z). Such

an equation is not amenable to analytical solution, s0 an
approximate solution will be found by forming an asymptotic
expansion in ¢, which is a small quantity for most gases.

We shall seek a solution to the above equations for

v(z) of the form,

vizie v e v v aer v
+ o { Az(e)} 2.50
as € + 0, and where Az(e) = o0 {Al(e)} .

Writing similar expansions for the thermodynamic
variables, substituting them into the above equations and
expanding to order Al(c). it is clear that the first value of
Al(c) which will yield a non-trivial solution is given by

Al(C) s 0(1).



So, putting Al(e) = 1 without loss of generality
and expanding to order unity, the above equations become,

2 6(l)
v(l) —21: = v(l)(l + ——21 )
Y M Y. M
e = e «
from equation 2.2 , which is unchanged,
Y v M2 2
t (1) (1) (1) | ‘e= (1)
Yo 1 Ot + Brer + 8292 v
2
., B+ 8, + Yol
Yo" 1 r 2 2

from equation 2.3 ,

1) _ ()
0, " = o

and from equation 2.4 ,

(1) 4921) (1) (1), . %2 .1 L)
v = s (Ot -62 )+ 7‘;-2(01? "92 )

(1)

Solving these equations we find that v must

satisfy the following equation,

Q
v

B g e

‘ s agv(l)- 1}{v(l)- vsj 2464

where,
Y-lvy+41 T
e 2
a = -3 -1+t
v+l Ye 1 Tr2

ko,



and,

Y o Ytl
atfEn yer vty
This solution has been derived and discussed in
detail elsewhere, by Lighthill (R{.2.1.) and Clarke (fa).2-2)
for example, so only the pertinent features of the solution

will be discussed here.

(1)

Firstly, it will be noted that dv ~°“/dz Lecomes

1)

singular if v

passes through v_, providing v. Z 1, or v .
(1) a a 8
v

Now, falls from the upstream value of unity to the

downstream value of vs, and it can be shown that va > vs.

Thus, dv(l)/dz is regular for v, 2 1, and singular for va< 1

Clearly, A has great significance with regard to
the form of the wave, so we shall consider its physical

significance.
It can be shown from the overall shock ratios that,

N L
Va y+1 (1+ Y 72)

Putting v, =1 and re-arranging this expression we

have,
a
M2: l = ﬁ
® Yo g

where LY is the upstream frozen sound speed, that is, the

i,

speed of sound when only the translational and rotational modes

are active in this context, ie.

= (v R T)F

af_ g

where v s 1.4 ,
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Thus, the condition v_= 1 occurs when the Mach number
of the flow into the wave is equal to the ratio of the frozen to
equilibrium sound speeds. The solutions defined by v, < 1 have
been designated fully dispersed and partly dispersed shock waves
respectivelyo From the above definition of \A it can

be seen that these designations are equivalent to,

That -is, the flow into a fully dispersed shock wave is
subsonic with respect to the frozen sound speed,-while the flow
into a partly dispersed shock wave is supersonic with respect to
the frozen sound speed.

A sketch of the behaviour of v(l)(z) for va > 1l is

shown in figure 2.l.a. It can be seen that vib) falls monotonically
from the upstream value of unity to the downstream value of A
(.'l.)/clz

is regular in this case; however, we must inquire if the higher

It has been shown from equation 2,6 that dv

derivatives which appear in the general solution are also

regular, that is, such terms as,

42, () , &
€3 ’ € 3
dz dz

y etc.

It can be shown that these terms do cease to be regular
when both V.- 1l and v(l)-;l are 0(e), so that the cases

|v= 1| = o(1) and |v_- 1| = 0(1) must be considered separately.

When |v_- 1| = O(1) the perturbation scheme is regular
and the asymptotic expansion, equation 2,5 <can be continued
to determine Az(e) and v(z) directly. When Iva- 1] = o(1),
however, we must first investigate the region of the singularity.
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(1)

The behaviour of v "“(z) for v, <1 is shown in
figure 2.1.b. It can be seen that in this case the continuous
solution of equation 2.6 can only satisfy one of the boundary
conditions. The only physically acceptable solution is for v

to fall discontinuously from the upstream value of unity to

2va - 1 and thence to decrease monotonically to the downstream
value of Ve The solution to this problem will be found by
stretching the variables to examine the discontinuous region

and matching the resulting 'inner' expansion to the original
'outer' expansion in the manner of matched asymptotic expansions,

Van Dyke (Refe 247.)e

In general both v and z should be stretched;
however, the change in v is 0(1) throughout, except when |va - 1]
=z o(l), so that in this case only the independent variable, z,
need be stretched, and the case when ]va - 1| = o(1) will be

considered separately.

Thus, we shall treat the problem in three separate

parts, namely,
ve> 1l v, - 1] = 0(Q1)
vo<ls v, - 1] = o)
s O(l) .

v, = 21

The last of these cases includes both fully
dispersed and partly dispersed shock waves for |va - 1| = o(1),

Let us now return to the solution of equation

2.6, Rewriting this equation in partial fractions we have,
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‘-A-(—-S-—l +B-(-T——l —1}‘1"(1)--‘! 2.7
v b, 1 v 1 1 dz ) "o

where,
l1-v viv =-v)
As —2. § B=z—_8 a
l-v l-v
s s

Integrating this equation in the regions of

continuity we have,

(1) (1)

v(l) + A.ln(v - 1) - B.ln(v - vs) 2 az + k 2486

1
In the case of the fully dispersed shock wave the
constant of integration can be arbitrarily chosen and will be

left unspecified for the present.

For the partly dispersed shock wave the solution
on each side of the discontinuity must be considered separately.

It is convenient to set z = 0 at the discontinuity, so that, for
z <0, v(l) 2 1, and as z + O on the downstream side of the

(1)

discontinuity v - 2va - 1,

We therefore have,

v(l) zlforz<0 2¢9e
and,
(1)
(1) (v -v.)
(1) (v ='-1) _ 5
v - (2Va = 1l) + A.dn Ezva—_—f) B.ln (2va o Va)
2 gz forz >0 2.100

We shall now proceed to consider the above three

cases separately.
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2.2.26 The Partly Dispersed Shock Wave. lva- 1| = 0(1).

discontin
has been

region to
functions
which the
variable,
variables

where o(¢

In this section a solution will be obtained for the

uous region of the partly dispersed shock wave, which

set at z = 0. This will be .achieved by enlarging the
order unity by stretching the variables by appropriate
of €. Attention has been restricted to waves through
total change in v is O(l), so that only the independent
z, need be stretched. That is, the following inner
will be defined,

Vv, ©0=2806, & Z = z/a(e) 26110
)+ 0as ¢+ 0,

The general equations, 2e1 , 2¢2 , 2¢3 and

24l become after scaling,

from equation 2.1 ,

o
2 t - 5 dv - 1 2.12
Ve o+ ;:ﬁz ov < ° V(1 + -;ﬁz) ol

from equation 2.2 ,

Y Y
t e 2
Yt -1 et * Brer * 829 ' 2 v
Y v M2
= Yt 1 + Br L 4 B2 + 2 2013.
do
€ d € r .
o’ EE‘°: Yo dz ) =
) + o2 2% ) U
R(6_ - © + e —(6, -0 2¢1lie
t r ‘r28r 2 r



and from equation 2.4,
de

€ d € 2\ _
s Va9 tow )
T2
(et - 92) + ;’rz(er - 92) 2.150

An asymptotic expansion must again be formed in ¢

in this inner region, that is, we shall write,

Vzie) ~ vz + 52<e).v‘2’<z> + ol8,(c)}. 2,164

as ¢ + 0, and where 62(e) = o(l).

Writing similar expansions for the other thermodynamic
variables, et. er, & 62, substituting them into the above
equations and expanding to order o(e¢), it is found that the only
value of o(e) which yields a non-trivial solution that matches
with the outer solution is o(e¢) = 0(e). So, without loss of
generality we can put o(e) = ¢ in the above equations and expand

to order unity. The equations become,

from equation 2.12 ,

(1)
2 o (1)
(1) t  _ y(l) av - y(1) 1
v + ;;EE v 5z s VA o+ ;:Ez)

from equation 2,13 ,

2
Yo (1) (1) (1) Yl (1)2
——— — Y
Yo - 1 et + arer + 6262 =3
2
- _Y_t_ + 8 + a + Ze_M...
- Ve © 1 r 2 2

from equation 2,14 ,
de(l)

v L) | 2y L g - b))
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and from equation 2315 ,

Wa w9
2 .
v 32(92 t3z =0

The only solution of the last of these equations
which will match with the first outer solution for z < 0 is,

egl) =1 2.170

Thus, the above equations reduce to those of the

diffusion resisted shock wave with rotational relaxation, viz.,

(1)
2 o (1)
(1) t (1) vty | () 1
v + 73-‘3 v 3z =V (1 + ';;i.z.) 2¢18.
and,
Yo (1) (1) Yeis (1)2
Yt -1 et t Brer M -5— v
Yt YeM2
-Yt"l +Br+—2—- 2619,
and finally,
(1) d ,.(1) a0,V (1) _ (1)
1 1 r - 1) _ Q1
v a—z(er + 3 ) = R(et er ) 2020,
(1) (1) (1)

Eliminating et
above equations yields a third order non-linear differential
equation in v(l)(z), which is not amenable to analytical solution.

and er in favour of V in the

The use of an equivalent bulk viscosity model to describe the
rotational behaviour would appear to be an acceptable way of
further simplifying the above equations in order to obtain an
analytical solution for V(l)(z), for the following reasons:

a. The necessary restriction of the theory to weak waves,

which has already been imposed.
b. The already approximate nature of the description of

the rotational behaviour by a simple linear rate law.
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c. The knowledge that the rotational mode rapidly
equilibrates with the translational mode in a non-equilibrium
situation.

d. The use of a bulk viscosity model has been shown
experimentally and theoretically to be justified in the case
of weak waves, Anderson and Hornig (Refe 2¢l4e)e

Accordingly, an equivalent bulk viscosity, x, will be

defined as,

PR Crt
K = —E——‘-‘—-2 2.21.
(Cr + Cvt)

and 9!(‘1) put equal to Gél).

-~

Applying the bulk viscosity model, equations 2,18 ,
219 and 2.20 reduce to,

2 of¥) (1)
v, ?':'ﬁ'i R A A 7:"7.2.) 2,22,
and,
-Y-—_!_T eél) + 1;—14-"2"‘1(1')2 o 1 Tt Ygﬁi 2.23.
eil) can be eliminated in favour of v(d) to give,
(1)
(1 ¢+ ?.%)v(“ -g% z J#I(V(l) YR A 2v_+ 1) 224

It will be recalled that u has been taken as constant,

so that this equation can be integrated directly to give,

(1)

in (V(l) -1) - (2va = 1).1n(V - 2va + 1)

z(1- va)l—;‘—lu + ef)'l.z + K 24250
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It can be seen that the constant of integration,

K, is independent of the first outer solution.

Thus, the behaviour of the solution in the inner
region has been determined to order unity, and as might have been
expected it is the solution for a diffusion resisted shock wave
with a Prandtl number of £ and with constant properties.

This solution must now be investigated to
determine if it provides any information regarding the next term
of the outer expansion. Rewriting equation 2,25 in outer

coordinates we have,

m oy - (2v, - 1).1n(v‘Y) - 2v, + 3)
=(1-va) Y +1 2. +K 2.26¢
(1+ é%) Y ¢
(1)

It can be seen that for z < 0, V - 1 is an
exponentially small quantity as ¢ = O. The limit as ¢ = 0 for
z > 0 is not so obvious, so, puttiné V(l) - 2va + 1 =4 and
letting ¢ + 0, equation 2,26 can be expanded for small A

In(a + 2va -2) - (2va - 1).1ln(a)
=(lv-va).1+l b4 + K
(1+ éﬁ-) Y o€

The dominant term on the left hand side of this

"equation for & + O is,

- (ZVa - l)-ln(A)

so that the equation can be reduced to,



(1 - va) Y+l z

- - 1
s = | expl T e+x}(—-;(2va_l}}

and it can be seen that 4 is an exponentially small quantity as

€c+0, 2z >0,

Thus, the outer representation of the first term

of the inner expansion to any order of ¢ is,
vl (s @) 4+ E.s.T. 2.27.

The lack of coupling between the inner and outer
solutions enables the second term of the outer expansion to be
evaluated from the full equations, 21 sy 262 , 243
and 2.4, whilst retaining the equivalent bulk viscosity model
for the first term of the inner expansion. However, the
thermodynamic gradients in the regions of the wave governed by
the outer solutions are much smaller than those in the diffusion
resisted part of the wave. Consequently, the rotational mode will
be nearer to equilibrium with the translational mode and the bulk
viscosity description of the behaviour of the rotational mode will
be valid in the outer region even for strong shock waves.

Accordingly, the bulk viscosity model will be
applied to the full equations, as follows,

6

2 t K, dv _ 1
v o+ -Y—H-z' e(l + F.-u-)v = - v(l + » MZ) 2.28.

e » ew

y_M2 Y v _M2
e o 2 = e e ® o
——7—-7_16t+82e2+ 7 v Ye'l t 3 2¢29
and,
d ds, T2

v a—z'( 62 t ey ) = (1 + ;rz)(et - 62) 2630,
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The form of the equations has been radically
altered, but the outer and inner asymptotic sequences given by
equations 2.5 and 2.17 still apply, as do the solutions
for vu)(z) and v“)(z) given by equations 2,6 and 2,24

respectively.

The second term of the outer expansion can
now be evaluated. As no information has been provided by the
first term of the inner expansion,we will proceed by
means of a simple asymptotic power series in ¢, ie.l(c) =

After extracting the solution for v( )(z) the above cquations

become,
(2)
N (1)
(1) (2) - (1) dv = v(2) 1
v u 1+ é—) e vl ;.73
2.31.
and,
_Tz_i_ (2) . 3202 + Ye"-Z-"u)"(Z) z0 2.32,
and,
dz dz dz2
) T2 ., .(2) _ .(2)
s (l + ?rz)(et - 92 ) 2033.

The following requisite relationships can be
found from the solution for vu) (z),

(1) Yy M (1)
do tl ew= (1) dv
a2 - z—-_l B, ( “vd @ 2.3k
and,
;:5 'I——Y-l———azt(a—z‘ )7+ (v -V.)'d-z—z' }

2¢35.



These relationships, together with equation

2.6 can now be substituted into equations 2.31 s 2632
and 2¢33 in order to obtain a solution for v(2)(z) in terms
of v(l)(z). After substituting and differentiating as appropriate,
a linear first order differential equation in v(2)(v(l ) is

obtained. The integrating factor for this equation is found to

be da/dv(*?, so that the equation becomes,
2‘m D & 1);
uYTT“—E l“*é”*‘l**) u%¢n§?“)
- .1.5.&._7_3( (v<l> v,) g;‘l)>j 2.36.

This equation can be split into partial fractions

and integrated to give,

(1) (2v.=-1) - v
(2) _ dv .l a s - J(1)
v toae s TGt - v
vs (2va- 1) - Vs (1)
* ;: Q= v v -v.) - (v = vy)
(2v -1) - vg (1)
*(V.(v_l)(v_v)'l)ln(V'V )#—(—r;-;;
(l)
- E (1 - vy 4 1avi- v,) - luv‘l)}
(1)
dv
+ k2 'd'; 2.37.

It can be seen that the constant of the integration
cannot be evaluated from the boundary conditions, because dv(l)/dz
is zero for z + - » and for z + + », It will be noted however
that for z < O, v(z) = 0, which is the solution for the second
term of the outer expansion for z < O. The constant of the integration
must be evaluated for z > 0 by matching with the inner expansion,
or by the application of an overall conservation law. It has been
shown that the inner okpansion provides no information for matching
with this outer golution so the latter course of action must be

adopted.
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To this end, the divergence of the conservation equations 2,28
and 2429 , and the vibrational rate equation, 2.30 , Will
be integrated across the discontinuity at z = 0. This will be
done by integrating from z = - e to z = + e, expanding the
equations for ¢ + 0 and finally letting e -+ O. Applying this
procedure to the above equations and expanding them to order
unity we have, ‘

(1)
2 6 te
V(l) + Ytng - 4 ; 1 Vav(l) ] =0 2.38.
e -e
and,
v _M2 2] +e
_v'!—l' e:” + 32921) + -—;—— v =0 2039
-6
and,
(1) +e ( T, ) +e Oil)- Oél) q 2.40
0 2 (1l ¢ —— -ﬁ—r— 2 N L)
2 -e *r2 -e v 1

which are the equations for the v(l)(z) solution. The integrand

of the last of these equations is regular and the integral
tends to zero as e + O, and the equation becomes,

o{-0) = o{1(40) 241

where (£0) means that the variable is evaluated at z = 20,

Equation 2.41 shows that to order unity the
vibrational temperature remains frozen across the disFontinuity
at its upstream value, and yields the result which has already

been used, namely that v(l)(+0) = 2va- 1. ‘

Applying the aforementioned procedure to the
full equations once more, expanding to order ¢, and extracting
the above first order solution, the equations become,
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(2)
) (2) °t (1) avit?
[2v v Ye“. - (1 + r}—) ey

te
- I_;_l. vav(z) ] =0 2.42¢

-e

te

[_Y_I_l_ o‘5:2) . 826g'z) Y",'-2.‘,(1)‘,(2) ] . =0 2.43.

(l)
['(2) ) _2 ] te ]
2 dz _

refe{2- oD (2) o1 ;1)
@+ oo 2else

From the upstream boundary conditions,
v (-0) = 6{P(-0) = 6$P(-0) = 0 2,45,

so that the above equations become,

(1)) 0ye(2) 0y (+0) ), av'®
v 00 ¢ =T - Gy V0 o (40)
- I._;._].'. Vav(z)(+0) =0 2-‘450
- 0{P(v0) + 8,057 (+0) + v, 12v{ D (403! (40 = 0
2.'-‘-70
JNEY

‘2)(+o) v =2 2 (+0) = 0 2.48.
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Equation 2.48 results from the fact that

the integrand of equation 2.44 = is regular and the integral
tends to zero as e + 0. The above equations can now be solved

to give,
(2) Ky Y Va dv(l) dv(n
v (+0) 2 (1 + E;;Y 1 ( V- 1t 1) iz (+0) - ey (+0)
2.‘-&90

The constant of integration in equation
2.37 can now be evaluated for z > 0 by comparing the above
equation with equation 2.37 evaluated at v(l)

The solution for the second term of the outer expansion

= 2v - d.

therefore becomes,

V(z)(z) 20 for z <0 2450,
and,
(1) (2v.-1) - v (1)
(2) y dv (1 "a 8 l-v
v S Y+ 1ldz { ( va(l - vs)(va- l)"ln 2.(1 - va7
(1)
v: (v-1) -v, 4 a M
* (V_.' (1 - vs)(va- vg (2va- 1) - Vs
(2v - 1) - \ V.- v(“
+ (v. ra' l)("a' vs) - l).ln T-v v,
v, ;
+ —(—y——— + 1
il A
X #Sx(l)f 1 (2v- 1) - v, g Lo ey
Yy+1 'udz va(l - vs)(va- 1) 2(1 - v‘)
2 - (1)_
v (2va- 1l) Ve . v \A

8
+ v, =V s v Yy v s D -,
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(2va- 1) - v v~ v(l)
+ (va(va_ l)(va- vs) - l)olﬂ *‘l - v‘
v
+ T)a— +1 }
voie v,
(1)
(1) (1) v*iew
. gv 1-v s
dz g l1+ln 20 -vy * in (2v.~- 1) - v
a a 8
v(l)
= 1ln 2v = 1 ; for z >0 2.51,
a

The first term in parentheses is the contribution
from viscous diffusion, the second term from rotational
relaxation and the third term from mass diffusion of the vibrational

energy.

This completes the solution for the second term
of the outer expansion, and we shall now return to the inner
expansion.’ The outer asymptotic sequence to order ¢ is,

(2)

v(zye) ~ V(l)(z) tev (z) 2452,

where v(l)(z) and v(z)(z) are 0(1).

Rewriting this sequence in inner coordinates and

taking the inner limit with Z fixed, we have,

(1)

wzze) v v 20y + ¢ 2 & (20) ¢+ ov{Pis0) 2.53.

For z < 0 this becomes,

v(z;e) ~ 1 2.5

(2)

from which it is concluded that as Z + -, V'°". + 0 for matching.
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For z > 0 equation 2,53 becomes,

(2v-1-~v)
a s

v(zie) ~ 2va- l+¢c 2a(2 - 1)

2v - 1
a
2v -1 -~-v)
K Y ‘a s
+:(1+E—u)y+l2u — 2¢55.

It can be seen from this equation that the second
term of the inner expansion must be O(e) for order matching with
this outer limit. Accordingly we put 62 2 ¢ in the inner
expansion. The full equations using a bulk viscosity model
for the behaviour of the rotational mode become in inner variables,

)
2 't K., 4V _ 1

Vi ¢+ .H (1L + E;)v = ° V(1 + Y—GM?.) 2.56.

‘ M2 Y Y M2

X ew2 e e »
v-let*32°2’2v’ve-1*2 2¢57

d d8, )

v a(ez t3Z ) = e(l + T )(Gt - 92) 2.58.

r2

Substituting the inner expansion with 62 L
into the above equations and extracting the solution for Vu) (2)
we have to order ¢,

(2)
(,2) %t e (1) v’ (2) e’V
2V V' +—733‘(l*37)(v FvA + vV a‘z‘ )
= v®a . ;LM-Z) 2.59
e w
;—_—7-1— e:” + 3292,2) N veuiv‘“v(”- z 0 2.60.
(2)
de T
() f‘ﬁ(eg” R 32-2 ) = (L + ;2 )(e,“l) -1) 2,614

re
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The last of these equations can be integrated
directly to give,

(2)

de T
(2) - o _2 K Yy - 1
6, 't dz = =1+ ‘r2)(l + é;)yeniy + 1 { v

2.62,

e 2v_+ 1
+ 2va.1n 201 = vajv }

The constant of the integration has been
evaluated by matching with the outer solution for z < 0. Equation
2,62 can be integrated once more in principle by the use of

the integrating factor exp Z. The solution for e;z) then
becomes,
T,
(2) = -1 +=2 )v M2l _— exp(-z)

Thy ©°Y ¢ 1

R -(1) A
1 vV ©i- 1
f g V( ). 1+2v.1ln 3(1 3‘%:) exp(Z) dz 2,63,

.(l) and Z are dummy variables which bear the
same relation to each other as (l) and Z. The constant of the
integration has been evaluated from the requirement that the
solution remains bounded for z < 0. As we can write egz)(v‘l)),
equations 259 and 2,60 can be written,

-4 tv(z) dz ; {1 ' e_i y -1 82 9(2 {dz ;2
vty ey n‘ (1) () 264
o oy
and v(z)(z) has the solution,
1)
-y(2) -ly-1 av
v s (1 + e—) Y ;:ﬁz i .
a(2) .
K> { 4z ; E av‘®)
(1) 3 4z 2465,



and Z are dummy variables which bear

the same relation to each other as 622), V(l) and Z. Equations

2.63 and 2.65 wmust be integrated numerically because

a§2)’ v >

their analytical solution is intractable unless further approximations
are resorted to. No attempt has therefore been made to evaluate
the constant of this last integration analytically.

This completes the solution of viscous vibrational
relaxation for the case v < 1 and |1 - val = 0(1) to first order

in ¢.

These solutions for the partly dispersed shock
wave have been computed for a shock Mach number of 1.2. It was .
assumed that the upstream state of the gas was at NTP, ie. Yo ©

1.293 .

The theoretical profiles obtained are presented
in figures 2.2 and 2.3 for the first and second order terms
respectively. It can be seen that the solutions match in terms
of the velocity change. However, it will be noted from equation

225 that the position of the first inner solution cannot
be fixed along the Z axis from the matching requirements. For
convinionco, we have set v = v, at 2 =0,

This freedom of choice with regard to the first
inner solution indicates a lack of coupling between the inner
and outer solutions. The reason for this can be seen if the
solutions are plotted on a ;elocity gradient/ velocity plane,
as shown in figure 2.4, It would appear from this that a more
rigorous solution would be obtained by the determination of an
intermediate expansion at v = 2va- 1, as indicated. This has
not been persued here, but it is clear that a future development of

the analysis should examine this region.
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[—

e2¢3+ The Fully Dispersed Shock Have.lva- 1] = 0(1).

In this case the perturbation scheme is regular
and we can proceed directly to the evaluation of the next
term in the original asymptotic expansion, Az(e)v(z)(z), in
equation 25 . The expansion will be continued as an
asymptotic power series in ¢, so that A2(e) s

A bulk viscosity model for the behaviour of the
rotational mode will be used to be consistent with the solution
for the partly dispersed shock wave given in the preceeding
section. The resulting basic equations are exactly those given
by equations 2.28 , 2.29 and 2.30 , as follows:

0
Ve ;.—HE - el + e—)v = v(l + ﬁz) 2466,
y M2 Y y M2 _
X e=2, _e , ‘e~
y-1°t*32°2* — v Ye'l* > 2.67.
d d62 'r
v ‘d"z' (0 + ¢ d_ ) = (1 + trz)(e 2) 20680

Substituting the original asymptotic expansion,
equation 2.5 , with s, (e¢) = ¢, into the above equations and

extracting the solution for v(l)(z) we have,

6 (1)
2v(l)v(2) * -Y—'%Z -1+ F’T;) (l) 3: s v(z)(l * Y‘LHZ) 2.69.
(] [_J

;-I-T 0(2) 32 ;2) * sz(l) (2) 2470,



as? (2) 2_(1)
(1) L %% v(l)f_fg
dz dz sz
(2) _ (2)
(+ =% ey ) 2.71.
1r2 2 7

Using equations 2,6 , 2,34 and 2,35,
the above equations reduce to a first order linear differential

equation in v(z)(v(l)). This equation can be integrated by the

use of the integrating factor dz/dv( 1) to give,

1) (2V -1) - v
(2) _dv K S (1)
v *4z §_¥73%l * éi)g v (= v - Iy (1 - v

)

vy ((2v -1) - vg ) (l)
A (l A )(v - v47"ln(

- vs)

\A ((2v - 1) Vg ) (1)
((V - l)(V - V ) l)oln(v -V )

v
a
f-r)'—
Vl-va}
(1)
{ (1 - vy ¢ 1avfe v ) - 1n(v(l’);
(1)
+ h‘gf 2472,

As with the first term for the fully dispersed
shock wave, the constant of integration is arbitrary and will be
left unspecified for the present. This completes the solution
of viscous vibrational relaxation for the case v_ > 1 and|1 - val
= 0(1), to first order in €. This is a straightforward perturbation,

and no profiles have been computed.
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2¢2el4o The Transition From A Fully Dispersed To
A Partly Dispersed Shock Wave. [va- 1] = o(l).

In this section the analysis of viscous
vibrational relaxation will be compieted by considering the
transition from a fully dispersed to a partly dispersed shock
wave. In terms of the total range of waves strengths considered
this constitutes a very small part, but it is instructive to

inquire into the precise nature of the transition.
We shall write,
v, S 1l +6 2.73

where 6§ is o(l) and is positive or negative according as to
whether the wave is fully or partly dispersed.

It has already been shown that the downstream

velocity, Vg is related to v, by,

<

+ 1 -
+1'a 3 2.7h.

v &2
8

<] =
<

so that in this case A becomes,

Y Y
exy+l oy+tl
vﬁ=2Y Ye*l l+6 2.Y Ye*l

or, putting,

- n _® + 1 _
vb =2 Y Ye* 1 1 275
we have,
vgE v té vyt 1) 2676
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It can also be shown that,
1
-—“-2 = -i'- +6 Ls—}' 2.77.

(1)

Consider now the solution for v given by
equation 26 , which is common to both the fully dispersed
and the partly dispersed shock wave solutions. Substituting

equations 2473 and 2.76 this equation becomes,
(1)
A U TR A
(vu)- 1)§v(l)- (vb 1-6(vb+ l))} 24780

The solution of equation 2.6 for vl

(1)

has been shown to be a discontinuous fall in v from the

upstream value of unity to 2va- 1, followed by a monotonic
decrease to the downstream value of Ve: In this case therefore
the velocity falls discontinuously from the upstream value of
unity to 1 +26, and thence monotonically to v, +6(vb+ 1). In
the limit as é§ + O the discontinuity dissappears and the

solution for vu) becomes,
(1)
% =0 for 3 <0 2679,
and,
W -
Fry = a -—-VT-JT for z » O 2.80.

where as before v(l)z l at z = -0, and v(l)= l+ 28 at z = +0.

Equations 2079 and 280 can be integrated
directly to give upon application of the boundary conditions,

v(l) =1 forz<O 2,81,



and, )
(1)
(1) v -y -
v el ¢+ vb.ln —-———bl —- vb saz forz >0 2.82.

The behaviour in this case is as sketched in
figure 2.5. It can be seen from the foregoing set of equations
that the first term of the original outer expansion is valid for
é§ = o(l), and the effect of § is postponed until higher order terms.
Similarly, the first term of the inner expansion in the original
partly dispersed shock wave solution given by equation 2.24

becomes,

(1)

1+ e%)v(l) %ZV_ = I?';._l (v(l)- 1)(v(l)- 1= 28) 2.83.

In this case V(l) decreases monotonically from
the upstream value of unity to 1 + 26. When 6 + 0 equation
2.83 has the trivial solution,

(1)

v =1 for all 2 2¢840

and an alternative scaling must be sought.

It can be seen from equations 2,79 and 2.80
that the discontinuity has been transferred from the velocity to
its derivative, and an inner expansion must now be provided to describe
the behaviour within that discontinuity. For convenience the
equations will be transferred to a velocity derivative/velocity -

plane, that is, the following new variables wi}l be defined,
¢=l-v & p = do/dz

- and the equations rewritten in them. In order to incorporate the
requirement that é§ = o(l), the analysis must be started from the
basic equations in the form given by equationsh.\.27 ,A.\.29 and
A.\l.41, together with a bulk viscosity description of the behaviour
of the rotational mode.
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Making the appropriate substitutions and applying
the upstream boundary conditions equation A.\.37 becoues,

P 1l 1 A
v -2)+ ét(;«r é I—:—) +e(l + Sl;-)(l -v)p =
@ J—;—la +6) 2.85.

similarly from equationf.\.39,

X _ ¢ (: x+1l 1 X+l
Y_let(v+6 Y )+5282(Y+6 v
+3¥ -2 =0 2.86.
and from equationP.\ui,
. d d92 T,
(L -9)p 3;(62 tep gy )= (1 + -;rz)(ét - 32) 2.87.

where we have put 6, =8, - 1, & 6, = 52 - 1.

Differentiating and substituting as appropriate

the following second order differential equatiom in p(v) is

obtained,
a? dp .2 d
2a SR 4 2 R v ecSR =D 2.88.
2 dv dv
dv
where,

- _ay2 2 K
As(l-v)p ;—%—Efl + E;O

a2 K
Be (-9 171+ 3D

ay2 K ay 2 K
c=(1-0% Y—I—l-(1+£7)-3e<1-v)p Y—Z—-l-(l'r&-‘;)

o2, ytl s ey Yt 1
(1 v)py_l-r(l v)pY_l(l+6)
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T Y
(v 22 =2 L2204 0§ - 96- 2)
r2 e Y

and, D

K - S ‘;A_ - - & + 1
€+ A -0p) e 53 -2) - Q p L)

e Ytle - eyn2 K
(1 -v)p y-1'* e(l - ¥)p ;—E—i(l + &;0

e - $p? L1g

An approximate solution to equation 2,88  will
be found by forming an asymptotic expansion in ¢, that is, we

shall seek a solution for v(z) of the form,

Wz3650) ~ ¥%(z;8) + sB<e>.“°’<z;c> + ol8y(e))
2,89,

as ¢ + 0, and where 68(5) = o(l).

Differentiating equation 2,89 with respect

to 2z we have,
p(z;8;¢) ~ p(“)(z;é) + és(e). p(B)(z;d)
+ o(cs(c)} 2090,

Substituting these equations into equation

2.88 , and expanding to order unity it becomes,

Si(a) _ o+ vy - 1)

= for z > 0 291,
dz (1 - +'%)
and,
~(a)
d
d-‘z’ =0 for z < 0 2.92.

Integrating these equations we have,



61.

from equation 291 ,

6(0)_ v
¢ 1 4v.n 2 24z forz>o0 2
b’ 1 - vy z *93.
and from equation 2.92 ,
CO R for z < 0 2.94.

(c)/dz(z) is sketched iﬁ

The behaviour of dv
figure 2.5. It can be seen that an inner expansion is required
in the region of the discontinuity, and the variables must be
scaled in such a way as to become of order unity in this'inner
region. It will be noted that the derivative of the velocity
dG(“)/dz, must be of order unity in both the inner and outer regions.
Thus, v and z must be scaled by the same function of ¢ in order
to preserve this condition. Accordingly, the following inner

variables will be defined,
A(e)Z =z, &)V =V, & P=Dp 2.95.

Equation 2,88 ©becomes in inner variables,

2
¢20"%(¢) a 33% + ¢207 %) b (%5)2
+ e073e) ¢ g—g_- =d 2,96,

where ?

az - aeN?? gl ¢ 5

- a2 K

b= (1= a(e)V)“P Y—I—lu .

o r(1-a)N’P —Lpll ¢ 85 - el - AP —Lpa 4 ED)
-1 -’ %—E—% + (1 - 8(c)V)P g-{&%gz + 6)
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and, z (1 + ){ Y- 1 {Y * 1 (1 + 8)A(e)? - a(e)V(A(e)V = 2)

s(1 + ef)(l - ACe)V)P} + 3a(e)V(a(e)V - 2)}

- Yy +1 a Yy+1 s
l- vP-—-&-— - - ———
( a(e)v) Y § - (1L-V)P — Ale)V

-+

(1 - a(e)N)p? =L+ &) - e - s’ H

As with the outer solution, an asymptotic expansion
will be formed in ¢ in order to obtain an approximate solution for

9(2),that is, we shall write,
i) v 19050 + a00.8®z30)

+ o{AB(c)) 2¢97.

as ¢ + 0, and where AB(e) s o(l).

Differentiating equation 2.97 with respect to

Z vwe have,

4

P(Z363¢) ~ P%(z;6) + AB(c).P(B)(Z;G)
+ ola (e} 2,98,

When these equations are substituted into equation

2.96- and it expanded to the lowest order in ¢ it is found that

the relative magnitudes of ¢ and § must be considered. So, taking

the lowest order terms of each we have, after multiplying through
by A2(e).

a)
c2p(®)” i e & e I ( )>

a
eMe)p‘“’ R ‘( )= a%oa r 2 >g —e 1ol e, e(c>§

- xa2 (@) y +1._-,3 (a) y + 1 5(a)
84°(c) P %"-"'i IYOR; '3'-_1" 2.99,
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It will be recalled from equations 291 and
2.92  that the first term of the outer expansion did not
contain a term in §. Consequently, the first term of the inner
expansion cannot contain a term in é§ for it to match with the
outer solution. In this case, the only scaling factor which
produces a solution to match with the outer solution is ei.
Therefore, substituting A(e) = ei and § = 0 into equation 2,99
and expanding to order (5)3/2 we have,

(a) (a)
. P dp
T 4B e T ey oD 2100,

This equation can be integrated directly by

separation of variables to give,
dQ(a)
c(a) v c:z(vb -1) ;

2 kyf dV
Y—;H—u+i;) %t olv, - 1).1n TR

" 2
=y (@) 2,101,

where the constant of the integration has been evaluated by
matching with the outer solution, that is, as v, 0, d?‘“)/dz

+ 0, and as 9(°) >+ o dq(a)/dz - a(vb - 1), which match with

the outer solutions given by equations 2.91 and 2.92,

Equation 2100 must be solved numerically, and
the resulting behaviour of dv(“)/dz(z) is sketched in figure 2.5 ,

The first term of the inner expansion provides
no information about the next term of the outer expansion,
which can therefore proceed as a simple asymptotic power series
in €, and the next term of the inner:expansiom found by matching.
This course of action will not be persued and the solution will

be terminated at this stage.



7 & 7

The particular solution for Va = 1 has been
computed for an upstream state of NTP, ie Se = 1¢293. The
theoretical velocity gradient profile which is obtained is
presented in figure 2.6. This solution was integrated to
yield the velocity profile shown in figure 2.7.

A future analysis of this ‘problem should include
an investigation of the cases where » Which have not
been persued here.

The value of tﬂﬁ perturbation parameter &€ , at
NTP is of the order of 10 for carbon dioxide. It can be
seen from the theoreticel profiles which have been presented
that the effects of diffusion will be of the order of 1% of
the total velocity change through the relaxation resisted
parts of the waves, or contained within a diffusion resisted
shoek front of the order of 1, of the thickness of the
relaxation resisted parts of the waves,

: This indicates that conditions could be found where
the contributions of diffusion and relaxation of the
vibrational mode are of the same order and where they would
contribute a 10,5 change in the distance through the wave.

It should therefore be possible to design an
experiment in which diffusion and vibrational relaxation can
be seen occuring at the same position in the wave and at
levels which can be measured.

: "This completes the solution of viscous vibrational
relaxation which has been investigated heree



2434 Inviscid Bimodal Vibrational Relaxation.

In this section a solution will be obtained for the
one-dimensional flow of a gas with two coupled vibrational
modes. Viscosity, heat conduction and mass diffusion will be
neglected, and it will be assumed that the rotational mode
is in equilibrium with the translational mode. That is, the
conservation equations to be used are those given by equationé
Q.37 and Q.39 with € = 0 and 6, = 6. The behaviour of the
vibrational modes will be described by equations Q.\.42 and

Q. 3.

By substituting and differentiating.as appropriate
these equations can be combined to form a second order non-
linear differential equation in v(z). This equation is not
amenable to exact analytical solution and a perturbation
scheme must be found to provide an approximate solution.

Over the temperature range of interest, the energy of the
primary vibrational mode of carbon dioxide ﬂbending) is much
greater than that of the secondary vibrational modes (stretching).
A reasonable perturbation scheme can thus be formed by characterising
the modal energies by temperatures and using the ratio of the
specific heat(s) of the secondary mode(s) to the total vibrational
specific heat as the perturbation parameter.

The perturbation parameter, ¢ , will be defined as,
¢ 3 C,/C 2.102.

where,

cC =¢C,+C “ 201030
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Cqy is the specific heat of the primary vibrational mode
and C3 is the specific heat of the secondary vibrational mode.

From the above equations it follows that,

c2
'C— sl-0 2.10’4.
v

It will be noted that by defining ¢ in this way, Yo
does not become a function of o, and unnecessary complications

are obviated.

The conservation equations and rate equations become,

e

2 t Fv
- —— 2.
v *.Y?iz Qu. 1050
and,
X ' RACTE e 2.106
v -T 0% T B T EE Y ® 7 »106.
and,
d02 T,
(1 -o0g)v el (1 - o)(et - 62) +0 7‘;23(63 - 02) 2.107
and,
de T T
3 _ ‘2 R ! . .108.
il T, (6t 63) + ‘23(92 03) 2.108

Applying the upstream boundary conditions to equations
2.105 & A:.196 they become,

6

2 t . 1 2109,
vie ;:iz = v (1+ Ye“i) 9
and,
v M2 v M2
: - e = 2 = e =
_-L—Y L0, +8,((1=0)0,+00)+—5—V ;’:{‘I + =

2.110.
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A solution for v(z) of the form,
v(z;0) ~ Aa(c)v(a)(z) + Ab(c)v(b)(z) + of Ab(o)} 2111,
as 0 + 0, will be sought, where Ab(o) = of Aé(a) .

It can be seen from an inspection of equation 2..07 that
the expansion breaks down when t23/712 = o(l), and the solution
must be restricted to the case t23/12 # o(l). This is not unduly
restrictive, because it only excludes the case when the second
mode equilibrates so quickly with the primary mode that they can
be regarded as being in equilibrium and behaving as a single

mode.

When equation 2 .\\\ is substituted into equations
2.107 ,2.108 and 2.4°% , and they are expanded to order Aa(a)
it is found that the first value of Aa(o) to yield a non-trivial
solution is Aa(o) = 0(1). So, putting Aa(c) = 1 without loss of
generality the equations become,
(a)

@ %% _ @ _ 12,
v -d-; - Ot 92 2 112
and,
(a)
de T T
(a) 3 2,0(a)_ (a) 2 .(a)_ ,(a)
vl s ;(et -93 )+:‘- (62 o, ) 2.113.
3 23
and,
(a)
2 e
1
v(a) + ;:EE s v(a)(l + ;:ﬁz) 21140
and,

Y M2 .2
Y o(a) + 8 e(a) + —e—.V(a) = 2.115.

) e
Y -1t Vo2 2 y-1 '72
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Solving these equations, it is found that v(z) must
satisfy the following equation,

(a)
v(a)(v(a)- v) dv s a‘(v(a)- l)(v(a)- v) 2.,116.

a’ dz

y-rl Yy+1
1
wherec‘=-}]—— — ,8v_ =21 (v_+1)
.,lyel a Y Y+1 s

This is exactly the result obtained in section 2¢2.1,
except that a” has a slightly different meaning. The remarks
which were made therein also apply here, however, this section
will only be concerned with the regions where the solutions
are continuous. Integrating equation Z-W\b iIn these regions

of continuity we have,

v®) Cane!®- 1) - B - vy = etz v kg 2.117.
where,
- v (v-v)
I and B =S 52
8 -]

The constant of the integration will only be evaluated
for the partly dispersed shock wave. So, putting v(a) s 2va- 1,
at z = +0, equation 2.\\7 becomes for the partly dispersed shock

wave,
(a) (a) l) ( (a)" V )
vol=(2v-1) - Aln—(;—:—l'r -27,-.—1—:'7
z a’z for z > 0 2,118
and,
v(a) =1 for z <0 2¢119e

It can be seen that the behaviour of the secondary
mode does not enter in to this first term. However, its behaviour
must be determined in order that the perturbation scheme be

continued.
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Equation 2.3 can be rewritten as,

(a) ‘“’ga) 2. %2 (&) _ T2.(a) 2 (a)
v e +(;3+-T-23)63 =;—3et +-;2302 2+120,

The integrating factor for this linear differential

equation is,

T2 T2 Z
exP{ (ta + T ) J—-' ;(a) dz}

and the solution for ega) is,

(‘) Tz T2 < 1
0 z exp{=(=" + =" ) = dz}.
3 T3 T3 J‘-- @)

Z T2.(a) 2, (a) T2 21
J:.(?aet 123 % )-(a)exp{(- 123) . v( a) 9} 4

2.121.
where ;(a). z, 6, v(‘), z and 6 are dummy variables, each set
of which are related to each other in the same way as v( ) z,

etc. ,

The constant of the integration has been evaluated from
the boundedness: requirement of the downstream boundary condition.

This equation will be made use of in determining the next term

of the expansion.

The first term of this expansion.is uniformly valid
in the regions of interest, so the expansion can be continued
directly as an asymptotic power series in o. Substituting

equation Rl with Ay (o) = o into equations 2.7, 2.108,
(a)

2409 and2.lio and extractmg the v ‘solution we have,
(b) (a) (a)
S 3% ) %7 @) 3%
dz v @ Y @& ¢
(0@ o)) - (a{)- of&)) 4 2 (afa). o)) 2.122,

23
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and,
(b) (a)
de de T T
(a) %3 (b) °3 _ “2,.(b)_ .(b) 2 ..(b)_ _(b)
v o Oty rril ‘3(et 0y )+ 123(e2 -6 )
2123,
and,
(a)_(b) o (b)
a t _ b -l
vy +-—-27‘H. = v (1 _279M.) 2.124.
and,

;—E—Eveib) + Bvegb) + Bv(ega)- ega)) + Yeuﬁv(a)v(b) z0

20125,

(b)

It can be shown from these equations that v must

obey the following first order linear differential equation,

(b) (a)
dv d ( dv )V(b) =

az ;;la) dz
y-1 1 2 - 1568 9(a)) , 222 (pla). g(a)y
T MY t 1 v(a)(vTa)_ v,) g Ty t 3 T3 2 3 ;
2.126,
The integrating factor for this equation is dz/dv(a), 80
that v(b) has the solution,
(a)
. Pvy-1 av®) [V (agra9t?)y?
v S Y My ¢+ 1 dz ~(a), a(a) *
ew 1 v i(vTi- va)
2 _ (a)_ 4(a) "2 (a(a)_ ala)|) ,ala)
E(;a 1)(6t -8+ 2;23<92 N ); dv
(a)
dv
tk, 5 26127

where ;(a) and z are dummy variables related to each other in

the same way as v(a) and z.
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Clearly, many forms of theoretical profiles
could be computed from this solution, depending on the relative

magnitudes of Ty Ty and 1 As there was no information

available regarding the mazgitude of these relaxation times
for carbon dioxide, no theoretical profiles have been
computed. It was not considered to be worth while to compute
the limiting cases of infinite relaxation times as this

had been done elsewhere for the unperturbed solutions. This
may have provided a useful check on the accuracy of the
perturbation scheme, but this was not considered to be
relevent to the present studies. This solution will be
applicable at such time that bimodal behaviour can be

observed in weak compression waves.
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2el4s Inviscid Vibrational Relaxation Using A Second

Order Rate Equation.

In this section a solution will be obtained for the
one~dimensional flow of a gas with a single active vibrational
mode whose behaviour is governed by a second order rate equation,
that is,equation A.\.44. Viscosity, heat conduction and mass
diffusion will be neglected, and it will be assumed that the
rotational mode is in equilibrium with the translational mode.
The conservation equations to be used are therefore those given
by equations@.1.37 andA.1.39 with ¢ = 0, and 6, =86. '

Applying the upstream boundary conditions to equations
Q.37 and A\L39Q with € = O they become, ,

Ve o = v 2,128,
Y R
e " e w
and,
y M2 Y y M2
Y e w2 e e =
-1 8, + BB, + —— V" = Y I + 2,129,

These equations can be substituted into the rate
equation, .\ , and a solution obtained directly, however, the
form of the solution is so complex as to disguise the essential

features. Equation Q -\.Uls can be rewritten using the Binomial

theorem as,

v d02 T, v de
-(Tt-.—e;y-d—z- {E"d—" - l 2.1300

where it is assumed that T > 12(9t‘ 92).

Substituting equations z.428 and 2.129 into equation
2.130 we have,

v(v-v) av
(V‘l)(v-v)d

+ T vwv - v, ) dz a’ 2131,
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Y+l _ Y M2 vy + 1l
wherea‘=-ie 1——-—1,&I'=‘£e—— & -%.
Yo~ ly+1 4 2 Yoo 1 T,

The first term on the left hand side of equation
2.13§ is the basic solution obtained in section 2.2.|, except
that o has a different meaning. The second order term in
the rate equation thus appears as a correction to this basic

solution in a similar manner to the other solutions herein.

Integrating equation 2.13] in the regions of continuity

in v we have, for the partly dispersed shock wave,

vzl for z < O 2+1326
and,
v=-(2v, =1) +Aln %‘(i;;—_l—i) - B.ln ((:v;-vi)- )
2
+ I‘%z(v - -2:?- va) - P“2va- 1)6(va- 2 s a’z forz > 0

2133
and for the fully dispersed shock wave,
v2 3
v+ Adn(v-1) =Ban(v-v,)+T 3 (v - -i'va)
=a’z +kg ' 24134,
where,
l-v viv-v)
Az — a , 3 Bz oS -sv a
1 \A s

and for the partly dispersed shock wave v = 2va- latz =0,



If we write,

Q1) (2)
2 2
pl( 2,12/1 ‘) ~ o) (z) + 12/1;’ o) (z) ,

then the first and second order terms can be identified in
terms of the basic solution and the correction term of
equation 2.133. In this way, theoretical profiles have
' (1) (2)

been computed for p and for p "°. These computations
have been performed for shock Mach numbers of 1.03, 1.04,

1.05 and 3.0 . The resulting profiles are presented in
figures 2.8, 2.9 and 2.10.

The difference between the first and second order
solutions for the M = 3.0 case were compared to the
dependence on departure from equilibrium observed by
Johannesen for that Mach number (&{ 2.S5). It was found
that,for the non-correlation of the Johannesen data to be
explained in terms of a second order rate equation, the
magnitude of the ratio of the relaxation times would have
to be of the order of 0.3 , as shown in figure 2.10.

It can be seen from figures 2.8 and 2.9 that, if the

ratio of the relaxation times was of this order, the correction

to the velocity profiles for the weak normal shock waves
would be negligible.
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SUMMARY

A quantitative schlieren system has been used to
study the normal shock waves which have been produced in the
shock tube. This particular system was developed for this
purpose 1n an earlier study, and further developments

and refinements have been made to it.

The principle of operation of the system is described,
and the relevent optical theory is outlined, The physical
layout of the system is described, and consideration is given
to its practical limitations with regard to the spatial and
temporal resolution and the calibration. The method of setting
up the system for optimum performance is also described

together with the developments and refinements which have

been made.

Conclusions are drawn regarding the suitability of
the system for this application and future developments are

discussed.,
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NOTATION.

A Aperture.

b Height of sampling slit.

c Speed of light

Co Speed of light in a vacuum,

cg Cathode luminous sensitivity of photomultiplier.
D Beam divergence.

F Focal length.

£ Bandwidth.,

G Photomultiplier gain.

h Height of source slit image at knife edge.
I Intensity.

k Width of sampling slit in screen.

L Width of working section.

M Mirror.
n Refractive index.

R Light ray.

Ra Anode resistence of photomultiplier.

t Time.

W Wave front.

X' Coordinate.

Y Coordinate.

B8 Gladstone-Dale constant.

s ~ Displacement of source image at knife edge.
€ Coordinate.

n Coordinate.
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NOTATION Cont'd.

¢ Angle of light rays leaving working section.
0 Density.

) Reference density.
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3¢1s1s Introduction

Many measuring techniques have been applied to the study
of vibrational relaxation processes in shock waves. These techniques
may be categorised into those which observe the behaviour of the gas
at a macro-scopic level, that is, by the measurement of the
translational state of the gas or by flow visualisation techmiques,
and those which observe the gas at a microscopic level; by monitoring
the behaviour of particular vibrational modes for example.

One of the simplest means of determining the <translational
state of a gas is to measure its static or stagnation pressure.
Unfortunately, neither of these measuremenis are suited to the study
of relaxation processes in shock waves produced in a shock tube.

The relaxation regions of partly dispersed shock waves are essentially
isentropic. Consequently, the change in the stagnation pressure in the
flow, which is measure of the eniropy produced, would not yield any
information regarding the relaxation process.

The static pressure change through the shock wave could
be measured with a wall mounted pressure transducer. However, the
boundary layer on the walls of the shock tube would distort the wall
pressure history to an unacceptable extent.

In addition, the physical size of a commercially
available pressure transducer, typically 3 mm. diameter, does not give
adequate spatial resolution for the thickness of the relaxation
regions that can be produced in the shock tube which is {0 be used for
the present studies. Nevertheless, the static pressure change aoross
shook waves produced in the shock tube does provide a useful means of
determining the shock strength where other, more acourate techniques,
cannot be made use of. ‘

End wall pressure history measurements have been used
to study the Vibrational relaxation of gases. Baganoff (Ref.3.1.)
has made measurements of the vibrational relaxation of carbon dioxide
with this tecimique, and the results obtained were in good agreement
with those obtained by other more universally applied techniques such
as Mach Zehnder interferometry. MNore recently, Hanson and Baganoff
(Ref.3.2.) have made similar measurements in nitrogen with similar
results. This technique is most suitable for use in shook tubes
- having internal dimensions sufficiently large to ensure that cormer
reflections at the end face to not interfere with the measurement times
which ocould be obtained in the shock tube used for the present
studies. This teohmique could not have been applied to the study of:
the fully dispersed shock waves produced in the refleoted shock region.
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The translational temperature of a gas can be
determined from measurements of the heat transfer rates to
stagnation point or wall mounted probes. The stagnation
point probe would not be suitable becuuse it would measure
the stagnational enthalpy of the Ilow, which is constant
through the relaxation regions. As with the wall mounted
pressure transducers, the boundary layer would severely
distort the heat transfer history at the wall. In addition,
the absolute change in tempersture through the relaxation
region can be very smalle.

Spectral Line Reversal is oune of the preferred
techni jues for the determination of the vibrational
temperature of a gas. The technique requires the gas to be
seeded with an element, such a8 Sodium, which is one of the
more commonly used. Holbeche and Woodley (Ref. 3.3.) have
used Sodium line reversal for relaxation measurements in
nitrogen, carbon monoxide and oxygen. Hall and Russo (Ref.
3.4e) have also applied the technique to relaxation studies
in nitrogen and carbon monoxide., The only objection to the
use of this technique for the present studies was the amount
of time which would have to be devoted to its development
compared to other more readily available techniques.

Other optical technigues suc] as infra-red
emmision and ultra-violet spectroscopy * have been developed
for the study of the behaviour of particular vibrational
modes in a relaxing gas. Hodgson and Hine (Refe 345.)
have recently made measurements of the relaxation time of
the asymmetric stretching mode of carbon dioxide using an
infra-red emmision technique., In these studies, the gas
samples were not optically thin and the results had to ve
corrected to allow for rc-ubsorpbtion of energye. Larlier
work using infra-red emmision was conducted by Hooker and
Millikan (Ref. 3.6,) on carbon monoxide, Camac (Refe 3¢70)
Borrell (Ref. 3.8.) and Veaner, Roach and Smith (Ref. 30905
for example. This tecimique wos not considered suitable
for the present studies because part of the work was
concerned with the study of the tronslational state of the
gas as well as the vibrational statese

Extensive use has been made of density measuring
techniques for the study of vibrational relaxation.
Interferometry has been most =:xlensively used, although the
laser schlieren technique hoo Loen wade increasing use of in
recent years. These techniqucs shove the atiraction for
the present studies that they respond to both the
translational behaviour of the gas and the vibrational
behaviour, because of the sensitivity of gas density to
the vibrational state.

“C.F. Reference 3.270
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In addition, these technicues are optical and
do not introduce disturbances into the flow. They are
affected by the boundary layers on the walls of the shock
tube, but not to the same extent as wall pressure and heat
transfer measurements.

Many researchers have made use of the Mach

Zehnder interferometer, for example Zienkiewicz and
Johannesen (Ref. 3.10.) Griffith (Ref. 3.11.) and Simpson
(Refs 3¢12.)e A Mach Zehnder interferometer was availahle
for the present studies, but its sensitivity was considered
to be inadequate for the study of the weak shock waves,
The sensitivity is determined by the extent to which the
fringe shifts can be resolved. OGimpson has reported
obtaining a resolution of 0.05 of a fringe shift defined
by fluctuations in an eqilibrium flow in the shock tube.
The interferometer which was available for the studies
had a resolution which was a factor of three worse than
that quoted by Simpson, butl this was determined by optical
imperfections in the system. The interferometer could
have been developed to achieve a higher performance, but
its inherent insensitivity for the study of weak shock

waves was considered to be a major disadvantage for the
present studies, It is noted that the interferometer is
one of the best techniques available for the determination
of shock strengths from their totsl density change;
Zienkiewicz and Johannesen (Ref. 3+13.)e

The schlieren technique appeared to offer greater

scope in terms of its range and sensitivity than the
nterferometer. Witteman (Jerl. p.luo) was one of the first
Eesearchers_to draw attention to thc use of the schlieren
echnique in this type of role and to demonstrate the use
of a time resolved quentitative schlieren system in which
the output is proportionsl to Lhe spatial integral of the
density gradients in the flow {icld. The range of the
system was increased to encompass the radients in the
diffusion resisted shock fronts of the shock waves by the
use of an inclined knife edge, Vacn and de Boer .
(Ref. 3¢15.) have applied this tecimiuue to the study of
vibrational relaxation in scveral gases. The oscillograms
presented by them do nolt exhibit the sharp rise normally
associated with the output from the diffusion resisted
shock front and the rcloxabioa times were found to be a

factor of four greater thon i|-q; virbained by other
researchers, but this wus atociouicd to inpurities in the
gases studied by other researcucrs An alternative

explanation might have been that thc particular arrangenent
introduced significant errors into the output signal from
the systemos de Boer(Ref. 3.16.) has analysed the optics of
the integrating schlieren system aud shown that the spatial
resolution in the results obtained by Witteman could be
accounted for by optical imperfections,



The resolving power oif the arrangement used by
Witteman was calculated by de Boer to be 0,18 mm. compared
to a measured value of 0.15 mm.. Similarly, the resolving
power of the arrangement in the form used by Daen and
de Boer was calculated by de Boer to be 0.3 mm. compared
to measured values between 0.2 mmo and O3 mm. in helium
and between 0.3 mm, and O.4 mme in argon. It was
concluded that the resolution could be explained in terms
of the optical limitations of the system and it has since
been developed to give a resolving power of 0,9 mm.,
although no reports have been found of results obtained
with the improved arrangement. In his original work
Witteman calculated the affect of shock curvature on the
apparent spatial resolution of the system using the
analysis of Hartunian (Ref. 3.17.). He showed that shock
curvature could only account for between 10% and 50% of

the apparent resolving power.

In 1965, Kiefer and Lutz (Ref. 3.18.) drew
attention to the use of a laser schlieren technique. 1In

their arrangement, the system operated in a non-integrating

mode and the spatial resolution of the system was defined
by the narrow beam from the laver. A spatial resolution
of 1.25 mme., defined at the e~2 poinis of the gausian
distribution of the laser beam, wus oblained together
with a temporal resolution, determined by the electronics
of 0,22 microseconds,

Applications of this techinique to the study of

ibrational relaxation in oxygen by Liefer and Lutz (Ref.
%.19.) yielded results which agreed closely with those
btained by White and Millikan (Ref., 3.20.) using an
interferometric technigue. iicCer :nd Lutz have also
apnlied the technique to the siudy of vibrational
relexation in deuterium (Ref. 5.2i.) wnd hydrogen (Refo
3¢22e)e In these studies the resolubtion of the system
has been improved to 0.8 mm. by tlie use of a converging
telescope in the light bLeam between the light source and
the shock tube. This was the best resolution which could
be obtained in this way, becoause lfuvther convergence
caused the mean diameter of tiic beum to increase towards
the latter stages of its transiv =cross the shock tube

flow,

The use of L lasci seiiierven technique is
very atiractive for the study ol vibrational relsxation,
because of its range, sensitivity and inherent simplicity.

It is also inherently more .sensitive to the rate processes

associated with vibrational relaxation than other density
measuring techniques, because it responds to the gradient

of the density.

q
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A non-intepgrating schlieren system using a
conventional light source has many of the attributes of
the laser schlieren, but a more complex optical system
has to be used. The conventional arrangement has the
advantage over the laser schlieren that the light source
can be interchanged with a spark source far schlieren
photographye. This faclility was found to be particularly
useful in the studies of fully dispersed shock waves
propagating through the reflected shock region.

A decislon wus made at the outset of an earliepr
study by Scott (Refe. 3.23.) to adopt the use of a
conventional non-integrating schlieren system for
relaxation studies. This system has been developed and
refined for the present studies, This section presents
an analysis of the optics of this system and a consideration
of possible errors in the system. Particular problems
were encountered in the calibration of this system and
the way in which these were overcome is also described.

Sele2s PRINCIPLE OF OPERATION

The schlieren system utilises the
fact that light rays passing through a translucent
substance are turned towards the regions of higher density
of that substance. '
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In this application the system is arranged to produce an image
of the working aeofion of the shock tube on a screen, The
intensity of this image is related to the density gradients in
the gas flow within the shock tube,

A conventional schlieren layout is shown schematically in
figure Jelele -The light source is focussed with a thin lens
onto the source slit which is an adjustable rectangular aperture
with the longest side lying in the horizontal plane., This source
slit is placed at the focus of the first concave parabolic
mirrar, M1 s Which collimates the light beam befare it passes
through the working section, After passing through the working
seotion the light beam is reflected by a second concave parabolioc
mirrer, l(z, to produce a focussed image of the source slit at
the focus of this mirrar, A knife edge is placed at this point
to partially obscure the image of the source slit, The part of
the beam which passes over the knife edge produces a focussed image

of the working section on the soreen,

Density gradients in the flow within the shock tube cause
the rays of light passing through the working section to be
refracted, to emerge at a slight angle to the incident beam, This
produces a displacement of these rays at the knife edge, causing
more @ less rays to pass over the knife edge. In this way, the
intensity of image of that part of the working section on the
screen is either increased or decreased accardingly, The system
only respopd.s to density gradients normal to the knif'e edge,
because displacemsnts of the image of the source slit parallel to
the knif'e edge do not change the intensity of the image.
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In this particular application the intensity of the
image is sampled by a small slit in the screen which allows part
of the light beam to pass through to a photomultiplier placed
behind the screen. The photomultiplier converts the intensity
of the incident light into an electrical output, All of the
shock waves to be studied are convected through the working -
section of the shock tube, so that a time resolved electrical
output can be obtained which can be related to the spatial variation

of the density gradients within these shock waves,

32]e3s The Theory Of Operation,

We are concerned with the behaviour of light rays within
the warking section of the shock tube at position I1 ,x1 , &8 showmn
in figure 3.2.A. light enters the warking section from the left
hand side travelling parallel to the Y axis,

Consider the elemental behaviour of the light rays at
the point Y1 ,11 o It will be assumed that the speed of light :Ln
the gas, C, is a function of 5 only. R1 and R2 are two light rays

and W1 & W2 ere the positions of a wave front at times ¢ and

t + At respectively.

The time taken for the light wave to travel along the
light ray R1 oust be equal to the time taken for the light wave to

travel along Rz, that is,
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1t can be seen from the figure that ‘the angle A¢ is given
by,
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Or, nsglecting second order teras,
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Combining equations 3.1.2 and 3.1.4, we have,

O N 301050
A o} o

Qr, taking the limit as AZ * O, we have,
E L]
¢ = / .1_ L4 _ff. L dz 301.60
o C dn

If the light beam enters the working section normal to

the flow, de, ¢ = O at ¥ = 0, equation 3.%.6 becomes,

¢ .[ 1,6 o 3eteTe
' ax
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If only two dimensional flows are considered, ie, d0/dX (X),

equation 3.1.7..reduces to,

1 a4 Y
¢ = —— ® cemn ® 3.1‘08.
¢C &

The speed of light in a substance is narmally referred to
the speed of light in an absolute veouum, and the ratio of these
two speeds is the refractive index of the substance, that is,

n = CO/C 3.1.9.

where n is the refractive index of the substance and Oo is the

speed of light in an absolute vacuum,

_ It has been shown from quantum considerations, and
confirmed experimentally for a wide range of substances that the
refractive index‘of a substance is related to its density by

the Lorentz = Larentz law ( Ref, 3.21-;-), viz.

( n=- )0( n+1) = const, 30110,
( n’s 2 do 0

where p is the density of the substance, Far a gas n -1 is
typically 10 o 10™*, so that the ratio (n +1 )/ ( n° +2 )
can be assumed constant for all practical purposes, This equation

then reduces to the Gladstone = Dale law,

(a=1)/0 = B8/, 314110
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dh. = 10"3 oms,
It can similarly be shown that,

d

3 = b (1 =1/n, ) ¥/ F 3.1.32,

So that in this case,

d = 4 . 10.1‘. Ccms,

It can be seen from the above calculations that
provided the displacement at the edge of the warking section
window of 3 . 10™2 oms, ( d, + d“) is within the required
spatial resolution of the system shadowgraph éffects can be
neglected, Similarly, provided the apparent displacement of
the ray at the centreline of the working section of 4., 107
cms, ( q + d3) is within the required spatial resolution of
. the system it can be assumed that the image on the screen is

exact from this standpoint,

A erical Aberratio

It was assumed in the preceeding theary that
the concave mirrors were parabolic, In practice these mirrars
are spherical and they only become identical to parabolic mirrars
in the limit as the apertures tend to zero,



u -“2.

For a finite aperture the focal length of a spherical
mirror is a function of the radial position of the point of
reflection, In the limit as the aperture tends to zero the focal
length tends to half the radius of curvature of the mirrar, If
this is taken as the position of the knife edge then a ray of
light ariginating at a distance P from the axis of the mirror
will be displaced a distance s'at the knife edge, and a distance §
at the screen, This will cause the calilration of the system to ’
be a function of the radial point of reflection and allow light
to enter the sampling slit in the soreen from a distance b'away

from the correct position,

It can be shown from the geometry of figured-1.9 that,
P/R = 8in [ ’

= R = (R2-F ) .p/tan20 ,

a' =((/2) -F, ). tan2 0 .
From which it can be shown that,
5 = R(1=@%) ). tan2 (sta”(e/R) )

- g P + (R/2). tan 2 ( sin™' (B/R) ) 33.:.33.
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Far the mresent arrangement P <41 cms., and R = 200 oms,,

so that,

&ﬂ (m.) = 205 . 10.5 CHRs,

58( MO) = 2., 04 (mo) = 5, 10-5 oRS,

2. 1.5.4, Depth Of Focus,

The depth of focus of a schlieren
system is determined by the size of the image of the source

slit, In this case only the height of the image has to be
considered, It has been shown (Ref:3.23.) that the diameter of

the circles of confusion is given by,
d = é /(U -R) ;. ( W2) 313k

where U is the distance from the centre of the warking seoction to
the concave mirrar, M,, and 4 is the diameter of the circles of

confusion at the edges of the woarking section.

For the present arrangement U = 200 oms., so that,

d = 2 .10 ons,
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3,.1.5.5, Beam Divergence And Alignment,

It was assumed in the preceeding theary that the
incident light beam was properly collimated and entered the
working section of the shock tube normal to its axis, In praoctice
the collimation and alignment depend upon the above mentioned
spherical aberrations and the accuracy with which the system
can be set up., This setting is achieved by reflseoting the light
bean from the surfaces of the working section windows te produce

an image of the source slit adjacent to itself,

When a focussed image of the source slit is obtained
‘the source slit is at the focus of the concave mirrer, M, and
the light beam is collimated, It can be shown that the total
divergence of the beam in passing through the warking section
is related to the distance between the source slit and the focus

of the concave mirrar by,

D = A . oL 3.1.35,
2 F 2

where D is the total divergence, A‘ is the aperture of the mirror,

and 31 is the distance between the source slit and the focus of

the mirrar,

Far the present arrangement A| <1 cms, and °, =%0,5 ous,,
80 that the maximum divergence over the width of the warking

section was,



v UHS.

Dmx. = 4 1.25 . 10-# CHls,

When the image of the source slit returns through itself
the beam is aligned narmal to the windows of the working section
and hence normal to the axis of the shock tube, It can be shown
that the total alignment errar over the width of the working
section is related to distance between the image and the source

slit vy,
E = (ez.L)/B 3.}.36.

where E is the total alignment errar, B is the distance from the
source slit to the working section, and e, is the distance between
the source slit and its image,

In practice the four images were not coincident because
the windows of the warking section were neither perfectly
flat nor exactly parallel to each other, The images were
spread over 0,5 cms, . The centre of these images could be aligned
with the source slit to within 30,1 oms., and B = 400 cums,, 8o

)
that the maximum error was,

Em. = ¥ 1025 . 10-5 ons,



L6,

3.(.5.6. Bandwidth,

For a given optical and electronic system the
signal to noise ratio of the main photomultiplie~ is proporticnal
to the height of the sampling slit and inversly proportional to
the bandwidth of the system, that is,

S/ N ~ b/?f 3.1.32,

where b is the he.ght of the sampling slit and £ is the bandwidth

of the system.

This expression demonstrates the compromise which has to
be made between the signal to noise ratio, which must be a
maximum, the height of the sampling slit (and hemce the spatial
resolution ) , which must be a minimum, and the bandwidth, which

must be a maximum,

. For these experiments the bandwidth of the system was

set at 50 MHz,. The spatial resolution and hence the size of the
sampling slit was determined from the above considerations, and
the resulting noise level accepted, which for most of the traces

obtained oonstituted 2 % of the signal,
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3.1.6. Setting Up The System.

It is clear from .the calculations of the preceding
section that great care must be exercised in the setting wp
of the schlieren system to ensure that an adequate spatial
resolution is obtained. The initial setting of the system
described herein was conducted in the conventional manner,
employing the reflected crosswire technique for beam alignment
and divergence, and the visual setting of the focii of images.
The final settings were conducted and quantified by means of

opticél/electronic techniques as will be discussed in this

section.

3.1.6.1. The Measurement Of The Intensity

Distribution Of The Source Image.

The image of the source slit was scanned by
veplacing the knife edge with a sampling slit, and placing a
photomultiplier behind this slit. The sampling slit was
traversed across the image of the source slit by driving the
vibrator on a reduced mains voltage at a frequency of 50 Hz..
A typical output from the photomultiplier is shown in figure
3.1.7. 1In the top trace the output is displayed against a time
base, whilst in the bottom trace the output is displayed
against the output from the position transducer which was™
monitoring the position of the sampling slit. The hysteresis

was caused by the position transducer which was an electromagnetic

devige
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Ideally, if the sowce slit had been uniformly illuminated,
these outputs would have appeared as discontimious square wave
functions. In practice diffraction, astigmatism, fooussing errors,
and malalignment produce a finite rise and fall, The object of
this setting was to maximise the output and hence the sensitivity
whileé retaining an undistarted cutputl,and. to maximise the linear
range of the system hy minimising the rise and fall of the

output,

This display was used to ensure that the source slit had
parallel edges which were free from distartions, to set the
source slit parallel to the knife edge, and to optimise' the
relative positions of the light source, lens and sowrce slit

for maximum undistarted output.

2. The Optimisation Of The t Resolut

A simple device has been incorporated into the
system to determine some of the afarementioned factars which
af'fect the spatial resolution of the system, A sketch of the
device is shown in figure 3-l.lo, It can be seen that the device
consists of a blade mounted in an alignment block which is
traversed through the woarking section by means of the motor

driven canm,

The alignment block was 15 cms, long and was machined to

give a running olearance in the shock tube of 5 . 10™2 oms.
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The blade was aligned to the sides of the block to within & 100
oms, over the width of the sampling slit of 2 oms, . So, to within
£ 1.5 . 107 oms, over the width of the sampling slit,the blade
represented the normal to the axis of the shock tube far the

purposes of checking the spatial resolution of the systea,

This chopper arrangement was traversed through the working
section at a frequency of 0.5 Hz, . The speed of the chopper was
determined from the time taken for it to traverse both of the
light probes,which were a known distance apart. Knowing the
| speed of the chopper,the time taken for the blade to traverse the
sampling slit could be related to the spatial resolution of the

systen,

An example of the type of output which was obtained when
the system was set up visually is shown in figure3d.l.ll, It can
be seen that with the sampling slit set at 0,008 ocms, the measured
spatial resolution was 0,013 cms, ., There is also evidence of
diffraction fringes on the upper part of the trace, The screen
configuration far this case is also shown in the figure., It was
found that the two slits were too far from the axis of the syatem

for them both to be optimised far spatial resolution,

These two slits were replaced by a single slit and the
two light probes for the determination of the shock wave velocity.
The optimised output with this configuration is shown in
figure 3,(J8. It can be seen that the slit was formed by double

knife edges to prevent light entering the slit obliquely,
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A measured spatial resolution of 0,007 cas. was obtained with

the sampling slit set at 0.008 cas. . It will also be noted that
there was no evidence of diffraction fringes,

As an example of the usefulness of this technique the
effect of the focussing of the working section image is showm in
figure3-1.13. The marked degree to which the output changes can
be clearly seen, but these changes would not have been disocerned

with the naked eye,

- This technique could not evaluate the effects of depth of
focus, beam alignment and beam divergence, This could have been
done by using a double blade and is an improvement which should
be barn in mind for the future developwent of the systea.

These tests have shown that without taking into aocount
those effects mentioned in the last paragraph the aystem oan
be adjusted to give a spatial resolution of 7, 10.} cas,
The malalignment and the divergence of the beam could acoount
for a further 1.3 . 10~ oms., and the depth of foous & further
2 .10 cms. . This latter figure is the diameter of the
circles of gconfusion which would be obtained at the edges of
the working section,and a mare remresentative figure would bde
the mean value of 1 . 10™> cms. . Thus, the total spatial

resolution of the system would have been 9,3 ., 10-3 oms,
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The only other effect of any significance
which could further reduce the effective spatial
resolution of the system was the shadowgraph effect.
Again this effect has been over-calculated, because it
was assumed in section 3.1.5.2 that the edge of the
working section was in focus. However, it has been shown ' >
with the above.technique that the centreline of the
working section could be focussed to within 0.5 cms.
along the axis of the light beam. A more representative
figure for the shadowgraph effect would therefore be
0.75 x tO- cms. It is therefore reasonable to conclude

that the schlieren system should have a spatial resolution

of better than 10 cms,.

Other researchers such as Kiefer and Lutz
(Ref. 3.19.) have checked the spatial resolution of their
schlieren systems by using them to observe incident shock
waves propagating through monotomic gases such as argon
and helium, This technique does guarantee that the
resolution is no worse than the apparent thickness of
the shock wave, but a true measure of the resolution is
" not obtained beceuse the curvature of the shock wave
detracta from the apparent spatial resolution of the

system,

The schlieren system used in the present
studies has been applied to the observation of the
diffusion resisted shock front of incident shock waves

propagating through carbon dioxide.
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The spatial resolution of the system has
been determined from the risetime of the signal as the
front of the shock wave passes the observation position.
Figure 3.1.14 shows the results of two such tests applied
to the schlieren system in its final form. It can be
seen that the risetime of the signal was less than 0.3
microseconds, As the system had a bandwidth of the order
of 50 MHz., the majority of this risetime was attributable:
to the spatial resolution of the systeme If this was
so, then the system had a resolution of better than 0.02

CmB,

It can also be seen that the thickness of
the diffusion resisted shock front was of the order of
0.1 cmsB., Which is consistent with the value of 0.0.6 cms,
quoted by Kiefer and Lutz for Oxygen (Ref. 3¢19.)

3s1e7s Calibration,

The schlieren system has been calibrated
by assuming that the theory developed above holds and
calibrating the photomultiplier outputs in terms of the
knife edge displacement. This assumes that displacements.
of the knife edge relative to the light beam are equivalent
to displacements. of the light beam relative to the knife
edge,
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This equivalence is guaranteed if the disturbed light
rays return to the same position on the screen as the undisturbed
light rays. It has been shown in the preceding‘ sections that for
this application those displacements which do occuwr do so within ‘

the required spatial resolution and therefare do not affeot the

calilration,

This type of calibration is narmally conducted statically,
The knife edge is displaced by a measured amount and the resulting
change in the photomultiplier output is measured., In this

application this was not possible and a device was developed far

dynamically calilrating the system,

The whole of the system was mounted on a single stand,
which was isolated from the floar by springs to prevent 50 to
100 Hz, vilrations from reaching the optical components and causing
fluctuations in the photomultiplier outputs, The complete
arrangement had a natural frequency of 2 Hz., « <his arrangement
reduced the fluctuations on the photomultiplier outputs to
an acceptable level far measurement, but they were still large

enough t0 prevent a static calibration from being made,

The system which was developed to overcome this problem
is shown schematicelly in figure3./.1S. The knife edge was
mounted on a vitrator which was driven from reduced mains voltage
at a frequency of 50 Hz, . The amplitude of the knmife edge
displacement was such that it completely traversed the source slit
image. The position of the knife edge was monitored by a

position transducer as shown,
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Several different types of position transducer were
investigated and the best performance was obtained with g Linear
Variable Differential Transfarmer type 100 MS-L manufactured by
Electro Mechanisms ltd. This tranducer had a maximum displacement
of 0,25 cms, and a claimed linearity of *1 % over the full
range. The primary excitation and demodulation were perfarmed
by a Tektronix ' Q ' strain gauge unit., The complete arrangement
had a bandwidth of 2,5 Kz, . This output was used to drive the
X plates of a Tektronix oscilloscope, whilse the output from the
main photomultiplier was used to drive the Y plates o the

oscilloscope, The resulting display was as indicated in the

sketoh in figure 3.41S.

The L.V.D.T. was calibrated statically by switching the
vibrator off and displacing the knife edge with a micrometer. head,
This displacement was related to the output from the L,V.D,T,
measwred with a digital voltmeter or with the above oscilloscope,
A typical calilration curve of the latter type is shown in figure

3.1.16, A linearity of 0,8 % was obtained over a ré.nge of 0,06 cms,
ef ter much care had been taken in setting up the transducer, It
was thought that the reduction in the linearity was caused by
the proximity of the large viltratoar as can be seen in figure 3.1.b.

This linearity was however acceptable for the present application,

A typical knife edge calibration is shown in figure 3.1.17.
The rather troad trace arises from the hysteresis of the L.V.D.T.,

as does the slight non-linesrity.
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This calibration can be related to the
density gradients in the flow by the application of
the above theory. This part of the calibration
requires akmnowledqe of the Gladstone Dale constant
for the gas under study, which was carbon dioxide.
From Allen (Ref. 3.26.) the refractive index of carbon

dioxide at normal temperature and pressure is given by,
n-1=A(14+ Eﬁ@ﬂ

where N is the wavelength of the 1light source in %,
. -4
A=U}4e39x10 and B = 6.4 x 10 .

The light source used for the present studies
was a mercury vapour darc lamp, the light from which was
passed through an optical filter centered at 5461 & and
having a half height spectral width of 50 A.

3618, The Suitability Of The Schlieren
System For This Application And Future Developments,

The schlieren system was chosen for this
application because it was considered to offer certain
advantages over other available techniques, The results
which have been obtained with the schlieren system in the

present studies have confirmed this.
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As far as can be ascertained from the results
obtained herein, the calibration of the schlieren system
as determined above appears to be correct. However,
scatter in the results of se€veral percent due to other
causes has rendered an exact check on the calibration
impossible. It can be said that no evidence has been
found to suggest that the calibration of the system
was incorrect, and to this extent the above analytical

findings have been confirmed.

If a more accurate check on the calibration
of the system is required, it is recommended that a
study should be made of fully dispersed incident shock
waves (see section 3.3.) and the strength of the waves
determined by other means such as pressure measurement
or interferometry. The calculated density change can .
then be compared with the integral of the schlieren

output in order to determine the calibration.

The measured spatial resolution of the
system was found to be better than 0.02 cms. compared
to a value of 0.01 cms. arrived at from a theoretical
analysis and from simple tests. Other results obtained
in section 3.4. confirm that the spatial resolution

was better than 0.03 cms,
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Considerable effort hes been devoted
to linearising the output from the system. This is
not in general essential, for, if the calibration
characteristic is known, the traces can be adjusted |
accordingly. However, the data reduction is

simplified considerably if the calibration is known

to be linear,

As will be discussed in section 3,.2.,
the electronic form of the output is ameanable to
electronic data reduction, which would be highly
impractical with a non-linear calibration., Of
particular interest in this respect is the possibility
of integrating the output from the schlieren system
electronically to give the total density change through
the shock waves. This permits a density gradient /
density presentation to be used for the data, which
removes one of the main sources of error in the

experiments,
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3.2. STRONG INCIDENT SHOCK WAVES.
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Studies have been made of the structure of
strong incident shock waves in carbon dioxide, The
shock waves were produced in the Cranfield Institute
of Technology 2" shéck tube described in appendix 2,
and the structure of these shock waves was studied
with the time resolved schlieren system described in

gection 3.1,

The vibrational relaxation time of carbon
dioxide has been determined in this way for
translational temperatures from SOOOK to 12000K.
The degree of agreement which was obtained between
these results and those of other researchers has
been found to be highly dependant on the method of

analysis and data reduction.

Comparison of experimental density gradient
profiles with theoretical profiles calculated from
existing relaxation time data confirms the
assessment of the performance. of the schlieren system

presented in section 3.1.

A means of improving the accuracy of the
measurements by the use of electronic data reduction

1é proposed,
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3.2. 1. Introduction.

The study of the structure of strong incident shock
waves produced in a shock tube is a commonly used technique
for the evaluation of vibrational relaxation in gases. These
waves consist of a thin diffusion resisted shock front followed
by a broad relaxation region through which the vibrational modes
equilibrate with the translational modes. Relaxation regions
are typically 10" times as thick as the diffusion resisted shock
fronts and the latter can be regarded as discontinuities on the

scale of the relaxation regions.

The change in the vibrational state of the gas through
the diffusion resisted shock front can be neglected, and it can be
assumed that the vibrational modes remain frozen at their upstream
state. Equally, the effects of viscosity, heat conduction and
mass diffusion can be neglected in the relaxation région.

These are the partly dispersed shock waves which have been
referred to in part 2. The structure,which consists of a
discontinuity followed by a relaxation region,is given by the so
called 'basic solution' of Ppare 2.

The change in the thermodynamic state of the gas through
the relaxation region is essentially exponential in form and the
relaxation times of the vibrational modes are related to the
local characteristic lengths of the regions. This characteristic
length can be evaluated from the ratio of the departure from the
downstream equilibrium of a thermodynamic variable to its local
spatial derivative, that is, if the density is the particular
thermodynamic variable in questionm,

i . (o - 0)
dp/dx
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where/?. is the downstream equilibrium value of the density and < is
the required charactersitic length. It can be shown that this
characteristio length is direotly related to the relaxation time, as
follows,

R ??'_ ’C(Mh _@:_6 +, 3.2.2,

. ———-

A Ms PS R Yo

wherenpc ig the density at f.the upsiream end of the relaxation region,
that is, behind the diffusion resisted shock front, 2°,is the relaxation
time and Mg & Wg are the Mach number and velocity respectively of the
incident sgo_ck wave. It is implicit in the relation that only one
vibrational mode iscensidered or that a number of vibrational modes
combine in suoh a way as to act as a single mode.

If the characteristic length, i, can be determined experimentally,
it is a simple matter to compute the function, f, from the initial
conditions in the shock tube, the shock mach number and the appropriate
position in the relaxation region measured in termas of the density‘f’,
and hence to compute the relaxation time, %,

: Many researchers have made use of the incident shock wave in thig
"~ way and the most recent have made use of the above relation in some
form or other to determine the behaviour of the relaxation time within
the relaxation region. »

Smiley, Winkler and Slawsky (Ref. 3.28) were one of the first
groups of researchers to study vibrational relaxation behind incéident
shock waves in carbon dioxide. The studies were made with a Mach
Zehnder interferometer. Smiley, Winkler (Ref. 3.29) have published
results for relaxation times measured in carbon dioxide at temperatures
from 400 to 1500 K. The physical characterisitics of the shock tube
used were such that the number of fringe shifts obtained in the
relaxation regions were small and therdlaxa*ion region was very thin.
This limited the acouracy of the results to £ 20%. The relaxation
times obtained are in reasonable agreement with more recent data at
the lower temperatures, but they are significantly shorter at
higher temperatures.

An approximate form of analysis was used, which gave an overall
relaxation time for each region. This was calculated from the Aistence
over which the density changed by /e of its equilibrium value. It
is stated that the total change in density aoross the shock waves
were oonsistent with all of the vibrational modes being in equilibrium
downstream of the relaxation region.

Griffith, Brickl and Blackman (Ref.3.30) were also one of the
earlier groups of researchers to study vibrational relaxation in thisg:
way. They also used a Mach Zehnder interferometer'to monitor the
density ohanges in the relaxation regions. Their method of analysis
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differed from that of Smiley and Winkler in that the
relaxation time was determined from the mean slope of a
plot of the logarithm of the density change versus distance
through the relaxation region. The relaxation times
- obtained were of the same order as those obtained by
.Smiley and Winkler at the lower temperatures, but were
significantly longer at the higher temperatures. The data
was much closer +to that which has been obtained more -
recently.

Johannesen (Ref. 3.31) suggested an approach to the
detailed analysis of the relaxation regions which made use
of the Rayleigh-line equations. This technique removed
the innaccuracies resulting from previous approximate
analyses and provided a simple means of determining the .
behaviour of the relaxation time through the relaxation
region.

In a companion article, Blythe (Ref. 3.32) reviewed
the techniques which had been used for the analysis of
relaxation regions. The accuracies of these technigues
were compared with a solution obtained from a numerical
integration of the relaxation equation and with the
Rayleigh-line technique proposed by Johannesen. The
assumption of a constant relaxation time through the
region was the main source of error in the previous
techniques. This accounted for errors of 15 to 20% in
the Smiley and winkler results and for errors of 10% in
the Friffith, Brickl and Blackman results. It was suggested
that the Rayleigh-line approach should be adopted in order
to provide a simple means of removing these errors.

Daen and de Boer (Ref. 3.15) have studied vibrational
relaxation behind incident shock waves with their integrat-
ing schlieren instrument (see Section 3.1). '

Particular attention was paid to the assessment of
the performance of the instrument and to the effects of
shocik curvature. The apparent thicknesses of shock waves
produced in argon and helium and studied with the instrument
could not be accounted for by instrument errors. The
apparent thicknesses that would be apparent according to
the Hartunian theory for shock curvature. (see Appendix 2).

The carbon dioxide results which were obtained with the
instrument were analysed by measuring the time taken for the
output to change from the initial zero to 95% of the final
value. These times were then converted to i/e distances for
the exponentials. The relaxation times obtained were sub-
stantially longer than those obtained by both Smiley and
Winkler and Griffith, Brickl and Blackman. The water vapour
content of the test gas in the experiments was known to be
go to 15 ppm and it was suggested that the differences could

e
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accounted for by the presence of water vapour in the test gases
used by the other researchers, and not to srrors in the integrating
schlieren instrument.

Witteman (Ref. 3.33.) has also obtained relaxation time data for
carbon dioxide with an integrating schlieren instrument; apparently
with the same equipment as was used by Daen and de Boer.

The relaxation times were determined in this case from the
initial slope of the density profile at t = O. That is,
immediately behind the diffusion resisted shock front. The
relaxation times obtained by this method were significantly shorter
than those obtained by Daen and de Boer, but it would appear that
the difference is atiributable to the method of analysis. The
Witteman results lie much closer to those whioh were obtained
by Griffith et alia and to those which have been obtained more
recently. Witteman also analysed the disiribution of vibrational
energies in the relaxation regions and showed that the valency modes

followed the bending modes very closely.

~ Johannesen, Zienkiewiocz, Blythe and Gerrard (Ref.3.34.) have
algo studied the relaxation regions behind incident shock waves in
carbon dioxide with a Mach Zehnder interferometer. They applied
the Rayleigh-line approach to the analysis of the density profiles
go obtained. It was found that the data correlated linearly onto a
plot of the logarithm of the density change through the relaxation
region versus distance through the region. This ocorrelation applied
over the whole of the region within the experimental errors. By
analysing the data in this way, it was possible to plot the behaviour of
the relaxation time within the relaxation region on the Landau~

Teller plot.

It was oonocluded from this data that the relaxation time was
not a single valued function of the transitional temperature of the
- gas and that it was in some way dependant on the departure from
equilibrium within the relaxation region. The relaxation times
obtained showed a similar overall+rewnd to those of Griffith et al,
but the absolute values were a factor of two longer. The total
density ohanges across the shook waves were consistent with all of
the vibrational modes being in equilibrium downstiream of the shook

wave.

Possible sources of error in their density measurements were
congidered by Zienkiewiocz, Johannesen and Gerrard (Ref. 3.10.) An
attempt was made to explain the difference between their findings, whioh
indicated complete vibrational equilibrium downstream of the shock wave,
with those of Oriffith et al, which indicated that only the bending
modes had. equilibrated. It was shown that an impurity level equivalent
to 15% of nitrogen would be required to explain the differences, and
this possibility was disocounted. Partioular attention was given teo
the effects of the  group refractive index on the brightest fringe
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shift when white light is used in the interferometer. It was

shown that this had negligible effect on the difference between the
results of the two groups of researchers. The question was left un-
resolved.

The apparent dependance of the relaxation time on the departure
from equilibrium within the relaxation regions was investigated by
Zienkiewicz and Johaimesen (Ref. 3.13.). They showed that a bimodal
model of the relaxation behaviour could lead towards relaxation times
which were single valued fumctions of the itranslational temperature,
However, the results were inconclusive.

In the same paper, Zienkiewicz and Johannesen reported on a
gimilar analysis which they had made of the relaxation data obtained
by Blackman in oxygen (Ref. 3.35.). It was found that this gas
exhibited a similar behaviour although it could not be explained in
terms of a bimodal model. The apparent dependance on the departure
from equilibrium was less with oxygen, but this was partially
attributable to the smaller change in the transitional temperature
through the relaxation region.

Following the work of Zienkiewicz and Johannesen, Kiefer and
Lutz (Ref. 3.19.) extended a previously developed numerical techmique
(Ref.3.21.) to obtain an exact solution of the relaxation equation
from density data. Studies were conducted with a laser scwW\ieren
system on oxygen to obtain results for comparison with those
'gv-csewvd by Zienkiewicz and Johannesen.

Their analysis was based on a piecewise integration of the
relaxation equation through the relaxation region. This was an iterative
teomique which was started with initial estimates of the relaxation
time obtained from measurements made by White and Millikan (Ref. 3.20).
The iterations were continued until the input and output values for the
relaxation times agreed within 1%. The results obtained in this way
indicated that the relaxation time of oxygen was a single-valued
funotion of thetraus\ericno\ temperature within the experimental
errors. The technique relied upon a knowledge of the start of the
relaxation region. However, the results were shown to be insensitive
t0 the choice of this position and it was assumed to oocur at the
centre of the initial spike from the diffusion resisted shock front.

They also showed that the forcing of a linear fit to the plot
of the logarithm of density change versus distance through the
relaxation region masked a slight ourvature in the plot which was
oritical in the determination of the relaxation time behaviour. It
was also conluded that the measurement of density as made by Zienkiewios
and Johannegen was too ingensitive to test for variations in the
relaxation time through the relaxation regions.

Simpaon, Bridgeman and Chandler (Ref.3.12.) have also studied
the vibrational relaxation of carbon dioxide behind incident shock
waves. Their meagsurements were made with a Maoch Zemder interferometer
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in the same manner as those made by Zienkiewiocz and Johannesen.
They noted the existance of systematic deviations in the demsity
profiles from the exact exponentials assumed by Zienkiewicz and
Johannesen. Accordingly, the data was fitted with a quadratic
term in product with the exponential term in order to allow for
these deviations. The relaxation times obtained in this way for
carbon dioxide were found to be mingle-valued funotions of the
translational temperature within the experimental errors. The
total density ohanges across the shock waves were consistent with
all of the vibrational modes being in equilibrium downstream of the
shock waves. .

At the outset of the present experiments, no detailed studies
of relaxation regions in carbon dioxide using a schlieren system had
been reported, although since, Simpson, Chandler and Strawson (Ref.3.36.)
have published results of such experiments. As Kiefer and Lutz
(Ref.3.19.) had commented on the insensitivity of the Mach Zehnder
interferometer to detailed relaxational behaviour, it was considered
that the application of the sohlieren system to carbon dioxide
studies might make a useful ocontribution to the knowledge of the
gub ject.

The integrating schlieren instrument had been applied by Daen and
de Boer and by Witteman to carbon dioxide studies. However, the
output of their instrument was propsmtional to the density change
and not to the density gradient. 1In addition, the sensitivity of the
instrument was determined by iis response to the diffusion resisted
shock front. This instrument was, therefore, no more sensitive to
vibrational relaxation than the Mach Zehnder interferometer.

The application of the schWlieren system to the study of
relaxation regions in carbon dioxide would also provide a useful
check on the performance of the schlieren system prior v its application
t0 other studies. There were detailed differences between the
relaxation times obtained by various researchers, but these had little
impact on the density profiles whioh were observed. Therefore a
gross check on the performance of the schlieren sysiem ocould be made.

The application of the schlieren system would also lead to a
better understanding of the problems associated with the study and
analysis of the relaxation regions, and in twrn might enable possible
improvements to be considered and investigated experimentally.
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3:2.2. First Series of Experiments

The time resolved quantitative schlieren system whioh is
described in section 3.1l. herein had been partially developed for
this type of application at the outset of these experiments
and these experiments were oconducted with the schlieren system in its
original form. The vacuum system had not been modified at the time of
these experiments and the ultimate vaouum which could be obtained was
10~3 torr. It was therefore considered that the results from these
experiments would only serve to evaluate the performance of the
schlieren system and provide relative information regarding the
relaxation times, and that the absolute values of the relaxation times
obtained would not be reliable.

The soreen of the schlieren system ocontained two sampling slits
one larger than the other. The largest slit was used for the analysis
of the wave profiles, whilst the two slits together acted as timing
markers from which the shock velocity could be determined.

The oscillogram which is shown in figure 3.2.2.A is typical of the
results obtained in those experiments. Both of the traces are of the
same output from the photomultiplier behind the two sampling slits. The
upper trace was taken on & faster time base for the analysis of the
wave profile whilst the lower trace shows both outputs for the
determination of the shock velocity.

Both of the traces were itriggered by the arrival of the shook wave
at the first slit, the output from which is shown on the upper trace.
This method of shoock velocity determination was necessitated because
the timing section was far upstream of the working section in the
cylindrical part of the shock tube. (see Appendix 2.).

It has been shown in section 3.1 that the output from the schlieren
system was proportional to the density gradient in the flow, and hence
the amplitude of the upper trace was proprtional to the density gradiemt.
However, as there was no free run on the trace prior to the arrival
of the signal to be analysed the absolute amplitude relative to the
gero density gradient was not known. It was assumed for the purposes
of this analysis that the trace had returned to zero density gradient
towards the right hand side of the trace.

This series of experiments were analysed by plotting the amplitude
of the trace versus oscilloscope time on a log-linear plot, as shown in
figure 3.2.3, for run 2559. This method followed that of Zienkiewios
and Johannesen, except that the density gradient is used here whereas
Zienkiewics and Johannesen analysed the density change through the
relaxation region. The data presented in figure 3.2.3. has been non-
dimensionsliged by the total density ohango through the relaxation
region.
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It can be seen from Figure 3.2.3 that the data
presented correlated linearly on this plot, and it could be
concluded from such presentations that, within experimental
errors, the density gradient was exponential in form through
the relaxation region. It will be noted that this form of
curve fitting gives an undue weighting to the near equilibrium
data and Simpson et al (ref. 3.12) have commented on the
sensitivity of the relaxation times to the near equilibrium

data.

It was assumed that the characteristic length of the
region was constant throughout. The constant, A, was
calculated from the slop of the graph in Figure 3.2.3. The
conditions behind the shock wave were obtained from a
measurement of its velocity and the initial conditions in
the shock tube channel. Values of the constant, A were then

lotted versus T.~ %4in the same manner as presented by
Eienkiewicz and Johannesen for each of the experiments. The
results are shown in Figure 3.2.4., where they are compared
with the same mean line through Zienkiewicz and Johannesen's

data.

The influence of the undue weighting which was given
" to the near equilibrium data was not assessed, but it was
considered that aan alternative method analysis should be
investigated. To this end, the density gradient data was
integrated to give the density change through the relaxation
region. It was necessary to calibrate the schlieren system
to place the data in the correct position in the relaxation
'region; in terms of density change. For this, a conventional
calibration was made of the schlieren system, which was known
to be within 10% and therefore adequate for these purposes.

The density gradient was plotted against the density
change as shown in Figure 3.2.5. for run 2559, It is clear
that the constant, A, can be obtained directly from such a
plot as the mean slope of the curve, as indicated by the
straight solid line. In this plot the near equilibrium data
is given its proper weighting, and an alternative fit can be
made to the data as indicated by the dotted line. It can be
geen that both of the fittings shown suffer a zero error,
which leads to an infinite or zero value for the relaxation
time at equilibrium; depending on how the data is fitted.
This error was attributed to the wrong choice of equilibrium;
depending on how the data is fitted. This error was attri-
buted to the wrong choice of equilibrium state for the traces
and the data was consequently zadjusted to give no zero error.

The relaxation time of carbon dioxide was calculated
for each of the experimental points shown in Figure 3.2.4.
using the relation given by equation 3.2.2. It wil be
recalled that for an exponential density gradignt in the
relaxation region, the characteristic length, x, is the

inverse of the constant A.
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The dependence of the funotion, f, given in equation 3.2.2. on
the Mach number of the incident shock wave is shown in figure 3.2.6. The
ourves shown are for six points equally spaced in terms of density change
through the relaxation region. The curve 'A' ig the upstream 'frozen' end
of the relaxation region whilst the curve 'f' is the downstream 'equilibrium®
end of the region. The behaviour of the translational temperature raised
to the one third power is shown in figure 3.2.7. for each of the six pointsg
through the relaxation region. It can be seen that great care mat be
exercised in the use of the curves for the calculation of the relaxation
times in order to preserve the detailed differences which appear in the
data in the form shown in figure 3.2.5.

The relaxation times obtained in this way for the first series
of experiments are shown in figure 3.2.8. where they are compared with the
S8impson data.

The dashed lines indicate that the data has been extrapolated
linearly towards the frozen end of the region. It can be seen that there
was a large amount of scatter in the results. This was not considered
surprising in view of the limitations of the experimental set-up. This
point is partioularly brought out in figure 3.2.5. in whioh the dashed
curve is that which is obtained if the data is made to fit the relaxation
time measurements to small changes in the experimental profiles.
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3.2.3. Second Series of Experiments

A second series of experiments were initiated when the
schlieren system and the vacuum system had been improved as far as
was oonsidered necessary. The schlieren system was brought to the
final configuration described in seotion 3.1., and had a spatial
resolution of better than 0.02cms. and a bandwidth of 50 MHz.
The vacuum system was in the final configuration described in appendix
2-and the system had an overall impurity level of less than 30 p.p.m.
of water wvapour.

From experience gained in the first series of experiments, greater
care was exerocised in the choice of initio\ ochannel pressures and
diaphragms in order to optimise the spatial resolution of the wave
profiles and the signal to noise ratio of the system. The whlieren
system was also calibrated each day during these experiments in the
manner described in section 3.1. using the vibrating knife edge, s0
that the absolute value of the density and its gradient were more
accurately known.

The eoreen of the schlieren system in iis final configuration
configuration contained only one sampling slit which allowed 1ight to
pass through to the main photomultiplier for the analysis of the
wave profile.

The two light probes were mounted on the front of the soreen,
which conveyed the light to a second photomultiplier. “These probes
were primarily required for the determination of the velocity of weak
shock waves in other experiments as a gross check on the incident
gshock velocity. The primary incident shook velooity measurement was
made by timing the passage of the shock wave with wall mounted
thermometers upstream of the working section. These measurements were
ocorreoted according to the calibration disoussed in appendix 2.

The oscillogram shown in figure 3.2.2.B is typical of the results
whioh were obtained in this second series of experiments. The upper
trace is the output from the main photormultiplier behind the sampling
slit, whilst the lower trace is the output from the photomltiplier
conneoted to the light probes. Both of these traces were triggered by
the passage of the image of the incident shock wave over the first
light probe. In this way, a free run appeared on the output from
the main photormltiplier prior to the arrival of the image of the
incident shock wave at the main sampling slit.

It can be seen from figure 3.2.2.B that there was a precursor dip
in the trace ahead of the output from the incident shook wave. This
could not be attrjbuted to radiation, because a narrow bandwidth filter
centred at 5461° A was positioned in the light beam between the working section
section and the screen. The most probable cause is believed to be a
reflection of the light beam off the curved front of the incident
shock wave. The position of the trace ahead of the preoursor dip
was taken t0 be zero density gradient reference for the experiments.
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As mentioned above, the schlieren system was
more rigorously calibrated for these experiments, and the
amplitudes of the traces were readily converted into density
gradients. The time resolved outputs were converted to
spatial variations and integrated numerically to give the
density changes through the relaxation regions. This
procedure was conducted on a computer using point by point
measurements taken off the oscillograms.

This data was plotted as density gradient versus
density change, as shown in the upper part of figure 3.2.9.
for run 3148. Any zero errors which occurred(Pwere corrected
for this type of plot and the required ratio,(f .
evaluated directly. i P)/(J F/J %) )

The behaviour of this ratio for run 3148 is shown
in the lower part of figure 3.2.9. It can be seen that the
scatter in the ratio increases as the downstream equilibrium
is approached, as would be expected from the decreasing
amplitude of the trace there, Simpson (Ref. 3.12.)e The
ratio appears to remain nominally constant as the downstream
equilibrium is approached, although it will be recalled that
this has been enforced to a certain extent by the requirement
that there be no zero error.

The relaxation times were calculated in the manner
described in the first series of experiments, except that
instead of the ratio being taken aus a constant through the
reclaxation region, the variation was taken into account and
point values were taken of the ratio through the region. The
relaxation times obtained in this way for the second series of
experiments usre shown in Tigure 52,100 It can be seen that
even with the incorporation of liie improvements the scatter
has only been slightly reduced oad there is no tendency for the
data to lie along the Simpson curveo.

As a furiher ciieck on these experiments, theoretical
curves were plotted from thc reluxation time data published
by Zienkiewicz and Johannescn uud by Simpson et ale Figure
50249 presents curves obtaincd in this way for run 3148,
It can be seen that slighi adjustment of the zero positions
could cause all of the three curves to agree over most of the
relaxation regiono

FiguI‘eS 502.11., 31"-"0]20’ Z).Il(]. 3.2.13.’ present
comparisons of measured prosil:s sith theoretical profiles
obteined from the Simpson data for a range of incident shock
Mach numbers, It can be seen ithat the data can be made to
agree over most of the relaxation region by adjusting the
choice of the start of the relaxation region.
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If the fitting shown is correct, then there can be no residual
density gradient downstream of theshocK wave, because the zero gradiemt
datum was taken upstream of the shock wave. This implies that the
difference between the present data and that due to Simpson could be
accounted for by the mammer in which equilibrium is approached rather
than the equilibrium values of the traces. This does lead to the
possibility that the near equilibrium behaviour is affeoted by the
separate relaxation of the asymmetirio stretching mode. Unfortunately,
the present experimental arrangement is not sufficiently refined to
prove or disprove this.

It can be seen from figures 3.11, 3.12 and 3.13 that the apparent
thicknesses of the diffusion resisted shock fronts ranged from 0.02 to
0.15 cms.; depending on the incident shock Nach number. The values
are of the same order as those obtained by other researchers. The
apparent thinckness is atiributable to the curvature of the inocident
shock wave; as disoussed in appendix 2.
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3.2.4. Electronic' Data Reduction

One of the prime difficulties in the deeper understanding of
the strong incident shock wave in the relaxing gas is the
essentially exponential nature of the relaxation region. The data
reduction which is involved in reducing the measurements to useable
form precludes anyaccuorax¢ and detailed assessment of the
behaviour in the relaxation region. The weakest link in the
reduction of the data to the form presented in figures 3,2.5. or
3.2.9. is the measurement of the traces and the subsequent numeriocal
integration. It is considered that substantial \mPmiements covld be
made by conducting this measurement and computation electroniocally,
as will now be described.

The output from the time resolved quantitative sohlieren system
ig in an ideal form for electronic analysis in that it is a real time
analogue signal. It is a simple matter to pass the output through an
operational amplifier with the required feedback for time integration
over the desired period. As the velocity of the incident shock wave
is nominally oonstant, the output from the integrator would be
proportional to the density change, and hence essentially exponential
in form. However, by driving the Y plates of an oscilloscope with
the direct output and the X plates with the integral a display of
the form shown in figures 3.2.5. and 372.9. is obtained.

An invesiigation was conducted into the possibilities of using
this type of data reduction. The operational amplifier employed was
a Tektronix '0' unit, which was equiped with controls for the direct
setting of the feedback elements to give the required period of
integration. A Tektronix 536 oscilloscope was used for the display.

An electronic simulation was made of the output from the
schlieren system, an example of which is shown in figre 3.2.14.A.
It can be seen that the signal sonsisted of a delta function followed
by an exponential decay, which was essentially the form of the output
from the schlieren system. The resulting display obtained on the
oscilloscope is shown in figure 3.2.14.B. The finite response of
the system distorted the initial delta function, but the subsequent
trace is linear indicating that the gsimlated input was truely
exponential and the system was integrating correctly. The display
shown is for a longer time constant than was obtained in the shock
tube experiments. A range of time constants were investigated and
it was found that the system did not have a sufficiently fast rise time
for the shock tube measurements to yield accurate results. In addition,
the large variation in the velocity of the spot across the screen
of the oscilloscope gave rise to a variation in the intensity of the
trace. This ocourred to such an extent that part of the trace was
too bright whilst part of the trace was too dim for reocording with
Polaroid film. The Z modulation of the oscilloscope was modified
to take into acoount the variation in the velocity of the spot, but
there was not suffioient improvement for any acourate measurements to

be made.
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It was decided that the system should be applied to the
reduction of shock tube data to evaluate its performance, but it
realised that the date would not be sufficiently accurate for any
relaxation time information io be obtained. Two typical outputs
whioh were obtained from shock tube tests are shown in figure
3.2.15. The region to the left hand side of the trace was
the diffusion resisted shock front, and the bright spot on the
right hand side is the downstream equilibrium state. It can be -
seen that not only must the intensity of the trace be better
controlled, but the duration of the intensity must be finely
adjusted so that the upstream and downsiream equilibrium points
do not appear too bright and thereby reduce the resolution.

The curvature of the trace is very evident and is oconsistent
with the relaxation time data presented by Simpson et al. The left
hand side of the trace shows the effects of the limited bandwidth
of the equipment, but the majority of the trace is a true
representation of the actual profile,

These tests have shown that the technique of electronic data
reduction could be applied to the study of the relaxation regions of
strong shock waves in order to obtain more detailed information
regarding the relaxation process. This teclnique warrants further
development, but, as the incident shock wave was not the central part
of this study, it was not persued here.
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3.2.95. CONCLUDING REMARKS

This investigation has demonstrated the applicability of the
conventional schlieren system to the study of vibrational relaxation
in strong incident shock waves produced in the &lwed tube. The
performance of the schlieren system so far has indicated that with further
developwrent it has the potential to provide further detailed information
about the relaxation regions of strong incident shock waves. It has
the advantage over the laser schlieren that it can be arranged
to give an output which is directly proporitional to density gradient.
This reduces the amouni of data reduction required for each experiment
and is well suited to the proposed elecironic data reduction, because the
latter relies on the data being proportional % the density gradients
in order to perform theel¢c.rrsnic. integration.

The precursor dip is a source of doubt in the performance of the
schlieren system. It has been noted that a similar dip appears in
the data obtained by Simpson, Chandler and Strawson (Ref. 3. 36) in
argon. This aspect has not been investigated here, but it should
receive further attention before the technique is applied to more
acourate studies of sirong incident shock waves.

The relaxation time for carbon dioxide has been obtained for
temperatures from 300%K to 1200°K from the study of the strong incident
shock waves to an acouracy of 304by direct data reduction. However,
it has also been shown that if the near equilibrium behaviour is
ignored the relaxation time data can be made to correlate on to the
curve obtained by Simpson et al, except for the near frozen data whioh
is affected by the ocurvature of the shook wave. Accepting the form
of ourve fitting proposed by Sirpson et al, and limiting measurements
to the oentral part of the relaxation region, it can be conoluded that
the relaxation time is a single valued function of the translational
tempe;'aturo, as determined by Simpson, Bridgeman and Chandler. (Ref
30120 .

Since the completion. of the present experimental studies, Simpson
Chandler and Strawson (Ref. 3.36.) have published the results of
similar studies using a laser schlieren technique, which confirmed their
earlier findings. They have also demomstrated conclusively that the
relaxation time does not depend on the departure from equilibrium
within {the relaxation region by studying waves propagating through
mixtures of argon and carbon dioxide.
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A. Run 2559
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3,3, WEAK INCIDENT SHOCK WAVES.,




SUMMARY

Studies have been made of the structure of weak
incident shock waves in carbon dioxide. A technique has
been developed for the production of the weak incident shock
waves, which involved the positioning of a perforated plate

in the channel of the shock tube.

The shock waves were produced in the Cranfield
Institute of Technology 2" shock tube described in appendix
2 , and the structure of these waves was studied with the
time resolved schlieren system described in section 3.1,

The vibrational relaxation time of carbon dioxide
has been determined in this way for translational temperatures
of approximately 300°K. and has been found to be in good

agreement with measurements made elsewhere.

Comparison of the experimentally measured density
gradient profiles with theoretical profiles calculated from
the basic solution of part 4 have shown good agreement.

The regions of maximum density gradient in the fully dispersed
shock waves and the diffusion resisted shock fronts of the
partly dispersed shock waves departed from the theoretical
profiles. This has been attributed to the curvature

of the shock waves 885 discussed in section 3.1 for

the strong incident shock waves.

The suitability of the use of weak normal shock

6o,

waves for the study of vibrational relaxation has been discussed,

and conclusions have been reached regarding the optimum wave

strength for this type of study.

It has been concluded that the suitability of the
time resolved schlieren system for this type of application

has been confirmed.
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28 2¢1e Introduction,

An essential feature of the strong incident
shock waves discussed in the preceding section was that
they were partly dispersed; the structure of these waves
consisted of negligibly thin diffusion resisted shock
fronts followed by broad relaxation regions., As the
strength of this type of wave is reduced, a stage is
reached when the diffusion resisted shock front dissappears
and the structure of the shock wave becomes solely
determined by relaxation of the vibrational mode(s).
These are the fully dispersed shock waves discussed in

part 2 herein.

The existance of fully dispersed shock waves
was first noted by Bethe and Teller (Ref. 3.38.) in
1941, Lighthill (Ref. 3. 3R.) derived an approximate
theoretical solution for the distribution of flow
parameters through fully dispersed shock waves., The
theoretical predictions of Bethe and Teller were
investigated experimentally by Griffith and Kenny
(Refe 3+37. ) with the intention of demonstrating the
existance of these waves. They produced fully dispersed
shock waves in the form of incident shock waves in a shock
tube. Carbon dioxide was used as the test gas because

of its large vibrational energy content at room temperature.
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The density profiles through the fully dispersed
shock waves were studied with a Mach Zehnder interferometer
and the total fringe shifts through the waves were used
| to determine the wave strengths. Gcod sgreement was
obtained between the experimental profiles and theoretical
profiles calculated from the Lighthill sapproximation.
Relaxation times of the order of 5 microseconds at NTP
were obtained in these experiments. These times were

shorter than expected and the difference was atiributed

to impurities in the test gas.

- The objectives of the present investigation were
to confirm these earlier findings with the schlieren
system, to further evaluate the performance of the
schlieren system in this type of application and to
investigate the transition from a fully dispersed incident
shock wave to a partly dispersed incident shock wave,
The latter was coanducted in conjunction with the theoreticsal

results of part 2 for the transition.

Figured.3.| shows the variation of the density
gradient with density change,dP , for a range of weak
incident shock waves., The reason for this choice of
presentation will be discussed later, The profiles shown
were computed for a fixed equilibrium ratio of the specific
heats of 1,293, which is nominally the room temperature

value for carbon dioxide.
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The diffusion resisted shock fronts of the partly
dispersed shock wave profiles shown in figure3.3.) have not been
included. 1Ideally, with a negligibly thin diffusion resisted
shock front observed by a schlieren system having a finite
resolution only the relaxation region should be observed, as

shown.

The transition from a fully dispersed to a partly
dispersed shock wave can be seen to occur at an incident shock
Mach number slightly above 1.04, which, in terms of normal
shock tube operation is a very weak shock wave. It will also
be noted that there is a radical change in the profiles from
a Mach number of 1.0l to 1.07, which is a change of only 6%
in the shock velocity.

These then are the types of waves to be produced and
studied with the schlieren system. It had been demonstated
previously(ﬂe&'-&z%.) that the schlieren system was ideally
suited to the study of weak shock waves. A reliable method
of producing weak incident shock waves was not available and

had to be developed.

3.3.2. Methods Of Weak Shock Wave Production.

In principle, it should be possible to produce very
weak incident shock waves by the use of very weak diaphragms.
In practice, it has been found to be very difficult for the

pressure differentials required.

Weak diaphragms had been developed previously by
the author( Re.3.23) for this type of application, where they
proved to be adequate. These were manufactured from 0.0025 cms.
thick aluminium household cooking foil and had a bursting

pressure of 300 torr.
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By etching these diaphragms in a cruciform pattern
with a 2% solution of hydrofloric acid, the bursting pressures
could be reduced to as little as 50 torr. An example of the
type of output which was obtained from the schlieren system of
weak incident shock waves produced in this way is shown in run
2576 of figure3.3.2. The screen of the schlieren system was
in its original form for these tests, and contained two sampling
slits which allowed the light to pass through to a single
photomultiplier. The upper trace shows the output from the
photomultiplier as the image of the incident shock wave was
convected across both of the sampling slits. The lower trace
was delayed to show only the output from the second slit.

The diaphragm which was used had been etched for a
period of 20 minutes giving a bursting pressure of nominally
50 torr. It can be seen from the oscillogram that it
was possible to produce incident shock waves in this way
which were sufficiently weak to be fully dispersed. However,

there were several dissadvantages with this technique.

Firstly, the diaphragms did not petal cleanly,
s o there was no guarentee that the wave was properly formed
prior to reaching the working -section. Secondly, the bursting
of the diaphragms was unreliable in that the bursting pressures
varied widely and premature bursting occurred. Often, pinholing
occurred causing a leakage of driver gas into the channel. It
will also be noted that the initial pressure in the channel
had to be very high for a sufficiently weak wave to beiproduced.
This restricted the widths of the waves and hence reduced the
effective spatial resolution of the measuring system. It was
concluded that an alternative technique should be sought.
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One alternative technique which was investigated
consisted of placing an orifice plate behind the diaphragm.
The intention was that it would partially convert the unsteady
expansion into a steady one, and hence reduce the strength
of the incident shock wave for a given diaphragm by choking
the flow. '

An example of the type of output which was obtained
with the schlieren system of this type of wave is shown in run
2u47 of figured.3.2. The oscillogram shows the outputs from
both of the sampling slits. The orifice plate contained a
1 cm. diameter hole, and it reduced the Mach number of the
incident shock wave from 1.6 to l.l1, as shown. It can be seen
that the wave profile had the appearence of that of a fully
-dispersed shock wave, whereas the Mach number of the shock
wave indicated that it was partly dispersed. This was
attributed to incomplete formation of the incident shock wave
and it was concluded that this technique was unacceptable.

In view of the success which had been achieved by
the author with the slotted end face technique (Rv‘:- 3.23, )
it was decided that a similar technique should be investigated
for this application. A perforated plate was therefore
positioned in the channel of the shock tube between the diaphragm

and the working section, as shown in figure 3.3.3,

The principle of operation was that the incident shock
wave reflected off the plate allowing part of the wave to pass
through to emerge as spherical waves which then coalesced into
a plane normal shock wave prior to their arrival at the working
section. The position of the plate was arranged so that none
of the wave process upstream of the plate arrived at the working
section during the test time.
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A range of perforated plates were manufactured,
These had holes drilled at 0.5 cms. x 0.5 cms. spacings over
the whole of the cross-section of the shock tube, giving a total
of approximately 80 holes. The sizes of the holes were chosen
to give a range of open to total area ratios from 2% to 60%.
Calculations showed that a reasonable position for the plate
was half way between the diaphragm and the working section. A
second diaphragm station was therefore fitted at this position
to enable the plates to be readily interchanged.

A series of tests were initially conducted with air
as the test gas in order to determine the performance of the
plates in terms of transmitted to incident shock strengths.
These tests were conducted at an incident shock Mach number of
nominally 1.74, and the results which were obtained are
presented in figure33.4. This form of presentation was chosen
because it enabled data for different gases to be correlated.
M, is the transmitted shock Mach number and Mg is the incident

shock Mach number.

These tests were repeated with carbon dioxide as the
test gas. The incident shock Mach number in this case was
nominally l.44 and these results are also presented in figure
3.3.4. The two sets of data correlate reasonably well and it may
therefore be possible to use this form of presentation to
predict the behaviour of other gases. No theoretical analysis
of the performance of these plates has been attempted, but it
is considered that a quasi-onedimensional approach would produce
some useful information. The reflected shock region behind
the plate could be regarded as being the reservoir for the steady
flow through a throat formed by the plate. It would probably
be necessary to include some loss factor because of the
discontinuous nature of the throat. However, for the present
requirements such an approach would be academic.
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It can be seen from figure3.d 4 that a transmitted
shock Mach number of 1.035 could be obtained in ecarbon dioxide
by using the smallest hole size (2%). It was concluded that,
if the technique could produce well formed transmitted shock
waves, it would be well suited to this application, and the

range of hole sizes would be adequate.

A series of tests were conducted to assess the degree
of formation of the transmitted shock wave using the time
resolved schlieren system. Typical examples of the outputs
which were obtained are shown in figure3.3.5. These results
were obtained with the schlieren system in its improved
configuration (see section 3.(.). The upper traces are outputs
from the main photomultiplier placed behind the single sampling
slit. The lower traces are the outputs from the second
photomultiplier which was monitoring the light probes.

It can be seen that well formed waves were produced
with this technique, and, at much lower channel pressures than
hitherto possible. The transition from a fully dispersed to
a partly dispersed shock wave can be clearly seen in these
oscillograms. The diffusion resisted shock front appears from
its apparent thickness to be curved and therefore
consistent with the results of the strong incident shock waves.,
It was therefore concluded that this technique would be suitable

for the production of well formed, weak, normal shock waves.

This technique also offered other advantages over the
other techniques. The strength of the transmitted shock wave was
determined primarily by the area ratio of the plate and was
therefore insensitive to changes in the diaphragm bursting
pressure. In addition, the incident shock wave provided a
sufficiently strong and reliable triggering pulse for the
electronics which had not been available with other techniques.
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We shall revert to the use of the term incident
shock wave to mean the transmitted shock wave in the
following parts of this section, because the original incident

shock wave ceases to have any significance in that context.

3.3.3. Method Of Analysis.

The manner in which the wave profiles were analysed
will be discussed prior to continuing with a description of

some of the more rigorous studies which have been made.

The overall shock ratios and the ratios across the
diffusion resisted shock front were calculated. These are
presented graphically in figures 3.3.6 to 3.3-9, where 'frozen'
refers to the ratios across the diffusion resisted shock front
and 'equilibrium' refers to the overall ratios. The regime
of the weak incident shock wave was arbitrarily chosen to be waves
having Mach numbers up to l.4. For this reason, the data has

been terminated at that Mach number.

It can be seen from figured.?.6 that the frozen and
equilibrium translational temperatures cross at an incident
shock Mach number of approximately 1.2, Consequently, the
total change in the equilibrium ratio of the specific heats
is only 0.15% at an incident shock Mach number of l.4. It
was concluded that for the purposes of analysis it would be
sufficiently accurate to take a mean value of the equilibrium
ratio of the specific heats through the relaxation resisted
parts of the shock waves. The relaxation time of carbon dioxide
only changes by's'% through the relaxation region of a shock
wave of Mach number l.4 and can also be taken as constant for
these purposes. These approximations allow the fully dispersed
and the partly dispersed solutions of part & to be used
directly for the computation of theoretical profiles for

comparison with experimentally measured profiles.
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Thus, as the relaxation time can be taken as a
constant through the wave, a closed form solution of the
equations can be used. The widths of the shock waves will
be proportional to the relaxation times evaluated at the

mean translational temperatures of the relaxation regions.

A difficulty was encountered in the determination
of the strength of the shock waves. At the higher Mach
numbers, approaching l.4, there was no difficulty. In that
case, the strength of the waves could be determined from
their velocity by direct measurement, either at the timing
station or at the light probes. However, as the strength
of the wave decreases, the velocity asymptotes towards the
speed of sound of the gas and cannot be used for accurate

determination of wave strengths.

An alternative means of determining the wave strength
was available in the case of the fully dispersed shock waves.
The schlieren system had been calibrated, and, as the profiles
were continuous, the outputs could be integrated to give

the total density change across the waves and hence the wave

strengths.

This left a range of wave strengths just above the
transition which were not continuous and yet not strong enough
for the velocities to be used with any accuracy for the
determination of their strengths. Additional difficulties were
involved, as can be seen from figure 3.3.8 There is considerable
doubt as to what the schlieren system'will measure. On the
one hand it could measure the change in density through the
relaxation region alone. In this case the strength of the wave
could be determined from a comparison of the integral of the
output from the schlieren system with the theoretical density
change across the relaxation region. However, even if it could
be guaranteed that this was the case, the change in the density
across the relaxation region is insensitive to the wave strength
over this range.
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As was mentioned in the introduction, the wave
profiles were analysed by plotting them in a density gradient/
density plane, and comparing them with theoretical profiles in
that plane. Figure33.9 shows a typical fully dispersed shock
wave result in this plane: The output from the schlieren
system was calibrated and numerically integrated with a
computer to give result as shown. It can be seen that both the
density gradient and the density have been non-dimensionalised
by the free stream density, Py In addition, the density gradient
has been non-dimensionalised by the free stream velocity, u.
Thus, the only difference between the experimental and theoretical

profile was the relaxation time, T.

The total density change across the shock wave was
used to determine its strength and hence the Mach number
using a mean value for the equilibrium ratio of the specific
heats. The theoretical profile was then calculated from the
basic solution given in PperX 2. The ratio of the theoretical
to the experimental profile was taken at a number of points
in the shock wave for fixed values of density, the result of
which was the relaxation time at each point through the wave.
The mean value of the relaxation time was then calculated and
the experimeﬂtal profile re-non-dimensionalised to compare

the theoretical and experimental profiles in detail.

The procedure in the case of the partly dispersed
shock waves was similar except that the strength of the waves

was determined from their velocities,
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3.3.4-. Experimental Results.

Figure¥.d.10 shows a range of typical schlieren
outputs of the waves produced by this technique. These
results were obtained with the schlieren system in its

final configuration. That is, with a spatial resolution
of better than 0.02 cms. and a temporal resolution of better
than 0.1 us. . The vacuum system had also been improved and

the new working section incorporated.

The upper traces of the oscillograms are the outputs
from the main photomultiplier which was monitoring the
sampling slit. The lower traces are the outputs from the
second photomultiplier,which was monitoring the light probes,

and were used for the determination of the velocities of the

shock waves.

It can be seen that the profiles remained continuous
well above the wave strength required for the waves to become
partly dispersed. This confirmed that a broadening of the
diffusion resisted shock front had occurred as had been
indicated in the preliminary tests. Unfortunately, this

curvaXw~e of the waves masked the details of the transition.

The curvature of the waves fortuitously aided the
analysis of the wave profiles, because it was clear that the
schlieren system had responded to the total change in the
density gradients across the weak partly dispersed shock waves .
This enabled the integrals of the schlieren outputs to be taken
as the total density change across the waves, and hence the

strengths of the waves to be readily calculated.

Results such as these were analysed in the manner
described above. The relaxation times obtained in this way
for carbon dioxide are presented in figure 3.3. 1.
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Figure 3.3¢11 shows that the relaxation times
for carbon dioxide: from these experiments were in good
agreement with those obtained by Simpson (Ref. 3./2.),
and it can be seen from the data presented by Simpson
that the results were also in close agreement with those

from ultrasonic measurements.

The results for the wegk incident shock wave
show that there was greater scatter in the fully dispersed
shock wave data (at the lower temperature end of the
results) thah in the partly dispersed shock wave data.
This was attributed to the high degree of sensitivity of
the profiles of the fully dispersed shock waves to the

wave strengths.

Having obtained the relaxation times and non=-
dimensionalised the experimental data accordingly, they
were compared directly with theoretical profiles on plots
of density gradient versus true spatial position through
the wave, Flgure 3.3.12 shows two typical fully dispersed
shock wave profiles., It can be seen that the theoretical
and experimental profiles sgreed very closely except near
to the maximum density gradient. The reduction of the
experimental output near to the maximum density gradient
could be accounted for by the curvature of the shock wave,
as discussed in the preceding section. This effect was
more pronounced in the case of the partly dispersed shock
- wave profiles which are shown in figures 3.3.13 and 3.3.14e
It can be seen that the agreement was again very good except

near to the front of the shock wave.
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The apparent thicknesses of the diffusion resisted
shock fronts of these partly dispersed shock waves were of the
order of 0.1 cm. (1 unit in the non-dimensionalised variable,
z, was approximately 0.2 cm.). This confirmed that these weak
incident shock waves had been broadened by Shoc® curvature,as “ad.
the strong incident shock waves of the preceding section,
This demonstrated that the formation of the transmitted shock
waves studied in this case was as good as that of the original

strong incident shock waves.

3.3.5. Discussion Of Results And Concluding Remarks.

The relaxation times determined in these experiments
were in good agreement with those determined elsewhere. However,
it was noted that the scatter in the relaxation times was greater
for the fully dispersed results than for the partly dispersed
results. The measured density gradient profiles were in good
agreement with the theoretical profiles except for the transition
from fully dispersed to partly dispersed shock waves.

It was unfortunate that the actual transition was
obscured by the curvat¥we€ of the shock wave. However, the
theoretical results of Pow® 2 indicated that, in any event,

the schlieren system would not have monitored the transition.

It was originally anticipated that the fully dispersed
shock waves would be more sensitive to vibrational relaxation
than the essentially exponential relaxation regions of the
strong incident shock waves. This has been confirmed to a large
extent, but some of the benefits have been offset by the
sensitivity of the wave profile to its strength, as can be seen
from figure 3.3.l. The larger scatter in the fully dispersed shock

wave results is attributed to this fact.



Consider the profiles of the weak partly dispersed
shock waves shown in figure3.3.5. It can be seen that the
slope of the profiles , and hence the relaxation time, is
insensitive to changes in the wave strength. In addition,
the translational temperature remains almost constant through
the relaxation region. It is concluded from this that the
weak partly dispersed shock wave would be more suitable for
the study of vibrational behaviour, and the scatter in the
relaxation times would be less than with the fully dispersed

gshock wave.

These studies were as accurate as could be expected
in the small (2" diam.) shock tube which was used. They have
confirmed the suitability of the schlieren system for this

application and have given no cause to doubt the calibration

of the schlieren system. The results which have been obtained

provided a useful guide in the development of techniques
for the propagation of weak normal shock waves through regions
of elevated temperature, which will be discussed in the

following section.

V&,



Note:

8p is density change through the relaxation resisted

parts of the wave, that is, throughout fully dispersed shock

waves and through the relaxation regions of partly dispersed shock

waves.
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3¢lte THE PROPAGATION OF WEAK NORMAL SHOCK WAVES

THROUGH GASES AT ELEVATED TEMPERATURES.
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SUMMARY

Further developments and refinements have been made
to a technique which had been developed previously for the
propagation of weak normal shock waves through gases at elevated
temperatures. This technique involved the use of a porous end
face in the channel of the shock tube. The design of the end
face was improved and a better understanding was obtained of
the weak shock wave formation process and of the reflected shock
region into which the weak shock waves were propagated.

Fully dispersed shock waves were produced in carbon
dioxide with this technique. These were studied with the time
resolved schlieren system described in sectiond.l herein. The
relaxation time for carbon dioxide for temperatures from 300°K
to 600°K was found to be in reasonable agreement with measure-
-ments made elsewhere. The maximum temperature limitation
imposed by the bifurcation of the reflected shock wave was
investigated, and it was concluded that no further improvements

could be made in the present shock tube.

A comparison of experimentally measured density
gradient profiles with theoretical profiles indicated reason-
-able agreement. A comparison of these with the results of
section3® indicated that the weak shock wave formation was
almost as good as that of the weak incident shock wave. It
was discovered that the degree of formation had been fortuitous,

and that a shock wave in a monotomic gas such as argon would not
have formed into a stable form in the time available.

It was concluded that the technique had been success-
-ful for the evaluation of relaxation times in a near equilibrium
situation, but that the profiles could not be used for any
detailed investigation of vibrational behaviour.
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«1+ Introduction.

It was evident from the results of the preceding
section that the weak normal shock wave offered certain
advantages over the strong incident shock wave for the study

of vibrational relaxation in gases.

The main advantage was that the departure from
equilibrium of the vibrational mode(s) which occurred in
the weak shock wave was substantially less than that which
occurred in the strong partly dispersed shock wave. The
behaviour of the vibrational mode(s) within the weak normal
shock wave should therefore be much closer to the 'Heat
Bath' behaviour predicted theoretically by Landau and Teller (Refs3.&0, )

than in the strong partly dispersed shock wave. .

The change in the relaxation time through the weak
shock wave and its effect on the shape of the profile could
be neglected; the relaxation time being determinable from
the overall width of the shock wave. The fully dispersed
shock wave had the particular advantage that its profile was
inherently more sensitive to detailed relaxation phenomena
than the essentially exponential behaviour of the relaxation region

of the partly dispersed shock wave.

It was therefore concluded that the development of

a technique for the propagation of weak normal shock waves
through gases at elevated temperatures should be investigated.
The weak incident shock wave of the preceding section was an -
example of a possible means of achieving this, in that the
initial channel gas could have been heated prior to the
firing of the shock tube.

Heweoer, to achieve the required degree of heating with any
certainty and reliability would be difficult and prohibitively
expensive. Therefore, the use of the weak incident shock wave

must be restricted to the evaluation of room temperature data,



The shock heating of the test gas in the channel of
a shock tube is in itself an efficient method of heating the
gas. An alternative to the steady state heating of the test
gas would therefore be to shock heat the gas and then to pass
the weak normal shock wave through the region of heated gas.
This method of heating is essentially transient and the
propagation of the two shock waves would have to be closely
coordinated. There are two regions of the shock heated gas
in a shock tube which are suitable for this purpose. These
are the regions behind the incident and reflected shock waves.
Such techniques had been developed previously by the author,
and this section is primarily concerned with the developments

which have been made to one these techniques.

3.4.2. sShock Heating And Propagation Technigues.

An attempt had been made by the author to make use
of the region behind the incident shock wave with what has
come to be called the 'double diaphragm' technique. This
experiment was initially designed by Goy (Ref.3.4d.). It
consisted of placing a second weak diaphragm in the channel
of the shock tube, which supported a small pressure
differential; the downstream pressure was greater than that

upstrean.

The principle of operation was that the incident
shock wave which was propagating through the test gas would
be attenuated by the pressure differential across the weak
diaphragm causing a weék shock wave to be reflected back
into the heated gas behind the incident shock wave. It was
assumed that the diaphragm would play no part in the
interaction process.

8.



It was found after considerable investigation and
development that the technique could not be made to work in

the Cranfield Institute of Technology 2" shock tube. The

main reasons for this were that the diaphragm created a larger
disturbance than the pressure differential which it supported,.

and there was not sufficient running time available behind
the incident shock wave for a stable shock wave to be formed,
This technique was therefore abandoned in favour of a
technique which made use of the region behind the reflected

shock wave,

This second technique consisted of fitting a porous

end face in the end of the channel of the shock tube. A wave

diagram of the associated wave process is shown in figure 3.&.1I.

The principle of operation of this technique was that as the

incident shock wave reflected off the front face of the porous

end face a small percentage of the shock wave would be
transmitted into the end face. This shock wave would be
reflected off the bottom of the porous end face to re-emerge

into the reflected shock region of the main shock tube flow as

a weak normal shock wave. The main question to be answered
was whether it would be possible to manufacture a porous end
face which would generate weak normal shock waves in the

time and distance available behind the reflected shock wave.

An end face was developed which consisted of
laminations of steel gauge plate and steel shims to form
rectangular slots spanning the width of the working section
of the shock tube. A picture of the assembled end face is
shown in figure3.&.2. For these tests, it was necessary to
use the square working section, which in turn necessitated
the incorporation of a transition section between the
cylindrical shock tube and the square cross section of the
working section. It was realised that the presence of the
transition section would create disturbances, but it was
considered that these would be tolerable for an initial

evaluation of the technique.

.79,
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Limited success was obtained with this technique.
Fully dispersed shock waves were produced in carbon
dioxide and the vibrational relaxation times obtailned
were in reasonéble agreement with measurements made
by Simpson (Ref. 3, \%.) and Zienkiewicz and Johannesen
(Ref. 3,10. ), However, it was not possible to
evaluate the degree of formation of the weak shock wave
or to investigate alternastive end face designs in the

time avallable,

The results which were obtained were restricted
to a maximum translational temperature of 6OOOK, because.
of the occurrence of turbulence in the reflected shock
region. This resulted from the bifurcation of the
reflected shock wave due to its interaction with the
boundary layer on the walls of the shock tube behind
the incident shock wave., Bifurcation of reflected shock

waves 1s discussed in Appendix 2,

It was concluded that the technique showed
sufficient promise for it to be actively persued and
devéloped. The main areas requiring investigation and
development were considered to be the following:

1. Studies of alternative end face designs,

2. An evaluation of the reflected shock region with
particular reference to carbon dioxide.

3. An evaluation of the degree of formation of the waves,
4o The use of fully dispersed shock waves produced by
this technique for the detailed study of vibrational

behaviour,



'8\,

3.4.3. End Face Design.

It was clear from the original tests that the waves
which emerged from the slotted end face were cylindrical in
form. It was infered from the density gradient profiles of
the weak waves which were produced that they had been well
formed, although no spark pictures were taken of the cylindr-

~ical waves to confirm this.

A series of spark schlieren pictures were therefore
taken of the waves produced by the slotted end face, Some
examples of the pictures which were obtained with air as the
test gas are presented in figured.4.3. Air was used as the
test gas in this context because the waves were more distinct
than in carbon dioxide, as will be discussed in a later part

of this section.

All of the spark pictures presented in figure 3. 4.3,
were taken at the same initial channel pressure of 200 torr
and nominal shock Mach number of 1.72, but with progressively
longer delay times after the passage of the incident shock
wave. The delay time increases from run 3010 through 3016,
3011, 3012 to 3013. The front‘of the end face was approx-
-imately one shock tube diameter (5 cms.) from the top of

the working section windows seen in the pictures.

The reflected shock wave can just be seen entering
the top of the working section window in run 3010, and
approximately half way across the window in run 3016. A
complex wave pattern existed between the reflected shock wave
and the end face, as can be seen in the spark picture of run
3011. This pattern was not piesent in the tests with carbon
dioxide, as will be discussed later.
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The weak waves which had emerged from the end face
can be seen in the top of the spark picture of run 3012. The
white vertical line was a fault in the photograph and not a
feature of the flow. These waves can be seen again in run
3013. It can be seen from these last two pictures that the
wave formation left a lot to be desired, although it must be

remembered that these pictures were taken in air and the waves

produced in carbon dioxide appeared to have coalesced completely.

One of the main reasons for the choice of the slotted-
end face was that it provided the best compromise between ease
of adjustment, machining tolerance and internal finish ( in the
slots ) available at that time. This will be appreciated from
details of the slotted end face shown in figure 3.4L.¢.,

A dissadvantage of this design was that the plates
were not restrained at their outer ends. Great care had to
be exercised in the assembly of the gauge plates to ensure
that they did not warp and hence produce non-uniform widths
of slots. It was not possible to improve upon this arrange-
-ment because it would have necessitated substantial modifications
to the working section which were considered to be unwarranted

at that time.

The slotted end face was ideally suited to the
square working section, and the latter could have been modified
to retain the ends of the gauge plates. However, for reasons
of minimum flow disturbance and ultimate purity of the gas, a
cylindrical working section was preferred. The slotted end face
could have been modified for use in a cylindrical working
section, but it would have been far more difficult to adjust
slot widths and depths in that case. Also, the above spark
schlieren pictures indicated that there was a need to improve

the distribution of porosity of the end face.



A circular holed end face had the obvious advantage
of flexibility of the distribution of porosity, which could
be made more uniform than was possible with the slotted end
face. The use of a .circular holed end face had been dismissed
previously because of the inherent difficulties involved in
obtaining good internal finish in the holes. It was considered
that it would be worth while investigating the possibility of

the use of an holed end face.

A circular holed end face was manufactured to fit

| 83.

into the square working section so that spark schlieren pictures

could be taken of the ensuing wave process for its assessment.
The end face which was manufactured is shown in figure 3.4.5, It
was the end face in centre of the picture; the other end faces

will be discussed later.

This square end face was manufactured from a solid
brass block. 3/32" diameter holes were drilled and reamed into
the block at a spacing of 0.2 x 0.2", giving a total of 64
holes over the end face. It was not possible to drill these

holes deeper than 2" and consequently deeper holes were achieved

by assembling blocks together as shown in figure3.k.S. This
end face was mounted in the same block as the slotted end face
shown in figure 3.4 .4

Spark schlieren pictures were taken of the wave

process ensuing from this end face. Four different configurations

of hole depth and distance between the windows and the end face
were investigated. The dimensions of these configurations are
given in figure3d.h-b and the resulting spark pictures in figures
3.4.7 and3.4.8. These spark schlieren pictures will be discussed

in more detail in the later parts of this section.

Of particular interest here are the runs which were
made with air as the test gas, ie. pictures C and D of this

series.
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The upper pictures show the reflected shock waves
passing the windows and the lower pictures show the weak
shock waves which had emerged from the holes. The oscillograms
were of pressure histories obtained on the side wall of the
shock tube adjacent to the working section windows as shown in
figure 3.4L.0.

The spark schlieren pictures have not reproduced very
well, but it can be seen from a comparison with figure 3.4-3.
that the waves appeared to have coalesced to a far greater
extent than those from the slotted end face. This arrangement
was still not entirely satisfactory, as it was clear that the
internal finish of the holes left a lot to be desired.
However, it was generally concluded that the cylindrical working
section should be employed together with an end face containing

a large number of circular holes.

In seeking a means of improving the internal finish
of the holes, it was discovered that hyperdermic tubing had
the desired properties of good internal finish and high
| tolerance. Accordingly, a range of end faces were manufactured
from hyperdermic tubing. A sample of these are shown in figure
3.4. 5, from which it can be seen that the hyperdermic tubing was
sandwiched between two plates to form the end face.

The fitting at the top of the photograph in figure
3.lnS was used to locate the end faces in the end of the cylindrical
working section. The rod running through the fitting, and
upon which the end faces were mounted, was adjustable to enable
the distance between the working section windows and the end
faces to be varied. This rod was locked in position and sealed

by means of an '0' ring.

The results obtained with these end faces, which will
be discussed later, indicated that the performance of this type
of design was well within the limitaions imposed by other aspects
of the experiments. It was concluded that no further improvements
were justifiable at that stage.
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3s4.4. The Reflected Shock Region

It was not possible to make a detailed study of the
reflected shock region in the earlier work (Ref. 3,23),
because of lack of available time. It was assumed for
those purposes that the weak shock waves propagated thro
an ideal reflected shock region, the conditions in which
could be calculated from the incident shock velocity by
using the normal shock relations. It was therefore
essential for a detailed study to be made of the reflected
shock region in carbon dioxide before proceeding with the
relaxation measurements.

The main reasons for departures from ideal conditions
behind the reflected shock wave have been discussed in
Appendix 2. These ares

The initial acceleration of the incident shock wave,
boundary layer attenuation of the incident shock
wave, and bifurcation of the reflected shock wave.

To these has to be added non-uniformities due to the
outflow into the porous end wall.

The distance between the diaphragm and the end wall
of the channel was the main parameter over which control
could be exercised to achieve a compromise between the
first three factors listed above.

A series of tests were conducted to evaluate the
affect of the distance between the diaphragm and the
working section on the reflected shock conditions. Wall
surface temperatures and pressures were measured in the
working section for two different diaphragm positions,
and over a range of incident shock Mach numbers. A range
of results are presented in Figure 3.4.9. The upper dia=
phragm results %on the left hand side) were obtained at
60 diameters from the diaphragm and the lower diaphragm
results (on the right hand side! were obtained at 110
diameters from the diaphragm. %$he latter position was
that used in the previous experimenis. The working section
was fixed and two diaphragms locations were used for these

studies (see Appendix 2).

The P traces are wall pressure histories, and the T
traces are the wall temperature histories. It can be seen
that the results have been compared at the same values of
initial channel pressure to show the affect on the atten-
uation of the incident shock wave. The extra attenuation
due to the increased channel length was of the order of 5%.
The pressure traces show that the running time was curtailed by
the arrival of the reflected head of the unsteady expansion
in the ocase of the lower diaphragm resultise.
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The first disturbance from the reflected shock/contact
surface interaction curtailed the running time in the case
of the upper diaphragm position.

The temperature traces indicated that there were large
fluctuations in the gas temperature and a marked degree of
cooling soon after the reflection of the incident shock
wave. This was attributed to the flow of slightly colder
gas through the bifurcated edges of the reflected shock
wave. The explanation for this, Davies (Ref. 3.42), was
that the gas was decelerated less in passing through the
oblique shock waves than through the normal part of the
reflected shock wave. Hence, less kinetic energy was
converted into thermal energy in the flow through the
oblique shock waves. The affect that this had on the
reflected shock conditions increased as the reflected shock
wave moved further from the end wall.

It was difficult to apply the wall pressure measurements
in any quantitative manner to the flow through which the
weak shock waves were traveiling, because of the presence
of the bifurcation. It was concluded that the original
decision to accept the reflected shock conditions as being
ideal was the best which could be made in the circumstances.
The calculations were improved slightly by taking account
of the flow into the end face.

This was done by assuming that the conditions behind,
rather than ahead of, the weak shock waves were those
given by the ideal theory for the reflected shock conditions.

The turbulence in the reflected shock region also
warranted closer inspection, because the results of
Strehlow and Cohen (Ref. 3.43) indicated that the flow
ad jacent to the end face became stationary and wave free
after the reflected shock wave had moved away from the
immediate vicinity of the end face. A series of spark
schlieren photographs have been taken and these are
presented in Figure 3.4.10. The photographs were obtained
with the diaphragm in the upper position.

The reflected shock wave can just be seen entering
the top of the picture in run 3020, and approximately half
way across the picture of run 3021, In the latter case,
the bifurcation of the reflected shock wave can be seen
together with the turbulent flow of gas through it. (The
end face was approximately one shock tube diameteraway
from the centreline of tae working section windows). The
turbulence adjacent to the end wall can be seen in the
picture of run 3022. As the delay was increased, the
local turbulence appeared o inorease.
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The upper temperature limit had been set by the
incident shock Mach number at which the density gradients
in the turbulence became of the same order as those in the
waves being studied. Therefore, as the turbulence did
not decay with time, the temperature limit could not be
raised by studying the wave at longer times after the
reflection of the incident shock wave. The maximum
Yemperature was tnegefore limited, as with the previous -
experiments, to 600K,

There appears to be no way of raising this limit
in pure carbon dioxide. The onset of bifurcation does
occur at higher incident shock Mach numbers in other gases,
so the technique wight be more applicable to them. Carbon
dioxide could be mixed with argon for example, which does
not cause bifurcation over the requisite shock Mach number
range. In this way, it should be possible to either reduce
the effects of bvifurcation and/or raise the incident shock
Mach at which bifurcation occurs.

It is also of interest to note that Mark (Ref. 3.44)
showed theoretically that bifurcation should cease above &
certain incident shock Mach number, typically seven. If
this occurs in practice, then it may be possible to apply
the technique at much higher translational temperatures.
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3.4.5. The Formation Of The Weak Shock Waves.

In the earlier studies, the degree of formation of
the weak shock waves was infered from the agreement between
the relaxation times obtained with them and measurments made
elsewhere. This could have been fortuitous, a6 there
was reason to believe that the relaxation times obtained in
this way Meed: not have agreed with those from the strong

incident shock wave.

This was investigated by studying the formation of
weak shock waves emerging from one of the hyperderic tubed
end faces in the cylindrical working section. The end face
was held in place by a fitting which facilitated the movement
of the end face relative to the working section windows (see
abbewdiv 2 ), The distance between the end face and the windows
could be varied between O and 3 inches.

A series of experiments were performed to investigate
the formation of the weak shock waves using argon as the test
gas. These experiments were conducted at an initial channel
pressure of 100 torr, and at an incident shock Mach number of
nominally 1.8 . This was considered to be representative of
the conditions under which relaxation time measurements had been
made. The time resolved quantitative schlieren system in its
final configuration was applied to the study of these waves.

A range of the results which were obtained in this
way are presented in figure3.4.M. It can be seen that the shock
waves emerged from the end face with a half height width of
approximately 5 us. in time. As the wave moved further from the
end face, the‘maximum density gradient increased whilst the width

of the wave decreased, indicating that the wave was coalescing.
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For a montomic gas such as argon, the width of the
shock wave should have been negligible on this scale. However,
it was clear from the results shown that the wave was still
coalescing after 3 inches. It might be concluded from this that

the technique was unsuccessful.

These tests were repeated with carbon dioxide as the
test gas, The results are presented in figure3.4.2. It can be
seen from these results that the formation of the weak shock
waves in carbon dioxide had been fortuitous. The profile of
the wave emerging from the end face was very close to its final
equilibrium state. The profile appeared reasonably stable
after having travelled 1.5 inches, although the traces were
distorted by the turbulence from the reflected shock wave.

A distance/ time graph was plotted from these results
for each test gas, as shown in figure 3.4L!3. It can be seen that
both of the gases appeared to be travelling at a constant velocity
within the experimental error. It had been hoped that this form
of presentation would indicate the degree of formation of the
wave. However, the velocity of the waves were 8o close to the
speed of sound that even the large changes in the profiles of
the argon shock waves were not reflected in this plot.

The half height widths of the profiles have also

been plotted versus distance from the end face, as shown in
figure 3.4, It can be seen from an extrapolation of the argon
results that the wave would have properly coalesced after travelik-
-ing a distance of approximately 1l cms. . This was equivalent
to 55 diameters based on the spacings of the holes in the end
face, which was consistent with normal shock tube behaviour,

The carbon dioxide results confirmed the visual
assessment that the wave was formed almost immediately into its

final equilibrium profile.
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Consider the wave diagram of the shock wave process
associated with this end face shown in figure 3.4.1S. The shock
wave process inside the holes has been shown as being the
same as that in the main part of the shock tube. This was not
quite correct, as will be discussed later, but it is sufficiently

accurate for the present purposes.

Having determined the formation distance required for
the weak shock waves, it was necessary to optimise the end face
geometry. The weak shock wave travelled at a higher velocity
than the reflecteéd shock wave and therefore overtook it.
Consequently, the length of the end face and the distance between
the windows and the end face had to be chosen such that the
best compromise was reached between the time allowed for
formation, the time to over take the reflected shock wave and
the time of arrival of the first disturbance from the reflected

shock wave / contact surface interaction.

A series of experiments were conducted to optimise
the geometry. These experiments were conducted in the square
working section to enable spark schlieren pictures to be taken
of the full width of the flow. The square holed end face was
used for this work, and the range of configurations have
already been presented in figure3.Wb. The spark schlieren
'pictures which were obtained in this way are presented in
figures3.l] and 3.48, together with side wall pressure histories
in the working section. It will be recalled that the delays
for the upper pictures were chosen to show the reflected shock
waves whilst the delays for the lower pictures were chosen to

show the weak shock waves.

It was found that the most reasonable compromise was
obtained by having the distance between the end face and the
~ windows equal to the depth of .the holes in the end face. The
final depth of the holes was set at 2 inches.
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It was concluded from all of the above results
that the formation of the wegk normal shock waves had
indeed been fortuitous. Nevertheless, the waves were
well formed and useable for this application, but it
was noted that the situation would have to be reviewed
for other gases, In the presence of the disturbances
from the bifurcation of the reflected shock wave, a
better assessment of the weak wave formation could

not be made.

- It was of interest to note that the argon results
(see figure 3.4.14) indicated that the spatial resolution
of the schlieren system must have been better than

0003 CliBooe
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3.4. 6. Fully Dispersed Shock Waves.

It was decided that the earlier experiments which
had been made with this technique for the evaluation of the
relaxation time of carbon dioxide using fully dispersed shock
waves should be repeated. It was realised that the upper
temperature limitation could not be raised, but it was considered
that better low temperature data would be obtained with the

incorporated improvements.

One the main improvements was in the method of
determining the strengths of the fully dispersed shock waves.
Previously, the strengths of the fully dispersed shock waves
had been determined from the shape of the density gradient
profiles of the waves. The sensitivity of the profile shape
to the wave strength can be seen from figure3.4.l. This
technique was found to be unsatisfactory because of the
distortkon of the profile due to broadening.

The strengths of the fully dispersed shock waves
studied in the present experiments were determined from the
total density change across them. The output from the time
. pesolved quantitative schlieren system was calibrated and
integrated numerically on a computer to give the density
profile and the total density change of each wave. The
conditions behind the fully dispersed shock waves were calculated
from the initial conditions in the channel and the incident
shock velocity. It was assumed that the conditions behind
the fully dispersed shock wave were those given by the ideal
theory for the reflected shock region (seesectionl.l). This
normal shock data is presented in figured.4.lb for the incident
shock wave and3.k.l]) for the peflected shock wave for a

carbon dioxide test gas.
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The methods of data reduction and analysis used
for these experiments were similar to those used for the
weak incident shock waves of the preceding section. The
experimentally measured density gradient profiles were non-
-dimensionalised by the upstream density and the inverse of
the upstream velocity. These were then plotted versus the
density change through the waves non-dimensionalised by the
upstream density. Theoretical profiles were calculated and

plotted in a similar manner.

The ratio of the theoretical density gradient to
the experimentally measured gradient was determined for a
number of points equally spaced in terms of density through
the wave. This ratio gave the relaxation time at each point
through the wave. Any variation in the relaxation time through
the wave was attributed to experimental error, and a mean
value of the relaxation time was determined for each wave.
The experimental profiles were then re-non-dimensionalised
by this mean value of the relaxation time for direct comparison

with the theoretical profiles.

The experiments were conducted with an hyperdermic
tubed end face containing 76 x 2.38 mm. diameter holes. Figure
3.4.'€ shows a range of outputs from the time resolved quantitative
 schlieren system of the waves produced by this end face in

carbon dioxide. The incident shock Mach numbers range from

1.08 to 2.0.

The upper traces of the oscillograms are the outputs
from the main photomultiplier placed behind the single sampling
slit; it will be recalled that the schlieren system was in its
final configuration. These traces were triggered by the incident
shock waves passing the first of the light probes, and they have
been delayed in order to expand them to the desired time base.
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It can be seen that the fully dispersed shock
waves were not well formed for incident shock Mach numbers.
below 1.2, which set a lower limit for the technigue
in terms of the translational temperature. However, the
weak incident shock waves catered adequately for the.
~lower temperatures. As the Mach number of the incident
shock waves approaeched two, the profiles became very
distorted, This was caused by the bifurcation of the
reflected shock wave discussed above, which set an
upper temperature limitation on the results of

0
approximately 600 K,

The upper oscillograms of figure 3.4.19 sre of
similar outputs, but with the upper traces not delayed
and displayed on longer time bases. These recordings
were teken to assist in the assessment of the flow into
which the fully dispersed waves were propagating. The
incident shock waves can be seen as negative goiné spikes
occurring within the first half centimetre of the traces,
The reflected shock waves can be seen as the first
positive goingz spikes occurring after approximately four
centimetres from the start of the traces, The fully
dispersed shock waves can be seen as the last positive
going spikes occurring approximately eight centimetres
after the start of the traces. A particular point of
interest was the rising output following the incident
shock wave in each trace. This was the negative density

gradient which had been observed in section 3,2,
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The lower oscillograms of figure3.&4.l4 (runs 3294,
3292, 3289 & 3288) show the outputs from the light probes
of the fully dispersed shock waves (upper traces) and of the
incident shock waves (lower traces). As with the incident
shock waves, the traces of the fully dispersed shock waves
were used for the determination of their velocities. This
information was used to convert the time resolved schlieren

outputs of figure3-4-€ into spatial variations.

The results shown in figure-4\8 and others were
analysed in the manner described and the relaxation times for
carbon dioxide evaluated. These results are presented in the
Landau-Teller plot of figure3.4.20, Also shown are the results
of the previous series of experiments (Re(.3.23), together with
the results of Simpson ((ef.3.12.) and Zienkiewicz and '

Johannesen (Ref. 3.70.).

The scatter in the present results did not appear
to have been greatly improved over the results obtained previously.
However, comparison with the results from the weak incident
shock waves in carbon dioxide indicated that the scatter was
peculiar to fully dispersed shock waves rather than this
particular method of production. This was related to the
method used for the determination of the wave strengths, as

discussed in sectionm 3.3,

It was concluded that further improvements in the
means of determining the strengths of the fully dispersed
shock waves were required. The total pressure or density
. change measured directly might be more suitable, although
this was by no means clear. It may be that the strengths of
fully dispersed shock waves cannot be determined with sufficient
accuracy for this type of work.
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Figures 3.4.21 and 3.4.22 show a comparison
of the non~dimensionalised experimental density gradient
profiles with the theoretical profiles calculated from
the basic solution of part 1 herein for two of the above
runs. The sgreement was similar to that obtained with
the weak incident shock waves of the preceding section.
It was reasonable to conclude from this that, for a
limited temperature range, this technique was as

successful as could be expected in the present shock

tube.
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Selie 7. Concluding Remarks.

This investigation has yielded an increased knowledge
of the wave processes associated with the porous end face
technique, and it has been possible to make certain improvements
to the design of the end face. Unfortunately, the upper
temperature limitation has not been elevated. Nevertheless, the
porous end face technique is still the most promising of the
techniques available for the production of weak normal shock

waves.

It is of interest to compare the agreement between
the theoretical and experimental profiles of this section with
those of the preceding section. It can be seen that the fully
dispersed shock waves were as well formed as they were in the
case of the weak incident shock waves. It was concluded from
this that there would be little point in trying to improve the

wave formation process in the present shock tube.

The results for argon showed that the maximum formation
distance for the weak shock waves was of the order of 55 diameters
based on the spacings of the holes. This was consistant with
normal shock tube behaviour, and will therefore be a useful

figure for use in any future design.

The exact mechanism of the wave processes within the
holes on the end face has not been rigorously investigated.
However, the times of arrival of the weak shock waves at the
observation station after the passage of the incident shock wave
' were approximately 10% greater than those given by the ideal
model shown in figured.4 15." This was therefore considered to

be a reason figure to take in any future design.
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LOWER TRACE: [Oupus/cm.

RUN 3292

Ms= 117 R= I50torr.

UPPER TRACE: 20 us/cm.
LOWER TRACE: IO us/cm.

RUN 3290

M=1818 P

UPPER TRACE: IOO us/cm.
LOWER TRACE: I10us/cm.

RUN 3289
Ms= |-752

UPPER TRACE: 20 us/cm.
LOWER TRACE: 10 us/cm.

P=100torr.

F; = |00 torr.
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RUN 3286
MS= 1-949 P|=75 torr.

UPPER TRACE: I0OOus/cm.
LOWER TRACE: I0us/cm.
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RUN 3288
M_= 2:035 Pl=75 torr.

UPPER TRACE: 20us/cm.
LOWER TRACE: IOus/cm.
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This work has been a gqualified success in that it has not been
possible to develop the topics to a stage where a substantial con-
tribution can be mades to the knowledge of vibrational behaviour in
gas molecules, However, the techniques have been developed to a
stage where they can be applied to studies in a large low density
shock tube, which will overcome many of the limitations that have
been imposed on the present experiments. Such a shock tube is
currently under development at the Cranfield Institute of Technolegy.

The three extensions to the theory which have been investigated
have been developad to a stage where comparisons can be made between
theoretical and expsrimental profiles when the latter become available,

The study of viscous vibrational relaxation has confirmed the
earlier order of magnitude estimates of the affects of diffusion on
the relaxation process. That is, the effects of diffusion are either
negligible within the relaxation resisted parts of the shock waves or
contained within a negligibly thin viscous shock front in the parti-
cular case of the partly dispersed shock wave,

The wsakest aspect of this extension to the theory was the use
of a bulk viscosity model for the behaviour of the rotational mods.
Any future study of this topic should include the introduction of a
more rigorous description of the rotational beheviour. An alternative
approach to the development of the perturbation scheme should also be
investigated in this case. The present approach, which has been
based on the application of the method of matched asymptotic expansions
in the velocity/distance plane, has proved to be adequats for these
purpogses . However, the lack of coupling between the inner and outer
solutions gives cause for concern. A future scheme might be based on
a solution for the velocity derivative/velocity plane, and an inter-
mediate asymptotic expansion sought for the region between the upstream
limit of the relaxation region and the downstream limit of the diffusion
resisted shock front. This intermsdiate region can be studied
experimentally in a low density shock tube.

The theoretical study of the transition from a fully dispersed
to a partly dispersed shock wave has shown that ths effects of
diffusion are greatest in terms of the order of the scaling parameter

at the exact transition.

The width of the diffusion resisted shock front was still less
than 1% of the thickness of the relaxation resisted parts of the
shock wave in carbon dioxide. Only the exact transition was investi-
gated for the present purposes, but any future study should include
the investigation of wave strengths slightly above and slightly below
the exact transition, if only for the sake of completeness., Here
again, the experimental study of the transition would be facilitated
by the use of a low density shock tube.

The study of bimodal vibrational relaxation could not be taken
further because of the lack of information regarding ths relaxation
times involved, although there is scope for computations based on
order of megnitude estimates of these relaxation times, which might
prove to be useful in a fture study,
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The perturbation scheme used for the present study was slightly
restrictive, in that the case where a rapid transfer of energy
occurred between the two vibrational modes has to be excluded from
the solution because of its singular nature.

This is not unduly restrictive because, in this situation,
the two modes will be in rescnance or near resonance and can be
treated as a single combined mode., Carbon dioxide is an example
of this in that the bending modes are in resonance with the symmetric
stretching mode. In this case, the twd modes in the bimodal model
would be ths combined bending and symmetric stretching modes and the
asymmetric stretching mode. However, it should be borne in mind
that this extension to the theory in common with the others is
intended for more general application and not restricted to carbon
dioxide., Nevertheless, the near resonance situation is of interest,
and a solution for this would ensue from a study of the singularity.
An inspection of the equations indicates that the method of matched
asymptotic expansions may be applicable to this problem.

At the outset of this work, doubts existed regarding relaxation
time mmasurements obtained from strong incident shock waves,
because of the large departures from equilibrium., The analysis of
second order unimodal vibration served to demonstrate that, even if
this was true, there would be negligible effects in shock waves
having Mach numbers less than 1,1 in carbon dioxide,

It is noted that since the completion of this work Simpson et al
(Ref. 4.1) have shown that the relaxation time does not depend on the
departure from equilibrium within the relaxation regions of strong
incident shock waves,

The theoretical profiles obtained in this case could be compared
to the experimental profiles of strong incident shock waves on an
order of magnitude basis only, because the assumptions of constant
relaxation time etc. rendered the theory applicable to wesak waves
only., Howsver, there is ample scope for computed solutions in which
the variations in these parameters can be allowed.

The experimental studies of the strong incident shock wave havs
demonstrated the usefulness of the conventional schlieren system for
the study of vibrational relaxation. The relaxation times obtained
from the strong incident shock waves are in reasonable agreement with
results obtained elsswhere and the centre portion of the experimental
density gradient profiles agree closely with thesoretical curves
calculated from the relaxation time data of Simpson et al (Ref. 4.1).

The departure from the Simpson curve at the frozen end of the
relaxation region is attributable to the curvature of the shock wavse,
but the preciss source of the departure at the equilibrium end of the
region cannot be identified.
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Any future investigation of the strong incident shock wave with
the conventional schlieren system should make use of the elactronic
data reduction which has been proposed. This will esnable a more
detailed study to be made of the relaxation region by reducing the
errors incurred in the manual data reduction. The results indicate
that this technique would not be of use in the present shock tubs
because of its small diameter and the extent of the non-uniformities.
However, if the strong incident shock wave can be generated in a
larger shock tube and only the core of the flow is studied, then the
affect of these non-uniformities will be reduced permitting a more
detailed study of the relaxation process.

The foregoing remarks apply equally well to the study of the
weak incident shock wgve. The results from these experiments showed
that the perforated plate provided an excellent means of producing
weak normal shock waves which were as well formed as the original

incident shock waves.

Unfortunately, the exact transition from a fully dispersed shock
wave to a partly dispersed shock wave was obscured by the curvature of the
shock wave, However, the theoretical results indicate that it would
not have been possible to have observed the transition with the time
resolved schlieren system in any case, because of its inadequate

spatial resolution.

The comparison of the experimental profiles with the theoretical
profiles for the basic fully dispersed/partly dispersed shock wave
solutions showed that the agreement was good and that the shock waves
were aswell formed as could be expected in the small diameter shock
tube., These results alsoc provided a guide for the results which
could be expected with the waves produced by the porous end face

techniqus.

The porous end face technique has been subjscted to further
extensive study. Considerable knowledge has been gained about the
technique, although little improvement has been made to the results
which have been obtained with it., The discovery that the wave
formation had been fortuitous was regarded as something of a setback,

The results obtained with the holed end face indicated that it
should be possible to produce well forwed shock waves by this technique
in other gases as well as carbon dioxide if mixtures of gases are
studied in order to reduce the bifurcation of the reflscted shock wave.

It was intended that this technique should provide relaxation
timedata for small departures from equilibrium at elevated temperatures,
This requirements has been met elsewhere with high temperature ultra=-
sonic measurements, Carnevale et al (Ref., 4.2), but the present
technique may still be capable of providing information regarding wave
structure which canriotbe obtained from ultrasonic measurements,
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The relaxation times which have been obtained do not contribute
much to the knowledge of vibrational behaviour in carbon dioxidse.
However, there was general agreement with results obtained elsewhers,
thereby confirming the applicability of this technique to the study
of vibrational behaviour.

All of the experiments have confirmed the usefulness of the
schlieren system for the study of vibrational relaxation. The main
limitation on the performance of the schlieren system was its spatial
resolution,

It is concluded that the experimental and theoretical techniques
which have been developed should be applied to the study of vibrational
relaxation in gases by way of shock waves in a large, low density
shock tube, such as that under dsvelopment at the Cranfield Institute
of Technology. Every advantage should be taken of that facility to
overcome the limitations which have been imposed on the present

experiments.
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SULIARY

The equations governing the one~dimensional
flow of a relaxing gas are developed from the
conservation of mass, momentum and energy. 7The rate
equations appropriate to the relevant aspects of
vibrational relaxation are also developed from the
conservation of chemical species. The appropriate
boundary conditions for equilibrium at the upstream
and downstream limits of the flow are applied to the
equations and they are non-dimensionalised by the

upstream conditions.



NOTATION.

Speed of sound.
Specific heat.
Diffusion coefficient.
Energy.
' Total momentum.
Enthalpy.
Total enthalpy.
-Constant.
Mach number.
Number.
" Number rate of production of molecular species.
Pressure.
P11 X-wise component of stress tensor, pia.,.

NV e X X X D™ O U O

q X-wise component of energy flux vector, 9

Mass flow.
Particular gas constant.

Entropy.
Time.
Temperature.
Velocity.
v,V Non-dimensionalised velocity.
x Co-ordinate.

2,2 Non-dimensionalised co-ordinate.

Q
R
z .
R Rate term.
8
t
T
u

Constant.
Non-dimensionalised specific heat.

o
8

c ~ Perturbation parameter.

K Equivalent bulk viscosity.
" | Coefficient of viscosity;
v _Vibrational mode.

P Density.



NOTATION CONT'D.

Y - Ratio of specific heats.

0,0 Non-dimensionalised temperature.
] Perturbation parameter.

T Relaxation time.

é Perturbation parameter.

r Constant.

SUBSCRIPTS.

Downstream state.
Translational mode.

Rotational mode.

Combined translational and rotational modes.
First vibrational mode.

Second vibrational wmode.

Frozen state.

Equilibrium state.
- Upstream state.

Molecular species.

Vibrational modes.
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Ae141s Introduction

The equations governing the one-dimensional flow of a relaxing.
gas are well known and their derivation can be found in many referances,
Clarke and McChesney (Ref. A.1.1) and Vincenti and Kruger (Ref. A.1.6)

for exampls.

The equations have been developad from the equations aof change
derived from the Boltzmann equation. It has been assumed that the
translational and rotational modes are classically excited and that
the gas is both thermally and calorifically perfect. Viscoeity, heat
conduction and mass diffusion of the vibrational energy has been
included in the model and, because of thes dilute nature of the gas,
bulk viscosity has been neglected. The rotational behaviour has bsen
neglected., The rotational behaviour has been described by a linear
rate equation and coupling betwseen rotation and vibration has been

included.

The energy equation has been simplified by assuming that both
thes Prandtl number and the Schmidt number were constant through the
region of interest and that they were numerically equal to a velue

of %

Rate equations have been derived from the species continuity equation
for each of the extensions to the theory considered in Part 2.
These were as follows:

1. A rate esquation describing a singles vibrational mode including
mass diffusion of the vibrational energy and rotational-
vibrational coupling.

2. Two linear rate equations describing the bimodal relexation of
two vibrational modes.

3. A rate squation describing the behaviour of a single vibrational
mode with the addition of a second order correction term.

The equations have been non-dimensionalised and the overall
shock ratios have been detsrmined,
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A.\.2, Basic Equations.

Consider the steady one-dimensional flow of a pure,
viscous, compressible, and heat conducting gas with active
vibrational modes. It will be assumed that the translational
and rotational modes are classically excited, and that the
equations of change can be derived from the Boltzmann equation,

as for example in reference A.l.\ .

For the case of steady one-dimensional flow these

equations of change can be integrated to give,
the conservation of mass,
pu = Q A. 1.1,
the conservation of momentum,
pu2 + p;; = F A.1.2,

and the conservation of energy,

n
e te_ + e + 3u2 + A 4Rl =y A.1.3.
t r -n ¥ Q p
v=2
where e, ©, and e, are the translational, rotational and vibrational

energies per unit mass respectively.

The x-wise component of the stress tensor, p;;, is given

by,

du
P11 5P~ ﬁu‘a-; A 1y,

The gas flows considered will be sufficiently dilute
for bulk viscosity to be neglected, and an equivalent bulk
viscosity description of the behaviour of the rotational and
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vibrational modes will not be required because this description

will be provided by rate equations.

The x-wise component of the energy flux vector, q;,

for a pure gas is,

dT, der ' n dev
ql s - At 'd—x - OD &' - ODZ 2 ‘d_x' A.1‘ 050
v=

Only the mass diffusion of the internal mode energies
has been considered, as other diffusive affects are negligible.
The self diffusion coefficient,D, describes the inter-diffusion
of molecules having rotational and vibrational modes at different
quantum levels. The molecules are all of the same mass, so
the use of a single diffusion coefficient is permissible providing
the cross sections are the same for all quantum levels, and the
number of inelastic molecular collisions is small in comparison
with the total number ( RefMf.\2), These assumptions are valid for
the behaviour of the vibrational modes, but in the case of the
behaviour of the rotational mode it must be tacitly assumed that
its departure from equilibrium is sufficiently small for the
above description to be a reasonable approximation to the true

behaviour.

Substituting equations A.|.4 and A.1.5 into equations
A. 4.2 and A.V.3, we have,

2 - ﬂ:
pu + p gudx F A 1.6.

and,

cle

e * -

t v=2

daT de n
1 t r d . -
-E{Ata; +DD3§' *DDH(E v=2ev)}-HA.1.7.

It will be assumed that the gas is thermally and
calorifically perfect, so that the caloric equation of state
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h, = Cp.T, A 1.8,

where Cpt and Cvt are the translational specific heats at
constant pressure and volume respectively, and are assumed
constant, and where Cpt - Cvt = Rg' the gas constant for the

particular gas.
For a pure gas the thermal equation of state is simply,

p = PRT, A 9.

Making use of equationsAQ.!.8 and A.1.9, equation
A,1.7 can be written,

n A th 0 de
CptTt-o-er-rZ 2ev+iu2--(-u-dx +-;‘-D-a-’-‘-r
v=

n
+£Ddx(2v-2 )+§u }=H A 1.10.

Two well known parameters appear in this equation,
namely the Prandtl number and the Schmidt number, defined

rospectively'as,

. uep,

Prandtl number = -
t A 411,

Schmidt number = 53

It will be assumed that both of these parameters are constant
throughout the region of interest and numerically equal to £, which
is a reasonable assumption for most simple gases in that it enables
the equations to be simplified whilst retaining the essential
physics.

The boundary conditions for this one-dimensional flow are
simple boundedness conditions, that is, that the flow must be in

equilibrium at x & =, viz.,
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n
Q_h +0asx+w®foralln3 1l A.1.12.

dx

These limits will be identified in terms of the
thermodynamic variables by the subscripts =, for x + - », and s,
for x + + =, respectively. To give direction to the flow it will

be assumed that u, > us.

X
x ‘Iio g e

and take u as a constant, equation A.|.l0 becomes,

If we write,

n
2 d
Cp, T, + e, + }E:v=2 e, + uc - = {CptTt te,

}:“ 2

+ e +3u" }=H
v

v=2

It will be noted that the assumption that u is constant
restricts the theory to weak waves, through which the change in

u can be neglected.

Applying the above boundary conditions to the integral
of this equation we have,

n
2 _
cp T, *e, +Z e, t3u = H A 1.3,
v=2
The statement of the problem is completed by a description
of the behaviour of the rotational and vibrational modes. This

description is provided by the rate equations, as will be discussed

in the following section.
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A...3. The Rate Equation.

The conservation of mass, equation f.l.l,can be shown
to originate from a consideration of species continuity (Ref.ﬂ.hi),
but its derivation is so commonplace as to be accepted from the
outset. However, in order to consider the behaviour of the internal
modes of the molecule, we must return to the species continuity,

which for the case of steady flow is,

4y n(u+u)}s N

dx A.1 .1”4-.

o

where n, is the number of molecules of species a,.ua is the
diffusion velocity of the particular species, and Nq is the
number rate of production of species a per unit volume due to
reactions. We are considering a pure gas, so that the term
'species' refers to molecules in a particular internal quanfum

state.
We can write (Ref.(\-\-\.\

_ d
nu, = nD i (nu/n)

where it is assumed that the diffusion coefficient, D, is the
same for all quantum levels, which is reasonable in this case.
Substituting this expression into equation A.l i, multipying
through by the particular internal energy, €y possessed by a
molecule having an internal quantum state a«, and summating over

all quantum levels,we have,
d D de 1l o
—(e+p—a)=—é “Nue“ Ael1e150

This equation can be applied to any internal mode, so

we can write,

d D r,._.1 >
-a-,-‘-(erﬂ-p-é--a-; )'QZQNurear Ac1e16,
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for the rotational mode, and,
de
d D vy _ 1 . /
— (e +p-=—) = E aNuveav Aelel 7o

for the vth vibrational mode. Here again, only the latter of

these equations is valid in any strict sense, because their
derivation is based on the assumption that inelastic collisions

are infrequent. For want of a better description of the rotational
behaviour, it is assumed that its departure from equilibrium is

so small as to render equation A.lJb a reasonable approximation

to the true behaviour.

In accordance with the assumption of a perfect gas, it
will be assumed that the rotational and vibrational mode energies

can be characterised by temperatures, that is,

o, = cr'rr and e, = chv A.1.18,

Thus, writing,
Rr ) 'l_c' ﬁqrear and Rv = l—C § &aveav
Ppln %y

equations A.-l.lb , and A.1.\7 , become,

d D_ oy .
uE}-"(Tr-rpaa)-Rr Aele19,
and,
dT
d D Vy o
UE ( Tv + p'-Q-'a;' ) = R\’ Ae1020,

The simplest and most commonly used form for the rate
term, R, expresses a linear dependence on the departure from
equilibrium of the particular mode concerned (RefM\9, that is,

R = %- {T(EQUILIBRIUM) = T} Aele21.
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where T is the characteristic time for the particular energy
transfer process concerned,.and is known as the relaxation time,

T is the characteristic temperature of the particular mode concerned
and T(EQUILIBRIUM) is the equilibrium value of that temperature.

Energy can be transfered between any of the active modes,
that is: translation to vibration, translation to rotation
rotation to vibration, or between vibrational modes. It will
be assumed that each of these interchanges of energy can be expressed
in the form of a linear combination of terms like equation A.la-\,
where the equilibrium temperature of one mode is the temperature
of the other mode concerned. For the rotational mode we have,

therefore, from equationf.\.\q},

dT
a R SO
uzx-('l‘r-roadx)-tr('l‘t T)
+El—(r-w) Aele22
T v r o le L ]
AV ARY) o

and from equationfJ .20, for the vth vibrational mode,

daT

d D vy _ 1 -
“?x-('rv*padx)'tv( Te = 1)
#3= (T_-T.) + intervibrational
T r v
v
coupling terms. Acle23,

&1 are the relaxation times which
where T, Tys Typs rv’
characterise each of the energy transfer processes. In general

the T,p 3T not equal to the Toy °

This problem will be investigated for the case of a
single vibrational mode. This mode will be identified by the
subscript 2, that is, v = 2. ( This notation enables subscript
1 to be reserved for the combined translational and rotational

modes for later use.)



It will be assumed that the rotational/vibrational
transfer occurs independently of the translational/rotational

transfer so that,
C

1. =T, ==
2r r2 02

in which case the rate equations become,

d R 1 &
UGl Tetoga ) ST (T " T v 7 gXT,- T Altl2l.
r r2r
and,
dT
BTt ) T, T T Ty (T m T A2

Two further forms of the rate term for the vibrational
modes will be considered. The first of these is the case of bimodal
vibrational relaxation in which there is an exchange of energy
between the two vibrational modes which is independent of the
translational and rotational modes. It will be assumed for this
case that the gas is non-heatconducting and inviscid, and that

the rotational mode is in equilibrium with the translational mode.

The rate equations in this case are,

dT,, C
2 .1 1 3
u - ="'(T -T).'.——(T -’r) A.1.26°
dx 12 t 2 123 C2 3 2
and,
dT
ugg ¢ Ta( Tt Ta) + 1,23( '1‘2 T3) Ae1e270

Two special cases of bimodal vibrational relaxation
have been investigated elsewhere, namely series and parallel
relaxation, in which Ty ™ and Tog T ™ respectively. Both of
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these cases have been investigated in some generality by Becker
( Ref.Q\MW), and the case of parallel relaxation has been
investigated in depth by Clarke and Rodgers ( Ref.A.\.S). The
object here will be to investigate the general case as expressed
by equationsA.l.2-6 and QA.\.27 .,

The third form of the rate term to be investigated
involves the addition of a second order term to the linear
term given by equationf.\.2\ for the case when v = 2. The
gas will again be assumed inviscid and non-heatconducting and
the rotational mode will be assumed to be in equilibrium with

the translational mode.

It can be shown ( Ref.A\lb) that the linear rate term
is the first term in a Taylor series expansion of a more general
rate function about a suitable equilibrium state in the flow.
Two possible equilibrium states about which the rate term might
be expanded are: A real equilibrium state, for example as x + ie,
or a fictitious equilibrium state obtained with p and Tt fixed
at their local values within the flow. In both of these cases
" the first order rate term is of the form,

oR
R~ (ﬁ"} .( T (EQUIL.) = T.) + H.O. Acle270 4,
v v EQUIL. v
-1 . . . .
where {aRv/aTv}EQUIL. is the relaxation time mentioned above.

If a real equilibrium is chosen then the relaxation time is
evaluated at the reference state, ie. as x -+ t =, and must be
constant through the flow region. In the case of a fictitious
equilibrium the coefficient is evaluated at the local values of

p and Tt’ 50 that it can in general vary through the flow region.
For this reason the second form of definition is used more
frequently for experimental analysis where the pressure and
temperature changes are so large that the dependence of the
relaxation time on them has to be taken into account. For analytical
gsolutions it is sometimes more convenient to take the relaxation
time as a constant through the flow field, as will be done here,
and in which case both definitions of the equilibrium state yield

the same first order term.
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The second order term of the Taylor series expansion can
be found in a similar manner. Expanding the rate term to second

order about the local equilibrium state we have,

oR

\
%R, \
1 -
* =", € TEUIE) - 1)
v

The asterisk in the above equation indicates that a local
equilibrium has been used. However, for analytical simplicity
it will be assumed that the change in these coefficients through

the flow region can be neglected.

Writing,

{aR /9T }BQUIL .l/'rv Av1429.
and,
2 2 .
{a R /aTV}BQUIL l/‘l'v'r. Ao1 0300

equation 2.3.12 becomes,

1 Tv 1
Rv ~ ;;{ Tv(EQUIL.) - Tv}{ l+ ;:.ET;( Tv(EQUIL.) - Tv)}

16310

Substituting this rate term into the inviscid ' rate

equation with v = 2 we have,

aT T
2 _1 - 21
vE& ST Tt T Lo

( Tt - TZ)} Ao103,2o
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AV 4. Non-dimensionalisation.

The variables involved will be non-dimensionalised

as follows:

The temperatures will be non-dimensionalised with respect
to the upstream temperature, T_, that is,
0, = T /Tys 6, = T /Ty, 0, =T /T A.1033.

The velocities will be non-dimensionalised with respect

to the upstream velocity, u_, that is,

v = u/u A.1e3ke

The independent variable, x, will be non-dimensionalisqd
with respect to the relaxation length of the first vibrational

mode, that is,
zZ s x/u‘l"r2 Ao1035o
The relaxation length of the first mode is chosen as -

the scale of the problem because we shall be primarily concerned
with the behaviour of the flow on that scale.

The Mach number of the flow into.the wave will be defined

M = uﬂ/aew A.10360

where ae'(= /YeRgTw) is the upstream equilibrium sound speed,
that is, with all of the vibrational modes in equilibrium with
the translational and rotational modes, and Yo (= Cp/Cv) is the
ratio of the specific heats of the gas.
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Non-dimensionalising equation A-\.{ in this manner we

have, after some simplification,

0
t dv _ Fv
v * -Y—-Hi - £V 3; - Qu A.1 .37.
where,
3p
(P -1
€ = { H;' U.(u~12)j Ao1o380

It can be seen that e-l has the appearance of a Reynolds
number based on the relaxation length of the first vibrational

mode, u_tz.

-

Non-dimensionalising equation A.l.13 we have,

Y n Y Hy
T £ M2y2 = .2 A.1
Yo - 10, + B8, +Zu=28"e" t g MV ;—:-: s1e39

where yt(=Cpt/Cvt) is the ratio of the specific heats when only
the translational mode is excited, Br = C:r/R.8 and Bv s Cv/Rg.

The rate equations can be non-dimensionalised to give:

from equations A.\.%%, and A.\.%S,

d e, T2 S
CVE( er'l'ca-z-)-"R( Ot‘er)'l'e;-‘- 5(92-6”
2rr
Aeleli00
and,
d dé, T2
vl gt )= le -0 r=" (6 =0 Aelelile

re
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S 1

Sp.u. u-'r

where, R

It will be noted that R has the appearance of a Reynolds
number based on the rotational relaxation length.

From equationsA.l.2é6 and A.1.27, we have,

d62 12 C3
Va‘ =(6t'92)~r? 3(93“92) A.10Ll-20
2372
and,
de T T
3 _ _? - _2 -
v rrii 1,,.( Ot 93) + - ( 92 93) Aelel3.
3 23
From equation A.l.32 we have,
d62 : 12
vy =6, - 92)( 1+ ;—5 3( 6, - 92)) Aclolilyo
The boundary conditions become,
P
—,*0asz=+twforn 1. Aeteli5e
dz

Thus, equationsh.l.37 and A-1.39 taken with the appropriate
rate equations and the above boundary conditions complete the

extensions of the theory to be investigated.

A.1.5. Overall Shock Ratios.

It will be useful to consider the relationship

between the upstream and downstream limits of the flow.

Applying the upstream and downstream boundary conditions
simultaneously to equationsf.lL37 and A.A39, we obtain,
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0 .
V‘ + sz =1l *—l—z—' ‘ A.1.L‘5.
vsveM. yeM.
and,
‘ 2
.Y n Y
t e o
B 0O =~ @ -r:E: B.O_ + ve
s Vt 1 vz2. Vv 8 2
Y n vy M2 ‘ '
s 8, 1-"—1:—_—]?'#2 Bv-o-—e—;- Acteli7e
Yt v=2 '

Eliminating 6 between these two equations we have,

—-l'— - 2 A 08'
"s'ye+1(7e 1*3‘3). : Ay 1eli8

which we shall make use of later.

+
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APPENDIX 2,

THE SHOCK TUBE AND ANCILLARY EQUIPMENT,
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SUMMARY

The modificatlions which have been made to
the Cranfield Institute of Technology 2" shock tube for

this work are outlined,
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A.2.1. Introduction

All of the experimental aspects of this work were conductad
in the College of Aeronautics 2" diameter shock tube, The shock
tube and its mode of operation are described herein. The develop-
ments which have been made to the shock tube and the ancillary
squipment for the present experiments are also described.

As2.2. Principle of Operation

The shock tube consists of a straight length of pipe divided
in two parts by a diaphragm. One part of the tube, the channel, is
filled with the gas to be tssted, while the other sida, the driver,
is filled with a gas under pressure until the diaphragm ruptures,
This causes a shock wave to propagate through the test gas. A wgve
dagram, which is a time/distance plot, of this incident shock wave
and the subseaguent wave processes is shown in Figure A.2.1.

The incident shock wave is balanced by an unsteady expansion
fan propagating into the undisturbed driver gas. This reduces the
pressure of the driver gas and increases its velocity to match the
‘conditions behind the incident shock wave, that is, across the

contact surface.

In general the temperaturs and density across the contact
surface are not matched., It is assumed that the incident shock
wave, the contact surface and the unsteady expansion fan are formed

instantaneously,

The incident shock wave and the head of the unsteady axpansion
fan are reflected from the corresponding ends of the shock tube
leaving the gas stationary adjacent to the end walls. If the end
of the channel is plane the gas between the reflected shock wave
and the end wall will be stationary and uniform.

The conditions throughout the wave process can be calculated
theoretically from the goemetry of the shock tube and the initial
conditions in the driver and channel. For maximum accuracy in
calculations of the conditions in the shock wave processes it is
preferable to compute them from the initial conditions in the
channel and a knowledge of the incident shock velocity, which can
bs measurad directly. Normal shock relationships are used to
compute the conditions behind both the incident and reflected shock

wavas.
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It can be seen that the flow processes in the shock tube are
essentially unsteady and it is necessary to know the duration of
steady uniform conditions behind the incident and reflected shock
waves, It can be seen from Figure A.2.1 that the duration of
uniform conditions, or running time, behind the shock wave can be
limited by the arrival of the contact surface, the reflectsd shock
wave, or the reflected hear of the unsteady expansion fan. The
duration of uniform conditions behind the reflected shock wave can
be limited by the arrival of the disturbance resulting from the
reflected shock wave/contact surface interaction, the tail of the
unsteady expansion, or the head of the unsteady expansion,

For the particular shock tube used in these experiments, the
duration of uniform conditions behind the incident shock wave was
found to be limited by the arrival of the contact surface. The
duration of uniform conditions behind the reflected shock wave was
limited by the arrival of a disturbance at the end face resulting
from the interaction of the reflected shock wave with the contact
surface. For the experiments conducted in this shock tube, these
running times were measured directly.

It will be noted that the flow in the shock tube is constant
area one-dimensional flow and in principle, ideal for the production
of one-dimensional high temperature supersonic flows for the study
of shock wave structurs,

ARe2.3, Description of the Facility

A photograph of the shock tube control room is shown in
Figure A.2.2. The shock tube was mounted vertically and can be
sagn emerging from the floor of the control room in the bottom of

the picture,

The dimensions of the shock tube are shown in Figure A.2.3.
It can be seen that there were two diaphragm positions, the use of
which will be discussed later. Thaese diaphragm positions and the
driver of the shock tube were below the floor level of the control

room,

A photograph of a working section which was used at an early
stage in this work is shown in Figure A.2.4, This working section
was square in cross-section while the remainder of the shock tube
was circular, so a circular to square transition block was
incorporated at the upstream end of the working section.

Just below the working section shown in Figure A.2.4. can be
seen the timing section in which two thin film thermometsrs were
positioned to sense the passage of the incident shock wave. The
velocity of the incident shock wave was obtained from the time
taken for it to pass the two thermometers. This velocity was used
to compute thes incident shock Mach number and hence the conditions
throughout the subsequent waqve processes in the shock tube,
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The gas inlet valve through which the shock tube was
eyacuated and refilled with the appropriate test gas can be seen
beslow the timing section in Figure A.2.4. The shock tube was
evacuated with a Leybold D2 rotary pump giving an ultimate vacuum
of 103 torr and a combined leak and degassing rate of 2 x 10-3
torr per minute,

The vacuum system was redesigned for the final studies to
incorporate a small oil diffusion pump connected directly to the
channel of the shock tube via a new gas inlet valve designed
specifically to accomodate the diffusion pump. The parts of this
valve are shown in Figure A.2.5,., and it is shown in its assembled
form in Figure A,2.6. The original valve was pneumatically
cohtrolled and the vacuum system was exposed to wet compressed
air during part of the valve operation. The new valve was
designed to be manually operated in order to overcome this problem.
The component on the laft hand side of the picture in Figure A.2.6.
formed part of the shock tube, while the vacuum pumps were connected
to the large hole in the side of the assembly. It can be seen from
these pictures that the valve consisted of a piston controlled by
the leadscrew and hand wheel. Thse end of the piston was shaped so
that it would fit flush with the bore of the shock tube when the

valve was closed.

The valve was vacuum sealed with '0' rings throughout. All of
the fixed seals used butted '0' rings. The seal line which caused
greatest concern was that around the sliding joint between the piston
and the sleeve, Two '0C' rings were fitted in grooves in the piston,
and they can be seen on the right hand side of the leadscrew in
Figure A.2.,5. The region bstween these '0' rings was connected
directly to the rotary vacuum pump to maintain the region at a
moderate vacuum. An '0' ring was also fitted to the back of the
piston o form a butted seal when the valve was fully openad.

The valve is shown fitted to the shock tube in Figure A.2.7.
An Edwards E02 3" o0il diffusion pump can be seen connected to the
valve via a Tes pisce., The aoriginal Leybold D2 rotary pump was
retained as a roughing and backing pump, and can alsoc be seen in
this picturs. An ultimate vacuum zf 2 x 107 torr and a combined
leak and degassing rate of 2 x 107" torr per minute, The whole of
the vacuum and gas inlet system is shown schematically in Figure A,.2,.8.

The vacuum pressures were measured with an Alpha particle gauge
during ths roughing period and with an Ionisation gauge for the
determination of the ultimate vacuum. The initial channel pressures
were measured with a Texas Instruments pressure galvanometer giving
a digital readout of the channel pressure to an accuracy of 10!
torr. Ffor pressures below 100 torr a small tank having one tenth of
the volume of the channel was first filled with the test gas and its
pressure measured with the pressure galvanometsr. The gas was then
allowed to expand into the channel of the shock' tube to give the
required initial channel pressure. In this way, the accuracy of the
Texas Instruments pressure galvanometer could be used to give an
accuracy in the initial pressure of better than 0.1% over the range
of initial channel pressures used in these experiments,



Doubts existed regarding the uniformity of the flow in the
square workihg section, because of the transition from a circular
cross section to a square cross section which was necessitated in
the original arrangement of the working section,

It was decided that a new working section should be designed
and incorporated for the final seriss of experiments. The working
section was made from stainless steel for reasons of ultimate vacuum
and high purity. A photograph of the new working section is shown
in Figure A.2.9. The original windows from the square working
section were used for reasons of economy and availability. The faces
of the window mountings were machined back from the bore of the shock
tube towards the windows at an angle of 2~ to the axis of the shock
tube, thus producing the elliptical window aperture which can be

seen in the picture.

Experiments were conducted to relate the initial temperature
of the test gas to the temperature of the shock tube walls, It was
found, that if the channel was filled over a period of the order of
sevaral minutgs, the gas acquired the same temperature as the channel
to within 0.2, The initial temperature of the test gas could
therefore bes measured indirectly by a mercury thermometer strapped
to the outside walls of the shock tube channel to an accuracy of
better than 0.1%.

As2.4, Real Shock Tubs Bshaviour

The ideal shock tube behaviour described in Section A,2.2., is
not generally obtained in practice due to thepresence of the dia=-
phragm in the flow and to 'real gas effects'. These latter effects
are predominantly viscous, although other forms of diffusion and
dispersion can also modify the flow in the shock tuba.

The formation of the incident shock wave takes a finite time,
which is dominated by the diaphragm opening time. Compression and
expansion waves can continue to propagate between the diaphragm
station and the incident shock wave long after the initial rupture
of the diaphragm. These waves subject the incident shock wave to
a prolonged period of acceleration and cause none-uniformities in
the flow behind the incident shock wave,

Many researchers have investigated the influence of the
diaphragm opening procass pn the formation of the incident shock
wave, Rose and Nelson (Ref. Ae2.1,) were two of the earlier
researchers to investigate the nature of the region behind the
incident shock wave at different distances from the diaphragm
position.

A rise in density with distance behind the incident shock wave
was found which increased as measursments were made closer to the
diaphragm position. However, at 60 to 70 diamsters from the dia-
phragm the rise in density between the incident shock wave and the
contact surface was found to be less than 4%,



One of the more recent and more relevent studies was conducted
by Simpson (Ref. A.2.2.). He compared the performance obtained with
several diaphragms made from different materials of different thick-
nesses and having different score depths. The results showed that
the time taken for the incident shock wave to accelerate to a uniform
velocity was proportional to the product of the incident shock
velocity and the diaphragm opening time., The results also showed
that the minimum opening time was obtained when the score depth was
a minimum consistent with 'dean' pstalling.

Obvious modern materials for diaphragms are Melinex and Mylar
plastics because of their inherently low inertia for a given
bursting pressure. Unfortunately, it was not possiblae to obtain
* repeatable bursting pressures at the desired levels with these
materials and their use was consequently abandoned. Aluminium alloy
was a more suitable material and was readily available for the present

expsriments,

The material used for the diaphragms ranged in thickness from
26 standard wire gauge to 30 standard wire gauge, except for those
diaphragms which were used for the production of the weak incident
shock waves., The diaphragms waere scored with a sharp edged roller
in a cruciform pattern to a depth which was sufficient to ensure
'clean' petalling., A typical repeatability of =5% in the bursting
pressure was obtained with these diaphragms at a nominal bursting
pressure of 3 atmospheres. The repeatability might have been imprbved
by the incorporation of a diaphragm bursting device, but this was
neither practical nor desirable.

Figure A.2.10 presents some measurements which were mads of
the variation of the incident shock velocity with position along
the shock tube in the vicinity of the working section. It can bs
sean that the incident shock wave was still accelsrating as it
approached the observation position. According to the data praesented
by Simpson, these results indicated that the diaphragms had apening
times of the order of 100 microseconds. It can be seen from Figure
A.2.10 that the incident shock velocity increased by 1.5% over the
60 cms. upstream of the observation position.

"As mentioned above, this acceleration of the incident shock wave
gives rise to no-uniformities in the flow behind the shock wave,
However, as the region of interest bshind the incident shock wave
was of the order of 1 cm. wids, the change in conditions due to the
acceleration of the incident shock wave would be negligible compared
t6 other errors.

Viscosity is neglected in the ideal theory of the shock tube
behaviour. This is equivalent to assuming that there is a velocity
discontinuity at the walls of the shock tube, and the gas velocity
has its free stream value thers. In practice the velucity must be
zero at the walls and the free stream velocity must decrease to zerao
through a boundary layer., This boundary layer grows with distance
behind the incident shock wave in the manner shown in Figure R.2.11%,
The boundary layer affects the shock tube flow in several ways.,
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Under certain conditions the boundary layer, which will be
laminer immediately behind the incident shock wave, becomes turbulent
some distance downstream of the incident shock wave,.

If this transition occurs ahead of the contact region, the

turbulent eddies will further broaden an already broadened contact

region. (The contact region is also broadensd under the action
of diffusion induced by the largs changes in density and temperature
across it). The result is a broad undefined region of mixed driver
and channel gases., This situation is further agrevated by turbulent
eddies gensrated by the driver gas passing through the diaphragm
position,

The boundary layer also attenuates the incident shock wave
and accelerates the contact region thereby reducing the available
running time behind the incident shock wave. The boundary layer
grows with distance behind the incident shock wave and eventually
engulfs the wholes of the shock tube flow to produce fully developed
pipe flow.

Hooker (Refe A.2.3). has investigated the intermixing of driver
and channel gas in the contact region by using a spectroscopic
technigue to determine the time of arrival of the driver gas at the
observation position after the passage of the incident shock wave,

The length of the contact region was found to be insensitive
to the initial channel pressure and the diaphragm opening time.

Henshall (Ref.A.2.4). has shown that the acceleration
of the contact region and the attenuation of the incident shock
wave can be related theoretically to the presence of the boundary
layer, He showed that the contact region velocity exceeded the
ideal particle velocity and that it approached the velocity of
the incident shock wave, He also detarmined the growth and thickness
of the boundary layer using a laminar incompressible model. This
model was based on a mass flow balance betwsen the inflow through
the shock wave and the outflow to the boundary layer.

Mirels (Ref. A.2.5). and Trimpi and Cohen (Ref. A.2.6).
applied more rigorous models to the boundary layer analysis,
which took into account the essential unsteadyness of the flouw
and the compressibility and thermal conductivity of the gas. The
theories assumed that the ratios of the specific heats wers constant
so the results were quantitatively correct for weak waves only, Mirels
restricted his attention to laminar boundary layers, whereas Trimpi
and Cohen extended the theory to cater for both laminar and turbulent
boundary layers.

Calculations based on the work of Trimpi and Cohen indicated
that the attenuation of incident shock waves in carbon dioxide would
be much less than that in other gases. Experimantal results have
also been presented to support this aspact of the theory,



Azo

Spence and Woods (Ref. A.2.7) have also derived solutions for
laminar and turbulent boundary layers and have accounted for the
attenuation of the incident shock wave and the acceleration of the
contact region. They have also determined the distribution of flow
variables behind the incident shock wave,

Although many researchers have investigated various aspects of
the flow behind the incident shock wave; both sxperimentally and
theoretically, a comprehensive and systematic study has not yet been
made (page 75 of Ref. A.2.8). It appears that the most reliable
model is obtained by assuming that the velocity of the gas increases
behind the incident shock wave from the ideal particle velocity to a
velocity equal to the shock velocity at the contact region. Howsver,
for the present study, this limiting situation has not been reached
and it is considered that such an approach would be inapplicable,

If this limiting case had occured, a steady state treatment could
be applied to the flow immediately behind the incident shock wave to
determine the effect of the boundary layer growth on the uniformity
of the relaxation region. Mirels (Ref. A.2.9) has treated such a
flow as a subsonic compressible flow in an expanding channel with
co-ordinates moving with the incident shock wave. The area of this
pseudo duct changed in a manner described by,

| - ]_'.’.‘E

where x was the distance behind the shock front and L was the distance
downstream of the shock wave at which the boundary layer filled the
entire cross section of the shock tube, i.e. at closure.

The distribution of the flow variables behind the shock front
is very sensitive to the degree of attsnuation of the shock wave,
If the shock wave is not attenuatsed, theories predict that the
thermodynamic variables and the velocity of the gas will all increass
with distance downstream of the shock wave, However, if the incident
shock wave is attenuated by only 10%, the downstream of the shock
while the velocity will continue to increase.

The boundary layer also caused the incident shock wave to
become curved in the manner indicated in Figure A.2.12. Ouff and Young
(Refe Re2.10) have made measurements of the profile of incident shock
waves in a low density shock tube. The measurements were made with
piezoelectric pressure transducers mounted on atations acrocss ths
- shock tube. Tha shock waves were found to be spherical in profile
and had an apparent thickness given by,

o.94 ‘—oq
where L, is the mean free path ahead of the shock wave and R is the

redius of the shock tube cross section. The thickness was found to
be independent of the shock wave velocity.
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Hartunian (Ref. A.2.11) has analysed the shock curvature in
terms of the displacement flow resulting from the presesnce of a
boundary layer. He used a laminar boundary layer model with
potential flow in the cors betwsen the boundary layers and a limearised
oblique shock model for the incident shock wave adjacent to the shock
tube wall., The analysis produced a result for the shock profile of the

form, R,
9 -

— x lo
% = ‘1 P,

where x is the distance measure along the shock tube, y is the
distance measured across the shock tube, p, is the initial channel
pressure and q is a function of the incident shock Mach number.
For x and y in mm., and p, in mm. Hg., q has valuss at an incident
shock Mach number of 2 o} 26 in air and 30 in argon; no figures
have been calculated for carbon dioxide.

de Boer (Ref. A.2.12) has extended the theory developsd by
Hartunian to both laminar and turbulent boundary layers in viscous
compressible flow, Thesse results of these studies wsre compared
with measurements made in dissociating oxygen and good agreemsnt
was obtained., The refinement to the theory indicated that the
Hartunian result underpredicted the apparent shock thickness by 25%.

Lin and Fyfe (Ref. A.2,13) have investigated the slope of the
incident shock wave to assess its affect in comparison with the
effects of curvature. They have shown that contribution to ths
apparent thickness from sloping of the shock wave is negligible
compared toc the contribution from shock curvatursas.

The presence of the boundary layer also generates non-uniformities
in the reflected shock region and reduces the running time available
behind the reflected shock wave.

Part of the reflected shock wave adjacent to the side walls movss
back inte the boundary layer. Under certain circumstances the total .
pressure in the boundary layer exceeds that in the central core and
causes the reflected shock wave to propagate at a higher velocity in
the boundary layer than in the core. This leads to bifurcation of
the reflected shock region as shown in Figure A.2.13., The boundary
thickens and can separate from the walls under these conditions and
the influence of the boundary laysr can extend well into the corse of
the flow. This process continues as the reflected shock wave progresses
down the shock tube until the shock tube is filled with turbulent flow
behind the reflacted shock wave.

Strehlow and Cohen (Ref. A.2.714) have studied the reflectsd
shock region using a schlieren technique. They discovered that the
reflected shock wave accelerated until a steady velocity is attained.
When the reflected shock wave has travelled some distance, the
bifurcation ceasas and the rear of the turbulent region decelerates,
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Further studies by Strehlow and Cohen (Ref. A.2.15) indicated
that the bifurcation left a region adjacent to the end wall which
was stationary and wave frees.

The extent of the bifurcation is highly depsndent on the
particular gas being studied. Bifurcation occurs in carbon dioxide
for shock Mach numbers above 1.3, whereas it is non-existant in argon

and helium.

Mark (Ref. A.2.16) has analysed the bifurcation process and
explained the underlying physics. He has shown that the bifucation
should cease above a certain Mach number, although it has not been
possible to find any reports of experimental confirmation of this.

An assessment of the non-uniformities in the flow behind the
incident shock waves produced in the present experiments has been made
by observing the density gradients inthe flow behind the relaxation
region., Figure A.2.%14 shows a typical results. It can be seen that
the trace exhibits a slight second derivative of density behind the
relaxation region., If this is attributable to non-uniformities
caussed by the presence of the boundary layer, the density must have
been decreasing with distance downstream of the shock wave., It can
be seen from the error estimate presented that this source of error
could produce an error of :2% in the total density change through
the relaxation region,

A.2,5, Gas Purity

Collisions between water vapour molecules and carbon dioxide
moldecules ars of the order of 300 times more efficient than
collisionos amongst carbon dioxide molecules alone for small con-
centrations of water vapour. For the affect of the water vapour
on the relaxation time measurements in carbon dioxide to be less
than 1%, its content must be less than 30 parts per million (PPM),

The carbon dioxide was analytic grade as supplied by the
Distillers Company. This had a guaranteed water vapour content of
less than 25 PPM, and was passed into the shock tube over a phosphorous
pentoxide water vapour trap. The water vapour content was not
measured after it hadpassed over the trap, but it was reascnable to
assume that it was less than 20 PPM.

The impurity level of the test gas is also determined by the
residual impurity in the shock tube channel prior to filling with
the carbon dioxide. That is, by the ultimate vacuum which can bs
attained and by the combined leak and degassing rate of the system,

Figure A.2.15. shows the combined effects of the gas impurity
leval and the residual impurity level. The two curves show the
performance obtained with the initial configuration and with the
final configuration.
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For a given incident shock Mach number, the initial channel
pressure is determined by the spatial resolution and sensitivity
of the optical system. These require that the initial pressure
decreases with increasing shock Mach number. The ranges of the
initial channel pressures required in the various experiments are
also shown in Figure A.2.15. It can be seen that the initial con-
figuration did not have a low enough impurity level for most of
the expsriments, but the level in the final configuration was
adeguate., Even sao, the upper limit of the strong incident shock
experiments was determined by the requirement to keep the impurity
lavel below 30 PPM,
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THE GAS INLET VALVE — PART ASSEMBLED | FIGURE: A.2. 6.



——

THE VACUUM AND GAS INLET SYSTEM | FIGURE: A.2 7



827y smunota

‘AIISIS IFINI SVD NV mnﬂVAJ
1

_.@._ Valves,
{otery tP2 05
{acuum @- ‘e
Jump. | ap.
Air
admittance,

Alpha
particle

gauge ind,

particle
gauge,

Tube

Texas Inst.
pressure
galvan-
~Ometer,.

valve,

Working
section,

Charme lﬁ

!
I
|
I
l

M
!
I
|

Tank,

co

bottle,

Driver,

Ionisation
gauge

| indicatar,

SHOCK TUBE.
Imsation.... e e e
® gauge,
NZ
bottle,




THE NEW WORKING SECTION FIGURE: R.2. 9.



o
Mg ‘ |
[
--—J—— i 0
. —
3.0
e @ L4
o — *
° e .
— .
L - ®
°.—————_ -
e . — - ° s T e
2.0 ’
le
o 2% Mo be

Nistramnca beowurs Stacwe TURE
CMS

Beadien R W Bdetk MAeM WIMAENR o Tae
NaINTrY  ©0F THE MeQKINE SETT I,
F|GQuRlE A.2.lo.




CodmeT SPlFQce

TDEAC AcTu AL
[ / / IpedENT
/ /7 S Rocw
// AcTV AL

/s
exPANSion EAN y, IDEAC.

////// hye?

!
l Boanunaly

R B —— ey

4{(,———«——* - __d==‘—_,/

PHoeK TURARK Feowd AX € = +,

DSTolTied  WF SHocw TEE Fuaw JUE e ViScos T guee Q.2 1\




BooWDARY LAVER,

Ewe s ) ENT

$hou VAW

Yl rrd rrrd &

ZueIBENT Sdoltw CORMATURE Jie T Bosnd ARy wavee Figuee Q2 12,




BouwdARY cAuEe,

,(//f\ é”/j////// ST P T T T e

i st

!/

/

/

-—— - /

/

&eecred /
Svoex WAVE //
/

4

———— TuegoLenT Foaw |/

>0 LeecerTe) &

- Swoew Retiod //

/

////'7/'/f7/"/2/r,,/"/}

BiFoReArion OF Tre CefFrLerTed Sdece WiNe Faoeeh.'z.\%




0.289 cmg |




@se) 4 o, . _

Qee)
ﬁ Q
o
I s  ane - — - —— | amm — — -—— — —— - — — — — —— ey
on
';lmlg
2N
AN A D)
I M
o9
. / /s Y
NULYIODIgNGD =rLUNT PPN NINGD aprg
' S2NP NN
Mvan s
| 2SR INT ) SN ADMRg i
U w2 | aRaUonT hNogry )

Moy qEa Ay |

L
U Quisag s U |

FHaoee 4.12.19

WE&TER NAPoLR ContenNT Fol
VOr€\aus ExPERMENTS




Ao,

References for Appendix 2,

A.2.1. Rose P,H, On the Effect of Attenuation
Nelson V., on Gas Dynamic leasurements
made in Shock Tubes.
AVCO Res, Lab. RR-24 (1958).

A.2,2, Simpson C.J.S.M. Effect on Shock Trajectory
Chandler T.R.De of the Opening Time of Diaphragms

Bridgeman K.B. in a Shock Tube.
Pays. Flids 10, \Bay.  (1967)e

As2.3¢ Hooker W.J. Testing Time and Contact Zone
Phenomena in Shock Tube Flows,

Phys. Fluids L4, 1451 (1961).

A.2.4, BHenshall B.D. On some aspects of the use of
Shock Tubes in Aerodynamic

Research.
ARG R&M 3044  (1957)e

Ac2.5. Mirels H. Attenuation in a Shock Tube due
to Unsteady Boundary Layer action.
NACA Rep. 1333 (1957).

A.2.,6, Trimpi R.L. A Non-linear theory for Predicting
Cohen N.B. the Effects of Unsteady Laminar,
Turbulent or Transitional Boundary
Layers,
NAGA Teche Rep., R=-85 (1961).



Ac2e7e

A.2.8.

Ao 2. 90

Ae2,10.

A.2,11.

Ae2012.

A.2.13.

Spence D.A.,
Woods B.A.

Stupochenko Ye.V,
Losev S.A.

Osipov A.I,

Mirels He.

Duff R.E.

Young J.L.

Hertunian R.A.

de Boer P.,C.T.

Lin S,C.
Fyfe W.I.

A,

Boundary Layers and Combustion
Effects in Shock Tube Flows,
Hypersonic Flows, London (1960).

Relaxation in Shock Waves,
Springer-Verlag (1967).

Test Time 1in Low Pressure Shock
Tubes .

Phys. Fluids &, 1201 (1963).

Shock Wave Curvature at Low
Initial Pressures,
Phys, Fluids L4, 812 (1961).

Shock Curvature due to Boundary
Layer Effects in a Shock Tube.
Phys. Fluids L, 1059 (1961).

Curvature of Shock Fronts in
Shock Tubes.
Phys. Fluids 6, 962 (1963).

Low Density Shock Tube for
Chemical Kinetics Studies,
Phys. Fluids L, 238 (1961).



Ae2e1 ’-l-o Strehlow g.A-

Cohen AQ.

Ae2¢15. Strehlow Q.Q.

Cohen Q.

A020160 Mark H.

A-ug.

Comment on Reflected Shock Wave
Studles,
J. Chem. Phys, 28, 983 ( 1958).

Limitations of the Reflected
Shock Technique for Studying

Fast Chemical Reactions and its
Application to the Observation of
Relaxation in Nitrogen and Oxygen.
J. Chem. Phys. 30, 257 (1959).

J. Aero. Scie. 24, 304 (1957).



A.ug,

- APPENDIX

ERROR ANALYSIS



Aso

An assessment is presented of the major factors which have
determined the errors in the present experiments.,

The error assessment has baen broken down into the following
main areas,

1. The determination of the calibration of the schliersen system.

2. The determination of density gradient profiles from oscillogram
measurements.

3. Tha determination of the conditions behind the incident and
reflected shock waves,

4, The determination of relaxation times from the strong incident
shock waves.

5. The determination of the Mach number of a fully dispersed shock
wave,

These areas will now be considered separately.

A simple block diagram of the schlieren calibration is shown in
Figure A,3.1s The complexity of this calibration is regarded as ons
of the weak points of the present arrangement.

The calibration of the schlieren system affected the measurements
in two ways. In the cass of the strong partly dispersed shock waves,
the accuracy of the calibration had little impact on the relaxation time
results. Any inaccuracy caused a shortening or lengthening af the
data from each experiment on the Landau-Teller plot, That is, it
caused the data to be rotated about the low temperature equilibrium
end. Any non-linearity in the calibration caused the orientation of
the results on the Landau-Teller and a displacement of the data from
a common line. The affect was of the same order as that due to
inaccuracies., In the case of the fully dispersed shock waves, the
inaccuracies and non-linearities had a different impact. The main
impact was via the determination of the wave strength from the total
density change through it, which was calculated from the integral of
the schlieren output. Non-linearities had little impact on the
relaxation times determinaed from fully dispersed shock waves providing
the local mean value of the calibration was used.

The overall error in the knife edge calibration is estimated to
be :2%, including inaccuracies and non-linearities,

The Gladstone-Dale constant was taken to be an order better than
this, and was neglected in the assassment, Other sources of error
were embodied in the equation relating the displacement of the source
image at the knife edge to the density gradients in the flow, The
two main factors to be considered here are the reduction in the
ef fective path length through the shock tube flow due to the pressnce
of the boundary layer and non- uniformities in the flow, particularly
shock curvature, also due to the boundary layer.
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An assessment of the reduction in effective path length can be
obtained from Figure A.2.14. of Appendix 2. Ihe extent of the non-
uniformity can be seen to be of the order of =2%, and this is taken
as a measure of the possible reduction in path length.. The affect
of shock curvature appears to dominate a region in the partly dispersad
shock waves which is of the same order as the apparent shock thickness,
If this area is neglected, any other errors can be taken as being

included in the above 2%.

It is concluded that, providing care is exercised in the analysis
of gxperimantal data, the schlieren calibration errors can be taken
as =4%.

Figure A.3.2. presents a block diagram of the determination of
density gradient profiles ffom oscillogram measurements. A specified
figure for the accuracy and linearity of an ascillogram is typically
of the order of 3%. However, with careful setting up, errors of less
than 1% can be obtained, depending an the noise lavel of the traces.,
It can be sesn from Figure 3.2.2. of Section 3.,2. that the noise lavel
was of the order of 5% in some cases. As the data was effectively
smoothed during the analysis, most of this random error was removed
leaving a possible systematic error of the order of :2%, including
oscillogram errors. It can be seen from Figure A.3.2 that the shock
velocity also entered in at this stage., As will be discussed below,
this contributed an error of less than 1%,

It is concluded that errors of up to =7% could be present in the
density gradient profiles obtained in these experiments. Howsever,
most of these errors were systematic scaling errors rather than
random srrors and non-linearities.

Figure A.3.3 presents a block diagram of the computations required
for the determination of the conditions behind ths incident and
reflected shock waves. As noted in Appendix 2, the errors in the
measurement of the initial channel pressure, p,, and the initial
channel temperature, T,, are negligible on the scale of the other
errors which are being considered.

The incident shock velocity has been determined in a combination
of ways as indicated; by measurements with wall thermometers upstream
of the working section, by measuring the delay betwesn its passage at
the last thermometer and its arrival at the working section, and by
the time taken for it to traverse two light probes in the schliersn
soreen. A best estimate was obtained from these measurements taking
into account the degree of attenuation as indicated in Figure A.2,10
of Appendix 2. The srror in the shock velocity was estimated to be

less than 1%,

The conditions behind the incident and reflected shock waves
are calculated using the enthalpy data of Hilsenrath et al and no
errors were attributed to this source. The computations were
. essentially iterative, but they were taken to accuraciss outside
the levels being considered in this estimata.
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It would appear from the results of other workers that it would
be reasonable to take the departure from ideal conditions behind the
incident and reflected shock waves to be of the order of 2% and 4%
respectively for the range of incident shock Mach numbers considered.
However, it should be noted that the conditions into which the waves
were travelling behind the reflected shock wave were highly suspect
and theerrors could be much greatar.

A block diagram showing the determination of relaxation times
from strong incident shock waves is presented in Figure A.3.4.
As shown, the density gradient profile is integrated in order to
obtain the presentation of dP/dx versus P, ~-P for analysis. This
integration can introduce large errors ingo the measuremsents, as
discussed in Section 3,2. This will be discussed separately later.
However, it will be noted that this source of error could be removed
by the use of slectronic means of integration. The data was smoothed
on this plot, so many of the random errors should have been removed.
The conversion to characteristic time from characteristic lsngth
using U1 cancels out the errors introduced by u, in Figure A.3.2.

As the amplitude of the density gradient trace doss not affect
the characteristic time, the main sources of error are the noise on
the traces and the non-ideal conditions behind the shock wave, It
is estimated that the resultant error in the characteristic time, taking
into account the smoothing of the date and excluding the integration

. +
error, is =3%.

The only other factor having a major impact on the accuracy
of the relaxation time is theincident shock Mach number. This affects
the Landau-Teller presentation through the correction function, f,
and the translational temperature raised to the one third power. The
combined effects result in errors which are of the order of 5 to 8 times
the original error in the Mach number. Accordingly, an error or :8%
is attributed to this sourcae.

+The total error in the relaxation times from this analysis is of
the =12%. However, this does not account for the departure from the
Simpson curve, sse Figure 3.2.10, or for the amount of scatter. It
is concluded that the errors must be attributable to the method of

integration of the density gradient data.

This conclusion is borne out by Figures 3.2.11 to 3.2.13 of
Section 3.2, which show good agreement between the theoretical curve
using the Simpson data and the measured density gradient profiles,
The agreement is much better than would be expected on the basis of
the error analysis. However, as was noted, these wsre mainly scaling
errors and they could be masked by the freedom of choice in the start

of the relaxation region.
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Figure A.3.5 shows the method by which the strengths of the
fully dispersed shock waves were determined. It can be seen that
the density gradient profiles were integrated to give the total
density change across the waves, which could be related to the Mach
number of the waves., The accuracy of the Mach number determihed in
this way is datermlned by the accuracy of the density gradient
profile, which is -8% Howsver, as a large portlon of this was
random error a more repressntative figure is -5% It can be sean
from Figure 3.3.1 of Section 3.3 that this will be reflected as the
sams order of error in the density gradient and hence in the

characteristic time,

. It can be seen from Figurse 3.3.8 of Section 3.3 that the error
of -5% in the total density change is reflected as an error of
20.2% in the shock Mach number., However, it can be seen from
Figure 3.2.6 of Section 3.2 that the conversion function stespens
as the wave strength decreasas, The error in the relaxation t;me
due to the -5% error in the density change will therefore be -2%
The total error on the Landau-Tellsr plot should therefore be of
the order of =10%. Figure 3.3.11 of Section 3.3 shows that this
aestimate is reasonably consistent with the results obtained.

In view of the uncertainties associated with the reflected
shock region, an analysis for that part of the studies will not
be considered. It is noted that the scatter in experimental results

is between 10% and 20%.
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