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This paper proposes an adaptive, three dimensional (3D) path-following controller for airships in the presence of wind disturbances,
which explicitly considers that wind speed is time-varying. The main idea is to formulate airship path-following as control design for
systems in the presence of parametric uncertainties and external disturbances. Assuming that there is no prior information on wind,
the proposed solution is based on the L1 adaptive controller. This approach makes clear statements for performance specifications
of the controller and relaxes the common assumption that wind speed is constant. This makes the design more realistic and the
analysis more rigorous, because in practice, the wind speed may be time varying. The results of the simulation indicate that the
path following system has a good performance and is robust against wind disturbances.
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1. Introduction

Stratospheric airships, like other unmanned aerial vehicles,
have potential military and civilian applications such as
observation, remote sensing and communication relay plat-
forms, to cite a few [1, 2]. Many applications require air-
ships to autonomously follow a desired trajectory. However,
considering the slow dynamics and the poor maneuverabil-
ity of airships, the path-following control strategy is more
practical than trajectory tracking in terms of controller de-
sign since no strict temporal requirement exists [3]. Fur-
thermore, path-following rather than trajectory tracking is
more appropriate for most vehicles because in the presence
of constant wind, optimal engine performance is relative to
the moving air, not to the earth frame. This allows the air-
craft to maximize range, and speed is controlled separately.

Autonomous path-following is a challenge for airships,
because they are underactuated, which means that the sway
and heave motions cannot be controlled directly, especially
when hovering. This is a direct consequence of the loss
of aerodynamic forces of control surfaces. [4, 5]. Further-
more, due to the characteristics of their large volume, slow
speed and low-maneuverability, airship motion is sensitive
to wind [6,7]. Actually, in the stratosphere, deviations from
the mean behaviour of the winds occur during events called
sudden warmings, when the meridional temperature gradi-
ent reverses on timescales as short as several days. This also
has the effect of reversing the zonal wind direction [8]. If
the path-following controller does not account for wind, the
path tracking ability of airships will be reduced. Therefore,
there is a need to design path-following methods that are
robust against wind disturbances.

Several results on path-following control for airships
have been presented in recent years. A path-following con-
troller for airships was proposed using H∞ and PI con-
trol [9]. A path following control design has been devel-
oped by linearizing the dynamic model, which only works
effectively near the equilibrium point [10]. A global pla-
nar path-following for stratospheric airships was proposed
based on guidance integrated backstepping control in [11].
A sliding mode control for an autonomous unmanned air-
ship has also been proposed [12]. A backstepping controller
for the path following control problem of airships based on
the nonlinear models considering external disturbance and
actuators saturation was also proposed [13]. A command
filtered backstepping controller using the guidance-based
path-following principle for an underactuated stratospheric
airship was proposed [14]. A path following controller based
on backstepping and PD control technique is presented
in [15], the guidance vector is constructed to obtain the
desired attitude angles and velocity. A gain-scheduling con-
troller with step-by-step design for airship path following
under wind disturbances was proposed [16]. More recently,
a virtual guidance-based finite-time adaptive neural back-
stepping path-following control approach was proposed for
underactuated autonomous airship with error constraints
and uncertainties [17]. The planar path following control
problem for an autonomous airship was investigated taking
actuator saturation, actuator dynamics, parameter varia-
tion, and wind field into account [18]. The proposed solu-
tion was based on a command filtered backstepping con-
troller combined with nonlinear disturbance observer. A
Lyapunov-based guidance law with the sideslip and attack
angle compensation was designed [19], which decreases the
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path-following steady-state error.
However, all these approaches either do not explicitly

consider wind or they assume wind speed to be constant
(steady wind), which is not realistic as mentioned above.
Based on the design idea of the line-of-sight (LOS) guidance
law, a parameter-observer-based LOS (POBLOS) guidance
law has been proposed [20]. The unknown and time-varying
influence from the wind was estimated by the parameter ob-
server and then compensated in the design of the guidance
loop. The paper only examines paths in 2D, while, in the
presence of wind disturbance, it would be more appropriate
to consider 3D path-following.

An alternative solution can be provided through the
use of L1 adaptive control [21]. L1 adaptive control has
been applied for various flight control systems [22–25] to
cite a few. The benefit of L1 adaptive control is its ca-
pacity for fast and robust adaptation that leads to desired
transient performance for both system signals, input and
output. These characteristics make it suitable for systems
subject to external time-varying disturbances, such as air-
ships motion in wind.

In this paper we formulate the problem of 3D path-
following of airships as a control systems design problem
in the presence of parametric uncertainties and external
disturbances. The approach was first presented for small
fixed-wing UAVs path-following in wind [26] . Assuming
that wind is time-varying, the proposed solution is based
on a new design of the L1 adaptive controller based on
sliding mode control.

The advantage of the sliding mode adaptation is that
it can show the formal proof of asymptotic convergence
of the prediction error and the performance bounds. How-
ever [26] addressed only the problem of planar 2D paths.
Actually, considering 3D path-following through general
paths is more appropriate. This is particularly true when
taking atmospheric disturbances into account [27].

The contributions of the paper are:

• Formulation of the 3D path-following problem as a
control design problem in the presence of unknown
uncertainties and external disturbances.
• Development of an L1 adaptive path-following con-

troller that is robust against time-varying wind dis-
turbances.
• Proof of asymptotic stability of the system using

sliding mode adaptation.
• Demonstration of the performance of the proposed

controller in simulations.

The rest of this paper is organized as follows: Section
2 formulates the path following problem. In section 3, the
design of the path following system is presented. Section 4
gives the stability analysis of the control system. The re-
sults of simulations are given and the performance of the
path following system is evaluated in section 5. In the last
section, a brief summary is presented with some concluding
remarks.

2. Problem Formulation

The kinematic model of an airship is similar to fixed-wing
aircraft in the inertial frame and is given from [28, p.24] as
follows

ṗn = Va cos(ψ) cos(γa) +Wn,

ṗe = Va sin(ψ) cos(γa) +We,

ṗd = −Va sin(γa) +Wd,

(1)

where pn, pe, pd are respectively the North, East and down
(negative of the altitude) positions, Va is the airspeed, ψ
is the heading angle relative to the north, γa is the air ref-
erenced flight path angle, and Wn, We, and Wd are wind
speeds in the inertial frame. This model is derived under
the assumption that the airship is in steady level flight. In
this case, the airspeed Va is aligned with the x-direction of
the body frame, which means that the sideslip angle β is
zero.

Furthermore, the kinematic equation of motion for the
heading angle is given by

ψ̇ = r, (2)

where r is the heading rate.
Va
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Fig. 1. Curved Path-Following Frames.

Assumption 1. The airship is equipped with an at-
titude (inner-loop) controller that is robust against forces
and couples resulting from wind. Therefore, the objective
is to compute the flight path angle and heading rate angle
commands to the autopilot to maintain the airship on the
desired path despite the presence of wind.

Assumption 2. There is no available information on
the wind, neither its velocity nor its direction.

In Fig. 1, Q defines the position of the centre of vol-
ume of the airship, with coordinates qi = [xq, yq, zq]

> in
the inertial frame I. The moving orthonormal frame M,
is referenced by the speed vector of the virtual target [29].
This frame is completely different from the Serret-Frenet
frame [30]. P defines the position of the virtual target,
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moving on the desired path, which is the origin ofM, with
coordinates pi = [xp, yp, zp]

> in the inertial frame I.
The idea is to minimize the position error of the airship

relative to the virtual target, and so maintain the airship
on the reference path despite the presence of wind distur-
bances.

Remark 1. In this paper the notation showing time
dependence of the variables ·(t) is dropped unless it is not
clear from the context.

In the following, the mathematical model of the three-
dimensional curved path-following is derived.

The virtual target inertial kinematic model at position
pi is defined as

ẋp = l̇ cos(ψp) cos(γp),

ẏp = l̇ sin(ψp) cos(γp),

żp = −l̇ sin(γp),

(3)

where [ẋp, ẏp, żp] are the coordinates of the velocity vector

ṗi in the inertial frame I, l̇ is the speed of the virtual tar-
get, l is the length of the path, ψp is the path heading angle
and γp is the flight path angle.

The orientation of the desired path at position pi can
be characterized as

ψp = atan2(ẏp, ẋp),

γp = − arctan
(
żp/
√
ẋ2p + ẏ2p

)
.

(4)

where [ẋp, ẏp, żp] are the coordinates of the velocity vector
ṗi in the inertial frame I.

Assumption 3. The roll angle of the airship is very
small compared to the heading and flight path angles, such
that it can be neglected, i.e. φ ≈ 0.

The position error em of the airship expressed in the
moving frame M, can be written as

em = Tmi(qi − pi), (5)

where pi qi are, respectively, the position vector of the air-
ship and the virtual target expressed in the inertial frame
I, and Tmi = T2(γp)T3(ψp) is the transformation matrix
from the inertial frame I, to the moving frameM, defined
by

Tmi =

[
cos γp cosψp cos γp sinψp − sin γp
− sinψp cosψp 0

sin γp cosψp sin γp sinψp cos γp

]
. (6)

Taking the time derivative of equation (5), yields

ėm = Tmi(q̇i − ṗi)− ωmmi × Tmi(qi − pi), (7)

where × denotes the cross product, and ωmmi is the angular
rate of the moving frame M with respect to the inertial
frame I resolved in the moving frame M. Hence

ėm = Tmiq̇i − ṗm − ωmmi × em, (8)

where ṗm is the velocity vector of the virtual target in the
moving frame M defined by

ṗm =

 l̇0
0

 . (9)

In order to expand equation (8), the expression of the an-
gular rate ωmmi can be written as follows

ωmmi =

[
0
γ̇p
0

]
+

[
cos γp 0 − sin γp

0 1 0
sin γp 0 cos γp

] 0
0

ψ̇p

 =

−ψ̇p sin γp
γ̇p

ψ̇p cos γp

 .
(10)

We also have

ψ̇p =
dψp
dl

dl

dt
, (11)

and from equation (4) that

ψp = atan2(y′p, x
′
p), (12)

where x′p =
dxp(l)
dl and y′p =

dyp(l)
dl . Hence

ψ̇p = l̇
d

dl

(
atan2

(
y′p, x

′
p

))
,

= l̇ c1(l),

(13)

where c1(l) =
(
x′py
′′
p − y′px′′p

)
/
(
x′2p + y′2p

)
, x′′p =

d2xp(l)
dl2 and

y′′p =
d2yp(l)
dl2 .

Similarly, it can be also shown that

γ̇p = l̇ c2(l), (14)

where c2(l) =
(z′′p (x′2p +y′2p )−z′p(x

′
px
′′
p+y

′
py
′′
p )

(x′2p +y′2p +z′2p )(x′2p +y′2p )1/2
and z′′p =

d2zp(l)
dl2 .

Consequently, the system in (8) can be expanded as[
ẋe
ẏe
że

]
=Tmi

[
ẋq
ẏq
żq

]
−

 l̇0
0


−

 0 −l̇ c1(l) cos γp l̇ c2(l)

l̇ c1(l) cos γp 0 l̇ c1(l) sin γp
−l̇ c2(l) −l̇ c1(l) sin γp 0

[xeye
ze

]
,

(15)

where (xe, ye, ze) are the coordinates of em.
Therefore, the model in (1) can be written as[

ẋq
ẏq
żq

]
= Tia

[
Va
0
0

]
+

[
Wn

We

Wd

]
, (16)

where Tia = T3(−ψ) T2(−γa) is the transformation matrix
from the airspeed referenced frame A to the inertial frame
I defined by

Tia =

[
cos γa cosψ − sinψ sin γa cosψ
cos γa sinψ cosψ sin γa sinψ
− sin γa 0 cos γa

]
. (17)
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Hence

Tmi

[
ẋq
ẏq
żq

]
= Tma

[
Va
0
0

]
+

[
Vx
Vy
Vz

]
, (18)

where [
Vx
Vy
Vz

]
= Tmi

[
Wn

We

Wd

]
,

and Tma = Tmi Tia is the transformation matrix from the
airspeed referenced frame A to the moving frame M de-
fined by

Tma = T2(γp) T3(ψp) T3(−ψ) T2(−γa)

= T2(γp) T3(−ψe) T2(−γa)

=

[
Cγp Cγa Cψe + Sγp Sγa −Cγp Cψe Cγp Sγa Cψe − Sγp Cγa

Cγa Sψe Cψe Sγa Sψe
Sγp Cγa Cψe − Cγp Sγa −Cγp Sψe Sγp Sγa Cψe + Cγp Cγa

]
,

with ψe = ψ − ψp, C , cos and S , sin. Substituting (18)
in (15) it follows that

ẋe =Va Cγp Cψe Cγa + Va Sγp Sγa

−
(
1− c1(l) Cγp ye + c2(l) ze

)
l̇ + Vx,

ẏe =Va Sψe Cγa −
(
c1(l) Cγp xe + c1(l) Sγp ze

)
l̇ + Vy,

że =Va Sγp Cψe Cγa − Va Cγp Sγa
+
(
c2(l) xe + c1(l) Sγp ye

)
l̇ + Vz

ψ̇e =r − c1(l)l̇.
(19)

The objective is to compute the desired speed of the
virtual target l̇, the commanded heading rate rc = r and
the air referenced flight path angle γc = γa that main-
tain the airship on the desired path, despite the presence
of wind. The proposed method is based on L1 adaptive
control.

Remark 2. The use of the notations rc and γc is jus-
tified by the fact that, in practice, these angles are the
reference inputs for the attitude controller.

Letting x = [xe, ye, ze, ψe]
> and u = [rc, γc, l̇]

> =
[u1, u2, u3]>, equation (19) can be written in a compact
form as follows

ẋ = f(x, u) + ζ(t), (20)

where

f(x, u) =


VaCγpCx4Cu2 + VaSγpSu2 −

(
1− c1(l)Cγpx2 + c2(l)x3

)
u3

VaSx4Cu2 −
(
c1(l)Cγpx1 + c1(l)Sγpx3

)
u3

VaSγpCx4Cu2 − VaCγpSu2 +
(
c2(l)x1 + c1(l)Sγpx2

)
u3

u1 − c1(l)u3


and

ζ(t) =

Vx(t)
Vy(t)
Vz(t)

0


′

The system in equation (20) is a standard formulation
of a nonlinear control system in the presence of external
time-varying disturbances. The objective is to compute the
control command u(t) that stabilizes the system and main-
tains the airship on the desired path, despite the presence
of wind. The proposed architecture is shown in Fig. 2.

3. Controller Design

A common procedure in adaptive control design is to lin-
earize the nonlinear model at a given equilibrium or oper-
ating point, in order to develop a linear controller based
on the linearized system model, and to augment the linear
controller with the adaptive controller. This allows for bet-
ter robustness of the system. Actually, it permits for less
“burden” of the adaptive controller through the use of the
prior knowledge of the input/output system [31].

In order to extract a linear model so that the inner
loop can be simply stabilized, we assume a straight line
trajectory. Thus

x′′p = y′′p = z′′p = 0, (21)

which implies that

c1(l) = c2(l) = 0. (22)

So, for the equilibrium point xeq =
[x1eq x2eq x3eq 0]>, ueq = [0 γp Va]> and ζeq = 0,
where x1eq, x2eq and x3eq are arbitrary, the linearized state
space model of (20) is given for x̄ = x − xeq, ū = u − ueq
by

˙̄x = Apx̄+Bpū, (23)

where

Ap =

0 0 0 0
0 0 0 Va
0 0 0 0
0 0 0 0


and

Bp =

0 0 −1
0 0 0
0 −Va 0
1 0 0

 .
Hence, the non-linear system in (20) can be written as

follows

ẋ = Apx+Bpu+ f̃ , (24)

where f̃(x, u, t) is a nonlinear function that includes the
higher order terms of the Taylor series expansion of f(x, u)
and the external disturbance ζ(t).

Remark 3. In practice the dynamics of the attitude
controller are not negligible. As a consequence, we have the
following

r =F1(s)rc

γ =F2(s)γc,
(25)

where F1(s) and F2(s) are unknown Laplace transfer func-
tions.
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Remark 4. It is important to underline that the ma-
trices Ap and Bp are uncertain because it not possible in
real flight conditions to maintain a constant airspeed Va,
especially in the presence of wind.

Consequently, the system in (24) can be written as

ẋ = Amx+B ω u+ (Ap −Am)x+ f̃ , (26)

where Am = A − B Kp is a Hurwitz matrix of the de-
sired dynamics of the system, A is the system dynamics
matrix for the nominal airspeed, B is the input matrix of
the system with the nominal airspeed, Kp ∈ R3×4 is the
feedback matrix, and ω ∈ R3×3 is an unknown gain ma-
trix that contains the effect of the unknown dynamics of
the attitude controller, the uncertainties resulting form the
airspeed and the inner-loop controller dynamics.

For control design, the following approximation can be
used

(Ap −Am)x+ f̃(t, x) = g(t, x), (27)

where g(t, x) ∈ R4 is an unknown vector.
Consequently, the system in (26) leads to

ẋ = Amx+Bωu+ g. (28)

The resulting model makes straightforward application of
the L1 adaptive controller that is described in the next sec-
tion.

The block diagram of airship path-following in wind,
based on L1 adaptive control, is illustrated in Fig. 2.

Fig. 2. L1 adaptive path-following control in wind.

The main advantage of the application of L1 adap-
tive control to airship path-following in wind is that good
performance of the system can be obtained, whether the
unknown wind velocity is constant or not [26]. This is a di-
rect consequence of what was demonstrated in [32] that the
L1 adaptive controller presents a good compromise between
performance and robustness in the presence of disturbances
with unknown bounds.

4. Sliding Mode based L1 Adaptive
Controller for MIMO Systems

Given a class of MIMO systems defined by

ẋ(t) = Amx(t) +Bωu(t) + g(t, x),

y(t) = Cx(t), x(0) = x0,
(29)

where Am ∈ Rn×n is a known Hurwitz matrix that defines
the desired dynamics of the system; Bn×m, C ∈ Rm×n
are known constant matrices; x(t) ∈ Rn is the state vector
which is assumed available through measurement; u(t) ∈
Rm is the control input vector; y(t) ∈ Rm is the output
vector; ω ∈ Rm×m is an unknown constant matrix; and
g(t, x) ∈ Rn is an unknown disturbance.

Assumption 5 There exist unknown real constants
L1 > 0 and L2 > 0, such that for all t ≥ 0 the following
bounds hold:

‖g(t, x1)− g(t, x1)‖∞ ≤ L1‖x1 − x2‖∞
‖g(t, x)‖∞ ≤ L1‖x‖∞ + L2.

This assumption is conventionally acceptable for real
systems, given that an upper bound of disturbances, which
the system may hold without being broken, is usually
known from technical specifications or engineering insights.

Assumption 6 The system input gain matrix ω is
assumed to be an unknown (non-singular) strictly row-
diagonally dominant matrix with sgn(ωii) known. Also, it
is assumed that there exists a known compact convex set
Ω such that ω ∈ Ω ⊂ Rm×m.

4.1. Controller Design

In this section, a new design of the L1 adaptive control ap-
proach that borrows insights from sliding mode control to
design the adaptive laws is presented. The main advantage
compared to [27, 32] is that the bounds of the estimator
derived in Lemma 2 are explicitly computed using the gen-
eralization of the Kantorovich inequality [33]. As a conse-
quence, the performance and the robustness of the control
system are computed without assuming a prior arbitrary
small prediction error as it was proposed in [27].

As shown in Fig. 3, the L1 adaptive controller consists
of three components: the state predictor, the adaptive law
with fast adaptation, and the control law with a low-pass
filter [21].

Fig. 3. The L1 adaptive controller.
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The state predictor is defined as

˙̂x(t) = Amx̂(t) +Bω̂(t)u(t) + η̂(t),

ŷ(t) = Cx̂(t), x̂(0) = x0,
(30)

where x̂(t) is the predicted state and ω̂(t) and η̂(t) are the
estimates of the unknown system parameters and distur-
bances.

The sliding surface is defined as

σ(t) = λx̃(t). (31)

where x̃(t) = x̂(t) − x(t) is the state estimation error and
λ ∈ Rm×n is a constant arbitrary matrix, chosen such
that λB is non-singular and the coefficients λ(i, j) : i =
1 . . . n; j = 1 . . .m form a stable hyperplane.

The estimation of the disturbance η(t, x) is defined by

η̂(t) =


−(Am + ρI)x̃(t)−

(
L̂1(t)‖x‖∞

+L̂2(t)
) λ>σ(t)
‖λ>σ(t)‖ , if σ(t) 6= 0,

0 otherwise,

(32)

where ρ ∈ R+ is an arbitrary real, and L̂1(t) and L̂2(t) are
the estimations of the parameters L1 and L2, defined in
Assumption 5, given by

˙̂
L1(t) = Γ‖σ>(t)λ‖‖x‖∞, L10 = L̂1(0),

˙̂
L2(t) = Γ‖σ>(t)λ‖, L20 = L̂2(0),

(33)

where Γ ∈ R+ is the adaptation rate.
The input gain matrix ω is estimated by

˙̂ω(t) = −Γ Proj
(
ω̂(t), u(t) σ>(t)λ B

)>
. (34)

The control law is given by

u(s) = KD(s)
(
Kg r(s)− ν̂1(s)− ν̂2(s)

)
, (35)

where D(s) is an m × m strictly proper Laplace transfer
function matrix; K ∈ Rm×m; Kg = −(CA−1m B)−1 is the
pre-filter of the MIMO control law; ν̂1(s) is the Laplace
transform of ν̂2(t) = ω̂(t)u(t); Hm(s) = C(sI − Am)−1B;
H0(s) = C(sI−Am)−1; and ν̂2 = H−1m (s)H0(s)η̂(s).

The design of D(s) and K should lead to a strictly
proper and stable filter transfer function matrix

F (s) = ωKD(s)(I + ωKD(s))−1, (36)

with DC gain F (0) = I.
Let

H(s) = (sI−Am)−1b andG(s) = H(s)
(
1− C(s)

)
. (37)

The design of F (s) needs to ensure the following L1-norm
condition

‖G(s)‖L1
L1 < 1. (38)

For a particular class of systems, a possible choice for
D(s) might be D(s) = (1/s)I which yields a strictly proper
F (s) of the form

F (s) = ωK(sI + ωK)−1. (39)

4.2. Controller Analysis

In this section, the performance of the L1 adaptive con-
troller is analysed. More specifically it is shown that:

• The reference model resulting from perfect knowl-
edge of the uncertainties and a corresponding non-
adaptive controller is stable, subject to some con-
ditions involving the filter F (s).

• The prediction error, i.e. the error between the
state of the plant and those of the state predictor,
is uniformly bounded and asymptotically stable.

• The difference between the states/input of the sys-
tem and those of the reference system is propor-
tional to the prediction error.

The reference system, i.e. the closed-loop system with
nominal parameters, is defined by

ẋr(t) = Amxr(t) +Bωur(t) + ηr(t, xr),

yr(t) = Cxr(t), xr(0) = x0.
(40)

The reference control law is given by

ur(s) = ω−1F (s)
(
Kgr(s)− νr(s)

)
, (41)

where νr(s) = H−1m (s)H0(s)ηr(s).
Lemma 1 If the filter F (s) is designed such that it

verifies the condition in (38), then the closed-loop refer-
ence system in equations (40) and (41) is BIBS stable with
respect to the reference input and initial conditions.

The proof is similar to the proof given in Section3.2.3
of [21].

The following Lemma states a preliminary results in
order to show uniform boundedness of the prediction error.

Lemma 2 There exists a real µ > 0, such that

µ‖x̃‖2 ≤ σ>σ,

where µ is defined later.
Proof
Let P be a positve definite matrix solution of the Ly-

paunove equation

AmP + PAm
> = −Q, (42)

where Q > 0 is a Hermitian matrix.
For the case of SISO systems, using Theorem 1.1 in

[33], on generalization of the Kantorovich inequality, we
have

(λx̃)2

(x̃>P−1x̃) (λPλ>)
>

4

κ+ 2 + κ−1
, (43)

where κ = λmax(P )
λmin(P ) in the particular case of φ = 0 [33], and

λmin(P ) > 0, λmax(P ) > 0 are the minimum and maxi-
mum eigenvalues of P , respectively.

Therefore

4

κ+ 2 + κ−1
(
x̃>P−1x̃

) (
λPλ>

)
≤ σ2. (44)
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Given a fundamental property of quadratic forms it can be
written

4

κ+ 2 + κ−1
λmin(P )

λmax(P )
‖x̃‖2‖λ‖2 ≤ σ2, (45)

given that λmin(P−1) = 1
λmax(P ) . Defining α1 =

4
κ+2+κ−1

λmin(P )
λmax(P )‖λ‖

2, it follows that

α1‖x‖2 ≤ σ2. (46)

To show the proof in case of MIMO systems, the ma-
trix λ ∈ Rm×n is partitioned as

λ =

λ1...
λm

 , (47)

where λi ∈ R1×n, i = 1...m. The sliding surface can also be
written as

σ =

σ1...
σm

 , (48)

where σi ∈ R, i = 1...m.
Consequently, it is straightforward to write the vecto-

rial case of (46) as:

αi‖x‖2 ≤ σ2
i , i = 1...m, (49)

where αi = 4
κi+2+κ−1

i

λmin(P )
λmax(P )‖λi‖

2 and κi =

λmax(P )
λmin(P )

1+sinφi

1−sinφi
.

Given
n∑
k

(αi)‖x‖2 ≤
m∑
1

σ2
i = σ>σ, (50)

it follows that

µ‖x‖2 ≤ σ>σ, (51)

where µ =
∑n
k αi and the proof is complete. �

In the following, it is shown that the prediction er-
ror x̃(t), and the estimation errors of the disturbances,
their bounds and the unknown parameters are uniformly
bounded.

Lemma 3 The following bound holds for the norm of
the prediction error

‖x̃‖L∞ ≤ δ =
ρ0
Γµ

, (52)

where ρ0 is defined later.
Furthermore, the prediction error x̃(t) converges to

zero, i.e.,

lim
t→∞

x̃(t) = 0. (53)

Proof. In this section, the dependence of the parame-
ters on (t) is dropped unless it is not clear from the context.

From (29) and (30), the prediction error dynamics can
be written

˙̃x = Amx̃+Bω̃u+ η̃. (54)

Consider the Lyapunov function candidate

V =
1

2
σ>σ +

1

2
Γ−1

(
tr
(
ω̃>ω̃

)
+ L̃2

1 + L̃2
2

)
. (55)

Its derivative is given by

V̇ = σ>σ̇ + Γ−1
(

tr
(
ω̃> ˙̃ω

)
+ L̃1

˙̃L1 + L̃2
˙̃L2

)
. (56)

From (31) and (54) the derivative of the sliding surface can
be written

σ̇ = λAmx̃+ λBω̃u+ λη̃. (57)

Replacing in (56), it follows that

V̇ =σ>
(
λAmx̃+ λBω̃u+ λ(η̂ − η)

)
+ Γ−1

(
tr
(
ω̃> ˙̃ω

)
+ L̃1

˙̂
L1 + L̃2

˙̂
L2

)
.

(58)

Given the fact that for any scalar s, tr(s) = s, hence

V̇ =σ>λAmx̃+ tr(σ>λBω̃u) + σ>λ(η̂ − η)

+ Γ−1
(
tr(ω̃> ˙̃ω

)
+ L̃1

˙̂
L1 + L̃2

˙̂
L2

)
.

(59)

Using the property tr(M1;M2) = tr(M2 M1) for any ma-
trices M1, M2, we obtain

V̇ =σ>λAmx̃+ tr(ω̃uσ>λB) + σ>λ(η̂ − η)

+ Γ−1
(
tr
(
ω̃> ˙̃ω

)
+ L̃1

˙̂
L1 + L̃2

˙̂
L2

)
.

(60)

Given η̂ (32) and the adaptation law (34) it can be written

V̇ =− ρσ>λx̃− σ>λη − ‖σ>λ‖
(
L̂1‖x‖∞ + L̂2

)
+ Γ−1L̃1

˙̂
L1 + L̃2

˙̂
L2.

(61)

Hence, the following upper bound can be derived

V̇ ≤− ρ‖σ‖2 + ‖σ>λ‖‖η‖ − ‖σ>λ‖
(
L̂1‖x‖∞ + L̂2

)
+ Γ−1L̃1

˙̂
L1 + L̃2

˙̂
L2.

(62)

Using the bound of η from assumption 5, it follows that

V̇ ≤− ρ‖σ‖2 − ‖λ>σ‖
(
L̃1‖x‖∞ + L̃2

)
+ Γ−1L̃1

˙̂
L1 + L̃2

˙̂
L2.

(63)

Considering the adaptation law from (33), it follows that

V̇ ≤ −ρ‖σ‖2 < 0. (64)

Therefore, the sliding surface σ, the estimation errors of the
unknown parameter ω̃; and the disturbance bounds errors
L̃1 and L̃2 are uniformly bounded. Consequently, the esti-
mation error of the external disturbance η̃ is also uniformly
bounded.
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Furthermore, from Lemma 2, we have:

1

2
µ‖x(t)‖2 ≤ 1

2
σ(t)>σ(t)

≤ V (t)

≤ V (0) =
1

2
Γ−1

(
tr
(
ω̃(0)>ω̃(0)

)
+ L̃1(0)

2
+ L̃2(0)

2
)
.

(65)

Consequently the following upper bound holds

‖x‖2 ≤ ρ0
Γµ

(66)

where ρ0 = tr
(
ω̃(0)>ω̃(0)

)
+ L̃1(0)

2
+ L̃2(0)

2
.

Since ‖ · ‖∞ ≤ ‖ · ‖ and this bound is uniform, the
bound above yields

‖x̃τ‖L∞ ≤
√
ρ0
Γµ

,

which holds for every τ ≥ 0, and leads to the uniform bound
in (52).

Moreover, using (64) it can be written∫ t

0

V̇ (τ)dτ = V (t)− V (0) ≤ −
∫ t

0

ρσ>(τ)σ(τ)dτ (67)

Hence

V (t) +

∫ t

0

ρσ>(τ)σ(τ)dτ ≤ V (0). (68)

Since V (0) is bounded and V (t) is a non-increasing
bounded function, it follows that

lim
t→∞

∫ t

0

ρσ>(τ)σ(τ)dτ <∞. (69)

According to Barbalat’s lemma [34,35], it can be concluded
that

lim
t→∞

ρσ>(τ)σ(τ)dτ = 0, (70)

which means that

lim
t→∞

σ(t) = 0 (71)

and

lim
t→∞

x̃(t) = 0, (72)

and the proof is complete. �
Remark 5. Similarly to the L1 adaptive control with

gradient decent adaptation, the error uniform bound can be
made arbitrarily small using large values of the adaptation
rate Γ. The advantage using the sliding mode adaptation
is that it can show the formal proof of asymptotic conver-
gence of the prediction error and the performance bounds
as we can see in the following theorem.

Theorem Given the system in (29), the reference sys-
tem (40) and (41) and the L1 adaptive controller (30) to
(35), then

‖x‖L∞ ≤ ρ, ‖u‖L∞ ≤ ρu,
‖xref − x‖L∞ ≤ γ1, ‖uref − u‖L∞ ≤ γ2.

The proof is similar to that given in Section 3.2.3 of [21].

5. Simulation Results

In this section, simulation results for the L1 adaptive con-
troller are presented. The performance of the L1 adaptive
controller was compared with the Adaptive Integral Back-
stepping (AIB) based path-following controller proposed
in [36, 37]. The dynamics of the inner-loop controller are
assumed to be robust against wind. The considered full
airship model is from [38].

In the implementation of the L1 adaptive controller,
the following parameters were set:

K = 2 I3, D(s) =
1

s
I3, λ =

[
0 −1 0 −1
0 0 −1 0
1 0 0 0

]
A state-feedback matrix Kp was computed by the Lin-

ear Quadratic Regulator (LQR) method to obtain the de-
sired closed-loop system dynamics matrix Am.

The airspeed of the airship Va is assumed to be regu-
lated at 20m/s.

The performance of the controller was evaluated with-
out wind, with time-varying wind and with constant wind.

The results show that both controllers give a satis-
factory performance when there are no wind disturbances.
The trajectories of the airship and the path-following er-
rors relative to the desired path are shown in Fig. 4. The
trajectories are smooth and precise and are almost not dis-
tinguishable from the references. The L1 adaptive controller
shows relatively better performance for both transient and
steady state errors.

(a) L1 adaptive controller (Desired blue).



9

(b) AIB controller (Desired blue).
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(c) Trajectories errors (L1 red,
AIB green).

Fig. 4. Airship trajectories and errors without wind

The output commands of the L1 adaptive controller,
the speed of virtual target and the orientation of the air-
ship are illustrated in Fig. 5. It can be observed that the L1

adaptive controller has produced smooth commands. The
commands of the AIB controller are not shown because
they are based on the computation of the velocity and the
attitudes [36, 37], and they cannot be fairly compared to
the commands of the L1 adaptive controller.
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(b) Desired and actual angles (L1
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Fig. 5. Simulation parameters without wind

In the second test, a time-varying is introduced at sim-
ulation time t = 60s, with a velocity that is assumed to be
a periodic signal [0, 3 + 3 sin(0.2πt), 3 + 3 sin(0.2πt)]>m/s.

It is shown in Fig. 6 that the AIB controller is not
able to keep the airship on the desired path, whereas, as
expected, the L1 adaptive controller performs better and
maintains the airship on the nominal trajectory.

As it can be observed from Fig. 6c, the maximal long-
track error xe, cross-track error ye and altitude error ze, are
within reasonable limits, considering that this wind condi-
tion is extreme for an airship.
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(a) L1 adaptive controller (Desired blue).

(b) AIB controller .
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Fig. 6. Airship trajectories and errors in wind

Furthermore, it can be noticed in Fig. 7a that the com-
mands of the yaw rate rc and path angle γc are produced to
counteract the wind disturbance. It can also be noted that
the speed of the virtual target is accelerated or decelerated
as necessary.
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(b) Trajectories errors (L1 blue,
AIB green).

Fig. 7. Simulation results in wind

Next, a constant wind is introduced, blowing with a
velocity vector of [0, 6, 6]>m/s. In Fig. 8a, it can be seen
that the trajectory of the airship is smooth and precise in
these relatively extreme wind conditions. From the data
presented in Fig. 8b, it is evident that the altitude error
ze has been eliminated entirely. Additionally, the maximal
long-track error xe and cross-track error ye are relatively
small, even though the airship is operating under extreme
wind conditions.

As shown in Fig.9, the residual errors in xe and ye
are due to the periodic nature of the trajectory reference
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for a helix path. It is well established that state-feedback
systems can have relatively poor reference tracking per-
formance, which contributes to these residual errors. It
has been demonstrated in a simulation case of straight-line
path-following that the tracking errors xe, ye, and ze con-
verge actually to zero, as shown in Fig. 10.

(a) L1 adaptive controller (Desired blue).
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Fig. 8. Simulation results for helix path in constant wind
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Fig. 9. Reference trajectories

(a) Airship 3D trajectory (Desired blue).
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Fig. 10. Simulation results for straight-line path in constant
wind
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These simulations demonstrate that the designed L1

adaptive path-following controller shows good performance
in wind conditions. This is due to its robustness and fast
adaptation in the presence of external disturbances.

6. Summary

An approach for adaptive 3D path-following by an airship is
presented in this paper. General three dimensional curved
paths are considered. The design is based on the control
of the motion of the airship towards a virtual target. The
main idea is to formulate path following of airships as a
control design for systems in the presence of parametric un-
certainties and external disturbances. Assuming that wind
is time-varying, the proposed solution is based on sliding
mode L1 adaptive control. At the same time the controller
provides the desired vehicle attitude and the commanded
speed of the virtual target. The proposed approach makes
clear statements for performance specifications of the con-
troller and relaxes the common assumption that the wind
speed is constant. Simulation results are presented that val-
idate the efficacy and efficiency of the proposed controller.

The formulation of airship path-following as a prob-
lem of control design in the presence of uncertainties and
external disturbances opens a gap for the introduction of
a large panel of control methodologies for the development
of robust path-following in wind. Future research can also
investigate the design based on cascaded L1 adaptive archi-
tecture, while the attitude controller is based on L1 adap-
tive control.
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