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A defect integral analysis of the 2D compressible steady-state viscous flow about unpowered

aerodynamic bodies is derived in this paper based on momentum and mechanical energy

conservation. The defect flow field is obtained by subtracting the equivalent inviscid flow field

from the real viscous flow, thereby retaining only entropy-related pertubations within boundary

and free shear layers that contribute to viscous drag and mechanical loss generation. First, a

defect momentum balance is derived that introduces the notion of the defect force, its farfield

decomposition and its relation to the conventional viscous drag definition (profile drag minus

wave drag). Next, a mechanical defect energy formulation is carried out in the relative reference

frame that offers a means of explicitly and implicitly calculating the mechanical energy losses

including, for the first time, compressibility-induced losses for both adiabatic and non-adiabatic

flows. Finally, a defect mechanical formulation is derived in the absolute reference frame that

provides an energy-based decomposition of the defect and conventional drag power into its

mechanical energy loss and viscous excess mechanical energy constituents. The result is a clear

identification and traceability of the evolution of viscosity-induced mechanisms related to viscous

drag, mechanical energy loss generation and recoverable viscous mechanical energy, relevant

for boundary layer ingestion propulsion. The formulations are numerically and experimentally

advantageous because they only require integration across the shear layer height and all the

momentum and mechanical energy terms can be implicitly calculated from surface integrations

of readily available numerical and experimental data.

Nomenclature

𝑎 = angle of attack, deg

𝐶D, 𝑐𝐷 , 𝑐F𝐷
= dissipation, nearfield viscous drag, defect drag coefficients

𝐷, 𝐷̄ = drag, Aguirre’s non-isentropic drag, N

D = dissipation rate, W/m
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𝑑S = infinitesimal surface element of control volume, m2

𝑑V = infinitesimal volume element of control volume, m3

𝑒 = mass specific internal energy, J/kg

𝑓𝑥 = body force per unit volume in the x-direction, N/m3

F ,F 𝑝 ,F 𝑣 = defect force, defect pressure force and friction force vectors, N

F𝐷 ,FL = defect drag, defect lift components, N

𝑀 = Mach number

M = momentum defect flux vector, N

M = mass defect vector, kg/(s · m)

𝒏̂ = unit normal vector

𝑝, 𝑝∗, 𝑝𝐺 , 𝑃𝑡 = static, (Aguirre’s) isentropic static, gauge static and total pressures, Pa

P = pressure defect flux vector, N

Pr = Prandtl number

PER = potential for energy recovery

𝑟 = temperature recovery factor

𝑸 = volume-flux defect vector, m3/s

𝑅𝑒𝑐 = 𝜌∞𝑉∞𝑐/𝜇∞, chords-based Reynolds number

𝑅𝑒𝜃 = 𝜌𝑒𝑉𝑒𝜃/𝜇∞, mom. thickness-based Reynolds number

𝑠, 𝑛 = local coordinate system

s = mass specific entropy, J/K/kg

S = control volume surface, m2

𝑇,𝑇𝑡 = static, total temperatures, K

T = viscous stress force vector, N

𝑇𝑤 = wall static temperature, K

𝑢, 𝑣, 𝑤 = absolute velocity components, m/s

V = control volume, m3

V,V∗, V̄ = fluid velocity vector, (Aguirre’s) isentropic and non-isentropic velocity vectors, m/s

VA = V − V∞ absolute reference frame fluid velocity vector, m/s

𝛼 = speed of sound, m/s

𝛾 = specific heat ratio

𝛿, 𝛿∗, 𝛿∗∗, 𝛿𝑘 = boundary layer, displacement, density-flux and volume-flux thicknesses, m

Δ∗,Δ∗∗ = displacement (mass-defect), density-flux defect areas, m2
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¤EK, ¤EK, ¤E𝜏 = kinetic energy defect, pressure-work defect and viscous boundary work rates, W

Ẽ𝑘 , Ẽ𝑝 , Ẽ𝜏 = viscous kinetic energy excess, viscous pressure-work and viscous boundary work rates, W

¤̄E𝑘 , ¤̄E𝑝 = Aguirre’s non-isentropic kinetic energy and pressure boundary work rates, W

¤E = ¤E𝑘 + ¤E𝑝 + ¤E𝜏 , mechanical energy/exergy outflow rate, W

𝜁 = isentropic parameter

Θ = volumetric pressure work rate, W or mom. defect area (for boundary layer analysis), m2

Θ𝑟 ,B,Θ∞ = reversible, baroclinic, residual volumetric pressure work rate, W

K∗,K = kinetic energy defect, wake kinetic energy excess, kg/(s · m)

𝜉 = boundary layer identifier

−Π𝑉 = Sato’s baroclinic power term, W

𝜌 = density, kg/m3

¯̄𝜏 = viscous stress tensor, Pa

Φ = viscous dissipation rate, W

Φ∗ = Φ + B, total mechanical losses, W

Subscripts

∞ = freestream-quantity

A = absolute reference frame quantity

B, = quantity on body and equivalent inviscid body surface

BL = boundary layer quantity

𝑒 = boundary layer edge quantity

FP = flat plate quantity

𝑖 = equivalent inviscid flow quantity

TE = trailing edge quantity

TP = Trefftz plane quantity

wake = wake quantity

I. Introduction
Numerous farfield methods have been developed to predict the drag force of an aerodynamic body and decompose it

into contributions from flow mechanisms such as shear layers, vortical systems and shockwaves.These methods typically

build upon the earlier work by Oswatitsch [1] and rely on 2𝑛𝑑 Law thermodynamics and mathematical manipulations

(Taylor series expansion, higher order term omission) to express the viscous and shock wave drag components as a
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function of entropy and enthalpy changes [2–6]. For 3D lifting flows, the remaining induced drag component is then

obtained via a Trefftz plane integration of the transverse kinetic energy [2, 3, 7–9]. The validity of both the induced drag

definition and the integration plane convention have been questioned by Spalart [10] as being ambiguous even for light

loading conditions of negligible vortex roll-up. The apparent lack of a rigorous lift-induced drag definition and the need

for a phenomenological breakdown of lift have been addressed by the vortex force theory, initially proposed by Wu et al.

[11] for incompressible unsteady flow and further extended for high Reynolds number, steady state, compressible flows

[12–15]. The claimed benefits of the lamb-vector-based breakdown include, amonst others, unambiguous definitions of

lift and lift-induced drag [13], removal of spurious contributions due to targeted integrations across regions of finite

vorticity [14] and distinction between "reversible" (related to lift and lift-induced drag) and "irreversible" (related to

profile drag) force components [15, 16].

It should be noted that the appellations "reversible" and "irreversible", as traditionally used in momentum-based

methods, are labeling conventions and do not necessarily imply an ability to extract irreversibilities from the flow

field. The latter requires an examination of the power transfer mechanisms from the aerodynamic body to the flow.

This has been demonstrated by Drela [17] via a power balance based on mechanical energy conservation. From an

energy perspective, the drag power of an unpowered aerodynamic body is decomposed into physically intuitive power

sink and power sources, with the former accounting for "irreversible" energy conversion into heat and the latter for

the recoverable (and thus not irreversible) energy portion that could, for example, be utilized by a Boundary Layer

Ingestion (BLI) propulsor. Sanders and Laskaridis [18] have provided an elegant and more intuitive interpretation of

the power transmission mechanisms from the airframe surfaces to the flow by demonstrating that the power balance

effectively corresponds to an Absolute Reference Frame (ARF) formulation, where the aerodynamic body is flying

through quiescent atmosphere. The same authors introduced a potential for energy recovery (PER) factor to explicitly

assess the portion of the drag power that could be recovered for improved aerodynamic performance, with a modified

compressibility-corrected formulation being proposed thereafter by Lamprakis et al. [19].

The capabilities of energy-based methods in assessing the aerodynamic performance of both unpowered and powered

configurations have been verified both numerically and experimentally in various studies [18–24], however, they retain

the inherent limitation of conventional control volume approaches: The inability to define and correlate local force

generation with mechanical energy loss and excess production mechanisms associated with the airframe surfaces. To

further elaborate, consider a 2D subsonic adiabatic viscous flow about an aerodynamic body. For this scenario, the total

drag is the by-product of the friction forces (skin friction drag) and the partial self-cancellation∗ of the pressure field

(pressure drag) due to the viscous displacement effect of the boundary layer [5]. The force integration is meaningful

only for the fully enclosed aerodynamic body. Attempting to carry out a similar momentum or power balance analysis

over a part of the airfoil is bound to be futile because of the "unbalanced" isentropic pressure forces associated with
∗In the absence of shockwaves, the nearfield pressure field integration of a 2D inviscid flow field self-cancels perfectly.
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the precluded body surfaces. The same applies for the corresponding inviscid flow scenario where the evolution of

momentum and power balance terms would involve non-zero contributions along the body surfaces that only cancel out

perfectly downstream of the trailing edge, yielding zero drag. This counter-intuitive result seems to suggest that partial

body surfaces yield a finite force and therefore a locally finite power trace that only self-cancels for the fully enclosed

body. These force and power pertubations are, however, "pseudo-contributions" of the isentropic-flow field rather than a

corollary of actual viscous power transfer mechanisms from the body to the flow that contribute to drag. As such, the

evolution of drag production and its subsequent energy-based manifestation are traceable and well defined only to the

extent that isentropic "pseudo-contributions" are sifted out from the flow field.

The idea of filtering isentropic contributions is implicitly utilized for farfield drag estimation purposes by positioning

the downstream Trefftz plane along the fully-expanded wake region where the shear layer flow is decoupled from

the pressure field of the aerodynamic body. This enables drag estimations from the integration of the momentum

defect within the shear layer height rather than the entire Trefftz plane, but does not resolve any of the aforementioned

challenges. In the limiting scenario of a zero-pressure gradient flat plate flow, however, the absence of a pertubation

pressure field enables direct causality between flow field pertubations and viscosity-induced effects (via the no slip

condition). For this flow scenario, the drag generation process is well-defined and measured by the integrated skin

friction force whereas the affiliated power transfer mechanisms by the sum of the upstream dissipation and excess

kinetic energy [17]. Also notice that for an inviscid flat plate flow, the absence of pseudo-work/force contributions

yields locally the expected zero force and power traces, in agreement with the zero drag result of the fully enclosed flat

plate. In that sense, the power balance may be meaningfully applied along partial flat plate surfaces to establish a causal

relation between local (skin friction) force production and its energy-based manifestation. Such an analysis has been

carried out by Renard and Deck [25] via a mechanical energy budget in the ARF, where the flat plate is moving through

undisturbed atmosphere, in order to decompose the local skin friction generation into physical phenomena. However,

the derived energy-budget stems from the conventional real viscous flow (RVF) (the formulation coincides with power

balance [25]) and its validity along wall surfaces is "coincidental" and physically meaningful only for the flat plate

scenario. Similar limitations apply to the PER definition [18, 19] of unpowered bodies in that the RVF power balance

provides an estimate of the mechanical energy excess deposited to the wake, but no information about the physical

processes associated with its upstream generation from the body’s surfaces. For compressible flows, the quantification

of PER in the near wake region involves a degree of arbitrariness due to the non-negligible isentropic energy transfers

between the mechanical energy outflow and the volumetric pressure power term. The interpretation and estimation of

the latter has been a rather enigmatic and challenging task and its incorporation within the balance is typically omitted

or vaguely accounted for via a dissipation correction [20, 22] based on previous results by Sato [26].

Sato [26] demonstrated how pseudo-work contributions may be (approximately) filtered out by carrying out a

decomposition of the RVF into two components: The equivalent inviscid flow (EIF) about the effective body due
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to the additional viscous displacement effect [27] and the defect viscous flow field (DVF) that accounts for viscous

(profile) losses due to boundary and free shear layers. Sato then formulated a mechanical energy defect balance in the

Relative Reference Frame (RRF) based on Thin Shear Layer (TSL) approximations that enabled, for the first time, the

identification and estimation of the baroclinic [26] component (typically losses) of the volumetric pressure power term.

It could be argued that the notion of defect quantities is well-understood as being an inherent part of integral boundary

layer relations (momentum or kinetic energy) [28–30] however the latter stem from the RVF whereas the EIF concept† is

utilized for the viscous-inviscid coupling of BL codes such as XFOIL and MSES [28, 29]. Previous momentum-based

farfield approaches have coincidentally touched upon the defect DVF concept by addressing the wake’s streamwise

defect (or pertubation) velocity using thermodynamic relations [2, 8, 32] but only as a means of reducing the integration

plane for the profile drag estimation. A promising idea on the topic involves the decomposition of the pressure field

into Euler (inviscid) and dissipative (viscous) partial pressure field as suggested by Schmitz and Coder [33] initially

for incompressible flow and for compressible flow [34] thereafter. The inviscid partial pressure field is shown to

relate to a corrected Kutta-Joukowski lift theorem, Maskell’s vortex induced drag expression, including the debatable

−𝑢2 term addressed by Spalart [10] and Drela [17], while the latter to viscosity-induced entropy flux correlation of

Oswatitsch. However, the decomposition has only been carried out within the context of force measurements rather than

energy-based quantities. Its numerical implementation is also non-straightforward as Poisson solvers are required for

the breakdown of the pressure fields. A more intuitive and relevant approach (for the purposes of this study) on the

removal of the isentropic flow field has been proposed recently by Aguirre [35] and Aguirre et al. [36] via a wake-plane

reduced exergy formulation from the initial RVF exergy balance of Arntz [37, 38]. This was achieved by extending

Meheut’s [32] isentropic and non-isentropic velocity pertubation breakdown based, however, on wrongly perceived

inviscid flow definitions (to be discussed later) to approximately filter out the entire isentropic flow field. The robustness

and consistency of the formulation was subsequently tested and verified in various flow scenarios (2D and 3d lifting)

under the narrow prism however of an exergy-based, wind-tunnel adapted far field drag estimation method rather than as

a comprehensive means of understanding and addressing causality between local force (drag) generation and its viscous

power manifestation.

In light of the above, the present paper aims to build upon the previous work by Sato [26] and Aguirre [36] by

formally and rigorously deriving the conservation form of the governing defect momentum and mechanical energy

relations from first principles. Boundary layer assumptions will be invoked in the subsequent derivations, which are

valid for high Reynolds number flows. Therefore, the formulations lose accuracy, locally, in regions with strong adverse

pressure gradients or flow separation. The paper is structured in self-contained but interconnected sections where the

underlying theory is supplemented with RANS-CFD results of adiabatic and non-adiabatic NACA0012 airfoil studies.

First, the concepts of the EIF and DVF are introduced, including necessary derivation assumptions and control volume
†A detailed analysis of EIF modelling techniques is provided by Drela [27, 31])
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definitions. Next, the defect momentum equation is derived to introduce the notion of the defect force as a measure of

local profile drag generation and its causal relation to conventional profile drag is discussed. A defect mechanical energy

balance is subsequently derived in the RRF that offers a means of tracing and quantifying the mechanical loss production

mechanisms along the airframe and the walls, including, for the first time, thermo-compressibility induced losses and

their affiliation with Sato’s [26] baroclinic power is addressed. Finally, the defect mechanical energy is derived in

the ARF correlating, for the first time, local defect drag production with entropic viscous power transfer/productions

mechanisms which are numerically shown to be closely linked to energy recovery via BLI propulsion.

II. Defect Flow Field Definitions

Fig. 1 Superpositioned real viscous flow and equivalent inviscid flow fields over the real and effective (inviscid)
aerodynamic bodies, along with annotated control volume definitions and relevant flow features.

A. Equivalent Inviscid Flow

Consider the Real Viscous Flow (RVF) forming over an arbitrary aerodynamic body, as shown in Fig. 1. The

viscous motion of the fluid partitions the aerodynamic domain into a viscous and an inviscid region. The viscous region

encloses the shear layers, delimited by the body’s surfaces SB and the local shear layer thickness 𝛿, that defines the

outer viscous-inviscid interface (edge) S𝛿 along the body and the wake domains. The inviscid region encloses the outer

irrotational flow field associated with potential bulk flow pertubations that naturally self recover to free-stream conditions

downstream. Relative to a purely inviscid flow, the outer potential flow field structure of the RVF is determined by the

effective aerodynamic displacement imposed by the wall curvature as well as the viscous deflection of the flow. That

is, the outer flow is imposed by a "fictitious" or Effective Inviscid Body (EIB) that deviates locally from the real by a

wall-normal distance equal to the displacement thickness, 𝛿∗, of the shear layer and extends to the wake, as illustrated in

Fig. 1 (red lines).
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For non-lifting flows, the wake displacement shape is merely symmetrically displaced about the chord line, while

additional conditions (zero pressure jump or velocity jump requirement [27] are required to fully determine the wake

camber shape of lifting flows. For bodies with sharp trailing edge, the wake shape of the EIB is determined by the flow

streamline emanating from the trailing edge that separates the upper and lower wake portions. From the above, the

Equivalent Inviscid Flow (EIF) may be defined as the inviscid flow that replicates the same outer inviscid flow field

conditions as that of the corresponding RVF. The physical requirement is satisfied by imposing vertical (wall-normal)

mass flux matching between the EIF and the RVF outside the assumed viscous/inviscid interface, S𝛿 , thereby accounting

for the shear layer’s mass defect. Drela [27, 29] has shown that the EIF may be constructed by simply considering the

invsicid flow over the corresponding EIB or alternatively by a wall transpiration model.

In the subsequent sections, all EIF quantities will be denoted with the subscript ()𝑖 , shear layer edge quantities with

the subscript ()𝑒 while flow field variables without subscripts will refer to RVF. For further derivation purposes, the

flow field analysis will be carried out with respect to the local Cartesian 𝑠 − 𝑛 coordinate system, with the 𝑠, 𝑛 axes

being, respectively, tangent and normal to the local curvature of the real body and the effective camber line of the EIB in

the wake.

B. Defect Flow Field

Consider the velocity profiles of the RVF and EIF, shown in Fig. 1 (zoomed region), at an arbitrary position, 𝑠,

along the real and the effective body, respectively. The RVF yields a boundary layer profile 𝑉 (𝑛) that initiates at the

wall (𝑛 = 0) and propagates up to the shear layer edge (𝑛 = 𝛿) where 𝑉 = 𝑉𝑒. At the same position, the corresponding

EIF forms a nearly uniform inviscid velocity distribution, 𝑉𝑖 (𝑛), that is tangent to the local curvature of the EIB (𝑛 = 𝛿∗)

and is delimited by the same outer edge boundary, 𝑛 = 𝛿 with 𝑉𝑖 ≈ 𝑉𝑒. The streamlines of the two flows are generally

misaligned due to local curvature deviation between the real and effective wall orientations, while the additional viscous

self-deflection of the boundary layer partially acts towards mitigating the relative streamline divergence. That is, shear

layer velocity vectors farther from the wall are experiencing larger "accumulated" viscous self-deflection and eventually

align with the EIF at the outer edge boundary, as illustrated in Fig. 1. Noting that the outer potential flow field is the

same for both flows, the EIF measures the isentropic pertubations of the shear layer, thereby allowing for the notional

decomposition of the RVF into its isentropic (EIF) and entropic constituents, the latter being the defect viscous flow

(DVF), defined conceptually as:

DVF = RVF − EIF (1)

The definition (1) of the defect flow is demonstrated in Fig. 2 in terms of the defect velocity profile which follows from

the RVF by shifting out the respective isentropic contributions inside the shear layer. Thereby, a defect integral analysis

of the flow field offers a unique means of establishing causal relation between flow field pertubations affiliated with
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profile loss mechanisms inside shear layers.

C. Assumptions

In simplifying the subsequent derivations, it will be assumed, similar to Sato [26], that the flow field properties of

the EIF are nearly uniform normal to the wall and are imposed by the outer potential flow, such that:

()𝑖 ≈ ()𝑒 (2)

A similar approximation for the pressure variation, i.e., 𝑝 ≈ 𝑝𝑒, of the RVF shear layer may be invoked from the thin

shear layer approximation. However, this assumption is not required nor implied throughout, unless explicitly mentioned.

The vertical (wall-normal) velocity component 𝑉𝑛 of the RVF is assumed negligible, such that the velocity vector is

parallel to the wall, i.e., 𝑉 ≃ 𝑉𝑠 . Additionally, the misalignment of the streamlines between the RVF and the EIF is also

neglected, as per Sato [26], whereas similar approximations have been adopted by Aguirre [35] and Aguirre et al. [36].

It should be noted that this assumption strictly holds for high Reynolds number flows, where the vertical offset of the EIF

streamlines relative to the RVF is negligible. For lower Reynolds number flows, or in regions of the aerodynamic body

with significant adverse pressure gradients (such as the aft part of an airfoil) or separation, the viscous displacement (𝛿∗)

becomes more pronounced, and the accuracy of the approximation locally diminishes. The principles of the defect flow

will be initially addressed from the Relative Reference Frame (RRF) perspective, i.e., for a stationary aerodynamic

body with the flow passing over it. However, its applicability will be shown to extend to the Absolute Reference Frame

(ARF), where the aircraft is flying through quiescent atmosphere, providing a means of measuring the viscous energy

transmission mechanisms from the body to the flow.

D. Defect Control Volume Definition

The defect integral analysis is carried over two continuous Control Volumes (CV) corresponding to the RVF and

EIF, respectively. The former surrounds the actual aerodynamic body surfaces SB while the latter the fictitious inviscid

body SB∗ extending to the wake, as shown in Fig. 2 (upper). The positioning of the far-field boundaries for the RVF and

EIF control volumes is unique and may not be freely chosen as in conventional farfield methods. The reason is that

any flow perturbation outside the shear layers cancels out by definition. Therefore, the farfield control surface of the

two CV consists of a shared defect outer boundary portion lying along the viscous/inviscid interface S𝛿 and a Trefftz

plane portion STP positioned at an arbitrary position 𝑠 along the flow path (including wall surfaces). Notice that the EIF

crosses an "effective" Trefftz plane STP∗ only, due to the displacement of the EIB. With reference to Fig. 1, the RVF CV

is defined as SB ∪ S𝛿 ∪ STP, whereas the EIF as SB∗ ∪ S𝛿∗ ∪ S∗
TP along the body domain or SB∗ ∪ Swake

B∗ ∪ S𝛿∗ ∪ STP∗

along the wake.
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For further derivation purposes, the Trefftz plane will be oriented normal to wall surfaces when the CV partially

encloses the body, and normal to the camber shape of the effective body for a fully enclosed configuration. All the

control boundaries are closed with the elementary local surface element surface vector, 𝒏̂, pointing outwards in the

farfield boundaries and inwards along the real and fictitious body surfaces. The Gauss’s theorem will be extensively

used in the following derivations to relate volume integral quantities to flux terms across the control surfaces:

�
∇ · () 𝑑V =

�
() · 𝒏̂ 𝑑S (3)

where () any vector field quantity. Invoking the identity (3) over the control volume of the RVF and EIF yields,

respectively: �
∇ · () 𝑑V =

�
() · 𝒏̂ 𝑑SB +

�
() · 𝒏̂ 𝑑S𝛿 +

�
() · 𝒏̂ 𝑑STP (4)

�
∇ · () 𝑑V =

�
() · 𝒏̂ 𝑑SB∗ +

�
() · 𝒏̂ 𝑑S𝛿 +

�
() · 𝒏̂ 𝑑STP∗ (5)

Fig. 2 RVF, EIF and DVF control volume definitions (upper) and corresponding velocity profiles (lower).

E. Defect Continuity Equation

The divergence form of the Reynolds-averaged steady state continuity equation is given by:

∇ · (𝜌𝑽) = 0 (6)
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where 𝜌, the fluid density, and 𝑽, the local velocity vector. The defect continuity relation is then obtained as the

difference between the real and equivalent inviscid flow continuity relations:

∇ · (𝜌𝑒𝑽𝑒) − ∇ · (𝜌𝑽) = 0 (7)

The integral defect continuity relation follows from the volume integration of (7) along with the Gauss’s identities (4), (5)

as: �
[𝜌𝑒𝑽𝑒 − 𝜌𝑽] · 𝒏̂ 𝑑STP −

�
𝜌𝑒𝑽𝑒 · 𝒏̂ 𝑑S 𝛿∗

TP = 0 (8)

where S 𝛿∗

TP the portion of the Trefftz plane that initiates at 𝑛 = 0 and extends up to 𝑛 = 𝛿∗. Wall-related fluxes are zero

due to the no-slip condition, 𝑽 · 𝒏̂ 𝑑SB = 0, and due to the velocity vector (𝑽𝑒) being locally perpendicular to the surface

direction vector, 𝑽𝑒 · 𝒏̂ 𝑑S𝑤
B∗ = 0 for the RVF and EIF, respectively. Mass flux terms crossing the viscous/inviscid

boundary S𝛿 are also, by definition, equal for both flows and cancel out, so that the entire mass-defect flow is measured

via the Trefftz plane defect. Equation (8) will be invoked in the following sections for simplification purposes.

F. Useful Remarks

All the subsequent formulations are complemented by numerical studies of adiabatic and non-adiabatic 2D

NACA0012 airfoil at various operating conditions. A single test case of an axisymmetric BLI-powered fuselage is

examined at the end of Section V, highlighting the correlation between the defect flow and energy recovery mechanisms.

All the details about the numerical extraction of the viscous domain, the numerical setup, and useful shear layer

properties are summarized in Appendices A, B and C, respectively.

III. Defect Momentum Equation

A. Formulation

The divergence form of the steady-state Reynolds-averaged momentum equation assuming negligible body forces is

given by:

∇ · (𝜌𝑽𝑽) = −∇𝑝 + ∇ · ¯̄𝜏 (9)

where 𝑝 denotes the static pressure of the fluid and ¯̄𝜏 the viscous stress tensor. The corresponding momentum defect

relation is obtained as:

∇ · (𝜌𝑽𝑒𝑽𝑒) − ∇ · (𝜌𝑽𝑽) = −∇𝑝𝑒 − [−∇𝑝 + ∇ · ¯̄𝜏] (10)
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Volume integration of (9) along with the identities (4), (5) yields the following integral form:

�
𝑽𝑒𝜌𝑒𝑽𝑒 · 𝒏̂ 𝑑S∗ −

�
𝑽𝜌𝑽 · 𝒏̂ 𝑑S = −

�
𝑝𝐺𝑒

𝒏̂ 𝑑S∗ −
�

[−𝑝𝐺 𝒏̂ + ¯̄𝝉 · 𝒏̂] 𝑑S (11)

where the substitution of the gauge pressure 𝑝𝐺 → 𝑝 − 𝑝∞ is permissible because the RVF and EIF CV boundaries

are closed. Invoking the defect continuity relation (8) and the approximation 𝑉𝑖 (𝑛) ≃ 𝑉𝑒 as per Eq. (2) for a given

Trefftz plane normal to the wall, the left-hand side momentum flux integrals may be reduced to a single Trefftz plane

momentum defect term:

�
𝑽𝑒𝜌𝑒𝑽𝑒 · 𝒏̂ 𝑑S∗ −

�
𝑽𝜌𝑽 · 𝒏̂ 𝑑S =

�
(𝑽𝑒𝜌𝑒𝑽𝑒 − 𝑽𝜌𝑽) · 𝒏̂ 𝑑STP −

�
𝑽𝑒𝜌𝑒𝑽𝑒 · 𝒏̂ 𝑑S 𝛿∗

TP

=

� [
𝑽𝑒𝜌𝑒𝑽𝑒 −

(
𝑽𝑒𝜌𝑒𝑽𝑒 − (𝑽𝑒 − 𝑽)𝜌𝑽

)]
· 𝒏̂ 𝑑STP

+ 𝑽𝑒

(�
(𝜌𝑒𝑽𝑒 − 𝜌𝑽) · 𝒏̂ 𝑑STP −

�
𝜌𝑒𝑽𝑒 · 𝒏̂ 𝑑S 𝛿∗

TP

)
︸                                                               ︷︷                                                               ︸

=0

=

�
(𝑽𝑒 − 𝑽)𝜌𝑽 · 𝒏̂ 𝑑STP (12)

where wall-related momentum-flux contributions as well as defect fluxes across the viscous/inviscid interface are

zero, so that the entire momentum defect outflow is exiting from the Trefftz plane only. Substitution of (12) into (11)

and expansion of the right-hand side terms yields the integral defect momentum equation which governs the defect

aerodynamic force evolution along the flow path:

F = M +P + T (13)

The left hand side equality of (13) represents the nearfield defect force vector while the right hand side its farfield

manifestation. All terms are defined hereafter:

The defect force vector,

F = −
�

¯̄𝜏 · 𝒏̂ 𝑑S𝐵︸             ︷︷             ︸
F𝑣

+
�

𝑝𝐺 𝒏̂ 𝑑S𝐵 −
�

𝑝𝐺𝑒
𝒏̂ 𝑑S𝐵∗︸                                    ︷︷                                    ︸

F 𝑝

(14)

This term measures the nearfield defect aerodynamic force evolution along the flow path as the sum of the integrated

friction force component F 𝑣 and the pressure defect force F 𝑝. The former coincides with the conventional RVF

integrated skin friction force vector, which yields, for a fully enclosed body, the skin friction drag 𝐷 𝑓 and a marginal
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defect-induced lift component in the streamwise and perpendicular flow directions, respectively. F 𝑝 describes, in

the streamwise direction, the nearfield mechanism of pressure defect drag generation, as the integrated pressure force

difference over the real and the fictitious bodies. In the lift direction, the pressure defect force component accounts

for a marginal variation of lift distribution relative to the EIF due to weak, viscous-induced pressure field alterations.

Comparison of F 𝑣 and F 𝑝 definitions underlines the fundamental difference between pressure and viscous force

generation. The viscous forces are generated exclusively along the body’s surfaces via the no-slip condition and viscosity,

while the pressure defect force generation extends to the wake and runs (approximately) to completion when the camber

shape of the EIB becomes parallel to the direction of the free-stream velocity. Notice that in practice, the (numerical)

calculation of Eq. (14) is impractical, as it requires post-processing of both the RVF and corresponding EIF solutions.

Therefore, its right-hand side decomposition will be used hereafter.

The momentum defect flux vector,

M =

�
(𝑽𝑒 − 𝑽)𝜌𝑽 · 𝒏̂ 𝑑STP (15)

This is the integrated momentum flux defect flow crossing the Trefftz plane and measures the momentum deficit of the

RVF relative to the EIF. For a 2D flow, this term reduces to conventional momentum defect 𝜌𝑒𝑉2
𝑒 𝜃 that appears (in

non-dimensional form) in integral boundary layer formulations (see Drela and Giles [28], Drela [31] and Fidkowski

[30]) as a convenient means of farfield drag extraction from wake plane measurements.

The pressure defect force vector,

P =

�
(𝑝𝑒 − 𝑝) 𝒏̂ 𝑑STP −

�
𝑝𝐺𝑒

𝒏̂ 𝑑S 𝛿∗

TP (16)

This is the integrated pressure force acting on the Trefftz plane due to the pressure distribution inside the shear layers

deviating from the EIF. This term yields large positive contributions along flow regions of excess acceleration and

negative contributions that balance large momentum defect fluxes along regions of strong adverse pressure gradients

due to the thickening of the EIB.

The viscous stress force vector,

T =

�
¯̄𝝉 · 𝒏̂ 𝑑STP (17)

This is the shear stress force acting on the Trefftz plane with locally marginal contributions that rapidly decay along

the wake, where the velocity gradients progressively flatten out due to the action of viscosity. It may however be

advantageous to retain this term for Trefftz planes positioned along wall surfaces and in the near wake region.

B. Defect Force Characterisation

The evolution of the defect force vector F (per unit span) acting on various Trefftz plane positions and the wake of

an arbitrary 2D body at an angle of attack (AoA) 𝑎 is shown qualitatively in Fig. 3. From the right-hand side of the
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defect force balance Eq. (13), it follows that the sum of the defect components (their magnitude) M +P + T exerted on

the Trefftz plane measures the total upstream nearfield defect force generation in the 𝑠 - direction of the local 𝑠 − 𝑛

coordinate system. The magnitude of the generated defect force F = F · 𝑠 monotonically accumulates along the airfoil

as it progressively encloses a larger fraction of the airfoil surfaces and points towards the direction of the local viscous

flow streamlines (+𝑠 direction). The latter statement follows from the sign of the dominant defect balance component

M being strictly positive, i.e M · 𝑠 =
�

(𝑉𝑒 − 𝑉)𝜌𝑉 𝑑S > 0. Notice that if the fluid viscosity is exactly zero, the

boundary layer thickness goes to zero and the RVF and EIF coincide such that the nearfield defect force definition (14)

goes to zero. Similarly, the three farfield terms (15) - (17) vanish because STP → 0, 𝜏 = 0 and the expected D’Alembert

paradox is recovered.

The convention of the geometric pressure and suction side definitions used in this discussion retain a degree of

physical arbitrariness because the "aerodynamic" split between the upper and lower surface fluid flow streams is

determined by the upstream stagnation point‡. The latter does not necessarily coincide with the geometric leading

edge and its location varies with body shape (symmetric or not) and AoA under consideration. The implication is

that a physically accurate breakdown of the defect force into suction F𝑠𝑢𝑐𝑡𝑖𝑜𝑛 and pressure F𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒 side components

is dictated by the stagnation point. In adopting the conventional geometric split of the airfoil surfaces, one should

consider that a part of the defect force vector acting on the geometric pressure side in close proximity of the leading

edge (see highlighted red region) may yield locally F (𝑠) < 0 contributions for 𝑎 > 0 and vice versa. Hereafter,

the geometric convention is adopted for numerical convenience by noting that any negative contributions in close

proximity of the trailing edge are merely a matter of "accounting" convention. Resolution of F about the airfoil’s

principal axes yields a natural decomposition of the defect force into its drag F𝐷 = F𝐷,𝑠𝑢𝑐𝑡𝑖𝑜𝑛 + F𝐷,𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒, and

lift FL = FL,𝑠𝑢𝑐𝑡𝑖𝑜𝑛 + FL, 𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒 components at a given position 𝑠. The defect lift component is exactly zero for

non-lifting flows§ such that the defect force is a measure of the defect drag generation along the flow path. Conversely,

the defect lift component of lifting flows is the resultant of partial self-cancellation between the aerodynamic suction

and pressure side. For the purposes of the present paper, the analysis will focus on on the defect drag component.

Along the wake, the 𝑠-direction follows the trailing edge streamline which divides the upper and lower shear layer

flows. At some distance downstream of the trailing edge, the flow aligns with the V∞ direction, thereby yielding a pure

drag component. At this instance, the defect force generation process terminates with the defect force attaining its final

value F∞ which equals to the conventional profile drag. This is evident by considering a farther downstream wake

position where the pressure field of the airfoil subsides and the semi-expanded wake flow transitions to a fully-expanded

free shear layer. The P dependence is subsequently dropped and the defect force is obtained in the form of the streamwise
‡For a 3D flow, the stagnation locus needs to be identified along the width of the fore body.
§The magnitude of the defect force from the upper and lower sides is equal and its direction symmetric about the chord line such that the drag and

lift-component add up and cancel out at each position, respectively.
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momentum defect pertubation within the wake:

F∞ = M∞ · 𝑠 =
�

(𝑉∞ −𝑉)𝜌𝑉 𝑑STP (18)

where the right-hand side equality has been reduced to the conventional far-downstream wake momentum defect relation,

as obtained from integral boundary layer relations [31] or farfield methods [3–5].

Fig. 3 Defect force definitions over an airfoil and the wake.

C. Defect Force Decomposition Examples

The evolution of the defect force components of Eq. (13), normalised by the nearfield drag, are plotted in Fig. 4 for

a NACA0012 airfoil at fixed 𝑅𝑒𝑐 = 1 × 106, 𝑀∞ = 0.3 and 6 angle of attacks. The effect of AoA on the defect force

terms of the suction (blue) and pressure (red) sides is summarized in Fig. 4 a) - c). For a 2D flow field, the stream-wise

evolution of M(𝑠) is a function of the momentum thickness, i.e M(𝑠) = 𝜌𝑒𝑉
2
𝑒 𝜃 thereby growing monotonically along

the airfoil surfaces. For 𝑎 = 0, the flow field and thereby the generated defect force vector field is symmetric about

the chord line of the airfoil with the suction and pressure side contributions being superimposed¶. Conversely, higher

𝑎 values shift larger fractions of the generated momentum defect towards the suction side by deflecting the upstream

stagnation streamline and the corresponding stagnation point towards the pressure side. This favours the earlier growth

of the upper boundary layer (initiates at the pressure side now) and the formation of a near-leading edge shear layer zone

of higher and subtler acceleration along the suction and pressure side directions, respectively. The extension and severity

of the near-leading edge "overspeed" region increases for higher 𝑎 values and manifests on the upper surface as a steeper

increase in the streamwise momentum defect generation rate, 𝑑M/𝑑𝑠. Finally, a notable increase in 𝑑M/𝑑𝑠 is observed

along the airfoil’s adverse pressure gradient aft section which is primarily driven by the sharp momentum thickness

growth rate 𝑑𝜃/𝑑𝑠 dominating over the local 𝜌𝑒𝑉2
𝑒 reduction. Along the wake, the viscous flow gradually transitions to

free-stream conditions and the momentum defect gradually asymptotes to its final value M∞ = F∞ measuring all the
¶A notable numerical deviation is present along the wake due to slight miscalculation of the streamline boundary that splits the upper and lower

surface contributions. This results in momentum deficient zones being wrongly accounted to the opposite surface, but does not affect the total
contribution from both surfaces.
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upstream profile drag.

Whereas M is a useful conceptual means of understanding and quantifying drag (via the 𝑀∞ definition), its physical

interpretation is, to a degree, ambiguous. This is because its total (suction+pressure side) peak value exceeds the total

nearfield drag close to the trailing edge (see Fig. 4 d) for reference), so that its streamwise evolution does not allow for

an explicit causal relation to drag generation. Instead, the pressure defect definition (16), shown in Fig. 4 b), must be

incorporated in the analysis. In contrast with the M term which is strictly positive, the sign of P varies along the flow

path yielding positive and negative contributions spanning accelerative (𝑝𝐺𝑒
< 0) and decelerative zones (𝑝𝐺𝑒

> 0),

respectively. This is evident qualitatively by dropping the first right-hand side term in Eq. (16) assuming pressure

invariance across the boundary layer, such that 𝜕𝑝/𝜕𝑛 ≈ 0. Thus, the defect pressure evolution is governed by the

product of the gauge edge pressure and the viscous displacement, i.e P ≈ 𝑝𝐺𝑒
𝛿∗. Noting that 𝛿∗ is strictly positive and

grows monotonically along the airfoil surfaces, it follows that the local magnitude of P is maximum along regions of

high flow acceleration/deceleration acting on zones of large viscous displacement. Thus, the position of the peak P

value is determined by the "optimum" trade-off between moderate favourable pressure gradients and sufficient viscous

displacement growth and remains nearly constant with angle of attack (at 𝑥/𝑐 ≈ 0.4) for the scenarios tested. On the

other hand, the minimum P value is expected to occur in the near vicinity of the trailing edge, since the presence of

strong adverse pressure gradients favours the rapid growth of 𝛿∗ which attains its maximum value at the trailing edge.

With reference to the superpositioned P curves of 𝑎 = 0◦, higher angles of attack act as an amplifier and damper for the

suction and pressure sides, respectively via their effect on the stagnation point location (see discussion above) without

affecting the monotonicity of the curves and the position of the minimum and maximum P values. Downstream of the

trailing edge, the pressure field of the body rapidly subsides and the affiliated pressure defect component asymptotes to

zero, as expected.

The resultant defect force evolution of the suction and pressure sides is thus measured by the sum of M + P �, as

shown in Fig. 4 c). The F curves closely resemble the respective dominant momentum defect component with the

local P contributions acting towards magnifying the local streamwise growth rate 𝑑 (M + P)/𝑑𝑠 of the defect force

along accelerative regions and towards balancing out the large M contributions along the near trailing edge region. The

deviation of the defect force from M is largely driven by 𝑎, with higher values of the latter yielding more notable effects

along the suction side and a subsequent monotonicity change upstream of the trailing edge. Contrarily, higher 𝑎 values

progressively suppress pressure field pertubations along the pressure side, with the resulting defect force evolution

remaining relative insensitive to P (for the reasons explained before) and well approximated as F𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒 ≈ M

for the highest 𝑎 regime tested. The total defect force evolution, shown in Fig. 4 d), follows from the sum of the

suction and pressure side contributions and accumulates monotonically along the airfoil and the near wake region

(𝑥/𝑐 ≈ 1.5𝑐), whereafter it asymptotes to the total viscous drag. This "lag" between the nearfield drag and its farfield
�The T component is dropped from the analysis as being negligible relative to the others.
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defect manifestation lies in the defect flow force definition which is derived with reference to the EIF rather than the

simple inviscid flow, with the former being associated with an effective body which extends to the wake region. Thus,

the position where the notions of the "defect drag" (defect component parallel to V∞) and drag coincide is subject to the

shape and wake extent of the EIB, both varying with operating conditions, 𝑎 and the bluntness of the real aerodynamic

body. For the conditions tested, the EIB curvature rapidly subsides and the EIB "walls" align (approximately) with the

free-stream flow direction, yielding drag estimates within ∼ 1 − 3% of the nearfield drag without any apparent loss of

accuracy for higher AoA.

Fig. 4 Drag-normalised defect force component evolutions for NACA0012 airfoil at 𝑹𝒆𝒄 = 1 × 106, 𝑴∞ = 0.3
and 𝜶 = 0, 2, 4, 6, 8, 10: a) - c) Individual evolutions from suction and pressure sides. d) Total (pressure + suction
side) defect force components.

1. Defect Drag Generation

The notional breakdown of the aerodynamic defect force along the principal aerodynamic axes offers a physical

means of defining and tracing the streamwise "defect drag" (FD) generation and its subsequent manifestation as profile

drag in the wake, as shown in Fig. 5 for three AoA. For this relatively thin airfoil, the respective F evolutions are closely

matching their respective F𝐷 curves along the flow path except for the near trailing edge region, where the misalignment

between the V∞ direction and the local curvature is more pronounced. The upward shift of the F ,F𝐷 curves with

increasing 𝑎 in the near leading edge region signifies that the affiliated "overspeed" penalty along the suction side results

in excess defect drag generation. Note that F𝐷 measures the sum of the conventional nearfield friction drag and the

pressure defect drag component, with the former terminating at the trailing edge such that the residual wake defect
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drag explicitly captures a portion of the pressure defect drag associated with the wake-extent of the EIB. In the authors’

opinion, the notion of the defect drag more closely resembles the physical principles of (viscous) drag, because the

defect force accounts for the "force pertubation" of the RVF with respect to the "viscosity-corrected" potential flow field

and thereby, it can be meaningfully traced along partial wall surfaces. This means that the defect drag definition enables

the calculation of drag contributions when only a part of the aerodynamic body is modelled in CFD. Another potential

advantage is that the numerical and experimental implementation of the defect force balance (13) for the extraction of

the viscous drag only requires high resolution measurements of readily available flow field data across a free-shear layer

plane that is positioned in close proximity from the trailing edge.

For completeness, the lift (per unit span) component FL is additionally superimposed in the graph. This appears to

be strictly negative, indicating that viscous effects are affiliated with a loss of local lift production, which monotonically

grows along the airframe surfaces, thereby attaining its maximum magnitude at the trailing edge. The slope 𝑑FL/𝑑𝑥 is

controlled by the angle of attack, with higher AoA values leading to more notable loss magnitudes. A more detailed

discussion about the implication of this component is out of scope for the present research and a better understanding of

its physical implications is required in the future. It is unclear to the authors whether that local loss of lift described by

FL is closely affiliated with the viscous decambering mechanism described by Drela [27] or if it corresponds to an

additional penalty.

Fig. 5 Drag-normalised defect force, defect drag and defect lift component evolutions for a NACA0012 airfoil at
𝑹𝒆𝒄 = 1 × 106, 𝑴∞ = 0.3 and 𝜶 = 0, 6, 10.

2. Effects of Operating Conditions and Wall Temperature

The evolution of the momentum defect components of a NACA0012 airfoil at fixed 𝑎 = 4◦ and for various operating

conditions, expressed non-dimensionally as a function of 𝑅𝑒𝑐, 𝑀∞ and 𝑇𝑤/𝑇∞, is shown in Fig. 6 a) - c). The overall

characteristics of the individual M,P and total defect force components remain invariant to changes in the examined

parameters. As shown in Fig. 6 a), increasing 𝑅𝑒𝑐 has a marginal effect on the defect force evolution with the dominant
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M and P component curves being almost superimposed, despite the apparent 𝑅𝑒𝑐 dependency of the viscous flow

characteristics (boundary layer shape profile). That is, the spatial distribution of the defect force generation process is

largely insensitive to the boundary layer profile and the weak 𝑅𝑒𝑐 dependence of F is implicitly imposed via the effect

of Reynolds number on the viscous displacement (and thus P , as shown in Fig. 6 d) ).

In the absence of shockwaves, the defect force evolution also appears to be nearly invariant to 𝑀∞ changes, as shown

in Fig. 6 b), despite the non-negligible variation among its components. This is mainly due to the opposing dependence

of M and P on 𝑀∞ which yields a quasi "self-cancellation" net effect. Higher 𝑀∞ flows give rise to "compressible

thickening" of the EIB (see Fig. 6 d) ) due to density variations inside the shear layer which increase the magnitude of P

along regions of strong pressure gradient. Conversely, the corresponding streamwise momentum defect growth 𝑑M/𝑑𝑠

varies weakly due to density pertubations that partially suppress the 𝜌𝑒𝑉
2
𝑒 factor (and thus M) when 𝑑𝑉𝑒/𝑑𝑠 > 0 and

slightly increase 𝜃 for 𝑑𝑉𝑒/𝑑𝑠 < 0.

The effect of varying the wall temperature 𝑇𝑤/𝑇∞ is shown in Fig. 6 c), for adiabatic, uniformly cooled and heated

airfoil walls. The presence of strong heat transfer effects leads to the development of a thermal boundary layer field

"independently" from the viscous boundary layer favouring notable thermally-induced density variations across the

thermal boundary layer, regardless of the free-stream compressibility. Relative to the adiabatic reference flow, wall

cooling yields a density excess 𝜌/𝜌ad > 0 inside the boundary layer thereby reducing 𝛿∗ [39] and favouring the formation

of a thinner effective body (see Fig. 6 d)) and vice versa. Alongside the effects on density, varying 𝑇𝑤/𝑇∞ alters the

dissipative characteristics of the boundary layer, with higher 𝑇𝑤/𝑇∞ reducing the "effective Reynolds number" of the

flow [40]. However, Fig. 6 a) and b) signify that the evolution of the defect components is nearly 𝑅𝑒𝑐 independent

so that local M and P variations are primarily triggered by thermo-compressible interference effects either due to

free-stream compressibility and curvature or due to the presence of heat sources (or sinks) in the flow field.

IV. Defect Mechanical Energy Equation

A. Formulation

In the absence of body forces, the RRF steady-state Reynolds-averaged mechanical energy equation in divergence

form is obtained from the dot product of the momentum equation (9) with the local velocity vector, 𝑽 [17]:

1
2
∇ · (𝜌𝑽𝑉2) = −(∇𝑝 · 𝑽) + (∇ · ¯̄𝜏) · 𝑽 (19)
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Fig. 6 Drag-normalised (suction + pressure side) defect force component evolutions for NACA0012 airfoil at
constant 𝒂 = 4◦ and various operating conditions.

The defect mechanical energy equation in differential form is obtained by subtracting the EIF from the RVF mechanical

energy equation:

1
2
∇ · (𝜌𝑒𝑽𝑒𝑉

2
𝑒 − 𝜌𝑽𝑉2) = −(∇𝑝𝑒 · 𝑽𝑒 − ∇𝑝 · 𝑽) − (∇ · ¯̄𝜏) · 𝑽

= −∇ · (𝑝𝑒𝑽𝑒 − 𝑝𝑽) − ∇ · ( ¯̄𝜏 · 𝑽) + 𝑝𝑒∇ · 𝑽𝑒 − 𝑝∇ · 𝑽 + ( ¯̄𝜏 · ∇) · 𝑽 (20)

where the right-hand side expansion follows from the vector identities:

∇ · (𝑝𝑽) = ∇𝑝 · 𝑽 + 𝑝∇ · 𝑽 (21)

∇ · ( ¯̄𝜏 · 𝑽) = (∇ · ¯̄𝜏) · 𝑽 + ( ¯̄𝜏 · ∇) · 𝑽 (22)
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Volume integration of (20) and use of the Gauss identities (4), (5) yields:

�
1
2
𝜌𝑒𝑽𝑒𝑉

2
𝑒 · 𝒏̂ 𝑑S∗ −

�
1
2
𝜌𝑽𝑉2 · 𝒏̂ 𝑑S = −

�
𝑝𝑒𝑽𝑒 · 𝒏̂ 𝑑S∗ +

�
𝑝𝑽 · 𝒏̂ 𝑑S+

�
𝑝𝑒∇ · 𝑽𝑒 𝑑V∗ −

�
𝑝∇ · 𝑽 𝑑V +

�
( ¯̄𝜏 · ∇) · 𝑽 𝑑V +

�
−( ¯̄𝜏 · 𝑽) · 𝒏̂ 𝑑S (23)

Expansion of the kinetic energy rate term along with the continuity equation (8) yields a simplification of the LHS in

the form of a single Trefftz plane kinetic defect integral:

�
1
2
𝑉2
𝑒 𝜌𝑒𝑽𝑒 · 𝒏̂ 𝑑S∗ −

�
1
2
𝑉2𝜌𝑽 · 𝒏̂ 𝑑S =

�
( 1
2
𝑉2
𝑒 𝜌𝑒𝑽𝑒 −

1
2
𝑉2𝜌𝑽) · 𝒏̂ 𝑑STP−

�
1
2
𝑉2
𝑒 𝜌𝑒𝑽𝑒 · 𝒏̂ 𝑑S 𝛿∗

TP =

�
[1
2
(𝑉2

𝑒 −𝑉2)𝜌𝑽)] · 𝒏̂ 𝑑STP+

1
2
𝑉2
𝑒

(�
(𝜌𝑒𝑽𝑒 − 𝜌𝑽) · 𝒏̂ 𝑑STP −

�
𝜌𝑒𝑽𝑒 · 𝒏̂ 𝑑S 𝛿∗

TP

)
︸                                                                  ︷︷                                                                  ︸

=0

=

�
𝑉2
𝑒 −𝑉2

2
𝜌𝑽 · 𝒏̂ 𝑑STP (24)

Substitution of (24) into (23) yields the final form of the integral mechanical energy defect equation:

� (
𝑉2
𝑒 −𝑉2

2

)
𝜌𝑽 · 𝒏̂ 𝑑STP +

�
𝑝𝐺𝑒

𝑽𝑒 · 𝒏̂ 𝑑S∗ −
�

𝑝𝐺𝑽 · 𝒏̂ 𝑑S =

�
(𝑝𝐺𝑒

∇ · 𝑽𝑒 − 𝑝𝐺∇ · 𝑽) 𝑑V −
�

𝑝𝐺𝑒
∇ · 𝑽𝑒 𝑑V𝛿∗ +

�
( ¯̄𝜏 · ∇) · 𝑽 𝑑V +

�
−( ¯̄𝜏 · 𝑽) · 𝒏̂ 𝑑S (25)

where the substitution of the gauge pressure 𝑝𝐺 → 𝑝 − 𝑝∞ is permissible from the Gauss identities:

�
𝑝∞𝑽 · 𝒏̂ 𝑑S = 𝑝∞

�
∇ · 𝑽 and

�
𝑝∞𝑽𝑒 · 𝒏̂ 𝑑S = 𝑝∞

�
∇ · 𝑽𝑒 𝑑V (26)

Equation (25) yields the final RRF defect mechanical energy balance, that governs the mechanical loss generation inside

the flow field:

Φ + B︸︷︷︸
Φ∗

= ¤EK + ¤EP + ¤E𝜏 (27)

The left hand-side terms of Eq. (27) account for the accumulated volumetric mechanical loss generation (Φ∗), while the

right-hand side energy flux rates, their defect-flux manifestation. The terms are defined hereafter:

Viscous dissipation rate Φ [17],

Φ =

�
( ¯̄𝜏 · ∇) · 𝑽 𝑑V (28)
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This is the viscous loss mechanism that converts the kinetic energy of the shear layer flow into volumetric heat due to

fluid deformation. It manifests inside viscous regions such as boundary layers, free shear layers and shock waves and is

the driving profile loss generation mechanism for subsonic and transonic flows.

Baroclinic power B,

B =

�
(𝑝𝐺𝑒

∇ · 𝑽𝑒 − 𝑝𝐺∇ · 𝑽) 𝑑V −
�

𝑝𝐺𝑒
∇ · 𝑽𝑒 𝑑V𝛿∗ (29)

This is the volumetric compressibility-induced power imparted to the flow due to non isentropic expansion and

compression. This term contains non-negligible loss contributions when heat is deposited into compressive and

expansive flow regions and acts as a power source when strong heat absorption/cooling effects are present. For subsonic

adiabatic flows, the underlying loss mechanism is the viscous self-heating of shear layers acting on highly compressible

regions (near leading and trailing edge regions). For incompressible flows, Eq. (29) becomes zero due to the dilation

term relation ∇ · 𝑽 = −D(𝑙𝑛𝜌)/D𝑡 = 0.

The kinetic energy defect rate ¤EK,

¤EK =

� (
𝑉2
𝑒 −𝑉2

2

)
𝜌𝑽 · 𝒏̂ 𝑑STP (30)

This is the kinetic energy defect outflow rate convected by the shear layer across the Trefftz plane. For a 2D flow field,

this term reduces to the conventional kinetic energy defect
1
2
𝜌𝑒𝑉

3
𝑒 𝜃

∗ and appears in the dimensional integral kinetic

energy equation [31]. It measures approximately the total upstream dissipation losses for incompressible flow [17] and

subsonic flows without strong heat transfer effects.

The pressure-work defect rate ¤EP ,

¤EP =

�
(𝑝𝐺𝑒

𝑽𝑒 − 𝑝𝐺𝑽) · 𝒏̂ 𝑑STP −
�

𝑝𝐺𝑒
𝑽𝑒 · 𝒏̂ 𝑑S 𝛿∗

TP (31)

This is the rate of defect pressure work done on the boundary layer transversing the Trefftz plane. It contains positive

contributions along regions of favourable pressure gradients and substantial negative contributions along regions with

flow deceleration and large viscous displacement.

The viscous boundary work rate ¤E𝜏 ,

¤E𝜏 =

�
( ¯̄𝜏 · 𝑽) · 𝒏̂ 𝑑STP (32)

this is the rate of shear stress work done on the boundary layer flow transversing the Trefftz plane and is present in the

conventional RVF mechanical energy equation (see for example Ref. [18]). This term yields larger positive contributions

for accelerative boundary layers and becomes rapidly negligible along the wake due to the dissipative decay of velocity
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pertubations.

B. Mechanical Loss Characterisation and Estimation

1. Shear Layer Dissipation

In the absence of shock waves, the total dissipation, Φ∞, imparted to the flow for a Trefftz plane positioned at an

infinite distance downstream the aerodynamic body, is measured as the sum of the individual contributions from the

boundary layer dissipation, ΦBL and the wake dissipation, Φwake:

Φ∞ = ΦBL +Φwake (33)

Φ is a positive scalar quantity so that its notional breakdown in Eq. (33) is physically justified. The evolution of the

local dissipative shear layer characteristics is more conveniently expressed in terms of the dissipation coefficient (𝐶D),

which for a 2D shear layer, yields:

𝐶D =
D

𝜌𝑒𝑉
3
𝑒

(34)

where the enumerator in Eq. (34) is the dissipation rate D across the shear layer, given by Eq. (C8). Substitution of

the 𝐶D definition (34) into the dissipation relation (33), yields a unique relation between the rate of change of viscous

dissipation 𝑑Φ/𝑑𝑠 as a function of local shear layer properties:

Φ∞ =

�
BL

𝜌𝑒𝑉
3
𝑒𝐶D 𝑑𝑠 +

�
wake

𝜌𝑒𝑉
3
𝑒𝐶D 𝑑𝑠 (35)

In Eq. (34), the magnitude of 𝐶D is relatively insensitive to pressure gradients [17, 26, 31], meaning that dissipative

losses are primarily governed by the ∼ 𝑉3
𝑒 scaling and less from changes in 𝐶D magnitude. Conversely, the dissipative

characteristics of the wake are primarily driven by the steep decrease in the rate of change of 𝑑𝐶D/𝑑𝑠 along the flow

path due to the viscous attenuation of the free shear layer flow at nearly constant 𝜌𝑒𝑉3
𝑒 ≈ 𝜌∞𝑉3

∞. The latter statement

is invalid downstream of the trailing edge, where a transitional semi-expanded region is formed in response to the

pressure field of the aerodynamic body. The transitional region terminates approximately when the wake portion of the

effective body’s camber shape restores its symmetry about the streamwise direction, as indicated in Fig. 7. For a fully

or quasi-fully expanded flow, the baroclinic power contributions also go to zero, such that its generation is primarily

confined along the upstream airframe surfaces.
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Fig. 7 Mechanical energy loss (𝚽∗) and viscous dissipation (𝚽) evolution for adiabatic compressible viscous
flow. The deviation between the two trends is attributed to the additional baroclinic power imparted to the flow.

2. Baroclinic Power

Following the notation by Sanders and Laskaridis [18], the volumetric pressure power Θ imparted to the real viscous

flow is obtained as:

Θ = −
�

𝑝𝐺∇ · 𝑽 𝑑V (36)

This term accounts for the RVF thermo-compressible energy exchange (via the dilatation term ∇ · 𝑽) spanning over

regions of strong pressure gradients, such as stagnation point regions and body surfaces with substantial curvature

variations, favouring flow acceleration (Θ < 0) and deceleration (Θ > 0). In contrast with Φ, local Θ contributions do

not represent losses, instead those measure the sum of the upstream isentropic and baroclinic contributions at each point,

yielding the following notional Θ decomposition:

Θ = Θ𝑟 + B (37)

where Θ𝑟 accounts for isentropic thermo-compressible energy transfer due to compression and expansion of the outer

potential flow field that naturally self-recovers, resulting in zero farfield power deposition for a fully expanded flow. The

latter statement follows directly from the Gibbs equation over an isentropic streamtube with its mass flux boundaries

lying in the free-stream, as detailed in Appendix D. Conversely, the baroclinic power definition (29) represents the

entropic thermo-compressible power trace associated with the alteration of the local compressibility characteristics of

shear layers relative to EIF due to heat transfer effects. This term behaves as a power sink (B > 0) and power source

(B < 0) for heat deposition and absorption, respectively.

For typical adiabatic subsonic flows, B > 0 with the driving heat deposition mechanism being the self-heating of

shear layers via viscous dissipation, leading to a mechanical loss excess Φ∗ > Φ, as shown qualitatively in Fig. 7. For

transonic flows, the formation of shock waves lead to additional baroclinic losses (Bshock) which may be approximately

incorporated within the defect analysis via the approximate procedure described in Appendix E. However, a more

detailed discussion of shock-related implications will not be addressed in the present work. For the general non-adiabatic
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wall scenario, heated and cooled walls result in the formation of an "independent" thermal boundary layer field associated

with entropy generation B > 0 and entropy reduction B < 0.

The dependence of Θ𝑟 andB on the gauge pressure indicates that the thermo-compressible energy exchange runs to

completion when the viscous flow transitions to a fully-expanded free-shear layer. Therefore, the net baroclinic power

trace imparted to the flow asymptotes to the RVF definition of Θ when the latter is integrated over a fully-expanded

streamtube enclosing the body:

Θ∞ = Θ𝑟∞︸︷︷︸
=0

+B∞ = B∞ (38)

where the subsript ∞ denotes a Trefftz plane positioned at a wake position with fully expanded conditions. The

right-hand side equality of Eq. (38) follows from the exact self-cancellation of the equivalent isentropic field thereby

allowing Θ∞ to capture the net baroclinic residual. Numerical implications of Eq. (38) as well as the relation between

the definition of B and the baroclinic power definition of Sato [26] will be addressed in subsequent subsections.

3. Total Mechanical Energy Loss Estimation

The calculation of the mechanical energy losses, Φ∗ = Φ + B, involves the post-processing of Eqs. (28) and (29)

that may not be straightforward to estimate from the available flow field data. The right-hand side of Eq. (27) provides

a numerically advantageous alternative of estimating Φ∗ by means of Trefftz plane measurements. From a wind

tunnel perspective, the surface integral representation of Φ∗ offers a viable solution of carrying out an energy-based

aerodynamic analysis from limited experimental measurements.

Noting that the rear extent of an aerodynamic body’s pressure field and thus the semi-expanded wake region, typically

decay within a fraction of a chord, the upstream mechanical loss accumulation at any wake position 𝑠 may be accurately

approximated by the free-stream kinetic energy defect, ¤EK∞ crossing the Trefftz plane:

Φ∗ (𝑠) = Φ∗
BL +Φ∗

wake(𝑠) ≈ ¤EK∞ (𝑠) =
� (

𝑉2
∞ −𝑉2

2

)
𝜌𝑽 · 𝒏̂ 𝑑STP (39)

The downstream dissipation may be implicitly obtained via wake plane measurements by noting that, from a power

balance perspective [17], the integration of the total mechanical energy losses over a CV extending at infinite distance

downstream asymptotes to the total drag power of the aerodynamic body, as follows:

Φ∗
∞ = Φ∞ + Θ∞ ≈ 𝐷𝑉∞ (40)

Assuming fully-expanded wake flow, the aerodynamic defect force vector aligns with V∞, thereby yielding a farfield
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profile drag approximation as a function of the free-stream momentum defect outflow magnitude, M∞:

M∞ =

�
(𝑉∞ −𝑉)𝜌𝑉 𝑑STP ≈ 𝐷 (41)

Therefore, the residual wake losses Φ∗
res (𝑠) ≈ Φres (𝑠) at any point downstream of the Trefftz plane are measured by

subtracting the upstream mechanical losses ¤EK∞ (𝑠) from the total drag power 𝐷𝑉∞ ≈ ¤EK∞ (𝑠):

Φ∗
res ≈ Φres ≈ M∞𝑉∞ − ¤EK∞ (𝑠) =

� (𝑉 −𝑉∞)2

2
𝜌𝑉 𝑑STP (42)

where Eq. (42) coincides with the 𝐸𝑎 term of the power balance [17] and states that the kinetic energy excess of the

defect shear layer flow measures all the downstream dissipation. By definition, M∞ is invariant along the fully expanded

wake domain, and thereby independent of the Trefftz plane position. Thus, the momentum defect may be measured at

any wake location that is considered numerically or experimentally advantageous. Notice that for a 2D flow, Eq. (42) is

directly lift the excess kinetic energy thickness 𝜅 definition (C5) as Φ∗
res ≈ 1

2 𝜌𝑒𝑉
3
𝑒 𝜅 for fully-expanded flow.

C. Sato’s Defect Mechanical Energy Balance

A more elegant form of the defect mechanical energy equation may be obtained from the following semi-expanded

form, assuming the validity of the thin shear layer approximations [26]:

1
2
∇ · (𝜌𝑒𝑽𝑒𝑉

2
𝑒 − 𝜌𝑽𝑉2) = −𝜌𝑒∇̄

1
2
𝑉2
𝑒 · (𝑽𝑒 − 𝑽) − ∇ · ( ¯̄𝜏 · 𝑽) + ( ¯̄𝜏 · ∇) · 𝑽 (43)

where the vector identity (22) has been invoked for the expansion of the viscous term along with the thin shear layer

approximation for the edge pressure gradient [26]:

∇𝑝 ≃ ∇𝑝𝑒 ≃ ∇̄𝑝𝑒 ≃ 𝜌𝑒∇̄
1
2
𝑉2
𝑒 (44)

where ∇̄ = 𝜕 ()/𝜕𝑠, the surface gradient of a 2D flow. For a 3D shear layer, an additional component would be required

for the treatment of the gradient in the cross-flow direction. Integration of the mechanical energy relation (43) over the

RVF and EIF control volumes and use of the Gauss’s identities (4), (5), the defect continuity relation (7) and kinetic

defect identity (24) yield Sato’s [26] integral defect mechanical energy equation:

Φ −
�

D∗∗ · ∇̄1
2
𝑉2
𝑒 𝑑𝑠 = ¤EK + ¤E𝜏 (45)
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where the derivation makes use of the boundary layer defects (C1), (C3), (C7) as well as the following properties:

�
−𝜌𝑒∇̄

1
2
𝑉2
𝑒 · 𝑽𝑒 𝑑V −

�
−𝜌𝑒∇̄

1
2
𝑉2
𝑒 · 𝑽𝑒 𝑑V∗ =

�
−𝜌𝑒∇̄

1
2
𝑉2
𝑒 · (𝑽𝑒 − 𝑽) 𝑑V

−
�

−𝜌𝑒∇̄
1
2
𝑉2
𝑒 · 𝑽𝑒 𝑑V𝛿∗ (46)

�
−𝜌𝑒∇̄

1
2
𝑉2
𝑒 · (𝑽𝑒 − 𝑽) 𝑑V =

�
−𝜌𝑒∇̄

1
2
𝑉2
𝑒 · 𝑸 𝑑𝑠 (47)

�
−𝜌𝑒∇̄

1
2
𝑉2
𝑒 · 𝑽𝑒 𝑑V𝛿∗ =

�
∇̄1

2
𝑉2
𝑒

�
𝜌𝑒𝑽𝑒 𝑑S 𝛿∗

TP 𝑑𝑠 =

�
∇̄1

2
𝑉2
𝑒

�
[𝜌𝑒𝑽𝑒 − 𝜌𝑽] · 𝒏̂ 𝑑STP 𝑑𝑠 (48)

Relative to Sato’s derivation [26], Eq. (45) has been derived directly from the conservation form of the generalised

defect mechanical energy equation based on the concept of the fictitious body rather than the less intuitive transpiration

wall model [27]. The TSL approximations yield now an elegant formulation of compressibility-induced effects that

lumps the net (B − EP ) effect∗∗ under a single baroclinic power term −Π𝑉 that is function of the density flux defect

D∗∗ (C3) and the gradient of the squared edge velocity gradient:

−Π𝑉 = −
�

D∗∗ · ∇̄1
2
𝑉2
𝑒 𝑑𝑠 (49)

1. Baroclinicity-Corrected Dissipation

An elegant way of incorporating −Π𝑉 into a single mechanical loss integral Φ∗ has been derived by Sato [26] in the

form of a baroclinicity-corrected dissipation integral assuming adiabatic flow, a near-unity free-stream Prandtl number

Pr ≃ 1 and weak flow acceleration. The resulting mechanical loss approximation is now expressed as a function of the

dissipation coefficient 𝐶D and the local edge flow compressibility characteristics:

Φ∗ ≃

�
𝜌𝑒𝑉

3
𝑒

(
1 + 𝛾 − 1

2
𝑀2

𝑒

)𝑟
𝐶D 𝑑𝑠(

𝛾 − 1
2

𝑀2
𝑒

)𝑟 ���
TP

(50)

where 𝛾 the specific heat ratio, 𝑀𝑒 the edge Mach number and 𝑟 ≃ Pr0.5 the temperature recovery factor as obtained

from a compressible (laminar) flat plate flow [41].

D. Test Cases

The evolution of the mechanical loss components of Eq. (27), normalised by the nearfield drag power 𝐷𝑉∞, are

plotted in Fig. 8 for the suction and pressure sides of a NACA0012 airfoil at fixed 𝑅𝑒𝑐 = 1× 106, 𝑀∞ = 0.3 and 6 angle
∗∗This is evident by matching terms between the defect mechanical energy balance (27) and Sato’s corresponding formulation (45).

27



of attacks. For this 2D flow, the kinetic energy defect rate can be expressed as ¤EK = 𝜌𝑒𝑉
3
𝑒 𝜃

∗ which is closely related to

viscous dissipation [17] and is therefore a strictly positive quantity. For these subsonic conditions, density variations

are relatively small compared to the affiliated 𝑉3
𝑒 factor, indicating that the near leading edge acceleration, which is

magnified for higher AoA, is affiliated with a rapid growth of 𝑑 ¤EK/𝑑𝑠 and therefore, mechanical losses. On the other

hand, regions of mild acceleration or strong deceleration along the midbody and the aft portion of the airfoil experience

a notable reduction in 𝑉3
𝑒 and therefore 𝑑 ¤EK/𝑑𝑠. The maximum ¤EK value is attained close to the trailing edge for the

suction side of high AoA flows, with the respective pressure side kinetic defect evolution monotonically increasing

along the wake. This counter-intuitive behaviour is analogous to the corresponding M component of the defect force

balance (13), and underlines the physical ambiguity involved in conventional boundary layer formulations [31] or Sato’s

balance (45). In these formulations, the effect of pressure gradients manifests only as a compressibility by-product via

the 𝛿∗∗ = 0 term. This approximation follows from the assumption of constant pressure across the boundary layer and

implies that ¤EK = Φ for incompressible flow. However, this is not strictly true since 𝑑 ¤EK/𝑑𝑠 obtains both positive and

negative values (see the ¤EK reduction in the suction side wake) whereas the corresponding viscous accumulation rate

𝑑Φ/𝑑𝑠 is a strictly positive quantity.

Instead, Eq. (27) indicates that even for subsonic adiabatic viscous flows with B ≈ 0, the upstream dissipation

generation is measured by the net mechanical energy defect rate across the shear layer EK + EP ≈ Φ. With reference to

Fig. 8 c) and the EP definition (31), significant positive and negative contributions of this term span regions of strong

acceleration and deceleration, respectively. This can be shown conceptually by invoking the TSL approximation which

yields the following estimate: EP ≈ −𝑝𝐺𝑒
V𝑒𝛿

∗∗. For typical adiabatic flows, 𝛿∗∗ > 0 with the local density deficit being

associated with thermo-compressible interference due to viscous self-heating, free-stream compressibility and local

curvature variations. The implication is that the local EP magnitude and the corresponding peak value positions are

determined by the trade-off between local flow acceleration/deceleration and sufficient 𝛿∗∗ growth, with higher AoA

acting towards amplifying the EP contributions along the suction side whilst shifting the position of maximum EP

closer to the leading edge. At about 𝑥/𝑐 = 0.8, the EP curves transition to negative values (𝑝𝐺𝑒
> 0) forming a pressure

work defect "spike", with the minimum value being attained close to the trailing edge regardless of AoA and airfoil side

considered.

This spike acts towards "flattening" the faster trailing edge 𝑑 ¤EK/𝑑𝑠 growth such that the net ¤EK + ¤EP resembles the

viscous dissipation evolution trends of Fig. 8 b). The numerical calculation of Φ is obtained from the 𝐶D definition (34)

such that Φ =

�
𝜌𝑒𝑉

3
𝑒𝐶D 𝑑𝑠. The relatively weak dependence of 𝐶D on mild pressure gradients [26, 31] yields

a largely invariant evolution of 𝐶D along the suction side for 𝑎 ≤ 6◦ and an approximately AoA independent 𝐶D

behaviour along the pressure side, as shown in Fig. 9 a) and b). The superpositioned cyan dashed line is obtained by

Sato’s [26] turbulent flat plate dissipation coefficient 𝐶D𝐹𝑃
expression (assuming smooth surface) and confirms that

in the absence of substantial acceleration and deceleration, the 𝐶D evolution is approximately Reynolds dependent
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(𝑅𝑒𝑥 = 𝜌∞𝑉∞𝑥𝜇−1
∞ ) and roughly equal to that of a flat plate. Thus, the local dissipative contributions are primarily

controlled by the intensity of the local flow acceleration and deceleration via the 𝜌𝑒𝑉
3
𝑒 factor meaning that higher AoA

values result in more "concave-shaped" and "linear-shaped" dissipation evolutions over the airfoil suction and pressured

sides, respectively. The above have a direct implication on how the dissipation is distributed along the flow path, with

higher AoA flows progressively shifting a larger fraction of the total upper side dissipation on the airfoil boundary layers

and vice versa for the pressure side. Larger Φwake/𝐷𝑉∞ values are desirable for BLI propulsion because this ratio

represents a potential for energy recovery [18] that could be strategically utilized by the propulsion system for improved

aerodynamic performance.

For this subsonic flow scenario, compressibility is negligible such that the affiliated baroclinic power is a higher

order effect, as shown in Fig. 8 d). For 𝑎 = 0, the baroclinic power behaves as a power sink (B > 0) and grows

monotonically at a progressively slower rate up to the airfoil’s midbody whereafter a plateau region follows that

terminates with a marginal spike close to the trailing edge. These qualitative characteristics are largely retained for

the suction side regardless of AoA, with higher values of the latter merely amplifying the local B magnitude. Strong

negative B contributions only manifest just downstream of the leading edge (𝑥/𝑐 ≈ 0.05), indicating the possibility

of compressibility effects locally acting as a power source that partially negates its downstream loss contributions.

Whereas local B < 0 contributions are not explicitly precluded from the baroclinic power definition (29), the affiliated

numerical challenge of postprocessing flow quantities such as ∇ · V𝑒 over regions of abrupt change in fluid properties

involves a degree of uncertainty. The progressively higher growth rate 𝑑B/𝑑𝑠 downstream of the suction side leading

edge of higher AoA flows indicates that baroclinic loss generation dominates along overspeed regions due to dissipative

heating effects of the boundary layer being more pronounced relative to the aft portion of the airfoil and the wake.

An important feature of the B evolution is that the wake region carries (approximately) no baroclinic power,

Bwake ≈ 0, due to the viscous decay of the wake velocity pertubations (and thus viscous self-heating) at nearly constant

pressure. Thus, the only relevant wake loss mechanism is viscous dissipation whereas the total baroclinic power loss B∞

is generated upstream of the trailing edge such that B∞ ≈ BBL. This observation confirms the validity of the arguments

by Lamprakis et al. [19, 40] in obtaining an approximate baroclinicity-corrected PER factor of unpowered bodies

assuming that Bwake ≈ 0. The actual accuracy of the B term will be addressed in the following subsection, as well as

alternative means of approximating it.

The evolution of the total mechanical losses of the NACA0012 airfoil, as obtained from the left and right hand side

terms of the defect mechanical balance (27), is shown in Fig. 10 at the same 𝑅𝑒𝑐 and 𝑀∞ numbers and three AoA. For

visual aid purposes, the shaded red area indicates a reference error 𝜖 with respect to the Φ∗ curve. Comparison of the

trends indicates that the relative error between the surface and volume integral forms of Φ∗ is sensitive to AoA, with

higher values of the latter resulting in more pronounced deviations. These are primarily associated with the numerical

underestimation of the B component (to be addressed in the following subsection) and secondarily with the EIF and
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Fig. 8 Evolution of drag power-normalised defeect mechanical energy components for NACA0012 airfoil suction
and pressure surfaces at 𝑹𝒆𝒄 = 1 × 106, 𝑴∞ = 0.3 and 𝒂 = 0◦, 2◦, 4◦, 6◦, 8◦, 10◦.

Fig. 9 𝑪D evolution of a NACA0012 airfoil at 𝑹𝒆𝒄 = 1× 106, 𝑴∞ = 0.3 and 𝒂 = 0◦, 2◦, 4◦, 6◦, 8◦, 10◦: a) Suction
Side b)Pressure Side. The cyan curves show the 𝑪D𝑭𝑷 expression for a smooth turbulent flat plate by Sato [26].

RVF flow alignment assumption used in the derivation. The dependence of both EK and EP on edge quantities implies

that miscalculation of the latter may compromise the accuracy of their mechanical loss predictions. This results in an

underestimation of the losses from the EK + EP term in the wake region for all AoA scenarios due to the gradual mesh
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coarsening and to a circumstantial overestimation on the airfoil surfaces for the upper AoA regime due to the additional

RVF and EIF flow alignment assumptions of the derivation. On the other hand, the respective volume integral form

of Φ∗ with B ≈ 0 is independent of edge quantities†† and nearly invariant to minor miscalculations of the boundary

layer thickness due to the dissipative contributions of the boundary layer being confined close to the wall (typically for

turbulent boundary layers).

Fig. 10 Drag power-normalised mechanical loss evolution of a NACA0012 at 𝑹𝒆𝒄 = 1 × 106, 𝑴∞ = 0.3 and
varying 𝑎, as obtained from EK + EP and 𝚽∗.

E. Accuracy of Baroclinic Power

In assessing the accuracy of the baroclinic power definition (29), its asymptotic value is compared against the

baroclinic residual Θ∞, as obtained from the integration of Θ over a fully expanded domain enclosing the aerodynamic

body. For further verification purposes, Sato’s baroclinic power expression (49) and its approximation, defined as the

difference between the baroclinicity-corrected dissipation (50) and Φ =

�
𝜌𝑒𝑉

3
𝑒𝐶D 𝑑𝑠, are also plotted for reference

in Fig. 11 a) - j) for various operating conditions. As discussed earlier, the B and −Π𝑉 definitions do not represent

physically the same quantity, because the −Π𝑉 derivation lumps the -EP contributions. However, the latter term rapidly

decays downstream of the trailing edge, such that the notions of −Π𝑉 and B coincide. Thus, the various terms are

primarily benchmarked based on their deviation from the asymptotic Θ∞ value as per Eq. (38) by noting that Θ∞

may also be subject to numerical uncertainties. Sato’s exact −Π𝑉 term (49) provides numerically the most consistent

predictions for all adiabatic flow scenarios (see Fig. 11) a) - f) ) tested and accurately captures the baroclinic power

excess affiliated with increasing 𝑀∞ and AoA. Notice that higher 𝑀∞ numbers tend to shift the −Π𝑉 curves upwards

whereas increasing the AoA leads to more "concave-shaped" B and −Π𝑉 distributions, indicating a progressive shift of

the baroclinic loss generation closer to the leading edge, in agreement with the discussion of the previous subsection.

Overall, the approximate −Π𝑉 and B definitions tend to substantially underestimate the baroclinic residual power, with

the validity of the former term being subject to its derivation assumptions and the accuracy of the latter being largely
††The 𝜌𝑒𝑉

3
𝑒 factor of the Φ expression (35) self-cancels with the denominator of the 𝐶D definition (34).
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dependent on the inaccurate numerical calculation of the ∇ · V𝑒 integrand.

Figure 11 g) - i) shows that wall cooling and heating are affiliated with significant negative and positive baroclinic

contributions of up to Θ∞ ≈ 18% for the extreme 𝑇𝑤/𝑇∞ = 3 scenario. These contributions are only adequately captured

by the exact −Π𝑉 and B formulations whereas the approximate expression is invalid for non-adiabatic walls. The sign

change with wall cooling and heating signifies the duality of the baroclinic power acting as a power source (B < 0) and

a power sink (B > 0) for heat absorption and heat deposition, respectively. For typical adiabatic flows, the baroclinic

losses (B > 0) due to the self-heating of the boundary layer are small and commonly incorporated as a correction in the

dissipation [20, 22].

Fig. 11 Residual baroclinic power expression comparison for a NACA0012 at fixed: a) - c) 𝑹𝒆𝒄 = 1 × 106,
𝑴∞ = 0.3. d) - f) 𝑹𝒆𝒄 = 1 × 107, 𝒂 = 4◦ g) - i) 𝑹𝒆𝒄 = 1 × 107, 𝑴∞ = 0.15, 𝒂 = 4◦.
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V. Viscous Mechanical Energy Generation
The previous defect formulations were carried out in the RRF where the free stream flow passes over a stationary

aerodynamic body. In capturing the viscous mechanical energy generation mechanisms associated with the motion of

the airframe surfaces and their correlation with the defect force definition, a conversion to the ARF is required. This is

achieved via a Galilean transformation (see examples in [19, 25]) between relative and absolute reference frames. The

two are related via the following velocity relation:

VA = V − V∞ (51)

where VA the ARF velocity vector as perceived from a coordinate system fixed in space. For an aircraft flying through

quiescent atmosphere, its ARF velocity is merely opposite to the conventional free-stream RRF velocity vector , i.e

𝑽A𝐹
= −𝑽∞.

A. Formulation

Forming the dot product of the defect momentum equation with the free-stream velocity vector yields:

�
(𝑽𝑒𝜌𝑒𝑽𝑒 · 𝑽∞) · 𝒏̂ 𝑑S∗ −

�
(𝑽𝜌𝑽 · 𝑽∞) · 𝒏̂ 𝑑S = −

�
𝑝𝑒𝑽∞ · 𝒏̂ 𝑑S∗ −

�
[−𝑝𝑽∞ · 𝒏̂ + ¯̄𝝉 · 𝒏̂ · 𝑽∞] 𝑑S (52)

Subtraction of (52) from (25) and use of the following identities:

�
𝑝𝑒𝑽A𝑒

· 𝒏̂ 𝑑S∗ −
�

𝑝𝑽A · 𝒏̂ 𝑑S =

�
𝑝𝐺𝑒

𝑽A𝑒
· 𝒏̂ 𝑑S∗ −

�
𝑝𝐺𝑒

(𝑽A) · 𝒏̂ 𝑑S+
�

𝑝∞∇ · 𝑽𝑒 𝑑V∗ −
�

𝑝∞∇ · 𝑽 𝑑V (53)

(𝑽𝑒 − 𝑽)2

2
=
𝑉2
𝑒 +𝑉2

2
− (𝑽 · 𝑽𝑒) =

𝑉2
𝑒 −𝑉2

2
+ 𝑽 · (𝑽 − 𝑽𝑒) (54)

yields the integral form of the viscous energy generation imparted to the flow:

� (𝑽𝑒 − 𝑽) (𝑽A + 𝑽A𝑒
)

2
𝜌𝑽 · 𝒏̂ 𝑑STP =

� [
𝑝𝐺𝑽A − 𝑝𝐺𝑒

𝑽A𝑒

]
· 𝒏̂ 𝑑STP +

�
𝑝𝐺𝑒

𝑽A𝑒
· 𝒏̂ 𝑑S 𝛿∗

TP

−
� [

𝑝𝐺𝑒
∇ · 𝑽𝑒 − 𝑝𝐺∇ · 𝑽

]
𝑑V −

�
𝑝𝐺𝑒

∇ · 𝑽𝑒 𝑑V 𝛿∗+
�

( ¯̄𝜏 · ∇) · 𝑽 𝑑V −
�

¯̄𝜏 · 𝑽A · 𝒏̂ 𝑑S (55)
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where 𝑽A𝑒
= 𝑽𝑒 − 𝑽∞, the ARF edge velocity vector. Rearrangement of Eq. (55) yields the viscous mechanical energy

generation balance for an aerodynamic body flying through quiescent atmosphere:

F𝐷𝑉∞ = Ẽ𝑘 + Ẽ𝑝 + Ẽ𝜏 + B +Φ (56)

where the left-hand side term F𝐷𝑉∞ measures the upstream nearfield defect drag power transmitted to the flow via the

body’s walls. The right-hand side captures its farfield manifestation inside the shear layers, in the form of excess viscous

mechanical energy outflows and volumetric losses. All the terms are defined hereafter:

The nearfield viscous defect drag power generation F𝐷𝑉∞,

F𝐷𝑉∞ =

�
𝑝𝐺𝑽∞ · 𝒏̂ − ( ¯̄𝜏 · 𝑽∞) · 𝒏̂ 𝑑SB −

�
𝑝𝐺𝑽∞ · 𝒏̂ 𝑑SB∗ (57)

This is the accumulated defect drag power imparted to the flow from the airframe surfaces flying at a finite velocity −𝑽∞

through quiescent atmosphere. It measures individual contributions from the integrated skin friction forces along the

real body surfaces (skin friction drag generation) and the difference between the integrated pressure forces acting over

the real and fictitious bodies which persists in the wake (pressure drag generation). This term traces the local generation

of the defect drag power for partially enclosed wall surfaces, as well as the total viscous drag power for a Trefftz plane

positioned at a wake position that ensures the alignment of the effective wake body surfaces with the free-stream flow

direction.

The viscous kinetic energy excess rate Ẽ𝑘 ,

Ẽ𝑘 =

� (𝑽 − 𝑽𝑒) (𝑽A + 𝑽A𝑒
)

2
𝜌𝑽 · 𝒏̂ 𝑑STP (58)

This is the non-isentropic component of the kinetic energy flow rate crossing the Trefftz plane due to the viscous

entrainment of the wall-adjacent fluid layers. Thus, the walls of an aerodynamic body associated with finite flight

velocity −𝑽∞ supply viscous kinetic power to the flow which is then deposited and attenuated via viscous dissipation

inside the wake. To the extent that 𝑽𝑒 ≃ 𝑽∞, such as in a zero pressure gradient viscous flow (flat plate) or a free shear

layer, the kinetic energy excess characteristics are driven by viscosity alone, and Eq. (58) asymptotes to the axial kinetic

energy term 𝐸𝑎 of the power balance [17] as well as the flat plate mean streamwise kinetic energy term of Renard and

Deck [25].

The viscous pressure work rate Ẽ𝑝 ,

Ẽ𝑝 =

�
𝑝𝐺𝑽A − 𝑝𝐺𝑒

𝑽A𝑒
𝑑STP +

�
𝑝𝐺𝑒

𝑽A𝑒
𝑑S 𝛿∗

TP (59)
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This is the viscous or entropic component of the pressure work rate acting on the defect flow exiting from the Trefftz

plane. Positive contributions of this term span accelerative flow regions of the body (such as the vicinity of the leading

edge) whereas substantial negative contributions (via the second term) manifest along compressive regions with large

viscous displacement, such as the aft region of airfoils or fuselages as well as the semi-expanded near wake region. As a

result, this term acts towards negating large viscous kinetic energy excess contributions along adverse pressure gradient

zones.

B. Test Cases

The evolution of the viscous kinetic energy and pressure work components of the balance (56), normalised by the

nearfield drag power 𝐷𝑉∞, is plotted in Fig. 12 a) and b) for the suction and pressure sides of a NACA0012 airfoil at

fixed 𝑅𝑒𝑐 = 1 × 106, 𝑀∞ = 0.3 and 6 AoA. Strong Ẽ𝑘 < 0 and Ẽ𝑘 > 0 contributions are spanning, locally, accelerative

and decelerative zones of the suction side respectively, with their magnitude being further amplified by higher AoA. The

perplexing negative sign of the kinetic energy evolution along the near leading edge indicates work expenditure from

the flow and seems to run counter to the strictly positive excess kinetic energy arguments of the RVF power balance.

In other words, the negative Ẽ𝑘 indicates that the pressure field is the driving mechanism that sustains this (negative)

kinetic energy growth via the substantial Ẽ𝑝 > 0 contributions, as indicated by Fig. 12 b). The opposite applies to

the strong adverse pressure gradient zone at the aft portion of the airfoil, where the substantial viscous kinetic energy

supplied to the boundary layer is partially balanced by strong negative Ẽ𝑝 contributions. In the limit of a zero-pressure

gradient or a small pertubation flow, where the pressure field variations are typically small such that Ẽ𝑝 ≈ 0. For these

flow scenarios, Ẽ𝑘 measures the kinetic energy gain (Ẽ𝑘 > 0) that is supplied by the relative movement of the walls to the

boundary layer via the action of viscosity. This is the case for the airfoil’s pressure side at higher AoA for which the Ẽ𝑘

evolution behaves similar to the 𝐸𝑎 term of the power balance and is strictly positive along the flow path. Downstream

of the trailing edge, the rapid decay of the body’s pressure field manifests as a sharp reduction in Ẽ𝑝 which is followed

by the viscous decay of Ẽ𝑘 via dissipation‡‡.

The above imply that the notions of Ẽ𝑘 and Ẽ𝑝 are typically coupled and subject to mutual energy transfer exchanges

due to the pressure-velocity coupling. In tracing the actual viscous energy excess transmitted to the flow from the flying

body, one should consider the net viscous mechanical energy excess Ẽmech = Ẽ𝑘 + Ẽ𝑝
§§ evolution instead, as shown in

Fig. 12 c). The resulting Ẽmech curve accumulates at a progressively slower rate up to 𝑥/𝑐 ≈ 0.8 whereafter the change

in monotonicity 𝑑 (Ẽmech)/𝑑𝑥 terminates at the trailing edge with a local minimum. A nearly identical behaviour is

reported by Aguirre [35] via his velocity decomposition method [36]. To the authors’ opinion, this minimum originates

primarily from the invalidity of the EVF and EIF alignment assumption (see Sec. II.C) for flows with non-marginal
‡‡This is strictly true only for a fully-expanded flow, where the pressure field does not affect Ẽ𝑘 changes.
§§Ẽ𝜏 is omitted due to being negligible relative to the other two terms.
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viscous displacement and secondarily from the excess Ẽ𝑝 expended by the flow to "overcome" the strong adverse

pressure gradient zone along the aft portion of the airfoil. Downstream of the trailing edge, the semi-expanded wake

region is affiliated with a short Ẽmech rise prior to its final viscous decay at nearly constant pressure, i.e. Ẽ𝑝 ≈ 0 along

the fully-expanded wake region. The latter statement implies that in the absence of pressure gradients, 𝑉𝑒 = 𝑉∞ and

the wake’s viscous mechanical energy excess reduces to the conventional RVF excess kinetic energy term [17, 18] in

agreement with the argument of Sec. IV.B.3.

From a wake energy recovery perspective, the net viscous mechanical energy Ẽ𝑘 + Ẽ𝑝 closely resembles the

baroclinicity-corrected potential for energy recovery factor, PER = 1 − (Φ + Θ∞)/𝐷𝑉∞, [19] relevant for BLI

propulsion. This is evident by rearranging Eq. (56):

Ẽmech
F𝐷𝑉∞

= 1 − Φ∗

F𝐷𝑉∞
(60)

where the right-hand side of Eq. (60) differs from PER in that the defect drag is used in the denominator. The

comparison between Ẽmech and the conventional PER definition signifies that the discrepancy between the two is

more pronounced in close proximity of the trailing edge, where the PER metric predicts larger recoverable energy

estimations, with higher deviations being noted for increasing AoA. This discrepancy in the near wake (1 < 𝑥/𝑐 < 1.4)

is partly a consequence of using 𝐷𝑉∞ as the denominator of Ẽmech rather than F𝐷𝑉∞, as defined in Eq. (60). At a short

distance downstream (about 𝑥/𝑐 > 1.4) however, F𝐷 asymptotes to 𝐷 (see Fig. 4 d) ) such that Eq. (60) resembles

PER, resulting in good agreement between the two. Another source of uncertainty arises from the assumed flow

alignment between the RVF and the EIF. This assumption becomes less accurate along regions of notable viscous

displacement, such as the vicinity of the trailing edge of the airfoil.

1. Full Balance

The evolution of the viscous energy generation terms of Eq. (56) are shown in Fig. 13 for various operating

conditions. The right-hand side consitutents of the balance indicate that F𝐷𝑉∞ physically measures, at each streamwise

position, the upstream defect drag power transmitted to the flow, which manifests as the sum of the upstream mechanical

losses Φ∗ and the excess viscous mechanical energy outflow Ẽmech generated inside the shear layers. The spatial

evolution of Ẽmech in Fig. 13 signifies physically the presence of a "defect power supply" and a "defect power deposition"

zone. The former corresponds to the airframe surfaces and the near wake region where the viscous mechanical energy

excess is accumulating (with the exception of the near trailing edge region) and terminates when F𝐷𝑉∞ asymptotes

to the viscous drag power. The latter corresponds to the downstream wake region which accounts for the irreversible

conversion of Ẽmech into wake dissipation.

In the absence of strong heat transfer effects, Fig. 13 a) - f) indicate that the defect drag power generation
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Fig. 12 Drag power-normalised viscous mechanical energy generation components for NACA0012 airfoil at
𝑹𝒆𝒄 = 1 × 106, 𝑴∞ = 0.3 and varying 𝒂.

process is primarily controlled by the viscous dissipation, with the remaining viscous mechanical energy excess and

baroclinic power components measuring, typically, < 15% and < 2%, respectively. For reference, the asymptotic

F𝐷𝑉∞ value at 𝑥/𝑐 = 2 is shown in each of the subplots along with the corresponding B decrement relative to the Θ∞

value,(Θ∞ − B∞)/𝐷𝑉∞. Comparison between the two signifies that the accuracy of the F𝐷𝑉∞ evolution and its drag

power estimation is strongly correlated to the numerical miscalculation of B. This is evident by simply correcting

F𝐷𝑉∞ for the missing baroclinic power, which results in drag power measurements within 1% for all adiabatic and

non-adiabatic flows (see Fig. 13 h) -g)) scenarios tested. Notice that the underestimation of B and its subsequent

correction is also valid for the RRF balance (27) terms of Fig. 10 a) -c), and results in improved matching between the

left and right-hand side terms within 1%. For completeness, Table 1 presents the numerical values of nearfield drag

coefficients¶¶ (𝑐𝐷) and their corresponding farfield defect drag coefficients (𝑐F𝐷
) at 𝑥/𝑐 = 2 for all flow conditions

shown in Fig. 13 (a–g). The relative deviation between the two coefficients is also provided, demonstrating a close

agreement of less than 4% for all cases.
¶¶The drag coefficients are obtained by normalising the corresponding drag force with 1

2𝜌∞𝑉
2
∞𝑐.
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Fig. 13 Drag power-normalised viscous energy generation balance terms for a NACA0012 at fixed: a) - c)
𝑹𝒆𝒄 = 1 × 106, 𝑴∞ = 0.3 d) - f) 𝑹𝒆𝒄 = 1 × 107, 𝒂 = 4◦ g) - i) 𝑹𝒆𝒄 = 1 × 107, 𝑴∞ = 0.15 and 𝒂 = 4◦.

Table 1 Nearfield viscous drag coefficient values (𝒄𝑫) versus farfield defect drag coefficient (𝒄F𝑫 ) predictions at
𝒙/𝒄 = 2 for the NACA0012 cases of Fig. 13.

Test case a) b) c) d) e) f) g) h) i)
𝑐𝐷 0.01085 0.01290 0.01816 0.00804 0.00809 0.00821 0.00856 0.00740 0.00730
𝑐F𝐷

0.01083 0.01276 0.01772 0.00796 0.00798 0.00805 0.00865 0.00718 0.00701
1 −

𝑐F𝐷

𝑐𝐷
(%) 0.2 1.1 2.4 1 1.3 1.9 -1.1 3 4
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C. Velocity Decomposition Method

In sifting out the isentropic flow field pertubations, Aguirre [35, 36] carried out a notional breakdown of the RVF

velocity field into a non-isentropic (𝑽̄) and an isentropic part (𝑽∗), such that:

𝑽 = 𝑽̄ + 𝑽∗ (61)

where the two velocity vectors are assumed to be aligned, in agreement with the assumptions of Sec. II.C. The inviscid

flow field is subsequently reconstructed by invoking the compressible steady-state Bernoulli equation [42]:

𝑝∗

𝑝∞
=

[
1 + 𝛾 − 1

2
𝑀2

∞

(
1 − 𝑉2

𝑉2
∞

)] 𝛾

𝛾−1

(62)

where 𝑝∗ denotes the isentropic pressure field. With similar arguments to the thin shear layer approximation, and

following the previous work by Meheut [43], Aguirre assumed nearly identical pressure fields for the isentropic and

RVF such that 𝑝∗ ≃ 𝑝 by neglecting viscosity-induced pressure field flactuations inside shear layers. Thus, the validity

of the Bernoulli relation (62) effectively extends to the RVF by substituting 𝑝∗ ≃ 𝑝, which then yields an expression for

the isentropic velocity magnitude 𝑉∗ as a function of local and free-stream thermodynamic quantities [36] :

𝑉∗ = 𝑉∞

√√√
1 − 2

(𝛾 − 1)𝑀2
∞

[(
𝑃𝑡

𝑃𝑡∞

) 𝛾−1
𝛾

𝜁 − 1

]
(63)

where 𝑃𝑡 the total pressure and 𝜁 a non-dimensional isentropic parameter expressed in terms of the total temperature 𝑇𝑡

as:

𝜁 = 1 + 𝛾 − 1
2

𝑀2
∞

(
1 − 𝑉2

𝑉2
∞

𝑇2
𝑡∞

𝑇𝑡

)
(64)

The velocity decomposition method was subsequently used by Aguirre [36] to obtain a modified exergy balance for

accurate drag estimations based on limited wind-tunnel wake-plane measurements. This was achieved by subtracting

the isentropic exergy flux contributions from Arntz et al. [37, 38] original RVF exergy formulation, thereby eliminating

Trefftz plane exergetic pertubations affiliated with the outer potential flow. Applying this principle to the conventional

RVF mechanical energy balance as derived by Sanders and Laskaridis [18] and denoting with (̄) and ()∗ the non-isentropic

and isentropic mechanical energy outflow components, respectively, the following viscous balance is obtained:

𝐷̄𝑉∞ = ¤̄E𝑘 + ¤̄E𝑝 +Φ + Θ̄ (65)
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where the non-isentropic energy components are implicitly extracted by filtering the isentropic components from the

RVF terms, (̄) = () − ()∗, such that:

¤̄E𝑘 = E𝑘 − E∗
𝑘 =

� [( 𝜌
2
𝑽2
𝐴

)
𝑽 −

( 𝜌
2
𝑽∗2
𝐴

)
𝑽∗

]
· 𝒏̂ 𝑑STP (66)

¤̄E𝑝 = E𝑝 − E∗
𝑝 =

�
𝑝𝐺 (𝑽 − 𝑽∗) · 𝒏̂ 𝑑STP (67)

Θ̄ = −
�

𝑝𝐺 (∇ · 𝑽 − ∇ · 𝑽∗) 𝑑V (68)

where 𝐷̄ the non-isentropic profile drag component. Close inspection of the velocity decomposition approach and

matching terms: 𝐷̄𝑉∞ → (57), (59) → (67) and (29) → (68) reveals that Aguirre [35] has implicitly carried out an

approximate viscous energy generation analysis similar to Eq. (56) for a fully enclosed aerodynamic body. However, the

accuracy of the non-isentropic energy terms relies on the wrongly perceived definition of the simple inviscid flow field,

as is evident by the lower integration limit of the isentropic flux terms (66), (67), (68), lying on the real body’s walls and

thereby omitting the viscous displacement effect. Therefore, the validity of the velocity decomposition approach and its

agreement with the present derivation is subject to the significance of the isentropic contributions associated with the

displacement portion of the Trefftz plane. For instance, the viscous pressure work rate Ẽ𝑝 definition (59) coincides with

¤̄E𝑝 to the extent that 𝑝 ≈ 𝑝𝑒 and additionally:

�
𝑝𝐺𝑒

(𝑽𝑒 − 𝑽∞) · 𝒏̂ 𝑑S 𝛿∗

TP ≃ 0 (69)

Thus, the reconstruction of the isentropic pressure field and the cancellation of the outer isentropic flow field pertubations

in the velocity decomposition approach rely coincidentally on the correct EIF definition, whereas the simple inviscid

flow contributions are subtracted from the RVF terms. The effect of these assumptions and a comparison between the

present formulation and that of Aguirre [35] will be addressed in the next subsection.

D. Method Comparison

A sample comparison of the Ẽ𝑘 (58) and Ẽ𝑝 (59) definitions against the corresponding ¤̄E𝑘 (66) and ¤̄E𝑝 (67) terms of

Aguirre’s velocity decomposition method [35, 36] are summarized in Fig. 14 for various operating conditions. For all

the flow parameters tested, the accelerative parts of the airfoil (typically 𝑥/𝑐 < 0.8) yield the most notable discrepancies,

with the latter being magnified by an increase in AoA, as shown in Fig. 14 a). Contrarily, the decelerating shear layer

flow along the aft part of the airfoil and the wake region show an excellent agreement for all the examined flow scenarios,

typically within 2% and 0.5%, respectively. The deviations between the two approaches are mainly a corollary of the

EIF contributions (omitted by Aguirre’s approach) being typically more pronounced closer to the leading edge region.
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The result is a proportional overestimation of the individual ¤̄E𝑘 and ¤̄E𝑝 magnitudes for all the examined flow scenarios,

with their net effect partially self-cancelling when considering the net viscous mechanical energy excess outflow ¤̄Emech.

This is mainly true for low AoA and high 𝑅𝑒𝑐 flows with marginal flow displacement, as shown in Fig. 14 c). For

subsonic or weakly transonic flows, Fig. 14 b) signifies that the proper inclusion of the EIF terms yields a Mach number

invariant ¤̄E𝑘 + ¤̄E𝑝 evolution along the airfoil and the wake, in agreement with the PER wake analysis of axisymmetric

bodies of Ref. [40]. From a numerical point of view, Aguirre’s approach is advantageous for transonic flows with shock

formation (see Fig. 14 b) and 𝑀∞ = 0.6 curves) in that it does not require explicit extraction of boundary layer edge

properties, which may be slightly miscalculated in close proximity of the shock wave. Finally, wall cooling and heating

are explicitly captured by the viscous terms via their effect on boundary layer properties, and the flow displacement.

Thus, the cooling-induced suppression of the 𝑑𝛿∗/𝑑𝑠 growth leads to reduced EIF contributions, and thereby better

agreement between the predictions of the two methods, and vice versa for heating.

Fig. 14 Comparison of viscous mechanical energy generation flux components against Aguirre’s [36] velocity
decomposition method for a NACA0012 airfoil at fixed: a) 𝑹𝒆𝒄 = 1 × 106, 𝑴∞ = 0.3 b) 𝑹𝒆𝒄 = 1 × 107, 𝒂 = 4◦ c)
𝑴∞ = 0.3 𝒂 = 4◦ d) 𝑹𝒆𝒄 = 1 × 107, 𝑴∞ = 0.15, 𝒂 = 4◦.
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E. Application to Boundary Layer Ingestion Propulsion

As previously discussed, the sum Ẽ𝑘 + Ẽ𝑝 , when calculated along the airframe surfaces, represents the non-dissipated

energy fraction transferred to the boundary layer as the aircraft moves through a quiescent atmosphere. The portion of

the non-dissipated For conventional aircraft configurations without BLI propulsion (or for the unpowered NACA0012

airfoil examined herein), this energy is merely dissipated in the wake, increasing the power requirement by the aircraft

engines. However, BLI propulsion offers the potential to strategically recover this energy, thereby reducing the power

required for flight (see, for example, Refs. [17–19, 44]).

This energy recovery process is evaluated numerically for a 2D axisymmetric fuselage–BLI propulsor assembly.

The propulsor is modelled as a Body Force Model (BFM) that replicates an actuator disk with a Boundary Layer Ratio

(BLR) of BLR=0.5, meaning that it ingests half of the boundary layer height. The propulsor is located at the trailing

edge and its "thrust"∗∗∗ force is equal to half the drag of the unpowered fuselage and does not suffice to achieve a zero

net assembly force. The remaining force imbalance on the fuselage-BLI propulsor assembly is assumed to be balanced

by an external force, analogous to the isolated external force that is required for an "unpowered" body to reach dynamic

equilibrium in the ARF, as explained by Sanders and Laskaridis [18]. More details on the numerical setup and the

propulsor model are provided in Appendix A.

Figure 15 compares the evolution of the viscous mechanical energy terms Ẽ𝑘 and Ẽ𝑝
††† for the BLI-powered

axisymmetric fuselage against that of the same unpowered airframe at the same operating condition of 𝑅𝑒𝑐 = 1 × 106

and 𝑀∞ = 0.6. The energy recovery from the BLI propulsor manifests as an abrupt reduction in the wake’s mechanical

energy just downstream of it (1 < 𝑥/𝑐 < 1.1), thereby preventing the harvested energy from being deposited downstream

as wake dissipation. A marginal reduction in Ẽ𝑘 + Ẽ𝑝 persists after the BLI propulsor (𝑥/𝑐 > 1.1), indicating that a

small portion of the boundary layer energy has not been harvested.

Along the airframe surfaces, the aerodynamic interference of the BLI propulsor initiates at 𝑥/𝑐 ≈ 0.9, resulting

in a slight drop in the magnitude of Ẽ𝑘 and Ẽ𝑝. However, the viscous mechanical energy generation, measured by

Ẽ𝑘 + Ẽ𝑝 , remains unaffected by the propulsor. This highlights the common misconception where BLI benefits are solely

correlated with the kinetic energy of the boundary layer. Instead, the viscous pressure work rate largely balances any

changes in Ẽ𝑘 associated with pressure gradients from aero-propulsive interference effects. It should be noted that the

corresponding RVF mechanical energy flux terms (kinetic energy rate and pressure work rate) are only applicable in the

wake region and contain compressibility-induced isentropic contributions in wake flow regions where Θ ≠ 0. Therefore,

Θ must also be accounted for to cancel out isentropic compressibility effects to properly capture the potential for energy
∗∗∗In the context of BLI propulsion, the concepts of thrust and drag are ambiguous. For clarity, the term ’thrust’ is used here as a convenient way to

denote the direction of the propulsive force.
†††All energy terms are normalised by the drag power, 𝐷𝑉∞, of the unpowered fuselage.



recovery, PER [18, 40] of an unpowered body. Therefore, Ẽ𝑘 , Ẽ𝑝 , and the defect derived PER forms of Eq. (60), act as

a complimentary extension to the RVF energy methods, providing useful insights on aerodynamic interference effects.

With reference to Fig. 15, the PER value at the trailing edge of the unpowered fuselage is ∼ 0.11 which decreases

to about 0.03 in the BLI-powered scenario. This represents a significant viscous energy recovery, corresponding to

8% of the bare airframe drag power. With reference to Fig. 15, the PER value at the trailing edge of the unpowered

fuselage is ∼ 0.11 which decreases to about 0.03 in the BLI-powered scenario. This represents a significant viscous

energy recovery, corresponding to 8% of the bare airframe drag power.

Fig. 15 Drag power-normalised viscous energy flux terms for an unpowered (dashed) and a BLI powered (solid)
fuselage at 𝑹𝒆𝒄 = 1 × 106 and 𝑴∞ = 0.6.

VI. Conclusions
A defect integral analysis of the 2D steady-state compressible viscous flow about unpowered aerodynamic bodies

has been derived in this paper from momentum and mechanical energy principles. The defect flow field has been

obtained as the difference between the real viscous flow and the equivalent isentropic flow, thereby removing spurious

force and work contributions from the flow field. The result is, first of their kind, formulations that are able to trace,

quantify and causally relate local force production from the airframe surfaces to viscous (entropic) power transfer and

generation mechanisms. This is achieved by introducing the definition of the defect force and its defect drag component

as a physical measure of localised viscous drag and viscous power production, relevant for BLI propulsion. The viscous

force-power generation process is shown to manifest along airframe surfaces and the near wake region whereafter it

attains its final value that equals to the conventional viscous drag. In that sense, the formulations represent a coupled

nearfield-farfield approach whereby the nearfield (viscous) defect drag power generation process is correlated with its

farfield manifestation. Thereby, the defect formulations address the long-standing and inherent limitation of conventional

farfield methods in providing any meaningful information about the upstream force-work production mechanisms. A

useful property of the defect flow is that it is non-zero only within viscous regions, such that all the corresponding

defect terms are obtained from physically intuitive volume and surface integrations of shear layer quantities and
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parameters. This entails both numerical and experimental benefits because the integrations are now confined within

the highly resolved regions of the computational and experimental domain. Additionally, the defect formulations are

readily-compatible with existing energy/exergy-based formulations and therefore act as a complementary extension that

enables the following:

1) Calculation and characterisation of the entropic part (baroclinic power) of the highly ambiguous volumetric

pressure power term from Eq. (29) and its approximate inclusion in the power balance from Eq. (38).

2) Explicit and implicit estimation of the total viscous mechanical losses Φ∗, defined by the sum of viscous

dissipation and baroclinic power, from their volume integral definitions (Eqs. (28) and (29)) and their surface

integral representation (defect balance (27)), respectively. The latter offer a means of estimating the mechanical

energy losses from limited wake experimental data for both adiabatic and non-adiabatic aerodynamic bodies.

3) A DVF-based definition of the PER metric from Eq. (60), relevant to energy recovery via BLI propulsion, along

with an extension of its applicability to airframe surfaces. The energy recovery process from the BLI propulsor

manifests as a reduction in the viscous mechanical energy, Ẽ𝑘 + Ẽ𝑝 and mechanical losses, Φ∗, of the wake

downstream of the propulsor.

4) Numerical and experimental estimation of the total viscous drag power and its upstream generation from

integrations within the viscous domain for both adiabatic and non adiabatic flow scenarios.

In terms of limitations, the defect flow field definition is fundamentally applicable to flows across all Reynolds

numbers. However, the final derivations rely on boundary layer assumptions that are more accurate at higher Reynolds

numbers and in the wake region, which is largely independent of Reynolds number. These assumptions lose accuracy

in regions where viscous displacement effects become significant, such as the aft body under strong adverse pressure

gradients or flow separation. Furthermore, the formulations have been tested primarily under subsonic conditions, with

only a single weak transonic flow case considered. As a result, the formulations have not been extensively tested for

transonic flow scenarios, whereas the procedure outlined in Appendix E has not been numerically examined in this

paper.

A. CFD Setup

A. NACA0012

The 2D CFD domain about the NACA 0012 airfoil along with relevant geometric features, boundary conditions and a

partial mesh sample are summarized in Fig. A1. The NACA 0012 profile is obtained from NASA’s polynomial expression

for a chord length of unity and a sharp trailing edge (https://turbmodels.larc.nasa.gov/naca0012_val.html).

The C-type numerical domain extends symmetrically about the airfoil chord line with velocity-inlet boundary conditions

being imposed along the frontal elliptical arc and the divergent side line portions. The corresponding freestream velocity

44

https://turbmodels.larc.nasa.gov/naca0012_val.html


components V∞ = 𝑉∞,𝑥𝑥+𝑉∞,𝑦 𝑦̂, are specified from the angle of attack, 𝑎, and the non-dimensional operating conditions,

expressed in terms of the 𝑅𝑒𝑐 and 𝑀∞ numbers. The elliptical arc is positioned at approximately d𝑖𝑛𝑙𝑒𝑡 = 210 × 𝑐 from

the airfoil leading edge whereas the vertical aft pressure outlet boundary plane of height ℎ𝑜𝑢𝑡𝑙𝑒𝑡 = 600 × 𝑐 is located at

d𝑜𝑢𝑡𝑙𝑒𝑡 = 300 × 𝑐 downstream of the trailing edge.

Thereafter, numerical solutions of the Reynolds Averaged Navier-Stokes (RANS) equations are obtained from

the commercial CFD solver FLUENT assuming fully-turbulent flow. Turbulence is modelled using the two-equation

eddy-viscosity 𝜅 − 𝜔 SST model coupled with the Green-Gauss Cell-Based gradient scheme and second order spatial

discretization. The air is modelled as an ideal gas with temperature-dependent properties according to a piece-wise

polynomial fit, kinetic theory and Sutherland’s law for the specific heat, thermal conductivity and fluid viscosity,

respectively. The numerical domain is meshed as a structured C-type grid using the ANSYS ICEM CFD package and

consists of ∼ 1 × 106 elements. The first cell height is adjusted for each operating condition to ensure the conformity

of the mesh with the 𝑦+ < 1 requirement of the turbulent model. A wall-normal growth ratio of 1.05 is selected to

obtain high numerical resolution of the boundary layers and the near wake region. For the adiabatic airfoil studies, the

thermal conductivity is kept constant and a kinetic theory-based temperature variation is imposed for cooled and heated

walls. A uniform wall temperature ratio 𝑇𝑤/𝑇∞ is imposed for the non-adiabatic flow scenarios where the free-stream

temperature is held constant throughout and equal to 𝑇∞ = 300 C.

To evaluate the numerical accuracy of the grid, detailed mesh refinement and domain size studies have been

conducted for a single flow condition corresponding to 𝑅𝑒𝑐 = 1× 106, 𝑀∞ = 0.15 and 𝛼 = 10◦, following the procedure

outlined by Celik et al. [45]. Nine meshes have been evaluated, covering three domain sizes and three levels of mesh

density for each domain size. The Grid Convergence Index (GCI) for the airfoil drag coefficients is found to be less than

0.1%, whether calculated via nearfield force integration or its farfield equivalent using mechanical energy conservation

[17, 18]. Comprehensive grid convergence studies, along with further verification and validation of the computed drag

and lift coefficients of the NACA0012 against data from Jespersen et al. [46], are documented in Refs. [47, 48] and are

omitted here for brevity.

B. BLI Powered Axisymmetric Fuselage

A 2D cutaway of the axisymmetric fuselage-BLI propulsor CFD domain along with relevant geometric features,

boundary conditions and a partial mesh sample are shown in Fig. A1. The fuselage shape consists of an elliptical nose,

a cylindrical midbody, and a conical aftbody. It has a chord length of 𝑐 = 37.6 m and a Fineness Ratio (FR) of FR = 12,

defined as the ratio of the fuselage chord length to the midbody diameter. A pressure far field condition is imposed along

all the control volume surfaces except for the vertical downstream plane, where a pressure outlet boundary condition is

specified. The pressure far field boundary conditions are located at 𝑑farfield = 30 × 𝑐 from the fuselage and the pressure

outlet boundary at 𝑑outlet = 80 × 𝑐. The numerical setup is identical to that of the NACA0012 and a similar refinement
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strategy has been adopted near the walls and in the wake region, with a wall-normal growth ratio of 1.05 and a first

height such that 𝑦+ < 1, resulting in a total cell count of ∼ 8 × 105. Further details on the overall mesh refinement

strategy and numerical uncertainty are provided in Refs. [40, 49] and are omitted here for brevity.

The BLI propulsor is positioned at the trailing edge of the fuselage and is modelled as a single-column cell zone. A

constant x-momentum body force per unit volume, 𝑓𝑥 , and its associated energy source term equal to 𝑓𝑥𝑉𝑥 are applied

to each cell of the propulsive domain. This setup is adopted from Refs. [19, 49, 50] and replicates an actuator disk

[19, 50]. The magnitude of 𝑓𝑥 is calibrated so that the net force on the BLI propulsor–fuselage assembly equals half

the drag of the unpowered fuselage. The propulsor diameter is adjusted to ingest half of the boundary layer thickness,

yielding BLR = 0.50.

•

Fig. A1 2D CFD domain of NACA 0012 airfoil (upper) and 2D axisymmetric domain of fuselage - BLI propulsor
assembly (lower) with annotated geometric features, boundary conditions and partial mesh sample.
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B. Post-processing of Shear Layer Quantities

A. Boundary Layer Extraction

The shear layer thickness distribution 𝛿(𝑠) is numerically identified as the iso-surface (line for 2D) corresponding to

a negligible total pressure deficit [40], such that 𝜉 asymptotes to unity:

𝜉 =
𝑃𝑡

𝑃𝑡∞
→ 1 (B1)

where 𝑃𝑡 is the total pressure for a given 𝜉. The exact value of 𝜉 depends on the quality of the numerical solution

(convergence, high mesh density) and requires some manual fine-tuning to ensure the optimal balance between adequate

inclusion of the viscous regions and exclusion of domain portions of marginal numerical dissipation. For the present

studies, a threshold value of 𝜉 ≈ 0.9996 has been used throughout.

B. Shear Layer Quantities

The various shear layer quantities are calculated at each plane positions with respect to the local 𝑠 − 𝑛 coordinate

system normal to the wall and the trailing edge streamline as per Fig 1. The corresponding shear layer edge quantities are

readily obtained from the flow field data along the 𝜉 isoline and their exact values at each survey plane are interpolated

from the adjacent fluid (edge) data. The surface gradients ∇̄ · V𝑒 and ∇̄ · 1
2

V2
𝑒 are not a direct output of the solver and

the partial derivatives are therefore transformed in the more convenient local 𝑠 − 𝑛 coordinate system instead:

∇̄ · V2
𝑒 ≈

𝜕𝑉2
𝑒

𝜕𝑠
(B2)

where
𝜕𝑉2

𝑒

𝜕𝑛
≈ 0 and the evaluation of (B2) is then performed externally in MATLAB using a 2𝑛𝑑 order central difference

scheme.

C. Summary of 2D Shear Layer Parameters and Identities
The paper makes extensive use of various shear layer parameters, defect quantities and identities which are

summarized hereafter:

Volume-flux defect 𝑸 and volume-flux thickness 𝜹∗
𝑘

:

𝑸 ≡ 𝑉𝑒𝜹
∗
𝑘 ≡
� 𝛿

0
(𝑽𝑒 − 𝑽) 𝑑𝑛 (C1)
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Mass defect M and viscous displacement 𝜹∗:

M ≡ 𝜌𝑒𝑉𝑒𝜹
∗ ≡
� 𝛿

0
(𝜌𝑒𝑽𝑒 − 𝜌𝑽) 𝑑𝑛 (C2)

Density-flux defect D∗∗ and density-flux thickness 𝜹∗∗ :

D∗∗ ≡ 𝜌𝑒𝑉𝑒𝜹
∗∗ ≡

� 𝛿

0
(𝜌𝑒 − 𝜌)𝑽 𝑑𝑛 (C3)

Kinetic energy defect K∗ and kinetic energy thickness 𝜽∗:

K∗ ≡∗∗ 𝜌𝑒𝑉
2
𝑒 𝜽

∗ ≡
� 𝛿

0
(𝑉2

𝑒 −𝑉2)𝜌𝑽 𝑑𝑛 (C4)

Wake kinetic energy excess K and excess kinetic energy thickness 𝜿:

K ≡ 𝜌𝑒𝑉
2
𝑒 𝜿 =

� 𝛿

0
(𝑉𝑒 −𝑉)2𝜌𝑽 𝑑𝑛 (C5)

Density-flux thickness identity:

𝜹∗∗ = 𝜹∗ − 𝜹∗𝑘 (C6)

Density-flux defect identity:

D∗∗ = M − 𝜌𝑒𝑸 (C7)

Dissipation Integral D:

D ≡
� 𝛿

0
( ¯̄𝜏 · ∇) · 𝑽 𝑑𝑛 (C8)

D. Volumetric Pressure Power of an Isentropic Streamtube
The 2nd Law of Thermodynamics for entropy generation is given by the Gibbs equation as [42]:

𝑇∇𝑠 = ∇𝑒 + 𝑝∇ 1
𝜌

(D1)

where s and 𝑒 the mass specific entropy and internal energy of the flow, respectively. Forming the dot product (D1)·𝜌𝑽

and invoking the quotient rule, the continuity relation ∇ · (𝜌𝑽) = 0 and vector expansion identities, the Gibbs equation

obtains the equivalent form:

𝑇∇ · (𝜌𝛿s𝑽) − 𝑝∞∇ · 𝑽 = ∇ · (𝜌𝛿𝑒𝑽) + 𝑝𝐺∇ · 𝑽 (D2)
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where the additional substitutions 𝛿s → s − s∞ and 𝛿𝑒 → 𝑒 − 𝑒∞ with respect to their free-stream values ()∞, are

permissible from continuity. Volume integration of (D2) alongside the Gauss’ theorem (3) applied to an arbitrary

isentropic streamtube, yields:

Θ∞ =

�
(𝜌𝛿𝑒𝑽) · 𝒏̂ 𝑑S + 𝑝∞

�
𝑽 · 𝒏̂ 𝑑S = 0 (D3)

where contributions from the streamline side boundaries of the streamtube drop by definition due to flow tangency,

𝑽 · 𝒏̂ = 0 whereas contributions from the inlet/outlet flux surfaces lying in the freestream cancel out as equal and

opposite. It follows that, the thermodynamic state of the fluid is reversibly restored and the net isentropic portion

associated with the EIF reversibly goes to zero, such that Θ∞ = Θ𝑟∞ = 0.

E. Shock-induced Baroclinic Power Considerations
The defect formulations only account for viscous effects, however, the shock-related baroclinic loss component

(Bshock) can be implicitly incorporated. For that, consider the 2D flow scenarios of Fig. E1. The CV is chosen to be a

streamtube that encloses the airfoil and extends sufficiently far from the airfoil such that it starts and ends at free-stream

pressure.

Scenario a) corresponds to subsonic, adiabatic inviscid flow whose streamlines carry the same uniform total free-

stream pressure at any streamwise position (|∇𝑃𝑡 = 0|), such that the flow field is isentropically restored downstream.

From the Gibbs relation (D3), it follows that any isentropic compression and expansion result in B∞ = 0, in agreement

with the expected zero drag power requirement (D’Alembert paradox).

Scenario b) corresponds to transonic, inviscid flow that triggers the formation of a shock on the body. A portion

of the initially isentropic flow field crosses the shock wave region, resulting in a non-uniform drop of total pressure

(|∇𝑃𝑡 ≠ 0|) that translates to a shock wake downstream [42] and finite (wave) drag. Before and after the shock, the flow

field is isentropic, meaning that the "violation" of isentropy within the examined streamtube occurs explicitly within

the shock, such that the shock-induced baroclinic loss Bshock is spatially generated at the position of the shock. The

above also correlate well with the exergy-based studies by Aguirre [35], who represents the shock loss (from an exergy

perspective) as an anergy jump along the body.

The arguments of the Scenario b) may be effectively extended to the viscous transonic flow of Scenario c). The

ambiguity however lies in the distinction between shock and boundary layer baroclinic losses, as this would require a

clear distinction between shock and viscous domains. The two domains interact because the shock propagates within

the boundary layer, such that a a part of the boundary layer after the shock carries additional losses from the shock,

forming a shock-boundary layer mixing region.

To the extent that the shock wave can be adequately extracted from the numerical domain via an appropriate

numerical filter, the boundary layer baroclinic loss BBL may be directly estimated from its definition Eq. (29) and Bshock
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is implicitly estimated as:

Bshock ≃ B∞ − BBL (E1)

Notice that Eq. (E1) implies that the BL-shock mixing region is attributed to the boundary layer, even though a portion

of it is a byproduct of the shock.

Fig. E1 Illustration of shock-induced baroclinic losses for a 2-D airfoil: a) Inviscid, subsonic flow. b) Inviscid,
transonic flow with shock. c) Transonic viscous flow with shock.
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