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SULMMARY
It is shown that the rate of subsidence or

divergence A of a system which is near a state of
neutral static stability can easly be calculated
from o knowledge of the mode of displacement in the
neutral state and this mode is found by solving a
set of linear algebraic cquations. The first order
correction to the mode can also be found cnd in
important cases this can be made the basis for
caleulating a sceond approximation to 2§ il
necessary a further correction to the mode can

now be found and from this a still more accurate
root con be caleculated. The method can be
"extended to convinuoug systems having infinitely

many degreces of freedom.
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T Introduction

Systems which are nearly in a state of neutral static
stability are of considerable interest and technical importance,
Exactly neutral systems arc speclally simplc in as nuch as the
neutral mode of displacement can be found merely by solving a set
of simultaneous linear algcbraic equations. It is shovm in this
paper that the small rate of divergence or gubsidence A of a nearly
neutral system can be very casily calculated to the first order of
small quantitics from o knowledge of the neutral tiodey +the first
order corrsctions to this mode can readily be found also. When
the matrices of the inertias, dampings and stiffnesses arc
symmetric the mode correct to the first order can be made the
basis of a calculation of » correct to the second order. Tor
a continuous systen with infinitely many freedoms the Pipgt order
approxination to A con be derived from the values of the potential
energy and rate of dissipation of encrgy in an imaginary divergent
motion proportional to the neutral mode and having A equal to

unity.

Za Exactly Neutral Svstems

The nmatrices of the inertias, damping cocfficlents and
stiffnesses arc, as usurl, denoted by A, B and C respectively.
These arc square nmatrices of order n wherc n is the nuber of
degrees of freedom of the systcm. The static displacements g

corresponding to static loads § are given by

Oq_ = Q -.-0.0;.-0--0--.(2,1}
or q_ = G Qa .=u¢o.-.--¢-n-01(2,2)

Tf the determinant of C becomes very small the clements of C-1
becorie very large and the displocements ¢ corresponding to given
loads Q also beecome very largc. Vhen | 01 vanishes the system

is in a state of neutral static stability and then finite displacements
can occur in the absence of ﬂpplied.loads.ﬁ Since the constant ternm
in.the determinantal cquation nf the system is equal to !Gi, the
equation has the root A = O when | ¢l vanishes. Thus the

/velocities ¢

We can supposc this motion started by an extrenely snall
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velocities 8§ and accelerations 4§ are zero in the mode of
displacement corrcsponding to the root A = O. There.are, however,
(n=1) other modes which, in general, correspond to non-vanishing
roots A and in these nodes the velocities and sccelerations are
not, in general, zero. Cases of nultiple zero roots can arise
but are rare. When a displacement occurs in the neutral mode the
forces are always balanced. Hence the total work done in a neutral
displacement is zero. As an exanple, when the angle of incidence
of an aircraft varies slowly when the centre of mass is at the
longitudinal neutral point the resultant acrodynamic force is

constantly equal to the weight of the aircraft.

B Nearly Neutral Systens

Suppose next that the system is near but not in the
state of neutral static stability. There are then some simple

ncthods for finding the characteristics of the nearly ncutral mode.

(a) The matrices A, B and C are all symetric

In this instance we can apply an extension of Rayleigh's
Principle, Suppose that in a datun state of the systen
there is a characteristic root A and a corresponding
nodal coluin ¢. Then A nust setisfy exactly the

quadratic cquation
e :
A(a'Aq) + A (a'Bg) + ¢'C g =0 PRI, (.. 4

wherc the cosfficients are quadratic forms in the elements
of q. This equation is obtained from the dynanical

equation in matrix form

}\2 Aq +ABg + Cg =0

by premultiplication by q'y the transposed of q, i.e.

the row nmatrix having the same clements as the column g
the equation is true whether A, B and C are symmetric or
not. Now let 4, Band C be symmetric and let the
elenents of gq depart from their true velues by small
quantities of the first order. Then according to

the principle the value of the root A obtained fron

the quadratic equation (3,1) will only be in error by

a snmall quantity of the second order Accordingly,

let A, B and C refer to the near neutral state and

/substitu‘te .o
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substitute for g +the neutral modal column 94, (which is
very easy to calculate). The root will be a small
quantity of the first order and 232 will be of the same
order as the terms neglected and therefore to be discarded.
Hence we derive the approximation

Y @
i SR u
b 1
qOBqO

S evesygisae Ly 2)

which is easy to compute.

Let C reduce to GO in the exactly neutral state so that
c q & 0, .-.-uc----otaoc(3,3)

AlSO let C = CO + &C o.unoanea-oacoo(ﬁ,#)
where the elements of 5C are small quantities of the first
order and CO is gymmetric. Then by (3,3) and (3,4)

- Al & -
qO C qO = qO bG qo . .-o--o.cunv--o:(),5)

and (3,2) becomes

ql 6C g
h = - 2 2 ) |-o|no.|l|--o.n(3,6)

t
% * %

which is correct to the first order of small quantitics.

From knowledge of this approximation to A we can calculate
the first order correction to the modal column a mercly
by solving o set of simultancous linear cquations (EEE
equation (5,13)).

The approximation to A can now be improved by use of
the corrected modal column and the equation (3,1). Since A
is a small quantity of the first order equation (3,1) will
be corrcct to the second order if q'Bg is correct to the
firsgt order and q'Cg to the second order. Now suppose
that all the elcments of 6C are proportional to p, which

is thus of the first order, and let

60 = p 01. c.aotooononloo(ﬁ,?)

Suppose also that to the sccond order

2
q. = qo+pqp\ +Pq2, 00..!0...0...1(3,8)

/ﬁﬂhare Vew
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wherec 4y is now known but 9, is not. Then to the second

order of small quantitics

it

1 ! |
40g P (qo Co qﬂ * qo C1 qo)

+

5]

£ 1 1 4 [ t
P (qo Go 9 * 9 61 Y Ty CO b qﬁ 01 QD)
l.l.‘.".lll.(3,9>

in view of (3,3). But equation (3,3) gives by transposition

@, C, =0 cresnssngaess(3,10)

since CO is symmetric, Hence (3,9) becomes

Nol

! o
G4 = P g0 g

2
+ 0 (g) Cp g+ af O q +aCpa) enna(3,1)

Now this does not contain 4, and we conclude that
equation (5,1) will be correct to the second order of

small quantitics when we substitute for q the approximate
modal column which is correct to the first order. Hence
the small root of (5,1) will now be correct to the second
order,

The improved approxination to 7 obtained from the
quadratic equation (3,1) can bte used to obtain an improved
approximation to the corresponding mode by use of the
dynamical equations, Then this rccalculated mode may,
if desired, be used to obtain a still bebter approximation
to A by means of (3,1)., The whole process can be repeated

as of'ten as desired,

(b) The matrices 4, B and C arc general, except that

C_is nearly singular

The dynamical equations in matrix form yield
(A“A+7AB +C +50)&% +6q) =0 FPFIECRMPRL. | )

vhile (3,3) is again satisfied. If we now neglect second

arder tecrms we cobtain

thD'i‘CO Cq 5""60 qo. .QI...I.I'(5,13)

/i‘lhis see
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This recprecsents n linear scalar equations and there are
apparently (n + 1) unknowns namely A and the n elements of
8qs However, the modal column is arbitrary to a scalar
nultiplier and we may accordingly assign one of the elements
of 8q, say meke onc clement zcro. We have now n  unknowns,
which can be calculated,

We ghall now show that when CO is symmctric this
procedurc leads cxactly to the value of A given by (3,2) or
(3,6). Prenultiply (5,13) by qé. We obtain

A qé B 9, == qé (CO g + BOqO)

= - q:} 60(10

by (3,10) and this is identical with (3,6).

Lo A Simple Numerical Example

The inertia matrix is

Lt @ 47
.A. = 2 5 2 Il.".ll.llill'lil("q‘-,‘?)
41 2 6.

The danping matrix is

Z 44
B = 1 2 1 .lllll.o..lo..ﬁa..(hw’z)
3 % g

The stiffness natrix is

O = CO +6G |lo.a..l¢loi¢.'cal(ll-,5)
whers
GO: 3 1 -.os.o.nooaculnn.o-(-’-}'l{-)
i
Lﬂ 1

and is singular, while

g ©
6C=p O O G u-..c..tnu--toa-anuo(4,5)

g 8 9

where p 1s supposed to be smalle The matrices are all symmetric so

both methods described above are applicable, To facilitate

/Comparisons «ee
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comparisons with the approximations which we shall obtain we give

the expansion of the sxact determinantal equation for } , namely
! A A+ NB + C i

83}“\6 5 9ERT % (16p + 144)?’\4

(4p + 86) A2 + (21p + 33)A 2

+

+ (8P+6):'\ + p = 0, o-ooona-oo-oc(i{.,6)

When p is zero this has a zero root in accordance with Co being
singular, The nodal coluan 9, corresponding to the zero root is

obtained at once from the linear equation

Coq_o.".o

and is found to be

q = 1 'l......l""(“'}"?)

where the last element has been assigned the value unity, When p
is given the value 041 we find fron (4 6) the truc value of the

nunerically small root and the corresponding redal colun to be

?‘ = “00015971 nao-.naa-ao-.c(i{-,a)
- 2,22535 |
q = 1'1581{-0 ..-.o--.--.---(4,9)
1.0

to 5 places of decimals,
The first approximation to the small root as given by (3,6)
is
A= -Ex-omma. IG5
Equation (3,13) yields the sane value of A and when we assign the
zero value to the final elenient in 8q we obtain the approximate modal

colurm

"= 2,21667
1.13333 PORPTRPPUINSITRII 1. -
1.0 i

SO yas
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On substitution of this value of g in equation (5,1) we obtain the

guadratic equation

22,12778 }.2 + 7.20500 A

+ 0.1094y =0 cre e bananirniini )

of whichrnthe smaller root is

k = - O|0159? uﬁou..--.-.-|(4,15)

L
This differs from the true root only by about 1 part in 5,000,

The error in the modal column is of the order of 3 per cent and the
departure from the neutral modal column is about 10 per cent.

For comparison, the calculation has been repeated with the
inertia matrix reduced to onc guarter of that given in (4,1), i,c. with
all the inertia cocfficients rcduccd to one quarter of their former
valucs. The first order approximations to A and to the mode remain
as in (4,10) and (4,11) rcspectively. However, the quadratic
equation (3,1) giving the second approximetion to ?} is obtaincd from
(L,12) by rcducing the cocfficient of"?';2 to onec quarter of the value

in (4,12) and the second approximation is
hz—OUO‘1537.1' .il.c.t.aold..(h—,"’—]—)o

Now the 'exact!' root as obbained from the detcrminantal cquation is
h=-00015570 t.-oo-.n...nnw(}-}-’15)

so the error is only about 1 part in 15,000 or say one third of the

former Crrores The 'exact' mode is

- 2.29_377-|
1.13745 P I IS B
1.0

I

q

so the first approximation to the mode is in error by roughly O.3

per cents

/8% ‘s




B Details of the Procedurc in Dealing with a Nearly Neutral Systom

We suppose that the determinant fC I of the stiffness
matrix has been cvaluated and found to be small, so the gysten is near
a state of neutral static stability, It is now convenient to consider
an artificial state of the system which is cxactly neutral and we can
derive this mercly by varying one clement of C3 this clement may be
chosen 80 as to simplify the calculation, The increment of the
chosen clonent is = |C | /K where K is its cofactor. We next
derive, merely by solving a set of linear ¢quations, the neutral
node q, and nay then proceced as explained in gj. There is some
adventage in choosing the element of the modal column which is
arbitrarily kept fixed so that the product of this clement and the

varicd element of C occurs in the calculationse

6  Treatment of Continuous Systens

The methods given above are not, in gencral, immediately
applicable to continuous systens having infinitely nany degrees of
frecdore  We may, however, treat such gystens with any desired
degree of approximation by the 'Lagrangian' ncthod in which the
continuous system is represented by another having a finite nunber
of degrees of freedoris This nethod, alsc known as 'the method of
seni-rigid reprosentation', has been much used in dealing with
acro-clastic problens and is of great utility. The nethods
explaincd in the present paper can be applicd at once to the semi-
rigid rcpresentation of the sytem,

Another method can be applicd directly when the forces
dependent on the displacencnts are derivable from a single~valued
potentiel, for then the stiffness natrix is symnetrics We saw in
EB under iten (b) that equation (5,2) is valid to the first order of
small quantitics when CO is symmetric whatever nay be the nature
of A and B, Now Go will be symmetric in the circwistances
we have postulated so (5,2) is applicable however many degrecs of
freedon the systeri may possess. To assist the application of the
fornula we now give a physical interpretation of the numerator and
denoninators  We know that the potential encrgy stored in the system

when the displacerient is 9, is

o U
v -2 qocq_o- --cocoo-noc'qo--(6_~1)
Next, the time rate of dissipation of energy in the systen is

D ._:Ell Ba' ..tl)ll.ll..!".(G,g)
and ...

* See, for example, Chap. V of 'Mechanical Admittances and their
Applications to Oscillation Problems! by Weds Duncan,
R. and li, 2000 (1946).




and if we suppose that

q :qDCAt .oono--to--ucdoa(G,})
this becomes
D(?‘i) =h2q‘;)Bq'O. . l.ooo-aloco--u-.(6,l}.)
Thus we see that
qu)Bq'O ::D('1) .l.....ll.....l.(6,5)

where D(ﬂ) is the rate of dissipation of energy when
q = q € OUCOltcacnaool.v(s,s)

Accordingly equation (3,2) becomes

N A o seassassnanssessnkbyl)
D(1)

The numerator and denominator can be calculated for a continuous

system when the neutral mode of displacement is known




