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ABSTRACT

Recent short pulse (femtosecond) laser experiments have shown the existence
of a so called superelastic precursor for short time periods after shock wave
formation. The superelastic precursor is characterised as having amplitude far

greater than the Hugoniot Elastic limit.

This work reviews the current orthotropic thermoelastic plastic-damage model
developed at Cranfield University, which includes the ability to model high
velocity, shock wave forming impacts. The current model is unable to reproduce
the superelastic precursor. Recent methods of looking at plasticity are reviewed
and model improvements are suggested to enable the Cranfield model to
reproduce superelastic precursor waves. The methods investigated are both
dislocation based as it is determined that it is necessary to model deformation
on the microscale in order to achieve reproduction of phenomena on the
timescales of the early stages of shock wave formation and propagation. The
methods investigated are the so-called self-organisation of dislocations and a

mobile and immobile dislocation method proposed by Mayer.

The plasticity part of the model proposed by Mayer is suggested for further
investigation, including implementation into the DYNA 3D hydrocode which
contains the current Cranfield model, to numerically asses the models
capabilities. Similar, the self-organisation model is put forward for further

numerical analysis.

Further, calculation of the continuum Cauchy stress using purely atomistic
variables is investigated in the form of the virial stress. It is determined that the
virial stress calculation is unsuitable for modelling shock waves, however an
alternative atomistic stress calculation which is more suited to shock waves is
discussed. It is proposed that this stress calculation could be used to investigate

the stresses contained within the thin shock front.
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NOTATION

Due to the large number of terms used within this work, the notation used
throughout may not be consistent between chapters. Due to this, the notation

used is defined here for each chapter.

Chapter 3:
Alphabet:

b - Left Cauchy-Green deformation tensor
C - Right Cauchy-Green deformation tensor
C - Current configuration

Cy - Initial configuration

C - Intermediate configuration
pd

de - Isoclinic configuration
d - Rate of deformation tensor
E - Green-Lagrange strain
F - Deformation gradient
F - Material velocity gradient

F - Elastic part of the deformation gradient

e

Fpq - Inelastic part of deformation gradient
Ji - The Jacobian
l - Spatial velocity gradient

- Unit vectors normal to the surface of spatial and material

nN surface elements
P - First Piola-Kirchhoff stress tensor
R - Tensor of rotation

Ryp - Rigid body rotation caused during inelastic deformation
S - Second Piola-Kirchhoff stress tensor

Xi



ds,dS )

X -

Greek alphabet:

&

Po

Spatial and material surface elements
Traction vectors

Time

Right stretch tensor

Left stretch tensor

Volume in current and reference configuration
Rate of rotation tensor

Position vector in current configuration

Position vector in reference configuration

Euler-Almansi strain

Density in initial configuration
Density in current configuration
Cauchy stress

Mandel stress

Kirchhoff stress

Motion

Xii



Chapter 4:

Alphabet:

Rate of deformation
Green-Lagrange strain

Total energy of the continuum
Gibbs free energy function
Enthalpy

Kinetic energy of the continuum
Stress power

Heat flux vector

Heat added to the system
Heat input to the system

Heat source

Entropy

Second Piola-Kirchhoff stress tensor

Internal energy

Work done by the system

Dissipation
Adiabatic dissipation
Temperature
Density

Cauchy stress

Helmholtz free energy function

Xiii



Chapter 5
Alphabet:

A
C

=

d
E,

S, Sij

s(6,¢,)

Greek alphabet:

a; — Q9
B1— Be
V1= Yo

0

Oa

o

OomTS

=

State variable determined by structural tensors
Elastic stiffness tensor

Rate of plastic deformation
Elastic Green-Lagrange strain
Damage potential

Plastic potential

Invariants of a stress tensor
4™ order identity tensor
Invariants of a stress tensor
Structural tensors

Pressure

2"9 piola-Kirchhoff stress tensor

Thermal activation factor

Linearly independent material constants
Material parameters

Material parameters

Temperature

Athermal part of the MTS model

Plastic evolution parameter

Flow stress from the MTS model
Deviatoric part of Mandel stress

Damage energy release rate

Xiv



Helmholtz free energy function

Damage tensor

Damage hardening parameter

Initial damage hardening conjugate force

Damage hardening conjugate force

XV



Chapter 6:
Alphabet:

B

Viscous drag of dislocations
Wave velocity

Elastic wave velocity

Plastic wave velocity
Young’'s modulus

Energy in front of shock
Energy behind shock

Shear modulus

Bulk modulus
Swegle-Grady proportionality constant
Orientation factor
Momentum in front of shock
Momentum behind shock
Pressure

Slope of stress-strain curve
Displacement in the x-direction
Particle velocity

Shock velocity

Velocity

Volume in front of shock
Volume behind shock

Yield point

XVi



Greek alphabet:

e - Strain

¢ - Strain rate

v - Poisson’s ratio

o - Mass density

00 - Mass density in front of shock
oy - Mass density behind shock
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Chapter 7:

Alphabet:
b - Burgers vector
G - Shear modulus
- Characteristic distance of annihilation of screw dislocations
ha with opposite signs
- Mean height of edge dipoles being destroyed by mobile
ha dislocations
h, - Mean height of edge dipoles
K - Normalising coefficient
K, - Bulk modulus
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my - Taylor factor
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U - Internal energy
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Greek:
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1 Introduction

Accurate modelling of the deformation of material is of great benefit to many
areas within industry. Many metals which are used extensively for various
applications exhibit anisotropic properties which are caused during the working
and forming of structures from such metals. Anisotropy is characterised as a
directional dependence on the material properties. The focus of this work is on
the modelling of orthotropic metals. Orthotropic metals are a subset of
anisotropic materials with a set of three mutually orthogonal planes of

symmetry.

The main aim of this work is to propose model improvements which can be
implemented in the future into a material model which was developed within the
School of Engineering at Cranfield University. The current model, referred to as
the Cranfield model in this work, has the capability of reproducing elastic
deformation, plastic deformation and damage of orthotropic metals, including
under high velocity impacts. High velocity impacts can induce shock waves to
form and propagate through the metal. The current Cranfield model reproduces
shock waves, however, recent experiments have shown that for short time
periods after a shock inducing impact, the shock wave formed can have an
elastic precursor wave with greater amplitude than the elastic limit. This
behaviour cannot be reproduced by the current Cranfield model. This work is
therefore proposing model improvements which will allow the current Cranfield
model to more accurately reproduce this behaviour. To achieve this it is
necessary to model behaviour on the microscale to provide the time resolution

required.

It has long been established that plastic deformation of metals with specific
crystal structures is determined by the processes associated with microscale
properties of the metal, predominantly in the motions, generation and
annihilations of crystal imperfections called dislocations. To accurately model
these processes it is required for the model to be able to model processes on a

microstructural scale. Currently the Cranfield model is developed in a continuum



mechanics framework, therefore future developments point towards a multiscale

approach being required.

The multiscale modelling approach is investigated by reviewing existing
plasticity and shock wave models which are available in literature. The models
of interest are dislocation based models, with two particular methods being
analysed in depth. These two methods are the so called self-organisation of

dislocations and a plasticity model proposed by Mayer et al.

Further to the models in literature, an investigation has been carried out to
determine the applicability of using an atomistic scale stress tensor, referred to
as the Virial stress, in the context of multi-scale modelling, specifically applied to

the conditions under which shock waves form and propagate.

1.1 Aims and objectives

The overall aim of this work is to propose model improvements for the existing
Cranfield model which has been developed in the department of applied

mechanics and astronautics at Cranfield University.

The objectives to achieve the aim are:

¢ |dentify new models of plasticity which appear to meet the requirements
for future implementation in to the current Cranfield model.

e Critically review the identified methods for plasticity to determine the full
range of applicability of the method and to identify potential weaknesses
in the method.

e To assess the applicability of applying the Virial stress tensor to the
context of multi-scale modelling, specifically in the case of considering a
shock wave forming and propagating through a metal.

1.2 Thesis Structure

Chapter 2 introduces the materials of interest for this work, focussing on the
atomistic scale arrangement of the materials. Further, the relevant mechanisms

for deformation are described.



Chapters 3 and 4 outline the relevant continuum mechanics and
thermodynamics required for understanding the development and formulation of
the current Cranfield model, which is then introduced in chapter 5. The areas for
which improvements are being proposed are highlighted in the relevant sections

of this chapter.

The condition required for the formation and propagation of shock waves are
given in chapter 6. The mathematical relations governing material properties,
which are used in the modelling of shock wave propagation, are given.

In chapter 7 the method of dislocation self-organisation is discussed. This
method explains in depth the nature of dislocation patterning which occurs
naturally within metals under plastic deformation. As well as the self-
organisation method, a shock wave model born out of the equations describing

the self-organisation is also reviewed.

A review of a recent plasticity and failure model is carried out in chapter 8. The
formulation of the model as well as the relevant results and limitations are
analysed. A comparison of the shock wave modelling capability of this model

and the shock wave model review in chapter 7 is also made.

Finally in chapter 9, the applicability of the atomistic virial stress calculation to
the modelling of shock loading is determined.

The remainder of this chapter will discuss the significant historical models of
plasticity, providing the background of the current development of the Cranfield
model, along with outlining the methodology and reasoning behind the process

of choosing the two models to study in detail.

It is widely observed that the effect of strain rate on the flow stress, or the
dynamic strength of the metal, is non-linear, with the degree of dependence
varying as the strain rate increases. It is seen in Figure 1 that effect of the strain
rate on the dynamic strength of a material is non-linear and consists of three

major regimes.



Dynamuc strength

Srainrate £ (s-)

Figure 1: A typical dynamic strength or yield strength versus strain-rate curve
showing three clear regimes. Regime 1 shows little rise in dynamic strength with
increasing strain-rate, regime 2 shows a strong change in dynamic strength with
increasing strain-rate, and regime 3 shows, as in regime 1, little increase in the

dynamic strength with increasing strain rate [1].

One of the earliest attempts to include the strain rate dependency in to the
plasticity model was made by Johnson and Cook [2]. The proposed an empirical
model of some simplicity, containing three main terms which accounted for the
dependence of strain, strain rate and temperature on the flow stress. The model
accounted for hardening caused by strain and for thermal softening [3]. In its
original form, the model contains five material constants, all of which are
obtained from experimental data, with many methods of obtaining these being
available in literature. Whilst the Johnson-Cook model has been widely used [4]
it is a fully empirical model, which does not include the physics of the

microstructural processes that are dominant during plastic deformation.

An early attempt to model at very high strain rates, regime 3 on Figure 1, was
made in 1980 in the form of the Steinberg-Guinan model. The model, in its
original form [5] was only applicable to high strain rates, where increasing strain
rate has little impact on the dynamic strength of the metal, as the yield strength
calculation in the model is independent of the strain rate. The value of the strain

rate obtained experimentally and used as this limitation was 10° s™ [6]. The



model was extended by Steinberg and Lund [7] in 1989 to include low strain
rates, incorporating the strain rate dependency of the yield stress.

Further, in 1987 the Zerilli-Armstrong model was proposed. This model is based
on simplified dislocation dynamics, specifically focussing on the thermal
activation of dislocations. A key feature of this model is that it contains separate
equations providing a flow stress depending on the structure of the metal being
modelled. This is due to observations relating to differing dependencies of the
strain rate and temperature on the flow stress for different structures and the
observation that the activation area of dislocations is dependent on strain for fcc
structures but independent for bcc structures [4]. Despite the spate equations
for differing structures, the number of parameters required in the Zerilli-
Armstrong model is low with a total of five required.

It will be seen later in this work that the Mechanical Threshold Stress model
(MTS) is of significant importance to this work as it is a part of the current
Cranfield model. The MTS model was first proposed in 1988 by Follansbee and
Kocks. As with the Zerilli-Armstrong model, the MTS model is built around the
thermal activation of dislocations. Again, the model provides a flow stress,
which is calculated from two key terms in the function: an athermal part and the
thermally activated part. The MTS model is examined in more detail in section
5.3.1 where it is shown how the model fits in with the current Cranfield model.
One of the key assumptions that the MTS model is built on, and consequently a
limiting factor, is the assumption that the viscous drag effects are small
compared to the dominant thermally activated dislocation motion [8]. This
assumption holds only for strain rates up to around 10*s™, therefore limiting the

range of validity of the MTS model to the same strain rate.

With consideration given to the above models, two more recent plasticity
models were chosen as a focus for the remainder of this work. These two
chosen models were the self-organising processes of dislocations method by
Malygin [9] and the latest mobile/immobile dislocation model by Mayer et al. [10]

After surveying currently available literature, these two model have been



chosen as they meet specific needs or areas of future research of the Cranfield

model and the sponsors of this project.

The method used to identify relevant models included searching literature for
recently published models which shown the characteristics identified as relevant
for future inclusion into the Cranfield model. The characteristics used were:

¢ Model capable of modelling the metals of interest,
e High velocity/shock wave capabilities
e Microscale effects present within the model
e Continuum mechanical basis to ensure the method is in line with the
framework of the current Cranfield model
e Ability to capture timescales of interest in a predominantly continuum
model
The self-organisational processes of dislocations model [9] was identified for
further analysis as, further to meeting the above criteria, the shock wave part of
the model shows a natural reproduction of the Swegle-Grady power law (see
section 6.5).This power law is a well-established empirical law, of which the
exact physical origin is unknown. The power law naturally arises in the shock
wave part of the self-organisational processes of dislocations model when
considering the dislocation densities generated at the shock wave front. The
calculation of the dislocation densities is a key part to this method, including a
wide range of dislocation processes observed to alter the dislocation density,
therefore capturing the physics governing the microstructural deformation,
before feeding this up to the continuum scale via the density calculation. This
power law being present is of interest as it is a future aim of the continuation of

this work to investigate the physical reasoning behind the law/

The Mayer’'s model was chosen for further analysis as it meets all of the criteria
outlined above, plus the initial reported results of the model show the
reproduction of the superelastic precursor wave (amplitude of the elastic
precursor of a shock wave being higher than the Hugoniot elastic limit). This
precursor phenomena, which is observed on the timescale of a few
nanoseconds is one of the main behaviours future iterations of the Cranfield

model are aiming to reproduce. This is the only model for which this behaviour



was observed. The Mayer model treats mobile and immobile dislocations as two
separate processes (mobile and immobile dislocation type model). Calculation
is made of the densities of both the mobile and immobile dislocations, which
account for certain dislocation altering processes, which is then used in the

continuum model to calculate the materials response to loading.






2 Crystal structures and deformation processes

The materials of interest for the future development of the Cranfield model are
limited to metals with a cubic structure, and an orthotropic nature. To gain an
understanding of the physical processes that govern the material response to
loading and the mechanisms for deformation, this chapter discusses the
structures of the metals of interest on a microscopic scale and outlines the main
deformation mechanisms of interest. This chapter contains eight sections;
sections 2.1, 2.2 and 2.3 discuss the cubic crystal structures of metals. The
concept of slip systems, a key concept when considering inelastic deformations,
is then introduced in section 2.4, while imperfections in crystals are discussed in
sections 2.5 and 2.6, with section 2.6 focussing on dislocations, as these are
the main imperfections on the microscale that are of interest when modelling
deformation. Finally a note is given to a different microstructural method of
deformation, in twinning, with the chapter concluding with a summary in section
2.8.

All truly solid materials, including all metals are considered to be crystalline.
This means that when they are looked at on an atomic level, a regular repeating
arrangement of atoms or molecules is seen. By definition, this is a crystal. A
large piece of metal will contain many crystals, all with different orientations.
The individual crystals in the metal, referred to as grains and can be observed

when then metal is highly polished and examined under a microscope.

The formation of such crystals is due to a balance of repulsive forces from
surrounding atomic nuclei, and attractive forces from electrons forming the
bonds between atoms. The locations of atoms in the crystal are the locations of

the least potential, i.e. lowest energy.

The smallest repeating pattern within the crystal is referred to as the unit cell.
There are only 14 lattices which meet the requirements to be a unit cell [11],
and of these only about six are commonly met. For the purposes of this work
only two are studied in detail, these are the face-centred cubic structure and the



body-centred cubic structure. For reference, a third simple cubic structure will
also be introduced.

2.1 Simple cubic (SC)

The simple cubic structure is a cubic structure containing 8 lattice points, one on

each corner of a cube, as shown in Figure 2-1.

Figure 2-1: The simple cubic structure.

The only metal known to crystallise into a simple cubic structure is radioactive
polonium in its alpha form. However, due to its simplicity it is a useful structure
for introducing the main ideas and concepts surrounding unit cells. Within the
unit cell, the position of each lattice point, or in metals the atoms, can be
expressed using the lattice vectors A, B and C as shown in Figure 2-2, where a,
b and c are lattice parameters defining the size of the unit cell. For the cubic

structures of interest in this work a, b and c will take the same value.

Figure 2-2: Simple cubic structure including lattice vectors, as the unit cell is

cubic a=b=c in magnitude.
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Due to the nature of most crystal structures, the properties of the metal are
different depending on the direction taken through the crystal. Therefore it is
necessary to use a method of describing individual planes of atoms, these are
effective layers of atoms, which when stacked in a parallel fashion will result in
the crystal structure being formed. The commonly used method of defining the

specific planes within the crystal is by using Miller Indices.

The Miller indices are given as a set of three numbers, e.g. (hkl), which indicate
a scaled value of the reciprocals of the crystal axes intercepts in a single unit
cell. Using the axes shown in Figure 2-2 as the crystal axes, there are three

steps for determining the Miller indices [12]:

)] Determine the intercepts the plane will make with the three crystal
axes. These intercepts should be expressed as the number of axial
lengths, with the axial lengths being the values of a, b, and c in Figure
2-2.

1)) Take the reciprocals of these intercepts.

iii) Scale the reciprocals to the smallest integers for which the same ratio

iS maintained.

The origin of the crystal axes can be taken as any point in the crystal, therefore
due to this, it can be seen that there will be many parallel planes for which the
same Miller indices will describe. The indices of a family of parallel planes are
enclosed in curly braces.

Figure 2-3 shows three commonly observed planes within a cubic structure.
These are the (1 0 0), (11 0) and (1 1 1) planes, shown here in a simple cubic
structure, however the same planes, with a slightly different atomic arrangement
contained upon them, are observed in both the body centred cubic structure

and the face centred cubic structure.
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Figure 2-3: Diagrams indicating i) the (1 0 0) plane, ii) the (1 1 0) plane and iii) the

(1 11) plane of the simple cubic structure.

Further to their use for defining planes within crystals, Miller indices are also
used to identify directions through the crystal. A direction can be defined by
choosing a point on the crystal and constructing a straight line through the point
and the origin of the crystal axes. The direction is then the direction in which the
straight line is pointing, and its Miller indices are defined by the crystal
coordinates of the initially chosen point. To distinguish between the indices for a
plane and those of a direction, directional indices are contained within square

brackets. Figure 2-4 shows the commonly used directions within a cubic crystal.
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Figure 2-4: Diagram showing the main directions within a cubic crystal structure
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As with planes, there are many directions within a crystal that are parallel.
Families of parallel directions are identified using angled braces. With all Miller
Indices, for both planes and directions, negative values are indicated using a

bar over the negative value, i.e. (11 1).

The packing fraction of the unit cell is the fraction of space that is occupied
within the cell. It can be thought of by expanding the atoms on the lattice points
so that they are all in contact. The packing fraction is now the volume occupied
by the enlarged atoms divided by the volume of the whole unit cell. It should be
noted that the number of atoms within the unit cell is a sum of the number of
whole atoms contained entirely in the cell, plus the fractions of atoms that are
shared with neighbouring unit cells. For a simple cubic structure, only one atom
would be considered to be contained in each cells, as the eight atoms on the
lattice points are contained within eight cells, therefore the value of an eighth is

taken for each one.

2.2 Face-centred cubic (FCC)

The face-centred cubic structure is similar to the simple cubic; it is cubic with an
atom at each corner of the cube, however it also has an additional six points,
located at the centre of each face of the cubic structure as shown in Figure 2-5.

Figure 2-5: The face-centred cubic unit cell.

A FCC unit cell contains four whole atoms, leading to a packing fraction of 0.74
which is much higher than that of a simple cubic structure. It actually has the

largest packing fraction of the three cubic structures considered in this work.
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Many useful engineering metals have a FCC structure, including copper,

aluminium, gold, lead and silver, as well as many more.

2.3 Body-centred cubic (BCC)

The body centred cubic structure is also a cubic structure similar to the simple
cubic, but it has the addition of a lattice point in the centre of the body of the

cube, shown in Figure 2-6.

Figure 2-6: The body-centred cubic unit cell.

A BCC unit cell contains two whole atoms, leading to a packing fraction of 0.68.
This is larger than that of a simple cubic structure, but not as large as that of an
FCC structure.

Common engineering metals that have a BCC structure include iron (except

between the temperature range of 910-1400°C), tungsten and chromium.

2.4 Slip systems

When a loading is applied to a metal, deformation can occur. Elastic
deformation occurs when a relatively small loading, below the yield stress, is
applied. Under elastic deformation, the positions of the atoms are shifted slightly
away from the lowest energy configuration in which they naturally lie but return
to their original positions upon unloading of the metal, reversing the

deformation.

If a loading is applied which is in excess of the yield stress, the metal will
deform inelastically. Inelastic deformation occurs by planes of atoms slipping

over one another, which remain in their new locations upon unloading. The
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specific planes of atoms which slip and the directions in which they can slip are
determined by the slip systems of the structure of the metal.

» I
» Ny —

Figure 2-7: Diagram showing 1) an un-deformed piece of metal with no loading
and 2) the slip mechanism occurring during loading of the metal. The direction of
the force applied to the metal is shown by the arrow with the slip directions
visible in the body of the metal [13]

The planes of atoms which are most favourable for slip to occur are generally
the planes with the greatest inter-planar spacing, as the forces between sliding
planes will be at a minimum [12]. The planes with the greatest inter-planar
spacing are also found to be the most atomically dense planes. Figure 2-7
shows how, when a load is applied to a sample of metal the deformation occurs
due to planes of atoms slipping over one another. Image 1 in Figure 2-7 shows
the initial un-deformed sample of metal; with image 2 showing the same sample
after inelastic deformation has occurred. Stress has been applied to the sample
in the horizontal direction, indicated by the arrow, with the deformation occurring

due to slip of the slip systems observable as parallel lines of deformation.

In FCC metals, the planes with the greatest inter-planar spacing, and the most
atomically dense are the {1 1 1} planes. Therefore these are the primary slip
planes in FCC structures. For each unit cell, there are four such {1 1 1} planes.
Each of these planes have slip directions of the <1 1 0> family. Therefore, the

number of slip systems in each FCC unit cell is twelve.

For BCC metals there are a minimum twelve slip systems, however there can
be as many forty-eight depending on the specific metal being analysed. The
twelve slip systems that are common to all BCC structures are the {1 1 0}

planes and the <1 1 1> directions. In certain BCC metals, the (2 1 1) planes and
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the (3 1 1) planes form additional slip planes. As with the {1 1 0} planes, these
additional planes have <1 1 1> directions.

2.5 Imperfections in crystal lattice

The theoretical strength of metals predicted by the consideration of slip planes
in a perfect lattice is far greater than is observed experimentally. Experimentally
single crystals are seen to be much softer; therefore it is important to consider
imperfections which naturally occur in the crystal lattice. There are several types
of imperfections which are observed which can be categorised into four main
groups; these are: point defects, line defects, planar defects and volume
defects.

The main group of defects of interest within this work is line defects which are
made up of dislocations. However, as point defects can immobilise dislocations

it is necessary to first introduce them.

Point defects consist of vacant atom sites in the lattice and interstitial atoms.
Vacant atom sites are observed as a missing atom from a lattice point where
upon an atom would be expected to be found, as shown in Figure 2-8(a).
Interstitial atoms are observed as atoms occupying an interstice rather than a
lattice site, as shown in Figure 2-8(b).
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Figure 2-8: Diagrams showing (a) a lattice vacancy and (b) an interstitial atom.

2.6 Dislocations

The main consideration for the lower than theoretical strength of metals is line

faults, which are formed from the theory of dislocations.

As planes of atoms slip over one another, as already stated, the theoretical

strength of the material is high, requiring a large loading to be applied. That slip
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is observed along the slip planes under much lower loading forces indicates that
the atomic planes do not slip as a rigid body, but by a process that starts in a
localised region and spreads. As this process is followed, the plane will consist
of two regions: an already slipped region and an un-slipped region. Separating

these two regions will be a discontinuity referred to as a dislocation.

The dislocations which occur at the boundaries are of two types: edge
dislocations and screw dislocations. Edge dislocations are caused by an extra
half layer of atoms as shown in Figure 2-9.

Figure 2-9: Schematic diagram showing an edge dislocation.

A screw dislocation can be thought of as an imaginary slice being made into an
otherwise perfect lattice, with the two sides of the slice at the edge of the metal
being skewed one atomic spacing forming the dislocation. This is shown in
Figure 2-10.

Figure 2-10: A screw dislocation [14]

Dislocations aid the deformation of metals as they can be mobile and can
therefore propagate through the lattice. The propagation of a dislocation can

cause the same effect as an entire plane of atoms slipping. The motion of
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dislocations is not random and is governed by a property known as the Burgers

vector.

2.6.1 Burgers vector

The Burgers vector is an important parameter when considering dislocation
motion. As a dislocation moves across the slip plane, atomic displacements are

produced. These atomic displacements are defined by the Burgers vector.

The Burgers vector itself is defined for a dislocation by taking a clockwise loop
around the dislocation. If an equal number of atomic spacing’s is travelled in all
directions the loop will not be a closed one. This is shown for an edge
dislocation in Figure 2-11 by the red line. To close the loop, the arrow is added.

This arrow is the Burgers vector.

Figure 2-11: Burgers loop for an edge dislocation

The actual value of the Burgers vector is determined by the crystal structure of
the metal. The passage of a dislocation does not alter the structure: the
structure before passage of a dislocation is identical to the structure after the

passage of a dislocation.

From Figure 2-11 it can be seen that, for a single dislocation, the Burgers vector
is always one atomic spacing and it is therefore assumed that the Burgers
vector is equal to one lattice vector (lattice vectors defined in section 2.1). This
lattice vector is usually found to be the shortest lattice vector; however, as only
BCC and FCC structure are of interest in this project the lattice vectors have the

same length.
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2.6.2 Mechanisms for slip

When a sufficient force is applied to the slip plane, the dislocations contained
within the plane will propagate through the plane which causes the same effect
as an entire plane of atoms slipping. The method in which an edge dislocation
propagates is shown in Figure 2-12. The motion of edge dislocations is

observed to always be perpendicular to the line of dislocation.

Shear Shear Shear

stress stress stress
r
1AB(‘D [ A B € D LAB(‘[)
RO=0 = 0= QO ) () @
2 S ¥ -G g =

LTI

=D

T

......

- Unit step
of slip

Edge
dislocation
line

Figure 2-12: Propagation of an edge dislocation [15].

Figure 2-13 shows the mechanism for screw dislocation propagation. Unlike
edge dislocation motion, screw dislocations propagate parallel to their line of
dislocation.

\4

Figure 2-13: Propagation of a screw dislocation [16]

The glide of dislocations is confined to slip planes which contain both the line of
dislocation and its Burgers vector. Due to this edge dislocations are confined to
a single slip plane. Screw dislocations however are not restricted to a single slip
plane. A screw dislocation can glide into other slip planes, which share a

common slip direction with the original slip plane, via a cross slip plane [17], as
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indicated in Figure 2-14. The reason for this occurring for screw dislocations is
due to the cylindrical symmetry of a screw dislocation about its axis. The
Burgers vector is parallel to this axis, which results in all crystal planes passing

through the axis to look the same to a screw dislocation.

S0

Figure 2-14: Diagram showing the propagation of a screw dislocation in an FCC

crystal, with cross plane slip occurring in (c) and (d) [18].

It is important to highlight that dislocations intersecting slip planes, i.e. the
Burgers vector of the dislocation and line of dislocation do not lie in the slip
plane, have the effect of point obstacles, which halt the glide of dislocations in
the slip plane. These intersecting dislocations are commonly referred to as
forest dislocations and can provide a pinning mechanism for dislocations which

can then form sources to generate further dislocations.

Associated with each dislocation contained in the slip plane are compressive
and tensile fields. This is due to the strain of the crystal surrounding the
dislocation. These force fields, as shown in Figure 2-15 can attract dislocations,
or repel dislocations from one another. It is convenient to use a sign convention
to describe the characteristics of dislocations. A dislocation where the extra half
layer of atoms lies above the slip plane is deemed to have a positive sign,
whereas a dislocation where the extra half layer of atoms is below the slip plane

is deemed a negative dislocation.
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Figure 2-15: Diagram showing two dislocations with the extra half layer of atoms
both lying above the slip plane, with the associated compressive and tensile
force fields labelled as ¢ and T respectively. As both of these dislocations have

the same (positive) sign, arepulsion force is present between them [15].

The sign convention is a useful concept as it allows for easy understanding of
the forces between dislocations contained in a slip plane. Dislocations with the
same sign, e.g. two dislocations lying above the slip plane, will repel each other,
whereas dislocations of opposite signs will attract one another. The attraction is
shown in Figure 2-16, where it is seen that when two dislocations of opposite

signs meet, they will annihilate each other, leaving a perfect lattice.

Dislocation
annihilation

(Perfect crystal)

Figure 2-16: Schematic diagram of two oppositely signed dislocations. The
positive (left) and the negative (right) dislocations will attract each other,

annihilating when they meet [15].

So far all of the dislocations being considered occur within the crystal, and as
will be seen in section 2.6.4 are generated by the activation of sources, are
contained within the crystal. However, under certain conditions, dislocations are
generated at the edge of the crystal. These dislocations are referred to as
geometrically necessary dislocations. These predominantly occur at the

boundaries between grains during the deformation process. The GND are must
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be formed at such boundaries in order to maintain continuity across the
boundary. GND are not only formed between grain boundaries, they are also
necessary to form when a large geometrical change is observed, this could be
during the bending of a sample. As the sample bends, GND will be formed
along the top edge of the crystal to prevent the failure of the metal along this
edge. GND will have significance in this work when considering the modelling of

the front edge of a shock wave.

2.6.3 Climb

The mechanism for the propagation of an edge dislocation outlined restricts the
motion of the dislocation to the slip plane containing both the dislocation line
and its Burgers vector. However, under certain circumstances, a process
referred to as climb can occur. Climb is the movement of an edge dislocation

normal to the slip plane.

For climb to occur, non-conservative processes are required to occur, such as
the diffusion of lattice vacancies to the line of dislocation. As the processes
required are non-conservative, climb requires energy which is usually in the

form of a thermal activation [19].

Dislocation climb is an important process as it can allow dislocations which are
immobilised by point defects to overcome the effects immobilising them, and
regain mobility.

2.6.4 Generation of dislocations

Contained within the structure of metals there are many dislocations. As loading
is applied to the metal, and as plastic deformation occurs more dislocations are

generated. The main mechanism for this generation is Frank-Reid sources.

The easiest way to consider a Frank-Reid source is by considering a dislocation

line that is locked into place at each end, as shown in Figure 2-17.
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Figure 2-17: Frank-Reid source [16]

If a shear stress is applied, a critical value can be reached, whereupon the
dislocation line will begin to curve outwards. The line will continue to curve
outwards until the maximum applied stress is reached, this happens when the
line has a semi-circular form, part (b) of Figure 2-17. After this occurs, the
dislocation will no longer be stable and will therefore continue to expand. Each
part of the line will be expanding at the same velocity as the stress acting on all
parts of the line is equal. This causes the spiral to form around points X and Y in
Figure 2-17(d).

With the line continuing to expand, two parts of the line, as shown in Figure
2-17(d), will approach each other. The two parts of the line will have the same
Burgers vector, as the two parts are from the same line, however due to the
evolution of the line, they will have opposite signs. As a result of this, when the
two lines meet, dislocations will annihilate on contact resulting in a closed loop
forming, Figure 2-17 (e). This closed loop continues to propagate through the
metal, whilst the original dislocation line XY is reformed in its original state and

the process is repeated.

2.7 Twinning

In a metal containing many slip systems, deformation by slip is the most
dominant deformation mechanism. However, other deformation mechanisms
exist. One of these is twinning. Whereas slip is a process associated with a line

defect, twinning is associated with a plane defect, the twin boundary [12].

When shear stress is applied, the lattice direction of the crystal is altered so that

one half of the crystal is the mirror image of the other. The line of the mirror is
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the twinning plane. Figure 2-18 shows how the deformation produced by slip

and twinning differ.

i) (b} ]

Figure 2-18: Diagram showing the difference between slip deformation and
twinning. (a) shows the parent, un-deformed configuration, (b) the specimen

having undergone slip and (c) the specimen when twinning has occurred [20].

The typical stress required to produce twinning is higher than that required for
slip. Therefore twinning is predominantly seen in metals with a low number of
slip systems, typical of hexagonal structures, or during shock loading at low
temperatures such as in BCC iron. Despite the required stress for twinning
being greater than is required for slip, it is still much lower than the theoretical
strength of a perfect crystal would be [19]. This indicates that as with slip,

dislocations are involved in the twinning process.

2.8 Summary

The crystalline nature of metals has been introduced with the important
properties requiring consideration when modelling being outlined. The important
properties of the BCC and FCC structures have been outlined as these are

structures of the metals of interest to the project sponsor.

The slip system mechanisms for inelastic deformation has been shown, which
in conjunction with crystal imperfections, in the form of dislocations, forms the

backbone of microstructural plastic deformation.

The key details of dislocation properties, in the Burgers vector, the slip plane
and dislocation link, and the generation mechanism have been detailed. These

concepts are vital for the subsequent chapters in this work.
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3 Relevant continuum mechanics

The current Cranfield model is derived within a continuum mechanics
framework. This chapter presents the basic concepts of the continuum
mechanics method, introducing the important measures and relations which are
used within the Cranfield model. This chapter is intended to be an easily
accessible reference for the reader, providing support for chapter 5 where the

current Cranfield model is introduced.

The continuum mechanics framework is used for ease of modelling. A
continuum approach considers the material being modelled to be made up of
continua. A continuum is considered to be a continuous medium in which the
material is evenly distributed throughout [21]. In order for this to hold true the
size of the continuum must be large enough for the discrete nature of individual
atoms to not be apparent. Eliminating the need to model each atom as a
discrete particle significantly reduces the complexity of modelling. This section
will introduce the required relationships and concepts of continuum mechanics

used in material modelling.

First it is important to define a reference configuration. A material is regarded to
be in a current configuration, however in order to measure deformations there
needs to be a reference. The reference configuration provides this reference. It
can be the initial configuration of the material, prior to and motion or
deformation, or it can be a separate configuration in which the material does not

achieve during the motion.

Motion can be described by the mapping of a point in the reference
configuration to a corresponding point in the current configuration. This can be
done by consideration of a point X in the reference configuration with position
vector X. After deformation the point will be at position vector x in the current
configuration, and for convenience shall be called point x. The mapping from X

to x is achieved through the motion

x = x(X, 1) (3-1)
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where x is the motion. It is a time dependent vector valued vector function [22].
The inverse motion can be calculated, mapping point x in the current

configuration back to point X in reference configuration.

X =yx1(xt) (3-2)

3.1 Deformation measures

The deformation measures used for the derivation and framework of the
Cranfield model are introduced here.

The deformation gradient is a measure of deformation between the reference
and current configurations and is arrived at by partial differentiation of equation
(3-1) with respect to X.

dx = dx X (3-3)
YT ax
Where
_ox _0x(X) (3-4)
= ﬁ = W = Gradx(X)

is the deformation gradient. The uppercase G in equation (3-4) indicates that
the deformation gradient is taken with respect to the reference coordinates. If
the deformation is being mapped back from the current to the reference
configuration, then the deformation gradient is taken with respect to the current
coordinates and is shown in equation (3-5).

X (3-5)

F1 PP gradX(x)

The lowercase g in the grad term in equation (3-5) indicates that the gradient is
taken with respect to the current configuration.

The change in volume between the reference and current configurations is
given by the determinant of the deformation gradient tensor and is commonly

referred to as the Jacobian
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dv = detFdV = J(X,t)dV (3-6)

As mass is conserved during deformations, the Jacobian can be shown to relate

the densities in the reference and current configurations.

(3-7)

3.2 Polar Decomposition

One of the fundamental principles of continuum mechanics is polar
decomposition of the deformation gradient. This means that the deformation
gradient can be split into an elongation term and a rotational term as shown in

equation (3-8).

F=RU =vR (3-8)

Where U and v are unique positive definite, symmetric tensors. U is referred to
as the right (symmetric, material) stretch tensor and v the left (symmetric,
spatial) stretch tensor. R is an orthonormal tensor of rotation. This
decomposition shows that when deformation occurs, both elongation and

rotation occur.

3.3 Nansons Formula

To map a unit vector normal to an infinitesimal material surface element to a
unit vector normal to an infinitesimal spatial surface element the deformation
gradient cannot be used [22]. Instead a useful relationship called the Nanson’s

formula is used. The formula is defined as:

ds = JFTdS (3-9)

Where
ds = dsn (3-10)
ds = dSN (3-11)
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and ds and dS are the material and spatial surface elements, and n and N are

the unit vectors normal to the surfaces.

Nansons formula has use during the derivation of different types of stress

tensors.

3.4 Cauchy-Green deformation tensors

As well as the deformation gradient, other deformation measures and strain
tensors are used. A good starting point is the product of the deformation
gradient with the transpose of itself FTF.

From here two deformation tensors can be derived, the right Cauchy-Green

tensor
C=FF=(T (3-12)
and the left Cauchy-Green tensor

b =FFT (3-13)

The right Cauchy-Green tensor, C, represents the change in squared length of
the element dX and is defined with respect to the reference configuration. The
left Cauchy-Green tensor, b, represents the change in squared length of the

element dx and is defined with respect to the current configuration.

The deformation tensors 3.12 and 3.13 can be linked to the stretch tensors U
and v arising during the polar decomposition of the deformation gradient. The
stretch tensors are related to the Cauchy-Green deformation tensors via
equations (3-14) and (3-15)

C=F"F = U? (3-14)
b = FFT = v? (3-15)

The Cauchy-Green deformation tensors are useful measures, however in the

un-deformed configuration, equations (3-12) and (3-13) reduce to identity. More
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usefully, they can be used to derive strain tensors which reduce to zero in the
un-deformed configuration, making the constitutive equations less complicated.

3.5 Green-Lagrange strain tensor

The strain measured in terms of material variables can be expressed by the

Green-Lagrange strain tensor

E= %(FTF -1) (3-16)

The Green-Lagrange strain can be related to the Cauchy-Green deformation
tensors and the elongation tensor by substituting equation (3-14) into equation
(3-16) giving

1 1 (3-17)
E=-(C-D=5U*-1)

3.6 Euler-Almansi strain tensor

When the squared lengths are measured in terms of spatial variables, the

resulting strain tensor is the Euler-Almansi tensor.

e=la-prey @19

The Euler-Almansi tensor can be related to the left Cauchy-Green tensor and
the stretch tensor by substituting equations (3-12) and (3-13) into equation
(3-18).

&= %(1 — b‘1) — %(1 _ (v—1)z) (3-19)

The Green-Lagrange and Euler-Almansi strain tensors are linked by relation
(3-20)

1 1 3-20
E=Z(F'F-1)=F5(1-FTF)F=F'eF =20
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3.7 Deformation rate measures

Taking the first derivative of the position vector x in the spatial description
results in the spatial velocity. By taking the derivative of this with respect to the

spatial coordinates yields the spatial velocity gradient:

dv(x,t) (3-21)

l(xt) = = gradv(x,t)

By putting the spatial velocity in terms of the motion, and then applying the
chain rule, the spatial velocity gradient can be shown in terms of the
deformation gradient

l=FF1 (3-22)

Importantly, the spatial velocity gradient can be additively decomposed as in

equation (3-23).

l(x,t) = d(x,t) + w(x, 1) (3-23)

Where
d(x,t) = %(l +17) (3-24)
(3-25)

w(x, t) = %(1 — T

The tensors d and w are the symmetric and skew-symmetric parts of the spatial
velocity gradient respectively. The symmetric part, d, is referred to as the rate of
deformation tensor and the skew-symmetric part, w, is the rate of rotation

tensor.

Similarly the material velocity gradient can be obtained by taking the material

time derivative of the deformation gradient

X

d 0x(X,t d ox(X,t V(X t 3-26
R
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3.8 Intermediate and isoclinic configurations

As a load is applied to the materials of interest is this work, deformation occurs.
Three main types of deformation occur in metals; elastic deformation, plastic
deformation and damage. Elastic deformation forms the Hooke’s law region of a
stress-strain plot, which for a metal is a straight line region with the strain being
directly proportional to the stress. Plastic deformation occurs when the applied
stress reached the yield point of the material. For a metal this is observed to be
the point on a stress-strain plot where the straight line region ends and a curve
begins to develop. Upon unloading, the plastic deformation will remain in the
material. An important property of plastic deformation is that it does not affect

the elastic properties of the material.

Damage is similar to plastic deformation as it is an irreversible process;
however it is characterised by the formation of micro cracks and micro voids.

Unlike plastic deformation, damage affects the elastic properties of the material.

In a real, physical experiment, each of these three types of deformation will be
observed simultaneously. When modelling the deformations however, it is
convenient to consider each type separately. In reality this is not achievable, i.e.
a material cannot undergo plastic deformation without some degree of elastic
deformation. For the purpose of modelling this as three separate processes the
concept of multiplicatively decomposing the deformation gradient as well as
intermediate configurations need to be introduced.

Equation (3-27) shows how the deformation gradient is decomposed as
presented in [23].

dx _ 0x 0Xpq (3-27)

F=—=—""2°=F,F
0X  0dx,q 0X  °P?

Where F, is the elastic part of the deformation gradient, F,, is the inelastic part

of the deformation gradient.

Making use of the multiplicatively decomposed deformation gradient, an

intermediate configuration becomes apparent when considering a deformation.
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Reference Intermediate Current

configuration configuration configuration

. S — Cpd — c

Figure 3-1: Link between reference, intermediate and current configurations.

It is usual to map between the initial and current configurations, however to
reach the current configuration all types of deformation need to be included.
Considering the decomposition in equation (3-27), a two stage deformation

process can be written as shown in Figure 3-1.

Figure 3-1 shows three configurations: the initial configuration, Co, the current
configuration, C, and an intermediate configuration, C,q. The initial and current
configurations are as described previously in section 3-1, and the intermediate
configuration is caused due to the consideration of the deformation processes
separately. The intermediate configuration shown in Figure 3-1 can be
considered as an elastically released configuration; only plastic deformation and

damage are present.

The deformation gradient can be decomposed into stretch and rotational parts,
as sown previously in section 3.2. The same decomposition can be applied to
the multiplicatively decomposed deformation gradient resulting in a rigid body
rotation associated with each stage of the deformation. Due to this, the
elastically released intermediate configuration is not uniquely defined. This is
overcome by introducing the isoclinic configuration. The isoclinic configuration is
the same as the elastically released intermediate configuration, with the rigid
body rotation caused by deformation removed so that it is orientated the same
as the initial configuration. Physically, the isoclinic configuration is not

achievable but it is a very useful concept for modelling as it is uniquely defined.

Figure 3-2 shows the relationship between the initial configuration, the
elastically released intermediate configuration, the current configuration and the

isoclinic configuration, Cgy,.
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The isoclinic configuration is the main configuration used in the derivation of the
material model developed by Djordjevic as it the different deformation

processes can be treated separately.

Isoclinic

configuration
de ~ Fe
Co > Cap C
Reference Current
configuration . configuration
Rap
Fap F,
Cap

Intermediate
configuration

Figure 3-2: Links between the reference, intermediate, isoclinic and current
configurations, with Cq the reference configuration, Cq, the intermediate
configuration, C the current configuration and Edp the isoclinic
configuration. The deformation gradient labels are as outline in equation
(3-27), with F4, and F, the inelastic and elastic parts of the deformation
gradient defined with respect to the isoclinic configuration and Rgp is the

removal of the rigid body rotation caused during deformation.

3.9 Stress

Stress in a continuum can be described by considering the forces on an
infinitesimal surface element on an imaginary plane cutting through the
continuum. The force on the infinitesimal surface area, ds, is described by a
traction vector, t. The traction vector represents the force per unit area with the
same direction as the force is acting. Stress tensor arise from this due to
Cauchy’s stress theorem which states: “there exist unique second-order tensor

fields o and P so that
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tix,t,n) =o(x,t)n (3-28)
T(X,t,N) =P(X,t)N (3-29)

Where o denotes a symmetric spatial tensor field called the Cauchy stress
tensor, while P characterizes a tensor field called the first Piola-Kirchhoff stress
tensor” [22]. It should be noted that the traction vector t is representative of the
surface tractions in the current configuration, whereas T is a function of the

referential configuration.

The Cauchy stress and the first Piola-Kirchhoff stress are related by equation
(3-30).

o=]1PFT (3-30)

There are many other stress tensors that have been defined in literature, of
which two find use within the Cranfield model; these are the so called second

Piola-Kirchhoff stress and the Mandel stress.

The second Piola-Kirchhoff stress is defined by the pull-back operation on the
contravarient spatial tensor field, known as the Kirchhoff stress. The Kirchhoff

stress is given as
T=]Jo (3-31)
Where J is the volume ratio and o is the Cauchy stress tensor.
The second Piola-Kirchhoff stress tensor is now defined as
S=yx:'(v") = FltFT (3-32)

The subscript * and superscript # in equation (3-32) represent that the second
Piola-Kirchhoff stress is achieved by a pull-back operation of the contravarient

spatial tensor field.

From the definition of the Kirchhoff stress, equation (3-31), and the relation

between the first Piola-Kirchhoff stress and the Cauchy stress, equation (3-30),
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the second Piola-Kirchhoff stress can be expressed in terms of the Cauchy
stress and the first Piola-Kirchhoff stress tensors:

S=JFloFT=F1p (3-33)

The Mandel stress is a stress tensor which is defined with respect to an
intermediate configuration. In the case of the Cranfield model the Mandel stress
tensor is defined separately in both the intermediate and isoclinic
configurations. It is shown in [23] that the Mandel stress is given in the
intermediate configuration in terms of Kirchhoff stress and the second Piola-

Kirchhoff stress tensor as:
L=F;tF,"=C,S (3-34)
And in the isoclinic configuration as:
X=F_tF.;f =C,S T=F tF,f =C,S (3-35)

A relationship exists between the Mandel stress in the intermediate
configuration and the Mandel stress in the isoclinic configuration, which is

determined by the inelastically induced rotation R, as:
X =R},ZRy, (3-36)

In general, the Mandel stress is asymmetric. However, for a model modelling
small elastic but large plastic deformation, a behaviour which is observable with

most metals, the Mandel stress becomes symmetric.

3.10 Summary

The basic measures of deformation, including the deformation gradient, stretch,
strain and stress, have been presented along with the key deformation rate
measures required for modelling. Important decompositions of the deformation
measures are made which allow for definition of the intermediate and isoclinic
configurations, the latter of which is one of the key aspects of the current
Cranfield model.
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4 Relevant thermodynamics

It is important to include thermodynamics in a material model, as under
deformation, heat is generated in the material. This heat is caused by energy
dissipation during deformation, and when conserving energy it must be
accounted for. Therefore thermodynamics needs careful consideration in
modelling.

This section outlines the main principles of the thermodynamics used when the
Cranfield model was derived by Djordjevic [23]. It covers the principle laws of
thermodynamics, thermodynamic potentials and the method of dealing with real

irreversible processes.

4.1 The 1°' Law

The type of thermodynamic system in which the model is assumed to be is a
closed system. This implies means that only energy, and not mass, can be
exchanged [24]. The first law of thermodynamics is a balance in energy, and
states that the change in internal energy is equal to the heat added to the
system minus the work done by the system. Mathematically the first law is

defined as:

AU=Q-W (4-1)

Where AU is the change in internal energy of the system, Q is the heat added to
the system and W is the work done by the system. When considering a
continuum approach, the first law or balance in energy is defined in the current

configuration as:

. D D D . . (4-2)
Eior =EK+Pint+Qinput =EK+EU=K+U

Where K is the kinetic energy of the continuum, Py, is the stress power, Q;ppy:

is the heat input to the system and U is the internal energy of the continuum.
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4.2 The 2" Law

The second law of thermodynamics states that “the entropy change of any
system and its surroundings, considered together, is positive and approached
zero for any process which approaches reversibility” [24]. As real processes in
nature are irreversible, the change in entropy is always positive; entropy is

always produced.
The mathematical formulation of the second law is:

Ds (4-3)
E - Qinput =0
This inequality can be transformed into the Clausius-Duhem inequality by
making the assumption that the entropy production is proportional to the heat

flux and the heat source by the same factor, 671 [23], giving:

(4-4)
2] d>f£dv+f—gnds
pc) PV =) g” A
Q Q a0

Application of the divergence theorem to equation (4-4) leads to the Clausius-

Duhem inequality in local form:

$ > V. (4-5)

Q| =
IR

| =

The second law of thermodynamics shows that entropy is produced in an
irreversible process, which real physical systems are. However it does not
quantify the entropy production. The energy dissipated during inelastic
deformation can be quantified by making use of the second law. By combining
the first and second laws in the local form, the internal dissipation per unit

volume was derived as equation (4-6)

1 4-6
pHsl—(pu—a:d)—gq.VHZO (4-6)

Where

pfs —pu+o:d=A (4-7)
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The first law was applied to the internal dissipation resulting in the dissipation
being written in terms of entropy production and heat fluxes. As the impacts of
interest in the Cranfield model are of high velocities and strain rates, it is
assumed the deformation process is adiabatic; heat does not flow, it causes a
local temperature change. The dissipation therefore only consists of the
adiabatic terms shown in equation (4-8).

Agg= pOs (4-8)

4.3 Irreversible thermodynamics with internal variables

The second law of thermodynamics shows that entropy is produced in a real
irreversible system. However, due to it being an inequality it does not quantify
the entropy produced. Due to this, a number of theories of irreversible
thermodynamics have been developed. The theory used by Djordjevic in the
development of the Cranfield model is the theory of irreversible thermodynamics
with internal variables. The theory uses internal variables to describe the state
of the system by assuming the existence of two types of thermodynamic

potentials; state potentials and dissipation potentials.

Irreversible thermodynamics with internal variables makes use of the principle
of equipresence; which states that if an independent variable is present in one

constitutive equation then it must be present in all constitutive equations.

4.4 Thermodynamic potentials

There are four state potentials that are relevant for use in the theory of

irreversible thermodynamics with internal variables.

These are:

e Internal energy, U
e Helmholtz free energy, ¥
e Gibbs free energy, g
e Enthalpy, h
These potentials express the energy of a system as state functions, assuming

energy variation is path independent, depending only on the initial and final
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states. The four potentials presented each represent the energy of the system,
but displays it in terms of different variables which are more convenient to work

with, depending on the situations being considered.

4.4.1 Internal energy

The internal energy of a system is the sum of the energy of all internal degrees
of freedom. The internal energy is well defined for all equilibrium states of a
system, however it is not directly measureable [25]. Instead, the first law is used
to measure the change of internal energy as shown in section 4.1. In a
differential form, equation (4-9), the first law implies that the change in internal
energy is dependent on the change in entropy and the change in volume;
therefore it can be concluded that the internal energy is a function of the entropy

and volume.

dU = 6ds — SdV (4-9)

In the reference configuration, the internal energy is shown in [23] to be in terms

of the elastic strain and the temperature as:

U= (g—g) E+ (%’;) $ (4-10)
Where

Often it is not convenient to work in the natural variables of entropy and strain; it
can be more convenient to work with other natural variables. This can be

achieved by applying Legrendre transforms to the internal energy.

4.4.2 Helmholtz Free energy function

The Helmholtz free energy is defined mathematically as:

Y(E,0) =U(E,s) — 0s (4-13)
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This expression is obtained by using equation (4-12) and applying a Legendre
transform [23], resulting in the function being expressed in terms of the strain
and temperature. Due to this, the Helmholtz free energy is a strain energy

function, which is used in the current formulation of the Cranfield model.
The time derivative of the Helmholtz free energy is expressed as:
Y(E,0) = U(E,s) —0s — 05 = S:E — 56 (4-14)

Which gives rise to the relations:

4.4.3 Gibbs free energy

An alternative potential is the Gibbs free energy. This is obtained by making use
of equation (4-15) and applying a Legendre transformation. This results in a
mathematical definition of the Gibbs free energy, which has stress and

temperature as natural variables [25], as:

g(8,0)=y(E,0)—S:E (4-17)

Similar to the Helmholtz free energy, the time derivative is taken of the Gibbs

free energy to give a pair of constitutive equations. The time derivative is:
§(s,0) =y(E,0) —S:E—S:E=—S:E —s60 (4-18)

From which the pair of constitutive equations are given as:
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4.4.4 Enthalpy

The final commonly used thermodynamic potential is enthalpy and is a function
of the stress and entropy. The definition of enthalpy is obtained by applying a

Legendre transformation to equation (4-11) which yields:

h(S,s) = U(E,s) —S:E (4-21)

As with the Helmholtz and Gibbs free energies, the time derivative of the
enthalpy is taken which yields a pair of constitutive equations. The time

derivative is given as:
h(S,s)=U(E,s)—S:E—S:E=—S:E +6s (4-22)

The pair of constitutive equations provides relationships for the strain and the

temperature:
_ (0h (4-23)
E= (65)5
B (6h> (4-24)
- as S

The four potentials are related to each other via equation (4-25)

g=U—-0s—S:E=y—S:E=h—0s (4-25)

4.5 Summary

The important laws of thermodynamics, including the first two laws, which are
required when considering the balance of energy during modelling have been
introduced. The laws introduced are in the form used in [23] during the
development of the Cranfield model.

The theory of irreversible thermodynamics with internal variables, used in [23]
has been introduced. This is one of the key concepts as the use of internal

variables is an important concept in the Cranfield model.

The more commonly used thermodynamic potentials have been introduced in

the form of the internal energy, the Helmholtz free energy, the Gibbs free
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energy and Enthalpy. It will be seen in the following chapter that the Helmholtz
free energy is used extensively in the hyperelastic part of the model, forming the

basis of it.
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5 Cranfield model

This chapter introduces the current formulation of the Cranfield model. The first
three sections discuss the formulations for the elastic behaviour representation,
the damage representation and finally the plastic deformation representation.
The current formulation pulls together the concepts discussed in the previous
two chapters resulting in the thermodynamically consistent continuum model.
The shock wave modelling capability of the model is discussed, with the area
requiring improvement being highlighted. The chapter is concluded with a

summary.

5.1 Elastic behaviour representation

Elastic behaviour is modelled based on the assumption that the material is
hyperelastic and with the use of the free energy function, the stress tensor and
the stiffness tensor.

The Helmholtz free energy function is used in the elastic part of the model. The
function is written in terms of an irreducible set of invariants which are given in
terms of structural tensors and the elastic Green-Lagrange strain. The function
is written in this form as it must be invariant to rigid body rotation; this condition
is satisfied when written in terms of a set of irreducible invariants, J; to J,. The
set of irreducible invariants used for the formulation of the hyperelastic

response are given in [23] as:

Ji=1:E, J, = 1:E?
J3 = 1:E3
(5-1)
Ja=1:(M'E,) Js = 1:(M'EZ)
Je = 1:(M?E,) J7 = 1:(M?E?)
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Making use of the irreducible set of invariants, the Helmholtz free energy

function is written in a quadratic form:

B(E,, M, %, 0) = L a,)2 L a2 L a2
Y(E, M", ,0) 2“1]1 +“2]2+2“3]4+“4]5+2“5]6
(5-2)

tag); + ar)i s + agli)s + aofs)s

The constants, a; t0o ay are material constants which are linearly independent
and are required for modelling orthotropic materials, J;to J, are invariants of the
strain tensor and M!and M? are structural tensors required due to the
orthotropic material. The structural tensors are given in the reference

configuration as:

10 0

M'=[0 0 0 (5-3)
00 0
00 0

M2=|0 1 0 (5-4)
00 0

In the isoclinic configuration the structural tensors are shown in [23] to be given

by the relation:
M = F,M'F;’ (5-5)
The stress tensor used for the elastic part of the model was obtained by taking

the derivative of the Helmholtz function with respect to the elastic part of the

Green-Lagrange strain

_ P o . 0L, , 0 s \ o 2
S=—= — + —+ —+ —+ =t F
OF, /i 3F, a, JF, as/, JE, a, JE, as/e JE, (243 oE,
d/; 0J4 0/ 9] 6 —614
Y rligE, T h R, T g, T g, T YegE, 6o
/6
+ —_—
o)y JE,
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The derivatives in equation (5-6) are calculated in the work of Djordjevic and
were found in terms of structural tensors and the elastic part of the Green-
Lagrange strain. When substituted into equation (5-6) the stress tensor

becomes:
S =a,(1:E,)1 + 20,E, + as (1: (Mll?e)) M + a,(M'E, + E,M")

+ ag (1: (MZFe)) M? + ay(M?E, + E,M?) + a,(1: M'E,)1
— = — 5 — = -7
+ a;(1: E.))M! + ag(1: M?E,)1 + ag(1: E,) M? S

+ ag(llMZEe)Ml + ag(l:ll_’llE'e)Mz

The stiffness tensor is found by taking the derivative of the stress with respect
to the elastic part of the strain. With the derivatives substituted in, the stiffness

tensor is given by:

C=a;101 + 2a,1 + a; M QM + agM*QM? + a,F! + aF?
+ a;(1QM! + M1®1) + ag(1QM? + M?*®1)
+ ag(M'QM? + M*QM™")

(5-8)

The stress and strain tensors are symmetric, therefore the stiffness tensor can
be written in Voigt notation. Due to this, it is observed that the hyperelastic
response of orthotropic materials is determined by nine coefficients, a, to a4 or
the nine coefficients from the stiffness tensor in matrix form, c;; t0 cgq. As the
coefficients are representing the same response, the two sets of coefficients

can be expressed in terms of each other.

The three equations 5.5, 5.7 and 5.8 determine the constitutive model for
hyperelastic response [23].
5.2 Damage representation

The damage part of the Cranfield model is defined in terms of the damage part
of the velocity gradient, a damage potential, which is introduced in this section

and evolution equations.
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Prior to defining a damage potential the concepts of the damage tensor and the
damage energy release rate need to be defined.

The damage tensor, w, is an alternative tensor that can be used to describe the
mapping of an effective area vector in the isoclinic configuration to a similar
area vector in the elastically unloaded intermediate configuration [23]. Instead of
using Nanson’s formula, instead equation (5-9) can be used, making use of,

and defining the damage tensor.
ds?, = (1— @)~'ds, (5-9)
(1 — w) is referred to as the integrity tensor.

The damage energy release rate arises from the damage part of dissipation,

and is defined as:

(5-10)

%]

Y = —[1- @]

Similar to the Helmholtz free energy potential used in the elastic part of the
model, a damage potential is defined. The damage pseudo potential derived in
[23] is defined in terms of a set of irreducible invariants of ¥ and structural
tensors. Similar to the irreducible set of invariants given for the Helmholtz free
energy function, the set of irreducible invariants are given for the damage

potential in [23] as:

Iy, =1Y Iy, = 1:(Y)?
Iy; = 1: (17)3
(5-11)
I_Y4 =1 (Ml?) I_YS =1 (M1(7)2)
I_Y6 =1 (I_VIZV) I_Y7 =1 (1‘_’12(}_’)2)
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The damage potential can be defined in a quadratic from as:
. 1 1
falY, M*, M*,Q) = §V11y1 + Valyz + EVBIY4 + Valys

1__2 o o - (5-12)
+ z)’slye + Vely7 + V7ly1lys + Vslyilye

- - 2
+Volyslye — (Qo + Q(wH))

Where 7, to y, are material parameters, I,to I, are the irreducible invariants of
the damage energy release rate and the structural tensors and (), is an initial

damage hardening conjugate force.

A more convenient form to write the damage potential in is in tensor form which
requires the damage characteristic tensor. The damage characteristic tensor is

found by taking the second derivative of the damage potential with respect to Y.

g f *fa (5-13)
Y2

The damage potential expressed in terms of the damage characteristic tensor

can now be defined and this definition is the one used in the construction of the

damage part of the model.

1

— 1_ _ _\2 -
(Y, Q) = (E Y:J: y) — (9 +2(w™) =0 (-14)
The thermodynamic force, Q(w!) is defined as:
Uw") = vy 0! (5-15)

Where w,, is the slope of the hardening curve. Q(w") controls the evolution of

the damage surface [23].

The damage hardening parameter is defined by equation (5-16). This is derived
using the modified Klepaczko criterion with the inclusion of the normalised

activation energy.
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o(¢) (“(Bl)czsuo)

Wo & 1 w®) (5-16)
3 %
€co ((u(ﬁgz uo) + 1) e

Making use of the principle of maximum dissipation, the rate of change of

damage tensor and the rate of hardening were calculated:

L of . JY

& =iy =4 . (5-17)
(57:7:7)

.. 0f . J:Y

w = /1d a—l_‘; = /1d ? (5-18)
(7Y=]=Y)

In equations 5.17 and 5.18, 1, is a Lagrange multiplier which determines the
proportionality between the rate measures and their conjugate forces [23]. The
Lagrange multiplier is calculated by using a consistency condition, which says
that the rate of change of the damage potential is zero when damage is

evolving.

ooy a5 O (5-19)
fa@.0) =¥ + 520 =0

Calculations for ¥ and © combined with the consistency condition results in the

Lagrange multiplier being calculated as shown in equation (5-20).

. [[1 B[ (1 - z,,)]sym]
g = - (5-20

%:<%§_ [1 - ®]C: [[1 - a9 >+%%
sym

oY

5.3 Plastic behaviour

Plastic behaviour is accounted for in the Cranfield model by a combination of

Hills coefficients and the Mechanical Threshold Stress model.
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Hill's coefficients are a set of six coefficients first introduced by Hill in 1948 to
account for material anisotropy, up to orthotropy, and were derived from the

analysis of a proposed yield criterion.

Similar to the models treatment of damage, a plastic potential is defined which
is invariant to rigid body rotations [23]. As with the hyperelastic and damage
parts of the model, an irreducible set of invariants is defined which consist of
seven invariants. For the plastic potential these are defined in [23] in terms of

the deviatoric part of Mandel stress as:

[=1:3P =0 L =1:(3P)?
L =1:(TP)3
(5-21)
I, = 1: (M1ZP) Is = 1: (M'(EP)?)
I, = 1: (M?TD) I; = 1: (M*(ZP)?)

In a quadratic form, the plastic potential, f,;, is defined in terms of a set of
seven irreducible invariants for the vyield function, I; to I,, and a set of six
material parameters, S; to S, as:

For (B2, B0 W12, 6y7) = fuly + 2 BTl + 2 Bol2 + BTy + ]
pl ) § » Y MTS 142 224 236 415 517
(5-22)

+Beluls — otyrs
Where o, is a flow stress calculated using the Mechanical Threshold Stress

model, as outlined in section 3.5.1.

Similar to the method used in deriving the damage part of the model, the
second derivative of the plastic potential was taken with respect to the stress,
resulting in a characteristic tensor, A. The plastic potential is then given in terms

of A and the flow stress.
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1

o 1_ _ _\2 , (5-23)
for G2, MY, M2, 0y7) = (EZD:AX:ZD) — ours(&p £, 0)

Equation (5-23) is the form of the plastic potential that was used by Djordjevic
for the development of the plastic deformation part of the model.

The rate of plastic deformation tensor, d,,, is defined in [23] to be

Pl ———— (5-24)

And the effective strain, &, is shown to be equal to the Lagrange multiplier, ipl,
the value of which is obtained from the consistency condition is given by:
) ) pp——
<zce—‘;s+ 535 Ce(CO |:[1] . — 555 CeC: [Cala]
v = Ofpis , Ofpi 0fpi 00 s 0G (5-25)
2€, 25 + 22T, (C.0) ) ] + 99

sym

oxpb Jdo Og,

5.3.1 Mechanical Threshold Stress model (MTS)

The MTS provides a scalar valued flow stress as a function of the plastic strain
and the temperature. The model was first proposed in 1988 by Follansbee and
Kocks, with the formulation coming from the observations of microstructural
thermally activated deformation processes such as dislocation motions. The
model was based on two assumptions [8]:

)] Viscous drag effects are small compared to the dominant thermally
activated dislocation motion. This assumption limited the model to
only being valid for strain rate less than about 10*s™.

i) High temperature diffusion effects are absent,

Mathematically the model contains two parts; an athermal part and a thermal
part.

Ours = Oq + ”i (G —04)s(0,¢,) (5-26)
0
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Where o, is the athermal component of flow stress, @ is the plastic evolution

parameter and s(6, £,) is the thermal activation factor.

The thermal activation factor is defined to be:

Q|-
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&
k@In (ép>

|[ ]l

N (5-27)
5(9, Sp) - |1 Mb3go |
I |

The evolution parameter, @, can be thought of as a balance of two processes;
dislocation accumulation, 0,, and dynamic recovery, 0(&, 8, 4), which together
form the strain hardening rate. The strain hardening rate is linearly dependent
over a range of stresses and strains, however saturation behaviour can be
observed. Due to this a hyperbolic function is used for the definition of the
hardening rate.

tanh (a 6)
06 EA
© de, % tanh(a)

Relationships exist for the calculation of ©®, and &,, however solving analytically
for the hardening parameter and for the flow stress is not possible except for a
constant strain rate and temperature [23]. Therefore the assumption was made
that the strain rate and the temperature are constant within a time step. Using
this assumption a reference hardening rate is calculated using equation (5-29),
which completes the plastic description in the model.

tanh (a g)

S

00 yrs 00
tanh(a)

96 0s,

=L 56,8,)0,( 1- (5-29)
Ho
5.4 Shockwaves

The Cranfield model is capable of modelling shock loading. This is achieved by
making use of a known result that the deformation is driven only by the pressure

component of the stress for stresses far in excess of the Hugoniot Elastic Limit
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(discussed in section 6). From this result, a generalised pressure was defined
using the method describe by Vignjevic et al in [26]. The generalised pressure is
derived from a variation of a standard decomposition of the stress tensor into its

spherical and deviatoric components.

A further pair of tensors were introduced into the decomposition Ptpij and f?j SO

that the two terms are orthogonal, where the dot product between them two is

zero. Therefore, equation (5-30) is written in terms of the orthogonal tensors as:
Equation (5-31) was then multiplied through by the pressure tensor ;; and
relationships for the orthogonal pressure and devatoric stress components were
found.

_D\ —
pop_Si%i _p_o__Su¥y (5-32)
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Expressing the stress as a product of the stiffness and the strain allowed the

pressure to be defined as:

A~

P
1
(€11 4 Cyp + Cy3)% + (Cp + Cpp + Cy3)% + (Cy3 4 Cp3 + C33)%\2
_ 3 E, (5-33)

And the tensor y;; as:

_ Ci1 + Gz + Cy3
Yan = T (5-34)

1 2
(g (C11+C1+Cy3)%2 + (Cpp + Cp+Cy3)% + (Cy3 + €3 + ((333)2)

Where the terms C;; are terms in the stiffness matrix and Kyis a generalised

bulk modulus.
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This decomposed stress term was coupled with the Mie-Gruneisen shock
equation of state available in the DYNA3D code and forms the models

capability of modelling shock waves.

5.5 DYNAS3D

The Cranfield model is implemented in Lawrence Livermore National
Laboratories DYNA3D code. DYNA3D is a non-linear, transient dynamic,
explicit finite element code. The code has many features available in it:

e |t allows for different types of elements, including truss and beam
elements, 2-d shell elements and solid elements.
e Boundary, initial and loading conditions.
¢ Range of contact algorithms
e Number of implemented constitutive model for modelling complex
material behaviour.
e Several Equations of state are coupled with some material models
e Allows for rigid body dynamics.
The DYNA3D code available at Cranfield University is coupled to the SPH code
developed in house, although the Cranfield model is not currently coupled with
the SPH code. The current implementation of the Cranfield model can only use

hexagonal solid elements [23].

5.6 Model improvements

The main aim of this work is to propose model improvements for
implementation into the existing material model. The part of the model in which
the proposed improvements can be made are on the plastic deformation part of
the model; more specifically the MTS part of the plasticity description.

Improvements are required for a number of reasons. The first main reason for
this is the models capability of reproducing shockwaves accurately. It has
recently been observed experimentally that there is an existence of a so-called
superelastic precursor wave at very short time periods, of the order of

nanoseconds, after the shock inducing impact, see chapter 6. The current
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model cannot reproduce this behaviour using the MTS model. Therefore it is
apparent that a new plasticity model is required.

Further to this, the MTS model is quite an old model, with respect to the rest of
the formulation of the current model. Therefore it would be an advantage to
upgrade this section of the model with a newer approach which will include
more recently discovered/developed methods, potentially allowing for more
accurate representation of the shock wave formation, especially at very short
time scales after impact.

5.7 Summary

The current elastic, plastic and damage parts of the Cranfield model have been
discussed. It has been shown how the model reproduces deformation using
sets of irreducible invariants, along with defined thermodynamic style potentials

for the elastic, plastic and damage behaviours.

The decomposition used in the current Cranfield model for the stress tensor,
used as a part of the shock representation has been introduced. This
decomposition allows for a generalised pressure to be defined, which is used
along with the Mie-Gruneisen equation of state when representing high velocity

impact.

The limitations of the plasticity part of the model, in the use of the Mechanical
Threshold Stress model have been discussed with the short timescale
behaviour requirements for the future development of the model being
indicated. The remainder of this work will focus on identifying potential
alternative models/methods which can be used as a replacement for the MTS

model in future iterations of the Cranfield model.
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6 Shock wave modelling

It is discussed in chapter 5 that the motivation for future improvements to the
Cranfield model is due to the models shock wave representation ability. To
understand the requirements of modelling shock waves, this chapter focusses
on the governing properties and conditions under which the shock waves form.
This chapter contains six sections: sections 6.1 and 6.1 discuss the formation
and propagation of stress waves in general in a material as well as the
governing wave equation. The condition under which the stress waves can form
a shock wave are discussed in section 6.3, with the relations relating the
properties of the material in front and behind a shock then being introduced in
section 6.4. Finally the important Swegle-Grady fourth power law is introduced.

This power law is one of the motivating factors for this work as a whole.

6.1 Stress waves

Shock waves can form in a material when the surface of the material is
subjected to a rapid acceleration. This can occur when a high velocity impact
occurs or when an explosive is detonated whilst in contact with the surface. To
understand how shock waves occur, it is first important to establish how stress

waves form and propagate in a material.

To understand how stress waves are formed, it is convenient to consider a plate
formed of many, very thin layers of particles, parallel to the impact plane, being
exposed instantaneously to a pressure which thereafter remains constant [27].

When the pressure is first applied at the surface, the surface layer of particles is
accelerated, supporting the entirety of the pressure. The acceleration of the first
layer of particles is in the direction of the second layer of particles causing
compressive stresses to build up as the first layer moves closer to the second.
This in turn accelerates the second layer at an increasing rate towards the third
layer. The process continues with the second layer accelerating the third layer
and then subsequent layers being accelerated. Relative motion ceases when
the compressive stresses between the first two layers is equal to the applied

pressure; the pressure is supported entirely by the compressive stresses in the
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material. This process results in many layers of particle being accelerated in the
direction of disturbance. Via this process, stress waves are formed [27].

As stress waves propagate through a material, they cause stresses and
therefore strains on the particles within it. This can result in plastic deformation

if the stress is greater than the materials elastic limit.

Stress waves will continue to propagate through the material until they reach a
free surface. At a free surface they are reflected as tensile stress waves, in an

ideal situation with equal velocity and magnitude.

6.2 Wave Equation

Stress waves can be described mathematically by the wave equation. This can
be derived by considering the 1D element of a bar with width dx, area A and an

applied stress in the x-direction as shown in Figure 6-1 [28].

i

M
N

Figure 6-1: Element of a one-dimensional bar with the forces and stresses acting

on it.
By conserving momentum, equation (6-1) can be written.

0x ot

From the definitions of strain and velocity, the continuity condition is derived.

u
€ 0x

u
- (6-3)
Ly
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In equations (6-2) and (6-3), v is the particle velocity and ¢ is the longitudinal

strain in the x-direction.
Substituting the definitions of velocity into equation (6-1) gives equation (6-4).

do _ 62u (6-4)

ox  Porz

Applying the chain rule to equation (6-4) and assuming the stress, o, is a single-

valued function of strain such that o = g(¢) equation (6-5) is formed.

do () de 0%u (6-5)

de 6x_pﬁ

From the definition of strain, &, as shown in equation (6-2) the first differential of

the strain can be written in terms of u.

de 62u (6-6)
ax  0x2

Equation (6-6) can be substituted into equation (6-5) to form the one-

dimensional wave equation, equation (6-7).

200 _0%u (6-7)
0x%2 0Ot2
Where:
c= |2 (6-8)
p
do
S de

Physically, c, is the wave velocity and S is the slope of the stress-strain curve.

Equation (6-8) shows the wave speed has a dependence on the slope of the
stress-strain curve. The slope of the stress-strain curve is not constant. A
change of slope occurs at the yield point. Due to this it is apparent that two
types of stress wave form and propagate: an elastic wave with a wave speed

calculated from the slope of the Hooke’s law region of the stress-strain curve
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and an inelastic wave with a wave speed calculated from the slope of the
stress-strain curve after the yield point. For a state of uniaxial stress, the slope

of the Hooke’s law region is always steeper that that after the yield point,

therefore shock waves cannot form.

6.3 Uniaxial Strain
It has been shown that in a state of uniaxial stress shock waves cannot form.

However, in a state of uniaxial strain, under high stress amplitude of high strain

rate a shock wave can form and propagate through the material.

A typical uniaxial strain — longitudinal stress curve is shown in Figure 6-2.

A / Elastic with plastic

’ hardening

.~ Elastic-perfectly

plastic

A4

Figure 6-2: Longitudinal stress-strain curve in uniaxial strain state showing the
curve of an elastic perfectly plastic deformation, and a curve of elastic-plastic

with hardening.
As the strain state is uniaxial, i.e. strains in only one direction, then the following
relations hold:

& #0 Ey = & = Exy = Exz = &y

It is assumed that the strain can be decomposed and written in terms of an

elastic term and a plastic term [27]
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g =S+ € (6-11)

It is also assumed that the plastic flow is incompressible and Von Mises or
Tresca yield conditions are imposed. These conditions allows for a relationship

between the x-directional stress and the strain:

E(1—-v) 4G
T A2+~ (’” 3)gx
Where G is the shear modulus, K the bulk modulus, E the elastic modulus and v

the Poission’s ratio.

The vyield condition is applied beyond the yield point. Applying this, the x

component of stress can be shown in terms of strain and yield criterion:

2Y,
o, = Ke, + TO (6-13)

This yield point can be shown to be different to the yield point under uniaxial
stress by substitution of ¢, taken from a rearranged equation (6-12). The yield
point for a state of uniaxial strain is known as the Hugoniot elastic limit and is

mathematically defined as:
o, = <£ + E) Y, (6-14)

As shown previously in equations (6-7) and (6-8) the speed of the stress wave
can be obtained from the wave equation, and that the speed is dependent on
the slope of the stress strain curve. As two waves form, due to the two regions
of different slopes, the speed of each wave can be found. For a purely elastic

wave the speed is found by:

. / (K +4G/3) (6.15)
p

Whilst the plastic wave speed is given by
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_|K (6-16)

Equations (6-15) and (6-16) would imply that for a perfectly plastic material the
elastic wave will have a greater wave speed than the plastic wave. However, if
plastic hardening occurs, the slope of the plastic region of the stress strain
curve in a state of uniaxial strain is in fact steeper than the elastic region.
Therefore the plastic waves will have a greater wave speed then the elastic
wave. A shock wave is formed when the speed of the plastic wave is greater
than the speed of the elastic wave, which causes a steep plastic front which

breaks down forming a single discontinuous front.

A4

Figure 6-3: Stress-train curve in a state of uniaxial strain.

Figure 6-3 shows a typical longitudinal stress vs. longitudinal strain curve
obtained in a state of uniaxial strain. From this three types of waves can be
formed:

)] When the stress is above the HEL, but is below the strong shock limit
(point B on Figure 6-3), for instance stress state that corresponds to
the point A in Figure 6-3, a two wave system propagates; an elastic
precursor wave followed by a slower plastic shock wave.

i) If the stress level is at point B, the strong shock limit, then the elastic
precursor wave and the plastic shock wave will propagate at the
same speed.
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i) If the stress level is higher than point B, the speed of the plastic wave
will be greater than the speed of the elastic wave, therefore only a
single strong shock wave front will propagate through the material.

6.4 Hugoniot Relations

As a shock wave propagates, properties and parameters of the material
change. These include pressure, velocity, density and temperature. The
Hugoniot relations relate these variables through the shock front and are
derived from the conservation laws; the conservation of mass, momentum and

energy.
The conservation of mass is mathematically defined by equation (6-17).
poUs = pl(Us - Up) (6-17)

Where Usand Uj,are the shock velocity and the particle velocity respectively and

po and p, are the densities in front and behind the shock.

As this is a conservation law, its physical meaning is that the mass that flows

into the shock front must be equal to the mass leaving the shock.
The conservation on momentum is expressed mathematically as

Pl_PO =p0UsUp (6-18)

Where P, — Pyis an imparted impulse causing a change in momentum of mass

traveling through the shock.

The conservation of energy is expressed in equation (6-19).
1 2 (6-19)
PIUp = EPOUsUp + pOUs(El — Ey)

The energy relation can be reduced to eliminate Us;and U, by using equations

(6-17) and (6-18). The resultant equation, equation (6-20) is known as the

Hugoniot equation.
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E—Eo = %(Vo = V1)(Py + Po) (6-20)

Contained within these four equations are five unknowns. This implies that if
just one variable is known or measured, it is possible to calculate the remaining
four. The Hugoniot equation gives the locus of all the thermodynamic states
achievable during a single shock [29]. The Hugoniot can be plotted in different
ways, depending on the variables of interest. It can be plotted as shock velocity

and particle velocity, pressure and particle velocity or pressure and volume.

6.5 Swegle-Grady power law

Experimental studies of shock waves have shown that there exists a power law
between the strain rate and the stress associated with plastic shock deformation
[30]. The power law is of the form

gx gt (6-21)

The exact physical origin of the power law is unknown; however attempts have
been made to explain it. Presented in this section is the mathematical
explanation presented by Malygin et al. [31], as this explanation attempts to not
only provide an explanation of the physical origin, but also provide an analytical

relationship between the strain rate and the stress.

Malygin et al. [31] explain the physical basis of such a power law as being due
to the generation of geometrically necessary dislocations in the shock wave
front. The density of generated GND is found to be proportional to the pressure
in the waves to the power of three. When this is substituted into the Orowan
relationship, which governs the strain rate, ¢ = mbpu has a linear dependence
on the density of dislocations and the velocity of dislocations. The velocity of
dislocations is analysed in [31], and is found to vary linearly on the pressure in
the shock wave. Substitution of the found dependencies of pressure of the
density of dislocations and the velocity of dislocations results in the Swegle-

Grady law in the form
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& =KpP* (6-22)

Where

O4m2(1 - 217)7'[2 E _3 E (6-23)
K =3 (E) ~ 26x10 (E)

Where m is an orientation factor, v is the Poisson’s ratio, E is the Young’s

modulus of the crystal in the absence of compression and B is the coefficient of

viscous drag of dislocations.

6.6 Summary

The main physical principles associated with the formation of shockwaves have
been introduced. It has been shown that a state of uniaxial strain is required for

the formation of a shock wave.

The Hugoniot relations, relating material properties in front and behind a shock
wave have been introduced. These relations are of significant importance to the
modelling of materials as they allow for the calculation of material properties
after wave propagation without any knowledge required of the conditions in the

thin shock front.

Finally, the Swegle-Grady 4™-power law has been introduced. The law has
been widely observed in experimental results, therefore reproduction of this law
in the shock wave representation of the model is of significance. A potential
explanation of this law is given by considering the generation of GND at the
shock front. This is an important result, as it will be called upon in chapter 7

when the Malygin shock wave model is introduced.

65






7 Dislocation self-organisation processes

The first method of modelling plasticity that has been identified as being
relevant for potential future inclusion in the Cranfield model is the so-called Self-
organisational processes of dislocations model. This model makes use of
experimental observations of dislocations to develop expressions for the
evolution of the density of dislocations during deformations. The model has
been identified for analysis as it has a continuum mechanics base, but includes

microstructural effects, in the form of dislocations.

This chapter contains eight sections. Section 7.1 discusses the multistage
nature of strain hardening, a process for which there appears to be linked to the
formation of dislocation structures. Section 7.2 introduces the dislocation
patterns that are observed after deformation, with a thermodynamical
explanation of the structuring process given in 7.3. The simulation of the
patterning is discussed in section 7.4, where an early method is outlined, with
the results and limitations discussed. Following this, a much more rigorous
dislocation kinetic model is discussed in section 7.5, with the shock wave model
born out of the same dislocation kinetic equations being introduced in 7.6.
Finally discussion is given to the usefulness of this method to the future

development of the Cranfield model

The experimental observations forming the basis of this model are from
experiments investigating the dislocation distribution in plastically deformed
metals, which are found to show that as plastic deformation occurs, the
dislocation distribution evolves into a structured pattern [32]. The exact patterns
which the dislocations form depend on the degree of plastic deformation and
the strain hardening. This formation of patterns, along with the strain hardening
having a multistage nature has led to the development of a method referred to
as self-organisation processes of dislocations. Within this method two important
dislocation mechanisms are double cross slip of screw dislocation components
into parallel slip planes to the primary slip plane, and the emergence of Frank-
Reid dislocation sources. These mechanisms have impact on the strain

hardening, which is found experimentally to be of a multistage nature. Along
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with these, other dislocation processes have an impact and are therefore
accounted for in the method.

Double cross slip of screw dislocations occurs when the screw component of a
dislocation overcomes an obstacle in the primary slip plane by entering a cross
slip plane (see section 2.6.2), bypassing the obstacle, and then entering a slip
plane parallel to the primary slip plane. The Frank-Reid dislocation source

mechanism is detailed in 2.6.4.

7.1 Multistage nature of strain hardening

Strain hardening is an important process that is observed in metals. Strain
hardening is characterised by an increase in resistance to deformation under
increasing plastic deformation. Strain hardening is observed experimentally to
be a multistage process. Patterns formed by dislocations during deformation,
through self-organisation, provide an insight into the dislocation mechanisms
which occur during the strain-hardening process, which is associated with
plastic deformation. Figure 7-1 shows a typical strain hardening curve for an

FCC metal, with the different stages of hardening labelled in roman numerals.
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Figure 7-1: Idealised strain-hardening curve typical of FCC metal showing 4

stages [33].

The strain hardening shown in Figure 7-1 shows four stages of hardening. In
some materials, under certain conditions a fifth stage is observed, with different

dislocation mechanisms being prominent in each. The first three stages are
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described extensively by Malygin in [9]. The first stage of hardening, commonly
referred to as the stage of easy glide, is predominantly caused by the

interaction of mobile dislocations with edge dipoles, causing immobilisation.

The second stage of strain hardening sees the rate of hardening steeply
increase. This is due to the fact that more immobilisation mechanisms occur on
the mobile dislocations. As with the first stage, mobile dislocations will still
interact with edge dipoles, but additionally interactions of dislocations with
dislocations in secondary slip systems occur. These interactions can immobilise
the dislocations in both the primary and secondary slip systems, or annihilation

can ocCcur.

The third stage described in [9] is a stage which is associated with dynamic
recovery, which is associated with annihilation of screw dislocations. This
recovery leads to a decrease in the rate of strain hardening, as seen in Figure
7-1.

Further stages of hardening, the fourth and fifth stages, occur when significant
plastic deformation has occurred already. When this happens, distortions occur
at grain boundaries and as a result of bending. To accommodate these
geometrical distortions of the crystals, additional dislocations are generated
which are commonly referred to as geometrically necessary dislocations (GND).
The patterning at the fourth and fifth stages of strain hardening consist primarily

of fragmented dislocation structures, formed from GND'’s.

7.2 Structures

When viewing plastically deformed metals using a transmission electron
microscope (TEM) the dislocation structures that are formed can be seen. The
main structures observed are persistent slip bands and cellular structures.
Other structures can be observed, but it is the bands and cells which are most

common.
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Figure 7-2: TEM image of persistent slip bands in cyclically fatigued copper [32]

Figure 7-2 shows a transmission electron microscope image of a section of
cyclically fatigued copper approximately 9 um by 6 pum in size. The image
shows the persistent slip bands that have formed during the cyclic fatiguing

process.

Slip bands are the predominant dislocation structure observed during the first
stage of hardening. The bands consist of immobilised dislocations which have

encountered objects such as edge dipoles and impurities.

At the second and third stages, the banded structures typically give way to 2-d

network and 3-d cellular dislocation structures, as is shown in Figure 7-3.

0,5 um

Figure 7-3: Cellular dislocation structure observed in a single Ni crystal [34]
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The cellular dislocation structure shown in Figure 7-3 is formed of cell walls
which contain a high density of dislocations, and the main bodies of the cells

which have a much lower density of dislocations.

At the fourth and fifth stages of hardening a fragmented dislocation structure is
observed [35]. These fragmented dislocation structures are typically seen after
large deformations have occurred. As highlighted in section 7.1, fragmented
dislocation structures are accumulations of dislocations generated due to
geometrical distortions to the crystal, referred to as geometrically necessary
dislocations [35]. The physical size of a fragmented dislocation structure can
range between several hundreds of nanometres to several microns, with the

size typically decreasing with increasing amounts of deformation.

7.3 Theory explaining structures

So far, the formation of dislocation structures has been discussed with
reference to the multistage nature of strain hardening and the specific
dislocation processes that occur during structure formation. The dislocation
processes alone do not explain why the self-organisation of dislocations occurs,

here the reason as to why dislocations self-organise is addressed.

Early attempts to explain the reasons for the formation of structures in metals
undergoing plastic deformations were made by Holt [36]. The explanation given
comprised of long ranging interactions energetically favouring clustering, as the
interaction energy decreases with decreasing dislocation separation. This
explanation however is rather simplistic and ignores short-range interactions

between. the individual dislocations which are of importance.

A further, more detailed explanation is provided in [32], which sites the work of
Seeger [37] by consideration of the structures from a thermodynamics point of

view, specifically the changes of entropy of the system.

Prigogine’s theory of dissipative systems implies that the formation of ordered
structures of dislocations is related to a decrease of entropy in the system.
However, the second law of thermodynamics states that, for a real, irreversible

system the change in entropy is always positive [25]. For both of these
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statements to be true of the same system, the system must act to pump entropy
into the environment. Considerations are given to a single dislocation which
requires activation energy to overcome an obstacle. From here, equation (7-1)

is derived, which is the condition for a decrease of entropy to be possible.

dU <W +K(p* +p7) (7-1)

Where dU is the infinitesimal change of internal energy, W is the work done on
the system, K is a normalising coefficient and p* and p~ represent the increase
of dislocations from the activation of sources and the decrease of dislocation
number due to annihilation processes respectively [32]

While the thermodynamic arguments of Seeger provide an explanation as to
why dislocation structures form, and a condition to allow them to form, it does
not provide any detail of the evolution of the system.

7.4 Simulation of formation of structures

The formation of self-organised dislocation structures have been simulated in
both FCC and BCC single crystals by Sangi et al. [32]. The simulations were
done using a combined cellular automata (CA) and molecular dynamics (MD)
model. The combined approach was taken as the cellular automata part
describes short range interactions of dislocations, whereas the molecular

dynamics part considers the long-range interactions of dislocations [32].

The structures simulated in [32] depend on numerous conditions, including: the
number of active glide systems, the applied forces and the cut-off radius of
dislocations. The cut-off radius of dislocations is a parameter which is required
for the molecular dynamics part of the model, and it sets the distance over

which dislocations can interact via long range interactions.

Figure 7-4 displays the result of the simulation carried out by Sangi et al. which
shows the banded structure expected at the first stage of hardening. The
simulation was done using the data of iron. Figure 7-5 displays the simulation of

the cellular dislocation structure from [32] which was done for an FCC structure.
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Finally Figure 7-6 shows a labyrinth structure that was observed in a simulation
of an FCC material at 300°C.

Figure 7-5: Simulation of 4000 edge dislocations forming cellular structures in an
FCC structure [32].
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Figure 7-6: Labyrinth dislocation structure observed in a simulation of FCC
crystals at 300°C [32].

The combined CA and MD simulation approach used by Sangi et al. in [32],
despite showing the formation of dislocation structure has a few problems. The
first of these involves the relatively low numbers of dislocations used. All of the
simulations carried out were done using only 4000 dislocations, whereas in a
real metal which has undergone significant working there may be as many as
10 ¢cm™ [38]. Increasing the number of dislocations in the simulation to the full
scale of the problem would result in significant increases in computational cost,

rendering the model to be impractical.

Further to this, an issue with the cut-off radius is raised in [32]. The remaining
interaction energy was found to be influenced by the cut-off radius. Attempts to
find a value of the cut-off radius which provided an absolute minimum of the
remaining interaction energy proved inconclusive. However, as the simulations
only had a relatively small number of dislocations in them, potentially increasing
the dislocation density and using a larger sample size could allow this issue to
be resolved. Therefore, for a simulation on the scale of real world dislocation

numbers, this issue could resolve itself.

Finally, the structures simulated were all formed in single crystal of FCC and
BCC metals. Whilst the FCC and BCC structures are of interest in the Cranfield
model, it is more likely that metals modelled using it will be polycrystalline in

nature. Extending this to account for polycrystalline metals would require
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introducing the effects that grain boundaries have on the formation of
structures, as well as incorporating the generation of geometrically necessary
dislocations (GND) that are generated at boundaries into the model. Currently,
the number of dislocations in the simulation is kept at a constant number,
however, by adding in grain boundaries and the generation of GND the

dislocation density will need rise during plastic deformations.

7.5 Malygin model

An extensive set of kinetic equations are presented by Malygin in [9], which
describe the first three stages of hardening in terms of the dislocation densities.
The equations presented consist of microscopic properties, which allow for a
description of the evolution of the ensemble of dislocations. The important
parameters contained within the equations are the densities of mobile and
immobile dislocations, p,, and p;, respectively. Statistical averaging is applied to
the equations, allowing for a description of the evolution of the whole dislocation
ensemble to be achievable. The processes described by the kinetic equations
presented in [9] include the formation of lines, bands, cells, the processes of
annihilation, double cross slip, Frank-Reid source activation and immobilisation
under the conditions of plastic deformation. The basis of the set of kinetic
eguations is equation (7-2) which gives the ensemble averaged scalar density

of dislocations as:

dp“ (7-2)

Jt

ua
+ V- (u®) =n%u® + Zl—apa
> P

Where
p is the scalar density of dislocations,
u is the velocity of the dislocations

A, is the characteristic free path of dislocations before elementary acts of

(4
change of density of dislocations.
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The superscript a in equation (7-2) denotes that the quantities are for

dislocations with the same Burgers vector b?.

From equation (7-2), further kinetic equations are developed which describe the
evolution of the densities of dislocations during plastic deformation. There are
two such equations, equation (7-3) which describes the evolution of the density
of mobile dislocations p,, and equation (7-4) describing the density of

immobilised dislocations p;.

dap 3 _ _ 3 (7-3)
a_tm + V- (upp) =nu + (Am1 + Afl)upm - (’1is1 + hip)upm — haUpmpm
dp; _ (7-4)
=7 = Aie Upm = haupipm
where:

An and A, are the free paths of screw dislocations between acts of multiplication

on obstacles of non-deformation origin and deformation origin respectively.

Ais 1S the free path of screw dislocations to obstacles destroying their mobility

either through immobilisation or annihilation.
h; is the mean height of edge dipoles.

h, is the characteristic distance of annihilation of screw dislocations with

opposite signs.

Aie IS the free path of screw dislocations between acts of DCS with formation of

edge diploes.
h, is the mean height of edge diploes being destroyed by mobile dislocations.

It is noteworthy that the kinetic equations are developed for deformations that
are quasi-static by nature, which is true for low velocity impacts. For high
velocity impacts, which include impacts inducing shock waves, the same kinetic
equations will be incorrect. The issues of high velocity impacts have been
addressed in [39] , where a shock wave model is presented based on the

kinetics of dislocations.
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Further kinetic equations are presented by Malygin in [35] which describe the
formation of the fragmented dislocation structures associated with the fourth

and fifth stages of hardening, when a large deformation occurs.

It is worth noting that further to the self-organisation of dislocations methods, a
different theory aiming to explain the same experimental observations has been
developed by Kuhlmann-Wilsdorf. The theory, known as the low energy
dislocation structures (LEDS), proposes that the dislocations reside in positions
which minimise the energy of the assembly of dislocations [32] [40] [41].
However, this theory has been widely unaccepted due to the fact that thermal
processes are not apparent, which are well known from experimental

observations to exist.

7.6 Malygin shock wave model

Following on from the kinetic dislocation equations presented in [9] and
subsequent publications [35] [42], Malygin et al. have developed a shock wave
model capable of representing the formation and propagation of shock waves

from a dislocation point of view.

The model contains two separate parts, representing the two regions of the
shock wave; a shock front model and a model for the plastic relaxation region
that follows the shock wave front. For both regions a kinetic relationship are

derived which govern the shock wave.

The model of the shock wave front is derived starting from a basic force

relationship, accounting for plastic strain, &, and a wave-induced strain

inconsistency, &;.
0 =Koeg — 2Gey (7-5)
Where:
o is the compressive stress
K, = E/3(1 — 2v) = E is the bulk modulus

G = E/2(1 + v) is the shear modulus
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The first time derivative of equation (7-5) is taken, and the coefficients are
substituted in resulting in the kinetic equation

do ) (7-6)
with = —.

Making use of the Swegle-Grady law, and introducing the coordinate
z = U;t — x, to account for the propagation of the shock front through the metal,

where U, is the velocity of the shock front, equation (7-6) becomes

Ui Z_Z =E (éc — nKp (%)4) (1)

This is simplified by the introduction of dimensionless coordinates and stress,

which leaves the kinetic relation, equation (7-7), as:

ds (7-8)
=1 _c4
a7z 1-=s

Where:

3
Z=z/w,w= L(Q) /a is the width of the shock front

Kpnl/z} éG
&G 1/4 . .
s=o0/0y, 0, =E (—) is the maximum stress.
nKp

The model of the shock wave front is completed by the solution to equation
(7-8) which is found as:

1 o 1 o) t X (7_9)
—arctanh (—) + —arctan (—) - =
2 Up 2 O'P

t,, is the time of wave front formation and is found mathematically as:

w1 (KP)3/ 4 (7-10)

Where:
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g, is the maximum stress in the wave front,

Kp is the coefficient form the Swegle-Grady law, given in section 6.5.

The second part of the model presented in [39] accounts for the plastic
relaxation region behind the shock wave front. The basis of the model for the
region of relaxation is the same kinetic equation that is presented in [9] for
cases of quasi-static deformation. This equation is used as the dislocation
structures and patterning observed in the plastic relaxation region of the shock

wave are very similar to those observed in the quasi-static case [10],

dp(x,t) ap (7-11)

ot pU 52

u
+—p + 8;up®/? — hyup?
Am

Equation (7-11) is simplified by the introduction of dimensionless variable
Y = p/ps and the dimensionless coordinate and time, X = x/A, and T = t/t,,

respectively, results in the dimensionless kinetic equation:

WYX, T) 02 (7-12)
VED 0 | oy

The solution of equation is found to be in the form of a travelling wave, as:

1 (7-13)
[f + C exp(gX + hT)]?

Where

C is a constant of integration, and is set to be equal to f to achieve wave

stability,

f==la+4a)¥2 - 1],

/
0= [l

-2a 1 5
h= D ((1+4a)1/2—1 + Z)'
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Substitution of the dimensional variables back into equation (7-13) yields the
solution of the kinetic equation for the density of dislocations in dimensional

form:

Pm (7-14)
[1+ exp (220

The density of dislocations, p(x, t), is used to calculate the stress and the strain

p(x,t) =

in the second wave. The stress is calculated from

o(x,t) = mpaGbp(x, t)1/? (7-15)
And the strain:

e(x,t) = mz'6; ' bp(x, t)1/2 (7-16)
Where
my iS the Taylor factor and « is the coefficient of interactions of dislocations.

The shock wave model outlined in this section, fully presented in [39] required a
few comments to be made to determine its relevance in the context of the

Cranfield model.

Firstly, the model is structure around knowledge and properties of
microstructural dislocations. This is relevant as it has been identified that future
developments to the continuum Cranfield model will develop a more multiscale
approach, combining microstructural effects into the predominantly continuum
scale model. The model is also developed to be relevant for metals with both a
FCC and BCC structure, the same materials that are of interest to the Cranfield

model.

Further to this, in keeping with the nature of dislocation organisation processes
outlined in this chapter, these processes are identified and the model developed
with this in mind. This is accounted for by the identification of the that in the
region of plastic relaxation, the region behind the shock wave front, the

dislocation structures are of the same form as those observed in quasi static

80



deformation. Using this, the same dislocation-kinetic relationship is used to
describe the density of dislocations in this region as was developed for non-

shock wave cases.

Next, the shock wave model aims to capture a two-wave structure which is
observed experimentally and predicted theoretically, as presented in chapter 6.
A two wave structure is achieved by the model being composed of two parts: a
spate shock wave front model and a model for the plastic relaxation region
following the shock front.

The development of the kinetic equation for the model of the shock wave front
includes the dependency of the strain rate on the stress in the form of the
Swegle-Grady 4™-Power law. There is vast experimental evidence suggesting
the existence in such a law, and therefore the occurrence of the dependence in

the calculation of the kinetic equation is a good sign.

Despite the advantages of the shock wave model presented in [39] there are
some negative points which need addressing. These include the lack of detail
regarding the full implementation and verification of the model. Many of the
equations and individual aspects of parts of the model are compared with
experimental data in [39], however the model as a whole is not verified. There is
indication in [39] that verification has been done, however this will be the
subject of a future publication. There is no indication given as to the degree of
success of the verification process. For any future consideration of this model, a

full verification of it would need to be carried out, or observed in literature.

7.7 Usefulness for Cranfield model

Understanding of the dislocation processes which are apparent during plastic
deformation is very useful for in aiding a full understanding of the nature of

plastic deformation and in particular the plastic evolution of metals.

Whilst the method put forward by Malygin in [9] gives a very complete
dislocation — kinetic set of equations governing the various processes occurring
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during plastic deformation and the associated strain hardening, a large number
of equations are required. It will be seen in the following chapter that a similar
dislocation model, which again uses the evolution of the densities of
dislocations, is much simpler with the results from the model showing good

agreement with experimental data.

7.8 Summary

The self-organisational processes of dislocations method provides a description
of dislocation patterns which are formed during the process of plastic
deformation. Understanding the patterns formed, and the mechanisms of
formation are of use as these include dislocation motions, annihilation and
multiplication, all of which have a direct impact on the evolution of plastic

deformation.

It has been show by Sangi that the theoretical reason for the formation of
structures can be used to reproduce the structures observed experimentally,
with the various different structures forming depending on the conditions of the

simulation.

Dislocation — kinetic equations are provided by Malygin describing the evolution
of the densities of dislocations during plastic deformation, both in a quasi-static
case and in a shock wave situation. This method is compared in the following
section to an alternative dislocation based method of plasticity.
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8 Mayer’s Model

The second model which is identified for analysis is the latest mobile and
immobile dislocation based model. This model, which was developed by Mayer
et al. [10], is described in this chapter with a focus on how the model meets the
requirements for the future development of the Cranfield model, as well as
identifying the draw backs of the method. This chapter contains five sections;
section 8.1 looks at the formulation of the model, section 8.2 discusses the
advantages of this method, with 8.3 discussing the relative disadvantages. A
comparison between this shock wave model and the shock model presented in
the previous chapter is then presented, followed by a summary of the chapter in
section 8.5.

The model proposed by Mayer et al [10] is a continuum mechanics based
model capable of modelling the plastic deformation and fracture of metals under
shock wave propagation. This model has been chosen as it includes
microstructural effects, and claims to have the capability of reproducing the
superelastic precursor wave observed for a very short time period after shock
loading is applied.

8.1 Formulation of model

The model presented by Meyer et al. in [10] describes dislocation plasticity and
fracture of metals under shock loading conditions. The model describes
plasticity making use of information about the state of the defect sub-systems
which include the kinetics of dislocations and the formation and propagation of
micro-cracks. These two processes are considered as two separate processes,
with a separate tensor derived and calculated for each; the tensor w;;, for plastic

deformation and Wy, for the process of fracture.

Mayer's model is formulated as a combination of a model of dislocation
plasticity and fracture, continuum mechanics equation and the wide-range

equation of state [43]
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The basis of the model is a series of continuum mechanics equations, which
govern the rates of change of mass, momentum and energy. The equations are

used in a Lagrangian form and are given as:

N

ldp _ _ z (aﬂ N dek) (8-1)

N
dvi _ N 9%k (8-2)

Par 9%
k=1
v~ ov,  dw, d
av _ _ Uk kk Z Wik (8-3)
Par ;( P(ka ) Sir dt)

Further to the continuum mechanics equations, a series of equations is
presented describing the kinetics of dislocations which include terms for mobile
and immobilised dislocations. The change in densities of the mobile and
immobile dislocations are taken into account along with the generation rates of

each. The four equations are given as:

dp} 8-4
—2 =05 =0 —keb|V7 |0} (205 + o) (&4
doi _ o6 (8-5)
dt
2B (V’”)2
Ct
Qp = kyb 2 + bY|VDﬁ| ph (8-6)

of ~uioh -

Where pg is the density of mobile dislocations, p,ﬁ is the density of immobilised

dislocations, Qg is the generation rate of mobile dislocations, Qf is the
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immobilisation rate, b is the modulus of the Burgers vector, k, is the coefficient
of annihilation of dislocations, B is the friction coefficient, Y is the yield strength

and K, is the coefficient of generation. The superscript § numerates the slip

system of the dislocations.

From the four equations describing dislocation dynamics, equations (8-4), (8-5),
(8-6) and (8-7), it is apparent that mobile and immobile dislocations are treated
as two separate processes. Overall, the complete model consists of seventeen
equations which are numerically solved, and contain eleven material constants.

The complete set of equations is presented in appendix A.

The model is presented as being verified. The verification reported in [10] was
done by simulation of plate impact tests of aluminium, copper and nickel. The
verification shows proof that the model reproduces similar behaviour to that

which is observed in a similar experimental set up.

8.2 Advantages

The model of Mayer has many advantages which would make it appropriate for
inclusion into the current Cranfield model. These advantages will be discussed

in this section.

An appealing feature of Mayer’s model is the relative simplicity of it. The model
requires only eleven material parameters to describe and reproduce complex

behaviour encountered in a high velocity impact.

Plastic deformation of metals is due in a large part to the formation and motion
of dislocations. Therefore, a model of plasticity which describes the processes
of dislocations would appear to be most appropriate. Mayer’'s model does this,
with the formulation of the model accounting for the generation, motion and
immobilisation of dislocations. A further advantage of the method in which
dislocation motions are accounted for in the Mayer's model is the fact that
continuum level equations are used in the description of atomistic scale effects.
This introduces the multi-scale modelling aspect which would be needed for
future inclusion into the Cranfield model, which is primarily developed in a

continuum framework.
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The results produced by Mayer's model show interesting properties. One of
these results is shown in Figure 8-1, which consists of plots of the longitudinal

stress against distance for shock waves at different time intervals after impact.
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Figure 8-1: Model results for the formation and evolution of shock waves
resulting from an impact velocity of (a) 500ms™ and (b) 2000ms™ in aluminium

shown at time intervals after the impact [10]

It is observed in Figure 8-1 that an elastic precursor wave and a plastic shock
front are formed for both of the impact velocities displayed. It can be seen in
Figure 8-1 that the amplitude of the elastic precursor wave is initially greater
than the amplitude of the plastic shock wave. Within a short time period, ~20ns,
the elastic precursor decays to an amplitude more in line with the dynamical
elastic limit. This behaviour is representative of a superelastic precursor wave,
and the model by Mayer et al. is currently the only model in which this can be
reproduced.

Distinction can also be made in Figure 8-1 between strong shock and weak
shock. For the lower of the two impact velocities (500ms™), a weak shock would
be formed. The slope of the elastic precursor is observed to be steeper than
that of the plastic shock wave. For the higher of the two impact velocities,
Figure 8-1(b), the slope of the precursor is observed to be the same as for that
of the plastic shock wave.
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8.3 Disadvantages

As with any model there are a few disadvantages or limitations with Mayer’s

model.

A limitation of the model was observed during the verification process. The
verification process, which consisted of simulation of plate impact experiments
and comparisons with experimental data, shown that the model successfully
reproduced a plastic shock wave and an unloading wave. Spall fracture can be
observed in the verification results along with reverberations of the spall pulse.
However, as can be seen from Figure 8-2 the amplitude of the reverberations of
the spall pulse are larger than is observed experimentally. This is consistent
through all of the result shown for the verification of the model in [10].
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Figure 8-2: Comparison of experimental and simulated data for free surface
velocity for a 9.5mm Nickel target being impacted by a 0.2mm thick aluminium
target plate at 470ms™ [10]

This overestimate of the amplitude of the spall pulse reverberations is an
indicator that there is an additional dissipative loss [10] which is not accounted
for in the model. To be completely thermodynamically consistent, further

investigation into this additional loss would be required.
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The verification of the model was carried out for three separate metals;
aluminium, copper and nickel, all of which have a FCC structure. As outlined in
section 2, the metallic structures of interest for the Cranfield model are both
FCC and BCC metals. The formulation of the model theoretically allows for
different structures to be modelled as parameters of the slip systems of interest
are included, as well as the Burgers vector. These parameters are dependent
on the crystal structure of the metal being modelled, and are calculated directly

from an analysis of the crystal structure.

Finally, the model only considers dislocation kinetics for deformation. Whilst this
is the dominant process in most materials, other processes, such as twinning,
could also have an impact. Inclusion of other deformation processes however
might improve the accuracy of the model slightly, however, for the additional
level of complexity and computation cost it would likely be more of a hindrance

than an advantage to include such mechanisms.

8.4 Comparison of shock wave models

Two shock wave models have been outlined, the model of Malygin [39] in
section 7.6 and the model developed by Mayer [10] in the present chapter. Both
of the models being investigated are dislocation based models, which make use
of calculations of the density of dislocations in a metal during shock loading.
Both of the models have advantages which will be discussed and compared in

this section.

Advantages of Mayer model: the model has been implemented and results
published. The results show reproduction of a superelastic precursor as well as
prediction of spall pulses. The model was developed with a continuum basis,
the same basis as the framework of the Cranfield model.

Advantages of Malygin model: the shock wave model incorporates the Swegle-
Grady 4™-power law in the strain rate description, as well as providing an
explanation of the law. The individual types of dislocation are accounted for, the

Mayer model just treats mobile and immobile, whereas the Malygin model
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differentiates between GND, statistically stored dislocations, and screw and
edge components.

Both models make use of the Taylor relation for stress evolution, this describes
the strain hardening observed during the shock propagation processes.

The Mayer model provides a better description of the material response to the
shock wave propagation, whereas the Malygin model provides a more depth
discussion of the form of shock wave itself. The spallation pulses that are
observed in the results of the Mayer model are comparable to that which is
observed experimentally, this result is unseen in the Malygin model from the
evidence of its capabilities that are available. This indicates that the Mayer
model is relevant for longer time scales than the Malygin model, despite the fact
that phenomena, such as the super elastic precursor wave, which are observed

for only very short time periods are captured.

As the model of Mayer has been verified and proven to reproduce known
observations in the material response to shock loading, and due to its ability to
show both short and long time scale responses, in the context of the Cranfield
model, it is the more suitable of the two shock wave models considered to be

combined in the future into the Cranfield model.

8.5 Summary

The model of Mayer et al. meets the requirements for inclusion into the
Cranfield model by meeting the following criteria:

e Capable of modelling plasticity and fracture at shock loading — a
requirement of the Cranfield model to allow it to accurately reproduce
high velocity impacts.

e Multi-scale — the molecular dynamic scale dislocations are described in a
predominantly continuum scale framework.

e Superelastic precursor wave is observed for short time periods after
impact — in line with recent short pulse (femtoseconds) laser
experiments.

There are significant advantages to Mayer’s model over the dislocation — kinetic

equations and shock wave model of Malygin. Due to these criteria and also the
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relative simplicity of the model it would be recommended for further analysis
into the plasticity part of the model, to numerically verify the reported results and
assess the full capability of the model, before potentially including the model as
a replacement for the MTS part of the Cranfield model. The fracture part of the
model is seen to produce results less accurate than the damage part of the
current Cranfield model, therefore only the plasticity part of the Mayer's model

will be considered for future work.
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9 Virial Stress

The third method to be looked at is the application of the virial stress tensor to
cases of shock loading. The virial stress tensor is a calculation of the continuum
scale Cauchy stress using purely atomistic variables. This is of potential
advantage to future developments of the Cranfield model as it allows microscale
properties to be fed directly up to the continuum scale of the overall model. This
chapter contains two main components: firstly the virial stress is derived by
considering the forces experienced by the atoms in the metal, the major
drawbacks of this are then discussed with a potential solution then being

described. The chapter is then concluded with the summary of the findings.

The future development of the Cranfield model relies on the inclusion of micro-
scale effects into the continuum mechanical model. In order to achieve this, the
concept of multi-scale modelling is required. This requires the use of modelling
techniques which are applied for different times and length scales to be used
together. It has been identified that the processes of plastic deformation,
including plastic deformation from shock loading, are predominantly explained
by microstructural effects, mainly dislocation processes. As a result of this it is
necessary to include in the current Cranfield model a method of accounting for
microscale processes but maintaining the continuum framework the current

model is developed within.

One such way of achieving this is to calculate the macroscopic, continuum
scale properties of the system using purely microscale effects. There exists a
method of calculating the Cauchy stress tensor, known as the virial stress,
which allows for the calculation of the continuum scale Cauchy stress, using
purely atomistic scale properties of the system. The stress is calculated by
knowledge of forces between individual atoms within the system. The virial

stress tensor is derived in the following section.
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9.1 Derivation of Virial stress tensor

The Virial stress tensor is derived here for a system consisting of N number of
particles. The derivation followed here is based on the derivation of the virial
stress tensor presented in [44].

To derive the stress tensor it is first important to define the position of the

particle. This is done with respect to the centre of mass of the system as

Xg=X+T, (9-1)

Where x, is the position of particle a, x is the position of the centre of mass of
the system and r, is the position of a relative to the position of the centre of

mass of the system.

Making use of Newton’s second law, equation (9-2), which states that the force
on a particle, f, is equal to its rate of change of linear momentum, p,, the virial

stress tensor can be derived.
fa =Pa (9-2)

Taking the tensor product of both sides of Newton’s second law with the
position of the particle a relative to the centre of mass of the system, r,, yields

the following relation:
Te® fa=7TaQPg (9-3)

The right hand side of equation (9-3) can be written as a result of the product

rule of differentiation as:

d 9-4
S ®P) = (70 ® P + (1 @ P oY

Including this in equation (9-3) leads to

d 9-5
e ®p) = (e ® f) + W @ o) o

Where vt = 7, is the velocity of particle « relative to the centre of mass of the

system.
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The two terms on the right hand side of equation (9-5) can be written as the

virial tensor and the kinetic tensor:

W, =r,Q f, = the Virial tensor
T, = %(vgfl ® p,) = the Kinetic tensor

This results in relation (9-6) which is referred to as the dynamical virial theorem.

d (9-6)
E(ra®pa) =W, + 2T,

When using multi-scale modelling, the time scales as well as the length scales
are different as shown in Figure 9-1. Therefore, it is needed to define an
atomistic timescale in which the atoms vibrate due to thermal vibrations from
their stationary points. It would not be possible or feasible to map each
vibration, so instead an average is taken over the atomistic time, t. For an

arbitrary function, f, the average is calculated by:
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Figure 9-1: Diagram showing relationship between the time scales and length

scales of different scales of modelling [45]
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Applying the average in the same way to the dynamical virial theorem accounts

for thermal vibrations in the stress calculations

(e ® Pl = W + 2T, 5-6)

By setting the atomistic time to be sufficiently large, the term on the left hand
side of equation (9-8) can be made as small as required. This allows for the

relation to be written:
w, =-27, (9-9)

Taking the sum over all particles in the system results in the tensor virial

theorem:

W= -2T (9-10)
Where W =3,1r,Q f,and T = Za ma vl @ i,

This can be further developed by simplifying the kinetic tensor. In order to do
this it is first necessary to derive an identity. This is done by considering the
position of the centre of mass.

The position of the centre of mass is calculated

_ Za MpXgy (9'11)

YaMe

From this it can be observed that the identity (9-12) holds.

Z Myl = Z mgyv rel (9'12)
a

Substituting equation (9-1) into equation (9-10):

T 1 rel rel rel (9-13)
:T=§Zmava R vy + Zmava X x
a a
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Making use of the identity (9-12) and observing that, on an atomistic timescale
the position of the centre of mass of the system is unchanging allows for the

above expression to be simplified to

(9-14)
— Z mav:zel ® vrel

This is the final simplified kinetic tensor which is included in the definition of the

virial stress tensor.

To complete the full derivation of the virial stress tensor, the virial tensor, W,
needs to be expanded. This is done through splitting the force acting on particle
a into two components: the internal force — the force which results from
interaction of the particle with other particles in the system, and the external
force — the force which is apparent due to interactions with externally applied

fields and atoms outside of the system.

Due to the splitting of the force into separate terms, the virial tensor can also be
split to account for this, into external and internal parts which correspond to the
external force and the internal force respectively.

W =W, + W, = Z r, @ o + z T, @ for (9-15)

The external virial tensor can be expanded and written in terms of continuum
variables in the form of a body force, pb, and the traction, t, which the
surrounding medium applies to the system. This is applied as:

B (9-16)
W,,, =Zra®fext. fﬂ x®pbdv+faﬂx®td,4

Applying Cauchy’s stress theorem allows for the traction to be replaced with the
Cauchy stress and a vector normal to the surface of integration. Substituting

this in and applying the divergence theorem gives the expression:

L (9-17)
W, = j [x ® pb + div,(x Q 6)]dV = J [67 + x ® (div,o + pb)]dV
Q Q
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This is simplified by using the result that, under equilibrium conditions,
(diveo + pb) = 0. Therefore

Wy = Vo' (9-18)

The continuum stress field, the Cauchy stress is defined as the average value

of o over the volume Q:

1 (9-19)
Oy = Vf adV
Q

Substituting equation (9-18) into equation (9-15) and then into the tensor virial

theorem, equation (9-11) and expression for the virial stress is obtained as:

1 _ (9-20)
Oqy = _V [Wint + ZT]T
Which when the full definitions for the internal virial tensor and the kinetic tensor
are substituted in, the virial stress tensor is written purely in terms of atomistic

variables:

(9-21)

1 - -
Ogp = — V[ Z:nt Q1+ z mavz;cel X Vﬁel]
a

a
As the Virial stress tensor provides a link between the continuum scale and the
molecular dynamic microscale the applicability of the virial stress to the
Cranfield model, which includes deformation under shock wave loading, is
investigated. The advantage of using a multiscale approach to modelling
deformation under shock loading is due to the varying time scales inherent in
the calculation; behaviour of the system over short, molecular dynamics
timescales can be captured in a model built in a continuum mechanics model

with relatively long time scales.

It is apparent that, due to the time averaging process which determined the
average position of the particle about the equilibrium position, accounting for
thermal vibrations, that the virial stress tensor calculation is only valid for

systems in macroscopic equilibrium.
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However, it is apparent that calculation of the stress tensor using purely
atomistic properties is achievable for systems not in macroscopic equilibrium.
This is achieved by using the so-called Hardy equations. These equations have
similar form to the virial stress equation, however additional localisation

functions are included.

Unlike the virial stress equation, equation (9-21), which is derived starting from
the consideration of forces on each atom in the system, the Hardy’s stress
equation is derived using the conservation equations of continuum mechanics in

spatial form as a starting point [46].

ap (9-22)
3¢ =V (V)
o _ (9-23)
Fria V-(oc—pvQv)
de (9-24)

E=V-(a-v—ev—q)

The continuum fields contained within equations (9-22), (9-23) and (9-24) are
defined to be

N (9-25)
Pl D) = ) MmUY - x)
N (9-26)
p(x,t) = Z m*v*Y(x* — x)
N (9-27)

1
e(x,t) = Z {Em“(v‘”) + ¢“}¢(X“ - x)
a
Here the atomistic variables of mass, m®* and potential energy, ¢%, for the atom
a in the system are introduced. The function ¥(x® — x)is the localisation
function, which effectively spreads out the properties of the atoms in the system

allowing them to contribute to the properties of the continuum at the position x
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at time t [46]. In order for the localisation function to be introduced in this way it

must have dimensions of inverse volume.

Substituting definitions (9-25), (9-26) and (9-27) into the continuity equations,
and recognising constraints on the localisation function, and making four key
assumptions regarding the form of the potential energy and forces between

atoms, equation (9-28) is developed.

In order for the localisation function to be introduced its dimensions must be that

of inverse volume.

1L & N (9-28)
o) = =15 > > xap ® FagBP () + ) Mty ® bt =)
a=1 L+« a=1

Equation (9-28) is the Hardy stress calculation.

The constraints imposed on the localisation function are as follows [46]:

1. The function is normalised
2. The spatial gradient of the localisation function is equivalent to the

negative of the gradient of ¥ with respect to its argument:

o) o) ar o)
ox  or odx or

3. The bond function:

1
B (x) = j Y(Ax% + xP — x)dA

0

between atoms a and S, represents a weighted function of the bond
length segment which lies within the characteristic volume. Taking the
derivative of the integrand with respect to 1 and then integrating from
A = 0to litis found:

d
Y(x* —x) — l/)(xﬁ — x) = —x*B -aB“ﬁ(x)
As well as these three constraints on the localisation function, for a complete
derivation of the Hardy’s stress it is important to highlight four key assumptions

which were made by Hardy regarding the potential energy and forces between

atoms [46]. These are:
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)] The total potential energy of the system can be considered to be a
summation of the potential energies of each atom within the system.
i) Similarly, the force experienced by any atom is written as a

summation

N
¢
F% = — — _Z Fa/?
a
0x ]

Here F%F represents the force exerted on atom a by atom p.

iii) The atomic potentials are only dependent on the interatomic
distances.

V) Each atomic potential energy depends only on the distances between

the atoms under consideration in the calculation.

It is noted in [46] that the choice of characteristic volume can yield other
atomistic stress definitions. The example of the virial stress is used; if the
characteristic volume is taken to be the entire system of atoms and the system
is stationary, then the resulting stress definition will be identical to the virial
stress definition [46]. This result shows a level of validity to the derived Hardy
stress.

The robustness of the Hardy stress is confirmed as a similar derivation carried
out by Murdoch [47], whilst unaware of the Hardy derivation, yielded the same

result.

It is indicated in [48] and [47] that the Hardy stress can be used in a system

under shock loading.

9.2 Summary

The virial stress tensor has been derived and discussed. It is determined that
due to the time averaging process inherent in the derivation of the virial stress,
the tensor can only calculate an average stress, requiring the system to be in

macroscopic equilibrium.

A modified atomistic stress tensor is then derived, the Hardy stress, which does

not rely on time averaging, therefore not requiring the system to be in
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macroscopic equilibrium. This more robust stress calculation can be applied to
systems undergoing shock deformation.
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10 Conclusions

A full review of the current Cranfield orthotropic material model has been carried
out with the areas of potential improvement being identified. The areas
identified were the plasticity part of the model as well as the shock wave
representation. The improvements suggested are to allow for the model to
reproduce phenomena observed over very short timescales (nanoseconds).

Three methods of modelling have been identified as relevant for future
investigations, including implementation, to allow for microstructural effects to
be captured by the Cranfield model. Two of these methods are plasticity models
available in literature, with the third allowing for multiscale effects to be

captured. These methods are:

- Self-organisational processes of dislocations
- Latest mobile/immobile dislocation based method, proposed by Mayer

- Application of an atomistic stress tensor

The self-organisational processes of dislocations model has been identified as
relevant for future investigation as it is developed for both quasi-static and
shock deformation, but further to this, the Swegle- Grady 4"—power law

naturally arises in the derivation of the shock wave model.

The Mayer's model is a constitutive model which treats mobile and immobile
dislocations separately. The model is relatively simple, containing few material
parameters, but appears from the initial published results to capture

nanosecond shock wave behaviour.

The atomistic stress tensor has been derived from considering the forces on
individual atoms in a system, resulting in the calculation of the continuum scale
Cauchy stress. It is determined that this method alone is not relevant for
modelling dynamic shock loaded systems as, due to the averaging process
involved in the calculation, only an average stress for a system in macroscopic
equilibrium can be obtained. Modification of this method, using the addition of
localisation functions, has been identified as a possible stress calculation which

remains purely in terms of atomistic terms.
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The recommendations for future work following this work are:

¢ Implementation of both the Self-organisational processes and the
Mayer’s model into the DYNAS3D hydrocode

e Validate implemented models to confirm their capabilities

e Numerically investigate the applicability of the atomistic stress tensor,
including for different localisation functions to determine the most
appropriate.

e Investigate whether the virial stress tensor can be used to aid the
understanding of the physical origins of the Swegle-Grady 4th — power

law.
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APPENDICES

Appendix A : The equations of Mayer’s model

The full set of 17 equations presented by Mayer in [10] is presented here.

The basis of the model is the three continuum mechanics equations:
1d & Oy, dW
4P _ Z Yk | EW kk
P dt =] axk dt

N
dvi aO'ik

P—= ) 3
dt =] axk
N
au _ Z p (avk dek) ZS dwik
Pat = 9%, kTdqr
k=1
The shear and the bulk moduli, G and K respectively, are related by the relation:

3 1-2

=—K K
2 1+upu

Where K = pc?

Describing the evolution of the densities of mobile and immobile dislocations ,as
well as the generation rate of mobile dislocations and the immobilisation rate,

are four kinetic equations:

dohy o Bl B (206 + of
2= — Q@ —kab V5| o5, (205, + 1)
‘%’—Qﬂ kab|V5] P}
2Bc2 (V4
0" = kb & (vh) _+ by |v5||oh

- e

Qf =V (o} - po)\/;f
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The dislocation velocity in macroscopic stress field, Vv, is found using an

equation of motion:

N N
avt
3&VDp _ 31,8
mogy—> Zkzls b4z bY ~ BEW
= =
Where gﬁ:;, and B = :2 k3BT is a coefficient of friction which is

1-(v§ /ct)2

temperature dependant.

The yield strength is calculated by

Y =Y, + 4,Gb/p;

The plastic strain rate is found using:

de
tl Zz bB ng + ‘Qik

The stress deviators are found:

N

1
Sik = 2G |uy — §5ik Z(ull + W) — wi
=

Finally a subset of equations describe fracture effects. Firstly the equation for the

thermal nucleation rate of micro-cracks:

dn ¢, exp(-2myRE/BksT)) — exp(—y/Ay)
dt - 16R;; [1— 2mAyRZ,/(3kpT)|[1 — exp(—=y/Ap)]

N

N
= Z Oik€i€k
i=1k=1
The growth of existing cracks is describes by:
2

U_ﬁ( 25 4 3 '2)__ oy In
P RR+2RR = —4(y )/)+6RG
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¥’ = pbpocR*R/2

dWik . 1 da
at - Gl Tgqr T 0w

Where a = n2nR? 5,,/G is the volume fraction of cracks.
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