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ABSTRACT 

The robustness and stability of machinery depend on structural integrity. This 

stability is, however, compromised by aging, wear and tear, overloads, and 

environmental factors. A study of vibration and fatigue crack growth for 

structural health monitoring is one of the core research areas in recent times. 

The research is yet to input sufficient explanations about the dynamic behaviour 

of the structure under distributed temperature. The structural dynamics can be 

influenced by material microstructure, temperature distribution, and duration of 

exposure to the thermal environment. The applied temperature can cause 

significant variations in the modal response. The existing studies are limited 

concerning temperature change and compel extensive investigation in a crack 

and uncracked condition. In this research, the structural dynamics and fatigue 

crack propagation behaviour when subjected to thermal and mechanical loads 

have been studied. It investigates the modal parameters of uncracked and 

various cracked specimens under uniform and non-uniform temperature 

conditions. An analytical model considering the effective length of the beam is 

developed to analyse the modal response of the beam. Then, the model is 

modified to enumerate the modal behaviour of the beam in the presence of 

crack.  The model is validated by experimental and numerical approaches. The 

experimental evaluation is conducted by considering three heating rates to 

attain the required temperatures. In the first case, ramping at 2°C/min is 

assumed as a slow heating rate. While ramping at 5°C/min and 8°C/min are 

assumed as moderate and rapid heating rates respectively. The heating rates 

are considered to compare the structural response changes. A small variation 

on modal parameters is noticed for different heating rates and when the applied 

uniform temperatures are changed to non-uniform temperatures, especially at 

elevated temperatures. This signifies heating at different rates has a slight effect 

while measuring the dynamic response of any mechanical system. The results 

showed that changes in modal parameters of the beam are associated with the 

change in temperatures and heating rate. 
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Furthermore, this research substantiates the fatigue crack propagation 

behaviour of pre-seeded cracks. The propagated crack depths are measured 

based on pixels contains in the crack. It is found that propagated crack depends 

on applied temperatures and associated mass. The appearance of double crack 

fronts and multiple cracks are observed. The multiple crack appearance seems 

due to the selection of pre-seeded crack shapes. Hence, the real crack and pre-

seeded crack are distinct and need careful consideration in crack propagation 

evaluation. 

Keywords:  
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1 INTRODUCTION 

1.1 Research background 

Engineering structures and components experience fatigue and failure during 

their service time. This failure is due to many reasons like wear and tear, cycles 

of loads, working environments, crack occurrence and propagation, etc. 

Researchers considered that early detection is the solution to prevent 

catastrophic damage because catastrophic failure is a cost to bear as the 

machinery is expensive and not easily replaceable rather be repaired. 

Vibration analysis is one of the non-destructive investigation techniques for 

structural health monitoring. Generally, the vibration of the components impacts 

the durability and reliability of the system. Traditionally, vibration-based 

inspections on structures were performed in the absence of a thermal 

environment. In recent years, the research is focused to include temperature 

load in structural health analysis. This is vital, because most of the engineering 

structures, particularly, in industries such as automotive, aircraft, power plants, 

etc. operate in thermal environments, in addition to the mechanical loads. The 

system response may vary depending on the working condition especially 

during the heating and temperature exposure duration. 

Vibration fatigue damage is a concern in engineering applications, particularly 

for metal structures. The design phase of a structure considers factors that can 

prevent or delay fatigue and fracture failures and increase its working life. A 

study on crack propagation behaviour is one approach to reduce and prevent 

the occurrences of fracture failure of the structure. It has many challenges due 

to the changing needs and applications. One of the main causes for crack 

propagation is the applied fluctuating loads, and temperature change. The 

fatigue life is dependent on the cycle history of loading magnitude, the residual 

stress, and properties of the material, manufacturing defects, design geometry, 

and environmental factors. The complexity of the crack propagation evaluation 

arises due to the complex loading and operation conditions. This research 
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intends to investigate the modal parameters and crack propagation behaviour 

when it is subjected to thermal and mechanical loads. 

1.2 Research problem 

Vibration-based inspection on mechanical structures for structural health 

monitoring is widely studied. However, many engineering practical applications, 

such as automotive, aircraft, power plants, etc. operate in a thermal 

environment in addition to the mechanical loads. Especially, during the heating 

and cooling process of the thermal systems, the vibration response may vary 

significantly. Published research methods are infeasible to capture the addition 

of thermal disturbances. The rate of heating and temperature exposure duration 

may vastly affect the system response, particularly during crack growth. Under 

the coupled loads, the dynamic response of the structure is subjective by the 

mechanical and thermal loads. The temperature change in the structure 

fluctuated the vibration centre and eigen frequencies. The vibration response in 

such conditions is the combined effects of thermal, loading mode, material 

properties, and boundary conditions. The temperature change alters the 

fundamental frequency of the system. The mechanical structures which operate 

in cyclic loads for a long duration generate heat on the system apart from the 

applied thermal loads. This change in global temperature affects the intensity of 

stress concentration, which consequently modifies the structural dynamic 

response.  

The thermal effect on the dynamic response of structure has a great concern in 

engineering applications. Structure exposed to reasonable high temperatures 

can modify the material properties and impact crack propagation. This 

modification influences the overall deformation of the structure. The 

temperature changes impact the amount of stress concentration thereby 

diminishing the global stiffness.  Moreover, thermomechanical vibration of 

structure relating to crack propagation and modal properties are still inadequate. 

Even though there are various studies on structure dynamics, the existing 

research has not considered the heating duration and non-uniform 

temperatures conditions which could potentially affect the structural dynamics. 
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In this research, the modal parameters and crack propagation behaviour of a 

cantilever beam subjected to thermal and mechanical loads were evaluated. It 

investigates the heating rate effect on modal parameters for both with crack and 

without crack beam under uniform and non-uniform temperature conditions. 

This beam was selected because many aircraft wings and turbine blades 

operate akin to a cantilever beam. This study substantiates the fatigue crack 

propagation behaviour of pre-seeded cracks under thermal and mechanical 

loads.  

1.3 Research objectives 

This research aims to analyse the influence of temperature distribution on 

structural dynamics and crack propagation behaviour. The research has the 

following objectives. 

1. To develop an analytical model to investigate the effects of temperature 

distribution on the modal response of a beam structure 

2. To establish the changes in the analytical model for a beam with a crack 

damage 

3. Experimental validation of the analytical model under uniform and 

variable temperature distribution across the structure 

4. Experimentally analyse the crack propagation behaviour and study the 

modal response of the beam during crack propagation. 

1.4 Thesis structure 

The thesis proceeds with a literature review on structural dynamics and crack 

propagation behaviour under thermomechanical loads. This comprehensive 

review encompassed the current challenges in modelling vibrational fatigue and 

fracture of structures at elevated temperatures. The research methodology is 

presented in chapter 3. Chapter 4 discussed the analytical formulation to 

estimate the modal parameters subjected to thermal and mechanical loads. 

This formulation considered the effective length of the beam due to thermal 

expansion along with the accelerometer mass in a fixed-free boundary 

condition. A linear temperature distribution approximation method is also 
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presented. The experimental method and numerical analysis are presented in 

chapter 5. It describes the performed tests in uniform and non-uniform 

temperature conditions. The results and discussion section are presented in 

chapter 6. This chapter discussed the thermal properties of Al 2024-T3, thermal 

and elastic strain intensity analysis, heating rate, and exposure time as well as 

the impact of temperature on modal parameters. The comparison of the modal 

behaviours of a beam under uniform and non-uniform temperatures conditions 

is also reported. The fatigue crack propagation behaviour, when subjected to 

thermal and mechanical loads, is presented in chapter 7. The last chapter 8 

provides the conclusions of the thesis. 
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2 LITERATURE REVIEW 

In the engineering world, crack occurrence and propagation in the material 

components and the structures are serious issues to address. Failure in early 

detection has consequences leading to catastrophic damage. The catastrophic 

failure is a cost to bear as the machinery is expensive and not easily 

replaceable rather be repaired. For this reason, researchers have performed 

extensive research to find solutions and minimize crack growth. 

Engineering materials especially metals develop cracks and fractures during 

their service time. Most of the applications, such as automotive, aircraft, power 

plants, etc., operate under high temperatures. Such structures and components 

of the machine develop crack more prevalent under the combined effect of 

thermal and mechanical loads and experiences fatigue [1–3]. Although the 

knowledge of fracture and fatigue was confirmed in 1754 BC [4], the scientific 

society faced many challenges while considering the continuously changing 

needs of the people. Several review articles published related to vibration 

fatigue and fracture: Thermal loadings fracture of shape memory alloys [5], 

Multiaxial vibration of linear and non-linear systems [6], Variable amplitude 

fatigue [7], Interpretive technical history of fracture mechanics [4], Role of 

dynamic response parameters in damage prediction [8], Cumulative fatigue 

damage mechanisms and quantifying parameters [9], Stability and significance 

of residual stress during fatigue [10]. The existing reviews showed that the 

researchers somehow managed to explain the details about the micro 

mechanics of fatigue and fracture and the macroscopic behaviour of structure 

distinctly separate. However, these details are insufficient to address a variety 

of modelling issues that may arise if the aforementioned mechanics and 

behaviour are correlated. 

These challenges are still unaddressed especially when the loads are no more 

singular and quasi-static in nature. The couple loads dynamic in nature involve 

mechanical and thermal external disturbances and this duality in time domain 

creates complexity in analytical mathematics to solve the real phenomenon on 

structures with exactness.  
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This review presents the significant efforts of the past and reviews the modelling 

challenges on vibration and crack growth. It provides an overview of the 

research complexities in the area of vibration fatigue and fracture modelling. 

This review organises the previous research work under five prominent themes: 

Assessing fatigue damage accurately under thermomechanical vibrational 

loads, complications in fatigue and fracture life estimation, intricacy in fatigue 

crack propagation, quantification of cracks, and the stochastic response of the 

structure under thermal environment.  In the conclusion, new directions of work 

are suggested that still require comprehensive research efforts to bridge the 

existing gap in the current academic domain.  

2.1 Assessing fatigue damage accurately under 

thermomechanical vibrational loads 

Thermomechanical vibrations have been concerned for engineering 

applications. In the growing advancement of technology, these applications are 

exposed to mechanical loads under thermal conditions and have tendered 

scientists and engineers to investigate the dynamic behaviour of structures and 

their components [11]. The vibration of the components influences durability 

and reliability. Generally, vibration is analysed in four domains and each domain 

offers identifiable data on the operational conditions and characteristics of the 

vibration [12]. Researchers apply different theories to study the characteristics 

of vibration: higher-order shear deformation theory [13–17], nonlocal elastic 

theory [18,19], modified couple stress theory [20], generalised differential 

quadrature method [21], Bubnov-Galerkin method [22], thermal-energy method 

[23], finite element analysis [24,25] among many others. Most of these methods 

are however purely analysing the vibrational characteristic behaviour of the 

structure without concerning the fatigue damage. Assessment of fatigue 

damage under such conditions is still a concern and challenge. Further the 

current investigations on thermomechanical vibration are more focused on 

different materials: materials like graphene sheet [26,27], functional graded 

Nano-plate [28], composite beams [29], and nano-composite plate [30]. 
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Primarily, it is on applications-based studies rather than emphasizing accurate 

measurement of fatigue. 

Warminska et al. [31] demonstrated that structural response is directed by the 

level of thermal loading and distribution. A large increase in temperature can 

shift the vibration centre and affects the fundamental frequency. Yang and Shen 

[32] studied similarly confirmed the vibration response as a result of thermal 

effect, material composition, boundary condition, and loading mode. A free-

vibration analysis in cylindrical bodies highlighted the frequency vibration 

depends on mode, thickness, and curvature of structure [33]. Shen and Wang 

[34] and Ghayesh et al. [35] investigated nonlinear vibration. They noticed the 

increase in temperature minimized the natural frequency but has a marginal 

effect on the nonlinear to linear frequency ratio. Julien et al. [36] and 

Kitipornchai et al. [37] examined probabilistic random vibration. They concluded 

that the linear frequency dispersion is an influence of temperature change. 

Rezaee et al. [38] studied vibration analysis of Nano-wires and Ubertini [39] and 

Bao et al. [40] studied vibrations of bridge structures. A few of the articles 

reported fatigue due to vibration [41–43] predominantly based on applications. 

They suggested the fatigue assessment in the studied applications is on a weak 

foundation due to a lack of analytical relations and arguments especially when 

the structures operated under thermomechanical loads.  

Modal analysis is a common method to predict structural health based on 

experimentally measured vibrations [44]. This method is more often used for 

extracting defects and faults from real structural applications, which are too 

complex to model analytically and numerically. For example, modal analysis of 

exhaust manifold in hot condition [45], the turbine blade at complex thermo-

mechanical loads [46], high-speed machine-like servo-hydraulic [47], jet engine 

fan [48], extracting full-field dynamic strain subjected to arbitrary excitations on 

a wind turbine rotor [49], etc. Modal analysis can also determine the dynamic 

stress intensity factor [50]. Similarly, it is also utilized in different approaches. 

Jezequel [51] used a hybrid method of modal synthesis. The approach is 

acknowledged for assisting in the research of structure remodelling. Yam et al. 
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[52] experimentally studied and suggested that modal strain analysis can be 

effectively utilized to study structural dynamics and fatigue life estimation. 

Haider and Nayfeh [53] investigated the modal interaction in the non-linear 

forced vibrations of a heated plate. Lamb and Rouillard [54] stated that system 

fatigue characteristics can be obtained by monitoring its modal parameters. 

Braghin et al. [55] modal control technique presented modal coordinate in 

fatigue analysis for the very first time. However, modal analysis is sometime 

constrained due to the difficulties to understand how the mechanical parameters 

of the system are modified, and hence guiding to disinformation. 

Thermomechanical vibration examinations are important to establish failure 

possibilities and crack propagation before catastrophic failure. In past, 

researchers used the system dynamic response and predicted the possible 

faults, defect, and their conceivable locations [11]. Mathan and Prased [56] 

studied the dynamic response of the piping system at various temperatures 

using finite element analysis. They performed FE simulation with the help of 

modal and harmonic analysis. Experiments and numerical simulations were 

also performed to study the dynamic and acoustic response of a clamped 

rectangular plate and a composite structure [54, 55]. The flexural responses of 

a thermoelastic thin beam were also studied under thermal and mechanical load 

[59]. Shen et al. [60] studied Reissner-Mindlin plates resting on elastic 

foundations. Besides the mentioned, researchers evaluated the vibration modes 

using video measurements [61].  It is well established that the academics 

studied vibration behaviour of structures of different sizes, thicknesses and 

layers i.e. sandwich plates [62–64]. Furthermore, the study of vibration in finite 

element method becomes familiar among the researchers due to its cost-

effectiveness and ease of evaluating the data. Nevertheless, the data obtained 

from experiments are always far from an agreement with the simulation results 

due to practical compromises  [65]. 

2.2 Complications in fatigue and fracture life estimation 

Fatigue is a failure phenomenon in materials that involves cyclic loads with 

developing cracks [66]. Fatigue normally occurs when a repeated or fluctuating 
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load is applied, which may either or both tensile, compressive, or torsional. 

There are three stages in fatigue life [66,67]: crack initiation, crack propagation, 

and failure stage. The crack initiates where there are discontinuities in the 

structure of the material like pre-existed crack, void, corrosion, stress 

concentration, etc’. The development of the discontinuity actually strengthens 

the structure through plastic deformation but lost its ability after reaching the 

deformation limit and thereafter developed minute crack [65]. The slow and 

steady growth of a crack threatens structural integrity. The final stage of crack 

development is fatigue failure. The fatigue life is dependent upon the load 

history, residual stresses, properties of the material, manufacturing defects, 

grain size, design geometry, environmental conditions, etc. Studies on 

thermomechanical fatigue [68–75] are limited to some applications and need 

comprehensive assessment in particular for fatigue life estimation. The following 

section discusses the fatigue life estimation methods to highlight the 

unaddressed challenges. 

2.2.1 Life estimation methods 

Knowing the life of the component before being used is the most important 

aspect to avoid fatigue or catastrophic failure. There are several methods and 

techniques to predict fatigue life. Approaches like frequency-domain method 

[76,77], modal approach [43,50,74], accumulative approach [78], thermal 

fracture model [79], continuum mechanics model [80] and intrinsic dissipation 

model [81] are predominant. The foremost and well-known method was 

formulated by Paris and Erdogan [82] given in Equation (2-1). 

𝑑𝑎

𝑑𝑁
= 𝐶∆𝐾𝑚    

(2-1) 

Where ∆𝐾 the stress intensity range, C and m is are the material constants. The 

fatigue life is then determined by integration as in Equation (2-2). 

𝑁 = ∫
𝑑𝑎

𝐶∆𝐾𝑚

𝑎𝑓

𝑎𝑜

   

(2-2) 
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Damir et al. [83] proved that modal analysis are a great potential for fatigue 

evaluation and characterisation of the mechanical components. This 

investigation determined the capability of experimental modal analysis as a non-

destructive tool. Braccesi et al. [76] used the modal frequency domain approach 

to evaluate the virtual fatigue life in a non-linear system. They considered the 

random loads to estimate the component life considering the dynamic behaviour 

and state of stress. The fatigue damage due to the stress time history was 

acquired by multiplying the Gaussian damage (𝐷𝑔). However, in real situation 

damage is non-Gaussian. The use of corrective coefficient of non-Gaussianity, 

𝜆𝑛𝑔 to estimate the non-Gaussian damage, 𝐷𝑛𝑔 is given by Equation (2-3). 

𝐷𝑛𝑔 = 𝜆𝑛𝑔𝐷𝑔 (2-3) 

The functional relation for the corrective coefficient was developed in the form of 

Equation (2-4). 

𝜆𝑛𝑔 = 𝑓(𝜇, 𝜎, 𝑆𝑘, 𝐾𝑢,𝑚) (2-4) 

Where 𝑚 is the slope of the material's from Wohler's curve, which is expressed 

in the form of 𝑆𝑓 = 𝑘
−1𝑁

−1

𝑚 , where 𝑆𝑓 is the fatigue strength (stress amplitude) and 

𝑁 is the number of cycles. 𝜎 represents the standard deviation, 𝜇 is the mean 

value, 𝑆𝑘 is skewness and 𝐾𝑢 is kurtosis, is an index of concentration of the 

probability density function area around the mean. The Gaussian damage curve 

in given Equation (2-5) was used to analyse the fatigue damage. 

𝜆𝑛𝑔 = 𝑒
𝑚
3
2

𝜋 (
(𝐾𝑢 − 3)

5
−
𝑆𝑘2

4
) 

(2-5) 

In other papers of Braccesi [77,84], a modal approach was used to evaluate the 

frequency domain stress recovery and fatigue damage of mechanical 

components. The stress tensor of the model was obtained from the power 

spectral density matrix. In Dirlik’s method, the fatigue damage 𝐷 was calculated 

by the relation of Equation (2-6). 
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𝐷 =
𝑇. 𝑛𝑡
𝐶

∫ (∆𝜎)𝑘. 𝑓𝜎

∞

0

(∆𝜎)𝑑(∆𝜎) 
(2-6) 

Where 𝑇 is the duration of the random signal application, 𝑛𝑡 is the number of 

cycles per unit time, (∆𝜎)𝑘 the probability density function of the stress range, 

𝑓𝜎(∆𝜎) is frequency domain criteria. The other method of calculating fatigue 

damage is the Bands method given by the relation of Equation (2-7). 

𝐷 =
𝐾. 𝛼

1
𝛽 . 𝑓𝑟𝑒𝑓

(∫𝐺𝑟𝑒𝑓(𝑓)𝑑𝑓)
1
2𝛽⁄
    

(2-7) 

Where, the functions 𝐾 parameters 𝛼 and 𝛽  are from the Wöhler’ curve, 𝑓𝑟𝑒𝑓 is 

reference frequency and 𝐺𝑟𝑒𝑓(𝑓) is the ratio function. 

In non-local-based fatigue life estimation, the dispersal of stress/strain in the 

locality of the crack tip is estimated [85].  The non-local damage parameter is 

the integration of all local damage parameters in the material domain. The local 

parameters are however estimated from the classical mechanics without 

considering the material homogeneity. The non-local concept considered the 

complexity of the geometry structure by analysing the influence of the 

inhomogeneity stress field [86]. This approach is termed as critical distance 

method. The local parameter is estimated by a point, a line, an area, or volume. 

The local parameter is calculated by: 

𝜎𝑒𝑓𝑓(𝑡, 𝑟𝑜) =
1

𝑤̂ (𝑟𝑜)
 ∫𝜎𝑛(𝑡, 𝑟)𝑤(𝑟 − 𝑟𝑜)𝑑𝐴

𝐴

 
(2-8) 

𝑤̂ (𝑟𝑜) = ∫𝑤(𝑟 − 𝑟𝑜)𝑑𝐴

𝐴

 
(2-9) 

Where t is the time, r is the unit vector and 𝑟𝑜 is the reference point in the crack 

tip and 𝐴 is the critical plane area. The weight function is presented in Equation 

(2-10). 

𝑤(𝑟) = 𝑒𝑥𝑝
−(
2𝑟
𝑙𝑐
)
2

  
(2-10) 
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Where, 𝑟 = |𝑟 − 𝑟𝑜| and 𝑙𝑐 is the critical length. 

In the point method, the fatigue failure occurs because of the presence of 

stress/strain to some critical distance from the crack tip. It is considered non-

local since the selected point is not from the crack-tip region. The fatigue life is 

calculated by reducing the stress/strain into equivalent stress/strain parameters. 

The critical distance is calculated [85] by Equation (2-11).  

𝐷𝑐 =
1

𝜋
 (
∆𝐾𝐼,𝑡ℎ
∆𝜎𝑎𝑓

)

2

  
(2-11) 

Where, ∆𝐾𝐼,𝑡ℎ is a range of threshold value of stress intensity factor, ∆𝜎𝑎𝑓 is the 

range of fatigue limit. 

The line method assumes that fatigue failure is due to the presence of stress 

over the line. The average of the stress is calculated as: 

𝜎𝑎𝑓 =
1

𝐷
∫ 𝜎𝑦𝑤(𝑥)𝑑𝑥
𝐷

0

 
(2-12) 

Where  𝐷 is the distance from the notch point and 𝑤(𝑥) is the weight function. 

The area method assumes that failure is due to the damage parameter over 

some area. The average failure function is calculated by: 

𝑅𝜎 =
1

𝑑0
2∫𝑅𝜎(𝜎𝑛, 𝜏𝑛𝑠)𝑑𝐴

𝐴

 
(2-13) 

Where, 𝑅𝜎 is the average failure function, 𝜎𝑛, 𝜏𝑛𝑠 are normal and shear stresses 

on the physical plane, the critical distance 𝑑0 in area, method is calculated by 

Equation (2-14). 

𝑑0 =
2

𝜋
(
𝐾𝐼,𝑡ℎ
𝜎𝑎𝑓

)

2

 
(2-14) 

The volumetric method assumes that fatigue failure is due to the damage 

parameter over a critical volume.  Saintier et al. [87] proposed a non-local 

energy-based fatigue life calculation subjected to multiaxial variable amplitude 
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loading. They anticipated two hypotheses of volumetric damage parameters. 

The volumetric damage parameters are expressed as: 

𝜔̅𝑔𝑒𝑞,𝑑𝑎𝑚(𝐶𝑖) =
1

𝑉∗(𝐶𝑖)
 ∫ 𝑊𝑔𝑒𝑞,𝑑𝑎𝑚𝑑𝑉

𝑣∗(𝐶𝑖)

 
(2-15) 

Where, 𝜔̅𝑔𝑒𝑞,𝑑𝑎𝑚 is the non-local damage parameter, 𝑉∗ is the volume 

influencing fatigue crack initiation,  𝐶𝑖 is the potential critical point and 𝑊𝑔𝑒𝑞,𝑑𝑎𝑚 is 

damaging strain energy density. The final energy damage parameters S-N 

curve equation is given as: 

𝜔̅𝑔𝑒𝑞,𝑑𝑎𝑚(𝑁) =
(𝐶 𝑁𝛾⁄ )2 − (𝜎∗)2

𝐸
  

(2-16) 

Where 𝐸 is the young modulus, 𝜎∗ is threshold stress, 𝑁 is the number of 

cycles, 𝐶, and 𝛾 are material constant. 

Another technique of evaluating fatigue damage is the accumulative approach. 

This technique is known as the Palmgren-Miner rule which is a linear damage 

accumulation rule. It states that failure occurs when the fatigue damage  𝐷 is 

equal to unity. 

𝐷 =∑
𝑛𝑖
𝑁𝑖
= 1    

(2-17) 

Palmgren-Miner rule is, however, not suitable for non-linear damage. Proso et 

al. [41] proposed the damage-accumulation correction rule for structural non-

linearity. The corrected damage accumulation is estimated by the following 

relation: 

𝐷𝑐 =∑𝐷𝑖 . 𝑅
𝑛𝑖 = 1

𝑖

 
(2-18) 

Where 𝑅 is the constant correction factor and 𝑛 is the rate of non-linearity which 

is obtained experimentally. The fatigue damage is calculated by Equation 

(2-19). 
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𝐷 = 1 =∑
𝑛𝑖
𝑁𝑖
𝐷𝑖 =∑

𝑡𝑖
𝑇𝑖
    

(2-19) 

Where, 𝑡𝑖 and 𝑇𝑖 are respectively the time of excitation and fatigue lifetime. 

Several factors contribute to non-linear damage mechanisms. There are several 

factors, which are responsible for non-linear damage mechanisms. The effects 

of overloading and geometrical discontinuities are predominately studied in the 

existing literature [88–90]. The non-linear nature of fatigue damage due to 

overloading and underloading creates irregular local stress amplitude near the 

crack tip. However, damage evolution due to overload is also dependent on the 

nature of the microstructure which can be improved by the heat treatment 

processes [89]. The geometrical discontinuities affect the fatigue life due to 

stress concentration. These discontinuities are inevitable in the structures 

mainly due to design requirements. However, researchers do relate their 

influence with microstructural voids, corrosion pits, riveting joints, wear and tear 

[91–93]. Therefore, these discontinuities can lead to a non-linear damage 

progression.   

There are other approaches to fatigue life estimation modelling found in articles: 

Thermal fracture modelling method for functionally grade plate [79], continuum 

mechanics modelling for fracture analysis [80], intrinsic dissipation modelling for 

high-cycle fatigue life prediction [ 78]. Susmel and Taylor [94] attempted to use 

a critical distance method to estimate the finite life of notch components based 

on the modified Wohler curve method under variable amplitude loading. In 

similar work using a critical plane approach, Gates and Fatemi [95] studied the 

multiaxial amplitude fatigue life of un-notch specimens. The shortcoming of the 

critical distance method is averaging the local parameters which may 

theoretically not be precisely measured. Other researchers studied the lifetime 

by simulation method.  Riedler et al. [96] simulated the lifetime of thermo-

mechanical loaded components which investigated the transferability of the 

simulation models to the real components. Khan et al. [97,98]  studied the 

remaining life prediction method based on the natural frequency. A high cycle 

and low cycle fatigue life prediction model was also presented for a Nickel-
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based single crystal blade [99]. Researchers applied the thermal-fatigue life 

assessment on real applications [25,42,100–103]. Kamaya and Kawakubo [104] 

studied the effect of loading sequence on fatigue life. They found fatigue life is 

longer in the case of high-low loading than low-high loading sequences. 

Besides, the study found crack mouth opening effect is the main cause in 

reducing fatigue life whereas stress intensification, damage interaction, and 

damage sequence effect demonstrated less impact on fatigue life. Several life 

extension techniques have been proposed in the literature. They have made a 

fair impact on the existing fatigue life estimation approaches. Ayatollahi et al. 

[105] studied the crack growth retardation technique by introducing a drilling 

hole along the crack flanks. Their numerical analysis results revealed that the 

presence of holes around the crack tip reduces the stress concentration and the 

stress intensity factor. In other papers of the same authors [106,107], crack 

growth retardation was applied with the help of a stop hole at the crack tip. 

These investigations demonstrated an extension in the overall fatigue life.  All 

these studies specify despite numerous concepts of fatigue life estimation, it is 

hypothetically demanding to locate the perfect explanation and amplification. 

2.3 Intricacy in fatigue crack propagation 

A fatigue crack growth curve is a graphical representation of the stress intensity 

factor range and cracks growth rate [63-64] as shown in Figure 2-1. The region I 

describe the crack initiation which is termed as near-threshold zone below 

which the fatigue crack does not happen. Region II is the intermediary zone 

where there is linear and steady crack propagation occurs appropriated for 

Paris and Walker models. The abnormal fatigue crack growth occurs in the 

region III due to the phenomenon of plasticity that leads it to the catastrophic 

failure. The crack growth rate rises rapidly as the maximum stress intensity 

factor reaches the fracture toughness, as shown in Figure 2-1. However, the 

crack growth rate may not be same for all the materials. 

The simplest form of fatigue crack growth analysis is those which are subjected 

to constant amplitude loading because no loading history has to be considered 

[66]. The complexity of the crack growth evaluation arises due to the variable 
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amplitude loading where the existing loading interaction effects. Chowdhury et 

al. [66] proposed a framework to select the fatigue crack growth method for life 

cycle assessment. Their paper discussed the advantages and highlighted the 

model’s limitations of the four fatigue crack models namely: Paris-Erdogan 

model, Walker model, Forman model, and ASGRO model. Zang et al. [108] 

explored the judgment criterion of the dominant factor of creep fatigue. They 

considered the interaction of creep fatigue at different intensity factor range at 

different temperature with dwell time under various loading condition. Their 

study highlighted that both time-dependent (creep-fatigue) and cycle-dependent 

(fatigue) involves in the crack growth process as shown in Equation (2-20). The 

crack growth rates of fatigue, creep, and creep-fatigue interaction is shown in 

Figure 2-2 (a-e). The crack growth rates were compared for 0-s with 90-s dwell 

time at temperatures 650°C, 670°C, 690°C, 710°C, and 750°C. Dwell time 

refers to the time required to generate the trapezoidal waveform by imposing a 

dwell time at the peak load. The graphs indicated that the fatigue item 

dominated the crack growth rates at lower temperatures and the creep item has  

𝑑𝑎

𝑑𝑁
= (

𝑑𝑎

𝑑𝑁
)
𝑐𝑦𝑐𝑙𝑒−𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡

+ (
𝑑𝑎

𝑑𝑁
)
𝑡𝑖𝑚𝑒−𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡

  
(2-20) 

 

Figure 2-1 Fatigue crack growth curve [66] 
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little influence in the whole stress intensity range. However, the creep item 

dominates the crack growth at higher temperatures.Crack growth tests are 

normally performed in isothermal situations at different temperatures to illustrate 

the material behaviour [109]. Fatigue crack growth rate increases with the 

temperature rise. Lu et al. [110] studied the hold-time effect of elevated 

temperature crack growth behaviour of strengthening super  

 

Figure 2-2 Crack growth of creep-fatigue interaction at a (a) 650°C (b) 670°C (c) 

690°C, (d) 710°C (e) 750°C. with 90 sec dwell time [108] 
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alloys. This research applied the fracture mechanics parameters to correlate the 

crack behaviour at a different temperature. The result showed that the time-

dependent creep damage mechanisms control the cracking path. 

Narashimhachary et al. [111] found that there is a difference in the stress 

intensity solutions for a rectangular edge-cracked plate emphasizing the 

importance of using correct boundary conditions. Bouvard et al. [112] 

formulated a phenomenological model to predict the crack growth in crystal 

super alloys at elevated temperatures. Fatigue and creep-fatigue tests were 

taken out to inspect the consequences of time on crack growth rates. A different 

form of loading conditions was performed to examine the crack growth process 

for (a) without hold time (b) hold time, (c), and (d) at overloads as shown in 

Figure 2-3. 

 

Figure 2-3 The shape of analysed cycles[112] 

Remarkably, the two regimes in Figure 2-4 are also viewed from the fracture 

surface from scanning electron micrographs as shown in Figure 2-5. The four 

zones are the pre-crack, short crack regime, long crack regime, and failure 

zone. Sankararaman et al. [113] presented a method to quantify the uncertainty 

in fatigue crack growth prognosis which is applied to structures with complex 

geometry and subjected to variable amplitude multi-axial loading. The model 

modified the Paris law to include the retardation effects which is shown in 

Figure 2-6. The sources of the uncertainty mentioned the physical variability like 

loading, initial flaw size, and data uncertainty. They also discussed model 

uncertainty parameters like crack growth law, calculation of stress intensity 

factor, etc.   
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Yao et al. [114] studied the effect of thermal-induced damage on dynamic 

fracture toughness. The notch specimen of two mortars was heat treated and 

tested with a split Hopkinson pressure bar (SHPB). X-ray computer tomography 

(CT) was also used to quantify the thermally induced micro-crack and changes  

 

Figure 2-4 Crack growth rate evolution as a function of crack length increase at a 

frequency of 5Hz for single crystal super alloy [112] 

 

Figure 2-5 Crack scanning electron micrographs of the fracture surface from the 

specimen tested at 5Hz for single crystal super alloy [112] 
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Figure 2-6 Crack propagation analysis [113] 

in chemical in terms of CT value. They observed that there was a decrease in 

fracture toughness due to the heat treatment. They found fracture damage is a 

combined effect of micro-crack and deterioration in the binding property of 

mortars. Kidane and Shukla [115] also investigated the effect of a thermal and 

loading rate on the fracture toughness of Ti/TiB using a three-point bend 

specimen. Unlike Yao et al [114], they used the modified SHPB apparatus with 

an induction coil as a heating system. The fracture toughness was found to be 

sensitive to temperature as shown in Figure 2-7. Fracture initiation toughness 

was noticed to be strain rate sensitive and higher for dynamic loading as 

compared to the quasi-static conditions. Verlesen and Peirs [116] investigated 

the fracture behaviour of Ti6A114V under quasi-static and high strain rate 

conditions. The fracture behaviour was illustrated from the Johnson-Cook 

damage initiation criterion combined with energy-based ductile damage law. 

The process of void nucleation and crack growth was unexpectedly culminated 

by strain localization.  The strain rate effect was experienced caused by thermal 

softening which support the strain localization. 



 

41 

In past studies, fatigue crack growth was tested under the isothermal situation. 

Lansinger et al. [109] attempted to test the crack growth rate in the combined 

condition of thermal and mechanical loading. The tests used a temperature 

loading frequency of 1 Hz with cooling rates of 3 to 5℃/min. They discovered 

that the combined test was in good agreement with the isothermal crack 

propagation at the same loading frequency. Estimation of fatigue crack growth 

was also performed in complex loading conditions [78]. You and Lee [117] 

evaluated the crack behaviour of steel in mixed mode I and mode II loadings. 

Their studies revealed the accelerated crack growth by the addition of cyclic 

mode II. The result of mixed-mode crack growth was affected by the 

collaboration of plastic deformation zone, load ratio, and increase in contact 

area on the rough crack surface. 

 

Figure 2-7 Effect of temperature on the fracture initiation toughness of FGM 

graded in the crack direction under quasi-static and dynamic loading [115] 
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Fatigue crack growth rate at elevated temperature was studied extensively in 

the recent past. These studies concluded that crack propagation is caused by 

several factors like environmental, stress-assisted grain boundary, oxygen 

embrittlement [118], stress intensity factor with the effect of frequency, load 

ratio, and temperature [119,120]. Wen et al. [121] analysed the finite 

deformation under small creep conditions. The crack growth rate was 

discovered to be more sensitive to the finite element size under cyclic loading 

than monotonic loading conditions. Tvergaard and Needleman [122] studied the 

brittle-ductile transition in dynamic crack growth by considering thermal 

softening and ductile failure. They established the transition from cleavage 

crack at a lower temperature to ductile cracked growth at a higher temperature. 

Nishioka et al. [123] investigated the effect of specimen size on dynamic crack 

propagation of double cantilever beams. The propagating crack was observed 

through high-speed photography. The investigation reported the values of crack 

arrest toughness were larger for a shorter specimen than a longer specimen. 

Thus, it can be concluded that the complexities in estimating crack growth are 

due to the inconsistent crack propagation pattern.  

2.4 Quantification of cracks 

Quantification of cracks is the measurement of crack magnitude. There is no 

such single equation that satisfies different crack problems and there 

concerning boundary conditions. However, in most cases, the researcher 

attempted to quantify cracks by calculating the state of the stress/strain field, 

residual stress, and displacement data. In many situations, the stress intensity 

factor (SIF) is used to predict the stress state near the crack tip [124–127]. In 

dynamic loading, SIF is reinstated by the dynamic stress intensity factor (DSIF) 

[128–135]. In thermal loading conditions, several works of literature [125,136–

150] used the thermal stress intensity factor (TSIF) to determine the thermal 

stress state. Kim et al. [124] stated that the stress intensity factor due to the 

thermal loads is the function not only to immediate boundary conditions but also 

of the preceding history of the boundary temperature.  The stress intensity 

factor is nonetheless dependent on the state of stress/strain, displacement and 
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temperature fields which are the potential factors to quantify cracks. Henceforth 

quantifying cracks is perplexed especially in complex geometrical structures. 

Consequently, the study of cracks includes classification of remote stress, 

orientations of the obtained cracks, and respective material properties. 

Defining the stress intensity factor is vital to estimate accurate crack 

propagation. Different stress intensity factors are defined in the literature based 

on boundary conditions. Tran et al. [151] conducted a modal analysis to 

compute the stress intensity factor. Modal stress intensity factor was extracted 

from stationary crack and computed the dynamic stress intensity factor using 

the extended finite element method. In similar work, Galenne et al. [152] offered 

a modal approach to linear fracture mechanics. Modal stress intensity factor is 

extracted from either the crack-tip displacement method or by energy method. 

The general equation for energy release rate G for the crack in dynamic loading 

was given as [151,152]. 

𝐺 = −
𝑑

𝑑𝑙
(𝑊𝑒𝑙(𝑢) +𝑊𝑘𝑖𝑛(𝑢̇) − 𝑃(𝑢))  

(2-21) 

Where, 𝑊𝑒𝑙 is the elastic energy, 𝑊𝑘𝑖𝑛 is the kinetic energy, 𝑃 is the external 

power forces, 𝑢 is the displacement and 𝑢̇ is the time derivative. Ni and Zhang 

[153] defined the dynamic stress intensity factor under the ultrasonic loading. 

They claimed to have the equivalent with the effective stress intensity factor 

values as in traditional fatigue tests. Calcada et al. [67],[154] developed an 

efficient crack analysis using modal stress intensity factor, and their research 

methodology flow chart is shown in Figure 2-8. The total stress intensity factor 

for dynamic loading is given in Equation (2-22): 

𝐾𝑡𝑜𝑡𝑎𝑙 = 𝐾𝑠𝑡𝑎 +𝐾𝑑𝑦𝑛 (2-22) 

Where, 𝐾𝑠𝑡𝑎(𝑡) = 𝐶 𝑛√𝜋𝑎. 𝜎𝑠𝑡𝑎  

   𝐾𝑑𝑦𝑛(𝑡) =  𝐶 𝑛√𝜋𝑎. 𝜎𝑑𝑦𝑛 

The total value of 𝐾 through time is expressed as Equation (2-23) 
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(a) With sub modelling 

 

(b) Without sub modelling 

Figure 2-8 Flow chart for the application of the proposed methodology [67] 
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𝐾𝑡𝑜𝑡𝑎𝑙(𝑡) =

{
 
 

 
 𝐾𝑠𝑡𝑎 +∑𝐾𝑗 . 𝑌𝑗(𝑡)  𝑖𝑓 𝐾𝑠𝑡𝑎 +∑𝐾𝑗 . 𝑌𝑗(𝑡)  ≥ 0

𝑗𝑗

0                                 𝑖𝑓 𝐾𝑠𝑡𝑎 +∑𝐾𝑗 . 𝑌𝑗(𝑡)  ≤ 0

𝑗

   

(2-23) 

Kabayashi and Ramulu [133] evaluated DSIF for unsymmetrical dynamics. 

Rokach and Łabędzki [130] proposed a method to determine the dynamic 

stress intensity factor for a four-point bend impact test. Wang et al. [131] 

established a dynamic stress intensity factor applying the interaction integral 

method. The integral method was executed without crack tip enrichment for 

both homogeneous and non-homogeneous material. The relationship between 

interaction integral and stress intensity factor is given in the equation below 

[131,155]: 

𝐼 =
2

𝐸𝑡𝑖𝑝
∗ (𝐾𝐼𝐾𝐼

𝑎𝑢𝑥 + 𝐾𝐼𝐼𝐾𝐼𝐼
𝑎𝑢𝑥) 

(2-24) 

Where, 𝐸𝑡𝑖𝑝
∗ = {

𝐸𝑡𝑖𝑝                    𝑓𝑜𝑟 𝑝𝑙𝑎𝑛𝑒 𝑠𝑡𝑟𝑒𝑠𝑠
𝐸𝑡𝑖𝑝

1−𝑣𝑡𝑖𝑝
2          𝑓𝑜𝑟 𝑝𝑙𝑎𝑛𝑒 𝑠𝑡𝑟𝑎𝑖𝑛

 

Moreover, Huang et al. [125, 153] used the domain-independent interaction 

integral method to evaluate the DSIF for crack with nonhomogeneous materials. 

The relationship is given in Equation (2-25) 

𝐼 =
2

𝐸𝑡𝑖𝑝
∗ 𝑐𝑜𝑠ℎ2(𝜋 ∈𝑡𝑖𝑝)

(𝐾𝐼𝐾𝐼
𝑎𝑢𝑥 + 𝐾𝐼𝐼𝐾𝐼𝐼

𝑎𝑢𝑥) 
(2-25) 

Dynamic stress intensity factor is also derived through the finite element and J-

integral methods [132]. A formula was developed from the path independent J-

integral by taking the effect of inertia. Aloui et al. [129] studied the dynamic 

vibration behaviour of a cracked plate subjected to sinusoidal loading and 

analysed the stress field and dynamic stress intensity factor.  Rokach [134] 

numerical investigation on the accuracy in the determination of dynamic stress 

intensity. Wen et al. [157] studied the dynamic behaviour of stationary cracks 
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using dual boundary methods and determined the dynamic stress intensity 

factor through crack opening displacement. 

Evaluation of crack in the thermal environment is vastly studied. Han and wang 

[158] investigated the thermal shock resistance of multiple cracking in 

functionally graded material (FGM). Thermal shock resistance was determined 

based on the stress-based and fracture mechanics-based criteria. Zhang et al. 

[155] also examined the thermal shock resistance of FGM in a mixed-mode 

crack. The modelled both strength and fracture theories pondering the failure 

criteria of maximum local tensile stress, maximum thermal stress intensity, and 

maximum hoops stress criterion. The transient temperature field for the finite 

element equation is expressed in Equation (2-26). 

[𝐾1] + [𝐾2]{𝑇(𝑥, 𝑦, 𝑡)} + [𝐾3]{𝑇̇(𝑥, 𝑦, 𝑡)} = {𝑃(𝑥, 𝑦, 𝑡)}   (2-26) 

Where, [𝐾1] is the heat conduction matrix, [𝐾2] is the convection matrix and [𝐾3] 

is the heat capacity matrix. Petrova and Schmauder [142] developed 

mathematical modelling and evaluated the TSIF of FGM for an interface crack. 

The parametric analysis showed the dependence of the TSIF at the crack tip 

location and its orientation. The stress intensity factor under thermal stress was 

analysed for the interfacial crack of bimaterial [121, 135, 42]. The transient SIFs 

are observed to be of greater value than in the transient state. Nemat and Noda 

[143] analysed TSIF for functionally gradient material. They observed that TSIF 

decreased dramatically for selected nonhomogeneous parameters. Transient 

thermal stress intensity factor was investigated for a hollow cylinder with a 

circumferential crack [149,150]. Xue et al. [149] evaluated based on the heat 

conduction model. It was found that the thermal stress at the crack tip is 

different for different parameter values. Zhang and Li [150] studied the 

generalised fractional heat conduction and found a striking difference in thermal 

stress intensity factor with the Fourier heat conduction model.  

Different approaches were used for calculating the thermal stress intensity 

factor for a cracked cylinder [125,137,139,140,145]. Zhong and Huang [136] 

observed that TSIF did not only depend on applied thermal loading but also 
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dependent on mechanical loading and physical properties of the crack interior. 

Tanigawa and Komatsubara [148] evaluated the thermal stress of a rectangular 

plate. The fracture behaviour of the crack was examined with a non-uniform 

heat source. Their study explained the variation of stress intensity depending on 

the kind of parameters like mechanical boundary conditions, the thickness of 

the plate, the orientation of the crack, surface friction, etc. Lee et al. [141,146] 

studied the TSIF for interface crack under uniform heat flow. The finding 

showed the stress intensity factor was strongly dependent on material 

properties. Analysis of thermal stress intensity factor was also studied using 

different methods and approaches [124,147,160]. Assessment of mixed-mode 

stress intensity factor under the thermal and mechanical loading [161].  

Le and Gardin [162] used the analytical approach based on stress intensity 

factor and weight function to study the crack shape and kinetics of crack 

propagation under the thermal cyclic loadings. The result showed the crack 

decelerated at the deepest point and accelerated at the surface due to the 

compression state in the centre and tension near the surface. Sankraraman et 

al. [163] examined the influence of an initial flaw size of the crack. The stress 

intensity factor is expressed in terms of the initial flaw size of crack and 

loadings. The size of the crack opening was however dependent on the 

geometry [164]. Another type of crack is a breathing-fatigue crack as discussed 

by Yan et al. [165]. The researcher proposed the procedure to identify the 

prevailing breathing crack and computed the crack quantitatively. 

Crack is also analysed in different schemes. Huan Chen [166] considered a 

partially insulated crack. Using the hyperbolic heat conduction theory as per 

Equation (2-27), thermal stresses and thermal effects on the crack were 

examined. They expressed that the conduction parameters, thermal 

conductivity, and geometry size have a greater influence on the stress of the 

crack surface and temperature gradient. 

𝑎 · 𝛻2𝑇 =
𝜕𝑇

𝜕𝑡
+ 𝜏

𝜕2𝑇

𝜕𝑡2
   

(2-27) 
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Where 𝑎 is thermal diffusivity and 𝛻2 is Laplace differential operator. Ekhlakov 

et al. [167] presented thermoelastic crack analysis in FGM. They observed that 

the influence of the thermomechanical loading in DSIF was much lower than the 

material gradation. Moreover, DSIF is dependent on the crack angle and 

orientation with corresponds to the material gradation. Lee et al. [168] and 

Zhang et al. [169] similarly analysed the exponential gradation of FGM to 

develop the thermomechanical stress and displacement.  

Nicholas et al. [170] estimated the crack propagation as the function of the 

phase angle between load and temperature. Their research acknowledged the 

contribution of load position and time effects. John et al. [171] experimentally 

worked out TSIF generated by temperature gradient around the crack and 

hence confirmed the thermal load induces crack growth. Park et al. [172] in a 

similar way categorized the thermal fatigue of an underfill cracking by applying 

the thermal stress and calculated the TSIF using the crack length correlated to 

life cycles. K.S Kim and R.H. Van Stone [173] studied the utility of integral 

parameters for crack propagation under thermo-mechanical loading. Their 

research reported that the parameters are path-independent for deformation. 

Chu et al. [174] examined the dynamic crack path in a brittle material. Their 

study aimed to evaluate the transient heat transfer, dynamic stress evolution 

under thermo-mechanical couple load. Their experiment in disk specimen 

showed that the crack branching is within the large heating radius however it 

goes outside the heating area in case of a smaller radius. Maletta et al. [175] 

analysed the crack-tip thermal and mechanical hysteresis. They tested shape 

memory alloys subjected to fatigue loads. Using infrared thermography, they 

reported a sudden rise in surface temperature at the initial stage. The SIF 

versus load curves appeared a non-linear hysteretic behaviour reflecting the 

complex stress-strain hysteretic behaviour of SMAs. Merhy et al. [176] studied 

the crack growth characterisation of aluminium alloy. The contribution of 

parameters like temperature, frequency and SIF on crack growth were 

analysed. Crack growth increased at high temperature with a load ratio on 

decreasing frequencies. The temperature effect on crack growth was found 

dependent on the applied frequencies. 
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2.5 Stochastic response of the structure under thermo-

mechanical environment 

A structure exposed to cyclic loads for a reasonable time may change its global 

temperature. The temperature changes impact the amount of stress moderation 

which in turn alters the deformation of the structures. Khan et al. [177] studied 

the outcomes of heat generation in viscoelastic material under cyclic loading. 

The cyclic mechanical loading was applied in a polymeric beam with or without 

heat conduction. They found that the higher stress point produces more heat 

which hastened the stress relaxation and triggered a thermal gradient in the 

polymer beam. In the case of the heat-conduction, a uniform temperature 

preceded the instability of the beam by diminishing the overall stiffness as 

shown in Figure 2-9.  

 

Figure 2-9 Temperature increase at point 1 of the simply supported at 1.0 MPa 

with/without heat conduction at different frequencies [177] 

El-Kafrawy [178] and Bovsunovsky and Surace [179]  confirmed that the 

presence of a crack in beam or frame reduces the modal frequencies.  S. 

Hasbroucq et al. [180] studied the elastic-plastic response under the 

thermomechanical loading where the elastic properties vary with the 
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temperature. The result showed that the residual stress and strain fields were 

time-dependent. Kidane and Shukla [181] experimentally investigated the 

dynamic behaviour of Ti/TiB functionally graded material exposed to thermo-

mechanical loading. The effect of the temperature on dynamic response was 

studied by infrared spot heaters. The stress-strain curve at a different 

temperature is illustrated in Figure 2-10. At high temperature, the materials 

displayed thermal relaxing and caused a reduction in compressive strength and 

increase in failure strain. 

 

Figure 2-10 True stress-strain curve as a function of temperature [181] 

Thermal effect on vibrating structure has been widely investigated 

[15,21,28,35,64,182–188]. Cao et al. [185] investigated numerically the thermal 

vibration and thermal contraction of single-wall Carbon Nano Tubes (CNT). 

They explained that the effect of thermal vibration is more distinct than quasi-

static thermal expansion which causes the thermal contraction in both the radial 

and axial direction when the temperature is well below 800K.  Zhang et al. [188] 

also investigated the thermal effect on the beam. Their work focuses on the 

high-frequency response in thermal exposure using the energy flow analysis 

method. The study highlighted the increase in vibration response of the beam 

with the increase in temperature. In supplement, two temperature-dependent 
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materials properties, elastic modulus, and thermal expansion coefficient were 

considered to verify the thermal effect as shown in Figure 2-11. 

 

Figure 2-11 Temperature-dependent material properties for aluminium alloy[188] 

Ebrahimi et al. [182] analysed the thermal effect on the vibration behaviour of 

functionally graded beams with porosities. The influence of porosity volume 

fraction, material profile, temperature, and boundary condition on frequencies 

was examined. The increase in porosity fraction increased the dimensionless 

frequencies. But at elevated temperatures, the increase in gradient-index value 

decreased the frequency.  The natural frequencies decreased with an increase 

in temperature and moved to zero at a critical temperature. However, the 

frequencies increased afterward. 

In another paper, Ebrahimi and Salari [183] studied the vibration behaviour of 

functional graded (FG) nanobeams under the effects of in-plane thermal 

loading. The parametric study showed that changes in temperature, mode 

shape, and boundary conditions influenced the fundamental frequencies. Liu et 

al. [189] investigated the effect of temperature-dependent material properties. 

They focused on thermal shock fracture in the principle of non-Fourier heat 

conduction. The thermal stress intensity factor was found to be vastly receptive 

to the temperature-dependent material properties. The variations of TSIF with 

shock time are presented in Figure 2-12. Cui and Hu [184] studied on Euler-
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Bernoulli beam under uniform heating. They observed that there is a small 

influence of temperature-dependent material properties on the natural 

frequency at low temperature but developed greater influence at high 

temperature. 

 

Figure 2-12 TSIF for the surface crack of depth d/l=1 [189] 

Fazzolari [190] also analysed the modal characteristic of FG with temperature-

dependence materials under thermal loading. They analysed the use of the 

higher-order equivalent single-plate theories to study the two-volume fractions: 

power-law function (P-FGM) and sigmoid function (S-FGM). The declining rate 

of dimensionless frequency of temperature-dependent FGM was found to be 

more than temperature-independent FGM at elevated temperatures. Silva et al. 

[191] performed the modal analysis at elevated temperatures. They studied the 

effect of non-uniform temperature distribution on heated rectangular plates. The 

resonant frequency and displacement data were extracted by the pulse laser-

digital image correlation method. The resonant frequencies were noticed to be 

higher in transverse heating while longitudinal heating did not have much effect. 

Finite element analysis suggested the results were an after-effect of the 

disparity in the curvature of the plate at elevated temperature in a steady state. 

In related studies, Kawamura et al. [192] performed numerical studies on 

nonhomogeneous material properties of a rectangular plate subjected to a 
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varying temperature at one surface and other at zero temperature change. They 

observed the amplitude of deflection decreased with the decrease in young 

modulus. 

2.6 Conclusion 

This review emphasises the existing research complexities in the area of fatigue 

and fracture modelling. Assessing fatigue damage accurately under 

thermomechanical vibration loads is still a challenge. Most of the available 

research on thermomechanical vibrations is more or less focused on 

application-based studies. Researchers applied different theories to evaluate 

the characteristic of complex geometry. However, modelling of 

thermomechanical vibrations becomes multifaceted when the geometry is 

complicated. Thus, the available research data for the fatigue damage 

assessment is still lacking analytical reasoning and proper explanations 

concerning accurate fatigue measurement. 

Complications in fatigue and fracture life estimation are another challenging 

obligation. The difficulties of fatigue life estimation are due to the inhibiting 

variables. Fatigue life is dependent on the loading histories, loading sequences, 

loading amplitude, and frequency, operation environment, physical properties, 

etc. Different materials correspond to different fatigue life patterns allowing 

existing life estimation methods inadequate. Several methods and techniques 

are available to predict fatigue life. Nevertheless, the challenges are the precise 

measurement considering those variables which change independently 

according to the working conditions. 

Crack propagation is not a new topic but still requires comprehensive research 

to describe its governing mathematics with experimental justifications. Crack 

growths behave in a pseudo manner, especially in thermal conditions. Many 

investigations have been complied about the nature of crack growth but fail to 

conclude with valid explanations. Some references are presented in the above 

review, where the crack growth rate for TiAl-based alloys, 18% Cr ferritic 

stainless steel, and 18Cr–2Mo ferritic stainless steel increases with the increase 

in temperature.  Yet, there is no convincing reason why and how the crack will 
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behave for different working conditions. It is learned that fracture mechanics 

parameters correlated the crack behaviour at different temperatures. In theory, 

crack growth and fracture behaviour at elevated temperatures is still to address. 

The thermal effect on the dynamic response of structure has a great concern in 

engineering applications. Structures exposed to reasonable high temperatures 

can modify the material properties and increase crack propagation. This 

modification influences the overall deformation of the structure. The 

temperature changes impact the amount of stress concentration thereby 

diminishing the global stiffness. Several studies were presented for structural 

vibration in the above review. Moreover, thermomechanical vibration of 

structure relating to crack propagation and modal properties are still inadequate. 

It is well known that the presence of crack reduces the dynamics response of a 

structure. The existing studies are yet to input sufficient explanations about the 

dynamic behaviour of the structure under distributed temperature across the 

structure. The structural stiffness can be influenced by material microstructure, 

temperature distribution, and time of exposure. Different temperature ranges 

can cause significant variations in the material properties. Existing studies are 

limited concerning temperature change and compel extensive investigation in 

crack and uncrack conditions. The impact of thermal properties on structural 

response under varying temperatures needs to be investigated. Temperature-

dependent properties like elastic modulus, thermal expansion, and thermal 

conductivity change to temperature. The relationship of temperature-dependent 

properties with structural response in crack and uncrack conditions has not 

been established yet. There could be considerable changes in structural 

response due to varying temperature-dependent properties. Dissimilar 

temperature distributions across the structure may also have diverse dynamic 

response trends. Subsequently, the modal properties will change corresponding 

to the changes in the temperature.   
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3 RESEARCH METHODOLOGY 

Vibration analysis is a universally used non-destructive technique for structural 

health monitoring. In recent times, vibration assessments are implemented in 

the thermal environment. This is essential because a majority of the engineering 

applications are exposed to a thermal setting. Considering this circumstance, 

this research focused on investigating the structural dynamics and crack 

propagation behaviour due to thermal and mechanical loads.  

This research has four objectives. The first and second objectives are 

analytical-based modelling. The third objective is an experimental and 

numerical validation method. The last objective is an experimental analysis of 

fatigue crack propagation. Thus, this research has been divided into three 

sections as discussed below. 

3.1 Analytical formulation 

The study of the structural dynamics of cantilever beams is familiar, because 

many engineering applications, particularly aircraft and turbines, operate akin to 

a cantilever beam. In this thesis, the Bernoulli–Euler beam theory with a uniform 

cross-section in fixed-free boundary conditions is considered. The axial force is 

used as vibrational force. This modelling incorporated the accelerometer mass 

mounted at the free end of the beam. Practically, the original length of the beam 

changes due to the applied temperature. Therefore, the effective length of the 

beam, which is the original length with its thermal expansion, is considered for 

this analysis. The beam is assumed in one-dimensional longitudinal expansion 

only because the beam width and thickness are insignificant compared to its 

length. This model accesses the structural dynamics for both types of 

temperatures i.e uniform and non-uniform temperature distribution. 

The equation of the beam is developed based on Bernoulli–Euler beam 

hypotheses. Thus, this modelling assumed that the section of the beam remains 

perpendicular to the neutral axis of the beam after the beam deforms. This 

convention is effective for bending beam which does not undergo significant 

shear or torsional stresses. The second postulation is the beam deform angle or 
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deflection is relatively small. The solution of the equation is found by the 

separation of the dependent variable method. The modal parameters of the 

beam are obtained by solving the vibration equation. 

The fundamental frequency of the beam is dependent on the types of loadings. 

Especially, the frequency changes during thermal loading. This is due to the 

changes in elastic modulus concerning the temperature changes. This 

modelling used the approximate relationship for calculating the elastic modulus 

for different temperatures. The changes in the fundamental frequency for a 

crack beam are calculated based on changes in deformation energy due to the 

crack formation. 

3.2 Experimental and numerical approaches 

Aluminium alloy 2024 is widely used in the aerospace and military sector due to 

its excellent fracture toughness and fatigue resistance. This research 

experimental specimen is prepared from aluminium 2024-T3. The thermal 

properties of the specimen are measured from the lab equipment.  The elastic 

modulus was measured using a dynamic mechanical analyser. The thermal 

expansion was measured using a thermal-mechanical analyser. The thermal 

conductivity was obtained from thermal diffusivity. The specimens were 

manufactured with accurate dimensions using a computer numerical control 

(CNC) machine. 

The experiment was designed to analyse the modal characteristic of the beam. 

There are three types of specimens considered in this evaluation, namely: 

without crack, with crack, and propagating crack. The crack specimens are sub-

divided into three different crack depths. The beam responses are evaluated at 

three heating rates at 2, 5, and 8 °C/min. This experimental arrangement is 

selected to examine the modal response of the beam under uniform and non-

uniform temperature conditions at a maximum temperature of 200°C. 

The numerical simulation to analyse the modal parameters was conducted 

using the ANSYS©2019 R2 workbench. The specimen geometry was drawn 

from the build-in design modeler. The modal analysis module was utilized to 
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evaluate the modal frequency of the beam for healthy and pre-seeded crack 

specimens separately. The harmonic module was used to analyse the modal 

amplitude of the beam. 

3.3 Crack propagation analysis 

The thermal effect on the dynamic response of structure has a great interest in 

engineering applications. Structure exposure to temperatures modified the 

material properties and impact structural dynamics. This modification influences 

the overall deformation of the structure. The changes in temperature influence 

stress concentration thereby diminishing the global stiffness.  Moreover, 

thermomechanical vibration of structure relating to crack propagation and modal 

properties are still inadequate. Crack propagation analysis is one of the 

fundamental research areas in structural dynamics and fracture mechanics. It is 

because the appearance of crack on structure changes the structural response. 

The crack initiation may occur due to cyclic loads, overloading, and operating 

conditions. Moreover, the crack growth may not be the same for all materials. In 

this research, the crack propagation behaviour of aluminium 2024-T3 is studied 

under uniform and non-uniform temperature distribution. In this study, different 

pre-seeded crack depths have been selected to analyse the crack propagation. 

The pre-seeded rectangular crack shape was adopted for all the experimental 

specimens. However, different crack depths were selected separately for 

uniform and non-uniform temperatures. The crack propagation crack depths 

were captured using a digital microscope. Then, the crack depths were 

measured based on the pixel contained in the crack. The corresponding 

structural responses for different crack depths are measured during crack 

propagation.    

  



 

58 

4 ANALYTICAL FORMULATION TO ESTIMATE THE 

MODAL PARAMETERS 

The assessment of modal response on mechanical structures for structural 

health monitoring is a common practice. However, most of the engineering 

applications operate in a thermal environment in addition to the mechanical 

loads. Especially, during the heating and cooling process of the thermal 

systems, the modal response may vary significantly. Mechanical structures are 

commonly subjected to combine thermal and mechanical loads. The structure 

may experience different structural dynamics under a thermal setting depending 

on the nature of the applications. In this analytical analysis, the effect of 

temperature distribution on modal parameters is investigated. 

4.1 Beam equation to estimate the modal response 

The study of the structural dynamics of cantilever beams is familiar, because 

many engineering applications, particularly aircraft and turbines, operate akin to 

a cantilever beam. In this formulation, the Bernoulli–Euler beam theory with a 

uniform cross-section in fixed-free boundary conditions is considered as shown 

in Figure 4-1. The vibration force 𝐹(𝑥, 𝑡) and the accelerometer with its mass 𝑚 

is mounted at the free end of the beam. Generally, the original length of the 

beam changes due to the applied temperature. Therefore, the effective length of 

the beam 𝐿𝑒, which is the original length with its thermal expansion, is 

considered for this analysis. The beam is assumed in one-dimensional 

longitudinal expansion only because the beam width B and thickness h are 

insignificant compared to its length. The inertia force in the beam element can 

be expressed using the free-body diagram as: 

𝐹(𝑥, 𝑡) = (𝜌𝐴 +𝑚)𝑑𝑥
𝜕2𝑢

𝜕𝑡2
(𝑥, 𝑡) 

(4-1) 

where 𝑢 represents the transverse displacement, 𝜌 is the mass density of the 

beam, 𝐴 is the cross-sectional area, and 𝑚 is accelerometer mass. The shear 

force equation for the beam element can be written as: 
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(𝑆(𝑥, 𝑡) + 𝑑𝑆(𝑥, 𝑡)) − 𝑆(𝑥, 𝑡) + 𝐹(𝑥, 𝑡)𝑑𝑥 =  (𝜌𝐴 +𝑚)𝑑𝑥
𝜕2𝑢

𝜕𝑡2
(𝑥, 𝑡) 

(4-2) 

Where 𝑆(𝑥, 𝑡) is the shear force and 𝑑𝑆 =
𝜕𝑆

𝜕𝑥
𝑑𝑥. Similarly, the moment equation 

for the beam can be written as: 

(𝑀(𝑥, 𝑡) + 𝑑𝑀(𝑥, 𝑡)) − 𝑀(𝑥, 𝑡) + (𝑆(𝑥, 𝑡) + 𝑑𝑆(𝑥, 𝑡))𝑑𝑥 + 𝐹(𝑥, 𝑡)𝑑𝑥
𝑑𝑥

2
= 0 

(4-3) 

where 𝑑𝑀 =
𝜕𝑀

𝜕𝑥
𝑑𝑥. The shear force and moment equations reduce to Equations 

(4-4) and (4-5), respectively: 

 

(a) 

 

(b) 

Figure 4-1 (a) Cantilever beam; (b) free body diagram for beam element. 

𝜕𝑆

𝜕𝑥
(𝑥, 𝑡) + 𝐹(𝑥, 𝑡) =  (𝜌𝐴 +𝑚)

𝜕2𝑢

𝜕𝑡2
(𝑥, 𝑡) 

(4-4) 
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𝜕𝑀

𝜕𝑥
(𝑥, 𝑡) + 𝑆(𝑥, 𝑡) = 0 

(4-5) 

−
𝜕𝑀

𝜕𝑥
(𝑥, 𝑡) = 𝑆(𝑥, 𝑡) 

(4-6) 

Putting Equation (4-6) into Equation (4-4), the force equation can be written in 

terms of displacement and transverse force as: 

−
𝜕2𝑀

𝜕𝑥2
(𝑥, 𝑡) + 𝐹(𝑥, 𝑡) =  (𝜌𝐴 +𝑚)

𝜕2𝑢

𝜕𝑡2
(𝑥, 𝑡) 

(4-7) 

Using the Euler-Bernoulli beam theory, the relation between bending movement 

and bending displacement can be expressed as: 

𝑀(𝑥, 𝑡) = 𝐸𝐼(𝑥)
𝜕2𝑢

𝜕𝑥2
(𝑥, 𝑡) 

(4-8) 

where 𝐸 is the elastic modulus and 𝐼 is the moment of inertia of the beam. 

Therefore, the shear force can be expressed in terms of displacement as: 

𝑆(𝑥, 𝑡) = −
𝜕

𝜕𝑥
[𝐸𝐼(𝑥)

𝜕2𝑢

𝜕𝑥2
(𝑥, 𝑡)] 

(4-9) 

And the equation of motion of the vibrational beam can be written as: 

−𝐸𝐼(𝑥)
𝜕4𝑢

𝜕𝑥4
(𝑥, 𝑡) + 𝐹(𝑥, 𝑡) =  (𝜌𝐴 +𝑚)

𝜕2𝑢

𝜕𝑡2
(𝑥, 𝑡) 

(4-10) 

𝐹(𝑥, 𝑡) = 𝐸𝐼(𝑥)
𝜕4𝑢

𝜕𝑥4
(𝑥, 𝑡) + (𝜌𝐴 +𝑚)

𝜕2𝑢

𝜕𝑡2
(𝑥, 𝑡) 

(4-11) 

When the beam has uniform cross-section, the equation of the vibrational beam 

can be transformed as: 

𝐹(𝑥, 𝑡) = 𝐸𝐼
𝜕4𝑢

𝜕𝑥4
(𝑥, 𝑡) + (𝜌𝐴 +𝑚)

𝜕2𝑢

𝜕𝑡2
(𝑥, 𝑡) 

(4-12) 

For free bending vibration, the applied force is zero, therefore the equation of 

the beam is reduced to Equation (4-13) 
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𝐸𝐼
𝜕4𝑢

𝜕𝑥4
(𝑥, 𝑡) + (𝜌𝐴 +𝑚)

𝜕2𝑢

𝜕𝑡2
(𝑥, 𝑡) =  0 

(4-13) 

𝐸𝐼

(𝜌𝐴 +𝑚)
(
𝜕4𝑢(𝑥, 𝑡)

𝜕𝑥4
) +

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑡2
= 0 

(4-14) 

4.2 Solution method 

The solution of Equation (4-14) can be obtained through separation of variable 

method expressed as: 

𝑢(𝑥, 𝑡) = 𝑈(𝑥)𝑉(𝑡) (4-15) 

Where 𝑈(𝑥) is the mode function and 𝑉(𝑡) is the time function. Inserting 

Equation (4-15) into Equation (4-14), the free vibration equation of the beam 

can be deduced in the form of a separable variable method as Equations 

(4-16)-(4-18) 

𝐸𝐼

(𝜌𝐴 +𝑚)
(
𝜕4𝑈(𝑥)𝑉(𝑡)

𝜕𝑥4
) +

𝜕2𝑈(𝑥)𝑉(𝑡)

𝜕𝑡2
= 0 

(4-16) 

𝐸𝐼

(𝜌𝐴 + 𝑚)
𝑉(𝑡) (

𝑑4𝑈(𝑥)

𝑑𝑥4
) + 𝑈(𝑥)

𝑑2𝑉(𝑡)

𝑑𝑡2
= 0 

(4-17) 

−
𝐸𝐼

(𝜌𝐴 +𝑚)

(
𝑑4𝑈(𝑥)
𝑑𝑥4

)

𝑈(𝑥)
=

𝑑2𝑉(𝑡)
𝑑𝑡2

𝑉(𝑡)
 

(4-18) 

The equation represents the acceleration, therefore Equation (4-18) is constant 

and can be written as: 

−
𝐸𝐼

(𝜌𝐴 +𝑚)

(
𝑑4𝑈(𝑥)
𝑑𝑥4

)

𝑈(𝑥)
=

𝑑2𝑉(𝑡)
𝑑𝑡2

𝑉(𝑡)
= −𝜔2 

(4-19) 

Separating the time and spatial variables respectively, we have: 

𝑑2𝑉(𝑡)

𝑑𝑡2
 + 𝜔2𝑉(𝑡) = 0 

(4-20) 
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(
𝑑4𝑈(𝑥)

𝑑𝑥4
) − 𝜔2

(𝜌𝐴 +𝑚)𝑈(𝑥)

𝐸𝐼
= 0 

(4-21) 

(
𝑑4𝑈(𝑥)

𝑑𝑥4
) − 𝛽4𝑈(𝑥) = 0 

(4-22) 

The solution of Equation (4-20) can be written as: 

𝑉(𝑡) = 𝐵1𝑠𝑖𝑛𝜔𝑡 + 𝐵2 cos𝜔𝑡 (4-23) 

The solution of Equation (4-22) is satisfied if: 

𝛽4 =
(𝜌𝐴 +𝑚)

𝐸𝐼
𝜔2 

(4-24) 

The solution for vibration mode, Equation (4-22) is assumed as: 

𝑈(𝑥) = 𝐴0𝑠𝑖𝑛(𝛽𝑥) + 𝐴1𝑐𝑜𝑠(𝛽𝑥) + 𝐴2𝑠𝑖𝑛ℎ(𝛽𝑥) + 𝐴3𝑐𝑜𝑠ℎ(𝛽𝑥) (4-25) 

where 𝐴0, 𝐴1, 𝐴2, 𝑎𝑛𝑑 𝐴3 are constants that can be obtained by applying the 

boundary conditions. The boundary conditions of the fixed-free beam are: 

𝑈(𝑥) = 0 (𝑧𝑒𝑟𝑜 𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡)
𝑑𝑈(𝑥)
𝑑𝑥

= 0                     (𝑧𝑒𝑟𝑜 𝑠𝑙𝑜𝑝𝑒)
|  at 𝑥 = 0 

 

And  

𝑑2𝑈(𝑥)
𝑑𝑥2

= 0 (𝑧𝑒𝑟𝑜 𝑏𝑒𝑛𝑑𝑖𝑛𝑔 𝑚𝑜𝑚𝑒𝑛𝑡)

𝑑3𝑈
𝑑𝑥3

(𝑥) = 0        (𝑧𝑒𝑟𝑜 𝑠ℎ𝑒𝑎𝑟 𝑓𝑜𝑟𝑐𝑒)
|  at 𝑥 = 𝐿 

 

Applying the first boundary conditions, we get: 

𝐴1 = −𝐴3 (4-26) 

𝐴0 = −𝐴2 (4-27) 

Therefore, the harmonic solution can be rewritten using Equations (4-26) and 

(4-27) as: 
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𝑈(𝑥) = 𝐴0{𝑠𝑖𝑛(𝛽𝑥) − 𝑠𝑖𝑛ℎ(𝛽𝑥)} + 𝐴1{𝑐𝑜𝑠(𝛽𝑥) − 𝑐𝑜𝑠ℎ(𝛽𝑥)} (4-28) 

𝑑2𝑈(𝑥)

𝑑𝑥2
= −𝛽2[𝐴0{𝑠𝑖𝑛(𝛽𝑥) + 𝑠𝑖𝑛ℎ(𝛽𝑥)} + 𝐴1{𝑐𝑜𝑠(𝛽𝑥) + 𝑐𝑜𝑠ℎ(𝛽𝑥)}] 

(4-29) 

𝑑3𝑈(𝑥)

𝑑𝑥3
= −𝛽3[𝐴0{𝑐𝑜𝑠(𝛽𝑥) + 𝑐𝑜𝑠ℎ(𝛽𝑥)} − 𝐴1{𝑠𝑖𝑛(𝛽𝑥) − 𝑠𝑖𝑛ℎ(𝛽𝑥)}] 

(4-30) 

Since the bending moment and shear force is zero at 𝑥 = 𝐿, we have from the 

second boundary condition:  

𝑑2𝑈(𝐿𝑒)

𝑑𝑥2
= −𝛽2[𝐴0{𝑠𝑖𝑛(𝛽𝐿𝑒) + 𝑠𝑖𝑛ℎ(𝛽𝐿𝑒)} + 𝐴1{𝑐𝑜𝑠(𝛽𝐿𝑒) + 𝑐𝑜𝑠ℎ(𝛽𝐿𝑒)}]

= 0 

(4-31) 

𝐴1 = −𝐴0 [
𝑠𝑖𝑛(𝛽𝐿𝑒) + 𝑠𝑖𝑛ℎ(𝛽𝐿𝑒)

𝑐𝑜𝑠(𝛽𝐿𝑒) + 𝑐𝑜𝑠ℎ(𝛽𝐿𝑒)
] 

(4-32) 

[𝐴0{𝑠𝑖𝑛(𝛽𝐿𝑒) + 𝑠𝑖𝑛ℎ(𝛽𝐿𝑒)} + 𝐴1{𝑐𝑜𝑠(𝛽𝐿𝑒) + 𝑐𝑜𝑠ℎ(𝛽𝐿𝑒)}] = 0 (4-33) 

𝑑3𝑈(𝑥)

𝑑𝑥3
= −𝛽3[𝐴0{𝑐𝑜𝑠(𝛽𝑥) + 𝑐𝑜𝑠ℎ(𝛽𝑥)} − 𝐴1{𝑠𝑖𝑛(𝛽𝑥) − 𝑠𝑖𝑛ℎ(𝛽𝑥)}] = 0 

(4-34) 

[𝐴0{𝑐𝑜𝑠(𝛽𝐿𝑒) + 𝑐𝑜𝑠ℎ(𝛽𝐿𝑒)} − 𝐴1{𝑠𝑖𝑛(𝛽𝐿𝑒) − 𝑠𝑖𝑛ℎ(𝛽𝐿𝑒)}] = 0 (4-35) 

Thus, we get the transverse displacement as: 

𝑢(𝑥, 𝑡) = 𝐴0sin (𝜔𝑡) [{𝑠𝑖𝑛(𝛽𝑥) − 𝑠𝑖𝑛ℎ(𝛽𝑥)} − {
𝑠𝑖𝑛(𝛽𝐿𝑒)+𝑠𝑖𝑛ℎ(𝛽𝐿𝑒)

𝑐𝑜𝑠(𝛽𝐿𝑒)+cosh (𝛽𝐿𝑒)
} ∗

 {𝑐𝑜𝑠(𝛽𝑥) − 𝑐𝑜𝑠ℎ(𝛽𝑥)}]  

(4-36) 

Forming Equations (4-33) and (4-35) into matrix format, we have: 

[
𝑠𝑖𝑛(𝛽𝐿𝑒) + 𝑠𝑖𝑛ℎ(𝛽𝐿𝑒) 𝑐𝑜𝑠(𝛽𝐿𝑒) + 𝑐𝑜𝑠ℎ(𝛽𝐿𝑒)

𝑐𝑜𝑠(𝛽𝐿𝑒) + 𝑐𝑜𝑠ℎ(𝛽𝐿𝑒) −𝑠𝑖𝑛(𝛽𝐿𝑒) + 𝑠𝑖𝑛ℎ(𝛽𝐿𝑒)
] [
𝐴0
𝐴1
] = [

0
0
] 

(4-37) 

Solving Equation (4-37), we obtained the characteristic Equation (4-38). The 

subscript is added because multiple roots satisfy the equation. 

𝑐𝑜𝑠(𝛽𝑛𝐿𝑒)𝑐𝑜𝑠ℎ(𝛽𝑛𝐿𝑒) = −1 (4-38) 
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The roots of the Equation (4-38) are: 

𝛽𝑛𝐿𝑒 = 1.87510  for n = 1 

𝛽𝑛𝐿𝑒 = 4.69409  for n = 2 

Therefore, the circular frequency of the beam can be expressed by rearranging 

Equation (4-24) as:  

𝜔2 = 𝛽4
𝐸𝐼

(𝜌𝐴 +𝑚)
 

(4-39) 

𝜔 = (𝛽𝑛𝐿𝑒)
2√

𝐸𝐼

(𝜌𝐴 +𝑚)𝐿𝑒
4 

(4-40) 

𝑓 =
𝜔

2𝜋
=
(𝛽𝑛𝐿𝑒)

2

2𝜋
√

𝐸𝐼

(𝜌𝐴 +𝑚)𝐿𝑒
4 

(4-41) 

4.3 Effect of temperature on structural dynamics of beam  

The modulus 𝐸 is a temperature-dependent property that varies with 

temperature. The modulus decreases with increasing thermal energy along the 

beam. This decrease is assumed as being linear with temperature. The 

approximate relationship to estimate the modulus [193] is given in Equation 

(4-42): 

𝐸(𝑇) = 𝐸𝑜 (1 − 𝜑
𝑇

𝑇𝑜
) 

(4-42) 

where 𝜑 = 0.3 is the proportional constant, 𝑇𝑜 is the melting temperature, and 𝑇 

is the temperature at the measured value of  𝐸, and 𝐸𝑜 is the modulus at 20 °C. 

When the beam is long, such that it has different temperature zones across the 

beam length, the effective or the equivalent modulus of the beam can be 

calculated by taking the average of the modulus. In this case, the effective or 

the equivalent modulus of the beam can be calculated by taking the average of 

the modulus as Equation (4-43). 
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𝐸𝑒 =

∑(𝐸𝑜 (1 − 𝜑
𝑇𝑛
𝑇𝑜
))

𝑛
 

(4-43) 

Where 𝑛  is the number of temperature zone in the beam. Considering of  𝐸𝑒 is 

more applicable when the cross-section area of the beam is non-uniform 

because the temperature distribution will be different. Hence, the fundamental 

frequency of the beam can be written as: 

𝑓 =
𝜔

2𝜋
=
(𝛽𝑛𝐿𝑒)

2

2𝜋
√

𝐸(𝑇)𝐼

(𝜌𝐴 +𝑚)𝐿𝑒
4 

(4-44) 

The bending moment equation of the beam considering the temperature-

dependent elastic modulus can be written as: 

𝑀 = 𝐸(𝑇)𝐼
𝑑2𝑈

𝑑𝑥2
 

(4-45) 

𝑀 = −𝐸(𝑇)𝐼𝛽2𝐴0 [{𝑠𝑖𝑛(𝛽𝐿𝑒) + 𝑠𝑖𝑛ℎ(𝛽𝐿𝑒)}

− {
𝑠𝑖𝑛(𝛽𝐿𝑒) + 𝑠𝑖𝑛ℎ(𝛽𝐿𝑒)

𝑐𝑜𝑠(𝛽𝐿𝑒) + 𝑐𝑜𝑠ℎ (𝛽𝐿𝑒)
} {𝑐𝑜𝑠(𝛽𝐿𝑒) + 𝑐𝑜𝑠ℎ (𝛽𝐿𝑒)}] 

(4-46) 

where 𝐴0 is the load amplitude at time 𝑡. The total deformation energy (Q) due 

to the beam deformation is derived from the direct bending moment equation. 

𝑄 = ∫
(𝑀)2

2𝐸(𝑇)𝐼
𝑑𝑥

𝐿𝑒

0

 
(4-47) 

𝑄 = ∫ [
(𝐸(𝑇)𝐼𝛽4𝐴0[{𝑠𝑖𝑛(𝛽𝑥) + 𝑠𝑖𝑛ℎ(𝛽𝑥)}

2 − 𝐶2{𝑐𝑜𝑠(𝛽𝑥) + 𝑐𝑜𝑠ℎ(𝛽𝑥)}])2

2𝐸(𝑇)𝐼
]

𝐿𝑒

0

𝑑𝑥 
(4-48) 

𝑄 =
𝐸(𝑇)𝐼

2
𝐴0

2(𝛽)4(𝑄1
2 − 𝐶2𝑄2

2) 
(4-49) 

Where 𝐶 = {
𝑠𝑖𝑛(𝛽𝐿𝑒)+𝑠𝑖𝑛ℎ(𝛽𝐿𝑒)

𝑐𝑜𝑠(𝛽𝐿𝑒)+cosh (𝛽𝐿𝑒)
} 
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𝑄1 = ∫ {𝑠𝑖𝑛(𝛽𝑥) + 𝑠𝑖𝑛ℎ(𝛽𝑥)}2𝑑𝑥
𝐿𝑒

0

 
(4-50) 

𝑄1 = (
𝐿𝑒
2
−
𝑠𝑖𝑛2(𝛽𝐿𝑒)

4𝛽
) + (

𝐿𝑒
2
−
𝑠𝑖𝑛ℎ2(𝛽𝐿𝑒)

4𝛽
) −

𝑐𝑜𝑠(𝛽𝐿𝑒)sinh (𝛽𝐿𝑒)

𝛽

+
𝑠𝑖𝑛(𝛽𝐿𝑒)cosh (𝛽𝐿𝑒)

𝛽
 

(4-51) 

𝑄2 = ∫ {𝑐𝑜𝑠(𝛽𝑥) + 𝑐𝑜𝑠ℎ(𝛽𝑥)}2𝑑𝑥
𝐿𝑒

0

 
(4-52) 

𝑄2 = (
𝐿𝑒
2
+
𝑠𝑖𝑛2(𝛽𝐿𝑒)

4𝛽
) + (

𝐿𝑒
2
+
𝑠𝑖𝑛ℎ2(𝛽𝐿𝑒)

4𝛽
)

+ (
𝑠𝑖𝑛(𝛽𝐿𝑒)𝑐𝑜𝑠ℎ (𝛽𝐿𝑒)

𝛽
+
𝑐𝑜𝑠(𝛽𝐿𝑒)𝑠𝑖𝑛ℎ (𝛽𝐿𝑒)

𝛽
) 

(4-53) 

The strain of the beam is dependent on applied stress and temperature. 

Therefore, we can express strain as a function of stress and temperature as 

Equation (4-54). 

𝜀𝑥 = 𝑓(𝜎, 𝑇) (4-54) 

𝑑𝜀𝑥 = (
𝜕𝜀𝑥
𝜕𝜎
)
𝑇
𝑑𝜎 + (

𝜕𝜀𝑥
𝜕𝑇
)
𝜎
𝑑𝑇 

(4-55) 

where 𝐸 = (
𝜕𝜎

𝜕𝜀𝑥
)
𝑇
 and 𝛼 =

1

𝐿

𝑑𝐿

𝑑𝑇
= (

𝜕𝑥

𝜕𝑇
)
𝜎
. While (

𝜕𝜀𝑥

𝜕𝜎
)
𝑇
and (

𝜕𝜀𝑥

𝜕𝑇
)
𝜎
 are variation in 

strain due to stresses and temperature respectively. The direct strain of the 

beam can be found by integrating Equation (4-56) 

𝑑𝜀𝑥 =
𝑑𝜎

𝐸
+ 𝛼𝑑𝑇 

(4-56) 

4.4  Equation of dynamic response of the beam under the crack 

condition   

Changes in the deformation energy and natural frequencies due to crack can be 

computed from the bending moment and flexural rigidity [194] as: 



 

67 

∆𝑄 =
𝑀2

2𝜒𝑡
 

(4-57) 

where 𝜒𝑡 is the stiffness of the crack beam represented by Equation (4-58). 

𝜒𝑡 =
𝐵ℎ2𝐸(𝑇)

72𝜋𝐹 (
𝑡𝑐
𝐻)

 
(4-58) 

where 𝐹 (
𝑡𝑐

𝐻
) = 0.638 (

𝑡𝑐

𝐻
)
2

− 1.035 (
𝑡𝑐

𝐻
)
3

+ 3.720 (
𝑡𝑐

𝐻
)
4

− 5.177 (
𝑡𝑐

𝐻
)
5

+

7.553 (
𝑡𝑐

𝐻
)
6

− 7.332 (
𝑡𝑐

𝐻
)
7

+ 2.491 (
𝑡𝑐

𝐻
)
8

 is the crack function and 𝑡𝑐  is the crack 

depth. Change in the natural frequency due to the crack on the beam can be 

computed as: 

∆𝜔𝑛𝑐 = 
∆𝑄

2𝑄
𝜔𝑛 

(4-59) 

Therefore, the new natural frequency of the crack beam can be computed from 

Equation (4-61). 

𝜔𝑛𝑐 = 𝜔𝑛 − ∆𝜔𝑛𝑐 (4-60) 

𝜔𝑛𝑐 = (1 −
∆𝑄

2𝑄
)𝜔𝑛 

(4-61) 

The modal amplitude of the cantilever beam was analyzed using Equation 

(4-36). The amplitude is dependent on the respective fundamental frequency of 

the without crack and with a crack beam. Therefore, the fundamental frequency 

of the without crack specimen was obtained from Equations (4-44) and (4-61) 

for a crack beam. 

4.5 Linear temperature distribution approximation 

Aircraft wings and turbine blades operate akin to a cantilever beam, and the 

temperature distribution is not uniform, but instead resembles a type of linear 

temperature distribution. This beam can be treated as one-dimensional because 

the thickness of the blades is thin as compared to its length. In such a case, 

one-dimensional law can be used. It expressed the heat conduction equation 
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based on Fourier’s law of the beam in Equation (4-62). Figure 4-2 shows the 

heat flow by conduction. We can write the equilibrium energy as Equation 

(4-63). 

𝑞 = −𝑘𝐴
𝜕𝑇

𝜕𝑥
 

(4-62) 

𝑞 − (𝑞 +
𝜕𝑞(𝑥)

𝜕𝑥
𝑑𝑥) = 0 

(4-63) 

 

Figure 4-2 Heat flow by conduction 

By solving the equation, we can find that (−𝑘𝐴
𝜕2𝑇

𝜕𝑥2
 ) = 0. If the cross-section 

area and thermal conductivity are constant, we find that (
𝜕2𝑇

𝜕𝑥2
 ) = 0. Integrating, 

we get 
𝜕𝑇

𝜕𝑥
= 𝐶1, Integrating again, we obtained: 

𝑇 = 𝐶1𝑥 + 𝐶2 (4-64) 

where 𝐶1 and 𝐶2 are integration constants, which can be found from the given 

boundary conditions as 𝑇(0) = 𝑇1 𝑎𝑡 𝑥 = 0 and 𝑇(𝐿𝑒) = 𝑇2 𝑎𝑡 𝑥 = 𝐿𝑒 

Hence, 𝑇1 = 𝐶2 𝑎𝑛𝑑 𝑇2 = 𝐶1𝐿𝑒 + 𝑇1 

Therefore, the linear temperature distribution at any point on the beam can be 

found as: 

𝑇(𝑥) = (
𝑇2 − 𝑇1
𝐿𝑒

) 𝑥 + 𝑇1 
(4-65) 

And the heat flux across the beam can be written as:  

 

T1 
T2 dx 

 𝑞 

x  0 

(𝑞 +
𝜕𝑞(𝑥)

𝜕𝑥
𝑑𝑥) 
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𝑞′′ = −𝑘 (
𝑇2 − 𝑇1
𝐿𝑒

) 
(4-66) 

Where 𝑘 is the thermal conductivity, 𝑞′′ =
𝑃ℎ

𝐴.
, 𝑃 is the power (in Watt) supplied to 

heat the beam, ℎ is the thickness of the beam, 𝐴 is the cross-section area of the 

beam. 

4.6 Conclusion 

The structural dynamic is influenced by temperature and mechanical loads. This 

analytical model investigates the effects of temperature distribution on the 

modal response of a beam structure. The model can investigate the modal 

parameters of an uncracked and cracked beam under uniform and non-uniform 

temperature conditions. The model considers the effective length of the beam to 

investigate the modal response of the beam. The effective length of the beam is 

the original length with its thermal expansion due to the applied temperature. 

Then, the model is modified to estimate the modal behaviour of the beam at 

crack presence. This modelling used the approximate relationship for 

calculating the elastic modulus for different temperatures. The changes in the 

fundamental frequency for a crack beam are calculated based on changes in 

deformation energy due to the crack formation. The list of input values to run 

the analytical model are mass of accelerometer 2 gram, the beam length 

200mm, width 25mm, thickness 3.15, poison ratio 0.33, temperature values 25, 

50, 100, 150, 200, temperature profile 25–27°C, 33–50°C, 80–100°C, 131–

150°C, 185–200°C, Thermal expansion values for different temperature, elastic 

modulus values for different temperature, modulus-temperature 

relationship 𝐸(𝑇) = 𝐸𝑜 (1 − 𝜑
𝑇

𝑇𝑜
), density of material 2.78g/cc, proportional 

constant 𝜑 = 0.3, and melting temperature 570 °C 
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5 EXPERIMENTAL AND NUMERICAL APPROACHES 

The analytical model presented in the previous chapter is validated by the 

experimental and numerical approaches as discussed below. In this chapter, 

the details of the experimental method and experimental setup are presented. 

The experiments are designed to analyse the modal characteristic of the beam 

under uniform and non-uniform temperature conditions. The selection of the 

experimental specimen and material properties are discussed. The sample 

preparation and its geometry dimensions and data acquisition process are 

elaborated. 

5.1 Materials of the experimental specimen 

Aluminium alloy 2024 is widely used in the aerospace and military sector due to 

its excellent fracture toughness and fatigue resistance. This research 

experimental specimen is prepared from aluminium 2024-T3. The chemical 

property of the material is given in Table 5-1. 

Table 5-1 Chemical composition of Al 2024-T3 

Chemical Si Fe Mn Mg Cr Zn Ti V Other 

Actual 
(wt %) 

0.07 0.18 4.4 0.58 1.3 0.01 0.13 0.02 0.02 

5.1.1 Measuring thermal properties of Al 2024-T3 

Aluminium alloy 2024-T3 is selected for this research. The thermal properties of 

Al 2024-T3 were tested for various temperatures in the dynamic mechanical 

analyzer (DMA) and thermal-mechanical analyzer (TMA). The macro-expansion 

probe was used for TMA results; however, a single cantilever clamp was used 

for elastic modulus DMA results. The thermal conductivity is calculated from the 

relation of thermal diffusivity as given in Equation (5-1). The thermal diffusivity is 

extracted from [195]. 

𝐾 =
𝑘

𝜌𝑐
 

(5-1) 
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Where 𝐾  is the thermal diffusivity, 𝑘 is the thermal conductivity, 𝜌 is the density 

and 𝑐 is the specific heat of the aluminium alloy. 

5.2 Experimental specimen preparation and its geometry  

Experimental specimens are classified into three types of specimens: without 

crack, with crack, and propagating cracks. The crack specimens were classified 

as 0.25, 0.5, and 1 mm, each with a rectangular shape. This predefined crack 

depth was selected to test the beam at various crack conditions under thermal 

and mechanical loads. The crack location is the same for all the experiment 

specimens, which is 4.5 mm away from the fixed point. The fixed point starts 

from the fillet region of the geometry as indicated in the specimen drawing. This 

crack location was considered because of the maximum stress concentration in 

the fillet region of the geometry. The geometry and its dimensions are shown in 

Figure 5-1 and the sample in Figure 5-2. The specimens were manufactured to 

have accurate dimensions using a computer numerical control (CNC) machine.  

 
(a) 

 

(b) 

Figure 5-1 Specimen geometry dimensions in mm (a) without crack (b) with 

crack. 
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Figure 5-2 Specimen samples 

5.3 Experimental scheme  

The detail of this research experimental design is presented in Figure 5-3. This 

experimental arrangement was considered to access the modal response of the 

beam under uniform and non-uniform temperatures at a maximum temperature 

of 200 °C. The experiment was designed to analyze the modal characteristic of 

the predefined crack and without crack beam under uniform temperatures in the 

range of 25°C-200°C. A beam subjected to three heating rates, i.e., 2°C/min, 

5°C/min, and 8°C/min were applied to analyze the modal behavior. In the first 

case, the beam was heated slowly at the rate of 2°C/min to reach the desired 

temperature. In the second case, the temperature was increased at a moderate 

rate of 5°C/min to reach the required temperature for the experiments. In the 

third case, it was allowed to increase rapidly at the rate of 8°C/min for the same 

isothermal temperature conditions. The structural response was monitored with 

the help of an accelerometer mounted on the specimen.  These rates were 

chosen to test the influence of heating duration on modal parameters. 

 

Figure 5-3 Detail of the experiments. 
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5.4 Experimental set-up 

The experimental setup is divided into three units, the layout is shown in Figure 

5-4 and the details of the experimental setup are shown in Figure 5-5.  

 

Figure 5-4 Experimental layout 
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Figure 5-5 Experiment set-up. 

The first unit is the vibrating mechanism which consists of a signal generator, 

power amplifier, and mechanical shaker. The function of the power amplifier is 

to amplify the input sine wave from the signal generator which is then input to 

the shaker. The shaker provides the vibration to the specimen with a fixed 

amplitude of 2mm against amplified voltage 3.2V. The second unit is the 

thermal unit comprising a thermal couple, PID temperature controller, and 

thermal mat. The K-type thermal couple is used to measure the specimen 

surface temperature. The function of the PID temperature controller is to control 

the heat supply to the specimen through the heating device thermal mat. The 

uniform temperature was achieved by placing a thermal mat at both ends while 

the non-uniform temperature was achieved by supplying heat at only one end 

as shown in Figure 5-5. The third unit is the data acquisition which consists of 

an accelerometer, data acquisition card, and National Instrument signal 
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express. The strain gage is attached near the fixed end, while the 

accelerometer is mounted at the free end of the specimen to measure the 

modal amplitude. National Instrument DAQ card (i.e., NI 9234 and NI 9235 with 

DAQ-9174) and signal express are used to analyse the dynamic response of 

the system. 

5.5 Signal processing and data analysis 

The modal response of the beam was measured with the help of an 

accelerometer. The acquired acceleration and time data by accelerometer were 

exported to National Instrument Signal Express. Then, the acquired data were 

saved in text format and imported to MATLAB for processing the data. The 

natural frequency of the specimen beam was determined using Equation (5-2) 

𝑓 =
1

𝑡𝑝 − 𝑡𝑞
 

(5-2) 

Where, 𝑡𝑝 and 𝑡𝑞 are the times between the two wave cycles.  The modal 

amplitude of the specimen beam was computed by using Equation (5-3). 

𝑈 =
𝑎𝑚𝑎𝑥
(2𝜋𝑓)2

 
(5-3) 

Where, 𝑎𝑚𝑎𝑥 is the maximum acceleration amplitude. 

5.6 Numerical analysis method 

The numerical simulation to analyze the modal parameters was conducted 

using the ANSYS©2019 R2   workbench. The geometry of the specimen was 

drawn from the build-in design modeler as shown in Figure 5-6. The model was 

built in a fixed-free boundary condition. The sinusoidal load with an amplitude of 

2 mm was enforced as a mechanical load at the fixed end. The thermal loads 

were provided in a steady-state condition. The thermal properties of the 

material, such as the elastic modulus, coefficient of thermal expansion, and 

thermal conductivity were incorporated into the model at respective 

temperatures.  
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The modal analysis module was utilized to evaluate the modal frequency of the 

beam for healthy and pre-seeded crack specimens separately. The harmonic 

module was used to analyze the modal amplitude of the beam. The meshed 

density of this study was 3 mm, with 8833 nodes and 1728 elements. This 

evaluation of modal parameters was conducted separately for with crack and 

without crack conditions at various temperatures.  

 

Figure 5-6 ANSYS model geometry 
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6 RESULTS AND DISCUSSIONS 

In this chapter, the analytical, numerical, and experimental results are 

discussed. The first part of the discussion is about the thermal properties of the 

material. It is important because the material properties are temperature-

dependent. The heating rate and heating duration which could impact the 

structural response are explained. The comparison of analytical, numerical, and 

experimental results is presented. The impact of temperature on modal 

parameters in a crack and without crack under uniform temperature and non-

uniform temperature conditions is discussed. 

6.1 Thermal properties of Al 2024-T3 

The thermal properties of the material at different temperatures are given in 

Table 6-1. The elastic modulus is sensitive to temperatures, as shown in Figure 

6-1. The modulus decreases linearly with the temperature rise. The orientation  

Table 6-1 Thermal properties of Al 2024-T3 at different temperatures [195] 

Temperature 

(°C) 

Elastic modulus (E) 
GPa 

Thermal expansion 
(α) K-1 

Thermal conductivity (k) 

W/mm-°C 

25 73.4 21.32 x 10-6 0.1136 

50 72.7 21.56 x 10-6 0.1180 

100 69.3 21.82 x 10-6 0.1260 

150 68.5 25.74 x 10-6 0.1287 

200 65.2 27.18 x 10-6 0.1309 

 

Figure 6-1 Elastic modulus of Al 2424-T3. 
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of crack for measuring the thermal expansion is shown in Figure 6-2. The 

coefficient of thermal expansion of healthy specimen is shown in Figure 6-3, 

crack specimens of 0.25 mm, 0.5 mm, and 1 mm crack depth are respectively 

shown in Figure 6-4, Figure 6-5, and Figure 6-6. The graphs show that thermal 

expansion increases linearly with the temperature rise. It also shows that 

changes in temperature and crack depths have small changes in dimension per 

degree Celsius as depicted in the figures. This suggests that the coefficient of 

thermal expansion varies per degree Celsius and also concerning crack depth. 

The thermal expansions were measured without crack and with crack 

conditions. It was noticed that the coefficient of thermal expansion is increased 

from 0.039 to 0.097 µm/°C in the case of without cracks. However, in 0.25 mm 

crack depth, it increases from 0.041 to 0.096 µm/°C while in 0.5 mm it rises 

from 0.0071 to 0.083957 µm/°C and 0.1 mm crack depths start from −0.031 to 

0.073 µm/°C. Therefore, the coefficient of thermal expansion is not uniform in all 

cases. Comparatively, the greater temperature has higher thermal expansion 

per degree Celsius than lower temperature. This indicates the thermal 

expansion increases linearly with an increase in temperature, but with different 

rate and cracks conditions. 

 

Figure 6-2 Orientation of crack for measuring the thermal expansion 



 

79 

 

Figure 6-3 Thermal expansion of 

healthy specimen with 3.15 mm 

thickness 

 

 

Figure 6-4 Thermal expansion of 

0.25mm crack depth specimen with 

3.15 mm thickness 

 

Figure 6-5 Thermal expansion of 0.5mm 

crack depth specimen with 3.15 mm 

thickness 

 

Figure 6-6 Thermal expansion of 1 mm 

crack depth specimen with 3.15 mm 

thickness 

6.2 Heat rate and exposure time 

In this research, three cases of heating rate were considered to analyse the 

effect of temperature exposure time on modal parameters. In the first case, the 

beam temperature was allowed to increase in a slow and steady-state at the 

rate of 2°C/min. This enabled the beam to expose to temperature for a longer 

duration to reach the test temperatures. In the second case, the temperature 

was increased at the rate of 5°C/min. This heating rate was considered as a 

moderate rate to reach the required temperature for the experiments. In the 
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third case, the beam temperature was allowed to increase rapidly at the rate of 

8°C/min.  This controlled rate of heating the beam was achieved by using a PID 

temperature controller. Therefore, the temperature along the beam was 

controlled to meet the experimental requirements. Figure 6-7 (a) (b) (c) (d) 

presents the time required for all the three cases for the temperature of 50°C, 

100°C, 150°C, and 200°C respectively. The graphs show that the same 

temperature was achieved at different times. This means the increase in 

temperature at the rate of 2°C/min takes more time to heat the beam for all 

isothermal conditions. The heating at the rate of 2°C/min (i.e., slow heat rate) 

may adversely affect the material properties. It takes more time to reach the 

required temperature as compared to medium and fast heating rates. Therefore, 

during a slow heating rate, the beam is exposed to heat for a longer duration 

and hence tends to influence the material properties more especially like 

reducing the stiffness. 

  (a) 
 

(b)  

(c) (d) 

Figure 6-7 Temperature exposure duration for (a) 50°C (b) 100°C (c) 150°C and (d) 

200°C  
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6.3 Thermal and elastic strain intensity analysis 

The applied temperature is one of the factors that affect the modal response of 

the beam. In this study, two types of temperatures, uniform and non-uniform 

temperature loads were employed to evaluate the effect on modal parameters 

and stress and strain intensity. The evaluations were executed separately for 

both temperatures and different cracked and uncracked specimens. In uniform 

temperatures, the temperature across the beam was maintained at the same 

temperatures. However, in non-uniform temperatures, the two ends of the beam 

were maintained at different temperatures, as described in the details of the 

experiments. The numerical analysis showed that the temperatures were 

linearly distributed across the beam in the case of non-uniform temperatures.  

 

(a) 

 

(b) 

Figure 6-8 Stress intensity of 0.25 mm crack depth at 100–180 °C. (a) Top view, 

(b) Bottom view. 

The heat flow was from the high-temperature region to the low-temperature 

zone. In this study, all the higher temperatures were maintained at the free end, 

while lower temperatures were maintained at the fixed end. It was noticed that 

heat flux was concentrated more at the crack region, which was the fillet zone of 

the beam. 



 

82 

The assessment of stress and strain intensity was conducted for all types of 

specimens in both uniform and non-uniform temperatures distribution. It was 

observed that there was a stress concentration in the crack zone than in any 

other area of the beam. Moreover, the stress and strain intensity were more 

concentrated at the back of the crack region than in the crack area, as shown in 

Figure 6-8. It was also noticed that the stress concentration for the uncracked 

specimen was in the fillet region of the specimen. It was seen that stress and 

strain were produced more when the temperature increases. There was an 

augmentation of stress and strain intensity in the crack tip region when the 

crack depth increases. Hence, crack depth and applied thermal influence the 

stress and strain intensity. 

6.4 Impact of temperature on modal parameters in without 

seeded crack 

The natural frequency of the beam is determined by impact test separately for 

each specimen. The impact test was carried out three times. The differences in 

measurement was ± 0.13 Hertz. The frequency value used in this research is 

obtained by taking the average frequency value. Similarly, the temperature 

measurement was conducted three times and the differences in measurement 

was ± 2 °C. The temperature value used in this research is obtained by taking 

the average value of the three measurements. The impact test response to 

determine natural frequency for healthy specimen is shown in Figure 6-9 and 

modal amplitude in Figure 6-10.  The temperature along the beam was heated 

at different temperature rates to investigate the dynamics response accordingly. 

The comparisons of experimental results with the numerical and analytical 

results are presented. Figure 6-11 presents the comparison of natural frequency 

for different heating rates for the specific temperature.  The graph suggests that 

the beam natural frequency was decreased with an increase in temperature. 

This implies temperature on the beam surface deteriorated the beam stiffness 

to a certain level. Moreover, ramping of temperature at different rates had some 

effect on the beam natural frequency.  
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Figure 6-9 Determined the natural frequency of healthy specimen 

 

Figure 6-10 Determined the modal acceleration amplitude of healthy specimen 

Ramping of temperature at the rate of 2°C/min had more impact on natural 

frequency by diminishing its frequency. However, ramping at 5°C/min and 

8°C/min had little influence compared to ramping at 2°C/min. This effect of 

ramping temperature was more significant for higher temperatures as shown in 

Figure 6-11. This means that the heating at 2°C/min took more time to reach the 

desired temperature as shown in Figure 6-7, thereby accumulating the heat on 

the beam for a longer duration might have softened the material properties. 
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Figure 6-11 Natural frequency for uncracked beam 

This could be explained as changes in interatomic bond length especially at 

higher temperatures as suggested in [185]. Nevertheless, the experimental 

results of 2°C/min cases are very close to the numerical and analytical results 

for all the temperature values. The difference in frequency for the different 

ramping and numerical approaches are presented in Table 6-2. Figure 6-12 

illustrates that the amplitude decayed as the temperature increased. The drop 

of amplitude was associated with beam fundamental frequency. Therefore, the 

modal amplitude displayed a heating effect similar to the fundamental 

frequency. The heating rate at 2°C/min showed lower vibration amplitude as 

compared to the others. This indicates structures went through a more elastic 

behaviour at higher heating rates. This influence of heating rate was quite 

visible at high-temperature values. The difference of modal amplitude for 

different ramping and numerical with the analytical is presented in Table 6-3. 
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Figure 6-12 Modal amplitude for uncracked beam 

Table 6-2 Difference of natural frequency in undamaged under uniform 

temperature 

Temperature °C Ramp 2°C/min Ramp 5°C/min Ramp 8°C/min Numerical 

25 0.017 0.020 0.013 0.010 

50 0.000 0.053 0.097 0.060 

100 -0.067 0.087 0.177 -0.020 

150 -0.100 0.087 0.220 -0.040 

200 -0.027 0.093 0.230 -0.030 

 

Table 6-3 Difference of amplitude in undamaged under uniform temperature 

Temperature °C Ramp 2°C/min Ramp 5°C/min Ramp 8°C/min Numerical 

25 -0.017 -0.013 -0.010 -0.010 

50 -0.003 0.023 0.087 -0.020 

100 -0.080 0.367 0.523 0.160 

150 0.147 0.353 0.587 0.180 

200 0.040 0.257 0.430 -0.030 
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6.5 Impact of temperature on modal parameters in seeded crack  

The impact of temperature for three crack depths 0.25mm, 0.50mm, and 1mm 

were chosen for this assessment. The experimental procedures are the same 

for all the crack specimens as those without cracks. The natural frequency for 

0.25mm, 0.5mm and 1mm crack depths are shown in Figure 6-13, Figure 6-14, 

and Figure 6-15 respectively.  All the graphs show a similar trend of decreasing 

frequency with the increase in temperature. Moreover, the trend of decaying is 

lesser at lower temperatures while deep trends were observed at higher 

temperatures. This suggested that the material properties were deteriorated at 

higher temperatures, meaning less elastic. These changes in the material 

properties were associated with the stiffness of the material at different 

temperatures. 

The rate of heating the specimens had little impact on the fundamental 

frequency. This research aims to verify this by ramping at 2°C/min, 5°C/min, 

and 8°C/min for all three crack depths. Thus, the effect of heating rates was 

compared for all the specimens as shown in the respective figures.   It is seen 

that the analytical and numerical results were comparable to the ramped at 

2°C/min. The frequency difference in 0.25mm from the analytical is presented in 

Table 6-4. The frequency difference in 0.5mm and 1mm from the analytical is 

presented in Appendix A. Though, ramping effect is minimal at lower 

temperatures and more noticeable at higher temperatures. Therefore, this 

signifies that the rate of heating can make a slight effect on the dynamic 

response of any mechanical system. 

Table 6-4 Difference of natural frequency in 0.25mm under uniform temperature 

Temperature °C Ramp 2°C/min Ramp 5°C/min Ramp 8°C/min Numerical 

25 -0.053 -0.030 -0.017 0.059 

50 -0.010 0.013 0.057 -0.008 

100 0.083 0.210 0.247 -0.029 

150 -0.117 0.130 0.233 -0.109 

200 -0.067 0.253 0.363 -0.090 
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Figure 6-13 Natural frequency for 0.25mm crack depth 

 

Figure 6-14 Natural frequency for 0.50mm crack depth 
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Figure 6-15 Natural frequency for 1mm crack beam 

The effect of temperature on modal amplitude is plotted for all the crack depths. 

The modal behaviour of 0.25mm, 0.5mm and 1mm crack depths are shown in 

Figure 6-16, Figure 6-17, and Figure 6-18 respectively. It was noticed that 

modal amplitude decreases with the increase in crack depth. The decrease in 

amplitude was also associated with a temperature rise.  

 

Figure 6-16 Modal amplitude for 0.25mm crack depth 
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Figure 6-17 Modal amplitude for 0.50mm crack depth 

Comparatively, the declining trend of amplitude behaviour for 1mm crack depth 

was more linear than 0.25mm and 0.5mm crack depth. This implied the 

increase in crack depth reduced the beam stiffness. Thus, this evidence can be 

utilized for determining crack depth in structuring health monitoring. It was 

observed vibration amplitude was different on all heating rates. The comparison 

of modal amplitude for different crack depth at different temperatures is 

presented in Table 6-5. The effect of heating rate on amplitude is obvious for 

higher temperatures. The vibration behaviour of 0.25mm crack depth was 

observed linear till 100°C. A nonlinear response for all higher temperature 

ranges was also observed. Similarly, 0.5mm crack depth showed a small drop 

in vibrating amplitude from 25°C to 100°C, and then it dropped abruptly. This 

implied the specimen loses its stiffness greatly when the temperature goes 

above 100°C. Moreover, 1mm crack depth showed a linear response at all 

values of temperatures. Thus, 1mm crack depth was a special case where its 

stiffness played a role in vibrating behaviour and less with the temperature as 

shown in Figure 6-18. 
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Table 6-5 Comparison of modal amplitude for different crack depth at different temperatures 

0.25 mm crack depth 0.5 mm crack depth 1 mm crack depth 

Temp Analytical Ramp 

2°C/min 

Ramp 

5°C/min 

Ramp 

8°C/min 

Numerical Analytical Ramp 

2°C/min 

Ramp 

5°C/min 

Ramp 

8°C/min 

Numerical Analytical Ramp 

2°C/min 

Ramp 

5°C/min 

Ramp 

8°C/min 

Numerical 

25 4.97 4.91 4.93 4.98 4.93 4.43 4.44 4.40 4.45 4.42 3.72 3.72 3.79 3.80 3.77 

50 4.60 4.74 4.86 4.91 4.77 4.21 4.26 4.32 4.41 4.26 3.51 3.55 3.68 3.69 3.59 

100 4.11 4.26 4.53 4.64 4.31 4.00 4.12 4.18 4.27 4.16 3.23 3.17 3.41 3.53 3.33 

150 3.43 3.62 3.88 4.04 3.74 3.33 3.35 3.63 3.87 3.4 3.00 2.92 3.21 3.38 3.16 

200 3.10 3.42 3.65 3.82 3.54 3.00 3.06 3.21 3.53 3.1 2.76 2.65 2.92 3.11 2.89 
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Figure 6-18 Modal amplitude for 1mm crack depth 

And heating at 2°C/min, 5°C/min and 8°C/min appeared similar response but 

heating at 5°C/min and 8°C/min are small in amplitude drop compared to 

heating at 2°C/min. This indicated ramping at 2°C/min has accumulated more 

heat on the beam as it takes a longer duration to heat the required temperature 

and through this process softens the material properties. Nevertheless, ramped 

at 2°C/min is in good agreement with the analytical and numerical results. This 

meant heating up at a lower rate is more accurate for theoretical and 

experimental vibration testing. The amplitude difference for different heating 

rates from the analytical model is presented in Appendix B. 

6.6 Modal behaviour of a beam under non-uniform temperature 

This research work studies the modal behaviour of the cantilever beam when 

subjected to thermal and mechanical loads. The evaluation of the modal 

parameters was implemented in uniform and non-uniform temperature 

distribution conditions. The modal behaviour of the beam was examined at 

three heating rates, as discussed above. The modal characteristic of the beam 

in uniform temperature was presented previously. This section analysed the 

beam response under non-uniform temperature conditions. The natural 
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frequencies of the healthy and crack specimens were evaluated. The decrease 

in modal parameters with the temperature rise was seen in the case of non-

uniform temperature. The decreasing trend of fundamental frequency for the 

healthy specimen is shown in Figure 6-19.  The natural frequencies of crack 

specimens with crack depths of 0.25, 0.5, and 1 mm are presented in Figure 

6-20, Figure 6-21, and Figure 6-22 respectively. It was seen that heating rates 

impacted the modal frequencies, as depicted in the figures. Moreover, this 

heating effect was negligible at low temperatures but considerable at high 

temperatures. The change in fundamental frequencies for crack depths was 

also visible. The frequencies decrease when the crack depth increases.  

 

Figure 6-19 Natural frequency of 

healthy specimen in non-uniform 

temperature 

 

Figure 6-20 Natural frequency of 0.25 

mm crack depth in non-uniform 

temperature 

This dropped in frequencies was steadier at low temperatures and crack 

depths. However, this tends to progress rapidly when the crack depth and 

temperature rise. However, this frequency behaviour is limited, as it becomes 

steadier once it reaches certain crack depths, as represented in Figure 6-21 

and Figure 6-22. The modal amplitudes of the beam when subjected to thermal 

and mechanical loads for uncracked samples and samples with crack depths of 

0.25, 0.5, and 1 mm are presented in Figure 6-23, Figure 6-24, Figure 6-25, and 

Figure 6-26 respectively. 
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Figure 6-21 Natural frequency of 0.5 

mm crack depth in non-uniform 

temperature 

 

Figure 6-22 Natural frequency of 1 mm 

crack depth in non-uniform 

temperature 

 

 

Figure 6-23 Modal amplitude of healthy 

specimen in non-uniform temperature 

 

Figure 6-24 Modal amplitude of 

0.25mm crack depth in non-uniform 

temperature 

The amplitude drop corresponded to the frequencies. It decreases with the 

decrease in frequencies as the temperatures rise. Similarly, the heating effect 

affected it. The ramp in temperature of 2 °C/min showed the lowest amplitude 

compared to the ramp of 5 °C/min and 8 °C/min. This signifies that heating at a 

lower rate accommodates more heat into the beam, and thereby the beam 

becomes less stiff. However, this effect was insignificant at low temperatures 

and was more considerable at high temperatures. 
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Figure 6-25 Modal amplitude of 0.5mm 

crack depth in non-uniform temperature 

 

Figure 6-26 Modal amplitude of 1mm 

crack depth in non-uniform 

temperature 

6.7 Comparison of modal behaviour of a beam under uniform 

and non-uniform temperature 

In this study, the modal parameters of the cantilever beam were compared for 

both uniform and non-uniform temperatures. The results show that the modal 

parameters vary for both the temperatures conditions. It was noticed that the 

modal parameters were higher under non-uniform temperatures than under 

uniform temperatures. Even though there was a small variation in their 

responses, it was still noticeable. This small difference is due to the small 

temperature ranges. Their dissimilarities were minimal at low temperatures and 

visible at higher temperatures. The comparison of the fundamental frequencies 

for healthy and various crack depths specimens is shown in Figure 6-27 to 

Figure 6-30.  

Similarly, the modal amplitude of the cantilever beam varies for both 

temperatures. The results showed that the amplitude differences were obvious 

only at high temperatures. The variations in the amplitude are due to the 

differences in the frequencies at the respective temperature range. The modal 

amplitude of uncracked and cracked beams is presented in Figure 6-31 to 

Figure 6-34. The modal parameters of the cantilever beam were examined with 

the changes in thermal properties due to the changes in temperatures. 
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Figure 6-27 Comparison of the natural 

frequency of undamaged specimen 

ramped at 2 °C/min 

 

Figure 6-28 Comparison of the natural 

frequency of 0.25 mm crack depth 

ramped at 2 °C/min 

 

Figure 6-29 Comparison of the natural 

frequency of 0.5 mm crack depth 

ramped at 2 °C/min 

 

Figure 6-30 Comparison of the natural 

frequency of 1 mm crack depth ramped 

at 2 °C/min 

The illustration of the thermal properties concerning temperatures is shown in 

Figure 6-35. As is seen from the graph, the elastic modulus decreases with an 

increase in temperature, while the coefficient of thermal expansion increases 

linearly with the elevation in temperature. The corresponding changes in natural 

frequencies with the changes in storage modulus are presented in Figure 6-36. 

It is seen that the fundamental frequencies of the cantilever beam are related to 

the changes in the modulus under given temperatures. However, the beam 

frequencies and thermal expansion are contrasting. The beam response 

decreases while thermal expansion increases when the temperatures rise, as 
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shown in Figure 6-37. Thus, the modal characteristic of the cantilever beam is 

dependent on the nature of the changes in thermal properties concerning 

temperatures. 

 

Figure 6-31 Comparison of modal 

amplitude of undamaged specimen 

ramped at 2 °C/min 

 

Figure 6-32 Comparison of modal 

amplitude of 0.25 mm crack depth 

ramped at 2 °C/min 

 

Figure 6-33 Comparison of modal 

amplitude of 0.5 mm crack depth 

ramped at 2 °C/min 

 

Figure 6-34 Comparison of modal 

amplitude of 1 mm crack depth ramped 

at 2 °C/min 
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Figure 6-35 Thermal properties at 

different temperatures 

 

Figure 6-36 Modulus and frequency at 

different temperatures 

 

Figure 6-37 Thermal expansion and 

modal frequency at different 

temperatures 

 

6.8 Conclusion 

The influence of temperature on structural response is an issue in engineering 

applications. This study looked at the modal characteristics of a cantilever beam 

under uniform and non-uniform temperature circumstances. The findings 

revealed that the applied temperature and heating rate had an effect on the 

overall structural stability. The experiment was conducted for three different 

category as slow heating at 2 °C/min, moderate heating at 5 °C/min, and fast 

heating at 8 °C/min to analyse the modal response for both with crack and 

without crack specimens. Different heating rates were found to have slight effect 

on modal characteristics. The effect of heating rates on dynamic 
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responsiveness is mild at low temperatures but considerable at high 

temperatures. The modal parameters of different heating rates were compared 

to the analytical and numerical results. It was found that the results of heating at 

2 °C/min appeared close to the analytical and numerical results. This signifies 

heating at a lower rate is more accurate for any experimental structural 

analysis. This also revealed that heating at different rates can have a slight 

effect during the evaluation of modal parameters of structure. The modal 

frequency and amplitude of the cantilever beam decrease as temperature rises 

in both crack and non-crack. This is because increase in temperature decrease 

the elastic modulus. Variations in the modal characteristics of the cantilever 

beam were found to be related to changes in applied temperatures and heating 

rate. However, slow heating takes longer to attain the requisite temperatures 

and have the potential to make the beam less rigid, especially at higher 

temperatures. 
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7 FATIGUE CRACK PROPAGATION BEHAVIOUR 

UNDER THERMAL AND MECHANICAL LOADS 

In the previous chapter, it is seen that structure exposure to temperatures 

modified the material properties and impact structural dynamics. This 

modification influences the overall deformation of the structure. The changes in 

temperature influence stress concentration and increase in temperature 

reduced the global stiffness.  The effect of temperature distribution on structure 

relating to crack propagation and its modal properties is still to address. Crack 

propagation analysis is one of the fundamental research areas in structural 

dynamics and fracture mechanics. It is because the appearance of crack on 

structure changes the structural response. The crack initiation occurs due to 

cyclic loads, overloading, operating conditions, etc. Moreover, the crack growth 

may not be the same for all materials. In this thesis, the crack propagation 

behaviour of aluminium 2024-T3 is studied under uniform and non-uniform 

temperature distribution. In this study, different pre-seeded crack depths were 

selected to analyse the crack propagation. The pre-seeded rectangular crack 

shape has opted for all the experimental specimens. This crack propagation 

analysis used the analytical model which was discussed earlier to measure the 

modal parameters. The corresponding structural responses for different crack 

depths are measured during crack propagation.    

7.1 Selection of pre-seeded crack specimen 

In this study, different types of pre-seeded crack specimens were selected to 

analyse crack propagation. Crack depths of 0.25, 0.5, and 1 mm were 

considered for the uniform temperature distribution between 25 and 200 °C, 

while crack depths of 1, 1.3, and 1.5 mm were preferred for the non-uniform 

temperature distribution. The differences in crack depth for both temperature 

types were considered, because lower crack depth takes a longer time to 

propagate, which becomes a problem regarding maintaining the non-uniform 

temperature. Therefore, greater crack depths were considered under non-

uniform analysis.  
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7.2 Crack depth measurement method 

Crack depth measurement means determining the crack depth during crack 

propagation. In this research, the propagated crack depth was captured using a 

Dino-Lite Digital Microscope as shown in Figure 7-1. Then, crack depths were 

determined based on pixels contained in the picture captured from the 

specimen. The process of analysing the number of pixels in the crack specimen 

is processed using Microsoft paint. The first step is to take the picture of the 

crack specimen placing a ruler on it. The purpose of placing a ruler is to 

determine the number of pixels contained in 1 mm. So, ’Scaled pixel’   is the 

number of pixels contained in a 1 mm ruler. The next step is to determine the 

total pixel contained in the thickness of the specimen. It can be denoted that 

‘Total pixel’ is the total number of pixels contained in the specimen thickness. 

Therefore, the total number of pixels contained in the 1mm can be found if the 

specimen thickness is known. The last step is to find the crack depth pixel. The 

crack depth pixel is the number of pixels present in the crack. Hence, crack 

depth can be found by using the number of pixels contained in the crack. These 

procedures for measuring crack depth were repeated until total damage was 

achieved. 

 

Figure 7-1 Counting the pixel in Microsoft paint. 
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7.3 Fatigue crack propagation evaluation 

Fatigue crack propagation evaluation was performed for various pre-seeded 

crack depths. The analysis was performed separately for uniform temperatures 

and non-uniform temperatures. The dynamic response of the beam was 

recorded during the crack propagation. The crack depth measurement and its 

modal parameters for a 0.25 mm pre-seeded crack depth subjected to 

isothermal and mechanical loads are given in Table 7-1. ‘Total pixel’ is the total 

number of pixels contains in the specimen thickness. ‘Scaled pixel’   is the 

number of pixels contained in a 1 mm ruler. The crack depth pixel is the number 

of pixels present in the crack. The crack depth is found by using the number of 

pixels contained in the crack. This procedure for measuring crack depth was 

repeated until total damage was achieved. Several experiments were 

conducted for the same condition to verify repeatability. This method of fatigue 

crack propagation evaluation was conducted in all specimens and is given in 

Appendix C. It was observed that crack propagation was different for different 

temperatures. The corresponding natural frequency and amplitude were 

recorded during the crack propagation. It showed that the experimental results 

were comparable to the analytical results, although there was a small variation. 

The results of crack propagation analysis show that a constant crack depth 

cannot be obtained for different temperatures. The propagation was not 

identical. The appearance of the first crack consumed much of the time in the 

whole propagation leading to failure. Additionally, the crack initiation was 

dependent on the pre-seeded crack depth. It was noticed that a deeper crack 

depth tends to appear to initiate cracking easily. Once the crack appeared, it 

was easier to accelerate the crack growth. It observed that crack propagations 

were irregular, and they varied according to applied temperatures and pre-

seeded cracks. The propagated crack depth measurement and its sequence for 

a pre-seeded crack depth of 0.5 mm at 25 °C are shown in Figure 7-2. The 

others propagated crack depth measurement and its sequence was given in 

Appendix D. It was observed that crack initiation was quicker at lower 

temperatures than at elevated temperatures. This is due to the plasticity at 

lower temperatures and more ductility at higher temperatures. It was also 
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Table 7-1 Crack propagation at an isothermal temperature of 50 °C for pre-seeded 0.25 mm crack depth 

Crack Depth 
(mm) 

Crack Depth 
Pixel 

Total 
Pixel 

Scale 
Pixel 

1 mm = 
Pixel 

1 Pixel = 
mm 

Natural Frequency 
(Hz) 

Modal Amplitude 
(mm) 

Experiment Analytical Experiment Analytical 

0.4047 26 203 64 64.2405 0.0156 16.3 16.23 18.11 18.13 

0.8786 57 205 65 64.8734 0.0154 15.11 14.97 17.93 17.85 

0.9511 62 206 65 65.1899 0.0153 14.74 14.62 17.26 17.14 

1.6874 110 206 65 65.1899 0.0153 12.81 12.65 15.38 15.21 

2.1996 142 204 65 64.5570 0.0155 10.73 10.61 11.81 11.69 

2.6667 173 205 64 64.8734 0.0154 6.71 6.68 5.16 5.13 

2.8812 186 204 65 64.5570 0.0155 5.21 5.1 4.1 3.97 
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noticed that sometimes, a propagated crack develops multiple crack fronts 

within the pre-seeded crack. This is more frequent during the lower-temperature 

experiments. Moreover, the fatigue crack propagation was quicker when there 

was a single crack in the same direction. However, the propagation appeared 

sluggish whenever there was a dual crack front from the opposite end. 

Nevertheless, the speed of fatigue crack propagation was dependent on applied 

temperatures, attached end mass, and its alignment. 

 

(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 
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(f) 

 
(g) 

Figure 7-2 Sequence of crack propagation of pre-seeded 0.5 mm crack depth at 

room temperature (a) 1st capture at crack initiation, (b) 2nd capture, (c) 3rd capture, 

(d) 4th capture, (e) 5th capture, (f) 6th capture, (g) 7th capture 

The evaluation of fatigue crack propagation at different temperatures showed a 

non-uniform crack pattern. This seems to be due to the selected shape of the 

crack. The occurrence of the first crack from the pre-seeded crack was not 

identical, even under the same boundary conditions. In this research, a 

rectangular-shaped pre-seeded crack was considered, which sometimes 

generated double crack front, as shown in Figure 7-3. (a) showed the top view 

of the propagated double crack (b) showed the bottom view of the same double 

crack, (c) is the front view and (d) showed the final breaking of the double crack. 

This propagation accelerates at lower temperatures than at elevated 

temperatures. This happened due to the growth of plasticity at the crack tip. 

Therefore, the modal parameters of the beam were not identical in the case of 

propagated crack. The actual crack and pre-seeded crack might be the 

problem. Hence, crack propagation evaluation on a pre-seeded crack, 

especially a rectangular crack, was not viable. This suggested crack 

propagation analysis should be based on a real crack, or something resembling 

to it. 

 



 

105 

 

(a) Top view 

 

(b) Bottom view 

 

(c) Side view 

 

(d) Final breaking 

Figure 7-3 Double crack appearance in pre-seeded 1mm crack depth 

7.4 Modal behaviour of beam during fatigue crack propagation 

The modal behaviour of the beam was studied during fatigue crack propagation. 

This study observed that crack propagations were irregular, and they varied due 

to the applied temperatures and selected cracks depths. The modal amplitudes 

are dependent on their fundamental frequencies; therefore, they vary with the 

change in frequency. In this modal analysis, the modal parameters during crack 

propagation were compared with the analytical model. It showed the analytical 

model is in good agreement with the experimental results. The comparison of 

modal parameters under non-uniform and uniform temperatures is presented 

below. The results show that modal parameters under non-uniform 

temperatures are more linear in nature than those of uniform temperatures. This 

suggests that the applied temperatures affect the modal parameters of the 

beam. Figure 7-4 illustrates a comparison of the modal parameters at 

isothermal temperatures for a pre-seeded crack depth of 0.25 mm. 
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(a) (b) 

  

(c) (d) 

Figure 7-4 Comparison of modal parameters of a propagated crack in the pre-

seeded crack depth of 0.25mm (a) 50 °C and 100 °C (b) 50 °C and 100 °C (c) 150 

°C and 200 °C (d) 150 °C and 200 °C 

Figure 7-4 (a) presented the natural frequency concerning the crack depth and 

Figure 7-4 (b) is the respective modal amplitude at the same temperature. 

However, Figure 7-4 (c) and Figure 7-4 (d) showed the modal behaviour at a 

higher temperature. It is noticed that modal amplitude is the product of its 

frequency.  The amplitude decreases with the decrease in frequency. It is 

evident from this illustration that higher temperatures have a lower frequency. 

Furthermore, the fatigue crack propagations are not the same and the total 

fracture of the specimen was asymmetrical for different temperatures. Similarly, 
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the modal behaviour of pre-seeded crack depth of 0.5 mm exhibited a similar 

trend as shown in Figure 7-5, Figure 7-6, Figure 7-7, and Figure 7-8.  

 

Figure 7-5 Comparison of the natural frequency of propagated crack in the pre-

seeded crack depth of 0.5mm at 50 °C and 100 °C 

 

Figure 7-6 Comparison of modal amplitude of propagated crack in the pre-

seeded crack depth of 0.5mm at 50 °C and 100 °C  
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Figure 7-7 Comparison of the natural frequency of propagated crack in the pre-

seeded crack depth of 0.5mm at 150 °C and 200 °C 

 

Figure 7-8 Comparison of modal amplitude of propagated crack in the pre-

seeded crack depth of 0.5mm at 150 °C and 200 °C 

However, the modal behaviour is more linear in nature than in 0.25mm pre-

seeded crack depth. These results disclosed that crack growths are not 

identical but vary for different temperatures and selected crack depths. The 

modal behaviour of the beam under non-uniform temperatures was evaluated. 

Figure 7-9 showed the modal characteristics of the pre-seeded crack depth of 1 

mm. The modal characteristic was compared between two types of temperature 

i.e., 50–85 °C and 131–150 °C. The modal responses showed a similar trend of 

decreasing the modal parameters. However, the crack growths are not the 
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same. The crack initiation appearance was easily noticeable for the higher 

temperatures range, but it appeared at greater crack length in the case of lower 

temperatures as shown in the figures. Similarly, the modal characteristics 

showed a similar pattern in the case of 1.3 mm pre-seeded crack depth as 

shown in Figure 7-10 and Figure 7-11. The crack growths exhibit a kind of linear 

form throughout the propagation. The crack appearance and total damage or  

  

Figure 7-9 Comparison of modal parameters of propagated crack in pre-seeded 

crack depth of 1mm for 50–85°C and 131–150°C 

 

Figure 7-10 Comparison of natural frequency of propagated crack in pre-seeded 

crack depth of 1.3 mm at 50–85°C and 131–150°C 
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failures were not alike in all experiments. This seems to be due to the selected 

crack shape or crack depth. Moreover, the results of the modal characteristics 

analysis of beam during crack propagation indicate that the proposed analytical 

model for evaluation of modal behaviours is in good agreement with the 

experimental results. Therefore, the model is validated for characterising the 

modal behaviour of the beam during crack growth at different temperatures. 

 

Figure 7-11 Comparison of modal amplitude of propagated crack in the pre-

seeded crack depth of 1.3 mm at 50–85°C and 131–150°C 

7.5 Conclusion 

In this crack propagation analysis, different pre-seeded cracks were selected to 

evaluate the crack growth. The crack propagation was analysed in both uniform 

and non-uniform temperature conditions. Crack depths of 0.25, 0.5, and 1 mm 

were considered for the uniform temperature distribution while crack depths of 

1, 1.3, and 1.5 mm were chosen for the non-uniform temperature distribution. 

The differences in crack depth for both temperature types were considered, 

because lower crack depth takes a longer time to propagate, which becomes a 

problem regarding maintaining the non-uniform temperature. Therefore, greater 

crack depths were considered under non-uniform analysis. The propagated 

crack depth was captured by a digital microscope. The crack depth was 
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determined by counting the number of pixels present in it. In this study, two 

types of evaluation were conducted. The first analysis was the fatigue crack 

propagation evaluation. In this analysis, the crack was allowed to propagate 

until failure. The crack depths were measured during the crack growth and 

evaluated the crack growth pattern under different temperatures. The second 

analysis was the evaluation of the modal parameter during crack propagation. 

The results of crack propagation analysis showed that a constant crack depth 

cannot be obtained for different temperatures. The propagation was not 

identical. It sometimes appeared double cracks and consumed time leading to 

failure. The appearance of multiple cracks could be due to the selected shape 

of the pre-seeded crack. The modal analysis during crack propagation showed 

that modal parameters under non-uniform temperatures are more linear in 

nature than those of uniform temperatures. This suggests that the applied 

temperatures affect the modal parameters of the beam. In this modal behaviour 

analysis, the modal parameters during crack propagation were compared with 

the analytical model. It showed that the analytical model is in good agreement 

with the experimental results.  
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8 CONCLUSIONS 

Modal analysis is vital in engineering applications. The applied thermal and type 

of mechanical loads affect the overall structural integrity. This research 

investigates the structural dynamics and cracks propagation behaviour under 

uniform and non-uniform temperature conditions. An analytical model based on 

the Bernoulli–Euler beam theory was developed to analyse the structural 

dynamics and its modal parameters. The model was validated by experimental 

and numerical methods. The crack propagation behaviour was experimentally 

evaluated at the thermal setting. The research aims to study the impact of 

applied thermal load and the heating rate on modal dynamics and crack 

propagation behaviour. The evaluation showed that there was a variation in 

modal responses when changing the applied temperature, although the 

difference was relatively small but significant at high temperatures. The 

cantilever beam's modal characteristics were studied for both uniform and non-

uniform temperatures. The results reveal that the modal parameters change 

depending on the temperature. The modal parameters were found to be greater 

at non-uniform temperatures than at uniform temperatures. Even though there 

was small variation in their responses, it was apparent. The small temperature 

ranges account for the little variation. Their differences were minor at low 

temperatures but apparent at higher temperatures. Similarly, the cantilever 

beam's modal amplitude fluctuates with temperature. The results shown that 

amplitude differences were mostly visible at high temperatures. The changes in 

amplitude are caused by variances in frequency at each temperature range. 

The modal parameters were different for different heating rates, especially at 

elevated temperatures. The effect of ramping temperature is negligible at low 

temperatures and increasingly obvious at high temperatures. As a result, the 

rate of heating has a little influence on the dynamic behaviour of the beam. The 

experimental analysis at slow heating rates provided more precise results with 

the analytical results. The results demonstrated that the modal parameters 

change with respect to temperature. This is due to the changes in thermal 

properties of the material especially modulus and thermal expansion at elevated 

temperature. The modulus decreases while thermal expansion increases 
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linearly with the rise in temperature. Both the factors are responsible for the 

changes in modal parameters. However, the effect of modulus is more 

significant than the thermal expansion. 

The research also demonstrated the fatigue crack propagation behaviour of a 

cantilever beam under uniform and non-uniform temperatures conditions. The 

results of crack propagation exhibited nonlinear crack growth at both high and 

low temperatures. It appears double crack fronts and multiple cracks on the pre-

seeded crack surface. However, this may be due to the selected pre-seeded 

crack shape. A pre-seeded rectangular crack shape was considered for this 

research. Hence, fatigue crack propagation evaluation on a pre-seeded crack, 

especially a rectangular crack, was not viable. It is worthwhile to choose a real 

crack for crack propagation analysis in the future. 

8.1 Achievement of objectives 

Objective 1: To develop an analytical model to investigate the effects of 

temperature distribution on the modal response of a beam structure.  

An analytical model was established based on Bernoulli–Euler beam theory. 

This modelling incorporated the thermal expansion due to the applied thermal 

loads. The modelling used the approximate relationship for calculating the 

elastic modulus for different temperatures. Therefore, this model was able to 

capture the thermal effect on modal characteristic of the beam at different 

temperatures.  

Objective 2: To establish the changes in the model for a beam with crack 

damage.  

The model was effectively modified to accommodate the crack damage in 

estimating modal parameters of the beam. The modal response was measured 

based on changes in deformation energy due to the crack formation. 

Objective 3: Experimental validation of the analytical model under uniform and 

variable temperature distribution across the structure.  
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This objective is achieved by designing proper experimental scheme and testing 

procedures.  The analytical model was validated with the experimental data 

separately for uniform and non-uniform temperature distribution. 

Objective 4: Experimentally analyse the crack propagation behaviour and study 

the modal response of the beam during crack propagation. The author achieved 

this objective by analysing the crack propagation behaviour at different 

temperatures. The propagation evaluation was conducted at different pre-

seeded crack depths for uniform and non-uniform temperature 

8.2 Novel contribution 

8.2.1 Analytical modelling to study the modal characteristic of the 

beam at different temperatures 

Generally, the assessment of modal response on structures was performed in 

absence of a thermal environment. Therefore, those research approaches are 

infeasible to capture the addition of thermal disturbances. Most of the practices 

are however purely analysing the vibrational characteristic behaviour of the 

structure without concerning the fatigue damage This research is focused to 

include temperature load in structural health analysis. An analytical model was 

established based on Bernoulli–Euler beam theory. This model can be able to 

analyse the modal characteristic of the beam at different temperatures. The 

effect of temperature was incorporated by considering the effective length of the 

beam due to the thermal expansion. This modelling used an approximate 

relationship for calculating the elastic modulus for different temperatures.  The 

changes in the modal response for a crack beam are calculated based on 

changes in deformation energy due to the crack formation. From this analysis, it 

was found that the modal characteristic is different for different temperatures. 

Therefore, the modal parameters vary at a standard treatment and elevated 

temperatures. 
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8.2.2 An experimental design technique to capture the modal 

response of a beam 

The experimental methods which are reviewed in the previous chapter applied 

temperature without considering the heating duration. This research 

experimentally studied the modal characteristic of a cantilever beam at three 

heating rates at different temperatures condition. It was assumed as slow 

heating at 2°C/min, moderate heating at 5°C/min, and fast heating at 8°C/min to 

analyse the modal response for both cracks and without a crack specimen. It 

was observed that different heating rates have little influence on modal 

parameters. This impact of heating rates on dynamic response is negligible at 

lower temperatures and appeared significant at elevated temperatures. It was 

found that the results of heating at 2°C/min appeared close to the analytical and 

numerical results. This signifies heating at a lower rate is more accurate for any 

experimental analysis. This also suggested that heating at different rates can 

make a slight effect while measuring the dynamic response of any mechanical 

system. The modal frequency and amplitude of the cantilever beam decrease 

with an increase in temperature in both crack and without a crack specimen. 

The results showed that modal parameters of the cantilever beam are 

associated with the change in temperatures. This is due to the changes in the 

interatomic bond length of the material as discussed above. This experimental 

analysis suggested that a slow heating rate provides more accurate results to 

the analytical results. Therefore, slow heating is appropriate for experimental 

evaluation.  

8.2.3 Assessment of fatigue crack propagation behaviour at thermal 

setting 

This research anticipates assessing the crack propagation behaviour in a 

thermal setting. The evaluation of fatigue crack propagation at different 

temperatures showed a non-linear crack growth. The crack initiation from the 

pre-seeded crack surface was not identical in all experiments even though it 

applied the same boundary conditions. This seems to be due to the selected 

pre-seeded crack depth shape. In this analysis, a pre-seeded crack of 

rectangular shape was considered which sometimes generated multiple cracks.  
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It also appears a double crack front.  The fatigue crack propagation was quicker 

when there is a single crack in the same direction. However, it appeared a 

sluggish propagation whenever there were dual crack fronts from the opposite 

end. Moreover, the speed of fatigue crack propagation was also dependent on 

the attached end mass and its alignment. The propagated crack accelerates at 

lower temperatures than at elevated temperatures. This happened due to the 

formation of plasticity at low temperatures while more elasticity at higher 

temperatures. Therefore, the modal parameters of the beam were not identical 

in the case of propagated crack. 

8.3 Recommendation for the future study 

The structural dynamics and crack propagation behaviour under uniform and 

non-uniform temperatures were investigated in this study. This research 

completed and met the research objectives. However, this research has various 

scopes for future research. The research can be extended in the future study as 

described below: 

Bernoulli–Euler beam hypothesis served as the basis for the analytical model. 

As a result, once the beam deforms, the section of the beam is expected to stay 

perpendicular to the neutral axis. For bending beams that do not experience 

large shear or torsional loads, this convention works well. It was also taken into 

account that the deflection angle or deform angle of the beam was rather 

modest. Future research can enhance this aspect of the constraint. 

The experimental scheme was designed for this research. The crack depths, 

specimen dimensions, rates of heating, and temperature range was selected for 

the convenience of a lab experiment. In the future, this experimental procedure 

can be carried out and tested in real physical structures. 

One of the limitations of this research was choosing the maximum temperature 

as 200ºC which is well below the phase transition temperature of Al 2024. 

Therefore, the modal response may behave differently at higher temperatures. 

This part of the research can be enhanced by encompassing at high 

temperatures. 



 

117 

The pre-seeded crack of rectangular shape was selected for this research in 

crack propagation analysis. This crack shape generates multiple cracks on the 

pre-seeded crack surface during the crack initiation and fails to fracture. 

Therefore, a suitable crack shape like V-shape or real crack for crack 

propagation assessment is recommended in future research. 

Last but not least the author would like to recommend comprehensive research 

on crack growth rate retardation techniques. Several factors contributed to 

crack growth mechanisms. The researcher does relate the influence of 

microstructural voids, corrosions, riveting joins etcetera in damage processes. 

In general, future research should direct toward enriching fatigue life by 

reducing the crack growth rate.  
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APPENDICES 

Appendix A Difference of natural frequency from the 

analytical model 

Table A-1 Difference of natural frequency in 0.5mm under uniform temperature 

Temperature °C Ramp 2°C/min Ramp 5°C/min Ramp 8°C/min Numerical 

25 0.017 0.040 0.047 0.050 

50 0.030 0.063 0.073 0.050 

100 0.073 0.110 0.197 0.020 

150 0.063 0.210 0.393 0.130 

200 0.077 0.303 0.427 0.140 

 

Table A-2 Difference of natural frequency in 1mm under uniform temperature 

Temperature °C Ramp 2°C/min Ramp 5°C/min Ramp 8°C/min Numerical 

25 0.037 0.083 0.090 0.100 

50 0.023 0.117 0.197 0.170 

100 0.120 0.247 0.433 0.150 

150 -0.047 0.163 0.357 0.030 

200 0.030 0.267 0.463 0.150 

 

Table A-3 Difference of natural frequency in undamaged under non-uniform 

temperature 

Temperature °C Ramp 2°C/min Ramp 5°C/min Ramp 8°C/min Numerical 

27–25 0.017 0.020 0.013 0.010 

50–33 -0.037 0.027 0.097 0.010 

100–80 -0.117 0.030 0.083 -0.060 

150–131 -0.107 0.043 0.237 -0.090 

200–185 -0.033 0.080 0.250 0.020 
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Table A-4 Difference of natural frequency in 0.25mm under non-uniform 

temperature 

Temperature °C Ramp 2°C/min Ramp 5°C/min Ramp 8°C/min Numerical 

27–25 -0.037 -0.013 0.023 0.030 

50–33 -0.027 0.037 0.087 -0.010 

100–80 0.010 0.203 0.240 0.040 

150–131 -0.103 0.113 0.240 -0.040 

200–185 -0.063 -0.063 0.347 -0.030 

 

Table A-5 Difference of natural frequency in 0.5mm under non-uniform 

temperature 

Temperature °C Ramp 2°C /min Ramp 5°C/Min Ramp 8°C/Min Numerical 

27–25 0.020 0.043 0.053 0.060 

50–33 0.027 0.057 0.067 0.060 

100–80 0.077 0.127 0.180 0.080 

150–131 0.037 0.217 0.393 0.120 

200–185 0.127 0.383 0.517 0.220 

 

Table A-6 Difference of natural frequency in 1mm under non-uniform temperature 

Temperature °C Ramp 2°C/min Ramp 5°C/min Ramp 8°C/min Numerical 

27–25 0.047 0.087 0.097 0.110 

50–33 0.007 0.113 0.220 0.150 

100–80 0.137 0.233 0.433 0.110 

150–131 0.037 0.207 0.390 0.080 

200–185 0.103 0.203 0.420 0.070 
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Appendix B Difference of modal amplitude from the 

analytical model 

Table B-1 Difference of amplitude in 0.25mm under uniform temperature 

Temperature °C Ramp 2°C/min Ramp 5°C/min Ramp 8°C/min Numerical 

25 -0.057 -0.043 0.007 -0.040 

50 0.143 0.257 0.307 0.170 

100 0.153 0.420 0.533 0.200 

150 0.187 0.450 0.613 0.310 

200 0.317 0.553 0.553 0.440 

 

Table B-2 Difference of amplitude in 0.5mm under uniform temperature 

Temperature °C Ramp 2°C/min Ramp 5°C/min Ramp 8°C/min Numerical 

25 0.007 -0.033 0.017 -0.010 

50 0.047 0.107 0.197 0.050 

100 0.117 0.183 0.273 0.160 

150 0.017 0.300 0.537 0.070 

200 0.057 0.213 0.527 0.100 

 

Table B-3 Difference of amplitude in 1mm under uniform temperature 

Temperature °C Ramp 2°C/min Ramp 5°C/min Ramp 8°C/min Numerical 

25 0.003 0.070 0.080 0.050 

50 0.040 0.167 0.180 0.080 

100 -0.057 0.177 0.300 0.100 

150 -0.083 0.213 0.377 0.160 

200 -0.107 0.163 0.353 0.130 
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Table B-4 Difference of amplitude in 0.25mm under non-uniform temperature 

Temperature °C Ramp 2°C/min Ramp 5°C/min Ramp 8°C/min Numerical 

27–25 -0.060 -0.047 0.000 -0.040 

50–33 -0.013 0.127 0.223 0.070 

100–80 0.057 0.303 0.477 0.170 

150–131 0.197 0.413 0.597 0.300 

200–185 0.303 0.493 0.653 0.400 

 

Table B-5 Difference of amplitude in 0.5mm under non-uniform temperature 

Temperature °C Ramp 2°C/min Ramp 5°C/min Ramp 8°C/min Numerical 

27–25 0.013 0.003 0.020 0.000 

50–33 0.030 0.117 0.187 0.050 

100–80 0.077 0.123 0.197 0.080 

150–131 0.047 0.277 0.457 0.120 

200–185 0.027 0.253 0.480 0.090 

  

Table B-6 Difference of amplitude in 0.5mm under non-uniform temperature 

Temperature °C Ramp 2°C/min Ramp 5°C/min Ramp 8°C/min Numerical 

27–25 0.047 0.087 0.097 0.110 

50–33 0.007 0.113 0.220 0.150 

100–80 0.137 0.233 0.433 0.110 

150–131 0.037 0.207 0.390 0.080 

200–185 0.103 0.203 0.420 0.070 
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Appendix C Crack propagation crack depth and modal parameters 

Table C-1 Crack propagation at a uniform temperature of 100 °C for pre-seeded 0.25 mm crack depth 

 

  

Crack Depth (mm) Crack Depth Pixel Total Pixel Scale Pixel 1 mm = Pixel 1 Pixel = mm 
Natural Frequency (Hz) Modal Amplitude (mm) 

Experiment Analytical Experiment Analytical 

0.434 29 211 67 66.7722 0.0150 16.2 16.1 18 17.54 

1.168 78 211 68 66.7722 0.0150 12.34 11.89 15.11 14.76 

1.776 118 210 67 66.4557 0.0150 11.12 10.16 14.76 13.56 

2.142 143 211 69 66.7722 0.0150 9.25 8.75 10.79 10.12 

2.434 161 209 68 66.1392 0.0151 8.19 7.38 7.12 6.53 

2.546 170 211 67 66.7722 0.0150 7.1 6.27 5.71 4.92 
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Table C-2 Crack propagation at a uniform temperature of 150 °C for pre-seeded 0.25 mm crack depth 

  

Table C-3 Crack propagation at a uniform temperature of 200 °C for pre-seeded 0.25 mm crack depth 

Crack Depth (mm) Crack Depth Pixel Total Pixel Scale Pixel 1 mm = Pixel 1 Pixel = mm 
Natural Frequency (Hz) Modal Amplitude (mm) 

Experiment Analytical Experiment Analytical 

0.867 56 204 66 64.5570 0.0155 15.1 14.74 17.76 17.46 

1.680 109 205 67 64.8734 0.0154 12.83 12.61 15.41 14.78 

1.850 120 205 66 64.8734 0.0154 11.83 11.33 13.11 12.68 

2.194 143 206 67 65.1899 0.0153 10.68 10.12 11.72 11.31 

2.436 158 205 67 64.8734 0.0154 8.07 7.61 7.05 6.54 

Crack Depth (mm) Crack Depth Pixel Total Pixel Scale Pixel 1 mm = Pixel 1 Pixel = mm 
Natural Frequency (Hz) Modal Amplitude (mm) 

Experiment Analytical Experiment Analytical 

0.881 58 208 66 65.8228 0.0152 14.41 14.11 17.29 17.1 

1.124 74 208 67 65.8228 0.0152 13.37 12.92 16.72 16.36 

1.694 111 207 67 65.5063 0.0153 12.13 11.87 15.09 14.67 

2.248 148 208 67 65.8228 0.0152 8.91 8.35 10.04 9.12 

2.534 166 207 68 65.5063 0.0153 7.13 6.76 5.78 4.96 
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Table C-4 Crack propagation at a uniform temperature of 100 °C for pre-seeded 0.5 mm crack depth 

  

Table C-5 Crack propagation at a uniform temperature of 150 °C for pre-seeded 0.5 mm crack depth 

Crack Depth (mm) Crack Depth Pixel Total Pixel Scale Pixel 1 mm = Pixel 1 Pixel = mm 
Natural Frequency (Hz) Modal Amplitude (mm) 

Experiment Analytical Experiment Analytical 

0.6955 46 209 67 66.1392 0.0151 13.21 13 16.64 16.21 

0.8427 56 210 68 66.4557 0.0150 12.76 12.45 16.19 15.87 

1.5950 106 210 68 66.4557 0.0150 9.87 9.37 12.16 11.79 

1.7606 117 210 68 66.4557 0.0150 8.72 8.31 9.75 9.31 

2.2614 151 211 69 66.7722 0.0150 6 5.75 4.61 4.23 

Crack Depth (mm) Crack Depth Pixel Total Pixel Scale Pixel 1 mm = Pixel 1 Pixel = mm 
Natural Frequency (Hz) Modal Amplitude (mm) 

Experiment Analytical Experiment Analytical 

0.4470 29 205 65 64.8734 0.0154 13.76 13.55 15.52 15.11 

0.9357 61 206 66 65.1899 0.0153 12.11 11.8 14.93 14.37 

1.3434 88 207 66 65.5063 0.0153 10.21 9.89 12.48 12 

1.9114 124 205 65 64.8734 0.0154 8.12 7.87 8.13 7.83 
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Table C-6 Crack propagation at a uniform temperature of 200 °C for pre-seeded 0.5 mm crack depth 

  

Table C-7 Crack propagation at a uniform temperature of 50 °C for pre-seeded 1 mm crack depth 

Crack Depth (mm) Crack Depth Pixel Total Pixel Scale Pixel 1 mm = Pixel 1 Pixel = mm 
Natural Frequency (Hz) Modal Amplitude (mm) 

Experiment Analytical Experiment Analytical 

0.4536 30 209 66 66.1392 0.0151 13.61 13.24 15.18 14.87 

0.7900 52 208 67 65.8228 0.0152 12.54 12.1 14.89 14.65 

0.9817 64 206 66 65.1899 0.0153 11.86 11.56 14.2 13.86 

1.5876 105 209 67 66.1392 0.0151 9.82 9.34 12.08 11.65 

1.9504 129 209 66 66.1392 0.0151 7.76 7.38 7.63 7.13 

Crack Depth (mm) Crack Depth Pixel Total Pixel Scale Pixel 1 mm = Pixel 1 Pixel = mm 
Natural Frequency (Hz) Modal Amplitude (mm) 

Experiment Analytical Experiment Analytical 

0.4182 27 204 65 64.5570 0.0155 12.12 11.97 14.93 14.53 

0.9590 61 201 64 63.6076 0.0157 10.15 9.89 12.35 11.96 

1.1208 72 203 65 64.2405 0.0156 9.74 9.36 11.87 11.42 

1.4321 92 203 65 64.2405 0.0156 8.07 7.67 7.69 7.32 
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Table C-8 Crack propagation at a uniform temperature of 100 °C for pre-seeded 1 mm crack depth 

 

Table C-9 Crack propagation at a uniform temperature of 150 °C for pre-seeded 1 mm crack depth 

Crack Depth (mm) Crack Depth Pixel Total Pixel Scale Pixel 1 mm = Pixel 1 Pixel = mm 
Natural Frequency (Hz) Modal Amplitude (mm) 

Experiment Analytical Experiment Analytical 

0.5817 37 201 62 63.6076 0.0157 11.95 11.43 14.46 14.11 

0.8604 55 202 64 63.9241 0.0156 10.58 10.1 12.63 12.21 

1.1986 77 203 64 64.2405 0.0156 9.24 8.86 11.15 10.79 

1.4166 91 203 64 64.2405 0.0156 8.12 7.88 7.75 7.24 

1.6420 106 204 65 64.5570 0.0155 7.87 7.35 7.18 6.62 

Crack Depth (mm) Crack Depth Pixel Total Pixel Scale Pixel 1 mm = Pixel 1 Pixel = mm 
Natural Frequency (Hz) Modal Amplitude (mm) 

Experiment Analytical Experiment Analytical 

0.4710 31 208 66 65.8228 0.0152 12.07 11.89 14.86 14.54 

0.7444 49 208 66 65.8228 0.0152 11.53 11.23 14.26 13.98 

1.0533 69 207 65 65.5063 0.0153 9.83 9.56 11.98 11.67 

1.5952 105 208 65 65.8228 0.0152 7.88 7.48 7.18 6.69 

1.7841 118 209 66 66.1392 0.0151 5.13 4.76 4.18 3.77 
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Table C-10 Crack propagation at a uniform temperature of 200 °C for pre-seeded 1 mm crack depth 

 

Table C-11 Crack propagation at a non-uniform temperature of 50-85 °C for pre-seeded 1.3 mm crack depth 

  

Crack Depth (mm) Crack Depth Pixel Total Pixel Scale Pixel 1 mm = Pixel 1 Pixel = mm 
Natural Frequency (Hz) Modal Amplitude (mm) 

Experiment Analytical Experiment Analytical 

0.4427 29 207 64 65.5063 0.0153 12.11 11.94 14.89 14.35 

0.7409 49 209 65 66.1392 0.0151 11.5 11 14.21 13.76 

1.1850 78 208 65 65.8228 0.0152 9.26 8.91 11.17 10.81 

1.5496 102 208 66 65.8228 0.0152 7.95 7.51 7.26 6.72 

1.8166 119 207 66 65.5063 0.0153 5.71 5.39 4.43 4 

Crack Depth (mm) Crack Depth Pixel Total Pixel Scale Pixel 1 mm = Pixel 1 Pixel = mm 
Natural Frequency (Hz) Modal Amplitude (mm) 

Experiment Analytical Experiment Analytical 

0.389 26 211 67 66.7722 0.0150 12.11 11.81 14.21 13.65 

0.722 48 210 66 66.4557 0.0150 10.76 10.17 12.18 11.7 

1.198 80 211 66 66.7722 0.0150 9.16 8.56 10.42 9.63 

1.573 105 211 67 66.7722 0.0150 7.68 7.11 7.23 6.51 
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Table C-12 Crack propagation at a non-uniform temperature of 131-150 °C for pre-seeded 1.3 mm crack depth 

 

Table C-13 Crack propagation at a non-uniform temperature of 50-85 °C for pre-seeded 1.5 mm crack depth 

Crack Depth (mm) Crack Depth Pixel Total Pixel Scale Pixel 1 mm = Pixel 1 Pixel = mm 
Natural Frequency (Hz) Modal Amplitude (mm) 

Experiment Analytical Experiment Analytical 

0.346 23 210 66 66.4557 0.0150 12.23 11.79 14.24 14.11 

0.760 51 212 67 67.0886 0.0149 9.59 8.91 11.11 10.76 

1.252 84 212 67 67.0886 0.0149 8.13 7.48 9.08 8.75 

1.416 95 212 66 67.0886 0.0149 7.7 7.14 7.54 6.97 

Crack Depth (mm) Crack Depth Pixel Total Pixel Scale Pixel 1 mm = Pixel 1 Pixel = mm 
Natural Frequency (Hz) Modal Amplitude (mm) 

Experiment Analytical Experiment Analytical 

0.3206 21 207 65 65.5063 0.0153 10.87 10.71 12.25 12 

0.5292 35 209 66 66.1392 0.0151 9.72 9.65 11.97 11.69 

0.9781 65 210 66 66.4557 0.0150 7.86 7.71 9.84 9.57 

1.2490 83 210 66 66.4557 0.0150 6.52 6.3 7.99 7.75 
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Table C-14 Crack propagation at a non-uniform temperature of 131-150 °C for pre-seeded 1.5 mm crack depth 

 

Crack Depth (mm) Crack Depth Pixel Total Pixel Scale Pixel 1 mm = Pixel 1 Pixel = mm 
Natural Frequency (Hz) Modal Amplitude (mm) 

Experiment Analytical Experiment Analytical 

0.2845 19 211 65 66.7722 0.0150 10.93 10.85 12.35 12.1 

0.7418 50 213 66 67.4051 0.0148 8.61 8.43 11.12 10.75 

0.9391 63 212 66 67.0886 0.0149 7.82 7.69 9.9 9.67 

1.0334 69 211 66 66.7722 0.0150 7.11 6.84 8.55 8.32 
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Appendix D Crack propagation evaluation 

  

(a) (b) 

  

(c) (d) 

  

(e) (f) 

Figure D-1 Sequence of crack propagation of pre-seeded 0.25 mm crack depth at 

room temperature (a) 1st capture at crack initiation, (b) 2nd capture, (c) 3rd 

capture, (d) 4th capture, (e) 5th capture, (f) 6th capture 
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(a) (b) 

  

(c) (d) 

  

(e) (f) 

Figure D-2 Sequence of crack propagation of pre-seeded 0.25 mm crack depth at 

50°C (a) 1st capture at crack initiation, (b) 2nd capture, (c) 3rd capture, (d) 4th 

capture, (e) 5th capture, (f) 6th capture 
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(a) (b) 

  

(c) (d) 

  

(e) (f) 

Figure D-3 Sequence of crack propagation of pre-seeded 0.25 mm crack depth at 

150°C (a) 1st capture at crack initiation, (b) 2nd capture, (c) 3rd capture, (d) 4th 

capture, (e) 5th capture, (f) 6th capture 
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(a) (b) 

  

(c) (d) 

  

(e) (f) 

Figure D-4 Sequence of crack propagation of pre-seeded 0.5 mm crack depth at 

100°C (a) 1st capture at crack initiation, (b) 2nd capture, (c) 3rd capture, (d) 4th 

capture, (e) 5th capture, (f) 6th capture 
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(a) (b) 

  

(c) (d) 

  

(e) (f) 

Figure D-5 Sequence of crack propagation of pre-seeded 0.5 mm crack depth at 

200°C (a) 1st capture at crack initiation, (b) 2nd capture, (c) 3rd capture, (d) 4th 

capture, (e) 5th capture, (f) 6th capture 
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(a) (b) 

  

(c) (d) 

  

(e) (f) 

Figure D-6 Sequence of crack propagation of pre-seeded 1 mm crack depth at 

150°C (a) 1st capture at crack initiation, (b) 2nd capture, (c) 3rd capture, (d) 4th 

capture, (e) 5th capture, (f) 6th capture 
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(a) (b) 

  

(c) (d) 

  

(e) (f) 

Figure D-7 Sequence of crack propagation of pre-seeded 1 mm crack depth at 

200°C (a) 1st capture at crack initiation, (b) 2nd capture, (c) 3rd capture, (d) 4th 

capture, (e) 5th capture, (f) 6th capture 
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(a) (b) 

  

(c) (d) 

 

 

(e)  

Figure D-8 Sequence of crack propagation of pre-seeded 1 mm crack depth at 50-

85°C (a) 1st capture at crack initiation, (b) 2nd capture, (c) 3rd capture, (d) 4th 

capture, (e) 5th capture 
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(a) (b) 

  

(c) (d) 

 

 

(e)  

Figure D-9 Sequence of crack propagation of pre-seeded 1.5 mm crack depth at 

131-150°C (a) 1st capture at crack initiation, (b) 2nd capture, (c) 3rd capture, (d) 

4th capture, (e) 5th capture
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Appendix E Specification of the equipment’s  

Table E-1 Strain gage: OMEGA/SGD Series 

Geometry Linear strain gage with one measurement 

grid measuring strain in one direction 

Model SGD-10/350-LY13 

High Temperature Range  -75 to 200°C 

Measuring grid lengths 17.7 mm 

Nominal Resistance  350 Ω 

 

Table E-2 Silicone Heater Mat Specifications 

Mat Shape  Rectangle 

Power Rating  1.25 W 

Rectangular Mat Size  25 x 50mm 

Peak Temperature  +300°C 

Supply Voltage  12 V dc 

Mounting  Adhesive 

  

Table E-3 PCB Miniature accelerometer Model: M357B11 

Sensitivity:  (± 10 %) 3.0 pC/g 

Frequency Range:  (+5 %)12 kHz 

Weight:  2 gm 

Temperature Range  -71 to +260 °C 

Mounting  Thread 
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Appendix F MATLAB code 

% characteristic equation 
eqn = @(beta, L) cos(beta .* L) .* cosh(beta .* L) + 1; 
% define values for L 
L = 1:4; 
% call fsolve 
sol = fsolve(@(beta)eqn(beta,L),[1 1 1 1]) 
% test the quality of the result - all results should be near zero 
test = eqn(sol,L) 
% plot results 
plot(L, sol) 
xlabel('L') 
ylabel('beta') 

%Calculation of frequency and amplitude 
L = 200;  
matx = 1:33:200; 
matx = matx(:); 
B = 25;  
h = 3.15;  
v = 0.33;  
V = L*B*h;  
A = L*B;  
I = 1/2*B*h^3;  
P = 1.25*4;  
hro = 0.00278;  
u_0 = 2;  
Phi = 0.3;  
T = [200 150 100 50 25];  
T_0 = 570;  
T1 = 200;     
T2 = 24;  
E_0 = 74; 
E1 = E_0*(1-Phi*T./T_0); 
n = 5;  
En = mean(E1);  
En1 =  70.83552;  
En2 = 71.72807;  
En3 = 72.53945;  
En4 = 73.0263; 
Ee = [69.9105, 70.83552,71.72807, 72.53945, 73.0263]; 
St= 100; 
AL = 0.0247/1000;   
ex = St./En + AL*(T2-T);  
ex1 = St./En + AL*(T2-T1);  
AL1 = ex1./(T1-T2);  
Le = L + ex;  
T_x = ((24-T)./Le).*matx + T;  
dT = T-T2;  
bl = 1.875104; 
beta = 1.875104/200; 
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m = 2;  
f = ((bl)^2/2*pi)*(sqrt(I.*E1*10^9./((hro*A+m).*Le.^4)));  
f1 = ((bl)^2/2*pi)*(sqrt(I.*Ee*10^9./((hro*A*m).*Le.^4)));  
A_0 =2; 
A1 = ((sin(beta*Le)+sin(beta*Le))/(cos(beta*Le)+cosh(beta*Le))); 
Y =A_0*sin(f)*((sin(bl)-sinh(bl))-A1*(cos(bl)-cosh(bl))); 
Y1=A_0*sin(f1)*((sin(bl)-sinh(bl))-A1*(cos(bl)-cosh(bl))); 
C = (sin(beta*L)+ sinh(beta*L))/(cos(beta*L)+cosh(beta*L)); 
x = 1; 
M = -E1*I*beta^2*A_0*((sin(beta*x)+sinh(beta*x)-
C*(cos(beta*x)+cosh(beta*x)))); 
Q1 = ((Le/2)-sin(2*(beta.*Le))/(4*beta))+((Le/2)-
sinh(2*(beta.*Le))/(4*beta))-
(cos(beta.*Le).*sinh(beta.*Le)/beta)+(sin(beta.*Le).*cosh(beta.*Le)/beta; 
Q2 = 
((Le/2)+sin(2*(beta.*Le))/(4*beta))+((Le/2)+sinh(2*(beta.*Le))/(4*beta))+
(sin(beta.*Le).*cosh(beta.*Le)/beta)+(cos(beta.*Le).*sinh(beta.*Le)/beta; 
Q = E1.*I/2.*A_0^2*beta^4.*(Q1-C^2.*Q2); 
t_c1 = 0.25; 
D1 = t_c1/h; 
F1 = 0.638*D1^2 - 1.035*D1^3 + 3.720*D1^4 - 5.177*D1^5 + 7.553*D1^6 - 
7.332*D1^7 + 2.491*D1^8;  
chi1 =B*h^2.*E1./(72.*pi.*F1);  
dQ1 = M.^2./(2.*chi1); 
t_c2 = 0.5; 
D2 = t_c2/h; 
F2 = 0.638*D2^2 - 1.035*D2^3 + 3.720*D2^4 - 5.177*D2^5 + 7.553*D2^6 - 
7.332*D2^7 + 2.491*D2^8; 
chi2 =B*h^2.*E1./(72.*pi.*F2);  
dQ2 = M.^2./(2.*chi2); 
t_c3 = 1; 
D3 = t_c3/h; 
F3 = 0.638*D3^2 - 1.035*D3^3 + 3.720*D3^4 - 5.177*D3^5 + 7.553*D3^6 - 
7.332*D3^7 + 2.491*D3^8;  
chi3 =B*h^2.*E1./(72.*pi.*F3);  
dQ3 = M.^2./(2.*chi3); 
wnc = (1-dQ1./(2*Q)).*f; 
wnc1 = (1-dQ2./(2*Q)).*f; 
wnc2 = (1-dQ3./(2*Q)).*f; 
Y2 =A_0*sin(wnc)*((sin(bl)-sinh(bl))-A1*(cos(bl)-cosh(bl))); 
Y3=A_0*sin(wnc1)*((sin(bl)-sinh(bl))-A1*(cos(bl)-cosh(bl))); 
Y4 =A_0*sin(wnc2)*((sin(bl)-sinh(bl))-A1*(cos(bl)-cosh(bl))); 
 

%Experimental data extraction 

%Import amp 
data = table2array(Amp25) 
acc = data(:,2) 
time = data(:,1) 
plot(time,acc) 
data1 = table2array(Amp50) 
acc1 = data1(:,2) 
time1 = data1(:,1) 
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plot(time1,acc1) 
data2 = table2array(Amp100) 
acc2 = data2(:,2) 
time2 = data2(:,1) 
plot(time2,acc2) 
data3 = table2array(Amp150) 
acc3 = data3(:,2) 
time3 = data3(:,1) 
plot(time3,acc3) 
data4 = table2array(Amp200) 
acc4 = data4(:,2) 
time4 = data4(:,1) 
plot(time4,acc4) 
subplot(2,3,1); plot(time, acc) 
subplot(2,3,2); plot(time1, acc1) 
subplot(2,3,3); plot(time2, acc2) 
subplot(2,3,4); plot(time3,acc3) 
subplot(2,3,5); plot(time4,acc4) 
han=axes('visible', 'off') 
han.Title.Visible='on' 
han.XLabel.Visible='on' 
han.YLabel.Visible='on' 
title('Crack depth of 0.25mm under uniform temperature') 
ylabel(han,'Acceleration m/s^2') 
xlabel(han,'Time (s)') 
%Import Temp 
Data10 = table2array(T25) 
Acc10 = data10(:,2) 
Time10 = data10(:,1) 
plot(time10,acc10) 
data11 = table2array(T50) 
acc11 = data11(:,2) 
time11 = data11(:,1) 
plot(time11,acc11) 
data22 = table2array(T100) 
acc22 = data22(:,2) 
time22 = data22(:,1) 
plot(time22,acc22) 
data33 = table2array(T150) 
acc33 = data33(:,2) 
time33 = data33(:,1) 
plot(time33,acc33) 
data44 = table2array(T200) 
acc44 = data44(:,2) 
time44 = data44(:,1) 
plot(time44,acc44) 
subplot(2,3,1); plot(time10, acc10) 
subplot(2,3,2); plot(time11, acc11) 
subplot(2,3,3); plot(time22, acc22) 
subplot(2,3,4); plot(time33,acc33) 
subplot(2,3,5); plot(time44,acc44) 
han=axes('visible', 'off') 
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han.Title.Visible='on' 
han.XLabel.Visible='on' 
han.YLabel.Visible='on' 
title('Crack depth of 0.25mm under uniform temperature') 
ylabel(han,'Acceleration m/s^2') 
xlabel(han,'Time (s)') 
 

 


