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A bstract

Various new methods for the solution of hyperbolic systems of conservation laws in 
one, two and three space dimensions are developed. All are explicit, conservative time- 
marching methods that are second order accurate in space and time in regions of smooth 
flow and make use of local Riemann problems at intercell boundaries.

In one space dimension, the Weighted Average Flux (w a f ) approach of Toro is ex­
tended to generate a scheme that is stable with timesteps twice as large as those allowed 
by the stability conditions of the original scheme. A Riemann problem based extension of 
the Warming-Beam scheme is considered. Total Variation Diminishing (t v d ) conditions 
are enforced for both schemes. Numerical results for the Euler Equations of Gas Dynamics 
are presented.

In two and three space dimensions, finite volume versions of the w a f  scheme on Carte­
sian grids are derived for the linear advection equation. Two two dimensional schemes 
are found tha t are second order accurate in space and time. One of these is extended for 
the solution of nonlinear systems of hyperbolic conservation laws in two separate ways. 
The resulting schemes are tested on the Shallow Water equations. The equivalent three 
dimensional schemes are also discussed. The two dimensional schemes are then extended 
for use on structured, body-fitted grids of quadrilaterals and one of these extensions is 
used to demonstrate the phenomena of Mach reflection of shallow water bores.
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C hapter 1 

Introduction

1.1 Aim s

Many physical problems can be accurately described by hyperbolic systems o f conservation 
laws, i.e coupled systems of partial differential equations tha t can be written in differential 
form

M

c »  +  E F(1)( % »  = o ( i- i)
k=l

where y and x  = ...,x^M^)T are independent variables, U (x, y) is a vector of N
conserved variables and for each k, F ^ ( U )  is a vector valued function of U  called the flux 
function. The system (1.1) is called strictly hyperbolic if, for each k, the Jacobi an m atrix

^  =  ^  (1.2)

has N  real and distinct eigenvalues. If the eigenvalues are not distinct, the system is 
hyperbolic. The differential form (1.1) of the conservation law is only valid for smooth 
solutions. However, it is well known that solutions to systems of hyperbolic conservation 
laws with initial conditions U (x, 0) =  Uo(x) can develop discontinuities in a finite time, 
even if Uo(x) is smooth; solutions to an integral form of (1.1) are therefore usually sought. 
The theory behind hyperbolic systems of conservation laws is discussed in many texts; see 
for example the paper by Lax [30] or the book by LeVeque [33].

Many systems of the form (1.1) exist in mathematical physics. Consider for example, 
the time dependent flow of an inviscid, compressible gas. The equations describing this 
type of flow are called the Euler equations o f Gas Dynamics, and form a hyperbolic 
system of conservation laws. When written in differential form (1.1), y = t is the time 
variable, : k = 1,..., M }  are the space variables and M  = 1, 2 or 3 is the number of 
space dimensions. The derivation of the Euler equations can be found in most texts on 
compressible fluid dynamics; see, for example, the book by Anderson [1]. One application 
of the Euler equations is the flow of air over a solid body, such as an aerofoil or complete 
aircraft. The effects of heat conduction and viscosity are only significant in a thin region

1



adjacent to the solid boundaries called the boundary layer. Outside this region, the flow 
is effectively inviscid and the Euler equations can be used. If the flow is steady, i.e 
independent of time, and everywhere supersonic in one particular direction, the flow can 
be modelled by a hyperbolic system called the steady supersonic Euler equations. When 
this system is written in differential form (1.1), y represents the direction in which the flow 
is supersonic, and x  represents the remaining space coordinates. The steady supersonic 
Euler equations and some methods for their solution are discussed by Glaister [14] and 
Toro and Chou [71]. Another example of a system of hyperbolic conservation laws is 
provided by the Shallow Water equations. These describe the flow of a fluid with a free 
surface under the influence of gravity. A key assumption in their derivation is tha t the 
pressure variation is hydrostatic, or, equivalently, the vertical component of acceleration 
has a negligible effect on the pressure. If the effects of surface tension and viscosity are 
neglected, and the bed of the fluid is assumed horizontal then the system is hyperbolic, 
with y = t as the time variable, a^1) , ..., x^M  ̂ as space variables and M  = 1 or 2 the number 
of space dimensions. For further details, see the book by Stoker [52].

Many systems of hyperbolic conservation laws, such as the Euler equations or the 
Shallow Water equations, are nonlinear and cannot be solved analytically in more than a 
few idealized situations. Therefore, in general, numerical solutions must be sought. The 
development of numerical methods for these systems goes back as far as the classic paper 
by von Neumann and Richtmyer [79] in 1950, and even earlier. A worldwide research 
effort into these methods over the last forty or fifty years has led to a vast number of 
schemes being available today, as can be seen in the review papers by Rizzi and Engquist 
[42] and Moretti [36]. All of these schemes are based on the idea of evolving the initial 
conditions Uo(x) =  U (x, 0) in the direction of increasing y in a series of discrete jumps, a 
process known as time marching or space marching, depending on the role of y as a time or 
space coordinate. For notational convenience, it will be assumed that y in (1.1) represents 
time and will be written as t in the remainder of this thesis. At each timelevel, a finite 
dataset is stored. The methods can be divided into two main types: implicit methods 
and explicit methods. An implicit method is a method for which the data at a given 
timelevel depends on other data at that timelevel as well as data at previous timelevels. 
The update from from one timelevel to the next thus involves the solution of a system 
of linear equations. This can be costly, but many implicit methods can be used without 
restriction on the timestep. However, when applied to nonlinear systems of equations, an 
upper limit may have to be set on the timestep if time accuracy is to  be maintained. An 
explicit method is one for which is one for which the data at a given timelevel depends only 
on data at previous timelevels. Explicit methods are thus special case of implicit methods 
in which the m atrix defining the linear system is diagonal, so solution of the system is 
trivial. However, the requirement of stability (discussed later) sets an upper bound on the 
timestep for explicit methods which can be orders of magnitude smaller than the timesteps 
used by implicit methods. The book by Hirsch [25] gives a good account of both implicit 
and explicit methods. The aim of this thesis is to introduce some explicit timemarching 
methods for the solution of hyperbolic systems of conservation laws in one, two and three 
space dimensions.
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1.2 B ackground

The vast number of explicit timemarching schemes for the solution of hyperbolic systems 
of conservation laws in existence today can be classified in various ways. Perhaps the 
most fundamental classification is between shock tracking or shock fitting methods and 
shock capturing methods. Shock tracking methods are those for which discontinuities in 
the solution are treated as internal boundaries. Boundary conditions across the disconti­
nuities are provided by the Rankine-Hugoniot conditions, which are algebraic conditions 
all discontinuities in solutions to hyperbolic conservation laws must satisfy. Smooth re­
gions of flow are computed by the use of methods designed to  solve the differential form 
(1.1) of the conservation law. A good discussion of shock tracking methods and references 
to specific works can be found in the review by Moretti [36]. The main problem with 
these methods appears to be that the number of discontinuities in the solution and the 
way they interact must be known in advance, and, for this reason, it is hard (if at all 
possible) to write a program that is general enough to  solve all problems, particularly in 
two or three space dimensions. An alternative to shock tracking methods is provided by 
shock capturing methods, which appear to  be far more popular today. These methods can 
be defined as those methods that treat all points in the flow and all flow features with 
the same algorithm, i.e do not resort to special procedures at discontinuities. The only 
requirement, due to a theorem by Lax and Wendroff [29], is tha t shock capturing schemes 
must be constructed in conservation form , as discussed in Chapter 2. This is a special form 
of explicit scheme derived from the integral form of the conservation laws, and ensures 
tha t discontinuities in the solution move at the correct speed. Shock capturing methods 
offer the advantage that no information about the solution is needed in advance, except 
of course boundary conditions around the edges of the computational domain. However, 
due to a theorem of Godunov [17] (see Roe [44]), all linear shock capturing methods that 
are more than first order accurate will suffer from spurious oscillations in the region of 
discontinuities. These oscillations are unphysical, and therefore undesirable. In order to 
obtain oscillation-free solutions, special procedures must be incorporated into the schemes 
to eliminate the oscillations.

The earliest successful explicit methods of the shock capturing type in one space di­
mension appear to be the so-called artificial viscosity methods. These were pioneered by 
von Neumann and Richtmyer [79] and update the whole flowfield via simple finite differ­
ence formulae, such as the Lax-Wendroff schemes [29]. These finite difference schemes are 
usually second order accurate, and therefore suffer from spurious oscillations near discon­
tinuities. Artificial viscosity methods are characterized by the fact that they overcome this 
problem by adding extra terms into the update of the solution tha t act in a similar manner 
to viscosity — hence their name. The viscous terms broaden any discontinuous profiles 
and damp the unwanted oscillations. Many methods of the artificial viscosity type exist, 
the most popular of which are probably those of Jameson [26]. Other methods include 
the two-step Lax-Wendroff schemes of Richtmyer, described in [25], and MacCormack’s 
scheme [35]. See Rizzi and Engquist [42] for further references. The main advantage of 
artificial viscosity methods is that they are simple to program and are relatively cheap in
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terms of c pu  time. However the size of the artificial viscosity terms needed is problem 
dependent, so the program must be ’tuned’ to each particular problem and a number of 
calculations may be required before an acceptable solution is obtained.

More advanced shock-capturing schemes, known as linear-hybridized schemes, were 
pioneered by Boris and Book [4] with their Flux Corrected Transport (f c t ) method. In this 
approach, a second order accurate scheme is used in regions of smooth flow, and in regions 
of high gradient a first order, monotone scheme is blended with the second order scheme 
in such a way that oscillations are in the solution are minimised. Examples of linear- 
hybridized schemes include the monotonic version of Fromm’s scheme [13] introduced by 
van Leer [73] and the f c t  scheme of Zalesak [84]. The linear-hybridized approach was 
generalized by Harten [21] who introduced the idea of Total Variation Diminishing (t v d ) 
schemes, and provided a theorem tha t enables their construction. In [54], Sweby discussed 
the concept of the flux limiter as a way of formally viewing t v d  methods. The flux limiter 
is essentially the function tha t provides the interpolation between first and second order 
schemes. Sweby showed that various methods, including van Leer’s method [73], can be 
rewritten in flux limiter form. The main fault of t v d  schemes is that they automatically 
add dissipation at any extrema in the solution, leading to first order accuracy at those 
points. To overcome this problem, Harten and Osher [24] developed their Essentially Non- 
Oscillatory (e n o ) schemes, in which the Total Variation is allowed to increase sometimes. 
In general, all linear-hybridized methods have a great advantage over artificial viscosity 
methods in that the addition of the minimum amount of dissipation into the solution 
necessary to guarantee oscillation free results is a function only of the data at the current 
timelevel, and does not depend on any parameters tha t have to be ’tuned’ by the user.

Perhaps the most significant advance so far in the development of explicit methods for 
hyperbolic systems of conservation laws (1.1) has been the introduction of upwind methods, 
in which the update of a solution from one timelevel to the next depends locally on data 
biased towards the direction from which information is propagated. The first upwind 
method was that due to Courant, Isaacson and Rees [10], now called the era scheme. 
Modern upwind methods fall into two main classes: flux vector splitting methods and 
flux difference splitting methods. The first flux vector splitting method was introduced by 
Steger and Warming [51]. Other examples include those by van Leer [76] or, more recently, 
Zha and Bilgen [85]. Flux vector splitting methods involve splitting the flux F (U ) in each 
computing cell into two parts as F  =  F + +  F~ where F + and F -  correspond to right and 
left running characteristics respectively. Forward and backward differences of F + and F “ 
are then used to update the solution from one timelevel to the next. On the other hand, 
flux difference splitting methods involve splitting the difference in flux between two states 
either side of an intercell boundary into a series of jumps across waves in the solution to 
the initial value problem defined by those states. This initial value problem is called the 
Riemann problem. The idea of using solutions to  local Riemann problems in numerical 
methods for hyperbolic systems of conservation laws was first introduced by Godunov [17]. 
His method was the first conservative extension of the cir  scheme to nonlinear systems. 
Godunov’s method involves taking the data value in each cell as the integral average of 
the conserved variables over that cell and assumed constant throughout that cell. He
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then solved the Riemann problem at each intercell boundary exactly and allowed waves to 
propagate into neighbouring cells. The piecewise constant data was thus evolved exactly 
in time. Before waves from different Riemann problems interacted, Godunov applied 
the averaging procedure again to obtain the data at the next timelevel. This process 
leads to a first order, monotone scheme. A modification of Godunov’s method, known 
as Glimm’s method or the Random Choice Method (r c m ), has been provided by Chorin 
[5] and is based on a proof of existence of solutions of hyperbolic conservation laws by 
Glimm [16]. Glimm’s method is the same as Godunov’s method up to the solution of the 
Riemann problems, but rather than average the solutions in each cell to obtain data at 
the new time level, the new solution in each cell is taken from a randomly chosen point 
in the combined solution of the Riemann problems in that cell at the new timelevel. The 
advantage of Glimm’s method over Godunov’s method is that discontinuous waves are 
represented by sharp jumps in the relevant flow variables, rather than being spread over 
several cells as in Godunov’s method, although the location of the discontinuity may be 
wrong by a few cells. This sharp representation of discontinuities is im portant for some 
applications. Colella [6] proposed a sampling procedure for Glimm’s method based on Van 
der Corput’s sampling sequence and presented a hybrid of rcm  and Godunov’s method 
that has advantages over Glimm’s method in multidimensional flows. Another method 
based on random sampling is the Random Flux approach of Toro [60] which involves 
randomly sampling the solution of a Riemann problem at the half timestep level to obtain 
a numerical flux for the conservation form. The Random Flux approach was proved second 
order accurate in a statistical sense by Toro and Roe [72]. In his original work, Godunov 
proposed two iterative algorithms for the exact solution of the Riemann problem, as well as 
some approximate procedures that are computationally cheaper (see Gottlieb and Groth 
[20]). Since that time, many authors have introduced more efficient exact iterative solvers, 
for example Gottlieb and Groth [20], Toro [60] and, more recently, Pike [40] and Schleicher 
[47]. Alternative approximate Riemann solvers have also been proposed, such as those of 
Roe [43], Osher and Solomon [39], Harten, Lax and van Leer [23] and Toro [64]. As a 
result of these developments, the introduction of many high order extensions of Godunov’s 
method and the enormous expansion in available computing power, flux difference splitting 
methods have become very popular over the last decade. They are often referred to as 
Riemann problem based methods or Godunov-type methods and tend to be preferred over 
flux vector splitting methods because of their greater robustness and superior resolution 
of features such as contact waves.

The first higher order extensions of Godunov’s method, called Monotone Upwind- 
centred Schemes for Conservation Laws (m u s c l ) schemes, were introduced by van Leer 
[74], [75]. Second order accuracy is achieved in van Leer’s scheme by replacing the constant 
data in cells used by Godunov with piecewise linear data. This linear reconstruction of 
data gives two data values on each intercell boundary which are then used as input for a 
Riemann solver. The solution on the time-axis to the Riemann problem at each intercell 
boundary is then evolved through half a timestep before being used to calculate intercell 
fluxes for the conservative form. Despite the extra work involved in evolving slopes as well 
as cell-averaged data  in time, the improvement in accuracy provided by van Leer’s schemes
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over Godunov’s scheme made the method attractive. Since van Leer’s schemes, other 
MUSCL-type schemes have been presented, such as the Generalized Riemann Problem ( g r p )  
method of Ben-Artzi and Falcovitz [2], the Piecewise Linear Method (p lm ) of Colella [7] 
and the MUSCL-Hancock scheme [77]. To avoid spurious oscillations inherent in all second 
order schemes, Muscn-type schemes place bounds on the slopes on the reconstructed data 
within each cell. Hence these methods are often called slope limiter methods. A m u s c l -  
type scheme that achieves higher than second order accuracy in space in smooth flow is the 
Piecewise Parabolic Method (ppm) of Colella and Woodard [9] in which the constant slabs 
in Godunov’s method are replaced by parabolic elements rather than the linear elements in 
the original m u s c l  scheme. This enables the ppm method to achieve third order accuracy 
in space in smooth regions of flow.

The other main class of high order extensions of Godunov’s method consists of those 
that fall into the category of flux limiter methods discussed earlier. These methods are 
those that are constructed as a first order scheme plus a limited amount of a higher order 
correction and are distinguished from m u sc l  schemes in that they do not depend on a 
reconstruction of the data before the solution of Riemann problems. This class includes 
the high order accurate schemes of Sweby [54], Harten [22] and Roe [45]. Another second 
order extension of Godunov’s method tha t can be thought of as a flux limiter method 
is the Weighted Average Flux (w a f ) method of Toro [62], [67]. In the w af  method, the 
initial conditions for the Riemann problems are taken as the integral average of conserved 
variables within the cells either side of the intercell boundary, as is done in Godunov’s 
method. Second order accuracy is achieved by taking each intercell flux as an integral 
average of the flux function over the solution to the local Riemann problem at the half 
timestep level. The origins of the w a f  approach lie in the Random Flux approach of Toro 
[60] and Toro and Roe [72] discussed earlier. The w a f  method has been made t v d  by 
computing a limiter function for each wave in the solution to each Riemann problem. The 
method is discussed in detail in Chapter 2 since it forms the basis of much of the work 
presented later in this thesis.

The rate of advance of all explicit time marching methods is restricted by the re­
quirement that they remain stable, i.e that errors introduced by the method, or some 
other mechanism, should not grow unboundedly as time progresses. The timestep A t for 
explicit methods is usually restricted by the Courant, Fredrichs and Lewy ( c f l ) condition

- W r ^ J < l  (1-3)

where Xmax is either a maximum absolute characteristic speed on the data over the whole 
flow domain, or the maximum absolute wavespeed in the solution to the Riemann problems 
at all intercell boundaries, and A I is some length characteristic of the shortest distance 
across a cell, such as the minimum sidelength. The term on the left hand side of (1.3) 
is called the Courant number. Various methods have been designed to avoid the restric­
tion on A t  posed by (1.3). These are commonly referred to as large timestep schemes. 
In [80], Warming and Beam proposed a finite difference scheme that is an extension of 
MacCormack’s two-step scheme [35] and is stable up to a Courant number of two. Greater 
stability is achieved by using more data in the update of each cell value. LeVeque [31] has
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proposed a MUSCL-type scheme that is stable for timesteps of arbitrary size. The scheme 
achieves stability by allowing waves from local Riemann problems to pass through more 
than one cell during each timestep. Second order accuracy is achieved by a Muscn-type 
reconstruction of data. Interactions of waves from different Riemann problems are treated 
linearly, which effectively places an upper limit on the timestep when the scheme is applied 
to non-linear problems if acceptable accuracy is to be maintained.

In most practical problems in Computational Fluid Dynamics (c f d ), details of fluid 
flow phenomena are required in two or three space dimensions. The first step towards 
obtaining numerical solutions to conservation laws in more than one space dimension is to 
decide on the type of grid used. The types of grid possible can be classified into two main 
types: structured grids and unstructured grids. In two space dimensions, a structured grid 
is one in which the cells, and the way they are connected, can be described by labeling the 
cells with two integer indices (i , j ). Three integer indicies are needed in three dimensions. 
An unstructured grid is one tha t is not structured. Many numerical methods for the 
generation of grids can be found in the literature. For structured grids, see, for example, 
Eiseman [11] or Thompson et. al. [57], or the review of cfd  by Kutler [28] and the papers 
cited there. A good discussion of numerical methods for the generation of unstructured 
grids is given in the lecture series by Weatherill [81].

The grids of interest in this work will be structured body-fitted grids o f quadrilaterals. 
Such grids are called curvilinear grids here. The term body-fitted means that the grid 
cells completely cover the flow domain, but no cell covers, even partially, any region 
outside the domain. A curvilinear grid for which all grid cells are rectangular is called 
Cartesian. A popular technique for the generation of numerical methods for hyperbolic 
systems of conservation laws on curvilinear grids in two or three dimensions is to extend 
a one dimensional method by the use of space operator splitting, as described by Yanenko 
[83] and Strang [53]. This involves updating the solution from one timelevel to the next 
is a series of sweeps of the one dimensional method along one dimensional strips of cells. 
Once a one dimensional scheme is available, operator splitting offers a very simple way of 
generating efficient schemes for two and three space dimensions. The power of the operator 
splitting technique combined with modern shock capturing methods has been shown in 
the review paper be Woodard and Colella [82], where the flow of an inviscid, compressible 
gas containing strong shocks waves was computed. However, operator split schemes suffer 
from the fact tha t they are strongly influenced by one dimensional physics. It has been 
reported in the review paper by van Leer [78] that this can lead to bad resolution of flow 
features such as shock waves tha t are not aligned to the grid directions.

An alternative to operator split schemes are the so-called finite volume schemes, in 
which the update from one timelevel to the next is performed in a single step using the 
multidimensional conservative formula. The finite volume methods tha t are of interest 
here are those that are Riemann-problem based, although other types of finite volume 
schemes do exist, such as the cell vertex schemes of Morton [37] and Morton and Suli [38]. 
The most up to date Riemann problem based finite volume schemes fall into two main 
classes. The first are those tha t depend on solutions to one-dimensional Riemann problems 
aligned to cell boundaries, such as the schemes of Colella [8] and LeVeque [32]. These have
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been labelled ’one-and-a-half’ dimensional schemes by Roe [46], since, as in the case of 
operator split schemes they depend heavily on one-dimensional physics and are strongly 
influenced by the directions of the grid lines. One way to remove the dependency on one 
dimensional physics may be to  construct schemes based on the solution of two dimensional 
Riemann problems, such as those discussed by Zhang and Zheng [86]. However, although 
some analytical and numerical results are available on the solution to these problems, as 
discussed in the work of Zhang and Zheng [86] and Shultz-Rinne et. al. [48], there does 
not appear to be a sufficiently general solution procedure to make the construction of 
such a scheme possible. Even if it were possible, the scheme would still be strongly tied 
to the grid directions, and it is claimed (for example, by Roe [46] or van Leer [78]) that 
this would limit the attainable accuracy. An alternative to such schemes is to construct 
multidimensional upwind (m d u ) schemes, as discussed in the review paper by van Leer [78]. 
An im portant type of mdu methods are the multidirectional methods in which Riemann 
problems are solved in a direction aligned with the flow velocity or steepest pressure 
gradient, rather than normal to grid interfaces. The main problem with these methods is 
that a second Riemann problem has to be solved in a direction normal to the direction of 
the first Riemann problem to complete the calculation of an intercell flux, which reduces 
the cost-effectiveness of the methods. A second type of mdu scheme comes from the 
multidimensional fluctuation approach. In this approach, the finite volume formula is 
abandoned altogether, and data values are stored at particular points in the flow, or grid 
nodes, and are not interpreted as integral averages over grid cells. At each timestep, 
a residual is computed in each cell and distributed among nearby cell vertices in a way 
determined by the local flow direction. The construction of multidimensional wavemodels, 
ways to ensure conservation and convection schemes for the propagation of waves are still 
very much topics of research. See van Leer [78] for a detailed discussion and a list of 
references.

1.3 Outline

The primary objective of this thesis is the development of new schemes for the solution 
of hyperbolic conservation laws in one, two and three space dimensions. The numerical 
methods presented here will be of the explicit, shock capturing type and can be considered 
as second order accurate extensions of Godunov’s method. The majority of schemes 
presented here will be based on the Weighted Average Flux (w a f ) approach of Toro [62], 
[67], and none will achieve second order accuracy by the use of Muscu-type reconstruction 
step^.

The first development, presented in Chapter 3, will be to consider an extension of the 
w af  approach in one space dimension to develop a large timestep scheme, by taking into 
account not only the Riemann problem at the local boundary when computing an intercell 
flux, but also its nearest neighbours. The resulting scheme will be second order accurate 
in space and time in regions of smooth flow, and will have twice the stability limit of the 
original w af  scheme. It will be effectively a combined extension of the Warming-Beam



[80] and Lax-WendrofF [29] schemes on the linear advection equation. The scheme is made 
t v d , at least on scalar problems, to prevent spurious oscillations developing in regions of 
high gradient.

An alternative Riemann-problem based extension of the Warming Beam scheme tha t 
is not based on the w a f  approach is presented in Chapter 4. It differs from the scheme of 
Chapter 3 in that it does not reduce to the Lax-WendrofF scheme at low Courant numbers. 
The scheme is linearly stable and t v d  up to a Courant number of two, and is second order 
accurate in space and time in smooth regions of flow. A class of t v d , Riemann problem 
based schemes is constructed by averaging this new scheme with the original w af  scheme. 
In smooth regions of flow, all schemes in this class are second order accurate in space and 
time and one is third order accurate in space and time.

Since the original w af  scheme can only be used in more than one space dimension by 
the use of space operator splitting, the other chapters in the thesis will be devoted to the 
construction of finite volume WAF-type schemes in two and three space dimensions. In 
Chapter 5, such schemes are constructed for the linear advection equation. Intercell fluxes 
for the schemes are generated from integrals over the exact solution to the linear advection 
equation with initial conditions as data at the previous timelevel. The schemes therefore 
have multidimensional upwind aspects. They differ from each other since different methods 
of integration are used to find the fluxes. In two space dimensions, two schemes are found 
that are second order accurate in space and time, and have good stability properties when 
compared to the two dimensional Lax-WendrofF schemes [29]. The natural way to extend 
these two schemes to non-linear systems would be to integrate over the solutions of two 
and three dimensional Riemann problems. This approach is, however, not possible due 
to the lack of suitably general two and three dimensional Riemann solvers. Two other 
approaches to the extension of one of the schemes on Cartesian grids are considered in 
Chapter 6. The resulting schemes are extended to curvilinear grids in Chapter 7.

The layout of the thesis can be summarized as follows. In Chapter 2 , background 
material is discussed and a detailed description of the original w af  method is given. In 
Chapter 3, the large timestep version of the w a f  method is developed. In Chapter 4, a 
t v d  Riemann problem based extension of the Warming-Beam scheme is developed and 
averaged with the original w af  scheme to produce a class of second order accurate Riemann 
problem based t v d  schemes. In Chapter 5, various multidimensional WAF-type schemes 
for the linear advection equation on Cartesian grids are derived. One of these schemes is 
extended to non-linear systems on Cartesian grids via two distinct approaches in Chapter 
6. In Chapter 7 the two schemes of Chapter 6 are extended for use on curvilinear grids. 
In Chapter 8 the thesis is summarized and future work is discussed.
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C hapter 2

N um erical M ethods for 
Conservation Laws

2.1 Introduction

The aim of this chapter is to  introduce hyperbolic systems of conservation laws and their 
properties, and discuss some numerical methods for their solution that form the basis for 
developments presented in later chapters. The theory of hyperbolic conservation laws will 
not be considered here, but a detailed discussion of the subject can be found in the report 
by Lax [30] or the book by LeVeque [34].

This Chapter is laid out as follows. In §2.2 some one dimensional systems of conser­
vation laws will be introduced. In §2.3 properties of numerical schemes for scalar (single) 
conservation laws in one dimension will be considered. In §2.4, two methods for systems 
of conservation laws in one dimension, namely Godunov’s method [18] and the Weighted 
Average Flux ( w a f ) method of Toro [62], [63], [67], [66], will be considered in detail as 
these form the basis of developments presented in later chapters. In §2.5, two dimensional 
systems of conservation laws are introduced and methods for their solution are consid­
ered in §2.6. Three dimensional systems of conservation laws will not be considered here,
since basic features of numerical methods for their solution follow easily from the two
dimensional case.

2.2 One D im ensional System s o f Conservation Laws

The aim of this section is to introduce hyperbolic systems of conservation laws in one 
space dimension. The problems of interest are therefore initial value problems of the form:

U( + F(U )X = 0 (2.1)

U (z ,0 ) = U o(z) (2.2)
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where x E (—oo,+oo) and t > 0 represent space and time, U (z ,f)  is a vector of N  
conserved variables, F (U ) is a vector valued function of U  called the flux function , and 
U 0 (#) is some initial distribution of U  called the initial conditions. Equation (2.1) is 
called the differential form  of the conservation law. The equivalent quasi-linear form  is

V t + A ( V ) V X = Q' (2.3)

where A (U ) =  is the Jacobian of F. The system (2.1) is said to be hyperbolic if for 
each x ,t,U the m atrix A has N  real eigenvalues and a complete set of eigenvalues, or,
equivalently, A  is diagonizable. The eigenvalue is called the kth characteristic speed
of the system. If the eigenvalues are distinct, the system is called strictly hyperbolic.

A well known system of the form (2.1) is the Euler equations o f Gas Dynamics:

p \
pu

E  )

+
f  pu \  

pu2 +  p 
\  u (E  +  p) )

=  0 (2.4)

where p is the density, u is the velocity, p is the pressure,

E  = i pu2 +  pe (2.5)

is the total energy and e is the specific internal energy. Equations (2.4) describe the flow 
of an inviscid, compressible fluid. Since there are four variables and three equations, an 
extra equation is needed to close the system. This is done here by adding an Equation o f 
State; the Equation of State for the Euler equations throughout this work, even in more 
than one space dimension, will be taken as:

e^ P ) = J ^ T j - p  (2 -6)

where 7 is the ratio of specific heats, assumed constant at 7  =  1.4 here. The system (2.4) 
is strictly hyperbolic with characteristic speeds u — a, u and u +  a where a = is the 
sound speed. A good discussion of the derivation and properties of the Euler equations 
can be found in the book by Anderson [1].

Another example of a system of the form (2 .1) is given by the Shallow Water equations:

(2-7)

These model the flow of a fluid with a free surface under the influence of gravity. Here 
(j) =  gH  is the geopotential, g «  9.81 is the acceleration due to gravity, H  is the total 
depth of fluid and u is the velocity. The characteristic speeds of this system are u — c and 
u +  c, where c =  \ff) is the celerity, analogous to the sound speed in gas dynamics. The
derivation of (2.7) assumes that the pressure varies hydrostatically, or, equivalently, that
the vertical acceleration of the fluid has a negligible effect on the pressure. The effects
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of viscosity and surface tension are neglected and the bed of the fluid is assumed to be 
horizontal. A further, more detailed, discussion of these equations can be found in Stoker 
[52].

It is well known that systems of conservation laws can develop discontinuous solutions 
in a finite time, even if the initial data Uo(«) is smooth. Such solutions are not differen­
tiable and are therefore not admissible as solutions to (2.1), (2.2). However, solutions to 
the integral form

f X  2 f %2 f t 2 f t 2
/ XJ(x,t2)dx — / U (x ,ti)d x  =  / F (U (x i,t))d t  — / F (U  (x2,t))d t (2.8)

J X\ Jx\ - t l  "tl
for an arbitrary domain [x i,x 2] X [ ti,t2] can admit discontinuities and are therefore nor­
mally sought. Solutions to (2.1), (2 .2) are called classical or strong solutions to the con­
servation law; solutions to (2 .8), (2 .2) are called generalized or weak solutions to the 
conservation law.

Consider a weak solution U (x ,t)  to the conservation law, with an isolated discontinuity 
of speed S. By considering the integral form (2.8) over arbitrary domains [a?i, #2] X 
containing the discontinuity, it can be shown tha t, to be a weak solution, U(*,tf) must 
satisfy

F (U r ) -  F (U l ) =  5  (U B -  U L) (2.9)
where subscripts •£, and -r  denote values immediately to  the left and right of the discon­
tinuity. Condition (2.9) is called the Rankine Hugoniot condition, and must hold for any 
discontinuity in the solution. Two types of discontinuity can occur in solutions to  the 
one dimensional Euler equations of Gas dynamics. Shock waves are discontinuous waves 
across which all variables increase. As a consequence of the Second Law of Thermody­
namics, entropy must increase across a shock wave, or, equivalently, a shock of speed S  in 
characteristic field k must satisfy

X{2k) > S  > (2.10)

where A ^  is the k th characteristic speed on the state behind the shock and A ^  is the 
k th characteristic speed on the state ahead of the shock. Contacts are discontinuous 
waves admitted by the Euler equations across which the density changes and pressure and 
velocity remain constant. The speed of a contact and the characteristic speeds of the same 
field either side of the contact are always equal. The equivalent of a shock wave in the 
Shallow W ater equations is called a bore wave; there is no equivalent of a contact wave 
in the Shallow Water equations. Waves that are not discontinuous can also exist in the 
solution of systems (2 .1), i.e there exist waves which are of finite width and across which 
all variables vary continuously. If any point P  within such a wave in characteristic field k 
satisfies

x[h) <  Xp^ <  x [k) (2.11)

where A t  is the kth characteristic speed at point P  then the wave is called a rarefaction 
wave; if any point P  within the wave satisfies

A<>} > > a{*} (2.12)
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A2 =  u  
CONTACT

A3 =  u +  a 
SHOCK

Aj =  u — a 
RAREFACTION

u t

0 x

Figure 2 .1: An example of the structure of the solution of the Riemann problem for the 
Euler equations of Gas Dynamics.

then the wave is called a compression wave.

An initial value problem of the form (2.1), (2 .2) tha t is of particular interest in this 
thesis is the Riemann problem. This is defined for any system (2.1) as the problem with 
initial conditions (2 .2) of the form

U" < ^ { X  ^ > 0  <2-13)
for constant states U l , U r . This problem will be denoted R P (U l ,U r ).

In general, the solution of a Riemann problem R P (U l, U r ) will consist of N  waves 
of speeds a^k\ k  =  1, . . . ,N  separating N  +  1 constant states, called star states, and is a 
function only of the similarity variable j .  The solution will be denoted U (f;U £,,U j?) 
here. Fig. 2.1 shows an example of the structure of the solution of a Riemann problem 
for the Euler equations. In this situation, the left wave is a rarefaction wave, the right 
wave is a shock wave, and the contact has positive speed. For many im portant systems 
of equations, exact iterative Riemann solvers exist, such as those of Gottlieb and Groth 
[20], Toro [61] and more recently Pike [40], as well as many non-iterative approximate 
Riemann solvers, such as those by Roe [43], Harten, Lax and van Leer [23] and Toro [64]. 
Reviews of Riemann solvers for the Euler equations and the Shallow Water equations 
have been given by Toro in [67] and [66] respectively. The idea of using solutions to local 
Riemann problems in the update of numerical solutions to (2.1), (2.2) was first introduced 
by Godunov [18]. His method is discussed later in this chapter.

Before introducing details of particular methods for the solution of initial value prob­
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lems (2.1), (2.2), some general properties of such methods will be introduced. Throughout 
this thesis, whenever one dimensional initial value problems (2 .1), (2 .2) are considered 
it will be assumed that a weak solution U (x ,t)  to the conservation law is sought in the 
time interval t G [0,T] for some T  > 0 on some fixed, finite interval D =  [mi, m2] and 
tha t boundary conditions at X\,X 2 are defined for all t G [0,T]. The interval D  is divided 
into M  computing cells with constant width A x  = (X2 — x i ) /M .  The class of methods of 
interest here will be explicit, timemarching methods, where the initial conditions will be 
evolved to time T  in a series of finite, variable time steps of size A tn . At any time t , the 
integral average

1 /*(*’+ 1)Ax
U? = —  /  U ( x , tn)dx (2.14)

A x J {i - L ) Ax

of U over cell i will be stored for each cell. A method is called conservative if it can be 
written in the form

U ?«  = U ? _ | L
3+ ~

(2.15)

where F f+i (U"_m , ...,U ”+m ) for nonnegative integers m i,m 2 is some function of the 
data at timelevel n, and is called the intercell flux. The conservative form (2.15) is derived 
from the integral form (2.8) of the conservation law by taking the domain (x ,t)  G [(£ — 
j)A®, (i +  |)A » ] X [0, At], making the approximation

1
F ,+ i «  F (W {x,t))d t (2.16)

where W (x ,t)  is the solution of (2.1) with initial conditions W (« ,0 ) =  U (a;,tn) and using 
the definition (2.14). The scheme (2.15) is said to be consistent with the conservation law
(2.1) if F i+i. is a Lipschitz continuous function that satisfies

F i+i(U ,...,U ) = F(U)) (2.17)

for all i, where F (U ) is the flux in (2.1). Consider a sequence of solutions U^A^ (a :,/)  of 
the conservation law as A x  \  0 on the strip 0 < t < T, and assume A t71 = 0 (A x )  for all 
n. If there exists a function U(a),it) such that

limQXJ{Ax){xfl) = \J (x ,t)  (2.18)

then the scheme is said to be convergent. An im portant convergence theorem has been 
given by Lax and WendrofF [29], and can be stated as follows:

T h eo re m  1 Suppose a sequence U(A*) is computed via some consistent, conservative 
method and converges to a function U (x ,t)  as A x  \  0. Then U(a;,^) is a weak solution 
to the conservation law (2.1).

To ensure convergence to weak solutions of conservation laws, the methods developed in 
later chapters will therefore be developed as consistent, conservative methods.
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A more sophisticated convergence theorem has been provided by Harten [22], which 
guarantees tha t i f  a scheme converges, then the limit is a weak solution of the conservation 
law and is physically relevant in the sense that it satisfies certain entropy conditions. 
Harten’s theorem will not be used when discussing the entropy properties of schemes 
constructed later in this thesis, so it is not presented here.

2.3 Properties o f Schemes for M odel Equations

Consider the initial value problem

ut H~ f ( u)x — 0 (2.19)

u(x, 0) =  uq(x ) (2 .20)

where u (x ,t)  is a single conserved variable, and f ( u ) is some flux function. Equations 
of the form (2.19) provide very simple models of convection, and for this reason schemes 
are often constructed first for equation (2.19), and then extended to non-linear systems 
of conservation laws such as (2.1). The aim of this section is to discuss properties of
schemes for the solution of (2.19), (2.20). The methods of interest here will be consistent,
timemarching methods of the form

« :• - -=  £  A an ^ a (2 .21)#n + 1

where {Aq,} is a set of real coefficients, only a finite number of which are non-zero. The set
of points {A;.}.,* : Ai+a ^  0} is called the stencil of the scheme. An alternative to (2.21)
will be to express the schemes in conservative form

< +1= <  -  £  -  *-*] (2-22)
where /• , i are scalar intercell fluxes.

■ ' * + 2

Consider first the linear advection equation, i.e equation (2.19) with flux

f ( u ) =  au (2.23)

for some real, constant speed a. In [44], Roe considered properties of the scheme for the
initial value problem (2.19), (2.20), (2.23). Many of these properties are fundamental to
the development of numerical methods for conservation laws, and will now be summarized.

The aim of any numerical method is to find an approximate solution to an equation 
that is as close to a true solution as possible. To gauge the the success of a method, 
we can define the pointwise error P (iA x)  at the point iA x  as the difference between the 
exact solution and the numerical solution at that point after one timestep divided by the 
timestep, i.e

P(iAx) =  4 -  (ueI( iA x , tn+1) -  < +1) (2.24)
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where uex( x , tn+1) is the exact solution of (2.19) with ’initial condition’ u ( iA x ,tn) =  u f  
at position x and time t +  At. It is desirable tha t as the number of cells increases, i.e 
A x  \  0, the approximate solution u f  should become closer to the exact solution at tha t 
point. The scheme (2.21) is said to be convergent if

|| A t P (iA x )  ||—»>'0 as A x  —»■ 0 (2.25)

Here || • || is some suitable norm, such as the time integrated /i-norm, which is defined on
a mesh function v (x ,t)  as:

pT poo
|| v  ||i ,r=  /  /  | v (x ,t)  | dxdt (2.26)

JO J —oo

The term u f+1 in (2.24) can be expanded via a Taylor series as

uex( iA x ,tn+1) = u +  A t ut +  ^ A t2^  +  ... (2.27)

where u = uex( iA x ,tn) =  u f.  We can also substitute the scheme (2 .21) into (2.24) and 
use the Taylor expansions

I
uf+a = u +  a A x  ux +  —a 2A x2uxx + ... (2.28)

Following directly from the linear advection equation (2.19), (2.23) are the relations

ut =  — aux (2.29)

uu = (~aux)t = - a ( u t)x = a2uxx (2.30)

and in general
nt) ( nx) (2.31)

for all n > 1, where U(nt) =  -§^u and U(nx} =  -§p;u. Substituting Taylor expansions 
(2.27) and (2.28) into the scheme (2.21), using (2.31) to convert time derivatives into 
space derivatives, assuming consistency and rearranging gives

P ( iA x ) =  02 +  fi\ux +  02uxx +  fizuxxx +  ••• (2.32)

where {fik} are coefficients tha t are, in general, functions of A t, A®, the coefficients A a 
of the scheme and the Courant number v  defined as

v = “^  (2-33)
The Courant number can be thought of as the ratio of flow speed a to ’grid speed’
The first term on the right hand side of(2.32) with (3 ^  0 is called the leading term  of the
pointwise error (2.32). The pointwise error is used, along with the following theorems, to  
define the accuracy of the scheme (2 .21).
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T h e o re m  2 I f  u™ is a polynomial o f degree p in i, scheme (2.21) will give the exact 
solution to (2.19), (2.23) i f  and only i f

= (2.34)
a

for all integers q such that 0 < q < p.

T h e o re m  3 I f  any scheme meets the conditions o f Therorem 2, the leading term in its 
pointwise error is

- T ^ T T 7 [ ( - ! ') P+1 - y > P+lAa | I f - u  (2.35)
v ( p + l) !  V ^  Ox'P v ’

These theorems enable the following definition. Any scheme of the form (2.21) for the 
linear advection equation (2.19), (2.23) tha t satisfies the conditions of Theorem 2 is called 
pth order accurate. Theorems 2 and 3 and the definition of accuracy are extended to  two 
and three dimensions in Appendix A. The accuracy of a scheme is an im portant property 
— obviously the higher the accuracy, the better the scheme (provided the scheme is stable). 
The scheme (2.21) is said to be consistent (with the linear advection equation) if it is at 
least first order accurate.

Another important property of the scheme (2.21) is that it must, at least under certain 
conditions, be stable, i.e any errors produced by the scheme or generated from other sources 
should not be amplified by the scheme at later times. If this is not the case, any errors 
will grow in time and scheme will be useless. Schemes are usually stable under restrictions 
on the Courant number u, which amount to restrictions on the timestep A t. The stability 
restrictions on the scheme (2.21) can be established by a technique known as von Neumann 
stability analysis. This is done by performing a Fourier analysis on the scheme and looking 
for restrictions on the coefficients A a that ensure all Fourier modes are stable. Consider 
an error of the form

€n =  S ne I6i ( 2>36)

where S  is the amplification coefficient, 9 is a phase angle and I  = Due to  the
linearity of the problem, errors will be evolved in time via (2 .21), i.e

n + 1 =  £ 4 » * ? + «  (2-37)

Substituting (2.36) into (2.37) and rearranging gives:

S n+1em  = S nem  £  A aeIae (2.38)
a

Here S n means S  to the power n, not S  at timelevel n. Dividing through by S neI6% gives

s  = Y , A <*eIae (2-39)
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Using the standard relation
eIr] = cos rj -f / s in  7} (2.40)

gives
S = ^ 2  A a cos(a0) + I  sin(a0) (2.41)

a a

Note that, in general, S  is complex. For stability, the expression for S  must satisfy

\ S \ < 1  (2.42)

i.e the Fourier mode 9 must not be amplified. An equivalent condition

| S |2< 1 (2.43)

usually proves easier to work with.

An im portant theorem tha t links the properties of consistency, stability and conver­
gence of schemes for the linear advection equation is the Lax Equivalence Theorem, which 
can be stated as:

T h eo re m  4 For a consistent, linear method applied to a well-posed initial value problem, 
stability is necessary and sufficient for convergence.

For details of the proof of this theorem, see the book by LeVeque [33] and the references
cited there. This theorem means tha t it is sufficient only to check that a scheme is
consistent and stable to ensure it is convergent.

The idea of the monotonicity of an algorithm was introduced by Godunov in [17], 
and later reported by Roe [44]. An algorithm is called monotonic if, whenever the data 
{w™} is a monotonic increasing or decreasing function of i , the solution {u f* 1} at the next 
timelevel is monotonic in the same direction. Roe also reported (with proofs) the following 
three theorems of Godunov:

T h eo re m  5 An algorithm o f the form (2.21) is monotonic i f  and only i f  none o f the 
coefficients A a are negative.

T h eo re m  6 All monotonic algorithms are stable.

T h e o re m  7 There are no linear monotonic algorithms o f second or higher order accuracy, 
unless v  is an integer.

The idea of an algorithm being compatible with a set of data is also introduced in [44]. An 
algorithm is compatible with a given set of data values { u f} if the solution at each point 
in tha t set is bounded by the data values from the interval containing the characteristic 
through the solution point. More formally, if {u f }  is a set of data values, and { u f+1} is
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the corresponding set of solution values output by the algorithm, then { u f} is compatible 
with the algorithm if, for all i,

min{uf_K_!, uf_K} < u f+1 < ma^{u f_K_x, uf_K} (2.44)

where K  < v < K  + 1. For 0 < u <  1, the above definition is equivalent to

v n +1 _  n
0 <  J- < 1  (2.45)— ,.n -.n. — v /

Ui- 1

and for — 1 < v  < 0 , it is equivalent to

u n + 1 _  u n
0 < < 1 (2.46)

—  ? / n  _  v n  —  V J
ui+1 ai

It can be seen from (2.45) that an algorithm that is compatible with the data { u f } will not 
introduce oscillations into the solution { u f + l }  if they were absent from {u f }. In [44], Roe 
successfully used the idea of compatability to ’blend’ various methods to obtain a scheme 
with variable A a which achieved high order accuracy without introducing oscillations into 
the solution. Godunov’s theorem (Theorem 7) was thus successfully circumvented. Sweby 
and Baines [55] proved the convergence of an extension of this scheme to general scalar 
conservation laws.

E x am p le  — The First Order Upwind scheme.

It is shown in [44] that the algorithm with the three point stencil { u f _ x, u f , u f + j} that 
has the smallest pointwise error is and remains monotonic is

u f +1 =
z'wf-i + (1 — v ) u f  if a > 0

(2.47)
(1 + v ) u f  -  vuf+1 if a < 0

By Theorem 5, this scheme is monotonic provided

\v  |<  1 (2.48)

This is the scheme of Courant, Isaacson and Rees [10], and is a first order method com­
monly known as the First Order Upwind ( f o u )  method, since u f +1 depends on the data
’upwind’ of u f .  A simple application of von Neumann stability analysis shows the f o u

scheme is stable provided (2.48) holds, and the Lax Equivalence theorem then ensures the 
scheme is convergent. In conservation form (2.22), the f o u  scheme has intercell flux

( fi if a >  0 

/ .+ !  = ■! (2.49)
Ji+i  if a < 0
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This conservative form of the f o u  scheme was extended by Godunov [18] to an upwind 
scheme for nonlinear systems of equation which is discussed more fully in the next section.

E xam ple — The Lax-Wendroff scheme

Consider the scheme

< +1 =  +  v)v?-i + (1 -  - 2K  ~  j K 1 ~ J 'K + i (2.50)

This scheme is due to Lax and WendrofF [29]. It has a three point, centred stencil. By 
studying the conditions (2.34) it can be shown to be second order accurate in space and 
time. Equation (2.34) shows that there are three conditions required for this accuracy, 
and since the Lax-Wendroff scheme has a three point stencil {u”_1? u f, uf+1], and thus 
three coefficients, it is the unique scheme on this stencil with this accuracy. By Theorem 
7, this scheme is not monotonic, and thus spurious oscillations will appear in regions of 
high gradient. A simple application of the von Neumann stability analysis described above 
shows the scheme to be stable provided (2.48) holds. By the Lax-Equivalence theorem,
(2.48) is also the condition for the scheme (2.50) to be convergent. In conservation form 
(2.22), the Lax-Wendroff scheme has intercell flux

f i+L =  - (1  +  v )fi  +  -(1  -  v)fi+1 (2.51)

Return, now, to the general scalar conservation law (2.19) and consider schemes of 
the form (2 .21) with variable coefficients A a. Define the Total Variation of data un at 
timelevel n as

r v (« n) = E I  <+1 -  <  I (2.52)
i

In [22] Harten introduced the idea of Total Variation Diminishing ( t v d )  schemes. A 
numerical method is called t v d  if

T V (u n+1) < T V ( u n) (2.53)

Harten also gave sufficient conditions for a scheme to be t v d :

T heorem  8 Suppose u is a mesh function that is either periodic or o f compact support.
Any scheme on u that can be written in the form

u7+1 =  <  -  -  u U )  +  £ , . + ! « „  -  «?) (2.54)

is t v d  provided

Ci + i > 0 £>i + | > 0  Ci+1 + D i+L <  1 Vi (2.55)
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P ro o f. See Harten [22].

Following directly from Theorem 8 are two Corollaries:

C orollary 1 Any scheme written in the form

< +1 =  u f -  Ci «  -  < _ ,)  (2-56)

is tvd  provided

o <Ci  = \ ------ \ < l  (2.57)
«?-1 -  “?

Proof. Set -Di+i  =  0 in Theorem 8 , write C{ = Ci+1 and rearrange.

Corollary 2 Any scheme written in the form

u?+1 =  u? +  D t « + 1- < )  (2.58)

zs t v d  provided
u n +1 -  qjV-

0 < A  = ^ < 1 (2.59)
< + 1  -  “ ?

Proof. Set Ci+ i. =  0 in Theorem 8 , write D{ = D i+1 and rearrange.

Note that the conditions (2.57) and (2.59) are identical to the data compatability 
conditions (2.45) and (2.46).

2.4 N um erical M ethods for One Space D im ension

2 .4 .1  In tr o d u ctio n

Two specific numerical methods for the solution of the initial value problem (2.1), (2.2) will 
now be considered in detail, since they form the foundation for the developments presented 
later in this thesis. In §2.4.1, Godunov’s method [18] will be described. This was the first 
method for the solution of (2 .1), (2 .2) to use the solution to Riemann problems at intercell 
boundaries to evolve the solution of the global problem. In §2.4.2, the Weighted Average 
Flux ( w a f ) method of Toro [62], [63], a second order extension of Godunov’s method, is
described. It is a t v d  scheme on the linear advection equation.
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2.4.2 G odunov’s M ethod

In [18], Godunov introduced the idea of using the solution to local Riemann problems 
in numerical methods for hyperbolic conservation laws of the form (2.1). The scheme 
he proposed is a conservative extension of the f o u  scheme (2.47) and runs roughly as 
follows. Assume the value U ” stored for cell A; approximates the integral average of 
U  in cell i at timelevel n, as in (2.14), and assume this value applies throughout the 
cell, i.e U n is a piecewise constant function. At each boundary i +  |  solve the Riemann 
problem R P (U f,\J f+1), and let waves propagate away from the boundary. Define the

maximum Courant number as vmax =  \ max^  where \ max =  maxZ)fc || A.j*\ | j  is the

maximum absolute value of the wavespeeds A* i-from  all the local Riemann problems
t+2

solved. Provided
V m a x  < £ (2.60)

none of the waves will interact, and the Riemann problems describe the time evolution of 
the data  U n up to the accuracy of the Riemann solver used. At time tn+1 =  tn -f A t, the 
cell averages are computed from the evolved solution to obtain the data U n+1 at the new 
time level, i.e take

U"+1 = l i / _ U C(^;U?-1,U?V3: + ! i / o |A*C(7;U?’U?+l)<fa (m )
In [23], Harten, Lax and van Leer showed that Godunov’s method will not produce entropy 
violating solutions. By integrating around the domain [(« — |)A :r ,( i  +  |)Aa;] X [0, At] 
Godunov’s method can be written in conservation form (2.15) with intercell flux

F t.+i  = F(U (0 ;U i,U t-+1)) (2.62)

The intercell flux is thus taken as the flux of the solution to the Riemann problem 
PP(U™ ,Uf+1) on the time axis, i.e at the point which is upwind of all waves in that 
solution. Note tha t this intercell flux is an extension to nonlinear systems of the flux
(2.49) for the f o u  scheme on the linear advection equation. Provided

Pmax < 1 (2.63)

holds, waves from any boundary will not reach other intercell boundaries, and thus will 
not affect the flux (2.62). Hence the conservative formulation of Godunov’s scheme is valid 
for higher timesteps tha t the original formulation, which is restricted by condition (2.60).

On the linear advection equation (2.19), (2.23) Godunov’s scheme reduces to the First 
Order Upwind scheme (2.47). It is thus first order accurate, and provided (2.63) holds, it 
will be monotonic and stable.

2.4.3 The W eighted Average Flux (W AF) M ethod

Much of the work presented later in this thesis will be based on the Weighted Average 
Flux ( w a f )  approach of Toro [62], [63], [67]. For this reason, the w a f  scheme will now
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be discussed in detail. It is a second order extension of Godunov’s method and is a 
generalization of the Lax-Wendroff method (2.50) to non-linear systems. The intercell 
flux at boundary i +  \  for the conservative form (2.15) is defined by integrating across 
the solution of the Riemann problem from x =  — ̂ A x  to x = -j-IrA#, at time t = |A t, i.e 
along the line AB in Fig. 2.2. Thus:

1 r + h A x  _  x

F -H  = A l / _ ^ F W p 7 ;U i’U i+ l))^  (2-64)

Define v\k\  =  to be the Courant number of the k -th wave. It is assumed th a t the
*+§■

timestep A t is chosen such tha t (2.63) holds. In the case of the linear advection equation 
(2.19),(2.23) there is only one wave of speed a in the solution of each Riemann problem, 
as shown in Fig.2.2, and (2.64) becomes the Lax-Wendroff flux (2.51). The flux (2.64) 
therefore gives a scheme tha t is second order accurate in space and time and is stable 
provided (2.63) holds, at least in the linear case.

For non-linear systems, it is sufficient to represent waves as single ray waves in most 
situations. This is obviously exact for discontinuous waves such as shock waves or contact 
discontinuities, and the wavespeed is obviously taken as the speed given the wave by the 
Riemann solver. For rarefaction waves the single ray assumption is an approximation and 
there is some ambiguity in the choice of wavespeed. Experience has shown tha t taking 
the speed at the head of the rarefaction, i.e the largest speed in magnitude throughout 
the fan, is sufficient to obtain good resolution of rarefaction waves. Under the single ray 
assumption, the flux (2.64) reduces to a weighted average of the fluxes in the solution of 
the Riemann problem, and can be written as:

JV+1
Fi+i = E  (2.65)

k=l  2

where f ( * \  is the k -th flux in the solution of the Riemann problem, with =  F t- and 
*”*" 2 * 2

f ( ^ 1} =  Fi+i. The weights are defined as:
* 2

=  (2-66)

with , x ,

^  =  - i  4 + r  = +1 (2-67)

These weights can be seen geometrically in Fig. 2 .2. Combining (2.65) and (2 .66), the 
intercell f l u x  for the w a f  method can be written as

Fi+h = 1(P,- + Fm ) -  1 E  ^ .A P W  (2.68)
k=1

where A F %  =  F ^ t"^  — F %  is the flux jump across the k -th wave.

23



a

= Ui

0

(b)

Ui =  Ui

0

Figure 2 .2: Weights Wk for the w a f  scheme on (a) the linear advection equation and (b) 
a system of three equations.
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The only situation in which the assumption of single ray waves is not entirely safe is 
when a ’sonic rarefaction’ occurs, i.e when a rarefaction wave in the solution of a local 
Riemann problem has head and tail speeds of opposite sign. Failure to take adequate 
care in this situation can lead to the growth of shocks which do not satisfy the entropy 
conditions and are therefore physically unrealistic. This could be resolved by discarding 
the single ray wave representation of the sonic rarefaction and computing the integral 
(2.64) through the wave exactly. In practice, this would be expensive, and experience has 
shown that it is sufficient to represent the rarefaction wave as a single ray wave with speed 
equal to the true speed of the head of the wave, and use (2.65) with a weight corresponding 
to the whole region between the head of the rarefaction and the wave immiediately behind 
the rarefaction. The state corresponding to  this weight is taken as U(0; U;, U ^ i ) ,  i.e the 
state on the time axis in the solution to the Riemann problem. This process ensures that 
the most upwind data is used in the flux calculation.

T V D  Version o f  th e W AF M ethod

An im portant property of numerical methods is that they should remain oscillation-free 
in regions of high gradient, at least when applied to the linear advection equation. In [54], 
Sweby introduced flux limiters B i+i into the Lax-Wendroff scheme on the linear advection 
equation (2.19), (2.23) when a > 0 by using the intercell flux

/ i+!  = fi + 1(1 -  ^ i+|( / i+ i  -  /;)  (2.69)

When B i+i  =  1 this reduces to the Lax-Wendroff intercell flux (2.51); when B i+i = 0 this 
reduces to  the f o u  intercell flux (2.49). By using Corollaries 1 and 2 following H arten’s 
theorem (Theorem 8), Sweby found limits of B i+i tha t ensured the resulting scheme was 
t v d .  Since w a f  reduces to the Lax-Wendroff method on the linear advection equation, 
it is second order accurate in space and time and will need some form of flux limiting to 
control spurious oscillations. In [63], Toro introduced limiter functions 4>i+i  for the w a f  

method by studying the flux

^'+2 =  2^1 +  ^*+5^ ‘ +  2 ^1 - ^*+2^*+1 (2.70)

for the linear advection equation. When 4>i + 1 = | v |, this gives the Lax-Wendroff intercell 
flux; when <f>i+i = sgn(*/) this gives the f o u  intercell flux. Toro performed a similar task to 
Sweby by finding regions for which the functions <̂ + |  give a t v d  scheme by making use of 
Corollaries 1 and 2 above. The analysis was originally published in [63], and can be found 
in [67] or [66]. The results are now summarized. For convenience, write (f> = (f>i + 1 • sgn(z/). 
Provided:

L < <f> < 1 (2.71)

for some lower limit I  G [—1, | v  |] the t v d  regions are:

Zl =  { (r i+±,(f>) such that r{+1 < 0 ,  4> > <fo, L < (f> < l j  (2.72)
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ZR = { (rt.+i , 0 )  such tha t ri+i  > 0, <f> > <f>R, L < <f> < l}

where

and

<f)L =  1 +  (L  +  l ) r .+ i

&R = 1 “  TTTli1-  I ^ IK’+ i

Here ri+ 1 is the local flow parameter.

r - , i  =
A UpwU

A iocu is the local jump in u: 

and Aupwu is the upwind jump

Ay/pyjU --

*+2 A locU

A \qCU — U{

U{ — Ui-1 if v  > 0

U i + 2  -  « i + i  if ^ < 0

(2.73)

(2.74)

(2.75)

(2.76)

(2.77)

(2.78)

Note that ri+ \ «  1 corresponds to smooth flow, and ri+ 1 «  0 corresponds to steep 
gradients.

The t v d  regions are illustrated in Fig. 2.3. Three popular limiter functions are

' 1 r < 0

0 (r, u) = < 1 — (1— \ v \)r 0 < r  < 1

\ v \  r > 1

(2.79)

0 (r, v) =  <
r < 0

2r / ( l  +  r) r > 0

1 r  < 0

1 — 2(1— | ^ |)r  0 < r < \

2 <  r  — 1

1 — (1— \ v \  )r 1 < r < 2

( 1 — 2(1— | v  |) r >  2

(2.80)

(2.81)
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<f>L =  1 + (L  + l ) r  / \ .  ^  <f>R = 1 +  r ( 1 -  \ v \ ) r

zl z \  Z R

-

7*

Figure 2.3: TVD regions for the w a f  scheme.
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Many other choices are, of course, possible. All are related to Flux Limiters B  via

' <f>=.l -  (1-  | v  |) 5  (2.82)

Limiter functions (2.79), (2.80) and (2.81) are related to the m i n m o d ,  v a n  L e e r  and
s u p e r b e e  flux limiters respectively. The t v d  w a f  flux (2.70) is extended to non-linear
systems by replacing (2 .68) with the more general intercell flux:

FiH  = i ( F i + Fi+1) - l E ^ )i A F «  (2.83)
k=1

where (t>"k\  is a limiter function. Note tha t if =  i/%  this reduces to the original flux

(2.68), and if = sgn(i/f*\ ), equation (2.83) reduces to the Godunov flux (2.62). Thet+ 2 % i* 2
limiter functions 4> can be used in the flux (2.83), by taking

^ (+ i =  • s g n ( ^ }J  (2.84)

for each integer k such tha t 1 < k < N . Here is the flow parameter for the kth wave

from the Riemann problem at boundary i +  and is defined as

A  (*)
^  = ¥  (2.85)

2 A}*'?

where A i!pwq is the upwind jump in some variable q:

Q — <
9W. -  q{kl 1}*•'4 9*-f

. 9*-+| " 9*+l

if i/!*1, > 0

otherwise
(2.86)

K U  = C l  -  C I 1’ (2-87)

(k)and A )0}cq is the local jump in q:
(k-1)

The choice of the variable q is debatable, although it is typically taken as density for 
the Euler equations or geopotential for the Shallow Water equations, since experience has 
shown tha t these are suitable choices.

Boundary conditions for the w a f  method are set as follows. Two artificial cells, called 
fictitious cells or ghost cells, are added to either end of the grid before the computation 
starts. At the begining of each timestep, values are set in these cells. If a boundary 
is transmissive, values in each of the two cells are taken from the matching cell inside 
the domain, i.e the cell that is an equal distance (in terms of numbers of cells) from the 
boundary. The same procedure is applied for reflective boundaries, except the sign of the 
velocity is changed. The intercell fluxes for the cell boundaries on the boundary of the 
flow domain are then computed in the same way as for intercell boundaries within the 
interior of the flow domain.
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2.5 Two Dim ensional System s o f Conservation Laws

The aim of this section is to discuss hyperbolic systems of conservation laws in two space 
dimensions. These can be written in the form

\Jt +  V • E  =  0 

U (x,*) =  U : R 2 x[0 ,T ] 

E  =  ( F ,G ) G R Arx R iV

R N (2.88)

where x  =  (x , y ) is the coordinate vector, U  is the vector of N  conserved variables, and 
F , G  are vector valued flux functions in the a; and y directions respectively. For each unit 
vector n  in R 2 the projected equations along n are defined as

U , + JrE < n> = 0
dC

E (n)(U) =  n -E (U )

This can be written as

U t +  A (n)(U )U c =  0 A (n) =
dE<n)
I n T

(2.89)

(2.90)

The system (2.88) is said to be hyperbolic if for each n the projected equation (2.90) is 
hyperbolic in the sense of a one-dimensional system (2 .1), i.e if A(n) is diagonalizable for 
each n. If the eigenvalues of A(n) are distinct for each n, then (2.90) is strictly hyperbolic.

The aim of this section is to discuss numerical methods for the solution of (2.88) with 
initial conditions

U (x ,0 ) =  U o(x) (2.91)

for some given function Uo(x). Before this discussion, it is appropriate to introduce two 
hyperbolic systems of the form (2.88) that will be of use later in this thesis. The two 
dimensional Euler equations of Gas Dynamics can be written in form (2.88) as

p ) (  Pu ^ ' f pv \
pu

+
pu2 +  p

+
puv
2 1pv puv pvz + p

E  / t \ u(E  +  p) J
X

\  v (E  + p )  J y

= 0 (2.92)

where u and v are the x and y components of velocity, p and p are the density and pressure, 
and the total energy E  is defined as

E  =  ^p{u2 + v2) +  pe (2.93)

As in the one dimensional case, the system is closed via the equation of state (2.6). The 
ratio of specific heats, 7 , is again assumed constant here. The eigenvalues of A^n  ̂ for
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the projected equations (2.89) are Â 1) =  — a , =  A ^  — and A ^  = +  a ,
where is the component of velocity in the n direction and a = js the local sound 
speed. The system is thus not strictly hyperbolic, since the eigenvalues are not distinct. 
However Riemann problems for the projected equations of this system can be solved by 
making use of Riemann solvers for the one-dimensional Euler equations (2.4),(2.5),(2.6). 
This is because the eigenvalue A3 represents a slip line, across which only the component 
of velocity perpendicular to n, denoted w L , changes, and this quantity does not change 
across any other wave. Thus w 1- can be ignored, and any Riemann solver for the one 
dimensional Euler equations can be used to  solve the Riemann problem to give star-state 
values of p , and p. The other component of velocity, w1 , is determined from the 
position of the slip line in the x — t plane.

A second example of a system of the form (2.88) is formed by the Shallow Water 
equations:

0  ) ( (f)U ^  ̂ (f)V ^
<f)U + 4>u2 +  \4>2 + <f>UV =  0 (2 .94 )
(f)V j t  ̂ (f>UV j * V +  \4>2 j y

where u and v are again the x and y components of velocity, <f> = y/gH  is the geopotential, 
H  is the total depth of water and g «  9.81 is the acceleration due to gravity. The 
eigenvalues for the projected equations (2.89) of (2.94) are Ai = — c, A2 =  and
A3 =  +  c, where is the component of velocity in the n direction and c =  \ f §  is
the celerity, analogous to sound speed in Gas Dynamics. Since all three eigenvalues are 
distinct, this system is strictly hyperbolic. The solution of the Riemann problem for the 
projected equations of system (2.94) consists of three waves separating four constant states. 
The centre wave is always a slip line which, as for the Euler equations, is a discontinuity 
across which only the velocity component perpendicular to n, w1 , changes. As in the case 
of the Euler equations, w 1 does not change across the other waves. Any Riemann solver 
for the one dimensional Shallow Water equations (2.7) can thus be used to find 4> and wll 
in the star-state, and w 1 will then be determined by the position of the slip line in the 
x — t plane.

2.6 Num erical M ethods for Two Space Dim ensions

2.6.1 Introduction

Methods for the solution of (2.88), (2.91) on curvilinear grids, i.e structured, body-fitted 
grids o f quadrilaterals, will be considered here. A Cartesian grid is a curvilinear grid in 
which all cells are identical rectangles. Since the grids considered here are structured, each 
cell can be indexed by two integers and will be denoted A h e r e .  A value U Jj will be 
stored for cell A a t  each timelevel n, and defined as the integral average of U n over cell 
Ai,j, i.e:

V t i = v f r ^ l  (2.95)
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where V (A ;j) is the area of A jj.

2.6.2 The Space Operator Splitting Technique

A popular technique for extending numerical methods for the solution of one-dimensional 
conservation laws (2 .1) to the solution of two-dimensional conservation laws (2 .88) on 
curvilinear grids is the Space Operator Splitting technique. A detailed discussion of the 
technique can be found in Strang [53] and the references cited there, and is briefly described 
here for two space dimensions; the extension to three space dimensions follows easily, and 
will not be discussed.

Consider any method for the solution of the one dimensional conservation law (2 .1), 
written in operator form as:

U ?+1 =  U? (2.96)

with the superscript denoting the timestep used. For a two dimensional grid, two operators 
and that act on U n can be defined as those which perform one update of* J

scheme (2.96) along all one-dimensional strips of cells indexed by constant i and constant 
j  respectively. The operators are effectively solving the one-dimensional projected equation 
(2.89) with n tangent to a local coordinate lines, and varying along the strip of cells. Given 
these definitions, a simple scheme for the solution of (2.88), (2.91) can be constructed as:

u ? + ' =  L<Ai) ( l <A<) (u & ))  (2.97)

or more explicitly:

U *  =  L,<A‘> (u?„.) for all i , j  (2.98)

=  L f '0 (U ij)  for all i, j  (2.99)

Step (2.98) is called an ’i-sweep’; step (2.99) is called a ’j-sweep’. The timestep A t is
kept the same for each sweep, and determined from the initial data {U”} for the timestep,
using the maximum characteristic speed over all cells, and the stability condition of the 
one dimensional scheme (2.96). The accuracy of operator splitting can be assessed by 
studying the linear system

'U t-+ A U x +  BU„ = 0 (2.100)

where U is a vector of dependant variables and A  and B are constant matrices. In general,
i.e when A  and B do not commute, it can be shown that the operator splitting (2.97) 
will introduce first order errors into the solution, whatever the accuracy of the operators 
(2.96). In [53], Strang suggested the splitting

■u?T =  L ‘iA ‘) ( Lf <)( L.-"At)( u ? j ) ) )  (2 -101)

The roles of L; and Lj can be interchanged. Since three sweeps are needed for (2.101) 
rather than two for (2.97), scheme (2.101) is more expensive. Strang [53] showed tha t
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provided (2 .8) is second order accurate in space and time, the splitting (2 .101) is the same 
order of accuracy for (2.100), even if A and B do not commute.

Operator split results for the solution of two dimensional systems using the one dimen­
sional w a f  method described earlier will be presented later, so the application of i-sweeps 
using this method will now be considered in detail. The application of y-sweeps follows 
similarly. The first step is the solution of the Riemann problems R P ( u j j , U ^ j )  at 
boundary (« + j )  for some initial data set U^1). This is done as follows. Firstly, compute 
components of velocity from the states tha t are normal and tangential to
the boundary. The normal velocities and other variables (densities and pressures for the 
Euler equations, geopotential for the Shallow Water equations) define a one-dimensional 
Riemann problem for the projected equation (2.89) normal to the boundary and any one­
dimensional Riemann solver can be used to find wavespeeds and star states in the solution. 
Flow parameters can then be computed for each of the waves in the solution, as in the 
one dimensional case, using the solution to Riemann problems at boundaries (i — j , j )  and 
(*' +  § ’•?)• Slip lines are then added to the solution, with speed equal to the star state 
velocity, and magnitude equal to the jump in velocity tangential to the boundary in the 
initial data. Flow parameters for slip lines are computed from these velocity jumps, since
no other variables change across them. Courant numbers for all waves can be computed

(k)from the wavespeeds A. A .a s
*+ 2 ’•?

. =  A (2.102) 
*+£,j *+jbJ/A a .

where K  — R  (right) if x[k\  . > 0 or K  — L  (left) if A?*\ . < 0. i . and lL, i  . are
right and left integration lengths, and should be approximations to the distances across the 
cells to  the right and left of the boundary (i +  \ ,  j )  respectively. Thus provided Courant 
numbers defined by (2.102) remain less than unity, waves from the Riemann problem at 
(* + \ i j )  n°f cross the neighbouring cells completely, and the one dimensional sweeps 
should remain stable. The right integration length . should be representative of the 
width of the cell A j+ ij, and can be defined as

where

&  i J  =  +  dl  (2.1.03)

1 1 
=  2 ^ * + t ’-,+2 ~ x* '+ jJ+ p  +  ~ *■+§,.>-§) (2.104)

dy = i f e + U + i  -  V i+ y+ \)  + j f e + f  ,j - i  -  V i+ y -k ) '  (2-105)

and (#;+ 3 j +i , x i+3 is the intersection between gridlines * +  \  and j  +  The left 
integration length /f, i . i s  defined similarly. The Courant number and flow param eter 
for each wave can be used to compute a limiter function for each wave, using, for exam­
ple, (2.79), (2.80) or (2.81). Components of velocity parallel to the boundary are then
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determined from the magnitude of the limiter (j>sl?Pi for the slip line. If f  < (/>sl?p ., then*■r 2 *+2 ’̂
the component is taken from U fj; otherwise it is taken from All states are now
determined and a w a f  intercell flux E t-+ i  • normal to the boundary can be computed as 
in the one-dimensional case. Note that the limiter for the slip line does not, in general, 
equal the limiter for the contact, even though these waves have the same speed, and five 
fluxes need to be included in the average. The intercell flux E i+ 1 • can be transformed 
into x — y coordinates by computing x and y components of momentum fluxes using the 
angle of the boundary to the z-axis and leaving the other components unchanged. The 
state lK 1) is then updated via the conservative formula for the strip:

A t
= u M  -

V (A ij)
(2.106)

to obtain the data Tj(2) resulting from this i-sweep. Sweeps in the y-direction follow 
similarly. See Speares [50] for further details.

The power of combining operator splitting with modern shock capturing methods for 
solving realistic flow problems is shown in the review paper by Woodard and Colella 
[82]. However, the approach does suffer a serious drawback when the conservative formula
(2.106) is used in sweeps on non-Cartesian grids. If the fluxes E i+ i. • are consistent, (2.106) 
will always introduce an error into the data and will thus not preserve constant flow, as 
follows. Suppose u j j  =  U Vi,y. The intercell fluxes must then be given by

E i+M  =  E ( U ) .n i H j . (2.107)

where E (U ) =  (F (U ),G (U )) is the general flux function and n i+i j  is the normal to
boundary (i +  | ,y )  in the direction of increasing (  along the strip of cells. Substituting
(2.107) into (2.106) gives

=  <2-108)

The terms in brackets on the right hand side of (2.108) will not cancel unless li + i  j  
and n. i i  • =  n- i •, i.e the cell sides are the same length and face in the same direction. 
Thus the grid must be uniform, i.e all cells must be of the same shape and size. It can be 
easily shown, by simple application on the linear advection equation, tha t errors introduced 
by one sweep are not necessarily rectified by following sweeps. An operator split scheme 
on a curvlinear grid will thus not preserve constant data. The error introduced by the 
operator splitting technique in the way described above will be called the operator splitting 
error.

2.6.3 F inite Volume Schemes

An alternative to operator split methods for multi-dimensional systems of conservation 
laws such as (2 .88) are truly finite volume schemes, i.e schemes tha t can be written directly
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in conservation form

Tjn+l _  Tjn _  ^
U^ ' "  U^ ' V ( A i j )

(2.109)
At

where V ( A ; j )  is the area of cell A E i±i j ,  E ^ j^ i are intercell fluxes normal to bound­
aries (z dh \ , j )  and ( i , j  dt | )  and /t-± i  l{ j± i are the lengths of those boundaries. This 
formula is derived from the integral form of the two-dimensional conservation law. Schemes 
based on (2.109) will be called finite volume schemes here, as opposed to  operator split 
schemes, although the one dimensional scheme used in the operator splitting may be finite 
volume in one space dimension. Note that provided the fluxes E i± i j,  E —± i are consis­
tent, finite volume schemes (2.109) will not suffer from the operator split error. Consider 
constant data U,-V =  U  Vi , j .  Then*,3

E i±h,i =  E (U) • n i± h i E i,i± | =  E (U ) •" « * ! : (2 .110)

Substituting these into (2.109) gives:

A t
TJT+1 =  U ” • -

J F(A,,y)
E(U)

(2 .111)

The term in the brackets on the right hand side of (2.111) is effectively the integral around 
the boundary of the cell of the outward facing normal vector. Since the boundary forms 
a closed loop, this is necessarily zero, whatever the shape of the cell, and (2 .111) gives 
U ^ t1 =  U ”j. Thus constant data is preserved.

It is clear from (2.109) that the update from one step to the next for finite volume 
schemes involves just one step, not multiple steps as in the case of operator split methods. 
This single step allows better modelling of multidimensional convection inherent in systems 
such as (2 .1), as will be seen in Chapter 5 for the simple case of linear advection. Several 
finite volume schemes for the solution of (2.1) exist. These include the schemes of Colella 
[8] and LeVeque [32], and the finite volume version of the MUscL-Hancock scheme described 
by van Leer in [77] and by Quirk in [41], all of which depend on MUSCL-type reconstruction 
of data to achieve higher than first order accuracy. A finite volume version of wAF-type 
scheme has been suggested by Speares [50] although this scheme appears to be linearly 
unstable, as is discussed in Chapter 5. New finite volume WAF-type schemes are developed 
in Chapters 5, 6 and 7.
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Chapter 3

A Unified, R iem ann-Problem  
Based E xtension o f the  
W arm ing-Beam  and  
Lax-WendrofF Schem es

3.1 Introduction

The aim of this chapter is to construct, via the w a f  approach, a scheme for the solution 
to non-linear systems of hyperbolic conservation laws in one space dimension tha t has 
stability restriction of vmax < 2. On the linear advection equation, the scheme reduces to 
the Lax-Wendroff scheme for | v |<  1 and the Warming-Beam scheme when 1 < | v |<  2 . 
t v d  criteria are applied to the scheme to prevent spurious oscillations in regions of high 
gradient. The scheme is extended to non-linear systems of equations by the use of solutions 
to local Riemann problems at intercell boundaries. The resulting one-dimensional scheme 
is successfully extended to two space dimensions by the use of space operator splitting. 
The work discussed in this Chapter has already been presented in [69] and [68].

The chapter is set out as follows. In §3.2, the Warming Beam scheme is discussed. In 
§3.3 the unified extension of the Warming-Beam and Lax-Wendroff schemes is derived on 
a general scalar conservation law and a t v d  version of the scheme is constructed in §3.4. 
In §3.5, the scheme is extended to non-linear systems of equations. In §3.6, numerical 
results are presented in both one and two space dimensions and conclusions are drawn in 
§3.7.
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3.2 The W arm ing-Beam  Schem e

Consider the system of hyperbolic conservation laws

U , +  F(U )* =  0 . (3.1)

where U  is a vector of N  conserved variables, and F (U ) is some flux function of U. A 
popular finite difference method for the solution of (3.1) is the two step MacCormack 
scheme [35]:

u p  = U? -  •^■vr? (3.2)

U ?+1 =  | ( U ?  +  U p ) - ~ A F p  (3.3)

where U™ is the approximation to the solution U at the point (i +  |)Aa: at time level n 
and the forward and backward operators A and V are defined as:

A F; =  F i+1 -  F t- V F i =  F i -  F i_ i (3.4)

This scheme is a three-point, centred finite difference scheme. On the linear advection 
equation

ut +  (au)x =  0 (3.5)

MacCormack’s scheme reduces to the Lax-Wendroff method (2.50). It is therefore second 
order accurate in space and time.

Warming and Beam [80] proposed a modification to MacCormack’s method to give a 
one-sided, second-order accurate finite difference scheme. For positive wavespeeds, i.e flow 
from left to right, they replace the step (3.3) by:

U p  =  i (U ?  + U p )  -  ~ V 2F? -  ~ V F p  (3.6)

For the linear advection equation (3.5), the scheme (3.2), (3.6) can be written as a one 
step scheme:

< +1 =  ~  ^ )(2 -  +  K 2 “  ^ K - i  +  ~  ! )< - 2  (3-7)

where v  =  a^  as in Chapter 2. Scheme (3.7) has a one sided stencil and by Theorem 1, 
Chapter 2 it can be shown to be second order accurate in space and time. Von Neumann 
stability analysis shows that (3.7) is stable provided 0 < v < 2. Note that (3.7) can be 
written in conservative form

< + 1 = « ?  -  £  -  f i - i l  w

with intercell flux
=  l ) ( / i -  f i - i )  (3 .9 )
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A modified version of MacCormack’s scheme can be defined as

u f = U » - ^ A F »  (3.10)

U?+1 = i ( U f  + u f Fr) - | ^ - V F f iT (3.11)

For negative wavespeeds, Warming and Beam use (3.10) and replace (3.11) with

U?+1 = l(U ?  + u f iT) + i ^ A 2F F - i ^ A F p '  (3.12)

For the linear advection equation (3.5), the scheme (3.10), (3.12) can be written in one-step
form as:

un+ 1 _
= 2^2 +  +  u)ui ~ v (2 +  ^ K + i +  2 Û - +  ^ u?+2 (3’13)

This scheme is second order accurate in space and time, and is stable provided — 2 < v < 0. 
Scheme (3.13) can be written in conservation form (3.8) with intercell flux

f i+L = fi+i ~  - (1  +  v)(fi+2 ~  /*+i) (3.14)

Due to the stability restrictions, schemes (3.2), (3.6) and (3.10), (3.12) can only be used 
when all characteristic speeds of (3.1) are of the same sign, i.e within regions of supersonic 
flow. To avoid this restriction, Warming and Beam combined the scheme (3.2),(3.6) with
(3.2),(3.3) and (3.10),(3.12) with (3.10), (3.11) to produce a scheme for use in a general 
flow, with embedded supersonic regions. The resulting scheme was shown to work well 
when computing transonic flow around aerofoils. However, to ensure conservation, and 
therefore the correct speed of shock waves, they had to derive special switching operators 
to switch between (3.6) and (3.3), and between (3.12) and (3.11).

The scheme proposed by Warming and Beam had a larger stability region than the 
original MacCormack scheme, and therefore made timesavings possible. Warming and 
Beam also showed that the schemes (3.7) and (3.12) with one sided stencils also give other 
advantages over the Lax Wendroff scheme, such as better dispersive properties.

The aim of this chapter is to use the Weighted Average Flux approach discussed in 
Chapter 2 to combine the Lax-Wendroff intercell flux (2.51) with the fluxes (3.7) and 
(3.12) in a single conservative flux. Conservative switching between the two components 
comes naturally from the derivation of the scheme. A t v d  version of the scheme is derived 
for scalar conservation laws and extended to non-linear systems of the form (3.1).

3.3 D evelopm ent of th e W AF-D2 Scheme on M odel Prob­
lems

In this section, a generalized w a f  intercell flux is discussed and used to derive a unified 
extension of the Warming-Beam and Lax-Wendroff schemes on model problems. The
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scheme will be referred to as the w a f - d 2  scheme, since the linear stability limit of the 
scheme will be 2. In the following sections a t v d  version of the scheme will be constructed 
and extended to  non-linear systems.

The scheme will be developed on the scalar model conservation law discussed in Chap­
ter 2 :

+  f(u )x  = 0 (3.15)

where u is the conserved variable, and /  is any linear or nonlinear scalar flux function. 
The solution to the Riemann problem R P(«i,«f+ 'i) for (3.15) has one wave of speed 

separating U{ and wt-+i. The waves from all Riemann problems will be represented 
as single ray waves, as in the case of the classical w a f  scheme described in Chapter
2. For discontinuous waves, this representation is exact as the wavespeed is taken from 
the Rankine-Hugoniot condition; for rarefaction waves, the speed is taken as the speed 
of the head of the rarefaction. In the case of sonic rarefaction waves, the state behind 
ther rarefaction is replaced by the state on the time axis in the solution of the Riemann 
problem. The aim is to develop a scheme in conservative form (3.8) with stability limit

V m a x  < 2  (3.16)

where vmax =  Xmax^  is the Courant number coefficient and Xmax =  max{| Ai+i |} is the 
largest absolute wavespeed in the domain. This is twice the stability limit of the classical 
w a f  scheme and the new scheme will thus offer potential computational savings of up to 
50% over the classical w a f  scheme. The new scheme will be based on a generalized w a f  

intercell flux:
1 f t2 1 f x2 

/,-+! =  - _ ■■■ /  —  —  /  f(u (x ,t) )d x d t  (3.17)
2 2̂ 1̂ Jti %2 J x\

where u is the solution of some initial value problems. These initial value problems are 
taken as conventional Riemann problems at intercell boundaries based on constant data 
in cells. However, they could be taken as generalized Riemann problems based on re­
constructed (sloped) data in the cells or any other initial valued problems. A detailed 
discussion of the schemes that can be derived from the general form (3.8), (3.17) is given 
in [70]. Extension of the scheme (3.8), (3.17) to two and three space dimensions will be 
considered in Chapter 5.

Here a special case of (3.8), (3.17) will be considered in detail. The scheme will 
be considered under the assumption that the cell width A x  is constant throughout the 
domain. It can easily be extended to the case when the cell width A{X for each cell is 
different, when a ’grid distortion’ parameter g =  A i+iz/A ia: must be introduced, but this 
extension is not considered here. The intercell flux for the scheme presented here is derived 
from (3.17) by taking

1 1
x\ — ——A x  X2 = —A x  ti = 0 t 2 = A t (3.18)

z z

where, in local coordinates (x, t), x =  0 at the boundary i +  \  and / =  0 at time level 
n. These are the same as for the original w a f  scheme. The new scheme will differ from
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the original w a f  scheme in tha t the timestep A t  is chosen to satisfy (3.16). The w a f  

scheme was derived via exact integration in space and the midpoint rule in time. The 
same strategy is taken here and the intercell flux becomes

1 /* As? 1

f <+i = - ^ J l A xm x ’ 2 A t))dx  (3-19)

The function u is taken to be the combination of solutions to conventional Riemann 
problems at intercell boundaries. The condition (3.16) on At restricts the number of 
Riemann problems involved in the calculation f i+ 1 to  those at boundaries i — i +  \  and

i +  | .  As in Chapter 2 , define a Courant number at boundary i +  \  as vi+i =
Since | i/i+i  |>  1 are allowed by (3.16) waves from these Riemann problems may interact.
In deriving the scheme, it will be assumed tha t all wave interactions are linear, i.e any 
two waves pass through each other without changes in speed, direction or strength. This 
will be exact if the flux function f(u )  in (3.15) is linear, and an approximation otherwise.

The intercell flux of the scheme will depend on which waves from the three Riemann 
problems pass through the space integration range A B  = — |A z ,  \A x  and which do not. 
There are many possible such combinations of waves. Just three are considered here:

(i) 1 < ^,_i < 2, 1 < vi+L < 2, -1  < ui+1 < 2

(ii) -2  < u(_ i < 1, -1  < I'.+i < 1, -1  < vi+i < 2

(iii) 1 < < 2 , — 1 < 1 < 1, —1 < z/t-+ |  < 2

These cases are illustrated in Fig. 3.1.

C ase (i): 1 < <  2, 1 < vi+ i <  2, —1 < za+ |  < 2

Consider Fig. 3.1(i). In this case, the wave from boundary i — \  intersects the inte­
gration range A B , and the waves from boundaries i A \  and i +  |  do not. Evaluation of 
the integral in (3.19) gives:

f i+L =  !(«/,._ J -  1 ) / , - !  +  1 ( 3  -  (3 .20 )

This can be written as
f i+L = fi  -  -  f i - l )  (3.21)

with
V’i+ l . i  =  "j-1 -  1 (3.22)

On the linear advection equation, this is the intercell flux (3.9) for the Warming-Beam 
scheme. Note that the first term f i  is the integral between A  and B  across the solution of
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C ase (i)

t +  A t

f a - i  -v1} (3 -  " i - i )

Case (ii)

Case (iii)

t + A t

- ! )

Figure 3.1: The integration range and wave structure for the second order scheme.
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the Riemann problem at * +  §• Thus (3.21) can be considered as the original w a f  integral 
(i.e taking only the central Riemann problem into account) plus an extra term for the 
wave coming from the Riemann problem on the left hand side.

Case (ii): —2 < za_i < 1, —1 < ui+i  < 1, — 1 < vi+3 < 2

Consider Fig. 3.1(ii). This case is the original w a f  situation, where the Lax-Wendroff 
scheme is reproduced in the constant wavespeed case. It is only necessary to consider the 
Riemann problem at boundary i +  Evaluation of the integral in (3.19) gives:

f i+t  =  - ( l  +  Vi+i)fi +  ^  (3-23)

This can be written as

f i+L = l ( f i  + fi+ i) - \4 > i+l ( f i + i - f i )  (3.24)

with
^ + 1  =  ^ + 1  (3.25)

Equation (3.24), (3.25) is the w a f  intercell flux (2.70) and reduces to the Lax-Wendroff 
flux (2.51) on the linear advection equation.

Case (iii): 1 < za_i < 2, — 1 < p{+i  < 1, — 1 < ia+|  < 2

Consider Fig. 3.1(iii). In this case, the waves from boundaries i — \  and i+  \  intersect 
the integration range A B , and the wave from boundary i -f |  does not. Evaluation of the 
integral in (3.19) gives:

/ i+ |  =  i ( n ' _ i - l ) / i - i  +  i ( 2  +  ^ + | - f ; _ i ) / ,  +  i ( l - r / , + | ) / i +i (3.26)

This can be written as:

f i+L =  | ( / i  +  / m ) -  IV’i+ i L(/i - f i - i ) -  ^ i+i( / i+ i  - / ; )  (3-27)

with
V’.+i.i, = t'i-i - 1  <t>i+i  = I'i+L (3.28)

Note tha t in this case and (f)i+ 1 are the same as in cases (i) and (ii) respectively.
This case acts as the explicitly constructed switching mechanism of Warming and Beam 
between cases (i) and (ii).

Other cases follow similarly. Cases (i), (ii) and (iii), and all other cases, can be sum­
marized in one expression as:

/ i+ 1 =  \ { f i  + /,'+1) -  iV ’.+ i -  i ^ . + i A / i+i  -  iV’i+ i ,BA /;+|  (3.29)
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where A /-+ i  =  f i+1 and

I I - 1  if > 1
V’i+ iL  = 1

otherwise 

otherwise

if - 1  < v-+i < 1

V’i+I.R -
-(I *-i+|  I - 1 )  if ,̂+ |  < - 1

0 otherwise

(3.30)

(3.31)

(3.32)

The scheme (3.8), (3.29) — (3.32) reduces to either the Lax-Wendroff or the Warming- 
Beam scheme on the linear advection equation and is therefore second order accurate in 
space and time for that equation. It is stable provided vmax < 2 .

A First Order Version of the Scheme

The unified extension of the Warming Beam and Lax-Wendroff schemes presented 
above is second order accurate and will suffer from unphysical oscillations in regions of 
high gradient, for example in the vicinity of shock waves. To avoid this problem, a t v d  

version of the scheme is developed in the next section. This will involve resorting to a 
first-order scheme near the high gradients. In this section, such a first order scheme is 
derived.

A first order scheme can be found from (3.19) by keeping x \ ,  X2 , h ,  and £2 as specified 
in (3.18), but performing exact integration in time and the midpoint rule in space. The 
resulting intercell flux can be written as:

(3.33)

where u is again the combined solution of the three Riemann problems at interfaces i — 
i -f |  and i +  | .  Note in this case the flux is found by integrating the solution of the 
Riemann problems along the t-axis at the interface i +  Again it is assumed th a t the 
stability condition (3.16) is satisfied.

There are several possible cases. Two cases are considered here:

(i) 1 < i/f_ !  < 2 , 0 < ui+i  < 2 , - 1  < ia+ |  < 2

(ii) - 2  < ia_i < 1 ,  - 1  < ui+h < 1 ,  - 1  < i/i+! < 2
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Case (i)

"i-1  * o

1 i+  |

Case (ii)

t + A t

i +  \1
2 i +  |*

Figure 3.2: The integration range and wave structure for the first order scheme.
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These are illustrated in Fig. 3.2.

C ase (i): 1 < < 2, 0 < ui+i_ < 2, - 1  < i/f+|  < 2

Consider Fig. 3.2(i). In this case, the wave from boundary i — \  intersects the integra­
tion range AB, and the waves from the other two Riemann problems do not. Evaluation 
of the integral (3.19) gives:

f i+L =  —  f i  +  (1  -  —  I f i - i  (3.34)

This can be written as

i+ 2 v- 1l— o

f i+h = fi  -  - r - f o -1  -  m  -  / i - i )  (3-35)2 V- 1 21 2

which is equation (3.21) with

=  z r - ( vi- 1  - ! )  (3-36)

C ase (ii): —2 < i/-_i < 1, — 1 < vf , i  < 1 ,  — 1 < V:,z < 2v ' z 2 • «T 2 * » 2

Consider Fig. 3.2(ii). In this case, no waves intersect the integration range AB. 
Evaluation of the integral (3.19) gives:

/;+ 1  =  fi if "i+1. > 0
(3.37)

f i+L = fi+i if vi+i  < 0  

which is Godunov’s intercell flux. Note this can be written in the form (3.24) with

.<f>i+L =  sgn(z/i+ | )  (3.38)

The two cases discussed above, and all other possible cases, can be summarized as the 
intercell flux (3.29) with:

\ i A n (k ' - j | - 1 )  t f n - p 1
i>i+hL = I 2 (3.39)

[ 0 otherwise

(/>{+l = sgn(z/-+i )  (3.40)

44



^ I j d  " h i  I - 1) ^ yt+ | < - 1  
(3.41)

0 otherwise

By substituting (3.27), (3.39) — (3.41) into the conservation form (3.8) and rearranging, 
it can be seen that the coefficients of the scheme are always positive when (3.16) holds. 
Thus the scheme is monotonic under this condition and by Theorem 6 it is also stable, at 
least in the linear case.

3.4 T V D  Limiter Functions for th e W AF-D2 Scheme

In this section, a t v d  version of the w a f - d 2 scheme presented in §3.3 is developed. The
t v d  analysis is performed by applying the method to the equation

ut +  f (u)x  — 0 (3*42)

In the t v d  analysis in [63] the flux function f ( u ) was assumed linear, i.e f ( u ) =  au for
some constant wavespeed a. The analysis performed here will apply to any flux function, 
linear or nonlinear.

3 .4 .1  T V D  L im iter  F u n ction s for th e  L ax-W en d roff C o m p o n en t

Consider the w a f  intercell flux introduced in Chapter 2 , written in the form:

fi+ i = |( /»  +  fi+ i) ~  7;<f>i+L(fi+1 ~  fi)  (3.43)

It is used in this form in the w a f - d 2  scheme, when — 1 < vi+i  < 1. Assume, therefore, the 
timestep A t is chosen such tha t vmax < 1 so tha t waves from other intercell boundaries do 
not reach the local integration range. Differencing the flux (3.43) accross the cell i gives

f i+L ~ f i - i  -  2^*+k ~  ~  fO  +  2 ^* '“ 2 +  1^ *  ~ (3-44)

To simplify the analysis, the speed of each of the waves is approximated via the Rankine- 
Hugoniot condition here, i.e

Ai+i  =  /,+1 ~  f i  (3.45)
 ̂ Ui+1 -  Ui

Note tha t this is only an approximation within the t v d  analysis. When the scheme is 
implemented, the speed of the single ray representing a rarefaction wave should still be 
taken as the true speed of the head of the rarefaction. Thus in the case of rarefaction 
waves, (3.45) is only approximately equal to the speed actually used, so the following t v d  

analysis only holds in some approximate sense. However, (3.45) is exactly what is used for 
discontinuous waves so the t v d  analysis will hold in this case. Since it is discontinuous
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waves tha t suffer most from spurious oscillations, the t v d  analysis is correct where it is 
most needed. Using (3.45) in (3.44) gives:

f i+ 1 -  /,•-! =  -  1)(«.+i -  “ ••) +  +  l)(ti; -  «,•_!) (3.46)

Substituting (3.46) into the conservative formula (3.8) gives the scheme in full as:

< +1 =  <  +  1 ^ + iW i+ i -  l)(«i+ i -  Ui) -  i  +  l)(ttf -  u'i-1) (3.47)

There are three cases to consider:

(i) All wavespeeds positive

(ii) All wavespeeds negative

(iii) 1 > 0, < 0

Case (i): A ll w avespeeds positive

In this case, since all wavespeeds are positive, limits for the function <f>i+L th a t give a 
t v d  scheme are determined by applying the condition (2.57), i.e:

u1}+1 -  uV-
0 < C i = \ ------ ^ < 1  (3.48)

< - i  -  «?

Rearranging (3.47) gives:

Ci =  +  1) -  -  1) “ 7  (3.49)
t + J

where ■ ■
__ A^pwU = ui ~  u?-i (3.50)

J + 2 A 10CU  « ? + 1  ~ U ?

as before. Set general lower and upper limits L  and U on the limiter functions 4> so that
L < <b-_i < U . These limits will be specified later. This gives the minimum value of Ci

1 2
as

C U , = \ Vi_ k {L +  1) -  I*,.+ * (* * i  -  1 ) ^  (3-51)

and the maximum value of C: as



The scheme will be t v d  provided C min > 0  and C max < 1. Since za_ i  > 0 ,  C min > 0 if 
and only if

&A-1 1 Vi - 1-
H ~{L +  1) (3.53)<

r - , i  r - , i za , i1+2 *+2 *+2
Define a compression parameter as

l / u p w
a i+± = ------+ 2 Ẑoc

(3.54)

where is the Courant number of the wave at the upstream boundary and vioc is the 
Courant number of the wave at the local boundary. In the present case, since ui+i > 0,

OL; i 1 =
Vi - X-  1 2

2 "i+k
(3.55)

This parameter is new: it did not occur in the t v d  region given in Chapter 2. The analysis 
there was based on the constant wavespeed case, so a  was constant and equal to unity 
throughout the domain. Note tha t a i+ i > 1 in a compression wave and a t-+ i < 1 in an 
rarefaction wave. Equation (3.53) becomes

O ^  1 , I  T  1 1 \< --------b a i4.i{L  +  1)
~.m4 2r: i i t v ,. i

(3.56)

and Cmin > 0 provided

A-+1 S  1 +  +  l ) r i+i  if r i+i  > 0

ti+L > 1 +  « ;+ l (L  +  l ) r i+i  if r i+ . < 0
(3.57)

Since za.i. > 0 , Cmax < 1 if and only if

t l + i  > _ L  +  a i+1{U +  1) -  —
r,+L r ,+ i  v i

(3.58)

which is satisfied provided

> i  + a i+i(U  +  i)  -

Case (i) can now be summarized as follows. If

2

2
r*+§

< 17

'*+{

(3.59)

(3.60)
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th e schem e is t v d  provided

1 + <Xi + L  (U + 1 ) - r:, I  < 4 ,  i  < 1 +  a i+t(L  + l) r i+h (3.61)

when r- , i  > 0 and* * o

1 +  a i+d L  +  l ) r . , i  < <f>i+h < 1 + (3.62)

when ri+b < °-

C ase (ii): A ll w avespeeds neg a tiv e

In this case, the analysis is performed on 4 _ i . The t v d  condition in this case is taken
as (2.59), i.e: 

From (3.47): 

where

ur}+1 — uv
0 < Di =  --------± < 1

«?+i ~  <

Di = - v i+1 ( ^ , 1  -  1) -  - ^ _ i ( ^ - _ i  +  1)2 * 2 2 ri-11 2

r- i =
7/^   7,^_  ui+1

2 < - < _ i

(3.63)

(3.64)

(3.65)

Assuming L < <f>i+1 • sgn(zA+ i )  < U the analysis follows is a similar fashion to Case (i). 

S u m m a ry  o f cases (i) an d  (ii)

Cases (i) and (ii) can now be summarized in a single t v d  region. Provided

L < <i>i+L • sgn(iA+i )  < U (3.66)

the scheme is t v d  if r - , 1 > 0 when:i+o

1 + <*i+L(U + 1) “
ui+h

ri+ 1 < <f>i+i  • sgn(i/.+i )  < 1 +  a i+h(L  +  l ) r i+ i (3.67)

and if r ■, 1 < 0 when*To

1 +  « i+i (L  +  l ) r i+i  < <Ai+i  • sgn(^i+i )  < 1 + a i+i.(P + 1 )  -
"H-i

r , it+o (3.68)
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where

and

2- if jA.i > 0
A u p w 'r - , i  =

*+ 2 A/ocW

A  u .
* + 2

*+*
=  <

A u . , 2.
7-----2- if ZA, 1 < 0

k A « . +  1 . 2

a H4 =
u u p w  

Vloc

( v- 1
^  if za , 1 > 0*+*

^ *+ 1  - r  /  n ---2- II ZA, 1 <  0
^•+1 t+ 2

(3.69)

(3.70)

C ase ( i i i ) :  z a + i  > 0, z a _ i  < 0

The procedure for boundary i +  \  would normally be to define

Ci = ^z /_ l (^ -_ i  +  1) -  \ v i+ i(^ -+ i -  1)-^ — 
2 z 2 2 2 r - , io

(3.71)

as in (3.49), set arbitary (but sensible) limits L  and U on < ^ _ i  and find t v d  regions for 
<t>i+L by setting

0 < C i < l  (3.72)

The procedure for boundary i — \  would normally be to define

D i  =  - z a ,d<f>i+L ~  1) -  +  1); (3.73)

as in (3.64), set arbitrary limits on <f>i+L and find t v d  regions for < -̂_i from

0 < Di < 1 (3.74)

In this case (3.69) gives ri+ 1 =  7^—. Writing r = ri+1, it is easily shown from (3.71),
2 i — 2

(3.73) that
'Cir + D i = 0 (3.75)

Suppose r > 0 . Since the wavespeeds at neighbouring cell boundaries are of opposite sign, 
this would occur at a sonic point in the centre of a rarefaction. From (3.75), C{ and D{ 
must be of opposite sign, so (3.72) and (3.74) cannot be satisfied simultaneously unless 
C{ = Di =  0. This can only be achieved by setting

^■+1 =  1 4>i- 1 =  - 1 (3.76)

i.e taking the Godunov flux at both * + \  and i — Since conditions (3.72) and (3.74) 
are sufficient, but not necessary, conditions for a t v d  scheme, it might be possible to use
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conditions (2.54), (2.55) in H arten’s theorem (Theorem 8) to derive t v d  regions away 
from Godunov’s scheme for this situation.

If r  < 0, (3.75) combined with (3.74) gives

o < Ci <  4 -7  = , 1 , (3.77)
M l  '•;+! I

So if | ri+1 |<  1, this does not impose any extra restriction over (3.72) on so the
usual t v d  region can be used; however, if ri+1 < —1, (3.77) must be taken into account, 
and new regions derived. A similar restriction holds for when (3.77) is replaced by

0 < Di < \ r  | =  , , (3.78)
r i - 1  * 2

This must be considered in the derivation of regions for <f>-i when r- i < — 1.* 2  1 2
The simplest possible solution to all these cases is to return to Godunov’s scheme

whenever a i+ 1 < 0. This will occur very infrequently, so using the first order scheme at
these points should not, in general, damage the global accuracy of a calculation.

D esign  o f lim iter functions

When a > 0, limiter functions are needed within the region (3.66)—(3.70). In this 
section it is shown tha t limiters given in Chapter 2 can be translated into limiters in the 
new region. For convenience, write (f) = <̂ + i • sgn(zA+ i) ,  u = vi+i  and a = a i+1 .

Firstly, the upper and lower limits U and L  need to be fixed. When = sgn(^), the 
wap flux (3.43) reduces to the Godunov intercell flux. Since for second order accuracy
4> = | v  | and | v |<  1 here, U — 1 is a suitable choice for the upper limit. The lower limit
L must satisfy L < \ v | to allow second order accuracy when possible, but need not be 
fixed here.

W ith these limits, the t v d  region can be written in two parts as:

Zi, — {(r,<f)) such that r < 0,<̂ > > (f>L,L < <f> < 1} (3.79)

Zr  =  {(r, 4>) such tha t r > 0,<f>> <f>R, L < (f> < 1} (3.80)

where
<f>L = l  + a (L  + l ) r  (3.81)

and
(f>R = 1 -  yjj-j [ l - a \ v \] r  (3.82)

Note the similarity with regions (2.72)—(2.75). The new region (3.79)—(3.82) is larger 
when a < 1, i.e in rarefaction waves, and smaller when a > 1, i.e in compression waves.

50



When a  =  1, (3.82) reduces to (2.75). Limiters lying within the region (2.72)—(2.75) have
been given in Chapter 2 ; all that is needed is a way to translate them into functions in
the region (3.79)—(3.82). This can be done by considering the slope

S = - ^ - A l - \ u \ ]  (3.83)

of <f>Ft in (2.75). In the new region this becomes

5 “ =  ~ T ~ i  [1 ~  “  I y I] (3.84)

A stretching parameter P  between the regions can be defined as:

S a a  I p I — 1
p  =  T  =  ^ r p r  <3-85)

Thus a new limiter function <f>a(r, p, o) can be defined from a limiter function 4>(r,p) as:

(f>a(r ,p ,a ) = (f)(Pr,p) (3.86)

For example, the new limiter analogous to the m i n m o d  limiter (2.79) is:

1 if r < 0

<f>am m (r ,p ,a ) = 1 +  (a  | p | —l ) r  if 0 < r < p  (3.87)

I p I otherwise

Other limiters, such as the v a n  L e e r  limiter (2.80) and S u p e r b e e  limiter (2.81) can be 
translated in a similar fashion. Note that in the original m i n m o d  limiter (2.79), second 
order accuracy was always achieved when r «  1; however when P  < 1, i.e a  >  1 (a 
compression wave) this is not always the case in (3.87).

3 .4 .2  T V D  L im ite r  F u n c tio n s  fo r  th e  W a rm in g -B e a m  C o m p o n e n t

In this section, t v d  limiter functions are developed for the Warming-Beam component of 
the w a f - d 2  scheme. In the derivation, it is assumed tha t all wavespeeds are of the same 
sign.

C ase  (i): All wavespeeds are positive.

The t v d  analysis will be performed on the conservative scheme

.»+i — *,n ^
XT [ /« ■ * - * - * ]  <3-88)
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with
f i+L = fi  -  2<Ai+| ( / i  -  f i - i )  (3.89)

The stability region for (3.88), (3.89) is assumed to be Vmax < 2. Limiter functions are only 
developed for the case 1 < vmax < 2 here, since the scheme developed in the last section 
uses (3.89) only under this restriction. When combined with the regions derived in §3.4.1 
they will provide t v d  regions for the scheme (3.8), (3.29)—(3.32) whenever vmax < 2.

The condition used to develop limiter functions in §3.4.1 for the w a f  scheme were 
derived from H arten’s theorem [22] (Theorem 8) , as discussed in Chapter 2. The theorem 
concerns only three point centred schemes, such as the Lax-Wendroff scheme. To derive a 
t v d  conditon for three-point, one-sided schemes, such as (3.88), (3.89), a new theorem is 
needed.

T h eo re m  9 Suppose u is a mesh function that is either periodic or o f compact support. 
Any scheme on u that can be written in the form

< +1 = n U  -  C , -  u U )  +  -  < - i )  (3-90)

is t v d  provided

C,+ i > 0  Di + i > 0 C;+| + Di+i < 1 Vi (3.91)

P ro o f. This proof is very similar to the proof of H arten’s theorem. Subtract (3.90) 
at rfrom  (3.90) at i +  1 to get:

+ (3-92)

Conditions (3.91) are exactly the conditions needed for the coefficients of jumps u^+k+1 —
Ui+k in (3.92) to be non-negative. Taking the absolute value of (3.93) and using the
triangle inequality gives:

| < +1 -  <  | < D i + i  | < +1 -  <  | +(1 -  C ._ , -  D {_ j )  I <  -  u U  |
(3.93)

+ c {_ f  I -  U?_2 I

Recall tha t the Total Variation of a mesh function u a t time level n is defined as

T V ( u n) =  £ K + 1 - « ? |  (3.94)
i

Summing (3.93) over i , assuming u to be periodic or of compact support and using (3.91) 
gives

t v (u"+1) < +
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+  £ < ? ;_ !  K _1 I (3.95)
i

= £ i « + i - < ) i  =  i ,n ^ )
%

This completes the proof of the theorem.

Following directly from Theorem 9 is the Corollary:

C o ro lla ry  3 Any scheme written in the form

< +1 = < _ 1 - C j ( < _ 1 - « ? - 2) (3.96)

is t v d  provided
— n™

o < CI- = - i  - p i < l  (3.97)
U;i—2 1

P ro o f. Set -D;_i =  0 in Theorem 9, write C ^ s  as C; and rearrange.

Note tha t condition (3.97) can be obtained from the data compatibility relation (2.44) 
by setting K  — 1.

Condition (3.97) is the condition tha t can be used to derive a t v d  version of the scheme 
(3.88), (3.89). From (3.89):

/,-+! -  =  -  ( ^ i + i  -  i )  ( f i  -  f i - 1) +  ^ , _ | ( / i - i  -  f i - i )  (3.98)

As in §3.4.1, the analysis is simplified by approximating each wavespeed Ai+i  as the speed
given by the Rankine-Hugoniot condition, i.e set:

V 1 =  -fa-1 ~  Vi (3.99)
*+2 u i+1 - u ;  V

From (3.98) and (3.99):

f i+l  -  f - L  =  -A ;_ | ( iV ’.+ l -  l )  (m{ -  « i- l )  +  V’.-^ M i- i -  « i-2) (3.100)

Substituting (3.100) into the conservative formula (3.8) gives the scheme in full as:

«?-, +  ( l  -  i ' i - l  +  | ^ i - i  f i + i )  «  -  « $ _ , )M?+1

(3.101)

-  < _ 2)
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Therefore
Q  =  \ v {_ 3 V’.-.i -  (1 -  v{_ i  +  i i /-_i ^,-+1) — “ 2 2 2 \  2 2 2

where the flow parameter r- \ is defined by (3.69), i.e as:

Aupw'U U{—i Ui—2r- i = —------ = -----------------
2 A/0CW U; -  Wi-l

Set
L < i>. i  < u  1 2

Since za 3 > 0, this gives the minimum value Cmin of Ci as:

Cmin —  ̂ ^i— — n^i— — ̂ i+ — )2 2 \  2 2 2 2 y  7* •_l_

and the maximum value Cmax as:

C m a x  =  3 ?7 — ( l  — V ;  1 +  — V :  1 1 ) ------- --
m a x  2  t _ _  ^  2* 2 2 "t" 2 y r-_i

% 2

For the scheme to be t v d , it is necessary to have Cmin > 0  and Cmax < 1. Since z a  

Cmin > 0 if and only if

$i+\

where

< ——  (zA_i -  1)— -  + OL{_l.L r{_ i  v - \  2 r - i 2
1 2  1 2 * 2

ZA 3
• ' u p w  

V l o c  V i - h

This is satisfied if and only if:

' V’i+ i < i r T ( vi - i  -  J ) +  a i - l L ri - i  if ri-k  >  0

V’i+ l > -  !) +  a i - \ L r i - \  if ri - \  < 0

Since za i. > 0, Cma;P < 1 if and only if2

—  > —  ( n - ! - - 1)—  +  —r;_ i  » r ,_I  \  *.»

This is satisfied if and only if:

i>i+i > -  1) +  (<*,•_ j P  -  j j ^ )  r,._j if r ,_ i  > 0

V>i+l  < i ( ^ - |  -  1) +  ( “ i - #  -  j £ j )  ' i - J  if ri~ i < 0

(3.102)

(3.103)

(3.104)

(3.105)

(3.106)

_ i  >  0,2

(3.107)

(3.108)

(3.109)

(3.110)

(3.111)
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The t v d  region for the positive wavespeed case can be summarized as follows. If L < 
i )i+± < U then the scheme is t v d  provided:

~— (^i-L  -  1) +  [  —  I r-_i < ^ i+i < — -  1) +  a-_i .Tr ._i  (3.112)
P -  \  2 1 2  I  2 2 I / - _ l  2 * 2 * 2
* 2 \  % 2 /  1 2

if r  • i > 0  and:
*“ 2

— (^-_i  -  1) +  ck- _ i Tr-_i  < ^ .+ i  < ——  (*/._i -  1) +  I a ^ i U  —  ) r f_i  (3.113)
p .  1 2 /  2 * 2  2 J / .  1 2 /  \  2 P-  1 I 2
1 2 1 2 \  1 2 J

if r- i < 0 .Z~2

C ase (ii): All wavespeeds are negative.

In this case, the stencil for the Warming-Beam scheme consists of the three points i,
i +  1 and i +  2. Theorem 9 is replaced by

T h e o re m  10 Suppose u is a mesh function that is either periodic or o f compact support.
Any scheme on u that can be written in the form

< +1 = < + i - C i+ |W + a - < )  + JDi+| « +2- « ? +1) (3.114)

is t v d  provided

C i + i >  0 D i + i  >  0 . . +  D i + i  < 1 Vi (3.115)

P ro o f. This proof is very similar to the proof of Theorem 9. Subtract (3.114) at i — 1 
from (3.114) at i and continue as before.

Following directly from Theorem 10 is the Corollary:

C o ro lla ry  4 Any scheme written in the form

«"+1 =  <+i + A « +  2 -  < + ,)  (3.116)

is t v d  provided
— ? iV-

0 < D i  = < 1 (3.117)
K+2 ~ Ui+1
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P ro o f. Set Ci+i  =  0 in Theorem 10, write D i+|  as Di and rearrange.

Note that condition (3.117) can be derived from the data compatibility relations (2.44) 
by setting K  — — 2 .  Condition (3.117) is the condition tha t can be used to derive a t v d  

version of the Warming-Beam scheme when the wavespeeds are negative. In this case the 
intercell flux is:

f i+1 =  f i+1 -  - ^ i+i(fi+2 ~  fi+ i) (3.118)

Set L < V’i+ i • sgn(z/i+i )  < U. t v d  regions for then follow in a similar fashion to 
the derivation in Case (i).

S u m m ary

The t v d  regions for both of the above cases can be summarized as follows. A general 
t v d  region for the limiter ij) = i>(v, r , a ) can be defined as follows. Set

L < i ) < U  (3.119)

and take
■(I v | -1 )  +  ( a U  -  j y H  r < < -j— r(| p \ - 1) + aLr  (3.120)

I v
if r > 0 and:

if r < 0. If ui+i > 0 take

—(| v | —1) +  aL r < if) < y ~ j( l v I —1) +  (oU  ~ r (3.121)

4>i+i  = (3.122)

and if i/-,i < 0 take 
1 + 0

ipi+L = -^{Vi+% ,ri+%,a i+ l) (3.123)

D esign  o f  lim ite r  functions

Limiter functions will now be designed within the region (3.119), (3.120), (3.121). The 
first step is to set the upper and lower limits U and L. A suitable upper limit is the 
constant limiter for the first order scheme, i.e set U =  jjjj-(| v  | —1). The lower limit 
is arbitrary, provided L  < | v | — 1 so that second order accuracy is allowed under some 
circumstances. The choice L =  0 is taken here. The t v d  region (3.119), (3.120), (3.121) 
becomes

0 < $  <  -j— r(| v | - 1 )  (3.124)
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A ( M - 1) + A ( « ( l  "  I - 1) -  1) r  <  f  <  A ( l  " 1 - 1) (3-125)

if r > 0 and:
_ 1 ) (3.126)

if r < 0. See Fig. 3.3. Note that the choice of L and U combined with (3.121) force the 
scheme to first order when r  < 0 .

The strategy for designing limiter functions in the region is to  first set a  = 1 in (3.124), 
(3.125), (3.126) and design limiters in the resulting region. These can be translated into
functions within the region (3.124), (3.125), (3.126) by comparing slopes of the left-hand
side boundary for r  > 0, as in the case of the limiters for the Lax-Wendroff component. 
In this case the stretching parameter is:

= « ( M - 1 ) - 1  (3.127)
I v I —2

As an example, a limiter function analogous to the m i n m o d -type limiter (2.79) is

lJ f (k  I - 1) if r < 0

J7[(l v  I _ 1 ) +  R d  v I “ 1)(Q!(I v  I _ 1 ) “  l )r i f O < r < J  (3.128)

I v  I — 1 otherwise

-0 (r, is, a) =  <

3.5 E xtension to  Non-Linear System s

The extension of the w a f - d 2  scheme to nonlinear systems is very simple. The situation 
is illustrated in Fig. 3.4.

To obtain the intercell flux F i+i , first integrate the solution of the Riemann problem
at boundary i +  taking into account the fact tha t some of the waves may now have 
Courant numbers greater than one and therefore will not intersect the integration domain. 
To stabilize the scheme, extra terms for waves from the Riemann problems at i — \  and 
% +  |  must then be added into the flux. As in the case of the w a f  scheme, rarefaction 
waves tha t are not sonic are represented as single ray waves, with speed taken as the speed 
of the head of the rarefaction. The same procedure is also taken for sonic rarefactions. 
Linear superposition of waves is also assumed.

The integration of the solution of the central Riemann problem at i-\- \  a t time t = 
results in the flux AT+l

F f+i =  E  (3.129)
&=1

where
=  i ( ^ \  (3.130)
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TVD region

+ iJr(«(l H - i )  - 1)

0 r

Figure 3.3: TVD region for the Warming Beam scheme when 1 < u < 2.
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% o - \ A x i +  \ + \A x i +  2

Figure 3.4: The integration for the w a f - d 2  scheme on systems of equations.

with

4 + 1  =  m i n  { l  4 + 1  | , l )

41=-1 411) = 1
Note that the flux (3.129) can be written as

N

Ff+ | =  i ( F ;  +  F i+ i) -  \  £  4 1 A P 1 1
k=1

(3.131)

(3.132)

(3.133)

where A F {k\  = F (H 1} -  F %  .2+2 *+2 ^+2

Now consider the contribution from the Riemann problem at i — From the case of 
the scalar equation (3.15) in §3.3, it can be seen by generalizing (3.21), (3.22) tha t each 
wave k tha t intersects A B  contributes

\{k) (3.134)

The waves that do not intersect A B  make no contribution. Thus the to tal contribution 
from the left is:

k=1
with

i>(k\  r =2+J,L

v\k\  1 - 1  if v\k\  > 1 
*“ 2 Z"2

otherwise

(3.135)

(3.136)
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Now consider the contribution from the Riemann problem at i +  | .  From the case 
of the scalar equation (3.15) in §3.3, it can be seen tha t each wave k tha t intersects A B  
contributes ^

- ( |  I _ i )a f « (3.137)

The waves tha t do not intersect A B  make no contribution. Thus the to tal contribution 
from the right is:

1 N
v R a f (A:)

i+h  2  “k=1
with

- ( k E l - l )

(3.138)

(3.139)
0 otherwise

The intercell flux is now completely determined, as:

F- . i  = + F f , !  + F ^ i*+2 *+o (3.140)

which can be written in full as
N

F;+| = 5(P, + P w ) -  |
A?—1 Jc—1 fc—1

N

E
k=i

where V,- t i  /-? ftV i  an(i d are defined as in (3.131),(3.136) and (3.139). This is ourXk) Xk)
(3.141)

i+~,L *’+;
final intercell flux. On the linear advection equation, it reduces to the Lax-Wendroff flux for 
| |<  1, and the Warming-Beam flux for | v |6  [1,2], and thus has an overall linear stability
condition of | v  |<  2 . On non-linear systems, it provides a scheme tha t automatically 
switches between Lax-Wendroff and Warming-Beam components as the wave structures 
dictate. For a t v d  scheme take

i (k\ , *+2’

4>{k\

^  E? t+T£,R

, a!* i ) if > 1

0 otherwise

i ' + i i + i *+L 

otherwise

“ .•+*) if < _1

0

3+:

otherwise

(3.142)

(3.143)

(3.144)

where ^  and are t v d  limiter functions introduced in §3.4. All tha t is left is to find 
solutions (approximate or exact) to the Riemann problems at intercell boundaries. These
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can be provided by any of the well-known Riemann solvers, such as the exact solvers of 
Gottlieb and Groth [20], Toro [61] or Pike [40], or approximate solvers such as those of 
Roe [43], Harten, Lax and van Leer [21] or Toro [64].

3.6 N um erical Experim ents

The waf-d2 scheme has been tested under various conditions, and selected numerical 
results are now presented. The MiNMOD-type limiter functions (3.87),(3.128) are used 
throughout.

To confirm both the derivation of the scheme in §3.3 and the t v d  analysis in §3.4, 
results are first presented for the one dimensional inviscid Burgers equation

ut + f ( u ) x = 0 f ( u)  = ^ u 2 (3.145)

The computational domain is taken as the unit interval x G [0,1] divided into 100 cells. 
The initial conditions are taken as

u = 1.0 if x < 0.2 
■ < (3.146)

u = 0.0 otherwise

and results are taken at time t =  1.0. The boundary conditions used are transmissive. Re­
sults are shown in Fig. 3.5 when vmax =  0 .8 ,1.2 , 1.6 ,2.0. Symbols represent the numerical 
solution, and the solid line represents the exact solution to the problem. Note tha t when 
vmax =  2.0 the scheme reproduces the exact solution.

Results are now presented for the Euler equations of Gas Dynamics. In all calculations, 
Riemann solver adaption of Toro [64] has been used, between the exact and linearized 
solvers discussed in tha t paper. Consider first the one dimensional Euler equations:

p pu
pu + pu2 +  P = 0 (3.147)
E

t
_ u(E  + p) _

X

where p is the density, u is the velocity, p is the pressure, E  =  \p u 2 +  is the total 
energy and 7 is the ratio of specific heats, taken as 7 =  1.4 here. The computational 
domain used is the interval x G [0,1] divided into 100 cells. Initial conditions consist of 
two constant states, left (L) and right (R):

PL =  1.0 pr  = 0.125

ur =  0.0 Ur =  0.0 (3.148)

PL =  1.0 PR = 0.1
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separated by a discontinuity at x =  0.5, and transmissive boundary conditions are used. 
This problem was first introduced by Sod [49]. Output is taken at time t = 0.5. Results 
taken with vmax — 0.8,1.2,1.6,2.0 are shown in Figures 3.6, 3.7, 3.8 and 3.9 respectively. 
As before, symbols represent numerical solutions, and solid lines represent the exact solu­
tion. Note the appearance of oscillations behind the shock wave when vmax > 1- They are 
particularly noticeable for the internal energy when vmax is just higher than one (see Fig. 
3.7). For higher values of vmax they are of the order of 1% of shock height in amplitude. 
Fig 3.10 shows the case umax =  1.2 when the first order scheme is used everywhere. The 
shock still suffers from oscillatory behaviour, and therefore the oscillations are not neces­
sarily due to a fault in the mechanism for keeping the scheme t v d . The oscillations are 
probably due to the assumption of linear interaction of waves, which will be inaccurate 
for shock waves.

The second test for the scheme on the one dimensional Euler equations is the blast 
wave problem of Woodard and Colella [82]. The computational domain is again taken as 
the interval x E [0,1], now divided into 3000 cells. The initial conditions for this problem 
consist of three constant states left (L), middle (M) and right (R):

PL =  1.0 pm  =  1.0 Pr  =  1.0

u l  — 0.0 u m  = 0.0 u r  = 0.0 (3.149)

pL =  1 0 3  pM =  1 0 “ 2 p r  =  1 0 2

separated by discontinuities at x = 0.1 and x = 0.9. Reflective boundary conditions are
used. There is no known exact solution to this problem; for reference solutions see the 
Woodard and Colella review paper [82]. Numerical results at time t = 0.028 for w a f  and 
w a f - d 2  are shown in Figures 3.10 and 3.11 respectively. The equivalent results at time 
t = 0.038 are shown in Figures 3.12 and 3.13.

To illustrate the usefulness of the scheme in more than one space dimension, results 
are now presented for the two dimensional Euler equations:

p pu pv
pu

+
pu2 +  p

+
puv
2 ipv puv pvz +  p

E t _ u(E  + p) _ X _ v(E  +  p) _

where u and v are the x and y components of velocity, and the total energy is now given by 
E  = \p (u 2 -f v2) +  The one dimensional scheme presented in this chapter is extended 
to solve these equations via first order operator splitting as described in Chapter 2 , so the 
resulting two dimensional scheme is first order accurate in time and second order accurate 
in space.

Results of the reflection of shock waves over inclined ramps are presented. Such prob­
lems are classified by two parameters: the angle between the ramp and the direction of
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propagation of the incident shock and the incident shock Mach number

M s  =  —  (3.151)
UR

where S  is the speed of the shock and a,R is the sound speed ahead of the shock. Two 
main types of reflection are possible: Regular Reflection ( r r )  and Mach Reflection ( m r ) .  

In Regular Reflection, two shock waves exist in the solution, the incident shock and a 
reflected shock, which meet at some point on the ramp. In Mach Reflection, the incident 
shock and a reflected shock meet at some point in the interior of the flow away from the 
boundary. This point is called the Triple Point, and is ’connected’ to the ramp by a third 
shock wave called the Mach Stem. A slip line extends from the Triple Point into the 
region of smooth flow between the Mach Stem and reflected shock. Various types of Mach 
Reflection are possible. If the reflection is exactly as discussed above, it is called Single 
Mach Reflection ( s m r ) ;  Complex Mach Reflection ( c m r )  is the same as s m r , except with 
a kink in the reflected shock; Double Mach Reflection ( d m r )  is the same as c m r , except 
a second Mach Stem appears between the kink in the reflected shock and the slip line. A 
full discussion of the theory behind shock reflection can be found in the book by Ben-Dor 
[3]. A detailed study of these problems can also be found in the report by Glaz et. al.
[15]-

Two examples of Mach Reflection will be considered here. In both cases, the ramp 
angle will be 25 degrees and a grid of 420 X 280 cells contained within a box of dimensions 
0.7 x 0.4 is used, with the ramp starting at x = 0.25. A course version of this grid is shown 
in Fig. 3.15. In each case, results for the w a f  and w a f - d 2  scheme will be compared. The 
calculations were performed on a DEC 3000 AXP Model 400-400F workstation.

Fig. 3.16 shows the results when the incident shock wave has Mach number M s = 1.7. 
This results in Single Mach Reflection. Fig. 3.16a shows the density profile given by the 
w a f  scheme run with vmax =  0.8. The c p u  time for this calculation was 239 minutes, 
26.7 seconds. Fig. 3.16b shows the density profile computed by the w a f - d 2  scheme with 
vmax — 1.8. The c p u  time for this calculation was 130 minutes, 33.7 seconds — a saving 
of «  45% over the w a f  computation. The results are virtually identical, except for the 
oscillations produced by the w a f - d 2  scheme between the reflected shock and the solid wall. 
This is simply a manifestation of the oscillations observed earlier in the one-dimensional 
case. Fig. 3.16c shows a picture of an experimental data for this shock reflection, for 
which the author is indebted to Professor Takayama of Tohoku University, Sendai, Japan.

Fig. 3.17 shows the results when the incident shock wave has Mach number M s =  8.75. 
This results in a Double Mach Reflection. Fig. 3.17a shows the density profile from 
the w a f  scheme with vmax =  0.8, which took a c p u  time of 356 minutes, 23.8 seconds 
to compute. Fig. 3.17b shows the density profile given by the w a f - d 2  scheme with 
vmax — 1.8, which took a c p u  time of 189 minutes, 17.8 seconds — a saving of «  47% 
over w a f . The results are virtually identical, and compare well with the equivalent result 
in the report by Glaz et. al. [15].

In the thesis by Fraser [12] a comparision of the w a f  scheme with the Richtmyer two- 
step Lax-Wendroff method (see the book by Hirsch [25]), an artificial viscosity method,
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was presented. In a comparison of Sod’s problem, the w a f  scheme was shown to cost 
approximately twice as much as the Richtmyer scheme. Timings in [64] indicate that if 
Riemann solver adaption is used in w a f , as has been done here, then the computational 
saving is almost 50% over w a f  with exact Riemann solver everywhere; the experiments in 
this paper indicate that w a f - d 2  is approximately 50% cheaper than w a f . Thus w a f - d 2  

with Riemann-solver adaption can be expected to  be competitive with traditional artificial 
viscosity methods such as the Richtmyer scheme.

3.7 Conclusions

In this chapter, a conservative, large timestep wAF-type scheme for one dimensional con­
servation laws with linear stability limit of vmax <  2 has been presented. The scheme 
is essentially a unified extension of the Warming-Beam and Lax-Wendroff schemes with 
intercell fluxes based on solutions to Riemann problems at intercell boundaries. Wave 
interactions due to Courant numbers greater than unity are treated linearly. On scalar 
equations, the scheme is strictly t v d . The scheme can be extended to two or three space 
dimensions via space operator splitting. It has been tested sucessfully on two dimensional 
shock reflection problems, where savings in c p u  time of 45% over the original w a f  scheme 
were observed.
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(a) Courant number coefficient: 0.8 (b) Courant number coefficient: 1.2
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Figure 3.5: Results from the w a f - d 2  scheme applied t o  the inviscid Burgers equation.
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Figure 3.6: Results from the w a f - d 2 scheme applied to Sod’s problem. A Courant number 
coefficient of 0.8 was used. In this case the scheme reduces to the original w a f  scheme. 
The limiter (3.89) was used.

66



PR
ES

SU
R

E 
D

EN
SI

TY

0.8 -

0 .4 -

0 2 -

1.00.80.4 0.60.20.0

1.0-1

0 .8 -

LU 04“ 
>

0 .2 -

0.0
1.00.80.60.40.20.0

POSITION POSITION

1.0

0.6 -

0 .4 -

0 2 -

100.80 4 0 60 200

2.8 -

LLI 2 .4 -

2.2 -

111 ™, 2.0-

1.8 -

1.00.80.60.40 20.0

POSITION POSITION
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Figure 3.15: An illustration of the type of grid used in the shock reflection problems.
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(a) Result from the w a f  scheme using the lim iter (3.89). A Courant number coef f ic i ent

of 0.8 was used.

(b) Result from the w a f - d 2 scheme using the lim iters (3.89) and (3.128). A C ouiant
number coefficient of 1.8 was used.

(c) Experimental result, courtesy of Professor Takayama of Tohoku University, Sendai,
Japan.

Figure 3.16: Computed density profiles and an experimental result for the reflection of a 
Mach 1.7 shock over a 25 degree wedge.
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(a) Result from the w a f  scheme using the lim iter (3.89). A Courant num ber coefficient
of 0.8 was used.

(b) Result from the w a f - d 2 scheme using the lim iters (3.89) and (3.128). A Courant
number coefficient of 1.8 was used.

Figure 3.17: Computed density profiles for the reflection of a Mach 8.75 shock over a 25 
degree wedge.



Chapter 4

A R iem ann-Problem  based  
extension o f the W arm ing-Beam  
schem e

4.1 Introduction

The aim of this Chapter is to introduce a t v d ,  Riemann-Problem based extension of 
the Warming-Beam scheme to non-linear systems of hyperbolic conservation laws in one 
space dimension, without resorting to the Lax-Wendroff scheme for low Courant numbers, 
as is done for the w a f - d 2 scheme presented in the last Chapter. The first step will be 
to derive a t v d  version of the Warming Beam scheme on scalar equations. The t v d  

analysis for | v |E [1,2] has been presented in §3.4.2. The analysis for | v |E [0,1] will be 
presented here, which, when combined with the analysis in §3.4.2, gives a t v d  version of 
the Warming-Beam scheme for all | v  |E [0,2]. The extension of this scheme to non-linear 
systems of equations will then be discussed. It will be shown that in regions of supersonic 
flow the update from one timelevel to  the next using this extension depends only on locally 
upwind information — no downwind information is used. For certain Mach numbers, the 
w a f - d 2  scheme developed in Chapter 3 does not have this property. There are, however, 
at least two reasons why this should be desirable. Firstly, from a physical point of view, 
this is what should happen: for any given point in supersonic flow, information comes only 
from upstream. Any scheme that uses downwind information in the update of supersonic 
flow will allow the possibility of information propagating upstream, thus providing an 
unnecessary source of error. From a purely numerical point of view, it has been shown 
tha t one-sided schemes such as the Warming-Beam scheme have larger stability bounds 
and lower phase errors than centred schemes, such as the Lax-Wendroff scheme. See, for 
example, Warming-Beam paper [80]. The w a f - d 2  scheme takes advantage of the large 
stability bound of the Warming-Beam scheme, but will, at least in certain circumstances, 
lose the low phase error property because the Lax-Wendroff scheme is used for certain 
Courant numbers.
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In [73], van Leer noted, that Fromm’s scheme [13] is the arithmetic average of the 
Lax-Wendroff and Warming-Beam schemes (note tha t van Leer’s paper [73] preceded the 
Warming-Beam paper [80] by two years, so van Leer does not refer to the scheme by that 
name). He used this fact to average ’monotonic’, but non-conservative, versions of the two 
schemes to obtain a ’monotonic’, conservative version of the Fromm scheme. His criteria 
for monotonicity were, in fact, conditions (2.57), (2.59) used here to ensure a scheme 
is t v d . The t v d  version of the Warming-Beam scheme used here will be conservative, 
but have a four point stencil in regions of high gradient, rather than the three points of 
van Leer’s scheme. A weighted average of this scheme with the w a f  scheme discussed in 
Chapter 2  will be used to obtain a one param eter class of t v d  schemes that includes a 
version of Fromm’s scheme. Note tha t the two schemes averaged here will be conservative, 
and as a result all the schemes in this class will be conservative.

The rest of this Chapter is set out as follows. In §4.2, the t v d  analysis for the Warming- 
Beam scheme when v G [0,1] is presented. In §4.3, the t v d  version of Warming-Beam 
scheme is extended systems of conservation laws. In §4.4, the one-parameter class of t v d  

schemes is introduced. Some numerical experiments are presented in §4.5 and the chapter 
is concluded in §4.6.

4.2 T V D  Analysis for the W arm ing-Beam  Scheme

A t v d  analysis is now performed for the Warming-Beam scheme when | v  |G [0,1]. In 
§3.4.2 the analysis was performed for the case | v |G [1,2], so the work here completes the 
construction of a t v d  version of the scheme for the whole of | v |G [0,2].

As in §3.4.2, the analysis is performed on the scalar conservation law

ut +  f ( u ) x =  0 (4.1)

where f ( u ) is any function of u , not necessarily linear. The scheme is studied in conser­
vation form

«"+1 = <  -  ^  [/i+ i -  / i - i ]  (4-2)

Consider first the case where the wavespeeds from Riemann problems at intercell 
boundaries are always positive. In this case, from §3.3, the Warming-Beam scheme has 
intercell flux

f i + L =  Si -  ^ i - 1  - ! ) ( / ; - / , •  - i )  (4.3)

As in Chapter 3, introduce a flux limiter ^ , i by taking:'2

f i + 1 =  f i  ~  ~  f i - 1) (4-4)

Note tha t when — 1 the Warming-Beam flux is reproduced, and thus the
scheme is second order accurate in space and time; when V’t+ i =  0? (4-4) reproduces
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Godunov’s intercell flux and the resulting scheme is first order accurate and monotonic. 
To obtain the full scheme, it is necessary to substitute (4.4) into the conservative formula 
(4.2). From (4.4):

f i+i -  =  | ( 2  -  #,•+!)(/.• -  f i - 1) +  iV ’i- l t / i -X  -  f i - t )  (4.5)

Assume that the Rankine Hugoniot conditions hold across boundary i +  i.e:

f i + i ~ f i  =  ai+ i  « + i - < )  (4.6)

Tlms i  i
f i + L -  =  2 « i - i ( 2 -  V’i + p W  -  < - i )  +  W -1  -  < - 2) (4.7)

Hence from (4.2):

«?+1 =  <  -  ~  -  «”- i )  -  -  < - 2) (4-8)

The aim here is to find limits on the functions tf);, i such tha t the t v d  condition

_  u n
0 <<?,-< < 1 (4.9)

< _ i -  <

always holds. From (4.8):

Y _
”  2 " '_ 2C; =  iU _ i(2  -  Vi+i) +  iU -lV -.'-jL r.-i (4.10)

where
A u p ^ t t  _  < _ i ~  < - 2 /4 n s

*’- 5  A / 0CU  <  - V • ;

is the flow parameter for boundary i — \  and is the ratio of the upwind jump A upwu in u 
to the local jump Aiocu in u. Set lower and upper limits on as:

L < i f ) i + i < U  (4.12)

This gives a minimum value Cm{n of C{ as:

Crain =  ii/i_ i ( 2 - J l )  +  i i / i_|V>i_ i r i_ i  (4.13)

and a maximum value Cmax of C{ as:

Cmax — 2 ^ '- 1 — L) 4* 2 (4T4)

For the scheme to be t v d , regions for \ must be found such that Cmin > 0 and
Cmax < 1. Since is assumed positive here, Cmin > 0 if and only if

. ^ • _ i r , . _ i > - l - ( t l - 2 )  (4.15)
2 2 OL; 12*
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where
v, K 3 

u p w    20L{_ I =
2 Woe Vi-L 1 2

(4.16)

is the ratio of upwind Courant number to local Courant number. This is the compression 
param eter introduced in Chapter 3. If r- i > 0 (4.15) gives

and if r - i  < 0 (4.15) gives

V’i - I  > — (U -  2)—
2

V>,_i < —  ( U  -  2 )—
2

Since v- 3 > 0 , Cma;r < 1 if and only if

(4 .17 )

(4.18)

•(2 - X ) (4.19)

So if r- i > 0:

and if r - , i  < 0 :
* T  o

^  3 a- i *"2 %~2
■ (2 -1 )

V ;  3 l2 2
■(2 -  L)

(4.20)

(4.21)

The t v d  analysis for the case ai + 1  > 0 for all i is now complete. In the case ai+1 < 0 for
all i the intercell fluxes are taken as:

f i+ L  =  /*+i -  2^i+ |(/*+2 -  f i + l ) (4.22)

with second order accuracy in space and time when =  ^(| | —1). The t v d

condition in this case is:
UV'+1 —un

o < D i < - ^ --------± - < 1  (4.23)
«?+i ~ <

The restriction (4.12) is replaced by

L  <  * sgn(^-_i) < U  (4.24)

and the analysis follows as before. Both cases can be summarized as follows.
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Sum m ary

Assume

and define

L < ^-+ i  • sgn(i/t.+i )  < U 

1
*i+h = ri+i

(4.25)

(4.26)

This is the ’smoothness param eter’ used by van Leer [73]. Define also the compression 
parameter

(4.27)' u p w

where vupw is the upwind Courant number

V; 1 l i  V;y l  >  0

V u p w  —

i+k -

v; , 3 otherwise*+ o

The scheme is t v d  under the following conditions. If s ^ i  > 0 then

(U -  2)si+h < ipi+1 • sgn(i/-+ i )  <
I Vupw I

(2 - X ) si+\

and if s^  i < 0 then 2

Z'upw | a i+ L
(2 - £ ) s i+i  < V’i+ i • sgnC^+L) < — i U  ~  2H + !

i+k

If « i+i  <  0 set V>,.+ i  =  0 .

D esign  o f lim iter functions

(4.28)

(4.29)

(4.30)

A specific limiter function ip = ipi+i ( r i+i ,  a i+i ,  i/UpW) needs to be chosen within the 
region (4.29), (4.30). An infinite number are, of course, possible. One is selected here for 
use in numerical experiments later.

The first step in designing a limiter is to choose upper and lower limits U and L. These 
are restricted by the fact that it is necessary for some t v d  ip to exist for every value of 
s i+i .  This amounts to constraints on the slopes of the left and right hand sides in (4.29). 
The slope of the left hand side must be kept negative, i.e:

{U  -  2) < 0 (4.31)
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Figure 4.1: TVD region for the Warming Beam scheme when 0 < vmax < 1.
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The t v d  region is only used when the local and upwind Courant numbers are of the same 
sign, i.e. a i+i > 0. Thus (4.31) implies

U <  2

Since there is no need to be more dissipative than Godunov’s scheme, set

U =  0

(4.32)

(4.33)

here. The lower limit L  is constrained by the fact that the right hand slope in (4.29) must 
be positive, i.e:

' u p w
(2 -  L) > 0

This gives a limit on L  as:

' u p w

Second order accuracy is required whenever possible, so ideally:

L — I vupw I 1

However (4.35) and (4.36) can only be mutually satisfied when

ĵ̂ .1 ^ 2 I ̂ upw I (̂  | Vupw |)

(4.34)

(4.35)

(4.36)

(4.37)

Thus take the lower limit as

L =
' u p w L if (4.37) holds

] ^ | ( l  vuvw | - a i+i )  otherwise

The t v d  region with limits (4.33), (4.38) is shown in Fig. 4.1.

The simplest possible limiter satisfying (4.29), (4.30) with limits (4.33), (4.38) is:

(4.38)

V-i+i =

f o if 5 i < 0 or a-, i < 0- i+k -

sf+imax —- —2-, L  otherwise
,+ 2

(4.39)

4.3 Extension to  System s o f Conservation Laws

In this section, a Riemann problem based extension of the Warming-Beam scheme to 
hyperbolic systems of conservation laws

U t +  F(TJ% = 0 (4.40)
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where U  is a vector of N  conserved variables and F (U ) is a vector-valued flux function is
considered. The scheme will be constructed in conservation form

U  n + i  =  m _ ^ 1
* A# F i+ i ~  F  • i . *+2 2 (4.41)

where V f  is the integral average of U  in cell i at timelevel n and F i+i  is an intercell flux. 
For the scalar case discussed in the last section, the intercell flux was taken as:

fi+h = <

f i  ~  ~ f i - i )  if ai+i_ > 0
(4.42)

k fi+i -  i^i+kUi+2 -  fi+ i) if flf+l < 0

where 4>i+L = ^ ( r i+i , a i+i ,u upw) for some limiter function if) from §4.2 such as (4.39) if 
I Vupw l< or i ’{f'upwjOiUpW,uupw) for some limiter function if) from §3.4.2 such as (3.128) 
if 1 < | vUpw |<  2. Here rupw and a upw are the upwind flow and compression parameters, 
defined in an analogous fashion to vupw in (4.28). For systems of equations (4.40), the flux
(4.42) can be interpreted as

F i+i  = F ' + r 1 -  I E  -  \  E  < 1 *  A Ft |  <4 '43)
k+ k—

Here f ( g o d ) is the intercell flux for Godunov’s scheme, i.e the flux evaluated on the 
time axis of the solution to the Riemann problem at boundary i +  j .  The ranges of

(k)parameters k±  have yet to be chosen, and the differences A F ^ \  are jumps across waves 
in the solution to Riemann problems. These jumps are weighted by limiter functions ^ + i,  
which are taken as in the scalar case and evaluated on data from the solutions to local 
Riemann problems, i.e the flow parameter is taken as

A (*0

T» i  =  T 5 T  (4-44)
+2 K l< i

for some variable q, and the compression parameter is taken as

(AO

Vlo c

For | Vwpw |<  1,' is taken from §4.2; for | uiPw |E [1, 2], ip will be taken from §3.4.2. The 
only m atter to be decided is which waves will be included in the summations in (4.43) and 
which will not. Since the t v d  analysis has been based on having all waves of the same 
sign, a sensible choice is to take

{&+} = f k  : > 0 and > o l  (4.46)
I t+2 1 2 J

and
{k—} =  < 0 and za+ |  < o |  (4.47)
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Note that this choice ensures the scheme is always one-sided in supersonic flow i.e when 
all wavespeeds are of the same sign. For example, for constant supersonic flow from left 
to right, all wavespeeds, and therefore local Courant numbers, are positive, and (4.47) is 
an empty set. The flux (4.43) therefore depends only on the Godunov flux at boundary 
i +  | ,  and the solution to the Riemann problem at the upwind boundary i — Thus 
no downwind information is included in the calculation of Ft-+ i . This is not the case for

unity. For the Euler Equations of Gas Dynamics (see Chapter 2), this can be formulated 
as a condition on the Mach number M  = u /a  as follows. In constant supersonic flow, the 
maximum Courant number is given by

Hence the stencil of the scheme for supersonic flow depends on the maximum Courant 
number used. As an example, if vmax is taken as 1.8 , a one-sided stencil is only used when 
M  > 3.5. For lower Mach numbers, a four point, upwind-centred stencil is used. A similar 
analysis can be performed for the Shallow Water equations given in Chapter 2 , using the 
Froude number F  =  u2/(f) instead of Mach number.

4  A  A  One-param eter Family of Second Order TV D  Schem es

Recall from Chapter 2  that the w a f  scheme for one dimensional systems of conservation 
laws (4.39) has intercell flux

the w a f - d 2  scheme of Chapter 3. Downwind information in the solution of the Riemann 
problem at boundary will only be discarded if all Courant numbers are greater than

m a x (4.48)

To avoid downwind information, it is necessary to have

(4.49)

Dividing (4.49) by (4.48) gives
u — a  ̂ 1u — a

(4.50)
m a x

This can be written as
(4.51)

M  +  1 v,m a x

Assuming vmax > 1 this becomes a condition on M  as:m a x

M  >
m a x

(4.52)

(4.53)
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"2

N

where 6. A are limiter functions. This flux can be written in the form

F , « , p ,; p _ . E ( A M  ) 4 p |„  (4S4)

fc = l

where the superscript (LW )  denotes the fact that this scheme reduces to  the Lax-Wendroff 
on the linear advection equation. Compare (4.54) with the intercell flux for the extension 
of the Warming-Beam scheme presented in §4.3:

■ C P  -  * s p <« • >

A general class of t v d  schemes can be constructed by taking a weighted average of the 
fluxes (4.54) and (4.55), i.e for some real number /3 take

*1+1 = +  (1 -  (4.56)

This can be written in full as:
N

k=l
(4.57)

-  5( 1 -  «  £  -  i ( !  -  f>)£

The scheme generated by this flux will be refered to as the /3-scheme. It will be assumed 
tha t the timestep A t  is chosen such that all Courant numbers are less than unity, since 
the w a f  scheme is only stable under this restriction. The limiters if) should be taken in 
the region discussed in §4.2; the limiters <f> should taken as in §3.4.1. For /3 =  1, (4.57) 
reduces to (4.54), and for /3 = 0 (4.57) reduces to (4.55). If /3 =  (4.57) gives a scheme
tha t is an extension of the Fromm scheme [13], at least in smooth regions of flow where 
the limiters have no effect. By using the conditions in Theorem 2, Chapter 2 it can be 
seen that the scheme reduces to a third order accurate scheme in smooth regions of flow 
on the linear advection equation if /3 = ^(2 — iq+ 1 ).

Note tha t /3-scheme is t v d  for any value of /3, at least on the scalar equations. Suppose 
tha t | u f } is the solution obtained by applying one timestep of the /3-scheme on the scalar 
equation with data {u;}. For all i,

= p J M  + (1 _  *> (4.58)

for all f, with the obvious meaning for u\LW  ̂ and u\WB\  Assume all wavespeeds are 
positive. Since (4.54) and (4.55) give t v d  schemes,

U { L W )  _
0 < -------------   < 1 (4.59)

y*i—1
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and
U<-WB) -  u;

0 <  —-----------1 < 1 (4.60)
—i  U{

From (4.58):

U'
U {— J tfj U {—1 i i j

(4.61)

So from (4.59) and (4.60):

=  + (1 -  /?) ( — ' .... ^ ) (4.62)
\  U i - 1 -  « f /  \  U i - 1 -  /

u W  - u -
0 < - -------— < /? 4- (1 -  /?) =  1 (4.63)

iii-i -  ^

Thus the /3-scheme is t v d  provided t v d  limiters </>, ^  are used in (4.57).

4.5 N um erical Experim ents

Numerical results are now presented for the Riemann problem based extension of the 
Warming-Beam scheme discussed in §4.3. To confirm the t v d  analysis of §4.2 and §3.4.2 
results are first presented for the one dimensional inviscid Burgers equation

ut + f ( u ) x = 0 f ( u ) = ^ u 2 (4.64)

The computational domain is divided into 100 computational cells, initial conditions are 
taken as

[ 1.0 if x < 0.2 
u(x, 0) =  < (4.65)

[ 0.0 otherwise

and results are taken at time t =  1.0. Boundary conditions are transmissive. Results are 
shown for maximum Courant numbers vmax of 0-4, 0.8,1.0,1.4, 1.8, 2.0. In Fig 4.2, results 
are shown with the second order scheme used everywhere, i.e all limiters ’turned off’. Note 
tha t the spurious oscillations run ahead of waves when vmax < 1, due to the leading phase 
error of the scheme. In Fig. 4.3, results are shown for the case when limiters (3.128) and 
(4.39) are used. They show the validity of the t v d  analysis. Note, however, tha t the exact 
solution is not obtained when vmax =  2, as is the case for the w a f d 2  scheme developed 
in Chapter 3 when applied to the inviscid Burger’s equation.

The rest of the results shown here are for the one-dimensional Euler equations of Gas 
Dynamics

P \  (  pu \
pu | +  
E

p u 2 +  JP
^ u(E  +  p) )

= 0 (4.66)



where p is the density, u is the velocity, p  is the pressure, E  = \p u 2 +  is the total 
energy and 7  =  1.4 is the ratio of specific heats. The computational domain is again 
taken as the interval x € [0,1] divided into 100 cells. Transmissive boundary conditions 
are used. Initial conditions are taken as left (L ) and right (R ) states

p L -  1-0 Pr  =  0.125

ul = 0.0 ur =  0.0 (4.67)

p L  =  1 . 0  p r  =  0 . 1

separated by a discontinuity at a; =  0.5. Output is taken at time t = 0.5. This is 
the problem introduced by Sod [49]. Figures (4.4) — (4.8) show results when second 
order accuracy is applied everywhere, with maximum Courant numbers of 0.4, 0 .8 , 1.2 , 
1 .6 , 2.0 respectively. Note that when the maximum Courant number is 2.0, no spurious 
oscillations appear near the rarefaction wave. This is because the Courant numbers of 
rarefaction waves in local Riemann problems in this region are close to  unity, so both 
leading and lagging phase errors are generated and mutually cancel. Figures (4.9) — 
(4.13) show results at the same Courant numbers when the limiters (3.128) and (4.39) are 
used. The scheme has also been tried on the blast wave problem of Woodard and Colella 
[82] (see Chapter 3). However, the scheme appears not to be robust enough to survive
this test. The problem seems to be that because of the leading phase error of the scheme
when v < 1, any small errors violating the t v d  condition are propagated ahead of the 
strong shock waves in this problem and into the region where the pressure is 10-2 . The 
oscillation therefore produces negative pressures and densities and the code then crashes. 
More work is needed to improve the robustness of this scheme. The extension of Fromm’s 
scheme and the third order scheme have not yet been tested numerically.

4.6 Conclusions

The Warming Beam scheme on the linear advection equation has been extended to produce 
a Riemann problem based, t v d  method for the solution of non-linear systems of hyperbolic 
conservation laws in one space dimension that is second order accurate in space and time 
in smooth flow and linearly stable up to a maximum Courant number of two. Numerical 
experiments indicate that it can be used for problems containing relatively weak shocks, 
but the scheme appears not to be robust enough when strong shocks are present in the 
solution.

A one-parameter class of Riemann problem based, t v d  schemes for non-linear systems 
tha t are second order accurate in smooth flow has also been suggested. It has been 
generated via weighted averages of the extension of the Warming-Beam scheme of §4.2 
and the w a f  scheme. On the linear advection equation, it contains a scheme tha t reduces 
to Fromm’s scheme in smooth flow and a scheme that is third order accurate in smooth 
flow, although these schemes have not yet been tested numerically.
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Figure 4.2: Results from the extension of the Warming Beam scheme applied to the inviscid 
Burgers equation with second order accuracy everywhere.
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Burgers equation using the limiters (3.1*28) and (4.39).

91



1.0

0 .8 -

0 .6 -

LJU
Q  0 4 -

0 .2 -

0.0-

1.00.6 0.80.0 0.2 0.4

POSITION

1 .0 - 1

0.8 -

0 .4 -

-0.2-

-0 .4 -

-0.6-

0.0 0.2 0.4 0.6 0.8 1.0

POSITION

oo3 .0 -

2 .0 -

1 .5 -

0.0 0 2 0 6 0.8 1.00.4

1.0

0.8 -

0 .6 -

0 2 -

00
1.00 2 0 6 0 80.0 0.4

POSITION POSITION

Figure 4.4: Results from the extension of the Warming Beam scheme applied to Sod’s 
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C hapter 5

M ultidim ensional W A F-Type  
Schem es for Linear A dvection

5.1 Introduction

In this chapter the w a p  approach in one space dimension, as discussed in Chapter 2, 
is extended to generate two and three dimensional finite volume schemes for the linear 
advection equation. The aim is to illustrate the approach rather than provide an exhaustive 
account of all possibilities. Therefore, after defining an intercell flux for the general case, 
the discussion will be restricted to regular, Cartesian grids, data will be assumed constant 
within each cell and only Courant numbers less than unity will be considered. Applications 
to curvilinear or unstructured grids are also possible, as well as m u s c l  type schemes where 
the data is reconstructed or sloped and ’large timestep’ schemes tha t are stable for Courant 
numbers are greater than unity, but these are not considered here. Schemes tha t can be 
generated from combinations of exact integration and the midpoint rule in space and time 
will be presented and their accuracy and stability will be discussed.

The chapter is organised as follows. In §5.2, some two dimensional schemes are derived 
and their accuracy is discussed. In §5.3 two three dimensional schemes are derived: one 
will be first order accurate and the other will be second order accurate in space and time. 
The stability of the schemes generated in §5.2 and §5.3 is then discussed in §5.4.

5.2 The W AF Approach in Two Space D im ensions

In two space dimensions the linear advection equation can be written in conservative form 
as

ut~\r fxJt9y  — 0 (5-1)

where f  = au and g =  bu are flux components, a and b are the speeds of propagation, 
assumed constant and positive here, and (a*, y) are the two space coordinates.
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Intercell boundary

Figure 5.1: The general integration range.

For a general two-dimensional grid (structured or unstructured), a w af  intercell flux 
gab  for some intercell boundary A B  can be defined as

i>f2
^AB =

I I ,
e • n  dx dy dt (5.2)

<2 - i i  V ( I ) j h

where I  is some space integration range in (x,y) ,  V ( I ) is the area of / ,  e =  (au,bu) is 
the general flux function and n is the unit outward facing vector normal to the intercell 
boundary AB.  See Fig. 5.1. The integrand in (5.2) is the component of flux perpendicular 
to the boundary A B  evaluated on the exact solution of the linear advection equation (5.1) 
with some initial conditions yet to be specified. The choice of these initial conditions, the 
grid to be used, the space integration range / ,  the time limits ti  and t<i and the method 
of integration used in space and time (e.g. exact integration, midpoint rule, etc) will 
determine the actual scheme.

Some schemes resulting from the general flux (5.2) on regular, Cartesian grids will be 
considered in detail here. Let Aa:, A y  be the mesh spacing and A t  be the timestep. The 
schemes will be generated in the two dimensional conservative form

^ n + l n . _  A t
i,3 ,̂3 A x

A t
A y

(5.3)
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where
u V ' . - . —i -— f  u ( x , y , t n)dxdy (5.4)

J A, ,h 3  A x  A y  J AitJ
is the integral average of u in cell at time level n and f i+1 ■ and g{j +1 are intercell
fluxes in the x and y directions respectively. When applied to Cartesian grids, the formula 
(5.2) gives intercell fluxes f i+Lj  in the ^-direction for the conservative form (5.3) as

f i+Lj = J^ f (u* (x ,y , t ) )dx  dy dt (5.5)

where u*(x,y, i )  is the exact solution to the initial value problem defined by (5.1) with 
initial data  now chosen to  be the data un at time level n kept piecewise constant within 
cells, i.e:

u*(x,y, t )  = un(x — a t , y — bt) (5-6)

The fluxes gi j +i in the ^/-direction are defined similarly. Define the directional Courant

numbers as vx =  a ^  and vy =  b ^ .  Time limits of t\  =  0 and t<i — A t  are taken here, 
where A t  is chosen such tha t vx < 1 and vy < 1. For the flux f i+ i  j  the space integration 
range I  is taken as:

n x[0,Ay]  (5.7)I  = 1  A  X A— A x ,  - A x
2 2

where, in local coordinates, x =  0 lies on the boundary and y — 0, y = A y  lie on the ends 
of the boundary. For the flux + 1 the obvious changes are made. See Fig. 5.2. Since a 
and b are assumed positive here, this choice of Courant numbers and integration range and 
the choice of piecewise constant data in cells restricts the number of states that influence 
f i+ to four: ufj ,  uf+1 j ,  u™j_i and These are laid out in the four quadrants of
a square and form the initial conditions of a two dimensional Riemann problem.

5 .2 .1  E x a c t in teg ra tio n  in  a ll D irec tio n s

Consider first the case of exact integration in time and both space directions in (5.5). 
Assume tha t vx < \  and vy < |  to restrict the number of waves entering the integration 
range. The evaluation of the integral (5.5) is, infact, not as hard as it might seem: the 
exact solution to the two dimensional Riemann problem for (5.1) is given by (5.6) for all 
times, with any states in the four quadrants. See Fig. 5.3. The point A\  moves to  the 
point A 2  and the point B  moves out of the integration range. At any given point (x , y ) 
in I  and at any t G th e flux function f ( u ) =  au can be calculated from (5.6). To
obtain the intercell flux, this flux function is integrated exactly through space and time. 
This gives the intercell flux / 2+l j  as:



Row j

A y

0

+ l A x

Column i 1 Column i +  1

(a) Space integration range for the fluxes f i+ i j .

Row j  + 1

Row j
A x

Column i

(b) Space integration range for the fluxes

Figure 5.2: The two-dimensional space integration ranges.
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where f i j  = f ( u f j )  =  auf j. The intercell fluxes gij +i  follow by symmetry as

9i,j+b 12
[6  +  6 v y  -  3 v x  -  4 v x v y ] g i , j  +  —  [6 — 6 v y  -  3 v x  +  4 v x v y ] g i , j + 1

12

1 1 
+  [ 3 v x  +  4 Vx Vy]  +  —  \&VX -  4:Vx Vy] (5.9)

where g^j = g{u™j) = bufj.  Substituting both f i+Lj  and into the conservative
formula (5.3) gives the full scheme as:

,n+ 1 _
id 1 -  v 2x  -  v 2 +  ~ v x v y { v x  +  Vy )

+ [®(uy “ 1) + ^ ( 3  -  4vy)\ < J+1

+ 12I/* t6( ^  ”  1) +  ^ ( 3  ~  4*/*)] < +1)i

+  ̂ ^ ( 4 ^  -  3 K + U - !  +  ^ ^ ( 4 ^  -  3) < _ ljj+1

+ l 2 Px I6^1 +  +  Al>x +

+  [6 +  4 ( v x  +  v y )]  i (5.10)

This scheme has an eight point stencil with both upwind and downwind components, as 
shown in Fig. 5.4. Note that when v x  = 0 or v y  = 0, the scheme reduces to the one 
dimensional Lax-Wendroff scheme. Scheme (5.10) appears to be new.

In appendix A, schemes for the two dimensional linear advection equation (5.1) of the 
form

(s-11)
a,fi

are shown to be p t h  order accurate in space and time provided

<x,P
(5.12)

for all integer pairs (q , r )  such that q  > 0, r  > 0 and q  +  r  <  p .  Thus schemes with the 
stencil shown in Fig. 5.4 are first order accurate in space and time provided

Aotfl — 1
a,P

(5.13)
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Intercell
Boundary

A y  — bAt

bAt

A t

aAt

Figure 5.3: The integral for the intercell flux / i+ i. •■in two dimensions: exact integration 
in all directions. The flow is moving into the page.
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j  + 1 o °

j • • O

j - 1 • • O

t — 1 i i + 1

/ Flow 
Direction

Figure 5.4: The stencil for the second order schemes: full circles denote upwind points, 
empty circles denote downwind points.

-d-i.o +  -<4-1,- l  — A - i,i — A - i (o — A - i (_i — —vx 

Ao,i +  A - 1,1 — A i - i  — Aq-i — A - i - i  = —vy 

If the coefficients also satisfy

^4i,o +  ^ 1,-1 +  ^ - 1,1 +  ^4.-1,o +  ^4.-1,- l  = 1/l

Ao,i +  A - +  A \ - \  +  A o - i  +  A - i - i  = i/y

A - i - i  -  Ai ,_i -  A - 1,1 =  vxvy

then the scheme is second order accurate in space and time. The coefficients for scheme 
(5.10) satisfy all the conditions (5.13)—(5.18) so (5.10) is second order accurate in space 
and time. The scheme is therefore not monotonic and will suffer from spurious oscillations 
in regions of high gradient.

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

5 .2 .2  T h e  M id p o in t R u le  in  S p ace

Schemes generated by using exact integration in time and the midpoint rule in space in 
the general form (5.5) will now be considered. Assume tha t vx < ^ and vy < There 
are three cases to consider: (i) the midpoint rule parallel to the boundary and exact 
integration perpendicular to the boundary; (ii) the midpoint rule perpendicular to the 
boundary and exact integration parallel to  the boundary; (iii) the midpoint rule in both 
directions.
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(i) The Midpoint Rule Parallel to the Boundary

Consider exact integration in time, the midpoint rule parallel to the boundary and 
exact integration perpendicular to the boundary. The integral form of the intercell flux 
(5.5) in this case is:

1 1 f 1
/ .  i . =  - ——  /  /  - A y , t ) )  dx dt (5.19)
•'•+T-J A t  A x  Jo J l C \ { y = l A y )  V V 2 U' ,J y ’

where the integration is over the plane y =  yAy.  See Fig. 5.5(a). This gives the intercell 

flux fi+$J as:

/ i + t j  =  "h l/x)fi,j T 2 ^  — (5.20)

This is the flux for the finite volume w a f  scheme put forward by Speares [50]. The flux 
9 ij+L follows similarly and the resulting scheme can be w ritten in full as

u"T1 = ( J -  -  vD ut i

1 1 
+ - ^ ( 1  +  i,j ~  ~  ^ ui+h3

1 1
^"2 Vy( l  py )u ? ,j- i ~  2 l'y ^~ ~

(5.21)

The flux (5.20) is the one-dimensional w a f  flux and is the most obvious flux for a 
two dimensional extension of the scheme. However, the coefficients of the scheme satisfy 
conditions (5.13)—(5.17) above, but condition (5.18) is only satisfied when vx =  0 or 
vy =  0, i.e when the flow is aligned to the grid. Hence the scheme is, in general, only first 
order accurate. Since at least one of the coefficients in (5.21) is negative for any choice of 
(vx ,vy), the scheme is not monotonic under any conditions.

(ii) The Midpoint Rule Perpendicular to the Boundary

Consider exact integration in time, the midpoint rule perpendicular to the boundary 
and exact integration parallel to the boundary. The integral form of the intercell flux (5.5) 
simplifies in this case to:

C  i n i - i  /(*'("' *  *  <“ >
where the integration is over the plane x = 0. See Fig. 5.5(b). This gives the intercell 
flux f i+ y  as:

fi+±,j =  ~ +  2^2/Aj-1 (5.23)
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aAt

A t

(a) Two dimensional integration range: exact integration in time, exact integration perpendic­
ular to the boundary and the midpoint rule parallel to the boundary.

6A/

A t

(b) Two dimensional integration range: exact integration in time, exact integration parallel to 
the boundary and the midpoint rule perpendicular to the boundary.

A t

A x

(c) Two dimensional integration range: exact integration in time and the midpoint rule in both 
space directions.

Figure 5.5: Combinations of exact integration in time and the midpoint rule in space
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The flux 9 i j +i  follows similarly as:

9itj+1 — 2 ^  (5.24)

The scheme resulting from these fluxes is:

u"J*1 =  (1 -  vx){\ -  vy)ulj  +  Py{l -
(5.25)

+UX ( 1  -  Vy)u?_ltj +  VxVyV>i-i,j-i

The coefficients in (5.25) satisfy conditions (5.13), (5.14), (5.15) and (5.18) above, but 
not (5.16) or (5.17), so the scheme is first order accurate. It is identical to  the first order 
Corner Transport Upwind (c t u ) scheme of Colella [8] on the linear equation (5.1). Since 
all coefficients of (5.25) are positive when vx < 1 and vy < 1, the scheme is monotonic 
under these restrictions although the scheme is derived under the assumption of vx < | ,
v y  <  b

(iii) The Midpoint Rule in Both Directions

Consider exact integration in time and the midpoint rule in both space directions. The 
integral form of the intercell flux (5.4) simplifies in this case to:

1 f A t  1
f i + y  = - ^ J o /(«*(<>, j A y , «)) dt (5.26)

i.e the integration is along the line x =  0, y = y. See Fig. 5.5(c). This gives the 
intercell flux /• , i ,• as:

(5-27)
The flux g- 4 , 1  follows similarly and the scheme can be written in full as*)J"r 2

^  =  (1 -  Vx -  Vy)ulj +  VxU?_ltj +  VyUlj^  (5.28)

This is simply a finite volume version of Godunov’s method. It satisfies conditions (5.13), 
(5.14) and (5.15) above, but not (5.16), (5.17) and (5.18). It is therefore first order
accurate in space and time, as is already well known. All the coefficients of (5.28) are
positive provided vx +  vy < 1, so the scheme is monotonic under this restriction.

5 .2 .3  T h e  M id p o in t R u le  in  T im e

Consider the midpoint rule in time combined with exact integration in both space di­
rections. Assume tha t vx < 1 and vy < 1. The integral form of the intercell flux (5.4) 
simplifies in this case to:

/ * '+ 5  j  =  L  V ’ Â<)) d X  d y  ( 5 ’ 2 9 )
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A y Flow 
Direction

TjbAt

|Aa? / *  |A a; — \ a A t  
\ a A t

Figure 5.6: Two dimensional integration range: midpoint rule in time and exact integration 
in both space directions.

i.e the integration is over the plane t = \ A t .  See Fig. 5.6. This gives intercell flux:

1
f i + L , j  — 4(1  -f" v x ) i ^  V y ) f i , 3  +  ^ ( 1  z/x ) ( 2  l / y ) f i + i ij

(5.30)
1 1 + ~(l + Vx)Vyfi,j-\ + —(1 — Vx)Vyfi+l,3 —l

The flux gitj + 1  follows similarly as

1
9 i , j + 1 — ^ 1 ^3/)(2 V x ) 9 i , j  + ^(1 Vy){.2 l/x ) d i , j + 1

1 1 +  ̂ (1  H" Vy)l/x f i —l,j T ^(1 — Vy)Vxfi—1,3+1

(5.31)

Substituting both f i+i • and <7—+ 1 into the conservative scheme (5.5) gives the scheme in 
full form as:

un + 1
i , 3 1 -  2 ^ ( 2 “  vv) ~  2 uy ( 2  ~  Px}

1  .2/0 .. A A..2
\ 6 ~ V X j

1 w _  .  ~  1-^*(1 -  ̂ )(2 -  ̂ K + l j  - j(2 - Vx)vy( l  -  f y ) u l H1
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1 1 
- ~ v xvy{1 -  vx)ui+i,j-i ~  ~^xVy( 1 -  ZA/K-ij+i

+  4
^ ( 1  +  Vx ) { 2  -  Vy )  -  2Vx Vy  < _ l f i  +  -  Z /y ( l  +  z / y ) ( 2  ~  Vx ) ~  2Vx Vy li,j- 1

+ “ ^a;^y(2 +  ^  (5.32)

Note tha t the scheme has the eight point compact stencil shown in Fig. 5.4, i.e the same 
stencil as the scheme (5.10). Note tha t when vx =  0 or vy =  0, the scheme reduces to the 
one dimensional Lax-WendrofF scheme and tha t when vx = vy =  1, the scheme reduces to

=  (5.33)

which reproduces the exact solution under the given initial conditions. The scheme satisfies 
conditions (5.13)—(5.18) and is therefore second order accurate in space and time and is 
not monotonic. The scheme (5.32) appears to be new and forms the basis of finite volume 
schemes developed in Chapter 6 for non-linear systems of hyperbolic conservation laws.

5 .2 .4  T h e  M id p o in t R u le  in  B o th  S p ace and T im e

Finally, consider the schemes generated by using the midpoint rule in time and combi­
nations of exact integration and the midpoint rule in space. Assume tha t vx < 1 and 
vy < 1. As in §5.2.2, there are three cases to consider: (i) the midpoint rule parallel to 
the boundary and exact integration perpendicular to the boundary; (ii) the midpoint rule 
perpendicular to the boundary and exact integration parallel to the boundary; (iii) the 
midpoint rule in both directions. In cases (i) and (ii), the integral is an integral in two 
dimensions: one space dimension, where exact integration is used, and one in time, where 
the midpoint rule is used. In this situation, the resulting scheme is the same as when exact 
integration in time is used. The same result holds for (iii). Thus the three cases here will 
result in the same schemes as cases (i), (ii), (iii) in §5.2.2.

5 .2 .5  S u m m a ry

After choosing a particular space integration range I ,  placing restrictions on the Courant 
numbers and taking initial conditions for the integrand in (5.2) and piecewise constant 
data from the previous timelevel, it has still been possible to produce several schemes, two 
of which are second order accurate in space and time and have good stability properties. 
Other choices of / ,  Courant number restrictions and initial conditions will produce other 
schemes, some of which may have higher accuracy and even better stability properties.

113



5.3 G eneration o f Three-D im ensional Schemes

The w af  approach will now be extended to generate finite volume schemes for the linear 
advection equation in three space dimensions:

Ut +  fx  +  9y +  hz — 0 (5.34)

where /  =  au, g = bu and h — cu are the flux functions. The wavespeeds a, b and c 
will be assumed constant and positive here. A general waf  intercell flux in three space 
dimensions can be defined in an analogous way to the two-dimensional flux (5.2). The 
flux across boundary A  in three space dimensions is:

h  ~  h  V ( I )  Jti
1 2 [mk i,endx dy dz dt (5.35)

where I  is the three dimensional space integration range, V(I )  is the volume of I ,  e =  
(au, bu, cu) is the general flux function and n is the outward facing unit vector normal to 
the boundary.

As in the two dimensional case, the discussion will be restricted to the simple case 
of regular, Cartesian grids. Let A x ,  A y  and A z  be the grid spacings in the x, y and z 
directions respectively. The schemes will be developed in conservative form:

(5.36)
A t
A y

A t
A z î,3,k+7? hi,j,k-  i

where i • ., g ■ ■, i  and h ■ ■. , i  are the intercell fluxes in the x, y and 2 directions*“r 2 iJy™ >̂J“r 2 1 2
respectively. From (5.35), fluxes f i+i  j k for the conservative form (5.36) can be written 
as . t

= i2 - tl y ( / )  I  l f ( ^ ( x , y , z , t ) )  dx dy d z d t  (5.37)

where u* is the exact solution to equation (5.34) with the data un at time level n as initial 
conditions, i.e:

u*(x,y,  z , t )  =  un(x — at ,y  — bt, z  — ct) (5.38)

The fluxes gi k and ■ k+i follow similarly. As the space integration range for f i+Lj k, 
the natural extension of the two dimensional space integration range (5.7) is used, which 
can be written as

1  A  1  A■—A x,  —A x
2 ’ 2

x [0, Ay] x [0, Az] (5.39)

See Fig. 5.7.
The integration ranges for and hifj fk+1 follow by symmetry. Define the direc­

tional Courant numbers as vx — a^~,  vy =  6^ -  and vz — c ^ .  In the discussion, it will 
be assumed that all three are less than unity.
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I n t e r h n n n H a T V  A

A z

L

Figure 5.7: The three dimensional space integration range for

The choice of integration range and Courant numbers restricts the number of states 
influencing f i+L j tk to a maximum of eight: itij,*, Mj+ij.Ar, Ui,j,k-1,

and These are arranged in the eight corners of a cube
and can be considered as the initial conditions for a three dimensional Riemann problem 
for (5.34).

5 .3 .1  A  F irst O rder S ch em e

A three dimensional version of the first order upwind scheme (5.25) for the linear equation 
(5.34) is now derived. Following the derivation of (5.25), this is done via (5.37) by using 
the midpoint rule in time, the midpoint rule in space perpendicular to the boundary and 
exact integration in space in both directions parallel to the boundary. See Fig. 5.8. The 
resulting intercell flux is:

(5.40)

This can be written explicitly as:

1 1 
f i + L fj tk  =  ^ ( 2  — ^ y ) ( 2  —  V z ) f i , j , k  +  ^ y ( 2  —  V z ) f i , j - l , k

(5.41)
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A z  — \c A t

\ c A  t

\b A t  A y  -  \bA t

Figure 5.8: Integration range for f i+i j k for the first order scheme in three dimensions: 
midpoint rule in time, midpoint rule perpendicular to the boundary and exact integration 
in both directions parallel to the boundary.

The other fluxes, 9 i j +i )k an(l follow by symmetry as:

1 1
dij+L'k ~  _  — ^z)fi,3,k +  ~̂ VX(2 — Vz)fi-l,j,k

(5.42)
1 1

+ “ (2 ^x^zf i , j ,k—1 T ~^x^zf i—l,j,k—l

1 1
hi,j,k+1 =  — vy)( 2 — Vx)fi,j,k +  2 — Vx)fi,j-i,k

(5.43)
1 1

+  j ( 2  — Vy)Vxfi—l,j,k T ~^VyVxfi—l,j—l 1k

Substituting f i+i j j k1 gifj + and into the conservative formula (5.36) gives the
scheme in its full form as:

?/n + 1  =  i,3,k 1 “  ;pr(2 -  vy){2 -  vz ) -  - p

ifbJ 1

fi ,j—l,fc—1 if Flow 
Direction
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( 1  -  v x ) ( l  -  Vz ) -  - V XVZ u* ,3-I,jfe +  7 ^ ( 4  -  (5.44)

+ ̂2 (1 -  i/a?)( l -  Vy) -  - v xvy

+ 4 ^ y ^ « ? - l fj - l f*-l

This scheme has an eight point, upwind stencil. In Appendix A, schemes of the form

<S = E A a , ^ + a M k + 1  (5.45)
a,(3,7

for the three dimensional linear advection equation (5.34) are shown to be pth order accu­
rate in space and time provided:

£  u q$ rl sA a$ a  =  { - v x)q{ - v y) r( - v zy
01,(3,7

(5.46)

for all integer triples (q, r , s ) such tha t > 0, r  > 0, s > 0 and q +  r +  5 < p. Hence the 
conditions for such a scheme with stencil (o,/?, 7 ) E [—1, 1] x [ - i a ]  X [—1,1] to be first 
order accurate are:

£  A a,Prt =  1 
oi,(3,7

£ ( 7 l - | - l , / ? , 7  ^ - 17/3 ,7 ) ~  ^
(3,1

5 3 ( '^ Qf>+i»')r — =  ~ py
a  ,7

5 3 (Ĵ a '/3i+1 — =  — Fz
a , (3

For second order accuracy, the scheme must also satisfy

£ ( ^ + 1,0,7 +  ^ - 1. ,̂7) =  vl  
0 , 1

£ (^ a ,+ i ,7  ^£*7- 177) _  ^
a ,7

£ ( ^ a , j 0,+l +  A ot,0 , - l )  -  vl  
a, 0

£ ( A+1.+1.7 -  4 + l ,- l ,7 -  A_1,+1(7 +  A_1 _1,7) = VxVy

£(4+1,07+1 -  A +1 ,0 , - 1  -  A - 1 ,0 , + 1  +  A-l ,p,- 1 ) = vxl
0

(5.47)

(5.48)

(5.49)

(5.50)

(5.51)

(5.52)

(5.53)

(5.54)

(5.55)
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XX^«>+1>+1 “  Ax,+1.-1 ~ Ax,-1,+1 +  A x ,-l,- l)  — Vy Vz  (5.56)
a

The scheme satisfies (5.47)—(5.50) and (5.54)—(5.56), but not (5.51)—(5.53) and is there­
fore first order accurate.

By setting vx — vy = vz = u in (5.44) it can be seen tha t not all the coefficients are 
positive if v > |  (see, for example, the coefficient of Thus a sufficient condition
for the scheme to remain monotonic is

2
max{vx ,i/y,i/z} < -  (5.57)

5 .3 .2  A  S e c o n d  O rd e r  S ch em e

Working from the experience of the two dimensional case, the midpoint rule in time and 
exact integration in all three space directions will now be used to generate a scheme. The 
flux in the x direction becomes

f i^ ijik = ^ ^ J i f ( u * ( x , y , z , ^ A t ) ) d x d y d z  (5.58)

where u* is the exact solution of (5.34) with initial conditions {u? jk}, the solution at time 
level n. The space integration range (5.39) is used, illustrated in Fig. 5.9 divided into the 
regions occupied by different fluxes at time |A t. Performing the integral gives the flux as:

~, j ,k  =  g ( l  ^  ~  ~  V z ) f i j , k  +  g ( l  ~  ^ a : ) ( 2  — Vy ) { 2  — Vz ) f i + l , j , k

1 1
"("^"(l T ^a;)^t/(2 ~' Vz)fi,j—l,k T g ^  _  ~  l,k

(5.59)
1 1

+ g ( l T  Vx ) { 2  V y ) V z f i , j , k —1 T  g(^ ^a;)(2

1 1 
d”g(^ T  Vx)VyVzfi,j—l,fc—1 T  g ( l — V^UyVzfi+lJ—l,fc—1

The fluxes <7—+ i fk and follow by symmetry as:

9 { }j +  l fk =  g  ( 1  d “ py)i^ ~  ^ ) ( 2  — V z) 9 i , j , k  +  g  ( 1  ~  ^j/)(2 — v x ) ( 2 — v z ) 9 i , j + i , k

1 1
+ g ( l  d~ ^y)^x{2 — Vz)9i—\,jyk d~ g ( l  ~  Uy)vx(2 — Vz^9i—l,j+l,k

(5.60)
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cAt

bAt

Figure 5.9: Integration for the 3D scheme: midpoint rule in time, exact integration in all 
space directions. Status of the space integration range at time t = \ A t .
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1 1 
+  - ( 1  4“ ^y)(2 Vx)Pz9i,j,k—1 4“ Vy){2 VX)PZ9i,j-\-l,k—\

“H g(l "I" Vy)vx Vz9i—\,j,k—l 4" g"(  ̂ — Vy')PxVz9i—l,j+l,k—l

1 1 
hjj^+L  =  “ (1 +  i/2:)(2 — ^ ) ( 2  — +  ~ ( l — ^ ) ( 2  — ^ ) ( 2  — ^y)^ij,fc+l

1 1
+  g ( l  4" ^z)(2 — ^x)^yhi,j—l,k 4“ g(^ _  ^ ) ( 2  — ^x^Vyhij— l,fc+l

(5.61)
1 1

+  “ (1 4~ Vz)px{2 — ^y)^i—l,j,k 4~ ~ ( l  — VZ^PX{2 ~  Vy)hi— l,j,fc+l 

1 1 
■ l o ( l  4 *  V z ) v X Vyh%—\ j —l , k  4 “  ^ " ( l  —  Vz ^Px Py h { —l , j — l , f c + l

Substituting gij +2.)k and into the conservative formula (5.36) gives
the final scheme as:

v l (2 -  i/y)(2 -  i/*) 4- (2 -  i/x)i/y(2 -  pz) 4- (2 -  I/*) (2 -  py)p\ Ulj,k

4- . gi/* 

1
4- g^y 

1
4- T.VZ

(1 +  px)(2 -  Uy)(2 -  uz) -  2pI{2 -  vz) -  2(2 -  py)p\

(2 -  px )(l  4- vy)(2 -  pz ) -  2vl(2 -  pz ) -  2(2 -  px)p2z

(2 -  vx){2 -  vy)( 1 4- vz ) -  2(2 -  px)uy -  2vl(2 -  py)

4“ ~̂ vxvy \{2 pz ĵ(2 4* Px 4" ^y) 2z/z

4- [(2 -  py){2 + px + Pz) -  2Py

1
4- g  vypz [(2 -  px)(2 + py + pz ) ~  2pi

«?-i J,k

u iijfk 1

4- ~VxPyPZ{3 4- Vx 4- Py 4- ^ ) w?-l J -l.fc -l

1 1 
-  -px( 1 -  |/a.)(2 -  I/y)(2 -  ^ )«?+!,J,fc -  3 * ^ ( 1  -  ^a>y(2 -  I'z)«?+!,
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1 1
-  g ^ ( l  -  ^ ) ( 2  -  -  -vx{l -  vx)vyvzv%+

1 1
-  g ( 2  -  Vx)vy{l -  V y ) { 2  -  X < j + l , f c  -  - V XV y { l  -  V y ) { 2  -  ^ X - l j + l , *

-  ^ (2  -  ^ K ( l  -  Vy)uzu l j+i |fc_i -  | ^ y ( l  -  I 'y ^ X -l.j+ l.fc -l

1 1
-  g (2 -  vx){2 -  vy)vz(l -  vz)uljik+1 -  - ( 2  -  z ^ K X 1 -  uz)ulj_ 1> k+ 1

1 1
-  - v x(2 - v y)vz( l -  Vz)K_1 j 'k+1 -  - ^ y ^ ( l  -  ^ X - u - i . f c + i  (5.62)

This scheme has a twenty point compact stencil. The coefficients satisfy conditions 
(5.47)—(5.56) and the scheme is therefore second order accurate in space and time and 
not monotonic. Note that if any one of the Courant numbers are zero, the scheme reduces 
to the two dimensional second order scheme (5.32).

5.4 Stability

The aim of this section is to establish the stability of the schemes derived in the last two 
sections. Consider first the two dimensional schemes derived in §5.2. The stability of a 
scheme of the form (5.11) for the linear advection equation (5.1) can be found via von 
Neumann stability analysis. The application of this technique in one space dimension 
was described in Chapter 2. In two space dimensions, it consists of performing a Fourier 
analysis and looking for restrictions on the coefficients A{+aj +p to ensure all Fourier modes 
are stable. Consider an error of the form

=  S nem t w  (5.63)

where S  is the amplication coefficient, 0 and <j> are phase angles and I  =  v —1. Note tha t 
S n in (5.63) means S to the power n, no t S  at timelevel n. S  is assumed a constant in
time for any given scheme. Due to the linearity of the problem, errors efj in cell A jj at
time level n will be evolved in time via (5.11), i.e

< P  = £ ^ * i W w »  (5-64)

Substituting (5.63) into (5.64) gives:

S n+1 em eI4>j = Y ] A a,pSneie{i+a)eI(f>U+p)
a,(3

= S"eWiew y ; A a ,/je7(“(,+w) (5.65)
a,13
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Dividing throughout by S neie%e ^  gives

s  = Y ^ A ^ p eI{a6W) (5-66)
a, (3

Using the standard relation
el7> =  cos 77 + /  sin 77

gives
S  = A a ,/3 cos (a0  +  (3(f>) +  I  • ^  Aa|jg sin (aO +

a,(3 a,(3
For stability, this expression for S  must satisfy

| S \< 1 (5.69)

i.e the Fourier mode (6,<f>) must not be amplified. It is more convienient to use the 
equivalent condition

S 2 < 1 (5.70)

To obtain usable stability conditions, it is necessary to convert the condition (5.70) into
conditions on the directional Courant numbers vx and vy . However, if this is attem pted,
the expressions for S 2 become, in general, extremely complex and rigorously deriving clear 
stability regions for schemes is very difficult.

A simple way to obtain a good guess at the stability condition(s) for a scheme is now 
described. By computing S 2 for a large number of quadruples (ux , uy, 0, <?5>), a function 
st2D(vx ,i>y) can be defined to be the ratio of pairs (0, <f>) tha t satisfy (5.70) for given 
{vx,Vy), to the to tal number tested. The scheme is only stable for the pair {yx ,Vy) if 
st2D(i/x ,i/y) = 1, i.e all Fourier modes are stable. By studying a two dimensional plot of 
st2D against vx and vy a good indication of the stability region of a scheme can be obtained. 
This approach obviously does not give a rigorous derivation of stability conditions, but is 
a relatively easy method of obtaining an indication of the conditions and should be quite 
reliable if the number of points tested in the calculation of st2D  is sufficiently large.

Fig. 5.10 shows contour plots of st2D(vx ,vy) against {yx ,Vy) when 0 < vx <  2 and
0 < vy < 2  for four of the schemes derived §5.2.

Fig. 5.10a is the plot for the scheme (5.10) derived using exact integration in all
directions in §5.2.1. It suggests that the scheme is stable whenever

/ ( " I +  ’' D < 1  (5-71)

Recall that the scheme is also second order accurate in space and time and a two-
dimensional extension of the Lax-Wendroff scheme. It is much more stable than the
’’traditional” Lax-Wendroff schemes [29] in two dimensions, which are restricted by the 
condition

s[(v l +  vl) < (5.72)

See Hirsch [25].

(5.67)

(5.68)
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Figure 5.10: Stability diagrams for the two dimensional schemes.



Fig. 5.10b is the plot for the scheme (5.21) derived in §5.2.2.(i) using exact integration 
in time and perpendicular to the boundary, and the midpoint rule parallel to the boundary. 
It suggests that the scheme is unstable unless the flow is aligned to the grid, when the 
appropriate Courant number must be less than unity. The lack of stability of this scheme 
is due to the fact tha t it does not take into account the multidimensional nature of the 
problem.

Fig. 5.10c is the plot for the first order scheme (5.25) derived using exact integration 
in time, exact integration parallel to the boundary and the midpoint rule perpendicular 
to the boundary in §5.2.2(ii). As mentioned before, it is Colella’s ctu  scheme [8]. Fig. 
5.10c suggests tha t this scheme is stable whenever

m a x { ^ ,^ }  < 1 (5.73)

Colella proved this condition analytically.

Fig. 5.10d is the plot for the second order accurate scheme (5.32) derived using the 
midpoint rule in time and exact integration in both space dimensions in §5.2.3. It suggests 
the scheme also has the stability condition (5.73).

A plot of the function st2 D(yx , vy) for the finite volume Godunov scheme (5.28) is not 
shown. The scheme is stable provided

vx + vy < 1 (5.74)

This is a well known result.

Consider now the three dimensional schemes derived in §5.3. The stability analysis in 
three dimensions is essentially the same as in two dimensions. In this case, the test error
(5.63) becomes:

efJ:k =  S nem eI't,ieKk (5.75)

with real phase angles 9, (j) and £. The amplification factor has the form

S  = ^ 2  A a,j3 n  cos (a9 + {3(t> + 7 ^ )  +  I  • sin M  +  P<!> +  7V0 (5.76)
oi,l3,7 a,fin

and the scheme is stable provided
S 2  < 1 (5.77)

As in the two dimensional case, the expressions for S 2 in terms of the directional Courant 
numbers (now vx , vy and vz ) are too complex to rigorously prove the precise stability 
conditions easily. However, a three dimensional equivalent to the function st2D(vx ,vy) 
can be defined, which is called st3D(vx , vy, vz) here. Information on the stability of a three
dimensional scheme can then be found by studying stSD for fixed values of one of the
Courant numbers, e.g vz , i.e by plotting two-dimensional ’slices’ of the three-dimensional 
function.

From the experience of the equivalent scheme (5.32) in two space dimensions, it was 
hoped that the stability condition for the three dimensional second order scheme (5.62) 
would be

max{i/x,i/y,uz} < 1 (5.78)
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However, after studying slices of st3D(ux ,uy,pz) for (5.62) with fixed vz it is clear tha t 
this is not the case. Six of these ’slices’ are shown in Fig. 5.11, for vz — 0.0, 0.25, 0.5,
0.75, 1.0, 1.25. Note that vz is written c f l  in the figure. When vz =  0.0, the scheme (5.8) 
reduces to the two dimensional scheme (5.18) and the stability condition is therefore the 
same as for tha t scheme in this case. However, as vz increases, an area around the point 
vx =  1, vy = 1 is lost to the unstable region. When vz > 1, the stability region vanishes, 
but this was expected. The author has not yet been able to work out the exact stability 
region; however, it was found tha t by insisting on the condition (5.78) and adding the 
condition

vx +  vy +  vz < 2 (5.79)

then any points satisfying both appear to be stable. The factor S 2 has been calculated 
for many thousands of points (vxrvy,v z) within the region (5.78), (5.79) and none have 
been found to be unstable. Studying the slices in Fig. 5.11 indicate that conditions (5.78),
(5.79) are sufficient conditions, but not necessary for stability.

Reasons for this ’loss’ of stability can be seen by studying the coefficients of (5.62) 
when all the directional Courant numbers equal one. Recall that in this situation, the two 
dimensional scheme (5.32) reduces to

(5.80)

which is the exact solution and therefore must be stable. However, the three dimensional 
scheme (5.62) becomes:

n + 1  ^  n  ^  1 1

Ui,3 ,k ~  4 Ui,3 ,k ~  ~  ^ ui,j-l,k ~  ^ ui,j,k-1

(5.81)
1 1 1 3

which is not the exact solution. Some difference in stability is thus expected.

A similar study of the first order scheme (5.44) indicates that it probably has the same 
stability condition (5.79) as the second order scheme (5.62) since the slices look the same. 
Recall from §5.2.2 that a sufficient condition for the first order scheme to be monotonic 
was found to be

2
max{vx ,vy,v z } < -  (5.82)

When all Courant numbers are the same, this agrees with the empirical stability condition
(5.79). This indicates that the mononicity condition for the first order scheme and the 
stability conditions for both first and second order schemes may be the same. More work 
is needed to establish the conditions precisely. Note that condition (5.82) is not too severe. 
Consider, for example, the f o u  scheme for the linear advection equation in three space 
dimensions, i.e when a, b and c are all positive take

fi+h,3,k = f* j’k 9i,j+h,k = gi’i ’k ^i,j,k+h =  (5.83)
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Figure 5.11: S tability  diagram s for the three dimensional second order scheme.
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Substituting these fluxes into the conservative formula (5.36) gives

=  C1 - V x - V y -  vz)<j,k  +  ^ < - 1  j,* +  i,fc +  VzK,j,k- 1 (5.84)

Studying the coefflcients of this scheme shows that the scheme is only monotonic if vx +
vy +  vz < 1, so the equivalent of (5.82) is

m a x { ^ ,^ ,^ }  < ^  (5.85)

Thus the Courant number coefficient for which the fo u  scheme in three dimensions is
monotonic is only half the Courant number coefficient for which the new first order scheme 
remains monotonic.
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C hapter 6

C onstruction o f Schem es for 
N on-linear System s in Two and  
Three Space D im ensions

6.1 Introduction

In Chapter 5, various finite volume WAF-type schemes on Cartesian grids were derived for 
the two-dimensional linear advection equation

Ut + f x + 9 y == 0 (6-1)

where f  = au and g = bu are linear flux functions and a and b are the speeds of propagation 
in the x and y directions respectively, assumed constant and positive. The schemes were 
all derived in conservative form

= (6-2)

Two schemes were found with an apparent stability restriction

m a x { ^ ,^ }  < 1  (6.3)

where i/x — a^~  and vy =  b ^ j  are the directional Courant numbers, At is the timestep 
and A x , A y  are the constant mesh spacings. One of these schemes was a first order scheme 
with intercell flux as (5.23), i.e:

=  2 ^  — 2 Py^i^ ~ 1 (6-4)

This results in a scheme that is identical to Colella’s first order c t u  scheme [8] on the 
linear advection equation (6 .1). The other scheme found with stability limit (6.3) is second
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order accurate in space and time. It has intercell flux as (5.31), i.e

. 4 (' 1 -
1 1 

=  j ( l  "I" Vx ) ( 2  — V y ) f i , j  +  — ( 1  — Vx ) { 2  — V y ) f i + l , j

(6.5)
1 1

+  ̂ ( 1  +  VX) V y f i j - 1 +  “ (I -  Vx ) Vyf i+l i j - l

Equation (6.3) places a restriction on the timestep A t but is the least restrictive possible 
for schemes with the stencils of those resulting from (6.4) and (6.5).

In §4.3 fluxes equivalent to  (6.4) and (6.5) were found for the three dimensional linear 
advection equation

u t  4 "  fx  +  9 y  +  h z  =  0  ( 6 * 6 )

where /  =  au, g = bu and h = cu, with the wavespeeds a, b and c assumed constant and 
positive. In this case there are three directional Courant numbers vx — a ^ ,  vy =  b ^

A t  
Az 'and vz =  cQ-, and the conservation form is

A t
A y

A t  r
’ A x  Ji 2 '3ik .

A t
~ ~Az 1 ^ i , j ,k - §

(6.7)

The flux equivalent to (6.4) was found to  be

1 
4
1 1

=  j (2 — vy\  2 — vz )fi,j,k +  4 I/y(2 — vz)fi,j-i,k

(6 .8)

Substituting (6 .8) into (6.7) gives a first order scheme that is monotonic under the sufficient 
(but perhaps not necessary) condition

m a x { p x , u y ,i/z } < -

The three dimensional flux equivalent to (6.5) was found to be

=  g ( l  +  1/r r ) ( 2  — V y ) (  2  — Vz )fi,j,k + g ( l  — ^ a : ) ( 2  — V y ) {  2  — Vz )fi+l,j,k

1 1 
+  « ( l  4"  v x ) V y { 2  — V z ) f i , j —\ , k  4" q ( 1  — V x ) l / y ( 2  — V z ' j f i + l J —l tk

(6.9)

(6 .10)
1 1

T g ( l  T ^r)(2 — Vy)l/zf i j ik- l  +  g ( l — ^x)(2 “  Vy)vzfi+\,j,k-l

1 1 
+  o ( l  4~ Vx ) Vy V Zf i , j —l , k —1 T  t (1 ~  V x ^ V y V z f i + l j —l , k —1
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When substituted into the conservation formula (6.7) this flux gives a scheme tha t is
second order accurate in space and time. In §5.4 it was found that condition (6.9) appears
to be sufficient to ensure the schemes resulting from (6 .8) and (6.10) are stable. This has 
not been proven rigorously.

The aim of this chapter is to explore possible combined extensions of the two dimen­
sional schemes with intercell fluxes (6.4), (6.5) to nonlinear, time-dependent hyperbolic 
systems of conservation laws

U t +  F x +  G„ =  0 ' (6 .11)

where U  is a vector of conserved variables, and F , G are vector-valued flux functions.
The schemes can, of course, be equally applied as space marching schemes for the three 
dimensional steady supersonic Euler equations, or other such systems. However, for clarity 
of notation, it is assumed that the time dependent two dimensional system (6 .11) is being 
solved. Only schemes on Cartesian grids will be considered in this chapter — general 
body-fitted grids of quadrilaterals are explored in Chapter 7. The aim is to use extensions 
of (6.5) in regions of smooth flow to obtain second order accuracy, but blend in (6.4) 
in regions of high gradient to avoid the unphysical oscillations inherent in second-order 
schemes. This will be done by incorporating one-dimensional limiter functions into the 
second order flux function.

Two extensions will be considered, and each will lead to schemes that are based on 
solutions to one-dimensional grid-aligned Riemann problems. Both will be developed in 
conservative form

T j n + l  _  Tjn _  ^
i* A x

A t
A y G.\j+i -  G i j - h (6 .12)

where, as in the linear case,

V ( x , y , t n)dxdy (6.13)
V {A i,j)J  A itj

is the integral average of the solution U (z, y , t) over the cell A in d e x e d  by i and j  at time 
level n, V ( A t-j) is the area of and • and G —+ i are the intercell fluxes. Both 
extensions will be tested numerically on the two dimensional Shallow Water equations 
discussed in Chapter 2 .

The first approach to developing an extension will be to manipulate equation (6.5) 
algebraically to obtain a two-step formulation of the second-order flux calculation. To 
extend the scheme to non-linear systems, linear waves will be re-interpreted as waves from 
one-dimensional grid aligned Riemann problems moving perpendicular to cell boundaries. 
The resulting scheme will have similarities with Colella’s finite volume scheme [8].

The second scheme will be constructed from an extension of the two dimensional w af  
approach discussed in Chapter 5. Ideally, this would be done by taking the intercell flux as 
an integral average over exact solutions to two dimensional Riemann problems, i.e initial 
value problems with initial data U i+ ij, U i+ ij+ i}  kept constant in their
respective cells. Some theoretical and numerical results have been obtained for solutions
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to these problems, for example Zhang [86] or Shultz-Rinne et. ah [48]. However, there 
do not appear to be any exact or approximate solution techniques available at the present 
time that are sufficiently general to allow the construction of the proposed scheme and 
even if such solution techniques were available the proposed scheme would probably be too 
impractical for general use. To circumvent this problem, an approximate solution will be 
constructed from solutions to one-dimensional grid-aligned Riemann problems by giving 
waves in the solutions to these problems components of velocity parallel to the boundaries 
from which they originate. Any wave interactions, for example near where two intercell 
boundaries meet, will be treated in a linear fashion. It will be shown that the flux (6.5) can 
be rewritten as the integral average of the flux component perpendicular to the boundary 
over these approximate solutions at time t  =. t . This approach of extending (6.5) is 
similar to the construction of LeVeque’s scheme [32] in that a similar wave model is used 
on the linear advection equation, although LeVeque employs a MUSCL-type reconstruction 
of data to achieve second order accuracy, whereas the scheme presented here achieves 
this accuracy from the WAF-type averaging of the solutions to Riemann problems with 
piecewise constant data.

The two approaches described above will also be used to extend the second order flux 
(6.10) to three dimensional systems of conservation laws

U t +  F* +  G y +  H , = 0 (6.14)

As in the two dimensional case, only Cartesian grids will be considered. The schemes will 
be developed in conservation form

T j n + l  _  t t n  _  ^

A t
A y

i~\~ 2  ij)k * 2

(6.15)
A t

~  ~Az

where
j  U  d x d y d z  (6.16)

J A.* ih,k

with notation as before. These three dimensional schemes have not yet been tested nu­
merically.

The rest of the chapter will be arranged as follows. In §6.2 and §6.3 the two approaches 
briefly described above will be discussed in detail in two and three dimensions. In §6.4 
some results of testing the two two dimensional schemes on the Shallow Water equations 
are presented. In §6.5, the chapter is summarized and conclusions are drawn.
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6.2 A  Simple E xtension

6 .2 .1  T h e  T w o D im en sio n a l C ase

Consider the second order intercell flux (6.5) for the linear advection equation (6 .1). It 
can be rewritten as:

1 '1 1
—(2 — V y ) f i , j  +  —V y f i j - l

(6.17)
'1 1 
2 ^  ~  z/2/)/*+i,j "h

Note that the terms in square brackets are c t u  fluxes discussed in Chapter 5. (6.17) can 
be rearranged as:

A y
(6.18)

1 / Nr/" I
"^2 _  V 1 ^ /~

where g'. . a Hence

n+ Tl+i (6.19)

where

and

un + 2
=  u i , j  ~

W
A y

j  /
*%i+2 b i - |

4 +§ =  # ,i  =  buiJ

(6.20)

(6.21)

is the f o u  intercell flux for boundary ( i , j  +  | ) .  Equations (6.19), (6.20), (6.21) suggest 
a very simple extension of the flux (6.5) to non-linear systems. The calculation of the

n+L
intermediate states u — 2 in (6 .20), (6 .21) can be interpreted for non-linear systems as 
using any method that reduces to the first-order upwind method on the one dimensional 
linear advection equation, such as Godunov’s method. The solution U n at time level n 
will be updated by half a timestep along strips perpendicular to the boundary (i + j , j )  i.e

n+i
strips along which j  is constant, to obtain an intermediate state U — 2. It is this stage that 
introduces modelling of cross derivative terms into the scheme. These terms were missing 
from the finite volume scheme of Speares [50] and their absence caused the scheme to be 
unstable (see §5.2.4). Equation (6.19) is interpreted here as using the one dimensional

n+±
w a f  scheme to calculate the final intercell flux F - , i ,• based on U- ,• 2.* » 2 ™ ™
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The scheme with flux (6.19), (6.20), (6.21), being second order accurate, will suffer from 
spurious oscillations in regions of high gradients. These are unphysical, and therefore 
undesirable. In one space dimension, one way to overcome this problem and maintain 
second order accuracy in smooth flow is to design schemes tha t satisfy certain Total 
Variation Diminishing ( t v d ) criteria. This has been discussed fully for the one dimensional 
w a f  method in Chapter 2, but will be briefly summarized here. The w a f  method applied 
to the linear advection equation in one space dimension has intercell flux

f i+i =  | ( 1  +  +  | ( 1  -  (6 .22)

The functions <f) i + 1 = are the limiters for the one dimensional w a f  scheme
(see Toro, [67]). When 4> = v (6.22) gives the intercell flux of the second order Lax- 
Wendroff scheme, and when 4> = sgn(^) it gives the intercell flux for Godunov’s scheme, 
which does not suffer from unphysical oscillations. In general, the limiters depend on the 
(local) Courant number v and a flow param eter Ti+\ defined as the upwind jump in u 
divided by the local jump in u, i.e:

(6.23)

Examples of limiter functions 4> can be found in Chapter 2 .

Goodman and LeVeque [19] have shown tha t in two space dimensions any scheme that 
is strictly t v d  is at most first order accurate. Since the aim is to preserve the second order 
accuracy of the scheme with flux (6.19), (6.20), (6.21) in regions of smooth flow, there is 
no point in constructing a strictly t v d  version of the scheme. As an attem pt to limit any 
oscillations in regions of high gradient the ’corrector step’ flux (6.19) is replaced by the 
one-dimensional t v d  w a f  intercell flux

=  +  (6.24)

The limiters (f>-, i • are taken as one dimensional limiters <j>; . i , such as those presented in 
'  2  ™  2 

Chapter 2 , computed from a flow parameter r i+ i based on data along strip j .  Note that
when = sgn(z/a7) equations (6.24), (6.20), (6.21) give

f i+y  = j ( 2  -  vy)Si,i +  (6.25)

which is the intercell flux for the first order scheme (6.4). The scheme will therefore 
be monotonic provided ux < 1 and vy < 1. Tests of the scheme using (6.24) on the 
linear advection equation have shown tha t it fails to produce non-oscillatory results when 
discontinuities tha t are not aligned to the grid exist. The reason for this is that the one 
dimensional flow parameters fail to properly detect these flow features. A replacement for 
the one dimensional flow parameter is suggested in the next section, but has not yet been

A
ri+± ~

u p  w U

^ l o c 'U '

U j — U j - 1 

U i + l - U i

U j + 2 — U j + l  
Ui + 1 ~Ui

if v > 0

if v < 0
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tested in this scheme. The fluxes gifj +i  can be written in an analogous form to (6.22),
(6.19), (6.20).

The scheme described above is based on the two schemes resulting from fluxes (6.4) 
and (6.5), each of which has stability condition

max{z/x, Vy} < 1 (6.26)

It is thus reasonable to assume that the new scheme is also stable under this restriction.

Despite the lack of monotonicity, the scheme has been shown to work reasonably well 
on non-linear systems, as will be seen in §6.4. For this reason, an algorithm for the 
complete scheme on non-linear systems of the form (6 .11) is now given.

A n A lgorithm  For N onlinear System s

1. Set up a regular, Cartesian grid of M{ X Mj  cells with grid spacings Ax  and Ay  in 
the x and y directions respectively, add two strips of ghost cells for each boundary 
and impose the required initial conditions. Set the time counter t equal to zero.

2. Choose the timestep A t  as:

\  _i .. min {A x ,  A y}  tD ^
A t  — Vmax \ (6.27)

Am.arn

where Xmax =  max;j{Azj} , At-j is the largest absolute characteristic speed in cell 
A i j ,  and vmax £ (0? 1] 1S some user-defined Courant number coefficient. If t +  A t  is 
greater than the required output time, reduce A t  as necessary.

3. For each i € [1 ,M{]

(a) Set boundary conditions for strip i as follows. For transmissive boundaries, set 
primitive variables in each ghost cell equal to those in the cell that is inside 
the flow domain, on the same strip of cells perpendicular to the boundary and 
the same number of cells from the boundary. Reflective boundaries are treated 
identically, except the component of velocity perpendicular to the boundary is 
given the opposite sign.

(b) For each j  G [0,M iscalcu la te  a first order flux G '—+ i. using some suitable 
cheap, robust method.

(c) Update strip i of cells by |A t to obtain the intermediate state:

XTn+ 2’* _  TTn 2 ^
Ay (6.28)

This step is effectively a j-sweep of Godunov’s method with timestep |A /, as would 
be used in an operator split scheme.
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4. For each j  G [1 , Mj],

| 1. ^
(a) Set boundary conditions for strip j  with data U • 2’ , as in 3(a).

(b) For each « € [—1, Mi +1], solve the Riemann problem at boundary * + j  using
rn  ™ %

data U f • 2 ’ and any suitable Riemann solver.

(c) Calculate a strip of w af  intercell fluxes F i+i  • from these solutions, as described 
in Chapter 2 , and store them for later use.

This step is effectively an i-sweep of the w af  method, as would be used in an operator
72-f- i- 2

split scheme, based on the data U f • 2’ , without the update at the end.

5. For each j  G [0,Mj]

(a) Set boundary conditions for strip j ,  as in 3(a).

(b) For each i € [0 : M*], calculate a first order flux F ;i+ i j  via some suitable cheap
robust method.

(c) Update strip j  of cells by jA t to obtain the intermediate state:

(6.29)

This step is effectively an i-sweep of Godunov’s method with timestep \  A t ,  as would 
be used in an operator split scheme.

6 . For each i G [l,M t],

(a) Set boundary conditions for strip i with data U z- • 2’ , as in 3(a).

(b) For each j  G [—1 , M? +  1], solve the Riemann problem at boundary i , j  +  \
71“f* ™ j J  •using data U  — 2 ’ and any suitable Riemann solver.

(c) Calculate a strip of w a f  intercell fluxes G —+i  from these solutions, as described
in Chapter 2 , and store them for later use.

This step is effectively an j-sweep of the w a f  method, as would be used in an
71-f* ™ iJoperator split scheme, based on the data U zj  2’ , without the update at the end.

7. Update the solution U n at timelevel n to the new timelevel n +  1 using the conser­
vative formula:

A t
A x

A t
u " ,r  = (6-30)A y if jH- o ijJ o

and increment the time counter t by At.

8 . If the required output has not been reached, return to step 2.
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9. Output solution.

The ratio of Riemann problems solved per timestep to the number of intercell boundaries 
for this algorithm is 2 . For an operator-split w a f  scheme that is second order accurate 
in space and time, the value is | ,  since three sweeps are required in the Strang splitting. 
Thus the scheme presented above appears at first to be significantly more expensive than 
an operator split scheme of equivalent theoretical accuracy. However, when applying the 
operator split scheme, the full w a f  scheme, including the limiting and calculation of all 
fluxes, must be applied on each of the three sweeps. In the case of the scheme suggested 
above, the full calculation of a one-dimensional w a f  flux is only required once per intercell 
boundary per timestep, in stages 4 and 6 of the above listing, which is roughly equivalent 
in computational cost to just two sweeps in the operator split scheme. On the predictor 
stages (stages 3 and 5) the calculation of limiter functions and multiple flux calculations 
are avoided, since only first order accuracy is required. Also, since they are only predictor 
sweeps, a relatively cheap Riemann solver can be used, provided it is sufficiently robust. 
The Harten-Lax-van Leer ( h l l ) scheme [23], [66] scheme is recommended, since it has 
proved suitable in numerical experiments performed by the author. However, it is not 
suggested that this is the optimum choice of schemes: a full exploration of the use of 
the other available Riemann solvers, and even replacing Riemann solver technology by, 
for example, a flux vector splitting scheme in the predictor stages, is needed to find the 
cheapest alternative tha t is sufficiently robust. The final answer will probably be problem 
dependent, i.e depend on, for example, the strength of shocks in the flow being calculated. 
As far as the corrector stages are concerned, Riemann solver adaption, as put forward by 
Toro [65] is recommended, between the Selective Curve Fitting ( s c f ) solver [59] and the 
Two Rarefaction ( t r ) solver [66].

The scheme presented above has similarities with Colella’s finite volume scheme [8], 
and the first order versions of the two schemes are, in fact, identical (assuming the same 
Riemann solvers are used). The difference lies in the addition of the second order terms. 
Essentially, in steps 3 and 5 in the above algorithm, Colella adds second order terms into 
the calculation of the predicted state U n+ 2 by reconstructing, or ’sloping’, the data U n in 
a direction perpendicular to the direction of the boundary for which the fluxes are bein^ 
calculated, i.e terms are added to U n+2 in step 3 and ^  terms are added to U n+2 
in step 5. In the corrector steps 4 and 6 the calculation of w a f  fluxes are then ’replaced’ 
by the calculation of Godunov fluxes, i.e first order fluxes. The resulting scheme is second 
order accurate in space and time, as is the scheme presented here. To avoid oscillatory 
behaviour the slopes added into Colella’s scheme are limited in the way slopes are limited in 
one-dimensional m u s c l  schemes. Colella reported that his scheme, as described above, did 
not achieve satisfactory results in all situations. He found that moderately strong shocks 
oblique to the grid were either smeared or suffered from oscillatory behaviour. He argued 
that the first order accuracy of the calculations of gradients parallel to the boundary (i.e 
the equivalent of our first order steps 3 and 5 in the above algorithm) were not sufficiently 
accurate to correctly model the fluid flow in these situations. He resolved the problem 
by sloping the data  parallel to, as well as perpendicular to, boundaries in the calculation 
of U n+2 , making the step second order accurate. He reported that this did alleviate the
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problem. It will be shown in the numerical results in §6.4 that the algorithm presented 
above does suffer from oscillatory behaviour when computing discontinuities oblique to 
the grid. A similar idea to Colella’s could be used, by replacing steps 3 and 5 above with 
second-order accurate w a f  steps. However, this would change the stencil of the scheme on 
the linear advection equation and the resulting scheme would therefore not be an extension 
of the scheme this chapter has set out to extend. It should be remembered tha t when fully 
limited, the scheme presented above does reduce to a first order monotonic scheme, and 
thus the problem lies not in the general approach, but the mechanism by which the scheme
detects high gradients in the flow. At present, only one-dimensional detection mechanisms 
along strips of cells are used. On hindsight, these are bound to be insufficient — they 
can not be expected to  react properly to multi-dimensional flow features. More work is 
needed to determine a suitable parameter that takes into account more multidimensional 
information. Such a param eter is suggested in the next section for the scheme developed 
there. It has not yet been tested on the scheme developed in this section.

6 .2 .2  A n  A lte r n a tiv e  F orm u lation  o f  th e  T w o D im en sio n a l C ase

It is im portant to  note here tha t the formulation of the scheme presented in §6.2.1 is 
certainly not unique. One of many alternative formulations is now given. Consider again 
the intercell flux (6.5) for the second order scheme on the linear advection equation:

(6.31)

This can be rewritten as:

(6.32)

Define
(6.33)

Then

(6.34)

(6.35)

l
(6.36)
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where g ' -  •, 1 =  bu- ■, 1 is the f o u  flux at boundary ( i , j  +  evaluated on data u. Hence'"ij'T 2 . * w "i” 2

(6.38)

(6.39)

One dimensional limiter functions <^+1^ =  ^ •+ i>j ( 7't-+ij? ^ '+ |,i)  can incorporated 
into this version of the scheme quite simply, by replacing (6.39) with a t v d  ’weighted 
average state’ step:

It was hoped tha t the algorithm (6.40), (6.38), (6.39) would not suffer as badly from the 
oscillations affecting the first version of the algorithm near oblique discontinuities, due 
to the fact that the flow parameters depend on the data at timelevel n and not
some intermediate state. However, numerical experiments have shown this not to be the 
case. To find a non-oscillatory version of the scheme, it does appear necessary to find 
multi-dimensional flow parameters such as the one suggested in the next section.

The extension of the algorithm (6.40), (6.38), (6.39) to nonlinear systems follows very 
similar lines to the previous extension. It has not yet been tested numerically, and will 
thus not be discussed further here, other than to say that it is potentially cheaper than 
the scheme of §6.2.2, since comparing (6.38) with (6.19) shows that fewer flux calculations 
are required.

6 .2 .3  T h e  T h ree  D im e n sio n a l C ase

The three dimensional equivalent of the scheme discussed in the last section is now consid­
ered. The scheme for the three dimensional linear advection equation (6 .6) is determined 
by the flux (6.10) which is repeated here for convenience:

1 1 (6.40)

(6.41)
1 1 + “ (1 +  ̂ a;)(2 — Vy)Vzfi,j,k—1 T g ( l — ^®)(2 ~ Vy)vz fi+l,j,k—l

1 1 4~g(l "H Vx'jVyl'zfiJ—lfk—l + g(l — Vx'jVyl'zfi+lJ—l,k—1
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The approach used to extend the two dimensional scheme in §5.2.2 can be applied, quite 
easily, to extend (6.41) to non-linear systems. It is easy to see that (6.41) can be written 
as

f i+ U k  = ^ r +  ( Uu , k )  +  h 1 -  "* ) / K + i \ k )  (6-42)

where

n+ o
~  uy ) $  v z ) u i,j,k +  A uy { 2  v z ) U i , j - \ , k

(6.43)

I f *  \ 1^ (2  — Vy)Vzu i, j ,k—1 4~ ^ y l/z u i , j—l ,k —l

As in the two-dimensional case, spurious oscillations can be at least partially controlled 
by replacing (6.42) with a one dimensional w a f  flux described in Chapter 2 , i.e by taking

f i+iij,k = \ ( l  + 4>i+L j M uT ih  + 5(1 -  * i ^ k) f(< tL k )  (6-44)

n_|_L
The calculation of ui in (6.43) can be done in two ways. The first is to treat (6.43) as 
a finite volume scheme, and re-write it in conservation form

Ui J  =  % j , k  ~
A t
A y

A t  
A  z

h/ • • 7 * 1 * * / 1*iJ) k~{"2 2

with
/ 1 / ,  ■ n 1

9 i j +  — g (  p z )9 i , j , k  +  g VzQi,j,k

1 1 
— g ( 4  — uy ) h i , j , k  +  g  V y h j j k

(6.45)

(6.46)

(6.47)

Alternatively, note that (6.43) is, in fact, the scheme resulting from first order operator 
splitting of the one dimensional f o u  scheme, i.e:

? /  2  —  T
i,j,k 3
n+h _  r (2Ai) ( 2A*) 

(A<) r(Ai)

( < i .O )  =  ^ At) ( £ ‘'"a,> (< > .* ))  (®-48)

where the operators and L ^ 1-- can be written in conservation form as

(«?**) = «?** -  ^  -  < 5 -  J  (6-49)

with k = giJJs = in*,-* and

4 ^  («?**) =  < i,k  ~  £  (6.50)

with h°’ , = hij,k = cuf.jJs,
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The scheme can be extended to non-linear systems

U* +  F(U )* +  G (U )„ +  H (U ), =  0 (6.51)

via the conservative formula

TTn+l _  Tjn _  ^

A t
A y

(6.52)
A t

~  A z

where
=  TTTT— 7 /  V dxdydz  (6.53)

The intermediate state U n+2 for the flux F  -, l  ,• t is calculated from either an extension of‘T 2
the finite volume scheme (6.45), (6.46), (6.47) or the operator split scheme (6.48), (6.49), 
(6.50). An extension of the (6.45), (6.46), (6.47) has yet to be developed. However, the 
operator split scheme (6.48), (6.49) (6.50) can be reinterpreted as operator split Godunov’s 
scheme with any exact or approximate Riemann solver or any other first order scheme 
that reduces to the f o u  scheme on the linear advection equation. The calculation of 
intermediate states U n+2 for the fluxes and H t- -fc+i follow in an analogous
fashion. Although the calculation of each of the three intermediate states involves two 
sweeps of the one-dimensional scheme, only five sweeps are needed altogether: since the 
order of the sweeps in each calculation is arbitrary, two of the intermediate states can 
share the sweep performed on data U n.

To ensure the scheme described above remains stable, the timestep A t  should be chosen 
as follows. First compute a maximum wavespeed Xmax for the whole domain as

Xmax =  Xitj tk |} (6.54)

where Ajj^-are characteristic speeds based on the data U n . The timestep can then be 
computed as

min{Az, A y, A z}
A t  = U m a x  7--------------  (6.55)

^max
where umax G (0, |]  is some user-defined Courant number coefficient.

6.3 A W AF-Type E xtension

Since the schemes for the linear advection equation presented in Chapter 5 were con­
structed via the w a f  approach, it seemes reasonable to try  constructing intercell fluxes 
for non-linear systems in a similar manner. The aim of this section is to discuss such 
extensions.
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6 .3 .1  E x te n s io n  o f  th e  T w o D im en sio n a l S ch em e

A WAF-type intercell flux for the system (6.11) can be defined as

■p* * * -= ir h n ^ jC ' <6-56)
for some space integration range I .  Here U*(&, y , t ) represents the solution to some initial 
value problem for the system (6.11). The obvious choice for these initial value problems 
are two dimensional Riemann problems, which have as initial data the states U t-j,

U t-+ij+i constant in their respective cells. However, as explained earlier, no suf­
ficiently general exact solutions to these problems seem to exist at present. Therefore, 
rather than use (6.56) directly, the flux (6.5) for the linear advection equation is reinter­
preted as the integral of the component of flux prependicular to the boundary (i +  \ , j )  
on the combined solution to one dimensional grid-aligned Riemann problems at nearby 
inter cell boundaries, as follows.

Consider, then, the case of the linear advection equation (6 .1). Assume the wavespeeds 
a and b are constant, but of any sign. The flux (6.5) can be written as:

=  +  (6.57)
1=1

where the index I refers to nearby intercell boundaries, labeled as in Fig. 6.1. By comparing 
(6.57) with (6.5) it can be easily seen that there is no unique solution for the set of

coefficients • However, a sensible set can be chosen as follows.

Consider a wave from the Riemann problem aligned to boundary (« +  | , i ) .  It will have 
a component of velocity perpendicular to the boundary at which it was generated. This 
velocity is the wavespeed from the solution to the Riemann problem at that boundary 
and always equals the constant speed a in the present case. The wave can be made truly 
two dimensional by also giving it a component of velocity parallel to the boundary. For 
this velocity, the component of velocity parallel to the boundary in the state behind the 
wave can be used. This will always be the constant b in the present case. W ith these 
two components of velocity, the wave will sweep over an area in space as time progresses. 
Waves from boundaries ( i , j  +  | )  are treated in an analogous fashion, with the roles of a 
and b reversed. See Fig. 6.2. Recall the scheme was originally derived from the general 
w a f intercell flux

f i + y  = T ^ W ) I !  I  y’t))dxdydt (6'58)

via the midpoint rule in time. At time t = t, part (or all) of the area swept out by 
each wave will intersect the space integration range I  defined in §5.2. The weight rj for 
each wave jump in (6.57) is set equal to the area of this intersection divided by the area 
of the space integration range.
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Figure 6.1: Labeling of the boundaries in the two dimensional wave model for f i+ 
Boundary 4 is the boundary across which the flux in being calculated.
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Figure 6.2: Weights for the two-dimensional wave model.

These weights can easily be shown to be:

C(1) =  !f'sm ax{i/y,0} C(7) =  - \ v xm m {vy,b}

£(2) = | ( 2  +  ux)max{uy,0} = | ( 2 “  ^ I m in ^ jO }

C(3) =  K 2 “  v x )m a x { v y ,  0} C(5) =  | ( 2  +  vx)rmn{vy, 0}

C(4) = | ^ ( 4 -  | vy |)

Substituting the weights (6.59) into (6.57) gives the flux in full as:

f i + ± , j  =  ^ ( 1  “I" ^ a ; ) ( 2 —  | Vy  | ) f i , j  +  " ( 1  ~  Vx ) { 2 — | Vy  | ) / i + l , j

(6.59)
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1 1 
+ - (1  +  vx )mcLx{i'y,0 } f i j - i  +  - (1  -  ^ )m ax{i/y, 0} /i+i j _ i  (6.60)

1 1
- - ( 1  +  vx )mm{vy, 0 }fi,j+i -  - (1  -  vx )mm{vy, 0 } f i + h j + 1

This is a generalization of (6.5) to wavespeeds a, b of any sign. The flux can be
written in a similar form to (6.57) as

giJ+L = (6.61)
z  i = i

where the boundaries are now labelled as in Fig. 6.3. Following the same procedure as 
above to  derive the coefficients gives:

^  =  s I/ymax{|/*>0} = —\ v yTom{vx , 0}

r f2) =  | ( 2  +  i/y )m ax{^ ,0} rjW =  | ( 2  -  vy)mm{vx, 0}
(6.62)

rjW =  |( 2  -  Vy)max.{vx ,ti} = |( 2  +  vy)mm{vx , 0}

V{4) =  | ^ ( 4 -  I vx I)

In the linear problem studied in this section, the wave model described above is essentially 
the same as the wave model of LeVeque [32] but the scheme he used is different from the 
scheme presented here.

The scheme resulting from (6.57),(6.59),(6.61),(6.62) is second order accurate, and will
therefore suffer from spurious oscillations in regions of high gradient. In one dimension,
this problem can be avoided by making the scheme satisfy t v d  criteria (see Chapter 2 ) .  

As mentioned earlier, Goodman and LeVeque [19] have shown tha t any two dimensional 
t v d  scheme is at most first order accurate. Since the aim here is to preserve second order 
accuracy at least in regions of smooth flow, the derivation of a t v d  version of the above 
scheme has not been attempted. However, spurious oscillations can at least be partially 
removed by incorporating one-dimensional t v d  limiter functions into the fluxes (6.57), 
(6.61). One way to achieve this is to replace the weights (6.59) by

C(1) =  g^+L^niaxfi/j,, 0} C(7) = - g ^ + i j m i n  { ^ ,0 }

C(2) =  K 2 +  0-+1 j ) maxH >  ° )  C(6) =  K 2 “  j ) min{^ r  0}
(6.63)

C(3) =  K 2 “  j ) maxK >  ° )  C(5) =  | ( 2  +  

C(4) =  1 ^ ( 4 -  I I)
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Figure 6.3: Labeling of the boundaries the two dimensional wave model for ffjj+L- Bound­
ary 4 is the boundary across which the flux in being calculated.

where the limiter . is the one dimensional limiter for the contribution of boundary I 
1 ' 2 ’•?

(/ =  1, ...,7) to the flux at boundary (z +  | , i ) .  Note that when ^  =  vx , (6.63) reduces to 
(6.59) and is second order accurate in space and time and when (f>W = sgn(z/x) (6.63),(6.57) 
reduces to:

1 1 1 
f i+ y  =  ^ ( 4 -  | vy |) f i tj +  - m a x { ^ ,0} /ij_ i  -  jm m { v y, 0 } f i ) j + 1

for positive vx, and

(6.64)

(6.65)

for negative vx . This is a generalization of the first order flux (6.4) to wavespeeds a , b 
that are constant but of any sign. The scheme resulting from fluxes (6.64) and (6.65) is 
monotonic provided | vx |<  1, | vy |<  1, and will thus not produce oscillations in regions 
of high gradients under this restriction. Hence it is suitable for use as the first order 
component of a scheme using limiter functions.

It was hoped that using the m i n m o d  or v a n  L e e r  type limiters (2.79), (2.80) directly 
from the one dimensional case in (6.57), (6.63) would ensure the resulting scheme remained 
oscillation-free in all situations. However, this was only partially successfull. The strategy 
worked well provided the flow was approximately aligned to the grid, but shocks moving
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oblique to the grid lines suffered from overshoots of a few percent of shock height, though 
much smaller than the overshoots in the second order scheme without limiters. It was 
found tha t the situation can be greatly improved by replacing the flow parameter (6.23) 
by

»f+ij = (1 - K  Dri+iJ + max{vj„ 0}ri+i  j_ , + 0}ri+i J+1 (6.66)

where ri+i j  is the one-dimensional flow parameter ri+i from (6.23) along strip j .  In most 
situations, this parameter appears to  result in solutions without significant overshoots. 
There can be, however, small undershoots in certain situations. Further experimentation 
may provide an improvement on (6 .66).

The essential components of the scheme constructed here have been the generalizations 
of the second order scheme (5.32) and the first order scheme (5.25) to the case of speeds 
a and b of any sign. These are both stable provided the condition

m ax{| vx |, | i/y |} < 1 (6.67)

is satisfied. It is thus reasonable to assume that the scheme presented here also has this 
stability condition.

The extension of the flux (6.57), (6.59) to nonlinear systems can be done as follows. 
Equation (6.57) is replaced by

P i+i J  = h F iJ +  F i+1,j ) -  ]T  £('•”*) A ^ F  (6.68)
1=1,7 m=l ,N

where denotes the jump in F across the m th wave from the Riemann problem at
boundary / in Fig. 6.4, and is the associated coefficient, defined via (6.63) as follows. 
First define, for each boundary I a Courant number for the m th wave from the grid 
aligned Riemann problem at tha t boundary and moving perpendicular to that boundary 

=-a(hm) Ai, where is the wavespeed of the m th wave in the solution to theas v
Riemann problem, and A d  is A x  or A y,  depending on the orientation of the boundary.
Similarly define a Courant number for flow moving parallel to the boundary as

_  v (l,m) A| where v {l,m) component of velocity parallel to the boundary on the
state immiediately behind the m th wave in the solution to the Riemann problem and A d
is the length of the boundary. The weights are derived from (6.63) and are defined*+2»J .

as:

=  K 2 +  W # m), 0} & ’T) = 1(2 -  0}H+±,j 8v 'i+%,3 Ti+%,3'

j  = 1(2 -  ax{^ 'm), 0} = |(2  + $ $ )n U n { 4 5'm\  0}

c W  =  i ^ i r ).(4- 1 4 4,m) i)

(6.69)
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where ■ — <t){Ti 1') is a one dimensional limiter function computed using the flow

parameter (6 .66) for the m th wave at boundary i +  and for / =  1,4,7, t/p,m^
otherwise.

The fluxes G i -+ i. follow in an analogous manner. Assuming the stability of the scheme 
transfers from the linear case (6.67), the timestep is taken from

m in{A z,A  y}
— V m a x  ^

^ m a x

where Xmax is the maximum absolute characteristic speed over the whole domain at 
timelevel n and vmax £ (0 , 1] is some user defined Courant number coefficient.

6 .3 .2  E x te n s io n  o f  th e  T h ree  D im e n s io n a l S ch em e

The second order flux (6.41) for three space dimensions can be be extended for use on non­
linear systems of equations in a similar manner to tha t discussed for the two dimensional 
scheme in the last section. All tha t is needed is a suitable wave decomposition. The 
equivalent of (6.57) is

f i+hj,k = k f t , A* +  /i+ i«#,*) -  £ C(,)A « /  (6.71)
Z=1

where A ^  f  is the flux jump across the /th  boundary and (W is the corresponding co­
efficient. There are twelve boundaries involved in the present case (constant, positive 
wavespeeds) which are labeled as in Fig. 6.4. The flux is sought for boundary 1.

Writing the flux (6.71) out in full and comparing it with (6.41), eight conditions (from 
enforcing equality of coefficients) are found governing twelve ’’variables” (the coefficients 
C ^). The the set of possible coefficients 1S therefore not unique. To choose a set of
coefficients, recall that in the two dimensional case the weight for each boundary equalled 
the area of the intersection of the integration range with the region swept out by a wave 
from that boundary at time t =  |A t, divided by the area of the integration range. To 
calculate the weights for the three dimensional case, the equivalent principle is applied, 
using volumes instead of areas — each weight should be the volume of the intersection of 
the integration range with the region swept out by the wave from the boundary at time 
t = |A / divided by the volume of the integration range. As an example, Fig. 6.5 shows 
the intersection of the volume swept out by the wave from boundary 1 with the integration 
range.

(6.70)
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Figure 6.4: Labeling of the twelve boundaries contributing to the three dimensional second 
order flux. Boundary 1 is the boundary across which the flux is being calculated. The 
flow is moving into the page, and upwards. Circles indicate the boundary ’behind’.
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U A  t

A z

Figure 6.5: Integration for the weights in the 3D wave model — the volume for boundary 
1. The flow is moving into the page, and upwards.

The coefficients derived via this approach are:

c (3

C(5

c<7

c<9

=  ^ ^ ( 1 2  -  3Vy -  3i/* +  vyvz) C(2) =  i&Vyi 12 +  6vx -  3vz -  2vxvy)

-  ^ y ( 1 2  -  6vx -  3vz +  2vxvz ) c(4) =  & x V y (3 -  vz)

= ^ V xVz (Z - Vy )  C(6) =  +  2vx)

=  i&VyVZ(S -  ZVx) C(8) =  & XVyVz

-  ^ v z {!2 -  6vx -  3vy +  2vxvy) Ĉ 10  ̂ =  i§Vz( 12 +  6 ^  -  3vy -  2vxvy)

(6.72)

C(11) = ^ yvz{Z +  2 vx ) C(12) =  hvyVzi3 ~ 2 vx)

In the general case (variable wavespeeds of any sign) there would be 23 boundaries in­
volved. This is not discussed here, since it follows easily from the two dimensional case.

The second order scheme can be made virtually oscillation-free by taking the flux 
(6.71), (6.72) and replacing each vx by a one-dimensional limiter (j), as in the two dimen­
sional case. Similarly for </t- -+ i k and The flow parameter will again have to
be replaced by a more multi-dimensional flow parameter. A natural extension of the one
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dimensional flow parameter would be:

ri+iJ<k =  (1 -  Vy){\ -  +  (1 -

+Vy{l -  ^ )r i+. j_hk +  vvvzri+y _ 1Js_t
(6.73)

where ri+ 1 -k is the one-dimensional flow parameter ri+ 1 defined by (6.23) along the one 
dimensional strip (j, k). Other choices are, of course, possible.

The extension of the flux (6.71), (6.72) to non-linear systems follows trivially from the 
two dimensional case. Fluxes are replaced by their vector-valued equivalents, jumps in flux 
are interpreted as jumps across waves in the solution of grid-aligned Riemann problems and 
Courant numbers for the calculation of weights are taken from the solutions to Riemann 
problems at boundaries, or from components of velocity parallel to the boundary on states 
within cells, depending on the orientation of the boundary. The timestep A t  for the scheme 
is taken as in (6.54),(6.55) for the other extension of the three dimensional scheme.

6.4 Num erical Experim ents

Numerical results from the schemes discussed in the last two section are now presented 
for the two dimensional Shallow Water equations

(  4> \
<f)U

\(f>v )
+

(  <j)U
<fm2 +  \(f>2 

y </>uv
+

<f)V
4>uv 

\  (f)v2 +  \4>2 )
= 0 (6.74)

where 0 =  gH  is the geopotential, H  is the to tal depth, g «  9.81 is the acceleration due 
to gravity and u and v are the x and y components of velocity respectively. Riemann 
solvers for the one dimensional counterpart of (6.74) can be found in [66]. Results from 
the schemes presented in the last two sections will be compared with those from a code 
based on an operator split version of the one dimensional w a f  scheme. Since both of the 
finite volume schemes under consideration are second order accurate in space and time, 
the second order splitting of Strang [53], as discussed in Chapter 2, is used.

Two test problems are considered, both of which are radially symmetric about the 
centre of the domain. They can thus be compared with numerical solutions to the one­
dimensional Shallow Water equations with a geometric source term:

Ut + F(U)* = S(U,r) (6.75)

where



Here w =  y/u2 +  v2 is the radial velocity, and r is the distance from the centre of the 
domain. Numerical solutions to (6.75), (6.76) have been taken from a code by Mr Ed 
Boden, to whom the author is indebted. The code is based on time operator splitting, in 
which each timestep consists of two stages. Firstly, the hyperbolic system

U* +  F(U %  =  0 (6.77)

is solved with data U n as initial conditions for a time A t  to find an intermediate solution 
U. This is followed by the solution of the system of ordinary differential equations

U t =  S (U ,r)  (6.78)

with data U  as initial conditions for a time A t to obtain the solution U n+1 at the next 
timelevel. In the code used here, the one dimensional w a f  method, as described in Chapter 
2, with the van Leer limiter (2.80) was used for the solution of (6.77) and a simple Euler 
step was used for the solution of (6.78). In all solutions of (6.75), (6.76) presented below, 
2000 computational cells were used.

For both initial value problems considered here, equations (6.74) are solved within the 
domain [0,2] x [0,2] divided into 101 x 101 computing cells. The v a n  L e e r  limiter is 
used in all calculations. Both problems are ’circular dam-break problems’, i.e the initial 
conditions consist of two states separated by a circle. Here the circle has radius r  =  0.35 
and is centred on the point (1,1). Any cells cut by this circle are given a weighted average 
of the two states, based on the relative areas of the part of the cell lying within the circle 
and the rest of the cell.

The first problem considered is an ’explosion’ problem. For initial conditions, both 
components of velocity are set to zero everywhere and (j) is set 4° 1-0 inside the circle and 
0.1 outside the circle. The Courant number coefficient is set at 0.8, and results are taken 
at times t = 0.2 and t = 0.5. By time t =  0.2 a circular shock wave has formed and is 
’expanding’ away from the centre (1,1). W ithin this circular shock is a circular rarefaction 
wave which ’drains’ fluid from the original deep region to ’feed’ the shock. By time t = 0.5 
the shocks have grown dramatically in strength and a small dip in geopotential has formed 
in the central deep region. For each solution, two cross sections are shown: a section in 
the plane y = 1, called z-strips here, and a section in the plane x = y, called diagonal 
strips here. Strips from two dimensional solutions will always be represented by symbols 
in the figures; solutions to the one dimensional equation (6.75),(6.76) are represented by 
solid lines. Figures 6.6 and 6.7 show the x strips and diagonal strips obtained using the 
operator split scheme. Figures 6.8 and 6.9 show the equivalent results for the scheme of 
§6.2, and figures 6.10 and 6.11 show the same for the scheme of §6.3. Note that the scheme 
of §6.2 fails to resolve the dip in geopotential at x =  1, y =  1 at time t = 1.0 as well as the 
other schemes.

Figures 6.12 and 6.13 show two dimensional plots of the explosion problem computed 
by the operator split scheme and the scheme of §6.2 respectively. A grid of 400 x 400 cells 
was used on each of these calculations and output was taken at time t =  0.5.
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The second problem considered is a ’shock focusing’ problem. In the initial conditions, 
both components of velocity are again set to zero everywhere, but now <f> = 0.1 inside the 
circle and 4> — 1-0 outside the circle. The Courant number coefficient is again taken as
0.8 and results are taken at times t =  0.4 and t = 1.0. At time t = 0.0, a circular shock 
forms at the initial discontinuity and grows in strengh as its radius diminishes in time, so 
the shock is being focused on the centre (1,1). At the same time, a circular rarefaction 
wave travels outward from the initial discontinuity. By time t =  0.4, the shock has almost 
diminished into a singularity at the centre and is begining to interact with the tail of the 
rarefaction. At time t — 1.0, the initial circular shock has passed through the singularity 
and a circular shock is expanding outward from the centre and interacting fully with the 
rarefaction wave, x strips and diagonal strips for the operator split scheme on this problem 
are shown in figures 6.14 and 6.15 respectively. The equivalent results for the scheme of 
§6.2 are shown in figures 6.16 and 6.17, and figures 6.18 and 6.19 show the same results 
for the scheme of §6.3. Note the loss of monotonicity of the scheme of §6.2 along diagonal 
strips. This problem can only be cured by the use of a multidimensional flow parameter, 
such as (6.66), and is currently under investigation. In figure 6.18 it can be seen tha t the 
scheme of §6.3 has become unstable for this problem. However, results for the same test 
with a Courant number coefficient of 0.5 are shown in figures 6.20 and 6.21, where the 
instability is not evident. The scheme has been tested with a Courant number coefficient 
of 0.8 and the limiters turned off, i.e second order accuracy everywhere and the instability 
was again not evident (results not shown). Since the instability did not occur with a 
Courant number coefficient of 0.8 when second order accuracy was used everywhere but 
did occur when the monotonicity controls were in place, the problem must lie in the first 
order part of the scheme. Further work is needed to establish why this problem arises. It 
is interesting to see tha t none of the schemes are able to accurately resolve the velocity 
profile near (1,1) at time t =  1.0.

Figures 6.22 and 6.23 show two dimensional plots of the shock focusing problem com­
puted by the operator split scheme and the scheme of §6.2 respectively. A grid of 400 x 400 
cells was used on each of these calculations and output was taken at time t = 1.0.

6.5 Conclusions

In this chapter, two new finite volume schemes for the solution of two-dimensional hy­
perbolic systems of conservation laws on Cartesian grids have been presented. Both are 
based on solutions to grid-aligned Riemann problems and are different extensions of the 
same scheme for the linear advection equation. This scheme is a WAF-type scheme de­
rived in chapter 5. In smooth flow, the new schemes are second order accurate in space 
and time, and achieve atleast partial monotonicity in regions of high gradient by the use 
of one-dimensional t v d  limiter functions. Numerical experiments on the Shallow Water 
equations have shown both schemes are suitable for the solution problems containing bore 
waves, although the first order version of the scheme of §6.3 appears to lack robustness 
when Courant number coefficients greater than one half are used. Some details of the
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application of the schemes in three space dimensions have also been given.
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Figure 6.9: Results from the explosion test: diagonal strips from the scheme of §6.2 with 
the v a n  L e e r  limiter. A Courant number coefficient of 0.8 was used.
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Figure 6.10: Results from the explosion test: .T-strips from the scheme of §6.3 with the 
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Figure 6.11: Results from the explosion test: diagonal strips from the scheme of §6.3 with 
the v a n  L e e r  limiter. A Courant number coefficient of 0.8 was used.
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(a) Geopotential.

(b) Froude number.

Figure 6.12: Two dimensional results from the  o p e ra to r  split scheme for the explosion
problem. A grid of 400 x  400 cells and  C o u ran t  num ber coefficient of 0.8 were used.
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(a) Geopotential.

(b) Froude number,

Figure 6.13: Two dimensional results from the scheme of §6.2 scheme for the explosion
problem. A grid of 400 X 400 cells and C ouran t num ber coefficient of 0.8 were used.
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Figure 6.14: Results from the shock focusing test: rc-strips from the operator split scheme 
with the v a n  L e e r  limiter. A Courant number coefficient of 0.8 was used.
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Figure 6.15: Results from the shock focusing test: diagonal strips from the operator split
scheme with the v a n  L e e r  limiter. A Courant number coefficient of 0.8 was used.
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Figure 6.16: Results from the shock focusing test: .r-strips from the scheme of §6.2 with
the v a n  L e e r  limiter. A Courant number coefficient of 0.8 was used.
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Figure 6.17: Results from the shock focusing test: diagonal strips from the scheme of §6/2 
with the van Leer limiter. A Courant number coefficient of 0.8 was used.
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Figure 6.18: Results from the shock focusing test: ,T-strips from the scheme of §6.3 with
the v a n  L e e r  limiter. A Courant number coefficient of 0.8 was used.
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Figure 6.19: Results from the shock focusing test: diagonal strips from the scheme of §6.3 
with the v a n  L e e r  limiter. A Courant number coefficient of 0.8 was used.
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Figure 6.20: Results from the shock focusing test: z-strips from the scheme of §6.3 with 
the v a n  L e e r  limiter. A Courant number coefficient of 0.5 was used.
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Figure 6.21: Results from the shock focusing test: diagonal strips from the scheme of §6.3
with the v a n  L e e r  limiter. A Courant number coefficient of 0 .5  was used.
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(a) Geopotential.

(b) Froude number.

Figure 6.22: Two dimensional results from the o p e ra to r  split scheme for the shock focusing
problem. A grid of 400 x 400 cells and C ouran t num ber coefficient of 0.8 were used.
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(a) Geopotential.

(b) Froude number.

Figure 6.23: Two dimensional results from the scheme of §6.2 scheme for the shock focusing
problem. A grid of 400 X 400 cells and C ou ran t  num ber coefficient of 0.8 were used.
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C hapter 7

F inite Volume Schem es for 
Curvilinear Grids

7.1 Introduction

In general, numerical methods are needed to simulate flows around arbitrarily complex two 
and three dimensional bodies and Cartesian grids cannot be used directly. One possibility 
is to extend methods for Cartesian grids, such as those presented in Chapter 6, for use in 
the so-called ’Cartesian Boundary Technique’ (see, e.g Quirk [41]), in which solid bodies 
blank out areas of a background Cartesian grid and the resulting cut cells are treated 
specially. Alternatively, the numerical methods could be adapted for use on unstructured 
grids.

In this chapter, a third alternative will be considered. The two finite volume schemes 
for Cartesian grids in two space dimensions presented in Chapter 6 will be extended for 
use on structured, body-fitted grids of quadrilaterals, i.e grids that completely cover the 
flow domain, do not extend beyond the flow domain, and comprise only of four-sided cells 
that can be labelled via two integers as {A* j} . Such grids are called curvilinear grids here. 
Many numerical methods for the generation of these grids exist and fall into two main 
categories: differential and algebraic. Differential methods consist of those based on solving 
differential equations, such as those by Thompson et. al [57],[58]. Algebraic methods 
consist of those that make use only of algebraic expressions involving the coordinates of 
the grid nodes, such as the multisurface method of Eiseman [11]. A general discussion of 
numerical methods for grid generation can be found in Kutler [28].

As in Chapter 6, the schemes considered here will be written in conservative form, 
which on the grids studied here can be written as:

Tjra+l   T j n _____
"  U*-.i y (A . )

(7.1)
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V (A i j )  iE *’i+ 2 '

One of the resulting schemes will be used to study the problem of Mach reflection of 
bore waves in shallow water, by reflecting bore waves from solid boundaries. Results will 
be compared against those from a second order accurate operator split w a f  code. The 
extension of the three dimensional schemes for Cartesian grids presented in Chapter 6 will 
not be considered here, although the extension of these schemes follows directly from the 
two dimensional cases.

The remainder of this chapter is set out as follows. In §7.2 and §7.3, the schemes of 
§6.2 and §6.3 will be extended to curvilinear grids; in §7.4, numerical results are presented 
and in §7.5 the chapter is summarized and conclusions are drawn.

7.2 E xtension o f the Scheme of §6.2

In this section, the finite volume scheme presented in §6.2 for the solution of two dimen­
sional hyperbolic systems of conservation laws on Cartesian grids is extended for use on 
curvilinear grids. The extension of the scheme is almost a trivial m atter, given the discus­
sion in Chapter 2 of how the operator splitting technique is applied to the one-dimensional 
w a f  scheme. However, a detailed algorithm will now be given.

1. Set up a curvilinear grid of M{ x Mj cells within the flow domain and add two strips of 
ghost cells along each boundary by reflecting points on the interior of the grid across 
the boundary. Compute and store the area V ( A i j )  of each cell, the lengths li+i 
h,j+ 5  the cell boundaries, the angles 0i+1 j ,  + i  those boundaries make with the 
^-direction, and suitable integration lengths /f, L •> $■. i ? . i representing

*T It j iJ * J t  2

some characteristic cell lengths perpendicular to the boundaries, as for the operator 
split w a f  scheme described in Chapter 2. Impose the required initial conditions.

2. Choose a timestep A t  based on the maximum absolute characteristic speed Amax on 
the data and the minimum side length:

_ m iry  { /**„-,/W J }
Z A l  —  I ' m a x  >

^ m a x

where vmax £ (0,1] is some user-defined Courant number coefficient. If this timetep 
takes the solution past the requied solution time, reduce it as necessary.

3. For each i 6 [1, Mt-]

(a) Set boundary conditions at either end of strip i. For transmissive boundaries, 
place in each ghost cell the value of each primitive variable in the cell within the 
flow domain that shares the same strip perpendicular to the boundary, and is

(7.2)

173



the same number of cells from that boundary. Reflective boundaries are treated 
in the same way, except the sign of the component of velocity perpendicular to 
the boundary is changed.

(b) For each j  G [0,Mj], compute components of velocity in cells A A ; j + i  
perpendicular and parallel to boundary ( i , j  +  | ) ,  using the boundary angle

The perpendicular velocity and other primitive variables from the two 
cells define an ’augmented’ one dimensional Riemann problem. Solve this using 
any suitable robust, accurate Riemann solver, such as the h l l  solver. Determine 
the component of velocity perpendicular to the boundary and on the boundary 
from the position of the slip line, and compute a Godunov flux from the resulting 
state on the boundary. Using compute x and y components of the
momentum flux to give a final intercell flux E —+ i.

(c) Update strip i of cells by |A t to obtain an intermediate state by using
the conservative formula

n + | , i  _  _  2 ^

V ( A i j ) Bij+i ' k m  -  • hj-i]  (7-3)

This step is effectively a j-sweep of Godunov’s method, as would be used in an 
operator split scheme, with a timestep |A t.

4. For each j  6 [1 , Mj],

(a) Set boundary conditions at each end of strip j , as in 3(a).
(b) For each i E [—1 : Mi  +  1], solve the one dimensional Riemann problem per­

pendicular to boundary (i -f \ , j ) based on the data U n+2,z, in an analogous 
manner to the solution of Riemann problems step 3(b).

(c) For each i E [0, ihf*], compute a one dimensional w a f  flux, as is done in the
operator split case described in Chapter 2.

(d) Transform the flux back into x — y coordinates by computing x and y compo­
nents of momentum and store the resulting flux El^fU  for later use.

This step is effectively an i-sweep of the w a f  method as would be used in an operator 
split scheme, without the update at the end.

5. For each j  G [1, Mj],

(a) Set boundary conditions at each end of strip j ,  as in 3(a).
(b) For each i G [0,Md, compute a one dimensional Godunov intercell flux E-, i •*1" 2

in an analogous fashion to step 3(b).

(c) Update strip j  of cells by |A t to obtain an intermediate state by using2
the conservative formula

  t t  n _______ 2

F ( A . .) (7.4)
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This step is effectively an «-sweep of Godunov’s method, as would be used in an 
operator split scheme, with timestep \& t.

6. For each i G [1, Mt-]

(a) Set boundary conditions at each end of strip «, as in 3(a).

(b) For each j  G [—1 , Mj +  1], solve the one dimensional Riemann problem per­
pendicular to boundary ( i , j  +  | )  based on the data XJn+5’3, in an analogous 
manner to the solution of Riemann problems in the step 3(b).

(c) For each j  G [0, Mj], compute a one dimensional w a f  flux, as is done in the 
operator split case described in Chapter 2.

(d) Transform the flux back into x — y coordinates by computing x and y compo­
nents of momentum and store the resulting flux for later use.

This step is effectively a j-sweep of the w a f  method as would be used in an operator 
split scheme, without the update at the end.

7. Update the data U n at time level n to data U n+1 at the next timelevel by using the 
fluxes E ^ f  in the two dimensional conservative form (7.1).*T *iJt 2

8. Increment the time variable by A t. If the required solution time has not yet been 
reached, go to step 2.

9. Output data.

The main fault of the scheme described above is that it will suffer from the operator 
splitting error triggered by ’irregular’ quadrilaterals discussed in Chapter 2, i.e constant 
data will not be preserved. This is because predictor states U n+2>*5 U n+2,J are calculated 
from sweeps identical to those used in operator split calculations. The errors are thus 
introduced into the predictor states, from which the intercell fluxes are calculated. These 
fluxes therefore never know about the constant data. One possible way to rectify this 
problem is to replace the Godunov sweeps used to calculate the predictor states with non­
conservative steps. The overall scheme would still be conservative, since the conservation 
form (7.1) is still used. A non-conservative predictor step has not yet been derived. An 
example of an existing finite volume scheme with a non-conservative predictor step is the 
MUSCL-Hancock scheme described by Quirk in [41].

7.3 E xtension o f th e Scheme o f §6.3

In this section, the scheme described in §6.3 for the solution of two dimensional hyperbolic 
systems of conservation laws on Cartesian grids is extended for use on curvilinear grids. As 
before, intercell fluxes are taken as an integral average at the half timestep level, over some 
fixed space integration range, of the component of flux perpendicular to the boundary on
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the combined solutions to nearby grid-aligned Riemann problems. Waves from the one 
dimensional, grid-aligned Riemann problems are modelled as in the Cartesian case, i.e they 
have a component of velocity perpendicular to the boundary from which they originate, 
taken as a wavespeed in the solution to the Riemann problem, and a component of velocity 
parallel to the boundary, taken from the state immiediately behind the wave.

Consider the boundary (z +  | ,  j ) .  Only waves from boundaries labelled 1—7 in Fig. 
7.1 will be taken into account when computing an intercell flux for this boundary (labelled 
4 in Fig 7.1). It may be possible, under extreme circumstances, such as Courant number 
coefficient close to unity or a grid cell tha t is far from rectangular, that waves from other 
boundaries may reach the space integration range (defined below), but their contribution 
will be small, and their omission should not significantly affect the global accuracy of the 
scheme. The space integration range I  chosen is also illustrated in Fig. 7.1. It is defined 
as the area between the straight line joining the midpoints of boundaries 2 and 5 and the 
straight line joining the midpoints of boundaries 3 and 6 intersected with the union of cells 
A i j  and A,-+ifj. On Cartesian grids, this reduces to the integration range (5.7) defined in 
§5.2.

Define angles . to be those between the normal to the boundary + and the

lines joining the midpoints of this boundary and the midpoints of boundaries ( i+  | ± l , i ) ,  
as shown in Fig. 7.2. Define (xi+± j +i ,  yi+i j +i )  to be the intersection of boundaries
(? + hi j )  and ( i , j  +  | ) ,  and (x™ i .,y™ i .) to be the midpoint of boundary (z +  b, j ) .

2  > J  ! T 2 i J

Simple geometric arguments show that

tanflt. a . =  
*+2»J

(xP -  a™ i ?i)2 +  (yP -  y™ ,_ .)2 

[ x p  -  ^ | f j ) 2 +  ( y p -  y % . y ) 2
(7.5)

where

,p —

r  =

9

l  +  g 2

g{xv -  x i+i tj+i )  +  yi+i j +L

(7.6)

(7.7)

(7.8)

If x - , i  •, i — x ; , i • i is small, then 
* - t - 2 » - 7 + 2  t + 2 ^ ~ 2

1
y p = 1 + h2

= h(y? -  yi+s j + i ) +  xi+s j+h

(7.9)

(7.10)
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Cell {i +  1 i j - \ - 1)

Cell (i + l , j  -

Cell ( i , i )

Figure 7.1: Illustration of the integration range for the scheme of §7.3. The numbers 
indicate the labelling of boundaries in the calculation of the intercell flux.
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(xi+bj+h’yi+ b i+ 0

2  ’■? 2

Figure 7.2: Definition of angles 0* L . for the scheme of §7.3. Full circles denote grid* + 2
nodes; empty circles denote midpoints of boundaries.

h = Xi+5 v7+|

^'+4,j+4
(7.11)

Similarly for 0 j .,0*. 2. Define also angles 77̂  .to be the angles between the normal to2»i+
the boundary (i +  ^ , j )  and the lines between the midpoint of boundary (i +  \ , j )  and the 
midpoints of boundaries ( i , j  ±  4) and angles 77̂  . to be the angles between the normal

*+ 2 ,3
to the boundary (i +  j )  and the lines between the midpoint of boundary (* +  \ , j )  and 
the midpoints of boundaries .(« +  1, j  ±  | ) .  See Fig. 7.3. Tangents of these angles 77 can 
be found from simple geometric arguments. Denote by a ^  the component of velocity of 
a wave from boundary / perpendicular to that boundary, and by the component of 
velocity parallel to that boundary assigned to the wave in the wave model described above. 
Define, as in §6.2, the weight . for the wave to be the area of the intersection of the

* + 2 > - 7

region the wave sweeps over at time t — |A t with the integration range, divided by the 
area of the integration range. Careful analysis shows that:

f (1)
^ + y

a ^ A t 2 
8 V (I)

-max {&w -  a « (7.12)

(2) _  a (2)A*2
8 V (I)

2/(2)
A t

+ &(2) - a (2) ta n 0+. a 
*^“ 2

(7.13)
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for the scheme of §7.3Figure 7.3: Definition of angles 4>J
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where

and

^(3)

A 4)

a(3)A /2

‘(7)

2^3)

A*)
S’+I,j

/>(«)
*+|,j

8V (I) A t

a ^ A t 2 [4
8V (I) A t

a ^ A t 2 2/(5)
SV (I) A t

a ^ A t 2 '2 1 ^

- 6 ^  +  a ^ ta n ^ +  . f  *+i ,3 - 5

— max { t an rj? j .

â 4Han 7/^t • I '*+&J
—mm

+ 6 ^ - a ( 5Han6>7.

8F (J)

«(7)A^2 . 
C i ,  =  ~ g ^ m m h < 7) -  a<7>

K  =  iT(a(0) =
L  if aW < 0

otherwise

.V(/) = - ( n A , j )  +  V(Ai+1J-))

(7.14)

(7.15)

(7.16)

(7.17)

(7.18)

(7.19)

(7.20)

(7.21)

is the area of the integration range / ,  equal to the mean of the areas of the cells either 
side of the boundary. The intercell flux can now be defined as

V(Ajij)Ejj  + V(Aj+ij)Ej+i j

where the summation takes place over all seven boundaries and all N  waves, E  always 
denotes the component of flux perpendicular to the boundary (i +  b ,j) ,  • is thei+J >J
coefficient for the kth wave from the Ith boundary defined as the coefficient . from*+ 2
one of (7.12) — (7.18) using the components of velocity for the wave and A E ^,fc) is the
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jump in E  across tha t wave. The flux E i+1 • is transformed back into x — y coordinates by 
finding components of the momentum flux in that frame. The calculation of fluxes E^ 
follows similarly. Given a complete set of such fluxes, the solution U n can be updated to 
the next timelevel using the conservative form (7.1).

To avoid the large number of flux calculations inherent in (7.22), and thus improve the 
efficiency of the scheme, an alternative intercell flux can be constructed from a weighted 
average of primitive variables. Denote by P  the vector of primitive variables for the system 
being solved. A weighted average state for boundary (i +  | ,  j )  can be defined as:

-p _  ^ (A tj)P t,j  4~ P (A t‘-|-i,j)Pj-H,j _  \  Ahk) A (l,k)j3 (7 oo\
-  P (A ^ )  +  F (A m J ) { }

where A ^,fc)p  is the jump in P  across wave k from boundary /. The intercell flux E t-+ i. • 
can then be calculated as:

E j+M  =  E (P i + |J ) (7.24)

Fluxes E t- -+ i. follow similarly. For the linear advection equation on Cartesian grids, this 
scheme is identical to the previous one, so it has the same accuracy and stability on that 
equation. However, on nonlinear systems the two schemes are different, although it is 
assumed here tha t they have the same accuracy and stability properties.

The schemes presented above, being second order accurate in space and time, will 
suffer from spurious oscillations in regions of high gradient. These can be damped by the 
use of one-dimensional limiter functions as follows. For I = 1 ,4 ,7 , for each wave k is 
replaced in £(l,k) by a function <&(l’k) defined from a one dimensional limiter function 
as:

1{K)
$ (W  =  ^<W J±ihi (7 .25)

where K  is defined as in (7.20) and l[^} . is an integration length. The limiters

are computed using the flow parameter for boundary {% +  | , j )  and a Courant number 
_  a(l,k) -A* For / =  2 ,3 ,5 ,6  take

t+k,j2 ; i+k,3

$(/,*) =  (7.26)

where is the length of side /, and the Courant number for the limiter is taken as 
• =  bV’ty'jrfi. Note that when <j>(l,k) =  v^l'k\  the scheme reduces to the original second

*"r 2 >3 I
order scheme.

The main advantage of the scheme presented in this section over the scheme of §7.2 is 
tha t it will preserve constant data, since all wavejumps A E ^ ’̂  (or A P ^ ’fc)) vanish in this 
case and the intercell flux is the flux on that constant state. However, this scheme has three 
main disadvantages relative to the scheme of the last section. Firstly, for each intercell
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flux, N  limiters must be computed for each of 7 boundaries, i.e 7N  in total, as opposed to 
just N  for the other scheme. It should be possible to cure this problem by rethinking the 
way the scheme is limited. The second problem is that the scheme presented here requires 
significantly more memory: tangents for the angles x, v f f+ 1 and

t f j+ i  mus  ̂ be stored. A third disadvantage of the scheme is that there is a significant
amount of logic involved in deciding which waves need to be used in the calculation of a 
given flux and which do not. This adds to the computation time. Numerical experiments 
using the primitive variable version of the scheme described above have indicated tha t it 
can be approximately twice as expensive, in terms of c p u  time, as the scheme of §7.2.

7.4 N um erical Experim ents

It is well known in the field of Gas Dynamics that when a shock wave is reflected obliquely 
from a solid boundary, two main types of reflection can occur: regular reflection and Mach 
reflection. In regular reflection, just two waves exist — the incident shock and a reflected 
shock. These meet at some point on the boundary. In Mach reflection, the incident and 
reflected shocks meet at a point within the flowfield called the Triple point, and a third 
shock, called the Mach stem, joins this point to the boundary. There are various types of 
Mach reflection. Some of these have been discussed in §3.6. See the book by Ben-Dor [3] 
for a discussion of Mach Reflection applied to the Euler equations.

It seems to be less well known tha t Mach reflection of bore waves can occur in shallow 
water — the only recent papers in which the phenomena is discussed appears to be Krehl 
et. al. [27] and Takayama et. al. [56]. In this section, the scheme of §7.2 will be used to 
illustrate the phenomena. Since experimental data was not available to the author at the 
time of writing, the results will be compared against some from a code based on the one 
dimensional w a f  scheme extended to two dimensions via space operator splitting. The 
Strang splitting (see Chapter 2) was used, since it is of the same theoretical accuracy as 
the finite volume scheme being tested.

A bore wave travelling in the x direction in two space dimensions is completely deter­
mined by the state {<j)R, u r , vr) ahead of the bore and the Froude number

Q2
F  s  =  —  (7.27)

<PR
of the bore, where S  is the speed of the bore. Conditions that determine the state 
(4>L'>ul , vl) behind the bore can be found from the one dimensional Shallow Water equa­
tions, and can be summarized as follows. Define

r =  \  ( - 1 + \ / l  +  8(v/Fr -  / * ¥ ) )  (7.28)

where F r  = u2Rl<f)R is the Froude number of the pre-bore state. The post-bore state is 
then determined as:

<i>L =  r '$ R  (7.29)

182



ul =  S + ' —(ur — S) (7.30)

v l  =  v r  (7.31)

where S  — \/4>r F s  from (7.27). A bore with a Froude number of 8.0 traveling into a 
pre-bore state

(0fl,t«B,«fl) =  (l.O,O.O,O.O) (7.32)

is considered here. It will be reflected from a boundaries at 25, 40 and 55 degrees to the 
direction of propagation of the incident bore. The initial setup and type of grid used are 
shown in Fig. 7.4. In all calculations, the Courant number coefficient was set at 0.8. The 
Selective Curve Fitting ( s c f ) [59] and Two Rarefaction ( t r ) Riemann solver were used 
adaptively [64] everywhere except in the predictor stages of the scheme of §7.2, where the 
h l l  solver [21], [66] was used. Plots of geopotential (f> and Froude number (u2 + v2)/(f> are 
shown for each reflection. All runs were performed on a DEC 3000 AXP Model 400-400F 
workstation.

Results from the operator splitting scheme and the scheme of §7.2 with a ramp angle 
of 25 degrees are shown in figures (7.5) and (7.6) respectively. The grid used in both 
computations had 600 x 300 grid cells. The operator split scheme took a c p u  time of 8 
hours, 16 minutes, 24.6 seconds; the finite volume scheme took a c p u  time of 6 hours, 1 
minute, 31.4 seconds. Both schemes indicate that this reflection is a Single Mach Reflec­
tion. Note the appearance of a small ’glitch’ at the base of the Mach stem in the operator 
split result. This has not appeared in the finite volume result and its cause in unknown. 
It has been reported (Bill Speares, private communication) that similar effects have been 
observed when studying Mach reflection in the Euler equations of Gas Dynamics using an 
operator split code on curvilinear grids, and therefore may be a feature of such schemes.

The results for the two schemes when the ramp angle is 40 degrees are shown in figures 
7.7 and 7.8. The grid used for these calculations had 400 X 400 cells. The operator split 
scheme took a c p u  time of 5 hours, 21 minutes, 20.5 seconds; the finite volume scheme 
took a c p u  time of 4 hours, 5 minutes, 28.0 seconds. The schemes indicate th a t this 
reflection is a Complex Mach Reflection, since a kink appears in the reflected bore. Note 
tha t the glitch in the operator split result is more pronounced than in the last case and 
the difference between this solution and the finite volume solution is now significant. The 
glitch in the operator split result is large enough to have deformed the Mach stem near 
the wall.

Results from the two schemes when the ramp angle is 55 degrees are shown in figures 
7.9 and 7.10. The grid used for these calculations had 400 x 600 cells. The operator 
split scheme took a c p u  time of 10 hours, 33 minutes, 2.5 seconds; the finite volume 
scheme took a c p u  time of 7 hours, 16 minutes, 25.3 seconds. Again, both schemes seem 
to suggest a complex Mach reflection, although this reflection is probably close to the 
boundary between Mach and regular reflection, because the Mach stem is very short in 
the finite volume case. The Mach stem in the operator split case has been completely 
obliterated by the glitch.
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initial bore
h

h =  0.5 if a  = 25 degrees 

h = 1.5 if a = 40 degrees 

h = 2.5 if a  =  55 degrees

Figure 7.4: The flow domain, initial conditions and type of grid used for the bore reflection 
problems.
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The question of why ’glitches’ have appeared in the operator split results but not in 
the finite volume results needs to be solved. The only way to determine which scheme is 
at fault may be to seek experimental results or numerical solutions from radically different 
schemes.

The c p u  times given above suggest tha t the finite volume scheme is approximately 
20% cheaper than space operator split w a f  with Strang splitting.

7.5 Summary

Two new finite volume schemes for the solution of hyperbolic systems of conservation laws 
on curvilinear grids in two space dimensions have been presented. They are extensions of 
schemes for Cartesian grids presented in Chapter 6. Only one of the schemes presented in 
this chapter has been tested numerically and has been used to demonstrate the phenomena 
of Mach reflection of bore waves in shallow water. Numerical results were compared with 
those from a second order operator split version of the one dimensional w a f  scheme. 
The results were significantly different in some situations and further work is needed to 
establish why this is the case.
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(a) Geopotential.

(b) Froude number.

Figure 7.5: Plots of geopotential and Froude number for the reflection of a bore with 
Froude number Fs = 8.0 over a 25 degree ramp. Results obtained from the operator split 
scheme with the v a n  L e e r  limiter on a 600 x 300 grid. A Courant number coefficient of 
0.8 was used.
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(a) Geopotential.

(b) Froude number.

Figure 7.6: Plots of geopotential and Froude number for the reflection of a bore with 
Froude number Fs =  8.0 over a 25 degree ramp. Results obtained from the scheme of §7.2 
with the v a n  L e e r  limiter on a 600 x 300 grid. A Courant number coefficient of 0.8 was 
used.



(a) Geopotential.

(b) Froude number.

Figure 7.7: Plots of geopotential and Froude number for the reflection of a bore with 
Froude number Fs = 8.0 over a 40 degree ramp. Results obtained from the operator split 
scheme with the van Leer limiter on a 400 x 400 grid. A Courant number coefficient of 
0.8 was used.



(a) Geopotential.

(b) Froude number.

Figure 7.8: Plots of geopotential and Froude number for the reflection of a bore with 
Froude number Fs =  8-0 over a 40 degree ramp. Results obtained from the scheme of §7.2 
with the v a n  L e e r  limiter on a 400 x  400 grid. A Courant number coefficient of 0.8 was 
used.
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(b) Froude number.( a )  G e o p o t e n t i a l .

Figure 7.9: Plots of geopotential and Froude number for the reflection of a bore with 
Froude number Fs = 8.0 over a 55 degree ramp. Results obtained from the operator split 
scheme with the v a n  L e e r  limiter on a 400 x 600 grid. A Courant number coefficient of 
0.8 was used.
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(a) Geopotential. (b) Froude number.

Figure 7.10: Plots of geopotential and Froude number for the reflection of a bore with 
Froude number Fs =  8.0 over a 55 degree ramp. Results obtained from the scheme of §7.2 
with the v a n  L e e r  limiter on a 400 x 600 grid. A Courant number coefficient of 0.8 was 
used.
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Chapter 8

Sum m ary and Future Work

In this thesis, various numerical methods for the solution of hyperbolic conservation laws 
in one, two and three space dimensions have been developed. The main aim has been to 
show the potential of the w a f  approach of Toro [62], [67] to generate accurate, upwind- 
biased schemes with good stability properties. The thesis is now summarized, and the 
scope for future work is reviewed.

Chapters 1 and 2 introduced the aims of the thesis and background material, and need 
not be discussed further here. In chapter 3, a t v d  ’large timestep’ scheme was developed 
via the w a f  approach tha t is stable for timesteps up to twice the size of those allowed 
by the stability restrictions on the classical w a f  scheme. It is essentially a Riemann- 
problem based extension of the Warming-Beam and Lax-Wendroff schemes to non-linear 
systems. The method was extended to two space dimensions by the use of space operator 
splitting and numerical experiments on the Euler equations of Gas Dynamics have shown 
the resulting scheme to be a robust, accurate method. The only fault of the scheme appears 
to be that when applied to non-linear systems, it suffers from small amplitude oscillations 
behind shock waves, even when forced to first order accuracy everywhere. This is probably 
due to the assumption of linear interaction of waves, which is obviously inaccurate near 
shock waves. More work is needed to eliminate this problem from the method, possibly by 
solving extra Riemann problems to model wave interactions more accurately, although this 
would impair the cost-effectiveness of the method. Other future work based on Chapter 3 
could be to extend the method to allow even higher timesteps, though the negative effect 
of the assumption of linear interaction of waves would then be enhanced.

In Chapter 4, an alternative extension of the Warming-Beam scheme to non-linear 
systems by the use of local Riemann problems was developed. This scheme was not derived 
via the w a f  approach. Numerical experiments with this scheme proved disappointing, 
since they suggested that this extension of the Warming-Beam scheme is not robust enough 
for the calculation of strong shock waves. The problem appears to be tha t the leading 
phase error of the scheme for Courant numbers less than unity forces any errors in the 
solution to move ahead of the shock and into the relatively low pressure region, causing 
unphysical negative densities and pressures. Further investigation is needed to increase
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the robustness of this scheme. A one-parameter class of t v d  methods that are second 
order accurate in smooth flow was created by averaging this scheme with the original 
w a f  scheme. The class includes an extension of Fromm’s method [13] and a third-order 
accurate method. None of the resulting new schemes have been tested numerically yet.

In Chapter 5, the w a f  approach was extended to construct finite volume methods 
for the solution of the linear advection equation in two and three space dimensions on 
Cartesian grids. In two dimensions, two of the methods found proved to be second order 
accurate in space and time, and have good stability properties. The potential for further 
work based on the ideas presented in this Chapter are immense. Firstly, the stability con­
ditions on the second order schemes derived in the Chapter need to be proven analytically. 
Different integration ranges and integration schemes can be tried to explore whether more 
stable schemes can be derived. The ideas of Chapter 3 could be imported to develop large 
timestep finite volume schemes in two and three space dimensions, most notably finite 
volume extensions of the Warming-Beam scheme. Extensions to unstructured grids are 
also possible: all that is needed is a suitable integration range. One possibility may be 
to simply join the ends of each intercell boundary to the centres of the cells it separates. 
This is a particularly interesting choice, since it applies to grids of any shaped cells, even 
grids of mixed shapes. Another direction future work could take is the generation of finite 
volume versions of the Random Flux scheme [60], by randomly sampling the integration 
range to find the intercell flux. Alternatively, one could develop MuscL-type schemes by 
reconstructing data prior to integrating to find the intercell flux. This approach has the 
potential of producing schemes of higher than second order accuracy.

In Chapter 6, one of the second order accurate schemes found in Chapter 5 was ex­
tended to non-linear systems. Two extensions were considered. One involved simply 
rewriting the calculation of intercell flux as a two-step procedure. The resulting extension 
proved to be a robust and accurate scheme, tha t is competitive with space operator split 
w a f  on the Shallow Water equations. However, numerical experiments revealed tha t the 
mechanism employed to control spurious oscillations does not always work. More work is 
needed to rectify this fault. Further numerical experiments are also needed to establish 
whether the scheme does, in fact, offer any improvements in accuracy. The second exten­
sion was developed more in the spirit of the original w a f  scheme by integrating over the 
solutions to grid aligned Riemann problems. However, it proved to lack the robustness 
of the first extension when computing the interactions of strong shocks. More work is 
needed to establish why this is the case. Both extensions need to be tested on a wider 
variety of problems, in particular on the solution of various standard problems for the 
Euler equations. The convergence of these schemes needs to be assessed, and the three 
dimensional versions need to be implemented and fully tested. Future work could involve 
studying the effect of replacing the w a f  flux with a m u s c l  flux in the scheme of §6 .2 ,  or 
even using the flux from the Random Flux scheme [60]. The extension of the other second 
order accurate scheme found in Chapter 5 to  non-linear systems of equations could also 
prove an interesting area of research. There is also potential for treating source terms via 
some kind of integral average approach.

In Chapter 7, the two schemes discussed in Chapter 6 were extended for use on general
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structured grids of quadrilaterals. The methods were tested on the problem of Mach 
reflection in shallow water. No experimental results were available for comparison, so 
the numerical results were compared against results from an operator split wa f  code. 
Some significant differences between the results were found, so both codes need to be fully 
validated and the differences between the results need to be carefully assessed. Future 
work must include the development of non-conservative predictor steps for the scheme of 
§7.2, to prevent the scheme suffering from the operator splitting error, i.e to ensure it 
preserves constant data. Following th a t, rigorous testing of both schemes presented in 
Chapter 7 on the Euler equations is needed, to establish the true accuracy and relative 
cost of the two schemes.
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A ppendix A

On the A ccuracy o f  
M ultidim ensional A dvection  
Schemes

In [44] Roe provided, in a simple form, conditions which determine the accuracy of a 
numerical scheme for the solution of the one-dimensional linear advection equation

ut +  aux =  0 (A .l)

where a is a constant wavespeed, by considering a general scheme for (A .l) in the form

< + 1 = E ^ “ ?+« (A.2)

where u f  =  u (iA x ,n A t) ,  {Aa } is a finite set of constant, non-zero coefficients, A x  is the
, A t  
' A x '

constant mesh spacing and A t  is the timestep. Define the Courant number as v —
Roe proved the following two theorems

T h eo re m  11 I f  u f is a polynomial o f degree p in i, scheme (A .2) will give the exact 
solution to (A .l)  i f  and only i f

=  (-!/)»  (a .3)
a

for all integers q such that 0 < q < p.

T h eo re m  12 I f  any scheme meets the conditions o f Theorem 11, the leading term in its 
pointwise error is:

a A xp
( - ^ ) p + i- x y +iA <:v (p+  1)!

These two theorems enabled the following definition:

f ip + i
■u (A.4)

dxp+1
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Definition 1 Any scheme o f the form (A .2) for the one dimensional linear advection 
equation (A .l)  that satisfies the conditions in Theorem 11 is called pih order accurate.

The aim here is to note equivalent conditions for pth order accuracy of multidimensional 
advection schemes. In two space dimensions the linear advection equation can be written 
as

ut +  aux -f buy =  0 (A.5)

where a and b are constant wavespeeds. Schemes for (A.5) on regular, Cartesian grids in 
the form

K V  = (A.6)
o(,(3

will be considered, where u f j = u ( iA x ,jA y ,n A t) ,  A x  and A y  define the mesh spacing 
in the x and y directions and {A a,/?} form a finite set of constant, non-zero coefficients. 
Define the directional Courant numbers vx — a ^  and vy =  b j^ .  In two dimensions, 
Theorem 11 becomes

Theorem  13 Ifu™j is a polynomial of degree p in i and j  then scheme (A.6) is the exact 
solution o f (A.5) i f  and only if

E « T i . l)) =  (-«'I ) , ( - i '9)r (A.7)
a ,(3

for all integer pairs (q ,r ) such that q > 0, r > 0 and q + r < p.

P ro o f Choose a basis for the set of two-dimensional polynomials as:

W } , , r (A.8)

for integers q, r. It is only necessary to consider the performance of the scheme on the 
general basis element, i.e set

K,(3 = (a A x )q((3Ay)r (A.9)

W ithout loss of generality, only the origin (0,0) is considered. Performing one timestep of 
(A.6) at (0,0) gives:

K fl1 = y)T (A.10)
a ,(3

The exact solution is:

UJJ+1 =  u(—a A t ,—b A t,n A t)  =  (—a A t)q(—bAt)r (A .11)

Therefore the scheme gives the exact solution if and only if:

£  Aatp(aAxy(f3Ayy = ( - a A < ) 9(-6 A < )r (A.12)
Ol,/3
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i.e
5> '/ r A a ,p =  ( - V X ) q ( - U y ) ’

01,(3
(A.13)

for all (q, r) such tha t q > 0, r > 0 and q +  r < p. This is the required result, and the 
theorem is proved.

T h eo re m  14 I f  the scheme (A.6) meets the conditions in Theorem 13, then the leading 
terms in the pointwise error have the form:

1 A x q A yH-1-? n
At q\ (p  +  1 -  q)l ’ 9 ‘

where

a,13

for some integer q such that 0 < q < p +  1, and

d
Utlx)(ry) = Q.j.qQyr U"

(A.14)

(A.15)

(A.16)

P ro o f  The pointwise error is defined as the difference between the exact solution and 
the numerical solution divided by the timestep. W ithout loss of generality, consider the 
origin (0,0). The pointwise error here is:

A t

1_
A t

i(—aAt, -b A t ,  n A t)  -  ^
a,(3

Expanding both terms in brackets as Taylor series gives:

P(  0,0) = - E
. q , r

{ - a A t f  { -b A t)1
V riI (qx)(ry)

_  V - 4 ( ST' (aAapg (/3Ay)r
2_> A <*£ \ n\ U{qx){ry)
a,(3 q,r V

where the derivatives u(qx)(ry) are taken at the origin. Rearranging gives

1
P ( 0,0) =

A t

(A.17)

(A.18)

(A.19)

V-> (~ &At)q ( —6At)r I 1 1  y~V \q( a\r A 1 n 
Z-/ « ! ■ « . !  I pq pr Z_y( —Q:) (~P) A a,0 ) u(qx){ry)

x y a,(3q,r Q-
(A.20)
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If the conditions in Theorem 13 hold, then the terms in (A.20) with q -f r < p vanish, and
the first terms in the pointwise error have the form

1 _ i - a M l ( - i A t y  ^  ^  {A 21)

where q+ r = p+ 1. This can be written as (A.14),(A.15) by using the identity r =  p + 1  — q 
and rearranging. Hence the theorem is proved.

Theorems 13 and 14 enable the following definition:

D efin itio n  2 A ny scheme o f the form (A.6) for the two dimensional linear advection 
equation (A.5) that satisfies the conditions in Theorem 13 is called pth order accurate.

C o ro lla ry  5 A ny scheme o f the form (A.6) for the two dimensional linear advection 
equation (A.5) must satisfy

p + i

N  = Y , i  (A.22)
1 =  1

conditions for pth order accuracy, and therefore must have a stencil o f at least N  points.

P ro o f  Follows easily from Theorem 13.

In three space dimensions the linear advection equation can be written as

ut +  aux +  buy +  cuz = 0 (A.23)

where a , h and c are constant wavespeeds. Schemes for (A.5) of the form

Ui,j,k ~  ■̂-o‘,(3,'YUi+a,j+P,k+'y (A.24)
ot,(3,7

will be considered, where u^j k = u ( iA x ,jA y ,k A z ,n A t) ,  A x , A y  and A z  define the mesh 
spacing in the x , y and z directions respectively, and {A atjg>7} form a finite set of constant, 
non-zero coefficients. Define directional Courant numbers as ux = vy =  6 ^  and
vz =  c ^ - . In this case Theorem 11 becomes

T h e o re m  15 I f  k is a polynomial o f degree p in i, j  and k then scheme (A.24)  is the
exact solution o f (A .23) i f  and only if

a qPr-fsA a,0tl = ( -V x y i-V y Y i-V z Y  (A.25)
oi,(3,7

for all integer triples (q, r ,s) such that q > 0, r > 0, s > 0 and q +  r +  s < p.
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T h eo re m  16 If the scheme (A.24) meets the conditions in Theorem 15, then the leading
terms in the pointwise error have the form:

1 A x *  A y  A z p+1~q~r n
A t q\ r! ( p + l - q - r ) l  q,r tt(9*)(n/)((p+i-g-»» . (A.20J

where

D„,t =  (-V x),,(-V y)r( - V z f t l - q- r -  £  cc"l3^+ 1-<’- ’-Aq,r,p+1^ r  (A.27)
a , / 3 ,7

for some integer pair (q, r) such that q > 0 , r > 0 , Q < q - \ - r < p - \ - l  and

d
U(qx)(ry){sz) = Qx qdyrQz sU (A.28)

The proof of Theorems 15 and 16 follows easily from the two dimensional case. They lead 
to the definition

D efin ition  3 Any scheme o f the form (A .24) for the three dimensional linear advection 
equation (A .23) that satisfies the conditions in Theorem 15 is called pth order accurate.

C o ro lla ry  6 Any scheme o f the form (A .24) for the two dimensional linear advection 
equation (A .23) must satisfy

P+1 (  3 \
A  = £  £ »  (A.29)

3=1 \ i = 1 )

conditions for pth order accuracy, and therefore must have a stencil o f at least N  points.

P ro o f  Follows easily from Theorem 15.
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