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SUMMARY

This note considers the effects of thermal
conductivity upon the temperature distribution in the
skin of a body (moving through the air) due to the
heat transferred from the boundary layer. It is
found that the effects are of importance only very
near the nose of the body, and that here the tem-
perature reaches a maximum which, depending on the
gkin conductivity and thickness, may be appreciably
less than the thermometer temperature, particularly
at high speeds and altitudes of flight.
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representative length along the body surface.

U/a, the local Mach Number.

3
kH%p1U1wﬁi
= U1x/v

17 the local Reynolds Number.
temperature.

defined in (3.3).

maximum temperature of skin.
'thermometer' temperature.

velocity of air relative to body.
speed of sound.

specific heat of skin.

local skin friction coefficient o
(= skin friction per unit area + Zp, Uy ).

thickness of skin.

s
= g Ry s -
thermal conductivity of skin. T;f
heat transfer coefficient (= heat transfer from 3
boundary layer per unit area per unit time = %p1lh )

value of k., at x = L.

H
heat flux across skin (in direction of y-increasing).
Stefan's constant.
time.
system of cartesian coordinates parallel and
perpendicular to body skin, with origin at
outer surface of the skin at the nose.
ratio of the specific heats of air.
defined in (3.3).

emissivity.
_ 6-8/13 £,

1l

Tw/Tm.
viscosity of air.

— M/pg the kinematic Viscosityf



Notation (contd.)

w

= x/L.
air density.

Prandtl Number of the air.

- L du d to b tant
= 5 ar + @ssumed to be a constant.

Suffix O refers io conditions at 0°C and 1 atm. pressure.

1 refers to conditions just outside the boundary
layer.

a refers to conditions in the ambient air at the
altitude of flight.

B refers to conditions at the inside surface of
the body skin.

w refers to conditions at the outside surface
of the body skin.



1. Introduction

An estimate can be made under certain circumstances
of the heat transferred from the boundary layer over a moving
body to its surface, but the equations governing the tem-
perature distribution within the body are so complicated that
some approximation in their solution is necessary. The most
commonly adopted assumption is that the conduction of heat
along the surface may be ignored, although as far as the
transfer of h-~t across the skin into the body is concerned,
it is assumed ~ be a perfect conductor (i.e. no temperature
gradient exists), so that by relating the heat transferred to
the body with its thermal capacity an estimate may be made of
the rate of increase of body temperature and its final (steady
state) value found.

In this note we shall attempt to justify this
procedure. We find, in fact, that it is only very near
the nose of the body that conductivity is at all important
in relation to the longitudinal variation of temperature,
and this leads us to an estimate of the maximum temperature
reached on the surface of a body which is different from
the so-called 'thermometer temperature' reached on a non-
conducting skin, the difference being appreciable parti-
cularly at high velocities or high altitudes of flight.

e shall consider the problem in relation to a body covered
with a thin skin, insulated at its inside surface, which
enables us to introduce some simplifying assumptions in
reaching our answer.

Of the fundamental assumptions implicit in the
following discussion, the most important perhaps is that
the air in the boundary layer acts as a homogeneous medium.
Near the nose where conductivity is important, the boundary
layer will be very thin: so thin, in fact, that the
molecular mean free path may be of commensurate size.

Since the molecules areé only capable of transferring a
finite amount of heat energy to the surface, it cannot

be expected that the theoretically infinite rate of heat
transfer at the nose (where the boundary layer originates)
will be realised in practice, so that considerations of
inhomogeneity may well set a limit on surface temperatures
over and above that suggested here.

2. The Basic Problem

We' shall consider a two-dimensional body  of
such a form that the pressure gradient along the surface
may be neglected, in which event we may express the
local heat transfer coefficient as a function of the
following variables:

=

5 W
ﬁka=f(M1; Yg G’ w, ﬁ)’ a‘ncnoo(2.1)

the symbols being defined at the beginning of this note,
and w may be regarded as determining the variation of
viscosity with temperature.
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For the laminar boundary layer Crocco1 has
found that approximately

“th L Tw
1 - 1 = 1 (2.2)
Cp o170\ T ’
gl e R
.1
where
2 ¥=1 .. 2
S [ R Nl
Tow = Tq(1 + 0% 5= M,7)

is the ‘'thermometer temperature', and Young2 has obtained
for the skin rriction cosfficlent

T "'(1—(‘3)/2

] e 1
ﬁx c, = 0.66L l‘o.u5+o.55 % + 0.09 (Y-1)M12 05]

The rate of heat radiation away from the surface
of the body is given as

L
ewfsTW

where s is Stefan's Constant and aw is called the 'surface

emissivity' depending upon the quality and colour of the
outside bofy surface, and to a certain extent also upon
its temperature (Ty), although we propose to neglect this
last effect.

The air will also be radiating heat to the
surface. An infinite layer of gas will behave as a
black body emittor for those frequencies of radiation
which it absorbs. For practically all the constituents
of air except water vapour, these emitting bands are so
narrow that the atmospheric radiation may be ignored,
at least in the stratosphere, where water vapour is
virtually absent. At any rate, the radiation is at
such a low temperature that it is negligible compared
with that from the body surface in most problems of
practical importance. Strictly, one must also include
radiation from the sun and the earth's surface as well,
but these too will be ignored here, although they may
certainly be important in some problems.

The boundary layer is, however, a part of
the ges which is at high temperature,; and the gquestion
naturally arises as to its radiation. However, the
layer is of such a small extent that its emissivity is
in no way comparable with that of a black body, and may
be neglected compared with, say, the heat input due to
conduction. Such a statement needs Jjustification, but
this will not be attempted here.
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To sum up, the net heat input to the skin we
shall treat as

Uy -e,8 TWL‘ J \W\M ..... (2. 4)

7 T NG
per unit area, and this will only be valid for{ T%;) >>1.
A

1l

=

(o=
(S

The heat output from the body's inner surface is of course
something over which the designer has some control. We
shall express it as

qB = +sBsTBLI' ...... (2.5)

(measuring heat flux g in each case in the same direction -
into the body), where e must be determined in relation to

the particular problem. It is quoted in this form since
the inside of the body is generally a poor conductor and
the heat loss is usually merely by radiation, so that the
variation of eg with temperature may be small: however, €
will only be the surface emissivity if in fact the bedy is
not absorbing heat from internal sources of radiation as
well.

The temperature distribution inside the skin of
the body will be governed by an equation

aT
kv T = C“a'f . .lltll(2.6)

subject to the boundary conditions that, if we measure y
in the direction of the normal to the body surface towards
the inside of the body,; then

H

:‘a\

Rl o= = = q
K ‘V"Jw \'f
llllll (2. ?)
L
k (ay)B T o q’B 4
and the outer surface temperature of the body is given
as Ty. In the same way as we assume a two-dimensional

body with negligible pressure gradient, we alsc assume
the body skin to be two-dimensional and plane surfaced,
which is the most reasonable interpretation of these
conditions in supersonic flow.

Evaluation of Maximum Temperature

We shall now make two further assumptions.
Mirstly, that conditions are steady: this is valid
for most flight conditions in that region of the
surface where the maximum temperature is reached.
For initially, at least, the temperature there is
less than that for which the heat transfer from the
boundary layer is zero (i.e. Ty % Tth) so that the
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heat input becomes infinitely large near the nose (because
o 1/, %), with the result that the skin reaches its

anal steady (equilibrium) value very rapidly. Then we

shall also make the assumption that the temperature of

the skin does not differ greatly from that at its outside

surface. Stated formally we assume that

&

(\__T__El> L8 A, - FHOYT WOTVEE - 5. 1)

w
4
Butv
T -T g d s T3 a
Wzo(d_ﬂ) —o(—‘"" ) | il )
Tw Tw y ~kTw- k

since, as we shall see, q = 0(s Tgﬁx} in the region

where the wall temperature reaches its maximum value, T

Putting as typical values: = k = 0.1 cal/cm. sec.deg.C. ,
d =1 mm, and Tm < 15007 K, we find that

max’

ax
2

8 Thax @ y e
k - 200

so that the skin temperature is within 1 per cent or so
of the wall temperature; even where the temperature
gradient across the skin is highest.

Integrating equation (2.6) across the width of
the skin, i.e. with respect to y from O to 4, we find
that, using the above assumptions:

2
a°r .

kd 2’”+k(§3} _k(g—T) % 0
dx /B Yiw

and from (2.4), (2.5) and (2.7) it follows that

2
a TW

¥ L 1 3
o il [(awq.sB)sTW-kHép,l U,I:I. voucamos Rohis )

We now write

A5 s g 2 5 .
£=x/L, 0="10/T, 27T kd/L°(ky)_p,U7 =5,

B _ (kH)m p1U13

sT
m
2(e, + &p)
where
(& : “n (
H)m=J—?\ £(Mys 5 O m,ﬁ) IR
L

is the heat transfer coefficient at € = 1, corresponding
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to a wall temperature Tms this temperature T is that
which would be reached at this position in the absence
of any conductivity along the skin. Then in (3.2)

B ir i A
dEz (kH)m

If we now treat & << 1, then it follows that this has
the approximate solution

k
eLI- - (kH) 3 0(5) ...... (3.5)
H m
except where
2 b4
g-u§= O(_@_)’ ua.ool(306)
ag O
i.e. except where the rate of heat transfer, neglecting
surface conductivity, becomes very large. In fact, such
a state is reached near the nose where £ << 1. For, on

neglecting 6, since from (2.1)

Tm
f(M1g Y, O, Ws 5] '_')

k T
(kH) = — wr Bl 0
Hm g-é- f(M1sY9 Oy Wy ?I_Tl_)

1

as £~ 0, it follows from (3.5) that
Tm
e 1 d (3.8)
e ~J EQ' ) = BT 3-8
ol

This implies that the heat transfer coefficient must tend
to zero as £ = 0, which means that Ty, — Tty (see e.g.

equations (2.2) and (2.3)). 1In fact, from (3.8) it
would follow that

1, »
_nalh & SRl
m

so that
2
d g i 5'3/2
ag
and becomes infinitely large near the nose. Hence; by

(3.6), equation (3.5) is invalid if

E = 0(52/3). ...... (3-9)
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To recapitulate, for small values of 5, which
neans either a thin skin (as already assumed) or a low
skin conductivity, the temperature distribution may be
obtained simply by equating the heat input from the
boundary layer with the heat radiated away from the gkin,
except near the nose where conductivity has an effect
upon the temperature which would otherwise approach the
thermometer temperature. An analytical solution is
hampered at this stage by the unknown or obscure way in
which the heat transfer coefficient varies along the
surface. The solution of (3.4) entails a knowledge at
least of the variation of ky with Ty and x (i.e. with ©
and E). However, we have seen in (2.2) and (2.3) that
although ki may be related to Ty, the relation is a
complicated one: at best this solution applies only to
laminar boundary layers, and there 1s no corresponding
solution for the turbulent layer. For this reason we
must at this stage introduce another simplifying assump-
tion: that we neglect the variation of kg with Ty;
we shall, in fact, now write:

This is plainly unjustified if in fact T, approaches Tiy
as we have set out to examine the effects of conductivi%y
which we have seen will in fact make Ty different from Ty
at the nose, we are evidently seeking a solution where
such & condition (that Ty—> T4y) is, by implication,
absent. If, indeed, the results of our work imply a
value of the maximum wall temperature commensurate with
the thermometer temperature Ttys then our assumptions
break down and the inference is that in this example
conductivity is unimportant. Bearing in mind our con-
cern with heat transfer at high speeds where Tyy 1s
large, we may even go so far as to say that if our
assumptions break down (and Ty is large also) the

results are of little practical interest.

Proceeding on the basis of equation (3.10)
and writing

g = 6"1/13*c, deand v v 58/13-q v
we have in (3.l4) that

)
e e T T e T s (3.11)
dn T]ne_

The boundary conditions to be applied concern the
values of :
ar 9/13 o 9/13 (1_ Yw
= & = o ("T"" d_ /] s e e (3- 12)
< m 3

an E

at ¥ = 0 and X =4 — at the two ends of the body —
since the temperature gradient there determines the
heat flux into the skin. If this heat flux is finite
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since we are treating 6 as an infinitesimal, it follows
that

dt . '
a*ﬁ:'«:o at T]:O and oo . v AR B RS (3.13)

Provided that the skin is thin enough, the end
effects will be unimportant; which is just as well, since
there are many circumstances which could affect the precise
nature of the end conditions. In other words, the skin
temperature will be a maximum at the nose, and will be
asymptotic to the zero-conductivity value at large distances
from the nose. A numerical solution of (3.11) has been
constructed to satisfy (3.13) and is shown in Figure 1.

It will be seen that conductivity has litt1889§ ect even
a8 near the nose as where n = 3, i.e. x = 38 L, and
that the maximum value of 7T is

(t), g = 1.11.

Hence; the maximum skin temperature is determined as
T-1/13
3 ¢ 5 pEesse b))

27 k d
T = 1.11 T Z

max mie 2
- (kH)mp1U1

After some rearrangement, from the definition of T, it
follows that

= g 1
Qh
ol = 1.11 . - % S4B, 15)
_kds (sw + eB) .
i 16 ig

where, by (3.10), Q is - by assumption - independent of x,
and where the other parameters are

k = thermal conductivity of skin

d = thickness of skin

g = Stéfan's constant
ew = emissivity of body outer surface
and BB = net rate of heat emission from body inner

surface < S TZ*, (TB being the temperature
of the lnner surface = Tw).

Equation (3.14) shows that although the quantity in square
brackets (which we have called &) is assumed << 1, it
occurs raised to such a small negative power that it follows
that Tpayx is often not very much larger than the representa-

tive body temperature Ty,. To take a typical case where

might be of the order of 1/1000, then 6'1/13 is only 1.7
and Tpax = 1.87 Ty Of course the concept of a
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representative temperature was conceived chiefly for the
purpose of introducing a non-dimensional notationy
equation (3.15) shows that Tpgx is independent of this
particular temperature and of the representative length
L, as we would expect. It is affected only by down-
stream conditions insofar as we have assumed in (3.10)

a simplified 'mean' value of Ty in stating the value of
ky. In fact, since conductivity is extremely local in

its effects, it would seem justifiable to base ky on the
local body temperature Tpgxs 8lthough there is no
analytical justification for this step within the
accuracy of our estimates here. On the other hand, of
course; if (as is assumed) Tpgx is not of the same order
as Tty then Q@ will in (3.15) be virtually constant over
the entire surface, and the choice of an appropriate
value for Ty in kg is not important numerically.

By the same token, in an expression such as
(3.10) we have not included the effects of a transition
to turbulence which would relatively increase the heat
transfer at stations behind the transition point; but
provided the extent of laminar flow is such as to allow
us to assume that transition occurs at a large value of
T}» the analysis need not take account of its presence,
and we may neglect the effect of transition upon conditions
near the nose - treating the flow as laminar everywhere.

Numerical Calculation

Bearing in mind the remarks at the end of the
last paragraph, we shall in (3.15) use a value of kg
valid for the laminar boundary layer as given by (2.2)
and (2.3), replacing Ty in these expressions by T gx.
That is
- 2 Thax 4 1 Tmax % 2 i<
P+ 2o (Y- - | 1+ +5 02(Y=1)u \}
1 1 l—

—

9 T1 5
Q = 0i950; T

M
\‘:_‘
-

02/ 3 (r-1 )M2 .Jl

1/1 2w=8
¥ / 2 10 2'/3. /13, (935) 1/13
max _ o 96( Do o To gLy (-T.l)
! 4 \TO

T kd s> TO13

i |
I

3 P T = o
% l} " 021'5-1) ue - $ax] P; L A1 _max +02(5Y-—1)M2L‘

i
which is an equation connecting ( ﬁax) with the known
1
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parameters, where suffix 0 denotes characteristics of the
air at some reference condition which we shall take to be
at 0°C at 1 atm. pressure, so that

2g 10 2
Pg “g Mo

= 2.43 x 107

3 13
kds T0

if we choose k = 0.1 cals./cm.sec.deg. C, and d = 1 mm.

as representative values (corresponding to, say, 19 gauge
steel). For other values of k and d, Tpgx varies inversely
as their thirteenth root. We shall also take

¥ = 1.4Ds G = Dy T2y - 0= .00, snd e, + g =1

so that for a flat plate at zero incidence to the main
stream

: . 1
Thax L% !32.2/13129;F-523(j+0 1?M2_Tmax ?/ g
Tg i Po/ Ta Iy /
: \=4/65
/ i
L1+o.o7m2+1.2 —%ﬁ§§ w2/ 13
L a ..fJ

where Ta is the temperature of the ambient air.

In Figure 2 the value of Tpax/Tg is shown
plotted against M for various altitudes of operation.
The formula breaks down for low M because the value of
Tmax is there very near to Ttps, @nd this invalidates
the arguments used in this discussiony it is also then
invalid by reason of the neglect of atmospheric radiation
which, as (Tpax/Ts) nears unity, becomes all-important.
Quoted in this form, the variation of the ambient air
temperature Tg with altitude is required before we may
estimate Tpgxs, and the variation assumed in these
calculations is given in Figure 3.

We have here also assumed that conditions
outside the boundary layer correspond to those of the
anmbient air; this is not necessary as our discussion
is applicable to bodies without a pressure gradient,
and not necessarily to flat plates at zero incidence.
Assuming an adiabatic variation of state between ambient
air conditions (denoted by subscript a) and those just
outside the boundary layer, we find that the maximum
temperature is increased or decreased in the approximate
ratio:

“max 2g

1/4
iy . pa) '
( max)flat plate

For 'slender' shapes, this is a relatively unimportant
correction. '
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It is important to notice that the extent of
the region of high temperature; different from the zero-
conductivity temperature, is very small. We have,; in
fact; that

and on substituting for §

- 2/1 -
N kudu e kd
X =1 3 = 1.17m T
s(sw+-eB)Q s(sw-t-sB)TmaX
o s kv Ui 5)

Hence, with the values of k and d selected as before,
the position nm = 1 corresponds to

5

s )
36 = '-1372- cm. (Tmax

max

in deg. K). RPN

If Tyax is as high as 1000° K, the temperature would
have dropped to 900° X (at n = 1) just over an inch
back from the nose; for the position n = 1 corresponds
- as will be seen from Figure 1 - to a temperature
equal to about 90 per cent of the maximum.

Experimental Evidence

Little evidence can be advanced to support
these estimates of maximum temperature, simply because
the missiles which reach the speeds and altitudes for
Wwhich the correction due to conductivity is substantial
are few and far between. The V.2 is an obvious
example, but American tests give only the temperature
at stations a foot or more behind the nose and not a
few inches behind, where the maxXximum temperature is
reached. However, an examination of the fins and body
of operational V.2 rockets,after impact, by metallurgists
suggested that a temperature of at least 650°C was
reached, and using the data of this note weowould
calculate a maximum temperature of some 700 C during
descent (at about 60,000 ft. altitude). Bearing in
mind that, from (4.5), this would have dropped by
over 100°C within an inch from the nose, all that can
be said is that the order of calculated answer is
probably correct in this case. The highest thermometer
tempgrature reached in the trajectory corresponded to
148500,

On the other hand, calculations assuming the
skin to be a non-conductor (but of finite thermal
capacity) have shown good agreement with experimental
results at the measuring positions, which is precisely
what our theory would indicate - that, except within
an inch or so of the nose, conduction of heat along
the surface is unimportant.



Coneclusions

(1) The effects of heat conduction, within the thin
insulated skin of a two-dimensional plane-
surfaced body, on the temperature distribution,
arising from the heat transfer from the homo-
geneous boundary layer over the body in steady
flight, have been examined: it is found that
such effects may be accounted for approximately.

(11) The effects of heat conduction are only important
in the immediate neighbourhood of the nose of
the body - in a typical case, within the first
inch or two of the skin - and here heat is
conducted back along the surface reducing the
temperature near the nose and increasing it
further aft; compared with that temperature
which would be reached on a non-conducting
skin. The temmerature distribution is shown
in Figure 1 plotted against a non-dimensional
length n, which is evaluated in equation (4.5).

(11ii) This modification to the temperature distribution
causes the maximum temperature of a conducting
surface to be reached at the nose, but to be
less than the theoretical 'thermometer temperature',
by an amount which is appreciable at high Mach
Numbers or high speeds of flight. This tem-
perature is given by equation (3.15), and is
evaluated in a typical case for a range of flight
conditions in Figure 2.

(iv) Elsewhere than near the nose, it is concluded that
the skin acts as a non-conductor, so that an
analysis ignoring the longitudinal and transverse
temperature gradients existing in the skin, but
calculating the rate of increase of temperature
by relating the heat input to the thermal
capacity of the body, should (over most of the
skin) give an adequately approximate answer.

(v) The effect of the molecular structure of the air
may impose & limit on the rate of heat transfer,
and so on the skin temperature, which might
invalidate the assessment here of maximum
temperaturs.
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