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ABSTRACT 
Sprays, aerosols as well as other industrially relevant turbid media can be characterized by light scattering techniques. 
However these techniques often fall into the intermediate scattering regime where the average number of times a photon 
is scattered is too great for single scattering to be assumed, but too few for the diffusion approximation to be applied. 
We present the results of theoretical study provided details of scattering of laser radiation in the intermediate single-to-
multiple scattering regime. Crossed fiber optic source-detector geometry is considered to separate the intensity of single 
scattering from higher scattering orders. A quantitative analysis of scattering orders in the intermediate single-to-
multiple scattering regime is presented. Agreement between the analytical and Monte Carlo techniques both used for the 
calculation of double light scattering intensity is demonstrated. Influence of detector numerical aperture on the 
scattering orders is shown for the intermediate single-to-multiple scattering regime. The method used can be applied to 
verify analytical results indirectly against experiment via Monte Carlo calculations that include the imperfections of the 
experiment. 
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1. INTRODUCTION 
The scattering of light by disperse randomly inhomogeneous scattering media is important in many 
applications including optical diagnostics in meteorology, powder industries and sprays for combustors, 
firefighting, drug and agrochemical delivery, and biomedicine. In all these applications 
knowledge/measurements of optical parameters of disperse medium is required. Typical parameters 
measured are the mean free transport path-length, shape and size of the scattering particles and their density 
within the medium. If the scattering power of the medium is low (mean number of scattering events ≤ 3) 
these parameters can be recovered from the intensity of single scattered radiation, by assuming only single 
scattering takes place1-3. However, if the medium is turbid (mean number of scattering events > 6) the 
intensity due to high orders of scattering dominates that due to single scattering at the detector, and the single 
scattering assumption becomes invalid. Nevertheless, the average parameters of such medium can be 
obtained by the diffusion approximation4,5. 

Greater complications arise in the intermediate case (mean number of scattering events ∼ 3-6), where the 
average number of scattering events is too high for single scattering to be assumed, but too low for the 
diffusion approximation to be applied. This situation is typical for many practical applications, including 
industrial sprays. It should be pointed out however, that in the field of sprays most currently available optical 
diagnostic instruments operate in media of low scattering power, using the single scattering assumption. The 
development of the instruments operating in the intermediate scattering regime is needed. The intermediate 
scattering regime is encountered when making measurements near the nozzle (as required for boundary 
condition data for computational fluid dynamics (CFD) calculations of spray systems, or to validate liquid 
breakup models), or when the path length of the light in the spray is long (as in the case of high flow rate 
mixing systems such as fuel atomizers for large combustors). To develop such instruments, and to 
characterize their accuracy numerical technique predicting optimal parameters of the detector, signal-to-
noise, sampling volume, etc. is highly required.  

For dilute intermediate scattering media the parameters of scattering particles can be obtained from the 
angular dependence of the scattered light intensity, from attenuation of light due scattering and absorption, or 
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In the intermediate scattering regime both single and high order terms of the series should be considered. To 
separate these scattering terms from each other we apply an idea originally suggested in the study of critical 
phenomena and second order phase transition27. Schematically this idea is represented in Fig.2.  
 
 
 
 
 
 
 
 
 
 

Fig.2. Schematic illustrating the experimental/computational geometry used to account for single-to-higher orders 
laser scattering. The laser source S and detector D sample two cylindrical volumes, within which single scattering 
occurs at the points 1r

r
and 2r

r
. If the volumes are separated by distance h, the detector collects only double and 

higher orders of scattering. ik
r

, k ′
r

and sk
r

are the wave-vectors of the incident, intermediate and detected double-

scattered light, respectively. k
r

′′  and k ′′′
r

 the are intermediate wave vectors for triple light scattering, A is a point of 
integration over the all scattering volume. 

The laser source S illuminates the medium with a thin cylindrical laser beam. Detector D is confined by 
series of small aperture diaphragms, so that detected radiation is localized in a cylindrical volume V2, which 
is equal to the volume filled by incident laser beam V1 (see Fig.2). Thus, if V1 and V2 do not intersect, 
photons must experience at least two scattering events in order to be detected. Similarly, for singly scattered 
photons to reach the detector, the volumes must intersect i.e. h must be less than the diameter of cylinder (see 
Fig.2). When the characteristic diameter of the scattering volume V is much less than the distance to the 
observation point, the intensity of single scattering light takes the form5,26,27: 
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Here, I0 is the intensity of the incident light, V is the scattering volume, r is the distance to the observation 
point, k0=ω/c, ω is the cycle frequency, c is the speed of light in vacuum, α and β are the indices of 
polarization of the incident and scattered light, respectively. G( qr ) is the correlation function of the 
permittivity fluctuations. The exponential multiplier describes attenuation along a path l1 before and a path l2 
after the scattering. µt is the extinction coefficient, describing the attenuation of light due to elastic and 
inelastic interactions of laser radiation within the medium: µt = µs + µa, where µs and µa are the scattering and 
absorption coefficients, respectively, is kkq

rrr
−=  is the scattering wave vector. Vectors sk

r
 and ik

r
 are the 

wave-vectors of the incident and scattered light, respectively, and k
r

 can be expressed as a vector 
r
rk
r

, 

where 
r
rr

 is the direction towards an observation point. A factor 
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nature of the scattered electromagnetic wave. 

The intensity of double scattering is given by:  
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is the polarization factor, V1 is the illuminated volume, the scattered light is collected by the detector from 
the volume V2. Summation occurs over the indices (except over α and β) where a quantity has more than one 
index. Equation (2) describes the intensity of doubly scattered light reaching the detector i.e. singly scattered 
light entering volume V2 and being scattered into the sk

r
direction with a wave-vector kks

rr
′− . Note, all first 

order scattering events occur in the volume V1 with a wave-vector ikk
rr

−′ , where k
r
′  is the intermediate 

wave-vector (see Fig.2). 

If ik
r

 and sk
r

 lie in the XZ plane, i.e. kiy = ksy = 0, and polarization vectors ( ysi eeeee rrrrr
==== βα ) then in 
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If yi ee rr
= , whereas ser lay in (XZ) plane, then the polarization factor 
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case the depolarized single light scattering intensity is equal to zero as well, whereas the depolarized 
component of the double scattering is not equal to zero due to: 
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Here we take into account that ksx
2
 + ksz

2 = k2, as ksy = 0. Thus, when the contribution of high order scattering 
is negligible and double scattering dominates, its depolarized component can be measured separately. 

The comparison of the single and double light scatterings permits us to extract information on the scattering 
media. To illustrate this, let us consider a weakly scattering medium of spherical scattering particles with the 
correlation function G(q) described by the Rayleigh-Gans approximate formula: 
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where N is the particle density number, ∆ε is the difference of permittivities of particles and host medium, d 
is a particle diameter. 

If the diameter of particles is less than the wavelength of incident radiation, G(q) can be described as: 
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Hence, the intensities of single and double light scatterings are: 
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and 
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respectively. It is easy to see that the ratio of I(2) and I(1) depends on the factor (∆ε)2a6N describing optical 
properties of the medium. Thus the ratio of measured I(2) and I(1) gives the values of the medium optical 
parameters. However, to make the results obtained more reliable, higher orders of scattering should be taken 
into account. The evaluation of analytical expressions for the high scattering orders I(3), I(4), I(5), etc. is an 
extraordinary complex mathematical problem requiring the calculation of multi-fold integrals. The double 
scattering intensity calculation needs cumbersome computation of the six-fold integral (10), whereas I(3) 
requires calculation of nine-fold integral, I(4)  twelve-fold integral, etc. 
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where A is a constant, L1 and L2 are the cylinder lengths, 
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To avoid this complex calculation, the numerical MC technique can be applied to calculate the high order 
scattering terms.  
 

3. MONTE CARLO METHOD 

The exact implementation of the MC technique for calculation of scattering light intensity in an 
inhomogeneous scattering medium depends on the application16-18,24,28. The MC scheme presented here is 
suitable for the geometry described in Fig.2 and possesses the following characteristics. Incident radiation is 
considered normal to the surface of a scattering cube of 50 mm, defined in a 3D coordinate system (Fig. 3).  
 
 
 
 
 
 
 
 
 
 
 
 

Fig.3. The scattering volume is a cube of L=50 mm defined in a 3D coordinate system. One of the corners of the cube 
corresponds to the origin of the (XYZ) frame. 

The medium is assumed non-absorbing (µa = 0), and homogeneous. The scattering coefficient µs is equal to 
0.04 mm1 and corresponds to an average propagation distance of <l> equaled to 25 mm (i.e. single scattering 
is largely dominated). The source S is defined by a flat laser beam of 1 mm diameter, which enters through 
the middle of the XY face of the sampling cube. This light source illuminates a cylindrical volume V1 through 



the scattering medium. The detector D is characterized by an aperture of 1 mm diameter located on the top of 
the cube and positioned at different distances h from the central axis of the cube.  

MC modeling of the photon trajectories within the medium consists of following steps. The path-length of a 
photon packet between two scattering events is given by12: 
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where ξ is a random number uniformly distributed between 0 and 1. To specify the position a photon and its 
direction of propagation, the absolute and local coordinate systems given in Figure 4 are used. After 
scattering the new direction is specified by the polar and azimuth angles, i.e. by θs and ϕ, respectively (see 
Fig.4). 
 
 
 
 
 
 
 
 
 
 

Fig.4. Cartesian coordinate system used to specify a position of a photon packet. Vectors iur  and sur  determine 
incident and scattered directions, respectively. In the local coordinate system, a new direction is given by the polar 
scattering angle θs and azimuth angle ϕ. The particular case where the absolute and local coordinate systems overlap 
is shown. 

The directions of the photon packet propagation before and after the scattering are defined by unit vectors iur  

and sur , vectors iur  and sur  being collinear to vectors ik
r

 and sk
r

, respectively. The following transformation 
relates them: 
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The direction of the photon packet iur  together with its free path length li determine the point at which the 
next scattering event takes place: iiii ulrr rrr

+=+1 . At this point a new direction and path length are determined 
and the steps describes above are repeated again. 

The polar scattering angle is sampled from a scattering phase function21: 
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Depending on the purpose of the study, the Mie1,2,30, Rayleigh-Gans1,2 or Henyey-Greenstein29 phase function 
is typically used. The change in polar angle θs is determined from its inverse cumulative probability density 
function (iCPDF)31, θs = CPDF-1(ξ). When the analytical form of the iCPDF is not available, CPDF is stored 



in a lookup table31,32 and the inverse transformation is performed before every scattering event. However, in 
this paper scattering has been restricted to the case of isotropic scattering to minimize the number of 
parameters. In this case θs is sampled from cos(θs) = (2ξ − 1), and the change in the azimuthal angle ϕ is 
obtained from ϕ = 2πξ. 

Photon packets are assumed to have been detected if they reach the detector D with an incident angle θs 
which is less then detectors acceptance angle θa (θs ≤ θa ). For each detected photon packet the scattering 
order and the distance h from the incident beam is stored in the data file. The intensity of different scattering 
orders is then determined by the number of photons recorded and can be plotted as a function of h. Due to the 
peculiarities of source-detector geometry, domination of single scattering and narrow numerical aperture 
(minimal θa = 2°) a great number of photons are tracked. For this simulation, 10 billion photons have been 
calculated. This corresponds to 20 hours of computational time with a 2.5 GHz processor. It should be 
pointed out also that if the detectors acceptance angle is very small (θa < 2°), the number of photon packets 
detected is very low, and consequently noisy, with the MC scheme described above. To obtain less noisy 
results for this angle (θa ~ 0°) we use slightly different MC scheme17,33. This scheme uses the probability W 
that a photon packet scattered at the normal incidence to the detector: 

( ) d
dd

tedkkpW µ−Ω′−=
rr

.                                                      (15) 

Here, dk
r

 is the vector of normal towards the detector, dΩd  is the elementary solid angle spanning a line 

normal to the detector and d is the distance between the photon scattering and detector. ( )kkp d ′−
rr

 is the 

scattering phase function, constant for isotropic scattering: ( )kkp d ′−
rr

 = 1/4π. The intensity of scattering 
orders is obtained then by calculation of this probability for all the scattering events. This treatment 
significantly reduces the computational time (by a factor of ~ 100). 
 

4. RESULTS AND DISCUSSIOS 
In order to validate MC technique we compare the results of analytical calculations and numerical simulation 
for double light scattering intensity in frame of the source-detector geometry represented in Fig.2. For the 
analytical calculation of the double scattering intensity (10) we introduce the cylindrical coordinate frames 
(l1, r1, ϕ1) and (l2, r2, ϕ2). For the large distances h, i.e. h >> R1, R2, Eq.(10) is significantly simplified and for 
θ  = π/2, I(2) can be written as: 
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Here, L+z−x = l1+l2; R1 and R2 are the radii of V1 and V2 cylinders directed along the axes Z and X, 
respectively. 

The results of simulation and analytical calculation of I(2(h) are presented in Fig.5. The parameters of the 
cylinders are L = L1 = L2 = 50 mm, R = R1 = R2 = 0.5 mm. The finite volume of the scattering medium (µs = 
0.04 mm1) modelled is a cube of side 50 mm. The results of analytical calculation from equation 16 are 
shown by the dashed line. The circles represent the results of the MC simulation (see Fig.5-a). Both results 
agree well with the results of calculation by Eq.(10) shown by solid line (see Fig.5-a). Similar results are 
obtained for higher scattering (µs = 0.16 mm-1) of the medium (see Fig.5-b). With the geometry used here 
(see Fig.3) the intensity of the detected light is decreased by a factor of 400 by this increase in attenuation. 
The minimum distance s traversed by the photons from source (S) to detector (D) is ~ 40 mm. Good 
agreement between the results of calculation by Eqs.(10) and (16), and MC simulation for all h > 2 mm is 
obtained as well (see Fig.5-b). 



 
 
 
 
 
 
 
 
 
 
 
                                                

Fig.5. Intensity of the double light scattering in respect with the distance h between V1 and V2: a) µs = 0.04 mm-1, b) 
µs = 0.16 mm-1. The solid line represents the results of calculation by Eq.(10), dotted line is the results calculated by 
the approximate Eq.(16), circles are the results of MC simulation. 

Equation 16 reduces to I(2)(h) ~ |ln(h)| for h → 0, i.e. it predicts the intensity of scattering goes to infinity, 
which is unphysical. The discrepancy between the exact Eq.(10), and approximate Eq.(16), formulas begins 
at h  = 1.2 mm which is close to the diameter of cylinders. Analytical expressions for the high scattering 
orders (i.e. I(3), I(4) etc.) differ from the expressions for I(1), I(2) (see Eqs.(1)−(2)), and involve multi-order 
integrals. This is due to presence of intermediate integration over the total scattering volume as schematically 
shown for I(3) in Fig.2. However, using the MC technique it is possible to show that due to the presence of 
the intermediate integrations, these high-order integrals do not possess a logarithmic singularity as Eq.(16), 
i.e. they are the smooth functions for small h 34.  

The 3, 4, 5 and 10-th scattering orders are calculated by the MC technique for the scattering medium with µs 
= 0.04 mm-1 (Fig.6).  

 
 
 
 
 
 
 
 
 
 

Fig.6. Normalized intensity of different scattering orders I(n) as a function of h : (•)  double scattering I(2), (□)  triple 
scattering I(3),(▲)  fourth order scattering I(4),(∇)  fifth order scattering I(5) and (x)  tenth order scattering I(10). The 
intensity of each scattering order is normalized to the intensity of single scattering I(1) at the h = 0. 

The dependence of I(2) as a function of h is also included for comparison (see Fig.6). All the calculated 
intensities are normalized to the value of the single light scattering intensity I(1) at the h  = 0. It is well seen 
that, as discussed above, I(n),n ≥ 3 are smooth functions of h separated from each other. The magnitude of the 
scattering orders of the series is ranged as: I(3) falls by a factor of 2.5 when h varies from 0 to 25 mm, I(4) 
decreases by 1.4, I(5) decreases by 1.1, and I(10) is effectively equal to zero (see Fig.6). For comparison I(2) is 
reduced by a factor of 9 in the same interval. 

Figure 7 illustrates a ratio of n-th orders of scattering to single scattering intensity at the h = 0, i.e. 
I(n)(0)/I(1)(0), where n  = {3÷5, 10}. This ratio is monotonically increased with the increasing of the scattering 

(b)
 

(a) 



order. In the interval µs ∼ 0.14–0.15 mm-1 the values of I(n)/I(1) becomes very close, and for higher µs an 
inversion of scattering orders takes place (see Fig.7). It is clear that the contribution of high scattering orders 
is significant, about 15−20% of the single scattering intensity at the h = 0 (see Fig.7) when µs ~ 0.1 ÷ 0.15 
mm−1. This interval illustrates the transition from single-to-multiple scattering regime, where the light 
transport can be described by the diffusion approximation. The obtained results are well agreed with the 
experimental results reported in Ref.35. 

 
 
 
 
 
 
 
 
 
 
 

Fig.7. Normalized intensities of n-th scattering orders and single scattering intensity at h = 0, I(n)(0)/I(1) as a function 
of scattering coefficient µs: triple scattering I(3) (□), fourth order scattering I(4) (▲), fifth order scattering I(5) (∇) and 
tenth order scattering I(10) (x). 

 

 

 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
                                                                                                                          
 
 

Fig.8. Normalized intensity of different scattering orders versus h: a) single light scattering; b) double scattering; c) 
triple scattering; d) fifth order scattering. The symbols represents different values of the detector numerical aperture: 
(∇) − 2°, (▼) − 10°, (○) − 20°, (●) − 40°, (□) − 60°, (■) −  90°.  

(a) 
 

(b) 

(c) 
 

(d) 



Figures 8 and 9 present the results of a study of the detection parameters. The intensity of different scattering 
orders versus numerical aperture is shown in Fig. 8. It is seen that the dependence is more pronounced for 
single and double light scatterings (see Fig. 8-a and b). The high scattering orders (e.g. third and fifth) are 
independent to the detecting angle θa (see Fig. 8-c and d). This is explained by the fact that, the localization 
of mean path-length of the photon packets between source and detector is more critical for single and double 
scattering, and less for the high orders of scattering. 

A quantitative fraction of these scattering orders as a function of numerical aperture is shown in Fig.9 for h = 
0. Single scattering dominates at small θa (θa < 20°), the contribution of the other scattering orders being 
relatively low. The contribution of the different scattering orders relative to the intensity of single scattering 
in this range of θa is shown in Fig. 10. 

The sum of the intensities of high orders of scattering is represented by dashed line (see Fig.9). Note that the 
contribution of single and of multiple scattering becomes equal at a detector acceptance angle ≈ 20° (θa ≈ 
20°). As assumed, the contribution of single scattering decreases with increasing detector aperture, and from 
20° multiple scattering dominates the detected signal (0°<θa< 90°). This is logical, as with increasing θa the 
detector collects light scattered from an increasing volume of the medium. 
 
 
 
 
 
 
 
 
 
 
 

 
Fig.9. Results of MC calculation of the different scattering order intensities I(n)/I(tot) versus angle detector aperture: (◊) 
− single scattering I(1), (•) − double scattering I(2), (□) − triple scattering I(3), (▲) − fourth order scattering I(4), (∇) − 
fifth order scattering I(5). The dashed line represents the relative contribution of multiple scattering to the total 
intensity, (I(tot)−I(1))/I(tot). 

 
 
 
 
 
 
 
 
 
 
 
 

Fig.10. Normalized intensities of different scattering orders I(n)/I(1) as a function of numerical aperture: (•) − double 
scattering, (□) − triple scattering, (▲) − fourth order scattering, (∇) − fifth order scattering. 

 
5. SUMMARY AND CONCLUSIONS 

An analysis of different scattering orders in the intermediate scattering regime has been carried out for a 
randomly inhomogeneous scattering medium with crossed source-detector geometry. The results 



demonstrate good agreement between analytical and MC techniques. The influence of detector numerical 
aperture on the intensity of the different scattering orders is shown quantitatively. Particular attention is paid 
to the difficult intermediate regime, where the scattering power of the medium is too high for single 
scattering to be assumed but is too low for the diffusion approximation to be applied. The results show the 
characteristics of the transition from single to multiple scattering. The agreement between analytical and MC 
results validates the use of the MC approach in the intermediate scattering regime. The method used can be 
applied to verify analytical results against experiment indirectly via MC calculations that account for 
imperfections of the experiment, which are difficult to represent analytically. 

The geometry chosen for the optical experiment is interesting in that it allows the experimenter to measure 
the intensity of single and higher scattering orders separately. It is possible to extract information on the 
absolute values of the medium optical properties from the ratio of single to higher scattering orders. The total 
intensity of the scattered light I(tot)(h) can be considered then as: 
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The MC simulations allow us to develop an iterative procedure to determine the contributions of the higher 
scattering orders (triple, quadruple etc. scattering) to the total intensity separately, thus, completing the task 
of experimental data processing. Both MC and analytical calculations show a strong logarithmic dependence 
of double light scattering from the distance h between illuminating and collecting volumes. Dependence of 
higher scattering orders is weaker and can be considered constant compare to the single order. 

The MC method was successfully applied to calculate the intensities of different orders of scattering. These 
results can be used to infer the optical parameters of inhomogeneous media with the experimental geometry 
shown in Fig.2. The proposed experimental geometry (see Fig.2) can be used in a practical experiment to 
measure the particulate scattering field properties. Certainly, the illumination and detection volumes cannot 
be ideally cylindrical but with a laser of high confocal parameter and a tightly collimated detector they can 
be near cylindrical, and the MC code can be used to quantify the effect of these experimental imperfections. 
A further advantage of the suggested approach is that as well as the dependence of the scattered light 
intensity on the distance parameter h, the angular intensity dependence, i.e. the dependence on θ (see Eqs.10 
and 16), can also be obtained.  

This results in a greater amount of experimental information, I(tot)(θ, h). In addition, the results support the 
use of the MC approach in the intermediate scattering regime, and provide details of transition from low 
scattering (when intensity of scattering orders drops with the scatters increasing) to high scattering (when 
increasing of intensity occurs in the range of scattering 0.08 ≤ µs ≤ 0.1 mm−1). The method used can be 
applied to verify the analytical results indirectly against experiment via MC calculations that include the 
imperfections of the experiment. For clarity we have considered the simplest case of spatially homogeneous 
scattering medium with an isotropic phase function. The procedure developed can readily be generalized for 
a case of anisotropic scatters, spatially inhomogeneous media and dispersed systems composed of particles 
of a different size. We intend to apply the MC code verified here to the estimation and suppression of errors 
in existing spray diagnostics and the development of new spray diagnostics. 
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