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Abstract

Various new methods for the solution of hyperbolic systems of conservation laws in
one, two and three space dimensions are developed. All are explicit, conservative time-
marching methods that are second order accurate in space and time in regions of smooth
flow and make use of local Riemann problems at intercell boundaries.

In one space dimension, the Weighted Average Flux (war) approach of Toro is ex-
tended to genérate a scheme that is stable with timesteps twice as large as those allowed
by the stability conditions of the original scheme. A Riemann problem based extension of
the Warming-Beam scheme is considered. Total Variation Diminishing (Tvp) conditions
are enforced for both schemes. Numerical results for the Euler Equations of Gas Dynamics

are presented.

In two and three space dimensions, finite volume versions of the war scheme on Carte-
sian grids are derived for the linear advection equation. Two two dimensional schemes
are found that are second order accurate in space and time. One of these is extended for
the solution of nonlinear systems of hyperbolic conservation laws in two separate ways.
The resulting schemes are tested on the Shallow Water equations. The équiva.lent three
dimensional schemes are also discussed. The two dimensional schemes are then extended
for use on structured, body-fitted grids of quadrilaterals and one of these extensions is
used to demonstrate the phenomena of Mach reflection of shallow water bores.
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Chapter 1

Introduction

1.1 Aims

Many physical problems can be accurately described by hyperbolic systems of conservation
laws, i.e coupled systems of partial differential equations that can be written in differential

form o
Uy + 3 FB(U),09 =0 (1.1)

k=1
where ¥ and x = (¢@,...,2MNT are independent variables, U(x,y) is a vector of N

~ conserved variables and for each k, F(k)(U) is a vector valued function of U called the fluz
function. The system (1.1) is called strictly hyperbolic if, for each k, the Jacobian matrix

OF )
50 (1.2)

has N real and distinct eigenvalues. If the eigenvalues are not distinct, the system is
hyperbolic. The differential form (1.1) of the conservation law is only valid for smooth
solutions. However, it is well known that solutions to systems of hyperbolic conservation
laws with initial conditions U(x,0) = Up(x) can develop discontinuities in a finite time,
even if Up(x) is smooth; solutions to an integral form of (1.1) are therefore usually sought.
The theory behind hyperbolic systems of conservation laws is discussed in many texts; see
for example the paper by Lax [30] or the book by LeVeque [33].

AR —

Many systems of the form (1.1) exist in mathematical physics. Counsider for example,
the time dependent flow of an inviscid, compressible gas. The equations describing this
type of flow are called the Fuler equations of Gas Dynamics, and form a hyperbolic
‘system of conservation laws. When written in differential form (1.1), y = ¢ is the time
variable, {z®) : k = 1,..., M} are the space variables and M = 1, 2 or 3 is the number of
space dimensions. The derivation of the Euler equations can be found in most texts on
compressible fluid dynamics; see, for example, the book by Anderson [1]. One application
of the Euler equations is the flow of air over a solid body, such as an aerofoil or complete
aircraft. The effects of heat conduction and viscosity are only significant in a thin region

1



adjacent to the solid boundaries called the boundary layer. Outside this region, the flow
is effectively inviscid and the Euler equations can be used. If the flow is steady, i.e
independent of time, and everywhere supersonic in one particular direction, the flow can
be modelled by a hyperbolic system called the steady supersonic Fuler equations. When
this system is written in differential form (1.1), y represents the direction in which the flow
is supersonic, and x represents the remaining space coordinates. The steady supersonic
Euler equations and some methods for their solution are discussed by Glaister [14] and
Toro and Chou [71]. Another example of a system of hyperbolic conservation laws is
provided by the Shallow Water equations. These describe the flow of a fluid with a free
surface under the influence of gravity. A key assumption in their derivation is that the
pressure variation is hydrostatic, or, equivalently, the vertical component of acceleration
has a negligible effect on the pressure. If the effects of surface tension and viscosity are
neglected, and the bed of the fluid is assumed horizontal then the system is hyperbolic,
with ¥ = ¢ as the time variable, (@, ..., 2z as space variables and M = 1 or 2 the number
of space dimensions. For further details, see the book by Stoker [52].

Many systems of hyperbolic conservation laws, such as the Euler equations or the
Shallow Water equations, are nonlinear and cannot be solved analytically in more than a
few idealized situations. Therefore, in general, numerical solutions must be sought. The
development of numerical methods for these systems goes back as far as the classic paper
by von Neumann and Richtmyer [79] in 1950, and even earlier. A worldwide research
effort into these methods over the last forty or fifty years has led to a vast number of
schemes being available today, as can be seen in the review papers by Rizzi and Engquist
[42] and Moretti [36]. All of these schemes are based on the idea of evolving the initial
conditions Up(x) = U(x,0) in the direction of increasing y in a series of discrete jumps, a
process known as time marching or space marching, depending on the role of y as a time or
space coordinate. For notational convenience, it will be assumed that y in (1.1) represents
time and will be written as ¢ in the remainder of this thesis. At each timelevel, a finite
dataset is stored. The methods can be divided into two main types: implicit methods
and ezplicit methods. An implicit method is a method for which the data at a given
timelevel depends on other data at that timelevel as well as data at previous timelevels.
The update from from one timelevel to the next thus involves the solution of a system
of linear equations. This can be costly, but many implicit methods can be used without
restriction on the timestep. However, when applied to nonlinear systems of equations, an
upper limit may have to be set on the timestep if time accuracy is to be maintained. An
ezplicit method is one for which is one for which the data at a given timelevel depends only
on data at previous timelevels. Explicit methods are thus special case of implicit methods
in which the matrix defining the linear system is diagonal, so solution of the system is
trivial. However, the requirement of stability (discussed later) sets an upper bound on the
timestep for explicit methods which can be orders of magnitude smaller than the timesteps
used by implicit methods. The book by Hirsch [25] gives a good account of both implicit
and explicit methods. The aim of this thesis is to introduce some ezplicit timemarching
methods for the solution of hyperbolic systems of conservation laws in one, two and three
space dimensions.




1.2 Background

The vast number of explicit timemarching schemes for the solution of hyperbolic systems
of conservation laws in existence today can be classified in various ways. Perhaps the
most fundamental classification is between shock tracking or shock fitting methods and
shock capturing methods. Shock tracking methods are those for which discontinuities in
the solution are treated as internal boundaries. Boundary conditions across the disconti-
nuities are provided by the Rankine-Hugoniot conditions, which are algebraic conditions
all discontinuities in solutions to hyperbolic conservation laws must satisfy. Smooth re-
gions of flow are computed by the use of methods designed to solve the differential form
(1.1) of the conservation law. A good discussion of shock tracking methods and references
to specific works can be found in the review by Moretti [36]. The main problem with
these methods appears to be that the number of discontinuities in the solution and the
way they interact must be known in advance, and, for this reason, it is hard (if at all
possible) to write a program that is general enough to solve all problems, particularly in
two or three space dimensions. An alternative to shock tracking methods is provided by
shock capturing methods, which appear to be far more popular today. These methods can
be defined as those methods that treat all points in the flow and all flow features with
the same algorithm, i.e do not resort to special procedures at discontinuities. The only
requirement, due to a theorem by Lax and Wendroff [29], is that shock capturing schemes
must be constructed in conservation form, as discussed in Chapter 2. This is a special form
of explicit scheme derived from the integral form of the conservation laws, and ensures
that discontinuities in the solution move at the correct speed. Shock capturing methods
offer the advantage that no information about the solution is needed in advance, except
of course boundary conditions around the edges of the computational domain. However,
due to a theorem of Godunov [17] (see Roe [44]), all linear shock capturing methods that
are more than first order accurate will suffer from spurious oscillations in the region of
discontinuities. These oscillations are unphysical, and therefore undesirable. In order to
obtain oscillation-free solutions, special procedures must be incorporated into the schemes
to eliminate the oscillations.

The earliest successful explicit methods of the shock capturing type in one space di-
mension appear to be the so-called artificial viscosity methods. These were pioneered by
von Neumann and Richtmyer [79] and update the whole flowfield via simple finite differ-
ence formulae, such as the Lax-Wendroff schemes [29]. These finite difference schemes are
usually second order accurate, and therefore suffer from spurious oscillations near discon-
tinuities. Artificial viscosity methods are characterized by the fact that they overcome this
problem by adding extra terms into the update of the solution that act in a similar manner
to viscosity — hence their name. The viscous terms broaden any discontinuous profiles
and damp the unwanted oscillations. Many methods of the artificial viscosity type exist,
the most popular of which are probably those of Jameson [26]. Other methods include
the two-step Lax-Wendroff schemes of Richtmyer, described in [25], and MacCormack’s
scheme [35]. See Rizzi and Engquist [42] for further references. The main advantage of
artificial viscosity methods is that they are simple to program and are relatively cheap in



terms of cpu time. However the size of the artificial viscosity terms needed is problem
dependent, so the program must be tuned’ to each particular problem and a number of
calculations may be required before an acceptable solution is obtained.

More advanced shock-capturing schemes, known as linear-hybridized schemes, were
pioneered by Boris and Book [4] with their Flux Corrected Transport (FcT) method. In this
approach, a second order accurate scheme is used in regions of smooth flow, and in regions -
of high gradient a first order, monotone scheme is blended with the second order scheme
in such a way that oscillations are in the solution are minimised. Examples of linear-
hybridized schemes include the monotonic version of Fromm’s scheme [13] introduced by
van Leer [73] and the FcT scheme of Zalesak [84]. The linear-hybridized approach was
generalized by Harten [21] who introduced the idea of Total Variation Diminishing (TvD)
schemes, and provided a theorem that enables their construction. In [54], Sweby discussed
the concept of the fluz limiter as a way of formally viewing Tvb methods. The flux limiter
is essentially the function that provides the interpolation between first and second order
schemes. Sweby showed that various methods, including van Leer’s method [73], can be

rewritten in flux limiter form. The main fault of TvD schemes is that they automatically
add dissipation at any extrema in the solution, leading to first order accuracy at those
points. To overcome this problem, Harten and Osher [24] developed their Fssentially Non-
Oscillatory (ENo) schemes, in which the Total Variation is allowed to increase sometimes.
In general, all linear-hybridized methods have a great advantage over artificial viscosity
methods in that the addition of the minimum amount of dissipation into the solution
necessary to guarantee oscillation free results is a function only of the data at the current
timelevel, and does not depend on any parameters that have to be ’tuned’ by the user.

Perhaps the most significant advance so far in the development of explicit methods for-

hyperbolic systems of conservation laws (1.1) has been the introduction of upwind methods,
_in which the update of a solution from one timelevel to the next depends locally on data

biased towards the direction from which information is propagated. The first upwind
method was that due to Courant, Isaacson and Rees [10], now called the cir scheme.
Modern upwind methods fall into two main classes: fluz vector splitting methods and
fluz difference splitting methods. The first fluz vector splitting method was introduced by
Steger and Warming [51]. Other examples include those by van Leer [76] or, more recently,
Zha and Bilgen [85]. Flux vector splitting methods involve splitting the flux F(U) in each
computing cell into two parts as F = F* + F~ where F* and F~ correspond to right and
left running characteristics respectively. Forward and backward differences of F* and F~
are then used to update the solution from one timelevel to the next. On the other hand,
fluz difference splitting methods involve splitting the difference in flux between two states
either side of an intercell boundary into a series of jumps across waves in the solution to
the initial value problem defined by those states. This initial value problem is called the
Riemann problem. The idea of using solutions to local Riemann problems in numerical
methods for hyperbolic systems of conservation laws was first introduced by Godunov [17].
His method was the first conservative extension of the cir scheme to nonlinear systems.
Godunov’s method involves taking the data value in each cell as the integral average of
the conserved variables over that cell and assumed constant throughout that cell. He



then solved the Riemann problem at each intercell boundary exactly and allowed waves to

- propagate into neighbouring cells. The piecewise constant data was thus evolved exactly
in time. Before waves from different Riemann problems interacted, Godunov applied
the averaging procedure again to obtain the data at the next timelevel.  This process
leads to a first order, monotone scheme. A modification of Godunov’s method, known -
as Glimm’s method or the Random Choice Method (rcM), has been provided by Chorin
[5] and is based on a proof of existence of solutions of hyperbolic conservation laws by -
Glimm [16]. Glimm’s method is the same as Godunov’s method up to the solution of the
Riemann problems, but rather than average the solutions in each cell to obtain data at
the new time level, the new solution in each cell is taken from a randomly chosen point
in the combined solution of the Riemann problems in that cell at the new timelevel. The
advantage of Glimm’s method over Godunov’s method is that discontinuous waves are
represented by sharp jumps in the relevant flow variables, rather than being spread over
several cells as in Godunov’s method, although the location of the discontinuity may be
wrong by a few cells. This sharp representation of discontinuities is important for some
applications. Colella [6] proposed a sampling procedure for Glimm’s method based on Van
der Corput’s sampling sequence and presented a hybrid of Rem and Godunov’s method
that has advantages over Glimm’s method in multidimensional flows. Another method
based on random sampling is the Random Flux approach of Toro [60] which involves
randomly sampling the solution of a Riemann problem at the half timestep level to obtain
a numerical flux for the conservation form. The Random Flux approach was proved second
order accurate in a statistical sense by Toro and Roe [72]. In his original work, Godunov
proposed two iterative algorithms for the exact solution of the Riemann problem, as well as
some approximate procedures that are computationally cheaper (see Gottlieb and Groth
[20]). Since that time, many authors have introduced more efficient exact iterative solvers,
for example Gottlieb and Groth [20], Toro [60] and, more recently, Pike [40] and Schleicher
[47]. Alternative approximate Riemann solvers have also been proposed, such as those of
Roe [43], Osher and Solomon [39], Harten, Lax and van Leer [23] and Toro [64]. As a
result of these developments, the introduction of many high order extensions of Godunov’s
method and the enormous expansion in available computing power, flux difference splitting
methods have become very popular over the last decade. They are often referred to as
Riemann problem based methods or Godunov-type methods and tend to be preferred over
flux vector splitting methods because of their greater robustness and superior resolution
of features such as contact waves:

The first higher order extensions of Godunov’s method, called Monotone Upwind-
centred Schemes for Conservation Laws (MuscL) schemes, were introduced by van Leer -
[74], [75]. Second order accuracy is achieved in van Leer’s scheme by replacing the constant
data in cells used by Godunov with piecewise linear data. This linear reconstruction of
data gives two data values on each intercell boundary which are then used as input for a
Riemann solver. The solution on the time-axis to the Riemann problem at each intercell
boundary is then evolved through half a timestep before being used to calculate intercell
fluxes for the conservative form. Despite the extra work involved in evolving slopes as well
as cell-averaged data in time, the improvement in accuracy provided by van Leer’s schemes



over Godunov’s scheme made the method attractive. Since van Leer’s schemes, other
MUsCL-type schemes have been presented, such as the Generalized Riemann Problem (Grp)
method of Ben-Artzi and Falcovitz [2], the Piecewise Linear Method (pLm) of Colella [7]
and the muscr-Hancock scheme [77]. To avoid spurious oscillations inherent in all second
order schemes, MUscL-type schemes place bounds on the slopes on the reconstructed data
within each cell. Hence these methods are often called slope limiter methods. A Muscr-
type scheme that achieves higher than second order accuracy in space in smooth flow is the
Piecewise Parabolic Method (ppm) of Colella and Woodard [9] in which the constant slabs
in Godunov’s method are replaced by parabolic elements rather than the linear elements in
the original MuscL scheme. This enables the PPM method to achieve third order accuracy
in space in smooth regions of flow.

The other main class of high order extensions of Godunov’s method consists of those
that fall into the category of fluz limiter methods discussed earlier. These methods are
those that are constructed as a first order scheme plus a limited amount of a higher order
correction and are distinguished from MuscL schemes in that they do not depend on a
reconstruction of the data before the solution of Riemann problems. This class includes
the high order accurate schemes of Sweby [54], Harten [22] and Roe [45]. Another second
order extension of Godunov’s method that can be thought of as a flux limiter method
is the Weighted Average Fluz (war) method of Toro [62], [67]. In the waF method, the
initial conditions for the Riemann problems are taken as the integral average of conserved
variables within the cells either side of the intercell boundary, as is done in Godunov’s
method. Second order accuracy is achieved by taking each intercell flux as an integral
average of the flux function over the solution to the local Riemann problem at the half
timestep level. The origins of the waF approach lie in the Random Fluz approach of Toro
[60] and Toro and Roe [72] discussed earlier. The waFr method has been made TvD by
computing a limiter function for each wave in the solution to each Riemann problem. The
method is discussed in detail in Chapter 2 since it forms the basis of much of the work
presented later in this thesis. ’

The rate of advance of all explicit time marching methods is restricted by the re-
quirement that they remain stable, i.e that errors introduced by the method, or some
other mechanism, should not grow unboundedly as time progresses. The timestep At for
explicit methods is usually restricted by the Courant, Fredrichs and Lewy (cF1) condition

At :
—< .
Amazx7 < 1 (1.3)

where Aoz is either a maximum absolute characteristic speed on the data over the whole
flow domain, or the maximum absolute wavespeed in the solution to the Riemann problems
at all intercell boundaries, and Al is some length characteristic of the shortest distance
across a cell, such as the minimum sidelength. The term on the left hand side of (1.3)
is called the Courant number. Various methods have been designed to avoid the restric-
tion on At posed by (1.3). These are commonly referred to as large timestep schemes.
In [80], Warming and Beam proposed a finite difference scheme that is an extension of
MacCormack’s two-step scheme [35] and is stable up to a Courant number of two. Greater
stability is achieved by using more data in the update of each cell value. LeVeque [31] has



proposed a MuscL-type scheme that is stable for timesteps of arbitrary size. The scheme
achieves stability by allowing waves from local Riemann problems to pass through more
than one cell during each timestep. Second order accuracy is achieved by a muscrL-type
reconstruction of data. Interactions of waves from different Riemann problems are treated
linearly, which effectively places an upper limit on the timestep when the scheme is applied
to non-linear problems if acceptable accuracy is to be maintained.

In most practical problems in Computational Fluid Dynamics (cFp), details of fluid
flow phenomena are required in two or three space dimensions. The first step towards
obtaining numerical solutions to conservation laws in more than one space dimension is to
decide on the type of grid used. The types of grid possible can be classified into two main
types: structured grids and unstructured grids. In two space dimensions, a structured grid
is one in which the cells, and the way they are connected, can be described by labeling the
cells with two integer indices (i, 7). Three integer indicies are needed in three dimensions.
An unstructured grid is one that is not structured. Many numerical methods for the
generation of grids can be found in the literature. For structured grids, see, for example,
Eiseman [11] or Thompson et. al. [57], or the review of cFp by Kutler [28] and the papers
cited there. A good discussion of numerical methods for the generation of unstructured
grids is given in the lecture series by Weatherill [81].

The grids of interest in this work will be structured body-fitted grids of quadrilaterals.
Such grids are called curvilinear grids here. The term body-fitted means that the grid
cells completely cover the flow domain, but no cell covers, even partially, any region
outside the domain. A curvilinear grid for which all grid cells are rectangular is called
Cartesian. A popular technique for the generation of numerical methods for hyperbolic
systems of conservation laws on curvilinear grids in two or three dimensions is to extend
a one dimensional method by the use of space operator splitting, as described by Yanenko
[83] and Strang [53]. This involves updating the solution from one timelevel to the next
is a series of sweeps of the one dimensional method along one dimensional strips of cells.
Once a one dimensional scheme is available, operator splitting offers a very simple way of
generating efficient schemes for two and three space dimensions. The power of the operator
splitting technique combined with modern shock capturing methods has been shown in
the review paper be Woodard and Colella [82], where the flow of an inviscid, compressible
gas containing strong shocks waves was computed. However, operator split schemes suffer
from the fact that they are strongly influenced by one dimensional physics. It has been
reported in the review paper by van Leer [78] that this can lead to bad resolution of flow
features such as shock waves that are not aligned to the grid directions.

An alternative to operator split schemes are the so-called finite volume schemes, in
which the update from one timelevel to the next is performed in a single step using the
multidimensional conservative formula. The finite volume methods that are of interest
here are those that are Riemann-problem based, although other types of finite volume
schemes do exist, such as the cell vertex schemes of Morton [37] and Morton and Suli [38].
The most up to date Riemann problem based finite volume schemes fall into two main
classes. The first are those that depend on solutions to one-dimensional Riemann problems
aligned to cell boundaries, such as the schemes of Colella [8] and LeVeque [32]. These have



been labelled ’one-and-a-half’ dimensional schemes by Roe [46], since, as in the case of
operator split schemes they depend heavily on one-dimensional physics and are strongly
influenced by the directions of the grid lines. One way to remove the dependency on one
dimensional physics may be to construct schemes based on the solution of two dimensional
Riemann problems, such as those discussed by Zhang and Zheng [86]. However, although
some analytical and numerical results are available on the solution to these problems, as
discussed in the work of Zhang and Zheng [86] and Shultz-Rinne ei. al. [48], there does
not appear to be a sufficiently general solution procedure to make the construction of
such a scheme possible. Even if it were possible, the scheme would still be strongly tied
to the grid directions, and it is claimed (for example, by Roe [46] or van Leer [78]) that
this would limit the attainable accuracy. An alternative to such schemes is to construct
multidimensional upwind (MDpU ) schemes, as discussed in the review paper by van Leer [78].
An important type of MpU methods are the multidirectional methods in which Riemann
problems are solved in a direction aligned with the flow velocity or steepest pressure
gradient, rather than normal to grid interfaces. The main problem with these methods is
that a second Riemann problem has to be solved in a direction normal to the direction of -
the first Riemann problem to complete the calculation of an intercell flux, which reduces
the cost-effectiveness of the methods. A second type of Mpu scheme comes from the
multidimensional fluctuation approach. In this approach, the finite volume formula is
abandoned altogether, and data values are stored at particular points in the flow, or grid
nodes, and are not interpreted as integral averages over grid cells. At each timestep,
a residual is computed in each cell and distributed among nearby cell vertices in a way
determined by the local flow direction. The construction of multidimensional wavemodels,
~ ways to ensure conservation and convection schemes for the propagation of waves are still
very much topics of research. See van Leer [78] for a detailed discussion and a list of
references. :

1.3 Outline

The primary objective of this thesis is the development of new schemes for the solution
of hyperbolic conservation laws in one, two and three space dimensions. The numerical
methods presented here will be of the explicit, shock capturing type and can be considered
as second order accurate extensions of Godunov’s method. The majority of schemes
presented here will be based on the Weighted Average Flux (waF) approach of Toro [62],
[67], and none will achieve second order accuracy by the use of MuscrL-type reconstruction
stepé.

The first development, presented in Chapter 3, will be to consider an extension of the
wAF approach in one space dimension to develop a large timestep scheme, by taking into
account not only the Riemann problem at the local boundary when computing an intercell
flux, but also its nearest neighbours. The resulting scheme will be second order accurate
in space and time in regions of smooth flow, and will have twice the stability limit of the
original woF scheme. It will be effectively a combined extension of the Warming-Beam



[80] and Lax-Wendroff [29] schemes on the linear advection equation. The scheme is made
TVD, at least on scalar problems, to prevent spurious oscillations developing in regions of
high gradient.

An alternative Riemann-problem based extension of the Warming Beam scheme that
is not based on the waFr approach is presented in Chapter 4. It differs from the scheme of
Chapter 3 in that it does not reduce to the Lax-Wendroff scheme at low Courant numbers.
The scheme is linearly stable and Tvp up to a Courant number of two, and is second order
accurate in space and time in smooth regions of flow. A class of TvD, Riemann problem
based schemes is constructed by averaging this new scheme with the original wAF scheme.
In smooth regions of flow, all schemes in this class are second order accurate in space and
time and one is third order accurate in space and time.

Since the original war scheme can only be used in more than one space dimension by
the use of space operator splitting, the other chapters in the thesis will be devoted to the
construction of finite volume war-type schemes in two and three space dimensions. In
Chapter 5, such schemes are constructed for the linear advection equation. Intercell fluxes
for the schemes are generated from integrals over the exact solution to the linear advection
equation with initial conditions as data at the previous timelevel. The schemes therefore
have multidimensional upwind aspects. They differ from each other since different methods
of integration are used to find the fluxes. In two space dimensions, two schemes are found
that are second order accurate in space and time, and have good stability properties when
compared to the two dimensional Lax-Wendroff schemes [29]. The natural way to extend
these two schemes to non-linear systems would be to integrate over the solutions of two
and three dimensional Riemann problems. This approach is, however, not possible due
to the lack of suitably general two and three dimensional Riemann solvers. Two other
approaches to the extension of one of the schemes on Cartesian grids are considered in
Chapter 6. The resulting schemes are extended to curvilinear grids in Chapter 7.

The layout of the thesis can be summarized as follows. In Chapter 2, background
material is discussed and a detailed description of the original war method is given. In
Chapter 3, the large timestep version of the war method is developed. In Chapter 4, a
TvD Riemann problem based extension of the Warming-Beam scheme is developed and
averaged with the original waF scheme to produce a class of second order accurate Riemann
problem based Tvp schemes. In Chapter 5, various multidimensional war-type schemes
for the linear advection equation on Cartesian grids are derived. One of these schemes is
extended to non-linear systems on Cartesian grids via two distinct approaches in Chapter
6. In Chapter 7 the two schemes of Chapter 6 are extended for use on curvilinear grids.
In Chapter 8 the thesis is summarized and future work is discussed.



Chapter 2

‘Numerical l\/Iethods for
Conservation Laws

2.1 Introduction

The aim of this chapter is to introduce hyperbolic systems of conservation laws and their
properties, and discuss some numerical methods for their solution that form the basis for
developments presented in later chapters. The theory of hyperbolic conservation laws will
not be considered here, but a detailed discussion of the subject can be found in the report
by Lax [30] or the book by LeVeque [34].

This Chapter is laid out as follows. In §2.2 some one dimensional systems of conser-
vation laws will be introduced. In §2.3 properties of numerical schemes for scalar (single)
conservation laws in one dimension will be considered. In §2.4, two methods for systems
of conservation laws in one dimension, namely Godunov’s method [18] and the Weighted
Average Flux (war) method of Toro [62], [63], [67], [66], will be considered in detail as
these form the basis of developments presented in later chapters. In §2.5, two dimensional
systems of conservation laws are introduced and methods for their solution are consid-
ered in §2.6. Three dimensional systems of conservation laws will not be considered here,
since basic features of numerical methods for their solution follow easily from the two
dimensional case. k '

2.2 One Dimensional Systems of Conservation Laws

The aim of this section is to introduce hyperbolic systems of conservation laws in one
space dimension. The problems of interest are therefore initial value problems of the form:

U, + F(U), = 0 (2.1)

U(z,0) = Up(z) | (2.2)
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where ¢ € (—o0,+00) and ¢ > 0 represent space and time, U(z,t) is a vector of N
conserved variables, F(U) is a vector valued function of U called the fluz function, and
Up(z) is some initial distribution of U called the initial conditions. Equation (2.1) is
called the differential form of the conservation law. The equivalent quasi-linear form is

U, + A(U)U, =0 (2.3)

where A(U) = -g% is the Jacobian of F. The system (2.1) is said to be hyperbolic if for

each z,t,U the matrix A has N real eigenvalues M%) and a complete set of eigenvalues, or,
equivalently, A is diagonizable. The eigenvalue A(®) is called the kt* characteristic speed
of the system. If the eigenvalues are distinct, the system is called strictly hyperbolic.

A well known system of the form (2.1) is the Euler equations of Gas Dynamics:

p  pu
pu | +| pul+p =0 (2.4)
E u(E + p)

i

where p is the density, u is the velocity, p is the pressure,
1 ' .
E= Epu2 + pe (2.5)

is the total energy and e is the specific internal energy. Equations (2.4) describe the flow
of an inviscid, compressible fluid. Since there are four variables and three equations, an
extra equation is needed to close the system. This is done here by adding an Equation of
State; the Equation of State for the Euler equations throughout this work, even in more
than one space dimension, will be taken as:

P .
e(p,p) = ——— 2.6
(:) (v=1p (2:6)
where 7 is the ratio of specific heats, assumed constant at v = 1.4 here. The system (2.4)
is strictly hyperbolic with characteristic speeds u — a, # and u + a where a = ,/% is the
sound speed. A good discussion of the derivation and properties of the Euler equations
can be found in the book by Anderson [1].

Another example of a system of the form (2.1) is given by the Shallow Water equations:

! ( o ) * ( ¢u2iu§¢2 ) =0 | 2.7)
t x

These model the flow of a fluid with a free surface under the influence of gravity. Here
¢ = gH is the geopotential, g = 9.81 is the acceleration due to gravity, H is the total
depth of fluid and u is the velocity. The characteristic speeds of this system are u — ¢ and
u + ¢, where ¢ = 1/ is the celerity, analogous to the sound speed in gas dynamics. The
derivation of (2.7) assumes that the pressure varies hydrostatically, or, equivalently, that
the vertical acceleration of the fluid has a negligible effect on the pressure. The effects
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of viscosity and surface tension are neglected and the bed of the fluid is assumed to be
horizontal. A further, more detailed, discussion of these equations can be found in Stoker
[52].

It is well known that systems of conservation laws can develop discontinuous solutions
in a finite time, even if the initial data Ug(z) is smooth. Such solutions are not differen-
tiable and are therefore not admissible as solutions to (2.1), (2.2). However, solutions to
the integral form

/z ” Ula, t5)do — /x fz U(e, t)dz = /t * F(U(oy,1))dt /t ® F(U(op, 1))dt | (2.8)

1 1 1

for an arbitrary domain [z, 2] X [t1,%2] can adinit discontinuities and are therefore nor-
mally sought. Solutions to (2.1), (2.2) are called classical or strong solutions to the con-
servation law; solutions to (2.8), (2.2) are called generalized or weak solutions to the
conservation law.

Consider a weak solution U(z,1) to the conservation law, with an isolated discontinuity
of speed S. By considering the integral form (2.8) over arbitrary domains [z, z2] X [t1, {2]
containing the discontinuity, it can be shown that, to be a weak solution, U(z,t) must
satisfy :
F(Ug) - F(Uz) = § (Ug - UL) | (2.9)
where subscripts -7, and -r denote values immediately to the left and right of the discon-
tinuity. Condition (2.9) is called the Rankine Hugoniot condition, and must hold for any
discontinuity in the solution. Two types of discontinuity can occur in solutions to the
one dimensional Fuler equations of Gas dynamics. Shock waves are discontinuous waves
across which all variables increase. As a consequence of the Second Law of Thermody-
namics, entropy must increase across a shock wave, or, equivalently, a shock of speed 5 in
characteristic field £ must satisfy

AP > 5> K (2.10)

where /\gk) is the k" characteristic speed on the state behind the shock and )\gk) is the
kth characteristic speed on the state ahead of the shock. Contacts are discontinuous
waves admitted by the Euler equations across which the density changes and pressure and
velocity remain constant. The speed of a contact and the characteristic speeds of the same -
field either side of the contact are always equal. The equivalent of a shock wave in the
Shallow Water equations is called a bore wave; there is no equivalent of a contact wave
in the Shallow Water equations. Waves that are not discontinuous can also exist in the
solution of systems (2.1), i.e there exist waves which are of finite width and across which
all variables vary continuously. If any point P within such a wave in characteristic field &

satisfies
MW <aB <a® (2.11)

- where /\Ef) is the k** characteristic speed at point P then the wave is called a rarefaction
 wave; if any point P within the wave satisfies

AP > AR > \B) | | (2.12)
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Figure 2.1: An example of the structure of the solution of the Riemann problem for the
Euler equations of Gas Dynamics.

then the wave is called a compression wave.

An initial value problem of the form (2.1), (2.2) that is of particular interest in this
thesis is the Riemann problem. This is deﬁned for any system (2.1) as the problem with
initial conditions (2.2) of the form

UL ifz<0
UO("’)‘{ Up ifz>0 (2.13)

for constant states Uy, Ugr. This problem will be denoted RP(Ur,Ug).

In general, the solution of a Riemann problem RP(Uy,Ug) will consist of N waves
of speeds a®,k = 1,..., N separating N + 1 constant states, called star states, and is a
function only of the similarity variable £. The solution will be denoted I—J(%—;UL,UR)
here. Fig. 2.1 shows an example of the structure of the solution of a Riemann problem
for the Euler equations. In this situation, the left wave is a rarefaction wave, the right
wave is a shock wave, and the contact has positive speed. For many important systems
of equations, exact iterative Riemann solvers exist, such as those of Gottlieb and Groth
[20], Toro [61] and more recently Pike [40], as well as many non-iterative approximate
Riemann solvers, such as those by Roe [43], Harten, Lax and van Leer [23] and Toro [64].
Reviews of Riemann solvers for the Euler equations and the Shallow Water equations
have been given by Toro in [67] and [66] respectively. The idea of using solutions to local
Riemann problems in the update of numerical solutions to (2.1), (2.2) was first introduced

by Godunov [18]. His method is discussed later in this chapter.

Before introducing details of particular methods for the solution of initial value prob-
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lems (2.1), (2.2), some general properties of such methods will be introduced. Throughout
this thesis, whenever one dimensional initial value problems (2.1), (2.2) are considered
it will be assumed that a weak solution U(z,t) to the conservation law is sought in the
time interval ¢ € [0,T] for some T > 0 on some fixed, finite interval D = [z1,z,] and
that boundary conditions at z;, o are defined for all ¢ € [0,T]. The interval D is divided
into M computing cells with constant width Az = (23 — z1)/M. The class of methods of
interest here will be explicit, timemarching methods, where the initial conditions will be
evolved to time 7T in a series of finite, variable time steps of size At". At any time ¢, the
integral average
n_ 1 (Hl)AxU ")d 2.14

U; —Am/(i_w (z,1")do 1
of U over cell 7 will be stored for each cell. A method is called conservative if it can be
written in the form

At
Urt = U7 - = [Fips —Fig] (2.15)
where F., . (U, ..., U7 for nonnegative integers mj,mso is some function of the
i+3 m1 i+mg

data at timelevel n, a,nd is called the ¢ntercell fluz. The conservative form (2.15) is derived
from the mtegral form (2.8) of the conservation law by taking the domain (x t) € [(¢—
DAz, (i+ 3)Az] x [0, At], making the approximation

1
Fipp ™ 1 / F(W(z,1))dt (2.16)
where W(z,1) is the solution of (2.1) with initial conditions W(z,0) = U(z,t") and using
the definition (2.14). The scheme (2.15) is said to be consistent with the conservation law
(2.1)if F;, Lisa Lipschitz continuous function that satisfies

Fi;1(U,..,U)=F(U)) ' (2.17)

for all 7, where F(U) is the flux in (2.1). Consider a sequence of solutions U{A%)(z, 1) of
the conservation law as Az \, 0 on the strip 0 < ¢ < T, and assume At" = O(Az) for all
n. If there exists a function U(z,t) such that

: (Az) —
Alalcr{‘loU (z,t) = U(z,t) | (2.18)

then the scheme is said to be convergent. An important convergence theorem has been
given by Lax and Wendroff [29], and can be stated as follows:

Theorem 1 Suppose a sequence U2} s computed via some consistent, conservative
method and converges to a function U(z,t) as Az \, 0. Then U(z,t) is a weak solution

~ to the conservation law (2.1).

To ensure convergence to weak solutions of conservation laws, the methods developed in
later chapters will therefore be developed as consistent, conservative methods.
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A more sophisticated convergence theorem has been provided by Harten [22], which
guarantees that if a scheme converges, then the limit is a weak solution of the conservation
law and is physically relevant in the sense that it satisfies certain entropy conditions.
Harten’s theorem will not be used when discussing the entropy properties of schemes
constructed later in this thesis, so it is not presented here.

2.3 Properties of Schemes for Model Equations

Consider the initial value problem
ur+ f(u)y =0 ’ (2.19)
u(z,0) = up(z) (2.20)

where u(z,t) is a single conserved variable, and f(u) is some flux function. Equations
of the form (2.19) provide very simple models of convection, and for this reason schemes
are often constructed first for equation (2.19), and then extended to non-linear systems
of conservation laws such as (2.1). The aim of this section is to discuss properties of
schemes for the solution of (2.19), (2.20). The methods of interest here will be consistent,
timemarching methods of the form

ultl = Ayul ' 2.21
7 i+a
otAao

where {A,} is a set of real coefficients, only a finite number of which are non-zero. The set
of points {Ajtq : Airo # 0} is called the stencil of the scheme. An alternative to (2.21)
will be to express the schemes in conservative form

nt+l _ n_ﬁ

U, = U Az

2

[fi+15 - fi_l_] ' (2.22)
where f;, 1 are scalar intercell fluxes. |

Consider first the linear advection equation, i.e equation (2.19) with flux
f(u) = au » . (2.23)

for some real, constant speed a. In [44], Roe considered properties of the scheme for the
initial value problem (2.19), (2.20), (2.23). Many of these properties are fundamental to
the development of numerical methods for conservation laws, and will now be summarized.

The aim of any numerical method is to find an approximate solution to an equation
that is as close to a true solution as possible. To gauge the the success of a method,
we can define the pointwise error P(iAz) at the point ¢{Az as the difference between the
exact solution and the numerical solution at that point after one timestep divided by the
timestep, i.e

P(iAz) = é (uex(iAm,t”"'l) - u?'”) (2.24)
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where u°?(z,t"*1) is the exact solution of (2.19) with ’initial condition’ u(:Az,t") = ul
at position = and time ¢t + At. It is desirable that as the number of cells increases, i.e
Az \ 0, the approximate solution %} should become closer to the exact solution at that
point. The scheme (2.21) is said to be convergent if

| At P(iAz) |- 0 as Az—0 (2.25)

Here || - || is some suitable norm, such as the time integrated /;-norm, which is defined on
a mesh function v(z,?) as:

v llur= /0 ! /_ ‘: | o(z,?) | dedt  (2.26)

The term u?* in (2.24) can be expanded via a Taylor series as

1 _
u(iAz, ") = u + At uy + gAtzuﬁ o (2.27)

where u = u®*(iAz,t") = u?. We can also substitute the scheme (2.21) into (2.24) and
use the Taylor expansions

. ,
Uy = U+ AT Uy + —2-a2Ax2um + ... (2.28)

Following directly from the linear advection equation (2.19), (2.23) are the relations

up = —at;  (2.29)
Ut = (_auz‘)t =-—a (ut)x = azuxa: (230)

and in general '
U(nt) = (—0) " U(n) (2.31)

for all n > 1, where ugny = %—u and Y(py) = %—';u. Substituting Taylor expansions
(2.27) and (2.28) into the scheme (2.21), using (2.31) to convert time derivatives into
space derivatives, assuming consistency and rearranging gives

P(iAZ) = B + Prtg + Botize + Patizss + o (2.32)

where {0;} are coefficients that are, in general, functions of A¢, Az, the coefficients A,
of the scheme and the Courant number v defined as

V= aﬂ (233)

The Courant number can be thought of as the ratio of flow speed a to ’grid speed’ —AA—;”.
The first term on the right hand side of(2.32) with 8 # 0 is called the leading term of the
pointwise error (2.32). The pointwise error is used, along with the following theorems, to
define the accuracy of the scheme (2.21).
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Theorem 2 If u” is a polynomial of degree p in i, scheme (2. 21 ) will give the ezact
solution to (2. 19), (2.23) if and only if

S al4, = (-v)" . (2.34)
for all integers q such that 0 < ¢ < p.

Theorem 3 If anyv scheme meets the conditions of Therorem 2, the leading term in its
pointwise error is

hlor g o

These theorems enable the following definition. Any scheme of the form (2.21) for the
linear advection equation (2.19), (2.23) that satisfies the conditions of Theorem 2 is called
pth order accurate. Theorems 2 and 3 and the definition of accuracy are extended to two
and three dimensions in Appendix A. The accuracy of a scheme is an important property
— obviously the higher the accuracy, the better the scheme (provided the scheme is stable).
The scheme (2.21) is said to be consistent (with the linear advection equation) if it is at
least first order accurate.

Another important property of the scheme (2.21) is that it must, at least under certain
conditions, be stable, i.e any errors produced by the scheme or generated from other sources
should not be amplified by the scheme at later times. If this is not the case, any errors
will grow in time and scheme will be useless. Schemes are usually stable under restrictions
on the Courant number v, which amount to restrictions on the timestep At. The stability
restrictions on the scheme (2.21) can be established by a technique known as von Neumann
stability analysis. This is done by performing a Fourier analysis on the scheme and looking
for restrictions on the coefficients A, that ensure all Fourier modes are stable. Consider
an error of the form

€ = §nelt ' - (2.36)
where § is the amplification coefficient, @ is a phase angle and I = v/—1. Due to the
linearity of the problem, errors will be evolved in time via (2.21), i.e

T =" Anely, - (2.37)
o .

Substituting (2.36) into (2.37) and rearranging gives:
Sn+16102' — Snewi zAaeIaG (2.38)
. o '

Here 5™ means S to the power n, not S at timelevel n. Dividing through by S"e!% gives

§ =" Aqe! (2.39)
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Using the standard relation ‘
' e = cosn + Isiny : (2.40)

e S =Y Aqcos(af)+1I- > Agsin(af) ‘ (2.41)
o a
vNote that, in general, S is complex. For stability, the expression for S must satisfy
|5|<1 (2.42)
i.e the Foﬁrier mode @ must not be ampliﬁed. An equivalent condition

| §2< 1 | (2.43)

usually proves easier to work with.

An important theorem that links the properties of consistency, stability and conver-
gence of schemes for the linear advection equation is the Laz Equivalence Theorem, which
can be stated as: _ o '

Theorem 4 For a consistent, linear method applied to a well-posed initial value problem,
stability is necessary and sufficient for convergence.

For details of the proof of this theorem, see the book by LeVeque [33] and the references
cited there. This theorem means that it is sufficient only to check that a scheme is
consistent and stable to ensure it is convergent.

‘The idea of the monotonicity of an algorithm was introduced by Godunov in [17],
and later reported by Roe [44]. An algorithm is called monotonic if, whenever the data
{u?} is a monotonic increasing or decreasing function of ¢, the solution {u*'} at the next
timelevel is monotonic in the same direction. Roe also reported (with proofs) the following ‘
three theorems of Godunov: ' v

Theorem 5 An algorithm of the form (2.21) is monotonic if and only if none of the
coefficients A, are negative.

Theorem 6 All monotonic algorithms are stable.

Theorem 7 There are no linear monotonic algorithms of second or higher order accuracy,
unless v is an integer.

The idea of an algorithm being compatible with a set of data is also introduced in [44]. An
algorithm is compatible with a given set of data values {u?} if the solution at each point
in that set is bounded by the data values from the interval containing the characteristic
through the solution point. More formally, if {u?} is a set of data values, and {u?*'} is
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the corresponding set of solution values output by the algorithm, then {ul} is compatible
with the algorithm if, for all ¢,

min{uf gy, v g} < uf " < max{ul gy, ul g} (2.44)

where K < v < K +1. For 0 < v <1, the above definition is equivalent to

u’l}‘l‘l — oy
0<% =<1 (2.45)
Uy — Y
and for ~1 < v < 0, it is equivalent to
ntl _ om
0< i<y (2.46)
Uit — Y :

It can be seen from (2.45) that an algorithm that is compatible with the data {u?} will not
introduce oscillations into the solution {«7*'} if they were absent from {u?}. In [44], Roe
successfully used the idea of compatability to ’blend’ various methods to obtain a scheme
with variable A, which achieved high order accuracy without introducing oscillations into
the solution. Godunov’s theorem (Theorem 7) was thus successfully circumvented. Sweby
and Baines [55] proved the convergence of an extension of this scheme to general scalar
conservation laws.

Example — The First Order Upwind scheme.

It is shown in [44] that the algorithm with the three point stencil {u_;,u?,u?,} that
has the smallest pointwise error is and remains monotonic is

vl 4+ (1 —v)u® ifa>0
ulftl = (2.47)
1+v)u? —vuly, ifa<0

By Theorem 5, this scheme is monotonic provided -
lv|<1 (2.48)

This is the scheme of Courant, Isaacson and Rees [10], and is a first order method com-
monly known as the First Order Upwind (Fou) method, since u?*! depends on the data
'upwind’ of u?. A simple application of von Neumann stability analysis shows the rou
scheme is stable provided (2.48) holds, and the Lax Equivalence theorem then ensures the

scheme is convergent. In conservation form (2.22), the Fou scheme has intercell flux

fi ifa>0

firr = (2.49)
f,‘+1 ifa<0
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This conservative form of the Fou scheme was extended by Godunov [18] to an upwind
scheme for nonlinear systems of equation which is discussed more fully in the next section.

Example — The Lax-Wendroff scheme

~ Consider the scheme
1 v
ultl = %I/(l + o)l + (1= vH)u? — 51/(1 — V)ulyy (2.50)

~ This scheme is due to Lax and Wendroff [29]. It has a three point, centred stencil.- By
studying the conditions (2.34) it can be shown to be second order accurate in space and
time. Equation (2.34) shows that there are three conditions required for this accuracy,
and since the Lax-Wendroff scheme has a three point stencil {u? ;,u?,u%}, and thus
three coefficients, it is the unique scheme on this stencil with this accuracy. By Theorem
7, this scheme is not monotonic, and thus spurious oscillations will appear in regions of
high gradient. A simple application of the von Neumann stability analysis described above
shows the scheme to be stable provided (2.48) holds. By the Lax-Equivalence theorem,
(2.48) is also the condition for the scheme (2.50) to be convergent. In conservation form
(2.22), the Lax-Wendroff scheme has intercell flux ‘

firg = 3+ 0+ 20— Wi (251)

Return, now, to the general scalar conservation law (2.19) and consider schemes of
the form (2.21) with variable coefficients A,. Define the Total Variation of data ™ at
timelevel n as

TV(u™) = Z | u?_,_l —ul | (2.52)

In [22] Harten introduced the idea of Total Variation Diminishing (TvD) schemes. A
numerical method is called Tvp if

TV (u"*1) < TV (u™) ’ - (2.53)
Harten also gave sufficient conditions for a scheme to be Tvb: '

Theorem 8 Suppose u is a mesh function that is either periodic or of compact support.
Any scheme on u that can be written in the form :

uftt =l — C'—é(“? — i)+ Di+%(u?+1 —u7) (2.54)

1 ]
is TVD provided

>0 Cyi+Dyp<1 Vi (2.55)
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Proof. See Harten [22].

Following directly from Theorem 8 are two Corollaries:

Corollary 1 Any scheme written in the form
uf ™t = uf = C; (uf - uly)

is TVD provided

+1 n

ut Tt — "

0<(C;=—+ ~ <1
: Uy — U

Proof. Set D.,1 = 0in Theorem 8, write C; = C., 1 and rearrange.
i+3 tt+3

Corollary 2 Any scheme written in the form
uft™h = ul + D; (ufyy — ul)

is TVD provided

n+1 n

U: — ur
0<D;=t—t <1

Uity — U

~ Proof. Set C; +1= 0 in Theorem 8, write D; = D, 1 and rearrange.

(2.56)

(2.57)

(2.58)

(2.59)

Note that the conditions (2.57) and (2.59) are identical to the data compatability

conditions (2.45) and (2.46).

2.4 Numerical Methods for One Space Dimension

2.4.1 Introduction

Two specific numerical methods for the solution of the initial value problem (2.1), (2.2) will
now be considered in detail, since they form the foundation for the developments presented
later in this thesis. In §2.4.1, Godunov’s method [18] will be described. This was the first
method for the solution of (2.1), (2.2) to use the solution to Riemann problems at intercell
boundaries to evolve the solution of the global problem. In §2.4.2, the Weighted Average
Flux (waF) method of Toro [62], [63], a second order extension of Godunov’s method, is

described. It is a TvD scheme on the linear advection equation.
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2.4.2 Godunov’s Method

In [18], Godunov introduced the idea of using the solution to local Riemann problems
in numerical methods for hyperbolic conservation laws of the form (2.1). The scheme
he proposed is a conservative extension of the Fou scheme (2.47) and runs roughly as
follows. Assume the value U? stored for cell A; approximates the integral average of
U in cell 7 at timelevel n, as in (2.14), and assume this value applies throughout the
cell, i.e U™ is a piecewise constant function. At each boundary 7 + % solve the Riemann
problem RP(UZ?,U%,), and let waves propagate away from the boundary. Define the

. k .
maximum Courant number as Vpy.p = )\max—AA—; where Ajpq; = max; {I /\g +)1. I} is the
2

maximum absolute value of the wavespeeds )\f_l_ ; from all the local Riemann problems

solved. Provided 1
Vnax S 'é' ' (260)

none of the waves will interact, and the Riemann problems describe the time evolution of
the data U™ up to the accuracy of the Riemann solver used. At time t"*! = " + At, the
cell averages are computed from the evolved solution to obtain the data U™*! at the new
time level, i.e take

1
1 %A.’L‘ —%—Az t’ 1—12 ¢ %A:I} 0 t’ 29 Vil . ‘

In [23], Harten, Lax and van Leer showed that Godunov’s method will not produce entropy
violating solutions. By integrating around the domain [(i — 3)Az, (i + $)Az] x [0, At]
Godunov’s method can be written in conservation form (2.15) with intercell flux

Fiyp= F(U(0; U;, Uiyy)) (2.62)

The intercell flux is thus taken as the flux of the solution to the Riemann problem
RP(U?,U%,) on the time axis, i.e at the point which is upwind of all waves in that
solution. Note that this intercell flux is an extension to nonlinear systems of the flux
(2.49) for the Fou scheme on the linear advection equation. Provided

Ve < 1 | A (2.63)

holds, waves from any boundary will not reach other intercell boundaries, and thus will
not affect the flux (2.62). Hence the conservative formulation of Godunov’s scheme is valid
for higher timesteps that the original formulation, which is restricted by condition (2.60).

On the linear advection equation (2.19), (2.23) Godunov’s scheme reduces to the First
Order Upwind scheme (2.47). It is thus first order accurate, and provided (2.63) holds, it
will be monotonic and stable.

2.4.3 The Weighted Average Flux (WAF) Method

Much of the work presénted later in this thesis will be based on the Weighted Average
Flux (war) approach of Toro [62], [63], [67]. For this reason, the war scheme will now
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be discussed in detail. It is a second order extension of Godunov’s method and is a
generalization of the Lax-Wendroff method (2.50) to non-linear systems. The intercell
flux at boundary i + % for the conservative form (2.15) is defined by integrating across
the solution of the Riemann problem from z = ——Aa: toz = + Az, at time t = —At i.e
along the line AB in Fig. 2.2. Thus:

LA

: /” F(U( 573 Us Uisa)is (2.64)

Fi+% Az

Define V(_T_) A(_’;)l ﬁt to be the Courant number of the k-th wave. It is assumed that the

timestep At is chosen such that (2.63) holds. In the case of the linear advection equation
(2.19),(2.23) there is only one wave of speed ¢ in the solution of each Riemann problem,
as shown in Fig.2.2, and (2.64) becomes the Lax-Wendroff flux (2.51). The flux (2.64)
therefore gives a scheme that is second order accurate in space and time and is stable
provided (2.63) holds, at least in the linear case.

- For non-linear systems, it is sufficient to represent waves as single ray waves in most
situations. This is obviously exact for discontinuous waves such as shock waves or contact
discontinuities, and the wavespeed is obviously taken as the speed given the wave by the
Riemann solver. For rarefaction waves the single ray assumption is an approximation and
there is some ambiguity in the choice of wavespeed. Experience has shown that taking
the speed at the head of the rarefaction, i.e the largest speed in magnitude throughout
the fan, is sufficient to obtain good resolution of rarefaction waves. Under the single ray
assumption, the flux (2.64) reduces to a weighted average of the fluxes in the solution of
the Riemann problem, and can be written as:

Z w®FR, (2.65)
=

where F( )1 is the k-th flux in the solution of the Rlemann problem, with F(l)1 =F; and
F(N'H) = F1+1. The weights W) are defined as:

wk) = (y(k) vi1)  (2.66)
with © (N41)
Vig1 = -1 Vil =+1 (2.67)

These weights can be seen geometrically in Fig. 2.2. Combining (2.65) and (2.66), the
intercell flux for the war method can be written as

- —(F + Fip1) — —Z fjﬁ’l AF(k) | (2.68)
where AF(f_)l = F(.Tl'l) - F(.f_)l is the flux jump across the k-th wave.
T Ty Ty
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(a)
: U, =0; Uy =Uina
Wy / W, X
_____ ® * - — — — —
Al | B t+ 1At
| |
| |
| I t
~1Az 0 +1Az
(b)
Us=Uipa
/ e — — — —
, | B t+ $AL
I . | |
| I
| I t
~1Ag 0 +1Az

Figure 2.2: Weights W}, for the waF scheme on (a) the linear advection equation and (b)
a system of three equations. ‘
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The only situation in which the assumption of single ray waves is not entirely safe is
when a ’sonic rarefaction’ occurs, i.e when a rarefaction wave in the solution of a local
Riemann problem has head and tail speeds of opposite sign. Failure to take adequate
care in this situation can lead to the growth of shocks which do not satisfy the entropy
conditions and are therefore physically unrealistic. This could be resolved by discarding
the single ray wave representation of the sonic rarefaction and computing the integral
(2.64) through the wave exactly. In practice, this would be expensive, and experience has
shown that it is sufficient to represent the rarefaction wave as a single ray wave with speed
equal to the true speed of the head of the wave, and use (2.65) with a weight corresponding
to the whole region between the head of the rarefaction and the wave immiediately behind
the rarefaction. The state corresponding to this weight is taken as U(0; U;, Ujyy), i.e the

state on the time axis in the solution to the Riemann problem. This process ensures that -

the most upwind data is used in the flux calculation.
TVD Version of the WAF Method

An important property of numerical methods is that they should remain oscillation-free
in regions of high gradient, at least when applied to the linear advection equation. In [54],
Sweby introduced flux limiters B, L into the Lax-Wendroff scheme on the linear advection

equation (2.19), (2.23) when a > 0 by using the intercell flux

firp =fit %(1 —V)Byy1(fir1 - i) (2.69)

When B, +1 = 1 this reduces to the Lax-Wendroff intercell flux (2.51); when B, L= 0 this

reduces to the rou intercell flux (2.49). By using Corollaries 1 and 2 following Harten’s
theorem (Theorem 8), Sweby found limits of B;, 1 that ensured the resulting scheme was
TvD. Since wAF reduces to the Lax-Wendroff method on the linear advection equation,
it is second order accurate in space and time and will need some form of flux limiting to .
control spurious oscillations. In [63], Toro introduced limiter functions ¢, +1 for the war

method by studying the flux

fur = %(1 + ¢ 1)fi+ %(1 — b ) fin (2.70)

for the linear advection equation. When ¢, L =| v |, this gives the Lax-Wendroff intercell
flux; when ¢, L= sgn(v) this gives the Fou intercell flux. Toro performed a similar task to
Sweby by finding regions for which the functions ¢, L give a TvD scheme by making use of

Corollaries 1 and 2 above. The analysis was originally published in [63], and can be found
in [67] or [66]. The results are now summarized. For convenience, write ¢ = ¢, L sgn(v).
Provided:

L<¢<1 (2.71)
for some lower limit L € [—1,| v |] the TvD regions are:
Zy, = {(r;43,¢) such that 7,3 <0, 6> 91, L<$ <1} (2.72)
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Zp = {(r;y1,9) such that 7,3 > 0, ¢ > ¢, L< $< 1} (2.73)

where
| gr=1+(L+1)ry (2.74)
and 5 ’
| $r=1- m(l" |v |)7‘1~+-;- (2.75)
Here r;, 1 is the local flow parameter:
Aypy
Py = ﬁ | (2.76)
Ajpoctt is the local jump in w:
Aoctt = Ui41 — U; _ ' (2.77)

and Ayp,u is the upwind jump

U; — Uj—1 ifv>0
Aot = | (2.78)
Ujp2 — Ui4q ifr<o :

Note that r,, ~ 0 corresponds to steep

gradients.

1 & 1 corresponds to smooth flow, and 7, 1
2 : 2

The TvD regions are illustrated in Fig. 2.3. Three popular limiter functions are

1 r<0
$(r,v) = ¢ 1-(1—-|v)r 0<r<i (2.79)
|1/| »r>1
' 1 r<0 : .
$(r,v) = (2.80)
2r/(1+7) r>0
(1 r<0

1-2(1-|v])r 0<r<i
é(r,v) = ¢ |v] 1<r<l (2.81)

I-(1-|v)r 1<r<2

L 1-201=|v]) r>2
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8w )

¢ =+1
br=1+(L+1)r ‘/¢R=1+ﬁ;{(1—|vl)r
_____ _ 8D
21, R

Figure 2.3: TVD regions for the waF scheme.
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Many other choices are, of course, possible. All are related to Flux Limiters B via
$=1-(1-|v|)B : (2.82)

Limiter functions (2.79), (2.80) and (2.81) are related to the MINMOD, VAN LEER and
suPERBEE flux limiters respectively. The TvD war flux (2.70) is extended to non-linear
systems by replacing (2.68) with the more general intercell flux:

k k
il = -(F +Fip1) — 5 Z ¢( ) -E+)§ v (2.83)
where ¢( )1 is a limiter function. Note that if ¢(f_)1 = v( +)1 this reduces to the original flux

(2.68), and if ¢(+1 = sgn(v ), equation (2.83) reduces to the Godunov flux (2.62). The
limiter functions ¢ can be used in the flux (2.83), by taking '

o0, = ey 8 s st

for each integer k such that 1 <k < N. Here r(_lf_)l is the flow parameter for the k" wave
2

from the Riemann problem at boundary i+ % 5, and is defined as

(k)
S0 _ Bupug |
Tk = A, (2.85)

where Az(tp)wq is the upwind jump in some variable ¢:

o, - i, >0
2

AW g = | | (2.86)

(k) (k -1)

q; +2 q; i+ otherwise-

and A(k)q is the local jump in g:

Afg= qffr)_ 031" | (2.87)

The choice of the variable ¢ is debatable, although it is typlcally taken as density for
the Euler equations or geopotential for the Shallow Water equations, since experience has
shown that these are suitable choices.

Boundary conditions for the war method are set as follows. Two artificial cells, called
fictitious cells or ghost cells, are added to either end of the grid before the computation
starts. At the begining of each timestep, values are set in these cells. If a boundary
is transmissive, values in each of the two cells are taken from the matching cell inside
the domain, i.e the cell that is an equal distance (in terms of numbers of cells) from the
boundary. The same procedure is applied for reflective boundaries, except the sign of the
velocity is changed. The intercell fluxes for the cell boundaries on the boundary of the
flow domain are then computed in the same way as for intercell boundaries within the
interior of the flow domain.
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2.5 Two Dimensional Systems of Conservation Laws

The aim of this section is to discuss hyperbolic systems of conservation laws in two space
dimensions. These can be written in the form :

U;+V-E=0
U(x,t)=U:R% x [0,T] - RV (2.88)

E=(F,G)eRY xRV

where x = (,9) is the coordinate vector, U is the vector of IV conserved variables, and
F, G are vector valued flux functions in the 2 and y directions respectively. For each unit
vector n in R2 the projected equations along n are defined as

U, + :—CE(’“) =0 E®(U) = n-E(U) (2.89)
This can be written as
(n)
U+ A®U)U =0 A® = agU (2.90)

The system (2.88) is said to be hyperbolic if for each n the projected equation (2.90) is
hyperbolic in the sense of a one-dimensional system (2.1), i.e if A(®) is diagonalizable for
each n. If the eigenvalues of A(®) are distinct for each n, then (2.90) is strictly hyperbolic.

The aim of this section is to discuss numerical methods for the solution of (2.88) with
initial conditions '
U(x,0) = Up(x) ' (2.91)

for some given function Ug(x). Before this discussion, it is appropriate to introduce two
hyperbolic systems of the form (2.88) that will be of use later in this thesis. The two
dimensional Euler equations of Gas Dynamics can be written in form (2.88) as

P pu pv

pu pu?+p puv _ .
oo | Y puv | oportp | =0 (2.92)
E u(E + p) v(E + p)

i k4 Y

where u and v are the z and ¥ components of velocity, p and p are the density and pressure,
and the total energy F is defined as

E= %p(u2 + v2) + pe (2.93)

As in the one dimensional case, the system is closed via the equation of state (2.6). The
ratio of specific heats, 7, is again assumed constant here. The eigenvalues of A® for
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the projected equations (2.89) are AU = wll — g, A@) = A\B) = pll and A\@ = wll 4+ q,

where wll is the component of velocity in the n direction and a = % is the local sound

speed. The system is thus not strictly hyperbolic, since the eigenvalues are not distinct.
However Riemann problems for the projected equations of this system can be solved by
making use of Riemann solvers for the one-dimensional Euler equations (2.4),(2.5),(2.6).
This is because the eigenvalue A3 represents a slip line, across which only the component
of velocity perpendicular to n, denoted w', changes, and this quantity does not change
across any other wave. Thus w' can be ignored, and any Riemann solver for the one
dimensional Euler equations can be used to solve the Riemann problem to give star-state
values of p, wll and p. The other component of velocity, w', is determined from the
position of the slip line in the z — ¢ plane.

A second example of a system of the form (2.88) is formed by the Shallow Water
equations:

é du v
du | + | oul+i4? | + duv =0 (2.94)
\ v /, ) : ¢v? + 147 v

where « and v are again the z and y components of velocity, ¢ = v/gH is the geopotential,
H is the total depth of water and g ~ 9.81 is the acceleration due to gravity. The
eigenvalues for the projected equations (2.89) of (2.94) are A; = wll — ¢, Ay = wll and
A3 = wll + ¢, where wll is the component of velocity in the n direction and ¢ = /@ is
the celerity, analogous to sound speed in Gas Dynamics. Since all three eigenvalues are
distinct, this system is strictly hyperbolic. The solution of the Riemann problem for the
projected equations of system (2.94) consists of three waves separating four constant states.
The centre wave is always a slip line which, as for the Euler equations, is a discontinuity
across which only the velocity component perpendicular to n, w', changes. As in the case
of the Euler equations, w' does not change across the other waves. Any Riemann solver
for the one dimensional Shallow Water equations (2.7) can thus be used to find ¢ and wll
in the star-state, and w' will then be determined by the position of the slip line in the
z —t plane.

2.6 Numerical Methods for Two Space Dimensions

2.6.1 Introduction

Methods for the solution of (2.88), (2.91) on curvilinear grids, i.e structured, body-fitted
grids of quadrilaterals, will be considered here. A Cartesian grid is a curvilinear grid in
. which all cells are identical rectangles. Since the grids considered here are structured, each
cell can be indexed by two integers and will be denoted A;; here. A value U7; will be
stored for cell A;; at each timelevel n, and defined as the integral average of U™ over cell
Ajj, e

1 .
noo—— [ Ule,y, " 95
Uz,] V(Az,j) Ai,j (337 Y, )dxdy (2 9 )
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where V(A; ;) is the area of A; ;.

2.6.2 The Space Operator Splitting Technique

A popular technique for extending numerical methods for the solution of one-dimensional
conservation laws (2.1) to the solution of two-dimensional conservation laws (2.88) on
curvilinear grids is the Space Operator Splitting technique. A detailed discussion of the
technique can be found in Strang [53] and the references cited there, and is briefly described
here for two space dimensions; the extension to three space dimensions follows easily, and
will not be discussed.

Consider any method for the solution of the one dimensional conservation law (2.1),
written in operator form as:

Urtt = (L®9) ur (2.96)

with the superscript denoting the timestep used. For a two dimensional grid, two operators
LgAt) and LY that act on U” can be defined as those which perform one update of
" scheme (2.96) along all one-dimensional strips of cells indexed by constant ¢ and constant
j respectively. The operators are effectively solving the one-dimensional projected equation
(2.89) with n tangent to a local coordinate lines, and varying along the strip of cells. Given
these definitions, a simple scheme for the solution of (2.88), (2.91) can be constructed as:

Uzt =L (L (ury)) (2.97)
or more explicitly: » v
U, =1 (U7,)  foralli,j | (2.98)
Ut = 18 (0,.)  forall 4, j 2.99)
2,7 2 J ]

Step (2.98) is called an ’i-sweep’; step (2.99) is called a ’j-sweep’. The timestep At is
kept the same for each sweep, and determined from the initial data {U?} for the timestep,
using the maximum characteristic speed over all cells, and the stability condition of the
one dimensional scheme (2.96). The accuracy of operator splitting can be assessed by

studying the linear system ,
Ui+ AU, +BU, =0 ' (2.100)

where U is a vector of dependant variables and A and B are constant matrices. In general,
i.e when A and B do not commute, it can be shown that the operator splitting (2.97)
will introduce first order errors into the solution, whatever the accuracy of the operators
(2.96). In [53], Strang suggested the splitting

n 1At LA [on )
UMt = 10 )(Lg.At) (L§2 )(Ui,j)» (2.101)

The roles of L; and L; can be interchanged. Since three sweeps are needed for (2.101)
rather than two for (2.97), scheme (2.101) is more expensive. Strang [53] showed that
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provided (2.8) is second order accurate in space and time, the splitting (2.101) is the same
order of accuracy for (2.100), even if A and B do not commute.

Operator split results for the solution of two dimensional systems using the one dimen-
sional waF method described earlier will be presented later, so the application of ¢-sweeps
using this method will now be considered in detail. The application of j-sweeps follows
similarly. The first step is the solution of the Riemann problems RP(UZ(lj),U,E_li_)1 ])
boundary (i+1 s ,J) for some initial data set U®. This is done as follows. Firstly, compute

components of velocity from the states UEIJ) ,Uz(_li_)1 that are normal and tangential to
the boundary. The normal velocities and other va,rlables (densities and pressures for the
Euler equations, geopotential for the Shallow Water equations) define a one-dimensional
Riemann problem for the projected equation (2.89) normal to the boundary and any one-
dimensional Riemann solver can be used to find wavespeeds and star states in the solution.
Flow parameters can then be computed for each of the waves in the solution, as in the
one dimensional case, using the solution to Riemann problems at boundaries (i — —, 7) and
(i + %, 7). Slip lines are then added to the solution, with speed equal to the star state
velocity, and magnitude equal to the jump in velocity tangential to the boundary in the
initial data. Flow parameters for slip lines are computed from these velocity jumps, since
no other variables change across them. Courant numbers for all waves can be computed

from the wavespeeds A(k) . as
+2,.7
8 | _At |
Vil )‘1+2le[‘ (2.102)
1+2v.7

where K = R (right) if A\, . > 0 or K = L (left) if ’\('i) ;<0 IR, and 1L+ . are
2 t 54 bR
right and left integration lengths, and should be approxima,tions tothe distances across the
cells to the right and left of the boundary (i + %, ) respectively. Thus provided Courant
numbers defined by (2.102) remain less than unity, waves from the Riemann problem at
(i + %, J) will not cross the neighbouring cells completely, and the one dimensional sweeps

should remain stable. The right integration length lf{_ 1; should be representative of the
2 9
width of the cell A;11,j, and can be defined as

lfi J ,/d? +d2 (2.103)

where . . |
o= 5248541 ~ Tistirt) T 5T -1 — Tisg 1) (2.104)

1 1
dy = 5Wirg ey ~ Yir gt ) T Wi g it ~ Yirti-1) (2.105)

and ($i+§,j+§’xi.+§,j+§) is the intersection between gridlines i + % and j + 3. The left
integration length lzﬁ_ 1 is defined similarly. The Courant number and flow parameter
2

for each wave can be used to compute a limiter function for each wave, using, for exam-
ple, (2.79), (2.80) or (2.81). Components of velocity paralle]l to the boundary are then
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determined from the magnitude of the limiter qbsz”’ for the slip line. If £ < ¢Sh” i then
the component is taken from U; ;; otherwise it is %a,ken from Ujyq,;. All states are now
determined and a waF intercell flux E,, 1 normal to the boundary can be computed as
in the one-dimensional case. Note that the limiter for the slip line does not, in general,
equal the limiter for the contact, even though these waves have the same speed, and five
fluxes need to be included in the average. The intercell flux E; +1,5 can be transformed
into z — ¥ coordinates by computing z and y components of momentum fluxes using the
angle of the boundary to the z-axis and leaving the other components unchanged. The
state U is then updated via the conservative formula for the strip:

(2 _ (@) '
U =0 - VA [ il vk T By i-%,j] (2.106)
to obta,ln the data U® resulting from this i-sweep. Sweeps in the j-direction follow

similarly. See Speares [50] for further details.

The power of combining operator splitting with modern shock capturing methods for
solving realistic flow problems is shown in the review paper by Woodard and Colella
[82]. However, the approach does suffer a serious drawback when the conservative formula
(2.106) is used in sweeps on non-Cartesian grids. If the fluxes Ei+15,j are consistent, (2.106)

will always introduce an error into the data and will thus not preserve constant flow, as
follows. Suppose US J) = U Vi, j. The intercell fluxes must then be given by

Eii1,;=E(U) 0, (2.107)

where E(U) = (F(U), G(U)) is the general flux function and hi +1,; is the normal to

boundary (7 + %, 7) in the direction of increasing { along the strip of cells. Substituting
(2.107) into (2.106) gives

N .
2 1

U@ =y - v B [miips bivns = mirg liosy) (2.108)
The terms in brackets on the right hand side of (2.108) will not cancel unless /. i+l = =1l_1 Lj

and n; +1, = sl i.e the cell sides are the same length and face in the same dlrectlon
Thus the grid must be uniform, i.e all cells must be of the same shape and size. It can be
easily shown, by simple application on the linear advection equation, that errors introduced -
by one sweep are not necessarily rectified by following sweeps. An operator split scheme
on a curvlinear grid will thus not preserve constant data. The error introduced by the
operator splitting technique in the way described above will be called the operator splitting
error.

2.6.3 Finite Volume Schemes

An alternative to operator split methods for multi-dimensional systems of conservation
laws such as (2.88) are truly finite volume schemes, i.e schemes that can be written directly

33



in conservation form

At

+1
T T T aG) [E’*%’j TIRPES A
(2.109)
At |
_V(_A—z’;)- [Ei,j'l'%. . lz',j-l-% - Ei,j—;— . li,j—%:l

where V(A; ;) is the area of cell A;;, E, 1i
aries (i + 1,7) and (4,5 £ 3) and lz’ﬂ:%,j"li,j:té are the lengths of those boundaries. This
formula is derived from the integral form of the two-dimensional conservation law. Schemes
based on (2.109) will be called finite volume schemes here, as opposed to operator split
schemes, although the one dimensional scheme used in the operator splitting may be finite

volume in one space dimension. Note that provided the fluxes E 1 i By jy1 are consis-
. 2 iz . 2

E; j£l are intercell fluxes normal to bound-
1 2

tent, finite volume schemes (2.109) will not suffer from the operator split error. Consider
constant data Ug}j) = U Vi,5. Then

Eii1; =EU) nyy; E;jx1 =E(U) n; 1 (2.110)

1

Substituting these into (2.109) gives:

Ul = U} - ———-E(U) [n“;’..z. P
(2.111)
TR I W

The term in the brackets on the right hand side of (2.111) is effectively the integral around
the boundary of the cell of the outward facing normal vector. Since the boundary forms
a closed loop, this is necessarily zero, whatever the shape of the cell, and (2.111) gives
U?jl = U?;. Thus constant data is preserved.

It is clear from (2.109) that the update from one step to the next for finite volume
schemes involves just one step, not multiple steps as in the case of operator split methods.
This single step allows better modelling of multidimensional convection inherent in systems
such as (2.1), as will be seen in Chapter 5 for the simple case of linear advection. Several
finite volume schemes for the solution of (2.1) exist. These include the schemes of Colella
[8] and LeVeque [32], and the finite volume version of the muscr-Hancock scheme described
by van Leer in [77] and by Quirk in [41], all of which depend on MuscL-type reconstruction
of data to achieve higher than first order accuracy. A finite volume version of war-type
scheme has been suggested by Speares [50] although this scheme appears to be linearly
unstable, as is discussed in Chapter 5. New finite volume wAF-type schemes are developed
in Chapters 5, 6 and 7.
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Chapter 3

A Unified, Riemann-Problem
Based Extension of the

Warming-Beam and
Lax-Wendroff Schemes

3.1 Introduction

The aim of this chapter is to construct, via the waF approach, a scheme for the solution
to non-linear systems of hyperbolic conservation laws in one space dimension that has
stability restriction of Vpmee < 2. On the linear advection equation, the scheme reduces to '
the Lax-Wendroff scheme for | v |< 1 and the Warming-Beam scheme when 1 <| v |< 2.
TVD criteria are applied to the scheme to prevent spurious oscillations in regions of high
gradient. The scheme is extended to non-linear systems of equations by the use of solutions
to local Riemann problems at intercell boundaries. The resulting one-dimensional scheme
is successfully extended to two space dimensions by the use of space operator splitting.
The work discussed in this Chapter has already been presented in [69] and [68].

The chapter is set out as follows. In §3.2, the Warming Beam scheme is discussed. In
§3.3 the unified extension of the Warming-Beam and Lax-Wendroff schemes is derived on
a general scalar conservation law and a TvD version of the scheme is constructed in §3.4.
In §3.5, the scheme is extended to non-linear systems of equations. In §3.6, numerical
results are presented in both one and two space dimensions and conclusions are drawn in
83.7.
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3.2 The Warming-Beam Scheme

Consider the system of hyperbolic conservation laws
U;+F(U),=0 o (3.1)

where U is a vector of N conserved variables, and F(U) is some flux function of U. A
popular finite difference method for the solution of (3.1) is the two step MacCormack
scheme [35]: :

UMt = U - %VFT‘ (3.2)
1 1 At — :

n+l _ n nt1 n+1
Ut = (U7 + U ) = A AF] (3.3)

where U? is the approximation to the solution U at the point (i + })Az at time level n
and the forward and backward operators A and V are defined as:

AF; = Fi+1 - F; VF; =F;,-F; (34)

This scheme is a three-point, centred finite difference scheme. On the linear advection

equation
us + (au)y =0 (3.5)

MacCormack’s scheme reduces to the Lax-Wendroff method (2.50). It is therefore second
order accurate in space and time. '

‘Warming and Beam [80] proposed a modification to MacCormack’s method to give a
one-sided, second-order accurate finite difference scheme. For positive wavespeeds, i.e flow
from left to right, they replace the step (3.3) by:

1At At Gopn LA

3 AT e e vj 221 (3.6)

U’n+1 (Un + Un-l-l)
For the linear advection equation (3.5), the scheme (3.2), (3.6) can be written as a one
step scheme: :

utl = :21—(1 -v)(2-v)ul +v(2=rv)ul , + -;-1/(1/ - 1ul, (3.7)

where v = a2 ﬁt as in Chapter 2. Scheme (3.7) has a one sided stencil and by Theorem 1,
~ Chapter 2 it can be shown to be second order accurate in space and time. Von Neumann
stability analysis shows that (3.7) is stable pr0v1ded 0 < v < 2. Note that (3.7) can be

written in conservative form

At '
n+1 _ e —
with intercell flux 1 .
fipr=fi= 5w =1 ({fi- fi-1) (3.9)
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A modified version of MacCormack’s scheme can be defined as

e 3
Ut = ur — —i—AF" (3.10)
' 1 = 1At
ntl _ Z/n n+1 ntl
- U 2(U, + U - 3 As —VF; (3.11)
For negative wavespeeds, Warming and Beam use (3.10) and replace (3.11) with
1At 1At

Urtl = (U“ + UM 4 = AFP — S AFFFL (3.12)

2 Az Y
For the linear advection equation (3.5), the scheme (3.10), (3.12) can be written in one-step
form as:

ultt = (2 + )1+ v)ul —v(2+v)ul, + z/(l +v)ul, (3.13)

This scheme is second order accurate in space and time, and is stable provided —2 < v < 0.
Scheme (3.13) can be written in conservation form (3.8) with intercell flux

firy = firr - %(1 +v)(firz = fit1) : (3.14)

Due to the stability restrictions, schemes (3.2), (3.6) and (3.10), (3.12) can only be used
when all characteristic speeds of (3.1) are of the same sign, i.e within regions of supersonic
flow. To avoid this restriction, Warming and Beam combined the scheme (3.2),(3.6) with
(3.2),(3.3) and (3.10),(3.12) with (3.10), (3.11) to produce a scheme for use in a general
flow, with embedded supersonic regions. The resulting scheme was shown to work well
when computing transonic flow around aerofoils. However, to ensure conservation, and
therefore the correct speed of shock waves, they had to derive special switching operators
to switch between (3.6) and (3.3), and between (3.12) and (3.11).

The scheme proposed by Warming and Beam had a larger stability region than the
original MacCormack scheme, and therefore made timesavings possible. Warming and
Beam also showed that the schemes (3.7) and (3.12) with one sided stencils also give other
advantages over the Lax Wendroff scheme, such as better dispersive properties.

The aim of this chapter is to use the Weighted Average Flux approach discussed in
Chapter 2 to combine the Lax-Wendroff intercell flux (2.51) with the fluxes (3.7) and
(3.12) in a single conservative flux. Conservative switching between the two components
comes naturally from the derivation of the scheme. A TvD version of the scheme is derived
for scalar conservation laws and extended to non-linear systems of the form (3.1).

3.3 Development of the WAF-D2 Scheme on Model Prob-
lems

In this section, a generalized waF intercell flux is discussed and used to derive a unified
extension of the Warming-Beam and Lax-Wendroff schemes on model problems. The
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scheme will be referred to as the war-p2 scheme, since the linear stability limit of the
scheme will be 2. In the following sections a TvD version of the scheme will be constructed
and extended to non-linear systems.

The scheme will be developed on the scalar model conservation law discussed in Chap-
ter 2: - _ ' :
e+ f(u)ey =0 (3.15)

where « is the conserved variable, and f is any linear or nonlinear scalar flux function.
The solution to the Riemann problem RP(u;,u;+1) for (3.15) has one wave of speed
A; +1 separating u; and u;11. The waves from all Riemann problems will be represented
as single ray waves, as in the case of the classical wAF scheme described in Chapter
2. For discontinuous waves, this representation is exact as the wavespeed is taken from
the Rankine-Hugoniot condition; for rarefaction waves, the speed is taken as the speed
of the head of the rarefaction. In the case of sonic rarefaction waves, the state behind
ther rarefaction is replaced by the state on the time axis in the solution of the Riemann
problem. The aim is to develop a scheme in conservative form (3.8) with stability limit

Vimaz < 2 ~ (3.16)

where Vpp = /\maw% is the Courant number coefficient and Apqe = max{| A;, 1 |} is the
largest absolute wavespeed in the domain. This is twice the stability limit of the classical
wAF scheme and the new scheme will thus offer potential computational savings of up to
50% over the classical war scheme. The new scheme will be based on a generalized wAF
intercell flux: .

fury = /:2 L /E iz, 1))dodt (3.17)

la—t T2 — T1 Jzy

where % is the solution of some initial value problems. These initial value problems are
taken as conventional Riemann problems at intercell boundaries based on constant data
in cells. However, they could be taken as generalized Riemann problems based on re-
constructed (sloped) data in the cells or any other initial valued problems. A detailed
discussion of the schemes that can be derived from the general form (3.8), (3.17) is given
in [70]. Extension of the scheme (3.8), (3.17) to two and three space dimensions will be
considered in Chapter 5.

Here a special case of (3.8), (3.17) will be considered in detail. The scheme will
be considered under the assumption that the cell width Az is constant throughout the
domain. It can easily be extended to the case when the cell width A;z for each cell is
different, when a ’grid distortion’ parameter ¢ = A;432/A;z must be introduced, but this
extension is not considered here. The intercell flux for the scheme presented here is derived
from (3.17) by taking

) = —-%Am Ty = -;—A:c =0 ty=At (3.18)

where, in local coordinates (z, t), z = 0 at the boundary ¢ + % and ¢ = 0 at time level
n. These are the same as for the original war scheme. The new scheme will differ from
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the original waF scheme in that the timestep At is chosen to satisfy (3.16). The war
scheme was derived via exact integration in space and the midpoint rule in time. The
same strategy is taken here and the intercell flux becomes

1 [5se 1
fwr=n [ o, S0 500 (3.19)

The function #% is taken to be the combination of solutions to conventional Riemann
problems at intercell boundaries. The condition (3.16) on At restricts the number of
Riemann problems involved in the calculation f; +1 to those at boundaries 7 — %, i+ % and

T+ —% As in Chapter 2, define a Courant number at boundary i + } as Vipr = Ai+%§%.
Since | ;. L |> 1 are allowed by (3.16) waves from these Riemann problems may interact.
In deriving the scheme, it will be assumed that all wave interactions are linear, i.e any

two waves pass through each other without changes in speed, direction or strength. This
will be exact if the flux function f(u) in (3.15) is linear, and an approximation otherwise.

The intercell flux of the scheme will depend on which waves from the three Riemann
problems pass through the space integration range AB = [—%Am, %Aw] and which do not.
There are many possible such combinations of waves. Just three are considered here:

() 1<y, <2

1
2

() -2<y_1<1,-1<y,

_1
2

L
2

These cases are illustrated in Fig. 3.1.

Case (i): 1<v,_1<2,1<v,; <2, -1<y,3 <2

i+

e

_15 +

o=

Consider Fig. 3.1(i). In this case, the wave from boundary ¢ — 1 intersects the inte-
gration range AB, and the waves from boundaries ¢ + % and ¢+ % do not. Evaluation of
the integral in (3.19) gives:

firy = 30y~ Dot + 56— v BECEY
This can be written as v 1
firy = fi = 5% g, (fi = fim1) (3.21)
with . :
Yipt = Vg — 1 (3.22)

On the linear advection equation, this is the intercell flux (3.9) for the Warming-Beam
scheme. Note that the first term f; is the integral between A and B across the solution of
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Case (i)

t+ At
%(Vi—% - 1) - %(3 — ;1) -
A /
-t | T t+ LAt
a;_1 Gyt
l |
1] !
[ I
z—%— —1Az i+ 3 +3Az z—I—%
Case (ii)
/
t+ At
%(1+Vi+1) 2(1 VH_L)

Case (iii) :

t+ At

————— _T ‘ ‘r_____—t:%At

Figure 3.1: The integration range and wave structure for the second order scheme.
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the Riemann problem at ¢+ —12- Thus (3.21) can be considered as the original waF integral
(i.e taking only the central Riemann problem into account) plus an extra term for the
wave coming from the Riemann problem on the left hand side.

Case (ii): — <1, -1<p,1 €1, 1<y <2

o=
w;m

-1
._12

Consider Fig. 3.1(ii). This case is the original waF situation, where the Lax-Wendroff
scheme is reproduced in the constant wavespeed case. It is only necessary to consider the
Riemann problem at boundary 7 + % Evaluation of the integral in (3.19) gives:

1 1 :
firy =501+ viefi+ 5(1 — Vi) fit (3.23)
~This can be written as
, 1 ‘
1+- = —'(fz + fz+1) ,+ (fz+1 fz) (324)
with
¢i+l = 1/-+%_ ‘ . (3.25)

Equation (3.24), (3.25) is the waF intercell flux (2.70) and reduces to the Lax-Wendroff
flux (2.51) on the linear advection equation.

Case (iii): 1 <y, 1 <2, -1<y,1<1,-1<y;,3<2

(V10
n:[ca

L
2

Consider Fig. 3.1(iii). In this case, the waves from boundaries i — 3 and ¢ + % intersect
the integration range AB, and the wave from boundary ¢ + % does not. Evaluation of the
integral in (3.19) gives: :

1 | 1 1
fiyr = 5(1/'_% - 1)fica + 5(2 v -y )fi+ 5(1 = V1) fita (3.26)
This can be written as:
1 1 1
L= §(fi + fiz1) — §¢,~+.21.,L(fi - fi-1) — §¢,-+%(fi+1 - ) (3.27)
with . v 7
biprp=Vvicr =1 b1 =vy (3.28)

Note that in this case ¢;, LL and ¢;, L are the same as in cases (i) and (ii) respectively.
This case acts as the explicitly constructed switching mechanism of Warming and Beam
between cases (i) and (ii).

Other cases follow similarly. Cases (i), (ii) and (iii), and all other cases, can be sum-
marized in one expression as:

o3 = 3Ue+ ) = 3 Ay — 5 .
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where Afi_,_% = fir1 —‘fi and

|vieg | =1 ity >1

]

Virtr = (3.30)
0 otherwise
Vigl f-1<p,1 <1
Sy = : (3.31)
sgn (1(,-.,_15) otherwise
vy 1 =1) Wy <1 |
Virtr = (3.32)

0 otherwise

The scheme (3.8), (3.29) — (3.32) reduces to either the Lax-Wendroff or the Warming-
Beam scheme on the linear advection equation and is therefore second order accurate in
space and time for that equation. It is stable provided vp,,, < 2.

A First Order Versidn of the Scheme

The unified extension of the Warming Beam and Lax-Wendroff schemes presented
above is second order accurate and will suffer from unphysical oscillations in regions of
high gradient, for example in the vicinity of shock waves. To avoid this problem, a TvD
- version of the scheme is developed in the next section. This will involve resorting to a
first-order scheme near the high gradients. In this section, such a first order scheme is
derived. )

A first order scheme can be found from (3.19) by keeping z;, s, ty, and {2 as specified
in (3.18), but performing exact integration in time and the midpoint rule in space. The
resulting intercell flux can be written as: ‘

1 At . .
fur =~ i f(@(0,1)) dt - (3.33)

where 1 is again the combined solution of the three Riemann problems at interfaces ¢ — %,
1+ % and ¢ + % Note in this case the flux is found by integrating the solution of the
Riemann problems along the t-axis at the interface 7 + % Again it is assumed that the
stability condition (3.16) is satisfied.

There are several possible cases. Two cases are considered here:



Case (1)

t+ At
ai_%
i~3 it+3
Case (ii)
L 4
B t+ At
%-3 1= %t}
A
i3 i+3 1+%

Figure 3.2: The integration range and wave structure for the first order scheme.
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These are illustrated in Fig. 3.2.

Case (i): 1<y,_1 <2, 0<y;,1 <2, -1<v.

1
2

E ] (o

Consider Fig. 3.2(i). In this case, the wave from boundary ¢ — 1 intersects the integra-
tion range AB, and the waves from the other two Riemann problems do not. Evaluation
of the integral (3.19) gives:

1 1 ’ v
firr = fit (1 - ) fim1 (3.34)
Vi"'li 1/1-___;_
This can be written as - ;
‘ . 7 »
vy = fim iy = D(fi = fima) (3.35)
-3

Virga = e =Y -~ G3)
Cgse (ii): -2 < Vi1 <1, -1< Vipl <1, -1< Viys <2

Consider Fig. 3.2(ii). In this case, no waves intersect the integration range AB.
Evaluation of the integral (3.19) gives:

fi+%:fi ifl/i+1§>0

: (3.37)
fi+% = fip if Vipy < 0
which is Godunov’s intercell flux. Note this can be written in the form (3.24) with
$ip1 = sg0(vy 1) - (3.38)

The two cases discussed above, and all other possible cases, can be summarized as the
intercell flux (3.29) with:

1 _ .
m(l 1/2-__% | 1) if I/i_l5 >1

Yilp = v (3.39)
0 otherwise

$ip1 = sgn(vyi) (3.40)
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1 ) _
, W(l Vipd | -1) ifvyg < -1
Yirlr = (3.41)
0 ~ otherwise

By substituting (3.27), (3.39) — (3.41) into the conservation form (3.8) and rearranging,
it can be seen that the coefficients of the scheme are always positive when (3.16) holds.
Thus the scheme is monotonic under this condition and by Theorem 6 it is also stable, at
least in the linear case.

3.4 TVD Limiter Functions for the WAF-D2 Scheme

In this section, a TvD version of the waAF-D2 scheme presented in §3.3 is developed. The
TvD analysis is performed by applying the method to the equation

us + f(u)y =0 ' (3.42)

In the TvD analysis in [63] the flux function f(u) was assumed linear, i.e f(u) = au for
some constant wavespeed a. The analysis performed here will apply to any flux function,
linear or nonlinear.

3.4.1 TVD Limiter Functions for the Lax-Wendroff Component

Consider the war intercell flux introduced in Chapter 2, written in the form:

far= (fz + fiy1) — —¢i+§(fi+1 - fi) (3.43)

2

It is used in this form in the waF-p2 scheme, when —1 < v, +1 < 1. Assume, therefore, the
timestep At is chosen such that v,4; < 1 so that waves from other intercell boundaries do

not reach the local integration range. Differencing the flux (3.43) accross the cell 7 gives

S =i = 3By~ Dt = )+ 50y + D= fo)  (340)

To simplify the analysis, the speed of each of the waves is approximated via the Rankine-
Hugoniot condition here, i.e

/\‘+l - fz+1 fz (3'45)
2 Uil — Uy
Note that this is only an approximation within the Tvb analysis. When the scheme is
implemented, the speed of the single ray representing a rarefaction wave should still be
taken as the true speed of the head of the rarefaction. Thus in the case of rarefaction
waves, (3.45) is only approximately equal to the speed actually used, so the following TvD
analysis only holds in some approximate sense. However, (3.45) is exactly what is used for
discontinuous waves so the Tvp analysis will hold in this case. Since it is discontinuous
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waves that suffer most from spurious oscillations, the TvD analysis is correct where it is

most needed. Using (3.45) in (3.44) gives:

fz‘+;— - fi—; = _")‘z+;(¢z+1 1)('“1}1 u;) + 1’\z——(¢—— + 1)(uz — U—1)

Substituting (3.46) into the conservative formula (3.8) gives the scheme in full as:

u; fl =u + SVitd (¢1+1 1)(%i1 — i) — 5”'_%(%_% + 1)(u; — ui—1)

There are three cases to consider:

(i) All wavespeeds positive

(ii) All wavespeeds negative

(iii) Vipl > 0, »,_1 <0

Case (i): All wavespeeds positive

(3.46)

(3.47)

In this case, since all wavespeeds are positive, limits for the function ¢; +1 that give a

TvD scheme are determined by applying the condition (2.57), i.e:

n+1 n
0<Ci=———r <1
U — U

Rearranging (3.47) gives:

'Cz‘—

3By 1) = gy ~ D
z+%

where n

n_
_ Aypwtt U Uty

rii1
1+2 Aloc’l.t ’LL?_I_I - ’U,?

(3.48)

(3.49)

(3.50)

as before. Set general lower and upper limits L and U on the limiter functions ¢ so that
L < qbi_%_ < U. These limits will be specified later. This gives the minimum value of C;

as

1 1
Crmin = Vi3 (L+1) = 5v z+;—(¢i+;— - 1)@

and the maximum value of C; as

1 1
Cmax - 1'___(U+ 1)_ Z+](¢1+2 1)-7-.—-
i+3
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The scheme will be TvDp provided Cpi, > 0 and Cryop < 1. Since v;_1 > 0, Crrip 2 0 if

and only if

L
2

¢i+% 1

1
Z(L+1) (3.53)
Tird  Tirl Vgl

Define a compression parameter as

Vy .
Q1 =~ (3.54)

where vyp,, is the Courant number of the wave at the upstream boundary and v is the
Courant number of the wave at the local boundary. In the present case, since v; +1 >0,

(3.55)

This parameter is new: it did not occur in the TvD region given in Chapter 2. The analysis

there was based on the constant wavespeed case, so o was constant and equal to unity

throughout the domain. Note that a;, L > 1in a compression wave and a,;,1 < 1in an
2 . .

rarefaction wave. Equation (3.53) becomes

‘Ib,' L
LA + a1 (L+1) ’ (3.56)

Tirl  Titl

and C,;, > 0 provided

(3.57)

| | ¢i+%21+ai+%(L+l)ri+% ifry1 <0
Since v; +1 >0, Cphee < 1if and only if
PipL '
iy L e (U1)- 2 (3.58)
Tivk  Tird : Vitd
which is satisfied provided
$ipp 214 [ai+15(U+ 1) - u:,z_] gy 7 >0 _
(3.59)
$ipp S 14 [ai+1§(U +1) - y:%] riyp M1y <0
Case (i) can now be summarized as follows. If
L<¢ 3 <U (3.60)
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the scheme is TvD provided

2 L
. J Tiph SOipp S+ (D+ 1)y (3.61)

when Tirl > 0 and

9 .

1+ ai_*_%([/-}- 1)?’i+% < ¢,+% <1+ |:az'+%(U + 1) - Vien
. z 5

when 7, 1< 0.
Case (ii): All wavespeeds negative

In this case, the analysis is performed on ¢,_ 1 The TvD condition in this case is taken
as (2.59), i.e:

n+l _ yn
0< Dj=———Ti <y (3.63)
Uiy — Uy
From (3.47): /
1 1 1 '
Dz' = §Vi+%(¢i+% - 1) - 51/2-_;_(¢i_% + 1)7" . (364)
=3
where Cn " o
u® . — ur
P 2 S (3.65)

== no__ n
2. Uy — U

Assuming L < ¢é;, 1 -sgn(y; +1 ) < U the analysis follows is a similar fashion to Case (i).
Summary of cases (i) and (ii)
Cases (i) and (ii) can now be summarized in a single TvD region. Provided

L<r-sen(yyy) <U ~ (3.66)

the scheme is TvD if Tipl > 0 when:

‘ 9
1+ |:Oéi+.12_(U+].)— I—m:l Tz'+% < ¢i+-1,5 -sgn(vﬂ_%) < 1+ai+%(L+ 1)’/’i+% ) (3.67)
Ty

- and ifri+% < 0 when

(3.68)

[V

2
Lo 1(D+Drigs < by -sen(vgy) <14 [am;(U +1) - 2 J Tit
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where
=4{ - , ' (3.69)

and ”
2

Vupw _ | | (3.70)

V., 3 .
[ .
—2. lfVH_% <0

Case (iii): Vigl > 0, Vi1 < 0

The procedure for boundary ¢+ % would normally be to define
oL 1 1 |

i = '2‘%'—%(‘/’%—% +1)- Vit Byt — 1);; (3.71)

2

as in (3.49), set arbitary (but sensible) limits L and U on ¢,_ 1 and find TvD regions for
b, +1 by setting

0<C;i<1 (3.72)
The procedure for boundary ¢ — % would normally be to define
1 1 1
D; = 5”i+1§(¢i+% -1)- §Vi—;-(¢f-% +'1)Ti_1 (3.73)
2
as in (3.64), set arbitrary limits on ¢, L and find TvD regions for qﬁi_% from
0<D;<1 (3.74)

1= 1
7 Ti-1

In this case (3.69) gives 7;,
(3.73) that

. Writing r = r;, L it is easily shown from (3.71),

Cir+Di=0 (3.75)

Suppose r > 0. Since the wavespeeds at neighbouring cell boundaries are of opposite sign,
this would occur at a sonic point in the centre of a rarefaction. From (3.75), C; and D;
must be of opposite sign, so (3.72) and (3.74) cannot be satisfied simultaneously unless
C; = D; = 0. This can only be achieved by setting

¢i+% =1 ¢z_% =-1 (3.76)

i.e taking the Godunov flux at both ¢ + % and i — 3. Since conditions (3.72) and (3.74)
are sufficient, but not necessary, conditions for a Tvp scheme, it might be possible to use
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conditions (2.54), (2.55) in Harten’s theorem (Theorem 8) to derive TvD regions away
from Godunov’s scheme for this situation. '

- Ifr <0, (3.75) combined with (3.74) gives
0<CGi <L 1 = L ;
7] | Tird | _

(3.77)

So if | r;, 1 |< 1, this does not impose any extra restriction over (3.72) on ¢, 1, so the
usual TvD region can be used; however, if r;, 1< -1, (3.77) must be taken into account,
and new regions derived. A similar restriction holds for qu._% , when (3.77) is replaced by

1

0<D;<|r|= (3.78)

This must be considered in the derivation of regions for ¢,_ 1 when 7,_ 1 < -1.

The simplest possible solution to all these cases is to return to Godunov’s scheme
whenever o, L < 0. This will occur very infrequently, so using the first order scheme at

these points should not, in general, damage the global accuracy of a calculation.

Design of limiter functions

When a > 0, limiter functions are needed within the region (3.66)—(3.70). In this
section it is shown that limiters given in Chapter 2 can be translated into limiters in the
new region. For convenience, write ¢ = ¢i+% . sgn(z/z-_l_%), V=v1 and a = a1

Firstly, the upper and lower limits U and L need to be fixed. When ¢ = sgn(v), the
war flux (3.43) reduces to the Godunov intercell flux. Since for second order accuracy
¢=|v|and |v|< 1 here, U = 1 is a suitable choice for the upper limit. The lower limit
L must satisfy L <| v | to allow second order accuracy when possible, but need not be
fixed here. '

With these linﬁts, the TvD region can be written in two parts as:

71 = {(r,$) such that r < 0,6 > ¢, L < $ < 1} (3.79)
Zr = {(r,¢) such that r > 0,¢ > ¢p, L < ¢ < 1} (3.80)
where '
=1+ a’(L + )r (3.81)
and 9
¢R=1—m[1—a|vl]r (3.82)

Note the similarity with regions (2.72)—(2.75). The new region (3.79)—(3.82) is larger -
when « < 1, i.e in rarefaction waves, and smaller when o > 1, i.e in compression waves.
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When a = 1, (3.82) reduces to (2.75). Limiters lying within the region (2.72)—(2.75) have
been given in Chapter 2; all that is needed is a way to translate them into functions in
the region (3.79)—(3.82). This can be done by considering the slope

S::—T%T[L—fyl] | (3.83)

of ¢p in (2.75). In the new region this becomes

S“:—ﬁ%ﬂ—aluﬂ (3.84)

A stretching parameter P between the regions can be defined as:

5 alv|-1 ‘
P (3.85)

~ Thus a new limiter function ¢*(r,v, @) can be defined from a limiter function é(r,v) as:
¢*(r,v, @) = ¢(Pr,v) (3.86)

For example, the new limiter analogous to the MinmoD limiter (2.79) is:

1 ifr <0
My a)={ 14 (a|v|-1)r if0<r<d (3.87)

|v | otherwise
Other limiters, such as the vaN LEER limiter (2.80) and SuPERBEE limiter (2.81) can be
translated in a similar fashion. Note that in the original miNMop limiter (2.79), second

order accuracy was always achieved when 7 &~ 1; however when P < 1,ie a > 1 (a
compression wave) this is not always the case in (3.87).

3.4.2 TVD Limiter Functions for the Warming-Beam Component

In this section, TvD limiter functions are developed for the Warming-Beam component of
the war-D2 scheme. In the derivation, it is assumed that all wavespeeds are of the same
sign.

Case (i): All wavespeeds are positive.
The Tvp analysis will be performed on the conservative scheme
At
1
ut = uf - [fH_;_ - fi_;_] (3.88)
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with 4 '
fiyr =Ffi— §¢i+.12_(fz‘ - fic1) . (3.89)

The stability region for (3.88), (3.89) is assumed to be vpqy < 2. Limiter functions are only
developed for the case 1 < Vyq; < 2 here, since the scheme developed in the last section
uses (3.89) only under this restriction. When combined with the regions derived in §3.4.1

they will provide TvD regions for the scheme (3.8), (3.29)—(3.32) whenever Vo < 2.

The condition used to develop limiter functions in §3.4.1 for the waF scheme were
derived from Harten’s theorem [22] (Theorem 8), as discussed in Chapter 2. The theorem
concerns only three point centred schemes, such as the Lax-Wendroff scheme. To derive a
TvD conditon for three-point, one-sided schemes, such as (3.88), (3.89), a new theorem is
needed.

Theorem 9 Suppose u is a mesh function that is either periodic or of compact support.
Any scheme on u that can be written in the form

'U'ZH-I =

—_ —< —d

-G g(u?—l —uj—g) + Dy_1(uf — u,) (3.90)
is TVD provided

C.

[ [

Proof. This proof is very similar to the proof of Harten’s theorem. Subtract (3.90)
at ¢ from (3.90) at ¢ + 1 to get:

WER —uF = Dy (uly — )+ (1 iy~ D) —ufy)+C_g (ul g —uls) (3.92)
Conditions (3.91) are exactly the conditions needed for the coefficients of jumps u?, ., —
Uik in (3.92) to be non-negative. Taking the absolute value of (3.93) and using the
triangle inequality gives:

[P =l | < Dy lulhy =l | +(1 = Coy = Dy_y) |0 =iy |

7 -1

(3.93)
+Ci~% | Uy — u?_2 | '
Recall that the Total Variation of a mesh function u af time level n is defined as
TV(u™) =Y | ufyy — uf | ; (3.94)
7

Summing (3.93) over 7, assuming u to be periodic or of compact support and using (3.91)
gives

TV(“RH) < EDH% l “?+1 - |+ Z(l - Ci_;- - Di—%) | u — uiy |
i . i
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n n
+ Z Ciig luiy —ufy (3.95)
31 (g =) | = TV(a™)
This completes the proof of the theorem.

Following directly from Theorem 9 is the Corollary:

Corollary 3 Any scheme written in the form

uftt =l = G (uly —ull,) (3.96)
is TVD provided
un+1 u )
U9 uz 1 :
Proof. Set D;_1 = 0 in Theorem 9, write Ci_% as C; and rearrange.

Note that condition (3.97) can be obtained from the data compatibility relation (2.44) -
by setting K = 1.

Condition (3.97) is the condition that can be used to derive a TvD version of the scheme
(3.88), (3.89). From (3.89):

fur =iy == (Bs 1) G fo0 t By~ fi) (399)

Asin §3.4.1, the analysis is simplified by approximating each wavespeed A, 1as the speed
given by the Rankine-Hugoniot condition, i.e set: :

Mgt = fn=Ji oy, (3.99)

1
2 Uiyl — Ug

From (3.98) and (3.99):

. .
fapr = Fimp = Ay (§¢i+-§- - ) (ui — ui-1) + )‘z—~¢z—-1-(u2 1- uz—z) (3.100)

Substituting (3.100) into the conservative formula (3.8) gives the scheme in full as:

. 1 .
u?"'l = u?_l + (1 - I/z__ + 2V,_l +%) (u,zn - u?—l)

(3.101)

1
'——V Ql(»bz—l(uz -1 i-—2)
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Therefore

1 1 1
C,' = -2-111-_%@01-_% - (1 - Vi—%— + 51/2-_;_ 'Qb;.{..é.) r_1 (3-102)
. 2
where the flow parameter 7, _ 1 is defined by (3.69), i.e as:
Aupwu Uj—1 — Uj—2
L= = 3.103
=3 T Apen Ui — Uj—1 ( )
Set :
LSt 3 <U | (3.104)
Since Vg > 0, this gives the minimum value Chpy;y, of C; as:
1 1 1
Cmin = 51/1-_%11 - (1 - VZ-_% + §I/Z-__12_’l/)i+%) ;;1- (3105)
and the maximum value C,,,, as:
1 1 ' 1
Crnaz = §V,~_%U - (1 Vi1t 5”1‘—;—¢i+%) _ (3.106)
2

For the scheme to be TvD, it is necessary to have Cpin > 0 and Cpop < 1. Sincev;_1 > 0,
2
Crin 2 0 if and only if

1/11'.*.!. 2 1
2 - .
Ti 1 < u,._;("i—% 1) 1 to; 1L (3.107)
2 2 3
where -
_ Vupw Vi-—%
45T e (3.108)

This is satisfied if and only if:

¢i+% < l—/fg(v 1= 1)+ai_%l}ri_% if i1 >0
(3.109)

2 .
"l,bH_ > (l/' %—1)-}-(12-_%.[17‘2-_% if v, %(0

l/'.__% 11—

N

Since Vi > 0, C}nw < 1if and only if

¢z’+-;- > 2

(I/- 1 —1)

3 . +(a,-_1U— 2 ) (3.110)
i1 2 v,

2 2

2
’/’;+g- 2 u‘_%(Vi—-% L i3
(3.111)
¢i+% < y:%(’/i—-;- - 1)+ (az_;U— U:%> 71 ifr;_1 <0



The TvD region for the positive wavespeed case can be summarized as follows. If I <
'th_% < U then the scheme is TvD provided:

D=

2 2 : ’

(g -1+ (ai_%U - )ri_% (3.113)

Case (ii): All wavespeeds are negative.

In this case, the stencil for the Warming-Beam scheme consists of the three points 4,
i+ 1 and 7+ 2. Theorem 9 is replaced by

Theorem 10 Suppose u is a mesh function that is either periodic or of compact support.
Any scheme on u that can be written in the form

Wt =l — C,-+;_(u?+1_" i) + D,i+%(u?+2 — ) (3.114)

is TVD provided

>0 C’i+%+Di+%§1 Vi (3.115)

Proof. This proof is very Slmllal‘ to the proof of Theorem 9. Subtract (3 114)ati—1
from (3.114) at ¢ and continue as before.

Following directly from Theorem 10 is the Corollary:

Corollary 4 Any scheme written in the form

uftl = ufyy + Di(ulys — ulyy) (3.116)
is TVD provided |
' 'u,7.7‘+1 — ul
0< D; = +——L < (3.117)

no _ m
Uita — Uit
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Proof. Set C;,. 1= 0 in Theorem 10, write D, g as D; and rearrange.

Note that condition (3.117) can be derived from the data compatibility relations (2.44)
by setting K = —2. Condition (3.117) is the condition that can be used to derive a TVD
version of the Warming-Beam scheme when the wavespeeds are negative. In this case the
intercell flux is:

1
fur=Fin =3 i1 (fira = firr) - (3.118)
Set L < 1, 41 sgn(v, +1 ) < U. TvD regions for 1;_ 1 then follow in a similar fashion to
the derivation in Case (i).

Summary

The TvD regions for both of the above cases can be summarized as follows. A general
TVD region for the limiter ¥ = ¥(v,r, ) can be defined as follows. Set

L<p<U (3.119)
and take 9 5 0
S —_ —— <YL — — .
IVI(IVI 1)+(aU IVI)T_¢_|V|(|u| 1)+ alr (3.120)
if » > 0 and:
3(|V|—1)+a1;r<¢<—2—(|V'[—1)+(aU——z’—>r (3.121)
S SV )" ‘
if r <0. Ifz/i+;_>0take ,
Yipr =¥ goriopr 1) o (3.122)
and if Vipt < 0 take '
' birr =~V s iy s iy 3) ' (3.123)

Design of limiter functions

Limiter functions will now be designed within the region (3.119), (3.120), (3.121). The
first step is to set the upper and lower limits U and L. A suitable upper limit is the
constant limiter for the first order scheme, i.e set U = ]%[(l v | —=1). The lower limit
is arbitrary, provided L <| v | —1 so that second order accuracy is allowed under some
‘circumstances. The choice L = 0 is taken here. The TvD region (3.119), (3.120), (3.121)
becomes : 9

0<9<
| [v]

(Iv]-1) (3.124)
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I—i—l(!ul—1)+|3—|(a(lu|‘—1>—1>rs¢slj—‘uu;_l) C (3.125)
if » > 0 and: '

= ,'yi,(l v]-1) |  (3.126)

if r < 0. See Fig. 3.3. Note that the choice of L and U combined with (3.121) force the
scheme to first order when r < 0.

The strategy for designing limiter functions in the region is to first set & = 1 in (3.124),
(3.125), (3.126) and design limiters in the resulting region. These can be translated into
functions within the region (3.124), (3.125), (3.126) by comparing slopes of the left-hand
side boundary for r > 0, as in the case of the limiters for the Lax-Wendroff component.
In this case the stretching parameter is:

Q:a(lz/|—1)—1

3.127
T2 (3.127)

As an example, a limiter function analogous to the MiNMoD-type limiter (2.79) is

]%T(IVl;l) ' ifr<0
Y 0) = ¢ Z(lv -+ v -Da(v]-1)-Dr f0<r<d (3.128)

lv]| -1 otherwise

3.5 Extension to Non-Linear Systems

The extension of the war-p2 scheme to nonlinear systems is very simple. The situation ‘
is illustrated in Fig. 3.4. '

To obtain the intercell flux F,, L first integrate the solution of the Riemann problem

at boundary ¢ + -;—, taking into account the fact that some of the waves may now have
Courant numbers greater than one and therefore will not intersect the integration domain.
To stabilize the scheme, extra terms for waves from the Riemann problems at ¢ — % and
1+ % must then be added into the flux. As in the case of the war scheme, rarefaction
waves that are not sonic are represented as single ray waves, with speed taken as the speed
of the head of the rarefaction. The same procedure is also taken for sonic rarefactions.
Linear superposition of waves is also assumed.

The integration of the solution of the central Riemann problem at i+ % at time ¢t = 1At
results in the flux

N+1 :
FC, = 5 whF®, (3.129)
b2 k=1 2
where 1
w® = §(¢f?§ - ¢f,_’;';j)) (3.130)
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Figure 3.3: TVD region for the Warming Beam scheme when 1 < v < 2.
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Figure 3.4: The integration for the war-p2 scheme on systems of equations.

with :
89, = sgn P min {| %, 1,1} (3.131)
d=-1 g1 =1 (3.132)

Note that the flux (3.129) can be written as
Fz+1 = (Fz’ + Fi+1) - Z ¢z(+)1 1(_1:_)1 (3.133)

(k) _ plkt1) (k)

Now consider the contribution from the Riemann problem at ¢ — 1. From the case of
the scalar equation (3.15) in §3.3, it can be seen by generalizing (3.21), (3.22) that each
wave k that intersects AB contributes

—1(|u.(’€)1 ~1)AF®, - (3.134)

The waves that do not intersect AB make no contribution. Thus the total contribution
from the left is:

Fiyy= -3 Z ¢1(_'|c_)2’ AFg’j)%_ (3.135)
with
¥, | -1 lfI/(k)l_ >1 |
= ’ ’ (3.136)
27

0 otherwise
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Now consider the cbntribution from the Riemann problem at i + -23- From the case
of the scalar equation (3.15) in §3.3, it can be seen that each wave k that intersects AB
contributes

%(l vigy | -DAF, | - (8.137)

The waves that do not intersect AB make no contribution. Thus the total contribution
from the right is:

1 ‘
R _ (k) (k)
FH.% = _§;¢i+%—,RAF +3 (3.138)
with
(1%, 1-1) i < -1
o®) = i+ it3 (3.139)
i+3.R .
0 " otherwise :

The intercell flux is now completely determined, as:
s . _wC L R

which can be written in full as:

N
_ (k) ® _1 k) Apk) 1 ®) Ap®
Fiy +3 7 9 (F +F’+1)_"Z¢z+ LAF5—§"§I§¢i+;—AFi+%‘ Z¢z+ R 1+%
(3.141)

where 1/)(_]]“_) o gb(k)l and 1/1(k) are defined as in (3.131),(3.136) and (3.139). This is our’
2

final intercell flux. On the llnear advection equation, it reduces to the Lax-Wendroff flux for
| v |< 1, and the Warming-Beam flux for | » |€ [1, 2], and thus has an overall linear stability
condition of | ¥ |< 2. On non-linear systems, it provides a scheme that automatically
- switches between Lax-Wendroff and Warming-Beam components as the wave structures
dictate. For a TvD scheme take

' ¢(7'§f);’1/,-(f);> aﬁf)l) if fo)l_ >1
Yirs = o | (3.142)

| 0 otherwise

¢ ¢(7‘(k) (k) (k) )- Sgn(”f_’:_)%) if |Vz(f_)% |< 1

+1,V+1,Olz+1

PG -
Pt = " | . (3.143)
sgn(z/z. +1 ) otherwise
¢(Tf_1;_)3 ’ V(_Ik:)s & (k) ) if I/(k) < -1
P o= (3.144)
20

L 0 otherwise

where ¥ and ¢ are Tvp limiter functions introduced in §3.4. All that is left is to find
solutions (approximate or exact) to the Riemann problems at intercell boundaries. These
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can be provided by any of the well-known Riemann solvers, such as the exact solvers of
Gottlieb and Groth [20], Toro [61] or Pike [40], or approximate solvers such as those of
Roe [43], Harten, Lax and van Leer [21] or Toro [64]. :

3.6 Numerical Experiments

The war-D2 scheme has been tested under various conditions, and selected numerical
results are now presented. The miNMoD-type limiter functions (3.87),(3.128) are used
throughout.

To confirm both the derivation of the scheme in §3.3 and the TvD ‘analysis in §3.4,
results are first presented for the one dimensional inviscid Burgers equation

u + flu), = 0 f(w) = %uz (3.145) |

The computational domain is taken as the unit interval z € [0,1] divided into 100 cells.
The initial conditions are taken as

©=1.0 ifz2<0.2
(3.146)
# = 0.0 otherwise

and results are taken at time ¢ = 1.0. The boundary conditions used are transmissive. Re-
sults are shown in Fig. 3.5 when v,,4, = 0.8,1.2,1.6,2.0. Symbols represent the numerical
solution, and the solid line represents the exact solution to the problem. Note that when
Vmaz = 2.0 the scheme reproduces the exact solution.

Results are now presented for the Euler equations of Gas Dynamics. In all calculations,
Riemann solver adaption of Toro [64] has been used, between the exact and linearized
solvers discussed in that paper. Consider first the one dimensional Euler equations:

p pu o |
pu | +| pul+p | =0 (3.147)
E |, |uE+p) ],

where p is the density, u is the velocity, p is the pressure, £ = %pu2 + »Tf_1 is the total
energy and < is the ratio of specific heats, taken as 7y = 1.4 here. The computational
domain used is the interval z € [0, 1] divided into 100 cells. Initial conditions consist of

two constant states, left (L) and right (R):

pr =10 pr=0.125
ur, = 0.0 ugp=0.0 - (3.148)

pr.=10 pr=0.1
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separated by a discontinuity at = = 0.5, and transmissive boundary conditions are used.
This problem was first introduced by Sod [49]. Output is taken at time ¢ = 0.5. Results
taken with v, = 0.8,1.2,1.6,2.0 are shown in Figures 3.6, 3.7, 3.8 and 3.9 respectively.
As before, symbols represent numerical solutions, and solid lines represent the exact solu-
tion. Note the appearance of oscillations behind the shock wave when v, > 1. They are
particularly noticeable for the internal energy when vy, is just higher than one (see Fig.
3.7). For higher values of v,,,, they are of the order of 1% of shock height in amplitude.
Fig 3.10 shows the case vpq; = 1.2 when the first order scheme is used everywhere. The
shock still suffers from oscillatory behaviour, and therefore the oscillations are not neces-
sarily due to a fault in the mechanism for keeping the scheme Tvp. The oscillations are
probably due to the assumption of linear interaction of waves, which will be inaccurate
for shock waves.

The second test for the scheme on the one dimensional Euler equations is the blast
wave problem of Woodard and Colella [82]. The computational domain is again taken as
the interval z € [0, 1], now divided into 3000 cells. The initial conditions for this problem
consist of three constant states left (L), middle (M) and right (R):

pr. =10 pp=10 pr=1.0
ur, =00 upy =00 up=0.0 (3.149)
pr, =103 py =10"2 pp =102

separated by discontinuities at z = 0.1 and z = 0.9. Reflective boundary conditions are
used. There is no known exact solution to this problem; for reference solutions see the
Woodard and Colella review paper [82]. Numerical results at time ¢ = 0.028 for war and
wAF-D2 are shown in Figures 3.10 and 3.11 respectively. The equivalent results at time
t = 0.038 are shown in Figures 3.12 and 3.13. :

To illustrate the usefulness of the scheme in more than one space dimension, results
are now presented for the two dimensional Euler equations:

p pu. pv

pu pu? +p puv _

Al oy | =0 (3.150)
E |, wWE+p) |, v(E + p)

where u and v are the 2 and y components of velocity, and the total energy is now given by
E = 1p(u?+v?) + = -£-. The one dimensional scheme presented in this chapter is extended
to solve these equa,tlons via first order operator splitting as described in Chapter 2, so the
resulting two dimensional scheme is first order accurate in time and second order accurate
in space.

Results of the reflection of shock waves over inclined ramps are presented. Such prob-
lems are classified by two parameters: the angle between the ramp and the direction of
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propagation of the incident shdck and the incident shock Mach number

Mg = i (3.151)
. _ ar

where S is the speed of the shock and ap is the sound speed ahead of the shock. Two
main types of reflection are possible: Regular Reflection (rr) and Mach Reflection (MR).
In Regular Reflection, two shock waves exist in the solution, the incident shock and a
reflected shock, which meet at some point on the ramp. In Mach Reflection, the incident
shock and a reflected shock meet at some point in the interior of the flow away from the
boundary. This point is called the Triple Point, and is ’connected’ to the ramp by a third
shock wave called the Mach Stem. A slip line extends from the Triple Point into the
region of smooth flow between the Mach Stem and reflected shock. Various types of Mach
Reflection are possible. If the reflection is exactly as discussed above, it is called Single
Mach Reflection (sMr); Complez Mach Reflection (cMR) is the same as sMR, except with
a kink in the reflected shock; Double Mach Reflection (DMR) is the same as cMR, except
a second Mach Stem appears between the kink in the reflected shock and the slip line. A
full discussion of the theory behind shock reflection can be found in the book by Ben-Dor
[3]. A detailed study of these problems can also be found in the report by Glaz et. al.
[15].

Two examples of Mach Reflection will be considered here. In both cases, the ramp
angle will be 25 degrees and a grid of 420 x 280 cells contained within a box of dimensions
0.7 X 0.4 is used, with the ramp starting at z = 0.25. A course version of this grid is shown
in Fig. 3.15. In each case, results for the waF and wAF-p2 scheme will be compared. The
calculations were performed on a DEC 3000 AXP Model 400-400F workstation.

Fig. 3.16 shows the results when the incident shock wave has Mach number M, = 1.7.
This results in Single Mach Reflection. Fig. 3.16a shows the density profile given by the
waAF scheme run with v,.,; = 0.8. The cpu time for this calculation was 239 minutes,
26.7 seconds. Fig. 3.16b shows the density profile computed by the war-p2 scheme with
Vmaz = 1.8. The cpu time for this calculation was 130 minutes, 33.7 seconds — a saving
of = 45% over the waF computation. The results are virtually identical, except for the
oscillations produced by the war-p2 scheme between the reflected shock and the solid wall.
This is simply a manifestation of the oscillations observed earlier in the one-dimensional
case. Fig. 3.16c shows a picture of an experimental data for this shock reflection, for
which the author is indebted to Professor Takayama of Tohoku University, Sendai, Japan.

Fig. 3.17 shows the results when the incident shock wave has Mach number M, = 8.75.
This results in a Double Mach Reflection. Fig. 3.17a shows the density profile from
the waF scheme with v,.; = 0.8, which took a cpu time of 356 minutes, 23.8 seconds
to compute. Fig. 3.17b shows the density profile given by the war-p2 scheme with
Umaz = 1.8, which took a cpu time of 189 minutes, 17.8 seconds — a saving of =~ 47%
over waF. The results are virtually identical, and compare well with the equivalent result
in the report by Glaz et. al. [15].

In the thesis by Fraser [12] a comparision of the waF scheme with the Richtmyer two-
step Lax-Wendroff method (see the book by Hirsch [25]), an artificial viscosity method,

63



was presented. In a comparison of Sod’s problem, the waF scheme was shown to cost
approximately twice as much as the Richtmyer scheme. Timings in [64] indicate that if
Riemann solver adaption is used in waF, as has been done here, then the computational
saving is almost 50% over waF with exact Riemann solver everywhere; the experiments in
this paper indicate that waF-p2 is approximately 50% cheaper than war. Thus wAF-D2
with Riemann-solver adaption can be expected to be competitive with traditional artificial
viscosity methods such as the Richtmyer scheme.

3.7 Conclusions

In this chapter, a conservative, large timestep waFr-type scheme for one dimensional con-
servation laws with linear stability limit of v,,,, < 2 has been presented. The scheme
is essentially a unified extension of the Warming-Beam and Lax-Wendroff schemes with
intercell fluxes based on solutions to Riemann problems at intercell boundaries. Wave
interactions due to Courant numbers greater than unity are treated linearly. On scalar
equations, the scheme is strictly Tvp. The scheme can be extended to two or three space
dimensions via space operator splitting. It has been tested sucessfully on two dimensional
shock reflection problems, where savings in cru time of 45% over the original waF scheme
were observed.
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Figure 3.5: Results from the war-p2 scheme applied to the inviscid Burgers equation.
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Figure 3.6: Results from the waF-p2 scheme applied to Sod’s problem. A Courant number
coefficient of 0.8 was used. In this case the scheme reduces to the original war scheme.

The limiter (3.89) was used.
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Figure 3.7: Results from the waF-p2 scheme applied to Sod’s problem using limiters (3.89)
and (3.128). A Courant number coefficient of 1.2 was used.
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Figure 3.8: Results from the war-p2 scheme applied to Sod’s problem using limiters (3.89)
and (3.128). A Courant number coefficient of 1.6 was used.
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Figure 3.9: Results from the waF-D2 scheme applied to Sod’s problem using limiters (3.89)
and (3.128). A Courant number coefficient of 2.0 was used.

69



1.0
087 o
- -
> o
2 o
L m
a >
D
T H T T T T
0.0 02 04 0.6 08 1.0 X . X 0.6 08 1.0
POSITION POSITION
>_
&
% w
< =
7 i
N —
it <
. &
Q. w
!—
=z
T T T T 1
. X X R 0.0 02 04 06 08 1.0
POSITION POSITION

Figure 3.10: Results from the war-p2 scheme applied to Sod’s problem when the first
order part of the scheme was used everywhere. A Courant number coeflicient of 1.2 was
used.
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Figure 3.11: Results from the war scheme applied to the Woodard and Colella blast wave
problem using the limiter (3.89). Results were taken at time ¢ = 0.028. A Courant number

coefficient of 0.8 was used.
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Figure 3.12: Results from the war-p2 scheme applied to the Woodard and Colella blast
wave problem using the limiters (3.89) and (3.128). Results were taken at time ¢t = 0.028.
A Courant number coefficient of 1.8 was used.
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Figure 3.13: Results from the waF scheme applied to the Woodard and Colella blast wave
problem using the limiter (3.89). Results were taken at time ¢ = 0.038. A Courant number
coefficient of 0.8 was used.
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Figure 3.14: Results from the war-p2 scheme applied to the Woodard and Colella blast
wave problem using the limiters (3.89) and (3.128). Results were taken at time ¢ = 0.038.
A Courant number coeflicient of 1.8 was used.
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Figure 3.15: An illustration of the type of grid used in the shock reflection problems.




(a) Result from the war scheme using the limiter (3.89). A Courant number coefficient
of 0.8 was used.

(b) Result from the war-p2 scheme using the limiters (3.89) and (3.128). A Couiant
number coefficient of 1.8 was used.

(c) Experimental result, courtesy of Professor Takayama of Tohoku University, Sendai,
Japan.

Figure 3.16: Computed density profiles and an experimental result for the reflection of a
Mach 1.7 shock over a 25 degree wedge.
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(a) Result from the waF scheme using the limiter (3.89). A Courant number coefficient
' of 0.8 was used.

(b) Result from the waF-p2 scheme using the limiters (3.89) and (3.128). A Courant
number coefficient of 1.8 was used.

Figure 3.17: Computed density profiles for the reflection of a Mach 8.75 shock over a 25
degree wedge.
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Chapter 4

‘A Riemann-Problem based
extension of the Warming-Beam
scheme

4.1 Introduction

The aim of this Chapter is to introduce a Tvp, Riemann-Problem based extension of
the Warming-Beam scheme to non-linear systems of hyperbolic conservation laws in one
space dimension, without resorting to the Lax-Wendroff scheme for low Courant numbers,
as is done for the war-p2 scheme presented in the last Chapter. The first step will be
to derive a TvD version of the Warming Beam scheme on scalar equations. The TvD
analysis for | v |€ [1,2] has been presented in §3.4.2. The analysis for | v |€ [0, 1] will be
presented here, which, when combined with the analysis in §3.4.2, gives a TvD version of
the Warming-Beam scheme for all | v |€ [0,2]. The extension of this scheme to non-linear
systems of equations will then be discussed. It will be shown that in regions of supersonic
flow the update from one timelevel to the next using this extension depends only on locally
upwind information — no downwind information is used. For certain Mach numbers, the
wAF-p2 scheme developed in Chapter 3 does not have this property. There are, however,
at least two reasons why this should be desirable. Firstly, from a physical point of view,
this is what should happen: for any given point in supersonic flow, information comes only
from upstream. Any scheme that uses downwind information in the update of supersonic
flow will allow the possibility of information propagating upstream, thus providing an
unnecessary source of error. From a purely numerical point of view, it has been shown
that one-sided schemes such as the Warming-Beam scheme have larger stability bounds
and lower phase errors than centred schemes, such as the Lax-Wendroff scheme. See, for
example, Warming-Beam paper [80]. The war-p2 scheme takes advantage of the large
stability bound of the Warming-Beam scheme, but will, at least in certain circumstances,
lose the low phase error property because the Lax-Wendroff scheme is used for certain
Courant numbers.
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In [73], van Leer noted that Fromm’s scheme [13] is the arithmetic average of the
Lax-Wendroff and Warming-Beam schemes (note that van Leer’s paper [73] preceded the
‘Warming-Beam paper [80] by two years, so van Leer does not refer to the scheme by that
name). He used this fact to average 'monotonic’, but non-conservative, versions of the two
schemes to obtain a ’monotonic’, conservative version of the Fromm scheme. His criteria
for monotonicity were, in fact, conditions (2.57), (2.59) used here to ensure a scheme
is TvD. The TvD version of the Warming-Beam scheme used here will be conservative,
but have a four point stencil in regions of high gradient, rather than the three points of
van Leer’s scheme. A weighted average of this scheme with the waF scheme discussed in -
Chapter 2 will be used to obtain a one parameter class of TvD schemes that includes a
version of Fromm’s scheme. Note that the two schemes averaged here will be conservative,
and as a result all the schemes in this class will be conservative.

The rest of this Chapter is set out as follows. In §4.2, the TvDp analysis for the Warming-
Beam scheme when v € [0,1] is presented. In §4.3, the TvD version of Warming-Beam
scheme is extended systems of conservation laws. In §4.4, the one-parameter class of TvD
schemes is introduced. Some numerical experiments are presented in §4.5 and the chapter
is concluded in §4.6. ‘

4.2 TVD Analysis for the Warming-Beam Scheme

'A TvD analysis is now performed for the Warming-Beam scheme when | v |€ [0,1]. In
§3.4.2 the analysis was performed for the case | v |€ [1,2], so the work here completes the
construction of a TVD version of the scheme for the whole of | v |€ [0, 2].

As in §3.4.2, the analysis is performed on the scalar conservation law
w4 f(u)e =0 (4.1)

where f(u) is any function of u, not necessarily linear. The scheme is studied in conser-

vation form ’ A
1 _ .

| A iy [f’i-{-li - fi—%] (4.2)
Consider first. the case where the wavespeeds a,, L from Riemann problems at intercell

boundaries are always positive. In this case, from §3.3, the Warming-Beam scheme has

intercell flux :

fir=Fi —";-(Vf_% - (fi — fi-1) (4.3)

As in Chapter 3, introduce a flux limiter %, 1 by taking:
it+5

u

figy = fi = 5z = fic) (4.4

Note that when %, + = Vi 1 the Warming-Beam flux is reproduced, and thus the

scheme is second order accurate in space and time; when ¥,,1 = 0, (4.4) reproduces
2
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Godunov’s intercell flux and the resulting scheme is first order accurate and monotonic.
To obtain the full scheme, it is necessary to substitute (4.4) into the conservative formula
(4.2). From (4.4):

1 1
fiy = fiep =52~ Vi) fi = i) + 5¥i-1(fimr = fi-a) (4.5)
Assume that the Rankine Hugoniot conditions hold across boundary 7 + %-, i.e:
firn = fi= agy g (uiyy — ) (4.6)

Thus 1 , )
fi+1§ —fisr= 5 i_%(z 7/’i+%)(u? —uiy)+ _ai—i‘/’z—-(uz L1 Uy “2) (4.7)

2
Hence from (4.2):
n+1 1 ' |
WP = Ly (2 ) ) = vl ) (49)
The aim here is to find limits on the functions (U 1 such that the Tvd condition

n+1

ul
0<C; < ————-L <1 4,
T oul, —ul » : (4.9)
always holds. From (4.8):
1 1 ‘
Ci= 5 v =)+ oyt (4.10)
where A n "
_ Baypuytt Uy U9
"3 T Apou P — b ' (411)

is the flow parameter for boundary ¢ — % and is the ratio of the upwind jump A,p,u in u
to the local jump Aj.u in u. Set lower and upper limits on ;. 1 as:

L<ty 12U (4.12)
This gives a minimum value C,,;, of C; as:
1 1 o
Crin = '2‘Vi_1§(2 - U) + 51/1_%@52_5 i— % ) (4.13)

and a maximum value C),,, of C; as:

Craz = -1-1/- ;(2 - L)+ lu-_%z/)i_%r- (4.14)

For the scheme to be TvD, regions for ¥, i must be found such that Cpi, > 0 and

Cinee < 1. Since Vi is assumed positive here, Cy,;, > 0 if and only if

Yiariy 2 a,-_l_(U -2) (4.15)
2
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where

Vupw  Yi-%

Q1= = 2 , (4.16)
2 Vioc V,_1
2

is the ratio of upwind Courant number to local Courant number. This is the compression
parameter introduced in Chapter 3. If r,_ 1 > 0 (4.15) gives

1 1
biig 2 (U-2) (4.17)
2 .1 T._1
2—'2"‘ (] 3
and if ri1 < 0 (4.15) gives
.1 < —-1—(U ~2) (4.18)
i-3 = oL T,_L '
2 2
Since Vi3 >0, Cpoe < 1:if and only if
2 1 ' '
biogrioy S 5= 0 D) o (419)
2 2
Soif r;_ 1 >0:
2 1 1
Q’bi—% < V. - Z}_—(2 - L) 1 (4.20)
| (2 K3 | 1,—'2-
and if r; +1 <0 ] ]
2 1 1
Y1 > -—(2-1) (4.21)
2 Vi-g -1 Ti-l
L 2 2 N 2
The TvD analysis for the case a; +1 > 0 for all ¢ is now complete. In the case 41 <0 for
all 7 the intercell fluxes are taken as: '
. .
firr = firn = §¢i+%(fi+2 — fit1) (4.22)
with second order accuracy in space and time when ‘/?i}% = (| +3 l —1).’ The TvD
condition in this case is: v N
0<D;i < ——— <1 (4.23)
Uit1 — Y ’
The restriction (4.12) is replaced by
L< 'gbi_% . sgn(u-_%) <U (4.24)

and the analysis follows as before. Both cases can be summarized as follows.
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Summary

Assume ;
L< ¢i+% : Sgn(”ﬂ.%) <U - (4.25)

and define 1
Sit+d = Tl (4.26)

This is the ’smoothness parameter’ used by van Leer [73]. Define also the compression
parameter

P | (4.27)

Vypw = : (4.28)
Virs otherwise
The scheme is TvD under the following conditions. If s, +1 > 0 then
L (U - 2)Si+-1- < 1bi+l. : Sgn(VH.l) < 2 - 1 (2—-1L) Sitl (4.29)
i+ : z : | Vupuw | @iyl 2
and if 8,150 then
2
2 Loo— )]s <o (1) < ——(U - 2) (4.30
| Vapw | ai+§( S = Pirg TSy 2 Oy N )

If a;,1 <0 set ¢i+§—:0'

1
2
Design of limiter functions

A specific limiter function ¢ = ¥, L (7, +1 Qs Vypw) Needs to be chosen within the
region (4.29), (4.30). An infinite number are, of course, possible. One is selected here for
use in numerical experiments later. :

The first step in designing a limiter is to choose upper and lower limits U and L. These
are restricted by the fact that it is necessary for some TvD 9 to exist for every value of
Sipd- This amounts to constraints on the slopes of the left and right hand sides in (4.29).

The slope of the left hand side must be kept negative, i.e:
1

i+

(U-2)<0 (4.31)
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The TvD region is only used when the local and upwind Courant numbers are of the same
sign, i.e. a1 2 0. Thus (4.31) implies

U<?2 (4.32)
Since there is no need to be more dissipative than Godunov’s scheme, set
U=0 (4.33)

here. The lower limit L is constrained by the fact that the right hand slope in (4.29) must

be positive, i.e:
2

— > .
T %%(2 L)>0 (434)

This giVeS a limit on L as:
L Vupw O 4.
= I l/up I va 1+'15

Second order accuracy is required whenever possible, so ideally:
L SI Vypw | -1 (436)

However (4.35) and (4.36) can only be mutually satisfied when

ai+;— | Vypw l (3 l Vupw |) (437)

Thus take the lower limit as »
| Vupw | =1 if (4.37) holds
L= | (4.38)
]Tiw-[(l Vapw | —ai+%) otherwise
The TvD region with limits (4.33), (4.38) is shown in Fig. 4.1.
The simplest possible limiter satisfying (4.29), (4.30) with limits (4.33), (4.38) is:

0 ifsi_,_%SOor <90

+1
+3

YL = (4.39)

2 Sitd .
max 4 ——=, L » otherwise
aH_]z_

4.3 Extension to Systems of Conservation Laws

In this section, a Riemann problem based extension of the Warming-Beam scheme to
hyperbolic systems of conservation laws

U; + F(U), =0 | (4.40)
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where U is a vector of N conserved variables and F(U) is a vector-valued flux function is
considered. The scheme will be constructed in conservation form '

At
+1 _ n
Ut = U - o [Fips - F,4] (4.41)

where U? is the integral average of U in cell ¢ at timelevel n and F, +1 is an intercell flux.
For the scalar case discussed in the last section, the intercell flux was taken as:

fi_% i+-§-(fi—fz'—1) ifa, 1>0 -
Jiug = (4.42)
fir1 = 391 (firz = firn) a1 <0

where 1/JH__12_ = ¢(ri+%, ai+%,1/upw) for some limiter function ¥ from §4.2 such as (4.39) if
| Yupw 1< 1, or PY(Tupw, Qupws Vupw) for some limiter function ¢ from §3.4.2 such as (3.128)
if 1 <| vypw |< 2. Here rypy and aypy, are the upwind flow and compression parameters,.
defined in an analogous fashion to vyp, in (4.28). For systems of equations (4.40), the flux
. (4.42) can be interpreted as

1 1
Fipy =Fiy - —Z@bfﬁ) Fi - —Z¢(k 'ary) (4.43)

ks)

Here F(GOD) is the intercell flux for Godunov’s scheme, i.e the flux evaluated on the
time axis of the solution to the Riemann problem at boundary 7 + %— The ranges of

parameters k4 have yet to be chosen, and the differences AFEfL)l are jumps across waves

2
in the solution to Riemann problems. These jumps are weighted by limiter functions %, L
which are taken as in the scalar case and evaluated on data from the solutions to local _
Riemann problems, i.e the flow parameter is taken as

(k) _ Az(zp)wq

4.44)
i+5 (k (
1 2 Aloc)q
for some variable ¢, and the compression parameter is taken as
(k) o '
v
ffr)l = (4.45)
Vioe

For | V,,(L];L |< 1, 1 is taken from §4.2; for | Vupw |€ [1,2], ¥ will be taken from §3.4.2. The
only matter to be decided is which waves will be included in the summations in (4.43) and
which will not. Since the TvDp analysis has been based on having all waves of the same
sign, a sensible choice is to take

)

V{k-l-}.—_{k "“) >0 and v, >0} (4.46)

and

{k-} = {k : Vi(i).l. <0 and Vigs < O} (4.47)
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Note that this choice ensures the scheme is always one-sided in supersonic flow i.e when
all wavespeeds are of the same sign. For example, for constant supersonic flow from left
to right, all wavespeeds, and therefore local Courant numbers, are positive, and (4.47) is
an empty set. The flux (4.43) therefore depends only on the Godunov flux at boundary
7+ —;—, and the solution to the Riemann problem at the upwind boundary 7 — % Thus
no downwind information is included in the calculation of F; 1. This is not the case for
the war-p2 scheme of Chapter 3. Downwind information in the solution of the Riemann
problem at boundary i+ } will only be discarded if all Courant numbers are greater than
unity. For the Euler Equations of Gas Dynamics (see Chapter 2), this can be formulated
as a condition on the Mach number M = u/a as follows In constant supersonic flow, the
maximum Courant number is given by

At
Vmazr = (u + a)—x (4.48)
To avoid downwind information, it is necessary to have

(u— a)-AA—i >1 | ' (4.49)

Dividing (4.49) by (4.48) gives

- 1
u—a

4.50
ut+a " VUnax ( )

This can be written as

M-1 1
> (4.51)
M+1 Umaz
Assuming v,,q, > 1 this becomes a condition on M as:
1
M > Vmaz + 1 (4.52)
Vmaz — 1

Hence the stencil of the scheme for supersonic flow depends on the maximum Courant
number used. As an example, if v,,,4; is taken as 1.8, a one-sided stencil is only used when
M > 3.5. For lower Mach numbers, a four point, upwind-centred stencil is used. A similar
analysis can be performed for the Shallow Water equations given in Chapter 2, using the
Froude number F' = u?/¢ instead of Mach number.

4.4 A One-parameter Family of Second Order TVD Schemes

Recall from Chapter 2 that the war scheme for one dimensional systems of conservation
laws (4.39) has intercell flux

F.

1= =(Fi+ Fipa) — = Z P AFW (4.53)

2+2 z+%

L\Dlr—\

[
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where (/5( )1 are limiter functions. This flux can be Wntten in the form
2

F(LW) Fffg’)) Z(qs(’“) 1)AF§fr)% - (4.54)

where the superscript (LW denotes the fact that this scheme reduces to the Lax-Wendroff
on the linear advection equation. Compare (4.54) with the intercell flux for the extension
of the Warming-Beam scheme presented in §4.3:

(WB) (GoD) _ L g~ (6t \plk) _ Lg~ (6) Aol |
Fip =Ty §¢i+§- AFZ.__;_» le'bz-}-l L (4.55)

A general class of TvD schemes can be constructed by taking a weighted average of the
fluxes (4.54) and (4.55), i.e for some real number 3 take

(ﬁ)1 — ,BF(LW) +(1-5 F(WB) 4.56
z+ »

This can be written in full as:
1 X
R O
(4.57)
1 _
__(1 8) Z ¢(k+) AF(k+) ~(1-8) Z ¢(k )AFE_I;%)

The scheme generated by this flux will be refered to as the B-scheme. It will be assumed
that the timestep At is chosen such that all Courant numbers are less than unity, since
the waF scheme is only stable under this restriction. The limiters % should be taken in
the region discussed in §4.2; the limiters ¢ should taken as in §3 4.1. For B = 1, (4.57)
reduces to (4.54), and for B = 0 (4.57) reduces to (4.55). If B = 1, (4.57) gives a scheme
that is an extension of the Fromm scheme [13], at least in smooth regions of flow where
the limiters have no effect. By using the conditions in Theorem 2, Chapter 2 it can be
seen that the scheme reduces to a third order accurate scheme in smooth regions of flow
on the linear advection equation if = (2 — ; +1 ).

Note that §-scheme is TvD for any value of 3, at least on the scalar equations. Suppose
that {uf } is the solution obtained by applying one timestep of the S-scheme on the scalar
equation with data {u;}. For all ¢,

u = ﬂu(LW) + (1= )" (4.58)

(LwW) (WB)

for all 4, with the obvious meaning for u; and u;
positive. Since (4.54) and (4.55) give TVD schemes,

@) _ .
0L "% <y (4.59)

Ui—-1 — Usg

. Assume all wavespeeds are
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and

(WB) _ .
<L P! (4.60)
Uj—1 — Uy .
From (4.58):
R TR s 1 ) (4.61)
Ui—1 — U Ui—1 — Uy '
| LW) _ o,  (WB) _ .
=8 (———" ") +(1-8) (—————” u) - (462)
Ui—1 — U Ui—1 — U
So from (4.59) and (4.60): |
(B) — 4.
0< ——L<p+(1-p)=1 (4.63)
Ui—1 — U )

Thus the S-scheme is TVD provided TvD limiters ¢, ¥ are used in (4.57).

4.5 Numerical Experiments

Numerical results are now presented for the Riemann problem based extension of the
Warming-Beam scheme discussed in §4.3. To confirm the TvDp analysis of §4.2 and §3.4.2
results are first presented for the one dimensional inviscid Burgers equation

wt fWe=0  f(u)= %u2 (469

The computational domain is divided into 100 computational cells, initial conditions are

taken as :
1.0 ifz2<0.2

u(z,0) = : : (4.65)
0.0 otherwise

and results are taken at time ¢ = 1.0. Boundary conditions are transmissive. Results are
shown for maximum Courant numbers V4, of 0.4, 0.8, 1.0, 1.4, 1.8, 2.0. In F'ig 4.2, results
are shown with the second order scheme used everywhere, i.e all limiters ’turned off’. Note
that the spurious oscillations run ahead of waves when v,,4, < 1, due to the leading phase
error of the scheme. In Fig. 4.3, results are shown for the case when limiters (3.128) and
(4.39) are used. They show the validity of the TvD analysis. Note, however, that the exact
solution is not obtained when v,,,; = 2, as is the case for the waorp2 scheme developed
in Chapter 3 when applied to the inviscid Burger’s equation.

The rest of the results shown here are for the one-dimensional Euler equations of Gas
Dynamics

p pu
pu | +| put+p =0 (4.66)
E u(E + p)

i T
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where p is the density, u is the velocity, p is the pressure, £ = %pu2 + ,y-f—l is the total
energy and v = 1.4 is the ratio of specific heats. The computational domain is again
taken as the interval z € [0,1] divided into 100 cells. Transmissive boundary conditions
are used. Initial conditions are taken as left (L) and right (R) states

pr. =10 pr=0.125
ur, =00 wurp=0.0 ‘ (4.67)

pr=10 pr=0.1

separated by a discontinuity at z = 0.5. Output is taken at time ¢ = 0.5. This is
the problem introduced by Sod [49]. Figures (4.4) — (4.8) show results when second
order accuracy is applied everywhere, with maximum Courant numbers of 0.4, 0.8, 1.2,
1.6, 2.0 respectively. Note that when the maximum Courant number is 2.0, no spurious
oscillations appear near the rarefaction wave. This is because the Courant numbers of
rarefaction waves in local Riemann problems in this region are close to unity, so both
leading and lagging phase errors are generated and mutually cancel. Figures (4.9) —
(4.13) show results at the same Courant numbers when the limiters (3.128) and (4.39) are
used. The scheme has also been tried on the blast wave problem of Woodard and Colella
[82] (see Chapter 3). However, the scheme appears not to be robust enough to survive
this test. The problem seems to be that because of the leading phase error of the scheme
when v < 1, any small errors violating the TvD condition are propagated ahead of the
strong shock waves in this problem and into the region where the pressure is 10~2. The
oscillation therefore produces negative pressures and densities and the code then crashes.
More work is needed to improve the robustness of this scheme. The extension of Fromm’s
scheme and the third order scheme have not yet been tested numerically.

4.6 Conclusions

The Warming Beam scheme on the linear advection equation has been extended to produce
a Riemann problem based, TvD method for the solution of non-linear systems of hyperbolic
conservation laws in one space dimension that is second order accurate in space and time
in smooth flow and linearly stable up to a maximum Courant number of two. Numerical
experiments indicate that it can be used for problems containing relatively weak shocks,
but the scheme appears not to be robust enough when strong shocks are present in the
solution. ' :

A one-parameter class of Riemann problem based, TvD schemes for non-linear systems
that are second order accurate in smooth flow has also been suggested. It has been
generated via weighted averages of the extension of the Warming-Beam scheme of §4.2
and the waFr scheme. On the linear advection equation, it contains a scheme that reduces
to Fromm’s scheme in smooth flow and a scheme that is third order accurate in smooth
flow, although these schemes have not yet been tested numerically.
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Figure 4.2: Results from the extension of the Warming Beam scheme applied to the inviscid
Burgers equation with second order accuracy everywhere.
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Figure 4.3: Results from the extension of the Warming Beam scheme applied to the inviscid
Burgers equation using the limiters (3.128) and (4.39).
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Figure 4.13: Results from the extension of the Warming Beam scheme applied to Sod’s

problem with with the limiters (3.128) and (4.39). A Courant number coefficient of 2.0
was used.
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‘Chapter 5

Multldlmensmnal WAF Type
Schemes for Linear Advection

5.1 Introduction

In this chapter the war approach in one space dimension, as discussed in Chapter 2,
is extended to generate two and three dimensional finite volume schemes for the linear
advection equation. The aim is to illustrate the approach rather than provide an exhaustive
account of all possibilities. Therefore, after defining an intercell flux for the general case,
the discussion will be restricted to regular, Cartesian grids, data will be assumed constant
within each cell and only Courant numbers less than unity will be considered. Applications
to curvilinear or unstructured grids are also possible, as well as MUscL type schemes where
the data is reconstructed or sloped and ’large timestep’ schemes that are stable for Courant
numbers are greater than unity, but these are not considered here. Schemes that can be
generated from combinations of exact integration and the midpoint rule in space and time
will be presented and their accuracy and stability will be discussed.

The chapter is organised as follows. In §5.2, some two dimensional schemes are derived
and their accuracy is discussed. In §5.3 two three dimensional schemes are derived: one
will be first order accurate and the other will be second order accurate in space and time.
The stability of the schemes generated in §5.2 and §5.3 is then discussed in §5.4.

5.2 The WAF Approach in Two Space Dimensions

In two space dimensions the linear advection equation can be written in conservative form

as

where f = au and ¢ = bu are flux components, ¢ and b are the speeds of propagation,
assumed constant and positive here, and (z,y) are the two space coordinates.
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Intercell boundary

Figure 5.1: The general integration range.

For a general two-dimensional grid (structured or unstructured), a waF intercell flux
e p for some intercell boundary AB can be defined as

1 1 t2

€AB = Z;)—:Tli/(_.[j- " Ae~ n dz dy dt ] (52)
where I is some space integration range in (z,y), V(I) is the area of I, e = (au,bu) is
the general flux function and n is the unit outward facing vector normal to the intercell
boundary AB. See Fig. 5.1. The integrand in (5.2) is the component of flux perpendicular
to the boundary AB evaluated on the exact solution of the linear advection equation (5.1)
with some initial conditions yet to be specified. The choice of these initial conditions, the
grid to be used, the space integration range I, the time limits ¢; and ¢, and the method
of integration used in space and time (e.g. exact integration, midpoint rule, etc) will
determine the actual scheme.

Some schemes resulting from the general flux (5.2) on regular, Cartesian grids will be
considered in detail here. Let Az, Ay be the mesh spacing and At be the timestep. The
schemes will be generated in the two dimensional conservative form
n+1 At

=t —

U; Wi T A [fi+%,j - fi—;—,j] - % [%',j.;.% - gi,j_%] (5.3)
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where

n.o M)d 5.4
Ui = AzAy /A,-,j u(@,y,1")dody (54)

is the integral average of u in cell A(z;,j) at time level n and f;, 1 and 9ij+1 are intercell

fluxes in the = and y directions respectively. When applied to Cartesian grids, the formula
(5.2) gives intercell fluxes f; +1,; in the z-direction for the conservative form (5.3) as

11 8 . '
fuyi = Toa VD /t /I F(u*(2,y,0))da dy dt (5.5)

where u*(z,y,1) is the exact solution to the initial value problem defined by (5.1) with
initial data now chosen to be the data u™ at time level n kept piecewise constant within

cells, i.e: _
u*(z,y,t) = v"*(z — at,y — bt) (5.6)

The fluxes g, ;, 1 in the y-direction are defined similarly. Define the directional Courant

numbers as v, = a% and v, = b—AA—Z. Time limits of #; = 0 and ¢ = At are taken here,
where At is chosen such that v, <1 and v, < 1. For the flux f;, 1 the space integration

range [ is taken as:
1 1

I= [“EM’ §Ax] « [0, Ag] (5.7)
where, in local coordinates, z = 0 lies on the boundary and y = 0, y = Ay lie on the ends
of the boundary. For the flux 9ij+l the obvious changes are made. See Fig. 5.2. Since a
and b are assumed positive here, this choice of Courant numbers and integration range and
the choice of piecewise constant data in cells restricts the number of states that influence
fi+%,j to four: uf;, uly, j;, ul;_; and uly, ;_;. These are laid out in the four quadrants of
a square and form the initial conditions of a two dimensional Riemann problem.

5.2.1 Exact integration in all Directions

Consider first the case of exact integration in time and both space directions in (5.5).
Assume that v, < % and vy < % to restrict the number of waves entering the integration
range. The evaluation of the integral (5.5) is, infact, not as hard as it might seem: the
exact solution to the two dimensional Riemann problem for (5.1) is given by (5.6) for all
times, with any states in the four quadrants. See Fig. 5.3. The point A; moves to the
point A; and the point B moves out of the integration range. At any given point (z,y)
in I and at any t € [t1,%5], the flux function f(u) = au can be calculated from (5.6). To
obtain the intercell flux, this flux function is integrated exactly through space and time.
This gives the intercell flux f;, 1; as:

1 1
f5+%,j = 19 (6 + 6vy — 3vy — dvgry] fij + 1 [6 — 6vy — vy + dvsvy] figa,j
1 1
+I§ [Bvy + dvevy] fij-1 + 12 [Bvy — dvory] fir1,i-1 (5.8)
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(a) Space integration range for the fluxes f; +1.4°
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Row 5+ 1 +3Ay

DO
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~ (b) Space integration range for the fluxes g; ;, L.

Figure 5.2: The two-dimensional space integration ranges.
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where f;; = f(u};) = aul;. The intercell fluxes g, ; +1 follow by symmetry as
1 » 1
9ijrk = 1o [6 + 61y — 3v, — dvziy] gi5 + T [6 — 6vy — 3up + 4vz1y) gi 41

1 | 1. |
+E [Bvz + dvzvy] fioa,j + i) [Bve — 4vgvy) fim1,41 (5.9)
where g;; = g(ul;) = bul;. Substituting both f; +1, and g; ;.1 into the conservative
formula (5.3) gives the full scheme as: o

2

W = [1—1/§—u3+3

iy Vpvy(Vy + Vy)] uy;

1
+1_2Vy [6(vy — 1) + va(3 — 4uy)] uilj44
1 n
+EVx 6(ve — 1) + vy(3 — dvg)]uiyy

1 1
+1_2‘Va:1/y(41/:1: =3y o T EVxVy(‘lVy = 3)ui i

1
350 [6(1+ 1) — 12 (3 + dvy + 8vo)] ufjy

1
+'1'§Vx [6(1 + vz) — (3 + dvs + 8y )] iy ;

) .
+1—2-1/wa 6+ 4(ve + )] iy ;-1 : (5.10)

This scheme has an eight point stencil with both upwind and downwind components, as

shown in Fig. 5.4. Note that when v, = 0 or vy = 0, the scheme reduces to the one .

" dimensional Lax-Wendroff scheme. Scheme (5.10) appears to be new.

In appendix A, schemes for the two dimensional linear advection equation (5.1) of the
form

u?;rl = ZAa,ﬁUﬁa,jw - (5.11)
o,B

are shown to be p** order accurate in space and time provided

>0l Aap = (—va) (1) (5.12)
B

for all integer pairs (¢,7) such that ¢ > 0, r > 0 and ¢ + 7 < p. Thus schemes with the
stencil shown in Fig. 5.4 are first order accurate in space and time provided

Agp =1 5.13
N
o,
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Intercell
Boundary

Figure 5.3: The integral for the intercell flux f; +1.j in two dimensions: exact integration
in all directions. The flow is moving into the page.

107



L

)
j+1 o o
i ® [ O
Flow
, Direction
7—1 [ ) [ ] O
t—1 ) 141

Figure 5.4: The stencil for the second order schemes: full circles denote upwind points,
empty circles denote downwind points.

Ao+ A, 1—Aqp—Aqo— A1 =1 (5.14)

AO,l -+ A-—l,l - A1,_1 - AO,—] - A—l,—l =Ty » (515)
If the coeflicients also satisfy ' |
AI,O + Al,—l + A_1,1 + A—l,O + A—l,—l = Vg ’ ‘ (516)
Aop+Aii+ A1+ Ao+ A =0 (5.17)
‘ A—l,-—l - A1’_1 - A_1,1 = Vgly (518)

then the scheme is second order accurate in space and time. The coefficients for scheme
(5.10) satisfy all the conditions (5.13)—(5.18) so (5.10) is second order accurate in space
and time. The scheme is therefore not monotonic and will suffer from spurious oscillations
in regions of high gradient.

5.2.2 The Midpoint Rule in Space

Schemes generated by using exact integration in time and the midpoint rule in space in
the general form (5.5) will now be considered. Assume that v, < -;— and vy < . There
are three cases to consider: (i) the midpoint rule parallel to the boundary and exact
integration perpendicular to the boundary; (ii) the midpoint rule perpendicular to the
boundary and exact integration parallel to the boundary; (iii) the midpoint rule in both
directions.
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(i) The Midpoint Rule Parallel to the Boundary

Consider exact integration in time, the midpoint rule parallel to the boundary and
exact integration perpendicular to the boundary. The integral form of the intercell flux
(5.5) in this case is:

At 1 ’
—_— . * il
Jiryi = At An / /Iﬂ{y 1 ag) f(u (w,sz,t)) do di (5.19)

where the integration is over the plane y = 1Ay. See Fig. 5.5(a). This gives the intercell
flux f; +1,; s

firri= (1 +vs)fij+ (1 ve) fir1,i (5.20)

" ‘This is the flux for the finite volume WAF scheme put forward by Speares [50]. The flux
9ird follows similarly and the resulting scheme can be written in full as

uTZH = (1-v2- Vj)u?,j
1 n 1 n
+§Vx(1 + Vz‘)ui—l,j - §Vm(1 - Vx)"i+1,j

(5.21)
1 . 1 .
+§Vy(1 + vy )uiiog — '2‘Vy(1 - Vy)"i,j+1
The flux (5.20) is the one-dimensional war flux and is the most obvious flux for a
~ two dimensional extension of the scheme. However, the coefficients of the scheme satisfy
conditions (5.13)—(5.17) above, but condition (5.18) is only satisfied when v, = 0 or
vy = 0, i.e when the flow is aligned to the grid. Hence the scheme is, in general, only first

order accurate. Since at least one of the coefficients in (5.21) is negative for any choice of
(Vz, vy), the scheme is not monotonic under any conditions.

(ii) The Midpoint Rule Perpendicular to the Boundary

Consider exact integration in time, the midpoint rule perpendicular to the boundary
and exact integration parallel to the boundary. The integral form of the intercell flux (5.5)
simplifies in this case to:

it = B [ Sy T O D) dy (5.22)

where the integration is over the plane z = 0. See Fig. 5.5(b). This gives the intercell
flux f; +1,5

fz+ b= (2 Vy)fi,j+-;-llyfi,j-1 (5.23)
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(a) Two dimensional integration range: exact integration in time, exact integration perpendic-
ular to the boundary and the midpoint rule parallel to the boundary.

At

Ay ' 4
%

(b) Two dimensional integration range: exact integration in time, exact integration parallel to
the boundary and the midpoint rule perpendicular to the boundary.

(¢) Two dimensional integration range: exact integration in time and the midpoint rule in both
space directions.

Figure 5.5: Combinations of exact integration in time and the midpoint rule in space
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The flux Gig+d follows similarly as:

1
i+l = (2 Vo) fij + SVafi-1,i (5.24)
The scheme resulting from these fluxes is:
UZ;H = (1- ve)(1 — Vy)u?,j + Vy(l Vg )ul i5—1

(5.25)
(1 - Vy)u?—l,j + Vwa"?—l,j—l

The coefficients in (5.25) satisfy conditions (5.13), (5.14), (5.15) and (5.18) above, but

not (5.16) or (5.17), so the scheme is first order accurate. It is identical to the first order

Corner Transport Upwind (cTu) scheme of Colella [8] on the linear equation (5.1). Since

all coefficients of (5.25) are positive when v, < 1 and v, < 1, the scheme is monotonic

under these restrictions although the scheme is derived under the assumption of v, < %,
1 .

Ilygf.

(iii) The Midpoint Rule in Both Directions

Consider exact integration in time and the midpoint rule in both space directions. The
integral form of the intercell flux (5.4) simplifies in this case to:

fr: = / M fwr(0, LAy, 1) dt (5.26)
i+57 T Az A vt g Y, | .

i.e the integration is along the line = = 0, y = 2Ay. See Fig. 5.5(c). This gives the
intercell flux f;, 1; as:

fiprg = Fud (5.27)

The flux i+l follows‘similarly and the scheme can be written in full as

uft = (1 - ve — vl + vpuly j + myuly (5.28)

This is simply a finite volume version of Godunov’s method. It satisfies conditions (5.13),
(5.14) and (5.15) above, but not (5.16), (5.17) and (5.18). It is therefore first order
“accurate in space and time, as is already well known. All the coefficients of (5.28) are
positive provided v; + vy < 1, so the scheme is monotonic under this restriction.

5.2.3 The Midpoint Rule in Time

Consider the midpoint rule in time combined with exact integration in both space di-
rections. Assume that v, < 1 and v, < 1. The integral form of the intercell flux (5.4)
simplifies in this case to:

furi= Ay / f(u*(z,, —At)) dz dy (5.29)
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Figure 5.6: Two dimensional integration range: midpoint rule in time and exact integration
in both space directions. '

i.e the integration is over the plane ¢t = %At. See Fig. 5.6. This gives intercell flux:

firps = AR )i+ 3= )@= ) foras

. (5.30)
1 1 '
+7 (1 ve)vyfig-1 + (1= v2)vy firr -
The flux g, ; +1 follows similarly as:
1, 1
Gijry = 7UHw)2-ve)gi+ (1= 1)(2 ~ v2)gijn
(5.31)

1 1 :
'+Z(1 + vy e fi-1,i + Z(l — Vy)Wefi-1,j+1

Substituting both f; +1.d and g, ;. 1 into the conservative scheme (5.5) gives the scheme in
full form as:

1 1

1 1
—=vg(1—vz)(2 - Vy)"?+1,j - =(2 - vr)ry(1 - Vy)u2j+1
4 4
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1 | 1
—ZVxVy(l - Vz)“?+1,j—-1 - ZVmVy(l - Vy)u?—l,j'i'l

1 ’ 1 n
+Z [ux(l + v)(2—vy) — 21/351/5] U g+ 1 [z/y(l + )2 -v) = 21/3,1@] Ui

1 .

Note that the scheme has the eight point compact stencil shown in Fig. 5.4, i.e the same
stencil as the scheme (5.10). Note that when v, = 0 or v, = 0, the scheme reduces to the
one dimensional Lax-Wendroff scheme and that when v, = v, = 1, the scheme reduces to
upft = ul g (5.33)
which reproduces the exact solution under the given initial conditions. The scheme satisfies
conditions (5.13)—(5.18) and is therefore second order accurate in space and time and is
not monotonic. The scheme (5.32) appears to be new and forms the basis of finite volume
schemes developed in Chapter 6 for non-linear systems of hyperbolic conservation laws.

5.2.4 The Midpoint Rule in Both Space and Time

Finally, consider the schemes generated by using the midpoint rule in time and combi-
nations of exact integration and the midpoint rule in space. Assume that v, < 1 and
vy < 1. As in §5.2.2, there are three cases to consider: (i) the midpoint rule parallel to
the boundary and exact integration perpendicular to the boundary; (ii) the midpoint rule
perpendicular to the boundary and exact integration parallel to the boundary; (iii) the
midpoint rule in both directions. In cases (i) and (ii), the integral is an integral in two
dimensions: one space dimension, where exact integration is used, and one in time, where
the midpoint rule is used. In this situation, the resulting scheme is the same as when exact
integration in time is used. The same result holds for (iii). Thus the three cases here will
result in the same schemes as cases (i), (ii), (iii) in §5.2.2.

5.2.5 Summary

After choosing a particular space integration range I, placing restrictions on the Courant
numbers and taking initial conditions for the integrand in (5.2) and piecewise constant
data from the previous timelevel, it has still been possible to produce several schemes, two
of which are second order accurate in space and time and have good stability properties.
Other choices of I, Courant number restrictions and initial conditions will produce other
schemes, some of which may have higher accuracy and even better stability properties.
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5.3 Generation of Three-Dimensional Schemes

The waF approach will now be extended to generate finite volume schemes for the linear
advection equation in three space dimensions:

u + fo gy + by =0 (5.34)

where f = au, ¢ = bu and h = cu are the flux functions. The wavespeeds a, b and ¢
will be assumed constant and positive here. A general waF intercell flux in three space
dimensions can be defined in an analogous way to the two-dimensional flux (5.2). The
flux e4 across boundary A in three space dimensions is:

1

e-ndz dy dz dt 5.35
t2—t1VI) t / y (5.35)

€s =
where I is the three dimensional space integration range, V([I) is the volume of I, e =
(au, bu, cu) is the general flux function and n is the outward facing unit vector normal to
the boundary.

As in the two dimensional case, the discussion will be restricted to the simple case
of regular, Cartesian grids. Let Az, Ay and Az be the grid spacings in the z, y and 2
directions respectively. The schemes will be developed in conservative form:

LAt
ufTh o= ul - A [f“..%’j’ ~ ficlin ]
(5.36)

“‘A‘% [gi,j+%,k - gi,j—%,k] - % [hz‘,j,k+]5 - hi,j,k—%-]

where f., 1 i+ Lk Jitdk and h; gkl are the intercell fluxes in the z, ¥ and z directions

respectlvely From (5 35), fluxes f i+L.4.k for the conservative form (5.36) can be written
as

J— 1 2 *
fisrin = T /t1 /If(u (z,9,2,t)) dz dy dz dt (5.37)

where u* is the exact solution to equation (5.34) with the data u™ at time level n as initial
conditions, i.e:
u*(z,y, z,t) = v (x — at,y — bt, z — ct) (5.38)

The fluxes g, gDk and h, +1 follow similarly. As the space integration range for f; +L0k

12d,k
the natural extensmn of the two dimensional space integration range (5.7) is used, which
can be written as

I= [—%Am, %Ax] % [0, Ag] x [0, Az] (5.39)

See Fig. 5.7.
The integration ranges for g, Lk and h; biktL follow by symmet1 y. Define the direc-

tional Courant numbers as v, = a ﬁw, vy = b-A—t and v, = c . In the discussion, it will
be assumed that all three are less than unity.
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Figure 5.7: The three dimensional space integration range for f;, Lk

The choice of integration range and Courant numbers restricts the number of states
influencing fi+§-,j,k to a maximum of eight: u;jk, Uit1,5ks %ij—1,k> Uit1,j—1,k> Uij,k—15
Wit1,j,k—1> Ui j—1,k—1 and u;p1j—1,—1. These are arranged in the eight corners of a cube
and can be considered as the initial conditions for a three dimensional Riemann problem
for (5.34).

5.3.1 A First Order Scheme

A three dimensional version of the first order upwind scheme (5.25) for the linear equation
(5.34) is now derived. Following the derivation of (5.25), this is done via (5.37) by using
the midpoint rule in time, the midpoint rule in space perpendicular to the boundary and
exact integration in space in both directions parallel to the boundary. See Fig. 5.8. The

resulting intercell flux is:
1 1
. /I oy {0012 500 dy d (5.40)

This can be written explicitly as:

1 1
| f1+%—"7,k = Z(Q - Vy)(2 — Vz)fiyjyk + ZVy(2 - Uz)fivj_Lk
(5.41)

1 1
"‘;1‘(2 — ), fijk-1 + ZVszfi,j-—l,k—l
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Figure 5.8: Intégration range for f;, Lik for the first order scheme in three dimensions:
midpoint rule in time, midpoint rule perpendicular to the boundary and exact integration
in both directions parallel to the boundary.

The other fluxes, 9ij+lok and hi’j,k +1 follow by symmetry as:

. 1, 1
gl,]-i—%-,k = Z(Q - Vw)(2 - Vz)fiijk + ZVx(2 - Vz)f:i_lijk

(5.42)
1 1
+Z(2 - VI)VZ-fiijk_l + ZVJIVZ.ﬁ—l,j,k—l
1 1
hijrry = 72— %)@= ) fusk + 702 = o) fig-
: (5.43)

1 : 1
+Z(2 — Vy)e fic1,k + ZVwafi—l,j—l,k ‘

Substituting f;, Lk 9i4dk and hy ;0 L into the conservative formula (5.36) gives the
scheme in its full form as: '
n+1 1 1 1 n
wty = |1- Zz/w(2 —vy)(2-v,)— 2(2 — v )2 —v,) — Z(2 — )2 — vy | Ul

1 1
+vz [(1 —v)(1-v)— ZVsz] gkt 2(4 - 3Vx)Vsz“?,j—1,k—1
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. 1 1
tyy [(1 —v)(1-v,) - ZVQ;VZ] Uiy g+ Zux(ll Sl 120 V% V1 Y (5.44)

. 1 1
+u, [(1 —v)(1 - vy) — val/y] Uiy t Zl/xl/y(4,— v )uly 1k

3 n
FqValyVatizg j-1k—1

This scheme has an eight point, upwind stencil. In Appendix A, schemes of the form

’“ﬁf,i = Y, A0 Ula itBity (5.45)

o0y .

for the three dimensional linear advection equation (5.34) are shown to be p** order accu-
rate in space and time provided:

N 0¥ Anpry = (—ve)!(—1) (—1)° (5.46)

a8y

for all integer triples (g,7,s) such that ¢ > 0,7 >0, s > 0 and ¢+ r + s < p. Hence the
conditions for such a scheme with stencil (a,3,7) € [-1,1] x [-1,1] X [=1,1] to be first
order accurate are:

Z Aapry =1 (5.47)
a:ﬁﬁ/
D (Aspy = A-rp9) =~V (5.48)
By
Z(Aa,-i-ln’ - Aa,—l,'y) = —Vy (549)
oy .
Z(Aalﬁ7+l - Aaiﬂ'l_l) =~V (5.50)
a,B :
For second order accuracy, the scheme must also satisfy
Y (At Aipy) = vi (5.51)
By
Z(Aa,+1ry + Aa-1) = VZ : (5.52)
[+ 79} .
Z(Aa,ﬂ,+l + Aa,‘@,—l) = Vz2 (5-53)
a,B )
Y Ay = Aoy = Aoty + Aorm19) = Vo (5.54)
v .
Y (Asip41 = Arrp1 = A-ipn + Aorpm1) = Vol (5.55)

B
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> (Aai1,41 = Aapir,-1 — Aay-1,41 + Aay-1,-1) = Wyt (5.56)
o

The scheme satisfies (5.47)—(5.50) and (5.54)—(5.56), but not (5.51)—(5.53) and is there-
fore first order accurate.

By setting v, = vy = v, = v in (5.44) it can be seen that not all the coefficients are
positive if v > % (see, for example, the coefficient of u?_l,j,k). Thus a sufficient condition
for the scheme to remain monotonic is

inax{v,;, vy, vz} < (5.57)

oW

5.3.2 A Second Order Schéme

Working from the experience of the two dimensional case, the midpoint rule in time and
exact integration in all three space directions will now be used to generate a scheme. The
flux in the z direction becomes :

1 1
fi+§7,j,k = V(I—)/If(u*(x,y,z, §At)) dz dy dz (5.58) |

where u* is the exact solution of (5.34) with initial conditions {uf; ;}, the solution at time
level n. The space integration range (5.39) is used, illustrated in Fig. 5.9 divided into the -
regions occupied by different fluxes at time %At. Performing the integral gives the flux as:

fz'-l—%,j,k = %(1 + )2 = vy)(2 — v2) fijk t+ %(1 ~ e )(2 = vy)(2 = v2) fiyr,k

1 1
+'8'(1 + Ve )vy(2 ~ v2) fijj-1.6 + g(l — Ve )Vy(2 = v2) fiv1,i-1.k
' (5.59)

1 1

gL+ v)(2 = vy)vafiji-1 + g(1 = ve)(2 = 1)z fia ik
1 1 L ’

+=(1+ vo)vyv; fij—1.h-1 + 5(1 = v2)vyvs fiza,j-1,56-1
8 8

The fluxes 9ii+iok and hz',j,k +1 follow by symmetry as:

1 ‘ 1
Gij+ike = g(l + vy (2 = v )(2 - V) ik + §(1 — V)2 = vz)(2 — V)95 541,k

1 1
+§(1 + vy vz (2 — v2)gi-1,5k + §(1 — vy)Ve(2 — V2)Gi-1,541,k
(5.60)
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Figure 5.9: Integration for the 3D scheme: midpoint rule in time, exact integration in all
space directions. Status of the space integration range at time ¢ = %—At.
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1 | 1
5L+ )2 = ve)vaigh-1 + g(1 = 2y)(2 — vo)vagiii -1

1 1
+§(1 + vy )VeaGi-1,5k-1 + §(1 — Uy )VoVoGim1,j+1,k—1

1 1
hijrer = §(1 +:)(2 = v)(2 - vy)hijx + g(l = v2)(2 = ¥2)(2 = vy)hij k1

1 1
+5(1+ )2 = ve)vyhijmvp + g(1 = 22)(2 = vo)vyhij-t b
' (5.61)
1 1
+§(1 + VZ)VE(Q — vy)hi—1,jk + g(l ~ v2)0z(2 — vy)hi-1,jk+1

1 1
+§(1 + v )pyhio1j-1,k + g(l — Uy Wolyhi1 j—1,k+1

Substituting f;, Lk 9iitdk and h; ;. L into the conservative formula (5.36) gives
the final scheme as:

n 1
W=l - 2 [E@- )2 ) + @ rR - )+ @ )2 - )]l

1 | ' '

+ g¥e 1+ ve)(2 = 1)(2—vs) — 222 —v,) - 2(2 - Vy)z/f_ U g ik
1 _ ’ .- - -

+ '8"/3/ _(2 —vg)(1+wy)(2—v2) - 2V£(2 —v;)—2(2- Vw)Vz_ U1,k
1 | .

+ 3V _(2 —vp)(2 = v )1+ v2) — 22— o)y — 202(2 — Vy)_ U k=1
1 [ ' 2] . n

+ 'S'V:L'Vy (2 - VZ)(2 + v+ Vy) - 2Vz_ Ui—1,5-1,k
1 [ v 2] n

+ "S'Va:vz _(2 - Vy)(2 +vp +v;) — 2Vy_ Ui—1,5,k—1
1 r 2] n

+ gVsz _(2 - Vm)(2 + vy 'I' Vz) - QVxJ U; 5—1,k—1

1
+ -gt/xvyz/z(3 2 o 7V o 70 T

1 1
gl = w2~ )2 = )l g — gre(l— )2 = 1)l e

120



1 | | 1

- §Vx(1 ~ )2 Vy)”z“?+1,j,k-—1 - gV:c(_l = Vx)”y’/zug+1,j—1,k—1
1 . 1 .

- §(2 = vy (1 = v )(2 — v )ul i — ngVy(l —vy)(2 = v)ulq i1k
1 n 1 n

- §(2 — )yl - Vy)Vzuz',j+1,k—1 - erVy(l - Vy)Vzui—l,j+1,k—1

A 1 n 1 n '
- §(2 —vp)(2 =)ol — 12 )uj g — §(2 — v)ryVa(l — v U351 ki

1 1 .
- '8'Vx(2 — vy)vo(1 - Vz)u?—-l,j,k+1 - ngVsz(l - Vz)u?—1,j—1,k+1 (5.62)

This scheme has a twenty point compact stencil. The coefficients satisfy conditions
(5.47)—(5.56) and the scheme is therefore second order accurate in space and time and
not monotonic. Note that if any one of the Courant numbers are zero, the scheme reduces
‘to the two dimensional second order scheme (5.32).

5.4 Stability

The aim of this section is to establish the stability of the schemes derived in the last two
sections. Consider first the two dimensional schemes derived in §5.2. The stability of a
scheme of the form (5.11) for the linear advection equation (5.1) can be found via von
Neumann stability analysis. The application of this technique in one space dimension
was described in Chapter 2. In two space dimensions, it consists of performing a Fourier
analysis and looking for restrictions on the coeflicients A;, ;1 to ensure all Fourier modes
are stable. Consider an error of the form '

€; = Srelbiglé (5.63)

where S is the amplication coefficient, § and ¢ are phase angles and I = v/—1. Note that
S™ in (5.63) means S to the power n, not S at timelevel n. S is assumed a constant in
time for any given scheme. Due to the linearity of the problem, errors €; in cell A;; at
time level n will be evolved in time via (5.11), i.e

I =D Aapiaits (5.64)
o

Substituting (5.63) into (5.64) gives:
Gt I8i I8i  _ Z Aq pSmel0lita) 16(G+0)
a,B \
— SneIBieI¢j Z Aa,ﬂeI(a9+ﬁ¢) (565)
a,B
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Dividing throughout by S™el%el¢i gives

S =" Agpel@0P4) (5.66)
B
Using the standard relation
el = cosn+ I'siny (5.67)
gives :
S=>Aapcos(ab+ )+ I Axpsin(ab+ ¢ (5.68)
a,,@ 0'713 . ’

For stability, this expression for S must satisfy
| S|I<1 ‘ v (5.69)

i.e the Fourier mode (6,¢) must not be amplified. It is more convienient to use the

" equivalent condition
§2<1 : ' (5.70)

To obtain usable stability conditions, it is necessary to convert the condition (5.70) into
conditions on the directional Courant numbers v, and v,. However, if this is attempted,
the expressions for S2 become, in general, extremely complex and rigorously deriving clear
stability regions for schemes is very difficult.

A simple way to obtain a good guess at the stability condition(s) for a scheme is now
described. By computing S? for a large number of quadruples (v, vy, 8, ), a function
st2D(v;,vy) can be defined to be the ratio of pairs (8,¢) that satisfy (5.70) for given
(vz,vy), to the total number tested. The scheme is only stable for the pair (v,vy) if
st2D(v;,vy) = 1, i.e all Fourier modes are stable. By studying a two dimensional plot of
st2D against v, and vy a good indication of the stability region of a scheme can be obtained.
This approach obviously does not give a rigorous derivation of stability conditions, but is
a relatively easy method of obtaining an indication of the conditions and should be quite
reliable if the number of points tested in the calculation of st2D is sufficiently large.

Fig. 5.10 shows contour plots of st2D(v,,vy) against (v, vy) when 0 < v, < 2 and

0 < vy < 2 for four of the schemes derived §5.2.
Fig. 5.10a is the plot for the scheme (5.10) derived using exact integration in all

directions in §5.2.1. It suggests that the scheme is stable whenever

V2 + ) <1 (5.71)

Recall that the scheme is also second order accurate in space and time and a two-
dimensional extension of the Lax-Wendroff scheme. It is much more stable than the
"traditional” Lax-Wendroff schemes [29] in two dimensions, which are restricted by the
condition

1
Vo)< = (5.72)
See Hirsch [25].
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Figure 5.10: Stability diagrams for the two dimensional schemes.
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Fig. 5.10Db is the plot for the scheme (5.21) derived in §5.2.2.(i) using exact integration
in time and perpendicular to the boundary, and the midpoint rule parallel to the boundary.
It suggests that the scheme is unstable unless the flow is aligned to the grid, when the
- appropriate Courant number must be less than unity. The lack of stability of this scheme
is due to the fact that it does not take into account the multidimensional nature of the
problem.

Fig. 5.10c is the plot for the first order scheme (5.25) derived using exact integration
in time, exact integration parallel to the boundary and the midpoint rule perpendicular
to the boundary in §5.2.2(ii). As mentioned before, it is Colella’s c1u scheme [8]. Fig.
'5.10c suggests that this scheme is stable whenever

max {vg, vy} <1 _ (5.73)
Colella proved this condition analytically. ‘

Fig. 5.10d is the plot for the second order accurate scheme (5.32) derived using the
midpoint rule in time and exact integration in both space dimensions in §5.2.3. It suggests
the scheme also has the stability condition (5.73).

A plot of the function st2D(v;,vy) for the finite volume Godunov scheme (5.28) is not
shown. The scheme is stable provided

vet+vy <1 (5.74)
This is a well known result.

Consider now the three dimensional schemes derived in §5.3. The stability analysis in
three dimensions is essentially the same as in two dimensions. In this case, the test error
(5.63) becomes:
’ ik = Grellield oICk ‘ , (5.75)
with real phase angles 6, ¢ and (. The amplification factor has the form

§= > Aaprycos(ab+Bd+yP)+1- Y Anpqsin(abd + B+ 1) | (5.76)

o,Byy o8y

and the scheme is stable provided

_ 5?2 <1 ; (5.77)
As in the two dimensional case, the expressions for S 2 in terms of the directional Courant
‘numbers (now v, vy and v,) are too complex to rigorously prove the precise stability
conditions easily. However, a three dimensional equivalent to the function st2D(v,,vy)
can be defined, which is called st3D(v, vy, v,) here. Information on the stability of a three
dimensional scheme can then be found by studying st3D for fixed values of one of the
Courant numbers, e.g v,, i.e by plotting two-dimensional ’slices’ of the three-dimensional
function.

From the experience of the equivalent scheme (5.32) in two space dimensions, it was
hoped that the stability condition for the three dimensional second order scheme (5.62)

would be
max {vg, vy, v} < 1 (5.78)
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However, after studying slices of st3D(v;,vy,v,) for (5.62) with fixed v, it is clear that
this is not the case. Six of these ’slices’ are shown in Fig. 5.11, for v, = 0.0, 0.25, 0.5,
0.75, 1.0, 1.25. Note that v, is written cFL in the figure. When v, = 0.0, the scheme (5.8)
reduces to the two dimensional scheme (5.18) and the stability condition is therefore the
same as for that scheme in this case. However, as v, increases, an area around the point -
vy = 1, vy = 1 is lost to the unstable region. When v, > 1, the stability region vanishes,
but this was expected. The author has not yet been able to work out the exact stability
region; however, it was found that by insisting on the condition (5.78) and adding the
condition '

Vpt+uvy+v, <2 (5.79)

then any points satisfying both appear to be stable. The factor S? has been calculated
for many thousands of points (v, vy, v,) within the region (5.78), (5.79) and none have
been found to be unstable. Studying the slices in Fig. 5.11 indicate that conditions (5.78),
(5.79) are sufficient conditions, but not necessary for stability.

Reasons for this ’loss’ of stability can be seen by studying the coefficients of (5.62)
when all the directional Courant numbers equal one. Recall that in this situation, the two
dimensional scheme (5.32) reduces to

Ut =g (5.80)

which is the exact solution and therefore must be stable. However, the three dimensional

scheme (5.62) becomes:

1 1 1 1
uf;rzlc = Zu?,j,k I e 7 Yidk—1
(5.81)
1 1
+Zui—1,j—1,k + 7 li-15k-1 + 7 Y =1k-1 + 7 Li-1k-1

which is not the exact solution. Some difference in stability is thus expected.

A similar study of the first order scheme (5.44) indicates that it probably has the same
stability condition (5.79) as the second order scheme (5.62) since the slices look the same.
Recall from §5.2.2 that a sufficient condition for the first order scheme to be monotonic
was found to be

max{v,, vy, v, } < g (5.82)
When all Courant numbers are the same, this agrees with the empirical stability condition
(5.79). This indicates that the mononicity condition for the first order scheme and the
stability conditions for both first and second order schemes may be the same. More work
is needed to establish the conditions precisely. Note that condition (5.82) is not too severe.
Consider, for example, the rou scheme for the linear advection equation in three space
dimensions, i.c when a, b and ¢ are all positive take

firtgn = Fiik  Gijin =Ygk Pijrer = hige (5.83)
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Figure 5.11: Stability diagrams for the three dimensional second order scheme.
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Substituting these fluxes into the conservative formula (5.36) gives
uith = (1= vp — vy — v )ulj g + veuly g+ Ul g + vl ey (5.84)
Studying the coefficients of this scheme shows that the scheme is only monotonic if v, +

vy + v, <1, so the equlvalent of (5.82) is

(5.85)

max{v,, vy, v, } < 3

Thus the Courant number coefficient for which the Fou scheme in three dimensions is
monotonic is only half the Courant number coefficient for which the new first order scheme
remains monotonic.
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Chapter 6

Construction of Schemes for
‘Non-linear Systems in Two and
Three Space Dimensions

6.1 Introduction

In Chapter 5, various finite volume waF-type schemes on Cartesian grids were derived for
the two-dimensional linear advection equation

ut fotgy=0 _ . (6.1)

where f = au and g = bu are linear flux functions and a and b are the speeds of propagation
in the z and ¥y directions respectively, assumed constant and positive. The schemes were
all derived in conservative form '

At At :
+1 _ 0 27 — —- = _
ut = = A [firns fi—%,j] Ay 192541 = 9:5-1] (6.2)
Two schemes were found with an apparent stability restriction

max{v;, vy} <1 (6.3)

where v, = aZA% and vy = bﬁ—;j are the directional Courant numbers, At is the timestep
“and Az, Ay are the constant mesh spacings. One of these schemes was a first order scheme
with intercell flux f; 1 ; as (5.23), i.e:

1 1
f1+1§,] = 5(2 - Vy)finj + ’é'Vyfz',j—l (6'4)

This results in a scheme that is identical to Colella’s first order cTu scheme [8] on the
linear advection equation (6.1). The other scheme found with stability limit (6.3) is second
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order accurate in space and time. It has intercell flux f; 1; as (5.31),i.e

1 1
fz’+’§,j = :1'(1 +v2)(2 - vy)fij + Z(l —ve)(2 = vy)fiv1,
1 1
(L F ve)vyfij-1 + 7 (1= ve)vy fir i
Equation (6.3) places a restriction on the timestep At but is the least restrictive possible
for schemes with the stencils of those resulting from (6.4) and (6.5).

In §4.3 fluxes equivalent to (6.4) and (6.5) were found for the three dimensional linear

advection equation ;
' U+ fotgy+h,=0 : (6.6)

where f = au, ¢ = bu and h = cu, with the wavespeeds a, b and ¢ assumed constant and

positive. In this case there are three directional Courant numbers v, = a%, vy = b%
and v, = cﬁ—,}, and the conservation form is
At
+1 _ .
W= ulie = Ao [Fedae Fieid]
(6.7)
At
Ay [gm‘+%,k ~Yi-1, k] [ fik+s T hi,j,k—%]
The flux equivalent to (6.4) was found to be
1 . 1
Frvge = 7@= )@ v)fige+ (2 - va)fuiovk
(6.8)

1 1
+_(2 - Vy)szz',j,k~1 + "Vszfi,j—lyk-l

Substituting (6.8) into (6.7) gives a first order scheme that is monotonic under the sufﬁc1ent
(but perhaps not necessary) condition

max{vg, vy, V;} < 3 (6.9)
The three dimensional flux equivalent to (6.5) was found to be
1 1
fi+%,j,k = g(l +vg)(2— Vy)_(z —v2) i+ '8'(1 —ve)(2 = )2 = v2) fivrik
1 1
+g (U vy (2 = va) fijmrp + g(L = va)y(2 = v2) finjmv
(6.10)

+= (1 + V:c)(2 Vy)szz,J,k 1+ (1 - Va:)(2 Vy)szi+1,:i,k—1
1 , '
+§(1 + Vx)Vszfi,j—l,k—l + g(l - Va:)Vszfi+1,j—l,k—1
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When substituted into the conservation formula (6.7) this flux gives a scheme that is
second order accurate in space and time. In §5.4 it was found that condition (6.9) appears
to be sufficient to ensure the schemes resulting from (6.8) and (6.10) are stable. This has
not been proven rigorously.

The aim of this chapter is to explore possible combined extensions of the two dimen-
sional schemes with intercell fluxes (6.4), (6.5) to nonlinear, time-dependent hyperbolic
systems of conservation laws

Ui+ F, +Gy =0 (6.11)

where U is a vector of conserved variables, and F, G are vector-valued flux functions.
The schemes can, of course, be equally applied as space marching schemes for the three
dimensional steady supersonic Euler equations, or other such systems. However, for clarity
of notation, it is assumed that the time dependent two dimensional system (6.11) is being
solved. Only schemes on Cartesian grids will be considered in this chapter — general
body-fitted grids of quadrilaterals are explored in Chapter 7. The aim is to use extensions
of (6.5) in regions of smooth flow to obtain second order accuracy, but blend in (6.4)
in regions of high gradient to avoid the unphysical oscillations inherent in second-order
schemes. This will be done by incorporating one-dimensional limiter functions into the
second order flux function. ’

Two extensions will be considered, and each will lead to schemes that are based on
solutions to one-dimensional grid-aligned Riemann problems. Both will be developed in
conservative form

At ' At
n+1 g n ¢ — — . . o—_ N . — — . . — . .
Ulr.? - Uir] Az [Fl"‘%‘ﬂ v 1—'%;.7] Ay [GMJ‘*‘%‘ G‘hj_%] (6.12)
where, as in the linear case,
1 ' '
Ti= —— t" ’ 13
Uz,J V(Ai,j) /Ai,j U(z,y,t")dzdy (6.13)

is the integral average of the solution U(z, y,t) over the cell A; ; indexed by 7 and j at time
level n, V(A;;) is the area of A;; and F,_; +1, and G, g+l are the intercell fluxes. Both
extensions will be tested numerically on the two dlmensmna.l Shallow Water equations
discussed in Chapter 2.

The first approach to developing an extension will be to manipulate equation (6.5)
algebraically to obtain a two-step formulation of the second-order flux calculation. To
extend the scheme to non-linear systems, linear waves will be re-interpreted as waves from
‘one-dimensional grid aligned Riemann problems moving perpendicular to cell boundaries.
The resulting scheme will have similarities with Colella’s finite volume scheme [8].

The second scheme will be constructed from an extension of the two dimensional wAF
approach discussed in Chapter 5. Ideally, this would be done by taking the intercell flux as
an integral average over exact solutions to two dimensional Riemann problems, i.e initial
value problems with initial data {U;;, Uit1,5, Uij41, Uigs,j+1) kept constant in their
respective cells. Some theoretical and numerical results have been obtained for solutions
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to these problems, for example Zhang [86] or Shultz-Rinne et. al. [48]. However, there
do not appear to be any exact or approximate solution techniques available at the present
time that are sufliciently general to allow the construction of the proposed scheme and
even if such solution techniques were available the proposed scheme would probably be too
impractical for general use. To circumvent this problem, an approximate solution will be
constructed from solutions to one-dimensional grid-aligned Riemann problems by giving
waves in the solutions to these problems components of velocity parallel to the boundaries
from which they originate. Any wave interactions, for example near where two intercell
boundaries meet, will be treated in a linear fashion. It will be shown that the flux (6.5) can
be rewritten as the integral average of the flux component perpendicular to the boundary
over these approximate solutions at time ¢ = 2A¢. This approach of extending (6.5) is
similar to the construction of LeVeque’s scheme [32] in that a similar wave model is used
on the linear advection equation, although LeVeque employs a MuscL-type reconstruction
of data to achieve second order accuracy, whereas the scheme presented here achieves
this accuracy from the war-type averaging of the solutions to Riemann problems with
piecewise constant data.

The two approaches described above will also be used to extend the second order flux
(6.10) to three dimensional systems of conservation laws

U;+F,+G,+H, =0 (6.14)

As in the {wo dimensional case, only Cartesian grids will be considered. The schemes will
be developed in conservation form

U?,Ili = Uik~ g’ [Fz'+%,j,k - Fi—%—,j,k]
(6.15)
_2_; [G;"ﬂ%’k - Gi,j—%,k] - % [Hi,j,k+% - Hi,j,k—-lz-] |
where .
Uik = Va0 /A » Udzdydz (6.16)

with notation as before. These three dimensional schemes have not yet been tested nu-
merically.

The rest of the chapter will be arranged as follows. In §6.2 and §6.3 the two approaches
briefly described above will be discussed in detail in two and three dimensions. In §6.4
some results of testing the two two dimensional schemes on the Shallow Water equations
are presented. In §6.5, the chapter is summarized and conclusions are drawn.
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6.2 A Simple Extension

6.2.1 The Two Dimensional Case

Consider the second order intercell flux (6.5) for the linear advection equation (6.1). It
can be rewritten as:

fr; = %(1 +vz) [%(2 ~wy)fij + -;—vyf,-,j_l]
(6.17)

1 1 1
+5(1 - vs) [-2'(2 = vy) fit1,; + §Vyfi+1,i—1]

Note that the terms in square brackets are ctu fluxes discussed in Chapter 5. (6.17) can
be rearranged as:

1 ' TAL
fiurs = F(+w)f (um’ - 2A_y [gz/',j+% - gz,j—%]) |
' (6.18)
1 AT,
3= ve)f (uiﬂ’j T Ay [gi+1yj+% - gz"+1,j—'12"]
where gz,',j+% = bu; ;. Hence
firps = 3+ ST + 50 - w) i) (6.19)
where 1A
ntl n =At
Ui = U~ 2Ky— [g§,j+§ B 92,1—%] ' (6.20)
and ' '
gz’j_*_% = g;; = bu;; (6.21)

is the Fou intercell flux for boundary (i,7 + ). Equations (6.19), (6.20), (6.21) suggest
a very simple extension of the flux (6.5) to non-linear systems. The calculation of the

1
intermediate states u?jE in (6.20), (6.21) can be interpreted for non-linear systems as
using any method that reduces to the first-order upwind method on the one dimensional
linear advection equation, such as Godunov’s method. The solution U™ at time level n
will be updated by half a timestep along strips perpendicular to the boundary (i + %, j)ie

1
strips along which 7 is constant, to obtain an intermediate state UZ;‘? It is this stage that
introduces modelling of cross derivative terms into the scheme. These terms were missing
from the finite volume scheme of Speares [50] and their absence caused the scheme to be
unstable (see §5.2.4). Equation (6.19) is interpreted here as using the one dimensional

1
wAF scheme to calculate the final intercell flux F;, 1 based on UZ;z .
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The scheme with flux (6.19), (6.20), (6.21), being second order accurate, will suffer from
spurious oscillations in regions of high gradients. These are unphysical, and therefore
undesirable. In one space dimension, one way to overcome this problem and maintain
second order accuracy in smooth flow is to design schemes that satisfy certain Total
Variation Diminishing (Tvp) criteria. This has been discussed fully for the one dimensional
waF method in Chapter 2, but will be briefly summarized here. The waF method applied
to the linear advection equation in one space dimension has intercell flux

firr = %(1 + ¢1:+-;-)fi + ‘;:(1 - ¢i+%)fi+1 | (6.22)

The functions ¢.,1 = ¢., 1(r,, 1,v) are the limiters for the one dimensional wAF scheme
i+ i+3\ it+3

(see Toro, [67]). When ¢ = v (6.22) gives the intercell flux of the second order Lax-
Wendroff scheme, and when ¢ = sgn(v) it gives the intercell flux for Godunov’s scheme,
which does not suffer from unphysical oscillations. In general, the limiters depend on the
(local) Courant number v and a flow parameter 7, +1 defined as the upwind jump in u

divided by the local jump in u, i.e:

Us—Ui—1 :
Ay Triour ifv>0
e (6.23)
Lit2TUidl  if 4 < ()

Uit —Us

Examples of limiter functions ¢ can be found in Chapter 2.

Goodman and LeVeque [19] have shown that in two space dimensions any scheme that
is strictly TvD is at most first order accurate. Since the aim is to preserve the second order
accuracy of the scheme with flux (6.19), (6.20), (6.21) in regions of smooth flow, there is

‘no point in constructing a strictly Tvp version of the scheme. As an attempt to limit any
oscillations in regions of high gradient the ’corrector step’ flux (6.19) is replaced by the
one-dimensional TvD waF intercell flux

Fians = 50U g M) + 5(1= by S (6.24)

The limiters ¢. i+1,5 are taken as one dimensional limiters ¢. i+ such as those presented in
Chapter 2, computed from a flow parameter r, +1 based on data along strip j. Note that
when ¢1+1 = sgn(zxm) equations (6.24), (6.20), (6 21) give ‘

—

fi-l—‘g,j = '2'(2 —w)fij+ ';‘Vyfi,j—l (6.25)
which is the intercell flux for the first order scheme (6.4). The scheme will therefore
be monotonic provided v, < 1 and vy < 1. Tests of the scheme using (6.24) on the
linear advection equation have shown that it fails to produce non-oscillatory results when
discontinuities that are not aligned to the grid exist. The reason for this is that the one
dimensional flow parameters fail to properly detect these flow features. A replacement for
the one dimensional flow parameter is suggested in the next section, but has not yet been
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tested in this scheme. The fluxes 9:; +1 can be written in an analogous form to (6.22),
(6.19), (6.20). :

The scheme described above is based on the two schemes resulting from fluxes (6.4)
and (6.5), each of which has stability condition

max{v;, vy} <1 : (6.26)

It is thus reasonable to assume that the new scheme is also stable under this restriction.

Despite the lack of monotonicity, the scheme has been shown to work reasonably well
on non-linear systems, as will be seen in §6.4. For this reason, an algorithm for the
complete scheme on non-linear systems of the form (6.11) is now given.

An Algorithm For Nonlinear Systems

1. Set up a regular, Cartesian grid of M; X M; cells with grid spacings Az and Ay in
the z and y directions respectively, add two strips of ghost cells for each boundary
and impose the required initial conditions. Set the time counter ¢ equal to zero.

2. Choose the timestep At as:
min {Az, Ay}

/\ma:z,'

At = Vpaz (6.27)
where Aper = max; ;j{\;;}, A is the largest absolute characteristic speed in cell
A; j, and Vpqap € (0,1] is some user-defined Courant number coefficient. If ¢ + At is
greater than the required output time, reduce At as necessary.

3. For each i € [1,M;]

(a) Set boundary conditions for strip 7 as follows. For transmissive boundaries, set
primitive variables in each ghost cell equal to those in the cell that is inside
the flow domain, on the same strip of cells perpendicular to the boundary and
the same number of cells from the boundary. Reflective boundaries are treated
identically, except the component of velocity perpendicular to the boundary is
given the opposite sign.

(b) For each j € [0, M;], calculate a first order flux G/, j _|_1 using some suitable
cheap, robust method. ’
(c) Update strip ¢ of cells by -12-At to obtain the intermediate state:
1
At [

l .
n+ 5,1 n
U,; " =05~

el it G/i,j;%] (6.28)

This step is effectively a j-sweep of Godunov’s method with timestep %At, as would
be used in an operator split scheme.
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4. For each j € [1, M;],

+2’ , as in 3(a).

(a) Set boundary conditions for strip j with data U,
(b) For each ¢ € [-1, M +1], solve the Riemann problem at boundary i+ % 5»J using
data U; +2’ '

(c) Calculate a strip of waF intercell fluxes F; 11 from these solutions, as described

and any suitable Riemann solver.

in Chapter 2, and store them for later use.

This step is effectively an i-sweep of the waAF method, as would be used in an operator

l .
split scheme, based on the data UZ;Z'Q, without the update at the end.
5. For each j € [0, M;] |

(a) Set boundary conditions for strip 7, as in 3(a).

(b) For each i € [0: M;], calculate a first order flux ¥, 1 ; via some suitable cheap
robust method.

(c) Update strip j of cells by %At to obtain the intermediate state:

ij b 5 [Py~ Flieg i (6.29)

This step is effectively an i-sweep of Godunov’s method with timestep %At, as would
be used in an operator split scheme.

6. For each 7 € [1, M;],

7

(a) Set boundary conditions for strip ¢ with data U , as in 3(a).

(b) For each j € [-1, M; + 1], solve the Riemann problem at boundary i,j + %

1_ .
using data U?jz ' and any suitable Riemann solver.
(c) Calculate a strip of waF intercell fluxes G, i+ L from these solutions, as described

in Chapter 2, and store them for later use.

This step is effectively an j-sweep of the waF method, as would be used in an

operator split scheme, based on the data U; +2’], without the update at the end.

7. Update the solution U” at timelevel n to the new timelevel n 4+ 1 using the conser-
vative formula:

urH - yr. - At

At
W Ag J]

[Fi b~ Figi - &y

+§»J =2

and increment the time counter ¢ by At.

8. If the required output has not been reached, return to step 2.
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9. Output solution.

The ratio of Riemann problems solved per timestep to the number of intercell boundaries
for this algorithm is 2. For an operator-split wAF scheme that is second order accurate
in space and time, the value is %, since three sweeps are required in the Strang splitting.
Thus the scheme presented above appears at first to be significantly more expensive than
an operator split scheme of equivalent theoretical accuracy. However, when applying the
operator split scheme, the full waAF scheme, including the limiting and calculation of all
fluxes, must be applied on each of the three sweeps. In the case of the scheme suggested
above, the full calculation of a one-dimensional waF flux is only required once per intercell
boundary per timestep, in stages 4 and 6 of the above listing, which is roughly equivalent
in computational cost to just two sweeps in the operator split scheme. On the predictor
stages (stages 3 and 5) the calculation of limiter functions and multiple flux calculations
are avoided, since only first order accuracy is required. Also, since they are only predictor
sweeps, a relatively cheap Riemann solver can be used, provided it is sufficiently robust.
The Harten-Lax-van Leer (HLL) scheme [23], [66] scheme is recommended, since it has
proved suitable in numerical experiments performed by the author. However, it is not
suggested that this is the optimum choice of schemes: a full exploration of the use of
the other available Riemann solvers, and even replacing Riemann solver technology by,
for example, a flux vector splitting scheme in the predictor stages, is needed to find the
cheapest alternative that is sufficiently robust. The final answer will probably be problem
dependent, i.e depend on, for example, the strength of shocks in the flow being calculated.
As far as the corrector stages are concerned, Riemann solver adaption, as put forward by
Toro [65] is recommended, between the Selective Curve Fitting (scF) solver [59] and the
Two Rarefaction (Tr) solver [66].

The scheme presented above has similarities with Colella’s finite volume scheme [8],
and the first order versions of the two schemes are, in fact, identical (assuming the same
Riemann solvers are used). The difference lies in the addition of the second order terms.
Essentially, in steps 3 and 5 in the above algonthm, Colella adds second order terms into
the calculation of the predicted state Ut by reconstructing, or ’sloping’, the data U™ in
a direction perpendlcular to the direction of the boundary for which the fluxes are bein
calculated, i.e 6 terms are added to U7 in step 3 and Hj terms are added to U™tz
in step 5. In the corrector steps 4 and 6 the calculation of waF fluxes are then ’replaced’
by the calculation of Godunov fluxes, i.e first order fluxes. The resulting scheme is second
order accurate in space and time, as is the scheme presented here. To avoid oscillatory
behaviour the slopes added into Colella’s scheme are limited in the way slopes are limited in
one-dimensional MuscL schemes. Colella reported that his scheme, as described above, did
not achieve satisfactory results in all situations. He found that moderately strong shocks
oblique to the grid were either smeared or suffered from oscillatory behaviour. He argued
that the first order accuracy of the calculations of gradients parallel to the boundary (i.e
the equivalent of our first order steps 3 and 5 in the above algorithm) were not sufficiently
accurate to correctly model the fluid flow in these situations. He resolved the problem
by slopmg the data parallel to, as well as perpendicular to, boundaries in the calculation
of U”+2 making the step second order accurate. He reported that this did alleviate the
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problem. It will be shown in the numerical results in §6.4 that the algorithm presented
above does suffer from oscillatory behaviour when computing discontinuities oblique to
the grid. A similar idea to Colella’s could be used, by replacing steps 3 and 5 above with
second-order accurate WAF steps. However, this would change the stencil of the scheme on
the linear advection equation and the resulting scheme would therefore not be an extension
of the scheme this chapter has set out to extend. It should be remembered that when fully
limited, the scheme presented above does reduce to a first order monotonic scheme, and
thus the problem lies not in the general approach, but the mechanism by which the scheme
detects high gradients in the flow. At present, only one-dimensional detection mechanisms
along strips of cells are used. On hindsight, these are bound to be insufficient — they
can not be expected to react properly to multi-dimensional flow features. More work is
needed to determine a suitable parameter that takes into account more multidimensional
information. Such a parameter is suggested in the next section for the scheme developed
there. It has not yet been tested on the scheme developed in this section.

6.2.2 An Alternative Formulation of the Two Dimensional Case
It is important to note here that the formulation of the schemé presented in §6.2.1 is

certainly not unique. One of many alternative formulations is now given. Consider again
the intercell flux (6.5) for the second order scheme on the linear advection equation:

1
IR CETACEIAT IR (R CEPAT T

1 1 :
(Ut vy fijor + (1= ve)vy firrj | (6.31)
This can be rewritten as: -
a 1 1 n
fi+%,j = 5(2 - Vy) [5(1 + Vx)u:'tj +§(1 - Va:)ui+1,j]
a - [1 n 1
57y [-2'(1 )l + (1~ Vx)uz'+1,j—1] | (6.32)
Define 1 '1 :
Then
a . a .
firy = 5(2 - Vy)ui+;_’j + SPlivtin (6.34)
- } ‘ R ’ 1 R X
= @ [“z‘+%,j 5% (?‘i+%,j - "i+-§;.j—1)] - (6.35)
I %At / /
= Y% T Ay (g iji+1 8 i,j_%) (6.36)
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where glz‘,j+-12- = bﬁ,',j.,.% is the Fou flux at boundary (3, + 3) evaluated.on data . Hence

n+
f‘H-%',J. = f < i+i 2]) ' ‘ (637)
n+2 X FAt , :
Uipl; = itk ™ Ay [g Wity gi,j—%} (6.38)
gli,j+15 = g(1;5) = bl ;
. 1 1
g1 = -2-(1 + v )ui; + 5(1 — Ug)Uit1,j ; (6.39)
One dimensional limiter functions ¢i+%,j = i+§-,j(ri+%,j7yi+%,j) can be incorporated

into this version of the scheme quite simply, by replacing (6.39) with a TvD ’weighted
average state’ step:

. 1 ' 1
Uipg;= 51+ ¢i_+%,j)ui,j + 51— Giygj)uivs (6.40)

It was hoped that the algorithm (6.40), (6.38), (6.39) would not suffer as badly from the
oscillations affecting the first version of the algorithm near oblique discontinuities, due
to the fact that the flow parameters 7, 1 depend on the data at timelevel n and not

some intermediate state. However, numerical experiments have shown this not to be the
case. To find a non-oscillatory version of the scheme, it does appear necessary to find
multi-dimensional flow parameters such as the one suggested in the next section.

The extension of the algorithm (6.40), (6.38), (6.39) to nonlinear systems follows very
similar lines to the previous extension. It has not yet been tested numerically, and will
thus not be discussed further here, other than to say that it is potentially cheaper than
the scheme of §6.2.2, since comparing (6.38) with (6.19) shows that fewer flux calculations
are required.

6.2.3 The Three Dimensional Case
The three dimensional equivalent of the scheme discussed in the last section is now consid-

ered. The scheme for the three dimensional linear advection equation (6.6) is determined
by the flux (6.10) which is repeated here for convenience: :

1 1 :
fi+%,j,k = g(l +ve)(2—vy)(2—v2) fijk + '8'(1 = Ve )(2 = )2 ~ v2) fivrik

+= (1 + z/z)Vy(2 - V) fi -1,k + (1 vy (2 — v2) fit1,5-1,k
(6.41)

1 1

+-8-(1 + Vx)(2 - Vy)VZfi:jJC"l + g(l - Vx)(2 - Vy)’/zfz'+1,jyk'—1
1 1

+§(1 + Ve )oyVs fij—1,k-1 + g(l — Vg )WV fid1,i=1,k-1
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The approach used to extend the two dimensional scheme in §5.2.2 can be applied, quite
easily, to extend (6.41) to non-linear systems. It is easy to see that (6.41) can be written
as

1 +1 1 ntl
fi"'%‘i’j’k = 5(1—'_ Vx)f (UZJ,I:) + 5(1 - Vx)f ( z+12,3, ) (642)
where
+3 1 1
u:t]y]: = Z(2 - Vy)(Q - Vz)uz',j,k + ZVy(Q - Vz)u,-,j_lik
(6.43)

1 1
—(2 — vy Ui j k-1 F VYV -1 k-1
4 4 :

As in the two-dimensional case, spurious oscillations can be at least partially controlled
by replacing (6.42) with a one dimensional waF flux described in Chapter 2, i.e by taking

n+i nt3
'f't."l-;_,j, (1 + ¢2+ 1.71k)f(u 1.712) + (1 1+%1.71k)f(u1+11.71k) (6'44)

L
The calculation of u:t:,f in (6.43) can be done in two ways. The first is to treat (6.43) as
a finite volume scheme, and re-write it in conservation form

nt+i At [, , At
Uik = Uik T Ay [gi,j+%,k ~9iitu| = ay [Bgkrr ~ Prini (6.45)
with . .
gz{,j+% kT ‘(4 = Vz)gig + gV= ik (6.46)
1
hl,],k+2 (4 vy)hijk + gl/yhi,j,k (6.47)

Alternatively, note that (6.43) is, in fact, the scheme resulting from first order operator
splitting of the one dimensional Fou scheme, i.e:

5 = (10 ) = 0 (1 () o

At)

where the operators Lg- and LiAt-) can be written in conservation form as

(At) _ At
L; ( ,a,k) Uijk Ay [gz§+%,k - g,‘-’j-_%’k] (6.49)
with 97511 1 = ik = buij and

L(At) ( ,J,k) . n = ﬂ hos.

AZ [hzoy';yk+2 y]rk— _} (6'50)

03 os — P — T.,‘ .
Wlth h’h]yk'l'%' - hz?Jvk - culy])k.’
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The scheme can be extended to non-linear systems
U, + F(U), + G(U), + H(U), = 0 (6.51)

via the conservative formula

Uik = Un’f’ [Fz+2,a, Fi—%,j,k]
(6.52)
_% (TR P At A H s~ Ho ) |
where |
ik = via, ,,,k)/ ., Jdadydz | (6.53)

The intermediate state U""']f for the flux F; +Lk is calculated from either an extension of

the finite volume scheme (6.45), (6.46), (6.47) or the operator split scheme (6.48), (6.49),
(6.50). An extension of the (6.45), (6.46), (6.47) has yet to be developed. However, the
operator split scheme (6.48), (6.49) (6.50) can be reinterpreted as operator split Godunov’s
scheme with any exact or approximate Riemann solver or any other first order scheme
that reduces to the Fou scheme on the linear advection equation. The calculation of
intermediate states U™ % for the fluxes G; ;41 and H, i+l follow in an analogous
fashion. Although the calculation of each of the three intermediate states involves two
sweeps of the one-dimensional scheme, only five sweeps are needed altogether: since the
order of the sweeps in each calculation is arbitrary, two of the intermediate states can
share the sweep performed on data U™,

To ensure the scheme described above remains stable, the timestep At should be chosen
as follows. First compute a maximum wavespeed A, for the whole domain as

Amae = max;je{| Aijk |} (6.54)

where A; ;1 are characteristic speeds based on the data U”. The timestep can then be

computed as
min{Az, Ay, Az}

}"m.a.:L'

At = Umag (6.55)

where Vpqz € (0, %] is some user-defined Courant number coefficient.

6.3 A WAF-Type Extension

~ Since the schemes for the linear advection equation presented in Chapter 5 were con-
structed via the waF approach, it seemes reasonable to try constructing intercell fluxes
for non-linear systems in a similar manner. The aim of this section is to discuss such
extensions.
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6.3.1 Extension of the Two Dimensional Scheme

A wAF-type intercell flux for the system (6.11) can be defined as

e )
Fii= T V(I) [ / F(U*(z,y,1))dodydt (6.56)

for some space integration range I. Here U*(z, y,t) represents the solution to some initial
value problem for the system (6.11). The obvious choice for these initial value problems
are two dimensional Riemann problems, which have as initial data the states Ui ;s Uigt,jy
Ui j+1, Uit1,j41 constant in their respective cells. However, as explained earlier, no suf-
ficiently general exact solutions to these problems seem to exist at present. Therefore,
rather than use (6.56) directly, the flux (6.5) for the linear advection equation is reinter-
preted as the integral of the component of flux prependicular to the boundary (7 + %, 7)
on the combined solution to one dimensional grid-aligned Riemann problems at nearby
intercell boundaries, as follows.

Consider, then, the case of the linear advection equation (6.1). Assume the wavespeeds
a and b are constant, but of any sign. The flux (6.5) can be written as:

(fw + fit1,4) — Z (WA (6.57)

=1

where the index [ refers to nearby intercell boundaries, labeled as in Fig. 6.1. By comparing
(6.57) with (6.5) it can be easily seen that there is no unique solution for the set of

7
coefficients {C (1)}1_1. However, a sensible set can be chosen as follows.

Consider a wave from the Riemann problem aligned to boundary (7+ %, 7). It will have
a component of velocity perpendicular to the boundary at which it was generated. This
velocity is the wavespeed from the solution to the Riemann problem at that boundary
and always equals the constant speed a in the present case. The wave can be made truly
two dimensional by also giving it a component of velocity parallel to the boundary. For
this velocity, the component of velocity parallel to the boundary in the state behind the
wave can be used. This will always be the constant b in the present case. With these
two components of velocity, the wave will sweep over an area in space as time progresses.
Wayves from boundaries (7,7 + 2) are treated in an analogous fashion, with the roles of a
and b reversed. See Fig. 6.2. Recall the scheme was originally derived from the general
waF intercell flux

11t .
f3i = TRV /t /I F(u*(2,9,1))dedydt (6.58)

via the midpoint rule in time. At time ¢t = %At, part (or all) of the area swept out by
each wave will intersect the space integration range I defined in §5.2. The weight # for
each wave jump in (6.57) is set equal to the area of this intersection divided by the area
of the space integration range.
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Figure 6.1: Labeling of the boundaries in the two dimensional wave model for fis L
Boundary 4 is the boundary across which the flux in being calculated.
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Direction

BOUNDARY 1 BOUNDARY 2
Integration range Integration range
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A 0 A 0
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BOUNDARY 3 BOUNDARY 4
Integration range Integration range
A A
B Y B 7 Y
A 0 4 0
—%Am 0 -l-—;-Am —%Am 0 +-§-Aw
Figure 6.2: Weights for the two-dimensional wave model.
These weights can easily be shown to be:
¢ = ly,max{v,,0} (™ = Ly, min{wy, 0}
@ = 2(2 4 vz )max{wy, 0} ¢® = (2 - v, )min{»,, 0}
’ ‘ (6.59)

¢(®) = §(2 - vo)max{ry,0} (®) = §(2+ vo)min{r,, 0}
¢ = (4= ) |
Substituting the weights (6.59) into (6.57) gives the flux in full as:

furs = 20Hm)E Dy D+ 70 = )2 vy i
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1 1 |
+Z(1 + Vx)_max{vy, 0} fij—1+ Z(l — vy )max{vy,0} fiy1,;-1  (6.60)

1 . 1 \
_Z(l + vz )min{vy, 0} fi j+1 — Z(l — v )min{vy, 0} fiy1,541

This is a generalization of (6.5) to wavespeeds a, b of any sign. The flux g, ;, L can be
written in a similar form to (6.57) as

. . . -
9ijrt = 5905 + Gige1) = > nalyg - (6.61)

. =1
where the boundaries are now labelled as in Fig. 6.3. Following the same procedure as
“above to derive the coefficients gives:

77(1) = %yyma,x{yx, O} 77(7) = ;%yymin{vw, 0}

7® = 12 4 p)max{rs; 0} 7© = L2 - v )min{rs, 0}
| | (6.62)
70 = 12 - vy)max{v,,0} 17 = (2 + vy)min{v,, 0}

77(4) = %Vy(4_ | vz |)

In the linear problem studied in this section, the wave model described above is essentially
the same as the wave model of LeVeque [32] but the scheme he used is different from the
scheme presented here.

The scheme resulting from (6.57),(6.59),(6.61),(6.62) is second order accurate, and will
therefore suffer from spurious oscillations in regions of high gradient. In one dimension,
this problem can be avoided by making the scheme satisfy TvD criteria (see Chapter 2).
As mentioned earlier, Goodman and LeVeque [19] have shown that any two dimensional
TvD scheme is at most first order accurate. Since the aim here is to preserve second order
accuracy at least in regions of smooth flow, the derivation of a Tvp version of the above
scheme has not been attempted. However, spurious oscillations can at least be partially
removed by incorporating one-dimensional Tvp limiter functions into the fluxes (6.57),
(6.61). One way to achieve this is to replace the weights (6.59) by

¢ = %qﬁgi)%’jmax{l/y,O} | (M= —%¢§i);_’jmin{l/y’0}
(@ = 32+ 92, Imaxiyy, 0} (O = 32~ ¢, Imin{s,, 0}

| (6.63)
(0 = 2 — 69, Imax{n,0) ¢® =32+, Imin{yy, 0}

(@ =169 (4=, )

l+';"1.7
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Figure 6.3: Labeling of the boundaries the two dimensional wave model for g; ; +1- Bound-
ary 4 is the boundary across which the flux in being calculated.

where the limiter (;32(21_ i
2 1

(I =1,..,7) to the flux at boundary (i+ 3, j). Note that when D = v, (6.63) reduces to
(6.59) and is second order accurate in space and time and when ¢{¥) = sgn(v,) (6.63),(6.57)
reduces to:

is the one dimensional limiter for the contribution of boundary /

1 1 1
Jirs; = 74~ Twy Dfig + qmaxivy, 0} fijm1 — gmin{vy, 0} fij41 (6.64)

for positive v, and

1 1 1.,
firg = 7= 1wy Dy + qmax{vy, 0} figa,jm1 — qmin{vy, 0} fiyrjsn (6.65)

for negative v,. This is a generalization of the first order flux (6.4) to wavespeeds a, b
that are constant but of any sign. The scheme resulting from fluxes (6.64) and (6.65) is
monotonic provided | v, |[< 1, | », |< 1, and will thus not produce oscillations in regions -
of high gradients under this restriction. Hence it is suitable for use as the first order
component of a scheme using limiter functions.

It was hoped that using the MINMoD or VAN LEER type limiters (2.79), (2.80) directly
from the one dimensional case in (6.57), (6.63) would ensure the resulting scheme remained
oscillation-free in all situations. However, this was only partially successfull. The strategy
worked well provided the flow was approximately aligned to the grid, but shocks moving
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oblique to the grid lines suffered from overshoots of a few percent of shock height, though
much smaller than the overshoots in the second order scheme without limiters. It was
found that the situation can be greatly improved by replacing the flow parameter (6.23)
by :
D ‘ .
?_I_ = = (1= | vy I)T'[+%,j + max{l/y,O}ri_l_%,j_l + rnm{z/y,0}7‘1-4_%’]'_}_1 (6.66)
where r;, 1 . is the one-dimensional flow parameter r;, 1 from (6.23) along strip j. In most
2 9,
- situations, this parameter appears to result in solutions without significant overshoots.
There can be, however, small undershoots in certain situations. Further experimentation
may provide an improvement on (6.66).

The essential components of the scheme constructed here have been the generalizations
of the second order scheme (5.32) and the first order scheme (5.25) to the case of speeds
a and b of any sign. These are both stable provided the condition

max{| v |,| |} <1 (6.67)

is satisfied. It is thus reasonable to assume that the scheme presented here also has this
stability condition.

The extension of the flux (6.57), (6.59) to nonlinear systems can be done as follows.
Equation (6.57) is replaced by

. |
Firg;= 5(Fej+ Fiprg) = S (Umatmp (6.68)
1=1,7 m=1,N.

where AWMF denotes the jump in F across the mt* wave from the Riemann problem at
boundary [ in Fig. 6.4, and ((#™) is the associated coefficient, defined via (6.63) as follows.

First define, for each boundary [ a Courant number Vg’m) for the m*" wave from the grid
aligned Riemann problem at that boundary and moving perpendicular to that boundary
as I/(l’m) alb m) =, where al™m) is the wavespeed of the mt* wave in the solution to the
Raema,nn problem, and Ad is Az or Ay, depending on the orientation of the boundary.
Similarly define a Courant number Vg’m) for flow moving parallel to the boundary as
Vg’m) = v(l’m)% where v("™) is the component of velocity parallel to the boundary on the
state immiediately behind the m** wave in the solution to the Riemann problem and Ad
is the length of the boundary. The weights C « " ) are derived from (6.63) and are defined
as:

) = pehTmax{rp ™, 0y (1) = gl Pmin (™, 0)

G = @+ g max{ud™, 0} (07 = 32 - 4T min{™, 0}

(6.69)
(o) = 32 - T Dmax{y$™, 0} (71 = 32+ 45T Imin{ug ™, 0)

¢ = 3T = L™ )
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where ¢fi?y = ¢(r,v) is a one dimensional limiter function computed using the flow

@

" wave at boundary i + %, and Vs’m) for | = 1,4,7, VI()l,m)

parameter (6.66) for the m®
otherwise.

The fluxes G;; +1 follow in an analogous manner. Assuming the stability of the scheme
transfers from the linear case (6.67), the timestep is taken from

min{Az, Ay}

A7’)’1(1.’1}

At = Vo (6.70)
where Aqz. is the maximum absolute characteristic speed over the whole domain at
timelevel n and vy4, € (0,1] is some user defined Courant number coefficient.

6.3.2 Extension of the Three Dimensional Scheme

The second order flux (6.41) for three space dimensions can be be extended for use on non-
linear systems of equations in a similar manner to that discussed for the two dimensional
scheme in the last section. All that is needed is a suitable wave decomposition. The
equivalent of (6.57) is

1 12
Firtir = gUiig + firrig) = >ochaWby (6.71)

=1

where A f is the flux jump across the Ith boundary and ¢ (O is the corresponding co-
efficient.  There are twelve boundaries involved in the present case (constant, positive
wavespeeds) which are labeled as in Fig. 6.4. The flux is sought for boundary 1.

Writing the flux (6.71) out in full and comparing it with (6.41), eight conditions (from
enforcing equality of coefficients) are found governing twelve ”variables” (the coefficients
¢ (’)). The the set of possible coefficients {C (l)} is therefore not unique. To choose a set of
coeflicients, recall that in the two dimensional case the weight for each boundary equalled
the area of the intersection of the integration range with the region swept out by a wave
from that boundary at time ¢ = -12-At, divided by the area of the integration range. To
calculate the weights () for the three dimensional case, the equivalent principle is applied,
using volumes instead of areas — each weight should be the volume of the intersection of
the integration range with the region swept out by the wave from the boundary at time
t= %—At divided by the volume of the integration range. As an example, Fig. 6.5 shows
the intersection of the volume swept out by the wave from boundary 1 with the integration
range.
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12

Figure 6.4: Labeling of the twelve boundaries contributing to the three dimensional second
order flux. Boundary 1 is the boundary across which the flux is being calculated. The
flow is moving into the page, and upwards. Circles indicate the boundary ’behind’.
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%cAt

Figure 6.5: Integration for the weights in the 3D wave model — the volume for boundary
1. The flow is moving into the page, and upwards.

The coefficients derived via this approach are:

(W =Ly, (12-3vy — 3v, +vyr,) (@ = Loy (12 + 6v, — 3v, — 2u,13)
(@) = Ly (12 - 6v, — 3v, + 20,0,) (W = Loy (3 - 12)

¢6) = Lu,v,(3 - 1) » ¢® = VoV (3+ 2v;) (6.72)
6.72
4(7) = :11—8'1/sz(3 - 2Vx) C(S) = 21_41/391/?/1/2 )

¢®) = =v.(12 — 6vg — vy + 2v,1y) ¢0) = 35V2(12 + 6vy — vy — 2u,1y)

C(n) = 4l8'l/y’/z(3 + 2v;) C(m) = 21§V9V2(3 — 2v;)

In the general case (variable wavespeeds of any sign) there would be 23 boundaries in-
volved. This is not discussed here, since it follows easily from the two dimensional case.

The second order scheme can be made virtually oscillation-free by taking the flux
(6.71), (6.72) and replacing each v, by a one-dimensional limiter ¢, as in the two dimen-
sional case. Similarly for i+t ok and hi,j,k +1- The flow parameter will again have to

be replaced by a more multi-dimensional flow parameter. A natural extension of the one
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dimensional flow parameter would be:

o
_ 7‘?_,_%’]-,,9 = (1-w)(1- Vz)Ti+%,j,k +(1- Vy)VZTH%.j,k—l

(6.73)

(1 = Z/Z)'ri+%,j—1,k FUaTi L o1k

where 7;, Lk is the one-dimensional flow parameter r,, 1 ‘defined by (6.23) along the one
dimensional strip (4, k). Other choices are, of course, possible.

The extension of the flux (6.71), (6.72) to non-linear systems follows trivially from the
two dimensional case.- Fluxes are replaced by their vector-valued equivalents, jumps in flux
are interpreted as jumps across waves in the solution of grid-aligned Riemann problems and
Courant numbers for the calculation of weights are taken from the solutions to Riemann
problems at boundaries, or from components of velocity parallel to the boundary on states
within cells, depending on the orientation of the boundary. The timestep At for the scheme
is taken as in (6.54),(6.55) for the other extension of the three dimensional scheme.

6.4 Numerical Experiments

Numerical results from the schemes discussed in the last two section are now presented
for the two dimensional Shallow Water equations

6\ du b -
du | +| ul+i4? | + Puv =0 (6.74)
Pv guo )\ $v? 4 54

t K

where ¢ = gH is the geopotential, H is the total depth, g = 9.81 is the acceleration due
to gravity and » and v are the  and y components of velocity respectively. Riemann
solvers for the one dimensional counterpart of (6.74) can be found in [66]. Results from
the schemes presented in the last two sections will be compared with those from a code
based on an operator split version of the one dimensional war scheme. Since both of the
finite volume schemes under consideration are second order accurate in space and time,
the second order splitting of Strang [53], as discussed in Chapter 2, is used.

Two test problems are considered, both of which are radially symmetric about the
centre of the domain. They can thus be compared with numerical solutions to the one-
dimensional Shallow Water equations with a geometric source term:

U, + F(U), = S(U,r) (6.75)

where
duw
T
w

_[ ¢ _ pw - -
U_(¢w> F(U)_(¢w2+%¢2) S(U,r) = (__2) (6.76)

T
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Here w = vu? + v2 is the radial velocity, and r is the distance from the centre of the
domain. Numerical solutions to (6.75), (6.76) have been taken from a code by Mr Ed
Boden, to whom the author is indebted. The code is based on time operator splitting, in
which each timestep consists of two stages. Firstly, the hyperbolic system

U, + F(U), =0 | | (6.77)

is solved with data U™ as initial conditions for a time At to find an intermediate solution
U. This is followed by the solution of the system of ordinary differential equations

U, = S(U,7) | (6.78)

with data U as initial conditions for a time At to obtain the solution U”*1 at the next
timelevel. In the code used here, the one dimensional war method, as described in Chapter
2, with the van Leer limiter (2.80) was used for the solution of (6.77) and a simple Euler
step was used for the solution of (6.78). In all solutions of (6 75), (6.76) presented below,
2000 computational cells were used.

For both initial value problems considered here, equations (6.74) are solved within the
domain [0,2] X [0,2] divided into 101 x 101 computing cells. The vaN LEer limiter is
used in all calculations. Both problems are ’circular dam-break problems’, i.e the initial
conditions consist of two states separated by a circle. Here the circle has radius » = 0.35
and is centred on the point (1,1). Any cells cut by this circle are given a weighted average
of the two states, based on the relative areas of the part of the cell lying within the circle
and the rest of the cell.

The first problem considered is an ’explosion’ problem. For initial conditions, both
components of velocity are set to zero everywhere and ¢ is set to 1.0 inside the circle and
0.1 outside the circle. The Courant number coefficient is set at 0.8, and results are taken
at times ¢t = 0.2 and ¢t = 0.5. By time ¢t = 0.2 a circular shock wave has formed and is
’expanding’ away from the centre (1,1). Within this circular shock is a circular rarefaction
wave which ’drains’ fluid from the original deep region to ’feed’ the shock. By time ¢ = 0.5
the shocks have grown dramatically in strength and a small dip in geopotential has formed
in the central deep region. For each solution, two cross sections are shown: a section in
the plane y = 1, called z-strips here, and a section in the plane z = y, called diagonal
strips here. Strips from two dimensional solutions will always be represented by symbols
in the figures; solutions to the one dimensional equation (6.75),(6.76) are represented by
solid lines. Figures 6.6 and 6.7 show the z strips and diagonal strips obtained using the
operator split scheme. Figures 6.8 and 6.9 show the equivalent results for the scheme of
§6.2, and figures 6.10 and 6.11 show the same for the scheme of §6.3. Note that the scheme
of §6.2 fails to resolve the dip in geopotential at z = 1,y = 1 at time ¢t = 1.0 as well as the

“other schemes.

~Figures 6.12 and 6.13 show two dimensional plots of the explosion problem computed
by the operator split scheme and the scheme of §6.2 respectively. A grid of 400 x 400 cells
was used on each of these calculations and output was taken at time ¢ = 0.5.
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The second problem considered is a ’shock focusing’ problem. In the initial conditions,
both components of velocity are again set to zero everywhere, but now ¢ = 0.1 inside the
circle and ¢ = 1.0 outside the circle. The Courant number coeflicient is again taken as
0.8 and results are taken at times t = 0.4 and ¢ = 1.0. At time ¢ = 0.0, a circular shock
forms at the initial discontinuity and grows in strengh as its radius diminishes in time, so
the shock is being focused on the centre (1,1). At the same time, a circular rarefaction
wave travels outward from the initial discontinuity. By time ¢ = 0.4, the shock has almost
diminished into a singularity at the centre and is begining to interact with the tail of the
rarefaction. At time ¢ = 1.0, the initial circular shock has passed through the singularity
and a circular shock is expanding outward from the centre and interacting fully with the
rarefaction wave. z strips and diagonal strips for the operator split scheme on this problem
are shown in figures 6.14 and 6.15 respectively. The equivalent results for the scheme of
§6.2 are shown in figures 6.16 and 6.17, and figures 6.18 and 6.19 show the same results
for the schem_e of §6.3. Note the loss of monotonicity of the scheme of §6.2 along diagonal
strips. This problem can only be cured by the use of a multidimensional flow parameter,
such as (6.66), and is currently under investigation. In figure 6.18 it can be seen that the
- scheme of §6.3 has become unstable for this problem. However, results for the same test
with a Courant number coefficient of 0.5 are shown in figures 6.20 and 6.21, where the
instability is not evident. The scheme has been tested with a Courant number coefficient
of 0.8 and the limiters turned off, i.e second order accuracy everywhere and the instability
was again not evident (results not shown). Since the instability did not occur with a
Courant number coefficient of 0.8 when second order accuracy was used everywhere but
did occur when the monotonicity controls were in place, the problem must lie in the first
order part of the scheme. Further work is needed to establish why this problem arises. It
is interesting to see that none of the schemes are able to accurately resolve the velocity
profile near (1,1) at time ¢ = 1.0. ’

Figures 6.22 and 6.23 show two dimensional plots of the shock focusing problem com-
puted by the operator split scheme and the scheme of §6.2 respectively. A grid of 400 x 400
cells was used on each of these calculations and output was taken at time ¢ = 1.0.

6.5 Conclusions

In this chapter, two new finite volume schemes for the solution of two-dimensional hy-
perbolic systems of conservation laws on Cartesian grids have been presented. Both are
based on solutions to grid-aligned Riemann problems and are different extensions of the
same scheme for the linear advection equation. This scheme is a WAF-type scheme de-
rived in chapter 5. In smooth flow, the new schemes are second order accurate in space
and time, and achieve atleast partial monotonicity in regions of high gradient by the use
of one-dimensional Tvp limiter functions. Numerical experiments on the Shallow Water
equations have shown both schemes are suitable for the solution problems containing bore
waves, although the first order version of the scheme of §6.3 appears to lack robustness
when Courant number coefficients greater than one half are used. Some details of the
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application of the schemes in three space dimensions have also been given.
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Figure 6.6: Results from the explosion test: z-strips from the operator split scheme with
the vaN LEER limiter. A Courant number coefficient of 0.8 was used.
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Figure 6.7: Results from the explosion test: diagonal strips from the operator split scheme
with the van LEer limiter. A Courant number coefficient of 0.8 was used.
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Figure 6.8: Results from the explosion test: z-strips from the scheme of §6.2 with the van
Leer limiter. A Courant number coefficient of 0.8 was used.
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Figure 6.9: Results from the explosion test: diagonal strips from the scheme of §6.2 with
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(b) Froude number.

Figure 6.12: Two dimensional results from the operator split scheme for the explosion

problem. A grid of 400 x 400 cells and Courant number coefficient of 0.8 were used.
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(a) Geopotential.

(b) Froude number.

Figure 6.13: Two dimensional results from the scheme of §6.2 scheme for the explosion

problem. A grid of 400 x 400 cells and Courant number coefficient of 8 were used.
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Figure 6.16: Results from the shock focusing test: z-strips from the scheme of §6.2 with
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Figure 6.18: Results from the shock focusing test: z-strips from the scheme of §6.3 with
the van Leer limiter. A Courant number coefficient of 0.8 was used.
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Figure 6.19: Results from the shock focusing test: diagonal strips from the scheme of §6.3
with the vaN LEER limiter. A Courant number coefficient of 0.8 was used.
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Figure 6.20: Results from the shock focusing test: z-strips from the scheme of §6.3 with
the van Legr limiter. A Courant number coefficient of 0.5 was used.
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Figure 6.21: Results from the shock focusing test: diagonal strips from the scheme of §6.3
with the vaN LeEer limiter. A Courant number coefficient of 0.5 was used.
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(a) Geopotential.

(b) Froude number.

Figure 6.22: Two dimensional results from the operator split scheme for the shock focusing
problem. A grid of 400 x 400 cells and Courant number coefficient of 0.8 were used.
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(a) Geopotential.

(b) Froude number.

Figure 6.23: Two dimensional results from the scheme of §6.2 scheme for the shock focusing
problem. A grid of 400 X 400 cells and Courant number coefficient of 0.8 were used.



Chapter 7

Finite Volume Schemes for
Curvilinear Grids

7.1 Introduction

In general, numerical methods are needed to simulate flows around arbitrarily complex two
and three dimensional bodies and Cartesian grids cannot be used directly. One possibility
is to extend methods for Cartesian grids, such as those presented in Chapter 6, for use in
the so-called ’Cartesian Boundary Technique’ (see, e.g Quirk [41]), in which solid bodies
blank out areas of a background Cartesian grid and the resulting cut cells are treated
specially. Alternatively, the numerical methods could be adapted for use on unstructured
grids.

In this chapter, a third alternative will be considered. The two finite volume schemes
for Cartesian grids in two space dimensions presented in Chapter 6 will be extended for
use on structured, body-fitted grids of quadrilaterals, i.e grids that completely cover the
flow domain, do not extend beyond the flow domain, and comprise only of four-sided cells
that can be labelled via two integers as {A; ;}. Such grids are called curvilinear grids here.
Many numerical methods for the generation of these grids exist and fall into two main
categories: differential and algebraic. Differential methods consist of those based on solving
differential equations, such as those by Thompson et. al [57],[58]. Algebraic methods
consist of those that make use only of algebraic expressions involving the coordinates of
~ the grid nodes, such as the multisurface method of Eiseman [11]. A general discussion of
numerical methods for grid generation can be found in Kutler [28].

As in Chapter 6, the schemes considered here will be written in conservative form,
which on the grids studied here can be written as:

' At
-Un+l = U». - . — .
i3 - 4] V (Az’]) [ ‘H‘]f’j l"'l'%y) i"%yj l‘i"%‘yj]

(7.1)
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One of the resulting schemes will be used to study the problem of Mach reflection of
bore waves in shallow water, by reflecting bore waves from solid boundaries. Results will
be compared against those from a second order accurate operator split war code. The
extension of the three dimensional schemes for Cartesian grids presented in Chapter 6 will
not be considered here, although the extension of these schemes follows directly from the
two dimensional cases.

The remainder of this chapter is set out as follows. In §7.2 and §7.3, the schemes of
§6.2 and §6.3 will be extended to curvilinear grids; in §7.4, numerical results are presented
and in §7.5 the chapter is summarized and conclusions are drawn.

7.2 Extension of the Scheme of §6.2

In this section, the finite volume scheme presented in §6.2 for the solution of two dimen-
sional hyperbolic systems of conservation laws on Cartesian grids is extended for use on
curvilinear grids. The extension of the scheme is almost a trivial matter, given the discus-
sion in Chapter 2 of how the operator splitting technique is applied to the one-dimensional
waAF scheme. However, a detailed algorithm will now be given.

1. Set up a curvilinear grid of M; X M; cells within the flow domain and add two strips of
ghost cells along each boundary by reflecting points on the interior of the grid across
the boundary. Compute and store the area V(A;,;) of each cell, the lengths [, Lo
L +1 of the cell boundaries, the angles 6, +1.40 8; ; +1 those boundaries make with the

L R L R s

i+1.57 li+%,j’ li,j+%’ li,j+% representing

- some characteristic cell lengths perpendicular to the boundaries, as for the operator
split waF scheme described in Chapter 2. Impose the required initial conditions.

z-direction, and suitable integration lengths /

2. Choose a timestep At based on the maximum absolute characteristic speed A4z On
the data and the minimum side length:

min;,j {lH—%,J” lz’,j+%}

}‘maa:

At = Upgy (7.2)

where V4, € (0,1] is some user-defined Courant number coefficient. If this timetep
takes the solution past the requied solution time, reduce it as necessary.
3. For each i € [1, M;]

(a) Set boundary conditions at either end of strip i. For transmissive boundaries,
place in each ghost cell the value of each primitive variable in the cell within the
flow domain that shares the same strip perpendicular to the boundary, and is
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the same number of cells from that boundary. Reflective boundaries are treated
in the same way, except the sign of the component of velocity perpendicular to
the boundary is changed.

(b) For each j € [0,M;], compute components of velocity in cells A;;, A;jt+1
perpendicular and parallel to boundary (4,5 + %), using the boundary angle
6; i+ L The perpendicular velocity and other primitive variables from the two
cells define an ’augmented’ one dimensional Riemann problem. Solve this using
any suitable robust, accurate Riemann solver, such as the HLL solver. Determine
the component of velocity perpendicular to the boundary and on the boundary
from the position of the slip line, and compute a Godunov flux from the resulting
state on the boundary. Using 0, +1, compute z and y components of the
momentum flux to give a final 1ntercell flux E,

(c) Update strip 7 of cells by 2At to obtain an intermediate state U 2" by using
the conservative formula '

n+%,i — U %‘At

U;; 6 V(A;) [Ei,j+%

TS SN (7.3)

21.7_5 11.7""2"

This step is effectively a j-sweep of Godunov’s method, as would be used in an
operator split scheme, with a timestep %At.

4. For each j € [1, Mj],

(a) Set boundary conditions at each end of strip 7, as in 3(a).

(b) For each ¢ € [-1 : M; + 1], solve the one dimensional Riemann problem per-
pendicular to boundary (¢ + %, j) based on the data U“+%’i, in an analogous
manner to the solution of Riemann problems step 3(b).

(c) For each ¢ € [0, M;], compute a one dimensional war flux, as is done in the
operator split case described in Chapter 2.

(d) Transform the flux back into z — y coordinates by computing z and ¥ compo-
nents of momentum and store the resulting flux EWAF for later use.

This step is effectlvely an ¢-sweep of the war method as would be used in an operator
split scheme, without the update at the end.

5. For each j € [1, M;],

(a) Set boundary conditions at each end of strip j, as in 3(a).

(b) For each ¢ € [0, M;], compute a one dimensional Godunov intercell flux E; +1.

in an analogous fashion to step 3(b).

l' .
(c) Update strip j of cells by %At to obtain an intermediate state U?jz’y

the conservative formula

By using

. 1
nt+i 3 W n_ At
Ui =04 V(A i)

W Y A (7.4)
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This step is effectively an i-sweep of Godunov’s method, as would be used in an
operator split scheme, with timestep %At. :

6. For each ¢ € [1, M;]

(a) Set boundary conditions at each end of strip ¢, as in 3(a).

(b) For each j € [-1,M; + 1], solve the one dimensional Riemann problem per-

pendicular to boundary (¢,7 + %) based on the data Um+37 , in an analogous
manner to the solution of Riemann problems in the step 3(b).

(c) For each j € [0, M;], compute a one dimensional war flux, as is done in the
operator split case described in Chapter 2.

(d) Transform the flux back into z — y coordinates by computing z and y compo-
nents of momentum and store the resulting flux Ewﬁf for later use.

This step is effectively a j-sweep of the waF method as would be used in an operator

split scheme, without the update at the end.

7. Update the data U™ at time level n to data U™*! at the next timelevel by using the
fluxes EW+AF EW‘iﬁ'ﬂ in the two dimensional conservative form (7.1).
2 W ©J 2
8. Increment the time variable by At. If the required solution tlme has not yet been
reached, go to step 2.

9. Output data.

The main fault of the scheme described above is that it will suffer from the operator
splitting error triggered by ’irregular’ quadrilaterals discussed i in Chapter 2, i.e constant
data will not be preserved. This is because predictor states U"+2” U347 are calculated
from sweeps identical to those used in operator split calculations. The errors are thus
introduced into the predictor states, from which the intercell fluxes are calculated. These
fluxes therefore never know about the constant data. One possible way to rectify this
problem is to replace the Godunov sweeps used to calculate the predictor states with non-
conservative steps. The overall scheme would still be conservative, since the conservation
form (7.1) is still used. A non-conservative predictor step has not yet been derived. An
example of an existing finite volume scheme with a non-conservative predictor step is the
Muscr-Hancock scheme described by Quirk in [41].

7.3 Extension of the Scheme of §6.3

In this section, the scheme described in §6.3 for the solution of two dimensional hyperbolic
systems of conservation laws on Cartesian grids is extended for use on curvilinear grids. As
before, intercell fluxes are taken as an integral average at the half timestep level, over some
fixed space integration range, of the component of flux perpendicular to the boundary on
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the combined solutions to nearby grid-aligned Riemann problems. Waves from the one
dimensional, grid-aligned Riemann problems are modelled as in the Cartesian case, i.e they
have a component of velocity perpendicular to the boundary from which they originate,
taken as a wavespeed in the solution to the Riemann problem, and a component of velocity
parallel to the boundary, taken from the state immiediately behind the wave.

Consider the boundary (i + %,7). Only waves from boundaries labelled 1—7 in Fig.
7.1 will be taken into account when computing an intercell flux for this boundary (labelled
4 in Fig 7.1). It may be possible, under extreme circumstances, such as Courant number
coefficient close to unity or a grid cell that is far from rectangular, that waves from other
boundaries may reach the space integration range (defined below), but their contribution
will be small, and their omission should not significantly affect the global accuracy of the
scheme. The space integration range I chosen is also illustrated in Fig. 7.1. It is defined
as the area between the straight line joining the midpoints of boundaries 2 and 5 and the
straight line joining the midpoints of boundaries 3 and 6 intersected with the union of cells
A;; and Azyq,;. On Cartesian grids, this reduces to the integration range (5.7) defined in
§5.2. ‘ ,
~ Define angles @i% jto be those between the normal to the boundary (i+ %, 7) and the
lines joining the midpoints of this boundary and the midpoints of boundaries (i + 1 £1, j),
as shown in Fig. 7.2. Define (:vz-+%,j+%, i+%,j+.},—) to be the intersection of boundaries
(¢ + %,7) and (i, + 3), and (x:.’_l‘_lj,yz_l j) to be the midpoint of boundary (i + 3, 7).
2? 27
Simple geometric arguments show that

— 2 —_ 2
S T

tandF , . = (7.5)
1+%1J (il?p —_ (l):’:—%’j)2 + (yP — y;’:_%’J)2
where
1 ) ,
2= g |Taes Y IWhe,  Yagaey) 000l j] (7.6)
vo= 90 v i) Y agany (7.7)

N | |
- | 7.8
I = G, . (7.8)
If Tipli+l ~ gl -1 is small, then
1 ' .
Vo= e Yees TG — vig ) R y}i%,]-] (7.9)

?? = Y = Uiy ial) F By et (7.10)
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~ Figure 7.1: Tllustration of the integration range for the scheme of §7.3. The numbers
indicate the labelling of boundaries in the calculation of the intercell flux.
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CHERIER I RIeY

(‘”i+%,j+§’ yz'+-;-,j+-;-) ~
CHERRER)

(mi_%yj'l‘l ’yl-'—,]-I-;) -

Figure 7.2: Definition of angles 0;’_; L for the scheme of §7.3. Full circles denote grid
2
nodes; empty circles denote midpoints of boundaries.
x1+%1]+1‘ - mi'*';-x]'"%

ho= 2 (7.11)
Yirdi+d ~ Yitli-%

Similarly for 0 9 il . Define also angles 77 to be the angles between the normal to
) , 2

the boundary (z + 5,J) and the lines between the mldpomt of boundary (i + 3,7) and the
midpoints of boundaries (¢, + %) and angles nﬁ_ﬂij to be the angles between the normal
2 1

to the boundary (i + %, J) and the lines between the midpoint of boundary (7 + %, j) and
the midpoints of boundaries (i + 1,5 + 1). See Fig. 7.3. Tangents of these angles 7 can
be found from simple geometric arguments. Denote by a® the component of velocity of
a wave from boundary ! perpendicular to that boundary, and by b() the component of
velocity parallel to that boundary assigned to the wave in the wave model described above.
Define, as in §6.2, the weight Cz(j-)% p for the wave to be the area of the intersection of the

region the wave sweeps over at time ¢t = %At with the integration range, divided by the
area of the integration range. Careful analysis shows that:

: MAg2 |
(1) _ ¢ 1 1 K+
“4ri = EV) max{b() Hanrls 1’0} (7:12)
@A [22)
Ct(i)zd = asv(I) [ +0 — P ian gy, -1 (7.13)
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Iy
1+'2')J

Figure 7.3: Definition of angles ¢f§‘%’j, qﬁff% ; for the scheme of §7.3.
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G)A2 [2103)
(3 _ eTAT2AT @) 8 ian gt
S = 8V(I) | At LAY (7.14)
@A [419)
(9 _ LAV ET 4) (), K
Sibi T Q) | A ma"{b o tan 7 —J}
| } (7.15)
—min { b9, a0 tan <t }]
G A2 [2106)
(5) _ GTATAP ) ) iang-
“ti T v ATV taﬂ%¢+%] - (116)
©) A2 [2166) '
© _ @A 2T 6) | 6) an -
€i+%,j OB b +a tan0i+1,j+%] (7.17)
(DA2 :
m _ @ a7 Ke
(7.19)
where
L ifa® <0 _
E=Kd"=< (7.20)
R otherwise
and . v |
V() = 5(V(Aig) + V(Ais13) - (7.21)

is the area of the integration range I, equal to the mean of the areas of the cells either
side of the boundary. The intercell flux can now be defined as

_ V(Aij)Ei; + V(Ait1,5)Bit1,; 3

E. .=
i3 V(Aig) + V(Aisr)

¢t AELH (7.22)
1=1...7,k=1...N 2’

- where the summation takes place over all seven boundaries and all N waves, E always

denotes the component of flux perpendicular to the boundary (i + %, 7)s Ci(ili)j is the
21

0]

coefficient for the k** wave from the I** boundary defined as the coefficient Cz. . from

+3.
one of (7.12) — (7.18) using the components of velocity for the wave and AE(® ) is the
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jump in E across that wave. The flux E, +1.d is transformed back into z — y coordinates by
finding components of the momentum flux in that frame. The calculation of fluxes E; o+l
WUy

follows similarly. Given a complete set of such fluxes, the solution U™ can be updated to
the next timelevel using the conservative form (7.1).

To avoid the large number of flux calculations inherent in (7.22), and thus improve the
efficiency of the scheme, an alternative intercell flux can be constructed from a weighted
average of primitive variables. Denote by P the vector of primitive variables for the system
being solved. A weighted average state for boundary (7 + %, Jj) can be defined as:

V(A J)P i T+ V(A1+1,])P2+1J _ Z
5 V(Aij)+ V(A1)

¢ A b (7.23)

P; z+J

1=1...7,k=1...N

where AGFP is the jump in P across wave k from boundary l. The intercell flux E,,
can then be calculated as:

J

Ei+%,_7 = E(PH-%,J') ‘ (7.24)

Fluxes E; i+l follow similarly. For the linear advection equation on Cartesian grids, this
2 2 .
scheme is identical to the previous one, so it has the same accuracy and stability on that

equation. However, on nonlinear systems the two schemes are different, although it is
assumed here that they have the same accuracy and stability properties.

The schemes presented above, being second order accurate in space and time, will
suffer from spurious oscillations in regions of high gradient. These can be damped by the
use of one-dimensional limiter functions as follows. For [ = 1,4,7, a('®) for each wave k is
replaced in ¢ (%) by a function &%) defined from a one dimensional limiter function k)

as:
(K)

(1K) _ (k) 5

where K is defined as in (7.20) and lz(fi i is an integration length. The limiters ¢("¥)
: i,

are computed using the flow parameter for boundary (i + 1,7) and a Courant number
e k) — (k)
=a

Virlj j—)—' For 1 =2,3,5,6 take
2

z+% )
H) — d,a,k)l_A(ﬂ | (7.26)

where [(® is the length of side [, and the Courant number for the limiter is taken as

fik) = p k) AL Note that when ¢(*) = p(%) | the scheme reduces to the original second

order scheme.

The main advantage of the scheme presented in this section over the scheme of §7.2 is
that it will preserve constant data, since all wavejumps AE(#) (or AP(”“)) vanish in this
case and the intercell flux is the flux on that constant state. However, this scheme has three
main disadvantages relative to the scheme of the last section. Firstly, for each intercell
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flux, N limiters must be computed for each of 7 boundaries, i.e 7N in total, as opposed to
just N for the other scheme. It should be possible to cure this problem by rethinking the
way the scheme is limited. The second problem is that the scheme presented here requires
LY, ) + + I+ R+ L+
significantly more memory: tangents for the angles 01. 1.4 Gm. +17 Ny 10 Tl U 1 and
nﬁil must be stored. A third disadvantage of the scheme is that there is a significant
T2

amount of logic involved in deciding which waves need to be used in the calculation of a
given flux and which do not. This adds to the computation time. Numerical experiments
using the primitive variable version of the scheme described above have indicated that it
can be approximately twice as expensive, in terms of cpu time, as the scheme of §7.2.

7.4 Numerical Experiments

It is well known in the field of Gas Dynamics that when a shock wave is reflected obliquely
from a solid boundary, two main types of reflection can occur: regular reflection and Mach
reflection. In regular reflection, just two waves exist — the incident shock and a reflected
shock. These meet at some point on the boundary. In Mach reflection, the incident and
reflected shocks meet at a point within the flowfield called the Triple point, and a third
shock, called the Mach stem, joins this point to the boundary. There are various types of
Mach reflection. Some of these have been discussed in §3.6. See the book by Ben-Dor [3]
for a discussion of Mach Reflection applied to the FEuler equations.

It seems to be less well known that Mach reflection of bore waves can occur in shallow
water — the only recent papers in which the phenomena is discussed appears to be Krehl
et. al. [27] and Takayama et. al. [56). In this section, the scheme of §7.2 will be used to
illustrate the phenomena. Since experimental data was not available to the author at the
time of writing, the results will be compared against some from a code based on the one
dimensional wAFr scheme extended to two dimensions via space operator splitting. The
Strang splitting (see Chapter 2) was used, since it is of the same theoretical accuracy as
the finite volume scheme being tested.

A bore wave travelling in the z direction in two space dimensions is completely deter-
mined by the state (¢r, ug,vgr) ahead of the bore and the Froude number
52
Fg=— (7.27)
PR

of the bore, where 5 is the speed of the bore. Conditions that determine the state
(¢1,ur,vr) behind the bore can be found from the one dimensional Shallow Water equa-
tions, and can be summarized as follows. Define

r= % (—1 +y/1+8(v/Fr - \/F—'s)) (7.28)

where Fr = u%z/qSR is the Froude number of the pre-bore state. The post-bore state is
then determined as:

¢ = T-9r (7.29)
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| 1, o |
ur, S +;—(uR -5) (7.30)

vV, = VR (7.31)

where S = +/@rFs from (7.27). A bore with a Froude number of 8.0 traveling into a
pre-bore state ,

(éR,ur,vr) = (1.0,0.0,0.0) (7.32)
is considered here. It will be reflected from a boundaries at 25, 40 and 55 degrees to the
direction of propagation of the incident bore. The initial setup and type of grid used are
shown in Fig. 7.4. In all calculations, the Courant number coefficient was set at 0.8. The
Selective Curve Fitting (scr) [59] and Two Rarefaction (Tr) Riemann solver were used
adaptively [64] everywhere except in the predictor stages of the scheme of §7.2, where the
HLL solver [21], [66] was used. Plots of geopotential ¢ and Froude number (u2 + v2)/¢ are
shown for each reflection. All runs were performed on a DEC 3000 AXP Model 400-400F
workstation.

Results from the operator splitting scheme and the scheme of §7.2 with a ramp angle
of 25 degrees are shown in figures (7.5) and (7.6) respectively. The grid used in both
computations had 600 x 300 grid cells. The operator split scheme took a cpu time of 8
hours, 16 minutes, 24.6 seconds; the finite volume scheme took a cpu time of 6 hours, 1
minute, 31.4 seconds. Both schemes indicate that this reflection is a Single Mach Reflec-
tion. Note the appearance of a small ’glitch’ at the base of the Mach stem in the operator
split result. This has not appeared in the finite volume result and its cause in unknown.
It has been reported (Bill Speares, private communication) that similar effects have been
observed when studying Mach reflection in the Euler equations of Gas Dynamics using an
operator split code on curvilinear grids, and therefore may be a feature of such schemes.

The results for the two schemes when the ramp angle is 40 degrees are shown in figures
7.7 and 7.8. The grid used for these calculations had 400 x 400 cells. The operator split
scheme took a cpu time of 5 hours, 21 minutes, 20.5 seconds; the finite volume scheme
took a cpu time of 4 hours, 5 minutes, 28.0 seconds. The schemes indicate that this
reflection is a Complex Mach Reflection, since a kink appears in the reflected bore. Note
that the glitch in the operator split result is more pronounced than in the last case and -
the difference between this solution and the finite volume solution is now significant. The
glitch in the operator split result is large enough to have deformed the Mach stem near
the wall.

Results from the two schemes when the ramp angle is 55 degrees are shown in figures
7.9 and 7.10. The grid used for these calculations had 400 x 600 cells. The operator
split scheme took a cpu time of 10 hours, 33 minutes, 2.5 seconds; the finite volume
scheme took a cpu time of 7 hours, 16 minutes, 25.3 seconds. Again, both schemes seem
to suggest a complex Mach reflection, although this reflection is probably close to the
boundary between Mach and regular reflection, because the Mach stem is very short in
the finite volume case. The Mach stem in the operator split case has been completely
obliterated by the glitch.
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Figure 7.4: The flow domain, initial conditions and type of grid used for the bore reflection

problems.
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The question of why ’glitches’ have appeared in the operator split results but not in
the finite volume results needs to be solved. The only way to determine which scheme is
at fault may be to seek experimental results or numerical solutions from radically different
schemes. '

The cpu times given above suggest that the finite volume scheme is approximately
20% cheaper than space operator split waoF with Strang splitting.

7.5 Summary

Two new finite volume schemes for the solution of hyperbolic systems of conservation laws
on curvilinear grids in two space dimensions have been presented. They are extensions of
schemes for Cartesian grids presented in Chapter 6. Only one of the schemes presented in
this chapter has been tested numerically and has been used to demonstrate the phenomena
of Mach reflection of bore waves in shallow water. Numerical results were compared with
those from a second order operator split version of the one dimensional waF scheme.
The results were significantly different in some situations and further work is needed to
establish why this is the case. '
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(a) Geopotential.

(b) Froude number.

Figure 7.5: Plots of geopotential and Froude number for the reflection of a bore with
Froude number Fs = 8.0 over a 25 degree ramp. Results obtained from the operator split
scheme with the van LEER limiter on a 600 x 300 grid. A Courant number cocflicient of
0.8 was used.
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(a) Geopotential.

(b) Froude number.

Figure 7.6: Plots of geopotential and Froude number for the reflection of a bore with
Froude number Fg = 8.0 over a 25 degree ramp. Results obtained from the scheme of §7.2
with the vaN LEER limiter on a 600 x 300 grid. A Courant number coefficient of 0.8 was
used.



(a) Geopotenﬁal.

(b) Froude number.

Figure 7.7: Plots of geopotential and Froude number for the reflection of a bore with
Froude number Fs = 8.0 over a 40 degree ramp. Results obtained from the operator split
scheme with the van LEER limiter on a 400 X 400 grid. A Courant number coefficient of
0.8 was used.
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(a) Geopotential.

(b) Froude number.

Figure 7.8: Plots of geopotential and I'roude number for the reflection of a Bore with
Froude number Fis = 8.0 over a 40 degree ramp. Results obtained from the scheme of §7.2

with the vaAN LEER limiter on a 400 x 400 grid. A Courant number coeflicient of 0.8 was
used.
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(a) Geopotential. (b) Froude number.

Figure 7.9: Plots of geopotential and Froude number for the reflection of a bore with
Froude number Fs = 8.0 over a 55 degree ramp. Results obtained from the operator split
scheme with the vaN LEER limiter on a 400 X 600 grid. A Courant number coefficient of
0.8 was used.
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(a) Geopotential. (b) Froude number.

Figure 7.10: Plots of geopotential and Froude number for the reflection of a bore with
Froude number Fs = 8.0 over a 55 degree ramp. Results obtained from the scheme of §7.2
with the van LEER limiter on a 400 X 600 grid. A Courant number coefficient of 0.8 was
used.
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Chapter 8
Summary and Future Work |

In this thesis, various numerical methods for the solution of hyperbolic conservation laws
in one, two and three space dimensions have been developed. The main aim has been to
show the potential of the war approach of Toro [62], [67] to generate accurate, upwind-
biased schemes with good stability properties. The thesis is now summarized, and the
scope for future work is reviewed.

Chapters 1 and 2 introduced the aims of the thesis and background material, and need
not be discussed further here. In chapter 3, a TvD ’large timestep’ scheme was developed
via the waF approach that is stable for timesteps up to twice the size of those allowed
by the stability restrictions on the classical war scheme. It is essentially a Riemann-
problem based extension of the Warming-Beam and Lax-Wendroff schemes to non-linear
systems. The method was extended to two space dimensions by the use of space operator
splitting and numerical experiments on the Euler equations of Gas Dynamics have shown
the resulting scheme to be a robust, accurate method. The only fault of the scheme appears
to be that when applied to non-linear systems, it suffers from small amplitude oscillations
behind shock waves, even when forced to first order accuracy everywhere. This is probably
due to the assumption of linear interaction of waves, which is obviously inaccurate near
shock waves. More work is needed to eliminate this problem from the method, possibly by
solving extra Riemann problems to model wave interactions more accurately, although this
would impair the cost-effectiveness of the method. Other future work based on Chapter 3
could be to extend the method to allow even higher timesteps, though the negative effect
of the assumption of linear interaction of waves would then be enhanced.

In Chapter 4, an alternative extension of the Warming-Beam scheme to non-linear
systems by the use of local Riemann problems was developed. This scheme was not derived
via the waFr approach. Numerical experiments with this scheme proved disappointing,
since they suggested that this extension of the Warming-Beam scheme is not robust enough
for the calculation of strong shock waves. The problem appears to be that the leading
phase error of the scheme for Courant numbers less than unity forces any errors in the
solution to move ahead of the shock and into the relatively low pressure region, causing
unphysical negative densities and pressures. Further investigation is needed to increase
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the robustness of this scheme. A one-parameter class of Tvb methods that are second
order accurate in smooth flow was created by averaging this scheme with the original
waF scheme. The class includes an extension of Fromm’s method [13] and a third-order
accurate method. None of the resulting new schemes have been tested numerically yet.

In Chapter 5, the waF approach was extended to construct finite volume methods
- for the solution of the linear advection equation in two and three space dimensions on
Cartesian grids. In two dimensions, two of the methods found proved to be second order
accurate in space and time, and have good stability properties. The potential for further
work based on the ideas presented in this Chapter are immense. Firstly, the stability con-
ditions on the second order schemes derived in the Chapter need to be proven analytically.
Different integration ranges and integration schemes can be tried to explore whether more
stable schemes can be derived. The ideas of Chapter 3 could be imported to develop large
timestep finite volume schemes in two and three space dimensions, most notably finite
volume extensions of the Warming-Beam scheme. Extensions to unstructured grids are
also possible: all that is needed is a suitable integration range. One possibility may be
to simply join the ends of each intercell boundary to the centres of the cells it separates.
This is a particularly interesting choice, since it applies to grids of any shaped cells, even
grids of mixed shapes. Another direction future work could take is the generation of finite
volume versions of the Random Flux scheme [60], by randomly sampling the integration
range to find the intercell flux. Alternatively, one could develop MuscL-type schemes by
reconstructing data prior to integrating to find the intercell flux. This approach has the
potential of producing schemes of higher than second order accuracy.

In Chapter 6, one of the second order accurate schemes found in Chapter 5 was ex-
tended to non-linear systems. Two extensions were considered. One involved simply
rewriting the calculation of intercell flux as a two-step procedure. The resulting extension
proved to be a robust and accurate scheme, that is competitive with space operator split
wAF on the Shallow Water equations. However, numerical experiments revealed that the
mechanism employed to control spurious oscillations does not always work. More work is
needed to rectify this fault. Further numerical experiments are also needed to establish
whether the scheme does, in fact, offer any improvements in accuracy. The second exten-
sion was developed more in the spirit of the original waF scheme by integrating over the
solutions to grid aligned Riemann problems. However, it proved to lack the robustness
of the first extension when computing the interactions of strong shocks. More work is
needed to establish why this is the case. Both extensions need to be tested on a wider
variety of problems, in particular on the solution of various standard problems for the
Euler equations. The convergence of these schemes needs to be assessed, and the three
dimensional versions need to be implemented and fully tested. Future work could involve
studying the effect of replacing the war flux with a muscr flux in the scheme of §6.2, or
even using the flux from the Random Flux scheme [60]. The extension of the other second
order accurate scheme found in Chapter 5 to non-linear systems of equations could also
prove an interesting area of research. There is also potential for treating source terms via
some kind of integral average approach.

In Chapter 7, the two schemes discussed in Chapter 6 were extended for use on general
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structured grids of quadrilaterals. The methods were tested on the problem of Mach
reflection in shallow water. No experimental results were available for comparison, so
the numerical results were compared against results from an operator split waFr code.
Some significant differences between the results were found, so both codes need to be fully
validated and the differences between the results need to be carefully assessed. Future
work must include the development of non-conservative predictor steps for the scheme of
§7.2, to prevent the scheme suffering from the operator splitting error, i.e to ensure it
preserves constant data. Following that, rigorous testing of both schemes presented in
Chapter 7 on the Euler equations is needed, to establish the true accuracy and relative
cost of the two schemes.
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Appendix A

On the Accurac‘yﬂ of
Multldlmensmnal Advection
Schemes

In [44] Roe provided, in a simple form, conditions which determine the accuracy of a
numerical scheme for the solution of the one-dimensional linear advection equation

ur +auy =0 (A.1)

where a is a constant wavespeed, by considering a general scheme for (A.1) in the form
ult = Z Aguly, (A.2)
o

where u? = u(iAz,nAt), {A4} is a finite set of constant, non-zero coefficients, Az is the
constant mesh spacing and At is the timestep. Define the Courant number as v = a ﬁ;

Roe proved the following two theorems

Theorem 11 If u is a polynomial of degree p in i, scheme (A.2) will give the ezxact
solution to (A.1) zf and only if
; > aldg = (—y)q , (A.3)
o .

for all integers q such that 0 < q < p.

Theorem 12 If any scheme meets the conditions of Theorem 11, the leading term in its

poinlwise error is:
grt1

alAz?
(—p)PHt - Z; oPtiA, 5ariY (A.4)

v(p+1)!

These two theorems enabled the following definition:
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Definition 1 Any scheme of the form (A.2) for the one dimensional linear advection
equation (A.1) that satisfies the conditions in Theorem 11 is called p** order accurate.

The aim here is to note equivalent conditions for pt* order accuracy of multidimensional
" advection schemes. In two space dimensions the linear advection equation can be written
as :
Ut + atg + buy =0 (A.5)

where a and b are constant wavespeeds. Schemes for (A.5) on regular, Cartesian grids in
the form

upft =3 Aaptlia s (A.6)

, , ap

will be considered, where ul; = u(iAz, jAy,nAt), Az and Ay define the mesh spacing
in the z and y directions and {A, g} form a finite set of constant, non-zero coefficients.
Define the directional Courant numbers v, = a% and vy = b-AA—;. In two dimensions,
Theorem 11 becomes

Theorem 13 Ifu}; is a polynomial of degree p in i and j then scheme (A.6) is the ezact
solution of (A.5) if and only if .

Y06 Aap = (—v2) (=1 (A7)
oy

for all integer pairs (q,r) such that ¢ >0, r >0 and ¢+ < p.

Proof Choose a basis for the set of two-dimensional polynomials as:

ey}, ' (A.8)

for integers ¢, r. It is only necessary to consider the performance of the scheme on the

general basis element, i.e set . ; :
uls = (@A) (FAY) (A.9)

Without loss of generality, only the origin (0, 0) is considered. Performing one timestep of
(A.6) at (0,0) gives:

ugt' =Y Aap(ala)(BAy) (A.10)
o8 '
The exact solution is:
uft! = u(—aAt, —bAL,nAt) = (—aAt)!(—bAL) (A.11)

Therefore the scheme gives the exact solution if and only if:

> Aa p(aAz)(BAY) = (—aAt)!(—bAL) (A.12)
o,
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ie

ZaqﬁrAaﬁ = (~va) (=) (A.13)

for all (g,7) such that ¢ > 0,7 > 0 and ¢ + r < p. This is the requlred result, and the
theorem is proved. :

Theorem 14 If the scheme (A.6) meets the condztzons in Theorem 13, then the leading
terms in the pointwise error have the form:

1 Az Ay”"‘l q

At ¢! (p+ 1-q) Dq - ulgz)((p+1-0)v) (A.14)
where :
D, = ( z/x)q(—u )p+1 q Zaqﬂpﬁ qu,p+1 — (A.15)
a.f

for some integer q such that 0 < ¢ < p+1, and

0

Ueo)rv) = Fgagg (A.16)

Proof The pointwise error is defined as the difference between the exact solution and
the numerical solution divided by the timestep. Without loss of generality, consider the
origin (0,0). The pointwise error here is:

1 ' |
P(0,0) = & [4(0,0,(n + 1)AY) — uF?] (A7)
= & |u-aAt, —~bAL, nAt) %A cBUn ,ﬁJ (A.18)
Expanding both terms in brackets as Taylor series gives:
(—aAt)q( bAt)’”
P(0,0) = [qz o (qw)(ry)
(A.19)
(aAw)q (BAY)"
-ZAa, (; T U ()
where the derivatives u’("‘q 2)(ry) 3T€ taken at the origin. Rearranging gives
1 (—aAt)? (—bAL)"

POO=F 2 \1” ZEZ(_O‘)q( BY Aap | tgary) | (A-20)
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If the conditions in Theorem 13 hold, then the terms in (A.20) with ¢+ r < p vanish, and
the first terms in the pointwise error have the form

1 (—aAt)t (—bALY (

At ¢! (r)!

VID yaﬁ

_4ld =3 (~a)i(-p) A ,ﬁ) Uge)(ro) (A.21)

where ¢+ 7 = p+1. This can be written as (A 14),(A.15) by using the identity r = pt+ 1-¢
and rearranging. Hence the theorem is proved.

Theorems 13 and 14 enable the following definition:

Definition 2 Any scheme of the form (A.6) for the two dimensional linear advection
equation (A.5) that satisfies the conditions in Theorem 13 is called p** order accurate.

Corollary 5 Any scheme of the form (A.6) for the two dimensional linear advection
equation (A.5) must satisfy

N=>"i | (A.22)

conditions for pth order accuracy, and therefore must have a stencil of at least N points.

Proof Follows easily from Theorem 13.

In three space dimensions the linear advection equation can be written as
U + aug + buy‘ +ecu, =0 (A.23)

where a, b and c are constant wavespeeds. Schemes for (A.5) of the form

un;rllc = Z Ao By Ui o, +B,k+y , (A.24)
a,Byy

will be considered, where u?; ; = u(iAz, jAy,kAz,nAt), Az, Ay and Az define the mesh
spacing in the z, y and z directions respectively, and {4, gy} form a finite set of constant,
non-zero coefficients. Define directional Courant numbers as v, = a7 ﬁw, vy = b and

v, = cAt A . In this case Theorem 11 becomes

Theorem 15 Ifu?,;, is a polynomial of degree p in t, j and k then scheme (A.24) is the
ezact solution of (A 23) if and only if

Z Q1" Aa gy = (=) (—1) (—1,)° ‘ (A.25)
a,Byy

for all integer triples (q,7,8) such that ¢ >0, 7>0,s>0and g+7r+ s < p.
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Theorem 16 If the scheme (A.24) meets the conditions in Theorem 15, then the leading
terms in the pointwise error have the form:

1 Az? Ay"  AzPtl-e—r

N . Lo
A g 1 pFIog-n Do teen(en) (4.26)
where
Dy, = (“Va:)q(_”y)r(“’/z)pﬂ—q—r - Z aqﬂr'ypﬂ_q—rAq,rmﬂ—q—r (A.27)
a8y

Jor some integer pair (g,v) such that ¢g>0,7>0,0<qg+r<p+1and

)

Ulgz)(ry)(sz) = Wu" (A.28)

The proof of Theorems 15 and 16 follows easily from the two dimensional case. They lead
to the definition '

Definition 8 Any scheme of the form (A.24) for the three dimensional linear advection
equation (A.23) that satisfies the conditions in Theorem 15 is called p** order accurate.

Corollary 6 Any scheme of the form (A.24) for the two dimensional linear advection
equation (A.23) must satisfy ’

N = 2 (f; z) (A.29)

i=1

conditions for pt* order accuracy, and therefore must have a stencil of at least N points.

Proof Follows easily from Theorem 15.
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