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An improved implicit direct-forcing immersed boundary method (DF-IBM) is presented

for simulating incompressible flows around complex rigid structures undergoing arbitrary

motion. The current approach harnesses the pressure implicit with splitting of operators

(PISO) algorithm to handle the fluid-solid system’s dual constraints in a segregated

manner. As a result, the divergence-free condition is preserved throughout the Eulerian

domain and the no-slip velocity boundary condition is exactly enforced on the immersed

boundary. A new pressure Poisson equation (PPE) is derived, incorporating the boundary

force where the no-slip condition is already met, enabling the use of fast iterative PPE

solvers without modifications. The improvement involves integrating Lagrangian weight

methods having better reciprocity over the IBM-related linear operators with the implicit

formulation. An additional force initialization scheme is introduced to further boost the

algorithm’s performance. The method’s accuracy, efficiency, and capability are verified

through various stationary and moving immersed boundary cases. The results are validated

against experimental and numerical data from the literature. The proposed improvements

seamlessly integrate into existing incompressible fluid solvers with minimal adjustments

to the original system equations, highlighting their ease of implementation.

1

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
2
3
1
2
1
8

li2106
Text Box
Physics of Fluids, Volume 36, Issue 10, October 2024, Article number 103618
DOI:10.1063/5.0231218


li2106
Text Box
Published by AIP Publishing. This is the Author Accepted Manuscript issued with: Creative Commons Attribution License (CC:BY 4.0).  
The final published version (version of record) is available online at DOI:10.1063/5.0231218.  Please refer to any applicable publisher terms of use.




Article

I. INTRODUCTION

Complex fluid-structure interaction (FSI) problems are usually simulated using conventional

body-conforming mesh techniques. These methods are considered computationally expensive

once body motion and deformation are present for complex geometries. This necessitates the

development of sophisticated techniques and strategies to avoid critical mesh distortion and strong

deformation, while preserving discretization accuracy1–3.

Body non-conforming meshes are contemplated as an alternative, that facilitates the usage of

simple Cartesian meshes. This approach notably simplifies the heavy mesh generation procedure,

by eliminating mesh deformation and distortions, and the re-meshing procedures in case of moving

structures. Paving the way for a new era of non-conforming meshing techniques, the most widely

used example in recent years is the immersed boundary method (IBM)4.

Developed by Peskin in 19725, the IBM fundamental idea is to use two separate domains.

The first is fixed and non-deformable, labeled as the Eulerian domain, whose nodes do not con-

form the solid geometry, and where the fluid Navier-Stokes equations are solved. The second,

labeled as the Lagrangian domain, represents the solid immersed boundary using a discrete set

of points, named Lagrangian markers, which are used to track the information at the embedded

structure border. These two domains eliminate the meshing-related issues when using the Arbi-

trary Lagrangian-Eulerian (ALE) method in the body-conforming realm6,7. As a result, separate

interaction equations were created to transfer the data between both domains, named interpolation

and spreading operators. The novelty of IBM lies in the incorporation of a fictitious body force,

named boundary force hereupon, in the governing equations as a source term to compensate for

the real effects of the solid immersed boundary.

In the present work, the direct-forcing IBM (DF-IBM) framework of Uhlmann8 is adopted,

due to its widespread among researchers, stability, versatility, and ease of implementation in any

fluid solver, owing to its minimal requirement for integration in the discretized form of the Navier-

Stokes equations. The originality of the DF-IBM is that it eliminates the constitutive relation

restrictions for rigid bodies found in the classical IBM5, which was primarily designed for elasti-

cally deformable boundaries.

The approach of Uhlmann8, termed as the explicit DF-IBM, failed remarkably to impose the

no-slip boundary condition on the immersed boundary as reported in Refs. 9–11. Therefore a

multi-direct forcing approach was introduced, dubbed here multi-DF-IBM. The idea is to perform
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multiple direct-forcing loops to improve the no-slip boundary condition. It was agreed in Refs. 10

and 11 that three loops are enough to reduce the error on the immersed boundary while maintaining

a good computational efficiency of the algorithm. This approach is also regarded as explicit, since a

prescribed number of direct-forcing loops is implemented in the algorithm. If the exact imposition

of the no-slip boundary constraint is of interest, implicit IBMs are constructed for such a purpose.

Iterations of the whole IBM system are required until reaching a certain tolerance specified by

the user, which approximates the boundary force computations by using a closer value to the final

velocity field. A fully implicit IBM was developed in Ref. 12 for the projection method, referred

to as the immersed boundary projection method (IBPM). The main idea behind this method is to

couple the velocity field to both the pressure field and boundary force to form a set of Lagrange

multipliers to enforce the divergence-free and no-slip boundary constraints simultaneously. A

new form for the pressure Poisson equation (PPE) is obtained with the pressure and boundary

force considered as unknowns, solved simultaneously in a single projection step. However, it

was revealed by Ji et al.13, that the IBPM suffers from convergence problems, when a Lagrangian

marker is situated close enough to an Eulerian grid point, contributing to a larger condition number

of the coefficient matrix of the new PPE, due to the singular property of the interpolation and

spreading operators. Hence to avoid such convergence problems, Ji et al.13 proposed to iterate

each constraint alone, so that the coefficient matrix is never modified, having the no-slip boundary

constraint iterated inside the continuity constraint, which is taken as the outer loop, resulting in

a drastic increase in the computational effort. Although expensive, this approach is nevertheless

interesting as it provides simplicity and ease of implementation in any existing fluid solver code.

A moving implicit IBM14, referred to as MIBM, was later developed to maintain an acceptable

computational efficiency compared to the explicit IBM variants and keep the accuracy of implicit

IBM. The key idea of MIBM, is that an additional equation related to the boundary force is derived

and labeled as the moving force equation. Analogously to the IBPM approach12, the boundary

force in the MIBM is also regarded as a Lagrange multiplier to enforce the no-slip boundary

condition, where the moving force equation is derived directly from the exact no-slip boundary

condition, producing a smaller coefficient matrix that is well-conditioned compared to the one

obtained in the IBPM. This method showed good results and improved performance. However, its

increased implementation complexity and increased computational memory requirements to store

a new coefficient matrix for the moving force equation, especially when the immersed boundary

geometry involves a much higher number of Lagrangian markers or multiple bodies, render it less
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appealing.

Another approach to improve the imposition of the no-slip boundary constraint, is through

improving the mathematical reciprocity of the IBM-related interpolation and spreading operators

which is translated directly to the computation of the Lagrangian weight used in the force spread-

ing operator. It was proved in Refs. 15–17, that assigning the Lagrangian weight equal to the

Eulerian weight, as originally suggested by Uhlmann8, would violate the reciprocal property of

these operators, leading to a no-slip boundary error and fluid penetration inside the solid domain.

To counter this problem, an appropriate method was proposed to determine the Lagrangian weight,

see Pinelli et al.18, for instance. These authors presented a mathematical method to calculate the

appropriate Lagrangian weight by solving an additional system of linear equations that improves

the reciprocity of the interpolation and spreading equations. Another study16 introduced an ana-

lytical correction on the Lagrangian weight without the need to solve a linear system, which was

later improved17 to account for the immersed boundary curvature.

In the current work, an improvement to the implicit DF-IBM variants is proposed, in the context

of the finite volume approach. The pressure implicit with splitting of operators (PISO) algorithm is

used to handle the pressure, velocity, and boundary force decoupling in the incompressible Navier-

Stokes equations, and to enforce the no-slip boundary condition on the Lagrangian solid domain

and the divergence-free condition on the Eulerian fluid domain in the solution process, following

the splitting of operators strategy in the original PISO method. As the original PPE does not

include the boundary force term, a modified PPE labeled mPPE is developed, having the boundary

force already satisfying the no-slip boundary constraint, to avoid changing the coefficient matrix

that might lead to convergence problems, and allowing the usage of fast iterative PPE solvers. In

addition, to speed up the process to fulfill the no-slip boundary condition, the following points

are applied i) different Lagrangian weight methods to improve the reciprocity of the IBM-related

operators, and ii) the Lagrangian boundary force in the DF-IBM iterations is properly initialized.

In this work, the cell-centered incompressible Navier-Stokes fluid equations are discretized

first, according to the finite volume approach in the open-source C++ toolbox OpenFOAM19 en-

vironment, version 7.0 of the OpenFOAM Foundation, having the p−U coupling handled by

the PISO algorithm. The methodology behind DF-IBM is then presented, followed by a detailed

explanation of the proposed DF-IBM algorithm and a comparison with previous algorithms. Af-

terward, numerical simulations are conducted to test the current implementation against published

results from the literature. Finally, conclusions are drawn in the final section of this paper.
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II. NAVIER-STOKES EQUATIONS CELL-CENTERED FINITE VOLUME METHOD

DISCRETIZATION

The fluid solver is described by the dimensional incompressible viscous fluid Navier-Stokes

equations in the conservative form:

∂u

∂ t
+∇ · (uu)−∇ · (ν∇u) =−∇p+ f, (1)

where the additional source term f [m/s2] is the immersed boundary force also called boundary

force term. The resulting dimension of every term is force per unit volume per density [m/s2],

with ν [m2/s] the effective molecular kinematic viscosity and p [m2/s2] the kinematic pressure.

A. Finite volume method discretization

Each term of the Navier-Stokes equations is discretized in space using the Gauss theorem to

reduce volume integrals to surface integrals, and then using the midpoint rule to transform the

surface integrals into a discrete sum over all faces of the control volume. This yields the below

algebraic equation, also called the discrete momentum equation:

(

∂uP

∂ t

)n+1

+∑
f

φ n
f un+1

f −∑
f

ν f (∇u)n+1
f ·S f =−(∇p)n

PVP + fn+1
P VP, (2)

where S f is the face area normal vector between the current control volumes P and N, and is equal

to S f = A f n f , having A f the surface area of the face f and n f the normal vector to the face f .

The face-center values of all explicit quantities φ n
f = un

f ·S f represent the face volumetric flux

across the cell-face where the divergence-free condition is satisfied. They are computed from their

neighboring cell-center values, as shown in Fig. 1 via a second-order linear interpolation, also

called central differencing (CD) interpolation scheme. For Cartesian uniform meshes as in our

case, i.e., when the mesh is formed by structured hexahedral, orthogonal, and equally spaced cells

∆x = ∆y = h = |d| as shown in Fig. 1, a special case arises for the linear interpolation where the

approximation reduces to an arithmetic average between the owner (P) and the neighboring (N)

control volumes.

For the convection term, the implicit face variable un+1
f , is discretized using the NVD convec-

tion interpolation scheme named the Gamma differencing scheme20.
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FIG. 1: Face area normal vector S f in orthogonal meshes.

For the diffusion term, due to mesh uniformity and constant molecular viscosity, the face vis-

cosity ν f is the same as the laminar molecular kinematic viscosity ν . The face gradient term

(∇u)n+1
f ·S f is treated using a central difference approximation of the first-order derivative.

For the pressure gradient term, once the linear algebraic equation is formed and ready to be

solved, the cell-centered pressure gradient is computed explicitly in the predictor step of the PISO

solution algorithm using the Gauss theorem, with the face values obtained from linear interpola-

tion. Another pressure gradient term appears in the corrector step of the PISO solution algorithm

where it is implicitly treated, and specifically in the PPE, as elaborated later in Section III of this

paper. This term is similar to the diffusion term and is called the face normal pressure gradient.

The cell-centered boundary force is treated implicitly in the linear algebraic equation resulting

from the discretized momentum equations, as explained in detail in Section III. Other face values

of the boundary force term appear in the corrector step of the PISO algorithm inside the PPE.

These face values are treated using a linear interpolation scheme.

For the solution’s overall (space and time) accuracy to be second-order, all the individual terms

in space and time have to be second-order. The temporal term is chosen to be discretized us-

ing a fully implicit three-level second-order scheme, also called BDF2 (Backward Differentiation

Formula of order 2)21 in the literature.

Transforming face values to cell-centered values in Eq. (2) and dividing by VP, we obtain the

simplified linear algebraic equation:

aPun+1
P +∑

N

aNun+1
N = RHS

(

un
P,u

n−1
P

)

− (∇p)n
P + fn+1

P , (3)

where aP is the diagonal matrix coefficient of the owner cell P that contains all face-centered

implicit contributions of the temporal, convection, and diffusion terms, aN is the off-diagonal

matrix coefficient of the neighboring cell N involving all face-centered implicit contributions of

the convection and diffusion terms only, and RHS is the source term that includes all cell-centered

explicit contribution of the transient term.

6

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
2
3
1
2
1
8



Article

B. p−U coupling: PISO algorithm

In the unsteady incompressible Navier-Stokes equations, the pressure and velocity are depen-

dent flow variables. They are coupled together through the continuity equation. As a result, solving

the Navier-Stokes equations requires simultaneously determining both the pressure and velocity

fields. The role of the pressure is to make sure the velocity is divergence-free.

There are two main families of methods for solving this coupled system of equations: fully

coupled methods and segregated methods. The former is preferred in the computations of com-

pressible flows while the latter has been widely employed in incompressible flow computations. In

the segregated approach, the pressure and the velocity fields are decoupled numerically and then

solved separately or consecutively.

Segregated implicit methods exist in OpenFOAM, such as the SIMPLE-type methods, includ-

ing SIMPLE22, SIMPLEC23, PISO24, PIMPLE which combines the PISO and SIMPLE (SIM-

PLEC) algorithms. They are all based on the fundamental idea of using a predictor-corrector

procedure.

The PISO algorithm is adopted in the present work for pressure-velocity decoupling. The built-

in solver is modified to incorporate the solid immersed boundary using DF-IBM. The non-iterative

nature of the PISO algorithm splits the operators into, one implicit momentum predictor step at

the beginning of the time-step using a finite volume discretization of the Navier-Stokes by treating

an estimated pressure field as known, followed by multiple explicit momentum corrector steps,

usually 2 to 324. This approach enforces a divergence-free velocity field by the solution of the

pressure equation using the projection method.

The implicit predictor step is represented by Eq. (3) without the inclusion of the boundary force

term, and with the pressure solution from the previous time level. The equation for the predicted

velocity field is re-written in the following form:

aPu∗
P +∑

N

aNu∗
N = RHS

(

un
P,u

n−1
P

)

− (∇p)n
P , (4)

where u∗ is the predicted velocity field.

The multiple explicit corrector steps are derived here. Going back to Eq. (3), the neighboring

velocities term is taken to the right-hand side of the equation, and the pressure gradient term is

treated now implicitly as an unknown:

aPun+1
P = H

(

un+1
N ,un

P,u
n−1
P

)

− (∇p)n+1
P + fn+1

P , (5)
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where the linear operator H is described by:

H
(

un+1
N ,un

P,u
n−1
P

)

=−∑
N

aNun+1
N +RHS

(

un
P,u

n−1
P

)

. (6)

The implicit velocity in the H operator is replaced by the predicted velocity field u∗ to produce

the explicit behavior of the corrector step. From this formulation, a new cell-centered velocity can

be defined:

un+1
P =

H
(

u∗
N ,u

n
P,u

n−1
P

)

aP

− 1

aP

(∇p)n+1
P +

1

aP

fn+1
P . (7)

The cell-face velocity un+1
f needed in the discretized continuity equation can be expressed by

linearly interpolating the cell-center values of un+1
P to face-center values:

un+1
f =

(

H
(

u∗
N ,u

n
P,u

n−1
P

)

aP

)

f

−
(

1

aP

)

f

(∇p)n+1
f +

(

1

aP

)

f

fn+1
f . (8)

Taking the divergence of Eq. (7), and enforcing the divergence-free condition on the new time

level results in the continuity equation also known as the divergence-free condition:

∇ ·un+1
P = ∑

f

un+1
f ·S f = ∑

f

φ n+1
f = 0, (9)

where φ n+1
f = un+1

f ·S f is the divergence-free volumetric flux through the cell-face.

Now to obtain the discrete pressure equation also known as the PPE, the previous equation for

the velocity Eq. (7) is substituted in the continuity Eq. (9):

∇ ·
(

1

aP

(∇p)n+1
P

)

= ∇ ·
(

H
(

u∗
N ,u

n
P,u

n−1
P

)

aP

)

+∇ ·
(

1

aP

fn+1
P

)

, (10a)

and for the face values format,

∑
f

(

(

1

aP

)

f

(∇p)n+1
f

)

·S f = ∑
f

(

H
(

u∗
N ,u

n
P,u

n−1
P

)

aP

)

f

·S f +∑
f

(

(

1

aP

)

f

fn+1
f

)

f

·S f . (10b)

Solving the modified PPE (mPPE) expressed above by Eq. (10b), the solution of the pressure

equation pn+1 is obtained. It contains both the physical pressure field, which originates from the

flow field, as well as the correction part, which is responsible for enforcing the mass continuity

and compensating the error in the initial pressure field.

It is important to note that the pressure equation, referred to as mPPE, is the main problem

in the numerical simulation process. Solving the pressure equation is considered the most time-

consuming aspect of the entire simulation due to its high condition number.
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The face volumetric flux of the face velocity is corrected using the new pressure solution and

the boundary force, knowing that the mPPE is derived from the divergence-free condition, the new

cell-face volumetric flux also satisfies the divergence-free condition:

φ n+1
f = un+1

f ·S f =

((

H
(

u∗
N ,u

n
P,u

n−1
P

)

aP

)

f

−
(

1

aP

)

f

(∇p)n+1
f +

(

1

aP

)

f

fn+1
f

)

·S f . (11)

Finally, the cell-centered velocity is corrected explicitly to satisfy the divergence-free condition

as well:

un+1
P =

H
(

u∗
N ,u

n
P,u

n−1
P

)

aP

− 1

aP

(∇p)n+1
P +

1

aP

fn+1
P . (12)

C. Navier-Stokes system of linear algebraic equations solvers

In the present work, the mPPE leads to a symmetrical coefficient matrix where it was found

that the Conjugate Gradient (CG) iterative solver in conjunction with the Geometric Agglomerated

Algebraic Multigrid (GAMG) as a preconditioner and the Gauss-Seidel smoother, is superior to all

remaining solvers and preconditioners combinations in terms of computational efficiency. Instead,

the Diagonal-based Incomplete LU factorization (DILU) preconditioner with the Bi-Conjugate

Gradient Stabilized (BiCGStab) solver showed to be more computationally efficient for the mo-

mentum equation that resulted in a non-symmetrical coefficient matrix, due to the convective term

linearization.

III. IMMERSED BOUNDARY METHOD (IBM)

A. Mathematical formulation of DF-IBM

The formulation derived involves a mixture of variables from the underlying Eulerian and La-

grangian domains. The general mathematical formulation of the DF-IBM is derived as follows:

∇ ·u = 0, (13a)

∂u

∂ t
+∇ · (uu)−∇ · (ν∇u) =−∇p+ f, (13b)

UIB(X, t) = I [u(x, t)], (13c)

f(x, t) = S [FIB(X, t)], (13d)
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where x is the fluid position of an Eulerian grid point, X is the boundary position of a Lagrangian

marker, u(x, t) is the fluid velocity of an Eulerian grid point, UIB(X, t) is the desired solid im-

mersed boundary velocity at each Lagrangian marker, f(x, t) is the boundary force exerted on the

Eulerian grid points, FIB(X, t) is the singular boundary force at each Lagrangian marker, and I

and S are two linear operators that manage the data mapping between Eulerian and Lagrangian

grids.

B. Velocity interpolation and force spreading operators

The data transfer between the Eulerian and Lagrangian grids is conducted in a two-way proce-

dure using a smoothed approximation of the Dirac delta function δ also known as a distribution

function, as shown in Fig. 2. The former takes an Eulerian input and generates a Lagrangian

output, while the latter does the contrary.

1. Velocity interpolation operator:

The Eulerian velocity field is interpolated back to each Lagrangian marker Xn using the

following formula:

U(Xn, t) = I [u(xi, j, t)]

= ∑
xi, j∈DXn

u(xi, j, t)δh(xi, j −Xn)∆Vi, j, (14)

where for Cartesian uniform meshes, the Eulerian weight ∆Vi, j = h2 in 2D, with h being the

distance between two Eulerian grid points such as h = ∆x = ∆y [m].
(

xi, j ∈ DXn

)

represents

the collection of all neighboring Eulerian grid points that fall inside the support domain DXn

of the Lagrangian marker Xn.

2. Force Spreading Operator:

The computed Lagrangian force FIB needs to be spread back to the neighboring Eulerian

grid points in the support domain of the Lagrangian marker Xn:

f(xi, j, t) = S [FIB(Xn, t)]

= ∑
Xn∈Dxi, j

FIB(Xn, t)δh(xi, j −Xn)Wn, (15)
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FIG. 2: Interpolation and spreading operators using a smoothed approximation of the Dirac delta

function in the DF-IBM.

where Wn is the weight associated to the solid immersed boundary marker called the La-

grangian weight, and (Xn ∈ Dxi, j) refers to a loop over all the Lagrangian markers whose

support domain DXn
contains the same Eulerian grid point xi, j.

In addition, the immersed boundary is represented by a set of Lagrangian markers which are

uniformly distributed over the boundary, with an arc length ∆s [m], i.e., the distance between

two consecutive Lagrangian markers, approximately equal to the Eulerian grid spacing h, in other

terms ∆s/h ≈ 1.

C. Eulerian-Lagrangian mapping

In the present work, the conventional Dirac delta function was adopted in its discrete form. For

Cartesian uniform meshes, the 2D approximation of the discrete Dirac delta function is given by:

δh(xi, j −Xn) = δh(xi, j −Xn)δh(yi, j −Yn), (16)

with

δh(xi, j −Xn) =
1

h
φ(rx) & δh(yi, j −Yn) =

1

h
φ(ry), (17)

11
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(a) φ1 (b) φ2

FIG. 3: One-dimensional and two-dimensional plots of the continuous kernel functions φ .

having

(rx,ry) =

(

xi, j −Xn

h
,
yi, j −Yn

h

)

, (18)

where δh is expressed in 2D in [1/m2], φ is a non-dimensional continuous function named kernel

function, and (rx,ry) denotes a non-dimensional distance between a Lagrangian marker and an

Eulerian grid point. The kernel function scales to the mesh size h, i.e., the fluid grid spacing

inside the Lagrangian support domain DXn
centered at each Lagrangian marker Xn = (Xn,Yn).

The Lagrangian support domain encloses all neighboring Eulerian grid points xi, j = (xi, j,yi, j)

used for interpolating and spreading the velocity and boundary force, respectively. The continuous

kernel function φ can take various forms. In the present numerical investigation, the 3-point-width

function φ1 developed in Ref. 25 and the 5-point-width function φ2 developed in Ref. 26 are used,

where the latter suppresses the non-physical force oscillations when a moving immersed boundary

is simulated due to its high moment condition27.

The former kernel functions are displayed in one-dimensional and two-dimensional forms

in Fig. 3 and they are not chosen arbitrarily. A set of properties needs to be satisfied so that

φ is uniquely determined. Among those properties, we have: (i) zeroth moment condition

∑xi, j∈DXn
φ (rx) = 1, (ii) first moment condition ∑xi, j∈DXn

(xi, j −Xn)φ (rx) = 0, (iii) second mo-

ment condition ∑xi, j∈DXn

(

xi, j −Xn

)2
φ (rx) = K, with K a constant26, (iv) third moment condition

∑xi, j∈DXn

(

xi, j −Xn

)3
φ (rx) = 0, and (v) sum of squares condition ∑xi, j∈DXn

(φ (rx))
2 = C, with C

a constant26.

All mentioned kernel functions φ and their corresponding moment conditions are presented

12
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TABLE I: Moment conditions for all continuous kernel functions φ .

Zeroth First Second Third Sum of Squares Order of

Moment (i) Moment (ii) Moment (iii) Moment(iv) Condition (v) Accuracy

φ1 ✓ ✓ × × ✓(C = 0.5) 2nd

φ2 ✓ ✓ ✓(K = 38
60
−

√
69

60
) ✓ ✓(C = 0.3925) 4th

in Table I. Since conditions (i) and (ii) together ensure that a smoothed function is interpolated

with second-order accuracy, consequently, φ1 is second-order accurate. A fourth-order accuracy is

manifested by φ2 since it satisfies the third moment condition (iv). Both kernel functions φ1 and

φ2 satisfy the sum of squares condition (v), where each value of C is mentioned in Table I. Note

that all kernel function properties and conditions are summarized in Ref. 26.

D. DF-IBM algorithms review

Different DF-IBM algorithms can be found in the literature, implemented within a variety

of numerical techniques for solving partial differential equations ranging from Finite Different

Method (FDM)8,14, Finite Volume Method (FVM)18,28, Finite Element Method (FEM)29,30, and

Lattice Boltzmann Method (LBM)15,31. These DF-IBM algorithms are inserted inside the in-

compressible Navier-Stokes equations where the p−U coupling is handled by using either the

projection method (fractional step method) and its variants as in Refs. 8, 14, and 18, the SIMPLE

algorithm32, and the PISO algorithm33,34. Regardless, of the numerical technique and p−U de-

coupling algorithm used, the DF-IBM steps present in every approach, are immutable. The generic

steps are ordered as follows:

1. Eulerian Velocity Interpolation Step:

U(Xn, t) = I [u∗(xi, j, t)]. (19)

Here, we interpolate a predicted Eulerian velocity field u∗, that ignores the presence of a

solid immersed boundary inside the fluid region, to obtain the Lagrangian velocity U on the

Lagrangian marker Xn.
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2. Direct-Forcing Step:

FIB(Xn, t) =
UIB(Xn, t)−U(Xn, t)

∆t
, (20)

where UIB represents the desired (or target) Lagrangian velocity of the immersed boundary

and is directly imposed at the Lagrangian marker Xn, which can be determined either using

a prescribed equation of motion or from the coupling with a solid structural solver. For

stationary immersed bodies, UIB is set equal to zero.

3. Lagrangian Force Spreading Step:

f(xi, j, t) = S [FIB(Xn, t)]. (21)

The Lagrangian boundary force FIB is spread from each Lagrangian marker Xn onto their

corresponding neighboring Eulerian grid points to obtain the Eulerian boundary force f.

4. Update Eulerian Velocity Step:

This step is used to update and correct the predicted velocity field ũ to reckon the presence

of the solid immersed boundary inside the fluid region. The equation used to update the

Eulerian velocity is not generic, but solver dependent. The explicit correction using the

implicit Euler scheme (also known as the Backward Euler method) for time discretization

yields the following correction:

ũ(xi, j, t) = u∗(xi, j, t)+∆tf(xi, j, t). (22)

1. Immersed boundary no-slip velocity boundary condition

The spreading and the interpolation operators in the DF-IBM are reciprocal, i.e., inversely

related. Once this reciprocity is violated, a no-slip boundary error is generated, allowing the fluid

to penetrate the solid domain.

This boundary error problem can be manifested by using the first explicit DF-IBM approach

proposed by Uhlmann8, and employing the concept of multi-DF-IBM found in Refs. 9–11 that

will help understand the roots of this error and how it can be resolved.

The error will be explained in a simplified context, assuming a Lagrangian domain represented

by one marker (X1) and surrounded by two equidistant Eulerian grid points (x1,x2), and assuming
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that δ1 = 0.6 and δ2 = 0.4 while keeping in mind the zeroth moment condition. If one proceeds

with the explicit DF-IBM, i.e., one iteration as in Ref. 8 and assumes that the Lagrangian weight

is almost equal to the Eulerian weight, as proposed by Uhlmann, with Wn = ∆Vi, j = 1 for simplic-

ity, the following equations for the interpolation, direct-forcing, spreading, and updated Eulerian

velocity steps for a single time-step can be obtained:

U(X1, t) = u∗(x1, t)δ1 +u∗(x2, t)δ2,

FIB(X1, t) =
UIB(X1, t)−U(X1, t)

∆t
,

f(x1, t) = FIB(X1, t)δ1 & f(x2, t) = FIB(X1, t)δ2,

ũ(x1, t) = u∗(x1, t)+∆tf(x1, t) & ũ(x2, t) = u∗(x2, t)+∆tf(x2, t).

The no-slip boundary error disappears once UIB(X1, t) = I [ũ], which means that the no-slip

boundary condition is exactly enforced on the Lagrangian Marker X1. However, this is not the

case since:

I [ũ] = UIB(X1, t)
(

δ1
2 +δ2

2
)

+U(X1, t)
(

1−
(

δ1
2 +δ2

2
))

, (24)

with (δ1+δ2) = 1, according to the zeroth moment condition, while (δ1
2+δ2

2) =C ̸= 1 according

to the sum of squares condition described earlier.

Now employing the concept of multiple DF-IBM iterations, that leads to the family of explicit

or implicit IBMs, depending on whether a fixed number of iterations is already prescribed or if

a tolerance between two successive DF-IBM iterations is defined to satisfy the no-slip boundary

condition. After m iterations, the interpolated Eulerian velocity field is obtained as follows:

I [ũ(m)] = UIB(X1, t) A +U(0)(X1, t) B, (25)

where A = ∑
m−1
i=0 C(1−C)i, and B = (1−C)m.

The superscript (m) represents the number of iterations, having ũ(0) = u∗ and U(0)(X1, t) =

I [u∗]. The ideal case is to have the term A = 1 and the term B= 0, to satisfy the no-slip boundary

condition UIB(X1, t) = I [ũ(m)] = U(m)(X1, t) and impose the reciprocity on the interpolation and

spreading operations. Table II reveals how the terms A and B behave when the multi-DF is

15
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TABLE II: Multi-DF-IBM effect on the interpolated Eulerian velocity after m iterations.

m Term A Term B

0 0.0 1.0

1 0.52 0.48

2 0.7696 0.2304

20 0.99999957 0.00000043

∞ 1.0 0.0

implemented. Clearly, the term A → 1 and the term B → 0 when the number of iterations m

increases.

The no-slip boundary error is directly related to the Lagrangian weight Wn, used in the force

spreading operator. According to Uhlmann8, the Lagrangian weight was firstly set equal to the

Eulerian weight, which is equal in a 2D Cartesian uniform mesh, to h2. This method was found

to be inaccurate17, due to the Lagrangian representation of the immersed boundary having a di-

mensional issue since it is described only through its boundary and not the whole volume, so

one dimension is missing in the Lagrangian weight used in the force spreading operator. Hence,

the Eulerian and Lagrangian weights belong to two distinct discretization spaces as mentioned in

Ref. 17, and therefore should not be equal. Different methods to calibrate the Lagrangian weight

computations can be found in the literature that improve the mathematical reciprocity of the inter-

polation/spreading operators. The methods used in this research are described in the next section

of this paper.

Besides the DF-IBM iterations, another approach to reduce the no-slip boundary error is by

decreasing the simulation time-step, as stated in Refs. 10, 11, and 16.

2. Lagrangian weight computation methods

The Lagrangian weight was primarily set equal to the Eulerian weight, as adopted by the ma-

jority of researchers8,10,14,35:

Wn = ∆Vi, j. (26)

Another method was proposed by Pinelli et al.18 to enforce the reciprocity on the interpolation

and spreading operators, where the Lagrangian weight was computed by solving the following

16

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
2
3
1
2
1
8



Article

system of linear equations:

AWn = 1, (27)

where the vectors Wn = [W1, ...,WNLag
]T and 1= [1, ...,1]T have the dimension of NLag, with NLag

being the total number of Lagrangian markers. A is the matrix defined by:

A = Am,n = ∑
xi, j∈DXm

δh(xi, j −Xm)δh(xi, j −Xn)h
2.

The system is solved by using the Krylov subspace solver, BiCGStab. The advantage of this

method is that it can be used on uniform or non-uniform Eulerian grids and it reduces the no-slip

boundary error17, while increasing the computational cost caused by the iterative solving of the

system of linear equations, having the computational cost directly proportional to the total number

of Lagrangian markers NLag.

Furthermore, an analytical correction for the Lagrangian weight was proposed in Refs. 15 and

16, based on two main assumptions. Firstly, the curvature of the immersed boundary is signifi-

cantly small, so the local distance can be represented by a straight wall. Secondly, the variation

of the Lagrangian force along the immersed boundary is considered small, which means that no

discontinuities are taken into consideration. The correction performed on the Lagrangian weight

was deduced from Eq. (24), i.e., Wn is divided by the constant C obtained from the sum of squares

condition imposed by the kernel function used, meaning that this correction is kernel function de-

pendent since the sum of squares condition is not satisfied by all kernel functions, hence can be

applied for specific set of kernel functions as shown in Table I. If we re-calculate Eq. (24) using

the described correction, we satisfy exactly the no-slip boundary condition for this particular case.

For a general case where multiple Lagrangian markers exist enclosed each by multiple Eulerian

grid points, the condition is not purely satisfied. However, it was shown in Refs. 15 and 16 that it

could still eliminate some of the error generated by the non-reciprocity of the DF-IBM linear oper-

ators. The aforementioned correction was later improved to include the curvature of the immersed

boundary by Cheylan et al.17:

Wn =
1

∑xi, j∈DXm
∑Xn∈Dxi, j

δh(xi, j −Xn)δh(xi, j −Xm)h2
. (28)

The first sum is performed on each Lagrangian marker Xn whose support contains the same Eu-

lerian grid points xi, j, while the second sum is performed on all Eulerian grid points xi, j that fall

inside the support domain of Xm. This method can be used independently of the selected kernel

17
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function and its computational cost is considerably lower compared to the method developed by

Pinelli et al.18. The difference between Eq. (27) and (28) for the no-slip boundary error was shown

to be minimal in Ref. 17.

IV. CURRENT DF-IBM ALGORITHM

We now propose an efficient implicit DF-IBM variant that reduces the computational effort of

previous implicit IBMs, such as the IBPM of Taira & Colonius12 and the IBM algorithm of Ji et

al.13, where the system’s dual constraints problem formed for an incompressible flow problem, are

fulfilled sequentially in the solution process, using the PISO algorithm as the Navier-Stokes fluid

solver.

Modifications to the original PISO algorithm are presented here, for the velocity field to satisfy

the two constraints problem in the predictor-corrector algorithm formed by:

(a) No-slip velocity boundary condition on the Lagrangian markers, UIB
n+1 = I [ũ] on Γs,

(b) Divergence-free condition on Eulerian grid points, ∇ ·un+1 = 0 in Ω f .

In addition, a stability criterion needs to be fulfilled for the PISO algorithm, stating that the

courant (CFL) number has to be limited to less than one. The two constraints are decoupled from

the Navier-Stokes momentum equations through the operator-splitting of the PISO algorithm. The

following procedure is adopted at each time-step, having u, p, and f solved sequentially, and up

until reaching convergence, where the superscript n and n + 1 represent the past (known) and

current time (unknown) levels, respectively:

1. Momentum Predictor:

An initial implicit prediction of the velocity field u∗ in the Eulerian grid is calculated using

Eq. (4), without the addition of the boundary force term, while the pressure field p from

previous time-step tn is used for the calculation:

aPu∗
P +∑

N

aNu∗
N = RHS

(

un,un−1
)

− (∇p)n . (29)

We note that the predicted velocity does not satisfy the divergence-free condition, ∇ ·u∗ ̸= 0.

2. DF-IBM Iterations:

Inner iterations start for m= 1, having ũ(0)(xi, j, t
n+1)=u∗ and FIB

(0)(Xn, t
n+1)=FIB(Xn, t

n).

The iterations procedure is carried out using the following steps:

18

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
2
3
1
2
1
8



Article

(a) Eulerian Velocity Interpolation:

U(m−1)(Xn, t
n+1) = I [ũ(m−1)(xi, j, t

n+1)], (30)

(b) Direct-Forcing:

FIB
(m)(Xn, t

n+1) =
UIB(Xn, t

n+1)−U(m−1)(Xn, t
n+1)

∆t
+FIB

(m−1)(Xn, t
n+1), (31)

(c) Lagrangian Force Spreading:

f(m)(xi, j, t
n+1) = S [FIB

(m)(Xn, t
n+1)], (32)

(d) Update Eulerian Velocity:

aPũ
(m)
P +∑

N

aN ũ
(m)
N = RHS

(

un,un−1
)

− (∇p)n + f(m), (33)

(e) The no-slip velocity boundary condition requirement:

UIB(Xn, t
n+1) = I [ũ(m)(xi, j, t

n+1)] = U(m)(Xn, t
n+1). (34)

A convergence criterion is set for two consecutive DF-IBM iterations to check whether

the updated predicted velocity field satisfies the no-slip boundary condition on the

Lagrangian markers:
∥

∥Eũ(m)

∥

∥

2
−
∥

∥Eũ(m−1)

∥

∥

2
< ε, (35)

with

∥

∥Eũ(m)

∥

∥

2
=
∥

∥

∥
UIB(Xn, t

n+1)−U(m−1)(Xn, t
n+1)

∥

∥

∥

2
,

and

∥

∥Eũ(m−1)

∥

∥

2
=
∥

∥

∥
UIB(Xn, t

n+1)−U(m)(Xn, t
n+1)

∥

∥

∥

2
,

where ε is a user-specified tolerance, based on whether an accurate no-slip boundary

condition is required.

(f) If the defined convergence criterion is reached in Step 2 (e), then:

fn+1 = f(m)(xi, j, t
n+1) & ũ = ũ(m)(xi, j, t

n+1), (36)

otherwise, return to Step 2 (a), and let m = m+1.

It can be noted, that at this stage, the updated predicted velocity still does not satisfy the

divergence-free condition, ∇ · ũ ̸= 0, while the no-slip boundary condition is fulfilled

U(m)(Xn, t
n+1) = I [ũ(m)(xi, j, t

n+1)] = UIB(Xn, t
n+1).
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3. PISO Corrector Loops:

Inner corrector loops start for m = 1, where 1 ≤ m ≤ m f , with m f = 3 is the fixed number

of loops. For m = 1 we have, û(0) = ũ:

(a) To enforce the divergence-free constraint, the mPPE represented by Eq. (10a) is used

here to compute the new pressure field:

∇ ·
(

1

aP

(∇p)(m)

)

= ∇ ·





H
(

û(m−1),un,un−1
)

aP



+∇ ·
(

1

aP

fn+1

)

, (37)

(b) The velocity field is then corrected explicitly from the former pressure solution p(m)

using Eq. (12):

û(m) =
H
(

û(m−1),un,un−1
)

aP

− 1

aP

(∇p)(m)+
1

aP

fn+1, (38)

(c) At m = m f , the velocity and pressure fields are updated at time-step tn+1:

un+1 = û(m f ), (39)

pn+1 = p(m f ). (40)

Note that this new velocity field satisfies the divergence-free constraint ∇ ·un+1 = 0.

A flowchart of the current modified PISO algorithm with the DF-IBM is described in Fig. 4,

for one simulation time-step.

The proposed algorithm is based on the original PISO method of Issa24, which has the ve-

locity, pressure, and boundary force decoupled, following the operator-splitting strategy of the

PISO algorithm, to enforce the no-slip boundary condition on the Lagrangian domain and the

divergence-free condition on the Eulerian domain in a segregated manner. Although the no-slip

boundary constraint is satisfied before the corrector loops of the PISO algorithm, the Lagrangian

interpolated velocity remains primarily the same even if computed after the corrector loops, in

accordance with previous findings10,14. Similar to the work of Ji et al.13, the mPPE differs from

the PPE found in IPBM12 by having the boundary force already satisfying the no-slip boundary

condition. In our case, the divergence-free constraint is only fulfilled by the mPPE allowing the

use of fast iterative solvers such as GAMG or Krylov subspace CG solvers without any modifi-

cation. This avoids changing the coefficient matrix and undermining the condition number of the

PPE, which leads to convergence problems similar to those encountered by the IPBM12.
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FIG. 4: Flowchart of the modified PISO algorithm with the current DF-IBM for one simulation

time-step.

An additional attractive aspect of this current algorithm is the rapid process to achieve a no-slip

boundary condition on the Lagrangian domain. This is done by replacing Eq. (26) of Uhlmann8

for computing the Lagrangian weight with Eq. (27) from Pinelli et al.18 for stationary immersed

boundary problems and Eq. (28) found in Ref. 17 for moving immersed boundaries. In the lat-
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ter case, since the Lagrangian weight is re-computed at each time level, to avoid increasing the

computational effort by solving the linear system in Eq. (27) at each time-step, the analytical La-

grangian weight computation expressed by Eq. (28) is used instead. It was determined through a

trial and error process, that an additional correction of 3/2 to Eqs. (27) and (28) for the Lagrangian

weight computation, i.e., by simply multiplying the Lagrangian weight by this factor, was notably

speeding up the no-slip boundary convergence while keeping the forces on the immersed bound-

ary intact. Furthermore, the Lagrangian boundary force initialization method for the term FIB
(m−1)

used in Eq. (31) was also affecting the efficiency of the no-slip boundary convergence. It is there-

fore proposed here to initialize FIB
(0) at the beginning of a new time level by the value from the

previous time level, i.e., FIB
(0) = FIB

n instead of initializing by zero. Finally, a convergence cri-

terion for the no-slip boundary condition was set for two consecutive DF-IBM iterations, since it

was reported in Ref. 9, that after multiple iterations the error convergence rate becomes very mini-

mal, hence iterating even further will not affect the desired solution. This significantly reduces the

number of iterations per time-step.

The proposed DF-IBM variant is distinguished by its ease of understanding and implemen-

tation. The current algorithm can be readily integrated into any incompressible fluid solver that

utilizes the PISO algorithm or other decoupling algorithms, without significantly increasing com-

putational memory requirements. Only minimal modifications to the original system equations are

necessary, specifically in the momentum equations and the PPE.

A. OpenFOAM implementation

The native transient incompressible OpenFOAM solver, pisoFoam, has been modified for this

research. The original predictor step Eq. (29) of the PISO solver is kept unchanged. The function

createIBMLagSupport() is called afterward for the Lagrangian support domain creation for each

Lagrangian marker. This function is called once for a stationary immersed boundary, and called

for each time-step when moving cases are considered. Once the support domains are created,

the modified solver checks whether a prescribed motion case is of interest. If this is the case,

then the function movingIBM() is called. This function computes solid body kinematics, i.e.,

the linear and angular position and velocity depending on the prescribed equations of motion.

The DF-IBM iterations are initiated through the calculationIBM() function, which applies the

interpolation Eq. (30), direct-forcing Eq. (31), and spreading Eq. (32) steps. To update the Eulerian
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velocity as in Eq. (33) of the current algorithm, the virtual function solve of OpenFOAM is used

with the addition of the boundary force which has the following data type volVectorField.

The function noSlipErrorVerificationCheck() is called next, to check if the no-slip velocity

boundary constraint is satisfied. The corrector loop of the original pisoFoam is also modified

to account for the presence of the solid immersed boundary. The additional term in the mPPE

Eq. (37) is of the type surfaceScalarField, where the divergence is represented by the explicit

differential operator fvc::div(), which is added to the original PPE of the pisoFoam solver. The

boundary force is finally added to the explicit velocity corrector step of the native PISO solver,

now represented by Eq. (38).

V. RESULTS

Simulations were performed on the HPC PILCAM2 platform of UTC, built with a CPU AMD

EPYC 7552 2.2GHz 192MB L3 Cache. The number of cores varied from 12 to 18, depending on

the mesh size and the Reynolds number.

A. Taylor–Green decaying vortices: Accuracy study

To validate the temporal and spatial accuracy of the proposed discretization in the present

method, we consider the unsteady Taylor-Green decaying vortices problem in two-dimensional

form. The exact analytical solution of this test problem is given by:

u(x,y, t) =−u0 cos
(π

L
x
)

sin
(π

L
y
)

e
−2

(π

L

)2

νt
, (41a)

v(x,y, t) = u0 sin
(π

L
x
)

cos
(π

L
y
)

e
−2

(π

L

)2

νt
, (41b)

p(x,y, t) = p0 −
u0

2

4

[

cos

(

2π

L
x

)

+ cos

(

2π

L
y

)]

e
−4

(π

L

)2

νt
. (41c)

In this analysis, the simulation is conducted in a quadrilateral domain Ω f = [−π,π] m ×
[−π,π] m, having a circular cylinder of unitary radius immersed inside the squared domain and

located at its center (0,0), as shown in Fig. 5. The initial boundary conditions at t = 0 and the

time-dependent boundary conditions for the whole Eulerian domain for the velocity and pressure

are imposed by Eqs. (41a) to (41c), and the time-dependent boundary condition, i.e., the desired
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FIG. 5: Eulerian domain, vorticity contours, and the cylinder immersed boundary at t = 0.34s.

Lagrangian velocities at the cylinder immersed boundary, are imposed by Eqs. (41a) and (41b).

The simulation is advanced to a final time of 0.34 s, close to the half-life of the decaying vortices.

Periodic boundary conditions are imposed on the Eulerian domain’s outer boundaries, p0 is set to

zero, and the Re = u0L/ν is set to π , where u0 = 1 m/s is the initial maximum velocity, L = π m

is the vortex size, and ν = 1 m2/s is the kinematic viscosity. The 3-point-width function φ1 is

selected.

For the temporal accuracy study, simulations were carried out for different values of the time-

step ∆t = 0.02,0.01,0.005,0.0025,0.00125 s, having the numerical results compared to a refined

solution obtained for a very small time-step of ∆t = 0.0001 s. A fixed Eulerian grid of 320×320

was set for all simulations to cancel out the error due to the spatial discretization. The errors of

the u-velocity component in the x direction are computed using L1, L2, and L∞ norms as well as

the error convergence rate represented by Eqs. (A1) to (A4), respectively found in Appendix (A).

Table III shows that the convergence rate of the temporal error of the current method is about 2

for all norms, as expected, meaning that the error is decreased by a factor of 4 for all norms when

the time-step is divided by 2. The same results are plotted in a log-log plot in Fig. 6a, and it is

worth noting that the same behavior was observed for the v-velocity component confirming the

second-order temporal accuracy of the present method.

For the spatial accuracy study, two separate analyses were carried out, one without the im-
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TABLE III: Temporal error convergence analysis for the u-velocity component of the current

solver.

∆t (s) ∥Eu∥1 Order ∥Eu∥2 Order ∥Eu∥∞ Order

0.02 2.01×10−4

2.03
2.48×10−4

2.03
4.92×10−4

2.02
0.01 4.93×10−5

2.03
6.06×10−5

2.02
1.20×10−4

2.00
0.005 1.20×10−5

2.00
1.48×10−5

2.00
3.01×10−5

1.90
0.0025 3.00×10−6

1.96
3.70×10−6

1.90
8.06×10−6

1.71
0.00125 7.68×10−7 9.92×10−7 2.45×10−6

mersed boundary, and another with the inclusion of the immersed boundary since it is known that

the diffused DF-IBM deteriorates the overall spatial accuracy of the method due to the discrete

Dirac delta function. The analytical solution was compared to numerical solutions for different

Eulerian grid sizes Nx ×Ny = 20×20, 40×40, 80×80, 160×160, and 320×320. A fine time-

step ∆t = 0.0001 s was used to ensure that the temporal error is negligible compared to the spatial

error. The first analysis without the immersed cylinder is carried out, and the results obtained for

the convergence rate of L1, L2, and L∞ norms for the error of the u-velocity component are writ-

ten in Table IV. A second-order accuracy was recorded for the spatial discretization without the

immersed boundary for all norms as expected since the second-order accurate central differencing

interpolation scheme was used for the convection term in this case. The second analysis includes

the immersed cylinder where the number of Lagrangian markers representing Γs are NLag = 20,

40, 80, 160, and 320 for all Eulerian grid sizes respectively. The results are presented in Table V,

where a similar second-order error convergence rate is detected which confirms the accuracy of

the discrete Dirac delta function in the case of smooth fields as reported in Ref. 8. Fig 6b shows

the error of the u-velocity component function of the grid size in a log-log plot for both cases with

and without the immersed boundary. It is evident that the immersed boundary introduces error in

the original discretization, but it maintains the same order of accuracy for smooth fields as in the

case of the Taylor-Green problem.
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TABLE IV: Spatial error convergence analysis for the u-velocity component of the current solver

without an immersed boundary.

Nx ×Ny ∥Eu∥1 Order ∥Eu∥2 Order ∥Eu∥∞ Order

20×20 1.12×10−3

1.98
1.39×10−3

1.98
2.80×10−3

2.00
40×40 2.84×10−4

1.99
3.50×10−4

1.99
7.00×10−4

1.98
80×80 7.16×10−5

1.99
8.83×10−5

1.99
1.76×10−4

1.99
160×160 1.79×10−5

2.00
2.21×10−5

2.00
4.43×10−5

1.98
320×320 4.48×10−6 5.53×10−6 1.11×10−5

TABLE V: Spatial error convergence analysis for the u-velocity component of the current solver

with an immersed boundary.

Nx ×Ny ∥Eu∥1 Order ∥Eu∥2 Order ∥Eu∥∞ Order

20×20 2.51×10−3

2.01
3.71×10−3

2.01
1.18×10−2

1.95
40×40 6.23×10−4

2.02
9.18×10−4

2.03
3.05×10−3

1.98
80×80 1.52×10−4

2.01
2.24×10−4

2.01
7.71×10−4

1.88
160×160 3.77×10−5

2.00
5.54×10−5

2.00
2.08×10−4

1.94
320×320 9.39×10−6 1.37×10−5 5.43×10−5
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FIG. 6: Temporal (a) and spatial (b) accuracy study of the Taylor-Green decaying vortices for the

present solver.
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B. DF-IBM strategies: Performance analysis

The performance and efficiency of different DF-IBM strategies are assessed quantitatively and

qualitatively against the present strategy where the PISO decoupling algorithm is dropped out

for this study, to examine the different DF-IBM sub-routine’s performance alone for one single

execution. The performance is analyzed through the following test as in Ref. 14:

1. Initialise velocity field in x-direction:

u0(x,y) = ex cos(y)−2 0 ≤ (x,y)≤ 1 in Ω f ,

2. Find f such that:

UIB(X ,Y ) = I [ũ(m)(x,y)] = I [u0(x,y)+∆t f (m)] on Γs.

The following test is conducted over a circular cylinder of radius 0.2 m with its center located

at (0.52,0.54) in an Eulerian squared domain Ω f = [0,1] m× [0,1] m. The cylinder is consid-

ered stationary, therefore UIB = 0. The domain is covered by 64× 64 Eulerian grid points in the

streamwise (x) and transverse (y) directions respectively, having h = 0.015625 m and the cylinder

boundary Γs is represented by 80 Lagrangian markers where ∆s ≈ 0.015708 m, ∆t is fixed to 1 s

and φ1 is the kernel function used. Slip boundary conditions are applied to all domain boundaries.

Because the desired Lagrangian velocity UIB is set to zero for all Lagrangian markers, the no-

slip boundary error on the immersed boundary is defined as the computed non-zero velocity at

Lagrangian markers. For this analysis only, a stricter convergence criterion is set unlike the one

specified in Eq. (35) for two successive DF-IBM iterations, which reads:

∥

∥Eno−slip

∥

∥

2
=
∥

∥Eũ(m)

∥

∥

2

=
∥

∥

∥
UIB(Xn,Yn)−I [ũ(m)(xi, j,yi, j)]

∥

∥

∥

2
< ε, (42)

since we are interested in the updated no-slip boundary error through the newly updated velocity

field and not the error between two successive DF-IBM iterations.

Table VI compares the number of iterations to reach the no-slip boundary constraint, the CPU

time to satisfy this constraint, and the no-slip boundary error using L1, L2, and L∞ norms. The

tolerance was set to 1×10−15 for the implicit DF-IBM strategies using the convergence criterion

defined by Eq. (42).
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TABLE VI: Performance comparison of different DF-IBM variants in terms of iterations, CPU

time, and no-slip boundary error.

DF-IBM Explicit/Implicit Lagrangian Weight Iterations CPU Time
∥

∥Eno−slip

∥

∥

1

∥

∥Eno−slip

∥

∥

2

∥

∥Eno−slip

∥

∥

∞
Variant Strategy Method (m) (s)

Uhlmann8 Explicit Eq. (26) 1 1.20×10−3 2.77×10−1 3.02×10−1 4.36×10−1

Pinelli et al.18 Explicit Eq. (27) 1 1.21×10−3 4.88×10−4 5.58×10−4 1.11×10−3

Cheylan et al.17 Explicit Eq. (28) 1 1.17×10−3 2.83×10−3 4.63×10−3 1.65×10−2

Multi-DF-IBM9–11 Explicit Eq. (26) 3 1.70×10−3 6.91×10−2 7.55×10−2 1.17×10−1

Ji et al.13 Implicit Eq. (26) 807 1.10×10−1 6.03×10−16 9.98×10−16 2.87×10−15

Present Implicit Eq. (27) 415 6.48×10−2 5.57×10−16 9.78×10−16 3.19×10−15

Present Implicit Eq. (28) 402 6.16×10−2 5.52×10−16 9.59×10−16 3.25×10−15

Present Implicit Eq. (27) + Correction 273 4.46×10−2 5.23×10−16 9.18×10−16 3.10×10−15

Present Implicit Eq. (28) + Correction 264 4.26×10−2 5.40×10−16 9.36×10−16 3.20×10−15

The explicit DF-IBM of Uhlmann8, Pinelli et al.18, and Cheylan et al.17, all required almost the

same CPU time since only one iteration is needed due to their explicit nature, while keeping in

mind that the time needed to compute the Lagrangian weight was not included. The Lagrangian

weight method using Eq. (27) reduced the error for the L2 norm with respect to Uhlmann’s result

by a factor of 541 while using Eq. (28) reduced the error by a factor of 65. This behavior is

expected since these two methods to compute the Lagrangian weight improve the reciprocity of the

interpolation and spreading operators of the DF-IBM. The multi-DF-IBM of Luo et al.9, Kempe

& Fröhlich10, and Breugem11 apply 3 iterations in their algorithms using the Lagrangian weight

method suggested by Uhlmann8 i.e., Eq. (26). An error reduction by a factor of 4 was recorded

for the L2 norm. Nevertheless, all of these errors obtained using the explicit approach are still

considered large.

The implicit strategy proposed by Ji et al.13 required a total of 807 iterations to drive the error

to the prescribed tolerance, where the CPU time increased almost by a factor of 91 compared to

Uhlmann’s variant. On the other hand, the present implicit DF-IBM variant required 415 and 402

iterations when using Eqs. (27) and (28) for the computation of the Lagrangian weight respectively,

having the CPU time increased by a factor of 54 and 51 compared to Uhlmann’s. The analytical

correction proposed here, increased the CPU time only by a factor of 37 and 35 when using

Eqs. (27) and (28) for the Lagrangian weight respectively, showing a decrease of almost 60% in
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FIG. 7: No-slip boundary error against the number of iterations for odd and even number of

Lagrangian markers. The results of the present DF-IBM with Eq. (27) for the Lagrangian weight

method are used for comparison.

CPU time with the present implicit DF-IBM when using Lagrangian weight methods that enhance

the reciprocity of the linear operators along with the correction proposed, compared to the implicit

variant of Ji et al.13.

It is worth noting, that defining the Lagrangian immersed boundary Γs using an odd number of

Lagrangian markers drastically increased the number of iterations, see Ref. 14. If 81 Lagrangian

markers were used to represent the circular cylinder, a total of 3051 iterations would be needed

for the implicit method of Ji et al.13, whereas for the present DF-IBM 1413 iterations would be re-

quired to reach the imposed tolerance using Eq. (27) for the Lagrangian weight when no correction

is included, and 938 iterations when the correction is applied, as shown in Fig. 7. Therefore, it is

always recommended by the authors to use an even number for the immersed boundary Lagrangian

representation.

All these results are reflected qualitatively in the velocity contours over the Eulerian domain

in Fig. 8. Uhlmann’s method8 does not impose accurately the desired Lagrangian velocity on the

immersed boundary (UIB = 0), as shown in Fig. 8a. A better improvement is noticed for Pinelli

et al.18 and Cheylan et al.17, as illustrated respectively in Figs. 8b and 8c, when compared to the

multi-DF-IBM variant adopted in Refs. 9–11 as shown in Fig. 8d.

Finally, the results of Ji et al.13 displayed in Fig. 8e and the results for any of the cases shown
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(a) Uhlmann8 (b) Pinelli et al.18 (c) Cheylan et al.17

(d) Multi-DF-IBM9–11 (e) Ji et al.13 (f) Present

FIG. 8: Velocity contours for different DF-IBM strategies.

in Table VI for the present method revealed in Fig. 8f are identical, and almost indistinguishable

from Figs. 8b and 8c from a qualitative point of view, contrary to the quantitative analysis shown

in Table VI.

C. No-slip boundary error and flow penetration: Sensitivity analysis

The following investigation differs from the previous one since the latter was used to test the

DF-IBM strategies alone for a stationary circular cylinder. Conversely, the forthcoming investi-

gation exploits the proposed DF-IBM inside the PISO algorithm for transient flows to study the

no-slip boundary error sensitivity over different parameters and demonstrate the overall improve-

ments made. Thus, this comparative study considers the benchmark problem of the unsteady flow

over a stationary circular cylinder.
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In this investigation, a circular cylinder of diameter D = 1 m located at the center (0,0)

of an Eulerian squared domain Ω f = [−2.5,2.5] m × [−2.5,2.5] m is considered, covered by

250× 250 Eulerian grid points, with h = 0.02 m. The cylinder is stationary, i.e., UIB is set to 0

in all directions, and is formed by 156 Lagrangian markers uniformly distributed over Γs, with

∆s ≈ 0.020138 m. Re = u∞D/ν is set to 100, with the inlet freestream velocity u∞ = 1 m/s and

the kinematic viscosity ν equal to 0.01 m2/s. For the velocity, a Dirichlet boundary condition

(u∞ = 1 m/s,v∞ = 0) is set on the inflow boundary, and a non-reflective advective boundary con-

dition (∂u/∂ t + un∂u/∂n = 0) is applied at the outflow boundary with un being the advection

velocity, i.e., the component of the velocity normal to the boundary. Slip boundary conditions

were set to the lateral sides of the domain. For the pressure, Neumann boundary conditions

(∂ p/∂n = 0) are applied on the inlet and lateral sides of the Eulerian domain, while a zero pres-

sure (p = 0) is specified at the outflow boundary, as shown in Fig. 12a. The time-step is set to

∆t = 0.004 s leading to an initial CFLini = 0.2 for all simulations. The time is advanced until the

non-dimensional time tu∞

D
reaches a value of 10. The tolerance for Eq. (35) for two successive

DF-IBM iterations was set to 1×10−8 and φ1 was selected as the kernel function.

Lagrangian Force Initialization Effect:

Firstly, the Lagrangian force FIB
(m−1) found in Eq. (31) of the current DF-IBM algorithm should

be initialized at the start of the iterations, i.e., FIB
(0) for m = 1. This initialization process can

be handled using two different schemes. The first is done by static initialization, i.e., by setting

the variable FIB
(0) = 0 at the beginning of the DF-IBM iterations when m = 1, meaning that

this variable acts as a constant throughout the whole simulation run time. The other approach

is achieved through dynamic initialization of the variable, which means that the variable at the

current time level is assigned a value from the previous time level during the simulation run time,

FIB
(0) = FIB

n, ergo the value of this variable is altered at every time-step.

Fig. 9a shows the no-slip boundary error in terms of L2 norm, as computed in Eq. (42) against

the non-dimensional time. Fig. 9b shows the number of iterations to reach the tolerance for two

successive DF-IBM iterations against the non-dimensional time. It appears clearly that the dy-

namic initialization scheme speeds up the calculations to reach the prescribed tolerance, by re-

ducing the number of DF-IBM iterations from 414 for the static initialization case to 108 for the

dynamic initialization case at tu∞

D
= 10. In addition, the no-slip error is reduced by one order of

magnitude from 3.81×10−6 for the static case to 4.74×10−7 for the dynamic case. Moreover, an
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(a) No-slip error using L2 norm
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FIG. 9: Effect of the Lagrangian force initialization approach on the no-slip boundary error.

asymptotic behavior for both the number of iterations and the no-slip boundary error against the

non-dimensional time can be observed, where a slight change occurred from tu∞

D
= 1, with an error

of 3.82×10−6 corresponding to 483 iterations, to tu∞

D
= 10, with a recorded error of 3.81×10−6

and 414 iterations for the static case.

Similarly for the dynamic case, the error went from 4.87×10−7 to 4.74×10−7 and the number

of iterations decreased from 114 at tu∞

D
= 1 to 108 at tu∞

D
= 10. The dynamic approach will be used

in the remaining part of this investigation. It is also worth mentioning that the aerodynamic forces

are identical for both initialization schemes.

Lagrangian Weight Method and Lagrangian Weight Correction Effect:

The correlation between the Lagrangian weight method, the Lagrangian weight correction, and

the no-slip boundary error is illustrated in Fig. 10. The no-slip boundary error in the L2 norm

following Eq. (42) is not heavily affected by the different methods to compute the Lagrangian

weight and the inclusion of the proposed correction, since a minor decrease was observed for

the cases using Eqs. (27) and (28) compared to Eq. (26). The number of iterations at tu∞

D
= 10

decreased from 114 iterations in the case of Wn being computed according to Uhlmann8 using

Eq. (26) to approximately 86 iterations in the case of using Eqs. (27) and (28). This number

was further decreased to roughly 70 iterations when the analytical correction was applied. The

difference between the results of Eqs. (27) and (28) are barely distinguishable when no correction

was used, similar to the case where the correction was applied. This decrease of almost 40% of the
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(a) No-slip error using L2 norm
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FIG. 10: Effect of the Lagrangian weight method and the Lagrangian weight correction on the

no-slip boundary error.

number of iterations per time-step to reach the prescribed tolerance on two successive iterations

by employing the proposed correction on the Lagrangian weight Eqs. (27) and (28) compared to

Eq. (26) will reflect a large decrease in the CPU time to reach the simulation end time.

Similarly to the previous investigation, an asymptotic behavior was observed for both the

no-slip error and the number of iterations, and the aerodynamic forces are also identical for all

Lagrangian weight methods, with or without correction.

Time-Step Effect:

A final investigation on the effect of the simulation time-step, i.e., the initial CFL number, on the

no-slip boundary error and the number of iterations is presented in Fig. 11. Different values of the

time-step were selected, ∆t = 0.01, 0.008, 0.006, 0.004, and 0.002 s, leading to an initial Courant

number of CFLini = 0.5, 0.4, 0.3, 0.2, and 0.1, respectively. The no-slip boundary error and the

number of iterations are reduced with decreasing values of the CFL number, in agreement with

previous findings in the literature10,16. Unfortunately, manipulating the time-step to reduce the

no-slip boundary error is not considered the best approach, since this will drastically increase the

CPU time to reach the simulation end time, once ∆t is set to a very small value.
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FIG. 11: Effect of the simulation time-step on the no-slip boundary error.

D. Flow over a stationary cylinder at Re = 40, 100, 300, and 1000

The current algorithm is validated against well-established experimental and numerical results

for the benchmark problem of the steady and unsteady flows over a stationary circular cylinder,

over a wide range of Reynolds numbers Re = u∞D/ν , with u∞ the freestream inlet velocity, D

the cylinder diameter, and ν the kinematic viscosity. The cylinder diameter and inlet velocity are

fixed to 1, while the kinematic viscosity is varied to obtain the simulated Re numbers, i.e., 40,

100, 300, and 1000. Two Eulerian squared domains are used for the current simulations, Ω f1 =

40D×40D= [−15,25]× [−20,20] and an enlarged one Ω f2 = 60D×60D= [−20,40]× [−30,30],

to test the finite lateral domain boundaries confinement effect. The challenge is to reduce the

computational time, especially when Re is set equal to 1000. Considering that only the region in

the vicinity of the immersed boundary needs to be surrounded by Cartesian uniform cells, for the

IBM-related operators. A good strategy is to avoid meshing the whole computational domain with

Cartesian uniform cells, and create only a region enclosing the cylinder’s immersed boundary with

a resolution equal to the Lagrangian markers spacing ∆s. This enables the reduction of the mesh

size in the far-field regions of the Eulerian domain. Hence, a refined grid for every Re number

is adopted in the region [−5,5]× [−5,5], enclosing the cylinder. The Eulerian grid resolution is

shown in Table VII.

The same boundary conditions as the previous problem are used here as shown in Fig. 12a. The

cylinder center is located at (0,0) where the numbers of uniformly distributed Lagrangian markers
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TABLE VII: Eulerian and Lagrangian grids resolution for the flow over a stationary cylinder at

different Re.

Re h (m) ∆s (m) ∆s/h NLag ∆t (s)

40 0.03 0.030207 1.006920 104 0.006

100 0.03 0.030207 1.006920 104 0.006

300 0.02 0.020138 1.006920 156 0.004

1000 0.01 0.010069 1.006920 312 0.002

(a) (b)

FIG. 12: Computational domain (a) and wake nomenclature (b) for flow over a stationary

cylinder.

forming Γs for every Re are shown in Table VII with ∆s/h ≈ 1 for all conducted simulations. A

time-step was selected according to Table VII leading to a maximum Courant number CFLmax ≈
0.911. The 3-point-width kernel function φ1 was selected for the data mapping between the two

grids.

The instantaneous non-dimensional force coefficients and Strouhal number are defined as:

Drag coefficient: CD =
FD

0.5ρu∞
2D

,

Lift coefficient: CL =
FL

0.5ρu∞
2D

,

Strouhal number: Str =
fsD

u∞

,

where the fluid density ρ is set to 1 kg/m3 since we are working with incompressible flows, fs is

the natural vortex shedding frequency expressed in [1/s], and (FD,FL) are the respective drag and
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lift forces exerted on the cylinder’s immersed boundary by the fluid expressed in Newton per unit

density [m4/s2], keeping in mind that the third dimension is taken equal to 1 since we are working

in 2D. They are computed by summing the singular Lagrangian forces located on each Lagrangian

marker:




FD

FL



=−
NLag

∑
n=1

FIB(Xn)Wn. (43)

The computational time for all simulations with the Eulerian domain Ω f1 varied between 11

hours for Re = 40 and 21 hours for Re = 100 when performed on 12 cores with a mesh size of

almost 500k cells. For higher Re, the mesh size becomes significant, therefore 18 cores were used,

resulting in a total of 70 hours of CPU time for Re = 300 with a grid containing roughly a million

cells and 508 hours for Re = 1000 having more than 3 million cells.

For Re = 40, the flow pattern is expected to be symmetric and steady, where a recirculation re-

gion is formed in the wake of the cylinder, as described in Fig. 12b, with the following dimensions

in [m]: l, the wake streamwise length, a, the horizontal distance from the cylinder boundary to the

wake vortex center, b the vertical distance between the center of the two wake vortices, and θ [◦]

the separation angle measured from the x-axis. The obtained pressure contours, vorticity contours,

and streamlines for the steady flow at one time-instant are displayed in Fig. 13. It can be noted

that the flow profile closely matches those documented in the literature. In addition, the symmetric

wake dimensions are compared with previous experimental and numerical results, see Table VIII.

As can be seen, our findings are consistent with the literature. The drag and lift coefficients are

plotted in Fig. 17a, and the steady-state drag value is also compared with values extracted from the

literature in Table VIII. It is worth mentioning that by using a larger domain, i.e., by increasing the

lateral dimensions of the computational domain to minimize the confinement effect of the lateral

boundaries, a reduction of roughly 1.2% was recorded on the drag coefficient value.

At Re = 100, the flow pattern becomes unsteady and exhibits the famous von Kármán vortex

street, also known as periodic vortex shedding. The pressure and vorticity contours are shown in

Fig. 14. The vortex shedding leads to time-varying fluctuations of the drag and lift coefficients,

and they can be well observed in Fig. 17b. Different force quantities obtained for the current

simulations including the mean drag coefficient, the drag and lift fluctuations, and the Strouhal

number, are compared in Table IX against different experimental and numerical results reported

in the literature for this Re number. These quantities are computed after a periodic state has been

achieved by the vortex shedding. A close agreement can be found when compared with previous
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FIG. 13: Instantaneous pressure contours (left), vorticity contours (middle), and streamlines

(right) for the flow over a stationary cylinder at Re = 40.

TABLE VIII: Comparison of the wake dimensions and the mean drag coefficient for the flow

over a stationary cylinder at Re = 40.

References l/D a/D b/D θ(◦) CD

Tritton36a − − − − 1.585

Coutanceau & Bouard37a 2.13 0.76 0.59 53.5 −

Russell & Wang38 2.29 − − 53.1 1.600

Linnick & Fasel39 2.23 0.71 0.59 53.4 1.610

Xu & Wang40 2.21 − − 53.5 1.660

Taira & Colonius12 2.33 0.75 0.60 54.1 1.550

Wang & Zhang35 2.36 0.72 0.60 53.8 1.540

Cai et al.14 2.36 0.75 0.62 52.1 1.560

Present (Ω f1
= 40D×40D) 2.28 0.78 0.61 52.6 1.568

Present (Ω f2
= 60D×60D) 2.24 0.78 0.61 52.0 1.550

a Experimental results.

results. Similar to the steady-state smaller Re = 40, a reduction of almost 1.7% is obtained on the

mean drag coefficient by enlarging the Eulerian domain lateral dimensions, along with a decrease

of 3% for the Strouhal number.

The periodic von Kármán vortex shedding is still present at Re = 300, see Fig. 15, along with
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FIG. 14: Instantaneous pressure contours (left) and vorticity (right) contours for the flow over a

stationary cylinder at Re = 100.

TABLE IX: Comparison of the mean drag coefficient, the drag and lift fluctuations amplitude,

and the Strouhal number for the flow over a stationary cylinder at Re = 100.

References CD C′
D C′

L Str

Williamson41a − − − 0.166

Braza et al.42 1.364 ±0.015 ±0.250 0.160

Lai & Peskin43 1.447 − ±0.329 0.165

Uhlmann8 1.453 ±0.011 ±0.339 0.169

Yang et al.27 1.393 − ±0.335 0.165

Ji et al.13 1.402 ±0.010 ±0.349 0.167

Mimeau et al.44 1.400 ±0.010 ±0.320 0.165

Cai et al.14 1.366 ±0.010 ±0.342 0.160

Cheylan et al.17 1.408 − ±0.330 0.166

Present (Ω f1
= 40D×40D) 1.411 ±0.012 ±0.371 0.165

Present (Ω f2
= 60D×60D) 1.387 ±0.011 ±0.359 0.160

a Experimental results.

the pressure contours. At this Re and higher values, the numerical results are expected to deviate

from experimental values, due to the intrinsic three-dimensional effects of the flow around the

cylinder45 leading to inaccurate prediction of the forces coefficients for two-dimensional numerical

simulations. The time evolution of the drag and lift coefficients caused by the vortex shedding are

plotted in Fig. 17c. Table X compares the corresponding mean drag coefficient, the rms of the
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FIG. 15: Instantaneous pressure contours (left) and vorticity contours (right) for the flow over a

stationary cylinder at Re = 300.

TABLE X: Comparison of the mean drag coefficient, the root mean square of the lift fluctuations,

and the Strouhal number for the flow over a stationary cylinder at Re = 300.

References CD (CL)rms Str

Henderson46 1.370 − −

Mittal & Balachandar45 1.381 0.652 0.213

Persillon & Braza47 1.405 0.526 0.209

Ye et al.48 1.380 − 0.210

Mittal et al.49 1.360 − 0.210

Apte et al.50 1.410 − 0.212

Present (Ω f1
= 40D×40D) 1.501 0.691 0.210

Present (Ω f2
= 60D×60D) 1.484 0.680 0.210

lift fluctuations, and the Strouhal number for the current solver against various two-dimensional

simulation results extracted from the literature. The mean value of the drag coefficient for all six

references is equal to 1.384, leading to a discrepancy of about8.45% and 7.22% with our computed

result for Ω f1 and Ω f2 , respectively. The mean Strouhal number for all mentioned references is

approximately equal to 0.211, resulting in a difference of only 0.47% with our calculated Strouhal

number, which remained intact for different dimensions of the domain.

At Re = 1000, the flow regime becomes dominant by convection effects, leading to a decrease

of the boundary layer thickness, expressed as in Ref. 44, by δ ≈ D/
√

Re ≈ 0.0316 m. Hence, to

marginally capture the thin boundary layer, 3 Eulerian grid cells are considered inside the bound-

ary layer for this case, leading to an Eulerian grid resolution of h = 0.01 m in Table VII, similarly
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FIG. 16: Instantaneous pressure contours (left) and vorticity contours (right) for the flow over a

stationary cylinder at Re = 1000.

TABLE XI: Comparison of the mean drag coefficient, the drag and lift fluctuations amplitude,

and the Strouhal number for the flow over a stationary cylinder at Re = 1000.

References CD C′
D C′

L Str

Henderson46 1.510 − − −

Mittal & Kumar51 1.480 ±0.210 ±1.360 0.250

Mittal et al.49 1.450 − − −

Apte et al.50 1.500 − − 0.238

Mimeau et al.44 1.510 ±0.230 ±1.540 0.245

Cai et al.14 1.550 ±0.220 ±1.460 0.240

Present (Ω f1
= 40D×40D) 1.579 ±0.227 ±1.353 0.255

to previous research49,50. Despite the boundary layer being partially resolved, the flow charac-

teristics were well depicted, see Fig. 16 for the instantaneous pressure and vorticity fields. The

time evolution of the drag and lift coefficients are plotted in Fig. 17d. The two-dimensional mean

drag coefficient, the drag and lift fluctuations, and the Strouhal number are compared against the

numerical results reported in the literature in Table XI. A difference of 5.26% was recorded for the

drag coefficient when compared with the average value of all literature values, whereas a 4.84%

deviation was noted for the Strouhal number.

Overall, the present solver has demonstrated strong agreement with experimental results and

other numerical simulations, further validating and confirming its accuracy across a relatively

broad range of Reynolds numbers.
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FIG. 17: Temporal evolution of the drag CD and lift CL coefficients for the flow over a stationary

cylinder at different Re.

E. Flow over an in-line oscillating cylinder in a quiescent fluid at Re = 100

The flow produced by the periodic streamwise oscillation of a circular cylinder is now simu-

lated using the present method. In this test case, the fluid is considered stagnant, and the in-line

translational motion of the cylinder is prescribed by the following equation:

x(t) =−Asin(2π f t) , (44)

where x [m] is the location of the cylinder’s center in the longitudinal direction, A [m] is the ampli-

tude of the oscillation, and f [1/s] is the characteristic frequency.

This flow is characterized by the Reynolds number defined as Re=UmaxD/ν , and the Keulegan-

41

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
2
3
1
2
1
8



Article

FIG. 18: Computational domain and boundary conditions for flow over an in-line oscillating

cylinder.

Carpenter number KC =Umax/ f D, where Umax = 2πA f is the maximum velocity of the cylinder

during oscillation, D is the cylinder diameter, and ν is the kinematic viscosity. The computations

are therefore performed at Re = 100 and KC = 5 for this test case, with D = 1 m, ν = 0.01 m2/s,

Umax = 1 m/s, A = 2.5/π m, and f = 0.2 1/s. Experimental and numerical results obtained by

Dütsch et al.52 are used for comparison.

An Eulerian squared domain is used, with dimensions Ω f = 40D×30D= [−20,20]× [−15,15].

To reduce the computational time similarly to the previous problem, the region [−5,5]× [−5,5]

near the cylinder boundary that covers its minimum and maximum displacement was created with

an Eulerian grid resolution of h = 0.025 m. Neumann boundary conditions are applied to both

pressure (∂ p/∂n = 0) and velocity (∂u/∂n = 0) for all domain boundaries, as shown in Fig. 18.

The cylinder is located initially at the center of Ω f , i.e., (0,0), and Γs is formed by 124 Lagrangian

markers having the arc length between two consecutive markers ∆s ≈ 0.025335 m. The desired

Lagrangian velocity of the cylinder boundary UIB is enforced at each time-step by taking the

derivative of Eq. (44) with respect to time. A constant time-step of ∆t = 0.005D/Umax is used,

similarly to Ref. 53, and the kernel function φ2 is selected for the interpolation and spreading

operators.

Fig. 19 demonstrates the pressure and vorticity contours at four different phase angles, ϕ =

0◦, 96◦, 192◦, and 288◦ (having ϕ = t/T × 360◦). Good agreement is observed qualitatively

with the numerical results obtained by Dütsch et al.52, and a similar flow structure for the two

counter-rotating vortices of equal strength is illustrated. Another quantitative comparison is carried

out with the experimental results extracted by Dütsch et al.52 for the velocity profiles for both u

and v components, at three different phase angles ϕ = 180◦, 210◦, and 330◦, for four different
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FIG. 19: Instantaneous pressure contours (top) and vorticity contours (bottom) for different phase

angle ϕ = 0◦, 96◦, 192◦, and 288◦ (from left to right) for the flow over an in-line oscillating

cylinder in a quiescent fluid at Re = 100 and KC = 5.

streamwise cross-sections x = −0.6D, 0D, 0.6D, and 1.2D. Fig. 20 shows the results obtained

by the current approach in comparison with the experimental results. It can be concluded that the

computed results for the velocity profile are consistent and align well with the experimental data.

This example demonstrates that the present solver can properly capture the dynamics of the flow

field as well as the velocity distributions for moving immersed boundaries.

F. Flow over a transversely oscillating cylinder in a freestream at Re = 185

Another cylinder oscillating case is presented, where the cylinder is now oscillating in the

crosswise direction of a freestream going from the left to the right boundaries of the Eulerian

domain. The crosswise translational motion of the cylinder is prescribed by the following equation:

y(t) = Asin(2π f t) , (45)

with y [m] the lateral position of the cylinder centroid, A [m] the amplitude of the oscillation, and

f [1/s] the characteristic frequency of the oscillation.

The flow’s Reynolds number is set to Re = u∞D/ν = 185, with u∞ = 1 m/s the uniform

freestream velocity, D = 1 m the cylinder diameter, and ν = 5.4054× 10−3 m2/s the fluid kine-
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FIG. 20: Non-dimensional velocity profiles for the u (left) and v (right) components at 3 different

phase angles ϕ and at 4 different streamwise cross-sections. The current results are marked with

lines while the experimental results of Dütsch et al.52 are marked with symbols. At x =−0.6D

( and △), x = 0D ( and □), x = 0.6D ( and ⃝), and x = 1.2D ( and ♢).
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FIG. 21: Computational domain and boundary conditions for flow over a transversely oscillating

cylinder.

matic viscosity. The amplitude is fixed to A = 0.2D, and the frequency is varied between 0.8 ≤
f/ fs ≤ 1.2, with fs = 0.195 1/s the natural vortex shedding frequency for the stationary cylinder

case at Re = 185, taken from Ref. 54. Those parameters are considered to compare the results with

those extracted from the literature55,56.

The dimensions of the Eulerian domain are defined as Ω f = 60D×60D= [−20,40]× [−30,30],

with a grid resolution h = 0.02 m in the refined region [−5,5]× [−5,5], that covers the displace-

ment of the moving cylinder boundary. The boundary conditions are similar to the flow over a

stationary cylinder case, see Fig. 21. The cylinder is located at t = 0 at the origin of Ω f , i.e., (0,0),

and Γs is represented by 156 Lagrangian markers, with a Lagrangian spacing ∆s computed as in

Table VII. A time-step of ∆t = 0.004 s is adopted for all simulations. Similarly to the cylinder

in-line oscillation problem, the transient desired Lagrangian velocity UIB is enforced at each time

level by taking the derivative of Eq. (45), and the 5-point-width φ2 kernel function was used to

reduce spurious force oscillations.

Fig. 22 illustrates the instantaneous vorticity contours when the cylinder is located at the high-

est positive position. The overall vorticity pattern obtained with the present method when the

frequency f/ fs varies, is in agreement with the observations reported in Refs. 55 and 56. The

vortex shedding is found to be closer to the wake of the cylinder with increasing f/ fs.

Fig. 23 illustrates the instantaneous temporal evolution of the drag and lift coefficients for all

values of the frequencies f/ fs. The challenge was to compute correctly the drag and lift forces

exerted on the oscillating cylinder. Due to the nature of the immersed boundary method, a flow is

developed inside the immersed object since the interior is treated as part of the Eulerian domain.

This internal fluid does not affect the flow outside the immersed object, whereas the forces on the
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(a) f/ fs = 0.8 (b) f/ fs = 0.9

(c) f/ fs = 1.0 (d) f/ fs = 1.1

(e) f/ fs = 1.2

FIG. 22: Instantaneous vorticity contours at different frequencies f/ fs for the flow over a

transversely oscillating cylinder in a freestream at Re = 185.

immersed boundary are influenced by this internal flow development, i.e., by the internal mass.

Once the internal fluid is moved, the internal mass effect should be added to the forces equations

to compensate for the accelerating fluid inside the immersed boundary57. The patterns of this

wide spectrum of frequencies are similar to the one reported in Ref. 55, where a body-conformal

method was used, as well as the results obtained for a body non-conforming method in Ref. 56.

A quantitative analysis is also carried out for the mean drag coefficient and the rms values of

the drag and lift fluctuations. The findings are presented in Fig. 24. The variation of the mean

drag coefficient with increasing f/ fs is in fair agreement with the literature data of Refs. 55 and

56. However, results are slightly higher here, with an average difference of 9.8% when compared

with Ref. 55 and 3.8% when compared with Ref. 56 for all frequency ratios combined. Similarly,
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(e) f/ fs = 1.2

FIG. 23: Temporal evolution of the drag CD and lift CL coefficients at different frequencies f/ fs

for the flow over a transversely oscillating cylinder in a freestream at Re = 185.
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FIG. 24: Comparison of the force coefficients at different frequencies f/ fs for the flow over a

transversely oscillating cylinder in a freestream at Re = 185. The present results are marked with

lines, the results corresponding to Ref. 55 are marked with (♢; □; ⃝), and the results

corresponding to Ref. 56 are marked with (∗; +; ×). CD ( , ♢, and ∗); (CD)rms ( , □, and +);

(CL)rms ( , ⃝, and ×).

excellent agreement was found for the rms values of the lift fluctuations for higher frequencies

between 1.1 ≤ f/ fs ≤ 1.2. For lower frequencies, the computed values were also slightly higher

when compared with results in Refs. 55 and 56. The rms values of the drag fluctuations also agree

well with the results reported in the literature.

G. Flow over a hovering elliptical wing at Re = 157

Finally, the flow produced by a non-circular object in a fluid at rest is simulated, where the

immersed boundary is described by an elliptical wing that mimics the shape of an insect’s wing,

and the hovering of the wing is subject to both translational and rotational prescribed motions

governed by the following equations:

x(t) =
A0

2

[

cos

(

2πt

T

)

+1

]

cos(β ), (46)

y(t) =
A0

2

[

cos

(

2πt

T

)

+1

]

sin(β ), (47)

θ(t) =
θ0

2

[

1− sin

(

2πt

T
+ϕ0

)]

, (48)

where (x,y) [m] are the time-dependent ellipse centroid due to motion and θ [rad] is the time-

dependent angle of attack of the wing. A0 and θ0 designate the translational and rotational am-

plitudes respectively, β is the stroke angle, ϕ0 is the phase difference between the translational
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FIG. 25: Computational domain and boundary conditions for flow over a hovering elliptical wing.

and rotational movements, and T is the hovering period. The configuration of the moving wing is

described in Fig. 25, with c the major axis (or chord length) and b the minor axis of the ellipse.

The flow is characterized by the maximum velocity of translational motion along the hovering path

computed as Umax = πA0/T . The hovering period is defined by T = πA0/c and the Reynolds num-

ber is Re =Umaxc/ν . The simulation is performed at Re = 157, with c = 1 m, c/b = 4, A0 = 2.5 m,

θ0 = π/2, β = π/3, ϕ0 = 0, Umax = 1 m/s, and T = 2.5π s, to compare with previous numerical

studies from the literature14,53,58.

A smaller squared Eulerian domain is used compared to the recommended one in the works of

Refs. 14 and 53, such that Ω f = 20c×20c = [−10,10]× [10,10], with an Eulerian grid resolution

h = 0.02 m in the region [−5,5]× [−5,5] around the wing minimum and maximum displacement.

The domain boundary conditions are similar to the in-line oscillations of a cylinder problem, see

Fig. 25. The ellipse is located at the beginning of the simulation at (0,0) and Γs is formed by

106 Lagrangian markers with ∆s ≈ 0.020232 m. The desired Lagrangian velocity of the ellipse

boundary UIB is enforced by summing up the translational and rotational velocities derived from

Eqs. (46) to (48). A constant time-step, ∆t = 0.004 s, was used for this simulation, and φ2 was

used as the kernel function to reduce the non-physical spurious force oscillations.

Fig. 26 shows the instantaneous vorticity field produced by the hovering elliptical wing at

four different instances of a single flapping period, i.e., t/T = 0.25, 0.44, 0.74, and 0.99. Those

correspond to the wing downstroke, where a counter-rotating pair of vortices is generated. These

vortices are then shed to generate lift at the half-cycle of the period. Afterward, the wing upstroke

is initiated to push a vortex dipole away from the wing. At the end of the period, the vortex dipole

is driven further downward of the computational domain. These vorticity contours are very similar

to those available in the literature, see Refs. 14, 53, and 58 for instance.
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(a) t/T = 0.25 (b) t/T = 0.44 (c) t/T = 0.74 (d) t/T = 0.99

FIG. 26: Instantaneous vorticity contours at four different period instances t/T for the flow over a

hovering elliptical wing at Re = 157.
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FIG. 27: Temporal evolution of the drag CD (a) and lift CL (b) coefficients for the flow over a

hovering elliptical wing at Re = 157: ( ) present results, ( ) moving immersed boundary

method (MIBM) of Ref. 14, ( ) immersed boundary method of Ref. 53, ( ) body-conformal

mesh method of Ref. 58.

A quantitative validation of the forces generated by the hovering wing is carried out, by com-

paring the time history of the instantaneous drag and lift coefficients in Fig. 27, with previous

studies computed using a body-conformal mesh method58 and body non-conforming immersed

boundary methods14,53. The internal mass effect is also considered in this case, similarly to the
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previous problem. The data obtained with the present DF-IBM agrees well with other results from

the literature, even when performed on a smaller Eulerian domain.

This problem demonstrates that the present method can capture the flow physics even for non-

circular objects, while maintaining a good overall accuracy when compared to body-fitted tech-

niques.

VI. CONCLUSIONS

This study has shown improvements to the implicit direct-forcing immersed boundary method

(DF-IBM) for incompressible flows simulated past arbitrarily moving rigid structures. The current

method leverages the operator-splitting strategy of the original PISO algorithm to address the fluid-

solid system’s dual constraints problem during the solution process: maintaining the divergence-

free condition in the Eulerian fluid domain, and enforcing the no-slip velocity boundary condition

in the Lagrangian solid domain. A new pressure Poisson equation (PPE) is derived, which includes

the boundary force where the no-slip condition is already satisfied, resulting in a coefficient matrix

similar to the standard PPE, i.e., without altering its condition number. This allows the use of fast

iterative PPE solvers without any modifications.

The computational cost associated with satisfying the no-slip velocity boundary condition is

significantly reduced by integrating Lagrangian weight methods, which enhance the reciprocity

of the interpolation-spreading operators, with the implicit formulation of the IBM. Additionally,

a Lagrangian boundary force initialization scheme was proposed for the DF-IBM algorithm, to

further improve the efficiency of the implicit iterations.

The present method has demonstrated strong capability in handling stationary and moving

boundaries in both translational and rotational motions, for both circular and non-circular solid

structures. The computed results are consistent and in good agreement with previous experimen-

tal and numerical data obtained with conventional body-conforming methods and different IBM

variants.

Finally, the proposed DF-IBM variant is characterized by its simplicity of implementation in

any existing fluid Navier-Stokes solver. OpenFOAM is recommended as the fluid solver, as it

provides a highly scalable platform for future 3D IBM simulations. Future work will consider the

coupling between the present DF-IBM and the rigid body dynamics equations of motion to study

flow-induced and free motions of rigid structures.
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Appendix A: Error norms and order of accuracy

The L1, L2, and L∞ norms of the error for any variable x are defined as:

• The L1 norm:

∥Ex∥1 =
1

NxNy

Nx

∑
i=1

Ny

∑
j=1

∣

∣xi, j − x̂i, j

∣

∣ , (A1)

• The L2 norm:

∥Ex∥2 =

√

√

√

√

1

NxNy

Nx

∑
i=1

Ny

∑
j=1

∣

∣xi, j − x̂i, j

∣

∣

2
, (A2)

• The L∞ norm:

∥Ex∥∞ = max
1≤i≤Nx

1≤ j≤Ny

∣

∣xi, j − x̂i, j

∣

∣ , (A3)

where xi, j is the value obtained numerically, and x̂i, j is the analytical or refined solution

when no exact solution exists. Nx and Ny are the total number of Eulerian grid points in the

x and y directions, respectively.

The order of accuracy of the spatial discretization, i.e., the convergence rate between numerical

solutions obtained with refined grids is:

Order = log2

(

∥Ex∥(h)

∥Ex∥(h/2)

)

, (A4)
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where ∥Ex∥(h) and ∥Ex∥(h/2)
are the error norms on a grid size h and a refined one h/2. The

same formula is used to compute the order of accuracy for the temporal discretization for refined

time-steps.
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