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SUMMARY

The steady incompressible laminar boundary layer equations for a
perfect gas with arbitrary distributions of wall temperature, main
stream velocity and normal velocity at the wall are solved approximately
by a method similar to that of Lighthill (1950). Equations for the skin
friction and the rate ot heat transfer are obtained.

In order to assess the accuracy of these equations, solutions are
presented and compared with exact solutions for wedge type flow with
a wall temperature distribution such that the difference between the wall
and the stream temperatures is proportional to a power of the distance
from the leading edge. A Prandtl number of 0 7 is used. A solution
for the skin friction with a constant normal velocity at the wall and
constant main stream velocity is also presented.

The method is probably accurate enough for engineering purposes
in regions of negawve pressure gradient.

A solution for compressible flow using a similar method is outlined.

* The incompressible solution was submitted in partial fulfilment of the
requirements for the Diploma of the College of Aeronautics.
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LIST OF S5YMBGLS

a ., a,, A Constants (see equations 8.8, 8.18, and 4,18
respectively)
b, , B, B Constants (see equations 8.8, 4.18, and 7.37
respectively)
: m
e Constant defined by u, = cx
Cp Specific heat at constant pressure
D Constant (see equations 7.40 and 7.41)
E Constant defined by equation 7. 31
fw Dimensionless measure of the flow through
the wall (see equation 7.6)
f‘; Dimensionless skin friciion (see equation 7.7)
X
3 = = .%. ! ! 2
T, (x) = f T X vw(x’) dx’ + u? (x)
o
E (x) .2 TW(X)
up
!
F; (X) W O'Vw\x) QW(X)
T (x) 2k
w 1
1 7 <
"N RS S 2
e k <2 P T (x) ) Q‘w(x)
w
G Constant defined by equation 7.3
G(x¢) = Z{x, &) + fx S{x/, & )dx/
"
I4-) Modified Bessel function of first kind
k Thermal conductivity
K, K, Constants defined by equations 7.4 and 8.17 respectively
K, (=) Modified Bessel function of second kind
L Length of plate

1

: d
m Euler number - x EE— puf ; u =cx



List of Symbols (Continued)

M Constant defined by equation 7.27

Nn-1 n-2 Defined by equation 5.2

nu Local Nusselt number

Nu Overall Nusselt number

P Pressure; Heaviside operator

P Function of ¢ in equation 4,12

q = %p% ég, where p is Heaviside operator

Q Function of ¢ in equation 4.12

Qw(x) Rate of heat transfer to the wall

R, R, Constants (see equations 8.7 and 8.18 respectively)

Re Reynolds number

S(x, @) = (g—%) <g—$>

X v

t Independent variable (see equations 3.8 and 4.6a);
t, dummy variable of integration

T Temperature (A temperature scale with the free
stream zero)

-'f‘1 ' _T-z Defined by equation 4.13

u Velocity in x-direction; u, is free stream velocity

v Velocity in y-direction

W [ - } Wronskian

X Co-ordinate from stagnation point along the plate;
x, , and ¥ , dummy variables of integration

y Co-ordinate normal to the plate

Z u ~af

z Dummy variable in licu of x



List of Symbols {Continued)

« Defined by equation 7. 32
2 B
g Exponent from Tw(x) = Kx
y Exponent from v_(x) = Gx”
r{-) Gamma function
. dT
e Iixponent from Tw(x) =Bx ; e= T e
2 W
¥ X
. W
E a, v
P Density
1 Dynamic viscosity
v Kinematic viscosity
C 1
og Prandtl number, T
v Stream function
® Modified stream function, v - ‘yw
TW(X) Wall shear stress
Subscripts
W Refers to conditions at the wall
th . .
n Refers to the n iteration

(~) The 'bar' denotes a Laplace transform (see equ. 3.10a)



1. Introduction

In order to predict the skin friction or the heat transfer at the
surface of a body moving through the atmosphere, it is essential to know
the behaviour of the boundary layer over the body. It may be necessary
to heat a surface to prevent icing or alternatively to cool the surface to
prevent it reaching high temperatures. The high temperatures at high
Mach numbers are due to the heat transferred from the boundary layer
which is heated by viscous stresses. An effective method of cooling
heated bodies is to inject a gas through a permeable wall into the
boundary layer, thus modifying the velocity and temperature profiles and
thereby reducing the heat transfer to the surface. Suction through a
permeable wall may be used to control the boundary layer by increasing
the skin friction and delaying separation.

Many solutions to the boundary layer equations have been reported
for flow over a flat plate which has a ro»mal velocity at the surface.
Fage and Falkner (R=f. 1) solved the problem for conditions of constant
fluid properties, variable wall temperature and a linear velocity increase
normal to the wall. Emmons and Leigh (Ref. 2) used the Blasius
transformation and obtained numerical solutions to the laminar boundary
layer equations for the conditions of constant wall temperature and a
normal velocity at the wall which is proportional to the inverse half
power of the distance from the leading edge. These assumptions lead to
'similai! velocity and temperature profiles. Brown and others (Refs. 3,
4 and 5) used a modified Blasius transformation and obtained solutions for
a wedge-type flow (flow for which the main stream velocity is proportional
to a power of the distance from the stagnation point) with variable fluid
properties and constant wall temperature. Donoughe and Livingood
(Ref. 6) used a similar method for wedge-type flow with constant fluid
properties but a variable wall temperature. In the numerical solutions
for the wedge-type flow, the normal velocity at the wall is limited to

one of the form:
m-1

a constant x(tne distance from the stagnation point)™ 2

where m is the Euler number.

Iglisch {Ref. 7) obtains exact numerical solutions when there is
constant suction along the wall. Approximate resulis for constant suction
are presented by Curle (Ref. 8) who extends a method used by Stratford
(Ref. 22) in which the pressure forces in the boundary layer are equated
to the viscous forces.



A little experimental work has been performed for the low speed
cases by Duwes and Wheeler (Ref. 9), Libby and others (Ref. 10) and
by Mickley and others (Ref. 11).

Solutions of the compressible laminar boundary layer including the
effects of transpiration cooling have been presented by Low (Ref. 12)
who uses a method similar to that of Chapman and Rubesin (Ref. 13).
Yuan (Ref. 14) has assumed that a polynomial of the fourth degree may
be used to represent the velocity profile and solves the problem by a
Kdrmén-Pohlhausen method. Lew and Fanucci (Refs. 15 and 16) have
used a modified Karmin momentum method and also an exact method
to solve the equatious.

In the solutions which have been obtained so far, the normal velocity
at the wall has been severely limited by the transformations used. In
this paper an extension of Lighthill's method (Ref. 17) has been used to
obtain an approximate solution to the incompressible laminar boundary
layer with arbitrary distributions of wali temperature, of main siream
velocity and of normal velocity at the wall. Two integral equations are
obtained for the skin friction and the heat transfer rate to the wall. In
order to estimate the accuracy of these integral equations, solutions
are obtained for the particular case of wedge-iype flow. The solutions
are then compared with the exact results of Donoughe and Livingood
(Ref.6). A further solution for the skin friction is obtained for the case
of uniform suction at the wall and is then compared with the exact results
of Iglisch (Ref. 7). The accuracy of the integral equations is of the
same order as that of Lighthill's equations which were for an impermeable
wall,

The uses of an incompressible solution are extremely limited but
the methed has been extended to the compressible case by using a paper
by Lilley (Ref. 18). The results are presented in Appendix B. The
stability of the laminar boundary layer under conditions of flow injection
is not considered.



2. The Boundary Layer Equations with Flow through the Porous wall

Referring to Fig. 1, the subscript , denotes conditions outside the
boundary layer and the subscript y denotes conditions at the wall.
For a perfect gas the equationg of continuity, momentum and energy
for a steady laminar incompressible boundary layer flow in two
dimensions are

ox T iy - 0
el it oo g G (0 L ER
ox Oy P 2 p ox
y
ang aT 8T u duV . u T
Usx YV 3y T aC 8] T " gl
p ” Y

The Von Mises' transformation which changes the independent
variables (x, y) to (x,v), where vy is the siream function, is given by

(2.1)

(2.2)

(2.3)

.a_lﬁ.. = - g—-‘i’ =

3% p v and iy 2u (2.4)
These relations satisfy the continuity equation, 2.1. On applying
the transformation to the momentum and energy equations then

9Z 0%Z

& = Hpu o= (2.5)
and

aT Up du dZ 1 3T

R = - T . __. pi——: + ey - el Sy » -

ax 2p v v o * 3y (“pu a-,rf) (2.6)

where Z = uf(x) - u(x v). (2.7)
A modified stream function == L8 AW (2.8)
is now introduced. (ay 3
v is defined by = wpy =, (2.9)
w w x

\a X/’yz 0



Hence, using the independent variables (x, ®), equations 2.5 and 2.6
may be written

f BN
(?f) ( ) (SIJ A el (a‘i}z) (2.10)
and
/3T /ax 1 aT> |
) \ax (Bx, T \“D“ 5% (2.11)

In equation 2.11 the frictional heating term has been assumed negligible
and has been omitted. Lighthill (Ref. 17) obtained approximate
solutions to these equations when the velocity at the wall, v+ Was zero.

Lighthill's method was extended by Bernard Le Fur (Ref. 19) to include
the frictional heating term.

3. The Solution of the Momentum Equaton (2. 10)

In order to solve equation 2.10, a method very similar to that of
Lilley (Ref. 18) will now be used.

Let
(82;\ (33 Fer i
5 X
Now 5(x, @) = = f S(x, &)dx’, so that equation 2.10 may be written:
Jo
a . az rx
' o i H
ey (Z + f‘ S(x', ¢)ax’ ) upu 52 (Z +./ S(x', 0)dx’). (3.2)
J
o o
x X
At & =0then | S(x',@)dx’ = f Slx’, 0)dx’ and
.}0 .IO
X
at % = then | S(x', #)dx’ =0 since S(x, =) = 0.
ir O
a2 [~
Also e f S(x',e)dx’ =0 at 2 & w.
ad
0

Hence, near ¢ = 0, equation 3.2 may be written approximately as



£~. Glx, 8) = upu aa? . Glx, 8) ) (3.3)
where G(x, 3) = Z(x, &) + f S(x’, 0)dx’

o X
For larger values of ¢ it has a similar form with G(x,%) = z + f S(x’, &)dx’

such that G(x, «} = 0. @

Following Page and Falkner (Ref. 1), an expression for the velocity u,
T _(x). ¥y
w

namely u = m

, Which is most closely accurate near the wall, will
now be substituted into the equations.

From equation 2.4:

.y X Tw(x)
v = p[ udy ="- Lyt v (x)

2 U
o
and thus 2 Tw(x) \3
u = e & as & =» 0, (3.4)

On substituting 3.4 into equation 3.3, then

i 1

aG _ _ )2 5> 982G

ax l <2 f.i,. TW(X)‘I a,I?Z s (30 5)
From equations 3.4 and 2.7

27 (x)
/ N :
%%) = - ;: as ¢ - 0. : (3.8}
X

Using this equation together with 2.9 and 3.1 then
X x 27 (xX)
[ stx’, oax’ - [ -—r— v hax
J J U W
o 0
T'he boundary conditions for G(x, &), for which 3.3 is to be solved,
are therefore



o} = G(X,@) = 0,

x =+ 0 G{x,2) »~0,

. 2 rw(x ) o 2 ?w(x)
& E 4 ) = S . A—— o =
0 G{x,?) u, (x) + f( T § vw(x )dx = g

o]

E(x) + Ex). o . (3.7)

The functions F, (x) and F, (x) are defined by equation 3.7.

/)[ <?,up T (z) ) dz (3.8)

then equation 3.5 may be written

EJG

(t §) = 82, —(t,%) . (3.9)

The boundary conditions at ¢ = 0 are

2G

G = E(t) and =

= B . (3.10)

Using the Laplace transform notation F(p,?) = [ e_ptF(t, o )dt {3.10a)

0

and the condition G = 0 whent = 0, equation 3.9 may be written

: 2G

o2
o

pG = & (3.11)
Equation (66) of Lighthill's paper (Ref. 17) is analogous to equation
3.11 and both satisfy similar boundary conditions.
The solution of equation 3.11 is thus
1

_ 2 1y
G = (3)°p® #. 1)1

- - 1.2 L s
‘*)1 +Gp’) ¢ .
1

4 3
I —
2 (3P

[

4
'(3‘9

x
=

Il“illim

#)E (3.12)

where I , and I, are modified Bessel functions. Now G*0 as ¥ * «
=T 8
therefore, from the properties of Bessel functions, the coefficients

of I ; and I, must be equal and opposite. lience

e e 5 2 7 2 )
n = & 2 3 3 3
C L R ¢

Wit

- B (3.13)



or, taking the inverse transform
t F(t)

= wld -5 _1_ .
B = -7 o5 / dt

Using equation 3.8 and substituting for F, (t) and F,(t) from equation
3.7 the following equation is obtained after simplifying:

1 X X 1 3
= 2-3§ fr L . o
g ilg] = s J o T, (2 dz T x) ax o+
T3 (ue) o X,
/x
2] v )T )ax, . (3.14)
(6]

Solutions to this integral equation are obtained in Section 7.1.

4. The Solution of the Energy Equation 2.11

A method similar to that used by Lighthill (Fef. 17) will be used
to find the heat transfer to the wall in terms of an arbitrary wall
temperature and skin friction distribution and a non-zero velocity,
at the wall.

In finding the approximate solution to the momentum equation in
the previous section, conditions which were accurate at the wall were
substituted for overall conditions. This procedure will again be adopted.
The approximation for u, equation 3.4, will again be used.

The rate of heat transfer to the wall is given by

Q, (x) = (k ary (4.1)

aY/W
0%
( X ay/x

Now

=
o

(4.2)

!

From the approximation for u,

r/a__y_ - U i
\J(}) - (-—-——-—P ) : (4.3)
X w /

@
R
N~

rafe

b

W



Hence, from the above three equations together with 2.9

; . 1
aT) ad \] = QW(X) ( ” \.z ;;2- pv_(x)
0) \ox /) ~ f b '
x \ox/, k \pz %)/ w

On substituting this into the energy equation 2.11 then

Daje

k g2 Tw ; W Kax)¢
1 ’1_ a .,é_' Drl-u
‘ = (4 T Fe 5 (59 . (4.4)
Let F()“~m (4.5)
o r 2k *
W
then equation 4.4 simplifies to:
1 L 1
53 9T\ __ o 8 (% 0T
PR s Gy T ow Y 14:6)
@ (QupT_)
i Y
; ~ 1 oeni) 5 K
Now if t = / 5 (2 up TW) dx, (4.6a)
o}
(this is different from the t used in Section 3) equation 4.6 may be
written
1 \ 1
2 - aT\ o -—a-. :T;"'- C_}_':.[.‘
The boundary conditions are:
(a) T=0 at t=0 andat ¢ = ,
\b) T = Tw(t) at =0 and, (4.8)

aT . E - T o=
(c) <k IREECNEELE

Using the transforin notation of equation 3. 10a equation 4.7 becomes
a ((‘—13- EJ :T\\J i) _% e

pT - 55 =)= 'R (4.9)

The homogeneous form of this equation is equivalent to equation (21)

in Lighthill's paper (Ref. 17) and the solution is

3

o 1

T = ad%1, (ip ﬁ) +b &1, Q,—4—p 5% ) (4.10)
3 3

L
2

(S

-+ \ 3 y.

where a and b are determired from the boundary conditions.



The complete solution of the equation 4.9 will now be found by the

method of variation of parameters.

L s
4 3 ;3

Let q = %—p

e

A solution of 4.9 is assumed to be

T = P(3)T, + A2) T,
i 4
where T = 2% 1 ,(q)
3
— Y
and T,= %*1I,(q).

1_
3
The equations to determine P and @, are thus

g
T2 " E(p)

ab _ |
= ;fiai" Tgﬁi
and = aal] =
dQ _ ’1‘1& F, (p)
d @ :]—:-‘J-']—:‘“-—!'-l:
1 2 2 1

where the prime indicates a differential with respect to & .

From 4.13

o - 1 {
T T T & @ [Il(q) I' (@) -1 _4(q). I'(q) j
3 3 3 3

]

Now the Wronskian, W(I; (til) I 1( 2)) = 2? Sin
- — 1
Hence T: T, - T T &® L-zf?l- 15

The equations 4.14 may now be written:

(1 I' Z?T __J.-.
P ] (3 Sin"’TI3> i =l

and p® ﬁ 249t 1
R % qo
% / <3 SmH/3> Li® S

o

3
i
Sin 3

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

The solution to equation 4.9 is obtained by substituting 4.16 and 4.17

into equation 4.12, thus:



e 25 2 '?I'%; \ rf:’ =
T(pa) = ¢* I_%(q) W3/ J;' I%(q) o %= qF o

1 <2-.fr f} \ & -Oé 7 1 3 (4.18)
©UI0a) \gamrs/ [ 4@ PR AR +AsTL ) +BE L

o

They are not functions of @

where A and B are to be found from the boundary conditions 4. 8.

AS T +o« thenT = 0, therefore the coefficients of I, and I ,
3 T3
must be equal and opposite. Hence:
e
2w F; p * /ﬂ “ \
383 (I%(q) I} dar i B =0,
or 2 o i e (4.19)
-3 Ep ? ] Kylgddgq+A+B=0.
o 3
K;(q) is a modified Bessel function of the second kind.
3
From Ref. 20,
(.f K, (fc) o2l dc = z“'z B T(ha+dv)T(2a-1v)
providingo(oc +v) >0 and 5 > O,
Thus equation 4.19 may be written
o
-3r3r@E)p* F +A+B = 0. (4.20)
from equation 4.18, as ¢ = 0 then
1 =
Tpz) + &) -p—if (4.21)
2 r(3)
Thus by using the boundary condition 4. 8(b)
3 oz 116 =
A= @ 1@ T (. (4.22)

Now from equation 4.3 and the boundary condition 4. 8(c),

’/."\ ‘\'. . o L 1
(@) - () (20 n0
Yy C}ﬂ:'/

)
W
\ "/

rd

Qw(t) at & = 0.



= T =

F  will be defined by the equation
. Ly o 1 u
E, (1) = (GQ = (2 - Tw> Q_(t). (4.23)

On differentiating equation 4.18 with respect to ¢ and considering
the limit as & » 0 then
2
= z 6
B . ond
ad 2" rds)

B3

HH
B

Therefore from 4. 23

L)

L =B 1 2y =
B =0»p r(s. 3) Flp) . (4.24)

After substituting equation 4.24 and 4.22 into 4.20 :

3 1 3 By &
E-@ @ §-G HEo T . (4.25)

—

By the Convolution Theorem the inverse transform of p§ ’fw

is given by
EE'I‘W(t1 )

,t< , ks
1 1 ] a t1 + 6‘t1) Tw(ti)/ t1

3 m =
P TW(P)'-— I‘T%‘-)

I « 26
o o L .20

where & is the Delta function (an impulse function). For shortness equation
4,26 will be written in Stieltjes form. Using equation 4.6a then

“1/6 .x . e
y = s . A 2 up W ! 3 5 5
p Tw(p)--- 7Z) (02 > ,f[ ( ’ TW(ZJ ; dz) d[TW(x )].
B B ey (4.27)
Similarly
/6 ST RN
5 F(p) == - 1 (2”’3)1 = f( T (z)'fdz>
p “s L T 7 5 S W 21«:),/ W
o x
v (x')Q (x') dx’
= L (4.28)

LSS

TW(X’ )
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Using 4.27 and 4. 28, the inverse transform of equation 4. 25 is

2 \% (?) % X
T i _{e_»r I
@00 = [Qu0 ], o0 (———_3 ) EBg. [

o
2 / ! ;
X g -5 v_(x) @ (x')ax
( f 7 (e’ dz) g (4.29)
! TW &
X
where [Q () ] _ is the heat transfer to the wall when the
W 5 =0

velocity, vw(x), at the wall is zero. It is the expression which was

obtained by Lighthill (1950) and is given by
1

: P80 3 TW(X)2 fx<-/x L )'%
[QW(X)J — = =k k";r) -f'-;?)—- j ’ TW(Z) dz d TW(XJ) i
i w (0] X

..... (4.30)
After changing the order of integration the total heat transfer
rate over an area of surface between x = 0 and L is given by :
[L oL 1 L
/ . 9 02p*¥ r(3)
] Q@ (x)dx = 2 (x) _Ldx - ) +
.Io W JO [ W JVW‘-O U J P(a) o
L 5 v (x')Q_(x')dx’
r P e,
i 8 (z)2 dz St (4.31)
T
<_{ : * i MESE

X

Equation 4. 29 with equation 4.30 is a Volterra type integral equation and
can be sclved by a standard iterative procedure (Ref. 24). However it
was found more ccnvenient in the present case to use a slightly modified
procedure and this is explained below.

5. A General Equation for the Heat Transfer Rate Qw(x)

Let (QW)n be the expression for Qw after the nth iteration.

The equation for (Qw)n is obtained directly from equation 4.29.

3 x g
W V/O <.C Tw2 dz)

i
£ 3

- (pc (5)
(Qw)n (Qw)n-l (Bu ) X:)

w,o—l wlm

(5.1)



w T

where Nn—l,n-z

Q) _, ~(@) .-

(5.2)

On integrating equation 5.1 from 0 to L and changing the order of

integration then

L [L i L £ ,
_ F %9\ 1(2) f (/L 1
f (Qw)n B = (Qw)n-l gx -( U > ITS-) " Twz

o o S o %
Vw
T
N dx .
T“{ n-1,n-2
W

This equation will be used in Sections 7.4 and 7.5.

6. The Nusselt Number

An overall Nusselt number, Nu, may be defined by
QW dx

kT
m

Nu = =

where Tm is a mean wall temperature.

A Local Nusselt number, nu, is defined by
Q x
W

KTy

nu = -

(where x is the distance from the leading edge).

Equation 5.1 may therefore be written:

i 2
. PV nd) *Tw "( L) e
i, = '(3;1/ (D) kwa [ T oR r %
&
X

o

kT
{ _X,‘f ((nu)n_l - (nu)n_z )] dx’

This equation will be used in Section 7.6.

=

(6.1)

(6.2)

(6.3)



=i

7. Solution of the Integral Equaticns when the Wall Shear Stress

rw(x) = Const. x ¥ and the Free Stream Velocity u (x) = cx
7.1. The momentum equation
The initial assumptions are that
u(x) = cx {7.1)
2 B
and Tw{x) = K x " (m, £, c and K are constants).

Cn substituti».g equations 7.1 into equation 3.14 and intefrrating:

.l 2 1{2
2 2m 2.3.° }18/3 2 \3 3 \f+ 2/l
C I mvame o m s e—— ;‘--;m:{-/ X -;74_5.}-.;2 :
(%) tm‘) 11\“_'*;'_—2“ +
Gunf g
+ - /‘ v K x, dx . (7.2)
U | w 1

It is obvious from this equation that the expression for v (x) is
restricted to one of the form

v (x) = GX (7.3)
w

where y is determined from 7.2.

Hence vy = m2—1 and £ = ifp_é;__{

providing A +vy # -1,

The assumptions 7.1 therefore imply that

u(x) = cx ™ A

; L2 3m =1
TW\X) K x 3 . (7.4)
v (x) me2~1 mi 0.
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These conditions, excluding the condition m # 0, are the same as those
used by Brown and Donoughe (Ref. 4), Emmons and Leigh (Ref. 2) and
Donoughe and Livingood (Ref. 6). (They are the conditions for similarity
between the velocity and temperature profiles when o= 1).

Equations 7.2 can now be written

9m+1
2 T ______)
ot o 2.3 KSIS 4 )3 r() \8m+3/ _ K G (7.5)
(u')g 3dm + 3’ I'(l)I' 11m+3 U m * .
A 3m+3
The function, ©_(a dlmensmnless measure of the coolant flow through

the porous wall) ané the function, f (the dimensionless skin friction),

are now introduced.

paf=

_ 2 X
fW = = Wi i V‘W(X) (m,';) (7.6)
and p 5 3
f = 7 (x) ("‘""—'—\ . (7.7)
W L v (%) )

Eence equation 7.5 is

(m + ].) u 27l3 l( )T <9m+1 " 4!3
1+——é}-n~—-fw.f Ll 2 . 3+3 (") (7.8)
. 3m+3
When m = 0.5 then equation 7.8 is
1+1.5¢2 . ¢ =1.284 (23 (7.9)
wow w
When m = 1.0 then equation 7.8 is
1+£f £ =0.843 (f ]S (7.10)
w W

f\; in equation 7.9 and 7.10 has been evaluated for certain values
of fw. The results are presented in Table 1, and are compared with the

exact results presented by Donoughe and Livingood (Ref. 6). The errors
are very large ranging from 8% to 24%. The reason for the large error
is that it contains the combined errors of both terms on the right hand
side of equation 3. 14.



-16 -

: : " . '
However an improved solution for fw can be obtained if we assume

that equation 7,8 is only used to determine the difference between
(f ) _.andf where (f ) is that calculated by Lighthill, or
wv_=0 w w vwzo

u.7.8 "(fw)Lighﬂﬁll {7-11)

a(f.’:‘ ) - (fh‘)
w w eq
Whea this difference is obtained the absolute value of f; can be found by
ESE Tae SEE01 valang Jog (fw)vw=0 as calculated by Hartree (Ref. 21),
or

fW i (fw )Hartree i &fw (7.12)

1.2, A partial inversion of the momentum equation 3,14

Equation 3.14 may be written (see Appendix A)

o’ [ 1 F(f 3 Y ,
Tw(x) = - = -’ dz) vwrwdx +

X Hod A
r(%). 3"’L

([ e J afien]]. aas

If expressions for T W and Vo are substituted into 7.13 then

the equation obtained will be the same as that obtained from 7.5. The
reason for writing equation 3.13 in the above form is to investigate
the effect of introducing the approximation

i 4 i

1 1
[ T (z)7dz * (x -x)7 2 (x)), (7.14)
w W
4
which Lighthill {1950) suggested.

This approximation will only be used in evaluating the term ccntaining
v (x).
w

The expressions for rw(x), u1(x) and vw(x) of equations 7.4 are

substituted into the integrals of equation 7.13. Thus:



P e

X x \__ 2 Idm-1
1 ( : 3 (ﬁLn;_l_)) 7
2/ j T dz) (u( c IR X .
o x o 11m+3
i (§)P oty
3(m+1
9m+1 (7.15)
3m+3

and on using the approximation 7.14 for the term which contains vw(x)

then

. 3m-1
i XL, E 3 % g8y =
-—--/ </72dz) V. 7 dx/s-——=x
u W w W u
1.0 Jx} .
9m+1"
r(3)r(— /)
(7,16)
r <i@.~1>
P
If equationsg7.15 and 7.16 are substituted inio 7. 13 then:
Y 1 i
Lt T +\
\4/3 (m+1)1*(%)1‘(9“;3”1 2 331“(%)13@1(‘—93??))
= Vi 3
<W> 339 rp(amtl f fyy ()™ 9Py of
aaiiahi 4 ( 2 ) 3(m-1)
..... (7.17)
When m = 0 then this equation reduces to
4/3
<f”> = 0,211+ 2,151 . # . (7.18)
w W wW
When m = 0.5 then
o ,3
(f = 0.779+1.20f f£” (7.19)
W w W
When m = 1.0 then
H4/3 I
(f} - 1,19+ 1,248 . £ . (7.20)
W“, w w

The value of f:v is modified as in Section 7.1., equation 7.12,

The results are presented in Figs. 2 and 3.
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7.3. The first iteration of the energy equation

The total heat transfer rate over an area betweenx = 0 and x = L,
is given by equation 4. 31 in terms of Q“r. An iterative procedure will

be used and the first approximation for Q will be Lighthill's expression
(equation 4. 30). ¥

The condition of constant wall temperature, T _(or constant
difference between the free stream tempszrature and the wall temperature)
will be considered.

Expressions fou rw(x), u,(x) and vw(x) from equations 7.4

and Qw(x) from 4,30 are substituted into equation 4.31 and, after

integrating :
m+1 m+1
L 3k T 3 F = —=
_ w /[3op 4 K 2 op 2
f @) = -zt (32 ) <——3(m+1)> L% +2Tk ( 2 e 2.
= o . s a (7.21)

On introducing the overall Nusselt number, Nu, defined by equation
G:1 ;
3413 p

1 2
J1i} = -3 r 3 3 ) 13 -
(Nu'First iteration 2.T7(%) it [*w-[ [_f‘iml‘l)_' wa . (7.22)

On substituting numerical values it is found that this equation over-
estimates the correction required. More iterations will be necessary.

7.4. The second iteraticon of the energy equation

j %) i i i 9
I\n—l,n-—zk) is defined by equation 5.2, such that

Ny ot = Q) - (C‘w)vwm

Therefore from eguation 7.21

R 2T k oG 5‘-;-“-1
,," NI,O"X’J dx, T X (7.23)
o m-1
s G B
N, o) = fex . T, ke (7.24)
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Proceeding as before:

;- F 513 513 , , |43
o o} 2z
T . kG ()3 2X
z L i (7.25)
3 K®
and
& n é 3 _%
(Nu)Second iteration 0.807. o° [fw]_ (5(m+1))
z
+ 4.d 1,02 o/ 3(m+1)3 i
% o T (7.26)
n=3
[fw]
7.5. Iterations using the general equation 5.5
From the previous Sections 7.3 and 7.4, it is seen that
X
[ N dx’  has the form
J n-1,n-2
o
X m+1
[ N (x)dx = Mx 2 {7.27)

J n-1,n-2
o
where M is independent of x.

Equation 5.3 may now be written

L L
@) ae - [ @) a
./ Qw n 7 Qw goi] WL 2
0 0
4 B 4 : 2 3(m+1) 3(‘[11*5‘1)\ 1 m-3
2(!320'2)3 T, GM (4 e L<L ey JBX"T .
3 r(d) K° 3m+l)/ ‘ ‘
0
Un integrating and rearranging then e
1 b 2 1 2 2 X
<Nu Re 2) = <Nu Re 2> - f B2k . P(l“);_, o° (m+1)3f . I:f"':l 8
H n-1 k Re? 93 33 w' | w
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From equation 7.27 and 5. 2

m;—l p'L
k

o]

( (Nu)n_2 - (Nu)n_1> dx (7.29)

1
Providing the value of (Nu Re ?) when v_(x) = 0 is known, all other

terms in the series may be obtained from 7.28.

From equation 7.28 and 7. 29

1

3 1 Ef .
(Nu Re ) = (Nu Re ?) B [1+ l ( )( ) }
VW(X)—O (fﬂ)a (f”) (f” )3
w
- g ... (7.30)
i 3
where E = (""Li‘ il ¢ (781}
g% 3°
3 -5 !
or Nu Re = (Nu Re )v (x)zo[ —7 :},
W 1_____31
(£ )°
providing —1 < B f_w e
(£ )3
W

1
Lighthill's expression for (Nu Re ?

)vw(x)=0, from equation 4,30 is

2 1 1 1
A 3 53 2z 3 "3
(Nu Re 2)V (x)=0 = 3° 2 (I'I'l + 1) ag [fwl
W T'(3)

2
3

After substitu.ing this equation into 7. 30 it is found that the first
three terms are the same as those of equation 7. 26

7.6. The local Nusselt number, nu

By comparison with equation 7.27, a relation between the local
Nusselt numbers after consecutive iterations is found to be

nu - nu e
n-1 =2 2

= ax
X

where « is independent of x. (7.32)
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Therefore equation 6.3 simplifies to

m+1
wd o ! f 2 2 g £
(nu ke ?) = (nu Re ?) +K—°‘i-r—)r(%) P (m+1)° ey
n n-1 3 "3
Re (f )
w
..... {7.33)
1
Lighthill's expression for (nu Re z)v (2)=0’ from equation 4. 30
is w
1 2-% 3% U% 1 1
—E - Vi -3_ § ¥
(nu Re )vw(x)=0 = (fw) (m + 1)° ., (7.34)

From equations 7.34 and 7.33, the series for the local Nusselt number

is
g 1k BEf E fW 2 .
nu Re ? = (nu Re ?) (x)=0[1+ Ww;_+< l) ..... j
VW (fi’f )3 (fﬂ)3
W w
1 1 - (£2)®
o Ee 2 = 2
r nu Re (nu Re )vw(x)zo (f”)% _Ef ) £7.35)
E f W W
idi 1 ..
providing ”m; .<
(fw)

E is defined by equation 7. 31.

In the equations for th? overall and the local Nusselt numbers, the
skin friction parameter, f\:v’ must be evaluated at the appropriate fw.

-1 1
Because (nu Re z}v B is proportional to (f\";f)3 (from equation 7. 34)
W

the correction whirh is used to convert the first term of equation 7. 35
to one having the correct skin friction parameter is

" 1
(fw) At particular i‘W )3

o
VXV(X)-O (f Jf)

w atf =0
w

-1
2

(nu Re

s ihat equation 7.35 may be written:

2
3

M

"
-3 _ ( nu Re \ (fw)
nu Re = B X — T . (7.36)
€ v x)=0 &) -Ef /
W w w w
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Values for nu Re 2 are presented in Table 3. During the calculation
the exact values obtained by Donoughe and Livingood (Ref. 6) were used

and for £” .
w

i}
~g
for (nu Re )vw(x)=0

7.7. Wall temperature variation Tw = Bx

€
Let the variation in Tw be Bx ; B1 and € are constants. (7.37)

When this equation together with the equations 7.4 are substituted
into equation 4. 30 and the resulting equation is integrated and non-
dimensionalised taen

/
( 4¢
-3 s 2 € I‘(%) I‘\——->
(nu Re ?) PRI UL i 3{m+1) ;
vw(x)—O w 3% I‘(l)r./_4€__ .
PN $mel)  ®

..... (7.38)

By comparison with equaticn 7.32, the relation between the local
Nusselt numbers after consecutive iterations is

m-=1 +2¢
nu - nu__ = e
T ( et n2>= o X . B, (7.39)
W x
If this is substituted into the general equation 6.3 then
m+1
1 1 P B D. f
(uke™) = (ure) o+ (E ) ( f’) (7.40)
Re? {£%)¢
"?
where
2 £ 4 ¢ }
D = o®(m+1)° (%) T Q_—_—. + %
(m+1) /
T =T (7.41)
3% 93 p (2 +&j
3(m+1)  *
Hence 1
o 3 } i
(nu Re ?) = -1113-5-1?—— k——w--—— : (7:42)
nF Df
. 1 -""w
w v_(x)=0 S5
w 3
f
w
providing Df
-_ < 1,




-89 o

When e = 0 this equation is identiczal with 7.35. The numerical
values for nu Re? for various values of fw and m are presented together

with those of the previous section in Table 3 and also in Figs. 4, 5,
and 6.

8. Approximate Solution to the Integral Equations when the Free
Stream is Uniform and the Velocity, T is a constant

The partially inverted momentum equation which is derived in
Appendix A is

2 \ -2
(ou)?® (/x ) =
Tw(x) = " _{ T (z)2 dz) vw(x1) TW(XJ dx +
r(g)3 P
3 2 T
1 [K(/X Tw(z) dz) d [u1 (x,) J J. (8.1)
When m = 0 in the equatlons 7 4 and when Ve = 0, then u =a constant
and v (x) = K x 2 (8.2)
w

where from equation 7.5
€ o1/8, &
u® 37" (up)
7/8 3/8

B.: (8.3)

(r(%)

Equation 8. 2 will be used as a first approximation to Tw(x).

On substituting 8. 2 into the right hand side of 8.1 and integrating
then the second approximation for rw(x) becomes

2
. Lo [ Vw 4/3 3 -%.3\5 ‘%}
(7Y 2 Approx.  _ .. .3 L~ u ( =P+ 2 K 3P x
I'(s).3
----- (8.4)
Now the dimensionless form of the flow through the wall is defined
by equation 7.6 as 1
2 L Re?
ty =~ ., (8.5)
wiiere Re = ux
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Thus equation 8.4 may be written

N
(]

(r, (%) =(1 - RxOK x (8. 6)

2nd Approx.

shafis

1
3 241(3) r¥(

where Ex* = -

Wi

g ~—
wine

)

fw . R is not a function of x. (8.17)
4 :

If it were now possible to substitute equation 8.6 into the right hand
side of equastion 8.1 and integrate, then a third approximation for
TW(x) would be found. If this procedure were continued then an

equation for Tw(x) ol the form
a % 1.,
7 x) = {1 - a,(hx } ~BARE) cinns ), 1 (8.8)

could be obtained.

In this paper only the first two terms will be considered. This
1

implies that Rx? is small, i.e. the velocity through the wall is very small.
The equation for Tw(x) thus obtained will then be compared with those of

Iglisch (Ref. 7) and Curle (Ref. 8).

In order to find the value of a, in equation 8 .8, this expression for
7 _(x) will be substituted into the terrns on the right hand side of equation 8. 1
Three different approximate methods will be used.

First Met hod

) 1
/ ?‘w(z)zdz will be put equal to

X

1 1
2

qut-T(x) x (x%—x%) (8.9)
3 w ! '

1

which is correct only when vw = 0.
Lk

On substituting :.rw(x) = (1 -a, R.xz) (8.10)

into the integrals of equation 8.1 :

2
E 1 1
f (f v, o, = v (h K4 [r( ) T(3) - (})a, Rx? :‘3’
1

=
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=%

(2)

cz<fx

2
1 =3
5 e
and 7 W rw(z)zdz> %

K x 2(1+3aRx?...) (8.12)

Hence on substituting 8.11 and 8.12 into 8.1

-y

2

1
- 2
7 (x) = Kx

(1+(a-1Rx2..) . (8.13)

Therefore from 8.8 and 8.13 a, = § and so

=

2 i 1
Tw{x) = Kx “(1-38Bx%..). : (8.14)

Second Method

If the approximation which Lighthill (1950) suggested is used, i.e.

fx Tw(z)% dz = (x -x)7_(x )2, (8.15)
then *1 from equat;‘non 8.1 the value of 1 W(x) when vw(x) = 0 is
modified to TW(X)_3_= K, 31-2 (8.16)
where K = '“114 (uo)* ; (8.17)

23/8(p(2))*/

Equation 8,10 is modified to

ik 1
7 (x) = K x 2(1 -a, (Rx?)...), (8.18)
W 1 2 1
1 1 4 7]:'
where Rx* = TR nhe w=L.8TE . (8.19)
w

274" 33.'
Cn substituting 8.18 into 8.1 then the equation obtained is

T
w

i

2 -3 1 %
K x (1+3-(a2—1)R1x .

1

ik
Kj'xz(l-%ﬂ x2...). (8. 20)

Hence r
W



Third Method
In the first and second methods the respective approximations
8.9 and 8.15 were used for both terms on the right hand side of 8.1.

The second term can however be evaluated without using an
approximation.

The expression which is obtained in place of 8.12 is thus :

c? 4 1 3
2(3) K °x (1+5a1.H.x...)
and the final equetion for Tw(x) is given by

2 _% 5 %
TW‘X) = KX :I*ERX -oo)- (8.21)

In order to compare equations 8.14 8.20 and 8. 21 with previous
work, the function & is introduced such that

v_;. X
E. = w, v (8.22)
1 1
Now from equation 8.7 Rx* = 3&°
i 1
Similariy from 8.19 Rx® = 2.61E"%.
Theref ore equation 8.14 is
r (%) 1
W o 2
T — =1+ 5,25E ~ (3.23)
x ol<3
equation 8.20 is
TW(X) 1
ey =14 1,08 £F, (8.24)
RKx |5l<. 38
and equation 8. 21 is
TW(X) 1
v 1+ 2.58%, (8. 25)
Ifx = [;|<%

These equations are presented in Fig. 7 and compared with the
results of Curle (Ref. 8) and Iglisch (Ref. 7).
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9. Discussion

Two approximate integral equations have been obtained for the skin
friction and for the heat transfer rate to the wall. The approximation
used in the momentum equation consisted of replacing the velocity u
with its asymptotic form as y = 0, and in the energy equation the

velocity u and g—i—; were replaced with their asymptotic forms as y » 0.

The argument is that the most important part of the velocity and temperature
profiles are those parts near the wall, since the precise way in which they
approach the main stream values will not greatly influence the wall
conditions. The errors introduced by this method must be obtained by
comparing the final equations with exact numerical solutions for special
cases,

T W(X) y

Lighthill (Ref. 17) only used the approximation u = 7

and this is correct in the limit for a very large velocity boundary layer
thickness and a very small temperature boundary layer thickness.

In this paper the heat transfer equation with fluid injection at the wall
is not asymptotic for large o because the further approximation,

T Qw(x). y

k

had to be introduced.

In the momentum equation orly the appioximation for u was used.
If this had been substituted immediately into equation 2.10 then the
resulting equation would not have satisfied the boundary condition at
infinity, Because of this, a method very similar to that of Lilley
(Ref. 18) was used. A function S(x, @) is introduced which by definition
does satisfy the boundary conditions at ¢ = « and até = 0. In this
way the difficulty is overcome. The approximation for u has to be used
in a term which is equivalent to that in Lighthill's paper and also in a
term which includes the velocity of biowing or suction at the wall. It is
therefore reasonable to expect that there will be a greater error in the
final equation for tke skin friction with a velocity, vw(x), at the wall.

The resulting equation (3.14) was compared with the exact solutions of
Donoughe and Livingood (Ref. 6) for the particular case of wedge type
flow. A singularity exists when the Euler number, m, is zero. This

is probably due to the physically impossible condition of a constant free
stream velocity being unaffected by an infinite velocity, v_, which exists
at the leading edge. The numerical values for the skin friction parameter
i"::, are presented in Table 1 and they show large errors. However in a

practical application of the integral equation, the conditions when Y o is
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zero will probably be known. If this is so then the modified equation
7.11 may be used. The results are given in Table 2 and the errors are
now less than 11%. In Section 7.2, f";, is evaluated by an approximate

method in which there is no singularity at m = 0. The values for f;r

using this method, together with those of the previous method are
presented in ¥igs. 2 and 3. For conditions of negative pressure gradient
the results are reasonably good.

The equation for the local Nusselt number is obtained from the heat
transfer integral equation for the particular case of wedge-type flow.
The results in Table 3 and the curves of Figs. 4, 5 and 6 are calculated
using the modifie«. equation 7.42, The results are pcor when m is zero
but this probabiy reflects the singularity which existed in the skin friction
equation. The local Nusselt number is reasonably accurate over the
region for which the equation 7.42 is valid.

In the curves of Fig. 7 the equations predicted in this paper are
only valid for & <<3, therefore the curves are extended past this limit
empirically.,

An analysis similar to that of Section 8 for a flat plate with an
impermeable portion from the leading edge to a point x,, but with a

constant velocity Vi thereafter has been considered. All the terms
1

of order (Rx2)" and higher have been neglected and the final equation is:

TW(X)

o
"
—

s Pox<x,

Kx

]

i
- HRx?) ; x> 3

This type of solution may be sufficiently accurate for engineering purposes
but a much more difficult analysis could probably include terms of higher
order.

The frictional heating term was neglected in the solution of the
energy equation but the method of Bernard Le Fur (Ref. 19) in which
the frictional heating term is included, could be used for the case of
fiuid injection.

If improved velocity and temperature distributions near the wall were
used, then the accuracy of the method would be improved. A suitable
improved velocity distribution is given by Spalding (Ref. 23).
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Solutions to the compressible boundary layer are outlined in
Appendix B. The simplified skin friction equation for a uniform
free stream compares reasonably well with those of Low (Ref. 12)
and Lew and Fanucci (Ref. 16).

The calculations are for a Prandtl number of 0. 7.

10. Conclusions

The compressible steady laminar boundary layer equations have been
solved approximately for arbitrary, pressure gradient, wall temperature
distribution and normal velocity through the permeable wall, 2

The method is probably sufficiently accurate for practical purposes
for negative pressure gradients providing the heat transfer rate and the

skin friction are known when the velocity, L is zero.
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APPENDIX A

A Partial Transformation of the Momentum Equation

Equation 3.13 is

fw - _(,z_)‘% "% T (%) ‘I'i; (A 1)
5 3 P F—('_;s‘)' 2 =
Rearranging:
pore 2 'é' 1‘('213‘) 3‘ -
F2 = -(%) -I-;-(_g-_-) . p P; (A.2)
The inverse transform of this equation, using the Convolution Theorem,
is therefcre
t il
2 t (-t -
bG8 45t 43 | (——4)— Ld(z(t )
Hp R LA o3 i
%_
"‘Z:“‘_‘_T- T %(t)v (t,) at
M3/2 o7 w  w k. _J'
Hence
27 (x) 1 X X 1 2
W _ 2\3 1 ! 3 -'3‘( 2 2
o = (3) T f <f (2 up Tw(z)) dz) Ld(u‘(x*)) = Tw(x1)vw(x1)dx1].
‘o 'x '

1

On rearranging this equation then
2

3 X X 1 -
7 ) = %% [%f ([ 7, (z)dz)

wite

2 1 WX X 1 2
ate) -7 [ ([ 7 (22
JO vxi
)

0] X1

]
<
®
-..i
é‘-‘b
M
a
W
[

(A.3)

-----

The term involving u®(x) is a 'Stieltjes integral' and it has a value when
the free stream velocity, u, , is a constant. The equation is first used

in Section 7.2 as equation 7.13.
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APPENDIX B

The Compressible Laminar Boundary Layer

with Suction or Injection

The method used in this report has now been extended to the
compressible boundary layer by using the paper by Lilley (Ref. 18).
The integral equations for the skin friction and the heat transfer, which
are equivalent to equations 3.14 and 4.29, are:

b_{z) . z 7. hx) ﬁa";}-’-l-)
E\UOH h, : ] " g g fo ¢, x1) mEY "y B R,
Firo ] 1 ik
. x -rW(:g)SI2 .3\/\/2 X e (2)® 7 (2)°dz \°
e 1 e m(x,) (_/ oy dx,
I‘(i)(uo po) cw(xi)
0 =y
..... (B.1)
and 5
o : P
Q (x) = _._S.J'..LI . B ’W(X)'TW(X) Pw  m(x) <f . (Z) dz )
W r($)3° 3 3
2 (o, “0)3 cw(x)2 X, m(z)
i 1 i,
v X) Qx ) e (x )2 dx, _@1%; (o, u)® 7 (x)* o (x) mx)pu
2 = = 1
oy Tw(x) m(x) r(3) 45 (x)ﬁ' ] 7
1
1 1 ~3
f‘({" e (2)? 1_(2)? dz>3
/ m(z) g (hw (x,) - hw(x‘l) )
o x o
y e (B.3)
m(x) = <1+ =L M(x)> = (B.4)
u, T
M is the Mach number, cw(x) is< = T0> and h is the stagnation enthalpy.
o w
h

LS is the wall enthalpy at zero heat transfer.
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Convenient dimensioniess forms of these equations are obtained by
introducing f_ and f;v which are defined:

1 1
2 z
X u x
f = =-2p_ VvV e and f =T ———
w W W u o u w W o\p _ u_u
a a a a a a

(B.5)

The suffix 'a' denotes an arbitrary constant reference condition.

Equations B.1 and B. 2 become, (wheny = 1.4)

M (o) [" i (2)  dM((z) [" ) f k) i 07
& + i = - 2
M; 5 h, Maa > %, <1W(x1)>
- 9/2 g 5f2 w=1 ’ 11/4
5 + M1(x1) . 37 o f tw(x‘_) ( i 2 ( 5 + M1(x ) >
(5 Y ) ; rs) Vo Y 5+ M
a 1
1 lﬁ' 3
(f fff (z)'ﬁ’ i 2 5+ M? 7/4 -5
W a
() (R e
X z% 5 5 + Mf(z)
s (B.6)
1-w
Q (X) S —— L i -—“‘}"'- 1
w l X 33 . ( E; )) f”(x)z m (X)
(h_(+0) -h_ (+0) A "a’a"a T (Ho® \lw'* W B
w WO ) " _'.'_EJ. ‘%
f( (_}3- fx i‘w.‘.z)2 ( J'.a \ 2 ma(z) dz ) d(hw(x1) - hwo(x1))
g* z* IW(Z)/ (h.(+0) - h_ (+0))
o X, -1 w w
“s w-lo
5y 1 (i) 5 & L= s S AT
A () A gt [ ([ (D)
a 8] X1 a

" 1 w

f (z)? \ - Q (x) NOf (x)

- e} dz) ['\[p-_u;u : (hw(+c;)-h (m»J Rt
o 1.y 28 3 w W f;(xi)zx‘:‘

=1 i (x) g
(w ] > dx (B.7)




5+ M: \7/4 ua
where m _(x) = < ) : iis the enthalpy (h = i + 5 )

2
5+ M,(x) *
(]
It is assumed that 4 ~T where w is a constant.
Equations B.6 and B.7 may be solved by methods similar to those
used in this report for the incompressible flow together with the

modifications used in Lilley's paper.

Flat plate with zero pressure gradient and constant wall enthalpy

Considering the velocity vw(x) to vary as z and using the
¥x
approximate method of Section 7.2 then the equation B.6 reduces to

71 -1 £ 2(w-1)
0.211 + 2,15 f f (—‘—-) . He \—.1-> (B.8)
w w \i w i
w W
The energy equation reduces to
. 3 1
k., Re = (k Rez) e ( = 1-w >
h h vw(x)—O E fw <1w )__43_ (B.9)
1 =i seniie
£ "3 11
2 W
(1
where E = -—(11)-—59—:: and
g% 3%
- Q%)
k, is the Stanton heat transfer coefficient given by k, = ————pm——
h h s u(h -h )
a‘a’w o w,

The compressible equations reduced to the incompressible form when
the wall enthalpy is constant and the free stream is uniform

Q) , (fW)c and (fv‘;)c will be defined by the following equations:-

e w=1 w=1
: Siz-'l ey i <2
= LN = w # p, .4
Qw (QW)C < i, / 4 fW (fw)c ( i1> i fw (fw)c i >

g & 5 5 s (B.10)
hen (-?) and M, are ccnstant then equations B.6 and B. 7 reduce to:
1



=37

3/2
n X "
I R NS I S (£ (x,))
1 = “J X s —I‘-(-:;- s T
0o 1 3 o 1(14
1 1
, X " ] -3
( [ (fw(z))c d 3 dx (B.11)
} === ‘
X, z*
and
1 " % '%
(QW)C !hﬁi o - 3§ ) (f” )% X% (fx (fW)C dz )
(hw(+o)- hwo(+o)) NERS piljer W ; Z-,;’
P oz , 3 fx i v L =3
+ = x? g (£ ] g i
or (_1_)33 we | wc dz w'c
° o X, rz} L‘hw(+°)'hw (+o))
- (£ ) .
|efes | wlle. (B.12)
N 91 “1u1 J (f”)i}{% xi
we

These are equivalent to the incompressible equations when m = 0.
Therefore the solutions may be written directly from the main text
of this report.

(a) When the velocity vW(x) is proportional to —1— then
X
H 4/3 N i
(fW)C = 0.211 + 2.15 (fw)c (fw)c (B.13)
and g 1 1 \
g . 2
k, Re? = (i Re®) . o ( BE ) (B.14)
W 1 - W e
()3
w'e

(These are the same as equations B. 8 and B.9).

Equation B. 13 compares favourably with the solution of the compressible
boundary layer by Low (Gfef. 12). In Fig. 3 the curve of Donoughe and
Livingood for ra = 0 is identical with Low's curve and the other curve
for m = 0 is identical with that of equation B. 13, except that fw and f;:v

are now replaced by (fw)C and (f:v)c.
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(b) When the velocity Vi is constant then, from Section 8,
equation 8. 24 l1-w
; 2
W
1+0.982(f ;, = 1+0.982°f . <—> (B.15)
w'e w i

W v (x)=0 1
w

or equation 8. 25

H

1+1,25 (fw)c (B. 16)

Lew and Fanucci (Ref. 16) present a curve for the skin friction
with uniform suctiovn for the compressible boundary layer.

o f‘zﬁg T1 VWEC = )
. : - . = - — L
< i u) is plotted against c ( T > where & ( o > =
w W w 1

q

T
and C = H'L—l- : —,;,— . These terms may be compared with those in this
‘ o TW\?'-I
paper if C is assumed equal to T =
1
The w 43 e d ﬁ"é RAVE/) (f )
- p V. u (f ) el B e Y
LARAR w'e W

Equations B.15 and B. 16 are compared with I.ew and Fanucci's results
in Fig. 8.



TABLE 1

i i

m f f f % Error
w W W
From Equ.7.8 From Ref.6"
1.0 0 1.136 1.233 8
-0.5 .784 .969 19
-1.0 .586 756 22
0.5 0 830 800 8
-0.5 .554 897 20
-1.0 .408 .034 24
TABLE 2
m f f” f % Error
W w w

From Equ.7.12 From Ref.6"

1.0 0 1.233 1.233 -
-0.5 0.881 969 9
-1.0 .683 157 10
0.5 0 .900 .900 -
-0.5 624 .697 10
-1.0 478 .534 11

* The Results of Donoughe and Livingood



TABLE 3

B

1
-2

f m € nu Re nu Re % Error
W From Equ.7.42 From Ref.6
-0.5 0 0 .133 .168 -20
0.5 .226 .261 -13
1.0 .284 .321 -12
0.5 0 .240 .259 -7
0.5 .361 .383 -6
1.0 445 471 -6
1.0 0 .279 .293 -5
0.5 .393 413 -5
1.0 478 .503 -5
-1.0 0 0 .040 .052 -23
0.5 - .081 .105 -23
1.0 .108 .138 -22
0.5 0 [.1527] .139 10
0.5 .251 .253 -1
1.0 .318 .331 -4
1.0 0 Cadi] .146 21
0.5 .267 .235 5
1.0 .336 .336 0

The Brackets, [ |, denote that
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