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Abstract

Wireless power transfer (WPT) via magnetic induction is an emerging technology that

is a result of the significant advancements in power electronics. Mobiles phones can

now be charged wirelessly by placing them on a charging surface. Electric vehicles can

charge their batteries while being parked over a certain charging spot. The possible

applications of this technology are vast and the potential it has to revolutionise and

change the way that we use today’s application is huge.

Wireless power transfer via magnetic induction, also referred to as inductive power

transfer (IPT), does not necessarily aim to replace the cable. It is intended to coexist

and operate in conjunction with the cable. Although significant progress has been

achieved, it is still far from reaching this aim since many obstacles and design chal-

lenges still need to be addressed. Low power efficiencies and limited transfer range

are the two main issues for IPT. A tradeoff is usually associated with these two issues.

Higher efficiencies are only achieved at very short transmission distances, whereas

transferring large amounts of power at large distances is possible but at reduced effi-

ciencies.

This thesis addressed the limitations and design challenges in IPT systems such as

low efficiency and short transmission range, in addition to poor power regulation and

coil displacement and misalignment sensitivity. Novel circuit topologies and design

solutions have developed for DC/AC inverters and DC/AC rectifiers that will allow

for increased performance, higher efficiencies and reduced sensitivity to coil misalign-

ments and displacements.

This thesis contributes in four key areas towards IPT. Firstly, a detailed mathematical

analysis has been performed on the electric circuit model of inductively coupled coils.

This allows for better understanding on how power is distributed amongst the circuit’s

elements. Equivalent circuit representations were presented to simplify the design

process of IPT systems. Secondly, a review of the different classes and configurations

of DC/AC inverters that can be used as primary coil drivers in IPT systems were

presented. Class E DC/AC inverters were mathematically analysed in great detail and

their performance as primary coil drivers in IPT systems was investigated. Thirdly,

novel electronic tuning methods were presented to allow Class E primary coil drivers

to operate at optimum switching conditions regardless of the distance between the

coils of an IPT system and the value of the load. The saturable reactor was used as the

electronic tunable element. Lastly, Class D and Class E AC/DC rectifiers have been

used for the first time in IPT systems. Detailed mathematical analysis and extensive

experimental results show their superior performance over the conventional half-wave

and full-wave AC/DC rectifiers.
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1
I N T R O D U C T I O N

1.1 overview of an inductive power transfer system

Ampere’s circuital law and Faraday’s law of induction are the two key principles be-

hind the operation of every magentic induction wireless power transfer (WPT), or

inductive power transfer (IPT), system. Ampere’s circuital law states that a magnetic

field is produced around a conductor carrying electric current with a strength propor-

tional to the current. On the other hand, Faraday’s law of induction states that an

alternating magnetic field can induce an electromotive force (EMF) in a conductor that

is proportional to the magnetic field’s strength and its rate of change. Fig. 1.1 illus-

trates how these two laws can be applied together to transfer power wirelessly. An

alternating current is passed into a coil, referred to as the primary or transmitting coil,

producing an alternating magnetic field. If a second coil, referred to as the secondary

or receiving coil, is placed in close proximity with the transmitter, then the alternat-

ing magnetic field will induce an electromotive force in the receiver’s coil and current

will flow if a load is connected to the coil. Thus, power is being transferred from the

transmitter’s coil to the receiver’s coil.

VAC

  

Load

~

Fig. 1.1: Principle of operation of a IPT system
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Fig. 1.2: Block diagram of a basic modern IPT system

The block diagram of a basic modern IPT system is shown in Fig. 1.2. The major

sections of the system that implement Ampere’s and Faraday’s laws are the trans-

mitting and receiving coupled coils pair, and the DC/AC inverter. The transmitting

and receiving coupled coils are referred to as the ’inductive link’ section of the IPT

system. The coupled coils do not necessary have to be identical; they could have dif-

ferent dimensions and shapes. The coupled coils could be located at any distance and

orientation with respect to each other. The DC/AC inverter, also referred to as the

‘primary coil driver’, generates a high frequency alternating current (AC) output from

a constant direct current (DC) voltage supply. The high frequency AC current flows

in the primary coil of the inductive link which transforms it into a high frequency

alternating magnetic field. The high frequency alternating magnetic field is picked

up by the secondary coil of the inductive link which then transforms it into a high

frequency AC voltage. The AC voltage is then used to power a certain load such as an

incandescent light bulb . An AC/DC rectifier may be required to transform the high

frequency AC voltage into a DC voltage if the load to be powered is a DC load such as,

a light emitting diode (LED) or any electronic device. Additional DC/DC converters

may be required to provide a regulated input DC voltage to the DC/AC inverter and

a regulated output voltage from the AC/DC rectifier.

Inductive links can be considered as an AC transformer with a high leakage induc-

tance. Such a transformer is referred to as ‘loosely coupled transformer’. In a loosely

coupled transformer, a small amount of the magnetic flux produced by the first coil

enters the second coil. As a result, the amount of energy that can be transferred by a

loosely coupled system is generally low. This issue limits the use of the WPT based

on inductive coupling. Recently, the use of finite element modelling in analysing and

designing coils has allowed designers to achieve higher coupling factors compared to

what used to be achieved a few decades ago, however they still remain at a very low

level.

IPT systems are more suitable for transmission of power over short distances that

are up to twice as large as the coils’ dimensions, since the magnetic field’s strength

produced by the transmitter’s coil becomes very weak at further distances. Unlike

other WPT methods, the efficiency of an IPT system can reach up to 95% at short

distances. However, it degrades rapidly as the distance increases.
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1.2 motivation

IPT technology has certainly matured to a level where applications and products can

now be developed and commercialised. Infact, it is one of the fastest growing technolo-

gies that evolved from a concept, to technology demonstration, and finally to product

development. The number publications in IPT system are increasing exponentially,

with a large number of international conferences and exhibitions entirely dedicated

for wireless power transfer.

In spite of its maturity, IPT technology is still yet to unleash its full potential. The

applications and products that are being developed still do not demonstrate what IPT

technology can achieve. Although the research and development in IPT technology is

at its peak since it was first conceptualised in the ’90s, today’s application are only con-

fined to stationary charging of mobile devices and electric vehicles. It is about time to

take IPT technology into the next level by introducing applications and concepts that

can never be realised without it. Concepts such as dynamic vehicle-to-vehicle charg-

ing, in-flight charging for electric airborne vehicles and wireless power for remote-

controlled planetary exploration robots are all examples of what IPT technology can

potentially achieve.

1.3 aims and objectives

This research project aims to contribute in developing new switched-mode circuit

topologies, optimization and tuning methods that can lead to the next generation

of IPT applications. The objectives of this research project can be summarised as fol-

lows:

• To undertake a critical review of the current state of IPT technology and identify

the areas and gaps for further research and investigation.

• To design, analyse and implement novel switched-mode circuits for DC/AC in-

verters and AC/DC rectifiers, such as Class E inverters and Class E rectifiers,

that can result in better performance and higher operating efficiencies for IPT

systems.

• To develop novel tuning and control methods for DC/AC inverters, specifically

Class E inverters, to allow for optimised operation regardless of coil displace-

ment and load variation.
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• To develop a controller for DC/DC converters that are used in IPT systems to

allow for voltage regulation and control.

1.4 methodology

The research in IPT technology has been focusing on improving the power transfer

efficiency of the inductive link section only. New coil shapes, materials and design

methods have been developed that can certainly lead to better performance, increased

power transfer range and efficiency. However, the remaining sections of an IPT system

haven’t received the same level of attention. It cannot be assumed that only the perfor-

mance and efficiency of an IPT system depends solely on its inductive link section, its

remaining parts also play a key role in determining its overall performance especially

when it come to its ability to operate efficiently when variations in coils’ distance and

the load occur. Therefore, this thesis mainly focus on the sections of an IPT system

other than the inductive link section.

Referring to the block diagram of a IPT system in Fig. 1.2, each section of the IPT

system will be studied as an independent subsystem. DC/AC inverters that are com-

monly used as primary coil drivers will be identified. An investigation is performed to

identify any potential areas of improvement and research. Similarly, AC/DC rectifiers

that are commonly used are identified. Since the AC/DC rectifier can be the final stage

of the IPT system, it can have an significant impact on the performance of the entire

IPT system. Therefore, new topologies of AC/DC rectifiers will be investigated.

Mathematical modelling and analysis was used extensively for every circuit. An an-

alytical approach provided an initial insight on how a circuit will perform under ideal

assumptions. Then, a more advanced state-space representation approach was used to

be completely characterize the behaviour the circuit while considering non-idealities

in its components. Each developed circuit was implemented and experimental mea-

surements were used to validate the design process and the analysis. Fig. 1.3 shows a

block diagram that describes the methodology.

1.5 thesis structure

Chapter 2 begins by giving a brief history of WPT technology which spans over a cen-

tury. Methods of transferring power wirelessly other than magnetic induction will be

presented. Several commercial products and applications that rely magnetic induction

are shown. A review of the current state of IPT technology is given and the trend-
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Fig. 1.3: Methodology overview

ing research topics are noted. The Chapter ends with several suggested concepts and

applications that can be potentially implemented with IPT technology.

Chapter 3 describes the principle of operation of inductive links from circuit point

of view. The important quantities and parameters that are associated with inductive

links will be defined. The technique of using magnetic resonance to improve the

performance of the inductive link is described. A more accurate circuit model will

be introduced to provide a better understanding on how the losses are distributed

amongst the elements of the inductive link.

Chapter 4 provides a review on Class D and Class E DC/AC inverters that can

be used as primary coil drivers. Class E DC/AC inverters will be analysed in fur-

ther details. The loading conditions that will cause them to operate at optimum or

sub-optimum conditions will be shown. The chapter ends with a summary and com-

parison on the presented configurations and topologies

Chapter 5 investigates the performance of Class E DC/AC inverters when used

as the primary coil driver for an inductive link. Based on the investigation, novel

tuning methods will be presented to allow the Class E DC/AC inverters to operate

at optimum switching conditions regardless of any variations that may occur in the

distance of the inductive link and the load. Experimental results are presented for

each tuning method.
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Chapter 6 reviews the AC/DC rectifiers that are currently being used in IPT sys-

tems. It will be shown how the traditional half-wave and full-wave rectifiers are not

suitable with resonant inductive links and resonant primary coil drivers. The chapter

provides an overview of Class D rectifiers and discusses their principle of operation.

A mathematical analysis is performed to investigate their compatibility with resonant

inductive links. Class E rectifiers are then introduced. It will be shown that they can be

integrated seamlessly with resonant inductive links and resonant primary coil drivers.

Detailed analysis of Class D and Class E rectifiers is performed and is validated by

experimental results.

Chapter 7 introduces the Class E2 converter which is a combination of a Class E

inverter and a Class E rectifier separated by an inductive link. Detailed mathematical

analysis is performed. A design case is given detailing the design procedure and

the implementation process. Experimental results are given to verify the performed

analysis.

Chapter 8 discusses the control of the DC/DC converters that are used to provide

a regulated input voltage of the primary coil driver, and a regulated output from

the AC/DC rectifier. A novel controller is introduced that would allow the DC/DC

converter to provide a regulated output voltage regardless of the dynamics of primary

coil driver and the load.

Chapter 9 reviews the outcomes of the work presented in this research project and

concludes the thesis. Recommendations for future work are also presented.

1.6 contributions

The work in this research has resulted in the following contributions:

• A more accurate model of inductive links has been introduced. The improved

model can determine how the power received at the secondary coil circuitry is

distributed amongst its elements.

• A novel method to analyse Class E DC/AC inverters that are used as primary

coil drivers using a piece-wise linear state-space representation has been pre-

sented. The analysis method allows for determining the values of the Class E

inverter’s elements at any quality factor of its load network.
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• Novel tuning methods have been presented that would allow Class E DC/AC

inverters that are used as primary coil drivers to operate at optimum switching

conditions regardless of any variations in the distance of the inductive link and

the load that may occur during operation.

• Introduced a novel technique to electronically tune Class E inverters using sat-

urable reactors to allow for optimum operation over wide load and distance

ranges.

• Class D rectifiers have been used for the very first time in inductive links to im-

prove the overall performance and efficiency of a IPT system.

• Class E rectifiers have been used for the very first time in inductive links to im-

prove the overall performance and efficiency of a IPT system.

• Class E2 converters have been used for the very first time in inductive links.

• A novel digital controller for DC/DC converters has been developed featuring

simplicity, low component count and a very good performance compared to

other complex digital control methods.
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• S. Aldhaher, J. F. Whidborne, ‘A One-Comparator Counter-Based Controller for Syn-
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• S. Aldhaher, P. C. K. Luk and J. F. Whidborne, ‘Electronic Tuning of Misaligned
Coils In Wireless Power Transfer Systems,’ IEEE Transactions on Power Electron-
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2
W I R E L E S S P O W E R T R A N S F E R T E C H N O L O G Y

2.1 introduction

Electrical energy has always been transferred by utilising the free electrons in conduc-

tive materials. Electric current can flow in a conductor if an electric potential difference

is applied across the conductor, consequently electric power can be transferred from

a source such as a generator or a battery to a load. For instance, connecting a wire

from the positive terminal of a battery to the load and another from the load back

to the negative terminal of the battery will form a closed circuit. This will cause the

free electrons in the wires and the load to circulate due to the voltage potential of the

battery. Since the battery is forcing the flow of electrons through the load, energy is

being transferred from the battery and consumed in the load.

The usage of cables and wires is the preferred choice to connect a source to a load.

It is a simple and efficient method to transfer electrical energy and it is suitable for

most of today’s applications since the loads, whether in industry or in our homes, are

stationary and motionless. However, as technology advances, products are becoming

smaller and portable. Relying on a cable connected to a power outlet to obtain energy

may not be a practical solution any more. New applications are being developed and

introduced that are mobile and require a continuous or semi-continuous power supply.

Therefore, having a direct cable connection may limit their freedom of movement and

in some cases may not be a safe option. For example, the research and development

in hybrid and electrical vehicles is on the rise due to the increase in oil prices and to

environmental concerns. These vehicles have an on board battery that can provide

power partially or entirely for the entire trip duration. Although a direct cable connec-

tion to a power outlet is suitable to a certain degree to provide power and recharge the

batteries, more options will be available if that power was supplied wirelessly without

cables and contacts. The vehicle, for example, could be powered ‘on the go’ while it

is moving. The risk of electric shock and sparks is highly reduced since no contacts
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are used, maintenance requirements are also reduced since there is no wear and tear

involved in the powering and charging process.

In wireless transfer of electrical energy, instead of using conductive cables and wires,

electrical energy is converted to another form that can be transferred through a certain

media without the need for conductive wires. A simple example of transferring energy

wirelessly is the use of radio waves to transfer information such as sound, video and

data. A voltage signal representing the information to be transferred is generated in a

radio station. It is then transformed into an electromagnetic energy signal and beamed

into the air, spreading in all directions. The electromagnetic energy signal is picked up

by an antenna at a reduced energy level and then transformed back into an electrical

voltage signal and the information is extracted afterwards.

Wireless transfer of energy or wireless power transfer may seem as an alternative

method to power today’s and the future’s applications. However, many design chal-

lenges and technological obstacles need to be addressed and overcome. The following

literature review aims to:

• Present the different wireless methods of energy transmission.

• Discuss current applications based on IPT.

• Review the current research state in IPT.

• Identify the gaps and topics in IPT that require further investigation and re-

search.

2.2 historical achievements and scientific breakthroughs

Perhaps the first person to introduce the concept of wireless power transfer was Nikola

Tesla. In 1893 at the World’s Columbian Exposition in Chicago, Tesla was able to

demonstrate the illumination of phosphorescent lamps (gas discharge tubes) without

any electrical connections [1]. He achieved this by using a high frequency electrostatic

field produced from a system that generates lightning sparks. He conducted further

experiments in the Wardenclyffe Tower (Fig. 2.1) until it was demolished in 1917. He

concluded that electrical energy could be transferred through the upper atmosphere

and the Earth to any point on the globe [2]. His work also resulted in major contri-

butions for long distance radio telecommunication. Many researchers and inventors

confirmed his findings and discoveries later on.
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(a) Lightning discharges demonstrated at
Tesla’s Laboratory

(b) Wardenclyffe Tower

Fig. 2.1: Tesla’s work in his Laboratory(images: www.teslascience.org)

Fig. 2.2: The Würzburg radar used in Germany during WWII (image: www.radarworld.org)

The research continued in WPT especially for telecommunications during the first

few decades of the twentieth century. Radio stations and long distance communi-

cations links were developed during the first world war. TV broadcasts and radar

stations (Fig. 2.2) were deployed across Europe during the second world war.

The next major advancement in WPT was the use of microwaves to supply power to

distant objects. Brown [3] was able to fly a small unmanned helicopter 60 feet away re-

lying entirely on microwave power as a part of a joint project between the Department

of Defence and NASA. It was also the first time that semiconductors were used in WPT

applications. The interest in transferring power wirelessly increased during the energy

crisis of the ’70s. A new concept for obtaining renewable solar energy was proposed

by NASA and the Department of Energy (Fig. 2.3). The concept aimed to deploy giant

space satellites to collect solar energy and beam it to the Earth by using microwaves

[4]. Ground based experiments conducted by NASA proved the possibility of such a

system and the ability to transfer high power levels over several kilometres. The 1975

‘ASA JPL Goldstone Demonstration of Wireless Power Transfer’ showed the transmis-

sion of 34 kW of power over a distance of 1.5 km at an efficiency of 82%. However,



12 wireless power transfer technology

Fig. 2.3: Concept image of a space power station. The sun’s radiation is collected by satellites,
converted to microwaves and beamed to earth where they are reconverted into useful
power [5]

(a) The unmanned plane, the circular dish
captures the micrwave power beam
and converts it to DC current to power
the motors

(b) Microwave transmitting station

Fig. 2.4: The SHARP program [4]

due to the high implementation and energy costs the concept of deploying these en-

ergy collecting satellites was never realised. Another project conducted by Canada’s

Communication Centre in 1987 successfully created a small airplane capable of being

powered remotely by focusing a 2.45GHz microwave beam to an on board microwave

antenna. The project which was referred to by the name SHARP (Stationary High

Altitude Relay Platform) and aimed to design an airborne communications relay that

would fly in circles of two kilometres in diameter at an altitude of about 21 km.

The use of lasers for wireless powering has also been researched since their discov-

ery (or invention) in the ’50s. Similar to microwaves, a high power laser beam focused

on a photovoltaic cell will generate an electric current. However, due to the low effi-

ciencies of a photovoltaic cell, the use of lasers to transfer energy wirelessly was not
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Fig. 2.5: Concept image of the space elevator, the elevator is powered using a high power laser
beam emitted from a ground station (Image: LiftPort Group)

(a) The model weighing only 300g gener-
ates power from a laser beam focused
onto its solar panel

(b) Ground based infrared laser emitter

Fig. 2.6: NASA’s laser powered aircraft model (Images: NASA)

preferred. As a result, microwaves were the only option for transferring power wire-

lessly over several kilometres during the second half of the twentieth century.

The concept of using lasers for long distance power transfer resurfaced again in

the late twentieth century. The Japanese Space Agency (JAXA) had been conducting

extensive research programmes in space power stations with the aim to transfer up to

1GW of power via lasers from large mirrors placed in the Earth’s orbit [6]. Using lasers

to power ground rovers for lunar and planetary exploration missions has also been

investigated [7]. Recent concepts have emerged for using lasers in powering tethered

climbers, such as the space elevator project (Fig. 2.5). In 2003, a NASA research team

claimed to design and build a laser powered aircraft [8]. The full structure of the

model plane is covered with solar panels that generated power from a ground-based

infrared laser (Fig. 2.6).

Till this date no major scientific breakthroughs have been reported in WPT technol-

ogy. However, it has become more energy efficient and more applicable to today’s ap-

plications due to the advancements in electronics and computers. It can be observed
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that there is an increased interest in magnetic induction based power transmission

technology. Numerous applications for consumers and for industry have emerged.

Research, development and investing in systems for charging hybrid and electrical

vehicles by major manufacturers is increasing. It can be assumed that using mag-

netic induction for the transmission of power for short distances will be the preferred

method for many years to come.

2.3 wireless power transfer methods

Several methods exists for transferring energy wirelessly between a source and a load.

This section presents the different possible coupling methods for WPT other than mag-

netic induction. Every WPT system consists of two separate parts; a transmitter and a

receiver. The transmitter is located where energy from a power source is to be trans-

ferred. The receiver and is located where the load that needs to be powered is.

2.3.1 Capacitive Coupling

In capacitive coupling, power is transferred by means of an electric field. A capacitive

coupled system can be thought of as a pair of capacitors each consisting of two parallel

plates separated by a certain distance. The transmitter is connected to the first plates of

each capacitor and the receiver is connected to the second plates. If an alternating volt-

age is applied to the first plates, then a varying electric field will be generated across

the two plates of both capacitors. According to Maxwell’s equations, a time-varying

electric field will produce a displacement current proportional to the rate of change

of the electric field. The displacement current allows energy to be transferred across

the medium between the plates of the capacitors. If a load is connected between the

second plates of the capacitors, then the time-varying displacement current will cause

electric charges to be continuously moved back and forth between the plates. Conse-

quently an electric current is formed in the receiver. Fig. 2.7 illustrates the process.

Capacitive coupling was one of the first methods used to transfer energy wirelessly

as demonstrated by Nikola Tesla. However, it wasn’t considered as a suitable method

to transfer power due to the requirement of high voltages that can reach up to several

kilo volts and the need for large plates for long distances. Capacitive coupled system

are generally used in applications that require an intense electric field such as cathode

ray tubes.
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Fig. 2.7: Coupled coils

2.3.2 Laser Coupling

The operation of a laser coupled WPT system is based on the photovoltaic effect. This

is achieved by focusing an intense laser beam with a specific wavelength on a pho-

tovoltaic cell resulting in an electrical current. Although the photovoltaic effect was

discovered in the nineteenth century, it wasn’t until lasers had become available in

the late ’50s that the idea of using a beam of light to transfer power over long dis-

tances was possible. Many different types of high power lasers exist today, but they

all share the same principle of operation. A laser beam is a phase-coherent light that

consists of photons emitted from excited atoms of a specific crystal. The atoms are

excited via an external source such as a DC current source. Thus, a laser converts elec-

tric current into a beam of photons and the process can be referred to as DC-to-laser

conversion [9].

The photovoltaic effect is the ejection of electrons from a material’s surface if ex-

posed to a photon with a specific wavelength. Photodiodes (or solar cells) make use

of this effect; an electron is generated when a photon with a specific wavelength falls

on the p-n junction of the photodiode. Photodiodes can be assembled into large ar-

rays to capture more light by connecting them in either a series combination,which

leads to an increase in generated voltage, or in parallel which results in an increase

in generated current. The major setback in using photodiodes for any power applica-

tion is in its poor conversion efficiencies. The typical conversion efficiency from light

to current is between 40-50% for a single wavelength and 20-30% for the entire light

spectrum.

The concept of a space power station to collect solar energy and beam it to earth us-

ing lasers was first proposed by Peter Glaser, a NASA scientist, in 1968. Solar-pumped

lasers which use the sun’s energy to excite an Nd:YAG crystal to release photons

would be used to convert solar energy directly into a high power laser beam [10]. This

eliminates the need to install solar cells in space and improves the overall efficiency
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of the system, since the solar-to-light energy conversion process is 10% more efficient

than that of a solar cell [11]. Solar cells will then be used to convert the laser beam

to electricity on Earth. The concept was studied extensively by NASA and the Depart-

ment of Energy in the ’70s and ’80s [12]. However, due to the low efficiencies of solar

cells and the high attenuation of laser beams due to weather conditions, the concept

was never realised.

2.3.3 Microwave Coupling

Microwaves are radio waves that have a spectrum range of 1-30GHz. They are used ex-

tensively in many of today’s applications especially in communications. Unlike other

radio waves, microwaves can be transmitted in narrow beams allowing the transmitter

to focus its energy towards the receiver. In low power applications, such as mobile

cell phones, microwaves are generated or radiated from an antenna that is fed with a

high frequency current. The microwaves can then be picked up by another antenna

and converted back to an electric current. Another method for generating microwaves

is the use of a magnetron. The magnetron, first developed in Great Britain during

the second world war, is a vacuum tube device that consists of several cavities. The

cavities are designed to allow electrons to resonate at high frequencies which leads

them to radiate microwaves. The magnetron allowed high power microwaves to be

generated and was used in radar systems after WWII. The further developments and

improvements in magnetrons in the ’60s allowed the process of generating and radi-

ating microwaves more efficient and less expensive. High power microwaves up to

several hundred kilowatts could be generated and focused on a point several kilome-

tres away. The main obstacle that had to be overcome in order transfer high levels of

power using microwaves, was the conversion of microwaves back to electricity. When a

microwave signal is picked by an antenna, an alternating current is generated that has

the same frequency of the microwave signal and is proportional to the microwave’s

signal power. Since all applications and devices either operate at an AC voltage at

50Hz or 60Hz or from a constant DC Voltage, the high frequency current generated

by the microwave antenna therefore has to be converted to a suitable voltage form. In

1963, William C. Brown invented the ‘rectenna’ (Fig. 2.8a) or ‘rectifying antenna’ that

rectifies the high frequency current generated by the microwave antenna into a DC

voltage by using a bridge rectifier [13]. The rectennas developed had a rectification

efficiency (i.e. from microwave-to-DC) of 40%.

With the invention of the rectenna, the idea of using microwaves to transfer power

over long distances was now possible. Brown proved the possibility of a microwave-

based WPT system in 1964 with the conduction of a microwave-powered helicopter

experiment. Brown attached a helicopter’s rotor to a rectenna array that picked up
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(a) Rectenna array (b) Microwave-powered heli-
copter

Fig. 2.8: The microwave-powered helicopter experiment conducted in 1964 [13]

microwaves beamed from a ground-based transmitter. The array weighed 1.3 kg, it

contained 4480 diodes, the rotor required up to 270 W of power and the complete

assembly was able to fly for ten continuous hours (Fig. 2.8b).

Further developments in semiconductors during the ’70s and the availability of

Schottky-barrier diodes led to further improvements in the rectenna design achiev-

ing higher efficiencies, high power capabilities and reduced sizes. Another major

experiment demonstrated in 1975 by NASA at the Jet Propulsion Laboratory (JPL)

Goldstone facility showed the transmission of over 30 kW of power via a microwave

beam over a distance of 1.54 km [14]. In the experiment (Fig. 2.9), the transmitter con-

sisted of a klystron (a magnetron variant device) capable of generating up to 450 kW

of microwave power at 2.388GHz and a 26m diameter parabolic reflector antenna

that focused the microwave energy towards the receiver. The receiver was located

1.54 km away from the transmitter and consisted of 17 rectenna subarrays each con-

taining 270 Schottky-barrier diodes. The loads used to dissipate the received energy

from the rectenna were resistive loads and lamps. Due to the size mismatch between

the receiver and the transmitter antennae, only 11.3% of the transmitted power was

received. The measured output DC power was 30.4 kW and the conversion efficiency,

i.e. ratio of the DC output power to the incident microwave power was 82%, thus the

overall efficiency of the output power to the transmitted power could be found to be

9.3%.

The Goldstone experiment was part of a research interest by NASA to develop a

solar-power satellite (SPS), a concept which was introduced by Dr. Peter Glaser of the

Arthur D. Little Company in 1968. The sun’s energy is captured by a satellite placed in

geosynchronous orbit, converted to microwaves and beamed to Earth to be converted

to useful electricity. The success of the Goldstone experiment proved to NASA that the

concept of an SPS is possible. As a result, the concept was extensively studied in the

’70s and was part of a development and evaluation program that lasted for three years
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Fig. 2.9: NASA’s JPL Goldstone WPT demonstration (Image: NASA)

Fig. 2.10: The SHARP system [16]

and concluded that there was no ‘show stoppers’ for the SPS application. However,

the concept was not developed and funding to the SPS program was terminated due

to the immaturity of available technologies [15].

Other experiments and projects demonstrated the use of microwaves to power dis-

tant objects were conducted in the ’80s. As mentioned earlier, the first unmanned

plane to fly entirely on microwaves was the SHARP program (Fig. 2.10). The pro-

gram aimed to develop an unmanned airplane to circle at an altitude of about 21 km

for several months to be used as a communications relay link. Large antenna arrays

on the ground would beam 500 km of microwave power at 2.45GHz to the platform.

Rectennas on the bottom surface of the plane would then provide 35 kW of power

to be used by the motor and other systems onboard [16]. Thus, the efficiency of the

output received power to the transmitted power can be found to be 7%. A 1/8 scale

prototype flew in 1987 and the flight duration lasted for 20 minutes.
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During the ’80s and ’90s, the research for using microwave-based WPT shifted to

Japan. Scientists and researchers studied and analysed the losses and effects of mi-

crowave transmission in the ionosphere. The first attempt to transfer microwave power

on space was achieved by the Microwave Ionosphere Nonlinear Interaction Experi-

ment (MINIX). The results of the experiment proved that microwave power transfer

in space is possible and that the transmission losses are less than 1% [15]. New con-

trol methods to track a moving vehicle to focus the transmitted power beam on to

it were also developed. The Microwave Lifted Airplane Experiment (MILAX), which

was conducted in 1992, verified new microwave power beam controlling methods on

to an airplane. Phase-array antennas were used at the transmitter which allowed the

microwave power beam to be steered and directed electronically [15].

2.3.4 Pressure Waves

WPT using pressure or sound waves was never discussed before. It was demonstrated

for the first time by two graduate students from the University of Pennsylvania in

April 2011. The prototype presented consisted of multiple ultrasound sensors that

transmitted high frequency sound waves above 20 kHz, microphones at the receiver

located less than one metre away were used to pick-up these sound waves and convert

them to electrical current (Fig. 2.11).

Fig. 2.11: WPT using ultrasound (Image: uBeam)
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(a) The Palm Pre. charger referred to as the
“Touchstone”

(b) A teardown view of the charger

Fig. 2.12: The Palm Pre. charger based on inductive coupling (image: www.ifixit.com)

2.4 related work from the literature in wpt via magnetic induction

(ipt)

This section presents the recent development and research in IPT that can be found in

the literature which includes including journal papers, scientific magazines, technical

papers, patents and products. This section will only focus on applications that operate

at power levels above a few watts and up to a few kilowatts.

2.4.1 Current Applications and Technologies

A. Inductive Charging

A lot of research has been devoted to charging low power portable devices such as

cell phones via inductive coupling [17–21]. Palm Inc. (which is now acquired by

HP) was the first company to introduce inductive charging for cell phones. The user

would place the phone on a wireless charging pad and the phone would charge as if

it was charged via a cable. Fig. 2.12a shows the transmitter (charger) and Fig. 2.12b

shows a teardown picture of it. Fig. 2.13 shows the receiver that is located in the back

cover of the cell phone. It can be noticed that magnets are used to align the receiver

with the transmitter in order to ensure that a high coupling coefficient is achieved. No

information is available on the topology of the internal circuitry used. One can assume

that the charger is capable of delivering up to 5W since the phone can be charged also

from a USB connection which has a maximum power capability of 5W.

As more manufactures were introducing more inductive chargers for portable de-

vices, an association was established in 2008 between several electronics manufacturers
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(a) The receiver located in the back cover of
the cell phone

(b) An expanded view of the reciever’s com-
ponents

Fig. 2.13: The receiver used in the Palm Pre cell phone (image: www.ifixit.com)

Fig. 2.14: The logo of the WPC standard referred to as ‘Qi (chee)’ [22]

that aimed to create a universal wireless power charging standard that would allow

devices to be charged by chargers built by different manufactures. The association is

referred to as the ‘Wireless Power Consortium’ [22]. The WPC standard is referred

to as ‘Qi’ (pronounced ‘chee’) and has the logo shown in Fig. 2.14. The specification

document for this standard shows that a Qi system will consist of the blocks shown in

Fig. 2.15 [22]. Additional control methods and techniques are implemented to detect

when the receiver inside the mobile device is in close proximity with the transmitter.

Based on a feedback message from the receiver, the transmitter will initiate the charg-

ing process if the distance between the transmitter and the receiver is less than 0.5 cm

The feedback message is sent from the receiver to the transmitter by modulating the

reflected impedance. A signal processor in the transmitter detects the changes in the

reflected impedance by monitoring the current in the primary coil. Systems that follow

the Qi standard operate at a frequency range between 110 kHz and 205 kHz and can

deliver up to 5W power to a load.

Another standard that has been developed recently is the Alliance for Wireless

Power (A4WP) which aims to improve the power range and spatial freedom when

charging mobile devices [23].

The DC/AC inverter in the transmitter and the AC/DC rectifier in the receiver for a

Qi systems could be of any topology. For example, a system following the Qi standard

built by Texas Instruments uses a Class D Inverter for the transmitter (Fig. 2.16a) and a
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Fig. 2.15: The internal building blocks of any system implementing the Qi standard [22]

Class D Inverter

(a) A Class D Inverter used in the transimtter [24] (b) The full-wave synchronous rectifier part of the
BQ51011 integrated circuit [25]

Fig. 2.16: The circuits of the AC/DC inverter and the DC/AC rectifier of the Qi induction-based charging
system implemented by Texas Instruments

synchronous full-wave bridge rectifier in the receiver (Fig. 2.16b)[24, 25]. The efficiency

curve which is the ratio of the output power to the input power is shown in Fig. 2.17.

The efficiency of system increases as the load increases and is at a maximum of 72%

at 5W.

Another example of a low power induction based charger that has been in the mar-

ket since the early ’90s is the electric toothbrush. The electric toothbrush contains a

battery that needs to be charged regularly. Induction-based charging is used as a safety

precaution since having exposed electric contacts might result in a short circuit fault

or can cause an electric shock. Fig. 2.18 shows an electric toothbrush along with its
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Fig. 2.17: The efficiency curve of the Qi induction-based charging system implemented by
Texas Instruments [24]

Fig. 2.18: The induction based rechargeable electric toothbrush developed by Braun Oral-B
(image: www.oralb.co.uk)

charger developed by Braun Oral-B. The development of an inductive-based charger

for electric toothbrushes has begun in the ’60s. A patent filed by Emanuel [26] in 1965

shows how an electric toothbrush can be charged (Fig. 2.19). The coils are more like a

tightly coupled transformer rather than a loosely coupled pair of coils. Therefore the

complete system can be considered as a contactless power system rather than a wire-

less power system. The mains voltage is applied to the primary coil and the secondary

voltage is simply rectified using a full-wave rectifier. Another patent filed by Inaka-

gata [27] in 1992 shows how the design of the charger or transmitter has progressed.

Instead of applying the mains voltage directly to the primary coil, it is rectified into a

DC voltage and inverted into a high frequency AC voltage via a Colpitts oscillator as

shown in Fig. 2.20. Efficency is not of major interest since the batteries charge at low

power levels over a long period of time.
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Fig. 2.19: An early rechargeable electric toothbrush [26]

Fig. 2.20: The internal circuitry of the electric toothbrush including the transmitter and the
receiver [27]

With the rapid development of hybrid and battery powered vehicles, new methods

and techniques are being researched on how to charge the batteries on board the vehi-

cle. A simple method would be to directly connect the battery to a mains socket via an

AC/DC rectifier. Another method would be to use inductive coupling for a more safer

operation in harsh weather conditions such as rain or snow. The Magne Charge™ (Fig.

2.21) was the first commercially available system to charge the batteries of electric ve-

hicles by using magnetic induction. The system was developed by Delco Electronics

to be used on battery powered vehicles developed by General Motors.

According to the operator’s manual [28], the Magne Charge™system is capable of

delivering up to 6.6 kW of output power (6.6 kW available at the primary coil) and has

an efficiency of 86%. The overall efficiency including the inductively coupled coils
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(a) The charger (b) The coupler

Fig. 2.21: The Magne Charge™system used to charge electric vehicles [28]

Fig. 2.22: An illustration of how the Magne Charge™system is implemented [29]

and the rectifier is likely to be much lower than 86%. The operation of the Magne

Charge™ system is described in a patent filed in 1992 by Klontz [29]. An illustration

of how the system was implemented is shown in Fig. 2.22 and the system diagram is

shown in Fig. 2.23. The system rectifies the main supply voltage into a DC voltage,

which is then converted into an AC voltage at a frequency of 77 kHz and then applied

to the primary coil. The voltage induced in the secondary coil is rectified via a AC/DC

rectifier and is used to charge the batteries. The coils are tightly coupled and form a

U-shaped core transformer. The Magne Charge™ system is now obsolete and has been

replaced by a conductive charging system.

The technologies and applications presented so far all rely on a transmitter that

is always stationary. The transmitter could be placed on a moving vehicle that is

equipped with an inductive charger and portable electronic devices and systems could

be powered or charged while the vehicle is moving. A patent filed in 2004 illustrates

this concept (Fig. 2.24) [30].

The use of hybrid electric and all-electric vehicles has opened a new door for IPT.

New ideas and concepts on how to power these vehicles are being introduced. As

mentioned in Sec. 2.2, the idea of charging the batteries on board a vehicle while it is

parked or if in motion has been studied recently [31–35]. Inductive charging systems
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Fig. 2.23: The system diagram of the Magne Charge™ system [29]

Transmitter's coils

Receiver's coils

Fig. 2.24: A portable inductive power station mounted on a truck to power and charge portable
tools [30]

eliminate the need for contacts thus improving the reliability of charging systems since

there is no tear and wear. Safety risks due to electric shocks and fire hazards are greatly

reduced since no contacts are available. Inducting charging systems are also weather

proof and can be used in high humidity environments. Fig. 2.25 shows an inductive

charging system developed by Delphi Automotive in cooperation with WiTricity Corp.

that can supply up to 3.3 kW to a load over a distance of 20 cm.

The use of inductive charging for underwater applications has also been studied.

Mcginnis [36] used inductive coupling to charge a lithium-ion battery for an underwa-

ter mooring profiler. Power transfer occurs at a depth of 100m from a powered float to

the profiler. Induction coupling was chosen as electrical contacts cannot be used since

the system is submerged. Other forms of water proof contacts can be used but require

a relatively high mating force.

Numerous other patents for contactless powering and charging are available. A

patent filled in 1994 [37] shows how inductive coupling can be used to provide power
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Fig. 2.25: Components of an inductive charging system developed by WiTricity Corp. (Image:
WiTricity Corp.)

Fig. 2.26: Inductive coupling used to provide power to submersible loads as presented in [37]

in underwater applications. Fig. 2.26 shows a concept image of how submersible

systems and vehicles can be powered. Instead of using a coil, a long conductive wire

that is submerged carries the high frequency current generated by the DC/AC inverter.

A clamp attached to the conductive wire receives power via induction and transfers it

to the load or device.

B. Induction Heating

Induction heating is another form of transferring energy wirelessly via induction. The

main aim is to heat an object that is located in the vicinity of the transmitter. The

object is heated by inducing eddy currents in it. Only one coil is used in an induction

heating system which is inside the transmitter and is only used to direct the magnetic
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(a) A solenoid coil used in induction fur-
naces (Image: University of Waterloo)

(b) A planar coil used in induction
cookers (Image: Wikipedia Com-
mons)

Fig. 2.27: Coils used in inductive heating

field towards the object. Since only heating is required, induction heating systems can

be considered as 100% efficient.

Induction heating systems can be found in furnaces where metals are heated up

to their melting point. The transmitter consists of a solenoid and the metal to be

melted is inserted inside the solenoid. A high power high frequency AC current (up

to several kilohertz) flows in the solenoid which produces an intense magnetic field.

The magnetic field induces eddy currents in the metal that lead to an increase in its

temperature due to the ohmic losses. Another use for induction heating is for cooking

and is referred to as ‘induction cooking’. Induction cookers operate using the same

principle, however the coil used in the transmitter is a planar coil which produces a

magnetic field in parallel to its axis. A pot is then placed on top of the coil and once

current flows in the coil, the pot’s temperature increases and heat is transferred to the

contents inside it. Fig. 2.27 shows two coils used in induction furnaces and cooking.

C. Passive Radio Frequency Identification

Radio frequency identification (RFID) is a technology that allows data stored in a

device to be transferred wirelessly using electromagnetic waves. More specifically a

magnetic field is used for short distances and radio waves are used for longer dis-

tances. As discussed in [38], an RFID system consists of a ‘reader’ which represents

the transmitter and is also referred to as the ‘interrogator’, and a ‘tag’ which repre-

sents the receiver that holds certain data that the reader needs to obtain. Three types

of tags are available; passive, semi-passive and active tags. Passive tags don’t have an

internal power source and are powered from the transmitter’s radiated field. Data is

transferred between the reader and the tag by means of load modulation techniques
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Fig. 2.28: RFID principle of operation

where the reflected impedance of the tag seen by the reader is modulated by the tag to

represent data. In semi-passive tags, power is obtained from a separate power supply

in the tag, but the transmission of data is done in a similar manner to that of passive

tags. Active tags have their own power supply and transmitter to transfer data.

Passive RFID tags make use of inductive coupling for power and data. The operat-

ing principle of a passive RFID system using magnetic induction is shown in Fig. 2.28.

An AC current at a certain frequency flows in the coil of the reader producing an

alternating magnetic field. If a passive tag is placed in close proximity to the reader,

the reader’s magnetic field will induce a voltage in the tag. The induced voltage is

rectified and is used to power the digital logic circuitry in the tag. When data is to

be transmitted from the tag to the reader, the tag will change its reflected impedance

seen by the reader. The variations in the reflected impedance are sensed by the reader

by measuring the current flowing in the reader’s coil. More details about reflected

impedances can be found in Sec. 3.2.3.

RFID tags can be embedded in numerous objects due to their small size and low

manufacturing cost (Fig. 2.29). RFID tags are currently being attached to identity

cards, travel documents and passports for personal identification purposes. They are

also attached to persons, animals and objects for tracking. Fig. 2.29 shows several

passive RFID tags that are currently in use [39]. Efficiency is typically low for an RFID

system, however it is not of major interest since the system operates at low power

levels.

D. Medical Implants and Endoscopes

Inductive links are also used in biomedical implants such as pacemakers, cochlear

implants and muscle and nerve stimulation devices [40–42]. As these implants are be-

coming more and more smaller, having a battery on board limits their miniaturization

and increases their mass. By using magnetic induction, the battery is replaced with a

coil and the implant receives power and data from a transmitter located outside the
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(a) A micro RFID tag used in implants (Im-
age: Texa’s Intruments)

(b) RFID tags used in travel cards
and objects (Image: Wikipedia
Commons)

Fig. 2.29: Passive RFID tags used in various applications

body as describe in [41]. Another possible application for inductive links in medicine

is in diagnosis and endoscopy systems. Research is being conducted in developing

micro robots in the form of small capsules. These capsules are injected in the body

and are powered externally via inductive coupling [43, 44]. Since no batteries are used,

they can be made in very small sizes and more space is available to include more func-

tions in them such as high resolution image sensors, LEDs for illuminations and more

actuators to improve their movement inside the body. In [43], a complete system was

developed that would deliver up to 300mW of power to a robotic capsule (Fig. 2.30).

The overall efficiency is less than 5% which us considerably low due to the size mis-

match of the coils in the robotic capsule and the transmitter. However it is not of major

interest due to the low power operation of the capsule.

2.4.2 Research Trends

Extensive research has been conducted on inductive links for contactless power and

for wireless power transfer. The areas that are being researched can be narrowed into

the following topics [45–47] :

• Increasing the distance between two coupled coils while still transferring a rea-

sonable amount of energy.

• Achieving high power transfer efficiencies.
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Fig. 2.30: An endoscopy system using an inductive link to power a micro robot inside the
body [43]

• Reducing the losses due to the ESR of the coils and other passive components

that are involved in the transfer of power.

• Using the latest developments in power electronics to create efficient primary

drivers and rectifiers.

• Control methods to regulate the power transferred.

• Transferring data and information between the transmitter and the receiver over

the power link.

It is difficult to cover all of the research topics found in literature, a brief summary

about the current research trends for WPT based resonant inductive coupling will be

mentioned in the remainder of this chapter.

Although the technique of using magnetic resonance to improve the transfer power

and efficiency has been reported in numerous IPT applications and in publications

over the years, the term ‘magnetic resonance for WPT’ was first introduced by a team

led by Dr. Marin Soljac̆ić from Massachusetts Institute of Technology in 2007 [48]. The

team was able to transfer up to 60W over a distance in excess of two meters; eight

times the radius of the coils used. The team claims that they were able to achieve a

transmission efficiency (i.e. from the primary coil to the secondary coil) of approxi-

mately 40%. To fully understand the magnetic resonance ‘phenomena’, the team used

coupled-mode theory to analyse a system consisting of two helical coils which rep-
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Fig. 2.31: Schematic of the experimental setup to illustrate the magnetic resonance ‘phenom-
ena’ [48]

Fig. 2.32: The developed spiral coil with reduced ESR [49, 50]

resent the primary and secondary of a pair of inductively coupled coils (Fig. 2.31).

The primary and secondary helical coils themselves are inductively coupled to a high

frequency generator at 9.9MHz and to a resistive load in the form of a light bulb

respectively. The calculated coupling coefficient and the transmission efficiency were

within 5% agreement with the theory. The team also states that the overall efficiency,

from the mains to load is 15% due to the losses in the high frequency generator.

The equivalent series resistance (ESR) of the coils and other passive components

contribute significantly to the overall losses of any inductio- based system. Minimising

these losses can lead to higher efficiencies and can allow more power to be transmitted

over larger distances. Lee and Lorenz were able to develop a model for transmitting up

to 220W over a 30 cm air gap at an efficiency of 95% [49]. The efficiency here is ratio of

the power transmitted by the first coil to the total power received at the secondary coil.

The coils each had a radius of 17 cm and were operated at a frequency of 3.7MHz.

By means of finite element analysis (FEA), a new surface spiral coil (Fig. 2.32) was

developed that a had a reduced ESR compared to other similar coils. Fig. 5.11 shows

the experimental setup and the instruments used. It can be concluded that the overall

system efficiency will be far less than 95% due to the losses in the HF transceiver, the

antenna tuner and the linear amplifier. Further FEA simulations published afterwards

show that the system is capable of delivering up to several kilowatts of power at an

efficiency of 95% [50].

Improving the efficiency and reducing the losses in the DC/AC inverter is impor-

tant in systems were a limited amount of energy is available. Achieving an DC/AC

inversion efficiency of a 100% is now theoretically possible by using power electron-
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Fig. 2.33: The experimental setup used to validate the model of the developed coils [49]

Fig. 2.34: The block diagram of a contactless power system using a Class E Inverter as pre-
sented in [51]

ics. However, the non-idealities in today’s electronic components limit the maximum

achievable inversion efficiency. Zhen has developed a few induction based contactless

systems (for small air gaps) by using a Class E Inverter for inverting a DC voltage into

a high frequency AC voltage [51–53]. Since Class E Inverters operate efficiently for a

certain load range, Zhen used multiple Class E inverters to allow for wider load range.

Fig. 2.34 shows the block diagram used in all of the systems he developed. Zhen was

able to transmit up to 295W of power with overall efficiencies reaching up to 76%. It

can be noticed that the a full-wave bridge rectifier has been used in the secondary coil

using ordinary diodes. The overall efficiency could be further improved if Schottky

diodes or other more efficient rectifier topologies were used.

The development in simulation tools and electromagnetic analysis software pack-

ages allowed engineers and developers to create IPT systems that can deliver higher

power levels at higher efficiencies. An article published by ANSYS® shows the mod-

elling and simulation of a complete IPT system starting from a DC source to the

DC/AC inverter, along with an electromagnetic model of the coils [54].
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Fig. 2.35: A surface that and power and charge miscellaneous devices placed on top of it

2.5 suggested applications based on ipt

This section will present several application examples and concepts that are only pos-

sible to be implemented using IPT.

A. Rollable and Foldable Displays

The next generation of electronic displays is expected to bring foldable and rollable

displays. These displays could be as thin as a sheet paper and would require a small

amount of power to operate. The idea of reading a book or a newspaper that could

display animated text and images will soon be become a reality. Using inductive

coupling to provide power to these displays might be the perfect solution. RFID coils

which are mass produced at very low costs and are a few millimetres thick could be

installed in these displays and power can be transferred wirelessly to them from a

power transmitter placed in close proximity.

B. Wireless Power and Charging Surface

The workspace for most people in a typical office desk includes miscellaneous systems

and devices such as computers, monitors, mobile devices etc... A possible application

could be embedding an inductive power transfer system beneath a surface such as a

desk. The system will be able to provide power to any device placed on top of the

surface. This will eliminate cluttering of electrical cables and connectors, it would also

allow the freedom of placing and moving any device on top of the surface. Figure 2.35

shows a concept image of a wireless power surface.
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Fig. 2.36: Wireless power transfer for medical implants

C. Biomedical Implants and Body Sensors

As miniaturising technologies continue to evolve, more applications are being devel-

oped to implant numerous types of micro medical devices inside the human body

to perform various functions such as monitoring different body functions, levels of

certain compounds, enhancing the operation of organs and as a replacement to a par-

ticular failed organ. While a miniaturization levels in the range of nanometres can be

achieved, the main obstacle that limits the use of these medical devices is the batteries

that power them. The battery could be several times larger than the device itself if the

device is to operate for a long period of time (up to several years) which consequently

narrows the range of areas where the device can operate in. If a smaller battery is

used then the medical device will have to be removed from the body on a frequent ba-

sis to replace or recharge the battery. Therefore the ability to power these biomedical

devices wirelessly can address these issues by allowing smaller batteries to be used

and eliminating the need to replace the devices by directly providing power to them

via inducting coupling. Figure 2.36 shows how an inductive link can provide power

to numerous biomedical devices and sensors implanted throughout the human body.

D. Wireless Power for Drones and UAVs

By relying only on wireless power, a rotor drone could be powered and charged whilst

hovering above a wireless power transfer platform. This might be useful in cases where

landing is not possible or difficult, a situation that is encountered when a helicopter
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Drones being charged

Magnetic field

(a)

(b)

Fig. 2.37: Concept image showing the application of wireless charging IPT onboard a vehicle

attempts to dock on a landing pad or land on an aircraft carrier in heavy seas. Fig. 2.37

illustrates a possible application where an armoured truck could carry surveillance

drones and deploy them while the truck is moving. The drones could perform their

tasks and return to the truck to recharge. Another novel application that could be

implemented is ”In-flight refuling” for battery powered airborne vehicles or in other

words transferring electric power from one drone to another as shown in the concept

image in Fig. 2.38

The system can also be used in providing power for autonomous underwater vehi-

cles or unmanned surface vehicles where electrical contacts cannot be used.
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Fig. 2.38: Wireless power transfer from one UAV to another

E. Planetary Exploration

An IPT can be deployed in remote, dangerous and inhabitable environments to pro-

vide power to a swarm of autonomous ground and air vehicles that perform mis-

cellaneous tasks. Fig. 2.39 shows how such a system can be deployed in planetary

exploration missions. For instance the system can be used on Mars to provide power

to a swarm of rotor drones or robots that are performing scientific tasks. Power sup-

plies could be sent regularly to the planet at reduced costs. Since the entire system

including the rotor drones and the robots can be autonomous, minimum or no hu-

man interaction should be involved, therefore reducing the maintenance requirements

is essential in this case. A major issue that leads to an increase in maintenance re-

quirements is the use of electrical contacts. The tear and wear due to the forces and

pressures that result from docking operations as well as erosion and oxidation can in-

crease the contacts’ resistances and can significantly affect the amount of current that

they can carry. Therefore, replacing contacts with a contactless or a wireless power

transfer system can eliminate these maintenance requirements and can significantly

increase the service life of the system.

F. Wireless Sensor Networks

The deployment of sensors to monitor and record physical and environmental condi-

tions in spacious areas might cause difficulties in providing power to them. In many

cases having long power cables or batteries that need replacement is not feasible. A

remote controlled vehicle could be sent to those sensors recharging their batteries wire-
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Fig. 2.39: Concept image showing how IPT can be used in planetary exploration missions

Fig. 2.40: IPT in wireless sensor networks

lessly. Fig. 2.40 shows a concept image of a drone could be sent to a remote location

to recharge the batteries of underground and overground sensors.



2.6 conclusions 39

Fig. 2.41: IPT in grid monitoring

G. Grid Monitoring

Remote controlled drones provide a low cost, effective and safe method for routine

health monitoring of overhead power transmission lines and towers. An onboard cam-

era records and streams video which is then assessed by engineers and technicians

to report for faults and maintenance requirements. The capacity of the battery packs

installed on such drones limit their flying and operating time to 15-20 minutes. This re-

quires the drones to return and recharge or replace their battery packs. Consequently,

the range of operation, monitoring and surveillance capability of theses drones are

reduced.

By using IPT, wireless charging platforms could be hooked on the overhead power

transmission lines at regular distances. The drone will then hover over the platforms

and recharge their battery packs wirelessly. This will enable the drones to operate at

extended flight times and allow them to continue their monitoring and surveillance

mission without interruption. Fig. 2.41 illustrates this concept.

2.6 conclusions

Wireless power transfer is not a new concept, it was first demonstrated by Nikola Tesla

in 1893. Several methods were investigated throughout the twentieth century to trans-

fer power wirelessly between two distant locations. The research in microwave-based
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WPT was of high interest during the ’70s and ‘80s. Several proof of concept experi-

ments were conducted and concluded that microwave-based WPT has the potential to

transfer large amounts of energy over several kilometres. However, the cost of building

such a system can be significant.

Induction-based WPT or IPT has gained a lot momentum recently due to the increas-

ing reliance on battery-powered applications ranging from electric vehicles to mobile

devices and medical implants. Several standards, such as the Qi and A4WP stan-

dards, have been developed to allow for a better integration between various charging

devices.

Various applications and research areas for IPT have been presented in this chapter.

By reviewing several products and their related patents, it can be noticed that the two

important aspects for a IPT system, which are its overall efficiency and the distance

between the transmitter and the receiver, are generally ignored and are not mentioned.

Whereas in research papers, only the power transmitting efficiency; from the primary

coil to the secondary coil, is mentioned.

It was noticed that the main aim in recent publications was to increase the efficiency

of an IPT system by minimising any losses and increasing the amount of power that

is available to the load. Using magnetic resonance has allowed more power to be

delivered to the load due to the cancellation of the coils’ reactances. The research has

now shifted towards creating novel electric circuits and methods to increase the ability

of an IPT system to transfer higher energy levels, as well as to reduce the losses due

to the electronic switches involved in the inversion and rectification processes and the

ohmic losses in the passive components.

It was also noticed while conducting the literature review that although research

has been conducted in developing efficient DC/AC inverters, the DC/AC rectifier on

the other hand is still implemented using classical DC/AC rectifier topologies based

on ordinary PN silicon diodes. Therefore, introducing more efficient AC/DC rectifiers

will be a significant advantage and a topic worth investigating.
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3
I N D U C T I V E L I N K S

3.1 introduction

The chapter will discuss the principle of operation of inductive links from a circuit

point of view. An electric circuit representation is used to analyse the inductive link

and to calculated the induced voltages and currents across the transmitting and receiv-

ing coils. The use of magnetic resonance in inductive links and how it can improve

the inductive link’s efficiency will be discussed. A novel circuit model will be intro-

duced that will allow the inductive link to be represented by an equivalent reflected

impedance to simplify its analysis and to determine how power is distributed amongst

its elements.

3.2 modelling of inductive links

3.2.1 Quantities and Parameters

Two independent circuits are said to be magnetically coupled if they both affect each

other through a magnetic field generated by either one of them. In other words, two

circuits are magnetically coupled if a magnetic flux produced by the coil of one circuit

enters the coil of the other circuit. Thus, in addition to the self inductances of each

coil, a third inductance exists between the two coils which is referred to as the ‘mutual

inductance M’.

According to Faraday’s law of induction, a voltage v is induced in a single coil that

is proportional to its number of turns N and the time rate of change of the magnetic

flux Φ crossing the coil (Fig. 3.1), i.e.,

v = N
dΦ

dt
. (3.1)
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Fig. 3.1: Magnetic flux produced by a current flowing in a coil
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Fig. 3.2: The total magnetic flux produced due to i1 crossing both coils

From Ampere’s law, the magnetic flux Φ is produced by a current i flowing in the coil.

The magnetic flux is given by

φ =
µoNiA

w
(3.2)

where µo is the permeability of free space, A is the area of the coil and w is the width

of the coil. Thus, Eq. 3.1 can be written as

v =
µoN

2A

w

di

ft
= L

di

dt
(3.3)

where L is referred to as the ‘self-inductance’ of the coil and is equal to

L =
µoN

2A

w
. (3.4)

If another coil is in close proximity with the first coil, then the flux produced due to

the current in the first coil will have two components; flux Φ11 which crosses the first

coil and flux Φ12 which crosses the second coil (Fig. 3.2). The total produced flux due

to the current in the first coil is given by

Φ1 = Φ11 +Φ12. (3.5)

The voltage induced in the first coil consisting of N1 turns is

v1 = N1
dΦ11
dt

(3.6)

and the voltage induced in the second coil consisting of N2 turns is

v2 = N2
dΦ12
dt

. (3.7)
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The total flux Φ1 is produced due to current i1 flowing in the first coil. Eq. 3.6 and 3.7

can be written as

v1 = N1
dΦ1
di1

di1
dt

= L1
di1
dt

(3.8)

v2 = N2
dΦ12
di1

di1
dt

=M21
di1
dt

(3.9)

where L1 is the self-inductance of the first coil and M21 is referred to as the mutual

inductance of the second coil with respect to the first coil. The mutual inductance M21

is equal to

M21 = N2
dΦ12
di1

. (3.10)

Similarly, it can be shown that if a current i2 flows in the second coil then the total

flux produced by the second coil is

Φ2 = Φ22 +Φ21 (3.11)

and the voltages induced in the first and second coils are

v1 = N1
dΦ21
di2

di2
dt

=M12
di2
dt

(3.12)

v2 = N2
dΦ2
di2

di2
dt

= L2
di2
dt

(3.13)

where L2 is the self-inductance of the second coil and the M12 is referred to as the mu-

tual inductance of the first coil with respect to the second coil. The mutual inductance

M12 is equal to

M12 = N1
dΦ21
di2

. (3.14)

It can be proved that both mutual inductancesM12 andM21 are equal by calculating

the amount of energy stored in the circuit due to a change in either currents flowing

into the coils as shown in [55]. Thus,

M12 =M21 =M (3.15)

M is defined as the mutual inductance between two coils whether they are identical

or not, i.e. they could have different geometries and number of turns. The mutual

inductance specifies the strength of coupling between two coils by comparing the

mutual inductance to their self inductances. A coupling coefficient k can be defined as

the ratio between the mutual inductance and the self inductances of the coil [55]

k ≡ M√
L1L2

(3.16)

The coupling coefficient is zero if there is no coupling between the two coils, i.e.

the magnetic flux produced by either coil does not enter the other. The coupling co-

efficient is unity when there is a perfect coupling between the two coils, i.e all of the
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magnetic flux produced by either coil enters the other. For k<0.5, the two coils are said

to be ‘loosely coupled’, and for k>0.5, the two coils are said to be ‘tightly coupled’ [55].

The coupling coefficient is a function of the coils’ dimensions, their orientation with

respect to each other, their number of turns, the distance between them and the mag-

netic core that they are wound on (if any) [55]. As an example, the AC transformer

can be considered to be tightly coupled if it is wound on a magnetic core. A magnetic

core aids in guiding the magnetic flux from one coil to other. AC transformer with

cores are used in numerous power applications. The coupling coefficient is governed

by the core’s magnetic properties and is generally assumed to be higher than 0.9. The

AC transformer could be considered as loosley coupled if it has an air core. Air core or

coreless AC transformers are used in radio circuits for signal conditioning purposes.

Their coupling coefficient is governed by the windings’ dimensions and their orienta-

tion. Consequently, IPT applications can be considered as a loosely coupled system

since they behave much like a coreless AC transformer.

The mutual inductanceM is always a positive quantity, however the voltage induced

due to the mutual inductance maybe either be positive or negative. The polarity of the

induced voltage is determined by examining the orientation and the windings of the

coils and applying Lenz’s law. Consider the two coils in Fig. 3.3. In Fig. 3.3a, if current

i1 enters coil 1 and is increased linearly with time, then it will generate an increasing

magnetic flux. According to Lenz’s law, a current i2 will be induced in coil 2 which will

then produce a magnetic flux that opposes that of coil 1. If a voltmeter is placed across

coil 2, its voltage reading will be positive since current i2 exits the upper terminal of

coil 2 and enters it lower terminal. Now if coil 2 is flipped up side down as shown

in Fig. 3.3b, then reapplying the same increasing current i1 in coil 1 will produce the

same increasing magnetic flux and according to Len’s law, the same current i2 will be

induced in coil 2 which will then produce an opposing magnetic flux to that of coil 1.

Measuring the voltage across coil 2 again will result in a negative reading since now

current i2 enters the upper terminal of coil 2 and leaves its lower terminal.

In a circuit representation, the polarity of the induced voltage is determined by

the ‘dot convention’. In this convention, a dot is placed besides one terminal of each

inductor to indicate the direction of the applied or induced current. For example, if a

current enters the dotted terminal of one coil, then the induced current will leave the

dotted terminal of the other coil. If a current enters the undotted terminal of one coil,

then an induced current will enter the dotted terminal of the other coil. Fig. 3.4 shows

examples on how this convention is used to determine the direction of the induced

current and the polarity of the generated voltage.
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Fig. 3.3: Induced voltage’s polarity depending on the orientation and winding of the coil
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Fig. 3.4: Dot convention

3.2.2 Equivalent Series Resistance and Quality Factor

Inductors and coils are wound using copper wires. These wires have a certain resis-

tance that depends on their length and their cross sectional area. It is desirable to

have a coil with a negligible resistance to reduce losses and minimise heat. If used in

AC applications, a wire’s resistance tends to increase as the frequency of its current
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Fig. 3.5: The ESR of a coil

increases due to the ‘skin effect’ and the ‘proximity effect’ [56]. The skin effect causes

the current flowing in a wire to be more dense near its surface rather than being evenly

distributed along its entire cross section area. This reduces the effective cross sectional

area of the wire and thus its resistance is increased. The proximity effect results when

two adjacent wires are carrying an alternating current. The magnetic field produced

by each wire causes a repelling force to act on them resulting in the current to be con-

strained in smaller regions. As a result, the effective cross sectional area of the wire is

further decreased which leads to an increase in its resistance. The skin and proximity

effects become more significant as the frequency of the current increases. Therefore

these two effects can influence the power transferred between two coils in IPT applica-

tions especially at higher frequencies. Hence, the total resistance rL of a coil operating

at a certain frequency can be represented as

rL = rDC + rSkin + rProximity (3.17)

where rDC is the total DC resistance of the coil’s wires , rSkin is the resistance of the wires

due to the skin effect and rProximity is the resistance of the wires due to the proximity

effect. The total resistance is often referred to as the Equivalent Series Resistance (ESR)

(Fig. 3.5). The term ‘Quality Factor Q’ is used to indicate the ratio between the reac-

tance of the coil XL to its resistance at a specific frequency. Q is defined as

Q ≡ ωL
rL

=
XL
rL

. (3.18)
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Fig. 3.6: An example of a circuit with coupled inductors

3.2.3 Circuit Representation

Having defined all the parameters and quantities for two magnetically coupled coils,

they can now be used along with circuit analysis theory to calculate the voltages and

currents in any electrical system that contains a pair of coupled coils. Analysing mag-

netically coupled coils in circuits can be either done directly by calculating the induced

voltages and currents or by replacing the coupled coils with an equivalent circuit to

simplify the calculations. Deciding on which approach to follow depends on the re-

quired quantity to be calculated and the complexity of the system.

The example circuit in Fig. 3.6 will be analysed to demonstrate the application of

the two aforementioned approaches. All of the circuit elements in primary coil side

will be designated by the subscript ‘P’ and all of the circuit elements in the secondary

coil side will be designated by the subscript ’S’. The example circuit is to be solved by

calculating the current flowing in the primary coil iP, the voltage across the primary

coil vLP , the induced voltage vLS , current iS in the secondary coil, the power delivered

by the voltage source Pv and the power dissipated in the load PRS connected to the

secondary coil. The circuit is first solved by directly calculating the induced voltage

and current in the secondary coil, and then solving for the current in the primary

coil. By using the mesh analysis method [55], two current meshes can be formed as

shown in Fig. 3.7. By applying KVL to each mesh, the following two equations are

obtained

v = iPRP + jiPXLP − jiSXM (3.19)

jiPXM = jiSXLS + iSRS (3.20)

where XLP , XLS and XM are the reactances of inductances LP, LS and M respectively.

The polarity of the voltages induced in LP and LS due to the mutual inductance is

determined by applying the dot convention. In Eq. 3.19, the induced voltage in LP is

negative at its top terminal with reference to ground since the current iS enters the

undotted terminal of LS. Whereas in Eq. 3.20, the induced voltage in LS is positive at
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Fig. 3.7: Using Mesh analysis method to solve a circuit

its top terminal with reference to ground since the current iP enters the dotted terminal

of LP. Rewriting Eq. 3.20 with respect to iS and substituting in Eq. 3.19,

v = iP(RP + jXLP +
XM

2

RS + jXLS
). (3.21)

The circuit can now be solved for the other required quantities and are found to be

equal to

iP =
v

RP + jXLP +
XM

2

RS + jXLS

(3.22)

iS = iP
jXM

RS + jXLS
(3.23)

vLP = jiPXLP − jiSXM (3.24)

vLS = jiPXM − jiSXLS (3.25)

Pv = PRS =
1

2
iS
2RS. (3.26)

A different method to solve the previous circuit is to transform the coupled coils into

another circuit representation which does not include any magnetically coupled coils.

Two equivalent circuits can be used [55]; the T circuit representation and the π circuit

representation. Fig. 3.8 illustrates the two equivalent circuits. For the equivalent T cir-

cuit, inductances LP, LS and M are replaced with inductances La, Lb and Lc and are

given as [55]

La = LP −M, Lb = LS −M, Lc =M. (3.27)

For the Π circuit, inductances LP, LS and M are replaced with inductances LA, LB and

LC and are given as [55]

LA =
LPLS −M

2

LS −M
LB =

LPLS −M
2

LP −M
LC =

LPLS −M
2

M
. (3.28)

By using the T circuit, the circuit in Fig. 3.6 can be solved as shown in Fig. 3.9. By

using the nodal analysis method [55] and applying KCL, the following equation is

obtained
Vx − v

RP + jXLa
+
Vx

jXLc
+

Vx

RS + jXLb
= 0. (3.29)

Solving Eq. 3.29 for Vx gives
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Fig. 3.8: The equivalent T and π circuits representing magnetically coupled coils
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Fig. 3.9: Using Nodal analysis to solve a circuit

Vx =

(
v

RP + jXLa

)(
1

RP + jXLP
+

1

jXLc
+

1

RS + jXLb

)−1

. (3.30)

The circuit can now be solved for the other required quantities are found to be equal

to

iP =
Vx − v

RP + jXLa
(3.31)

iS =
Vx

RS + jXLb
(3.32)

vP = jiPXLa + Vx (3.33)

vS = −jiSXLb + Vx (3.34)

Pv = PRS =
1

2
iS
2RS. (3.35)

The circuit in Fig. 3.6 has now been solved using two different approaches. A param-

eter that can be obtained from Eq. 3.21 is the input impedance Zin as seen from the

source v and is given by

Zin =
v

iP
= RP + jXLP +

XM
2

RS + jXLS
(3.36)

In Eq. 3.36, the input impedance contains two terms. The first term (RP + jXLP) is the

impedance of the primary coil, where RP could be represent the ESR of the primary
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(a) Coupled coils circuit including rESR
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Fig. 3.10: Representing a coupled coil circuit with a reflected impedance

coil, i.e. RP = rL1. The second term results from the coupling between the two coils

and is referred to as the ‘reflected impedance ZRef’ and is given by

ZRef =
XM

2

RS + jXLS
. (3.37)

The reflected impedance term in Eq. 3.37 consists of the impedance of the secondary

coil. Similar to RP, RS could represent the ESR of the secondary coil, i.e. RS = rLS . If

load impedance ZL is added in series with the secondary coil as shown in Fig. 3.10a,

then ZRef is equal to

ZRef =
XM

2

rLS + jXLS +ZL
. (3.38)

Fig. 3.10a can now be transformed to a simpler circuit representation as shown in

Fig. 3.10b.

The reflected impedance is a measure of how much of the actual load is seen by the

source. It is a function of the mutual inductance between the coils which in turn is

affected by the distance between the coils (assuming the two coils are identical). The

closer the coils are to each other, the higher the mutual inductance and the higher the

reflected impedance. And the further apart the coils are from each other, the lower the

mutual inductance and the lower the reflected impedance.

3.3 resonant coupling

Referring to Eq. 3.38, the reflected impedance consists of the load and the impedance

of the secondary coil. Assuming an ideal coil (rLS = 0) and a resistive load (ZL = RL),

the absolute value of the reflected impedance is equal to

|ZRef| =
XM

2

√
RL
2 +XLS

2
. (3.39)

Thus, the reflected impedance is inversely proportional to the load resistance and

magnitude of the secondary coil’s impedance. Ideally, a higher reflected impedance
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Fig. 3.11: Including a capacitor with the secondary coil can create resonance and eliminate the
secondary coil’s reactance
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Fig. 3.12: Including a capacitor with the primary coil can create resonance and eliminate the
primary coil’s reactance

is preferred since more power can be delivered at higher efficiencies as the required

voltage to be induced in the receiver’s secondary coil will be low. Eliminating the

secondary coil’s reactance term XLS in Eq. 3.39 will reduce the secondary’s impedance

which will increase the reflected impedance. This can be done at a certain frequency

by connecting an external capacitor. The value of the capacitor is chosen such that its

reactance will be equal to the reactance of the secondary coil’s inductance, therefore

creating resonance. The external capacitor can be connected in series or parallel as

shown in Fig. 3.11. The reflected impedance is now equal to

ZRef =
XM

2

RL
. (3.40)

The decision on whether to use a series or parallel capacitor depends on the value of

the load. A series capacitor is used if RL � XLS causing the secondary coil’s circuit to

behave as if it was a current source. Whereas a parallel capacitor is used if RL � XLS

causing the secondary’s coil circuit to behave as if it was a voltage source [57].

Resonating the primary coil can also help in delivering more power to the load by

eliminating the reactance of the primary coil XLP in Eq. 3.37. In a similar manner,

adding an external capacitor in series or parallel with the primary coil creates reso-

nance and eliminates its reactance. Depending on the power source, a series capacitor

is used if the power source was represented as a voltage source. Whereas a parallel ca-

pacitor is used if the power source was represented as a current source. Fig. 3.12 shows

the two possible resonant circuits. Both primary and secondary resonance allows the

load to receive maximum power from the source. For example, using series resonance
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Fig. 3.13: Resonant coupled circuit by adding tuned capacitors to the primary and secondary
coils

in the primary and secondary coils and assuming non ideal coils (rLP 6= 0, rLS 6= 0) as

shown in Fig. 3.13a, the total input impedance Zin seen by a voltage source is equal to

Zin = rLP + jXLP − jXCP +
XM

2

rLS + RL + jXLS − jXCS
= rLP +

XM
2

rLS + RL
(3.41)

where XCP and XCS are the reactances of the series capacitors connected to the primary

and secondary coils respectively. Fig. 3.13b shows the equivalent circuit.

It can be noticed from Eq. 3.41 that using resonance or resonant coupling increases

the reflected impedance and decreases the primary coil’s impedance, this allows for

more power to be delivered to the load compared to non-resonant coupling.

3.4 analysis of a parallel resonant secondary coil

As mentioned in Sec. 3.3, using resonance increases the reflected impedance seen by

the source which allows it to deliver more power to the load. When using resonance,

the reflected impedance only consists of the ESR of the secondary coil, its resonant

capacitor and the load resistance. That means that the power delivered by the source

will be dissipated in the ESRs and the load only. Ideally we would want all of that

power delivered by the source to be dissipated only in the load. Practically, energy lost

in the ESR cannot be avoided and in the following sections it will be shown that the

ESR is the main obstacle that limits the use of IPT systems over large distances.

The amount of power lost in the ESRs can be minimised if the current flowing in

them is reduced. Since P = I2R, if the current flowing into a resistance is halved,

then the power lost is quartered. Therefore in order to transfer power efficiently, es-

pecially at large distances, using parallel resonance will minimise the power lost in

the ESRs since high voltages are generated at low current levels in a parallel tuned LC

circuit.
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3.4.1 Near Resonance Operation

Consider the secondary resonant circuit with a parallel capacitor shown in Fig. 3.11b.

The total reflected impedance ZRef seen by a power source connected to the primary

coil is given by

ZRef =
X2M

jXLS +
−jXCSRL
RL − jXCS

=
X2M(R2L +X

2
CS

)

jXLSR
2
L + jXLSX

2
CS

− jXCSR
2
L +X

2
CS
RL

. (3.42)

For resonance, the imaginary terms in the denominator of Eq 3.42 should be zero,

hence the following equation is obtained

X2CSXLS −XCSR
2
L +XLSR

2
L = 0 (3.43)

giving the capacitor’s reactance

XCS =
R2L −

√
R4L − 4X

2
LS
R2L

2XLS
(3.44)

and the resonant capacitance is

CS =
2XLS

ωR2L

(
1−

√
1−

4X2LS
R2L

) =

1+

√
1−

16π2f2L2S
R2L

8π2f2LS
. (3.45)

Note that the resonant capacitance depends on the load resistance. From Eq. 3.45, the

resonant frequency for a certain inductor and a parallel capacitor and resistor is equal

to

f =
1

2π

√
1

LSCS
−

1

C2SR
2
L

. (3.46)

From a practical point of view, it is not feasible to change the parallel capacitor as the

load changes. Therefore, the secondary coil will have to operate at a frequency close

or near to its resonant frequency. Fortunately, due to inverse squared term of the load

resistance in Eq. 3.46, it is safe to assume that the secondary coil will be operating in

resonance with the primary coil for high load resistance values only.

3.4.2 Reflected Load Formulae

The load’s share of the total power received at the secondary coil can be found by

analysing the total reflected impedance of the secondary coil’s circuitry. The total

reflected impedance can be broken down into several components each representing



54 inductive links

the reflected impedance of a particular element of the secondary coil’s circuitry. The

amount of power delivered to each element can then be calculated. The following

cases will demonstrate this in further details.

A. Ideal Case

The first case that will be considered is the ideal case where all of the circuit elements

are lossless. This case can be applied on the circuit in Fig. 3.11b. The total reflected

impedance was given in Eq. 3.42. If the circuit is to be operated at its resonant fre-

quency, then XCS = XLS , and therefore the total reflected impedance is

ZRef =
X2M(RL − jXCS)

X2CS
. (3.47)

Taking the real part of the total reflected impedance,

RRef = real{ZRef} =
X2MRL

X2CS
= ω4M2CS

2RL. (3.48)

Resistance RRef can be referred to as the reflected resistance of the load. Taking the

imaginary part of the total reflected impedance,

XRef = imag{ZRef} = −
jX2M
XCS

= −jω3M2CS. (3.49)

Reactance XRef can be referred to as the reflected reactance of the mutual inductance

and the parallel capacitor CS. Consequently, the total reflected impedance can be rep-

resented as shown in Fig. 3.14. Since the real part of the total reflected impedance

corresponds to the load, all of the power received at the secondary coil will be dissi-

pated in the load. Therefore the efficiency in the ideal case is 100%. It can be noted

that although the secondary coil might be operating at resonance, its total reflected

impedance contains a reactive part. Therefore, in order to operate the complete sys-

tem at resonance, an external reactive element should be included at the primary coil

circuitry to compensate for the reactive part of the total reflected impedance and the

reactance of the primary coil.

B. Non-ideal coil with parasitic capacitance

A second case can be considered to represent a practical non-ideal coil. The coil in this

case is modelled as an inductor and its ESR, in addition to a parallel capacitor which

represents the parasitic capacitance of the coil due to its windings. Fig. 3.15 shows the

circuit representation for this case. The total reflected impedance is given by
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Fig. 3.14: The components of the total reflected impedance for the ideal case
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Fig. 3.15: Circuit representation for a non ideal secondary coil

ZRef =
X2M

rLS + jXLS −
jXCSRL

RL − jXC

=
X2M(RL − jXCS)

RLrLS − jXCSrLS + jXLSRL +XLSXCS − jXCSRL
.

(3.50)

If XCS = XLS then the total reflected impedance is now equal to

ZRef =
X2M(RL − jXCS)

RLrLS +X
2
CS

− jXCSrLS
=
X2M(RL − jXCS)(RLrLS +X

2
CS

+ jXCSrLS)

(RLrLS +X
2
CS

)2 +X2CSr
2
LS

=
X2M(RLrLS +X

2
CS

+ jXCSrLS)(RL − jXCS)

X4CS +X
2
CS

(2RLrLS + r
2
LS
) + R2Lr

2
LS

. (3.51)

Taking the real part of the total reflected impedance gives

real{ZRef} =
X2M(X2CSRL + R

2
LrLS +X

2
CS
rLS)

X4CS +X
2
CS

(2RLrLS + r
2
LS
) + R2Lr

2
LS

. (3.52)

The real part of the total reflected impedance can be represented as the sum of two

resistances; RRef and rRef to represent the reflected resistances of the load and ESR of

the coil respectively. Resistances RRef and rRef are given by

RRef =
X2MX

2
CS
RL

X4CS +X
2
CS

(2RLrLS + r
2
LS
) + R2Lr

2
LS

(3.53)

rRef =
X2MrLS(R

2
L +X

2
CS

)

X4CS +X
2
CS

(2RLrLS + r
2
LS
) + R2Lr

2
LS

. (3.54)
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Fig. 3.16: The components of the total reflected impedance for a non-ideal coil operating at its
resonant frequency

Taking the imaginary part of the total reflected impedance gives

XRef = imag{ZRef} = −
X2MX

3
CS

X4CS +X
2
CS

(2RLrLS + r
2
LS
) + R2Lr

2
LS

. (3.55)

Reactance XRef can be referred to as the reflected reactance of the mutual inductance

and the parasitic parallel capacitor. Consequently, the total reflected impedance can be

represented as shown in Fig. 3.16. Since the real part of the total reflected impedance

now consists of two resistances, the power received at the secondary coil will be shared

amongst them. Therefore the efficiency for this case is given by

η =
RRef

RRef + rRef
(3.56)

C. Non-ideal coil with an external parallel capacitor

The resonant frequency of a non-ideal coil is determined by its self inductance and its

parasitic capacitance. It may be practically difficult to design a coil to have a specific

resonant frequency. Instead, an external capacitor is often used to set the resonant

frequency of the coil to a certain value as described in Sec. 3.3. Fig. 3.17 shows the

circuit representation for this case. Resistor rCS represents the ESR of the external

capacitor. The value of the parasitic capacitance of coil is assumed to much smaller

than that of the external capacitor, therefore it can be omitted. The total reflected

impedance is given by

ZRef =
X2M

rLS + jXLS +
RL(rCS − jXCS)

RL + rCS − jXCS

=
X2M(RL + rCS − jXCS)

rLSRL + rLSrCS − jXCSrLS + jXLSRL + jXLSrCS +XLSXCS + RL − jXCSRL
. (3.57)



3.4 analysis of a parallel resonant secondary coil 57

LP

rLS

LS

RL

rCS

CS

M

Fig. 3.17: A parallel resonant secondary with non ideal components

If XCS = XLS then the total reflected impedance is now equal to

ZRef =
X2M(RL + rCS − jXCS)

a+ jb
(3.58)

where

a = RL(rLS + rCS) + rLSrCS +XLSXCS (3.59)

b = RL(XLS −XCS) +XLSrCS −XCSrLS . (3.60)

Equation 3.58 can be rewritten as

ZRef =
X2M(RL + rCS − jXCS)(a− jb)

a2 + b2

=
X2M (RLa+ rLSa− jXCSa− jRLb− jrCSb−XCSb)

a2 + b2
. (3.61)

Taking the real part of the total reflected impedance gives

real{ZRef} =
X2M (RLa+ rLSa−XCSb)

a2 + b2
. (3.62)

The real part of the total reflected impedance can be represented as the sum of two

resistances; RRef and rRef. Resistances RRef represents the reflected resistance of the load

and resistance rRef represents the reflected resistance of the ESRs of the coil and the

external capacitor. Resistances RRef and rRef are given by

RRef =
X2MX

2
CS
RL

a2 + b2
(3.63)

rRef =
X2M(R2L(rLS + rCS) + 2RLrLSrCS + RLr

2
CS

+ rLSr
2
CS

+X2CSrLS)

a2 + b2
. (3.64)

Taking the imaginary part of the total reflected impedance gives

imag{ZRef} =
X2M (−XCSa− RLb− rCSb−XCSb)

a2 + b2
. (3.65)

The imaginary part of the total reflected impedance can be represented as the sum

of two reactances; XRef and xRef. Reactance XRef represents the reflected reactance of

the mutual inductance, the secondary coil and the external capacitor. Reactance xRef



58 inductive links

RRef

XRef

rRef xRef

Fig. 3.18: The components of the total reflected impedance for a non-ideal coil with an external
capacitor

represents the reflected reactance of the ESRs of the coil and the external capacitor.

Reactances RRef and rRef are given by

XRef =
X2M(R2L(XCS −XLS) −XLSX

2
CS

)

a2 + b2
(3.66)

xRef =
X2M(2XCSRLrCS −XLSr

2
CS

)

a2 + b2
(3.67)

Consequently, the total reflected impedance can represented as shown in Fig. 3.18.

Therefore the efficiency for this case is given by

η =
RRef

RRef + rRef
(3.68)

3.4.3 Load and Frequency Variation Effects On The Reflected Impedances

This section shows the effect of varying the load and the frequency on the total re-

flected impedance based on an implemented inductive link. The primary coil consists

of two layers each having four turns of 18 AWG magnet wire and a diameter of 8 cm.

The secondary coil consists of a single layer of four turns of 20 AWG magnet wire

with a diameter of 7 cm. The measured inductance and ESR of both coils are plotted

in Fig. 3.19. The measured mutual inductances and the calculated coupling coefficients

as a function of the separation distance and frequency are plotted in Fig. 3.20. Both self

and mutual inductance measurements were taken using a PSM1700 PsimetriQ phase

sensitive multimeter. The dimensions of the designed coils were chosen to achieve

a higher coupling coefficient at large separation distances. This allows power to be

transferred efficiently and therefore the operation of an IPT system can be validated

at a wide operation range. In addition, the measurement error of the separation dis-

tance is reduced as the coils are moved further or closer apart. Using Eqs. 3.63-3.67,
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Fig. 3.19: Measured self inductances and ESR of the primary and secondary coils (10kHz steps)

Fig. 3.20: Measured mutual inductance (2.5cm & 10kHz steps)

the values of resistances RRef and rRef are calculated as the load resistance RL and the

frequency are swept from 0 Ω to 2 kΩ and 100 kHz to 1 MHz respectively. Fig. 3.21

shows the calculated reflected resistances of the load and ESRs as a function of the

load and resonant frequency. The resonant capacitor’s ESR and reactance are set to be

equal to the inductor’s ESR and reactance respectively for each frequency according

to the following equation

Cs =
1

ω2LS
=

1

(2π)2f2LS
. (3.69)
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(a) RRef

(b) rRef

Fig. 3.21: The calculated reflected resistance RRef & rRef as a function of load resistance and
resonant frequency

It can be noticed from Fig. 3.21 that at low load values, or a higher load resistance,

and high resonant frequencies, RRef is larger than rRef and most of the power that is

received in the secondary coil will be dissipated in the load. As the load and resonant

frequency decrease, rRef has a more significant value and a large portion of the power

received in the secondary coil will be dissipated as heat in the ESRs of the coil and

the parallel capacitor. The maximum difference between RRef and rRef corresponds to

the maximum power efficiency of the secondary coil side. Consequently, it can be

concluded that power can be transferred at higher efficiencies and large separation

distances at low load values and high resonant frequencies. However, due to practical

limitations, the maximum frequency that can be used is limited by the losses in the

MOSFET gate driving circuitry and the switching losses in the primary coil driver.

Fig. 3.22a shows the total values of the calculated reflected impedances RRef and rRef

based on Eqs. 3.63 & 3.64 when the operating frequency shifts from the resonant fre-

quency of the secondary coil. The measured total reflected impedances is plotted in

Fig. 3.22b for comparison. It is assumed that the resonant frequency is fixed at 800
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(a) The calculated total reflected impedances

(b) The measured total reflected impedances (200 Ω and 10 kHz steps)

Fig. 3.22: The total reflected impedance for a fixed resonant frequency of 800 kHz as a function
of frequency and load resistance

kHz and the distance between the coils is 5 cm corresponding to a coupling coefficient

of 0.11. The calculated total reflected impedances values are in good agreement with

those measured.

3.5 conclusions

This chapter discussed the principle of operation of inductive links from a circuit

point of view. The reflected impedance concept was introduced as a circuit analysis

method to represent the secondary coil circuit by an equivalent impedance as seen

by the power source. It was shown that by using resonance, the reflected impedance

of the secondary coil circuitry is maximised. This allows for power to be transferred

efficiently especially at higher separation distances.
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The parallel resonant secondary configuration was analysed in further details. The

reflected impedance was calculated for several configurations based on the non-ideal

characteristics of the coil. The reflected impedance was then divided into several

components each representing the reflected impedance of a certain element in the sec-

ondary coil circuitry. This simplifies the process of determining the amount of power

each element receives from the total power received at the secondary coil. Finally, the

effect of varying the load and frequency on the reflected impedances was presented

based on an implemented inductive link.
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4
R E S O N A N T D C / A C I N V E RT E R S

4.1 introduction

The current flowing in the primary coil of an inductive link has to be alternating in

order to generate an alternating magnetic field to induce a voltage in the secondary

coil. Producing an AC current from a DC voltage requires the use of a DC/AC inverter.

Inductive links may require large amounts of power to be delivered at high efficiencies.

Therefore, certain types and classes of switched-mode DC/AC inverters can only meet

this requirement.

Inductive links are generally operated at resonance or near resonance, therefore the

driving current of the primary coil has to be sinusoidal. Creating a DC/AC inverter

with a sinusoidal output current requires the use of passive networks consisting of

capacitors and inductors. The switching frequency of the switching elements of a

DC/AC inverter is chosen to be equal to or a harmonic of the resonant frequency

of these passive networks. The switches role is to ‘chop’ the DC supply voltage or

current to create a square wave power signal. The square wave signal is applied to

the passive networks which then filters out all its frequency components except those

that match the resonant frequency of the passive network. DC/AC inverters that

utilise passive resonant networks are referred to as resonant inverters. Since these res-

onant inverters are also switched-mode circuits, they can achieve various zero-voltage

and zero-current switching conditions by carefully choosing the values of the pas-

sive networks’ components, the switching frequency and its duty cycle. Resonant

DC/AC inverters can have a theoretical efficiency of 100%, although practically this

may not be achieved due to the nonidealities in the switches and the ohmic losses of

the passive components. A typical efficiency range for resonant inverters is between

85-95%.

Extensive research is devoted to developing efficient resonant DC/AC inverters and

numerous circuits can be found in literature. All of these inverters have been classi-
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fied into classes depending on the switching conditions of the voltages and currents

developed across the switching devices. Most of the inverters that have been used

for inductive links fall under two main classes;Class D and Class E. In this chapter,

an overview of Class D inverters will be given that will briefly describe their princi-

ple of operation and show the different circuit configuration that fall under this class.

An extensive review and analysis of Class E inverters is then followed that will cover

their principle of operation, different circuit configurations and performance analysis.

Other classes of DC/AC inverters will be discussed briefly towards the end of the

chapter. The chapter ends with a summary and comparison of the presented classes

and their circuit configurations.

4.2 definitions

The following definitions are associated with the modelling and analysis of the invert-

ers that will be presented in this chapter

• Switching Frequency ω

The switching frequency refers to the frequency at which the switches are turned

ON and OFF. It can be either supplied from an external signal source such as a

function generator, or generated using an oscillator. Since the switching signal is

the main driving or ‘forcing’ signal of the converter, the fundamental frequency

components of all other voltage and current signals in the converter will be equal

to it.

• Resonant frequency ωo
In order to create resonance, the load network of an inverter should consists of

at least one capacitor and one inductor. Therefore the resonant frequency of the

inverter is given by

ωo =
1√
LC

(4.1)

for a series RLC network and

ωo =

√
1

LC
−

1

C2R2
(4.2)

for a parallel RLC network. The switching frequency does not necessarily has to

be equal to the resonant frequency. Different modes of operation can be obtained

by operating the inverter at switching frequencies above, below and equal to the

resonant frequency.
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• Characteristic Impedance Zo
The characteristic impedance of the inverter’s resonant network is given by

Zo =

√
L

C
= ωL =

1

ωC
. (4.3)

• Loaded Quality Factor QL
The loaded quality factor is defined as the ratio of the maximum energy stored

in the resonant network to the amount of energy dissipated in the load RL per

one cycle of the switching frequency of the inverter. The loaded quality factor in

inverters is used to indicate how close is the voltage or current in the load net-

work to an ideal sinusoidal signal. Theoretically, an infinite loaded quality factor

will only result in an ideal sinusoidal signal. However, a minimum value of ap-

proximately 10 is generally assumed to be high enough to result in a sinusoidal

signal with less than 1% of distortion. The loaded quality is given by

QL =
ωsL

RL
(4.4)

for a series RLC network and

QL =
RL
ωsL

(4.5)

for a parallel RLC network.

• Power-Output Capability cp
The power-output capability in DC/AC inverters can be defined as the ratio of

the output power produced when the peak voltage and the peak current of the

inverter’s switches is 1V and 1A respectively to the number of switches of the

inverter. The power-output capability is given by

cp =
Po

NVDSMAXIDSMAX

(4.6)

where Po is the output power, VDSMAX is peak voltage across the inverter’s

switches, IDSMAX is the peak current in the inverter’s switches and N is the num-

ber of switches used in the inverter. The power-output capability of an inverter

can be used as an indication of cost. For a given output power, an inverter with

a low power-output capability requires switches with high voltage and current

ratings, whereas an inverter with a high power-output capability may require

switches with lower voltage and current ratings. Therefore the higher the power-

output capability of and inverter, the lower the implementation cost and vice

versa.
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4.3 class d inverters

The Class D resonant inverter [58, 59] is probably the first option that an engineer

would opt for when designing a DC/AC inverter. It is one of the most widely used

classes in DC/AC inverters thanks to its simple principle of operation, high power

efficiency and wide operating range. Therefore, it has been extensively used as the

primary coil driver in inductive links [32, 53, 60–67]. Class D inverters consist of a pair

or more of switches operating in a complementary manner and a passive resonant

network. Class D resonant inverters can only achieve either ZVS or ZCS and therefore

can be further classified into the following two groups [68]:

• Voltage-Fed Class D ZVS Resonant Inverters

The inverters in this category are powered directly from a DC voltage supply and

employ a series resonant network. The switching action of the switches converts

the DC voltage voltage into a series of voltage pulses which then are filtered by

the resonant network to produce a sinusoidal output. Since a series resonant

network is used, the output of the inverter is a sinusoidal voltage. Hence, the

inverters in this group can be represented as an AC voltage source.

• Current-Fed Class D ZCS Resonant Inverters

The inverters in this category are powered directly from a DC current supply

and employ a parallel resonant network. The switching action of the switches

converts the DC current supply into a series of current pulses which then are

filtered by the resonant network to produce a sinusoidal output. Since a paral-

lel resonant network is used, the output of the inverter is a sinusoidal current.

Hence, the inverters in this group can be represented as an AC current source.

4.3.1 Half-Bridge Class D ZVS Inverter

Fig. 4.1a shows the basic circuit of a half-bridge Class D ZVS inverter in its simplest

form. The circuit consists of two switches Q1 and Q2, inductor L and capacitor C

form a resonant series network and the resistor RL represents the load resistance. The

switches are driven in a complementary manner at a switching frequency and gener-

ally at a duty cycle ratio of 0.5. The output current is sinusoidal provided that the

loaded quality factor of the series resonant circuit is large at the switching frequency.

Although a single inductor and capacitor are shown, other network configurations can

be obtained by using multiple passive components. The main advantage of this con-

figuration is that the maximum voltage developed across the switches is equal to the
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Vi
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C L

RL

Fig. 4.1: The half-bridge Class D ZVS inverter

DC supply voltage (Vi). This allows the inverter to operate at high DC voltages such

as 170V and 310V which are obtained by rectifying the mains AC supply [68].

The basic circuit configuration in Fig. 4.1 is widely used in numerous applications

other than IPT such as audio amplifiers and electronic ballasts. Due to its popular-

ity, many researchers and engineers refer to this configuration when mentioning the

Class D inverter. Therefore, the description and analysis of this configuration will be

considered in this section.

A. Analysis

The analysis begins with the assumption that the loaded quality factor of the series

load network is high enough such that current in it sinusoidal, and the switching

frequency has 50% duty cycle ratio. The load network’s current can be represented

as

Io(ωt) = im sin(ωt−φ) (4.7)

where im is the amplitude of the output current and φ is the phase of the output

current relative to the switching signal which is equal to the impedance angle of the

load network.

The switching action of switches Q1 and Q2 presents a voltage square wave signal

to the series load signal that alternates between Vi and zero at a frequency equal to

the switching frequency. Fig. 4.2 shows the equivalent circuit of the Class D inverter

which can be used to continue with the analysis. The input voltage to the load network

is

Vn(ωt) = VDS2(ωt) =

Vi, for 0 6 ωt < π

0, for π 6 ωt < 2π

. (4.8)
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Vi

Io

Zi

C L

RL

Fig. 4.2: Equivalent circuit of the Class D ZVS inverter

Hence, the maximum voltage across both switches is equal to Vi. The general method

to analysing such circuits is to use the Fourier series. Therefore, the input voltage to

the load network can be represented by its Fourier components

Vn(ωt) = Vi

(
1

2
+
2

π

∞∑
n=1

sin
(
(2n− 1)ωt

)

2n− 1

)
. (4.9)

The fundamental component of the input voltage to the load network is

Vn1(ωt) = vm sinωt (4.10)

where

vm =
2Vi
π
≈ 0.6366Vi. (4.11)

Based on the assumption that the current in the load network is sinusoidal, the input

impedance of the load network at a certain switching frequency is

Zi = RL + jωL+
1

jωC
= R

[
1+ jQL

(
ω

ωo
−
ωo

ω

)]
(4.12)

= Zo

[
R

Zo
+ j

(
ω

ωo
−
ωo

ω

)]
. (4.13)

The input impedance can be expressed as a phaser

Zi = zm∠φ (4.14)

where

zm = |Zi| = Zo

√(
RL
Zo

)2
+

(
ω

ωo
−
ωo

ω

)2
= Zo

√
1

Q2L
+

(
ω

ωo
−
ωo

ω

)2
(4.15)

and

φ = tan−1

[
QL

(
ω

ωo

)
−
(ωo
ω

)]
. (4.16)

Consequently, the magnitude of the current in the load network at a certain switching

frequency is

im =
vm

zm
(4.17)
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and the output voltage across the load is

VRL(ωt) = IoRL = imRL sin(ωt−φ). (4.18)

The currents in switches Q1 and Q2 are

IDS1(ωt) =

im sin(ωt−φ), for 0 6 ωt < π

0, for π 6 ωt < 2π

(4.19)

and

IDS2(ωt) =

0, for 0 6 ωt < π

−im sin(ωt−φ), for π 6 ωt < 2π

. (4.20)

respectively. Hence, the maximum value of the currents in both switches is equal to

im.

The DC input current Ii of the inverter is equal to average value of the current in

switch Q1, i.e.

Ii =
1

2π

∫2π
0

IDS1(ωt)dωt =
im

2π

∫π
0

sin(ωt−φ)dωt

=
2Vi cos2φ
π2RL

=
2ViRL
π2z2m

=
im

π

√
1+Q2L

(
ω

ωo
−
ωo

ω

)2 . (4.21)

For an ideal Class D inverter the output power is equal to the input power

Po = Pi = ViIi =
2V2i RL

π2zm
. (4.22)

If the inverter is operating at a switching frequency equal to the resonant frequency,

the output power is given by

Po = Pi =
2V2i RL

π2R2L
≈ 0.2026V

2
i

RL
. (4.23)

The maximum current in the switches is

IDSMAX = im =
4Vi
πRL

(4.24)

and the output-power capability is given by

cp =
Po

2VDSMAXIDSMAX

=
ViIi

2VDSMAXIDSMAX

=
1

2π
≈ 0.1592 (4.25)
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Fig. 4.3: Voltage and current waveforms of the basic Class D ZVS inverter for different switching frequencies

B. Modes of operation

Fig. 4.3 shows the voltage and current waveforms associated with basic half-bridge

Class D ZVS inverter. The Class D inverter can operate at three modes; at resonance,

below resonance and above resonance depending on the switching frequency:

• Operation at resonance

The Class D inverter operates at resonance when the switching frequency is equal

to the resonant frequency of the load network. Fig. 4.3a shows the voltage and cur-
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rent waveforms associated with this mode of operation. The current Io in the load

network is in phase with the fundamental voltage component of the load network,

therefore φ = 0. The series resonant circuit can be considered as a resistive load.

The Class D inverter in this mode has theoretical efficiency of 100% since the

switches are turned ON and OFF at zero voltages and zero currents. Practical im-

plementation can achieve efficiencies exceeding 90% since the losses due to switching

are minimised and the losses due to the reverse-recovery effect of the body diodes of

the switches are not existent.

• Operation below resonance

The Class D inverter operates below resonance when the switching frequency is

less than the resonant frequency of the load network. Fig. 4.3b shows the voltage and

current waveforms associated with this mode of operation. The current Io in the load

network leads the fundamental voltage component of the load network by a certain

phase φ. The series resonant circuit can be considered as a capacitive load.

In this mode, the Class D inverter will have a theoretical operating efficiency of 100%

since the switches are turned ON and OFF at zero voltages. However, the practical

limitations of the switches can prevent from achieving high efficiencies. This is mainly

due to the switching delay times of the switches and the reverse-recovery effect of their

body diode [58, 60] (assuming MOSFET switches). Referring to Fig. 4.3b, consider the

case when Q1 is ON and Q2 is OFF. The current in Q1 is negative at the end of its

ON period. Due to the turn-OFF time of Q1 and its gate driving circuitry, the current

will be directed to its body diode. As Q2 begins to turn ON, current is diverted from

the body diode of Q1 to the drain of Q2. Once the current of the body diode of Q1
reaches zero, the reverse-recovery effect takes place causing current to flow from the

voltage source through the body diode of Q1 and the drain channel of Q2. Therefore,

for a short period time, the voltage supply is shorted to ground which leads to a large

current spike to flow through both switches. The current spike can be many times

larger than the maximum current ratings of the switches resulting in excessive losses

and eventually failure. Therefore for this reason, the operation of Class D inverters

below their resonant frequency is not recommended.

• Operation above resonance

The Class D inverter operates above resonance when the switching frequency is higher

than the resonant frequency of the load network. Fig. 4.3c shows the voltage and

current waveforms associated with this mode of operation. The current Io in the load

network lags the fundamental voltage component of the load network by a certain

phase φ. The series resonant circuit can be considered as a inductive load.
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Similarly to the previous operation modes, the Class D inverter will have a the-

oretical operating efficiency of 100% since the switches are turned ON and OFF at

zero voltages. The practical limitations of the switches, mainly the reverse-recovery

effect of the body diode, are minimised in this mode. Therefore Class D inverter can

achieve efficiencies exceeding 90% in this mode. Referring to Fig. 4.3c, consider the

case when Q1 is ON and Q2 is OFF. The current in Q1 is positive at the end of its ON

period. As Q1 begins to turn OFF, current will diverted to the body diode of Q2 and

eventually to the drain channel of Q2 as Q2 switches ON. The voltage source is not

shorted to ground in this period provided that there is a certain dead-time between

the gating driving signals of Q1 and Q2. As a result, no current spikes occur in Q1
and Q2 and therefore efficient operation can be achieved. The only losses in this mode

are the turn OFF losses of the switches and conduction losses in their body diodes,

however they are insignificant [58].

4.3.2 Class D Push-pull ZVS Inverter

Another popular implementation of the Class D inverter is to use dual voltage sources;

one positive and one negative. In the basic configuration analysed in the previous

section, the voltage applied to the load network had a peak-to-peak value of Vi. Out-

put power can be increased by using a second voltage supply as shown in Fig. 4.4a to

cause the voltage applied to the load network to swing between the two voltage sup-

plies and thus having a peak-to-peak value of 2Vi. The positive and negative voltage

sources can be either supplied using two independent sources or using a centre tapped

transformer as shown in Fig. 4.4b. The analysis of this configuration is similar to that

of the basic configuration in the previous section. Referring to Fig. 4.4, the loaded

quality factor of the load network is assumed to be large enough such that its current

is sinusoidal as given in Eq. 4.7 and the impedance of the load network is given in

Eqs. 4.14-4.16. The input voltage to the load network for this configuration is

Vn(ωt) =

 Vi, for 0 6 ωt < π

−Vi, for π 6 ωt < 2π

. (4.26)

Hence, the maximum voltage across both switches is equal to 2Vi. The magnitude of

the fundamental component of the input voltage is given by

Vm =
4

π
Vi ≈ 1.2732Vi. (4.27)
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The magnitude of the load network’s current im can calculated using Eq. 4.17 and the

current in the switches is given in Eqs. 4.19-4.20. The DC input current supplied from

the positive voltage source is

Ii+ =
1

2π

∫2π
0

IDS1(ωt)dωt =
4ViRL
π2z2m

(4.28)

and the DC input current supplied from the negative voltage source is

Ii− =
1

2π

∫2π
0

IDS2(ωt)dωt =
−4ViRL
π2z2m

. (4.29)

Therefore the total power delivered to the load is

Po = ViIi+ − ViIi− = 2ViIi+ =
8V2i RL

π2z2m
(4.30)

which is four times more than the total power delivered to load in the basic configura-

tion.

This configuration can be operated at several modes based on the switching fre-

quency as discussed in the basic configuration previously. If the inverter is operating

at a switching frequency equal to the resonant frequency, the output power is given

by

Po = Pi =
8V2i RL

π2R2L
≈ 0.8106 Vi

RL
. (4.31)

The maximum current in the switches is

IDSMAX = im =
2Vi
πRL

(4.32)

and the output-power capability is given by

cp =
Po

2VDSMAXIDSMAX

=
ViIi

2VDSMAXIDSMAX

=
1

2π
≈ 0.1592 (4.33)

4.3.3 H-Bridge Class D ZVS Inverter

The H-bridge Class D ZVS inverter is another configuration of the Class D inverter.

Two more switches are added as shown in Fig. 4.5 forming two pairs of switches;

Q1-Q4 and Q2-Q3, that are driven in a complementary manner. The operation prin-

ciple remains the same to that of the basic half-bridge configuration. The H-bridge

Class D inverter delivers the same amount of power to the load as the push-pull

Class D inverter, however it eliminates the need to use two supplies or a centre-tapped

transformer. The analysis of this configuration is the exactly the same as that of the
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Fig. 4.4: The Class D push-pull ZVS inverter

dual supply Class D inverter described previously with exception that the maximum

voltage across the switches is Vi. The H-bridge configuration is widely used in recent

inductive links that operate at power levels exceeding 1 kW [32, 62, 64, 65].

The addition of the two switches allows for more control methods to regulate the

performance and operation of this configuration. A widely used control method to

adjust the output power is phase control where the four gate driving signals to the

switches are shifted by a certain phase from each other. This alters the input voltage

to the load network and therefore varying the power delivered to the load. More

details about phase shift control can be found in [58].

Q1

Q3

C L RL

Q2

Vi

Q4

Fig. 4.5: The H-Bridge Class D ZVS inverter
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Fig. 4.6: The basic Class D ZCS inverter

4.3.4 Class D ZCS Inverter

The Class D configurations discussed previously were all fed by a voltage source. It is

also possible to feed the Class D inverter a current source by using a choke (RFC) after

the voltage supply. In this way, ZCS will be achieved instead of ZVS. Fig. 4.6a shows

a basic configuration of the Class D ZCS inverter first introduced in [69]. Although

this particular circuit configuration is seldom used since it can be practically difficult

to drive switch Q2 because its source terminal is neither grounded nor connected to

the drain of Q1, therefore a pulse transformer or an opto-isolator is required. Fig. 4.6b

shows the same configuration but now the source terminal of switch Q2 is grounded.

This eliminates any driving issues but additional diodes are required to be connected

in series with both switches to avoid their body diodes from conducting. The principle

of operation of the Class D ZCS inverter is very similar to that of their ZVS counter-

parts. The Class D ZCS inverter presents a current square wave signal to a parallel

load network that alternates between Ii and zero at a frequency equal to the switching

frequency and a duty cycle ratio of 0.50. For further simplification, the analysis will

only consider the mode of operation when the switching frequency is equal to the

resonant frequency of the load network. Fig. 4.7 shows the equivalent circuit of this

configuration. The loaded quality factor of the parallel network is assumed to be high

enough such that the current in the load resistance is sinusoidal. The load resistance’s

current can be represented as:

IRL(ωt) = im sinωt, ω = ωo. (4.34)
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The input current to the load network is

In(ωt) =

 Ii, for 0 6 ωt < π

0, for π 6 ωt < 2π

. (4.35)

Hence, the maximum current in both switches is equal to Ii. The input current to the

load network can be represented by its Fourier components

In(ωt) = Ii

(
1

2
+
2

π

∞∑
n=1

sin
(
(2n− 1)ωt

)

2n− 1

)
(4.36)

The fundamental component of the input current to the load network is

In1(ωt) = IRL(ωt) = im sinωt. (4.37)

where

im =
2Ii
π
≈ 0.6366Ii. (4.38)

The fundamental component of the input current is equal to load resistance’s current

because the parallel inductor and capacitor will have an infinite resistance and there-

fore behave as an open circuit to this particular frequency component. Consequently,

the input impedance is

Zi = RL. (4.39)

The voltages across switches Q1 and Q2 are

VDS1(ωt) =

imRL sinωt, for 0 6 ωt < π

0, for π 6 ωt < 2π

(4.40)

and

VDS2(ωt) =

0, for 0 6 ωt < π

−imRL sinωt, for π 6 ωt < 2π

. (4.41)

respectively. The input voltage Vi is equal to the average voltage across Q1

Vi =
1

2π

∫2π
0

VDS1(ωt)dωt =
irRL
2π

∫π
0

sinωtdωt =
irRL
π

. (4.42)

Consequently, for a certain input voltage the input current is

Ii =
π2Vi
2RL

(4.43)

and the maximum voltage across the switches is πVi.
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Fig. 4.7: Equivalent circuit of the Class D ZCS inverter

For an ideal Class D ZCS inverter the output power is equal to the input power

Po = Pi = ViIi =
π2V2i
2RL

≈ 4.9348V
2
i

RL
(4.44)

and the power-output capability is

cp =
Po

2VDSMAXIDSMAX

=
ViIi

2VDSMAXIDSMAX

=
1

2π
≈ 0.1592 (4.45)

Fig. 4.8 shows the voltage and current waveforms associated with this configuration

4.3.5 Class D Push-Pull ZCS Inverter

The Class D push-pull ZCS configuration [58, 70] is similar to its push-pull ZVS coun-

terpart in terms of construction and principle of operation. Fig 4.9 shows two possible

circuits for this configuration. In Fig. 4.9a the input current Ii is splits in two by the

coupled inductors as it enters the load network. The coupled inductors each have a

an inductance of L and form the inductance part of the load network. An additional

inductor could also be connected in parallel. In Fig. 4.9 the load network is fed from

two current sources via two chokes connected to one voltage source.

The Class D push-pull ZCS inverter requires several bulky magnetic components

such as the chokes and the coupled inductors which increase the weight and cost of

the inverter. In addition, the maximum voltage developed across the switches is about

three times more than the input voltage. For these reasons, the Class D push-pull ZCS

inverter is used in inductive links that operate at power levels between below 1 kW [45].

The analysis of this configuration is based on the analysis of the basic ZCS configu-

ration. It is also assumed that the loaded quality factor of the load network is high

and that switching frequency is equal to the resonant frequency of the load network.

Referring to Fig. 4.9a, the input current enters the load network and splits to two
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Fig. 4.8: Voltage and current waveforms of the basic Class D ZCS inverter

equal currents that flow in the upper and lower coupled inductors, it can be described

by

In(ωt) =


Ii
2

, for 0 6 ωt < π

−
Ii
2

, for π 6 ωt < 2π

. (4.46)

The magnitude of the fundamental component of the input current to the load network

is

ir =
2Ii
π
≈ 0.6366Ii (4.47)
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Fig. 4.9: The Class D Push-Pull ZCS inverter

and the voltages across the switches are given in Eqs. 4.40-4.41. Consequently, the

input current is

Ii =
π2Vi
2RL

(4.48)

and the maximum voltage across the switches is πVi. For an ideal inverter the output

power is

Po = Pi = ViIi =
π2V2i
2RL

≈ 4.9348V
2
i

RL
(4.49)

and the power-output capability is

cp =
Po

2VDSMAXIDSMAX

=
ViIi

2VDSMAXIDSMAX

=
1

2π
≈ 0.1592 (4.50)

4.4 class e inverters

The Class E Inverter was introduced by the Sokals in 1975 [71]. It consists of a single

switch and a double-tuned output load network that contains a parallel and series

tuned LC tank. Not only can the Class E inverter operate at ZVS, the voltage across

the switch has a zero slope at the instant at which it is turned ON. This is referred to as

zero-voltage derivative switching (ZVDS). Due to this feature, the switch can be ‘softly’

switched ON and that leads to less switching losses allowing the inverter to operate

efficiently in the MHz region. The Class E Inverter is also capable of delivering more

power to a load compared to other inverters. This makes it suitable to drive weekly

coupled inductive links since they require high driving currents.

This section will provide an extensive review on the different configurations of the

Class E inverter. Detailed mathematical analysis and performance investigation will
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Fig. 4.10: Basic configuration of a current-fed Class E ZVS and ZVDS inverter

be performed on each configuration. Class E inverters are generally more complex

to analyse than other inverter classes such as Class D. Two analysis approaches are

often used; the analytical approach and the state-space representation approach. The

analytical approach is limited to a certain operating region and is based on several

assumptions. However, it can give an early insight on the inverter’s behaviour. The

majority of the analysis of Class E inverters that can be found in the literature is

based on the analytical approach. An extensive analysis of Class E inverters using the

analytical approach can be found in [58, 70] and the references therein. The state-space

representation approach may require complex matrix manipulation and a numerical

solver. However, it can cover a wider operating range and is more accurate than the

analytical approach. Both approaches will be considered in this section.

4.4.1 The Class E ZVS and ZVDS Inverter

Fig. 4.10 shows the basic configuration of a Class E ZVS and ZVDS inverter. The circuit

consists of one low-side switch with its source terminal grounded thus simplifying the

gate driving circuitry. The circuit also consists of four passive elements. Inductance

Lf is referred to as the DC-feed inductance. For this particular configuration, it is

assumed that the DC-feed inductance is large enough such that current flowing in it

is a DC current. Capacitor C1 is referred to as the shunt capacitor. Capacitor C2 and

inductor L form a series resonant network and RL represents the load resistance. If the

Class E inverter is used as a coil driver, then inductance L can represent the inductance

of the primary coil of the inductive link and RL can represent the reflected impedance.

This configuration is the only Class E configuration that has been used in inductive

links [51, 53, 67, 72–77]

Fig. 4.11 shows an equivalent circuit which will be used for the analysis. The opera-

tion of interest is only under optimum switching conditions which are ZVS and ZVDS.
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Fig. 4.11: Equivalent circuit of the basic Class E inverter

Assuming the switch is turned ON at ωt = 0, the optimum switching conditions can

be described by

VDS(0) = 0 (4.51)

dVDS(ωt)

dωt ωt=0
= 0. (4.52)

The analysis is performed under the following assumptions:

• The switch is an ideal switch with a zero ON resistance.

• The DC-feed inductance (Lf) is large enough such that current flowing in it is a

DC current.

• The loaded quality factor (QL) of the output network consisting of L, C2 and RL
is higher than 5 such that the current flowing through it can be assumed to be

sinusoidal [78].

• The duty cycle of the switching signal is at 50%.

The current Io flowing through the output network is sinusoidal and is given

by

Io = imsin(ωt+φ) (4.53)

where im is the amplitude of the output current and φ is its phase with reference to

switching signal. Applying KCL on the switch’s drain node results in the following

equation

Ii + Io = IDS(ωt) + IC1(ωt) (4.54)

where Ii is the DC current of the DC-feed inductance, IDS is the switch’s drain current

and IC1 is the shunt capacitance’s (C1) current. Based on the switching signal, the

switch is assumed to be ON in the period 0 6 ωt < π and OFF in the period π 6 ωt <

2π. During the first period 0 6 ωt < π , the switch is ON therefore

VDS(ωt) = 0 (4.55)

IC1(ωt) = 0. (4.56)
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The switch’s drain current is given by

IDS(ωt) = Ii + imsin(ωt+φ). (4.57)

During the second period π 6 ωt < 2π, the switch is OFF therefore

IDS(ωt) = 0. (4.58)

The current through the shunt capacitor C1 is given by

IC1(ωt) = Ii + imsin(ωt+φ). (4.59)

The voltage across the switch is equal to

VDS(ωt) =
1

ωC1

∫2π
π

IC1(ωt)dωt =
1

ωC1

∫2π
π

[Ii + imsin(ωt+φ)]dωt (4.60)

1

ωC1
(Ii(ωt− π) − im(cos(ωt+φ) + cosφ)). (4.61)

Applying the ZVS condition (VDS(2π) = 0) in Eq. 4.61 results in

im =
Iiπ

2cosφ
. (4.62)

By substituting Eq. 4.62 in Eq. 4.57, the switch’s current can be written as

IDS(ωt) = Ii − Ii
π

2cosφ
sin(ωt+φ) for 0 6 ωt < π. (4.63)

Similarly, by substituting Eq. 4.62 in Eq. 4.59, the current through the parallel capacitor

can be written as

IC1(ωt) = Ii − Ii
π

2cosφ
sin(ωt+φ) for π 6 ωt < 2π. (4.64)

Using Eq. 4.62, Eq. 4.61 becomes

VDS(ωt) =
Ii
ωC

(
ωt−

3π

2
−

π

2cosφ
[cos(ωt+φ)]

)
for π 6 ωt < 2π. (4.65)

Applying the ZVDS condition (dVDS/dωt = 0 at ωt = 2π) in Eq. 4.65, the following

equation is obtained

tanφ = −
2

π
(4.66)

from which φ is approximately is

φ ≈ −0.5669 rad = −32.48°. (4.67)

Equation 4.62 then becomes

im = −

√
π2 + 4

2
Ii ≈ −1.8621Ii. (4.68)



4.4 class e inverters 83

Since the DC voltage across the choke is always zero, the input voltage supplied to the

inverter Vi is equal to the average value of the switch’s drain voltage

Vi =
Ii

2πωC1

∫2π
0

VDS(ωt)dωt =
Ii
2π

∫2π
π

(
ωt−

3π

2
−

π

2cosφ
[cos(ωt+φ)]

)
dωt.

(4.69)

Substituting Eq. 4.66 in Eq. 4.69

Ii = πωC1Vi (4.70)

consequently,

im = −

√
π2 + 4

2
πωC1Vi. (4.71)

Rewriting the current and voltage equations and normalising them by dividing by Vi
and Ii respectively

IDS(ωt)

Ii
=

1+
√
π2 + 4

2
sin(ωt+φ) for 0 6 ωt < π

0 for π 6 ωt < 2π

(4.72)

IC1(ωt)

Ii
=

0 for 0 6 ωt < π

1+

√
π2 + 4

2
sin(ωt+φ) for π 6 ωt < 2π

(4.73)

Io(ωt)

Ii
=

√
π2 + 4

2
sin(ωt+φ) (4.74)

VDS(ωt)

Vi
=


0 for 0 6 ωt < π

π

(
ωt−

3π

2
−
π

2
cosωt− sinωt

)
for π 6 ωt < 2π

. (4.75)

The maximum current in the switch is determined by differentiating Eq. 4.72 and

setting it to zero

dIDS(ωt)

dωt
= −Ii

√
π2 + 4

2
cos(ωt+φ) = 0. (4.76)

By solving the above equation the time at which peak of the switch’s current occurs at

is

ωtIDS(MAX) =
3π

2
−φ ≈ 2.138 rad = 122.48° (4.77)

and the normalised maximum value of the switch’s current is

IDS(MAX) = Ii

(√
π2 + 4

2
+ 1

)
≈ 2.862Ii. (4.78)
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Fig. 4.12: Circuit representation of the output network

Similarly, the maximum voltage across the switch is determined by differentiating

Eq. 4.75 and setting it to zero

VDS(ωt)

dωt
= πVi

(
1+

π

2 cosφ
sin(ωt+φ)

)
= 0. (4.79)

By solving the above equation the time at which peak of the switch’s voltage occurs at

is

ωtVDS(MAX) = 3π− 2φ ≈ 4.275 = 244.96° (4.80)

and the normalised maximum value of the switch’s voltage is

VDS(MAX) = 2π(π−φ)Vi ≈ 3.562Vi. (4.81)

To continue with the analysis, the impedance of the output network has to be cal-

culated. The output network can be represented as shown in Fig. 4.12. It consists of

the load resistance RL, an inductor capacitor pair that are in resonance at the switch-

ing frequency and an unknown impedance jωX. The current in the output network

is sinusoidal but the voltage across it is not sinusoidal. The voltage across the series

resonant inductor capacitor pair is zero and the voltage across the load resistance is

vR(ωt) = −imRLsin(ωt+φ) = −vmsin(ωt+φ). (4.82)

The voltage across the unknown impedance is

vX(ωt) = −imωXcos(ωt+φ) = vxmcos(ωt+φ). (4.83)

Since the current in the output network is sinusoidal, the sum of the voltages across

the load and the unknown impedance is equal to the fundamental component of the

switch’s drain voltage

VDS1(ωt) = vR + vX = vmsin(ωt+φ) + vxmcos(ωt+φ). (4.84)
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By using Fourier trigonometric series formula, the amplitude of the voltages across

the load and the unknown impedance are equal to

vm = imRL =
1

π

∫2π
0

VDS(ωt)sin(ωt+φ)dωt (4.85)

=
1

π

∫2π
π

Viπ

(
ωt−

3π

2
−

π

2cosφ
cos(ωt+φ)

)
sin(ωt+φ)dωt

=
4√
π2 + 4

Vi ≈ 1.074Vi (4.86)

vxm = imωX =
1

π

∫2π
0

VDS(ωt)cos(ωt+φ)dωt (4.87)

=
1

π

∫2π
π

Viπ

(
ωt−

3π

2
−

π

2cosφ
cos(ωt+φ)

)
cos(ωt+φ)dωt

=
π(π2 − 4)

4
√
π2 + 4

Vi. (4.88)

From Eq. 4.86, the power delivered to the load is

Po =
1

2

v2m
RL

=
8

π2 + 4

V2i
RL

(4.89)

and the power-output capability is

cp =
Po

VDS(MAX)IDS(MAX)

=
ViIi

VDS(MAX)IDS(MAX)

=
1

π(π−φ)
√
π2 + 4+ 2

≈ 0.0981. (4.90)

The optimum values of the components of the Class E inverter can now be calculated.

Using Eq. 4.62 and Eq. 4.86 the value of the shunt capacitor C1 is

C1 =

4√
π2 + 4

Vi

π2 + 4

2
πωRLVi

=
8

π(π2 + 4)ωRL
≈ 0.1836

ωRL
. (4.91)

Likewise, using Eq. 4.62 and Eq. 4.88 the unknown impedance jωX is

ωX =
vxm

im
=

π(π2 − 4)

4
√
π2 + 4

Vi

π2 + 4

2
πωC1Vi

=
π2 − 4

2(π2 + 4)ωC1
(4.92)

and the inductance X is

X =
π2 − 4

2(π2 + 4)ω2C1
≈ 0.2116
ω2C1

. (4.93)

The value of the resonant inductor is

L =
QLRL
ω

. (4.94)

Using Eq. 4.91 and Eq. 4.93 the value of capacitor C2 is

C2 =
1

ω(QLRL −ωX)
≈ 1

ωRL(QL − 1.1525)
. (4.95)
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Using Eq. 4.91 and Eq. 4.70 the DC input current can be written as

Ii =
8

π2 + 4

Vi
RL
≈ 0.5768 Vi

RL
(4.96)

From Eqs. 4.72-4.75, the voltage and current waveforms can be plotted and are shown

in Fig. 4.13.
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Fig. 4.13: Normalised voltage and current waveforms associated with the Class E operating at
optimum switching conditions
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4.4.2 Class E push-pull ZVS and ZVDS Inverter

Similar to Class D push-pull inverters, a Class E push-pull inverter can be constructed

by using two identical Class E inverters as shown in Fig. 4.14a. Switches Q1 and Q2
are switched in a complementary manner. The output current (Io) in the Class E push-

pull is twice the output current of the single Class E inverter. Therefore, the output

power is quadrupled.

The principle of operation and analysis of the Class E push-pull inverter is exactly

the same as the single Class E inverter [79]. Therefore, the assumptions and the design

equations in the previous section can be applied here. The Class E push-pull inverter

can be represented by two separate and identical circuits as shown Fig. 4.14b. It can

be seen that the equivalent circuit is the same as that of the single Class E inverter

of Fig. 4.11. Due to the push-pull operation, the impedances of the load network

consisting of RL, L and C2, in addition to the input and output currents, for each

equivalent circuit are now halved. Using Eqs. 4.91 and 4.95, the values of capacitors C1
and C2 are

C1 = 2×
8

ωRLπ(π2 + 4)
≈ 2× 0.1836

ωRL
=
0.3672
ωRL

(4.97)

C2 =
1

2
× 1

ω(QLRL −ωX)
≈ 1

ω2RL(QL − 1.1525)
. (4.98)

From Eq. 4.96, the sum of the DC input currents to the two equivalent circuits repre-

sents the DC input current to the push-pull inverter, i.e.

Ii = 2× 2×
8

π2 + 4

Vi
RL
≈ 2.3072 Vi

RL
. (4.99)

Consequently the total output power of the Class E push-pull inverter is

Po = Pi =
32

π2 + 4

V2i
RL
≈ 2.3072V

2
i

Rl
(4.100)

which is four times more than that of a single Class E inverter at the same-power

output capability which is given in 4.90. The power-output capability is

cp =
Po

2VDS(MAX)IDS(MAX)

=
ViIi

VDS(MAX)IDS(MAX)

=
1

π(π−φ)
√
π2 + 4+ 2

≈ 0.0981. (4.101)

4.4.3 Class E Inverter with Finite DC-feed Inductance

In the basic configuration of the Class E inverter shown in Fig. 4.10, the DC-feed induc-

tance Lf was assumed to be large enough, or infinite, such that the current in it is a DC
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Fig. 4.14: The Class E ZVS and ZVDS push-pull inverter
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Fig. 4.15: Equivalent circuit of the Class E inverter with finite DC-feed inductance

current. It is possible to use a finite DC-feed inductance as described in [80–82]. This

allows the Class E inverter to operate over a larger load range with a broader output

power capability. In this section, the effect of using a finite DC-feed inductance on the

performance of the basic Class E inverter is investigated. The Class E inverter with

finite DC-feed inductance was first used in inductive links in this research [73].

The same assumptions that were applied in the analysis of the basic Class E con-

figuration will be applied here. Fig. 4.15 shows an equivalent circuit of the Class E

inverter with a finite DC-feed inductance. Applying KCL at the switch’s drain node

results in the following equation

ILf(ωt) = IDS(ωt) + IC1(ωt) + Io(ωt). (4.102)
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Similarly, applying KVL at the switch’s drain node results in the following equa-

tion

Vi − VDS(ωt) = VLf(ωt) = ωLf
dILf(ωt)

dωt
. (4.103)

For the period 0 6 ωt < π, the switch is ON, therefore

VDS(ωt) = 0 (4.104)

IC1(ωt) = 0 (4.105)

VLf(ωt) = Vi = ωLf
dILf(ωt)

ωt
. (4.106)

The DC-feed inductor’s current is

ILf(ωt) =
1

ωLf

∫ωt
0

Vidωt+ ILf(0) =
Vi
ωLf

ωt+ ILf(0). (4.107)

The switch’s drain current is given by

IDS(ωt) = ILf(ωt) − Io(ωt) = ILf(ωt) − im sin(ωt+φ). (4.108)

Since the switch’s drain current is zero before it is switched ON, the initial value of

the DC-feed inductor’s current is

IDS(0) = ILf(0) − im sinφ. (4.109)

Hence,

ILf(0) = im sinφ. (4.110)

Therefore Eq. 4.107 and Eq. 4.108 become

ILf(ωt) =
Vi
ωLf

ωt+ im sinφ for 0 6 ωt < π (4.111)

and

IDS(ωt) =
Vi
ωLf

ωt− im[sin(ωt+φ) − sinφ] for 0 6 ωt < π (4.112)

respectively. For the period π 6 ωt < 2π, the switch is switched OFF, therefore

IDS(ωt) = 0. (4.113)

The voltage across the DC-feed inductor is

VLf(ωt) = Vi − VDS(ωt) = ωL
dILf(ωt)

dωt
. (4.114)

The current through the parallel capacitor can found by differentiating Eq. 4.114

IC1(ωt) = −ωC
dVDS(ωt)

dωt
= ω2LfC1

d2ILf(ωt)

dωt2
. (4.115)
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According to Eq. 4.102, the DC-feed inductor’s current is

ILf(ωt) = IC1(ωt) + Io(ωt) = im sin(ωt+φ) −ω2LfC1
d2ILf(ωt)

dωt2
. (4.116)

Rearranging the above equation and normalising with respect to im

ω2LfC1
d2
ILf
im

(ωt)

dωt2
+
ILf
im

(ωt) − sin(ωt+φ) = 0. (4.117)

Equation 4.117 is a linear non-homogeneous second-order differential equation which

has the following general solution

ILf
im

(ωt) = α sin(qωt) +β cos(qωt) +
q2 sin(ωt+φ)

q2 − 1
, q 6= 1 (4.118)

where

q =
1

ω
√
LfC1

(4.119)

and the coefficients α and β are to be determined from the initial conditions of the ON

period, i.e.

ILf(π
+) = ILf(π

−) =
Viπ

ωLf
+ im sinφ (4.120)

and

iLf(π
+)

dωt
=
iLf(π

−)

dωt
=

Vi
ωLf

. (4.121)

Normalising the initial conditions with respect to im

ILf
im

(π+) =
π

p
+ sinφ (4.122)

i ′Lf
im

(π+) =
1

p
(4.123)

where

p =
ωLfim

Vi
. (4.124)

Consequently the coefficients α and β are:

α =
1

q2 − 1

(
q cos(qπ) cosφ+ (2q2 − 1) sin(qπ) sinφ

)

+
π

p
sin(qπ) +

1

qp
cos(qπ), q 6= 1 (4.125)

β =
1

q2 − 1

(
−q sin(qπ) cosφ+ (2q2 − 1) cos(qπ) sinφ

)

+
π

p
cos(qπ) −

1

qp
sin(qπ), q 6= 1. (4.126)
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Using Eqs. 4.114 and 4.124, the normalised voltage across the switch with respect to

the input voltage is

VDS(ωt)

Vi
= 1− p

d
ILf
im

(ωt)

dωt

= 1−αqp cos(qωt) +βqp sin(qωt) −
q2p

q2 − 1
cos(ωt+φ), q 6= 1. (4.127)

For the specific case when q = 1, which occurs when the circuit of the DC-feed induc-

tance Lf and the shunt capacitor C1 is tuned to the switching frequency, the DC-feed

inductor’s current is derived by substituting q = 1 in Eq. 4.118 and resolving the

differential equation with the initial conditions defined in Eqs. 4.122 and 4.123. The

following equation is produced

iLf
im

(ωt) =
1

2

(
sinφ cosφ+ π cos(ωt+φ)ωt cos(ωt+φ)

)

− sinφ cos(ωt) −
1

p

(
sin(ωt) + π cos(ωt)

)
, q = 1 (4.128)

and the normalised voltage across the MOSFET is

vDS(ωt)

Vi
=−

3p

2
sinφ sin(ωt) +

p

2
(π−ωt) sin(ωt+φ)

+ cos(ωt) − π sin(ωt) + 1, q = 1. (4.129)

The DC supply current is found by averaging the DC-feed inductor’s current over the

period 0 to 2π which is also equal to average of the switch’s current,

Ii =
1

2π

∫2π
0

ILf(ωt)dωt =
1

2π

∫π
0

IDS(ωt)dωt (4.130)

=
1

2π

∫2π
0

(
Vi
ωLf

ωt− im[sin(ωt+φ) − sinφ]
)
dωt

=
im

2π

∫π
0

(
1

p
ωt− sin(ωt+φ) + sinφ

)
dωt

=
im

2π

(
π2

2p
− 2 cosφ+ π sinφ

)
. (4.131)

In an ideal Class E inverter there are no losses in the circuit, therefore all the power

supplied by the power source is consumed in the load RL, thus

Pin = Pout

ViIi =
vR
2

2RL
=
1

2
im
2RL. (4.132)

Rearranging the above equation and using Eq. 4.131

vR
Vi

=
2Ii
im

=
1

π

(
π2

2p
− 2 cosφ+ π sinφ

)
. (4.133)

Therefore the DC resistance seen by the voltage source is

RDC =
Vi
Io

= RL

/ 1

2π2

(
π2

2p
− 2 cosφ+ π sinφ

)2
. (4.134)
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Fig. 4.16: The solved optimum parameters p and φ versus q

The normalised DC-feed inductor and the parallel capacitor with respect to the load

resistance can be defined using Eqs. 4.119, 4.124 and 4.133 as

ωLf
RL

= p
/( π

2p
−
2

π
cosφ+ sinφ

)
(4.135)

ωC1RL =
RL

q2ωLf
. (4.136)

Substituting the ZVS and ZVDS conditions (i.e. VDS = 0 and dVDS/dωt = 0 at

ωt = 2π) in Eq. 4.127 results in the following two equations

1−Aqp cos(2πq) +Bqp sin(2πq) −
q2p

q2 − 1
cosφ = 0, q 6= 1 (4.137)

Aq2p sin(2πq) +Bq2p cos(2πq) +
q2p

q2 − 1
sinφ = 0, q 6= 1. (4.138)

Equations 4.137 and 4.138 can be solved numerically as a function of q. Fig. 4.16 shows

solved values of p and φ. Appendix A.1.1 includes the MATLAB code to be obtain

these solutions The value of the residual impedance is

X =
vxm

im
= RL

vxm

vm
. (4.139)

Therefore the normalised residual impedance is

X

RL
=
vxm

vm
(4.140)

where vm and vxm are the first two quadrature Fourier components given in Eqs. 4.85 and 4.87.

The value of the resonant inductor L is

L =
QLRL
ω

(4.141)

and the value of capacitance C is

C =
1

ω2L
. (4.142)

Therefore the actual value of capacitor C2 is

C2 =
1

ω(QLRL −ωX)
. (4.143)
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Using Eqs. 4.135, 4.136 and 4.140, the normalised impedances of Lf, C1 and X can be

plotted against q as shown in Fig. 4.17.
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Fig. 4.17: The calculated normalised impedances versus q.

Finally, the normalised voltages and normalised currents of the inverter for both

ON and OFF periods can be written as

IDS(ωt)

Ii
=


2π

1

p
ωt− sin(ωt+φ) + sinφ

π2

2p
− 2 cosφ+ π sinφ

for 0 6 ωt < π

0 for π 6 ωt < 2π

(4.144)
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ILf(ωt)

Ii
=



2π

1

p
ωt+ sinφ

π2

2p
− 2 cosφ+ π sinφ

for 0 6 ωt < π

2π

A sin(qωt) +B cos(qωt) +
q2 sin(ωt+φ)

q2 − 1

π2

2p
− 2 cosφ+ π sinφ

, q 6= 1 for π 6 ωt < 2π

2π

1

2

(
sinφ cosφ+ π cos(ωt+φ)ωt cos(ωt+φ)

)
...

π2

2p
− 2 cosφ+ π sinφ

,

... − sinφ cos(ωt) −
1

p

(
sin(ωt) + π cos(ωt)

)
, q = 1 for π 6 ωt < 2π

(4.145)

Io(ωt)

Ii
=

2π

π2

2p
− 2 cosφ+ π sinφ

sin(ωt+φ) (4.146)

VDS(ωt)

Vi
=



0 for 0 6 ωt < π

1−Aqp cos(qωt) +Bqp sin(qωt)

−
q2p

q2 − 1
cos(ωt+φ),q 6= 1 for π 6 ωt < 2π

−
3p

2
sinφ sin(ωt) +

p

2
(π−ωt) sin(ωt+φ)

+ cos(ωt) − π sin(ωt) + 1,q = 1 for π 6 ωt < 2π

.

(4.147)

The maximum values of the voltage and current of the switch can be obtained by dif-

ferentiating Eq. 4.144 and Eq. 4.147 and setting the derivatives equal to zero. Fig. 4.18

shows the maximum values of the voltage and current of the switch in addition to

the power output capability as a function of q. The dashed lines represents the values

when q = 0 which corresponds to an infinite DC-feed inductance. When q = 0 the in-

verter becomes the basic Class E inverter described previously. The values in Fig. 4.18

were obtained using Chebfun2 and the code is included in Appendix A.1.1.

Referring to Figs. 4.17 and 4.18, a particular operating point of interest is when

q = 1.412. At this point, the switching frequency is equal to the resonant frequency of

the load network since the residual impedance X is zero. Also, the inverter’s output

power is at a maximum and the current stress in the switch is at its lowest resulting

in lower ohmic losses in the switch, thereby increasing the efficiency. The range when

q > 1.412 is not recommended to operate at since the inverter delivers less power at

higher voltage and current stresses resulting in poor efficiencies.
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Fig. 4.18: Calculated parameters showing the inverter’s performance as a function of q

The optimum normalised impedances in Fig. 4.17 can be represented by an ap-

proximated set of analytical equations to simplify the design process. By using the

MATLAB Curve Fitting toolbox, the following set of equations were obtained

ωLf
RL

(q) = aebq + cedq + eefq (4.148)

ωRC1(q) =
aq3 + bq2 + cq+ d

q2 + eq+ f
(4.149)

X

RL
(q) =

aq+ b

q2 + cq+ d
. (4.150)

The values of the coefficients a to f are shown in Table. 4.1. The residual plots are

shown in Fig. 4.19 compared with the residuals of another proposed set of equation

in [83].

4.4.4 State-space Modelling

In this section, a state-space modelling approach will be taken to analyse the basic

configuration of the Class E inverter that was shown in Fig. 4.10. The analytic ap-

proach used previously was mainly based on the assumptions that the duty cycle of
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Table 4.1: Values of the coefficients for Eqs. 4.148-4.150

ωLf
RL

ωRC1
X
RL

a 1.7294× 103 −23.5985× 10−3 −17.7797

b −13.2617 154.1969× 10−3 25.1152

c 34.7455× 10−6 −415.9449× 10−3 −11.2378

d 5.7554 424.6084× 10−3 20.6048

e 98.6020 −3.1012 -

f −3.5552 2.4996 -
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Fig. 4.19: Residual plots of Eqs. 4.148-4.150

the switching frequency is 0.50 and the loaded quality factor of the output network is

large. Although the analytical approach can be used to analyse the Class E inverter for

different duty cycles and low or finite quality factors, it can be very complicated and

can become less intuitive as can be seen in [84]. The state-space modelling approach

with the aid of a computer provides a more accurate analysis and can simplify the

design process significantly. In addition, it allows Class E inverter to be analysed at

different duty cycles.
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Fig. 4.20: Equivalent circuit of the Class E inverter for state-space representation

Fig. 4.20 shows an improved equivalent circuit representation of the basic Class E

inverter that was initially shown in Fig. 4.10. The improvement lies in including a

resistor rQ to represent the resistance of the switch. Resistor rQ can be either equal to

the ON resistance of the switch when the switch is ON or the OFF resistance of the

switch when it is OFF. The equivalent circuit has two operating intervals depending on

the condition of the switch. The first interval, denoted by ON, represents the Class E

inverter when the switch is ON. The second interval, denoted by OFF, represents

the Class E inverter when the switch is OFF. Assuming that the Class E inverter is

operating at steady-state conditions., the ON and OFF intervals can be defined as

follows for each period of the switching signal

ON interval 0 6 ωt 6 2πD, rQ = rON

OFF interval 0 6 ωt 6 2π(1−D), rQ = rOFF

whereD is the duty cycle ratio defined as the ratio of turn ON time to the period of the

switching frequency of the switch gate drive signal. Resistors rON and rOFF represent

the ON and OFF resistances of the switch respectively. The equivalent circuit is a

piecewise linear system and can be described by the following general state-space

representation for the ON

ẋON(ωt) = AONx(ωt) +BONu(ωt) (4.151)

yON(ωt) = CONx(ωt) + ÐONu(ωt) (4.152)

and for the OFF interval

ẋOFF(ωt) = AOFFx(ωt) +BOFFu(ωt) (4.153)

yOFF(ωt) = COFFx(ωt) + ÐOFFu(ωt) (4.154)

where x is the state vector and contains the following four voltage and current state

variables

x(ωt) =




x1(ωt)

x2(ωt)

x3(ωt)

x4(ωt)



=




VDS(ωt)

vC2(ωt)

ILf(ωt)

Io(ωt)




. (4.155)
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and u(ωt) is unit step function defined as

u(ωt) =

1 ωt > 0

0 ωt < 0
. (4.156)

y is the output vector, C is the output matrix and Ð is the feedthrough matrix. Using

KVL and KCL, the following set of equations can be obtained

x3 =
x1
rQ

+ ẋ1ωC1 + x4 (4.157)

x4 = ẋ2ωC2 (4.158)

Vi = ẋ3ωLf + x1 (4.159)

x1 = x2 + ẋ4ωL+ x4RL (4.160)

Normalising the impedances with respect to RL, the current state variables with re-

spect to Ii and the voltage states variables with respect Vi, Eqs. 4.157-4.160 become

ẋn1 =
xn1

ωRLC1
rQ
RL

+
xn3

ωRLC1
−

xn4
ωRLC1

(4.161)

ẋn2 =
xn4

ωRLC2
(4.162)

ẋn3 = −
xn1
ωLf
RL

+
1
ωLf
RL

(4.163)

ẋn4 =
xn1
QL

−
xn2
QL

−
xn4
QL

(4.164)

where the subscript n denotes a normalised state variable and QL is the loaded quality

factor given in Eq. 4.4. Based on Eqs. 4.161-4.164, the normalised A, B, C and Ð

matrices for both ON and OFF intervals are given by

AON =




1

ωRLC1
rON
RL

0 1
ωRLC1

− 1
ωRLC1

0 0 0 1
ωRLC2

− 1
ωLf
RL

0 0 0

1
QL

− 1
QL

0 − 1
QL




(4.165)

AOFF =




1

ωRLC1
rOFF
RL

0 1
ωRLC1

− 1
ωRLC1

0 0 0 1
ωRLC2

− 1
ωLf
RL

0 0 0

1
QL

− 1
QL

0 − 1
QL




(4.166)

BON = BOFF = B =




0

0

1
ωLf
RL

0




(4.167)
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CON = COFF = C =




1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1




(4.168)

ÐON = ÐOFF =




0

0

0

0




. (4.169)

The general solution to Eqs. 4.151 and 4.152 is given by

x(ωt) = xn(ωt) + xf(ωt). (4.170)

Function xn is the natural response matrix, or the zero-input response matrix, and is

equal to

xn(ωt) = e
Aωtx(0) (4.171)

where e is the matrix exponential function and x(0) is the initial condition matrix.

Function xf is the forced response matrix, or the zero-state response matrix, and is

equal to

xf(ωt) =

∫τ
0

eA(ωt−τ)Bu(τ)dτ = A−1
(
eAωt − I

)
B. (4.172)

where I is the 4×4 identity matrix and e is the matrix exponential function. The initial

condition matrix x(0) can be determined by applying the continuity conditions of the

voltages across C1 and C2 and the currents in Lf and L as the inverter transitions from

the ON interval to the OFF interval and from the OFF interval to the ON interval as

follows

xON(0) = xOFF(ωt)

∣∣∣∣
ωt=2π(1−D)

(4.173)

xOFF(0) = xON(ωt)

∣∣∣∣
ωt=2πD

. (4.174)

It is noted that the state-space equations (Eqs. 4.161-4.164) and the general solution

equation (Eq. 4.170) represent a periodic system. By substituting Eqs. 4.171-4.174

in 4.170, the initial conditions for all periods of the switching signal are equal to

xON(2πm)

xOFF(2πm)


 =


−e

AON2πD I

I −eAOFF2π(1−D)



−1

.


 A−1

ON (eAON2πD − I)

A−1
OFF(e

AOFF2π(1−D) − I)


B for m = 0, 1, 2, ...

(4.175)
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For optimal switching conditions, the initial conditions of the following states for all

periods of the switching signal should be

x1ON(2πm) = 0 for m = 0, 1, 2, ... (4.176)

x3ON(2πm) − x4ON(2πm) = 0 for m = 0, 1, 2, ... (4.177)

Eq. 4.176 corresponds to the ZVS condition whereas Eq. 4.177 corresponds to the ZVDS

condition. Eqs. 4.176-4.177 allow for two unknown parameters to be solved for. In or-

der to compare the state-space analysis approach with the analytical analysis approach,

the two unknown parameters that will be solved, for a given D and QL, are ωRLC1
and ωRLC2. Fig. 4.21 shows several numerically calculated parameters of the basic

Class E inverter. It was assumed that the DC-feed inductance is very large (≈∞), rON

is very small (≈ 0), rOFF is very large (≈ ∞) and the duty cycle is 0.50. Also shown

are the same parameters that were obtained using the closed form equations of the

analytical approach in Sec. 4.4.1 for comparison. It can be seen that the parameters

that were calculated numerically via the state-space approach converges to those of

the analytical approach at higher QL values. The state-space modelling approach also

shows the parameters for lower QL values which cannot be obtained using the closed-

form equations of the analytical approach since it is only limited to higher QL values.

The MATLAB code for obtaining these parameters is in Appendix A.1.2.

4.4.5 Sub-optimum Operation

In the previous sections, the Class E inverter was analysed for optimum switching

conditions. The normalised values of its components, mainly ωRLC1 and ωRLC2,

were calculated to satisfy the ZVS and ZVDS conditions. These values are only valid

for a certain load resistance. In many applications, and specifically in inductive links,

the resistance representing load is not constant and will vary over a certain range while

the Class E inverter is operating. Therefore, the Class E inverter will no longer operate

at its optimum switching conditions. However, the Class E inverter can still achieve

a 100% theoretical efficiency by achieving only ZVS. In this case the Class E inverter is

said to be operating at a sub-optimum switching condition. The load resistance range

at which the Class E inverter operates in its sub-optimum switching condition is given

by [85]

0 6 RL 6 RLopt (4.178)

The criteria in Eq. 4.178 could be represented as

0 6 s 6 1 (4.179)

where

s =
RL
RLopt

. (4.180)
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Fig. 4.21: Variation of normalised values and parameters with QL

Operating at a sub-optimum condition means that the Class E inverter cannot achieve

ZVDS. Therefore, the current in the switch could be either negative or positive when

the switch is turned ON. As a result, the Class E inverter behaves much like a Class D

inverter. The criteria in Eq. 4.178 was reached using an analytical approach [85]. Al-

though it is useful in terms of determining the load range for lossless operation, it does

not show how the variation in load resistance affects the parameters of the Class E in-

verter such as maximum voltage and current of the switch, in addition to the output

power capability. There hasn’t been an attempt to provide a clear general characteriza-

tion of the variation in load resistance on the performance of the Class E inverter since

the criteria was first published in 1986.
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The state-space modelling approach presented in Sec. 4.4.4 can be used to provide

further insight on the performance of the Class E inverter operating in a sub-optimum

switching condition. In order to achieve this, the normalised A matrices in Eqs. 4.165-

4.167 become

AON =




1

ωRLoptC1
rON
RLopt

0 1
ωRLoptC1

− 1
ωRLoptC1

0 0 0 1
ωRLoptC2

− 1
ωLf
RLopt

0 0 0

1
Qopt

− 1
Qopt

0 − s
Qopt




(4.181)

AOFF =




1

ωRLoptC1
rOFF
RLopt

0 1
ωRLC1

− 1
ωRLoptC1

0 0 0 1
ωRLoptC2

− 1
ωLf
RLopt

0 0 0

1
Qopt

− 1
Qopt

0 − s
Qopt




(4.182)

BON = BOFF = B =




0

0

1
ωLf
RLopt

0




(4.183)

where the Qopt is the loaded quality factor for the optimum load resistance, i.e.

Qopt =
ωL

RLopt

(4.184)

Since in most cases the Class E inverter is initially designed to operate at optimum

load resistance, the values of C1 and C2 are those that will result in optimum operation.

Following the analysis in the previous section, for sub-optimal operation to occur, only

the initial condition given in Eq. 4.173 is valid. This allows for only one parameter

to be solved for. In fact, the only parameter that could be solved is the duty cycle

since all other parameter and component values are known for the optimum switching

conditions case.

Fig. 4.22 shows how the performance of Class E inverter is affected as the load

changes from zero to RLopt for several values of Qopt. The duty cycle, maximum switch

voltage and output current increase as the load resistance decreases towards zero,

whereas the power-output capability increases as the load resistance increases towards

RLopt. Although it may seem that operating the Class E inverter in a at sub-optimum

switching condition may be preferred since it delivers more power, the increasing
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Fig. 4.22: Variation of normalised values and parameters with load resistance

voltage stresses of the switch may practically limit the amount of power that can be

delivered to the load and may result in lower efficiencies. Appendix A.1.3 includes the

MATLAB code to obtain these plots. Fig. 4.23 show the voltage and current waveforms

of the switch for two different load values at Qopt = 10. It can be seen that the peaks

of the switch’s voltage and current increase as the load resistance decreases from its

optimum value to 75% and then to 25%. The fact that the duty cycle increases with a
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Fig. 4.23: Voltage and current waveforms of the switch for Qopt = 10

decreasing load resistance does not necessarily mean that the actual duty cycle of the

switching signal to the switch should be varied. If the switch is a MOSFET, then its

body diode will conduct once the MOSFET’s voltage crosses zero volts. Therefore the

actual duty cycle of the switching could remain at 0.50, therefore simplifying the gate

driving circuitry.

4.5 other classes and configurations

As stated in the beginning of this chapter, the majority of the inverters that have

been used as primary coil drivers in inductive links have been either Class D or

Class E. Other classes or configurations of inverters can still be used as primary coil

drivers, however they may not be as powerful and efficient as Class D or Class E.

This section provides a brief review of certain inverters that are similar in operation to

Class D and Class E inverters and discusses their suitability to be used as primary coil

drivers.
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Fig. 4.24: The Class E ZCS and ZDCS inverter

4.5.1 Class E Current-switching Inverter

Fig. 4.24 show the circuit diagram of a Class E current-switching inverter in its simplest

form [86]. The construction of the inverter is similar to that of a Class E voltage-

switching inverter. However it achieves ZCS and ZDCS conditions rather than ZVS

and ZDVS conditions. The DC-feed inductance in Class E current-switching inverters

is always finite, therefore its value has an effect on the inverter’s performance. The

load network consists of a series resonant network. The inductor L could represent the

inductance of the primary coil of an inductive link and resistor RL could represent the

reflected resistance. The inverter is usually operated at a switching frequency below

the resonant frequency of the load network.

The Class E current-switching inverter has a theoretical efficiency of 100%, however

practical issues, such as switch output capacitance and parasitics in the board layout,

can affect its performance and prevent it from achieving a high efficiency. The inverter

is more prone to damage if the ZCS condition is not met since large voltage spikes

could occur across the switch [58].

The output power of the Class E current-switching is given by [58]

Po =
8

π2(π2 + 4)

V2i
RL
≈ 0.05844V

2
i

RL
(4.185)

which is about ten times less than that of a basic Class E voltage-switching inverter.

Therefore it can be concluded that the Class E current-switching inverter may not be

suitable to be used as a primary coil driver due to its low output power capability and

low practical efficiency.
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Fig. 4.25: The Class DE inverter

4.5.2 Class DE Inverters

Class DE inverters join Class D and Class E inverter together by providing the benefits

of each class in one inverter [58]. Fig. 4.25 shows the circuit diagram of a basic Class DE

inverter. The maximum voltages across the switches is the same as that of a basic

voltage switching Class D inverter. The addition of capacitors in parallel with the

switches allows it to operate at ZVS and ZDVS conditions similar to a Class E inverter.

The load network consists of a series resonant network. The inductor L could represent

the inductance of the primary coil of an inductive link and resistor RL could represent

the reflected resistance.

In Class DE inverters the switches are switched ON in a complementary manner

with certain deadtime periods. This means that both switches could be OFF at a

certain time. Therefore the duty cycle of the switching signals is usually below 0.50.

Class DE inverters have a theoretical efficiency of 100% and practical implementations

could obtain efficiencies above 90%. The output power of a Class DE inverter is given

by [58]

Po =
1

2π2
V2i
RL
≈ 0.05066V

2
i

RL
(4.186)

which is about ten times less than that of a basic Class E voltage-switching inverter.

Therefore it can be concluded that this inverter can be used in low power inductive

links such as wireless power for medical implants. For it to be used high power

applications, the input voltage will have to be increased significantly which generally

may not be a practical solution.
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4.6 conclusions

This chapter presented a review of switched-mode resonant DC/AC inverters. The

main classes reported in literature that have been used in inductive links are Class D

and Class E. Both classes meet the requirements of inductive links in terms of power

and efficiency. Class D inverters have the lowest voltage and current stresses but

they consist of two or four switches, therefore component layout, heat dissipation and

gate driving circuity require further consideration. Whereas Class E inverters have

higher voltage and current stresses, however they can deliver more power and can only

consist of a single switch. In addition, the source terminal of the switch in a Class E

inverter is connected to ground therefore simplifies the gate driving circuitry.

Class D inverters are more tolerant to variations in the load; they can maintain

their efficient operation over a certain range above and below the nominal load value.

Whereas Class E inverters are less tolerant to variations in load; they can maintain

their efficient operation for load resistance values that are lower than their optimum

load value. In addition, the voltage and current stresses increase as the load resistance

decreases. Therefore a switch with a maximum voltage rating of at least four times

the input voltage may be required if the Class E inverter is to be operated in a sub-

optimum switching condition.

Power regulation in inductive links is an important issue, especially in applications

where the load and distance between the coils varies continuously. Neither Class D or

Class E inverters have good output regulation. For instance, as the coils of an inductive

links are brought closer to each other, the reflected impedance of the secondary coil

will increase and the output power of both classes will then decrease. If the coils are

further apart, the reflected impedance will decrease and the output power of both

classes will increase. In order to keep the output power of a Class D or a Class E

inverter relatively constant over a certain load range, certain control methods will have

to be introduced. For Class D inverters, output power can be controlled by adjusting

the frequency of the switching signal [60] or using phase control as mentioned in

Sec. 4.3.3. Controlling the output power of a Class E inverter can be done by varying

the switching frequency, however it is less dynamic and usually done on a trial and

error basis as performed in [85]. A novel control method for Class E inverters will be

presented in the following chapter that involves using saturable reactors.

Table 4.2 lists all the inverters that have been discussed in this chapter and provides

a comparison between them in terms of output power, maximum voltages and cur-

rents in each inverter, number of switches, power-output capability and power control

methods.
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Table 4.2: Summary and comparison between the resonant inverter classes and configurations

Inverter Class Output Power Max. Switch Max. Switch No. of Power-Output Power Control

Voltage Current Switches Capability cp Methods

Half-Bridge Class D ZVS

2V2i RL

π2R2L

[
1+

ω2L2

R2L

(
ω

ωo
−
ωo

ω

)2] ,

2V2i
π2RL

≈ 0.2026
V2i
RL

at ω =ωo

Vi
max=

2Vi
πRL

≈ 0.6366
Vi
RL

at ω =ωo
2

≈ 0.1592
at ω =ωo

PWM
DC supply

Push-Pull Class D ZVS
8V2i
π2RL

≈ 0.8106
V2i
RL

2Vi
4Vi
πRL

≈ 1.2732
Vi
RL

2

≈ 0.1592
at ω =ωo

-

H-Bridge Class D ZVS

8V2i RL

π2Z2o

[(
RL
Zo

)2
+

(
ω

ωo
−
ωo

ω

)2] ,

8V2i
π2RL

≈ 0.8106
V2i
RL

at ω =ωo

Vi
max=

4Vi
πRL

≈ 1.2732
Vi
RL

at ω =ωo
4

≈ 0.0796
at ω =ωo

PWM
Phase shift control
DC Supply

Class D ZCS
π2V2i
2RL

≈ 4.9348
V2i
RL

πVi ≈ 3.1416Vi
π2Vi
2RL

≈ 4.9348
Vi
RL

2

≈ 0.1592
at ω =ωo

-

Push-Pull Class D ZCS
π2V2i
2RL

≈ 4.9348
V2i
RL

πVi ≈ 3.1416Vi
π2Vi
4RL

≈ 2.4674
Vi
RL

2

≈ 0.1592
at ω =ωo

-

Class E ZVS & ZVDS
8V2i

(π2+ 4)RL
≈ 0.5768

V2i
RL

2π(π−φ)Vi

≈ 3.5619Vi
≈ 1.6508

Vi
RL

1 ≈ 0.0981 DC supply

Push-Pull
Class E ZVS & ZVDS

32V2i
(π2+ 4)RL

≈ 2.3072
V2i
RL

2π(π−φ)Vi

≈ 3.5619Vi
≈ 3.3016

Vi
RL

2 ≈ 0.0981 DC supply

Finite DC-Feed
Ind. Class E

max ≈ 1.365
V2i
RL

at q = 1.412

≈ 3.647Vi
at q = 1.412

≈ 3.6151
Vi
RL

at q = 1.412
1

≈ 0.1034
at q = 1.412

DC supply

Class E ZCS & ZDCS
8V2i

π2(π2+ 4)RL
≈ 0.05844

V2i
RL

(√
π2+ 4

2
+ 1

)
Vi

≈ 2.8621Vi

≈ 3.562Ii 1 ≈ 0.0981 DC supply

Class DE ZVS & ZVDS
V2i
2π2RL

≈ 0.0507
V2i
RL

Vi
Vi
πRL

≈ 0.3183
Vi
RL

2 - DC supply
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5
D E S I G N A N D O P T I M I Z AT I O N O F C L A S S E P R I M A RY C O I L

D R I V E R S

5.1 introduction

This chapter will discuss the application of Class E inverters as primary coil drivers in

inductive links. The chapter begins by modelling and analysing a system consisting

of a Class E ZVS and ZVDS inverter and the inductive link designed in Chapter 3.

Two different analysis approaches are considered; an analytical approach provides an

initial view on how the system operates under ideal assumptions, then a state-space

modelling approach is taken to provide a more accurate analysis of the system while

considering practical limitations and non-idealities. An investigation is performed on

how the Class E inverter’s performance is affected as the load and distance between

the coils of the inductive link are varied.

Based on the performed investigation, several tuning methods are suggested to

allow the Class E inverter to operate at optimum switching conditions over a wide

load range. The tuning methods will be derived based on the analytical and the state-

space analysis approaches. Extensive experimental results will be presented to show

the implementation of the proposed tuning methods.

5.2 modelling and analysis of an inductive link with a class e driver

5.2.1 Design

The Class E inverter was chosen as the primary coil driver due to its simplicity, high

efficiency and high power delivering capability as discussed in Chapter 4. Fig. 5.1

shows the circuit diagram of a Class E inverter driving an inductive link. The Class E
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Fig. 5.1: Class E inverter as the primary driver for an inductive link

inverter is the ZVS and ZVDS configuration discussed in Sec. 4.4 and the inductive

link is of a parallel resonant secondary configuration as discussed in Sec. 3.4.3. The

inductance of the primary coil along with capacitor C2 form the Class E inverter’s load

network. Inductor LS represents the secondary coil and M is the mutual inductance

between the primary and secondary coils. Capacitor C3 is connected in parallel with

LS and its value is chosen to set the resonant frequency of the secondary coil to be

equal to the switching frequency of the Class E inverter. Resistor RL represents the

load’s resistance and resistors rP, rS and rC represent the ESR of the primary coil, the

secondary coil and capacitor C3.

5.2.2 Analysis Using the Analytical Approach

The analysis of the Class E inverter that will be presented here takes into considera-

tion the reflected impedance of the inductive link. The equivalent circuit diagram of

the Class E inverter including the reflected impedances of the inductive is shown in

Fig. 5.2. The output load network of the Class E inverter now consists of the primary

coil inductance LP and its ESR, the reflected impedances of the secondary coil at a

certain coupling coefficient and a residual impedance X. Capacitance C, the primary

coil inductance and the imaginary components of the reflected impedance are tuned

to the switching frequency. The residual impedance may or may not be a physical

component, it is assumed in this analysis that the residual impedance and capacitance

C form a physical capacitor and is referred to as C2.

The analysis will be based on the following assumptions:

• The MOSFET is an ideal switch whose ON resistance is zero, and its turn ON

and OFF times are zero.
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Fig. 5.2: Equivalent circuit of the Class E inverter circuit including the reflected impedances of
the inductive link

• The loaded quality factor of the series load network is high enough such that the

current flowing through it (Io) is sinusoidal and is equal to

Io(ωt) = im sin(ωt+φ). (5.1)

• The duty cycle of the MOSFET gate drive signal is 50%.

Case I: Infinite DC-feed inductance

It will be initially assumed that the DC-feed inductance Lf is infinite for simplification.

Therefore the current flowing in Lf is a DC current equal to Ii. In addition, the Class E

inverter is to be operated at optimum switching conditions. In this case the analysis

is similar to that of the Class E inverter with infinite DC-feed inductance in Sec. 4.4.1.

Therefore Eqs. 4.54-4.88 remain the same since the current in the load network is

assumed to be sinusoidal. Only Eqs. 4.89-4.96 can be altered to include the additional

components in the load network. The loaded quality factor in this case is

QL =
ωLP
RT

(5.2)

where

RT = RRef + rRef + rP. (5.3)

From Eq. 4.89 the total power supplied to the resistive elements of the inverter is

Pi =
8

π2 + 4

V2i
RT

=
1

2
i2mRT (5.4)

and the total delivered to the reflected resistive corresponding to the load (RRef) is

Po =
1

2
i2mRRef. (5.5)
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Hence, the efficiency of the Class E inverter with infinite DC-feed inductance and the

inductive link is

η =
Po

Pi
=
RRef

RT
. (5.6)

From Eqs. 4.91-4.96 the value of capacitor C1 is

C1 =
8

π(π2 + 4)ωRT
≈ 0.1836

ωRT
(5.7)

and the unknown inductance X is

X =
π2 − 4

2(π2 + 4)ω2C1
≈ 0.2116
ω2C1

. (5.8)

From Eq. 4.94 the value of the primary coil’s inductance is

LP =
QLRT
ω

, (5.9)

the value of capacitor C2 is

C2 =
1

ω(QLRT −ωX)
≈ 1

ωRT (QL − 1.1525)
, (5.10)

and the DC input current is

Ii =
8

π2 + 4

Vi
RL
≈ 0.5768 Vi

RT
. (5.11)

Case II: Finite DC-feed inductance

In this case it is assumed that the DC-feed inductance is finite. Therefore its values will

affect the performances of the Class E inverter and the inductive link. In addition, the

Class E inverter is to be operated at optimum switching conditions. The analysis in this

case is similar to that of the Class E inverter with finite DC-feed inductance in Sec. 4.4.3.

Therefore Eqs. 4.102-4.131 and Eqs. 4.144-4.147 remain the same since the current in

the load network is assumed to be sinusoidal. Beginning with power relations, the

power supplied by the power source is consumed in the reflected resistances (RRef and

rRef) and the ESR of the primary coil rP

Pi =
8

π2 + 4

V2i
RT

=
1

2
i2mRT (5.12)

and the total power delivered to the reflected resistors corresponding to the load (RRef)

is

Po =
1

2
i2mRRef. (5.13)

Hence, the efficiency of the Class E inverter with finite DC-feed inductance and the

inductive link is

η =
Po

Pi
=
RRef

RT
. (5.14)
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From Eq. 4.134 the DC resistance seen by the voltage source is

RDC =
Vi
Io

= RT

/ 1

2π2

(
π2

2p
− 2 cosφ+ π sinφ

)2
. (5.15)

The normalised DC-feed inductor and the shunt capacitor with respect to the resis-

tance RT can be defined using Eqs. 4.119, 4.124 and 4.133 by

ωLf
RT

= p
/( π

2p
−
2

π
cosφ+ sinφ

)
(5.16)

ωRTC1 =
RT

q2ωLf
. (5.17)

where q and p are given in Eqs 4.119 and 4.124 respectively. From Eqs. 4.140-4.143 the

value of the primary coil’s inductance LP is

L =
QLRT
ω

(5.18)

and the value of capacitance C is

C =
1

ω(ωLP +XRef + xRef)
. (5.19)

Therefore the actual value of C2 is

C2 =
1

1

C
+ωXb

. (5.20)

5.2.3 Analysis Using the State-space Representation Approach

The equivalent circuit of the Class E inverter along and the inductive link is shown

in Fig. 5.3 for state-space representation. The switch’s resistance rQ is represented

by resistances rON and rOFF for the ON and OFF intervals respectively. The equiva-

lent circuit is a piecewise linear system and can be described by general state-space

representation given in Eqs 4.151-4.154 for each ON and OFF intervals

ẋON(ωt) = AONx(ωt) +BONu(ωt) (5.21)

yON(ωt) = CONx(ωt) + ÐONu(ωt) (5.22)

ẋOFF(ωt) = AOFFx(ωt) +BOFFu(ωt) (5.23)

yOFF(ωt) = COFFx(ωt) + ÐOFFu(ωt) (5.24)

where x = [x1, x2, x3, x4, x5, x6]T is the state vector. The states x1, x2, x3 represent the

voltage across the shunt capacitor C1, the voltage across the series capacitor C2 and the

voltage across the resonant capacitor CS for both ON and OFF intervals respectively.

The states x4, x5, x6 represent the current of the DC-feed inductance Lf, the current
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Fig. 5.3: Equivalent circuit of the Class E inverter and the inductive link for both ON and OFF
intervals

of the primary coil Lp and the current of the secondary coil Ls for both ON and

OFF intervals respectively. Resistance rf represents the ESR of the DC-feed inductor.

The input vector u(ωt) is equal to the unit step function defined in Eq. 4.156. The

ON interval’s domain is defined as 0 6 ωt 6 2πD, whereas the domain for the

OFF interval is defined as 0 6 ωt 6 2π(1−D). Using KVL and KCL, the following

equations can be obtained

Vi = x4rf + ẋ4Lf + x1 (5.25)

x5 = C2ẋ2 (5.26)

x6 = ẋ3CS +
x3
RL

(5.27)

Vi = x4rf + ẋ4Lf + x1 (5.28)

x4 =
x1
rQ

+ ẋ1C1 + x5 (5.29)

x1 = x2 + x5rp + ẋ5Lp − ẋ6M (5.30)

ẋ5M = ẋ6LS + x6rs + x3. (5.31)

Using Equ. 5.30 & 5.31, the derivative states ẋ5 and ẋ6 can be written as

ẋ5 =
1

LpLs −M2

(
x1Ls − x2Ls − x3M− x5Lsrp − x6Mrs

)
(5.32)

ẋ6 =
1

LpLs −M2

(
x1M− x2M− x3Lp − x5Mrp − x6Lprs

)
. (5.33)

Based on Eqs. 5.25-5.29 and Eqs. 5.32-5.33, the matrices A, B, C and Ð for both ON

and OFF intervals are given by

AON =



−
1

ωrONC1
0 0

1

ωC1
−

1

ωC1
0

0 0 0 0
1

ωC2
0

0 0 −
1

ωRLCS
0 0

1

ωCS

−
1

ωLf
0 0 −

rf
ωLf

0 0

ωLs

ω2(LpLs −M2)
−

ωLs

ω2(LpLs −M2)
−

ωM

ω2(LpLs −M2)
0 −

ωLsrp

ω2(LpLs −M2)
−

ωMrs

ω2(LpLs −M2)
ωM

ω2(LpLs −M2)
−

ωM

ω2(LpLs −M2)
−

ωLp

ω2(LpLs −M2)
0 −

ωMrp

ω2(LpLs −M2)
−

ωLprs

ω2(LpLs −M2)




(5.34)
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AOFF =


−
1

ωrOFFC1
0 0

1

ωC1
−

1

ωC1
0

0 0 0 0
1

ωC2
0

0 0 −
1

ωRLCS
0 0

1

ωCS

−
1

ωLf
0 0 −

rf
ωLf

0 0

ωLs

ω2(LpLs −M2)
−

ωLs

ω2(LpLs −M2)
−

ωM

ω2(LpLs −M2)
0 −

ωLsrp

ω2(LpLs −M2)
−

ωMrs

ω2(LpLs −M2)
ωM

ω2(LpLs −M2)
−

ωM

ω2(LpLs −M2)
−

ωLp

ω2(LpLs −M2)
0 −

ωMrp

ω2(LpLs −M2)
−

ωLprs

ω2(LpLs −M2)




(5.35)

BON = BOFF = B =

[
0 0 0

Vi
ωLf

0 0

]T
(5.36)

CON = COFF = C =




1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1




(5.37)

ÐON = ÐOFF = Ð =
[
0 0 0 0 0 0

]T
. (5.38)

From Eq. 4.170 the solution to Eqs. 5.21-5.24 for each ON and OFF intervals can be

written in the form

x(ωt) = xn(ωt) + xf(ωt) = e
Aωtx(0) +A−1(eAωt − I)B (5.39)

where xn is the natural response matrix given in Eq. 4.171, xf is the forced response

matrix given in Eq. 4.172, x(0) is the initial condition matrix and I is a 6× 6 identity

matrix. The initial conditions are determined by applying the continuity conditions

of the voltages across C1, C2 and CS and the currents of Lf, Lp and Ls when the

circuit transitions from the ON state to the OFF state, hence the following equations

are obtained

xON(0) = xOFF(ωt)

∣∣∣∣
ωt=2π(1−D)

(5.40)

xOFF(0) = xON(ωt)

∣∣∣∣
ωt=2πD

. (5.41)
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It is noted that the state-space equations (Eqs. 5.25-5.33) and the general solution equa-

tion (Eq. 5.39) represent a periodic system. By substituting Eqs. 5.40-5.41 in 5.39, the

initial conditions for all periods of the switching signal are equal to

xON(2πm)

xOFF(2πm)


 =


−e

AON2πD I

I −eAOFF2π(1−D)



−1

.


 A−1

ON (eAON2πD − I)

A−1
OFF(e

AOFF2π(1−D) − I)


B for m = 0, 1, 2, ...

(5.42)

For optimal switching conditions, the initial conditions of the following states for all

periods of the switching signal should be

x1ON(2πm) = 0 for m = 0, 1, 2, ... (5.43)

x4ON(2πm) − x5ON(2πm) = 0 for m = 0, 1, 2, ... (5.44)

As discussed in Sec. 4.4.4, Eq. 5.43 corresponds to the ZVS condition whereas Eq. 5.44

corresponds to the ZVDS condition. The two equations allow for two unknown pa-

rameters to be solved for. The following design example elaborates more on this

5.2.4 Design Example

The following design example will demonstrate the design process of a Class E inverter

as the primary coil driver for an inductive link. The design process will rely on both

the analytical and the state-space representation approaches, in addition to certain

equations from Chapter 4.

A Class E inverter with finite DC-feed inductance is required to drive the inductive

link with specifications mentioned in Sec. 3.4.3 at a frequency of 800 kHz. The load

of the inductive link is set at 47Ω and is required to operate at 10W. The coils of

the inductive link are separated by a distance of 5 cm which corresponds to a mutual

inductance of approximately 1µH and a coupling coefficient of approximately 0.20.

Assume q = 1 and neglect the ESR of the DC-feed inductor for simplicity.

Referring to Fig. 5.3, the only unknown component values for this design example

are Lf, C1 and C2. The duty cycle of the switching frequency will be set at 50%

for maximum power-output capability and minimum voltage and current stresses as

discussed in Sec. 4.4.5. From Eq. 4.119, the DC-feed inductance can be represented

as

ωLf =
1

q2ωC1
=

1

ωC1
(5.45)
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The switch will be the IRF540 MOSFET which has a drain resistance (rON) of 0.15Ω

at a 5V gate voltage. Its OFF resistance (rOFF) is assumed to be infinite. The only

unknown values are now C1 and C2. Their values can now be obtained by numerically

solving Eqs.5.43-5.44. The MATLAB code for obtaining the values of C1 and C2 is

included in Appendix A.2.1, their solved values are 40.65nF and 7.51nF respectively.

Consequently, the value of Lf is 0.974µH.

The next step is to determine the input voltage. From Eq. 5.3, the total resistance

(RT ) of the output load network of the Class E inverter is

RT = RRef + rRef + rP = 1.0177+ 0.0221+ 0.17 = 1.210Ω.

Therefore the expected efficiency of the inductive link is

η =
RRef

RT
= 84.11%.

The loaded quality factor of the Class E inverter’s output network is

QL =
ωLP
RT

= 23.93. (5.46)

The loaded quality factor is higher than 5 therefore the current in the load network

can be assumed to be sinusoidal [78]. The Class E inverter is required to deliver 10W

therefore the magnitude of the current in the load network is

im =

√
2Po

RT
= 4.066A. (5.47)

Referring to Fig. 4.16, p is equal to 3.84 when q = 1. From Eq. 4.124 the input voltage

is

Vi =
ωLfim

p
= 5.183V. (5.48)

Fig. 5.4 shows the PSPICE simulation results for this design example. It can be seen

that the switch is operating at optimum switching conditions since the switch is turned

ON at zero voltage and its current increases from zero. The magnitude of the current

in the primary coil is close to the expected value of 4.066A. The maximum voltage at

the load is 31.822V therefore the power delivered to the load is 10.772W. The overall

efficiency of the Class E inverter and the inductive link is 83.92% which is an excellent

agreement with the expected efficiency.

5.2.5 Performance Investigation

In certain IPT applications the distance between the coils and their alignment may

not be fixed and can continuously vary. For instance, the alignment of the coils in an
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Fig. 5.4: Simulation results showing the voltages and currents of interest for the design exam-
ple in Sec. 5.2.4

IPT system for charging electric vehicles depends on the position of the vehicle when

it parks. Therefore the coupling coefficient varies with time and so do the reflected

impedances. Since Class E inverters operate at optimum switching conditions at a

certain load value, any variations in the load or the reflected impedances from their

optimum values will cause the Class E inverter to either operate at sub-optimum or

non-optimum switching conditions. Operating in these switching conditions may be

inefficient due to the increased voltage and current stresses throughout the inverter as

shown in Sec. 4.4.5 and discussed in further details in [87].

Fig. 5.5 shows the simulated waveforms of the switch’s drain voltage and current of

the Class E inverter designed in the previous example. The waveforms illustrate how

the variation of the coupling coefficient affects the Class E inverter. The waveforms for

optimum operation are shown in dashed lines for comparison. In Figs. 5.5a & 5.5c, the

coupling coefficient is decreased from its optimum value of 0.20 to 0.10 to simulate a

decreased distance between the coils. Therefore the reflected impedances are less than

their optimum values. In this case the Class E inverter is operating at a sub-optimum

switching condition as discussed in Sec. 4.4.5. The switch turns ON at a negative

voltage causing its body diode to conduct which may degrade the overall efficiency.

The switch’s drain voltage is increased which implies that a switch with a high voltage
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Fig. 5.5: Effect of changing the distance between the primary and secondary coils on the per-
formance of the inverter

rating may be required. In Figs. 5.5b & 5.5d, the coupling coefficient is increased from

its optimum value of 0.20 to 0.30 to simulate an increased distance between the coils.

Therefore the reflected impedances are now larger than their optimum values and

the Class E inverter now operates at non-optimum switching conditions. The switch

in this case turns ON at a positive voltage causing a large current to flow through

its drain channel. The initial current that flows in the drain channel can surpass the

switch’s maximum ratings and may cause irreversible damage.

5.2.6 Developing Tuning Methods and Requirements

It was shown that the variation of the coupling coefficient between the primary and

the secondary coils of the inductive link, due to a change of the distance between

the coils, will alter the operation of the Class E inverter from its optimal switching

conditions. It is therefore necessary to recalculate the values of its components as the

coupling coefficient changes to ensure optimum switching operation. Due to practical

considerations, it is not desirable to replace the components of the Class E inverter

for every change that occurs in the coupling coefficient. Using mechanically variable

components such as variable capacitors or inductors may be in efficient and will slow
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the response of the inverter since they require manual adjustment. Therefore a tuning

method will have to be developed that will allow the Class E inverter to be electroni-

cally tuned while in operation. Tuning methods based on impedance transformation

[88–91], impedance network switching [92, 93] and phase control and load modulation

[94–97] have been proposed. These methods allow the Class E inverter to operate in op-

timal and sub-optimal switching conditions, achieving zero-voltage and zero-voltage

derivative switching regardless of the load value. However, these methods may not

be applicable to resonant inductive links due to the complexity of the load and the

reflected impedances. Furthermore, including additional components in series with

the primary coil is undesirable since this increases the ESR and hence an increase in

ohmic power losses. Therefore the following sections will be devoted to developing

novel tuning methods that will allow the Class E inverter to be electronically tuned to

operate at optimum switching conditions as the reflected impedances of an inductive

link vary due to a change in the separation distance or misalignment.

Achieving the two optimum switching conditions, ZVS and ZVDS, implies that at

least two operating parameters and/or component values should be controlled. The

parameters that can be controlled are the duty cycle of the switching signal and its fre-

quency. In addition, the values of the DC-feed inductor Lf, capacitors C1 and C2 could

also be varied. The following sections will begin by discussing the possibility of cre-

ating an electronically tunable element. Then, tuning methods will be derived based

on the analytical and state-space modelling approaches. Simulation and experimental

results will be presented to show validity of the developed tuning methods. A Class E

inverter was designed specifically for each tuning method to drive the inductive link

in Sec. 3.4.3. This shows the possible range of operation of the each developed tuning

method and at which circuit configurations they work best.

5.3 saturable reactors as electronic tuning elements

The term ‘electronic tuning’ implies that a system can be tuned to operate at a specific

condition by the application of a voltage or current control signal. In electric circuits

this refers to adjusting the value of a physical property of a circuit element, such

as the capacitance of a capacitor or the inductance of an inductor, via a voltage or

current signal. In most applications that make use of electronic tuning, only one circuit

element is adjusted to tune the complete system. An example of such an application

is in digital radio tuners where radio channels are tuned in using digital input rather

than performing mechanical adjustments.

The most common controllable circuit elements are varactors (varicaps). Varactors

are essentially PN diodes where the capacitance of their junction can be adjusted
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by applying a voltage across their terminals. Therefore they can be referred to as

voltage-controlled capacitors. Varactors can only operate at voltage levels that don’t

exceed 100mV therefore they might not be suitable to be used in Class E inverters

since voltage levels throughout the inverter can reach up to tens or hundreds of volts.

Varactors are used in every modern radio and mobile device.

Saturable reactors which are also know as ’Magnetic Ampifiers (Mag-Amp)’ or’

’Transductors’ are basically AC/AC transformers that consist of a primary winding

and a secondary winding wound on a magnetic core. They are somewhat similar to a

transistor in terms of control where a small change in current in one winding leads to

a relatively large change in current in the other. The saturable reactor achieves this by

supplying a low DC current (several hundreds of milliamps) to one winding (referred

to as the control or signal winding), this will cause the magnetic core’s permeability

to decrease (i.e. limiting the number of magnetic flux lines) and therefore effectively

changing the impedance of the other winding (referred to as the controlled or power

winding). Consequently, saturable reactors can be referred to as current-controlled

inductors. Unlike varactors, saturable reactors can operate at voltage and current

levels that can reach up to several hundreds of volts and amperes respectively which

makes them the only suitable tunable element to be used in Class E inverters.

Fig. 5.6 illustrates a simple example on how a saturable reactor can be used as a

light dimmer. Detailed description on saturable reactors and their applications can be

found in [98].

5.3.1 Magnetic Cores

The type of magnetic core used for the saturable reactor affects the analysis and per-

formance of a circuit. The two types of magnetic cores that can be used are ferrite

cores and iron powder cores. Ferrite cores are used in RF low power circuits since they

have less eddy-current losses [99, 100]. However, their high permeability limits the

amount of DC bias current that can flow in the primary windings. Since the Class E

inverter has a non-zero average DC input current, unwanted saturation may occur if

a ferrite core is used. In addition, their high hysteresis levels makes the calculation of

their primary winding inductance, that is adjusted by control windings, difficult. Iron

powder cores can be used for frequencies up to 2MHz since they can suffer from high

eddy-current losses. Due to their lower permeability compared to ferrite cores, the

inductance of primary windings is stable against high DC bias currents and frequency

variations [99, 100]. Inductance calculations are simplified and can be estimated accu-

rately since they have low hysteresis levels. Iron powder cores are manufactured with
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the control windings causing the core to saturate and there-
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Fig. 5.6: A simple example demonstrating the application of a saturable reactor as an electronic
switch

different ratios of iron, nickel, molybdenum ferrous and silicon, distributed air gaps

are also included.

5.3.2 Design Trade-offs

After choosing the magnetic core type to be used in the saturable reactor, it is necessary

to determine the number of turns of the primary windings and the control windings.

Beginning with the primary windings, since the DC-feed inductance current has a

non-zero average DC component and high frequency AC components, it is therefore

preferable that the primary windings have a low number of turns to minimise ohmic

losses. On the other hand, higher turns give a higher DC-feed inductance which allows

for a wider control range. The control windings should consist of tens to hundreds

of turns in order to inject sufficient magnetic flux into the core to alter the inductance

of the primary windings. A high number of turns implies that less DC current levels

will be required to control the inductance, therefore simpler control circuits can be
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built and less power is dissipated in the windings. However, due to the high turn

ratio between the control and the primary windings and the large current levels in the

primary windings, voltages in the range of hundreds to kilovolts can be induced in

the control windings. These excessive voltage levels may cause undesirable arcing and

can exceed the breakdown voltage of the insulation of the control windings. Therefore,

a suitable number of turns must be chosen to allow for a safe operation.

To neutralise the effect of the induced the voltage in the control windings on the

control circuitry, two saturable reactors are often used. Their primary windings are

connected in series which doubles the overall inductance, whereas their control wind-

ings are connected in an antiphase manner to effectively cancel or minimise the total

induced voltage.

5.4 tuning the class e inverter with infinite dc-feed inductance

The first tuning method will be introduced for the basic Class E inverter with infinite

DC-feed inductance. Referring to Fig. 5.1, the parameters and component values that

can be controlled are the switching frequency and capacitors C1 and C2. The duty

cycle cannot be controlled since it has been assumed to be set at 0.50. From Eqs. 5.7

and 5.10, the value of capacitor C1 is only affected by the total reflected resistance

whereas capacitor C2 is only affected by the inductance of the primary coil of the

inductive link. Therefore the value of capacitor C2 cannot be controlled. Consequently,

only the switching frequency and the value of capacitor C1 can be controlled to achieve

optimum switching operation.

5.4.1 Frequency and C1 control

The proposed tuning method relies on varying the switching frequency and capaci-

tor C1. As discussed previously, adjusting the value of a capacitor may not be prac-

tically feasible. By connecting a saturable reactor in parallel with capacitor C1, the

reactance of C1 can be controlled indirectly by adjusting the control current of the sat-

urable reactor. Fig. 5.7 shows the Class E inverter including a saturable reactor LSat
connected in parallel with capacitor C1. The capacitor connected in series with the

saturable reactor is a DC blocking capacitor. By varying the reactance of the saturable

reactor and the switching frequency, the Class E inverter can now be tuned to achieve

optimum switching conditions after a change in the reflected impedance occurs.
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Fig. 5.7: The Class E inverter including a saturable reactor for tuning

The proposed tuning method involves varying LSat and the switching frequency

only while keeping C2 at a fixed value. Since the switching frequency is varied, the

secondary coil of the inductive will not be operating at resonance, instead it will be op-

erating at near resonance as described in Sec. 3.4.1. The required switching frequency

and the value of capacitance C1 are calculated by setting C2 as a constant in Eq. 5.10

and solving for the switching frequency. The following equation is produced

L2PC2 − 2.08ω
2RTLPC2 −ωLP + 0.66RT = 0. (5.49)

The above equation can be solved numerically and the value of the required capaci-

tance C1 can then be calculated from Eq. 5.7.

5.4.2 Experimental Verification

A. Implementation

The proposed tuning method was implemented on a Class E inverter designed to

driver the inductive link specified in Sec. 3.4.3. The resonant frequency of the induc-

tive link is 800 kHz. The coil separation range varies from 5 cm to 13 cm. The load

connected to the secondary coil of the inductive link varies from 400Ω to 2 kΩ. The

value of capacitor C2 was set at 5.34nF. This value was chosen since it was possible

to obtain using standard capacitor values. Fig. 5.8 shows values of capacitance C1 and

switching frequency that are required to achieve optimum switching conditions as a

function of the load resistance and the coupling coefficient. The values were obtained

by solving Eq. 5.49.
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(a) C1

(b) Switching frequency

Fig. 5.8: C1 and switching frequency variation as a function of the load resistance and coupling
coefficient

B. Hardware Setup

The circuit of the Class E inverter shown in Fig. 5.7 was constructed with values and

parameters shown in Table. 5.1. SwitchQ1 is a STP40NF10 MOSFET from STMicroelec-

tronics driven via an EL7154 MOSFET driver from Intersil. The circuit configuration

of the saturable reactor LSat is shown in Fig. 5.9. The saturable reactor consisted of

two toroidal transformers connected in series with each other. Their primary windings

were connected in phase, whereas their secondary or control windings were connected

in an antiphase manner to cancel the voltage induced by the current in the primary

windings. The two toroids were wound on a TX22/14/6.4-3C90 ferromagnetic core

from Ferroxcube which had a specified effective cross section area Ae of 24.8 mm2,

an effective magnetic path length Le of 54.2 mm, a relative permeability Ue of 2300

and an inductance factor Al of 1400 nH/Turn2. The control windings of both toroids

consisted of 50 turns giving a total inductance of 6.6 mH and the primary windings

consisted of 3 turns giving a total inductance of 25.2 µH for each toroid. The DC
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Fig. 5.10: The measured variation of Capacitance C1 at 800 kHz as a function of the saturable
reactor’s DC current applied to its control windings

control current (IC) applied to the control windings ranged from 0 mA for maximum

inductance to 500 mA for minimum inductance. Fig. 5.10 shows the measured effec-

tive capacitance of C1 when the saturable reactor was connected in parallel with it as

a function of the DC control current. Hysteresis can be observed since the core of the

saturable reactor is ferromagnetic. A photograph of the complete setup is shown in

Fig. 5.11. The chosen values of the inverter allow it to operate in optimum switching

conditions with a 180 mA IC for a nominal load of 1 kΩ at a nominal distance of 12 cm

corresponding to a coupling coefficient of 0.035.

5.4.3 Implementation of the proposed tuning method

To test the dependence of the Class E inverter on the reflected impedances, the dis-

tance between the coils is decreased from its nominal value of 12 cm to 5 cm in 1 cm

steps for three different load values; 470 Ω, 1 kΩ and 2 kΩ. For every step, the Class E
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Table 5.1: Values and ranges of several parameters of the Class E inverter and the inductive
link measured at 800 kHz

In
du

ct
iv

e
Li

nk

Component/Parameter Value

LP / rP 5.76µH / 0.17Ω

LS / rS 6.69µH / 0.28Ω

CS / rCS
5.92nF / 0.25Ω

Resonant Frequency fo 800 kHz

RLoad 0-2 kΩ

Mutual Inductance (M) Range 0.17 - 1.73µH

Coupling Coefficient (k) Range 0.02 - 0.1

Coils’ Separation Range 2.5-15 cm

C
la

ss
E

In
ve

rt
er

Component/Parameter Value

MOSFET STP40NF10

Gate Driver TC1412

Input Voltage 15V

C1 24nF

C2 5.34nF

CDC 0.47µF

RFC 1mH

Switching Frequency Range fs 790 - 845 kHz

Duty Cycle 50%

Sa
tu

ra
bl

e
R

ea
ct

or
s

Component/Parameter Value

Core Type 3C90

No. of Cores 2

Primary No. turns per core 4

Secondary No. turns per core 70

Control Current Range I 0.00 - 0.5A

LSat Range 4 - 50.4µH

inverter was retuned to achieve optimum switching conditions by adjusting the fre-

quency and the saturable reactor’s DC current according to Fig. 5.8. Fig. 5.12 and 5.13

show the measured power received to the loads and the overall efficiency respectively.

Simulation results obtained in PSPICE are included for comparison. The Class E in-

verter was able to operate over a larger coil separation distance for lower loads with

less variation in received power. The overall efficiency of the IPT system includes that

of the MOSFET driver, the Class E inverter, the saturable reactor’s primary coil and

the inductive link. The efficiency is maintained at a relatively constant level for lower
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Fig. 5.11: Experimental setup of the WPT system

loads but at reduced values. Discrepancies between the simulated and measured re-

sults are mainly due to the instability of the passive components’ tolerance to large

current values and temperature variations.

Figs. 5.14 and 5.15 show the switching frequencies and the saturable reactor’s DC

current that were required to achieve optimum operation for each step. Both are a

linear function of distance or the coupling coefficient as predicted in Fig. 5.8. The

difference between the calculated switching frequencies and the required switching

frequencies were mainly due to the unaccounted nonlinear operation of the saturable

reactor’s primary windings. Although the control windings of the saturable reactor

were connected in an antiphase manner, the imperfection of the windings will cause a

certain amount of voltage to be induced in the control windings. Therefore more DC

current was injected to achieve the required effective capacitance compared to what

was initially measured in Fig. 5.10.

Fig. 5.16 shows the waveforms of the switch’s drain voltage and gate signal of the

Class E inverter for three different coil separation distances with a constant load resis-

tance of 1 kΩ. Fig. 5.16a shows the inverter working in optimal switching conditions

at a distance of 12 cm without requiring any tuning (IC = 180 mA) at a switching

frequency of 800 kHz. In Fig. 5.16, the distance between the coil is decreased to 5 cm.

It can be observed that the Class E inverter is operating in a non-optimal switching

condition since the MOSFET is now being switched ON at a non-zero drain voltage.

The gate voltage is distorted due to the high current spike that occurs once the switch

turns ON. In Fig. 5.16c, the saturable reactor’s DC current was increased to 370 mA

and the frequency was increased to 826 kHz. It can be noticed that the Class E in-

verter is now operating at optimal switching conditions. Therefore the tuning method

described in Sec. 5.4.1 has been successfully validated.



5.5 tuning the class e inverter with finite dc-feed inductance 129

5
(k = 0.1)

7 9 11 13
(k = 0.03)

4

6

8

10

12

14

16

Distance (cm)

P L
oa

d(
W
)

Measurement
Simulation

(a) RL = 470 Ω

5
(k = 0.1)

7 9 11 13
(k = 0.03)

4

6

8

10

12

14

16

Distance (cm)

P L
oa

d(
W
)

Measurement
Simulation

(b) RL = 1 kΩ

5
(k = 0.1)

7 9 11 13
(k = 0.03)

4

6

8

10

12

14

16

Distance (cm)

P L
oa

d(
W
)

Measurement
Simulation

(c) RL = 2 kΩ

Fig. 5.12: Received power against coil separa-
tion distance for three different load
values
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Fig. 5.13: Overall efficiency against coil separa-
tion distance for three different load
values

5.5 tuning the class e inverter with finite dc-feed inductance

The tuning method that will be introduced in this section will be based on the an-

alytical analysis performed in Sec. 5.2.2 for the Class E inverter with finite DC-feed

inductance. The value of the DC-feed inductor affects the performance of the Class E

inverter; it can determine whether or not the Class E inverter will operate at opti-

mum switching conditions. Therefore the proposed tuning method replaces the finite

DC-feed inductance with a saturable reactor.
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Fig. 5.14: Switching frequency against coil sep-
aration distance for three different
load values
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Fig. 5.15: Saturable reactors’ DC current
against coil separation distance for
three different load values

5.5.1 Frequency and Lf control

Referring to Eqs. 5.16-5.20, the passive elements of the Class E inverter with finite

DC-feed inductance Lf, C1 and C2 are set for a specific reflected impedance at a

certain switching frequency. The reflected impedance itself varies according to the

distance, or the coupling coefficient, between the primary and secondary coils of the

inductive link and the switching frequency. It is necessary to recalculate the values

of the passive elements that will allow the Class E inverter to operate at optimum

switching conditions as the coupling coefficient changes. The aim here will be to find
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Fig. 5.16: Class E inverter waveforms according variation in coil separation distance (VDS in
bold and VGS in light lines respectively)

the values of the switching frequency and the DC-feed inductance as the coupling

coefficient varies while keeping the values of C1 and C2 fixed. To achieve this, we

begin by substituting Eq. 5.16 in Eq. 5.17 which produces the following equation

q2pRt(ω,k)XC1 −
(
π

2p
−
2

π
cosφ+ sinφ

)
= 0. (5.50)

The residual impedance X can be represented as the difference between the impedance

of the primary coil, the imaginary components of the reflected impedances and the

impedance of the series capacitor C2 as follows

X = XLP(ω) −XC2 +XRef(ω,k) + xRef(ω,k). (5.51)
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set parameters of
the WPT system

define q, p, φ, k,
ω & ωt domains

define reflected impedance
functions Eqs. 1-9

initialise loop variables

set q to start of q domain
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Eqs. 4.137 & 4.138

and solve for p & φ

using q, p & φ,
define function

VDS(ωt) in Eq. 4.129

calculate the first
Fourier quadrature
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define Eqs. 5.50 & 5.52
and find common roots

representing ω & k
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reached end
of q domain?
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Eq. 4.119 & plot results

yes

Fig. 5.17: Flowchart of the solution method to calculate the optimum values of the switching
frequency and the DC-feed inductance as the coupling coefficient varies

Substituting Eq. 5.51 in Eq. 4.140 results in the following equation

XLP(ω) +XRef(ω,k) + xRef(ω,k) −XC2(ω) − RT (ω,k)
vxm

vm
= 0. (5.52)

The optimum values of the switching frequency and the coupling coefficient can be

found by finding the common roots for Eqs. 5.50 and 5.52 for specific values of q,

p and φ. The optimum value of the DC-feed inductance can then be calculated by

substituting the obtained optimum values of the switching frequency and the coupling

coefficient in Eq. 4.119. Fig. 5.17 shows a flowchart of a solution method which can

be used to calculated the optimum values. The solution method is an iterative process

that provides an exact solution. Other simpler design equations represented by second-

order and third-order polynomial approximations [83] can be used but they can be less

accurate.
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5.5.2 Optimisation

The application of this solution method was demonstrated on a Class E inverter de-

signed to drive the inductive link in Sec. 3.4.3. The load connected to the secondary

coil was fixed at 47Ω. The coupling coefficient varies from a minimum of 0.10 when

the primary and secondary coils are separated by a distance of 5 cm to a maximum

of 0.4 when the coils are closer at a separation distance of 1 cm. This separation dis-

tance range was chosen to provide a different operating range than that of the tuning

method presented in the previous section. The values of capacitors C1 and C2 were

set at 22nF and 7.9nF respectively. Fig. 5.18 shows the solutions for the switching

frequency and the DC-feed inductance against the coupling coefficient. The solutions

were obtained by programming the solution method in Fig. 5.17 in MATLAB using

Chebfun2 [101, 102]. The complete code is included in Appendix A.2.2.
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Fig. 5.20: MPP 550 data and proposed fit [103]

A. Modelling the saturable reactor

The magnetic core that was used form to the saturable reactors for this tuning method

is the 50202A MPP toroidal core from Magentics Inc. The core has an initial relative

permeability of 550, an effective cross-section area of 22.1mm2 and an effective length

of 50.9mm. Fig. 5.20 shows a plot of the DC bias performance of the MPP core used

obtained from the core manufacturer’s datasheet [103]. The vertical axis represent the

inductance factor in nanohenries per turn2, the horizontal axis represents the mag-

netoforce in ampere-turns The following equation is proposed to provide an accurate

fit for the data:

AL = 320sech(0.02854NI)× 10−9 (5.53)

where AL is the inductance factor, N is the number of turns and I is the DC current in

the turns.

The permeability of magnetic cores is not constant, it varies with frequency, the

density of the magnetic flux and temperature. According to the manufacturer’s spec-

ifications for the MPP core used [104], the permeability decreases to about 50% of its

initial value at frequencies approaching 1MHz. Conversely, the permeability increases

to a peak of about 20% for AC flux density values of 0.1T. The relative permeability

is 550 when the core’s temperature is 20 ◦C and increases by approximately 0.1% per

degree Celsius. Since inductance is directly proportional to the permeability, the induc-

tance of the primary windings can be multiplied by a factor representing the increase

or decrease of the core’s permeability. Therefore, by using Eq. 5.53, the overall DC-

feed inductance, which consists of two identical series connected saturable reactors, as

a function of the current in the control windings can be written as

Lf = 2× 320rN2psech(0.02854NcIc)× 10−9 (5.54)

where r is the reduction factor of the core’s permeability, Np is the number of turns of

the primary windings, Nc is the number of turns in the control windings and Ic is the

DC controlling current.
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Fig. 5.21: Class E inverter with an inductive link and a controlled DC-finite inductance

Equation 5.54 was used to determine the control current that was required to adjust

the DC-feed inductance to retune the Class E inverter.

B. Hardware setup

The implemented circuit of the Class E inverter with the saturable reactors is shown

in Fig. 5.21. The DC-feed inductance consists of two saturable reactors connected in

series. The control windings are connected to a variable DC current source through

a RFC choke. Based on initial measurements and experimental results, the reduction

factor of the permeability of the saturable reactors’ cores is assumed to be 65% at an

operating temperature of 65 ◦C. The specifications and values of the inductive link,

Class E inverter and the saturable reactors are summarised in Table. 5.2.

C. Implementing the proposed tuning method

Depending on the coupling coefficient of the coupled coils, the amount of DC current

injected in the secondary side of the transformers, along with the switching frequency,

were varied to retune the Class E inverter into operating at optimum switching con-

ditions as the coils were displaced. Based on the solutions presented in Fig. 5.50, the

values of the switching frequency that are close to the resonant frequency of the induc-

tive link, which is 800 kHz, and the corresponding DC-feed inductance were chosen

to be verified. Fig. 5.22 shows the measured DC control current, the calculated DC-

feed inductance and the switching frequencies as the coupling coefficient of the coil

varied. The experimental results are in good agreement with the numerical solutions.

Fig. 5.22c shows the measured power received to the load which was connected to

the secondary coil of the inductive link, as well as the overall system efficiency which

includes that of the inductive link losses, the Class E inverter losses, the MOSFET
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Table 5.2: Values and ranges of several parameters of the Class E inverter and the inductive
link measured at 800 kHz

In
du

ct
iv

e
Li

nk

Component/Parameter Value

LP / rP 5.76µH / 0.17Ω

LS / rS 6.69µH / 0.28Ω

CS / rCS
5.92nF / 0.25Ω

Resonant Frequency fo 800 kHz

RLoad 47Ω

Mutual Inductance (M) Range 1.37 - 2.23µH

Coupling Coefficient (k) Range 0.22 - 0.36

Coils Radial Displacement Range (d) 0 - 2.5 cm

Coils Separation Dist. (h) 2.5 cm

C
la

ss
E

In
ve

rt
er

Component/Parameter Value

MOSFET STP40NF10

Gate Driver TC1412

Input Voltage 8V

C1 / rC1
22nF / 0.15Ω

C2 / rC2
7.9nF / 0.15Ω

Switching Frequency Range fs 790 - 820 kHz

Duty Cycle 48%

Sa
tu

ra
bl

e
R

ea
ct

or
s

Component/Parameter Value

Core Type MPP 550 [103]

No. of Cores 2

Primary No. turns per core 2.5

Secondary No. turns per core 70

Permeability reduction factor r 0.65

Control Current Range I 0.00 - 1.00A

Lf Range 2.56 - 0.88µH

gate driver losses, the saturable reactors’ core losses and the ohmic losses in the sec-

ondary windings of the saturable reactors. The received power was kept at a relatively

constant level of 10W throughout the displacement range with a peak occurring at a

coupling coefficient of 0.30. The overall efficiency is reduced when the coupled coils

are closer to each other at higher coupling coefficients and is maintained at a constant

level as the coils are further apart at lower coupling coefficients. Therefore, for the cho-

sen values of the inductive link and the Class E inverter, the proposed tuning method

is suited for reduced coupling coefficients and at higher radial displacements of the
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Fig. 5.22: Calculated and measured parameters of the Class E inverter. Tuning is performed as
the coupling coefficient varies

coupled coils. Fig. 5.23 shows the experimental waveforms of the MOSFET’s drain

voltage, the voltage of the load at the secondary coil, the voltage across one saturable

reactor’s control windings and the current of the saturable reactor’s primary wind-

ings. In Fig. 5.23a the inverter is operating at optimum switching conditions when

the primary coils are aligned with each other. The coupling coefficient is 0.34, the DC

control current is 0.9A and the switching frequency is 818 kHz. In Fig. 5.23b. the coils

are radially displaced from each other by a distance of 2.5 cm, corresponding to a cou-

pling coefficient of 0.24, while maintaining the same DC control current and switching

frequency. Since the coupling and the reflected impedances have now changed, the

inverter no longer operates at optimum switching conditions since the MOSFET is

being switched ON at a non-zero voltage. In Fig. 5.23 the inverter is retuned and is

now operating at optimum switching conditions by decreasing the DC control current

to 0.05A and the switching frequency to 795 kHz. Therefore, the proposed tuning

method of controlling the DC-feed inductance and the switching frequency has been

successfully verified allowing the Class E inverter to operate safely and efficiently over

a certain coil misalignment range.
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Fig. 5.23: Experimental waveforms of the implemented WPT system at different coupling coef-
ficients demonstrating the proposed tuning method. First waveform is the MOSFET’s
drain voltage VDS, second is the load voltage at the secondary coil, third is voltage
across the control windings of one saturable reactor and the fourth is the current in
the DC-feed inductance ILf (primary windings of the saturable reactors)

5.6 tuning methods based on state-space modelling

The tuning methods presented in Secs. 5.4 and 5.5 both relied on adjusting the switch-

ing frequency of the Class E inverter. Although optimum switching operation was

achieved, the variation in the switching frequency can degrade the efficiency of the

inductive link especially if the coils are designed to have a large quality factor at their

resonant frequency. In addition, adjusting the switching frequency may be undesir-

able if a resonant rectifier, such as a Class D rectifier or a Class E rectifier, is used at

the receiving coil. Therefore the tuning method that will be presented in this section

allow for the duty cycle of the switching signal to be controlled rather than the fre-

quency. This tuning method will be based on the state-space representation approach

presented in Sec. 5.2.3 and will be applied for the Class E inverter designed previously

in Sec. 5.5.
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Fig. 5.24: Solutions of the duty cycle and the DC-feed inductance

5.6.1 Duty cycle and Lf control

The aim will be to find the values of the duty cycle and the DC-feed inductance as

the coupling coefficient varies while keeping the values of C1 and C2 fixed. Using

Eqs. 5.42-5.44, the values of the duty cycle and Lf can be numerically solved for differ-

ent values of the coupling coefficient. Fig. 5.24 shows the solutions of the duty cycle

and Lf which exist in the coupling coefficient range from 0.2 to 0.45. No other solu-

tions exist outside this particular coupling coefficient range. The code for obtaining

the duty cycle and the value of Lf was programmed in MATLAB and is included in

the Appendix A.2.3.

5.6.2 Simulink modelling

Fig. 5.25 shows a simulation model constructed in MATLAB Simulink. The model

allows for the Class E inverter and the inductive link to be simulated as a system

over one switching period. The simulation model is divided into two independent

submodels; one to simulate the system for the ON interval and the other for the

OFF interval. Each submodel is based on the ‘State-space model’ block and is only

simulated over its predefined interval. This can be achieved using the ‘Enable’ block.

The ON submodel is activated over the interval 0 → 2πD and the OFF submodel is

activated over the interval 2πD → 2π. The outputs of both models are combined

to obtain the voltage and current waveforms of the system over the entire switching

period.
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Fig. 5.25: Simulink model

5.6.3 Implementation of the proposed tuning method

The tuning method was implemented as follows. The coils of the inductive link were

initially kept at an initial separation distance of 2.5 cm and were brought closer to each

other in steps of 0.25 cm to a distance 0.5 cm. The duty cycle and the control current of

the magnetic amplifiers are varied according to Fig. 5.24 to achieve optimum switch-

ing conditions over the coupling coefficient range. Fig. 5.26 shows several measured

parameters. In Fig. 5.26a, the measured values of the duty cycle that were required

to achieve optimum switching operation are compared with the solved values shown

in Fig. 5.24. The discrepancies are due to finite rise and fall times of the MOSFET

and the MOSFET driver. Fig. 5.26b shows the values of the DC control current of the

magnetic amplifier. Figs. 5.26c-g show the variation of voltages and current through-

out the inverter over the entire coupling coefficient range. The input power and the

transmitted power are plotted in Fig. 5.26h. A peak occurs at a distance of 1.25 cm
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Fig. 5.26: Measured and calculated parameters, voltages and currents over a certain coupling coefficient
range.

corresponding to a coupling coefficient value of 0.3. The calculated overall system ef-

ficiency, i.e. DC-to-load, and the calculated efficiency of the inductive link are shown

in Figs. 5.26h and 5.26i respectively. The efficiency of the inductive link increases as

the coils are brought closer to each other since the reflected impedance of the load

becomes more significant than that of the ESR of the coils. The overall efficiency in-

creases as the coils are brought closer and remains relatively constant at 80% for larger

coupling coefficient values.

The experimental waveforms of the voltages and currents throughout the Class E in-

verter and the inductive link are shown in Figs. 5.27 and 5.28 respectively. In Fig. 5.27a

and Fig. 5.28a, the inverter is operating at optimum switching conditions achieving

ZVS and ZVDS. The separation distance is 1.25 cm corresponding to a coupling co-

efficient of 0.3, the DC control current is 0.85A, the duty cycle of the switching sig-
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nal is 49.5% and the power delivered to the load is 11.75W. Theoretical waveforms

are also plotted and are in good agreement with the experimental waveforms. In

Fig. 5.27b and Fig. 5.28b, the coils are brought closer to each other to a separation

distance of 0.75 cm corresponding to a coupling coefficient of 0.35 while maintaining

the same DC control current and duty cycle. Since the coupling coefficient has now

changed, the Class E inverter no longer operates at optimum switching conditions

since the MOSFET is being switched ON at a non-zero voltage as can be seen in the

figures. The non-optimum switching conditions result in distortion of the voltage and

current waveforms. This causes excessive losses in the form of heat and reduces the

amount of power that can be delivered over the load which in this case is now 7.70W.

In Fig. 5.27c and Fig. 5.28c, the inverter is retuned and is now operating at optimum

switching conditions by decreasing the duty cycle of the switching signal to 48.0%

and increasing the DC control current to 1.35A. Theoretical waveforms are also plot-

ted and are found to match the new experimental waveforms. The power delivered

to load has now increased to 8.92W. Therefore, the proposed tuning method of con-

trolling the duty cycle of the switching frequency and DC-feed inductance has been

successfully verified allowing the Class E inverter to operate safely and efficiently over

a certain coil displacement range.

5.7 conclusions

This chapter discussed the application of Class E inverters as primary coil drivers in

inductive links. Analysis was performed using the analytical approach and the state-

space representation approach to calculate the parameters and component values of

the Class E inverter for a pre-specified inductive link. The performance of Class E

inverters was investigated. It was shown that a variation in the coupling coefficient

between the coils of an inductive link can significantly affect the switching conditions

of the Class E inverter. As a result, several novel tuning methods were proposed to

electronically tune Class E inverters during operation to achieve optimum switching

conditions as the coupling coefficient varies. The tuning methods rely on using sat-

urable reactors as controlled elements. Extensive experimental results were presented

showing the successful implementation of the proposed tuning methods on various

configurations of the Class E inverter.

The proposed tuning methods provide the basis for developing control and tun-

ing algorithms that can achieve automatic tuning as variations occur in the coupling

coefficient of an inductive link.
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k = 0.35.

Fig. 5.27: Voltage waveforms of the implemented WPT system at different coupling coefficients demon-
strating the proposed tuning method representing the MOSFET’s gate driving signal VGS, the
MOSFET’s drain voltage VDS, the voltage across the series capacitor VC2 , the voltage across the
primary coil VLP , the output voltage at the load VR and the voltage developed across the control
windings of one of the magnetic amplifier Vsat.
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Fig. 5.28: Current waveforms of the implemented WPT system at different coupling coefficients demon-
strating the proposed tuning method representing the DC-feed inductor’s current ILf , the shunt
capacitor’s current IC1 and the primary coil’s current ILP .
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6
A C / D C R E C T I F I E R S I N I P T S Y S T E M S

6.1 introduction

The analysis of the inductive links and primary coil drivers were performed under the

assumption that the load connected to the secondary coil was a pure resistive AC load.

Most applications nowadays are considered DC loads which are either represented

by a resistor or a current sink. To deliver the received power to a DC load requires

the use of a AC/DC rectifier. AC/DC rectification is extensively studied and well de-

scribed in literature. As a matter of fact, every electronic power device that is powered

from an AC voltage source such as the mains voltage in our homes must contain a

rectifier.

Whilst most of recent published work in inductive power transfer (IPT) technology

focuses on the design and optimization issues of the resonant inductive coils [45, 61,

105–107] and the transmitting coil driver [73–75], there has been little research in high

frequency, high efficiency rectifiers for IPT applications and their impact on the overall

performance of an IPT system. In previous work, the load connected to the secondary

coil of the inductive link has either been an AC load in the form of a resistor [73–

75, 107, 108], or a DC load connected through an AC/DC rectifier. Since DC loads are

more common than AC loads, more research into rectifiers that are suitable for IPT

systems is required.

The majority of AC/DC rectifiers that have been used in recent publications about

IPT systems are either traditional half-wave rectifiers [77] or bridge rectifiers [32, 51,

106]. The main losses that occur in the rectifiers are due to the forward voltage drop

of the rectifying elements and their switching losses. Synchronous rectifiers based on

a bridge configuration can improve the overall efficiency in IPT systems. However

timing and control of the four switches may be difficult especially at high resonant

frequencies [60]. In addition, traditional half-wave rectifiers and bridge rectifiers have

a non-sinusoidal input current and can cause a non-sinusoidal current to flow out
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of the secondary resonant circuit of the inductive link. This affects the performance

and efficiency of the primary coil driver since most primary coil drivers operate at

resonance and generate a sinusoidal driving current.

In the following sections the use of the traditional half-wave and full-wave rectifiers

in IPT and their affect on resonant DC/AC inverters, particularly the Class E inverter,

will be discussed. Then, Class D and Class E rectifiers are introduced and a certain

configuration of each will be proposed to be used with the inductive link designed

in Sec. 3.4.3. Mathematical analysis based on the state-space representation approach

will be performed to derive certain parameters. Extensive experimental results will be

shown to demonstrate their performance and to show their efficient operation.

6.1.1 Definitions

The following definitions are associated with analysis and modelling of the rectifiers

that will be presented in the chapter:

• Switching frequency ω

The angular switching frequency of the rectifier ω is equal to the angular switch-

ing frequency of the primary coil driver

• Resonant frequency ωo
The resonant frequency of the resonant section of the rectifier (if any) is

ωo =
1√
LC

(6.1)

where L and C represent the inductance and capacitance of its resonant section

• Characteristic impedance Zo
The characteristic impedance of the resonant section of the rectifier formed by L

and C

Zo =

√
L

C
(6.2)

• the ratio of the rectifier’s resonant frequency to the switching frequency

q =
ωo

ω
=

1

ω
√
LC

(6.3)

• Normalised load RL

Rnorm =
RL
Z

(6.4)

where RL represents the resistance of the load to the rectifier
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• Input voltage source

The voltage source for voltage-driven rectifiers is assumed to be sinusoidal and

is given by

Vi(ωt) = vm sin(ωt+φ) (6.5)

where vm is the magnitude of the input voltage.

• Input current source

The input current for current-driven rectifiers is assumed to be sinusoidal and is

given by

Ii(ωt) = im sin(ωt+φ) (6.6)

where im is the magnitude of the input current

• Power Factor (PF)

The power factor is defined as the ratio of the real power to the apparent power

at the input of a rectifier and is given by [109]

PF =

∞∑
n=1

Pn

VRMSIRMS
=

∞∑
n=1

VnIn cosφn
√ ∞∑
n=1

V2n

√ ∞∑
n=1

I2n

(6.7)

where Pn is the power of the nth harmonic, VRMS and IRMS are the RMS values

of the source voltage and current respectively, Vn and In are the RMS values of

the nth harmonic of the source’s voltage and current respectively, and φn is the

phase shift between the voltage and current of the nthe harmonic. The power

factor can be used as an indication of how reactive the reflected impedance of

the rectifier is for different loading conditions as seen from the receiving and

transmitting coils of a resonant IPT system.

• Total Harmonic Distortion (THD)

The THD is defined as the ratio of the sum of the powers of all harmonic compo-

nents to the power of the fundamental frequency. For a voltage-driven rectifier

the THD in its input current is given by

THD =

√ ∞∑
n=2

V2n

V1
=

√(
VRMS

V1RMS

)2
− 1. (6.8)

For a current-driven rectifier the THD in its input voltage is given by

THD =

√ ∞∑
n=2

I2n

I1
=

√(
IRMS

I1RMS

)2
− 1. (6.9)
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The THD can determine the compatibility of a certain rectifier with a resonant

inductive link. A value close to zero indicates that the rectifier’s input voltage

or current is close to an ideal sine wave and therefore can be compatible with

resonant inductive links. Whereas an increasing value indicates that the rectifiers

input voltage and current is highly non-linear and therefore not suitable to be

used in resonant inductive links.

6.2 traditional rectifiers

The AC voltage induced in the secondary coil cannot be applied directly to a DC load

such as a motor or a battery, AC/DC rectification is therefore required. The majority

of the rectifiers that are used today and that are applied to inductive links fall under

two categories; half-wave rectifiers and full-wave rectifiers. A brief discussion will be

provided on these categories of AC/DC rectifiers with the assumption that the AC

voltage to be rectified is pure sinusoidal.

6.2.1 Half-Wave Rectifiers

Since an AC voltage signal alternates between a positive voltage value and a negative

voltage value, a half wave rectifier simply allows the positive part of the AC voltage

signal to pass to the load while blocking the negative part, or alternatively, passing the

negative part and blocking the positive part. A widely popular circuit that achieves

half-wave rectification is shown in Fig. 6.1 using a single diode. A capacitor with a very

large capacitance is added to average the pulses into a constant DC voltage. Ideally

the value of the rectified DC output voltage should be equal to the peak voltage of

the AC voltage signal if the time constant of the added capacitor and the load is

large compared to the period of the AC voltage. The rectified DC output voltage

should also be flat, i.e. without any voltage ripples. Practically, due to the forward

voltage drop of the diode and the limited capacitance of the capacitor, the rectified DC

output voltage will not be equal to the peak of the AC voltage and will contain voltage

ripples as illustrated in Fig. 6.3. To overcome this issue, large capacitors with a low

ESR should be used. The diode could also be replaced by a Schottky diode and even

with a controlled switch such as a MOSFET. If a MOSFET is used, then the rectifier is

referred to as a ‘synchronous’ rectifier since the MOSFET driving signals have to be

synchronised with input AC voltage.
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(a) inductive link with a half-wave rectifier
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Fig. 6.1: A half-wave rectifier using a single diode

The RMS value of the unaveraged output voltage of the half-wave rectifier with an

ideal diode (Vf = 0) is given by

VoRMS =

√
1

T

∫T
0

V2i (ωt)dωt =

√
1

2π

∫π
0

(vm sin(ωt))2dωt =
vm

2
(6.10)

and its averaged output voltage is given by

Vo =
1

T

∫T
0

Vi(ωt)dωt =
1

2π

∫π
0

vm sin(ωt)dωt =
vm

π
≈ 0.3183vm (6.11)

6.2.2 Full-Wave Rectifiers

Instead of blocking the negative part of the AC voltage signal, a full-wave rectifier

not only passes the positive part but also converts the negative parts into a positive

voltage. Consequently, the full-wave rectifier needs a smaller capacitor compared to

that of the half-wave rectifier and also the voltage ripples on the rectified DC output

voltage are smaller. Fig. 6.2 shows the widely popular full-wave bridge rectifier. The

circuit of the bridge rectifier consists of four diodes or switching devices. The value of

the rectified DC output voltage is reduced since the forward voltage drop is doubled

due to the additional diodes. However, replacing the diodes with MOSFETs overcomes

this issue.

The RMS value of the unaveraged output voltage of the full-wave rectifier with ideal

diodes (Vf = 0) is given by

VoRMS =

√
1

T

∫T
0

V2i (ωt)dωt =

√
1

π

∫π
0

(vm sin(ωt))2dωt =
vm√
2
≈ 0.7071vm (6.12)
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(a) inductive link with a h-bridge full-wave rectifier
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Fig. 6.2: A full-wave H-bridge rectifier

and its averaged output voltage is given by

Vo =
1

T

∫T
0

Vi(ωt)dωt =
1

π

∫π
0

vm sin(ωt)dωt =
2vm

π
≈ 0.6366vm (6.13)

Fig. 6.3 shows the voltage waveforms that are associated with the half-wave and full-

wave rectifiers.

6.2.3 Performance Investigation

In order to investigate the suitability of the traditional rectifiers in inductive links, it

is necessary to look into their input current waveform. Fig. 6.4 shows the typical

input voltage and current waveforms of the full-bridge rectifier in Fig. 6.2. Due to

the output-filter capacitor, the rectifier draws current when the instantaneous voltage

of the supply exceeds the voltage across the capacitor. Therefore the input current

is a sequence of high current pules that occur at the positive and negative peaks of

the input voltage. The resulting current spikes are nonsinusoidal and have a harmonic

content. Consequently, the voltage supply operates at a very low power factor and at a

high current THD factor. A low power factor affects the inductive link by detuning its

resonant frequency and therefore limits the amount of power that is delivered to the

load as discussed. Power factor ratios between 0.5 to 0.7 are common for the full-wave

bridge rectifier [110].
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Fig. 6.4: Typical input voltage and input current waveforms of an H-bridge full-wave rectifier
with an output filter capacitor

The THD of the input current of a rectifier has a higher impact on the overall per-

formance of an inductive link and its primary coil driver than the power factor. The

fact that resonant inverters are optimised to generate a sinusoidal output current at a

certain load value makes them less tolerant to variations in load, as in the case for the

Class E inverter. Each harmonic of the input current of the rectifier can correspond to

a certain impedance. Therefore a high harmonic content can result in a large number

of impedances which distort the output current of a resonant inverter. Fig. 6.5 shows

the typical harmonic content of the input current for an H-bridge full-wave rectifier,

THD factors are generally above 50%. Power factor corrections circuits and input fil-

ters can be used to improve the power factor and the THD, however they can increase

the size and complexity of the rectifier in addition to degradation of the overall system
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Fig. 6.5: Typical harmonic content of the input current of an H-bridge full-wave rectifier with
an output-filter capacitor

efficiency. Nevertheless, the H-bridge full-wave rectifier has been used in IPT systems

due to their simple principle of operation and low voltage stresses. For further in-

formation about half-wave and full-wave rectifiers, including extensive modelling and

analysis, refer to [110].

6.3 class d rectifiers

Class D rectifiers [111–113] can be thought of as the dual of Class D inverters. Much

like the traditional rectifiers, Class D rectifiers can convert a sinusoidal voltage or cur-

rent into a DC voltage or current. Their main advantage is that the input voltage or

current to the rectifier is a square wave, therefore the power factor and the THD are

enhanced which makes them compatible with Class D and Class E resonant invert-

ers.

Class D rectifiers are similar in construction to the traditional rectifiers. They are fur-

ther classified into two subclasses [111]; Class D current-driven rectifiers and Class D

voltage-driven rectifiers. The Class D current-driven rectifier rectifies a sinusoidal

input current into a DC output voltage, whereas a Class D voltage-driven rectifier

rectifies a sinusoidal input voltage into a DC output current. Figs. 6.6 and 6.7 show

several configurations of both subclasses and their equivalent circuits. Fig. 6.8 shows

the voltage and current waveforms that are associated with the Class D voltage-driven

and current-driven rectifiers.
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Fig. 6.6: Class D voltage-driven rectifiers in inductive links
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Fig. 6.7: Class D current-driven rectifiers in inductive links

6.3.1 Analysis of Class D Voltage-driven Rectifiers

The voltage and current relationships will be derived for the half-wave Class D voltage-

driven rectifier in Fig, 6.6a, in addition to the power factor and the THD. The analysis

will be based on an analytical approach and will be based on the following assump-

tions:

• The input voltage is sinusoidal.

• The inductance of the inductor L is large enough such that the current (Io) flow-

ing through it is a DC current.

• The capacitance of the capacitor C is large enough such that the output volt-

age (Vo) across is it is a DC voltage.

• The diodes are ideal switches with a zero forward voltage drop and a zero ON

resistance.
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Fig. 6.8: Voltage and current waveforms of Class D rectifiers

Referring to the voltage and current waveforms in Fig. 6.8a, the currents in the diodes

are

ID1(ωt) =

Io, for 0 6 ωt < π

0, for π 6 ωt < 2π

(6.14)

ID2(ωt) =

0, for 0 6 ωt < π

Io, for π 6 ωt < 2π

. (6.15)

The voltage across the diodes is

VD1(ωt) =

0, for 0 6 ωt < π

−vm sinωt, for π 6 ωt < 2π

(6.16)

VD2(ωt) =

vm sinωt, for 0 6 ωt < π

0, for π 6 ωt < 2π

. (6.17)
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Hence the output voltage is equal to the average voltage of diode D2

Vo =
1

2π

∫2π
0

VD2(ωt)dωt =
1

2π

∫π
0

vm sinωt =
vm

π
. (6.18)

Consequently, the output current is given by

Io =
Vo

RL
=
vm

πRL
. (6.19)

The RMS value of the input voltage is given by

ViRMS =
vm√
2

. (6.20)

Therefore the AC-to-DC voltage gain can be represented as

Mv =
Vo

ViRMS

=

√
2Vo

vm
=

√
2

π
. (6.21)

It can be noticed from Eqs. 6.18 and 6.21 that for the Class D voltage-driven rectifiers

the output voltage is independent of the load value.

The input current (Ii) to the rectifier is equal to diode’s D1 current

Ii(ωt) = ID1(ωt) =

Io, for 0 6 ωt < π

0, for π 6 ωt < 2π

. (6.22)

The RMS value of the input current is

IiRMS =

√
1

2π

∫2π
0

I2i (ωt)dωt =

√
1

2π

∫π
0

I2odωt =
Io√
2

. (6.23)

The fundamental component of the input current is

im1 =
1

π

∫2π
0

Ii(ωt) sin(ωt)dωt =
1

π

∫π
0

Io sin(ωt)dωt =
2Io

π
(6.24)

and its RMS value is given by

im1RMS =
im1√
2

=

√
2Io

π
. (6.25)

From Fig. 6.8a it can be assumed that the fundamental component of the input current

is in phase with the input voltage. Since the input voltage is sinusoidal therefore the

input power contains only the fundamental component

Pi =
1

2
vmim1. (6.26)

Considering the assumption that the diodes are ideal implies that the output power is

equal to the input power, therefore input power can expressed as

Pi = Po =
V2o
RL

= I2oRL =
v2m
π2RL

(6.27)
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Using Eqs. 6.19 and 6.24 the input resistance of the rectifier is

Ri =
vm

im1
=
vmπ

2Io
=
π2

2
RL ≈ 4.9348RL. (6.28)

From Eqs. 6.7, 6.24 and 6.25 the power factor of the half-wave Class D voltage-driven

rectifier is

PF =
ViRMSim1RMS

ViRMSIiRMS

=
2

π
≈ 0.6366. (6.29)

Using Eqs, 6.9, 6.23 and 6.25 the THD factor of the the half-wave Class D voltage-

driven rectifier is

THD =

√(
IiRMS

im1RMS

)2
−

(
Io

2im1RMS

)2
− 1 =

√
(π
2

)2
−

(
π

2
√
2

)2
− 1 ≈ 0.4834. (6.30)

The maximum voltage across the diodes is vm and their maximum current is Io, there-

fore the power-output capability is

cp =
Po

2VDMAXIDMAX

=
VoIo

2VDMAXIDMAX

=
1

2π
≈ 0.1592. (6.31)

6.3.2 Analysis of Class D Current-driven Rectifiers

The voltage and current relationships will be derived for the half-wave Class D current-

driven rectifier in Fig. 6.6b, in addition to the power factor and the THD. The analysis

will be based on an analytical approach and will be based on the following assump-

tions:

• The input current is sinusoidal.

• The capacitance of the capacitor C is large enough such that the output volt-

age (Vo) across is it is a DC voltage.

• The diodes are ideal switches with a zero forward voltage drop and a zero ON

resistance.

Referring to the voltage and current waveforms in Fig. 6.8b, the currents in the diodes

are

ID1(ωt) =

im sin(ωt), for 0 6 ωt < π

0, for π 6 ωt < 2π

(6.32)

ID2(ωt) =

0, for 0 6 ωt < π

−im sin(ωt), for π 6 ωt < 2π

. (6.33)
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The voltage across the diodes is

VD1(ωt) =

0, for 0 6 ωt < π

−Vo, for π 6 ωt < 2π

(6.34)

VD2(ωt) =

Vo, for 0 6 ωt < π

0, for π 6 ωt < 2π

. (6.35)

Hence the output current is equal to the average current of diode D1

Io =
1

2π

∫2π
0

ID1(ωt)dωt =
1

2π

∫π
0

im sinωt =
im

π
. (6.36)

Consequently, the output voltage is given by

Vo = IoRL =
imRL
π

. (6.37)

The RMS value of the input current is given by

IiRMS =
im√
2

. (6.38)

Therefore the AC-to-DC current gain can be represented as

Mc =
Io

IiRMS

=

√
2Io

im
=

√
2

π
. (6.39)

Similar to their voltage-driven counterparts, it can be noticed from Eqs. 6.36 and 6.39

that for the Class D voltage-driven rectifiers the output current is independent of

the load value. The input voltage (Vi) to the rectifier is equal to the voltage of

diode D2

Vi(ωt) = VD2(ωt) =

Vo, for 0 6 ωt < π

0, for π 6 ωt < 2π

. (6.40)

The RMS value of the input voltage is

ViRMS =

√
1

2π

∫2π
0

V2i (ωt)dωt =

√
1

2π

∫π
0

V2odωt =
Vo√
2

. (6.41)

The fundamental component of the input current is

vm1 =
1

π

∫2π
0

Vi(ωt) sin(ωt)dωt =
1

π

∫π
0

Vo sin(ωt)dωt =
2Vo

π
(6.42)

and its RMS value is given by

vm1RMS =
vm1√
2

=

√
2Vo

π
. (6.43)
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From Fig. 6.8b it can be assumed that the fundamental component of the input

voltage is in phase with the input current. Since the input current is sinusoidal, the

input power contains only the fundamental component

Pi =
1

2
vm1im. (6.44)

Considering the assumption that the diodes are ideal implies that the output power is

equal to the input power, therefore input power can expressed as

Pi = Po =
V2o
RL

= I2oRL =
i2mRL
π2

(6.45)

Using Eqs. 6.37 and 6.42 the input resistance of the rectifier is

Ri =
vm1
im

=
2Vo

πim
=
2

π2
RL ≈ 0.2026RL. (6.46)

From Eqs. 6.7, 6.42 and 6.43 the power factor of the half-wave Class D current-driven

rectifier is

PF =
vm1RMSIiRMS

ViRMSIiRMS

=
2

π
≈ 0.6366 (6.47)

which is the same as that of it voltage-driven counterpart. The power factor can be

improved to 0.9001 by connecting the rectifier to the voltage source through a trans-

former and a DC blocking capacitor to remove the DC component of the input voltage

as shown in [112].

Using Eqs, 6.9, 6.23 and 6.25 the THD factor of the the half-wave Class D voltage-

driven rectifier is

THD =

√(
IiRMS

im1RMS

)2
−

(
Io

2im1RMS

)2
− 1 =

√
(π
2

)2
−

(
π

2
√
2

)2
− 1 ≈ 0.4834. (6.48)

The maximum voltage across the diodes is Vo and their maximum current is im, there-

fore the power-output capability is

cp =
Po

2VDMAXIDMAX

=
VoIo

2VDMAXIDMAX

=
1

2π
≈ 0.1592. (6.49)

6.3.3 Performance Investigation of Class D Voltage-driven Rectifiers

Here the performance of a Class D voltage-driven rectifiers in inductive links will be

investigated by taking into consideration the presence of the inductive link.

Fig. 6.9 shows the circuit diagram of the half-wave Class D voltage-switching recti-

fier in an IPT system with a parallel resonant secondary configuration. The rectifier

consist of two diodes, D1 and D2, a DC filter inductor Lf and output capacitor Co.
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Primary Coil
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M

Fig. 6.9: Circuit representation of an IPT system with a Class D half-wave voltage-switching
rectifier

The load is represented by a resistance RL. The inductive link consists of a primary

coil represent by an inductance LP, the secondary coil represented by an inductance

LS and their mutual inductance M. Capacitor C is connected in parallel with the

secondary coil to create resonance or near-resonance operation. The inductive link is

driven by a sinusoidal DC/AC inverter such as a Class D or Class E inverter, and the

rectifier is driven by the voltage induced at the secondary coil. Fig. 6.10 shows the

voltage and current waveforms that are associated with the Class D rectifier in this

particular application.

A. Assumptions

The modelling and analysis will be performed here will based on the following as-

sumptions:

1. The diodes are ideal; they have zero threshold voltage, a zero ON resistance, an

infinite OFF resistance and a zero junction capacitance.

2. The quality factor of the secondary coil is high enough such that its equivalent

series resistance is negligible.

3. The filter inductance Lf is large enough such that the output current Io is DC

and consequently the output voltage Vo is DC.

4. The driving current of the primary coil is sinusoidal and consequently the volt-

age induced in the secondary coil Vi is also sinusoidal. The induced voltage is

given by

Vi(ωt) = vm sin(ωt+φ) (6.50)

where vm is the magnitude of the induced voltage and φ is its phase with refer-

ence to the current of diode D1.

5. Since the induced voltage is sinusoidal, the ON duty cycle for both diodes is

0.50.
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switching rectifier in an inductive link with a parallel resonant secondary coil config-
uration



6.3 class d rectifiers 161

Vi(ωt)

Ls

C

D1

D2
Io

(a) equivalent during the period 0 6

ωt < π

Vi(ωt)

Ls

C

D1

D2
Io

(b) equivalent during the period π 6

ωt < 2π

Fig. 6.11: Equivalent circuits of the Class D rectifier

B. Operation outside resonance

The Class D rectifier can be represented by the equivalent circuits in Fig. 6.14 depend-

ing the on the conduction of the diodes. Diode D1 is ON and diode D2 is OFF for the

period 0 6 ωt < π. Diode D1 is OFF and diode D2 is ON for the period π 6 ωt < 2π.

The analysis will only consider the near-resonance operation of the rectifier, i.e. qeq1.

This is due to the fact that perfect resonant operation, i.e. q = 1, is practically difficult

to practically achieve due to the tolerance of the components of the circuit. In addi-

tion, operating near-resonance is sometimes preferred to allow for power regulation

as demonstrated in [60, 73–75].

For the period 0 6 ωt < π, by applying KVL and KCL in Fig. 6.14a, the following

equations can be obtained

vm sin(ωt+φ) = ωL
dIi(ωt)

dωt
+ VC(ωt) (6.51)

Ii(ωt) = ωC
dVC(ωt)

dωt
+ Io. (6.52)

Substituting Eq. 6.51 in Eq. 6.52 and normalising with the respect to the magnitude of

the input voltage vm and the output current Io

p cos(ωt+φ) =
1

q2
d2Ii(ωt)norm

dωt2
+ Ii(ωt)norm − 1 (6.53)

where

p =
vmωC

Io
. (6.54)

Eq. 6.53 is a linear non-homogeneous second-order differential equation which has the

following general solution

Ii(ωt)norm =
q2p

q2 − 1
cos(ωt+φ) +A1 cos(qωt) +B1 sin(qωt) − 1, q 6= 1 (6.55)

where the coefficients A1 and B1 are to be determined by satisfying the equation’s

boundary conditions.



162 ac/dc rectifiers in ipt systems

For the period π 6 ωt < 2π, by applying KVL and KCL in Fig. 6.14b, the following

equations can be obtained

vm sin(ωt+φ) = ωL
dIi(ωt)

dωt
+ VC(ωt) (6.56)

Ii(ωt) = ωC
dVC(ωt)

dωt
. (6.57)

Substituting Eq. 6.56 in Eq. 6.57 and normalising with the respect to the magnitude of

the input voltage vm and the output current Io,

p cos(ωt+φ) =
1

q2
d2Ii(ωt)norm

dωt2
+ Ii(ωt)norm (6.58)

Eq. 6.58 is a linear second-order differential equation which has the following general

solution

Ii(ωt)norm =
q2p

q2 − 1
cos(ωt+φ) +A2 cos(qωt) +B2 sin(qωt), q 6= 1 (6.59)

where the coefficients A2 and B2 are to be determined by satisfying the equation’s

boundary conditions. The current and voltage continuity conditions of inductor L and

capacitor C respectively can be described by

Ii(π
−)norm = Ii(π

+)norm (6.60)

Ii(0
+)norm = Ii(2π

−)norm (6.61)

dIi(ωt)norm

dωt

∣∣∣∣
ωt=π−

=
dIi(ωt)norm

dωt

∣∣∣∣
ωt=π+

(6.62)

dIi(ωt)norm

dωt

∣∣∣∣
ωt=0+

=
dIi(ωt)norm

dωt

∣∣∣∣
ωt=2π−

. (6.63)

By using Eqs. 6.60-6.63, the coefficients A1, A2, B1 and B2 can be determined and are

given by

A1 = −
1

2
, q 6= 1 (6.64)

A2 = −
1

2
+ cos(πq), q 6= 1 (6.65)

B1 = −
1

2
tan(

πq

2
), q 6= 1 (6.66)

B2 = sin(πq) −
1

2
tan(

πq

2
), q 6= 1. (6.67)

Consequently, the normalised input current can be represented as

Ii(ωt)norm =



q2p

q2 − 1
cos(ωt+φ) +A1 cos(qωt) +B1 sin(qωt) − 1, q 6= 1

for 0 6 ωt < π
q2p

q2 − 1
cos(ωt+φ) +A2 cos(qωt) +B2 sin(qωt), q 6= 1

for π 6 ωt < 2π

. (6.68)
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The normalised voltage across capacitor C can be represented as

VC(ωt)norm =



q2

q2 − 1
sin(ωt+φ) +

A1
qp

sin(qωt) −
B1
qp

cos(qωt) q 6= 1

for 0 6 ωt < π
q2

q2 − 1
sin(ωt+φ) +

A2
qp

sin(qωt) −
B2
qp

cos(qωt) q 6= 1

for 0 6 ωt < π

. (6.69)

The voltages across diodes D1 and D2 are given by

VD1(ωt) =

0 for 0 6 ωt < π

−VC(ωt) for π 6 ωt < 2π

(6.70)

VD2(ωt) =

VC(ωt) for 0 6 ωt < π

0 for π 6 ωt < 2π

(6.71)

and their currents are given by

ID1(ωt) =

Io for 0 6 ωt < π

0 for π 6 ωt < 2π

(6.72)

ID2(ωt) =

0 for 0 6 ωt < π

Io for π 6 ωt < 2π

. (6.73)

The phase φ can be determined from Eq. 6.69 when VC = 0 at ωt = 0, resulting in the

following equation

sin(φ) +
1

q2 − 1
sin(φ) −

B1
qp

= 0 (6.74)

therefore the phase φ is equal to

φ =


sin−1

(
B1(q

2 − 1)

q3p

)
for q > 1

π− sin−1

(
B1(q

2 − 1)

q3p

)
for q < 1

. (6.75)

The output current is equal to the average of the input current during the period 0 to

π

Io =
1

π

∫π
0

Ii(ωt)dωt. (6.76)

Substituting Eqs. 6.55, 6.64 & 6.66 in Eq. 6.76 gives

1 =
1

π

(
π−

2q2p

q2 − 1
sin(φ) −

1

q
tan
(πq
2

))
(6.77)
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Fig. 6.12: Variation of p with q and Rnorm

which simplifies to

2q2p

q2 − 1
sin(φ) +

1

q
tan
(πq
2

)
= 0. (6.78)

The output voltage is equal to the average voltage across diode D2

Vo = IoRL =
1

2π

∫π
0

VC(ωt)dωt. (6.79)

Using Eqs. 6.54 & 6.69, the above equations can be represented by

q2p

π(q2 − 1)
cos(φ) = ωRLC. (6.80)

Eq. 6.80 can also be represented as

RLnorm =
q3p

π(q2 − 1)
cos(φ). (6.81)

From Eqs. 6.78 & 6.81 the value p can also be represented as

p =
(q2 − 1)

2q3

√
(2πRLnorm)2 + tan2

(πq
2

)
. (6.82)

Eq. 6.82 along with Eq. 6.54 allow for determining the output current and voltage for

a given load resistance and input voltage. Figs. 6.12 & 6.13 show how p and φ vary

with q and Rnorm.

Using Fourier series, the normalised magnitude of the input current harmonics

are

|Iinn| =
√
a2n + b2n (6.83)

where

an =
1

π

∫π
0

Ii(ωt) cos
(
n(ωt+φ)

)
dωt (6.84)

bn =
1

π

∫π
0

Ii(ωt) sin
(
n(ωt+φ)

)
dωt (6.85)
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Table 6.1: Input current harmonics for the out of resonance operation (q 6= 1)

n |Iinn|norm tan(φn)

1st
∣∣∣∣

q2

π(q2− 1)

√
4+π2p2− 4πp sinφ

∣∣∣∣ π
2p secφ− tanφ (4th qdr.)

2nd 0 0

3rd
∣∣∣∣

2q2

3π(q2− 9)

∣∣∣∣ tan(3φ) (3rd qdr.)

4th 0 0

5th
∣∣∣∣

2q2

5π(q2− 25)

∣∣∣∣ tan(5φ) (4th qdr.)

and the phase of each harmonic with respect to the phase of the input voltage is

φn = tan−1

(
an

bn

)
(6.86)

Table 6.1 lists the equations for the first three odd harmonics. It can be noticed that

the first harmonic is dominant and the 3rd and 5th harmonics are several orders of

magnitude less. Therefore it can be assumed that the input current for the Class D

rectifier operating out of resonance is near sinusoidal.

C. Equivalent circuit

The rectifier can be represented by an equivalent input impedance consisting of a

resistance representing the load and a reactance. Since the input voltage to the rectifier

has been assumed to be sinusoidal, the input impedance of the rectifier corresponds

to that of the first harmonic only. From Table 6.1, and Eq. 6.54, the input impedance

of the rectifier is

Zi = Ri + jXi =
vm

Ii1
=
qpZo

Ii1norm

∠−φ1. (6.87)
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Fig. 6.14: Equivalent circuits of the Class D rectifier

The input resistance is equal to

Ri =
πp(q2 − 1)Zo

q
√
4+ π2p2 − 4πp sin(φ)

1√
1+

(
π
2p sec(φ) + tan(φ)

)2 (6.88)

and the input reactance is equal to

Xi =
πp(q2 − 1)Zo

q
√
4+ π2p2 − 4πp sin(φ)

−
π
2p sec(φ) + tan(φ)√

1+
(
π
2p sec(φ) + tan(φ)

)2 . (6.89)

The input reactance of the Class D rectifier is inductive when q > 1 and capacitive

when q < 1. The input impedance of the Class D rectifier along with the inductive

link can be further replaced by an equivalent impedance as seen by the primary coil

driver. Since Vi = jXMIP, where XM is the reactance of the mutual inductance and

IP is the output current of the primary coil driver, the equivalent impedance of the

inductive link and the Class D rectifier can be described by

Zeq = Req + jXeq =
X2M

Ri + jXi
(6.90)

where Req is equivalent resistance corresponding to the load resistance and is given

by

Req =
X2MRi

R2i +X
2
i

(6.91)

and Xeq is equivalent reactance corresponding to the mutual inductance and input

reactance of the rectifier and is given by

Xeq =
X2MXi

R2i +X
2
i

. (6.92)

Fig. 6.14 shows the equivalent circuits of the Class D rectifier and the inductive link.

Fig. 6.15 shows the variation of the input resistance of the rectifier Ri with q and Rnorm.
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Fig. 6.16: Variation of VDmax and output voltage gain with q and Rnorm

D. Output voltage, voltage and current stresses

The maximum current in the diodes is equal to Io. The maximum voltage across

diodes is equal to the maximum voltage across capacitor C. By differentiating Eq. 6.69

and setting it equal to zero, the following equation is obtained

q2

q2 − 1
cos(ωt+φ) −

1

2p
cos(qωt) −

1

2p
sin(qωt) tan

(πq
2

)
= 0. (6.93)

Eq. 6.93 can be solved numerically for given values of p and Rnorm. Fig. 6.16a shows

the variation of the maximum voltage across the diodes normalised with respect to

the output voltage as q and Rnorm vary. The induced voltage at the secondary coil Vi
cannot be physically measured, the voltage across capacitor C is measured instead.

Therefore the gain the rectifier can be represented as the ratio of the output voltage

across the load to the voltage across capacitor C. Fig. 6.16b shows the variation of the

output voltage with q and Rnorm.



168 ac/dc rectifiers in ipt systems

The analysis was based on the assumption that the diodes and the secondary coil

are lossless. In practice, the losses due to conduction of the diodes and ESR of the

secondary coil. Therefore the efficiency of the rectifier can be described by

η ≈ I2oRL

I2in1rs + IoVf + I
2
orON + I2orf + I

2
oRL

. (6.94)

where rp represented the ESR of the secondary coil, Vf is the forward voltage drop of

the diodes, rON represented the diodes’ ON resistance and rf represents resistance of

the filter inductor.

E. Design Case

This section will describe the design procedure of an IPT system with a Class E

DC/AC inverter and a Class D rectifier. The IPT system will operate from a 15V DC

supply and will deliver up to 20W of power to a load range 10-100Ω at an 800 kHz

switching frequency. Class E inverters operate at optimum switching condition, zero-

voltage and zero-derivative switching, only for a certain load value. Therefore the

Class E inverter will provide an excellent indication on the accuracy of modelling

and analysis performed on the Class D rectifier by monitoring its switching condi-

tions. Class E inverters can also operate at sub-optimum switching conditions, zero-

voltage switching, as their load is decreased below its optimum value. Consequently

the Class E inverter will be designed to operate at optimum switching conditions for

Rnorm = Zo and at sub-optimum switching condition for 12Zo < Rnorm < 3Zo.

The inductive coils that will be used here are those designed in Sec. 3.4.3. The

distance between the coils will be 5 cm and the measure mutual inductance at this

separation distance is 1µH. The inductive link will be operated near resonance, its

resonant frequency will be set at 850 kHz which corresponds to q = 1.0625. The

value of the parallel capacitor C is therefore equal to 5.4nF. Three polypropylene

capacitors (2.2nF+2.2nF+1nF) will be connected in parallel to minimise losses and

current stresses. The characteristic impedance of the rectifier is equal to 34.67Ω.

Based on the performed analysis of the Class D rectifier, for q = 1.0625 and Rnorm =

Zo = 34.67Ω, the values of p and φ can be found from Eqs. 6.75 & 6.82 are equal to

0.6419 and 58.16° respectively. From Eqs. 6.88-6.89, the input resistance of the rectifier

is 7.396Ω and its input reactance is -j2.225Ω which corresponds to a capacitance of

89.413nF at 800 kHz. From Fig. 6.16, the voltage gain of the rectifier is 31.644% and

the normalised maximum voltages across the diodes is 3.160.

The equivalent impedance of the inductive and the Class D rectifier can now be de-

termined as a function of the mutual inductance of the inductive link. The value of the

equivalent impedance for the set separation distance can be found from Eqs. 6.91-6.92.
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Fig. 6.17: Complete circuit of an IPT system with a Class E primary driver and a half-wave
Class D rectifier

The equivalent resistance is equal to 3.133Ω and the equivalent reactance is equal to

-j0.942Ω which corresponds to a capacitance of 211.193nF. The equivalent impedance

is then used to design the Class E inverter at optimum switching conditions. Fig. 6.17a

shows the complete circuit diagram of the overall IPT system and Fig. 6.17b shows

a simplified circuit of the system obtained by replacing the inductive link and the

Class D rectifier with their equivalent circuit. The values that need to be determined

to complete this design case are capacitors C1 and C2 of the Class E inverter. Their

values can be found by using the design equations in [73, 89]. The values of C1 and C2
are found to be equal to 12.322nF and 7.661nF respectively. An IPT system was built

based on the design case presented in the previous section. Fig. 6.18 shows a photo-

graph on the experimental setup. Fig. 5.26 shows the measured voltage and current

waveforms of the Class D rectifier and the Class E inverter. The theoretical waveforms

are plotted for comparison. It can be seen from Fig. 6.19a & 6.19b that measured

waveforms of the Class D rectifier are in excellent agreement with theoretical wave-

forms which confirms the accuracy of the modelling and analysis that was performed.

Fig. 6.19c shows the voltage across the MOSFET of the Class E inverter. The particular

voltage waveform of the Class E inverter is associated with the optimum switching

operation. Therefore this provides further confirmation on the performed modelling

and analysis.
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Fig. 6.18: Photograph of the experimental setup

Fig. 6.20 shows the measured variation of the voltage gain of the rectifier and nor-

malised first harmonic of its input current. As predicted in Fig. 6.15, the voltage gain

of the rectifier reaches to a constant value of ≈ 0.1 as the load resistance increases. The

measured variation of the first harmonic of the input current is in excellent agreement

with the theoretical values in Table 6.1.

6.4 class e rectifiers

Class E rectifiers are resonant switching circuits that can operate efficiently at frequen-

cies exceeding 500 kHz. Efficient operation is achieved due to the zero-voltage switch-

ing (ZVS), low voltage-slope (dv/dt) switching, zero-current switching (ZCS) and low

current-slope (di/dt) switching of the rectifying element. Class E rectifiers have a near

sinusoidal input current with low harmonic distortion which makes them compatible

with resonant inverters, such as Class D and Class E, that are used as primary coil

drivers in IPT systems. Class E rectifiers have been used to form resonant DC-DC

converters [114–118] and in power harvesting and power recovery applications [119].

Nonetheless, there appears no report in literature on the use of Class E rectifiers for

IPT systems.

This section will provide a brief introduction about Class E rectifiers and their prin-

ciple of operation. The suitability of Class E resonant rectifiers in inductive links is

discussed. An analysis is performed on a Class E voltage-switching rectifier will be

performed. The analysis will be based on a piecewise linear state-space representation

to model the Class E rectifier including the rectifying diode’s forward voltage drop,

its ON resistance and the equivalent series resistance of the resonant inductor. Power

quality parameters, such as power factor and total harmonic distortion, are calculated
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Fig. 6.19: Measured voltage and current waveforms when Rnorm = Zo

for different loading conditions. Extensive experimental results based on a 10W proto-

type are presented confirming the performed analysis and show the efficient operation

of the rectifier. An operating efficiency of 94.43% has been achieved at a resonant fre-

quency of 800 kHz.

Class E rectifiers were first introduced by Bowman [120] in a patent filled in 1986

to be used in resonant DC/DC converters. Similar to Class D rectifiers, Class E recti-

fiers can be thought of as the dual of Class E inverters. Class E rectifiers consist of a

single rectifying switch for the half-wave rectification configuration and two rectifying

switches for the full-wave rectification configuration. Class E rectifiers also contain



172 ac/dc rectifiers in ipt systems

0 0.5 1 1.5 2 2.5 3

0.26

0.28

0.3

0.32

0.34

Rnorm

V
o/

V
D

m
ax

Measured
Theory

(a) voltage gain

0 0.5 1 1.5 2 2.5 3
0

2

4

6

8

10

Rnorm

I in
or

m

Measured
Theory

(b) magnitude of first harmonic

Fig. 6.20: Measured parameters against normalised load

a passive network that is tuned to the frequency of the input voltage or current sig-

nal. The passive network takes into consideration the non-ideal characteristics of the

switch, such as output capacitance and parasitic inductance, thus reducing their affect

which is the main reason why Class E rectifiers can be operate at frequencies higher

than that of Class D and the traditional rectifiers. Similar to Class E inverters, the main

disadvantage of Class E rectifiers is the increased voltage stresses across the rectifying

switch which is also affected by the load value. However, they can maintain efficient

operation over a wider load range. The principle of operation of Class E rectifiers and

the different configurations that have been researched are summarised in [109, 121]

and the references therein, however a brief overview will be provided in the next

subsection.

Figs. 6.21 and 6.22 show a common configuration of half-wave Class E ZVS low

dvd/dt and Class E ZCS low did/dt rectifiers respectively. Other configurations and

topologies can be obtained as summarised in [109, 121]. The figures also show two

versions of each configuration based on the rectifying switch. Rectifiers generally use

diodes as the rectifying switch since they do not require any control or gate triggering

circuitry therefore simplifying the overall circuit design and implementation. A MOS-

FET as the rectifying switch can be used instead which result in an improved overall

efficiency and performance, however they require control and gate driving circuitry

which may increase the complexity of the overall circuit especially at high frequencies.

6.4.1 Principle of Operation

Fig. 6.23 shows the typical voltage and current waveforms associated with the half-

wave Class E voltage-switching and current-switching rectifiers of Figs. 6.21a and 6.22a.
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Fig. 6.21: Circuit diagram of a half-wave Class E ZVS low dvd/dt rectifier [109, 122]
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Fig. 6.22: Circuit diagram of a half-wave Class E ZCS low did/dt rectifier [109]

Both rectifier are driven by a sinusoidal voltage source. Inductor L and capacitor C

form the passive network of the rectifiers. Their values are chosen such that their

resonant frequency is equal to frequency of the input voltage. Capacitor Co is a output

filter and its value should be large enough such that the output voltage is a DC voltage.

Resistance RL represents the load. The duty cycle of the rectifying switch is assumed

to be at 0.50 for the purpose of illustration. The duty cycle is a function of the load

resistance as will be shown in the following sections.

Referring to the waveforms in Fig. 6.23a for the Class E voltage-switching rectifier,

during the period when the rectifying switch is OFF, the inductor and capacitor form

a series resonant LC circuit. The output-filter capacitor can be represented as a short

since it has an insignificant impedance. The LC circuit is driven by the input sinusoidal

voltage in addition to the output DC voltage. Therefore the voltage across capacitor C,

which is equal to the voltage of the rectifying switch, will contain a sinusoidal part

plus a ramp. The input current during this period is slightly distorted and contains

a sinusoidal part and a ramp current. The output-filter capacitor also discharges its

energy into the load during this period. The rectifying switch turns ON when its volt-

age crosses zero volts. The input current is diverted from capacitor C to the rectifying

switch. The input current at this instant is continuous due to inductor L. The circuit

now consists of only the inductor which is driven by the input sinusoidal voltage and

the output DC voltage. The input current contains a sinusoidal part and ramp current
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Fig. 6.23: Typical voltage and current waveforms associated with half-wave Class E voltage-
switching and current-switching rectifiers

and the output-filter capacitor charges during this period. The rectifying switch turns

OFF once its current reaches zero amps and its voltage gradually increases from zero

volts. In conclusion, the rectifying switch turns ON at a zero voltage and low dVD/dt

and turns OFF at a zero voltage and zero dVD/dt therefore switching losses are min-

imised [109]. The main advantage of the Class E voltage-switching rectifier is that the
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output capacitance of the rectifying switch is absorbed by capacitor C and hence its

degradation affect on the rectifier’s performance is significantly reduced. The overall

distortion in input current is very low and can be assumed to be sinusoidal.

Referring to the waveforms in Fig. 6.23b for the Class E current-switching rectifier,

during the period when the rectifying switch is ON, the inductor and capacitor form

a parallel resonant LC circuit. The LC circuit is driven by the input sinusoidal volt-

age in addition to the output DC voltage. The average voltage across capacitor C is

equal to the average output voltage therefore its current contains only a sinusoidal

part. The current in the inductor contains a sinusoidal part and a ramp current. The

sinusoidal current parts in the LC circuit will be much lower compared to the ramp

current since the impedance of the parallel LC circuit is large. The output-filter ca-

pacitor charges during this period. The rectifying switch turns OFF once the current

in the inductor reaches zero. The circuit now consists of only capacitor C which is

driven by the input sinusoidal voltage and the output-filter capacitor discharges its

energy into the load. The voltage across the rectifying switch is equal to the voltage

across capacitor C therefore it turns ON again once the voltage across it crosses zero

volts. The current in the rectifying switch increases from zero amps once it turns ON

due to inductor L. In conclusion, the rectifying switch turns ON at a zero current and

zero dID/dt and turns off at a zero current and low dID/dt. The main drawback of

the Class E current-switching rectifier is that the output capacitance of the rectifying

switch is not considered therefore it can degrade the performance of the rectifier espe-

cially at high frequencies. In addition, the input current has a highly distortion factor

compared to that of the Class E voltage-switching rectifier.

6.4.2 Modelling and Analysis of a Class E ZVS, Low dv/dt Rectifier

The circuit of the Class E ZVS low dVD/dt rectifier in Fig. 6.21a with diode as the recti-

fying element will be analysed. The equivalent circuits are shown in Figs. 6.24a and b

for the ON and OFF periods respectively. The piecewise linear model of a diode is

used which consists of a voltage source Vf, representing the forward voltage drop,

resistance rON, representing the diode’s ON and resistance rL represents the ESR of the

resonant inductor. The equivalent circuits are a piecewise linear multiple input multi-

ple output time invariant system which can be represented by the following state-space

representation for each ON and OFF intervals

ẋ(ωt) = Ax(ωt) +Bu(ωt) (6.95)

y(ωt) = Cx(ωt) +Du(ωt) (6.96)

where x = [x1, x2, x3]T is the state vector. The states x1, x2, x3 represent the current

through inductor L, the voltage across capacitor C and the voltage across capacitor
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Fig. 6.24: Equivalent circuits (a) ON period (b) OFF period.

Co for both ON and OFF intervals respectively. The input vector u = [u1,u2]T where

u1 and u2 represent the input sinusoidal voltage and the forward voltage drop of the

diode respectively. The ON interval’s domain is defined as 0 6 ωt 6 2πD and the

OFF interval’s domain is defined as 0 6 ωt 6 2π(1−D) where D is the ON duty cycle

of the diode. Using KVL and KCL, the matrices A, B, C and D and the input vector,

denoted by the subscripts ON and OFF for both intervals are given as

AON =




−rL
ωL

−1

ωC

−1

ωL
1

ωC
0 0

1

ωCo
0

−1

ωRLCo




(6.97)

AOFF =




−rL
ωL

−1

ωC

−1

ωL
1

ωC

−1

ωrONC
0

1

ω
0

−1

ωRLCo




(6.98)

BON =
[
B1ON B2ON

]
=




1

ωL
0

0
1

ωrONC

0 0




(6.99)

BOFF =
[
B1OFF B2OFF

]
=




1

ωL
0

0 0

0 0


 (6.100)
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CON = COFF = C =




1 0 0

0 1 0

0 0 1


 (6.101)

ÐON = ÐOFF = Ð =




0 0

0 0

0 0


 (6.102)

uON(ωt) =


u1ON(ωt)

u2ON(ωt)


 =


vm sin(ωt+φON)

Vf


 (6.103)

uOFF(ωt) =


u1OFF(ωt)

u2OFF(ωt)


 =


vm sin(ωt+φOFF)

0


 (6.104)

where

φON = φo + 2π(1−D) (6.105)

φOFF = φo. (6.106)

The solution to Eq. 6.95 for both ON and OFF states is

x(ωt) = xn(ωt) + xf(ωt). (6.107)

Function xn is the natural response, or the zero-input response, and is equal to

xn(ωt) = e
Aωtx(0) (6.108)

where x(0) is the initial condition of the states, e is the matrix exponential function.

Function xf is the forced response, or the zero-state response, and is equal to

xf(ωt) =

∫τ
0

eA(ωt−τ)Bu(τ)dτ =
∫ωt
0

eA(ωt−τ)
[
B1 B2

]

u1(τ)
u2(τ)


dτ

=

∫ωt
0

eA(ωt−τ)
(
B1u1(τ) +B2u2(τ)

)
dτ

=
(
A2 + I

)−1
(
eA(ωt

(
I cos(φ) +A sin(φ)

)

−I cos(ωt+φ) −A sin(ωt+φ)
)
B1 +A

−1
(
eAωt − I

)
B2 (6.109)

where τ is a dummy variable and I is a 3× 3 identity matrix.

The initial conditions of the states can be determined by applying the continuity

conditions of the current through L and the voltages across C and Co when circuit
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transitions from the ON state to the OFF state, hence the following equations are

obtained

xON(0) = xOFF(2π(1−D)) (6.110)

xOFF(0) = xON(2πD). (6.111)

It is noted that the general solution equation (Eq. 6.107) represents a periodic system.

By substituting Eqs. 6.108-6.109 in 6.107, the initial conditions for all periods of the

switching signal are equal to


xON(2πm)

xOFF(2πm)


 =


−e

AON2πD I

I −eAOFF2π(1−D)



−1 
 xfON(2πD)

xfOFF(2π(1−D))


 for m = 0, 1, 2, ...

(6.112)

The values of D and φ can be numerically solved for by finding the instants at which

the voltage across the diode is equal to zero in both ON and OFF intervals, i.e,

x2ON(2πm) − Vf = 0 for m = 0, 1, 2, ... (6.113)

x2OFF(2πm) − Vf = 0 for m = 0, 1, 2, .... (6.114)

Fig. 6.25 shows the solved values ofD, φ and the normalised output DC voltage VOnorm

with respect to the peak input voltage for an ideal Class E inverter with Vf = 0, rON = 0

and rL = 0. The Matlab code for obtaining these values is included in Appendix A.3.1.

The ON duty cycle of diode is high for lower normalised loads and declines as the

normalised load increases. The duty cycle at a normalised load of unity is 0.403, it

increases by approximately 50% as the normalised load is reduced to 0.1 and decreases

by more than 50% as the normalised load increases to 10. The normalised output

voltage increases as the load increases at lower duty cycles, and decreases as the load

is reduced at lower duty cycles. The output voltage is approximately a linear function

of the load. The results in Fig. 6.25 agree with the results obtained using the analytical

approach in [122], therefore the validity and accuracy of the state-space modelling

approach is confirmed. The plots in Fig. 6.25 can be represented by the following best

fit functions that have an a maximum error of 5%.

D(Rnorm) ≈ 7.440(1.0535R−0.01295
norm − 1) (6.115)

φ(Rnorm) ≈ −3.256(1.4816R0.0726
norm − 1) (6.116)

φ(D) ≈ 3.535(1.0499D0.07262 + 1) (6.117)

Vonorm(Rnorm) ≈ 0.04726(11.6938R0.9681
norm + 1) (6.118)

Vonorm ≈ 0.515(0.3487D−1.965 − 1). (6.119)
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Fig. 6.25: Numerically calculated values.

Fig. 6.26 shows the maximum voltage and current stresses of the rectifying ele-

ment. Figs. 6.26a and 6.26b show the maximum voltage developed across the rectifying

switch normalised with respect to the output voltage as a function of the duty cycle

and load respectively. The maximum voltage increases at lower load resistances and

higher duty cycle ratios. A higher duty cycle means that the rectifying switch is ON

for longer periods which causes a larger amount of energy to be stored in inductor L.

As the rectifying switch turns OFF, the inductor releases its energy to the uncharged

capacitor C at a high current rate. Hence, the value of LdIL/dt is large and therefore

the voltage across rectifying switch is larger.
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Figs. 6.26c and 6.26d show the maximum current of the rectifying switch normalised

with respect to the output load current as a function of the duty cycle and load respec-

tively. The maximum current increases at higher load resistances and lower duty cycle

rations. A lower duty cycle means that the rectifying switch is OFF for longer periods

which leads to a higher charge to build up in capacitor C. Once the rectifying switch

turns ON, capacitor Cwill discharge its energy into the rectifying switch at large value

of CdVD/dt and therefore the maximum current is higher. Fig. 6.26c shows that the

maximum current in the rectifying switch decreases at higher duty cycle ratios which

is the reason of referring to this configuration of the Class E rectifier as ‘low dV/dt’.

Figs. 6.26e and 6.26f show the power-output capability as a function of duty cycle and

load. The Class E rectifier has a maximum power-output capability at a duty cycle

ration of 0.50 and a normalised load resistance value of approximately 0.3884.

6.4.3 Input Current linearity and Harmonic Content

It is necessary to investigate the signal quality of the input current of the Class E

rectifier in order to determine its performance and suitability to be used in a resonant

IPT system. The main parameters of interest are the normalised RMS value of the

input current with respect to the output current, the power factor (PF) and the total

harmonic distortion of the input current.

A. Input RMS current

The RMS value of the input current, which is equal to that of inductor L, the voltage

across capacitor C and the diode and the voltage across the output capacitor Co can

be calculated by evaluating the RMS value of the state vector X(ωt) in Eq. 6.107 as

shown below



ILRMS

VCRMS

VORMS


 = xRMS =

√√√√ 1

2π

(∫2πD
0

x◦2ON(ωt)dωt+

∫2π(1−D)

0

x◦2OFF(ωt)dωt

)
. (6.120)

Figs. 6.27a and 6.27b show the normalised input RMS current with the respect to

the output load current as a function of the duty cycle and the normalised load respec-

tively for the ideal Class E rectifier. The input RMS current is lower for low normalised

loads at higher duty cycles. This is because the rectifier behaves more as an inductive

load since the diode is ON for most of switching period. The input RMS current in-

creases as the normalised load increases at lower duty cycles since the rectifier operates

at resonance and therefore has a reduced input impedance.
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Fig. 6.26: Maximum voltage and current stresses and the corresponding power-output capabil-
ity

B. Power factor

Class E rectifiers generally present an inductive load to a source, therefore this can

detune an IPT system from operating at resonance. Consequently, calculating the

power factor can aid in determining the type of compensation required to retune an

IPT system to operate at resonance and at which part of the IPT system to include the

compensation circuitry. The power factor is defined as the ratio of the real power to
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the apparent power at the input of a system. For the Class E rectifier, the power factor

can be expressed as

PF =
Pi

vmIRMS
(6.121)

where Pi is the input real power and is equal to the sum of the power delivered to

the load, the power lost in the diode’s forward voltage and its ON resistance and the

power lost due to the ESR of inductor L. Hence, the input real power can be expressed

as

Pi =
VoRMS

RL

(
VoRMS + Vf +

VoRMS

RL
rON

)
+ I2LRMSrL. (6.122)

Note that the RMS value of the output voltage is equal to its mean or DC value.

Figs. 6.27c and 6.27d show the variation of the power factor with duty cycle and nor-

malised load respectively for the ideal Class E rectifier. The power factor approaches

unity for higher normalised loads at low duty cycles since the diode is switched OFF

for most of the switching period. The rectifier operates mostly at resonance and there-

fore has a higher power factor. The power factor decrease to zero for lower normalised

loads at higher duty cycles since the diode is switched ON for most of the switching

period. The rectifier behaves more as an inductive circuit and therefore the power

factor is reduced. Depending on the load, a passive compensation circuit can be in-

cluded at the receiver of IPT system for a fixed load or at the transmitter for a variable

load.

The Matlab code for calculating the normalised input RMS current and the power

factor is included in Appendix A.3.2.

C. Total harmonic distortion

As mentioned previously, having a high harmonic content in the input current of the

rectifier can disrupt the resonant operation of the transmitting coil driver in a resonant

inductive link. The total harmonic distortion of the Class E rectifier is given by

THD =

√ ∞∑
n=2

i2Ln

iL1
(6.123)

where iLn represents the input current harmonics and iL1 is the fundamental current

component of the input current at the resonant frequency. Using the Fourier trigono-
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metric series formula, iLn can be derived by evaluating the harmonic content of the

state vector X(ωt) in Eq. 6.107 as shown below



iLn

vcn

vCon


 = xn =

(
a◦2n + b◦2n

)◦ 12
. (6.124)

The coefficients matrices an and bn contain the Fourier coefficients and are equal

to

an =
1

π

(∫2πD
0

xON(ωt) cos
(
nωt+φ+ 2π(1−D)

)
dωt+∫2π(1−D)

0

xOFF(ωt) cos
(
nωt+φ

)
dωt

)
(6.125)

bn =
1

π

(∫2πD
0

xON(ωt) sin
(
nωt+φ+ 2π(1−D)

)
dωt+∫2π(1−D)

0

xOFF(ωt) sin
(
nωt+φ

)
dωt

)
(6.126)

Figs. 6.27e and 6.27f show the variation the THD of the input current with duty

cycle and normalised load for the ideal Class E rectifier. The THD has a peak value of

10.34% at a duty cycle of 0.392 and normalised load of 1.10. The THD is reduces when

the duty cycle approaches zero or unity since the diode is either ON or OFF for most

of the switching period and the effect of the rectifier transitioning from either the ON

and OFF states is reduced.

The Matlab code for calculating the THD is included in Appendix A.3.3.

6.4.4 Experimental Setup and Results

A Class E rectifier has been built to deliver up to 10W for a previously designed IPT

system [74]. The IPT system, shown in Fig. 6.28, consists of the Class E resonant

inverter designed in Sec. 5.4 as the transmitting coil current driver, the inductive spec-

ified in Sec. 3.4.3. The transmitting coil and the receiving coil were aligned with each

other and separated by a distance of 5 cm. A capacitor was connected across the re-

ceiving coil to form a parallel LC tank which is intended to boost the voltage induced

at the receiving coil. The parallel LC tank can be represented as a voltage source [109].

The Class E rectifier is connected directly to the receiving coil and a resistive load is

connected to the output of the rectifier. A photograph of the complete system is shown

in Fig. 6.29. The rectifier was designed to operate at a duty cycle of 0.5 for maximum

power capability [122] and its resonant frequency is designed to match the operating
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Fig. 6.27: Power quality parameters for the ideal Class E rectifier at different duty cycle and
normalised load combinations.

frequency of the IPT system which is at 800 kHz. The values of the load resistance

RL is 77.5Ω, the resonant inductor L is 39.5µH, the resonant capacitor C is 1nF and

the output capacitor Co is 1µF. The Schottky diode used is the SB3100 (100V/3A), its

forward voltage drop is 0.3V and its ON resistance is 0.45Ω. The resonant inductor

consists of 64 turns wound on a T68-7B core from mircometals and its ESR is 0.5Ω.

The input voltage to the IPT system is varied to control the induced voltage that is to

be rectified at the receiving coil.
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Fig. 6.28: Complete circuit of the IPT system. The circuit consists of a Class E inverter as the
transmitting coil current driver, an inductive link with a separation distance of 5 cm
and the designed Class E rectifier.

Figs. 6.30a and 6.30b show the measured and calculated output voltage and input

RMS current of the rectifier respectively as the input voltage to the rectifier varies from

20Vpp to 200Vpp. The power factor measurements and calculations are shown in

Fig. 6.30c, the power factor varies slightly over the entire input voltage range. The

measured input and output powers and the efficiency of the Class E rectifier are

shown in Figs. 6.30d and e respectively. The Class E rectifier has a maximum effi-

ciency of 94.43% at an input voltage of 100Vpp and is above 90% over most of the

input voltage range. The calculated variation of the duty cycle is shown in Fig. 6.30f.

The calculated values are in good agreement with the measurements confirming the

modelling approach.

Fig. 6.31 shows the measured and simulated voltage and current waveforms through-

out the rectifier for an input voltage of 200Vpp. Fig. 6.31a shows the obtained input

voltage that is induced at the receiving coil. It can be seen that the input voltage can

be considered to be sinusoidal when compared to the reference sinusoidal plot. The

obtained and simulated input current is shown in Fig. 6.31b, the input current is a near

sinusoidal and contains a DC offset current. The obtained and simulated diode volt-

age and current waveforms are shown in Figs. 6.31c and d respectively. The ringing

observed in diode’s current is due to the lead inductances of the diode and the current

probe. Fig. 6.31f shows the magnitude of the first four harmonic contents of the ob-

tained and simulated input currents. The THD of the measured input current is 8.84%

compared to a calculated value of 8.89%. The close match between the obtained and

simulated waveforms provides further confirmation of the analysis and the modelling

approach.
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Fig. 6.29: Photograph of the experimental setup showing the various sections of the IPT system.
The DC supply of the Class E inverter is varied to control the inducted voltage at the
secondary coil of the inductive link.

6.5 conclusions

The chapter provided an overview of AC/DC rectifiers that can be possibly used in

inductive links. The traditional half-wave and full-wave bridge rectifiers were shown

to be not compatible with inductive links that use resonant inverters, especially Class E

inverters, as primary coil drivers due to the high harmonic content in their input

current. Class D rectifiers were then presented and analysed. It was shown that

Class D rectifiers are suitable to be used in inductive links with resonant primary coil

drivers.

This chapter also presented a novel analysis for a Class E ZVS, low dv/dt rectifier

with a diode as a the rectifying switch. A piecewise linear state-space representation

had been used to model the rectifier and to derive various parameters. The accuracy

of the model was improved by including the diode’s voltage drop, the diodes ON re-

sistance and the ESR of the resonant inductor in the analysis. A novel investigation

into the power quality of the Class E rectifier has been conducted by evaluating pa-

rameters such as power factor and THD of its input current. Such parameters can aid

in determining the performance of the Class E rectifier and its effect on the resonant

operation of a IPT system. Experimental results are presented based on a Class E rec-

tifier designed to operate in a resonant IPT system that is capable of delivering up to

10W. The results are in excellent agreement with numerical calculations and simula-

tions which confirms the analysis and modelling approach. The results obtained show

that the designed rectifier operates at efficiencies exceeding 90% over an input voltage

ranging from 40Vpp to 200Vpp and having a maximum efficiency of 94.43%.

In the next chapter, the Class E rectifier will be used to form a Class E2 resonant

DC/DC converter. The diode will be replaced with a MOSFET to increase the rec-
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Fig. 6.30: Measured and calculated values of various parameters against input voltage.

tifier’s input voltage range and output power capability. In addition to designing a

self-powered MOSFET gate driver, timing and control circuitry.



188 ac/dc rectifiers in ipt systems

−100

−60

−20

20

60

100

Time (200ns/div.)

V
i

(V
)

Measured
Simulation

(a) Input voltage

−0.5

−0.25

0

0.25

0.5

0.75

1

Time (200ns/div.)

I i
(A

)

Measured
Simulation

(b) Input current

−100

−80

−60

−40

−20

0

20

Time (200ns/div.)

V
D

(V
)

Measured
Simulation

(c) Diode voltage

−0.5

0

0.5

1

1.5

2

Time (200ns/div.)

I D
(A

)

Measured
Simulation

(d) Diode current

0 0.8 1.6 2.4 3.2 4
0

0.2

0.4

0.6

0.8

0.3383
(0.3374)

0.6570
(0.6550)

57.325m
(57.197m) 8.8025m

(9.9326m)

3.1534m
(4.3662m)

0.7573m
(1.9775m)

Frequency (MHz)

A
m

pl
it

ud
e

(V
)

Measurment
(Calculated)

(e) Input current harmonics

Fig. 6.31: Measured and simulated voltages and currents throughout the rectifier for an input
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7
C L A S S E 2 R E S O N A N T D C / D C C O N V E RT E R S

7.1 introduction

Class E inverters and Class E rectifiers can be combined together to form Class E2

DC/DC resonant converters. These converters can be used to build high frequency,

powerful and efficient DC/DC converters. Extensive research has also been carried out

on Class E2 DC/DC converters over the past three decades [78, 85, 97, 116, 123–132].

Therefore, the first aim of this chapter is to take the first step in bringing the Class E2

converter to inductive links. Second, a novel state-space modelling approach will be

used to provide an accurate analysis of the complete system. The previous work in

analysing Class E2 converters has been based on an analytical approach. The analysis

assumed that the inverter part of the Class E2 converter was operating at high Q

factor and that the rectifier part could be represented by an equivalent impedance. The

experimental results that were obtained were in good agreement with the analytical

calculations over certain load ranges, however a more accurate analysis can still be

performed to obtain better results over a wider load range.

This chapter is organised as follows. Sec. 7.2 presents the Class E2 converter. Anal-

ysis is carried out based on a 7th order piece-wise linear state-space representation.

Sec. 7.3 provides a design example and addresses the effect of coil misalignment and

load variation. A comparison is provided between the results obtained from the anal-

ysis presented in this chapter with the analytical approach. Sec. 7.4 describes the ex-

perimental setup of a Class E2 converter for an IPT system and discusses the obtained

experimental results.
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Fig. 7.1: Circuit of the Class E inverter, inductive link and the Class E rectifier

7.2 modelling and analysis

The Class E2 converter that will be analysed in this chapter consists of a Class E

zero-voltage switching and zero-derivative voltage switching inverter with an infinite

DC-feed inductance that was discussed in Sec. 4.4.1, an inductive link consisting of

a primary and secondary coils separated by a certain air gap and the Class E ZVS

low dv /d t rectifier that was presented in Sec. 6.4.2. Fig. 7.1 shows the complete

circuit of the converter. A similar configuration had been used in [125] to design

an isolated DC/DC converter. The inverter and rectifier switches are designated by

Q 1 and Q 2 respectively, L f is the DC-feed inductance of the inverter, LP and LS

represent the inductances of the primary and secondary coils respectively and M is

mutual inductance between them. Resistor RL represents the load. The switches are

driven at the same switching frequency ω , though at different duty cycles which will

be discussed in the following sections.

7.2.1 State-space Representation

The Class E2 converter in Fig. 7.1 can represented by the equivalent circuit shown

in Fig. 7.2. The switches are replaced by resistors rQ1 and rQ2 . Depending on the

state of the switches, rQ1 and rQ2 are either equal to their ON or OFF resistances.

Resistors rP and rS are included to represent the equivalent series resistance (ESR) of

the primary and secondary coils respectively. The equivalent circuit can be analysed

by the following general state-space representation

ẋ(ωt) = Ax(ωt) +Bu(ωt) (7.1)

y(ωt) = Cx(ωt) +Du(ωt) (7.2)
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where x is the state vector and contains the following seven voltage and current states

variables

x(ωt) =
[
vC1(ωt) vC2(ωt) vC3(ωt) vC4(ωt) iLf(ωt) iLP(ωt) iLS(ωt)

]T

(7.3)

and u is the input vector equal to a unit step function. Using KVL and KCL, the

matrices A, B, C and D are given as

A =




−1

ωC1rQ1
0 0

0 0 0

0 0
−1

ωC3rQ2

0 0 0
−1

ωLf
0 0

LSα

ωM2(1−α)

−LPα

ωM2(1−α)

−α

ωM(1−α)
α

ωM(1−α)

−α

ωM(1−α)

−LPα

ωM2(1−α)

...

...

0
1

ωC1

−1

ωC1
0

0 0
1

ωC2
0

0 0 0
1

ωC3

0 0 0
1

ωC4

0 0 0 0
−α

ωM(1−α)
0

LSαrp

ωM2(1−α)

−αrs
ωM(1−α)

−LPα

ωM2(1−α)
0

−αrp
ωM(1−α)

LPαrs

ωM2(1−α)




(7.4)

B =

[
0 0 0 0

1

ωLf
0 0

]T
(7.5)

C = I (7.6)

Ð =
[
0 0 0 0 0 0 0

]T
(7.7)

where I is the 7× 7 identity matrix and

α = ω2(LPLS −M
2). (7.8)
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Fig. 7.2: Equivalent circuit model of the Class E2 converter.

7.2.2 Switching Periods and Operating Modes

The Class E2 converter will have four operating modes depending on the state of

the switches. The switches are either ON in which they are represented by their

ON resistances, or OFF in which they are represented by their OFF resistances. For

simplicity, it is assumed that the OFF resistance of both switches is infinity.

Fig. 7.3 shows the order of the four different modes in one switching period. It is

assumed that the inverter is set to operate at a duty cycle ratio of 0.50. The order of

the modes can be initially deduced by inspecting the operation of the circuit, however

the duration of each mode is yet unknown. The four different operating modes are

defined in Table 7.1. The switching period begins in Mode 1©. In this mode both

switches are turned ON and are represented by their ON resistance. At ωt = a,

the converter transitions into Mode 2© and the rectifier’s switch is turned OFF. At

ωt = b, the converter transitions into Mode 3© where the inverter’s switch is now

turned OFF. At ωt = c, the converters transitions to the final Mode 4©, where the

rectifier’s switch is now turned ON and the inverter’s is kept OFF. The four modes of

operation result in four different A matrices which lead to four different linear state-

space representations. The complete model of the converter is now a piecewise linear

state-space representation. Fig. 8.5 shows the voltage waveforms of the switches that

are associated with this mode sequence. From Fig. 8.5, the duty cycle ratio D1 of

Table 7.1: Definition of the operating modes of the Class E2 converter

Mode Domain rQ1 rQ2

1 0 < ωt 6 2πa rON1 rON2

2 0 < ωt 6 2π(b− a) rON1 ∞
3 0 < ωt 6 2π(c− a) ∞ ∞
4 0 < ωt 6 2π(1− c) ∞ rON2
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Fig. 7.4: Voltage waveforms of the inverter MOSFETs Q1 and the rectifier MOSFET Q2

switch Q1 is equal to

D1 =
b

2π
(7.9)

and the duty cycle ratio D2 of switch Q2 is equal to

D2 =
2π+ a− c

2π
. (7.10)

The phase difference φ between D1 and D2 is equal to

φ = c (7.11)

7.2.3 Determining the Initial Conditions of the States

The general solution to Eqs. 7.1 and 7.2 is given by

x(ωt) = xn(ωt) + xf(ωt). (7.12)
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Function xn is the natural response matrix, or the zero-input response matrix, and is

equal to

xn(ωt) = e
Aωtx(0) (7.13)

where e is the matrix exponential function. x(0) is the initial condition matrix. Func-

tion xf is the forced response matrix, or the zero-state response matrix, and is equal

to

xf(ωt) =

∫τ
0

eA(ωt−τ)Bu(τ)dτ

= A−1
(
eAωt − I

)
B. (7.14)

The initial condition matrix x(0) for can be determined from the voltages’ and cur-

rents’ continuity conditions as the converter transitions from one mode to the next as

follows

x 1©(0) = x 4©(2π(1− c)) (7.15)

x 2©(0) = x 1©(2π(a)) (7.16)

x 3©(0) = x 2©(2π(b− a)) (7.17)

x 4©(0) = x 3©(2π(c− b)). (7.18)

It is noted that the general solution equation (Eq. 7.12) represents a periodic system.

By substituting Eqs. 7.15-7.18 in Eq. 7.12, the initial conditions of all states in all modes

for all periods of the switching signal are equal to



x 1©(2πm)

x 2©(2πm)

x 3©(2πm)

x 4©(2πm)



=




−eA 1©2πa I 0 0

0 −eA 2©2π(b−a) I 0

0 0 −eA 3©2π(c−b) I

I 0 0 −eA 4©2π(1−c)




.




A−1
1© (eA 1©2πa − I)

A−1
2© (eA 2©2π(b−a) − I)

A−1
3© (eA 3©2π(c−b) − I)

A−1
4© (eA 4©2π(1−c) − I)



B. for m = 0, 1, 2, ... (7.19)

7.2.4 Solving for Optimum Switching Conditions

The modelling and analysis has now been completed. The next step is to determine the

values of the components and switching periods for each modes that will achieve the

optimum switching conditions of the Class E2 converter. From Fig. 8.5, the inverter’s

optimum ZVS and ZDS conditions occur in Mode 1 atωt = 0. The rectifier’s optimum
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ZVS conditions occur in Mode 2 at ωt = a and in Mode 4 at ωt = c. These optimum

switching conditions can be written as

VDS1(0) = 0 → x1 1©(0) = 0 (7.20)

VDS1(ωt)

dωt ωt=0
= 0 → x5 1©(0) − x6 1©(0) = 0 (7.21)

VDS2(2πa) = 0 → x3 2©(0) = 0 (7.22)

VDS2(2πc) = 0 → x3 4©(0) = 0 (7.23)

By using Eqs. 7.19-7.23, a computer program can written to numerically solve for

four different component values or parameters. The design example in the following

section will discuss this in further details.

7.3 design case

This section will describe the design procedure of a Class E2 converter prototype for

an inductive link. The converter will operate from a 9V DC supply and will deliver

up to 20W of power to a nominal 10Ω load at a 200 kHz switching frequency.

7.3.1 Initial Design

The design procedure begins with coils of the inductive link. The coils should have

a large quality (Q) factor at the switching frequency of the converter for maximum

power transfer efficiency. For this reason the primary and secondary coils that will be

used are those that are specifically designed for the ‘Qi’ Wireless Power Consortium

standard [133]. Both coils have a maximum DC resistance of 0.1Ω, an inductance

of 24µH and a Q factor of 230 at 200 kHz [134]. The coils’ ESR can be calculated

and is equal to 0.137Ω. With the addition of the connectors’ resistance and the DC

resistance of the printed circuit board tracks, the total resistance of the coils is approxi-

mately 0.25Ω at 200 kHz. The mutual inductance between the primary and secondary

coils can be measured at different separation distances. For a separation distance of

3mm, the measured mutual inductance is approximately 12µH which corresponds to

a coupling coefficient value of 0.50.

The secondary coil along with capacitor C3 form the resonant part of the Class E

rectifier. Therefore the value of C3 that will cause the rectifier to resonate at 200 kHz

is equal to

C3 =
1

ω2LP
= 26.38nF (7.24)
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The output capacitor C4 should be large enough to maintain a constant DC voltage. A

value of 6.6µF is found to be suitable. The duty cycle D2 of switch Q2 and its phase φ

with respect to D1 are the first two parameters that will need to be determined from

Eqs. 7.19-7.23.

The DC-feed inductor Lf of the Class E inverter should be large enough to maintain

a constant DC current flow. A choke with a 1mH inductance is used. The duty cycle

D1 of switch Q1 is initially set at 0.50. MOSFET IRF540 was used for both switches

Q1 and Q2. The total resistance of the MOSFETs’ drain-to-source channel and the

printed circuit board trace is approximately 0.15Ω. Capacitors C1 and C2 are the two

remaining values that will need to be determined from Eqs. 7.19-7.23.

The values and parameters that need to be determined are now a, c, C1 and

C2. Eqs. 7.19-7.23 were programmed in Matlab using the Optimization Toolbox and

Simulink was then used to measure voltages and currents throughout the converter.

The Matlab code is included in Appendix. A.4.1. Table 7.2 lists the solutions ob-

tained for D2, C1 and C2. Table 7.2 also lists the maximum voltages across the

switches VQ1max and VQ2max, the maximum current in the switches IQ1max and IQ2max,

the input average DC current IIn, the primary coil’s peak-to-peak current ILp, the out-

put voltage across the load Vo and the overall DC-to-DC efficiency η. The solutions

and measurements for three coupling coefficient values above and below the nominal

value of 0.50 are included to show how the variation in the distance between the coils

affects the converter. It can be seen that as the coils are further away from each other,

or at loose coupling coefficients, the converter delivers more power to the load but at

increased current stresses and reduced efficiencies. Efficiency is reduced due to the

increasing currents in the coils which lead to higher ohmic losses. The converter de-

livers less power to the load as the coils are brought closer to each other or at tighter

coupling coefficients. The duty cycle D2 and phase φ remain relatively constant when

the coupling coefficient varies. This is because the Class E rectifier’s performance is

mainly affected by the load [72, 122] which is kept constant at 10Ω.

Table 7.3 lists the solutions and measurements for several load values above and

below the nominal load. The distance between the coils is kept constant at a coupling

coefficient of 0.50. The converter delivers more power to higher loads at increased

current stress and reduced efficiencies. The output voltage is also reduced. At reduced

loads, the converter delivers less power but at higher efficiencies. The duty cycle D2
and phase φ vary accordingly since now the load does change. These variations will

have to be considered and may increase the complexity of the driving circuitry for

switch Q2.
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Table 7.2: Calculated parameters for a variable coupling coefficient and fixed load of 10Ω

k f(kHz) D1 D2 φ C1(nF) C2(nF) VQ1max(V) VQ2max(V) IQ1max(A) IQ2max(A) IIn(A) ILp(A) Vo(V) η%

0.35 200 0.500 0.511 229.347 99.656 33.269 31.407 56.133 9.547 4.066 3.333 12.541 14.835 73.37

0.40 200 0.500 0.511 229.489 80.302 35.989 31.530 51.572 7.682 3.746 2.676 10.106 13.607 76.88

0.45 200 0.500 0.511 229.657 66.003 39.663 31.618 47.433 6.287 3.457 2.196 8.288 12.562 79.84

0.50 200 0.500 0.511 229.864 55.230 44.773 31.683 43.736 5.223 3.202 1.820 6.905 11.571 81.74

0.55 200 0.500 0.510 230.124 46.972 52.208 31.729 40.447 4.397 2.977 1.538 5.833 10.760 83.64

0.60 200 0.500 0.510 230.464 40.552 63.826 31.759 37.510 3.744 2.780 1.305 4.989 10.010 85.31

0.65 200 0.500 0.509 230.931 35.509 84.251 31.777 34.864 3.219 2.608 1.126 4.314 9.336 86.01

Table 7.3: Calculated parameters for a variable load and a fixed coupling coefficient of 0.5

R(Ω) f(kHz) D1 D2 φ C1(nF) C2(nF) VQ1max(V) VQ2max(V) IQ1max(A) IQ2max(A) IIn(A) ILp(A) Vo(V) η%

5 200 0.500 0.573 217.428 84.266 40.459 31.514 42.683 8.091 4.827 2.822 10.644 9.621 72.89

6 200 0.500 0.558 220.590 75.623 41.297 31.563 43.104 7.249 4.338 2.527 9.544 10.156 75.59

8 200 0.500 0.532 225.742 63.462 43.005 31.632 43.555 6.048 3.657 2.112 7.978 10.992 79.46

10 200 0.500 0.511 229.864 55.230 44.773 31.683 43.736 5.223 3.202 1.820 6.905 11.571 81.74

15 200 0.500 0.470 237.587 42.731 49.581 31.784 43.703 3.946 2.526 1.380 5.247 12.623 85.53

20 200 0.500 0.440 243.215 35.561 55.168 31.888 43.395 3.196 2.152 1.125 4.277 13.338 87.85

30 200 0.500 0.395 251.291 27.455 70.145 32.114 42.538 2.326 1.756 0.824 3.158 14.158 90.10

50 200 0.500 0.337 261.584 19.844 144.43 32.580 40.671 1.491 1.430 0.539 2.091 14.964 92.32
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It is noted that solutions listed in Tables 7.2 and 7.3 are not unique, other solu-

tions exist that satisfy the optimum switching conditions. However they were not

considered since they are difficult to implement practically and can lead to poor effi-

ciencies.

7.3.2 Comparison with the Analytical Approach

It is necessary to compare the presented state-space approach with the analytical ap-

proach [78, 109, 121, 125, 128–130, 135] in terms of accuracy and complexity. In this

section, certain solutions will be obtained using the analytical approach to determine

the level of agreement to those in Tables 7.2 and 7.3.

The analytical approach begins by representing the inductive link with an T-equivalent

circuit [55] as shown in Fig. 7.5a. Next, the Class E rectifier part is replaced with an

equivalent inductor LEQ and equivalent resistor REQ as shown in Fig. 7.5b. Further

details on determining the equivalent inductance and resistance of selected Class E

rectifier configuration in this chapter can be found in [122]. Finally, the components in

the output network of the Class E inverter can be represented by an equivalent induc-

tor Lx and equivalent load resistance Rx as shown in Fig. 7.5c. Setting the duty cycle

to D1 to 0.50, the values of C1 and C2 can be determined using the design equations

in [73, 89].

Table 7.4 compares between the solutions obtained using the two approaches for

two load values of 10Ω and 30Ω. For the 10Ω load case, the solutions for C1, C2 and

D2 in both approaches are relatively close to each other. However for the 30Ω load

case, the difference between the solutions of both approaches starts to increase. It can

be assumed that the analytical approach is less accurate for the 30Ω load case since

the Q factor of the inverter is reduced. As a result, the current in coils of the inductive

link is no longer sinusoidal, therefore the assumptions that the analytical approach is

based on are not valid. The phase φ and output voltage Vo were not determined in

the analytical approach since they involve tedious calculations.

PSPICE simulations were performed using the solutions in Table 7.4 for both ap-

proaches. Fig. 7.6 shows the voltage and current waveforms of Q1 and Q2 respectively.

A difference can be observed in the waveforms due to mismatch in the solutions. It

can be seen from the waveforms that the solutions obtained using the analytical ap-

proach do not completely satisfy the optimum switching conditions of the converter.

The voltage across switch Q1 in Figs. 7.6a and 7.6c is not zero when the switch is

turned ON. This results in a large current spike to flow through switch Q1 as can be

seen in Figs. 7.6c and 7.6d. The analytical approach resulted in a DC output voltage
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Lf

Q1 C1
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(c) Replacing the output
network of the Class E
inverter with an equiv-
alent impedance

Fig. 7.5: Equivalent circuits of the Class E2 converter for the analytical approach

Table 7.4: Calculated values and parameters comparing the analytical approach with the piece-
wise linear state-space approach

RL = 10Ω, k = 0.50 RL = 30Ω, k = 0.50

Analytical State-space Analytical State-space

C1 58.088nF 55.230nF 29.666nF 27.455nF

C2 45.195nF 44.773nF 76.667nF 70.145nF

D2 0.515 0.511 0.404 0.395

φ - 229.864° - 251.291°

REQ 96.463Ω - 41.512Ω -

LEQ 19.726µH - 15.504µH -

Rx 2.693Ω - 5.842Ω -

Lx 16.738µH - 14.825µH -

Vo - 11.571V - 14.158V

of 11.900V and 14.093V for a 10Ω load and 30Ω load respectively, whereas the state-

space approach resulted in a DC output voltage of 11.571V and 14.158V for a 10Ω

load and 30Ω load respectively.
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Fig. 7.6: Simulation results comparing the voltage and current waveforms of Q1 and Q2 for
the analytical approach and the piecewise linear state-space modelling approach.

7.3.3 Compensation for Load Variations and Coil Misalignments

The Class E2 converter prototype is to operate at a nominal load of 10Ω at a coupling

coefficient of 0.50. Variations can occur in the load and alignment of the coils while

the converter is operating. Tables 7.2 and 7.3 list the solutions for different load and

coupling coefficient values, however it is necessary to alter the values of capacitors C1
and C2 to compensate for any variations. Replacing capacitors may not be a practi-

cally feasible, therefore it is more efficient to keep the values of capacitors C1 and C2
constant for a specific nominal load and coupling coefficient. Other parameters such

as the switching frequency, the duty cycles D1 and D2 and phase φ can be altered

even when the converter is operating.

Table 7.5 lists the solutions for different values of loads and coupling coefficients

when capacitors C1 and C2 are kept constant at 53.360nF and 45.139nF respectively.

Altering the switching frequency will shift the operation of the Class E rectifier part of

the converter from resonance, however efficient operation can still be maintained [135].
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Table 7.5: Calculated parameters for a variable load and variable coupling coefficient

R(Ω) k f(kHz) D1 D2 φ VQ1max(V) VQ2max(V) IQ1max(A) IQ2max(A) IIn(A) ILp(A) Vo(V) η(%)

5 0.50 187.882 0.590 0.582 221.433 38.166 53.465 10.543 5.854 4.228 12.841 11.768 72.79

6 0.50 190.042 0.571 0.565 223.465 36.597 51.671 8.952 5.063 3.489 11.088 11.917 75.38

8 0.50 194.750 0.535 0.535 226.997 33.915 47.751 6.722 3.954 2.491 8.603 11.932 79.38

10 0.50 200.000 0.500 0.511 229.864 31.683 43.736 5.223 3.202 1.820 6.905 11.571 81.74

12 0.50 205.855 0.465 0.490 232.064 29.750 39.693 4.128 2.640 1.344 5.645 11.025 83.74

14 0.50 212.659 0.426 0.471 233.465 27.894 35.279 3.248 2.169 0.957 4.617 10.120 84.93

10 0.45 187.701 0.543 0.519 228.835 34.499 52.797 6.901 3.704 2.600 8.774 13.726 80.51

10 0.47 192.186 0.526 0.516 229.267 33.373 49.118 6.186 3.504 2.269 7.981 12.876 81.19

10 0.52 206.112 0.480 0.507 230.122 30.536 40.177 4.633 2.990 1.553 6.240 10.729 82.36

10 0.55 217.243 0.444 0.501 229.982 28.689 34.597 3.772 2.632 1.162 5.258 9.312 82.92
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7.4 experimental verification

7.4.1 Implementation and Set-up

A Class E2 converter was built based on the specifications and the design method

presented in the previous sections. The complete circuit is shown in Fig. 7.7. The

Class E inverter part is powered from a 9V DC supply limited to 2.6A. The switching

signal of MOSFET Q1 is supplied from a function generator via a MOSFET driver. An

electronic load is connected to the output of the Class E rectifier to simulate various

loading conditions. The coils of the inductive link are initially kept at a separation

distance of 3mm. A photograph of the experimental setup is shown in Fig. 7.8.

7.4.2 Class E Rectifier Self-start and Driving circuit

Driving MOSFET Q2 of the rectifier requires additional circuitry to ensure that the

switching signal is supplied at the correct instants. Referring to the time instant c in

Fig. 8.5, MOSFET Q2 switches ON once the voltage across it crosses zero volts. There-

fore, the voltage across MOSFET Q2 can used to trigger the switching signal using a

comparator. On the other hand, the voltage across MOSFET Q2 cannot be relied on

as a trigger to turn it OFF. This is because the voltage has a near zero time derivative.

Therefore a one-shot timer is used to drive MOSFET Q2 with a time duration equal to

or less than duty cycle D2. The timer is triggered once the comparator detects a zero

crossing in the voltage across MOSFET Q2.

The Class E rectifier part is an isolated circuit. Power is not available immediately

once the converter starts up, therefore the driving circuitry for MOSFET Q2 will not

be functional. However, the rectifier will still be able to start automatically due to

the body diode of MOSFET Q2. Once the output voltage rises to a sufficient level,

the driving circuitry will then activate to allow for synchronous operation. A voltage

regulator is connected to the output of the rectifier to supply power to the driving

circuity.

7.4.3 Results

The Class E2 converter prototype was operated at a nominal load 10Ω, a coupling co-

efficient of 0.50 and a 200 kHz switching frequency. The duty cycle D1 was set to 0.50

and the one-shot timer was set to provide a 2.56µs pulse corresponding to a duty
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Fig. 7.7: Circuit of the experimental setup

Fig. 7.8: Photograph of the Class E2 converter and the experimental setup

cycle D2 of 0.51. Fig. 7.9 shows the observed waveforms of the voltages across MOS-

FETs Q1 and Q2, the switching signals and the voltage across the primary coil. The

waveforms of the piecewise linear state-space model are also plotted for comparison. It

can be seen that the observed waveforms are in good agreement with the state-space

model. Table 7.6 provides further comparison between several measured and calcu-

lated parameters. The errors between the measured and calculated parameters could

be attributed to the tolerance of the capacitors’ values and parasitic capacitance and

inductance in the printed circuit board.
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Fig. 7.9: Measured waveforms

Fig. 7.10 shows a loss breakdown analysis at nominal operating conditions. Power

is mainly lost in the ESR of the inductive link coils, switching and conduction losses

in MOSFETs Q1 and Q2 and other losses such as that of MOSFET drivers, the ESR of

the capacitors and the timing and control circuitry of the rectifier. It can be seen that

a significant amount of power is lost the ESR of the inductive link coils, whereas the

power lost in the inverter and rectifier is low. Therefore, the overall efficiency can be

improved by using coils with lower ESR.
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Table 7.6: Calculated parameters for a variable load and variable coupling coefficient

Parameter Measured Calculated Error

Vo(V) 11.53 11.571 -0.35 %

Po(W) 13.294 13.389 -0.71 %

IIN(A) 1.88 1.820 +3.30 %

η % 78.57 81.74 -3.88 %

VQ1max(V) 32.6 31.683 +2.89 %

VQ2max(V) 47.0 44.773 +4.97 %

φ◦ 230 229.864 +0.06 %

∗Estimated Values

Fig. 7.10: Power distributions

7.4.4 Load Variation

The performance of the Class E2 converter was investigated for variations in load and

coil misalignment as discussed in the previous section. The load was varied from 8Ω

to 15Ω and the coupling coefficient from 0.45 to 0.55. The duty cycles and switching

frequencies were varied according to Table 7.5. Fig. 7.11 shows the measured output

voltage, input power and efficiency for both load and coupling coefficient ranges. It

can be seen that the measured parameters agree with the calculations in Table 7.5. The

overall efficiency is reduced at higher loads and loose coupling coefficients, whereas

lower loads and tighter coupling coefficients result in a higher overall efficiencies. The

output voltage and output power are largest at loose coupling coefficients and higher

loads and decrease as the coupling coefficient increases and the load decreases. The

agreement between the measured parameters with the calculations in Table 7.5 confirm

that the Class E2 converter can adapt to variations in load and distance in inductive
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Fig. 7.11: Variation in coupling coefficient and load

links that may occur during operation. This is due to the result that the Class E inverter

part of the converter can be tuned to achieve its optimum switching conditions by

adjusting its duty cycle and switching frequency.

7.5 conclusions

This chapter presented a Class E2 converter to be used in IPT systems. The converter

consists of a Class E ZVS and ZDVS inverter and a Class E ZVS low dv/dt rectifier. A

7th order piecewise linear state-space model has been used to model converter and the
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inductive link including the ON resistance of the switches and the ESR of coils. The

state-space model is used to calculate the values of the converter’s components and

parameters that will allow it to operate at optimum switching conditions. A compen-

sation method is used to adapt for variations in the load and the distance between the

coils by adjusting the switching frequency and the duty cycle of the switches.

The accuracy of the state-space model is compared to that of an analytical model.

PSPICE simulations show the that calculations based on the state-space model sat-

isfy the optimum switching conditions of the converter, whereas calculations derived

from the analytical modelling approach do not completely satisfy the optimum switch-

ing conditions. Experimental results prove the accuracy of the state-space modelling

approach and verify the compensation method for variations in load and distance

between coils.



208 class e
2

resonant dc/dc converters



209

8
C O N T R O L A N D V O LTA G E R E G U L AT I O N I N D C / D C

C O N V E RT E R S

8.1 introduction

The previous chapters focused on the design and optimization of Class E inverters and

rectifiers. For the presented Class E inverters, it was assumed that their input voltage

was constant. Whereas for Class E rectifiers, it was assumed that the load functions

over a wide voltage range. Practically, the input voltage is not constant and DC loads

can function only over narrow range of voltages. Therefore, input and output voltage

regulation might be required. Referring to the overall diagram of an IPT system in

Fig. 1.2, input voltage regulation of the Class E inverter can be achieved by powering

it via a DC/DC converter. Whereas output voltage regulation of the Class E rectifier

can be achieved by using a DC/DC converter connected between the load and the

output of the Class E rectifier.

Using a DC/DC converter, especially at the input stage of the Class E inverter, not

only results in a regulated voltage supply, but also allows it to be controlled and

varied according to the operating conditions of the IPT system. Since variations in the

distance between the coils of the inductive link are likely to occur, the input voltage

to the Class E inverter may have to be adjusted in order to transfer a specific amount

of power to the rectifier and the load. To regulate and control the output voltage

of a DC/DC converter, a controller is required to continuously monitor the DC/DC

converter’s output voltage and/or current and modify the switching signal of the

DC/DC converter’s switches to counter for any variations and perturbations that may

occur.

It was shown in Chapters four, five and six that Class E inverters and rectifiers are

sensitive to load variations. Therefore the controller of the DC/DC converter should

consider the dynamic behaviours and transient responses of the Class E inverter and

the Class E rectifier. Although Class E inverters and rectifiers have been extensively
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analysed, there appears to be little research on their dynamic behaviour and transient

response. Consequently, deciding on which control method to implement may not be

feasible. Several controllers might have to be individually implemented and tested in

order to reach to a conclusion about which control methods can be suitable. Another

issue that should be considered when choosing a certain controller, is the speed and

bandwidth of the sensing and feedback circuit. Since Class E inverters and rectifiers

can operate at frequencies exceeding 1MHz, the choices of which feedback circuits

and topologies that can be used efficiently and reliably are narrowed.

8.2 design requirements

Based on the previous introduction, the main aim of this chapter will be to introduce

a controller for a synchronous buck DC/DC converter. The DC/DC converter can

be used to provide a regulated and controlled voltage to a Class E inverter, or to

regulate and control the output voltage of a Class E rectifier. Since the dynamic models

of Class E inverters and rectifiers can be unknown or dependent on their operating

conditions (as in the Class E inverter with finite DC-feed inductance), the controller

must have the capability to operate independently of the dynamics of the DC/DC

converter’s load. In addition, the feedback network of the controller should be able to

handle the high frequency operation of the Class E inverter and/or rectifier.

A certain method to create a controller that can function independently of the dy-

namics of the load is to set its control loop to operate at a specific frequency. In other

words, the controller should reject all frequencies of disturbances and perturbations

above a certain value. Therefore the loop gain of the controlled DC/DC converter

will decline sharply at frequencies above a certain value. In this way, the dynamics of

the load would not have any impact of the controller’s operation. The controller that

will be introduced in this chapter that implements the aforementioned control method,

will be referred to as ‘one-comparator counter-based controller’.

In the following sections, the one-comparator counter-based controller’s principle

of operation is described, the hardware components that form the controller are mod-

elled. Mathematical analysis based on the describing function method will be per-

formed and the equations that describe the amplitude and the frequency of the limit

cycles as well as the transient response will be derived for several cases depending

on the resolution of the counter, the pulse width modulation (PWM) generator and

the clock frequency. The effect of resolution limitations of PWM generators and clock

frequencies of digital counters, the values of passive components and the effect of

the deadtime of MOSFET drivers on the limit cycles in the output voltage and the

response time of the controller will be discussed. Simulation results will be presented



8.3 review of control methods 211

and the proposed controller’s performance is assessed by comparing its performance

with a linear analogue controller. Experimental results will be presented that show the

performance and response of the prototype converter using the proposed controller

under different loading conditions.

8.3 review of control methods

Numerous control methods and techniques for DC/DC converters have been devel-

oped over the years and recently a trend towards digital-based control can be realised.

Classical analog controllers that have been used for a few decades are now being re-

placed by digital controllers with enhanced performances. Due to the availability of

design and simulation software, rapid prototyping tools and most importantly, the

availability of powerful microprocessors and computers, new controllers that were not

possible to implement previously are now being introduced. A literature survey con-

ducted by Cortes [136] classified controllers for DC/DC converters into five groups;

hysteresis controllers [137–141], linear controllers in their digital form such as voltage-

mode [142] or current-mode controllers [143–146] and the classical PID controller [147–

153], fuzzy-logic controllers [154–157], sliding-mode controllers [158–162], predictive

controllers [163–169] and other advanced controllers [170, 171]. All of these controllers

have been tested and demonstrated to provide precise control, excellent performance

and robustness. However, the majority of these control techniques and methods are

based on field programmable gate arrays (FPGAs) or require powerful microproces-

sors with a high computational capability in order to run smoothly and efficiently.

This leads to an increase in the overall cost and greater system complexity as well as

difficulties in implementation and manufacturing. Further design issues and limita-

tions are highlighted in [172] and in [161] for sliding-mode controllers. As a result, the

transition from analog-based to digital-based controllers in industrial and consumer

applications for high power DC/DC converters has been slow and many manufactur-

ers still use analog controllers for their simplicity, reliable performance and reduced

implementation cost.

In digital based controllers, an analog-to-digital converter (ADC) is required to read

the output voltage of a DC/DC converter and compare it with a reference voltage to

generate an error signal. Obtaining a high performance digital controller requires a

precision high sampling rate ADC and a processor or logic circuitry clocked at tens

to hundreds of megahertz. For applications and loads that don’t demand a high per-

formance controller, using an ADC may not be the best design solution. In [173] and

[174], a comparator is used in a digital controller for an ultra-low power buck con-

verter instead of an ADC to provide the error signal. This drives an up/down digital

counter representing the duty cycle of the PWM signal that controls the switches of the



212 control and voltage regulation in dc/dc converters

VIN

L

RC

Q1

Q2

Q1

VO
+

-

Fig. 8.1: Circuit diagram of a synchronous buck DC/DC Converter

buck converter. The output voltage of the converter will not settle at a steady voltage

but instead enters a limit cycle about the desired level. Roh [175] further improved the

controller by using a hysteresis or deadzone comparator to reduce the limit cycle in

the output voltage. However, the controller was based on an ideal model of a buck con-

verter and did not include the parasitic resistances of the converter’s elements. The

parasitic resistances should be considered and included in the DC/DC converter’s

model especially in high power converters as their influence on the converter’s output

and response is significant and cannot be ignored.

8.4 modelling and analysis

8.4.1 Large-signal Model of a Synchronous Buck DC/DC converter

The circuit diagram of a synchronous buck DC/DC converter is shown in Fig. 8.1

and its small-signal low-frequency averaged model [176] obtained using the circuit-

averaging method is shown in Fig. 8.2 [177]. The parasitic resistances are the equiva-

lent series resistance of the inductor (rL) and the equivalent series resistance of the ca-

pacitor (rC). VO is the output voltage of the converter, D is the duty cycle of the PWM

driving signal to the MOSFETs and VIN is the input voltage to the converter.

Assuming that MOSFETs Q1 and Q2 are identical, their ON resistances (rON1 and

rON2) are equal and the total resistance (r) in the inductor’s branch is equal to

r = DrON1 + (1−D)rON2 + rL = rON + rL. (8.1)

The open loop control to output transfer function G(s) including the parasitics and

the resistance of the switches of the averaged model is:

G(s) =
VO(s)

D(s)
= VIN

R(sCrC + 1)

s2LC(R+ rC) + s(C(r+ rC) + rCr) + L) + R+ r
. (8.2)
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Fig. 8.2: Large-signal low-frequency model of a synchronous buck DC/DC Converter

The DC gain of G(s) is:

GDC = G(0) = VIN
R

R+ r
(8.3)

and the angular undamped natural frequency is

ωn =
1√
LC

√
R+ r

R+ rC
(8.4)

and the damping factor is

ξ =
C(r+ rC) + rrC) + L

2
√
LC(R+ r)(R+ rC)

(8.5)

The settling time calculated to 5% and the normalised peak overshoot are given by[178]

TS ≈



3.2
ξωn

if ξ < 0.69

4.5ξ
ωn

if ξ > 0.69

(8.6)

MPeak = e


 −πξ√

1− ξ2




. (8.7)

8.4.2 One-comparator Counter-based Control

The block diagram of the proposed controller is shown in Fig. 8.3. The comparator

will provide a positive output if the output voltage of the converter is below the refer-

ence voltage and a negative output if the output voltage is above the reference voltage.

Depending on the output of the comparator, the counter will count up when the out-

put of the comparator is positive, which will cause the duty cycle to increase leading

the output voltage to rise towards the reference voltage. The counter will count down

when the output of the comparator is negative causing the duty cycle to decrease,



214 control and voltage regulation in dc/dc converters

Fig. 8.3: Block diagram of the system

which leads the output voltage to decline to the reference voltage. For each count,

the counter either increments or decrements the duty cycle by a minimum step and

the clock of the counter sets the time interval between counts. Therefore the counter

functions as an integrator and can be modelled as [173]

I(s) =
k

s
(8.8)

where k is the gain of the integrator which is equivalent to the rise rate or “slew rate”

of the counter and is equal to

k =
∆D

∆TC
(8.9)

and ∆D is the minimum change in duty cycle for an increment or decrement in the

digital up/down counter or simply the resolution of the digital up/down counter and

∆TC is the period of the digital counter’s clock.

The proposed controller incorporates two nonlinear elements; a comparator and a

counter. Consequently, the system is expected to support limit cycles and the output

of the converter will oscillate around the reference voltage value. Therefore it is of

interest to determine the stability of the limit cycles and their effect on the performance

of the controller and the converter. A method used to analyse nonlinear systems is the

describing function method [179]. It is an approximate method that can produce good

results if the system under consideration is low-pass in nature [180]. Based on the

resolution of the digital up/down counter ∆D, and the period of the digital counter’s

clock ∆TC, three operating cases can be defined

• Case I

The counter has a constant rise rate, i.e. its output increases and decreases linearly

with time. The counter can be said to have an infinite resolution and an infinite clock

frequency. This case can be represented as

∆D→ dD (8.10)

∆TC → dt. (8.11)
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The counter can be represented as a linear block and the only nonlinear element in

this case is the comparator. The describing function of a comparator is obtained by

observing the waveforms of its input and output signal. The output of the comparator

is a square wave and since I(s) and G(s) act as low-pass filters, the output can be

approximated by the its first Fourier coefficient at the fundamental frequency. The

describing function for a comparatorHC(M) for a sinusoidal input signal is [179]

HC(M) =
4

πM
|M| > 0 (8.12)

where M is the amplitude of the sinusoidal input signal to the comparator.

The limit cycle’s frequency and amplitude can be determined by examining the

characteristic equation 1 + HC(M)I(jω)G(jω) = 0, thus

−jω3 −ω2
C(R(r+ rC) + rrC) + L

LC(R+ rc)
+ jω

R+ r+HCkVINRCrC
LC(R+ rC)

+
HCkVINR

LC(R+ rC)
= 0

(8.13)

which can be written as

− a3jω
3 − a2ω

2 + a1jω+ a0 = 0. (8.14)

The frequency f of the limit cycle is determined by setting the imaginary terms in (8.14)

to zero

f =

√
a1

2π
=

1

2π
√
LC

√√√√R+ r+
4kVINRCrC

πM
R+ rC

. (8.15)

Equation (8.15) shows that the frequency is not only a function of the capacitance,

inductance and the parasitic resistances of the converter but also a function of the

input voltage, the output load and the amplitude of the output voltage oscillation M.

The maximum value of M is obtained by substituting (8.15) in (8.14) and solving

for M

M =
4kRVIN(1− a2CrC)

a2π(R+ r)
. (8.16)

• Case II

In this case the counter has finite resolution and clock frequency is limited. There-

fore the counter’s output will appear as steps with a duration equal to the clock period.

It is assumed that the counter has a very high resolution and that clock period is much

smaller than the settling time of the DC/DC converter. The counter in this case can

still be modelled as an integrator according to (8.8), however it is now followed by

a quantizer block with a quantization interval equal to the resolution of the PWM
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generator ∆P. The resolution of the PWM generator ∆P is generally equal or smaller

than ∆D, therefore in this case

∆TC � TS (8.17)

∆D>∆P. (8.18)

The comparator and quantizer constitute a system with two nonlinearities separated

by a first order linear block as shown in Fig. 8.4. Due to the integrator, the describing

functions to be derived are expected to not only be a function of the amplitude of their

input signals, but also of their frequency.

Analysis of the system in this case may not be feasible due to the increased complex-

ity of the describing function. However, the system can be solved and the describing

function can be simplified for a particular operating mode of the controller. Consider

the operation of the controller at a steady state. For the output to be bounded, the out-

put of the comparator will continuously be switched between 1 and -1. Therefore the

number of states that the counter and the PWM generator increments can be assumed

to be equal to the number of states that are decremented, i.e

mH∆DHC=+1 = mL∆DHC=−1 = m∆D (8.19)

where mH and mL are the number of states the counter is incremented and decre-

mented when the comparator’s output is +1 and −1 respectively. The number of

states that the PWM generator increments or decrements are proportional to the num-

ber of states of the counter:

m∆D = n∆P. (8.20)

Therefore the describing function of the quantizer HQ is

HQ(N) =



∆P
2

4

πN
|N| 6

∆P
2

∆P
2

4

πN


1+

√
1−

(
∆P
N

)2

 ∆P

2
6 |N| 6 2

∆P
2

...
...

∆P
2

4

πN


1+n

√
1−

(
∆P
N

)2

 (n− 1)

∆P
2

6 |N| 6 n
∆P
2

(8.21)

where N is the amplitude of the input signal to the quantizer.

The waveforms of the outputs of the comparator, the integrator and the quantizer

are shown in Fig. 8.5. The output of the comparator will be a square wave that switches

between the values +1 and −1 according to the polarity of M. Since the input signal

to the integrator is a square wave, then its output will be a triangular wave with an
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Fig. 8.4: Block diagram of the system including a quantizer

amplitude proportional to k/ω. Therefore, by taking the first Fourier coefficients of

the integrator’s output and input signals, the describing function of the integrator HI
is

HI(jω) =
8k/jωπ2

4/π
=
2

π

k

jω
(8.22)

and N is given by

N =
k

ω

8

π2
. (8.23)

If a small value of k is chosen such that (8.23) is bounded between −∆P/2 and ∆P/2,

then substituting (8.23) in (8.21) results in

HQ =
∆Pπω

4k
. (8.24)

Consequently the overall describing function of Fig. 8.4 is given as

HO(M,N, jω) = HC(M)HI(jω)HQ(N). (8.25)

Substituting (8.12), (8.22) and (8.24) in (8.25), the overall describing function at steady-

state is

HO(M) =
2∆P
jπM

. (8.26)

Equation (8.26) shows that the overall describing function is simply a relay with a

phase shift of -90
◦. The amplitude and the frequency of the limit cycle can now be

found by solving the characteristic equation 1+HO(M)G(jω) = 0, thus

−jω2 −ω
C(R(r+ rC) + rrC) + L

LC(R+ rC)
+ j

R+ r

LC(R+ rC)
+ jω

|HO|VRCrC
LC(R+ rC)

+
|HO|VR

LC(R+ rC)
= 0.

(8.27)

By setting the real and imaginary parts equal to zero, the amplitude and the frequency

of the limit cycle are

f =
∆PVINR

π2M(C(R(r+ rC) + rrC) + L)
(8.28)

M =
2∆PVINR

π

√
(C(R(r+ rC) + rrC) + L)

2(R+ r)

LC(R+ rC) −CrC(C(R(r+ rC) + rrC) + L)

. (8.29)
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Fig. 8.5: The output waveforms of the comparator, integrator and quantizer blocks

• Case III

This is similar to Case II, however the clock is equal to or larger than half the settling

time of the converter and the resolution of the counter is equal to the resolution of the

PWM generator, i.e

∆TC >
TS
2

(8.30)

∆D = ∆P. (8.31)

Since the output voltage of the converter reaches a steady value before the duty

cycle is changed, this case resembles the step response of the converter to a sequence

of positive and negative step changes in the duty cycle of the PWM signal. Therefore,

the output of the converter is expected to alternate between two consecutive states of

the counter. Though the limit cycle may not be sinusoidal, the peak-to-peak voltage of

the limit cycle can be calculated as

MPP = ∆P(GDC + VINMPeak) = ∆PVIN

(
R

R+ r
+ 2MPeak

)
(8.32)

and the period is equal to

TO = 2TC. (8.33)

Equations (8.16), (8.29) and (8.32) show that the amplitude of the limit cycles is a

function of the input voltage VIN. The input voltage affects the amplitude through

the resolution of the up/down counter ∆D for Case I as well as the PWM generator

for Case II and Case III. Since the up/down counter that represents the duty cycle

of the PWM signal needs to allow the converter to generate an output voltage that

is proportional to the input voltage, then increasing the input voltage would mean

that the voltage gap or window between two consecutive finite states of the up/down

counter would increase. This eventually leads the output voltage to swing at higher

voltages and therefore increasing the amplitude of the limit cycle. This is analogous
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to the quantization error in ADCs where the voltage error due to the least significant

bit (LSB) is proportionally related to the voltage difference between the two reference

voltages of the ADC. If the voltage difference is increased, then a higher amplitude

signal is required to switch between the finite states of the ADC. The output capacitor

of the converter also affects the amplitude of the limit cycle. Since the frequency of

the limit cycle is generally much lower than the switching frequency, a large capacitor

may be required to further dampen the limit cycles and reduce their amplitudes.

The gain k also affects the amplitude of the limit cycle, reducing the gain would

reduce its amplitude. According to (8.9), increasing the resolution of the up/down

counter (lowering ∆D) would allow more output voltage levels to be achieved for a

given input voltage and thus the output voltage would swing between smaller voltage

windows. Decreasing the counter’s clock frequency (increasing ∆TC) or slowing down

the control loop might initially seem to contradict the common practice or belief that

increasing the sampling rate of a controller will improve its accuracy and performance.

A higher clock frequency will cause the counter to count faster increasing the number

of states that the duty cycle is incremented and therefore increasing the output voltage

of the converter. The only benefit of increasing the clock frequency is the improvement

of the controller’s response time to any sudden changes in the load current or in the

input voltage. Therefore a tradeoff has to be made between the amplitude of the limit

cycles and the response time of the controller.

8.4.3 Transient Analysis

In order to investigate the performance of the controller during a change in the load

current, the output impedance of the synchronous buck converter has to be derived.

By setting VIN and D in Fig. 8.2 to zero and applying a voltage source to the output

of the converter as shown in Fig. 8.6, the output impedance is equal to

ZO(s) =
VO(s)

IO(s)
=

RNL(sL+ r)(sCrC + 1)

s2LC(RNL + rC) + s(C(RNLr+ rrC) + L) + RNL + r
(8.34)

where RNL is the minimum load value that is connected to the converter. For a step

change in the output current at t = 0, the transient component of the output voltage

of the converter is given by

vo(s) = −IO(s)ZO(s) =
−∆I

s
ZO(s). (8.35)

Since MOSFETS Q1 and Q2 a driven in a complementary manner, a certain deadtime

is required practically to avoid possible cross-conduction between the two MOSFETs.

The deadtime (TDT ) causes a reduction in the output voltage of the converter equal

to

∆VO = VDT = TDT fSVIN. (8.36)
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Fig. 8.6: Calculating the output impedance of a synchronous buck DC/DC converter

Synchronous buck converters always operate in continuous conduction mode (CCM).

However at light loads or standby modes efficiency is reduced since MOSFET Q1 con-

ducts, therefore power supplied by the source will be mainly dissipated as conduction

losses. To avoid these losses, synchronous buck converters are often operated in dis-

continuous conduction mode (DCM) by disabling MOSFET Q1 if the output current

is low enough to cause the inductor’s current to become zero or negative before MOS-

FET Q1 switches ON. Consequently the output of the synchronous buck converter

with deadtime control can be written as

VO(t) = VO(0
−) + vo(t) − VDT . (8.37)

During a step change in the output current, the output voltage of the converter will

drop below the reference voltage. Consequently the comparator’s output will remain

positive (+1) causing the counter and the duty cycle to increment continuously until

the output voltage reaches the reference value. For Cases II and III, this period can

be considered as a finite sequence of step increments in the duty cycle, therefore the

output voltage of the converter is equal to the sum of the step responses due to the

increments in the duty cycle. Equation (8.35) becomes

vo(s) =
−∆I

s
ZO(s) +

P∑
n=0

∆P
s
GLD(s)e

−P∆TCs (8.38)

where GLD is the control to output transfer function for a loaded converter, i.e

R = RLD =
VO(0

−) − VDT + lim
s→0

s(IO(s)ZO(s))

lim
s→0

−sIO(s)
(8.39)

and P is the number of states that the counter has to be incremented in order for the

output voltage to reach VRef

P =
VDT + lim

s→0
s(IO(s)ZO(s))

∆PVIN
. (8.40)
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Table 8.1: Synchronous buck DC/DC converter operating values and calculated parameters

Parameter Value Parameter Value

L 100µH rL 0.165Ω

C 2200µF rC 0.022Ω

RNL/RLD 1kΩ/4Ω rON 0.024Ω

IO 3A fS 50 kHz

VIN 20V VRef 12V

VDT 1V ξ 0.50

TS 30.0ms MPeak 16.29%

Therefore, the total response at t = 0 is

VO(t) = VO(0
−) − VDT +L −1

{
−I

s
ZO(s)

}
+

P∑
n=0

L −1

{
∆P
s
GLD(s)e

−P∆TCs

}
.

(8.41)

8.5 implementation and performance assessment

A simulation model based on the block diagrams shown in Fig. 8.3 and Fig. 8.4 was

constructed in MATLAB/Simulink for a synchronous buck DC/DC converter with pa-

rameters shown in Table 8.1. The simulation model is shown in Fig. 8.7. The three

cases of the proposed controller described in Section 8.4.2 were simulated with param-

eters shown in Table 8.2. Fig. 8.8 shows the simulated response of the output voltage

of the converter to a step increment and decrement in the PWM generator according

to the transfer function in Eq. 8.2. The simulated response is verified by experimen-

tal results. Fig. 8.9 shows the output voltage at a load current of 3A for the three

cases. Case I represents an ideal operation of the controller where the resolution of the

counter and the PWM generator are infinite and the clock frequency is several orders

of magnitude higher than the switching frequency. For Case II the counter and the

PWM generator are assumed to have a resolution of 12 bits and 8 bits respectively and

the clock frequency is 2−14Hz creating an integrator with a gain of 4. For Case III the

resolution for both the counter and the PWM generator is 8 bits and the clock period

is two thirds of the loaded settling time of the converter (2−9)ms, therefore the gain of

the integrator is 2.
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Table 8.2: Controller parameters

Parameter Case I Case II Case III

∆P ∼ 0 1
28

1
28

∆D ∼ 0 1
212

1
28

∆TC ∼ 0 1
214 s

1
29
s

k 2 4 2

n(s)
d(s)
G(s)

loaded

Vout

To Workspace

Step
Vref Vout

Relay
(Comparator Hc(M))

Quantizer
HQ(N)

1
s

Integrator
I(s)

-K-

Gain

Clock

Fig. 8.7: Simulink Model of the proposed controller
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Fig. 8.9: Simulated output voltages for Cases I, II and III

It can be noticed that the amplitude of the limit cycles in Case II and III is larger

than that of Case I due to the nonlinearity and the quantization effect of the PWM

generator. In addition, the output voltage waveforms contain more harmonics. The
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Table 8.3: Comparison between the simulated and calculated limit cycle magnitudes and fre-
quencies

Case M (mV) f (Hz)

Calc. Sim. Err. Calc. Sim. Err.

I 21.20 21.05 0.71% 361.01 358.72 −0.63%

II 46.34 43.23 −6.71% 360.94 351.07 −2.73%

III 102.4∗ 106.06∗ 3.45% 256 256.2 0.08%

*Peak to peak

amplitude of the limit cycles of Case II is lower than of Case III due to the increased

resolution of the counter, the frequency of the limit cycles is higher since the counter

is operating at a higher clock speed. Table 8.3 compares the amplitude and frequency

of the simulated limit cycles to that of the calculated using the describing function

method. The calculated limit cycle amplitudes and frequencies are not expected to

match exactly the simulations due to the errors that result from linearisation by the

describing functions. The error is larger in Case II compared to Case I since the com-

parator and the quantizer are linearised by their describing functions, whereas the

only linearised element in Case I is the comparator.

The simulated transient response of the converter and the controller is shown in

Fig. 8.10 for Cases II and III. The output current of the converter is initially close

to zero Amperes. A step change of 3A occurs at t = 0 in the load’s current. The

output voltage of the converter begins to decrease below VRef and then the controller

increments the duty cycle 19 times according to Eq. 8.40. The effect of the deadtime of

the MOSFET driver is modelled as a constant voltage drop. The controller’s response

time for Case II is twice as fast of Case III due to the increase in the gain of the

integrator by a factor of 2. For comparison, the response of a third-order integral-

double-lead controller, also known as a Type III compensation controller is shown.

The Type III compensation controller was designed to ensure a stable output with a

reasonable response time while taking into account practical considerations such as

the compensator’s components values and the response time of the MOSFET driver.

The output voltage of the converter using the Type III compensation controller results

in a lower voltage drop due to a step change in the load current compared to the

proposed controller. However the Type III compensator requires a high bandwidth

error amplifier and six additional components and is difficult to design, whereas the

proposed controller consists of only a comparator and a counter. Figs. 8.11 and 8.12

shows the Simulink simulation model in for the transient response and the Type III

compensation controller respectively.
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Fig. 8.10: Simulated transient response for a step change in load current from 0 to 3A at t = 0
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8.6 results and discussion

The proposed controller, set to operate in Cases II and III, was applied to the proto-

typed synchronous buck DC/DC converter with the operating conditions shown in

Tables 8.1 and 8.2. The implemented system block diagram is shown in Fig. 8.13 and

picture of the system is shown in Fig. 8.14. The counter is based on 74LS191 4 bit

up/down counters. For Case II, three counters were cascaded producing a 12 bit up-

/down counter, whereas for Case III two counters were cascaded producing a 8 bit

up/down counter. An 8 bit digital-to-analog converter TLC7524 which represents the

PWM modulator in Fig. 8.4 is used to convert the up/down counter’s output to a

voltage signal. The voltage signal is compared against a sawtooth signal and a PWM
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Fig. 8.13: Implemented system architecture

Fig. 8.14: Picture of the implemented synchronous buck DC/DC converter and the proposed
controller

signal is generated. A constant current electronic load was connected to the output of

the DC/DC converter to simulate different loading conditions.

Figs. 8.15 and 8.16 show the DC/DC converter’s output voltage waveforms and the

comparator’s output at a load current of 3A for Cases II and III respectively. The ob-

served limit cycles in the output voltages confirm the description of the controller’s

principle of operation. The comparator’s output is high if the output voltage is be-

low the reference value setting the counter to count upwards and the duty cycle is

increased. As the output voltage exceeds the reference value, the comparator’s out-

put is low setting the counter to count downwards reducing the duty cycle untill the

output voltage is below the reference value and the system enters a limit cycle state.

The observed amplitudes and frequencies of the limit cycles for Cases II and III are

compared to the calculated values in Table 8.4.

The observed transient response of the controller for Cases II and III is shown in

Figs. 8.17 and 8.18 respectively for a step change in the load current from 0A to 3A.

For both cases the output voltage decreases rapidly due to the load current in addition

to the voltage drop due to the deadtime of the MOSFET driver. During the transition

period the system exits the limit cycle state and the comparator’s output remains high
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Table 8.4: Comparison between the measured and calculated limit cycle magnitudes and fre-
quencies

Case M (mV) f (Hz)

Calc. Exp. Err. Calc. Exp. Err.

II 46.34 42.50 −8.29% 360.94 312.5 13.42%

III 102.4∗ 96.00∗ −6.25% 256 256 0.00%

*Peak to peak

setting the counter to count upwards. The duty cycle is continuously incremented

until the output voltage reaches the reference value of 12V and the system returns to its

limit cycle state. For Case III the duty cycle is incremented 18 times. As predicted, the

response time for the controller operating in Case II is faster than that of Case III due to

the increased resolution of the counter and the higher clock speed of the counter. The

observed steady-state and transient responses are in good agreement with simulated

responses.
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8.7 conclusions

A digital controller based on a single comparator and a digital counter is proposed

for synchronous buck DC/DC converters. The controller functions independently of

the dynamics of the load. The controller features a simple design and low component

count which allows it to be easily implemented and manufactured as well as reducing

the overall cost of DC/DC converters. Not including an ADC eliminates the need to

use fast processors and makes the controller suitable for a wide range of switching

frequencies since the control loop is now no longer limited by the ADC’s sampling

rate. Simulations constructed in MATLAB Simulink and experimental results verify

the converter’s model and the derived limit cycle frequency and amplitude equations.

It was shown that the limit cycles introduced by the proposed control scheme are
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not deleterious. Further experimental results based on a synchronous buck DC/DC

converter prototype show the controller’s response capability for large step changes

in the output load which indicate the suitability of this controller for applications with

variable power demands and load transitions.
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9
C O N C L U S I O N S A N D F U T U R E W O R K

The final chapter concludes this thesis. It begins by summarising the work done in

this research project and outlines the outcomes and findings. A discussion on how

the aims and objectives are met is presented. An overall conclusion is given and the

chapter ends with suggestions and recommendations for future work.

9.1 review and conclusions

Wireless power transfer via magnetic induction, or IPT technology has come a long

way since it was conceptualized two decades ago. It has become more efficient, more

applicable to today’s applications and smarter. The work presented in this thesis was

directed towards pushing IPT technology to the next level. The work has presented

solutions to several problems and issues that have not been addressed in previous

work.

9.1.1 Inductive Links

The principle of operation of inductive links from a circuit point of view. It was shown

that by operating the inductive link at its resonant frequency, its reflected impedance

is maximised. This results in a more efficient operation of the primary coil driver

since it can operate at reduced current stresses. The choice of using a parallel reso-

nant secondary coil configuration or a series resonant coil configuration depends on

the load value and the power transfer distance. A parallel resonant secondary coil

configuration is used if the load resistance is much larger than the impedance of the

secondary coil and for large transfer distances. Whereas a series resonant secondary

coil configuration is used if the load resistance is much smaller the impedance of the

coil and for shorter transfer distances. It was also shown how the reflected impedance
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of the secondary coil circuitry of the inductive link can be represented as a sum of

several reflected resistances and reactances. Each reflected resistance and reactance

corresponds to a certain element or parameter of the secondary coil circuitry. This

can lead to a better understanding of how the power received in the secondary coil

is distributed amongst its elements. A design example was given in Chapter 3 for an

inductive link with a parallel resonant secondary configuration.

9.1.2 Modelling and Analysis of Class E DC/AC Inverters in Inductive Links

According to the first and second objectives, Chapter 4 presented the different config-

urations of Class D and Class E DC/AC inverters that are commonly used as primary

coil drivers. Class D inverters can operate efficiently over a wider load range and have

lower voltage and current stresses. Certain configurations of the Class D inverter, such

as the full-bridge Class D ZVS inverter, can operate at power levels that can reach up

to 20 kW. Class E inverters can operate efficiently over a lower load range and have

higher voltage and current stresses. However, they are simpler to construct and have a

high power-output capability. Therefore, Class E inverters are more compact and have

a higher power density than Class D inverters. Although both Class D and Class E

inverters have a theoretical efficiency of 100%, practical efficiencies are less since it

can be difficult to ensure that they operate at their optimum switching conditions,

especially at switching frequencies above 500 kHz.

An investigation of the performance of a Class E ZVS and ZVDS DC/AC inverter

as a primary coil driver was performed in Chapter 5. A detailed analysis was pre-

sented which was initially based on an analytical analysis approach and then on a

more detailed state-space representation approach. It was shown that the Class E

inverter would operate at optimum switching conditions for a specific coupling coef-

ficient value and a specific load value. An increase in either the distance (or coupling

coefficient) of the inductive link or the load would lead the Class E inverter to oper-

ate in sub-optimum switching conditions. The operation in sub-optimum switching

conditions can degrade the efficiency of the inverter since voltage and current stresses

are increased. Whereas a decrease in the distance (or coupling coefficient) or the load

would lead the Class E inverter to operate in non-optimum switching conditions. Oper-

ating in non-optimum switching condition is highly unrecommended since permanent

damage may occur in the switching element.
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9.1.3 Electronic Tuning Methods for Class E DC/AC Inverters

Based on the preformed investigation of Class E inverters in inductive links, several

novel tuning methods were presented in Chapter 5. The tuning methods will allow

the Class E inverter to be tuned to operate at optimum switching conditions as varia-

tions in the distance between the coils or the load that might occur during operation.

A tuning method was suggested for each configuration of the Class E inverter. Each

tuning method requires two values or parameters to be controlled. For the Class E in-

verter with infinite DC-feed inductance, the switching frequency and the value of the

switch’s shunt capacitor were controlled. Whereas for the Class E inverter with finite

DC-feed inductance, the values of the DC-feed inductance and switching frequency

were controlled in one method, and the DC-feed inductance and the duty cycle of the

switching signal were controlled in another method. A novel use of saturable reactors

(magnetic amplifiers) was shown to provide electronic control of all the tuning meth-

ods. All of the tuning methods were experimentally implemented and successfully

validated. Therefore the third objective of this research was successfully met.

9.1.4 Class D and Class E Rectifiers

According to the second objective, Chapter 6 discussed a unaddressed topic about

the classes and configurations of rectifiers that can be used in inductive links. It was

shown that in all recent publications regarding IPT systems, traditional rectifiers, such

as half-wave and bridge rectifiers, have been the only rectifiers used. It was also shown

how the traditional rectifiers may not be suitable in resonant inductive links since their

input currents contains a large number of harmonics. These harmonics will prevent

resonance operation and will lead the primary coil driver to operate at non-optimum

switching conditions. Therefore, Class D and Class E rectifiers were suggested as

alternatives to the traditional rectifiers. Class D and Class E rectifiers are the dual

of Class D and Class E inverters respectively, therefore their compatibility to be used

along with either a Class D or Class E primary coil driver and a resonant inductive

link is ensured.

Class D rectifiers were discussed, their principle of operation was described and a

detailed analysis was presented. Class E rectifiers were modelled and mathematically

analysed in great detail. Both Class D and Class E rectifiers can have a near sinu-

soidal input current with minimum harmonic content. A half-wave Class D voltage-

switching rectifier was implemented. A Class E ZVS low dv/dt rectifier was also

implemented to highlight the advantages of Class E rectifiers and an impressive ef-
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ficiency of 94% was achieved at a frequency of 800 kHz. Both Class D and Class E

rectifiers were used for the first time in this research.

9.1.5 Class E2 DC/DC Converters

Referring to the second objective of this research, a Class E2 DC/DC converter was

introduced for IPT systems in Chapter 7. The converter consists of a Class E ZVS

and ZDVS inverter and a Class E ZVS low dv/dt rectifier separated by an inductive

link. The benefit of using a Class E2 converter is that it simplifies the modelling and

analysis of the entire IPT system since the IPT system can be now represented as a

single circuit. This leads to a better understanding on how all of the elements and

parameters of the IPT system interact with each other. A seventh order piece-wise

linear state-space representation was used to analyse the system and to calculate the

parameters and values of the converter. The accuracy of the analysis was compared

to a common analytical analysis method and PSPICE simulation results verified the

improved accuracy. In addition, certain parameters, such as the phase difference be-

tween the two switching elements, were calculated for the first time since the Class E2

DC/DC converter was introduced in 1989.

9.1.6 Control for DC/DC Converters in IPT Systems

As mentioned in fourth and final objective, a new controller referred to as ‘one-comparator

counter-based controller’ was introduced in Chapter 8. The controller’s purpose is to

regulate the output voltage of a synchronous buck DC/DC converter. A DC/DC con-

verter may be required to provide a regulated and controllable input voltage to the

primary coil driver. Another DC/DC converter may be required at the output of the

rectifier to provide a regulated and controllable voltage to the load. The dynamics

of the primary coil driver and the rectifier may be unknown, therefore the proposed

controller functions regardless of the DC/DC converter’s load dynamics. This was

achieved by maximising the gain of the control loop for a single frequency and min-

imising all other frequencies.

9.2 future work

The research and development in IPT technology has brought several new applications

and products to the market such as wireless charging for mobile phones and vehicles.
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Several standards have been introduced for wireless charging such as the Wireless

Power Consortium and the Alliance for Wireless Power. The current research and de-

velopment is starting to move towards the next generation of IPT technology; pushing

the technology into areas that haven’t been investigated and researched before. To-

morrow’s applications will demand for higher power levels, improved efficiencies and

the freedom of mobility without being constrained to a specific charging area. The

following topics are suggested for future work

A. Bidirectional IPT

It has been assumed that an IPT system consists of a transmitter located in a base

station and receiver on board a certain object containing the load. Power has been

always transferred in one direction; from the source to the load. Several questions can

be raised here about this mode of operation, what if the load had certain stored energy

that is not in demand? Will it be possible to return that energy to the source? Or what

if the load was able to send this energy to another system that is demanding energy?

In order to transfer energy between several sources and load, a bidirectional IPT may

be required. Bidirectionality is an emerging concept in IPT systems and further inves-

tigation is required to determine whether bidirectionality could be achieved by using

two back-to-back unidirectional IPT systems or a designing a new topology that could

implement bi-directionality.

B. Increasing the power delivering capability

The transmitted power levels achieved this research were are up to 20W. More power

is required to be transmitted to power higher loads such as motors. This can be

achieved by scaling up the transmitter, i.e. increasing the input voltage and using

larger coils with a larger wire diameter to allow more current to flow or using multiple

transmitters. Moreover, other configurations of the Class E DC/AC inverter could be

implemented, such as the push-pull configuration.

C. Automatic tuning

The tuning methods that were presented in Chapter 5 were implemented manually, fu-

ture work should include designing controllers to achieve automatic tuning. Moreover,

improving the modelling of the Class E inverter can be further improved by including

the saturable reactor instead of a single inductor representation.
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E. Further research in Class E rectifiers and resonant rectifiers

Although Chapter 6 presented a simple voltage-driven Class E ZVS low dv/dt recti-

fier that is compatible with resonant inductive links and resonant primary coil drivers,

there are other configurations of the Class E rectifier that might have improved fea-

tures for specific applications. Since the use rectifiers in IPT haven’t been discussed

before, further research and investigation into this area is required to emphasis on the

importance of the rectifier in IPT systems.
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A
M AT L A B C O D E S

a.1 matlab codes for chapter 4

a.1.1 Class E with Finite DC-Feed Inductance

1 %%define domains%%

qdomain = [0.5 2]; %q domain

pdomain = [0.01 25]; %p domain

phidomain = [0 2*pi]; %phi domain

wtdomain=[pi 2*pi]; %time OFF domain

6 wt2domain=[0 pi]; %time ON domain

V2= [phidomain pdomain];

%%%%%%%%%%%%%%%%%%

%%define chebfuns

phi=chebfun2(@(phi,p) phi, V2);

11 p=chebfun2(@(phi,p) p, V2);

wt=chebfun('wt', wtdomain);

wt2=chebfun('wt2', wt2domain);

%initialise loop varaibles

ni=40; %number of data points

16 q=qdomain(1):diff(qdomain)/ni:qdomain(2);

r1=zeros(ni,2); %all solved values

p_s=zeros(ni,1); %solved p values

phi_s=zeros(ni,1); %solved phi values

VDSmax=zeros(ni,1); %calculated VDSmax values

21 IDSmax=zeros(ni,1); %calculated IDSmax values

Po=zeros(ni,1); %calculated power values

cp=zeros(ni,1); %calculated cp values

%%%loop begins

26 for i=1:ni+1

A=(q(i)*cos(q(i)*pi).*cos(phi)+(2*q(i)^2−1)*sin(q(i)*pi).*sin(phi))/(q(i)^2−1)...

+ pi*sin(q(i)*pi)./p + cos(q(i)*pi)./(q(i)*p); %A

B=(−q(i)*sin(q(i)*pi).*cos(phi)+(2*q(i)^2−1)*cos(q(i)*pi).*sin(phi))/(q(i)^2−1)...

+ pi*cos(q(i)*pi)./p −sin(q(i)*pi)./(q(i)*p); %B

31 eq43=1−q(i).*A.*p*cos(2*pi*q(i)) +q(i).*B.*p*sin(2*pi*q(i)) − ...

q(i)^2.*p.*cos(phi)/(q(i)^2−1);
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eq44=q(i)^2.*A*sin(2*pi*q(i)) + q(i)^2.*B*cos(2*pi*q(i)) + ...

q(i)^2.*sin(phi)/(q(i)^2−1);

r1(i,:) = roots(eq43,eq44);

phi_s(i)=r1(i,1) ;

p_s(i)=r1(i,2) ;

36

%%%%%

A_s=(q(i)*cos(q(i)*pi)*cos(phi_s(i))+(2*q(i)^2−1)*sin(q(i)*pi)...

*sin(phi_s(i)))/(q(i)^2−1)+ pi*sin(q(i)*pi)/p_s(i)...

+ cos(q(i)*pi)/(q(i)*p_s(i));%substitue solved values of p and phi

41 B_s=(−q(i)*sin(q(i)*pi)*cos(phi_s(i))+(2*q(i)^2−1)...

*cos(q(i)*pi)*sin(phi_s(i)))/(q(i)^2−1)+pi*cos(q(i)*pi)/p_s(i)...

−sin(q(i)*pi)/(q(i)*p_s(i));%substitue solved values of p and phi

Vds=1 − A_s*q(i)*p_s(i)*cos(q(i)*wt) + B_s*q(i)*p_s(i)*sin(q(i)*wt) ...

46 − q(i)^2*p_s(i)*cos(wt+phi_s(i))/(q(i)^2−1); %calculated VDS(wt)

VDSmax(i)=max(Vds); %calculated VDSmax

k= (pi^2/(2*p_s(i)) − 2*cos(phi_s(i)) + pi*sin(phi_s(i)))/(2*pi);

Ids= (wt2/p_s(i) −sin(wt2+phi_s(i)) +sin(phi_s(i)))/k;

51 IDSmax(i)=max(Ids);

Po(i)= 0.5*((pi^2/(2*p_s(i))−2*cos(phi_s(i))+pi*sin(phi_s(i)))/pi)^2;

cp(i)=1/(VDSmax(i)*IDSmax(i));

end �

a.1.2 Class E at Any Q and D

function [XC1 ,XC2, VDS, IDS,tON, tOFF, VDSmax, IDSmax, Po, Iin, ...

cp]=ClassESSnorm(Q, D)

XLf=1e4; %assume Lf is very large

ron=1e−4; %assume rON is very small

5 %%%%%

%solve for C1 and C2 for a given Q and D

[XC1, XC2]=fsolve(@fun,[5.2,18.8]);

%%%%%%

%simulate system

10 %%%%%%

C=eye(4); %define C matrix

sysON=ss(Aon, B, C, 0); %construct state−space for the ON interval

sysOFF=ss(Aoff, B, C, 0); %construct state−space for the OFF interval

tON=0:pi/100:2*pi*D; %define ON interval

15 tOFF=0:pi/100:2*pi*(1−D); %define OFF interval

[xON]=initial(sysON, xinitON, tON) + step(sysON, tON); ...

%state variable for the ON interval

[xOFF]=initial(sysOFF, xinitOFF, tOFF) + step(sysOFF, tOFF);...

%state variable for the OFF interval

20 %%%%%%%

%denote voltages and currents from state space variables

VDS=xOFF(:,1); %VDS(wt)

VDSmax=max(VDS); %VDS max

Iin=(trapz(tON,xON(:,3))+trapz(tOFF,xOFF(:,3)))/(2*pi); %DC input current
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25 IDS=xON(:,3)−xON(:,4); %IDS(wt)

IDSmax=max(IDS)/Iin; %IDS max

Po=mean(0.5* xON(:,4).*xON(:,4)) + mean(0.5*xOFF(:,4).*xOFF(:,4));...

%Output power

cp= 1/(IDSmax*VDSmax); %cp

30 function F=fun(x) %this function solves for C1 and C2 for a given ...

Q and D

XC1=x(1); XC2=x(2);

%set matrices

Aon=[−XC1/ron, 0, XC1, −XC1 ; 0, 0, 0, XC2 ; −1/XLf, 0, 0, 0 ; 1/Q, −1/Q, 0, −1/Q];

Aoff=Aon; Aoff(1,1)=0; %assuming Roff=inf

35 B=[0;0;1/XLf;0];

x1=[−expm(Aon*2*pi*D), eye(4) ; eye(4), −expm(Aoff*2*pi*(1−D))]; %temp

x2=[Aon\(expm(Aon*2*pi*D)−eye(4)) ; Aoff\(expm(Aoff*2*pi*(1−D))−eye(4))]; %temp

xinit=x1\(x2*B); %calculate initial conditions

xinitON=xinit(1:4);

40 xinitOFF=xinit(5:8);

F=[xinit(1);xinit(3)−xinit(4)]; %Define optimum switching conditions

end %fun

end %ClassESSnorm �

a.1.3 Sub-optimum Class E

function [D,VDSmax, IDSmax, Po, Iin, cp, tON, tOFF, VDS, ...

IDS]=ClassESSsub(s,Q,XC1, XC2)

2

XLf=1e4; %assume Lf is very large

ron=1e−4; %assume rON is very small

%%%%%

%solve for D for a given Q, C1 and C2

7 options=optimset('MaxFunEvals',2000, 'MaxIter',2000, 'TolX',1e−9, ...

'TolFun',1e−9, 'Display','iter');

D=fsolve(@fun,0.625, options);

%%%%%%

sysON=ss(Aon, B, eye(4), 0); %construct state−space for the ON interval

sysOFF=ss(Aoff, B, eye(4), 0); %construct state−space for the OFF interval

12 tON=0:pi/100:2*pi*D; %define ON interval

tOFF=0:pi/100:2*pi*(1−D); %define OFF interval

[xON]=initial(sysON, xinitON, tON) + step(sysON, tON);...

%state variable for the ON interval

[xOFF]=initial(sysOFF, xinitOFF, tOFF) + step(sysOFF, tOFF);...

17 %state variable for the OFF interval

%%%%%%%

VDS=xOFF(:,1); %VDS(wt)

VDSmax=max(VDS); %VDS max

Iin=(trapz(tON,xON(:,3))+trapz(tOFF,xOFF(:,3))) / (2*pi);%DC input current

22 IDS=xON(:,3)−xON(:,4); %IDS(wt)

IDSmax=max(IDS)/Iin; %IDS max

Po=mean(0.5* xON(:,4).*xON(:,4)) + mean(0.5*xOFF(:,4).*xOFF(:,4));...

%Output power

27 cp= 1/(IDSmax*VDSmax); %cp
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function F=fun(x) %this functions solves for D for a given ...

Q,C1,C2

D=x(1);

%set matrices

Aon=[−XC1/ron, 0, XC1, −XC1 ; 0, 0, 0, XC2 ; −1/XLf, 0, 0, 0 ; 1/Q, −1/Q, 0, −s/Q];

32 Aoff=Aon; Aoff(1,1)=0; %assuming Roff=inf

B=[0;0;1/XLf;0];

x1=[−expm(Aon*2*pi*D), eye(4) ; eye(4), −expm(Aoff*2*pi*(1−D))]; %temp

x2=[Aon\(expm(Aon*2*pi*D)−eye(4)) ; Aoff\(expm(Aoff*2*pi*(1−D))−eye(4))]; %temp

xinit=x1\(x2*B); %calculate initial conditions

37 xinitON=xinit(1:4);

xinitOFF=xinit(5:8);

F=xinit(1); %Define sub−optimum switching condition

end %fun

end %ClassESS �

a.2 matlab codes for chapter 5

a.2.1 Design Example

function [C1 ,C2]=ClassESS(ron, q, Lp, R, V, D, f, Ls, Cs, rp, rs, k, rf)

w=2*pi*f;

4 M=k*sqrt(Lp*Ls); %calculate mutual inductance M

XCs=1/(w*Cs); %calculate inductance of Cs

XL1=w*Lp; XL2=w*Ls; XM=w*M; %calculate inductances of inductors

[F]=fsolve(@fun,[50,20]); %solve for C1 and C2 with an initial guess

9 C1=inv(F(1)*w); C2=inv(F(2)*w); %solved values of C1 and C2

function F=fun(x)

XC1=x(1); XC2=x(2);

XLf=XC1/(q^2);

14 %set matrices

a=XL1*XL2−XM^2;

Aon=[−XC1/ron, 0, 0, XC1, −XC1, 0 ; 0, 0, 0, 0, XC2, 0; 0, 0, −XCs/R, 0, 0, XCs;...

−1/XLf, 0, 0, −rf/XLf, 0, 0; XL2/a, −XL2/a, −XM/a, 0, −XL2*rp/a, −XM*rs/a;...

XM/a, −XM/a, −XL1/a, 0, −XM*rp/a, −XL1*rs/a];

19 Aoff=Aon; Aoff(1,1)=0; %assuming Roff=inf

B=[0;0;0;V/XLf;0;0];

x1=[−expm(Aon*2*pi*D), eye(6) ; eye(6), −expm(Aoff*2*pi*(1−D))];

x2=[Aon\(expm(Aon*2*pi*D)−eye(6)) ; Aoff\(expm(Aoff*2*pi*(1−D))−eye(6))];

24 xinit=x1\(x2*B); %calculate initial conditions

xinitON=xinit(1:6);

xinitOFF=xinit(7:12);

29 F=[xinit(1);xinit(4)−xinit(5)]; %Define optimum switching conditions

end %fun

end %ClassESS �
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a.2.2 Frequency and Lf Tuning

%%set parameters%%%

micro=1e6;

Lp=5.76e−6*micro; Ls=6.69e−6*micro; %microHenries

4 Cs=5.918e−9*micro; %microFarads

R=47;

rp=0.17; rs=0.28; rc=0.25;

C1=22e−9*micro; C2=7.9e−9*micro;

%%%%%%%%%%%%%%%%%%%

9

%%define domains%%

qdomain = [0.5 2]; % q domain

pdomain = [0.01 25]; % p domain

phidomain = [0 2*pi]; % phi domain

14 kdomain=[0.1 0.4]; %coupling coefficient domain

wdomain=[2*pi*5e5/micro 2*pi*1e6/micro]; %switching frequency domain

wtdomain=[pi 2*pi]; %time domain

V1=[wdomain kdomain];

V2= [phidomain pdomain];

19 %%%%%%%%%%%%%%%%%%

%%define chebfuns

w=chebfun2(@(w,k) w, V1);

k=chebfun2(@(w,k) k, V1);

24 phi=chebfun2(@(phi,p) phi, V2);

p=chebfun2(@(phi,p) p, V2);

wt=chebfun('wt', wtdomain);

%initialise loop varaibles

29 ni=40; %number of data points

q=qdomain(1):diff(qdomain)/ni:qdomain(2);

r1=zeros(ni,2);

r2=zeros(ni,2);

p_s=zeros(ni,1);

34 phi_s=zeros(ni,1);

w_s=zeros(ni,1);

k_s=zeros(ni,1);

39 M=k*(sqrt(Lp*Ls));

z_ref = ((1.*M.*w).^2)./(1i.*w*Ls+rs+R.*(rc−1i./(Cs.*w))./(R+rc−1i./(Cs.*w)));

Rt = rp + real(z_ref);

Xb = w*Lp + imag(z_ref) − 1./(w*C2);

%%%loop begins

44 for i=1:ni

%%%%%%%%%%%%%%%%%%

% this section of the loop solves equations 43 and 44 for p and phi as a

% function of q

A=(q(i)*cos(q(i)*pi).*cos(phi)+(2*q(i)^2−1)*sin(q(i)*pi).*sin(phi))/(q(i)^2−1)...

49 + pi*sin(q(i)*pi)./p + cos(q(i)*pi)./(q(i)*p);

B=(−q(i)*sin(q(i)*pi).*cos(phi)+(2*q(i)^2−1)*cos(q(i)*pi).*sin(phi))/(q(i)^2−1)...

+ pi*cos(q(i)*pi)./p −sin(q(i)*pi)./(q(i)*p);

eq43=1−q(i).*A.*p*cos(2*pi*q(i)) +q(i).*B.*p*sin(2*pi*q(i)) − ...

q(i)^2.*p.*cos(phi)/(q(i)^2−1);
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eq44=q(i)^2.*A*sin(2*pi*q(i)) + q(i)^2.*B*cos(2*pi*q(i)) + ...

q(i)^2.*sin(phi)/(q(i)^2−1);

54 r1(i,:) = roots(eq43,eq44);

phi_s(i)=r1(i,1) ; %solved values of phi

p_s(i)=r1(i,2) ; %solved values of p

%%%%

%%%%%%%%%%%%%%%%%%%%%

59 %the solved values of p and phi and q are used to solve for the frequency w

%and k using equations 2, 34, 41, 42, 46, 47 and 48

A_s=(q(i)*cos(q(i)*pi)*cos(phi_s(i))+(2*q(i)^2−1)*sin(q(i)*pi)...

*sin(phi_s(i)))/(q(i)^2−1)+ pi*sin(q(i)*pi)/p_s(i)...

+ cos(q(i)*pi)/(q(i)*p_s(i));%substitue solved values of p and phi

64 B_s=(−q(i)*sin(q(i)*pi)*cos(phi_s(i))+(2*q(i)^2−1)...

*cos(q(i)*pi)*sin(phi_s(i)))/(q(i)^2−1)+pi*cos(q(i)*pi)/p_s(i)...

−sin(q(i)*pi)/(q(i)*p_s(i));%substitue solved values of p and phi

Vds=1 − A_s*q(i)*p_s(i)*cos(q(i)*wt) + B_s*q(i)*p_s(i)*sin(q(i)*wt) ...

69 − q(i)^2*p_s(i)*cos(wt+phi_s(i))/(q(i)^2−1); %calculated VDS(wt)

%

% M=k*(sqrt(Lp*Ls));

% z_ref = ...

((1.*M.*w).^2)./(1i.*w*Ls+rs+R.*(rc−1i./(Cs.*w))./(R+rc−1i./(Cs.*w)));

% Rt = rp + real(z_ref);

74 % Xb = w*Lp + imag(z_ref) − 1./(w*C2);

vm=sum(Vds.*sin(wt+phi_s(i)))/pi;

vxm=sum(Vds.*cos(wt+phi_s(i)))/pi;

79 eq48=Rt*vxm/vm − Xb;

eq41=p_s(i)/(0.5*pi/p_s(i) − 2*cos(phi_s(i))/pi + sin(phi_s(i))) − ...

1./(q(i)^2.*w.*Rt.*C1);

r2(i,:)=roots(eq48,eq41);

w_s(i)=r2(i,1); %solved values of w

84 k_s(i)=r2(i,2); %solved values of k

end%for

%plot results

figure

89 plot(k_s,w_s/(2*pi))

ylabel('frequency (kHz)'), xlabel('k')

axis([0.15 0.4 0.6 0.9])

grid

94 q=q(1:40)';

Lf=1./(q.^2.*w_s.^2*C1);

M_s=k_s.*(sqrt(Lp*Ls));

z_ref_s = ...

((1.*M_s.*w_s).^2)./(1i.*w_s*Ls+rs+R.*(rc−1i./(Cs.*w_s))./(R+rc−1i./(Cs.*w_s)));

Rt_s=real(z_ref_s);

99 XLs=w_s*Ls;

XCs=1./(Cs.*w_s);

a=R*(rs+rc) + rs*rc+XLs.*XCs;

b=R.*(XLs−XCs)+XLs*rc−XCs*rs;

XM=M_s.*w_s;

104 R_ref=XM.^2.*XCs.^2*R./(a.^2+b.^2);

r_ref=XM.^2.*(R^2*(rs+rc)+2*R*rs*rc+R*rc^2+rs*rc^2+XCs.^2*rs)./(a.^2+b.^2); �
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a.2.3 Duty Cycle and Lf Tuning

function [Lf ,D]=ClassESSDLfTuning(ron, Lp, R, V, f, Ls, Cs, rp, rs, k, rf)

w=2*pi*f;

M=k*sqrt(Lp*Ls); %calculate mutual inductance M

XCs=1/(w*Cs); %calculate inductance of Cs

5 XL1=w*Lp; XL2=w*Ls; XM=w*M; %calculate inductances of inductors

[F]=fsolve(@fun,[5,0.5]); %solve for XLf and D with an initial guess

Lf=F(1)/w; D=F(2); %solved values of Lf and D

function F=fun(x)

10 XLf=x(1); D=x(2);

%set matrices

a=XL1*XL2−XM^2;

Aon=[−XC1/ron, 0, 0, XC1, −XC1, 0 ; 0, 0, 0, 0, XC2, 0; 0, 0, −XCs/R, 0, 0, XCs;...

15 −1/XLf, 0, 0, −rf/XLf, 0, 0; XL2/a, −XL2/a, −XM/a, 0, −XL2*rp/a, −XM*rs/a;...

XM/a, −XM/a, −XL1/a, 0, −XM*rp/a, −XL1*rs/a];

Aoff=Aon; Aoff(1,1)=0; %assuming Roff=inf

B=[0;0;0;V/XLf;0;0];

20 x1=[−expm(Aon*2*pi*D), eye(6) ; eye(6), −expm(Aoff*2*pi*(1−D))];

x2=[Aon\(expm(Aon*2*pi*D)−eye(6)) ; Aoff\(expm(Aoff*2*pi*(1−D))−eye(6))];

xinit=x1\(x2*B); %calculate initial conditions

xinitON=xinit(1:6);

25 xinitOFF=xinit(7:12);

F=[xinit(1);xinit(4)−xinit(5)]; %Define optimum switching conditions

end %fun

end %ClassESS �

a.3 matlab codes for chapter 6

a.3.1 Class E Rectifier Duty Cycle, Phase and Output Voltage

1 function [Vo, phi, D, xinitON, xinitOFF]=ClassErectSS(Vm,ron, rL,L,Co,R)

w=2*pi*f; %calculate frequency

C=1/(w^2*L); %calculate value of resonant capacitor C

6 [F]=fsolve(@fun,[0.5,−1.2]); %solve for D and phi with an initial guess

D=F(1); phi=F(2); %solved values of duty cycle and phi

Vo=(xinitOFF(3)+xinitON(3))/2; %calculate output voltage

function F=fun(x)

D=x(1); phi=x(2);

11 %set Matrices

Aon=[−rL/(w*L), −1/(w*L), −1/(w*L) ; 1/(w*C), −1/(w*C*ron), 0 ;...
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1/(w*Co), 0, −1/(w*Co*R) ];

Aoff=[−rL/(w*L), −1/(w*L), −1/(w*L) ; 1/(w*C), 0, 0 ;...

1/(w*Co), 0, −1/(w*R*Co)];

16 B1=[ Vm/(w*L) ;0 ;0 ];

B2=[0; Vf/(w*C*ron);0];

Bon=[B1,B2];

Boff=B1;

21 kon= Aon\(expm(Aon*2*pi*D)−eye(3))*B2 + (Aon*Aon+eye(3))\...

(expm(Aon*2*pi*D)*(eye(3)*cos(phi+2*pi*(1−D)) + Aon*sin(phi+2*pi*(1−D)))...

−cos(2*pi*D+phi+2*pi*(1−D))*eye(3) − Aon*sin(2*pi*D+phi+2*pi*(1−D)))*B1;

koff=(Aoff*Aoff+eye(3))\(expm(Aoff*2*pi*(1−D))*(eye(3)*cos(phi) + Aoff*sin(phi))...

26 − cos(2*pi*(1−D)+phi)*eye(3) − Aoff*sin(2*pi*(1−D)+phi))*B1;

x1=[ −expm(Aon*2*pi*D) , eye(3) ; eye(3), −expm(Aoff*2*pi*(1−D))];

x2=[ kon ; koff ];

31 xinit= x1\x2; %calculate initial conditions

xinitON=xinit(1:3); xinitOFF=xinit(4:6);

F=[xinit(2)−Vf ;xinit(5)−Vf]; %define optimum switching conditions

end %fun

36 end %ClassESS �

a.3.2 Class E Rectifier Input RMS Current and PF

function [Xrmsn, PF]=ClassErectnormRMS(Aon, Aoff, Bon, Boff, xinitON, xinitOFF, ...

D, phi,R,Vm,rL, Vf, ron)

2

%define time domain function for the ON state

Xon=@(wt) [(Aon*Aon+eye(3))\(expm(Aon*wt)*(eye(3)*cos(phi+2*pi*(1−D)) + ...

Aon*sin(phi+2*pi*(1−D)))...

−cos(wt+phi+2*pi*(1−D))*eye(3) − Aon*sin(wt+phi+2*pi*(1−D)))...

, Aon\(expm(Aon*wt)−eye(3))]*Bon + expm(Aon*wt)*xinitON ;

7 X2on=@(wt) Xon(wt).*Xon(wt); %squared

%define time domain function for the OFF state

Xoff=@(wt) (Aoff*Aoff+eye(3))\(expm(Aoff*wt)*(eye(3)*cos(phi) + Aoff*sin(phi)) ...

− cos(wt+phi)*eye(3) − Aoff*sin(wt+phi))*Boff + expm(Aoff*wt)*xinitOFF;

X2off=@(wt) Xoff(wt).*Xoff(wt); %squared

12

Xrmsn=sqrt( 1/(2*pi) *( integral(X2on,0,2*pi*D, 'ArrayValued',true) + ...

integral(X2off,0,2*pi*(1−D),'ArrayValued',true))); %calculate normalised ...

input RMS current

PF=acos( sqrt(2)*(Xrms(3)^2/R + Xrms(1)^2*rL + Vf*Xrms(3)/R ...

17 +(Xrms(3)/R)^2*ron )/(Vm*Xrms(1)) ); %calculate power factor

end �
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a.3.3 Class E Rectifier THD

function [THD]=ClassErectTHD(Aon, Aoff, Bon, Boff, xinitON, xinitOFF, D, phi)

2

k=5; %number of harmonics to calculate

%initialise matrices

an=zeros(3,k); %An fourier series coefficient

bn=zeros(3,k); %Bn fourier series coefficient

7 cn=zeros(3,k); %Cn fourier series coefficient

Pin=0; %input power

%set time domain funtion for the ON state

Xon=@(wt) [(Aon*Aon+eye(3))\(expm(Aon*wt)*(eye(3)*cos(phi+2*pi*(1−D)) + ...

Aon*sin(phi+2*pi*(1−D)))−cos(wt+phi+2*pi*(1−D))*eye(3) − ...

Aon*sin(wt+phi+2*pi*(1−D)))...

, Aon\(expm(Aon*wt)−eye(3))]*Bon + expm(Aon*wt)*xinitON ;

12 %set time domain funtion for the OFF state

Xoff=@(wt) (Aoff*Aoff+eye(3))\(expm(Aoff*wt)*(eye(3)*cos(phi) + Aoff*sin(phi)) ...

− cos(wt+phi)*eye(3) − Aoff*sin(wt+phi))*Boff + expm(Aoff*wt)*xinitOFF;

for n=1:1:k

%define fourier series integral functions

17 Xaon=@(wt) Xon(wt).*cos(n*(wt+phi+2*pi*(1−D)));

Xbon=@(wt) Xon(wt).*sin(n*(wt+phi+2*pi*(1−D)));

Xaoff=@(wt) Xoff(wt).*cos(n*(wt+phi));

Xboff=@(wt) Xoff(wt).*sin(n*(wt+phi));

22

an(:,n)=(integral(Xaon,0, 2*pi*D, ...

'ArrayValued',true)+integral(Xaoff,0,2*pi*(1−D), 'ArrayValued',true))/pi;

bn(:,n)=(integral(Xbon,0, 2*pi*D, ...

'ArrayValued',true)+integral(Xboff,0,2*pi*(1−D), 'ArrayValued',true))/pi;

cn(:,n)=sqrt(an(:,n).^2+bn(:,n).^2);

%Pin=Pin+cn(:,n).*cos(psi(:,n));

27 Pin=Pin+cn(:,n).^2;

end

THD= sqrt(Pin−cn(:,1).^2)./cn(:,1); %calculate THD

end �

a.4 matlab codes for chapter 7

a.4.1 Class E2 DC/DC Converter

function [C1, C2, D2, phi, a, c]=ClassEDCDC1(ron1, ron2,rp, rs, Lf, Lp, Ls, k, ...

C3, C4, R, V, f)

[F]=fsolve(@fun2,[0.06, 0.06, 0.147, 0.63]); %solve for wC1, wC2, a ...

and c

wC1=F(1); wC2=F(2); a=F(3); c=F(4);
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C1=wC1/w; %calculate C1

C2=wC2/w; %calculate C2

D2=1−c+a; %calculate D2

phi=360*c; %calculate Phi

10

function F=fun2(x)

wC1=x(1); wC2=x(2); a=x(3); c=x(4);

b=0.5; %assume D1=0.5

15 w=2*pi*f;

M=k*sqrt(Lp*Ls);

alpha=w^2*(Lp*Ls−M^2);

%set matrices

A=[ −1/(wC1*ron1), 0, 0, 0, 1/(wC1), −1/(wC1), 0;... %x1dot

20 0, 0, 0, 0, 0, 1/(wC2), 0;... %x2dot

0, 0, −1/(w*C3*ron2), 0, 0,0, 1/(w*C3);... %x3dot

0, 0, 0, −1/(w*C4*R), 0, 0, 1/(w*C4);... %x4dot

−1/(w*Lf), 0, 0, 0, 0, 0, 0;... %x5dot

w*Ls/alpha, −w*Ls/alpha, −w*M/alpha, −w*M/alpha, 0, −w*Ls*rp/alpha, ...

−w*M*rs/alpha;... %x6dot

25 w*M/alpha, −w*M/alpha, −w*Lp/alpha, −w*Lp/alpha, 0, −w*M*rp/alpha, ...

−w*Lp*rs/alpha];

B=[0; 0; 0; 0; V/(w*Lf); 0; 0];

AONON=A;

30 AONOFF=A; AONOFF(3,3)=0;

AOFFOFF=A; AOFFOFF(1,1)=0; AOFFOFF(3,3)=0;

AOFFON=A; AOFFON(1,1)=0;

kONON=AONON\((expm(AONON*2*pi*a)−eye(7))*B);

35 kONOFF=AONOFF\((expm(AONOFF*2*pi*(b−a))−eye(7))*B);

kOFFOFF=AOFFOFF\((expm(AOFFOFF*2*pi*(c−b))−eye(7))*B);

kOFFON=AOFFON\((expm(AOFFON*2*pi*(1−c))−eye(7))*B);

x1=[−expm(AONON*2*pi*a), eye(7), zeros(7), zeros(7);...

40 zeros(7), −expm(AONOFF*2*pi*(b−a)), eye(7), zeros(7);...

zeros(7), zeros(7), −expm(AOFFOFF*2*pi*(c−b)), eye(7);...

eye(7), zeros(7), zeros(7), −expm(AOFFON*2*pi*(1−c))];

x2=[kONON; kONOFF; kOFFOFF;kOFFON];

45 xinit=pinv(x1)*x2;

xinitONON=xinit(1:7); %set optimum switching conditions

xinitONOFF=xinit(8:14);

xinitOFFOFF=xinit(15:21);

xinitOFFON=xinit(22:28);

50

F=[xinitONON(1) ; xinitONON(5)−xinitONON(6) ; xinitONOFF(3) ; xinitOFFON(3)];

end

end �
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STP40NF10
N-channel 100 V, 0.025 Ω, 50 A  TO-220

low gate charge STripFET™ II Power MOSFET

Features

■ Exceptional dv/dt capability

■ Low gate charge

■ 100% avalanche tested

Application
Switching applications

Description
This N-channel 100 V Power MOSFET is the 
latest development of STMicroelectronics unique 
"single feature size" strip-based process. The 
resulting transistor shows extremely high packing 
density for low on-resistance, rugged avalanche 
characteristics and less critical alignment steps 
allowing  remarkable manufacturing 
reproducibility.

         

Figure 1. Internal schematic diagram

         

Order code VDSS RDS(on) max. ID

STP40NF10 100 V < 0.028 Ω 50 A

TO-220

1
2

3

Table 1. Device summary

Order code Marking Package Packaging

STP40NF10 P40NF10@ TO-220 Tube

www.st.com



STP40NF10 Electrical ratings

Doc ID 11096 Rev 5 3/12

1 Electrical ratings

Table 2. Absolute maximum ratings

Symbol Parameter Value Unit

VDS Drain-source voltage (VGS = 0) 100 V

VGS Gate- source voltage ±20 V

ID
(1)

1. Limited by wire bonding

Drain current (continuous) at TC = 25 °C 50 A

ID Drain current (continuous) at TC = 100 °C 35 A

IDM 
(2)

2. Pulse width limited by safe operating area

Drain current (pulsed) 200 A

PTOT Total dissipation at TC = 25 °C 150 W

Derating factor 1 W/°C

dv/dt(3)

3. ISD ≤ 50 A, di/dt ≤ 600 A/µs, VDD ≤ V(BR)DSS, Tj ≤ TJMAX.

Peak diode recovery voltage slope 27 V/ns

EAS (4)

4. Starting Tj= 25 °C, ID= 50 A, VDD=25 V

Single pulse avalanche energy 385 mJ

Tstg Storage temperature
- 55 to 175 °C

Tj Max. operating junction temperature

Table 3. Thermal data

Symbol Parameter Value Unit

Rthj-case Thermal resistance junction-case max 1 °C/W

Rthj-a Thermal resistance junction-ambient max 62.5 °C/W

Tl Maximum lead temperature for soldering purpose 300 °C
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Power MOSFET

IRF540, SiHF540
Vishay Siliconix

  

FEATURES
• Dynamic dV/dt Rating
• Repetitive Avalanche Rated
• 175 °C Operating Temperature
• Fast Switching
• Ease of Paralleling
• Simple Drive Requirements
• Compliant to RoHS Directive 2002/95/EC

DESCRIPTION
Third generation Power MOSFETs from Vishay provide the
designer with the best combination of fast switching,
ruggedized device design, low on-resistance and
cost-effectiveness. 
The TO-220AB package is universally preferred for all
commercial-industrial applications at power dissipation
levels to approximately 50 W. The low thermal resistance
and low package cost of the TO-220AB contribute to its
wide acceptance throughout the industry.

Notes
a. Repetitive rating; pulse width limited by maximum junction temperature (see fig. 11).
b. VDD = 25 V, starting TJ = 25 °C, L = 440 μH, Rg = 25 , IAS = 28 A (see fig. 12).
c. ISD  28 A, dI/dt  170 A/μs, VDD  VDS, TJ  175 °C.
d. 1.6 mm from case.

PRODUCT SUMMARY
VDS (V) 100

RDS(on) () VGS = 10 V 0.077

Qg (Max.) (nC) 72

Qgs (nC) 11

Qgd (nC) 32

Configuration Single

N-Channel MOSFET 

G

D

S

TO-220AB

G
D
S

Available

RoHS*
COMPLIANT

ORDERING INFORMATION
Package TO-220AB

Lead (Pb)-free
IRF540PbF
SiHF540-E3 

SnPb
IRF540
SiHF540

ABSOLUTE MAXIMUM RATINGS (TC = 25 °C, unless otherwise noted)
PARAMETER SYMBOL LIMIT UNIT

Drain-Source Voltage VDS 100
V 

Gate-Source Voltage VGS ± 20 

Continuous Drain Current VGS at 10 V
TC = 25 °C 

ID
28

ATC = 100 °C 20

Pulsed Drain Currenta IDM 110

Linear Derating Factor 1.0 W/°C 

Single Pulse Avalanche Energyb EAS 230 mJ 

Repetitive Avalanche Currenta IAR 28 A 

Repetitive Avalanche Energya EAR 15 mJ 

Maximum Power Dissipation TC = 25 °C PD 150 W 

Peak Diode Recovery dV/dtc dV/dt 5.5 V/ns 

Operating Junction and Storage Temperature Range TJ, Tstg - 55 to + 175 
°C 

Soldering Recommendations (Peak Temperature) for 10 s 300d

Mounting Torque 6-32 or M3 screw
10 lbf · in

1.1 N · m

* Pb containing terminations are not RoHS compliant, exemptions may apply
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Notes
a. Repetitive rating; pulse width limited by maximum junction temperature (see fig. 11).
b. Pulse width  300 μs; duty cycle  2 %.

THERMAL RESISTANCE RATINGS
PARAMETER SYMBOL TYP. MAX. UNIT

Maximum Junction-to-Ambient RthJA - 62

°C/WCase-to-Sink, Flat, Greased Surface RthCS 0.50 -

Maximum Junction-to-Case (Drain) RthJC - 1.0

SPECIFICATIONS (TJ = 25 °C, unless otherwise noted)
PARAMETER SYMBOL TEST CONDITIONS MIN. TYP. MAX. UNIT

Static

Drain-Source Breakdown Voltage VDS VGS = 0 V, ID = 250 μA 100 - - V 

VDS Temperature Coefficient VDS/TJ Reference to 25 °C, ID = 1 mA - 0.13 - V/°C 

Gate-Source Threshold Voltage VGS(th) VDS = VGS, ID = 250 μA 2.0 - 4.0 V 

Gate-Source Leakage IGSS VGS = ± 20 V - - ± 100 nA 

Zero Gate Voltage Drain Current IDSS 
VDS = 100 V, VGS = 0 V - - 25

μA 
VDS = 80 V, VGS = 0 V, TJ = 150 °C - - 250

Drain-Source On-State Resistance RDS(on) VGS = 10 V ID = 17 Ab - - 0.077 

Forward Transconductance gfs VDS = 50 V, ID = 17 Ab 8.7 - - S 

Dynamic

Input Capacitance Ciss VGS = 0 V,

VDS = 25 V,

f = 1.0 MHz, see fig. 5 

- 1700 -

pFOutput Capacitance Coss - 560 -

Reverse Transfer Capacitance Crss - 120 -

Total Gate Charge Qg 

VGS = 10 V 
ID = 17 A, VDS = 80 V,

see fig. 6 and 13b

- - 72

nC Gate-Source Charge Qgs - - 11

Gate-Drain Charge Qgd - - 32

Turn-On Delay Time td(on) 

VDD = 50 V, ID = 17 A 
Rg = 9.1 , RD = 2.9, see fig. 10b

- 11 -

ns
Rise Time tr - 44 -

Turn-Off Delay Time td(off) - 53 -

Fall Time tf - 43 -

Internal Drain Inductance LD 
Between lead,
6 mm (0.25") from 
package and center of 
die contact 

- 4.5 -

nH 

Internal Source Inductance LS - 7.5 -

Drain-Source Body Diode Characteristics

Continuous Source-Drain Diode Current IS
MOSFET symbol
showing the 
integral reverse
p - n junction diode

- - 28

A
Pulsed Diode Forward Currenta ISM - - 110

Body Diode Voltage VSD TJ = 25 °C, IS = 28 A, VGS = 0 Vb - - 2.5 V

Body Diode Reverse Recovery Time trr
TJ = 25 °C, IF = 17 A, dI/dt = 100 A/μsb

- 180 360 ns

Body Diode Reverse Recovery Charge Qrr - 1.3 2.8 μC

Forward Turn-On Time ton Intrinsic turn-on time is negligible (turn-on is dominated by LS and LD)

D

S

G

S

D

G
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SB320-SB3100, Rev. C 2001 Fairchild Semiconductor Corporation

Features
• 3.0 ampere operation at TA = 75°C

with no thermal runaway.

• For use in low voltage, high
frequency inverters free
wheeling, and polarity
protection applications.

SB320 - SB3100

Schottky Rectifiers

Absolute Maximum Ratings*      TA = 25°C unless otherwise noted

*These ratings are limiting values above which the serviceability of any semiconductor device may be impaired.

Electrical Characteristics      TA = 25°C unless otherwise noted

 

Symbol 
 

Parameter 
 

Value 
 

Units 
PD Power Dissipation 3.6 W 
RθJA Thermal Resistance, Junction to Ambient 40 °C/W 

 
 

Symbol 
 
 

Parameter 
 

Device 
 
 

Units 
  320 330 340 350 360 380 3100  

VF Forward Voltage @ 3.0 A 500 740 850 mV 
IR Reverse Current @ rated VR  TA = 25°C 0.5 mA 

 TA = 100°C 20 10 10 mA 
 

Irr Maximum Full Load Reverse Current, 
Full Cycle TA = 100°C 30 mA 

CT Total Capacitance 
 VR = 4.0 V, f = 1.0 MHz 180 pF 

DO-201AD
COLOR BAND DENOTES CATHODE

 
 

Symbol 
 
 

Parameter 
 

Value 
 
 

Units 
  320 330 340 350 360 380 3100  

VRRM  Maximum Repetitive Reverse Voltage 20 30 40 50 60 80 100 V 
IF(AV) Average Rectified Forward Current 

.375 " lead length @ TA = 75°C 3.0 A 

IFSM Non-repetitive Peak Forward Surge Current 
8.3 ms Single Half-Sine-Wave 80 A 

Tstg Storage Temperature Range -65 to +125 °C 
TJ Operating Junction Temperature -65 to +125 °C 

Thermal Characteristics
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SB320-SB3100, Rev. C 2001 Fairchild Semiconductor Corporation

Schottky Rectifiers
(continued)

Typical Characteristics
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Figure 1. Forward Current Derating Curve Figure 2. Forward Voltage Characteristics

Figure 3. Non-Repetitive Surge Current Figure 4. Reverse Current vs Reverse Voltage

Figure 5. Total Capacitance
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TC1412/TC1412N

Features

• Latch-Up Protected: Will Withstand 500 mA 
Reverse Current

• Input Will Withstand Negative Inputs Up to 5V

• ESD Protected: 4 kV

• High Peak Output Current: 2A

• Wide Input Supply Voltage Operating Range:

- 4.5V to 16V

• High Capacitive Load Drive Capability:

- 1000 pF in 18 nsec

• Short Delay Time: 35 nsec Typ.

• Matched Delay Times

• Low Supply Current:

-  With Logic ‘1’ Input: 500 µA

-  With Logic ‘0’ Input: 100 µA

• Low Output Impedance: 4
• Available in Space-Saving 8-pin MSOP Package

• Pinout Same as TC1410/TC1411/TC1413

Applications

• Switch Mode Power Supplies

• Pulse Transformer Drive

• Line Drivers

• Relay Driver

Package Type

General Description

The TC1412/TC1412N are 2A CMOS buffers/drivers.
They will not latch-up under any conditions within their
power and voltage ratings. They are not subject to
damage when up to 5V of noise spiking of either
polarity occurs on the ground pin. They can accept,
without damage or logic upset, up to 500 mA of current
of either polarity being forced back into their output. All
terminals are fully protected against up to 4 kV of
electrostatic discharge.

As MOSFET drivers, the TC1412/TC1412N can easily
charge a 1000 pF gate capacitance in 18 nsec with
matched rise and fall times, and provide low enough
impedance in both the ON and the OFF states to
ensure the MOSFET’s intended state will not be
affected, even by large transients. The leading and
trailing edge propagation delay times are also matched
to allow driving short-duration inputs with greater
accuracy.

2 6,7

Inverting

8-Pin MSOP/PDIP/SOIC

1

2

3

4

VDD

5

6

7

8

OUT

GND

VDD

IN

NC

GND

OUT
TC1412

NC = No Internal Connection

2 6,7

Non-Inverting

1

2

3

4 5

6

7

8

TC1412N

VDD

IN

NC

GND

VDD

OUT

GND

OUT

NOTE: Duplicate pins must be connected together
for proper operation.

2A High-Speed MOSFET Drivers
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Benefits

•	 Rated voltage: 250 – 3,000 VDC
•	 Rated voltage: 180 – 1,000 VAC
•	 Capacitance range: 0.00033 – 10 µF 
•	 Lead spacing: 7.5 – 37.5 mm
•	 Capacitance tolerance: ±5%, other tolerances on request
•	 Climatic category: 55/105/56, IEC 60068–1
•	 Tape and reel packaging in accordance with IEC 60286–2
•	 RoHS Compliant and lead-free terminations
•	 Category temperature range of -55˚C to +105˚C

Overview

The PHE450 Series is a polypropylene dielectric with double 
metallized polyester film as electrodes. The capacitor is 
encapsulated in self-extinguishing resin in a box of material 
meeting the requirements of UL 94 V–0.

Applications

Typical applications include high frequency applications with 
high current stress such as deflection circuits in televisions and 
protection circuits in switched mode power supply (SMPS) and 
electronic ballasts.

General Purpose, Pulse and DC Transient Suppression

PHE450 Series Double Metallized Polypropylene Film

Legacy Part Number System

PHE450 P B 5180 J B04 R06

Series Rated Voltage (VDC) Lead Spacing (mm) Capacitance Code (pF) Capacitance 
Tolerance Optional Box Code Lead and  

Packaging Code
Metallized 

Polypropylene
H = 250 
K = 400 
M = 630 
P = 1000 
R = 1600 
S = 2000 
T = 2500 
X = 3000

K = 7.5 
A = 10.0 
B = 15.0 
D = 22.5 
F = 27.5 
R = 37.5

Digits 2 – 4 indicate the first 
three digits of the capacitance 

value.  
First digit indicates the number 

of zeros to be added.

J = ±5% 
On request: 

F = ±1%  
G = ±2%  

H = ±2.5%  
K = ±10%  
M = ±20%

See Dimension 
Table

See Ordering  
Options Table

New KEMET Part Number System

F 450 B D 183 J 1K0 C
Capacitor 

Class Series Lead Spacing (mm) Size Code Capacitance Code (pF) Capacitance 
Tolerance

Rated Voltage 
(VDC)

Lead and 
Packaging Code

F = Film Metallized 
Polypropylene

K = 7.5 
A = 10.0 
B = 15.0 
D = 22.5 
F = 27.5 
R = 37.5

See Dimension 
Table

First two digits indicate the 
two most significant digits 
of the capacitance value in 
picofarads. The third digit 
is the number of following 

zeros.

J = ±5% 
On request: 

F = ±1%  
G = ±2%  

H = ±2.5%  
K = ±10%  
M = ±20%

250 = 250 
400 = 400 
630 = 630 

1K0 = 1000 
1K6 = 1600 
2K0 = 2000 
2K5 = 2500 
3K0 = 3000

See Ordering 
Options Table
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Film Capacitors
General Purpose, Pulse and DC Transient Suppression – PHE450 Series Double Metallized Polypropylene Film

Performance Characteristics

Sections 1 1 1 2 1 2 2 2 3 3

Voltage Range (VDC) 250 400 630 630 1000 1000 1600 2000 2500 3000

Voltage Range (VAC) 180 250 300 400 375 600 650 700 900 1000

Capacitance Range (µF) 0.00033 – 
0.033

0.00033 – 
5.6

0.00033 – 
0.039 0.01 – 3.3 0.00033 – 

0.018
0.0039 – 

2.2 0.0027 – 1 0.001 – 
0.68

0.0010 – 
0.33

0.001 – 
0.033

Capacitance Values In accordance with IEC E12 series 

Capacitance Tolerance ±5%, other tolerances on request

Category Temperature 
Range -55°C to +105°C

Rated Temperature +85°C

Voltage Derating The rated voltage is decreased with 1.3%/°C between +85°C and +105°C

Climatic Category IEC 60068–1, 55/105/56/B

Passive Flammability Category B according to IEC 60065

Maximum Pulse Steepness dV/dt according to Table 1. For peak to peak voltages lower than rated voltage (VPP < VR), the specified dV/dt can be 
multiplied by the factor VR/VPP. 

Self-Inductance Approximately 6 nH/cm for the total length of capacitor winding and the leads

Dissipation Factor tanδ

Maximum Values at +23°C

C ≤ 0.1 µF 0.1 µF < C ≤ 1.0 µF C > 1.0 µF

1 kHz 0.0003 0.0003 0.0003

10 kHz 0.0004 0.0006 –

100 kHz 0.0015 – –

Insulation Resistance

Measured at +23°C, 100 VDC 60 seconds for VR < 500 VDC and at 500 VDC for VR ≥ 500 VDC

Minimum Values Between Terminals

C ≤ 0.33 µF ≥ 100 000 MΩ

C > 0.33 µF ≥ 30 000 MΩ • µF

Minimum Values Between Terminals and Case

≥ 100 000 MΩ
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Film Capacitors
General Purpose, Pulse and DC Transient Suppression – PHE450 Series Double Metallized Polypropylene Film

Derating of Vrms vs. Frequency, +85ºC Ambient Temperature and 10ºC Internal Heating, Typical Values
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Ferroxcube

Material specification 3C90

3C90 SPECIFICATIONS

A low frequency power material for use in power and 
general purpose transformers at frequencies up to 
0.2 MHz.

CONDITIONS VALUE UNIT

µi 25 °C; ≤10 kHz; 
0.25 mT

2300 ±20%

µa 100 °C; 25 kHz; 
200 mT

5500 ±25%

B 25 °C; 10 kHz; 
1200 A/m

≈ 470 mT

100 °C; 10 kHz; 
1200 A/m

≈ 380 mT

PV 100 °C; 25 kHz; 
200 mT

≤ 80 kW/m3

100 °C; 100 kHz; 
100 mT

≤ 80

100 °C; 100 kHz; 
200 mT

≈ 450

ρ DC, 25 °C ≈ 5 Ωm
TC ≥ 220 °C

density ≈ 4800 kg/m3

handbook, halfpage
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Electronic Tuning of Misaligned Coils In Wireless
Power Transfer Systems

Samer Aldhaher, Patrick C. K. Luk, Senior Member, IEEE James F. Whidborne, Senior Member, IEEE
School of Engineering, Cranfield University, Bedford, UK

p.c.k.luk@cranfield.ac.uk

Abstract—The misalignment and displacement of inductively
coupled coils in a wireless power transfer system (WPT) can
degrade the power efficiency and limit the amount of power that
can be transferred. Coil misalignment leads the primary coil
driver to operate in an untuned state which causes non-optimum
switching operation and results in an increase in switching losses.
This paper presents a novel method to electronically tune a
Class E inverter used as a primary coil driver in an inductive
WPT system to minimize the detrimental effects of misalignment
between the inductively coupled coils which may occur during
operation. The tuning method uses current controlled inductors
(saturable reactors) and a variable switching frequency to achieve
optimum switching conditions regardless of the misalignment.
Mathematical analysis is performed on a Class E inverter based
on an improved model of a resonant inductive link. Experimental
results are presented to confirm the analysis approach and the
suitability of the proposed tuning method.

Index Terms—Inductive power transmission, Coupling circuits,
Resonant inverters, Tunable circuits and devices

I. INTRODUCTION

Research in wireless power transfer (WPT) technologies
based on magnetic induction is gaining momentum recently
due to the increasing reliance on battery-powered applications
ranging from electric vehicles to mobile devices and medical
implants [1]–[6]. However, the issues of coil misalignment
and displacement, highlighted in wireless charging of electric
vehicles, appear to be not adequately addressed. Improper
parking of the vehicle will result in the wireless charging plat-
form operating at a degraded performance of lower efficiency,
reduced power transfer and longer charging time. A possible
solution is to include additional coils either in the transmitter
or in the vehicle so that the effect of misalignment is reduced
over a certain range [2], [7]–[9]. The main disadvantages
of this solution are larger required surface area, higher cost
and weight of the overall system. An alternative solution that
addresses these shortcomings is to retune the transmitter in
order to operate at optimum switching conditions when the
coils are in a misaligned state [5], [10]–[15]. This paper further
explores and investigates the viability and practicality of the
tuning solution presented in [10], [11] by using saturable
reactors to tune a Class E DC/AC inverter designed to drive
an inductive link at 800 kHz.

This paper is organised as follows. Section II derives
analytical expressions of the reflected impedances of a res-
onant inductive link while considering the equivalent series
resistance (ESR) of the resonant elements. Section III analyses
the Class E inverter including the reflected impedances of the

rS rC

CS

RL

rP

LP LS

M

(a) circuit representation

RRef

jXRef

rRef jxRef

(b) equivalent
circuit

Fig. 1. Resonant inductive link circuit model

inductive link. A numerical solution is presented to calculate
the values of the Class E inverter’s parameters to be con-
trolled as the coupling coefficient of the inductive link varies.
Section IV discusses the use of saturable reactors as tuning
elements and the key design aspects. Section V describes an
implemented WPT system, the principle of operation of the
electronic tuning method is discussed and extensive results
based on experimental measurements are presented. Finally,
Section VI includes the conclusion and future work.

II. INDUCTIVE LINK MODEL

Fig. 1a shows a typical inductively coupled circuit, which
consists of a primary coil represented by inductance LP and
its ESR rP , and a secondary coil represented by an inductance
LS and its ESR rS . The ESR of the primary and the secondary
coils includes the ohmic resistance, the skin effect and the
proximity effect. A capacitor CS is connected in parallel with
the secondary coil to allow for resonant operation. Resistance
rC represents the ESR of the capacitor which includes its
dielectric losses. The load represented by a resistance RL

is connected in parallel with the secondary coil. Inductance
M represents the mutual inductance between the primary and
secondary coils and is equal to

M = k
√

LP LS (1)

where k is the coupling coefficient between the primary and
secondary coils.

The reflected impedance of the secondary coil seen by a
voltage source connected to the primary coil is
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Wireless Power Transfer Using Class E Inverter
with Saturable DC-Feed Inductor
Samer Aldhaher, Patrick C. K. Luk Senior Member, IEEE, Akram Bati

School of Engineering, Cranfield University, Bedford, UK
p.c.k.luk@cranfield.ac.uk

Abstract—Resonant converters used as coil drivers in inductive
links generally operate efficiently at optimum switching con-
ditions for constant load values and ranges. Changes in load
and range can shift the operation of the coil driver to a non-
optimum switching state which results in higher switching losses
and reduced output power levels. This paper presents a method
to adapt to variations in range for a Class E inverter used
as a coil driver in a wireless power transfer (WPT) system
based on inductive coupling. It is shown that by controlling
the duty cycle of the inverter’s switch and the value of its DC-
feed inductance, the Class E inverter can be tuned to operate at
optimum switching conditions as the distance between the coils
of the WPT system changes. Mathematical analysis is presented
based on a linear piecewise state-space representation of the
inverter and the inductive link. Extensive experimental results
are presented to verify the performed analysis and validity of
the proposed tuning procedure.

Index Terms—Inductive power transmission, Coupling circuits,
Resonant inverters, Tunable circuits and devices

I. INTRODUCTION

The weak coupling of the coils in an inductive link requires
a strong magnetic field to be created to deliver high power
levels at large ranges. To achieve this, it requires the use of
coil drivers that can generate large currents at frequencies
often in the kilohertz and megahertz ranges. The Class E
inverter is a suitable type of DC/AC inverters to meet such
a requirement. Invented by the Sokals [1] in 1975, it has been
studied extensively and its analysis is well documented in
literature [2]–[10]. The Class E inverter is simple to construct,
and consists of a single switching element and has a large
power handling capability compared to other inverters. It
can achieve a theoretical 100% power efficiency by zero-
voltage switching (ZVS) and zero-voltage derivative switching
(ZVDS). It is considered as a resonant converter and operates
at optimum switching conditions for a fixed value of load
and switching frequency. Due to this operating constraint, the
use of the Class E inverter as the coil driver in an inductive
link means that the wireless power transfer (WPT) system can
only operate efficiently for fixed values of load, range and
resonant frequency. As a result, novel WPT applications where
mobility and dynamic range are required, cannot benefit from
the features of the Class E inverter.

The effect of displacement and misalignment of the coils
in a WPT system on the performance of Class E inverters are
investigated in [11], [12]. It is shown that the displacement of
the coils from their optimum position shifts the operation of
the Class E inverter to a non-optimum switching condition. As

a result, the overall efficiency of the WPT system is degraded
and the power delivered to the load is reduced. In addition,
large voltages and current spikes can develop in the Class E
inverter and may result in permanent damage to the inverter’s
switching element. Therefore, the Class E inverter will have
to be tuned to operate at optimum switching conditions as
the displacements in the coils occur. A tuning method has
been presented in [12] to allow the Class E inverter to operate
optimally by replacing a capacitor and adjusting the switching
frequency. This tuning method may not be a practical solution
since the inverter has to be powered off before physical
replacements and adjustments can be then performed. In [13],
adaptive frequency tuning is used at the primary coil driver
and an adaptive impedance matching circuit is included at the
secondary coil side. The received power is regulated as the
range of the coils changes. Although this solution allows for
maximum power efficiency to be achieved over a certain coil
separation range, it requires complex circuitry and powerful
signal processing microcontrollers and does not necessary
allow the coil driver to operate at its optimum conditions. In
this paper, we extend on our previous work presented in [11]
in order to achieve optimum switching conditions of the coil
driver by using duty cycle control and saturable reactors.

This paper is organised as follows. Section II provides a
brief review on the operation of inductive links. Section III
analyses the Class E inverter including the inductive link
using a piecewise linear state-space representation. Section IV
presents the tuning method of the Class E inverter and dis-
cusses how the values of the duty cycle of the switching signal
and DC-feed inductance are calculated to achieve optimum
switching conditions. Section V presents extensive experimen-
tal results to verify the analysis of the Class E inverter and to
confirm the successful operation of the tuning method. Finally,
Section VII includes the conclusion and future work.

II. RESONANT INDUCTIVE LINKS REVIEW

This section provides a brief review of inductive links,
further details can be found in [12], [14]–[23]. An inductive
link consists of a primary coil driven by a power current
signal at a certain frequency and a secondary coil tuned
to that frequency. The secondary coil, to which the load is
connected to, can be tuned by using an external capacitor.
The secondary coil can also be designed with a self-resonant
frequency that is equal to the frequency of the power current
signal of the primary coil. Both coils are separated by a certain
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High Input Voltage High Frequency Class E
Rectifiers for Resonant Inductive Links

Samer Aldhaher, Patrick C. K. Luk, Senior Member, IEEE, Khalil El Khamlichi Drissi,
James F. Whidborne, Senior Member, IEEE

Abstract—The operation of traditional rectifiers such as half-
wave and bridge rectifiers in wireless power transfer applications
may be inefficient and can reduce the amount of power that is
delivered to a load. An alternative is to use Class E resonant
rectifiers which are known to operate efficiently at high resonant
frequencies and at large input voltages. Class E rectifiers have a
near sinusoidal input current which leads to an improved overall
system performance and increased efficiency, especially that of
the transmitting coil driver. This paper is the first to investigate
the use of Class E resonant rectifiers in wireless power transfer
systems based on resonant inductive coupling. A piecewise linear
state-space representation is used to model the Class E rectifier
including the rectifying diode’s forward voltage drop, its ON
resistance and the equivalent series resistance of the resonant
inductor. Power quality parameters, such as power factor and
total harmonic distortion, are calculated for different loading
conditions. Extensive experimental results based on a 10 W
prototype are presented to confirm the performed analysis and
the efficient operation of the rectifier. An impressive operating
efficiency of 94.43 % has been achieved at a resonant frequency
of 800 kHz.

Index Terms—Inductive power transmission, AC-DC power
converters, high frequency rectifiers.

I. INTRODUCTION

Whilst most of recent published work in inductive power
transfer (IPT) technology focuses on the design and opti-
mization issues of the resonant inductive coils [1]–[8] and
the transmitting coil driver [9]–[13], there has been little
research in high frequency, high efficiency rectifiers for IPT
applications and their impact on the overall performance of
an IPT system. In previous papers, the load connected to the
secondary coil of the inductive link has either been an AC
load in the form of a resistor [1], [2], [8]–[14], or a DC load
connected through an AC/DC rectifier. Since DC loads are
more common than AC loads, more research into rectifiers
that are suitable for IPT systems is required.

The majority of AC/DC rectifiers that have been used in
recent publications about IPT systems are either traditional
half-wave rectifiers [15] or bridge rectifiers [3], [7], [16],
[17]. The main losses that occur in the rectifiers are due
to the forward voltage drop of the rectifying elements and
their switching losses. Synchronous rectifiers based on a
bridge configuration can improve the overall efficiency in IPT
systems. However timing and control of the four switches may
be difficult especially at high resonant frequencies [18]. In
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addition, traditional half-wave rectifiers and bridge rectifiers
have a non-sinusoidal input current and can cause a non-
sinusoidal current to flow out of the secondary resonant
circuit of the inductive link. This affects the performance and
efficiency of the primary coil driver since most primary coil
drivers operate at resonance and generate a sinusoidal driving
current.

Class E rectifiers are resonant switching circuits that can
operate efficiently at frequencies exceeding 500 kHz. Efficient
operation is achieved due to the zero-voltage switching (ZVS),
low voltage-slope (dv/dt) switching, zero-current switching
(ZCS) and low current-slope (di/dt) switching of the rectify-
ing element. The principle of operation of Class E rectifiers
and the different configurations that have been researched
are summarised in [19], [20] and the references therein.
Class E rectifiers have a near sinusoidal input current with
low harmonic distortion which makes them compatible with
resonant inverters, such as Class D and Class E, that are used
as primary coil drivers in IPT systems. Class E rectifiers have
been used to form resonant DC-DC converters [21]–[26] and
in power harvesting and power recovery applications [27].
Nonetheless, there appears no report in literature on the use
of Class E rectifiers for IPT systems.

This paper is the first to propose and implement a Class E
rectifier for IPT. Here, a Class E half-wave ZVS, low dv/dt
resonant switching rectifier is developed for IPT systems with
a parallel resonant secondary coil to improve their performance
and increase their overall efficiency. Based on the well es-
tablished Class E rectifier configuration in [28], this paper
extends the work by introducing a novel analysis based on
state-space modelling to provide a more accurate mathematical
representation of the rectifier. The state-space model takes into
consideration the diode forward voltage drop, its ON resistance
and the equivalent series resistance (ESR) of the resonant
inductor, all of which have been omitted in the analysis of
Class E rectifiers in previous work.

This paper is organised as follows. Section II introduces the
Class E rectifier and presents a piecewise linear state-space
model, parameters such as duty cycle and output voltage are
numerically evaluated. Section III discusses the performance
of the Class E rectifier by evaluating several parameters which
haven’t been evaluated before for Class E rectifiers such as the
power factor, the normalised input root mean square (RMS)
current and its total harmonic distortion (THD). Section IV
presents extensive experimental results about the operation and
the performance of a Class E rectifier used in an IPT system.
Section V gives the conclusion and suggests future work.
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Tuning Class E Inverters Applied in Inductive Links
Using Saturable Reactors

Samer Aldhaher, Patrick Chi-Kwong Luk, Senior Member, IEEE, and James F. Whidborne, Senior Member, IEEE

Abstract—This paper investigates the performance of Class E
inverters used in wireless power transfer applications based on
resonant inductive coupling. The variations in the load and the
distance between the coils cause Class E inverters to operate under
nonoptimal switching conditions, which result in inefficient opera-
tion and can lead to permanent damage to its switching transistor.
Therefore, a novel approach to tune Class E inverters electroni-
cally is proposed. The tuning method relies on saturable reactors
to ensure that the inverter operates under optimal switching condi-
tions regardless of variations in the load and the distance between
the coils. In addition, a more accurate model of inductive links is
presented in order to provide a better understanding of the major
power losses in resonant inductive links. Experimental results are
presented to confirm the improved accuracy of the inductive link
model and the validity of the tuning method.

Index Terms—Coupling circuits, inductive power transmission,
resonant inverters, tunable circuits and devices.

I. INTRODUCTION

W IRELESS power transfer (WPT) based on resonant in-
ductive links has received a lot of attention recently to

provide power to a wide variety of applications such as portable
handheld devices, medical implants [1], [2], lighting [3], and
charging of electric vehicles [4], [5]. Increasing the range and
power transfer capability of WPT systems requires higher res-
onant frequencies and more powerful primary coil drivers. The
Class E inverter, first introduced by Sokal and Sokal in 1975 [6],
is an example of such a design that can match the requirements
of WPT systems by having the ability to deliver large power
levels at higher switching frequencies. Class E inverters feature
simplicity, low component count, and can be constructed using
a single-switching transistor, and therefore, require less com-
plicated gate driving circuitry and timing control. Hence, the
Class E inverter is suited to be used as the primary coil driver in
resonant inductive links [7]–[15].

In general, Class E inverters are sensitive to variations in the
load impedance [16]. Small deviations from the optimum load
value would cause the inverter to operate under nonoptimal and
inefficient switching conditions, whereas large deviations could
cause permanent damage to its switch. In resonant inductive
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links, the variations in the load or in the distance between the
primary and secondary coils cause the reflected impedance seen
by the primary coil driver to vary significantly. This limits the
operation of Class E inverters in resonant inductive links to a
narrow range of load and distance values. A significant benefit
for a WPT system would be the ability to maintain optimum
power transfer and efficiency of the primary coil driver over a
useful load and distance ranges. This would increase the scope of
WPT applications and allow novel applications such as dynamic
grid-to-vehicle charging and vehicle-to-vehicle charging to be
implemented. To achieve this, the Class E inverter would need
to be tuned as the load and distance vary.

Tuning methods based on impedance transformation [17]–
[20], impedance network switching [21], [22], and phase con-
trol and load modulation [23]–[26] have been proposed. These
methods allow the Class E inverter to operate under optimal
switching conditions, achieving zero-voltage switching (ZVS)
and zero-voltage derivative switching (ZVDS) regardless of the
load value. However, these methods may not be applicable to
resonant inductive links due to the complexity of the load and the
reflected impedances. Furthermore, including additional com-
ponents in series with the primary coil is undesirable since this
increases the equivalent series resistances (ESR), and hence,
an increase in ohmic power losses. It should be noted that in
recent publications in high power resonant inductive links [1],
[27]–[30], only the ESR of the coils is included in the modeling
of the inductive link, whereas the ESR of the resonant capacitors
is ignored.

This paper investigates the effect of changing the load value
and the distance between the coupled coils in resonant inductive
links, as well as the effect of these changes on the performance of
Class E inverters based on an improved circuit representation of
the inductive link. A novel method is proposed to electronically
tune the Class E inverter by using a saturable reactor to ensure
that the inverter operates under optimum switching conditions
for any load and distance values, while maintaining a relatively
constant power transfer and efficiency over a certain load and
distance ranges.

This paper is organized as follows. Section II provides a brief
review of the theory behind resonant inductive links, discusses
the operation in near resonance, and the factors that affect the
value of the reflected impedance. Section III shows the effect
of the load and the mutual inductance between the coils on the
performance of Class E inverters and describes the proposed
tuning method. Section IV-A describes the experimental
setup and the validation process of the proposed method.
Section IV-B includes the experimental results and discussion.
Finally, Section V provides the conclusions and future work.
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A One-comparator Counter-based Controller for
Synchronous DC/DC Converters

Samer Aldhaher, James F. Whidborne, Senior Member, IEEE, Patrick C. K. Luk, Senior Member, IEEE

Abstract—A low complexity, low component-count digital con-
troller consisting of a single comparator and a digital counter
is proposed for the purpose of providing control and voltage
regulation for synchronous buck DC/DC converters used in volt-
age ripple insensitive applications. The system is modelled and
analysed based on an averaged-circuit representation of the buck
converter including the parasitic resistances of its passive and
active components. The existence of limit cycles is investigated by
using a describing function to represent the comparator and the
PWM generator. Simulation results are presented and are verified
with experimental results for a 36W prototype. The validity of
the predicted performance of the proposed controller for higher
loading conditions is thus confirmed.

I. INTRODUCTION

Numerous control methods and techniques for DC/DC con-
verters have been developed over the years and recently a
trend towards digital-based control can be realised. Classical
analog controllers that have been used for a few decades
are now being replaced by digital controllers with enhanced
performances. Due to the availability of design and simulation
software, rapid prototyping tools and most importantly, the
availability of powerful microprocessors and computers, new
controllers that were not possible to implement previously
are now being introduced. A literature survey conducted by
Cortes [1] classified controllers for DC/DC converters into five
groups; hysteresis controllers [2–7], linear controllers in their
digital form such as voltage-mode [8–10] or current-mode
controllers [9, 11–14] and the classical PID controller [15–23],
fuzzy-logic controllers [24–27], sliding-mode controllers [28–
32], predictive controllers [33–39] and other advanced con-
trollers [40–44]. All of these controllers have been tested and
demonstrated to provide precise control, excellent performance
and robustness. However, the majority of these control tech-
niques and methods are based on field programmable gate
arrays (FPGAs) or require powerful microprocessors with a
high computational capability in order to run smoothly and
efficiently. This leads to an increase in the overall cost and
greater system complexity as well as difficulties in implemen-
tation and manufacturing. Further design issues and limitations
are highlighted in [45] and in [31] for sliding-mode controllers.
As a result, the transition from analog-based to digital-based
controllers for DC/DC converters in industrial and consumer
applications has been slow and many manufacturers still use
analog controllers for their simplicity, reliable performance
and reduced implementation cost.

In digital based controllers, an analog-to-digital converter
(ADC) is required to read the output voltage of a DC/DC
converter and compare it with a reference voltage to generate
an error signal. Obtaining a high performance digital controller

requires a precision high sampling rate ADC and a processor
or logic circuitry clocked at tens to hundreds of megahertz. For
applications and loads that don’t demand a high performance
controller, using an ADC may not be the best design solution.
In [46] and [47], a comparator is used in a digital controller
for an ultra-low power buck converter instead of an ADC to
provide the error signal. This drives an up/down digital counter
representing the duty cycle of the pulse width modulated
(PWM) signal that controls the switches of the buck converter.
The output voltage of the converter will not settle at a steady
voltage but instead enters a limit cycle about the desired level.
Roh [48] further improved the controller by using a hysteresis
or deadzone comparator to reduce the limit cycle in the output
voltage. However, the controller was based on an ideal model
of a buck converter and did not include the parasitic resistances
of the converter’s elements. The parasitic resistances should
be considered and included in the DC/DC converter’s model
especially in high power converters as their influence on the
converter’s output and response is significant and cannot be
ignored.

This paper investigates the performance and the suitability
of the one-comparator counter-based controller applied to
synchronous buck DC/DC converters used in voltage ripple
insensitive applications such as motor drives and battery charg-
ers. A large-signal low-frequency model of a synchronous
buck DC/DC converter is derived including the parasitics of
its elements. The effect of resolution limitations of PWM
generators and clock frequencies of digital counters, the values
of passive components and the effect of the deadtime of
MOSFET drivers on the limit cycles in the output voltage
and the response time of the controller are discussed.

This paper is organised as follows. In Section II the
controller’s principle of operation is described, the hardware
components that form the controller are modelled. Mathe-
matical analysis based on the describing function method is
performed and the equations that describe the amplitude and
the frequency of the limit cycles as well as the transient
response are derived for several cases depending on the
resolution of the counter, the PWM generator and the clock
frequency. In Section III, simulation results are presented
and the proposed controller’s performance is assessed by
comparing its performance with a linear analog controller.
Section IV describes the experimental setup of the controller
and presents experimental results that show the performance
and response of the prototype converter using the proposed
controller under different loading conditions. Conclusions and
future work are discussed in Sec. V.
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