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SUMMARY

The investigation reported in this thesis was carried out to
examine the behaviour of stiffened plates subjected to uniform end

compression using energy methods.

The thesis begins with a short intreduction, followed by a
review of the relevant literature. The basic differential equations

and energy expressions, using plate theory are then derived.

The theoretical analysis of the mechanics of local, lateral and
overall instability of asymmetrically and symmetrically edge stiffened
plates is then presented. The analysis is then extended to investi-
gate the behaviour of infinitely wide panels with stiffeners of
deformable cross section. The results obtained from this analysis are
used to highlight the shortcomings of using an infinitely wide panel
model to predict the behaviour of a panel of a finite size through
comparison with existing work. This is then followed by the analysis
of a simply supported panel of finite size stiffened by stiffeners of
rigid cross section. Plate theory was used to modél»the skin and
beam theory to model the stiffeners. The results obtained from the
analysis compared favourably with those already existing. The method
is then extended to investigate the post buckling behaviour of simply

supported plates and stiffened panels.

The post-buckling behaviour of plates has received a consider-
able amount of attention since plates can carry loads beyond the
critical load. The use of this additional strength.is of great
importance to the design of aerospace, naval and civil engineering
structures since considerable weight savings can be achieved. In
comparison the post4buckling of light gauge integrally stiffened
panels has‘received far less attention. Most of the published litera-
ture concentrates on the interaction between the local and overall
buckling modes and the sensitivity of panels to geometrical imperfec-

tions when the local and overall buckling loads are nearly coincident.

In all the above investigations, the overall buckling load for
the panel is assumed to be equal to the Euler load for a pin-ended

strut with the cross-section equal to the repeated panel cross-



section. This implies that the transverse edges of the panels are

assumed to be free.

In general, stiffened panels are supperted by a system of cross-
frames. A consequence of this layout is that lateral support is
provided on all boundaries of the panel and therefore the wide strut

model is invalid.

 In the present work the panels are assumed.to be simply supported
along all four edges. It is shown that the post-buckling behaviour of
these panels is substantially different to that of the wide strut

model.

The thesis finishes with a summary of the findings and a list of

the main conclusions.
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NOTATION
area of cross section
Et/(1 - v%)
flexural rigidity of plate
flexural rigidity of flange
flexural rigidity of web
flexural rigidity of skin
modulus of elasticity in shear
second moment of area about centroid
second.moment of area about edge O - y
bending stress resultants
membrane stress resultants
load
critical load
shear stress resultants
potential energy
half length of plate

width of flange

width of web
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thickness of strut

suffix relating to plate element
generalised‘force

displacement variable

generalised displacement of forces
thickness of flange |
thickness of web

displacements in x , Vi o0 24 derivatives
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1 INTRODUCTION

The design of many structures is governed primarily by the
behaviour of members in buckling. In recent years, the continuing
trend in the field of structural engineering for efficient use of
materials, leading to lighter and thinner structures has served to
promote the phenomenon of buckling to an importance not contemplated

in earlier times.

In the aircraft industry where there is an obvious necessity for
light weight, thin-walled structures, ie structures where the
thickness is much less than the other dimensions of the structures,
play an important role, their high strength to weight ratios make

them ideally suited for aircraft construction.

Plates and plated sections fall in the category of thin-walled
structures. In particular asymmetric and symmetric edge-stiffened
plate elements, such as.panels with 'L' and 'T' section integral
stiffeners are frequently used as structural components in aircraft
design. These stiffened elements, though representing a relatively
small part of the total structure, substantially influence their

strength, stiffness and stability.

The elastic instability of these sections when used as
compressive members can be initiated by any one of a number of
independent modes, for example, the local, the lateral or the overall
mode. It is also possible for two or more of these modes to occur
simultaneously and the resulting interaction can substantially affect

the load carrying capacity of the member.

Therefore the theoretical work presented in this thesis attempts
to describe the mechanics of the local, torsional and overall behaviour
of thin-walled asymmetric and symmetric edge stiffened plates under

pure compression using energy methods.



1.1 Literature Review

1.1.1 Plates

Plates are often used as structural components since they can
take 1oadskwe11 in excess of the local buckling loads. - An extensive
amount of literature is available on the topic of buckling of flat
plates and may be found in established texts by Bleich [1],
Timoshenko [2,3], Bulson [4] and Allen and Bulson [5]. The post
buckling properties of plates were first examined by Schuman and
Black [6] in 1930, who conducted extensive tests on simply supported
plates and arrived at the conclusion that wide plates under

compression acted as though only part of their width is effective.

Von Karman [7] in 1932 published a theoretical study of simply
supported plates and developed the effective width formula. The
problem was analysed by assuming that the total load at collapse is
taken by two strips at the edges. The total width of the two strips

be is given by the formula:

where be is the effective width

ccr is the critical stress

dé is the axial edge stress .

Timoshenko [2] carried out an energy based post buckling
analysis on a simply supported plate by assigning out-of-plane as
well as in-plane displacements. The loaded were allowed uniform
displacement and, the unloaded edges were kept straight and in their
original position. The results obtained for the post buckling
stiffness were about 257 greater than those obtained by later
researchers. This can be attributed to the inaccuracy of in-plane

displacement functions.

Marguerre [8] in 1939 carried out an analytical investigation
on the post buckling behaviour of a square flat plate. The analysis
consisted of prescribing an out-of-plane displacement function and

deriving an airy stress function [9] through the solution to



Von Karman's compatibility equation. The total potential energy was
then minimised with respect to the displacement variables leading to
a system of simultaneous non-linear equations which could be solved
to obtain the values of the displacement variables and hence the

absolute magnitude of the deflections and stresses.

The first 'exact' solution to Von Karman's equations was
obtained by Levy [10] by assuming a double sine series for the
displacement function and solving Von Karman's compatibility
equation to find the form of the stress function. Substituting both
the displacement function and the stress function into Von Karman's
equilibrium equation, Levy obtained a series of equations to find the
deflection coefficients. Levy evaluated the first six deflection
coefficients and showed from his six term solution, that Marguerre's
three term solution was extremely accurate. In a subsequent
paper [11] Levy adopted the solution to deal with the case of a
clamped plate under normal pressure.

Hu et al [12] in 1946 investigated the post buckling behaviour
of a square plate with an initial imperfection from flatness. Both
the initial imperfection and the deflected shape were represented
by Fourier series. Levy's method of solution was employed to obtain
the unknown coefficients. The effective width was found to be
markedly altered only at loads at or near the flat plate critical
load. The ratio of post buckling stiffness was always lower than
that of a flat plate at loads below the critical load and higher at

‘loads above the critical load.

Coan [13] extended Levy's solution to deal with initially
deformed simply supported plates with different edge stress
conditions. A double Fourier series was used to represent the
initial imperfection as well as the deflection. The conclusions
obtained were the same as those of Hu et al. In a subsequent paper
Coan et al [14] described the experimental set-up and procedure used

to check the theoretical results.

Boley [15] in 1955 presented a procedure for the analysis of
buckled plates. The method involved the use of successive
approximations for the solution to Von Karman's compatibility and

equilibrium equations. The boundary conditions studied were the same



as those of Marguerre and Levy, the results showed good agreement

for the effective width of these two investigators.

Mayers and Budiansky [16] investigated the plastic behaviour
of post buckled plates. The plate was assumed simply supported. The
method of analysis involved the use of the theory of plasticity. The
basic formulation of the problem followed Timoshenko's [2] method,
ie out-of-plane as well as in-plane displacements were used. The
accuracy of this method is dependent on the accuracy of the out-of-
Plane as well as the in-plane displacements, the numerical results

obtained were higher than those obtained experimentally.

Yamaki [17] in 1959 carried out one of the most comprehensive
theoretical analysis of the post buckling behaviour of plates.
Imperfections as well as various boundary conditions for the unloaded
edges were considered. The in-plane boundary conditions for the
unloaded edges were either straight edges or free to wave in-plane.
The analytical procedure consisted of assuming a displacement function
and solving Von Karman's compatibility equation to obtain a stress
function. The equilibrium equation was then solved using Galerkin's
method. In a subsequent paper in 1960 Yamaki [18] predicted the
collapse loads of square plates with various edge support and unloaded
edge conditions using the Tresca yield criterion. Simple formulae for
each condition investigated were presented. The formulae were
compared with those of Timoshenko, Von-Karman and the empirical and
experimental results obtained by Gerard [19], and shown to give
results closer to Gerard's experimental results than the other

investigators.

Using Galerkin's method Walker [20,21] in 1967 carried out an
ambitious investigation on the post buckling behaviour of plates
with arbitrary unloaded edge deflection conditions together with
stress conditions of zero shear stress and edges free to wave. The
loaded edges were considered simply supported with zero shear
stresses and a uniform or linearly varying load system., Walker also
carried out an experimental investigation concerning eccentrically
loaded plates. However, the boundary cenditions were practically the
same as for a linearly varying end displacement rather than the

theoretically assumed loading syétem. This is attributed to the



experimental loads being applied through rigid bars which tend to
produce uniform or linearly varying end diéplacements. Graphs of
load against end compression were presented, from which the collapse
load was obtained by setting the maximum edge stress equal to yield

stress.

Walker [22] in 1969 developed a solution to Von-Karman's
equation using the Fourier coefficients obtained by Levy and using a
perturbation technique. The method involves expanding the deformation
magnitudes and loading parameter in a McLaurin's series about the
buckling point. Formulae were developed for the deformation and
“maximum loading for a perfectly flat plate as well as plates with
initial imperfections. These were identical to those obtained by
Stein [23] who used a more precise and elaborate method. For the
maximum load carrying capacity Walker assumed that collapse would
occur when the maximum membrane stress reaches yield. The results

obtained agreed well when compared“with those of Yamaki [18].

Applying Marguerre's method of analysis, Rhodes and

~Harvey [25] investigatéd the post buckling behaviour of flat plates
in compression where the unloaded edges were elastically restrained
‘against rotation. The two term solution agreed closely with'the four
term solution obtained by Yamaki for extreme elastic restraint
conditions of simply supported and clamped edges. Collapse was
assumed to occur when the maximum edge stress reaches yield. The
results showed closer agreement than those obtained by a rigorous
plastic analysis by Graves-Smith [24] and Budansky [16] except for
the cases where collapse quickly follows buckling.

In a subsequent paper.Rhodes and Harvey [26] considered the
post buckling behaviour of plates with a linear variation in edge
displacement. Comparison with Walker's [21] results showed better
agreement for load-deflection curves than Walker's own theoreticai
results, possible reason being the difference in the boundary
conditions.

In recent years, due to the advent of powerful mainframe
computeré, numerical»largé deflection analysis of plates have
provided realistic load displacement curves for simple plates and

other complicated structural forms.



Roberts and Ashwell [27] in 1971, demonstrated the use of
finite element mid-increment stiffness matrices for the post buckling
analysis of imperfect structures. The method which was shown to
reduce computation time was applied to the post buckling problem of
a laterally loaded plate with clamped edges. The results showed good
agreement with Levy's [11] fourier series solution. The method was
also applied to the problem of an imperfect plate loaded along two
opposite edges, the unloaded edges were allowed to move but
constrained toAremain,straight by introducing stiffeners. They
found that if the stiffeners were made too rigid, the solution
became ill-conditioned and resulted in discrepancies of about two
percent in the in-plane displacements, however the results were in
good agreement with Levy's [10] perfect plate solution and

Hu et al [12] solution to an imperfect plate.

Narayanan and Shanmugam [28] presented an approximate analysis
on the compressive strength of biaxially loaded plates. The
approximate analysis assumes that all edges of the plate are held
straight and any induced membrance stresses are entirely due to the
out—-of-plane displacements. The out-of-plane displacements and the
initial imperfection shape were assumed to be the same as that during
buckling. An incremental energy equation was then derived relating
increments in the out-of-plane displacements to the increments in
stresses in the x and y directions, then using the stress-strain
relationship two other equations relating increments in stresses to
increments in displacements were derived. These three equations were
solved numerically and, the stresses in the x and y directions
at any section of the plate could then be obtained. Collapse analysis
was carried out using a yield criterion which allowed for the upper
bound energy solution. The authors presented numerous design inter-
action curves for various plate problems with imperfections and a

wide range of plate width to thickness ratios.

Despite a number of existing texts in the field of theory and
analysis of plates, a monograph which is entirely devoted to the
geometrically non-linear problems of plates is by Cheun-Yuan
Chia [29]. The author looks at the problems of static large

deflection, post-buckling and non-linear vibration of isotropic,



anisotropic and laminated anisotropic plates based upon the Von Karman

non-linear plate theory.

1.1.2 Stiffened Panels

Burge and Pritchard [30] in their book discuss the initial
buckling and post buckling behaviour of flat plates and panels in
compression. The authors discuss the various possible modes of

buckling that may occur for z-section stiffened panels. Approximate
methods for the failure of stiffened panels for various modes are
discussed. Overall the book provides a good insight to the buckling

behaviour of z-section stiffened panels.

Rothwell [31] in 1968 presented a technical note on the coupling
between local and torsional buckling modes of z-section stiffened
panels. In including the torsional mode Rothwell assumed the location
of the neutral axis for in-plane flange bending to be based upon an
approximate stress distribution, the stress distribution complied to
the condition that during torsional buckling of the stiffener no
additional moment is produced about the skin line. As Rothwell points
out, this assumption excludes any coupling between the torsional mode
and the overall mode. Rothwell found that for stiffeners with small
flanges there was a marked reduction in the buckling stress

indicating the influence of the torsional mode.

Wittrick [32] in 1968 developed a general approach for the
determination of initial buckling of stiffened panels assumed to
consist of a series of flat strips, connected together at the edges.
Whatever the buckling mode it was assumed the deformation of the

component was sinusoidal in the longitudinal direction.

For the in-plane deformation, non-linear theory of elasticity
was used. All modes of buckling, ie overall, torsional and local
were incorporated in one determined equation. This theory later
being incorporated in the finite strip package VIPASA [34]. >Williams
and Wittrick [33] in 1972 présented numerical results for the initial
buckling of stiffened panels. Angle, plain flat outstand integral
and z-section stiffened panels were considered. The authors point
out that the torsional buckling modes for flanged stiffeners contain

a substantial amount of deformation of the stiffener cross—section



and, the assumption that the cross-section does not distort can lead
to considerable over estimation of the buckling stress. The authors
also compare their results for z-section stiffened panels with those
obtained by Rothwell [31] and show that Rothwell's results were
virtually the same as panels with angle integral stiffeners rather
than z-section bonded stiffeners especially in the local buckling
region where the z-section stiffened panels had a much higher buckling
load. The reason for this is that the bonded flange of the z-section
stiffener increases the stiffness of the portion of the skin between

successive stiffeners.

Tvergaard [35] in 1973 investigated the imperfection sensitivity
of wide unflanged integrally stiffened panels under pure compression.
The panel was assumed to be infinitely wide and simply supported along
the loaded edges, the stiffener cross-section being assumed rigid.
Attention was directed to the imperfection sensitivity of panel design
where the Euler and the local buckling modes occur simultaneously for
a given end compression. It was concluded that these panels were
highly sensitive to imperfections and might buckle well below the

analytical buckling load.

Koiter and Pignataro [36] in 1974 analysed the same panel as
Tvergaard [35]. They concluded that the high sensitivity to initial
imperfections noted by Tvergéard occurred only for extremely small
imperfections but was less serious for imperfections that are likely

to occur in practice.

Thompson, Tulk, Walker [37] produced results of an experimental
study of imperfection-sensitivity in the interaction buckling of
stiffened plates by conducting small-scale experiments on panels
manufactured from an epoxy plastic. Overall and local imperfections
were varied for geometries covering the range of interaction between
Euler and local plate buckling. Torsional buckling of thin
torsionally weak stiffeners was also examined. A series of load-
deflection and imperfection sensitivity curves were presented and,
it was pointed out that for panels with slender stiffeners coupling

between torsional and the overall mode could be very severe.



Williams, Wittrick, Plank [38] in 1974 presented a paper on
the critical buckling loads of prismatic plate assemblies. They draw
attention to the differences in critical stresses between an
infinitely wide panel model simply supportedalong the loaded edges
and, finite panels simply supported along all four edges. They
point out that infinite panel models under-estimate the local
buckling stress when compared with panels offinite size with a low
number of stiffeners, however, the differences are negligible fbr a
finite panel with eight or more stiffeners. It was also pointed
out that critical stresses can be over-estimated by as much as 1007
if it is assumed that the stiffener cross-section does not deform -
especially for flanged stiffeners. Since the Euler type of mode
is usually used to characterise the overall mode for infinite panel
models, it was observed that this can under-estimate the critical
stress for panelswith angle stiffeners when compared to a finite
panel with a high length to stiffener pitch ratios and, under-estimate
the critical stress for a low length to stiffener pitch ratio,
however, they suggest that this is acceptable for the range where the

length to stiffener pitch ratio is between 8 and 32.

Horne and Narayanan [39] in 1977 presented detailed test
results on a series of 'thick plate' welded panels loaded in
longitudinal compression. Their investigations included the effects
of intermittent and continuous plate/stiffener welds, the influence
of local torsional and overall imperfections. The imperfections
were introduced by straining plates beyond the yield point to -
induce permanent deformations. The authors observed that local -
chequerboard types of imperfections of the order three times the
limits specified by Merrison Workmanship rules [40] had no
detrimental effect on the continuously welded panels and a slight
detrimental effect in the intermittently welded panels. The effect
of overall imperfections of the order five times the limits
specified by Merrison rules had the greatest effect on slender
panels than less slender panels. The authors considered three
different types of stiffeners for stiffener failure tests, these
being flats, bulb flats and angles. The authors observed that in
panels with flat stiffeners torsional imperfections caused

significant decrease in load carrying capacity. The effect of
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overall stiffener imperfections caused an average drop in strength
of 9% in panels with flat stiffeners and 17Z in panels with bulb
flats and angle stiffeners, the order of the torsional and overall
imperfections being between three and four times the Merrison

tolerances.

It was noted that the torsional failure stresses for flat,
bulb flats and narrowangle stiffeners were less than the yield
stress, however, the imposed imperfections were severe and not likely

to occur in practice.

Overall, the paper outlines the shortcomings for various aspects

in the Merrison Interim Design and Workmanship Rules.

Van Der Neut [41] in 1980 produced a report on the overall
buckling of z-stiffened panels inrcompression. An infinitely wide
panel is considered, the effects of interaction between overall and
torsional modes is included in the analysis and an approximate
method for the numerical computation for the critical buckling stress
is presented. The method revolves around the reétraint provided by
the skin to the stiffeners and the solution to the equilibrium for
the stiffeners. Both bonded and riveted stiffeners are considered.
Comparison with the exact solution provided by Wittrick [32] showed

good agreement.

Gunnink [42] in 1982 presented a report on the calculation of
the buckling load of z-stiffened panels built up from orthotropic
laminated plates. The author extends Van Der Neut's [41] method to
calculate the overall buckling load of z-stiffened panels of

isotropic material.

Bulson [5] in his text, also gives a very good account on the
analysis of intermediate stiffeners on rectangular plates subjected

to a variety of loading.

1.1.3 Sections and Edge Stiffeners

Chilver [43] in 1951 studied the buckling of channel sections
analytically and obtained simultaneous equations to be solved for
each individual plate element composing the section, the solution

furnishing the value of the buckling stress.
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Harvéy [44] in 1952 carried out an analytical investigation on
the stability of plain and lipped channels under end compression.
Selecting a value of the edge restraint factor at the web-flange
junction, the waveiength necessary for the minimum buckling stress
could be obtained and used to find the ratio of the flange width
to web widfh. For a given section, the method requires interpolative

or iterative procedure to find the buckling load.

Bentham [45] in 1959 produced a general method of treating the
initial post buckling behaviour of any system of plates under pure
compression. Marguerre's method of analysis was used, the deflected
form in the post buckling range was taken as that during buckling.

A formula was obtained for the evaluation of the post buckling
stiffness of each plate and, using the stiffness of the component

plates, the overall stiffness of the section was obtained.

Numerical examples were presented for a U-section member, an
infinite series of panels joined by hinges, a thin walled box section
and a plate with one unloaded edge simply supported and the other

free.

Bulson [46] reviewed and presented approximate solutions to
the local buckling of thin walled structural sections. Particular
attention was directed to the problems of reinforcing lips and the
interaction of overall and local buckling. The problem of
symmetrically edge stiffened plate was analysed through an exact
method based on Chilver's [43] work. The exact analysis omitted
the torsional contribution of the flange and an energy based
solution which accounted for the torsional stiffness of the flange
was presented. The interaction between local and torsional
buckling which may reduce the buckling stress is pointed out. It
should be stressed that Bulson's theory is limited to the evaluation
of interaction of buckling modes which have the same wavelength.
For the case of asymmetrically edge stiffened plates, the author
recommends for conservative use, to include with the stiffener a
strip of plate, width 30t and compute the moment of inertia of the
stiffener about an axis through the resulting section. Using this
concept, results for aluminium channel were compared with test

results obtained by Dwight [47] which showed good agreement.
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Kloppel and Schiedel [48] studied the behaviour of edge-
stiffened plates, results for symmetric and asymmetric edge stiffeners
for various geometrical configurations and axial loading were

presented.

Rhodes [49] in his PhD thesis carried out a comprehensive
investigation of thin walled lipped channel and trapezoidal section
beams subjected to pure moment loading. The energy method was used to
determine the local buckling loads for the sections. The semi-energy
‘method employed by Marguerre.[8] was adopted for the post buckling
aﬁalysis. Algebraic polynomials were used to describe the transverse
deflected forms of the plate elements. Collapse Qas assumed to occur
when the average membrane stress in the beam reaches yield. The
theoretical analysis was compared with experimental work and showed

good agreement.

Loughlan [50] in his PhD thesis investigated the mode inter-
action of lipped channel columns under concentric and eccentric
loading. The energymethod was used for the local buckling analysis
where the cross-sectional deflected shape was described using a
series of algebraic polynomials. The semi-energy approach was
utilized for the post buckling analysis, the method allowed for the
change in the local buckled mode during loading which resulted in a
continual shift in the section neutral axis and a reduced Euler load.
The theory was also shown to predict both stable and unstable column
behaviour for the case where the columns had critical loads far apart
or coincident. It was shown that the post-local buckling paths
eventually became umstable although they might initially be stable.
Collapse was assumed to occur when the maximum edge stress at the
component plate junctions reached yield stress. Comparison between

theoretical and experimental work showed good agreement.

Rhodes and Loughlan [51] presented a simple design analysis
for lipped channel columns'basedupon Loughlan's [50] rigorous
theoretical approach. The effective width concept was used in the
design method. The computed results agreed well with experimental
results and it was fouhd that the AISI expressions for effective

width gave consistently accurate but conservative predictions.
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| Loughlan and Rhodes [52] presented some of the theoretical and
experimental results obtained by Loughlan [50].

Loughlan and Upadhya [53] investigated the effect of local
imperfections in isotropic plain channel columns. It was pointed
out that channel columns are extremely sensitive to small imperfections
particuiarly when the local buckling effects are predominant in the
plate elements of the sections which are perpendicular to the axis of

overall column bending.

Loughlan [54] investigated the ultimate load sensitivity of
channel columns with column axis imperféction. It was shown that
column axis imperfection reduces the ultimate load capability of perfect
columns over the complete slenderness rangé covering stable, "unstable
and neutral behaviour. The largest reductions of the ultimate load
were shown to occur inunstable equilibrium range especially for

columns where the local and overall buckling stresses were coincident.

Lim [55] in his Phd looked at the behaviour of asymmetric edge
stiffened plates. The buckling analysis was carried out using the
energy method, the deflection being described by a series of
polynomials along the width of the plate elements and a sine serieé
along the length of the section. The location of the neutral axis
for inplane bending of the component plates was based'upon an
approximate stress distribution over the cross section.

The post buckling investigation was carried out using the semi-
energy approach, taking into account the effect of imperfections.
Comparison of theoretical results with experimental work showed good
agreement. It was concluded that the effect of edge stiffeners is
to ‘delay the onset of buckling, after buckling occurs the stiffeners

have no significant effect on the post buckling stiffness.
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2 BASIC THEORY

2.1 Introduction

The energy, or variational methods of structural mechanics
constitute a powerful and widely used approach. Forms of these
methods have been tools for the analysis of engineering structures
for more than a century. The application of energy methods to the
derivation of forces and displacements in structures was developed by
Castigliano [ 56] in the 1870's. The application of complementary
energy for the analysis of non-linear elastic structures was developed
by Engesser [ 56 ] in 1889. Since then a number of energy theorems

have been formulated on the basis of these developments.

In this chapter, the basic energy theorems or variational
- principles employed in linear and non-linear analysis of structures
are discussed for discrete systems, the theory later being extended

to continuous systems [ 57 ].

To highlight the importance of the use of axial displacement
functions for the analysis of asymmetric edge stiffened plates, where
the position of the inplane axis of bending for the component plates
is not so obvious, the theory is illustrated with reference to the
linear and non-linear analysis of a pin-ended strut, where the axis

of bending may be chosen at an arbitrary convenient position.

The chapter finishes with an outline of the derivation of the
Von-Karman elastic large deflection equations, and a description of
the derivation of various energy expressions for plates used in later

chapters.

2.2 Energy Principles - Discrete Systems

Consider a discrete system where potential energy, V can be

expressed as a function of displacements 4 and loads p; -

If the system is subjected to a small variation in displacements
qu so that its new configuration is q; + qu (loads p; being
assumed constant), the potential energy of the system in its new

configuration can be expressed via a Taylor's series expansion as:
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, ; |
V(Pisqi +.6qi) = V(pi,qi) + 3q. V(pi,qi)ﬁqi
i

1 ]
+ 2! 3q.9q. V(p;+9;)6q,0q,
i
+ ... €tCc. : (2.1)

Equation (2.1) can be written in a simplified form as:
§5V = V4 6%V 4 ... etc (2.2)

where GTV is the total variation in potential enefgy expressed by:

8V = V(p,,q, + 6a) - V(p;,q,) (2.3)

8V and 62V are the first and second variations of the potential

energies given by:

d
2 192

2.2.1 Equilibrium

For the system to be in equilibrium, the potential energy is
stationary with respect to displacements so that for all admissible
values of qu , the first variation of the potential energy is
zero, ie:

2

&V =
aqi

V(p;s9;)6q; = O (2.6)

Equation (2.6) yields n equilibrium equations for i = 1,n .

2.2.2 Instability

Consider the system to be in an equilibrium configuration such

that 6V = 0 . Equation (2.5) then becomes:

s = 5%V 4 ... etc (2.7)

If the system in its new configuration is in a state of stable

equilibrium, the potential energy V(pi,qi + qu) is a minimum and
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the second variation 62V which is a quadratic form in qu is

positive definite for all admissible values of qu .

For unstable equilibrium V(pi,qi + 6qi) is a maximum and 62V

is negative.

Critical conditions occur when 62V changes from positive
definite to a semi-positive definite indicating a possible transition

from stable equilibrium to unstable equilibrium [ 57 ].

2.2.3 Non-linear Analysis

For a non-linear problem, the first variation of the potential
energy, OV yields n unknown non-linear equations in the
displacement variables qi(i =1,n) .

If A denotés a small but a finite increment in displacements
and forces, then expanding the first variation of potential energy
6V(pi + Api,'qi + Aqi) in a Taylor series about the (pi,qi)
configuration yields:

3
1

9
+ 5&; GV(Pi,qi)Aqi

+ ....etc (2.8)

Rearranging equation (2.8) and retaining only the first order terms

in increments A , we get:

| d
6V(p; + Bp;.q; + 8qy) - 8V(p,,q,) = 35; V(p,,q;)0p,

3

If the system in configuration (pi + Api, q; + Aqi) is equilibrium,

then:

6V(p; + Ap;»q; +Agy) = O (2.10)

Rearranging equation (2.9) and using equation (2.10), equation (2.9)

becomes:
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il

3 3
5&; 6V(p;,q;)0q, ;,—p; 6V(p;,q;)8p; - 8V(p;,q;) (2.11)

Equation (2.11) provides a basis for a Newton-Raphson procedure for
the solution of non-linear equilibrium equations. If the second term
on the RHS of equation (2.11) is set to zero, then equation (2.11)

represents the incremental equations of equilibrium.

2.3 Continuous Systems

The variational principles discussed in section 2.2 can be
applied to continuous systems. The loads Py and displacements 4
in the discrete system can be assumed analogous to the externally
applied loads, and displacement coefficients which define the

magnitude of displacements in continuous systems.

2.3.1 Equilibrium

Consider a system comprising a deformable body acted upon by
external forces P; o the corresponding displacements being Ty, If
the system is in an equilibrium state then the first variation of the
potential energy is zero. Assuming that the external forces are kept
constant, the above statement can then be represented by the following

equation [ 57]:
8V = -p.Or, + }[0.68. dVOL = O (2.12)
ii i i

where the repeated suffices imply summation, o represents the
internal stresses, Gei represents the first variation in the
corresponding strains and the integration is over the volume of the

body.

2.3,2 Instability
Noting that GZV = 8(8V) , then from equation (2.12), the second

variation of V is given by [ 57]:
82V = —p.6%r. + /0.628. +Ls0.6e., dvoL  (2.13)
i i i i 2 TiTTd

For stable equilibrium, the first variation is zero and corresponds to
a minimum and the second variation is positive definite for all

admissible variations in displacements.
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- s 2 -
Critical conditions occur when 6°V changes from positive
definite to semi-positive definite indicating a possible transition

from stable equilibrium to unstable equilibrium.

Since the second variation of any linear function vanishes, it
is apparent that it is necessary to consider second order strains and

displacements to completely define equation (2.13).

2.3.3 Non-linear Analysis

Assuming that o, and €, can be expressed as functions of
displacement variables and r, can be expressed as a linear function
of displacement variables, then by considering equations (2.11) and
(2.12) we get: '

/0!56. +08!  dvoL - p!dr, =p.Or, - /0.58. d VOL
i i i i i'i i'i i i
oo (2.14)

. of(x.)
in which the superscripts imply the operation oy = Axi with

respect to the applied loads and displacement variables.

Equation (2.14) provides a basis for a Newton-Raphson procedure
for the analysis of non-linear equilibrium equations. If the last
two terms on the RHS of equation (2.14) are assumed zero, then
equation (2.14) represents the incremental equations of equilibrium.
An alternative derivation of these equations by considering the LHS

of equation (2.9) is presented by ref [58,59].

2.4 Application to a Pin-ended Strut

2.4.1 Linear Buckling Problem

Consider a pin-ended strut of length & with a rectangular
cross-section of width d and depth h shown in Fig 2.1. x,y and z
represent the axis, u and w represent the displacements in x and z
directions respectively. The first variation of the total potential

energy can be expressed as:

8V = -pidri + j/oxéex dxdydz : (2.15)

where O, 1s the axial stress and Gsx is the first variation of the

axial strain. The relationship between Ox and €, is given by:
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GX = Esx (2.16)

where E is the Youngs modulus of the material.

The non-linear expression for the strain in terms of
displacements u and w is given by [2]:
2
b

€. = u_-zw__ + %—w (2.17)

X X XX

where the suffices associated with u and w represent differentiation
with respect to x . For stable equilibrium the first variation of
the total potential energy is zero and corresponds to a minimum value,
and the second variation, 62V , is a positive definite. The second

variation of the total potential energy is given by:

2

2 1
§°V = -p,or, + ./Exé e, +35 008  dxdydz (2.18)

Using equation (2.16), the relationship between Gox and 6€X is
given by:

§0x = EGEX (2.19)

Substituting equation (2.16) and equation (2.19) into equation (2.18)

results in the follewing expression for 62V :
2 2 1 .2
§°V = -pi(Sr:.L + E /€x6 €, 3 GEX dxdydz (2.20)

Using equation (2.17) the expressions for the first variation of
strain >6€X and the second variation of strain 62€X are given
by [57]:

. = Ou_ - z6w__ + w. bw ' (2.21)
X X XX X X
6%, = 3 6w (2.22)

In equation (2.22) it is assumed that the second variation of any
linear function is zero and therefore sz and 62u vanish,
Substituting equation (2.21) and equation (2.22) into equation (2.20)
and omitting terms containing w, since prior to buckling w is zero,

gives:
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62V = _piézri +-}-2?'- /Gux(l.O)Gux + 26ux(‘2)5Wxx

2 .

+ wax(z )6wxx + wa(ux)6wx dxdydz (2.23)
For most problems r; can be expressed as a linear function of the
displacement variables, the first term in equation (2.23) vanishes.

Equation (2.23) can then be expressed in matrix fofm_as:

Su

X
§%v = %/[Gux,éwxx] [D]
. Sw
XX
+ [6wx] [N] [6wx] dxdydz (2.24)

where the matrices [D] and [N] are given by:

1.0 -Z

[D] = E ‘ (2.25)
-2 22

[N] = [Eu] (2.26)

Prior and up to the point of buckling, the internal axial stress O

(tensile positive) can be related to the axial displacements u as:

o = Eu (2.27)

Equation (2.26) may then be written as:
[N] = [o] (2.28)

Now consider the strut to bend about an axis located at the edge
0 - y of the cross section as shown in Fig 2.2, the following

integrals then apply in equation (2.24):

A (2.29)

(=} (=7

< o]
=8 o
N N
L} ]

h
A? (2.30)

(2.31)

e
N
[N
()
Q.
N
n
L]
o
«
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~where equations (2.30) and (2.31) represent the first and second
moments of area of the cross-section about the edge 0 -y

respectively.

For a strut buékling problem, the displacements O6u and &w

can be taken as:

Su

84, Cos (1§§> (2.32)

Sw

84, Sin (f%i> (2.33)

Sﬁbstituting equation (2.32) and equation (2.33) into equation (2.24)
and using the integral equations (2.29) to (2.31), equation (2.24) may

be written in a rearranged form as:
8%V = %/{éa}T[Sl]T[D] [S,1{0)

+{6d}T[Sz]T[N] [S,1{6a}  dx (2.34)

where
JY
{6a} = | (2.35)
Jy |
() s= () 0
[s;]1 = ) | (2.36)
L o -(%) Sin (%%)
[0 0
[s,] = (2.37)
o ()= (%)
A e
[D] = E (2.38)
A % Toy
"0 0
[N] = (2.39)
K¢ Ao
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Equation (2.34) may be rewritten as:

§2v - %{6&}T[[K] + [Kg]]{aa} (2.40)
where [K] = f[Sl]T[D] [Sl] dx (2.41)
K] = f (5,1 IN] [S,]  ax (2.42)

On carrying out the multiplications and integratiomns in

equations (2.41) and (2.42), gives:

B b

kK] = (2.43)
EEEEEEACE.
F0 0

[Kg] = (2.44)
o a4

Taking P = OA .in equation (2.44), equation (2.40) may then be

written as:

sy = %{Ga}T[[K] + P[Kg]] {60} (2.45)

where P is taken outside the second term in equation (2.40).
For compressive internal force P , equation (2.45) becomes:

82y = 1 (oT [[K] - P[Kg]]{aa} (2.46)

Critical conditions are defined by the equation:
2 1 T
§°V = 5 {8a}” | [K] - PIK ] {8a} = 0 (2.47)

Equation (2.47) is a quadratic form in {8a} which changes from
positive definite to semi-positive definite when the determinant of

[K] - P[Kg] vanishes [ 57 ]. Hence critical conditions occur when:

DET | [K] - P[Kg] = 0 (2.48)
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In the present case where only two displacement functions are used to
describe du and &w . Equation (2.48) requires the evaluation of a
2 X 2 determinant which can be easily solved by hand, resulting in

the following expression for the critical load:
2 2
T EI h
Pcr = 22 310y - A(Z) % (2.49)
If I is the second moment of area about an axis parallel to 0 -y
passing through the centroid of the cross-section, then I and on

can be related through the use of the parallel axis theorem by the

following equation:

I = I, - A(%)2 (2.50)

Using equation (2.50), equation (2.49) becomes:

2 ‘
p . TEI (2.51)

L

Equation (2.51) represents the classical solution for the buckling

load of an Euler strut.

2.4.2 Non-Linear Analysis -

Consider an initially imperfect strut shown in Fig 2.3, where
Yo is the initial imperfection and P is the applied axial load,
acting along the centroidal axes. If u and w are the total
displacements, the expression for the axial strain given by

equation (2.17) becomes:

2

- 1.2
e, = u - z(wx - wax) + 5 (wX - wa) (2.52)

X X

Equation (2.14) provides a basis for a Newton-Raphson method for the
analysis of non-linear equilibrium equations and rewritten is here for

convenience.
1 Rt - [
./BXGEX + 0X§€x dxdydz = piéri + piﬁri
- / o.8e  dxdydz (2.53)

where o, is the axial stress and is related to the axial strain by

the equation:
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o, = Eex (2.54)
and therefore
' ]
o, = Eex (2.55)

Substituting for © and o' from equation (2.54) and equation (2.55)

into equation (2.53) gives:

E j[e'de + £_6¢! dxdydz = p'Sr,
X X X X 1

+

pi(Sri -E /exésx dxdydz (2.56)

where 6€x, e;, Ge; and p' are defined as follows:

Gsx = Gux - zéwxx + 6wxwx | (2.57)
' 3 -—
e, = wa zwax + wawx (2.58)
C8e! = Sw.Aw (2.59)
x X%
v
p; = Api _ (2.60)

Substituting equations (2.57) to (2.60) into equation (2.56) gives:

Au
X .
}([Gux,wax,ﬁwx] [N] wax dxdydz = 6riApi + Gripi
Aw
- x -
- j{[dux,wax,wa] [Q]  dxdydz (2.61)

where the matrices [N] and [Q] are:

1 -2 W
X
2 ‘
[N] = |-z z -2Zv_ (2.62)
L A u - z(wXx - wax)
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1,2 2 '
Uy = 20y, = Wouy) + 5 (W = Woy)
2 z , 2 2
[Q)] = -zu + 2 (wxx - wax) + 35 (wx - wox) (2.63)
1 2 2
iy = 2 (i = Vogg) + 3 Wy (Wy - ox)
Displacements u and w can be taken as follows:
u = A (5-x)+4. cos (&£ (2.64)
- Tul\2 u2 L *
. [T
w = A Sin (7%) (2.65)

Substituting equations (2.64)and (2.65) into equation (2.61) gives:

/{Ga}T[S]T[N] [8]{Aa} dxdydz = {80} (AP} + {60} (P} -

/{Ga}T[S] [Q]  dxdydz

(2.66)
where {6a},{Aa},{AP},{P} and [S] are given by:
'6Au1’
{6a} = { 6Au2> (2.67)
6a, )
'AAul
{ae} = 1245t (2.68)
)
, LAP
{AP} = Q24P (2.69)
m\ h
;Z(E) ol AP
.
LP
{p} = §2P | (2.70)
T\ h
2 2)5 P




1 - (%) Sin (1%) 0

s] = |o 0o -(%)2 Sin (%)I (2.71)

o 0 (%) Cos (—’%‘)

On integration and simplifying, equation (2.66) becomes:

(oo TIk, 1o} = (6a)T(aP) + (60)7(P)

- {6a}T[Ke] (2.72)
where
T
[Kype] = /[S] [N] [S]  dxdydz (2.73)
K] = /[S] [Q] dxdydz (2.74)

Since equation (2.72) is valid for all admissible variations in
{6a} then:

[K; J{da} = {4P} + {P} - (K] (2.75)

In which [Kinc] is commonly known as the incremental or tangént

stiffness matrix.

Equation (2.75) represents a set of linear simultaneous
equations in the unknowns {Aa} and {AP} . The solution procedure
involves the application of a linear increment in displacements
{Aa} or loads {AP} , the equations are then solved for the unknown
increments, the improved approximations of o + Ac and P + AP is
used as a starting point for further improvement cycle, and so on
until equilibrium is satisfied which is evidenced by {P} -‘[Ke]

tending to zero.

Figure 2.4 shows some typical results for an imperfect strut

-with various degrees of imperfections.

2.5 General Equations for Large Deflections of Plates

Consider an element cut out of a plate by two pairs of planes
parallel to the xz and yz planes as shown in Fig 2.5. The
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element is acted upon by internal forces and moments as well as a

distributed load q applied over its upper surface.

From consideration of force and moment equilibrium of the
element in the x, y and z directions, the following equations

are obtained:

3Q 3Q
—x L, Y _

%ty te = 0 (2.76)
L - Q= 0 (2.77)
M M |
jﬁﬂgwx=o (2.78)

The expressions for the bending and twisting moments per unit length

in terms of plate displacement w in the 2z direction are given by:

82w 82w
M = -Dl—+v—= (2.79)
X 2 2
9x dy
2 2
M, = p(3¥ v 2y (2.80)
y , oy ox
azw
Mxy = -Myx = D(l - V) -5;{—3—57- (2.81)

Differentiating equations (2.77) and (2.78) with respect to y and
x respectively and substituting into equation (2.76) for the

derivatives of q, and qy yields the following equation:

M %M %M

X. y Xy
+ - 2 = —q (2.82)
8x2 3y2 9xdy

Consider now the forces acting on the middle plane of the plate
element shown in Fig 2.5. Equilibrium of the element in the x and

y directions yields:

BN, BN
-+ —5;1 = 0 (2.83)
N BN

i -X =0 (2.84)

ox ay
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The component of stress resultants Nx , N& and ny in the =z

direction is given by:

82w Szw.
Nx.——2+N '7+2Nx
ox y oy

Bzw

y * 3x3y (2.85) ,

Adding equation (2.85) to the load qdxdy acting on the element

 yields:
2%, 252MXy an, )2, 22,
+:2 + = -(q+N_ 5=+ Ny .55
8x2 0xdy ay2 ( X 8x2 - 3y2
+ 2N % (2.86)
““xy * 9xdy :

Substituting into equation (2.86) from equations (2.79) to (2.81) for

M , M and M yields:
X y Xy

a‘Z+ %wz+aZ =
ox ox" 9oy oy

Ilo+n -3-31’-+N ﬁ+2N 2 (2.87)
D|9 X ax2 y 8y2 Xy 0xdy .

W) =

Assuming that q is zero and expressing the stress resultants Nx ,

Ny and ny by a stress function ¢ which automatically satisfies

equations (2.83) and (2.84) such that:

N 2 N 2
o0 = % = 5.0, = L - 1L,
dy y x
N 2
- Xy _ _ 976
0xy Tt x93y (2.88)

- yields the following equation of equilibrium for the plate element in
compact form:
v“(w)=£[¢w 0w =20 w (2.89)
DL "xx"yy Yy Xx Xy Xy '
where x and y denote partial differentiation. Equation (2.89)
was initially derived by Von Karman and is known as Von Karman's

equilibrium equation.
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Consider now the non-linear expressions for the membrane strains in
terms of displacements u, v and w in the Xx, y and z directions

respectively [2]:

‘ 2
Ju . 1 f3w
g, = '5;+'§'(§;) | (2.90)
2
_dv, 13w
e, = y+2(ay) (2.91)
9u  Ov . Ow. Ow '
xy = dytaxtaxcay (2.92)

, 2. 2
2 €, . 9 ey 3 exy ) (32w> ) 82w 82w
2 x2 0xdy 0xay 8x2 3y2

(2.93)

The two dimensional stress strain relationships for a linear elastic

material are given by the equations:

1 .
€, = E(GX - vcy) (2.94)
€ = 1 (o. - vo.) . (2.95)
y E 7y X ’
- 1 - 20 +v)
exy =G ny = i3 oxy ) (2.96)

Substituting equations (2.94) to (2.96) and equation (2.88) into
equation (2.93) yieids:

4 4 4
9
2220 20 iy -
ox ox 9y oy
2 N
2 a2 2 '
R 9w 9w
_ E[(axay> -3 - ayz] (2.97)

Equation (2.97) was first derived by Von Karman and since it is
derived from compatibility considerations it is known as Von Karman's

compatibility equation.
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2.6 Energy Equations for Plate Instability Analysis

A thin plate of thickness t , made of material having Young's
-modulus E and Poisson's ratio v is shown in Fig 2.6. x, y; z
represent the axis and u, v, w represent the corresponding
displacements. The first variation of the total potential energy can

be expressed as:

6V = -piéri +./~oxésx + oyésy +-oxyéexy d VOL (2.98)

where Ox s, O_ and oxy are the total internal stresses and Gex ,

éey and Gexy are the first variations of. the corresponding strains.

The relationship between internal stresses and strains can be

expressed in matrix form as:

{o} = [Dl{e} , (2.99)
where
o €

X X
{o} = o, {e} = €
Xy Sxy

] 1 Vv 0

[D] = E —|v 1 0

(1 -V ) 1

0 0 3F(1-v)

... (2.100)

The non-linear expressions for the strains containing second order

‘terms in displacements u, v and w are given by [ 60 ]:

1 2 2 2
Ex = ux+2§Ux+Vx+Wx%—wax
€ =v'+l u2+v2+w2—zw
y y 27y y y Yy
ez = uy + vx + guxuy + vxvy + wxwyg - Zway

... (2.101)

where the subscripts associated with u, v and w represent

differentiation.
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For stable equilibrium the first variation of the total -
potential energy is zero and corresponds to a minimum value, and the
second variation 62v is positive definite. The second variation of

the total potential energy is given by:
2 2 2 2 2
v .= -p;6°r; f[(oxé g, + oyé ey * oxyc'i exy)
+-%(60<Ss + 60 6e_ + 80 _6e_ ) d VOL
X X y ¥y Xy Xy
eeo (2.102)

Since r; can usually be expressed as a linear function of
displacements u, v and w , the first term in equation (2.102)

vanishes.

The expressions for the first and second variations of the

strains used in equation (2.102) are giﬁen by:

6. = Su_+6uu +6vv + O6ww - zbw

X X X X X X X X XX
6e. = Ov_. +6uu 4+68vv + Sww - zbw

y y Yy Yy Yy Yy
éexy = 6qy + Gvy + Guxuy + ux(Suy

+ vavy + vx(Svy

+ Sw.w_ + w dw - 2z0w
Xy x

Xy y

«eo (2.103)

O
()
m .
n
Do

géuz + 5v2 + Gwzg
X x X

Ze - l-zéuz £ ov2 4 Gwzz
y y y y

o
™
|
N

8% = O6u fu + 8v 6v + 6w Sw
Xy Xy Xy X'y
LI (2.104)

Using equation (2.99), the relationship between the first variation of

stresses and first variation of strains is given by:

{6c} = [D){8e} (2.105)
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In equation (2.102) the integration over the volume d VOL can be

replaced by dxdydz . The following integrals then apply:
t/2

dz = %—-

—
N
)
I
()

-t/2

... (2.106)

Substituting in equation (2.102) for 6e and 62s from
equations (2.103), (2.104) and expressing stresses O , 60 in terms
of strains from equations (2.99) and (2.105) yields:

52V = %—H;N (6112 + 5v2 +,5w2)
x\ x X X

+ N (5u2 + sz + Gwz)
y y y y

+ ny(SuXGuy + vaﬁvy + 5wx6wy)gdxdy

+ %ﬁgﬁuz + ('sz + 2v8u 6v
X y Xy

+-£l-§—21 (Guy + va)zz dxdy

D 2 2
+3 ﬂ 36wxx + Gw.yy + 2\)5wxx6wyy

+ 2(1 - v)6w§y$ dxdy
.o (2.107)

3 .
where C = bt 5 and D = ———EE———E— is the flexural rigidity
1-v S 12(1 - Vv9)

of the plate.

Nx , Ny and ny are the membrane forces per unit length and

are related to the strains as follows:
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| /2
(N} = [ o} dz =
-t/2

where

N =

t/2
f [D]{e} dz (2.108)

-t/2

N

X

N

y

N
Xy

(2.109)

The relationship between the bending and twisting moments Mx s, M,

y

M and strains (to be used later) is given by:

Xy
t/2

M = j 2{0} dz
-t/2

where

M

t/2
f z[D]{e} dz

-t/2

«e. (2.110)

Equation (2.107) can be represented in matrix form as:

52V = %—/f[éu ,0u_,6v_,6v_,0w ,Gw]
Py xT Ty 'k Ny

D

1
+ sz[éwxx’awyy’%wxy] VD

0

vD
D
0

Xy 0 0 0 o Gux
N 0 0 O o }l6u
y y
N 0
0 Nx xy 0 6vx by
O N N 0
xy Ny 0 5vy
0 0 O N N Sw
X Xy X
0 0 ON N 6
XY Ve hYX.
0 Sw
XX
0 5wyy dxdy
2 J Yxy

[...(2.111) continued]
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1 0 %(1 - V)
3 [[o0000, 6%, o] 2
0 'i(l - \))
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vC

0

0

0

$0-v)

-C
71 =)

0

- C

vC

0

0

Equation (2.111) can now be expressed in simplified form as:

where

and

[D]

6% = % [[1s,1701 Is;]

o O O O

dxdy

+5 [[ 18,770 [8,1  axdy

[6u_,S8u_,0v_,0v_,0w__,6w_,26w ]
XXy Uy xx yy Xy

[Gux,éuy,6vx,6vy,5wx,5wy]

- V)

- v)

0
C
71 =V)
2 -v)

0
0
0
0

0 0
0 0
‘0 0
0 0
D VD
vD D
0 0

LAY

o o o o o

Su
pY

Su
y dxdy

Sv .
y

(2.111)

(2.112)

(2.113)

[«.. (2.114) continued]



[N] =

0 0
3
N 0 0
y
0 Nx Xy
0 N
Xy y
0 0 0 N
0 0 0

0 0
0 0
0 0
0 0
X ny
Xy Nyi

eee (2.114)

Plate stability problems can be analysed by assuming a suitable

displacement function ©6u ,

problem &u ,

displacement functions

- Su
v
Sw

where f,“g and h are

as:

6v and 6w .

Gaulfl +‘6au2f
éavlgl + Gavzgz + v

6aw1h1 + 6aw2h2 + s

functions of x and y .

2 + LN 4 etc

For a general plate

6v and Ow can be expressed by a series of

equation (2.115) into equation (2.112) and rearranging gives:

82y

= 5 [[te"tsp,17[D1 5D, 160}

etc (2.115)
etc
Substituting °
dxdy
(2.116)

+ 3 [{Ga}T[SDz]?[N] [SD,1{80a}  dxdy

where {GQ}T , [SDI] and [SDZ] are:

{6a}T =

{6au1’6au2

,...,Gavl,éavz,...,Gawl,ﬁuwz,...}



0 0
0 0
o, 0 yeeey
0 0

0, 0,000y 81x® Boxrecer
[SDI] = 0, 0,..., B1y»  Bpyree R geses
o, 0 yueeey o, O yeeey 1xx’ h2xx""
0, 0, , 0, 0,0, lyy’ hzyy,...
o, 0 ey o, 0 yeuny 2h1xy, 2h2xy,...
£ fyaees 0, 0, 0, 0,..0
fly, fzy,..., o, 0, 0, 0,000
[SDzj ) o, 0 ye0ey B1x®  Boy? o, 0,...
o, 0 yeeuy gly’ gzy, 0, 0,...
0, 0 yeeey o, o, hlx' hzx,...
o, 0,..., 0, O, by Bpyene

eee (2.117)

where the subscripts x and y associated with f, g and h represent

differentiation.

Critical conditiens occur when 62V = 0 , therefore:

3 J[tsa3Trs 1) [sD;1(60)  axay

| +ff{6a}T[SD2]T[N] [SD,}{60a}  dxdy = O (2.118)

For proportional loading, values of membranz forces can be expressed
as AN_ , AN_, AN where A is a load factor and N_. , N_ and
X y Xy X y

ny are a base set of forces. Therefore taking A outside the

second term in equation (2.118) and rearranging gives:
1 T T ‘
2 {6} [ff[snl] [D] [SD,]  dxdy

+A]f[snz]T[N] [SD, ] dxdy] = 0 (2.119)
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Equation (2.119) can be written as:

é— {Ga}T[[K] + A[Kg]]{éa} =0 (2;120)

where ‘
K] = U[spl]T[D] [SD,]  dxdy (2.121)
K] =[j [SDZ]T[N] [SD,]  dxdy (2.122)

For compressive membrane stresses (negative), equation (2.120)

" becomes:

%{éa}T[[K] - A[Kg]]{éa} -0 (2.123)

This is a quadratic form in {6a} which changes from positive
definite to semi-positive definite when the determinant of
[K] - A[Kg] vanishes [ 57] [ 61] . Hence, critical conditions

occur when:

Det

[K] - A[Kg] l = 0 (2.124)

Equation (2.124) can be treated as an eigenvalue problem of the

form:

[KH{6a} - A[Kg]{da} = 0 - (2.125)

where A is an eigenvalue, {6a} is the corresponding eigenvector

and [K] and [Kg] are square-symmetric matrices.

The lowest eigenvalue represents the critical load and the
corresponding eigenvectors represent the relative values of the

constants which define the magnitude of the displacements.
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3 INSTABILITY ANALYSIS OF STIFFENED PLATES

3.1 Introdﬁction

Asymmetric and symmetric edge stiffened plate elements, such as
panels with 'L' or 'T' section integral stiffeners are frequently used
in aircraft structures. The elastic instability of these sections
when used as load carrying members, can be initiated by any one of a
number of indepehdent buckling modes, for example, the local, the
lateral or the overall mode. Coupling between the various modes,
which reduces the buckling stress, is not taken into account by
methods of analysis which investigate each possible mode independently.
A method of analysis such as the energy method described in the
previous chapter, can be used for determining the interaction between

the various modes.

The lateral buckling mode is easily obtained for a symmetrically
edge stiffened plate since the section properties -  since the
location of the neutral axis for in-plane bending of the stiffening
plate, can be easily defined. The location of the neutral axis for
in-plane bending of the stiffening plate is not so obvious for an
asymmetrically edge stiffened plate, however, this problem may be

overcome by providing additional in-plane degrees of freedom.

The analysis described in this chapter begins with the
derivation of displacement functions, through the satisfaction of
stress and displacement boundary conditions for an asymmetrically
edge stiffened plate. The analysis is then extended to take account
of symmetrically edge stiffened plates and later, infinite panels
with stiffeners of deformable cross-sections. The analysis of a
finite panel with stiffeners of rigid cross-sections is also
included. The chapter finishes with a description of the energy

approach and results for the instability analysis of stiffened plates.
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3.2 Deflection Functions and Boundary Conditions

3.2.1 Asymmetrically Edge Stiffened Plate

Consider the asymmetrically edge stiffened plate shown in
Fig 3.1. x, Y0 21 represent the local web axis and Ups Vys Wy
represent the corresponding displacements. The local axis system
of the flange is represented by x, yz, z, and the corresponding

displacements are Ups Vo, Wy o

The displacements Gwl and 6w2 can be expressed as a sum of

two independent displacement functions as:

Gwi = 6wai + wai (3.1)
where
Sw_. = Y_.(y,) Sin % (3.2)
and
S = Y05;) Sm’z’—’g (3.3)
in which
N
Yai = ZYain(yi) (3.4)
n=1,N ’
’ M
Yoi = ZYbim(yi) | (3.5)
m=1,M

where M, N are the number of displacement terms used in the solution
and i is a particular plate element. Gwai defines a lateral

buckling mode and 6wbi defines a local buckling mode.

The deflection functions Yai and Ybi are given the following

polynomial forms:

J
- 1
Yaln B Z 6Anj(dw) (3.6)



K s
: Yy nk
Ya2n = Z Gcnk(E)A (3.7)
k=1,K
P )
v gmp _
Y, = Z éBmp(a-;) | (3.8)
p=1,P
h
Q Yo\ ™4
Y, = Z D, a?) (3.9)
q=19Q

where J, K and P, Q define the number of terms considered in the

th th . . .
p and m polynomial. rnj’ Sk and gmp, hmq are arbitrarily
chosen integers subject to certain restrictions (see later). The
coefficients 6A_., 6&C and 6B__, 6D are used to satisfy

nj nk mp’ Tmq

displacement and stress boundary conditions at the plate edges in

terms of 6A and OB . .
nl ml

The boundary conditions to be satisfied by the displacement

functions éwai~ and wai with reference to Fig 3.1 are as follows:
at vy, = 0
(a) local deflection of the web is zero
(b) there is moment equilibrium with the elastic restraint
at vy, = dw and Vo = 0 |
(c) local deflection of the flange is zero
(d) the slopes are equal at the junction
(e) there is moment equilibrium about the junction
(f) there is equilibrium of shear at the junction
at vy = df
(g) there is zero moment at the free edge
(h) shear stress is zero.
An additional boundary condition for wai is as follows:

at y; = dv and Vo = 0
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(i) the local deflection of the web at the web-flange junction

is zero.

From equation (2.110), after integration with respect to z ,

the expression for the moment My is given by:

M = fD[wyy + ww__] (3.10)

y XX

- The expression for shear Vy is given by [ 37]:

V = -D[w
Yy y

v - (2 =] (3.11)

y
The rotational restraint R applied along the edge y =0 of

a plate is defined as [ 49 ]:

R = -Y-(i) |  (3.12)

where wy and d represent the rotation and the width of the plate

in the y direction respectively.

Considering first the displacement functioen 6wai then
conditions (a) to (h) are met by 6wai by the satisfaction of the

following equations:

(Sw ) = 0 :
al 3.13
y1=0 ( )
Ran(awal ) - -dw(dwalyy + vcswalxx) (3.14)
y y1=0 y1=
(5wa2) = 0 (3.15)
, ¥o=
(eswaly - (&’az ) (3.16)
y1=dw y y2=0
Dw(ﬁwalyy + v5wa1xx) = nfo((Swa2 + véwazxx)
y1=dw ¥y y2=0

ees (3.17)
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Dw(éwal +(2 = v)du_y xx) - nfo(Gwaz

yyy Sy yyy

+ (2 - v)awazyxx) (3.18)
y2=0
Df(dwaz + vawazxx) = 0 (3.19)
yy y2=df

Df(éwaz - (2 - Vv, xx) - 0 (3.20)

yyy yaxly <af

In equations (3.17) and (3.18) ne represents the number of
flanges at the web flange junction, ie ne =1 for asymmetrically

stiffened plate and ne = 2 for a symmetrically stiffened plate.

Using equations (3.2) and (3.4) and noting that equations (3.13)

- and (3.15) are automatically satisfied if it is assumed that

rnj = rnk_= 0 , then the above equations may be written as follows:
Ran(Yalny) - -dw(Yalnyy) (3.21)
y1=0 Y1=0
(&alny) = (Ya2ny) (3.22)
y1=dw y2=0
- 2
Dw(&alnA "v(fg) Yaln) = nfo(YaZn ) (3.23)
yy y =dw 'y, =0
2
. - 2
Dw(Yaln - (2 - v)(fg) Yaln ) =
yyy y y1=dw
, - 2
= nfo(Yazn - 2 -V(55) Yo ) (3.24)
yyy y

Y2=O
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2
il
(YaZn v(fg) YaZn) =0 (3.25)
yy y2=df
m 2 -. »
(Ya2n - 2(1 - v)(ﬁ) Y, ) = 0 (3.26)
yyy Yy, =df

The boundary conditions at the plate edges for Vai and the relevant
equations (3.20) to (3.26) necessary to satisfy these conditions, also
appiy to w. . The additional boundary conditioh, for. Vg stated
by condition (i) can be expressed as:

(Yblm) = 0 | (3.27)
y1=dw

3.2.2 Satisfaction of Boundary Conditions

If rnj = Snk # 0 results in six boundary conditions that need
to be satisfied by Vo1 and Voo . Providing J and K in
equations (3.6) and (3.7) are such that J + K = 7 , the coefficients
dAnj and Gan can be expressed in terms of GAnl through the

satisfaction of the six boundary conditions.

Therefore if J=4 and K=3, Y

expressed as:

aln and Ya2n can be

| 2 3 h
N AAT (Yl) 5 yl) sa LY (2
Yaln = OA l(dw)+ A n2\dw/ * AnB(E; + An4(3§) (3.28)
2 g
- sc (22 4 sc (22 5c_ (yz)n 3,29
Yaon = Cnl(df) * n2(df) *+ Cos\as (3.29)

In which. T g rnzv, T3 and Sn1 , Sn2 have been assigned fixed

values and T4 = hn , Sn3 =g -

Substituting equations (3.28) and (3.29) into equations (3.20)
to (3.26) and solving for the coefficients 6An2 , 6An3 y GAn4 ,
écnl , GCDZ s 6Cn3, in terms of 6An1 (see Appendix 1), yields the
‘final form of equations (3.28) and (3.29) as:

2 3 f
A Y1y n
F {— 21 3.30
n3(dw + Fh4(dw) ] ( )

. (1 I
= [ 7 (2)
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. ' 2 :
5 Yo Yo Y3 &n
Yan = Shylc l(df +6 2(df) + Gn3(a-f) ] (3.31)

where Fl’ F2, F3, F4 and Gl' G

and g, and are defined in Appendix 1.

G, are constan inv i
20 Ug ts involving fn

The restrictions applied to fn and g, are:
fn >3, g, > 3

Similarly seven boundary conditions need to be satisfied by 5wb1 and
waz , therefore if P =Q =4 in equations (3.8) and (3.9), Yblm

and Y can be expressed as:

2 .
yl) Yl)
oB (dw + 6Bm2(3; + 6Bm3(dw) m4(d ) (3.32)

y y 2 3 y I
’2 2 2 22 )

After satisfaction of the appropriate boundary conditions, yields

b2m

o
I

blm

the following equations for Yblm and Yb2m (see Appendix 1):

[ (1 N ’ 3’1'3 L - |

Yblm = GBml_Hml(E;)’+ Hm2(§§) + Hm3(dw) + Hm&(a;) i (3.34)
T (Y, Y, Y, Yoy ]

Yoo = OB _Jml(ﬁ) * sz(df) * Jm3(df) * Jma(ﬁ?) ] (3.35)

The restrictions applied to hm and jm are:
h >3 and j >3
m m _

Using equations (3.2) and (3.3), displacements . Gwai and wai
take the following form:

N v y 2 y 3 y fn
_ 1 1 1 1 . Tmx
Gwal - :E: 6An[ nl(dw) +F 2(dw) +F 3(dw) + Fné(dw) ] Sin 2b
: n=1,N
oo (3.36)
N 2 8
Y2 Y2 AN P
Sy = Z ‘SAn[Gnl(E)*‘ 6ual@) + uola) ]SME
n=1,N

ee. (3.37)



N ; g2 g3 SR

1 1 1 1 . mx

By = ) 5Bm[ﬂm1(a7) * Hmz('a;) * Hm3(d_w) * Hm4(d_w) ]Sm %
m=1,M

e (3038)

M ; . | g\ R

2 2 2 2 . mx

Sy = Z 6Bm[Jm1(d_f) + sz(ﬁ) + Jms(ﬁ) + Jm4(df ]Sm 75
n=1,M

.o (3.39)

Having solved for the boundary conditions the total displacement

fields for the various plate elements will now be defined.

The total out of plane displacement for the web Gwl is given
by:

Sw, = Gw.
a

) PO, (3.40)

The inplane displacement le ‘can be taken to represent the
overall mode of buckling and is defined as:

v, = A Sin% (3.41)

The axial displacement Gul can be taken as:

o .
Gul = 6Au1 Cos 25 yléle (3.42)

The second term in equation (3.42) arises from the assumption
that transverse sections which are plane before bending remain plane

after bending - see Fig 3.2,
The total out of plane displacement of the flange now becomes:

5w2 = -5v2 + 6wa2 + waz (3.43)

The inplane displacement sz is defined by:

6v, = (6wa1) (3.44)
y1=dw ,

and hence the axial displacement 6u2 is given by:

X
6u2 = GAul Cos T dwdle - y2(6wal ) (3.45)
x y1=dw



50

Having stated earlier the indices fn v 8 s hm and jm in
the expression for Gwai and wai are arbitrary but subject to
certain restrictions, then a variety of deflected forms can be
specified for the section simply by choosing a different value

for indices.
3.2.3 Semi-Infinite Panel

Consider a panel which is assumed to be infinitely wide and

of finite length. The panel is stiffened by stiffeners of deformable
cross-sections at constant pitch. If the axially applied compressive
stress is constant then it can be assumed that the buckling mode is
sinusoidal in the longitudinal direction. The analysis is confined
to a part of the structure comprising twovstiffeners'and*two skins,
over a half wavelength of 2b as shown in Fig 3.3. The out of plain
displacements are assumed to be composed of three independent

displacement functions so that:

6w4 = Gwa4 + 6wb4 + (ch4 | (3.46)
6w5 = Gwas + was + 6wc5 (3.47)
where it is assumed that:
Swy = Ov_c (3.48)
6wb4 = 6wb5 A (3.49)

In equations (3.46), (3.47), (Swa4 and Gwas are associated with the
lateral buckling mode of the stiffeners developed in sections 3.2.1
and 3.2.2 and, éwa and 6wb5 are associated with the 1oca1
buckling mode developed in sections 3.2.1 and 3.2.2. These modes

for a panel are depicted in Fig 3.4a and Fig 3.4b. The displacements
6WC4 and Gwcs are associated with an alternating up and down
stiffener mode shown in Fig 3.4c. 1In the following development of

the skin displacement functions Gwa4 and 6wb5 , each skin is
treated as an infinitely long plate restrained elastically along the
longitudinal edges. The skins are then connected to stiffeners

through the satisfaction of stress and displacement boundary

conditions. The displacement functions of the stiffeners can be
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taken as those developed in sections 3.2.1 and 3.2.2 for asymmetrically

and symmetrically edge stiffened plates.

The boundary conditions along the longitudinal edges of the skin

plate for displacements 6wa4 and (wa4 s 6wb5 are as follows:
(a) .Out of plane displacement is zero at y, =.yg = 0 and
Y, =Yg = ds .
(b) There is moment equilibrium with the applied elastic
| restraint at V4, = V5 = 0] énd V4 = Vg = ds.

The additional condition for 6w4b and deb is as follows:

(c) The slope is zero at ¥, = Vs =Ag§-.

Consider first the displacement 6wa4' and following the

procedure in section 3.2.1 Gwa4 ‘can be expressed as:

Gwa4 = Ya4(y4) Sin b (3.50)
where
- |
Ya4(y4) = :E:Yaén(yé) (3.51)
n=1
and
L k
¥4\ e
Yalm = Z Ene(?lg) (3.52)
- 2=1,L

Boundary conditions (a) and (b) can be expressed as:

((SwaA) .- 0 | (3.53)
A\
(5wa4) =0 (3.54)
y,=as
In
Dy 'Es—(‘swa4 ) = (‘Swa4 + VoW, ) (3.55)
y =0 yy XX

Yy Yy=
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R.
2n
'DS E'(Gwa4 ) = (ﬁwa4 + vaal*xx) (3-56)
y yy y4=ds

If kne # 0 then equation (3.53) is automatically satisfied, then
using equations (3.50) and (3.51) equations (3.54), (3.55) and

(3.56) can be expressed as:

(YaAn) = 0 (3.57)
y4=ds
D Rln ‘
s —:;(Ya4n ) = (Yadny ) (3.58)
Yy 4=0 Yy 4=0
R 2 |
D _22( ) - ( Al )
5 ds Yﬁ4n Yalm V(Zb) Ya4n =d (3.59)
Vy,=ds .Yy y,=ds

The boundary conditions between the skin and stiffeners are as follows:
(d) Slopes are equal at skin stiffener junctionms.

(e) There is shear equilibrium about the skin stiffener

junctions.

The boundary conditions (d) and (e) can be written as:

(Yalny) - (Yalmy) (3.60)
y1=0 Y4=
(Yaény) = (Ya4ny) (3.61)
y6=0 ' y4=ds
D 2
W - L =
DS ( aln (2 \))(Zb) Ya.ln ) B
yy y,=0
= -2(& - T \2 )
abn (2 v)(ﬁ) Ya i,
Y4=o
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D ' 2
L. U Y -
]T-(Ya6n -(2- v)(Zb) Ya6n ) B
s yyy A
6
T \2 A
= 2(Ya4nyyy -@2- v)(ig) Y4an ) (3.63)

y4=ds

The deflection function Ya4n is given the following form:

2 3
| Va4 ) Yy
Yatn = [éE (ds)'+ GEnZ(ds + OE 3(ds)

Y, 8y v, bn Y, n
+ GEnA(EE) + GEnS(Eg) + 6En6(3§)

ees (3.64)

The displacements Yaln from section 3.2.1, equation (3.30) is given
by: '

2 3 f
Yaln = 6An[ nl(d )+Fn2(-c-l;) + Fn3(d—w) + Fn4(ﬁ) (3.65)

therefore displacement Ya6n can be taken as:

2 3 f
. y6 Y6) y6) Y6 n
Ya6n - GLn nl(dw)'+ Fn2 dw +‘Fn3 /)t Fn& dw)
| .. (3.66)
Therefore using equations (3.64) to (3.66) and solving
equations (3.57) to (3.63), the coefficients &E SE

n1 ~ %fpe 80d
GLn can all be expressed in terms of éAn (see Appendix 2)

yielding the final form for Ya&n and Ya6n as follows:

: 2 3
A YA) Yy
Ya4n = -6An[l l(ds) + Kn2 as] * K 3(ds)

. (Ya)an | ya)bn Y4 “n
+ *hi\ds + KnS'EE + Kn6(3§) (3.67)
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| ‘ 3 £
= (Y6 — Y6 - Y6 = Y6\
abn < 6An[%n1(§3)'+ FnZ(E; +F 3(dw + FnA(E;) (3.68)

Equations (3.57) to (3.63) also apply to YbAm with the additional

condition (c) which can be expressed as:

Yot )
( b4my ds 0 (3.69)
Y553

the formof Y can be taken as:
b4m

2 3

d
Yb4m = [6P (ds) + GPmZ(EE)'+ 6PmB(EE) + GPmA(EE)'
L : k L
oo 24)" + or, (%) + o2 (2) "] .
7 + PmS ds + %6 Eg) + OA\Ts (3.70)

The displacement Yblm from equation (3.34) is given by:

2 3 h
_ s (yl) 1 (Y 1) 1
Ypim = Ba[m\aw/ * Hnd dw) *Ho\aw) *+H A(dw) (3.71)

therefore Yb6m can be expressed as:

2 3 h
Yo Y6 Yo y6
= OR ]
Thém U{Hml(d )+ H Z(d ) + Hm3(dw) + Hma(dw) (3.72)
Using equations (3.70) to (3.72) and solving equations (3.57) to

(3.63) and (3.69) yields the final form of Yb4m and Yb6In as
follows (see Appendix 2):

2 3 d
< oy a(3) + Tt + Tlad) + naaat)”
Yb4m B ni\ds/) ¥ ‘mo\ds/ * ‘m3\ds/ * Ima(EE
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2 3 h
: - (Y4 - (Y4 - (Y4 = Y4\ T
Yb6m = dBm[éml(a;) + HmZ(EG) + Hm3(3§) + Hm4(a; (3.74)

The restrictions imposed upon indices a bn and c, areas
follows:
a >3, b >3, c >3 (3.75)

The restrictions imposed upon the indices dm , e , k , 2 are

m m m
as follows:
d >3, e >3, k >3, 2 >3 (3.76)
m m m m
The boundary conditions for Gwc4 are as follows:
(GWCA) L, =0 | (3.77)
YA_
((ch4 ) =0 (3.78)
yy4¥=0,ds
(ov,, ) -0 (3.79)
yyy4 =0,ds
Expressing Gwc4 as:
. TX
GWC4 Yc4(y4) Sin oY (3.80)
where
R
YCZI = ZYcér(YA) (3.81)
r=1,R
5 Yy 8rs
Yt:4r = Z Drs Es_) (3.82)
s=1,S

Boundary condition (3.77) is automatically satisfied if .grs z0,

boundary conditions (3.78) and (3.79) can then be expressed as:

(Yc4r ) = 0 (3.83)
yy‘y=0,ds
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Expressing YC4r as:

(y4)gr1 Yy 8r2 y4)8r3
Yc4r E [GDrl ds + GDrz(EE) + 6DrS(E-s_ ] (3.85)

Using equation (3.85) to solve equations (3.83) and (3.84)
coefficients 6D ., , 6D can be expressed in terms of &D
r2 r3 rl

resulting in the following expression for Yc4r (see Appendix 2):

. h Iy
R O R0 L
cbr = Dr Ur1 ds + Ur2 ds. + Ur3 ds (3.86)

where GDr = 6D

Y

rl °

The final expression for displacements 6w . , &w.., and O&w .
ai bi ci

for the various plate elements are as follows:

N 2 3 . f

4! Yl) (Yl) (yl) s Tx
DS “n[Fnl(a) rdw) @) +RdG) Jsn B
" n=1,N
... (3.87)
N y Yo\ y,\en
: 2 2 72 . TXx
6wa2 = Z (SAn [Gnl(ﬁ) + an E) + Gri3(.(1_f) ]Sln oY
n=1,N
... (3.88)
6Wa3 = Gwaz (3.89)
N : y y 2 y 3
| - 4 ) (34)
6wa4 - Z GAn[Knl(ds) + Kn2(ds * R\Gs
' n=1,N
a b c
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6wa5 = Gwal;
N y y 2 y 3
_ = (26, 7 _6) P (_6
6waG - Z (SAn[Fnl(dw) + Fn2(dw * Fo\aw
n=1,N
= y6) 7 omx
+Fn4€; JSlnE’E (3.91)
N y ¥\ Yo\ |
= 7 = 7 = 7 . TX
6wa7 = Z <SAn[Gnl(E) + GnZ(d_f) + Gn3(ﬁ) Sin 2b (3.92)
n=1,N ‘ -
6wa8 = Ow 2
M ; 2 3
| (#) + 1) +md3)
wal = Z 5Bm Hml )t Hm2 aw/ * Hm3 dw.
m=1,M
y hm
_1) iy TX
+ Hm&(dw ]Sln b (3.93)
M 2 3
oy - () + 9nal) + ()
Vpo = Z Ja\az) * Jm2\ge/) * Jns\aE
m=1,M
j .
AN . TX
+ Jm4(d_f) ]S:Ln 25 (3.94)
(5wb3 = waz (3.95)
M y y 2 y 3
9.0 18
Supy, = Z dBm[Iml(ds) * Im2(ds + Ins\ds
m=1,M
y,\'n y,\ m y,\m
2) +1(3) + 15)
+ Imlt(ds + Im5 ds + Im6 ds

+1I (ﬁ) m . Tix
n7\ds Sin Ty . (3.96)
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6wb5 = 6wb4 (3.97)
i y y 2 y 3
T(ae) + Folz2) + Ruolz2)
Z GBm[Hml(dw + Hm2 dw + Hm3 dw
m=1,M
y hm
= 6 . TX
+ Hm4(?1_§r') ]Sln Ty (3.98)
M y y 2 y 3
s (7)., 7 (2 T (17
Z 6Bml}ml(df) * I df) + Jms(df) |
m=1,M .
J
- y7) o . TX
+ Jm&(-a—f- ]Sln% (3.99)
6wb8 % 5wb7 (3.100)

h 3

S o0 o GO o0 (2) 4o (4)"
Su, = Z oo [u () +ul5) +u (5 (3.101)

r=1,R

6wc5 = —Gwc4 (3.102)

The total out-of-plane displacements Gwi for the various plate

elements can now be defined as:

6w1 = Gwal + wal

6w2 = Gwaz + 6wb2 - (le)
.y1=dw

6w3 = Gwa3 + dwb3 + (évl)
; ylédw

cSw4 = Gwa4 + wa4 + Gwc4
6w5 = GwaS + 6wb5 + Gwcs
6w6 = 6Wa6 + 6wb6

[... (3.103) continued]
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6w7 = 5 2+ 5w (5v6) dw
6w8' = 6 g + Gw (6v6) dw
cee (3-103)
The total in-plane displacements évi are:
le = A Sin EE
6v2 = 6wa1)
: y1=dw
dv, = -(cswal) i
¥i=
(Sv4 = 0
6v5 = 0
Svg = (6w )
ds
6v7 = (Gwa6)
Y6=d
Svg = ‘(5“’ 1)
y1=dw

«se (3.104)

The total axial displacements Gul for each plate element are:

Gul = GAul Cos 5+ 2b 6v 1,
’ X
Su, = 06A ; Cos o - (yldle) - yztSv2x
y1=dw
Su, = 6 LD S -
3 Au; Cos % (yl(Svl ) yBGV3
X y1=dw X

[... (3.105) continued]
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X
GUA = éAul Cos 7p
X
6u5 = GAul Cos 7t
X
6u6 = GAul Cos 5 - y66v6x
X
Su; = OAyy Cos 5 - (yé‘s"sx) - ¥8v7,
y6=dw
X
6u8 = 6Au1 Cos 5t - (y66v6x) - y86v8x
y6=dw

... (3.105)

All displacements for the various plate elements have now been
defined, a variety of deflected forms for 5wi can be specified
for the section simply by choosing different values for the indices

as well as the rotational restraints at the web-skin junctions.

3.2.4 Finite Panel

Consider a panel of length 2b and width 2d shown in Fig 3.5.
The panel is assumed simply supported on all four sides and stiffened
by stiffeners of non-deformable cross-sections. With reference to
Fig 3.5, the out of plane displacement of the skin &w is assumed

to be represented in the form of a double sine series as:

M N
- ; TY oy X
Sw. = :E: :E: GAmn Sin m 24 Sin n b (3.106)
: m=1,M n=1,N

The in-plane displacements of the skin du , O6v are assumed as:

N
X
(Sui = EE: 6Bn Cos n 7 (3.107)
n=1,N

v =0 (3.108)
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Consider now a stifféner placed at a distance y = s as shown in

Fig (3.5). The coordinate system for a typical stiffener and the

skin are shown in Fig (3.6). The x ¥ 2z, axis pass through the shear
center of the stiffener cross section denoted by 0O, where 0y and Oz
are parallel to the principal axes of the section which pass through
the centroid deneted by C . uv v define displacements of the

shear center in the x and z directions and BS denotes the

Y.
s’ ’s
rotation of the stiffener cross section about the shear center.

The displacements ug and Ve of the stiffener can be represented

in terms of the skin displacements through the following compatibility

expressions:

ug = (u-hw - hcyvx)y=s

v, = (v - hswy)y=s (3.109)
vhere hCy , hCz represent the distance to the centroid with respect

to the x and y axis and hS represents the distance to the shear

center as shown in Fig (3.6).

The displacement Ve can be represented as:

e o= () (3.110)

S

The rotation Gs about the shear center can be represented in terms

of the skin displacements as:

8, = (uy), - (3.111)

The displacements for the various plate elements have now been defined,
a variety of deflected forms 6u , 6w can be specified by considering

a number of terms in series representing Su and 6w .



62

3.3  Energy Equations for Stiffened Plates

3.3.1 Plate - Plate Stiffened Sections .

The energy equations described in the previous chapter for the
stability analysis of plate problems can be extended to investigate
the buckling of stiffened plates by taking into account the bending
and membrane energies of the various plate elements comprising the
structure. If the plate structure is also elastically restrained
against rotation, then the bending energy of the restraint has also to
be taken into account. The first variation of the bending energy of

the rotational restraint Ur is given by:
6u, = [M®  dx | (3.112)
In which M is the rotational restraint moment and 6 is the angle
of rotation.
The relationship between M and 6 is given by:
M = R6 (3.113)
where R is the rotational restraint.

The second variation of the rotational restraint energy is given
by:

2

2
6% = [Mcs 6 + % SMSO  dx (3.114)

The first term in equation vanishes since 6 can be expressed as a
linear function of displacement variables.
Using equations (3.113), &M is given by:
M = R&O (3.115)

Substituting for M into equation (3.114) yields:
2 1 2 '
8 Ur = E-f-RGG dx (3.116)

If the restraint is say applied about the edge y = O of the plate
then 60 is given by:

58 = (awy)y=0 (3.117)
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The displacement &w can be expressed in the form of a series as:

ow = Gmwlhl + 6aw2h2 ..... (3.118)

Then following the procedure outlined in section (2.6), equation (3.116)

can be expressed in matrix form as:
2 1 T '
6%, = 3 [ )rs IS Hea ) ax (3.119)

where

[S [h, , h

lr] ly 2y °? Y

K] = [R)
..o (3.120)

For a plate stabilityvproblem the second variation of the total

potential energy is given by equation (2.116) which can be expressed
as:

6V = §%u, + %u_ | (3.121)
vhere
sy, = 1/ {aa}T[snl]T[D][spll{da} dxdy
and
6%, = % [(6)TIsD,IINIISD, 1060}  axdy

eee (3.122)

The second variation of the total potential energy of an elastically
restrained plated structure comprised of n plate elements can be

expressed as:

N
2 2.1 2.1 2
82V = :E: [6 ol + 6% 4+ 6 Ur] (3.123)
i=1,N
For critical conditions, the second variation of the total potential

energy vanishes so that:

N
2. 2.4 2
.;N[‘S R ST (3.124)

Following the procedure outlined in section 2.6, equation (3.124) can

be reduced to the form of equation (2.129) to obtain the critical
load.
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3.3.2 Plate - Beam Stiffened Sections

Consider a panel of length 2b, width 2d shown in Fig 3.5. The
panel is assumed to be simply supported along all four edges and,
stiffened by stiffeners of non-deformable cross-section which are

allowed to warp.

The complete non-linear expressions for the strains occurring
in thin walled bars of open cross section have been derived by
Roberts_[57], which are briefly outlined here.

A thin walled bar of open croés—section is”shown in Fig (3;7);
The XY 2 axis pass through the shear center of the cross-section
denoted by O and Oy and Oz are parallel to the principal axes of
the section which pass through the centroid C . u s Vg and W define

displacement of the shear center in the Xgs Yo and z_ directions
and BS denotes the rotation.of the section about the shear center.

bue to translation and rotation, a set of axes, originally
coincident with the fixed x y 2z, axes but assumed to move with the
cross-section to a new pesition defined by X Y 2o as shown
schematically in Fig (3.8). Displacements in the §s§s£s directions
are defined by ugs Vg and w and rotatien about the x axis by GS .

The total strain Ex in the §S direction is given by:

E = 5v__ -7 +af__ +28
X SXX SXX W SXX 2 “sx
1 2 1 2 1 2
+usx+2usx+2vsx+2wsx (3.125)

in which o defines section properties relating to warping, p
defines the distance from the shear center to a point on the cross-

section relative to §S§st axis.

The first two terms in the above expression represent bending
strains about the Es and §s axis respectively, where is and Es
are measured from the centroid. The third term represents strain due
to restraintin warping, which can be neglected in this case since the
stiffeners are assumed free to warp. The fourth term represents a
second order strain produced by stretching of an element due to
rotation about the x axis. The remaining terms represent strains

produced by stretching of an element due to displacements u, v and w .
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The second order strain in u can be neglected since its contribution

can assumed to be small in comparison with other terms.

From Fig (3.8) displacements Gs"gs and és can be related to

Vgr Vg and GS by the following equations, terms containing u being

neglected, L o
u = v cos B +w sin B =v_ +w (8)
s s s s s
W = w_ cosB-v sinB=w -v (8)
s s s s s
6, = Gs W Ve T Va¥ey (3.126)

Substituting above equations into equation (3.125) and noting that
dx differs from dx by the magnitude of the axial strain which is
small compared with unity we can take dx = dx and therefore, the

total axial strain €, in the x direction is given by:

€X = —y{uSXX + wSXXeS} -z {WSXX - VSXXeS}
‘ 1 2 1 2 2,2
'f{'usx ty vVt v F pEBSX (3.127)

in which p represents the distance from the shear center to a point
on the cross-section relative to the XY 2 axis, and since the
cross-section is assumed to be non-deformable then p=p, y=7

and z =z . Third order terms in §i have been neglected.

Shear deformation of the bar due to non-uniform bending has
been neglected, however shear deformation due to St Venant torsion
need to be considered. For a narrow rectangular strip subjected to
rotation és about §s‘ axis, the shear strain Exy at a distance
g& for, the centerline is given by:

exy = ZEGX , (3.128)
where & represents direction perpendicular to the wall of a cross-

section as shown in Fig (3.9).

Substituting equation (3.126) into equation (3.128), the shear

strain exy relative to the Xg axis is given by:

WV _+V W (3.129)
SXX SX SXX SX

exy % 25{9SX -
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When considering the strain energy associated with St Venant torsion,
thin walled open cross-sections of any shape can be approximated as
single or several disconnected narrow strips.

For a thin walled bar of open cross-section, the first variation

of the total potential energy GVS is given by:
GVé = -piéri +f o e + nyéexy d vol (3.130)

where o, is the axial stress (tensile positive), Gex is the first
. variation of the axial strains, ny is the shear stress and Gexy
is the first variation of the shear strains. The relationship between

the stresses and strains are given by:

ox = Eex

oxy Gexy (3.131)

where E is Young's modulus and G is the shear modulus.

For stable equilibrium the first variation of the total potential
energy is zero and corresponds to a minimum, and the second variation
is positive definite.

Critical conditions occur when the second variation of the total
potential energy 62VS vanishes indicating a possible transition from

stability to instability, 62VS is given by:

2

V. = —p.62r. + 5 0.6%. + L 56 6e
s i” i X x 2 x x

2 1
+ nyé exy +3 6oxy65xy ,d vol (3.132)

For most problems r; can be expressed as a linear function of

displacement varlables, and therefore it can be assumed 6 r, = 0.

Using equations (3.131), the second variation of the total
potential energy for a thin walled bar under axial compression, ie
with Oxy = 0 , can be written as:

2

-8 VS = J -0, 6 €, +-— 58 ée + = Gexyéexy d vol (3.133)

From equations (3.127), (3.129), the first and second variations of

strains are given by:



67

68x = _y{avsxx + 6wsxxes + wsxxées}
-z{8w 6v__.6_ +v__ 80}
sXX SXX S SXX S
2
+ Gusx + vsxévSx + wsxéwSx + p Bsxéesx
68xY = 2g{éesx - awsxxvsx - wsxvasx + Gvsxstx +.vsxxdwsx
, (3.134)
2
§ e, = fyﬁwsxxée - zévsxxée
1,2, 1.2.1 2.2
+ 2 Gvsx4'26wsx + 2 P Gesx
§%. = 2e{6w_ 6v__ + 8v__ 8w )
Xy SXX SX SXX  SX
(3.135)

In the above equations it is assumed that displacements Uy Voo W
and Gs can be expressed as linear functions of displacement variables,
and since the second variation of a linear function is zero, therefore
62u, 62v, 62w are zero. Furthermore, prior and up to the point of
buckling, it can be assumed that v, w and 6 are zero and therefore
terms such as 6, Vex €tc can be neglected in equations (3.134) and

(3.135).

Substituting the expressions for the first and second variations
of strains into equation (3.133), the second variation of the total

potential energy can be written as:

2 .
S VS = .[/;Ox(eydwsxxées - zévsxxﬁes

G f,r2 «n2 :
+ 5 (48 agx) dA dx (3.136)

In the above equation the limit of integration over the volume d vol
has been replaced by dA dx , where A is the area of cross-section.

On integrating with respect to A , the following integrations then

apply:
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f;dA = 0

= 1, [zsz = I

g\‘ ‘\‘ﬁ
] ]
N
(=] Q.
> >
I 1}

y

2 L D
I0 _[45 dA = T hiti/3 = J (3.137)

ij dA

where Iz’ I are the second moments of area of the cross-section
about axis through the centroid parallel to the y and z axis
respectively, IO is the polar second moment of area about the shear
center. The last integral above is the well known St Venant torsion
constant denoted by J , and for a thin walled bar of open cross-
section, the cross-section can be approximated as a single of several
disconnected narrow rectangular strips. Due to the assumption the
cross-section does not distort, the last expression can also be obtained

through plate theery when considering energy associated with twist.

Integrating over the area, 62VS can then be written as:

2 1 2 2 2
$ vS = -50, fA(Gvsx + dwsx) + IOGGSX dx
1 2
+ 7 EA f&usx dx

1 2 2
t 3 E_[ Izévsxx + IyGwsxx dx

1 2
+ 5 GJfGGsx dx (3.138)

Using equations (3.109) to (3.111), stiffener displacements u Vg

W es can be represented in terms of plate displacements u v w ,

62Vs can then be expressed in matrix form as:
2 1 T T
62V = zj[sll (N 10s;] + [s,7(D_10s,]  ax  (3.139)
where
T
[sl] = [vx

[ wyx N Wx]
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A -Ah 0
s
[N] = -0 |-An AR+ 1) 0
s X s s 0
0 0 A
[S ]T = [u., w v w v ]
2 xT Txx’ xx’ Tyxx! yx
— -
A -Ah -Ah 0 0
cz cy
2
-Ah Ah” + I 0 0
cz ez y cz cy
_ 2
[Ds] = E —Ahcy Ahcyhcz | Ah"cy + 12 -Izhs 0
2
0] 0 -I h Ih 0
z's z2's
0 0 0 o —I
‘ 2(1 +v)
(3.140)

Using expressions for u, v, w given by equations (106) to (108) and
following the procedure outlined in section (2.6) for instability

analysis of plates, [SI] [SZ] can be expressed as:

[S

1] {Ga}[SAl]

[s,]

{Ga}[SAz] (3.141)
62Vs can then be expressed as:

&y = %-j'{aa}T[SAl]T[NS][SAl]{ca}

+ {60} 7[8A,17[D_1[SA, ) {60} dax  (3.142)
Equation (3.142) can be written in a more compact form as:

+ 8%y (3.143)

§&v = &%
s sb sm

where 62Usb and 62Usm represent the second variation of stiffener

bending and membrane energy respectively and are given by:
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su_ = % f{éa}T[SAI]T[NSF][SAI]{Ga} dx

sm

s, = 3 [toorTIsA,] [D)ISA M{60)  ax (3.144)

n

For a stiffened plate section stiffened by n stiffeners, the second

variation of the total potential energy can be expressed as:

N N
2 2 :E: 2.1 2 :E: 2.i
§°V = & Ub + d USb + 6 Um + ) U (3.145)
i=1,N i=1,N
where 62Ub and GZUm represent the second variations of skin bending

and membrane energy respectively and obtained through the procedure
outlined in section (2.6).

For critical conditions, the second variation of the total

potential energy vanishes, and therefore:

N ‘ N .
. 1
5§20, + z s2ut 4+ 82U+ §20_ = 0 (3.146)
b sb " " m sm
i=1,N i=1,N

Equation (3.146) can be expressed in the form of equation (2.124) to
obtain the critical load.
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3.4 Results

3.4 1 Edge Stiffened Plates

(i) Local lateral instability of symmetrically edge
stiffened plates

The problem of a symmetrically edge stiffened plate under uniform
axial compression is depicted in Fig 3.10. The root of the web is
assumed to be elastically restrained against rotation by a restraint of

stiffness R .

For comparative reasons, the overall mode is excluded for this
problem. The inplane displacement le for the web can therefore be

taken as:
Sv, = 0 . (3.147)

Using equation (3.147), the displacements 6w1, Gul, 6w2, 6u2 and sz
for the various plate elements are represented by equations (3.40),

(3.42) to (3.45), and the displacements 6w3, 6v3, 6u3 can be taken as:

6w3 = 6w2
5v3 = - 6v2
>
5u3 = GAul cos ot - y36v3X . (3.148)

If o is the uniformally applied axial stress, the membrane forces per

unit length for the various plate elements can be taken as:

N . = ot,
X1 1
N. =0
yi
xyi = 0 (3.149)

where the subscript i refers to a particular plate element and t

its thickness.

Substituting for the displacements and membrane forces into
equation (3.124) and solving for the lowest eigenvalue yields the

buckling load.
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~ Fig 3.14 showsthe relationship between a non-dimensional buckling
coefficient K and web plate aspect ratio 2b/dw for zero elastic

restraint value. The buckling coefficient K is given by:

o] twdw2
K = S— . . (3.150)

wZDw
The results are compared against those presented by Bulson [4] which are
based upon the assumption that flanges have negligible torsional stiff-
ness. This assumption leads to minor differences between the two sets
of results for aspect ratios greater than 2.5 where the buékling mode
is predominantly torsional for all cross-section geometries considered.
For low values of aspect ratios, where the buckling mode is predomi-
nantly local for stiffened plates with large flanges, the assumption
that flanges have negligible torsional stiffness leads to a consider-
able underestimation of the local buckling load and leads to the false
conclusion that local buckling load is the same as for a plate simply

supported along all four edges.

For large values of aspect ratios, all plates irrespective of the
flange size buckle into only a single half-wave and the minimum value
of the buckling coefficient occurs when the value of the aspect ratio
is infinite.

Fig (3.15) shows the relationship between the non-dimensional
buckling coefficient given by equation (3.150) and the aspect ratio for
infinite value of elastic restraint - providing built in conditions at
the root of the web. The results obtained from the energy solution are
compared with those presented by Bulson [4], in which the effect of the
torsional stiffness of the flange is included for the lateral buckling
of the stiffened plate. Bulson's results show that the lateral buckl-
ing mode can occur over a number of half wavelengths as the aspect ‘
ratio is increased. There is good agreement between Bulson's exact
solutions and the present energy solution over the region where the
mode of buckling is predominantly lateral. However, for low values of
aspect ratios where the buckling mode is local, Bulson again excludes
the effect of the torsional stiffness of the flanges, which conse-
quently leads to the assumption that the local buckling load of the

- stiffened plate is the same as for a plate built along one edge,
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simply supported along the loaded and the stiffened edges. This assump-

tion, as shown in Fig3.15 underestimates the local buckling load.

Fig 3.16 shows the relationship between the non-dimensional buckl-
“ing coefficient K and aépect ratio for a stiffened plate where the
flange width and the flange thickness is made negligibly small. The
results are compared with the exact solutions by Bulson [4] for a plate
elastically restrained at y = 0 , free at y = dw and simply suppor-
ted along the loaded edges x =0 and x = 2b . It can be seen that
the present enérgy based results are in good agreement with Bulson's
results fér various values of restraint coefficient € considered.
Where the restraint coefficient € is the ratio of edge moment to edge
slope and can be defined in terms of the elastic restraint R and the
web plate parameters as:

| Rdw

D .
W _

E = (3.151)

Note that when € = ® the edge is clamped and when € = O the edge is

simply supported.

(ii) Local lateral and overall instability of asymmetrical
edge stiffened plates -

The problem of an asymmetrically edge stiffened plate under uni-
form axial compression is shown in Fig 3.11. The displacements Gul,
le, 6w1, Guz, sz and 6w2 for the individual plate elements are
given by equations (3.40) to (3.45). The membrane forces for the
various plate elements are given by equation (3.149), Substituting for
the displacements and membrane forces into equation (3.124) and solving

for the lowest eigenvalue yields the critical load.

Fig 3.17 shows ﬁhe reiationship between a non-dimensional buckling
coefficient K given by equation (3.150) and the web plate aspect ratio.
The results for an ésymmetrically stiffened plate with a df/dw ratio
of 0.2 are compared against Lim's [55] results also based upon an energy
solution. The slight differences in the two sets of results can be
attributed to Lim's assumption for the location of neutral axis for
inplane bending of the component plates. Lim assumes that the location
of the neutral axis for the component plates can be determined from a

stress distribution shown in Fig 3.13, resulting from the flexural
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-torsional buckling of the section. The following assumptions are then

used to derive explicit expressions for the location of neutral axis

]

§w for the web and 5% for the flange.

(a) The net axial load due to the stress distribution’is zero.
(b) The moment about any axis normal to the plane of the web
is zero. '

It should be noted that assumption (b) is only valid for the case
where there is zero bending about an axis normal to the plane of the
web and, does not hold for the case where the section buckles in an

overall or flexural torsional manner.

With reference to Fig3.13 and assumptions (a) and (b), ?; and

§% can be expressed as (see Appendix 3):

-y _ dw
Yo =3
Vp o= 20£%/(aw + 4af) . (3.152)

Fig 3.18 shows the relationship between the non—dimensional buckling
coefficient K and the df/dw ratio for various values of web aspect
ratio. The results aré compared against those presented by Lim [55] and
Kloppel [48]. It can be seen that there is good agreement between the
three sets of results for case when 2b/dw =1 . However, Lim's
analysis underestimates the value of K for the torsional mode at
various web aspect ratios. These differences can be attributed to the
assumption (b) used by Lim in leading to equations (3.152), Conversely,
Kloppel's results are substantially higher for the torsional mode at
various aspect ratios. These differences may be attributed to
Kloppel's analysis in which, the effect of the overall mode is excluded
and the location of the neutral axis for inplane flange bending §% ’
is taken at the flange web junction. The latter assumption, greatly

overestimates the inplane bending stiffness of the flange.

Figs 3.19 and 3,20 show the relationship between i{/di and

?i/di with df/dw where, the subscript i refers to the particular

plate element, ii refers to the location of axis of bending predicted
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by the present analysis (see Appendix 3) and, y' refers to the loca-

tion of bending axis given by equations (3,152).

It can be seen from Fig 3,19 that for values of df/dw 1less than
'0.3'there is close agreement in the positions of the neutral axis pre-
dicted by the present analysis and those given by equations (3.152).
The buckling mode in this region is predominantly lateral as shown in
Fig 3.19a. For values of df/dw greatér than 0.3, the present analysis
shows a sharp drop in the distance of the neutral axis from plate edges
of the various plate elements, indicating a transition from the lateral
buckling mode to the local buckling mode as shown in Fig 3.19a.

Fig 3.20 shows results for the case where the web aspect ratio

2b/dw = 25. It can be seen that there is a progressive increase in the
differences between the position of the neutral axis predicted by the
present analysis and thosebgiven by equation (3.152) as the df/dw
ratio is increased. Fig 3.19b shows that the buckling mode over the

range of df/dw considered is predominantly lateral.

Fig 3.21 shows the relationship between the non-dimensional web
buckling coefficient K (see equation 3,150) and the web aspect ratio
2b/dw for various values of df/dw . It can be seen that as df/dw
is increased up to 0.2 the value of K for which local buckling occurs,
also increases. For these stiffened plate geometries the flange
restrains the web from buckling and buckling can be said to be induced
by the web. As the df/dw ratio is increased above 0.2 the value of K
“for local buckling starts to drop. For these stiffened plate
geometries the web restrains the flange from buckling and it can be
said that the buckling is induced by the flange. It should be noted
that the minimum value of K for flange induced local buckling occurs
at a greater value of half wavelength than for web induced local buckl-
ing. It can also be seen that as the half'wavelength 2b is increased,
all curves for the various stiffened plate geometries show a transition
from the local buckling mode to the lateral/overall buckling mode (note
that as the web aspect ratio 2b/dw is increased, local buckling can
occur over several half wavelengths and lateral/overall buckling occurs
when the value of K for which lateral/overall buckling occurs falls
below the minimum value of K for which local buckling occurs).

Fig 3.22 depicts typical buckling modes at mid span for some of the
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stiffened plate geometries considered in Fig 3.21 Flange induced
local buckling is represented by the deflected shape where the

maximum deflection of the flange is greater than the maximum deflection
of the web. This can be seen quite clearly for the stiffened plate
with the df/dw ratio of 0.5 and web aspect ratios 2b/dw , of 1.0,
2.0 and 4.0. Similarly, web induced local buckling is represented by
the mode shapes where the maximum deflection of the web is greater than
the maximum deflection of the flange. This can be seen for the case
where df/dw = 0.1 and 2b/dw = 1.0 .

Fig 3.23 shows the relationship between the web buckling coeffi-
cient K and 2b/dw for the case where tf/tw = 3.0 . Note that for
the stiffened plate with df/dw = 0.5 , flange induced local buckling
occurs at nearly the same half wavelength as the lateral buckling mode.
This results in a large amount of interaction between the two modes
which causes a substantial reduction in the value of K at this point.
However, it should be noted that this is of no practical significance
since there is no length of stiffened plate for which buckling occurs
at this half wavelength. The buckling modes at mid span for some of the
 stiffened plate sections considered in Fig 3,23 are shown in Fig 3.24.
From examination of Fig 3.21 in which the case tf/tw =1 is treated
and, Fig 3.23, it can be seen that for stiffened plates with df/dw
ratios of greater than 0.1, failure through the lateral buckling mode
occurs at a smaller half wavelength if the flange thickness is greater

than the web thickness.

Fig 3.25 shows the variation of the web buckling coefficient K
versus the web aspect ratio where dw/tw = 150 and tf/tw = 3.0 . From
examination of Figs 3.25 and 3,23 in which the case tw/dw = 50,
tf/tw = 3.0 is treated. It can be seen that failure through the
lateral buckling mode occurs at an increasingly longer half wavelength

if the web thickness ratio dw/tw is increased.

Fig 3.26 shows the variation between the web buckling coefficient
and K and the web aspect ratio 2b/dw . For df/dw = 0.1 and various
values of elastic restraint € (see equation (3.151))applied at the '
root of the web. It can be seen that for the case where € = 0 the
buckling mode is local for low values of 2b/dw . As the aspect ratio

is increased, the buckling mode changes from local to lateral when the
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value of K , which represent the lateral buckling mode falls below the
minimum value of K , at which the local buckling mode occurs. It
should be noted that the lateral buckling mode where € = O occurs

over a single half wavelength.

For the cases where € =1 and € = 3 , the buckled mode is local
for low values of 2b/dw , however, as the aspect ratio is increased,
the buckling mode changes from local to lateral which can now occur over
several half wavelengths. As the aspect ratio is further increased the
buckling mode changes from lateral to overall when the value of K ,
which represents the overall buckling mode is lower than the minimum

value of K , which represents the lateral buckling mode.

For the case where € =« which effectively provides built-in
condition at the root of the web, the buckling mode is local for low
values of 2b/dw and changes to the overall mode for large values of
aspect ratio. The lateral buckling mode for this case does not occur
for any value of 2b/dw since the value of K at which lateral buckl-
ing occurs is always higher than the minimum value of K at which
local buckling occurs. Figs 3.27 and 3.28 show the variation of K
and 2b/dw for df/dw = 0.3, df/dw = 0.5 respectively. Again it can
be seen that the effect of the elastic restraint is to reduce the
influence of the lateral mode. Fig 3.29 shows some typical buckled
modes at mid span over a single half wavelength for cases € = con-
sidered in Figs 3.26, 3.27 and 3,28.

Fig 3.30 and Fig 3.31 show the variation of the web buckling
coefficient K versus the web aspect ratio 2b/dw . The results
from the case where the overall mode is included (ie le # 0) are com-
pared against the case where the overall mode is excluded (ie dv = 0).
It can be seen that by neglecting the le degree of freedom results
in an overestimation in the value of K for lateral buckling. The
differences being the greatest for stiffened plates with large flanges
and, where the thickness of the flange is greater than the thickness
of the web.

Figs 3,32 and 3.33 show the variation of the web buckling coeffi-
cient X and the df/dw ratio. The results from the two cases where
the overall mode is included and excluded are compared against each

other as well as the results obtained by Kloppel [48], wherever possible.
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It can be seen that KlEppel’s analysis overestimates the value of K
even when compared with the pfesent analysis where the overall mode is
excluded. The differences being the greatest for stiffened plates with
large web aspect ratios. Similarly the differences in results from the
two cases where the overall mode is included and excluded are the
greatest for plates with large aspect ratios with wide ahd thick

flanges.

.3.4.2 Semi-Infinite Panels

(i) Local instability

The problem of an infinite panel subjected to uniform axial com-
preésion is depicted in Fig 3.12. The displacement fields Gwi, 6ui
and Gvi for the various plate elements are given in section 3.2.3.
For local instability analysis of panels with unflanged stiffeners the
displacement dwai is only considered and the energy contribution of
the other displacements can be omitted. For the cases where the panels
are stiffened by flanged stiffeners, the energy contribution of dis-

placement wai need only be considered.

If o is the uniformly applied axial stress, the membrane force

per unit length for the various plate elements can be taken as:

N, = ot,
X1

N, = O

yi

i = 0 - (3.153)

Substituting for the displacements and membrane forces into equation

(3.124) and solving for the lowest eigenvalue yields the buckling load.

Fig 3.34 shows the variation of Ks ;. with dw/ds ratio for
integrally stiffened panels with unflanged stiffeners. Results are
presented for various ts/tw ratios. The value for" Kﬁmin was calcu-
lated iteratively for a given dw/ds and ts/tw ratio by varying the
half wavelength 2b until a minimum value for the skin buckling

coefficient Ks was obtained. where
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r, - () G3.156)

in which O.r is the critical buckling stress.

The results are compared against those presented in ESDU data
sheets [62], and those obtained through the use of the finite strip
package VIPASA [34]. It can be seen that the results obtained through
the present analysis compare favourably with those predicted by VIPASA.
However, there are substantial differences between the present results
and those presented in ESDU data sheets, which are based upon an
analytical approach suggested by Cox [63] requiring the solution to the
equilibrium equations for each individual plate element connected
together  through rotational restraints - which should provide 'exact'
answers. It is therefore assumed that computational or iterative
errors may be the cause of discrepancies in the ESDU curves. It should
be noted that all curves for low values of dw/ds represent skin
induced buckling and for high values of dw/ds represent stiffener
induced buckling. The change being the most dramatic for high values
of ts/tw .

Figs 3.35 and 3.36 show the variation of Ksmin with dw/ds
for integral stiffened panels with flanged stiffeners. Both symmetri-
cally flanged and asymmetrically flanged stiffeners are considered.
The results from the current analysis are compared with those obtained
through the use of the finite strip package VIPASA [34] and those presen-
ted in ESDU data sheets [62]. It can be seen that the results obtained
from the current analysis compares favourably with those obtained
through the use of VIPASA. Any discrepancies between the results from
the present energy analysis and those presented in ESDU data sheets
can again be attributed to compﬁtational or iterative errors in the
ESDU results.

(ii) Local ‘lateral and overall instability

The problem of an infinite panel subjected to uniform axial com-
pression is depicted in Fig 3.12. The assumed displacement fields Gwi,
Gui and évi for the various plate elements are given in section
3.2.3. The expressions for the membrane force per unit length are

given by equation (3,153),
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Substituting for the displacements and membrane forces into equa-
tion (3.129) and solving for the lowest eigenvalue yields the buckling
load.

Fig 3.37 shows the variation of a non-dimensional critical stress
factor Ocr x 692/E with the df/dw ratio for an integral panel with
asymmetrically flanged stiffeners. The results from the present upper-
bound energy analysis are compared with results based upon an 'exact'
theory for an infinite panel, presented by Williams and Wittrick [33]. It
can be seen that the two sets of results are in good agreement over the
range of df/dw values considered. The buckling mode to the left of
the sudden change in slope is predominantly lateral and to the right is
predominantly local. The sudden discontinuity in the slope suggests
that these two modes occur at different half wavelengths and indicates

little or no interaction between the two modes.

Figs 3.38,3.39 and 3.40 shows the variation of a non—dimensional
eritical stress factor Or X 103/E and the aspect ratio 2b/ds . The
results for infinite integral panels with unflanged and asymmetrically
flanged stiffeners are compared with results presented by Williams and
Wittrick33 for a simply supported finite size panel stiffened by 12

stiffeners.

Consider first Fig 3.38, which shows results for an integral
panel with unflanged stiffeners. The curves shown have two distinct
portions corresponding to the local and overall buckling modes. The
results from the infinite panel analysis compare favourably with those
for a finite panel over the local buckling region. However, large
differences occur between the two sets of results at the transition
point where the buckling mode changes from local to the overall mode.
It can be seen that the infinite panel model overpredicts the buckling
load; however this is of no practical significance since it is apparent
that there is no length of panel for which buckling would actually
occur with a wavelength in this region. As the aspect ratio is further
increased in the overall buckling region, the differences between the
two sets of results become progressively smaller and are negligible at
the maximum value of aspect ratio considered. It should be noted
that turther increase in the aspect ratio resuits in divergence in the

two sets of results for overall buckling [33].
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Fig 3.39 shows the results for an integral panel with asymmetric-
ally flanged stiffeners with - df/dw ratio of 0.3. The curve has three
distinct portions relating to the local, lateral and the overall mode.
It can be seen that the two sets of results show good agreement over
the local buckling region. However, the infinite panel overestimates
the critical stress in the middle portion of the curve which represents
the lateral and the overail buckling modes. As the aspect ratio is
further increased in the lateral buckling region, the curves converge
and the differences between them become negligible at the maximum level

of aspect ratio considered.

It should be noted that the differences in the results from the
infinite panel model and the finite size panel [33] in the middle portion
of the curves is of no practical significance as there is no length of

panel at which buckling would occur at this half wavelength.

Fig 3.40 shows the results for an integral panel with asymmetric-
ally flanged stiffeners which have a df/dw ratio of 0.8. Due to the
large size of flange, the local mode in this case is induced by the
flange. It can also be seen that the lateral buckling mode occurs at
nearly the same half wavelength as the overall buckling mode resulting
in a large amount of interaction between the two modes. Comparing the
results from the infinite panel model and the finite size panel [33], it
can be seen that the infinite panel model overpredicts the buckling
load. However for large values of aspect ratios considered here,
which are practically more significant, the differences in the two

sets of results for overall buckling are negligible.

Fig 3.41 shows the results for an integral panel with asymmetric-
ally flanged stiffeners which has a relatively thick skin and very thin
stiffeners such that ds/ts = 20, tw/ts = 0.28 and tf = tw . The
infinite panel model again overpredicts the buckling stress in the
middle portion of the curve which represents the lateral buckling mode
and the transition from lateral buckling to overall buckling. It can
be seen that the finite panel will buckle in the lateral mode if
2b/ds ratio is 3.0, however, the infinite panel model predicts that
the buckling mode at this point is still local due to its overestima-

tion of the lateral buckling stress.
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It should be noted that this is a rather unusual panel, having a
heavy skin and light stiffeners and is unlikely to be chosen in practice

since it buckles in the lateral mode at very small values 2b/ds .

The differences between the results obtained from the present
energy analysis for an infinite panel and the results presented by
Williams and Wittrick [33] for a finite size panel with 12 stiffeners can

be attributed to the following factors.

(1) The influence of the finite panel longitudinal simple

support edge conditions: during.the lateral buckling mode.

(2) The overall mode for a finite panel involves bowing of the
skin with rotation of stiffener cross-section and therefore
providing greater interaction between the lateral and the

overall modes.

The overall mode for an infinite panel involves a rigid body
translation of the panel cross-section perpendicular to the plane of

the skin with no rotation of the stiffener cross-section.

Fig 3.42 shows the relationship between a critical stress factor
o/E x 10% and the skin aspect ratio 2b/ds . The results for an
integral panel with asymmetrically flanged stiffeners are compared
against results for an integral panel of equal mass with symmetrically
flanged stiffeners. It can be seen that panels with asymmetrically
flanged stiffeners are more effective against lateral buckling than
panels with symmetrically flanged stiffeners. This is evident for the
case where df/dw = df'/dw = 0.1. It can also be seen that panels with
large asymmetrically flanged stiffeners are prone to flange induced
buckling which occurs at a lower buckling stress than panels with
symmetrically flanged stiffeners. This is notable for the case
df/dw = df/dw = 0.5 .

Fig 3.43a. shows ﬁhe relationship between Ocr/E X 103 and 2b/ds
for integral panels stiffened by asymmetrically flanged stiffeners with
df/dw ratios of 0.1, 0.3 and 0.5. Figs 3.43b, 3.43c and 3.43d depict
the corresponding buckled modes of deformation at mid span for various
values of 2b/ds . It can be seen that for 2b/ds ratio of 0.5, the
buckled mode is predominantly local for all stiffener geometries con-

sidered. For the case where 2b/ds ratio is 8, the buckling mode is
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predominantly lateral involving some deformation of the stiffener cross-
section and rotation of adjacent stiffeners in the opposite direction.
Note that for stiffeners with df/dw ratios of 0.3 and 0.5, lateral
buckling of the stiffeners is also coupled with flexural deformation

of the stiffeners, resulting in the deformation of the skin stiffener

junction.

For 2b/ds ratio of 16, the buckled modes represent coupling
between the lateral and overall modes involving large distortion of the

stiffener cross-section and rotation of adjacent stiffeners in the same
direction as well as an overall displacement. -

For 2b/ds ratio of 32, the buckling mode is predominantly"
overall involving no deformation of the panel cross-section.

Fig 3.44a shows the relationship between a non-dimensional buckl-

3 and the skin aspect ratio 2b/ds , for

ing stress factor O/E X 10
panels stiffened by symmetrically flanged stiffeners where ¢tf = tw =
2ts . Figs 3.44b, 3.44c and 3.44d represent the buckling modes for the
panels considered in Fig 3.445 at various values of 2b/ds . It can

be seen that due to the thick stiffeners, distortion of the cross-
section in the local and the lateral mode is completely confined to the
skin. It should be noted that for the case df/dw = 0.25, 2b/ds = 32,
the overall mode comprises flexural displacement of alternative

stiffeners.
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3.4.3 Finite Panel

, This section presents results for 11 panels under uniaxial
loading. The panels are referred to as 1I1, I2..., T1, T2...,

Ll, L2..., where I, T and L refer to panels with I, T and L'seqtion
stiffeners respectively. Panels I1-I3 are analysed for comparative
purposes and have a different stiffener layout than other panels. The
stiffener layout for all panels is shown schematically wherever results

are presented.

All panels are assumed to be simply supported along all four edges

and the stiffeners are allowed to warp.

Full details of the panel cross-section are presented in Table 1

and Fig 3.45.
Table 1

DETAILS OF PANELS

4 | % | 5| &
Panel | 2d(M) tS(M) Ir T lTlT N

s w S w
11 0.4 o001 01 [- |1 |- |3
I2 0.4 " lo2s |- |1 |- |09
I3 0.4 "olos5 |- 1 |- ]9
14 0.42 " ]Jo2s5 |- |1 |- |8
I5 " " " l- 13 |- |38
T1 " " " ¥ [1 |1 |8
T2 " " "3 |1 |1 |8
T3 " " " $ |3 |1 |8
L1 " " " 1% |1 |1 |8
L2 " " "% |1 |1 |8
L3 " " " ls |3 |1 |8

In Table 1, N refers to the number of stiffenerson a particular

panel and dé represents the stiffener pitch and is given by:
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. _2d SR
dS = D for panels I1-I3
d' = 24 for panels I4-L3

s (N-1) ‘

Fig 3.46 shows the variation of a buckling stress. factor K with
the aspect ratio @ and & for panel Il which is stiffened by three

stiffeners of rectangular cross-section. K, o and @ are given by:
_ 2
K = o (1-v7)/E

and »
a = b/d for d >0

a = d/b for d<b

where O.r refers to the critical buckling stress, 2b and 2d are the

lengths of the panel in the x and y directions respectively.

The results in Fig 3.46 are compared against those obtained
through an "exact" finite strip analysis by Iraki [62]. It can be

seen that the two sets of results are in very good agreement.

Both sets of results show that the maximum number of half waves
over which local buckling can occur is three - this being the case
where o is about 0.7. It should be pointed out here that the local
buckling mode includes the torsional deformation of the stiffeners.
For larger values of « , overall buckling occurs. Depending on the
aspect ratio, the overall buckling mode may itself occur over several
half-wavelengths. Fig 3.47 shows the results for panel I2. This
panel is stiffened by nine stiffeners of rectangular cross-section.
The cross-section dimensions of the stiffeners are the same as those
for panel Il. It can be again seen that the present results are in

good agreement with the "exact" finite strip results [62].

Consider now the results for panel I3 shown in Fig 3.48. This
panel is stiffened by nine stiffeners of rectangular cross-section.
The height of the stiffeners is twice that for panel Il and I2. It
is clearly evident that the present "upper bound" results from the
energy method and the "exact" finite strip results are in good
agreement over the region where overall buckling occurs. However for

values of « where local buckling occurs, the present analysis
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overpredicts the buckling stress factor - this remains to be the

case even if the number of terms representing the buckled configuration
is increased in the present model. Furthermore, the reason for these
discrepancies is not readily obvious since the finite strip analysis

is presented in the German language. However a closer examination of
the finite'strip equations suggests that in modelling the stiffeners,
the following energy expressions have been effectively neglected when

compared to the present analysis - see equation (3.138).

2b 2b

EI f 8v2  dx + OA ! 862 dx
y sXX s X

0

Where the first term represents the second variation of bending energy
due to displacement A and the last term represents the second
variation of the "membrane" energy due to rotation 6 . The contribu-
tion of these terms is greater for panel I3 than for panels Il and I2.
This is because the size of the stiffeners for panel I3 is larger

than those for panels Il and I2.

This explains why the results from the two methods are in better

agreement for panels Il and I2 and not for panel I3,

Fig 3.49 shows the variation of the critical stress O.r with
the aspect ratio o and @ for panels L1, Tl and I4. Panels L1
and Tl in this case have the same cross-sectional area. The local
buckling for panels shown in this figure involves the torsional
deformation of the stiffeners. It can be seen that L-section .
stiffeners are more effective than T-section stiffeners since the
local buckling stress is higher for panel L1 when compared with T1.
The reason for this being that L-section stiffeners have a higher
torsional stiffness when compared with T-section stiffeners of equal

cross-section and thickness.

Fig 3.50 shows the variation of the critical stress with the

aspect ratio for panels L2, T2 and I4.

Panel L2 is of particular interest here since it highlights the
difference between skin induced and stiffener induced local buckling.
For values of o less than 0.2, local buckling is largely confined

to the skin with little or no torsional deformation of the skin. This
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is shown in Fig 3.5la. For values of o greater than 0.2, local
buckling is induced by the torsional mode of the stiffeners as shown
in Fig 3.51b. This type of buckling occurs at a lower critical stress
and over longer half wavelengths than for skin induced buckling. For
values of o greater than 0.8, overall buckling occurs. This mode

shape is shown in Fig 3.5l1c.

Fig 3.52 shows the results for panels L3, T3 and I5. These
panels are stiffened by relatively thick stiffeners which are three
times the thickness of the skin. The results consequently show that
local buckling for all panels is induced by the skin. Panels L3 and
T3 have the same cross-sectional area. It can be seen that the local
buckling load is almost identical for these panels since it is
confined to the skin and involves little or no torsional deformation

of the stiffeners.

Fig 3.53 and Fig 3.54 show the results for panels L1, L2, L3
and T1, T2, T3 respectively., Both sets of results show that the
local buckling stress increases as the flange width of the stiffeners
is made larger. The rate of increase is particularly greater for
L-section stiffened panels than it is for T-section stiffened panels.
This results from the greater torsional stiffness provided by
L-section stiffeners when compared with T-section stiffeners of

equal cross-sectional area and thickness.
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Fig 3.1 Asymmetrically Stiffened Plate



89

dw

’__'__._

6\)1

—y15v1

T— — a— o— — e —— —— ————— — f— - f—— o—

;'

2b

Fig 3.2 In-Plane Displacements



90

«
i N
A : o0
< N
N
o -
~
8" g
ct
)]
N <
w w
«
) ="
N o~ wN
i N
—
“«
N )
b—
“«
o

Fig 3.3 Semi-Infinite Panel



1

- ——7=-- —_—

— - ——— ——— — — — — _—

(c)

— e —— o—— t—— — — o — — ——1

Fig 3.4 Displacement Functions



Fig 3.5 Stiffened Panel
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Fig 3.7 Coordinate axis
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Fig 3.8 Translation and rotation of axis
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Fig 3.9 St Venant torsion for a narrow rectangular strip
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Fig 3.10 Symmetrically edge stiffened plate under pure compressiocn

"Fig 3.11 Asymmetrically edge stiffened plate under pure compression
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Fig 3.13 Stress distribution used to position neutral axis



100

1 dw N
| i |
O = O 2df
tw tf —f—
tf
tw 1
n - .
' dw
\ 77 N\ tw 20
/ \
/ \ Luthor
/ N ——— Ref 4
J—
2df
dw
m-
hV4
A\
N
o~ N
N
N
BN
\\
~
~
~
L ol \\\
i T T T | 1
0 1 2 8 S 5

2b/dw

Fig 3.14 Variation of buckling coefficient K with web aspect ratio
.2b/dw



101

- ‘ dw
44 2df
1
- tf —
tw
tf
tw 1
°7 d
W
oo 20
Author
N -
— === Ref 4
© -
pv4
m—
o
™ =
o
- T T T J 1
e 1 2 3 -] 6
2b/dw
Fig 3,15 Variation of buckling coefficient K with web aspect ratio

2b/dw



1.6

1.k

1.2

1.0

0.6
1

102

0.k

- 2b/dw

Fig 3.16 Elastically restrained plate




103

Mmp/qz oOT3jel 3oodse qam yiTtm ) IJUSTOTIFS0D BuTITHONq JO uotieraep /(°¢ 814

mp/qg
8l 9l 41 cl o! 8. 4 "
L 1 1 L L L 1 ®
LN
L+
Iy ~————
1oyiny - e OO
. M
zo = & .
M3
00T = np
- &
M3
w] T2 e ;
~
[ | -
J Mp |_ nkal
—-



104

OTIBI MP/JP YaTa ) 3USTITFFo0d BUTYONG JO UOTIBTIBL GI'€ BTJ

v

Mp/Ip
) +0 e , z'0 10
i

gy 39y ‘reddory -—— -—-

GG ¥9Y ‘Wl —————

aoyany

up/ag

3P # “

—e—

-

#p




bl ]
yi/di

/d,s

Yi

0.
i

8.2
1

0.1

105

Author

—0—— Equations (4.6)

Fig 3.19

8.1 032 2.3 0.L
df/dw

Variation of neutral axis position with df/dw



106

‘oo1 = M3

ny = 733 >

sopow payong 461°¢ 814

sopow paTyong egl°g 814

Y4

Mp
qc

mp
qc



0.h

0.3

bod ]
y./d:.L
T 0.2

/di,

Yi

2.1

107

Author
. o Equation (4.6)
T T T —
2.0 8.1 0.2 8.3 0.

df/dw

Fig 3.20 Variation of neutral axis position with df/dw



108

8-
L dw N
I |
~ 4
,7%71 | et
3_ tw tf _ :[
dw - :
tw = 50
tf = tw
® -
I.l_)_
o
df/dw
0.5
0.4
0.3
m-
; 0.2
0.1
- 0.0
———————Ep
L T T T T 1
e 2 & 6 8 10
2b/dw

Fig 3.21 Variation of K with 2b/dw



109

Ml
my = 33 ‘06 = np
0°8 . 0°9
S0
€°0
10
Mp

sadeys apou payyong gzz°g 814

0y 0°¢

I
[
|




110

8- L dw 4
| il | ,
% ,
ié;&? tw tf —h- Idf
Q- v
dw
reelliy 50
tf = 3tw
8-
10
®-
df/dw
0.4 N2:3
0.3
n - 0.2
0.1
0.0
® T T T | 1
[ ] 2 9 . <] 8 10
2b/dw

Fig 3.23 Variation of K with 2b/dw
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Fig 3.25 Variation of K with 2b/dw
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Fig 3.43b Buckled mode shapes at various values of half wavelength
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4 NONLINEAR ANALYSIS

4,1 Introduction

In linear mechanics of deformable bodies, it is assumed that
displacements are prbportional to applied loads. The concept of
buckling is defined as a disproportionate increase in displacements
resulting from a small increase in load. Buckling therefore
considered as a subtopic of nonlinear rather than linear mechanics.
Nonlinearity in mechanics of deformable bodies can result from either
physical or geometrical conditions or a combination of both. Physical
nonlinearity results from nonlinear stress-strain relations and is
also known as material nonlinearity. Geometrical nonlinearity results
from the influence of rotations of structural elements on the behaviour
of structure. The work presented in this chapter assumes stresses and
strains obey Hook's law-and consequently, the nonlinearity is purely

geometrical.

In general the stability behaviour of structures can be
characterized by two fundamently different types of loss of stability.
These two types of singular behaviour are related to the concepts of
limit point and bifurcation point as depicted by the load diéplacement
curves in Fig (4.1).’ The elastic behaviour of structures which is
associated with the loss of -stability at a limit point is also known
as snap buckling. This type of behaviour is typical for a shallow
conical shell where the load p refers to the axial compression and
displacement u refers to the axial_displacement of one end of the
shell relative to the other. In general the non-linear snapping
condition is not of great practical importance, since the snapping
condition is reached only after a very considerable deformation, and
such large deformations are not characteristic of practical structures
at their working load [ 63 ]. If the loss of stability occurs in
a bifurcation point then, the behaviour of the structure is called
buckling. This type of behaviour is characterized by the existance of
a primary (or fundamental) equilibrium path which is intersected by a
secondary (or adjacent) path. The point of intersection is called the
bifurcation point. The loss of stability of a structure through
bifurcation can be characterized in three distinct manners aé shown

in Fig (4.2). In general the state of bifurcation is unsymmetric as
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shown in Fig (4.2a), ie the secondary path is asymmetric about the
load axis. This type of behaviour is typical, for example, for a
two bar frame with a lead p applied at the junction, there the
displacement u represents the rotation of the junction [ 64 7.
For many practical problems the bifurcation is stable-symmetric as
shown in Fig (4.2b). Here the secondary path is symmetric about the
p axis and the structure can continue to sustain further load after
buckling has occurred. This type of behaviour is typical for
structures such as columns and plates loaded axially by a load p ,

u being the lateral displacement of the structure.

Fig (4.2c) depicts unstable-symmetric bifurcation behaviour
where the structure cannot sustain further increase in load after
buckling has occurred. This type of behaviour is typical for

structures such as arches and  shells,
In reality, structures are seldomly free from imperfections.

In the presence of imperfections, each of the three categories
of bifurcation mentioned above gives a distinct style of behaviour.
In general, the imperfect structures approach asymptotically the
behaviour of the perfect structures at bifurcation as shown in
Fig (4.2). For the case where bifurcation is asymmetric, two possible
forms of behaviour occur, either the structure reaches a peak load
below the critical load for a perfect structure and is unable to
sustain any further increase in load, or a zone of instability is
reached near the same critical load and the structure can continue

to sustain further increases. in load.

For the stable-symmetric case the imperfect structure does not
reach a peak load and can still sustain loads above the critical load
for the perfect structure. For the unstable-symmetric case a peak
load for the imperfect structure exists below the critical load of
the perfect structure. In general, imperfect structures which exhibit
peak load type of behaviour are sensitive to initial imperfections.
For the asymmetric case the reduction of the peak load is proportional
to the square root of the imperfection € . For the symmetric
unstable case the reduction of the peak load is proportional to the
power 2 of the imperfection € [ 64 ][ 65 ]. In reality,

3
structures may fail through yeilding, (Fig 4.3) shows a typical
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structure exhibiting symmetric stable behaviour such as a plate or a
column. abcd represents the elastic loading curve for a structure
with an initial imperfection. ecg is the plastic unloading curve
which crosses the elastic loading curve at c . As the structure is
loaded, yielding occurs at point b and the structure eventually

fails at f .

The work presented in this chapter assumes the failure of
stiffened plates occurs when the maximum edge stress reaches yielding.
This criterion has been shown in the past to give favourable results

when compared with experiments [50 , 49 ].

The post-buckling analysis of plates requires the use of non-
linear large-deflection theory, the resulting mathematical difficulties
may be considerable. Additional difficulties are also encountered in
the choice of a suitable‘displacement function to describe accurately
the post-buckled form of the plate. That is, after reaching buckling,
the shape of the buckled plate may thange as the load is further
increased. These changes are usually progressive. For instance, the
first form of buckling keeps developing until the energy stored in
the plate is sufficient to carry it into the second buckled form and

so on until failure occurs.

The governing von Karman's large-deflection equations for the
investigation of the post buckling behaviour of plates have been
outlined in section 2.5. Since these differential equations are
nonlinear, exact solutions are seldomly obtained. Therefore, the
most common techniques used for the post-buckling analysis of plated
structures are based on energy methods. The strain energy method
requires the choice of both out-of-plane as well as in-plane displace-
ment fields. Whilst, the out-of-plane displacements may be easily
perceived, the in-plane displacements can be much more difficult to

invisage.

An alternative method of analysis is the combination of
variational methods coupled wiﬁh the direct solution to one of the
governing differential equations. The most common of these is the
Semi-Energy method [8], which requires the solution of von Karman's
equation of compatibility in conjunction with the vanishing of the

first variation of the total potential energy. The edge displacements
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of the plate are usually introduced into the analysis through the
satisfaction of displacement boundary conditions, and not as an
independent displacement variable, as is the strain energy method.
In essence, the method obviates the necessity of prescribing

complicated in-plane displacement fields. .

The work presented in this chapter makes use of the semi-energy
approach for the geometric nonlinear analysis of plates and stiffened
panels, the loaded edge displacements being expressed by simple

displacement functions with independent displacement variables.

The post—Buckling behaviour of plates has received a considerable
amount of attention since plates can carry loads beyond the critical
load. The use of this additional strength is of great practical
importance in the design of aerospace, naval and civil engineering
structures since considerable weight savings can be achieved. A
comprehensive literature review on the subject can be found in .the
text book by Chia [29]. 'In comparison the.post buckling of integrally
stiffened panels has received far less attention. Most of the
published literature concentrates on interaction between the local
and overall buckling modes and the sensitivity of panels to geometrical
imperfections when the local and the overall buckling loads are
coincident [35-37,66—69]. In the civil engineering field, the collapse
of a few large box girder bridges during erection, precipitated a
large effort on the various design criterion for these structures.
Horne and Narayanan et al [39, 70-75] carried out a comprehensive
expreimental investigation and proposed approximate analytical models
for the prediction of the collapse load of welded stiffened panels

under uniform axial compression.

In all the above investigations, the overall buckling load is
assumed to be equal to the Euler load for a pin-ended strut with the
cross-section equal to the repeated panel'cross—section. This model
has been assumed to give quite acceptable results for the case where

the panel length to the stiffener pitch ratio is between 8 and 32 [38].

In general, stiffened panels are supported laterally by a system
of cross-frames. The panels can span several bays. A consequence of
this layout is that lateral support is provided on all boundaries of

the panel.



153

In the present work, panels of length to stiffener pitch ratios
of below eight are considered. Such panels have a likely use in the
aerospace industry. The panels are assumed to be laterally supported
along all four edges and integrally stiffened with stiffeners of

non-deformable cross-section.

The post-buckling behaviour of stiffened panels involves inter-
action between the local and overall modes so that buckling in one

mode influences the other. The influence of local buckling results
from the fact that plate elements which act as load carrying members

loose part of their axial stiffness under local buckling. This causes
a drop in the axial stiffness and bending'stiffnéss of the panel as

a whole, With this decrease in stiffness of the panel section there
is a shift in the effective neutral axis away from the buckled skin
resulting in 1oading eccentricity. The combination of a loss in
bending stiffness and loading eccentricity leads to overall buckling.
For stiffened panel models based upon a broad Euler column assumptions,
this interaction can lead to unstable buckling as well as being very

sensitive to imperfections [35].
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4.2 Energy Equations for the Nonlinear Analysis of Plates

An initially imperfect plate of thickness t , Young's modulus E
and Poisson's ratio Vv is shown in Fig (4.4). x,y,z represent the
axis, u,v,w the'corresponding displacements and Yo the initial
imperfection. Equation (2.14) provides a basis for the Newton-Rapson
procedure for the solution of nonlinear equiiibrium equations and is

restated here for convenience:

' 1 ot =
] oiéei + Gidei d vol - piér, p,0r;
- f OiGEi d vol (4.1)

For plate problems, equation (4.1) may be written as:

[ o8 +068 +0 8. + 06 d vol - p!ér. = p.0r,
X X y oy Xy Xy X Xy ii i i
- [ 06, +08 + 0 6¢ d vol (4.2)
zZ X y oy Xy Xy
where o, > Qy_, Oxy represent the total internal stresses ahd
GEX s Gsy , 6Exy are the first variations of the correspondiﬁg

strains. p; Trepresents the externally applied loads and Gri the
first variation of the corresponding displacements. For most problems

r; can be expressed as a linear function of the displacement variables.

To investigate the post-buckling behaviour of plates, the total
strains €, s ey , EXY can be assumed to be composed of strains
which refer to zero dlsplaeement of plate edges €px Eby , ebxy

and em s €. emxy and those which are induced by displacement

x ' Tmy’
of edges 8mx ,

€, E . The subscripts b and m denote
my mxy

bending and membrane strains.

The total strains may then be written as:

€ = €, +€ __+E€
X bx mx mx
€. = €, +€_+¢€
y by my my
exy = ebxy + mey + smxy (4.3)

Similarly, the total stresses O, O, Oﬁy may be written
as:
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X bx mx mx

o] = 0, +0_+0

y by my my

xy = Obxy + cmxy + cmxy (4.4)

where Ob ’ Em , cm are the total internal stresses corresponding

to strains ¢ E 4, € .

b’ ™m m
Utilizing the relationship between stresses and strains given by
equations (2.94) to (2.96) and (2.99), the total strains and stresses

may be written as:

- 1
€ T Epx tEp tF (Opy - Vomy)
= 1
& = Ey t my T E (Omy - Vo)
. - 1 '
€ = ebxy + mxy +3 omxy (4.5)
o, = C(ebx + vaby) + C(smx + vsmy) +0
oy = C(sby + vebx) + C(emy + vsmx) + Omy
o = Ge + GE +0 (4.6)
Xy bxy mxy mXy
where
E
C = and G = s
(l_vz) 2(1+v)

Referring to equations (4.5) and (4.6), o', €', & may be

expressed as:

T _ ' t =1 =1 1
o, = C(sbx + vsby) + C(smx + VE my) +0
1 - 1 t =1 =1 t
oy = C(eby,+ vebx) + C(s:my + Ve mx) + omy

o' = Ge!' +6G' + ¢

Xy bxy mxy mxy



(] _ ' 1 l v 1
€ = Ex tELTTE (om vomy)
1 _ 1 1 l L (]
ey Eby + emy + (Om yomx)
1 — 1 1 l. t
8xy B bey'+ mey ts 0mxy
= 1
Gsx = Gebx + Gemx + % (6o - vSo_ )
= 1
<Sey = &:by + 6emy + (8o - chomx)
"G, = 8, + 068 _ +% 60
Xy bxy mxy G ““mxy
' - ' e _1_ ' '
(Sex = Gebx + Gem-x + 5 (60Inx vdomy)
1 - ' =1 l v '
dey = deby + 6smy + 5 ((‘iomy véomx)
§e! = 6e!  + 68!+ L sg
Xy bxy mxy G = mxy (4.7)

The strains €y Em can be expressed in terms of displacements

u,v,w and the initial imperfections Wy as:

)

€ = —z(w._ -w
bx ( XX Oxx

€ = -z(w

- W
by vy Oyy

bey = =2z(w y

mxy y X (4.8)

In equations (4.7) 6€b , o6e_, &', 6Em and ¢! e& can then

be expressed as:

8e = —z8w , ©6¢ = -zéw_ , ©6¢ = -2z8w
X XX by yy b Xy

X (4.9)
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' - ~1 -
éebx = dsmx = 0
Se! = &' = 0
by my
Se! = &' =0
bxy mxy (4.10)
1 = -—
€ T Zwax
! = -
eby = zAwyy
Eé = -2zAw
Xy Xy (4.11)
g' = Au
mx X
g' = Av
my y
g’ = Au_ + Au
mxy y X (4.12)

The membrane stresses Qﬁ can be expressed in terms of an Airy stress
function ¢ defined in section 2.5 by equations (2.88), which are

restated here as:

0mx = ¢yy ’ 0my = d)xx ! 0mxy = —¢xy (4.13)

For plate problems, the stress function ¢ can be expressed as a
second order function in the out-of-plane displacemént variables w
(to be shown later). In equations (4.7), 60m , 60& and Oé can

then be expressed as:

8o = & , 8o = &6 , 60 = =8¢

mx yy' my XX mxy Xy
1 _ 1 [} _ ' [ — &4t

Gomx = 6¢Yy , éom = 6¢xx , 6Omxy 6¢xy

o' = 1 o' = ' o' = —h!

m <byy ’ “my ¢xx ' Tmxy d>xy (4.14)

Also pi can be expressed as:

! — . :

In equation (4.2), the integration over the volume d vol may be

replaced by dxdydz . The following integrals then apply:
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t/2 t/2 t/2
3
fdz=t, fzdz=0, f’zzdt=~§—2 |
-t/2 -t/2 -t/2 (4.16)

Substituting equations (4.7) and (4.2) and making use of
equations (4.8) to (4.16), equation (4.2) can then be written as:

-[]Bgawxwaxx + v(cSwXXAwyy + éwyyA xx) + 6wyyAwyy + 2(1—\))6wxy Xy

+ CtgéuXAux + \)((SuxAvy + GvyAux) + <3vyAvy

+ %-(1—v)(6uy + <va)(Auy +Avx)f

+ t36¢yy ot 6¢xxAvy - 6¢xy(Auy44Avx) +
+ 6¢§y“x + 6¢;x y ~ 6¢xy(uy + v )

1 1 ?
+ 6ux¢yy + 6vy¢xx - (6uy + va)¢xy$

3 byylyy = V(B0 00y + S0, 00) + 00, 00
+ 2(1+v)5¢xy¢;
+ 6¢yy vy = (6¢xx¢yy + 5¢;y xx) + ¢xx¢xx

+

2(1+v)6¢;y¢xy$ dxdy - Ap,6r, =

= ffD 3 [(w‘xx - wax) + \)(wyy - way)] wax

+ [(wyy - way) +‘\)(wx )]6w + 2(1-\))(wXy - way)waY$

“oyy
+ Ct#(u + Vv )6u + (v + vu )Gv + = (l—v)(u + v )(Gu + Ov )$
+ t;uxa¢yy + v 8o, = (a4 vx)5¢xyg

+ t;¢yy5ux + ¢xx6Vy - ¢xy(5uy + va)i

. [continued]
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t .
+Ei0y, - Vo, )80+ (0, - Vo )80,

+ 2(1-v)¢xy5¢xy$ dxdy - p,or, (4.17)
where
3
C = E2 , D =ci
(1-v7)

Equation (4.17) may be expressed in matrix form as:

ul]}GQllT[D][AQI] + 160,174, 106" ] + [8617 1,170, ]

+ 16017 1,000'] + [80' 170,000 dxdy

- Ap,6r; = p,br, +]j[Q1]T[D1][5Q1]

+ 16Q,171M; 1161 + [6617 14,1710, ]

+ [601[M,1[6]  dxdy f (4.18)

where

[GQijT = [8u,, Sug, bv,, dv., Sw, . Sw . 26w, ]

(aQ,1" = [Au, Bug, vy, Bvg, B, B, 20w, ]

(60,17 = [éu, vy, Suy, Sv,]

[AQZ]v = by, dv, du, Av,]

[0] = Loy dypr 0]

@1 - (86,0 S0y,0 80, ]

tordl = logy, o', 0" 4y

[66'] = [_6<b}',y, o). 5<b}'{y]
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(¢t 0 0 o
m1" =]c t o o
0 0 -t -t
L
1 -V 0 ]
M,] = % v 1 0

[D] is defined in equations (2.114).

(4.19)

Equation (4.18) provides a basis for the Newton-Raphson procedure to

the solution of nonlinear plate problems. Before proceeding to out-

line the solution procedure, it is necessary to define the form of

the stress function ¢ , and therefore &¢, 6¢', ¢'

in equation (4.18).
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4.2.1 Stress Functionvand.Boundary Conditions

For a plate with an initial out-of-plain imperfection Yo _
shown in Fig (4.4), the nonlinear expressions for the membrane strains
in terms of displacements u, v, w in the x, y, z directions

respectively are given by:

1,2 2
€, = u + -2--(wX - wa) (a)
1,2 2
Ey vy + ij(wy - wa) (b)
€ = u +v._ +(ww —-—w _w ) (c)
Xy y p'e X'y ox oy (4.20)

Using equations (4.20) and the procedure outlined in section 2.5 for
~ the derivation of Von Karman's equilibrium and compatibility equations,

Von Karman's equation of compatibility can be written as:

) (4.21)

4 2 ‘ 2
Vié¢ = E %(wXy - wxxwyy) - (wOxy

wawayy

If the out-of-plain displacement w and the initial imperfection Yo

are defined by:

£
]

r s
. dmx
2.2 Wty sin
i J
Jmx
ZZ WOlJY1 sin b

then by substituting equations (4.22) into equation (4.21) it can be
shown that:

Yo
(4.22)
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(i) for j =2

r S

r S |
Vo = % Z Z Z Zz: W jie [gzm) Vil + G YTy
1

j k
' 2 ' (j=2)mx
+ £ Yinyk)g cos T

kyy

. Vi
+ gZ(JZ)Yikay - (3 YiY

2 (i+2)mx
+ 2 Yiyka)g cos on) ]

(4.23)
(ii) for j =24

r S r S

4y = 2
Ve =3 Z Z Z Z wijkfl(J ) BZYikay * (Yikay * Yiyka)g
i k % .

i

+ 32Yikay - (V.Y

ikyy
2jmx
+ Yiyka)g cos =t ]
(4.24)

where

Wike = Yis¥iee ~ VYoisYoke (4.25)

and the subscript y relating to Y denotes differentiation with
respect to y . '

Consider first the case where j 2 & , the stress function ¢

can be assumed to be of the form:

r S r S
¢ = ZZZZ%M%% C°sg‘]—_§t¥r}'+¢2 C“%bnu (4.26)
i 3 k2

Substituting equation (4.26) into equation (4.23) and separating the
final equation into its component parts yields the following two

equations:
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. .2 2
Oyyyy * Uied1yy * %2yed = gz(Jz)Yikay + (3 Yoy 2 Yiyka)g
(4.27)
Oooio + Pysgdy  + o0 = $2GUY, Y - (ALY, o+ 2% ¥ )}
2yyyy 1327 1yy 23871 iy ky i“kyy iyy'k
(4.28)
where
) 2
Q = =2 [M]
158 2b
(4-0)m 4
Q.
238 [ 2b ]
, . 2
On = _2 M
138 2b
) 4
_ [§]+22ﬂ]
Poja = 2b
(4.29)

Assuming that the plate is simply supported along edges parallel to the

X axis, then Yi can be assumed to be of the form:

¥, = sin P (4.30)

Substituting equation (4.30) into equations (.427) and (4.28) gives:

2
Y{E (-k)my
“1yyyy T %132%1yy * %2500 4(éd) ielijkk €08 74

(it+k)my
+ eZiij cos 54 (4.31)
2 .
Y s (i-k)mx
®2yyyy * P1ial2yy * P20 = 4<éd) §621jk2 €os ™oy
(i+k)my
+ elijk% cos >4 (4.32)
where
8liq = 23K - (GAZ 4 122)

. 2.2 2,2
eZiij 2ijk® + (37k™ + i787) (4.33)
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The general solution of equations (4.31) and (4.32) can be
expressed as the sum of the particular integral and the complementary
function. Consider first equation (4.31), the particular integral

¢1PI can be taken as:

i-k)mw (it+k)my
1p1 Diijie €08 “ag  + Dojyig 05 T8 (4.34)

Substituting equation (4.34) into equation (4.31) and equating like

terms in y gives:
- 2
Y(EE) %11 ke
4(u4 - u2 + O
ik 1274k 238

()
\2d) Y21 ke

2ijke 4 2
4(”ik ~ %Mk t “ij)

1ijk8

(4.35)

where
Hik
n.
ik (4.36)
The complementary functien ¢1CF for equation (4.31) is of the form:
%1cF = tr13ke cosh (Bygp¥) + tygs g sinh (Byyv)

+ t13ijk£y cosh (BleY)

+ t14ijk2,y sinh »(Bl.zy)
, . (4.37a)
where
Bljz = % (4.37b)

The general solution of equation (4.31) is then given by:
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01 = Dyjjue coS = Dy; jke €08 (L, t11igke COSH (Byyp¥)
* g SO0 (Byyp¥)
* tygiqegy OSH (Byyp¥)
g geey SR (B ypv) (4.38)

Similarly, the general solution of equation (4.38) is given by:

(i-k)my

_ (i+k)my
¢y = Epijne €08 T 2g

* Boigpp €O T gg  F tapigug cosh (Bysey)
t toijg STRR (Byp¥)
t o354y CoSh (Byjp¥)

t tos ey STRR (Byjpv)

(4.39a)
where
. Gwym
Bysg = —om (4.39b)
where
(z)e
. ~ \2d) "2iike
lijkf =~ ( 4 2 ) A
AMik T P1ieMik T P20
()
. _ \2d) "1iike
2ijke T 4 2
4(”ik = P15Nik * P2yg (4.40)

The constants ti17ts th17tos in equations (4.38) and (4.39) are

used to satisfy boundary conditions on the plate unloaded edges.

Consider now the solution to equation (4.24) for the case where

j = & , the stress function ¢ can be represented by the expression:

r s r s
¢ = Z Z Z Z Wijk23¢l + ¢2 cos -2—-%—%’5 (4'41)
i 03 k%

Substituting equation (4.41) into equation (4.24) and separating the

final equation into its component parts gives:
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. 'y

Dyyyy = 3 )32Yikay HLY Yiyka( (4.42)

dgoon + Ppagbo  + 0y 00, = 2GRV, Y - (PLY o+ 2%, YO}

2yyyy 1j872yy & 725872 iy ky ikyy iyy'k
(4.43)
Integrating equation (4.42) twice by parts gives:
_ X 2

by = 3 );Yiyk( +C 4Gy (4.4b)

The constants of integration C1 and C2 are used to satisfy displace-
ment boundary conditions regarding the in-plane movement of the loaded

edges of the plate. The complete expression for ¢1 is given by:

Y /.2
o = 3@ )J(]}Yiyk +Cp 4 C,d  dydy (4.45)

The general solution of equation (4.43) has already been derived and

is given by equation (4.39) assumiﬁg i==2.

The general expressions definiﬁg the stress function ¢ have
now been derived. To evaluate constants tll—t14 , -t21—t24 in
equations (4.38) and (4.39), the boundary conditions for stress free

edges are used, these being:

'0 = ¢ = 0
y XX
at y=0 and y = 2d (4.46)
o = - 0
Xy Xy

Substituting equation (4.26) for j # & into equation (4.46) yields:

¢1 = ¢2 = 0
at y=0 and y = 2d (&4.47)

]
(@)

¢y = 9

y y

Substituting equation (4.41) for j = £ into equation (4.46) gives:

d)z = 0
at y=0 and y =2d (4.48)

]
(@)

: d)2y

Substituting for ¢1 and ¢2 from equations (4.38) and (4.39) into
equations (4.47) and solving for ty17ts t21—t24 gives:
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RIENE 'Dlijkz - Dzijkz

t12i5ke = ~(Crijueleie - GAijk2G3j2%/%G2j2G6j2-— 6542830

t13i5ke = “Pripfi2ijke

traike = ~Cuigke ~ C5iat12i ke 4.49)
where |

—_ : 1 3
1ijk8 = Dlijk% cos (i-k)T + D2ijk2 cos (i+k)T + tllijkl cosh(Ble?d)

sinh (BZjZZd)

230
Chijn = ~Prijug + DojjuglByjp Sinh (Byp2d)
G559 = _B%jRZd sinh  (B; 502d)
Cogp = S (Byyp20) ¥ 820 cosh (8 20) (4.50)
and
Barigke T “Prigke T Boigke

tike = ~Hiueleig - HAiijZ/?szzH6jz = Hg;oHe 50

B3kt = “Boipti2igke

toaijkt = ~Maiee ~ Bs54p%221 ke 4.51)
where
Hlijkl =. Elijkl cos (n-q)m + E2 cos (n+q)T + t21ijk2 cosh (62j22d)
Hyj = sinh (Byje2d) - Byjp2d  cosh (B, 2d)
H3J.£ " = 2d sinh (BljSLZd)
Hygsee = ~Brigee * BogjeelBoge  S1AR (Byje2d)
foje = 83,24 sinh (8,,,2d)
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H6j£ = sinh (BZjZZd) + szQZd cosh: (BZjQZd) (4.52)

To solve for constants of integrations C1 and C2 in equation (4.45),

equation (4.20a) is utilized in the following form:
1,2 2 '
u = /ex -3 (wX - wOX) dx (4.53)
Expressing the strain €, in terms of stresses gives:

u = .[i% by, = Vb, - %-(wi - Sx) dx (4.54)

Substituting equations (4.22), (4.41) into (4.54) and using
equations (4.39), (4.45) and integrating, it can be shown that the
displacements at the plate loaded edges x =0 and x = 2b are
given by: '
=0
(C, + C, )2b
1 -2y (4.55)

The work presented here assumes that the strains associated with
the stress function ¢ are purely extensional along the axial direc-

tion and therefore:
u=0 at x=0 and x = 2b (4.56)
This condition is satisfied if:

C, = C, = 0 (4.57)

Using equations (4.30) and (4.57) equation (4.45) can then be expressed

as:
o, = %,(j)Z./]fcos GOy _ o HITY 4oq0 (4.58)

The 'stress’ function ¢ given by equations (4.26) and (4.41) have

now been completely defined for the conditions j # 2 and j =12 .
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¢ can now be expressed in shorthand notation as:

r s r s
o = 22202 Ntige (4.5%)
i j k 2
* where fof j=2
_ (j-f)mx (j+2)mx
gijkﬂ = ¢1 cos T ¢2 cos o (4.59b)
and for j =2
£ = ¢, + ¢, cos 2imx (4.59¢)
ijk& 1 2 2b )

Having defined the general form of ¢ , then using equations (4.25),
8 , &¢' , ¢' in equation (4.18) are of the form:

o

ol

d)'

r S r S

Z Z Z Z-dwijwk&(gijkﬁl *+ gy )
13 k%
r S r S

Z Z Z Z Swy B0 (&5 5keg + Brpig)
T3 k%
Ir S r S

IDIDIP LIPS
T 5 k%

(4.60)
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4,2,2 Application to Plates

Consider an initially imperfect plate under end compression
along two opposite edges as shown in Fig (4.4). All edges are assumed
simply supported. Two types of in-plane boundary conditions are
considered. The first case is where the unloaded edges are stress
free and therefore free to distort in the plane of the plate. The
second case is for unloaded edges which are maintained straight but

allowed to move bodily in the plane of the plate.

Case (a)

If the unloaded edges of the plate are allowed free to wave in
the plane of the plate, the stress function ¢ must comply to stress
free conditions along these edges - this case has already been
considered during the derivation of the stress function in the

previous section - see equations (4.46) to (4.52).

The in-plane displacements u and v which allow uniform
displacement of the loaded edges and stress free conditions along the

unloaded edges can be taken as:

u = uL(b—x)
v = —uLv(d—y)
(4.61)
The out-of-plane displacement and the form of the initial
imperfection are given bybequations (4.22), (4.30) and restated
here for completeness:
r s
_ . 2my . Jmx
w = ZZWij sin S4- sin <57
i ]
r s
_ : . 2my . jmx
Wy = ZZ wOij sin S5~ sin 20
r (4.62)

Substituting equations (4.59), (4.61), (4.62) into equation (4.18)
yields:

(601 "[K] (80} + (80K J0a0) - (s} (eP) = (60)T(P} - (60} " (K]
(4.63)
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where
{GQ}T = {6u,, Sw Sw Sw | Sw Sw Sw }
L’ 11° 12 ij’ ooy kL® °°? mn® °°°? pqa ..
{Aa}T = ‘{Au Aw Aw - Aw Aw M, Aw }
L’ 11° 12 1J’ sy kL' mn’® °°° Pq’ .o
| (4.64)
" The general terms in [K], [Kg]’ [Ke]’ {AP} and {P} associated with
displacement variables wu, w,., w,,, W__, W are:
ij’ "k’ "mn’ “pq
K K ..
uu uwi j
[K] = D
Kt Kwi ke (4.65)
where
2d  2b
K = Et 6/. O/ﬁ 1.0 dxdy
uu
Kuwij = Kwukﬂ =0
2 2
: 2. 2fm 2,2 221\ 1
Kowijke = Dgl k (Zd) VAT + Tk )(Zb) (Zd)
2d 2b
+ jzlz(%)zof Of sin -1—7le sin 1{2131 sin J——;;
sin X dxd (4.66)
2b y '
[ A ]
uu uw
Awwijk% Awwijmn Awwiqu
[Kg] = Awu Awwk,Q,ij Awwklmn Awwklpq

A
wwmnpq

- Awwpqmn zi 67)




where

wwijmn

A ..
wwijpq

AwwaZ,mn

AwwkSZ,pq

A A
wwmnpq wwpgmn
Awwijkl

.in which

L5 ke

txi| et

Aijk!l,mnpq

(K] =

where

[K

= ke j
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'wijrijkz - wkzrijkz
wkkwpqhiijmnpq |
wkJZ,wquijk,Q,mnpq
wijwquijkﬂmnpq
wijwmnAiij,mnpq

-V

= (W3 M = Woi %0k 24 jkemnpq

"ULFijkz

2b
+ VE.

t d/- {gijkkyy 1jk£xx} dxdy

-V . .
kﬁyygmnpqyy (gleﬁyy

+ E‘-‘i_]'k,Q,xxgmnpqyy)

3

mnpqxx

+ gijklxxgmnpqxx

+ 2(1+Vv)E. 13

ijkexy

[Kla} + [K__]

C. .
e ij

mnpgxy

(4.68)

}  dxdy
(4.69)

(4.70)

(4.71)
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(4.73)

(4.74)

in which
Ca = ~(ii¥p = ¥oi Moe ) s jis
Cij - (_UkaZ)riij * wkR(wmnwpq - wOmnwOpq)Aijk,anpq
Ckl B (_ULwij)riij * wij(wmnwpq - wOmnwOpq)AiijLmnpq (4.72)
E
“u
{ap} =
Ewij
where
E_ = AP2b
u
E.. =0
wij
and
F
u
{p} =
F ..
wij
F = P2b
u
F.. =0
wij

The general terms in equation (4.63) have now been completely defined.

The following orthogonality relationships are then useful in the

integration of equations (4.66) and (4.69).

% % for

f sin 5% sin &% dx = 2
L £
0 0 for
% L for
f cosﬂ}icosﬂ = 2
2 L
0 0 for

r=s

rZs

Since equation (4.63) is valid for all admissible variations

then equation (4.63) may be written as:

(4.75)

{8a}
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[K; J{aa} - {AP} = {P} - [x,] (4.76)
where [KincJ is the incremental stiffness matrix given by:

[(Kiped = [KI+ [K] (4.77)

Equation (4.76) represents a set of linear simultaneous equation

in the unknown {Ao} ‘and {AP} . The right hand side of

equation (4.76) represents the equilibrium equations and vanishes if
equilibrium is satisfied. Equation (4.76) is solved ‘through Newton's

method which is discussed in the next section.
Case (b

If the unloaded edges of the plate are kept straight but allowed
to move in-the plane of the plate, then the constants tll--t14 ,

t in equations (4.38) and (4.39) must be such that the stress

-t
21 24
function ¢ complies to the following boundary conditions along these

edges:

(1) oxy = _¢xy = 0 along y=0 and y=2d

(ii) v = constant in x along y=0 and y=2d

To solve condition (ii), equation (4.20b) is utilized in the follbwing

form:

1,2 2
v = [Ey -5 (wy - wa) dy (4.78)

Expressing the strain €_ in terms of the stress function ¢ ,

equation (4.78) can be written as:
1, 1,2 2
v -fE (bgy = VOy) =5 (i = wig ) dy (4.79)
Using equations (4.59) representing ¢ , it can be shown that
conditions (i) and (ii) are satisfied if:

“E145 51051 40

o 2f 1\ 1 .
[(J-z) (53) e VB Bp4 Sin (eljzzd)]
J

t114 4k
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330 13k (4.80)

where

, |
1 (/. oN2fT 1 .
10 % E <<J-2> (%) ! jz><smh~ (By 3920

+ 2d81j£ cosh (BljRZdi)
If i=k
2 2
1 .. [T 1 ,. 2fw
Syijke = _Blj2<; 1k(2d) 2d + 5 (3-%) (Zb) DlekRZ%)
If iz |
591 k.

2
1 Y il 1
SSjQ = E-Bljk <%J—2) (53) E;;;‘+ VBljé>2d cosh (BljRZd)

2 .
- (}j-k)z(ﬁ%) -7§—~ + ﬁ)sinh (B 452d) (4.81)
138

Similarly

Lo ke T4 2

t . =
211 k4 5
(j+£)2(lL) L V.. B.. sinh(B.. 2d)
2b BZjl 232 “238% 238

221 ke 0
- £23ijke =

T,..
. _ 2i jk&
’3..‘24. . - _ (4.82)
1 Ty - Ty
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where

=)
I

2
1 2f 1
o = 7 (J+) (—) ==+ W,., sinh (B,.,2d)
158 E 2b 82j2 23% 232
+ 2d82j2 cosh (B2j22d)
If i=k

2 2
1
Toise = “Bosel- %8 k(za) 24 +§ (7#) ( ) E; jxe2d
If ik

Tos ke T

350 = %3232 (3+0) (2b)2

T 82 2 + VBZ 0 2d cosh (82 0 d)
2f Z 1
- (G (E) 2+ sinh (8;52d) (4.83)
248

The in-plane displacements u and v which allow uniform
displacement of the loaded edges and the unloaded edges are given by
equations (4.61). Substituting equations (4.59), (4.61), (4.62) into
equatioﬁ (4.17) and following the procedure outlined for Case (a),
the final equation can be expressed in the form of equation (4.76)
which can be solved through Newton's method discussed in the next

section.
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4.2.3 Basic Nonlinear ‘Solution Techniques

The solution of geometrically nonlinear problems is usually
attempted by one of three basic techniques [76] [77]:
(1) incremental procedures, (2) iterative or Newton methods,

(3) incremental-iterative or mixed procedures.

In this section the fundamentals of each of these techniques is
presented for a nonlinear system whose equilibrium equations are given
by:

[K o} - {P} = 0 (4.84)

where the nonlinearity occurs in the stiffness matrix [Ke] which is
a function of displacement variables, and {P}, {a} are load and

displacement vectors respectively.

Applying a taylor series expansion to equation (4.84) and
neglecting terms containing second and higher order terms in

increments Ao and AP yields:

(X, 1{Aa} - {aP} = (P} - [K]{a} (4.85)

where [Kinc] is the symmetric incremental stiffness matrix and

{Aa}, {AP} are incremental displacement and load vectors respectively.

(1) Incremental Procedures

The solution resulting from a pure incremental procedure does
not necessarily satisfy equilibrium. The analysis is based upon the
solution to the left hand side of equation (4.85) with the right hand

side, representing equilibrium, set to zero, ie:

H{Aa} - {AP}

[Kinc 0 (4.86)
Equation (4.86) represents a set of linear simultaneous equations in
the unknowns Aa and AP . Either displacements Aa or load AP
may be incremented and equation (4.86) solved for the unknown
increments. Hence after the i-1 th increment, equation (4.86)

may be written as:

ine s gy {ha,} - {Api} = 0 (4.87)
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The solution of equation (4.87) yields the total loads {Pi} and

displacements {ai} given by:

(P} = {p,_} + {ap}

(o} = {0y} + {ao) | (4.88)

The incremental procedure is schematically illustrated in Fig (4.5)

for a two-degree-of-freedom system in Pi and @ . Since equilibrium
is not satisfied it can be seen that the solution resulting from this
approach diverges from the exact solution. The accuracy of the
incremental procedure may be improved by considering smaller .
increments, however, since a new incremental stiffness matrix has

to be computed for each step, accuracy is purchased at the cost of

additional computational effort.

(2) Iterative Procedures

Iterative or Newton iterative procedures involve the solution
to equation (4.84) for the case where the structure is either fully
loaded or displaced in each iteration. If the structure is loaded to
a prescribed value {P} , equation (4.8 ) for the ith iteration may

be written as:
ey = () - (et (4.89)

Equation (4.89) is solved for {aa'} and [Ki;i] s {r0*} and
[K;;i] s [K;—l] s {al-l} are updated. The displacements after

the ith iteration are given by:

0 = WY+ ) (4.90)

The cycle is repeated until the right hand side of equation (4.89)
representing the equilibrium equations vanishes or reaches a prescribed
error bound. In equation (4.89), the incremental stiffness matrix has
to be updated after each iteration which results in extra computation.
A modified iterative procedure may be employed where the incremental
stiffness matrix is kept constant at its initial value. The two
methods are schematically illustrated in Figs (4.6). Obviously the
modified procedure requires greater number of iterations, however

there is a saving on computation since it is not necessary to invert
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a new stiffness at each cycle. The iterative procedures described
here analogous to the various iterative schemes used for the numerical
solutions of nonlinear equations, such as the Newton and Newton-Raphson

procedures.

(3) Incremental — Tterative Procedures

The incremental-iterative or mixed procedures are in essence a
combination of the incremental and iterative schemes. One such method
is shown in Fig (4.7). Here the load is applied incrementally and
iterations are carried out until equilibrium is satisfied. The load

is further incremented followed by further iterations and so on.

Either the loads or the displacements may be incremented.
Assuming that the lead is incremented by {AP} and the strucure is
in equilibrium after the (i-1)th iteration, equation (4.85) may be

written as:
[Kinc(i_l)]{Aai} -{aP} =0 (4.91)

Equation (4.91) is then solved for the unknown displacements {Aai} ,

the loads and displacements are then given by:

{p,} {p;_;} + {4P}

{ai} {ai_l} {Aai} (4.92)

Holding the load constant at {P} = {Pi} , then for the system in its
new configuration, equation (4.85) can be written as:

[Kinc;]{Aai} = {Pi} - [Kei]{ai} (4.93)
The iterative procedure is now used to solve for the correct values of
displacements which satisfy equilibrium, ie resulting in the vanishing
of the right hand side of equation (4.93). For the jth iteration,

equation (4.93) may be written as:

(3-1) j G-DY,G-1D
[Kigc,i]imgg = (P} - [Kei ]gaiJ g (4.94)

As before, it is not necessary to update the incremental stiffness
matrix during the iterative procedure and can be kept constant at the

incremental value.
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Comparison of Various Techniques

The principal advantage of the pure incremental approach is its
relative simplicity, however its behaviour of predicting solutions
which divergefrom the true solution makes the approach unfavourable.
The iterative procedure is easier touse, however, its limitation is
that it provides no information concerning behaviour at intermediate
loads. The mixed method combines the advantages of both the
incremental and the iterative procedures, the additional computational
effort is justified by the fact that the iterative part of the proce-
dure permits one to assess the quality of equilibrium at each
incremental stage. However it is well known that the incremental-
iterative procedure fails to predict the equilibrium states in the
vacinity of a limit, point ' if load is incremented. Variants of
Newton's methods have been proposed [78] [79] to get around this

problem by solving the incremental equations in conjunction to
either a normal to the tangent [78] or on arc subtended radially from

the tangent [79].

An alternative approach to get around this problem is to :

increment displacements rather than loads [80] [81].

In the work that follows the incremental-iterative approach is

used where the in-plane displacements are incremented.
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4,3 Nonlinear Analysis of Stiffened Plates

4,3.1 Energy Equations for Stiffeners

The energy method described in section 4.2 for the nonlinear
analysis of plate problems can be extended to analyse the nonlinear
behaviour of stiffened panels, by taking into account the energy

contribution of the stiffeners.

Consider a panel of length 2b, width 2d shown in Fig (3.5).
The panel is assumed to be simply supported along all four edges and
stiffened by stiffeners of rigid cross-section which are allowed to

warp.

The nonlinear expressions for strains océurring in a thin walled
bars of open cross-section are given in section 3.3.2. If small
initial imperfections defined by Vos * “os ° Gs are present and
Ugy Voo W and SS are the total displacements, the nonlinear
expressions for €, and exy given by equations (3.127) and (3.129)

can be written as:

& ~ —y{(vsxx - VOsxx) + (wsxxes - wOsxers)}
_Z{(wsxx - wOsxx) - (stxes - vOsxers)}
“Usx T %'(sz - vgsx) * %'(Wﬁx - wgsx)
+ %.pz(eix - eésx)
Exy = 2 (esx - eOsx) - (wsxxvsx - WOSXXVOSX)
* (exxsx ™ V0sxx"0sx’ (4.95)

Equation (2.14) provides a basis for Newton-Raphson procedure to the
solution of nonlinear equilibrium equations. For a thin walled bar

of open cross-section, equation (2.14) can be written as:

fo'ée +0' 8e. +0.6e! + 0 6¢! d vol
X X Xy Xy X X Xy Xy

1
- Piélzi = PicSri —fcxdsx+ ciydsxy d vol (4.96)
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Expressing stresses in terms of strains through equations (3.131) and

rearranging equation (4.96) can be written as:

.lé{s'és' +€8'} +6G{e' 8¢ +€e 8'} d vol
TTXOX. X X Xy Xy & Xy Xy

[ _ o :
- Piéri; = PiGri d/ﬁ{exﬁex} + G{Exyﬁsxy} d vol

(4.97)
In which 6e , &e' and €' are of the following form:
Se. = -y{év___+ 8w _ B +w__ 861}
X SXX SXX S SXX S
—-z{ 6w -8v_ 06 -v_ 68
SXX SXX' S SXX S
+6u. +v_ 6V 4w _Sw_ +p%6_ 60 (4.98)
X sx  SX sx SX sX  SX
Se. = 28{66_ - 8w _ v -w_O6v_+6v._ w_+v 6w }
Xy sx SXX SX SXX  SX SXX SX SXX  SX.
(4.99)
Se! = -y{éw__ AO 4+ Aw__ 86 }
X sxx s SXX S
+z{6vsxers + A sxxaes} |
+ AV SV + M 8w+ 0206 88 (4.100)
sx sx sx  SX sx s
§e! = =28{Sw_Av__+Aw__Sv_ -6v__Aw - Av 6w }
Xy XX SX SXX  SX SXX SX SXX  SX
' (4.101)
e! = -y{Av +Avw 06 +w N8B}
X SXX SXX S Sxx s
—z{Aw -Av .0 ~-v_ NS
: SXX SXX S sxx s
+ 0 +v_ Av 4w v+ 0% AD (4.102)
sx sX sx sx sX sx~ sX
e! = 28{A0 - Aw_ v _-w_ AV _+ AV w_ +vVv Aw
Xy sx SXX SX SXX  SX SXX SX sxx~ sx
(4.103)

In equation (4.97), the limit of integration over the volume d vol
can be replaced by dAdx , where A represents the area of cross-

section of the stiffener.
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Equation (4.97) is now completely defined by substituting for
e , €., 6., 6__, ', €' , &' and ' from
X Xy X Xy X Xy X Xy
equations (4.98) to (4.103). Equation (4.97) can then be expressed

in matrix form as:

2
T ‘ T T
{681} [Kl]{Asl} + {632} [Kz]{Asz} - {6r} {AP} = {8r}{P}
2b
= {88}V [E. ] - {65} [E,] dx (4.104)
I | 1 1 2 *
0
in which
(6837 = (6v_ , 6w __, 80, 80 , v, &w_}
1 sxx’ sxx’ s’ sx’ sx’ X
T
{Asl} = {Avsxx’ Awsxx’ Aes’ Aesx’ AVsx’ Awsx}
T
{682} = {Gusx, Svsx, Gwsx’ GGSX}
T
{ASZ} = {Ausx, AvSX, Awsx, Aesx} (4.105)

The matrices [Kl] s [El] represent the contribution of bending and
St Venant torsion strains, and the matrices [K2] , [E2] represent
the contribution of 'membrane' strains. The elements of matrices
[Kl] , [K2] , [EI] and [E2] are given in Appendix 4 where

the following integrals are used:

fydA - jsz -0
fysz = 1 fzsz
. , y

ﬁgsz = J

]
=~

'o\’
N
(=N
-
1]
—
(@)
=
I~
(=N
o=
It
—
o)

./;A = A (4.106)
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4.3.2 Displacement Compatibility Conditions

Consider a stiffener placed at adistance y = s as shown in
Fig (3.5). The co-ordinate system for a typical stiffener and skin

are shown in Fig (3.6).

The stiffener displacements ug s Vo, W and BS can. be

related to the skin displacements u, v and w through the following

compatibility equations:

s T (u - Bea¥x ~ hcyvx)y=s

vy = (v - hswy)y—s

Vs 7 (w)y=s

6, = (wy)y=s (4.107)

where hcy and hcz represent the distance 20 the centroid from
the y and 2z axis respectively, and hS represents the distance to

the shear centre as depicted in Fig (3.6).

Then using equations (4.107), equations (4.105) can be expressed

as:

{681}

[Tll{dspl}

(88}

[T, {28}
{682} = [TZ]{aspz}
{ASZ} = [Tz]{Aspz} (4.108)

where {Spl} and {sz} are vectors representing the skin displace-

ments and are of the following form:

{6s ,} = {6v. , 6w, 6w__, 6w , Sw__, 6v_, Sw }
pl XX yXX XX y yx X X' y=s

{AS .} = {Av._, Aw__, Aw_, Aw_, Aw__, Av , Aw }
pl XX yXX XX y yx X X" y=s

{Ssz} = [éux, wax’ vax’ va, 6wyx, wa}y=s

{8S .} = {bu, Aw__, Av__, Av_, Aw__, Aw_} - (4.109)
p2 X XX XX X yx X' y=s

and [T1] , [T2] are transformation matrices given by:



1 —hs 0O O 0 0 O
0 0 1 0 0 0 O
0 0 0 1 0O 0 O
1,1 -
0 0 0O O 1 0 0O
0 0 0O 0O -h 1 ©O
S
Lo o o o o o0 1_
m— e—
1 -h - 0 0 0
cz cy
0 0 0 1 -h 0
[Tz] = S
0 0 0 0 0 1
0 o o 0 1 0 (4.110)

Using equations (4.108), equation (4.104) can be written as:

2b
d/.{GSpl}T[Tl]T[Ki][Tl]{ASpl} + {Gsz}T[Tz]T[Kz][T2]{ASp2} dx

- {603 ap} = (or)Tp)

2
T -T
- d/-{éspl}”[Tl] [E,]
- {6sp2}[T2]T[E2] dx (4.111)

Equation (4.111) is now expressed completely in terms of skin displace-
ments. Then following the procedure outlined in section (4.4),

~ equation (4.111) can be expressed as:
[%inc;]{Aa} - {APQ} = {Ps} - [%es] (4.112)

where the subscript s refers to terms relating to a stiffener.

If n stiffeners are present, then equation (4.112) can be

[%incs]t{Aa} - {APS}t = {Ps}t - [%es]t (4.113)

written as:



where

n-
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{PS}i (4.114)

1

—

i=

The nonlinear equations for stiffeners have now been completely defined

in terms of plate displacements.

It now remains to define the plate

displacement fields which are discussed in the next section.
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4.3.3 Application to Stiffened Panels

Consider a stiffened panel of length 2b , width 2d depicted
in Fig (3.5). The panel is assumed to be simply supported along all
four edges and stiffened by stiffeners of rigid cross-section which

are allowed to warp.

The out-of-plane displacement and the form of the initial -

imperfection are assumed to be of the form:

T s

. dimy . jmx

Z Z wij sin 53~ sin 2h
i J

£
I

r s
. dmy . mx
Yo Z Z wOij sin 4 sin o (4.115)
i3
The in-plane displacement u, v which allow uniform displacement of

the loaded edges are taken as:

L ‘ .

rmx

u = UL(b—x) + :z: Ur cos S
r

2
v = -Uv(d-y) - IE: Urv(gg) sin §§§ (d-y) (4.116)

r

It should be noted that the above in-plane displacements satisfy the
conditions of zero normal stress along the unloaded edges. The
condition of zero shear stress along the unloaded edges is approxi-
mately satisfied in the present solution by considering a large

number of terms in u and v .

Using equations (4.115), (4.116) and following the procedure
outlined in section 4.4. The Newton-Raphson equations for the skin
can be written in the form of equation (4.76) which is rewritten

here for as:

[,  I{da} - {aP} = (P} - [K] (4.117)
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The Newton-Rapson equations for the complete panel, ie the stiffener-
skin combination are given by the sum of equations (4.113) and (4.117)

and can be written as:

KA (oe} - {aP} = {P} - [K]_ . (4.118)
in which
Kinele = Kypel + ‘Kincs .
[k 1, = [K]+ .Kes )
{aP} = {4P} + {AP_},
Py, = (P} + {P}, - (4.119)

In equation (4.119), thegeneral terms in {AP} , {APS} , {P} and

{PS} relating to displacement variables UL s Ur s wij are given
by:
A .
{AP} = AP KE' (1 + cos mr) ¢
) ’ t .
. O y.
¢ 2b 3
A :
{P} = P KR- € +cos mr)}
t .
\O /
(
2b

.

{APS}

P A (1 + cos mr)
At

: dm . iTs .
h_, 5p sin 'i&'(l + cos jm)



189

2b

A

{p} =P A

(1 + cos 7r)

dm iTs .
57 sin == (1 + cos jm)
cz 2b 2d (4'120)
in which Ap represents the cross-sectional area of the skin plate
and A represents the cross-sectional area of the stiffener. At
represents the total cross-sectional area of the panel.
Equation (4.118) can now be solved for the nonlinear analysis

of stiffened panels using the incremental iterative approach described

in section (4.5).
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4.4- Results

4.4.1 Noﬁlinear Analysis of Square Plates

The theoretical basis for the nonlinear analysis of plates and

basic solution techniques has been discussed earlier in section 4.2.

This section coneiders the results for the post-buckling
behaviour of square plates. The effects of geometrical imperfections
are included. The results are compared with those obtained by other

authors,

The plates are assumed to be square, simply supported about the
plate boundaries and loaded uniaxially. Two cases of in-plane dis-
placement boundary conditions are considered regarding the unloaded

edges of the plate, these being:

Case 1: The unloaded edges are assumed stress free and there-

fore free to deform in the plane of the plate.

Case 2: The unloaded edges are constrained to remain straight

but free to move in the plane of the plate.

These two cases are shown schematically in Figs 4.8 to 4.10. The
stress distribution in the post-buckling range fof these to cases is
shown in Figs 4.9, where 0, represents the axial stress along the
edge of the plate. Fig4,10shows the variation of edge stress along
the length of the plate. It can be shown that for case 1, the edge
stress O is the greatest at the crossfsection through the crest of
the buckle. For case 2, Qé is the greatest at the cross-section

through the wave inflection [ 82].

Fig 4.11 shows the variation of a non-dimensional load factor A

with a non-dimensional edge displacement factor u¥* For case 1,
where'

A= 4pd?/nPEt

u¥ = 2ub/t2

in which E iS the Young's Modulus, p is the average compressive
stress in the x direction, u is edge shortening in the x

direction and is given by:
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+ u
x=0

x=2b
b, d and t are plate dimensions.

The results obtained for a perfect plate and for a plate with
an imperfection of wm/t where:

W o= W=w,
m 0

The results can be seen to be in good agreement with those obtained by
Yamaki [17], andfurthermore highlight the stable post-buckling
behaviour of plates with simple support boundary conditions.
Similarly, Figs4w13and4.lﬁ-show the variation off A with u*¥ and
Qm/t fespectively for case 2. The results are again compared with

existing results [17] and can be seen to be in excellent agreement.
Looking at Figs 4.5 and 4.14it can be seen that out of plane deflec-—

tion for case 2 is always smaller than the corresponding one for
case 1. This can be attributed to the fact that for case 2, tensile
stresses act along the central position of the transverse edges to

constrain them straight.

Figs 4.15 shows the variation of the effective width ratio R
with the non-dimensional load factor A . The effective width ratio
R is defined here as the ratio of the actual load carried by the
plate to the load the plate would have carried if the stresses had .
been uniform and. equal td the Young's medulus times the average

strain, where:

p

R = 55720y

The results show that the effect of the initial imperfection is the
greatest in the vicinity of the critical load for both cases
considered. It can also be seen that the present results are in good
agreement with the results obtained by Yamaki [17]. Fig4.16 shows
the variation of the post-buckling stiffness ratio E*/E with the
edge displacement ratio ucr/u for case 1, where E is the Young's
Modulus of elasticity and E* is the effective modulus of elasticity

in the post-buckling region and is given by:
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E¥ = Ap/Au

and u is the edge displacement, u_. is the edge displacement at
critical load. The assumed displacement field and the initial

imperfections are of the form of a double series given by:

n m

: . dmy . Jdmx
Z Z wij sin 23 sin 2

i=1,3,5.. j=1,3,5..

n
Yo < Z
93,

i=1

=
I

m
._imy . Jmx
Z Woi4 sin g sin Ty
3 N

The results are shown for a single term using n =1 and multiple
terms allowing the change in buckled form using n =11 . It can be
seen that if a single term is used the post-buckling stiffness ratio
~has a constant value of 0.408. If multiple terms are used, the post-
buckling stiffness ratio drops beldw 0.408 and gradually decreases
with increasing value of u/uCr . The results also show that the
post-buckling stiffness of an imperfect plate, asymptotically
approaches that for a perfect plate. The results for the multi-

term perfect plate are comparéd against the results obtained by

Rhodes and Harvey [25] showing good agreement.

Similarly, Fig 4.17 shows the variation of E*/E with u/uCr
for case 2. The assumed displacement field and form of the initial
imperfection are as those for case 1. It can be seen that if a
single term is used (n=1) to describe the out of plane displacement,
the post-buckling stiffness ratio has a constant value of 0.5. If
multiple terms are used (n=11), then the post-buckling gradually

decreases below 0.5 with increasing value of u/uCr .

Comparing Figs 4.16and 4,17 it can be seen that the post-

buckling stiffness for case 2 is greater than that for case 1.
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4.4.2 Nonlinear Analysis of Stiffened Panels

The theoretical basis for the nonlinear analysis of stiffened
plates has been discussed in section 4.3. This section considers the
results for the geometric nonlinear behaviour of stiffened panels
under uniaxial compression. Comparison with existing literature is

included wherever possible.

(i) Statement of problem

Consider the stiffened panel depicted in Fig 4,18 The panel is
assumed to be simply supported along all four edges so that the out-of-

plane displacement w can be represented by:

m . n
= z : EE: o My Lo AT
w o= v Wij sin 54~ sin ~5= (4.121a)
i=1’20. j=1 ,2..

The initial imperfection Wy is given by:

m n
Wy = Z Z wOij sin %‘I sin J;?x (4.121b)
i=1,2.. j=1,2..

The imperfection parameters ‘EO and EL corresponding to the overall
and the local modes respectively are defined by the ratio of maximum
skin displacement to the skin thickness. The loaded edges of the skin
are assumed to displace uniformaly in the plahe of the skin and the

unloaded edges are assumed stress free.

Bending due to the overall mode of buckling is assumed to occur
‘about the centroidal axis of the panel cross-section so that the axial
displacement u of the panel loaded edges along the centroidal axis

is given by:

=3

(? - hg(wx _.wa))x=0

x=0

u

(u - hg(wx - wOx))

%=2b x=2b

eeo (4.122)

in which hz represents the distance to the panel cross-section

centroidal axis from the skin plane as shown in Fig 4, 18.
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The first term in equations (4.122) represents the uniform
displacement of the panel loaded edges due to an axial displacement -
u . The second term in equations (4.122) represents the net axial
displaéement along the centroidal axis due to the rotation along the
panel edges resulting from the out-of-plane displacement w of the.

skin.

From equations (4.121), it can be seen that Vo and Wy, are
not constant in y and, therefore, u in equations (4.122) is also
not constant in y but differs at various stiffener location points.
However, the axial displacement of the skin loaded edges is uniform
in y and therefore in the following analysis, the axial displace-
ment is measured along the skin line and not about the centroidal axis
of the panel cross-section. Fig 4.19éshows that the overall buckling
may occur in two distinct ways. The first is where the overall
buckling occurs in the positive direction (ie this is where the panel
bowes outwards so that the skin displacement is in the positive
direction) and the additional strains in the skin due to curvature in
the axial direction are compressive and therefore, additive to those
due to overall compression. The second type is where the overall
buckling occurs in the negative direction (ie where the skin displace-
ment is in the negative direction) and the additional strains in the

skin due to curvature are now tensile along the axial direction.

(ii) Overall buckling

Consider now a square panel stiffened by six stiffeners of
rectangular cross-section and of the following geometry (see Figs 3.5
and 3.45)):

N =6

2b = 2d = 1.0M
t, = 0.00IM
4 = 0.015M
w
t, = 0.0075M.

Figs 4.21 and 4.22 show the variation of the applied load with the
maximum out-of-plane displacement of the skin and the end shortening

respectively for the above panel. For comparative purposes only a
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single term solution to the problem is considered here so that
m=n=1 1in equation (4.21). The results obtained are compared
against those obtained by Steen [83] who assumes that the panel is
simply supported along the skin line at the loaded edges whilst the
present analysis assumes that the panel is effectively simply supported
along the neutral axis of the stiffener-skin combination. In both
analysis it is assumed that the loaded edges of the skin displace

uniformaly, and also, the end shortening is measured about the skin
line. It can be seen that the two assumptions lead to considerably

different results. Steen's [83] results show that the bifurcation
point has a high degree of asymmetry whilst the present analysis shows
a lower degree of asymmetry. It should also be noted that Steen [83]
effectively assumes the strain expression for a perfect stiffener to
be of the form:

1 2
€, = U tTW o - W (4.123)

The present analysis utilizes a fuller expression given by

equation (3.127). It is unclear what degree of approximation is made
when using Steen's [83] expressions for strains. However it is quite
possible that its neglect of torsional terms will have some effect on
the results since the overall mode involves a certain amount of

torsional deformation of the stiffeners.

(iii) Local-overall buckling

Fig 4,23 shows the variation of the buckling stress with the
aspect ratio for a panel stiffened by a single centrally located
stiffener of rectangular cross section. The cross sectional geometry
of the panel is given by the following parameters (see Figs 3.5 and
3.45):

N =1

d = 0.5M

t = 0.001M
w

d = 0.0128M
t, = 0.001M

Consider now the case where the aspect ratio of the panel is equal

tol (dea=a = 1).
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Fig 4.23shows that such a panel will buckle locally with two
half waves in the longitudinal direction. The ratio of the local
buckling load p; with the overall buckling load pg 1s 0.86. The
variation of the applied load p with the edge displacement u is
shown in Fig (4 ,24). It can be seen that the post buckling behaviour
of a perfect panel (EL = €0¢= 0) comprises of two bifurcation points:
The initial bifurcation point represents the local buckling mode which"
occurs over two half waves in the longitudinal direction. The
secondary bifurcation point represents the overall mode which occurs
over a single half wave in the longitudinal direction. Fig 4.17 also
shows that the type of initial bifurcation can have important effects on
the post buckling behaviour. It can be seen that if an imperfection
which is similar to the local buckling mode (EL = 0.1) is present,
then the nonlinear path eventually converges asymptotically to the
unstable path representing the local buckling mode. However, if an
imperfection which is similar to the overall buckling mode (EO = 0.1)
is present, then the nonlinear path converges asymptotically to the
stable path representing the overall buckling mode. The stability of
the post buckling paths is checked by examining the eigenvalues of
the second variation of the total potential energy which is given by
3 x tangent stiffness matrix. It can be shown [84] that the presence
of a bifurcation point is represented by the vanishing of an eigen-
value and thg presence of an unstable path is represented by a nega-

tive eigenvalue.

The ratio of the post-buckling stiffness to the pre-buckling
stiffness is often illustrated by using an effective modulus of
elasticity E* which represents the slope of the curves shown in
Fig 4,24 . The ratio of the post-buckling to the pre-buckling stiff-
ness is therefore given by E*/E where E is the modulus of

elasticity.

Fig 4,25 shows the variation of E*/E with the edge displace-
ment. It can be seen that there is a distinct drop in the stiffness
from the post-buckling behaviour resulting from the initial bifurca-
tion point representing local buckling to the secondary bifurcation

point representing overall buckling. It can also be seen that if the
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initial imperfection is similar to the local buckling mode (EL = 0.1)
then the stiffness of the panel is higher than when the imperfection

is similar to the overall buckling mode (&O = 0.1).

Fig 4 .26 shows the variation of the out-of-plane skin displace-
ment at x = d/2 for a perfect panel. It can seen that immediately
after buckling for u/ucr = 1.1, the deflection mode is predominantly
local which occurs over two half-waves along the longitudinal direc-
tion. The small movement of the skin-stiffener junction indicate the
presence of an overall mode - this results from the fact that when
local buckling occurs as the primary buckling, the effective rigidity
of the plate reduces and the center of effective area moves out of the
center of cross-section. This shift becomes the eccentricity of the
loading and produces an out-of-plane bending moment under the action
of axial compression to deflect the stiffened panel in the overall

mode.

Fig 4.26 also shows that for values of u/ucr of 2, 3 and 4
the deflected form plate is predominantly of the overall type which

occurs over a single half-wave in the longitudinal direction.

Consider now a panel of the following cross-—sectional geometry
(see Figs 3.5 and 3.45):

= 8
1 —
dS = é}3.6ts
S
d = 10
1
e, = 4g/100
2b = 4.16d;
2d = 7d!
S

where dé is the stiffener pitch. The panel is composed of a slender
plate stiffened by stocky (tw/tsz 4.5) stiffeners of rectangular
cross-section. This panel problem has been studied by Tvergaard [35]
who assumed that the panel was infinitely wide and that the overall
mode was essentially that of a broad Euler column where the flexural
torsional mode of the stiffeners does not occur. In the present
analysis, the panel is assumed to be of a finite width 2d (composed

of seven bays) with all four edges simply supported. These boundary
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conditions result in the torsional flexural deformation of the
stiffeners during overall buckling. Both the Tvergaard panel and
the panel considered here are designed for near-coincident buckling
so that po/pL = 1,036 where 193 and Py represent the local and
~overall buckling loads respectively. It can be seen from the panel
geometry that the length of the panel required to obtain the near-
coincident buckling ratio po/pL = 1.036 is given by 2b = 4.16 dé .
However, for the Tvergaard panel [35] the length is given by

2b = Adé . This difference in the lengths can be attributed to the
differences in the boundary conditions along the transverse edges

of the panel between the two models.

In the present analysis, eight terms were used to describe the
out-of-plane displacement of the skin in the y direction, there
being i =1,13,15,27,29,41,43,57 (see equations (4.121)). The local
buckling of the panel was shown to occur over six half-waves in the
longitudinal direction - this is the same for the Tvergaard panel.
The load deflection characteristics of this panel are shown in
Fig 4.27 in which the edge displacement ratio u/u0 is plotted
against the load ratio p/p0 , where Py is the critical load for
the overall mode and Uy is the corresponding edge displacement.
Four cases are illustrated; Case (i) - this is where only an overall
type of deformation is considered so that j =1 in equation (4.121);
Case (ii) - this is where both local and overall degrees of freedom
are included in the analysis so that j = 1,6 in equation (4.121);
Cases (iii) and (iv) are the same as case (ii) but where an overall
type of imperfection EO = 0.005 and EO = 0,05 are included
respectively as well as a local type of imperfection EL = 0.001.
From examination of cases (i) and (ii), it can be seen that the
introduction of local degrees of freedom has the effect of reducing
the load p in post buckling region. From examination of cases
(ii) to (div), it can be seen that the effect of introducing imperfec-
tion results in a further reduction of load p - this is especially
true in the vicinity of the critical load where the reduction is the
greatest. Also, from examination of cases (ii) to (iv) it can be

seen that the nonlinear behaviour of all these cases is very strongly



199

governed by the overall type of mode since all nonlinear paths

converge asymptotically to the overall-nonlinear path of case (i).

Fig 4_28Eshows the variation of the load ratie p/pL with the
relative overall displacement ratio (w - wO)/ts§°f the panel at
midspan. Three cases are illustrated for various levels of overall
imperfection EO , these being EO.= 2b/4000 ', 2b/2000 . The local

imperfection EL is assumed to be 0.05 for all three cases.

The results obtained are compared against those obtained by -
Ali and Sridharan [85] who utilize the model of an infinitly wide
panel with an Euler type of an overall mode. It can be seen that the
present results and those of Ref [85] show completely different trends.
Ref [85] shows that the behaviour of panel resembles that of a solid
Euler column with a reduced stiffness. In the present analysis the
transverse edges of the panel are assumed simply ‘supported so that
the nonlinear behaviour resembles the post-buckling behaviour of a

simply supported plate (which is stable) with a reduced stiffness.

Although the two sets of results are quite different, however,
for case 1 where. EO = 0 , both sets of results show that there is
interaction between the local and overall modes from the very outset

of the loading history.

Fig 4.29;ShOWS further results for the variation of load ratio
p/po with the relative maximum overall deflection (w - wo)/tS for
values of overall imperfections EO of 0.05 and 0.005. A constant
local imperfection EL = 0.001 is assumed for both cases. The
results obtained are compared against those obtained by Sridharan
and Peng [86] for the Tvergaard panel. It can again be seen that the
two sets of results show different trends. The results obtained by
Ref [86] show the existence of a maximum load above which the load p
cannot rise. The present analysis shows that there is no maximum
load. These differences in results can again be attributed to the
different displacement boundary conditions along the transverse

edges of panels for the two models.

Consider next the range of panel models tested by Thompson
et al [37]. The panels were constructed from an epoxy plastic (which

remains elastic up to a large range) and were stiffened by stiffeners
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of rectangular cross section. The ends of the panel assembly at which
the load was applied weré assumed to be simply supported while the
transverse edges were free. Therefore the overall buckling mode was
essenfially that of a broad Euler column. During the tests imperfec-
tion in the overall and local mode were varied - the former was

varied continuously over a wide range. Tests were carried out on a
family panels with critical load ratio 'pL/pO of 0.64, 1.02 and 1.5 -

where P and P refer to the local and overall buckling critical

loads respectively. The results presented indicated the existence of
a maximum value or an asymptotic maximum value in the load deflection
characteristics. The panels tested were of the following cross-

sectional geometry [see Figs 3.5 and 3.45]:

N =9

d = 0.234

t, = 0.00075M
d = 0.009625M
t = 0.0049M

W

In the present analysis, panels of the same cross-sectional
geometry and critical load ratio pL/pO are considered. The trans-
verse edges of the panel are however, considered to be simply
supported rather than free as in the above investigation by Thompson
et al [37]. Fig 4.30 shows the variation of load with edge displace-
ment for a panel with a critical load ratio of 0.64. In this case -
the panel is of a relatively short length so that the initial buckling
mode is of a local type. Fig 4,30 shows-that’ after the onset of local
buckling the subsequent post bucklinglbehaviour of the panel involves
interaction between both:the local and overall modes. This is evident
since the nonlinear post buckling path of the panel tends towards the
nonlinear path involving the overall mode only. This behaviour results
from the fact that under local buckling, plate elements between the
stringers which act as load carrying members, loose part of their 4
effective axial stiffness and also cause a drop in the axial and
bending stiffness of the panel as a whole. This loss in stiffness
results in a shift in the effective neutral axis away from the skin
which leads to loading eccentricity which in turn promotes overall

buckling.
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Consider next the case where both local and imperfectibns are
present simultaneously, both positive and negative imperfections are
considered where gL = #0.01 and 50 = 0,5 . For the case where
positive imperfections are present, the post-buckling behaviour is
such that the overall buckling mode occurs in the positive direction
(ie where the skin is on the concave side) so that the strains produced
in the skin due to the overall mode are compressive and therefore
promote local buckling. Here the interaction between the overall and
local buckling is especially strong so that buckling in one mode
positively encourages buckling in the other. However, when negative
imperfections are present, the resulting overall mode is in the
negative direction, so that the additional strains present in the skin
are tensile. This tends to reduce local buckling in the skin and the

overall stiffness of the panel is higher than if imperfections are
positive.

An important observation of the results is that there is no
maximum or an asymptotic maximum in the load deflection characteristics

for the panel.

The interaction between the local and overall modes of buckling
is depicted in Figs 4.31 and 4.32, These figures show the development
of the overall deflection for the case where the initial buckling mode
is of an overall type. Each figure shows the variation of the out-of-

plane skin displacement for variousvalues of edge displacement u .

The first figure shows the displacement across the panel cross-
section at midspan. The second figure shows the variation of the out-

of-plane skin displacement in the axial direction at y = 9/20d .

Fig 4.33 shows the variation of load with edge displacement for
a panel with a critical load ratio of 1.05. This is a case where the
critical loads in the two modes are nearly coincident and the initial
buckling mode is of an overall type. The important feature in Fig 4 33
is that there is no maximum or an asymptotic maximum in the load
displacement characteristics, This is contrary to results obtained
from panel models where the transverse edges of the panel are assumed

to be free. Fig 4,33 also shows that the presence of imperfections
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results in a large decrease in the load p in the vicinity of the

buckling lpad.

Fig.4,34;and Fig 4.35;éhow the variation in the out-of-plane
displacement with the edge aisplacement u . Although the initial
buckling mode is of an overall type, it can be seen that there is a
rapid development of the local mode as the edge displacement is
increased. This suggests that interactive buckling effects are
especially important in the case where the critical loads in the two

.buckling modes are nearly coincident.

Fig 4.36§shows the variation of the load p with the edge
displacement ﬁ for the case of a panel withla critical load ratio
of 1.5. This is the case of a relatively long panel where the
theoretical overall buckling load is well below the loads required to
initiate local buckling under direct compression. Fig 4.37 shows
that the behaviour of the panel is strongly dominated by the Euler
mode with relatively little influence from the local buckling mode.
This is depicted quite cleafly in Figs 4.37 and 4.38 which show the
out-of-plane displacement of the skin at various values of edge
displacement u . It can be seen that the local mode develops slowly

as the edge displacement is increased.

Consider now a panel stiffened by 8 L section stiffeners.under
axial compression. The panel has the following cross-sectional.

geometry (see Fig 3.45): ¢ .

= 8
d = 0.21M
t = 0,001M

S

dw/déi = 0.25
df/dw = 0.5
tw/ts = 1.0
tf/tw = 1.0

The variation in buckling stress with aspect ratio is depicted in
Fig 3.50 in which it is referred to as panel L2, (see Table 1 in

section 3.4.3). Figs 4.39, 4.40 and 4.41ishow the load displacement
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characteristics in the presence of imperfections for the above panel
with critical. load ratio pL/pO of 0.65, 0.99 and 1.5 respectively.
Varioug levels of overall. imperfection €0 are considered and a
constant local. imperfection EL = 0.02 is assumed in all cases. The
figures show that the pest-buckling behaviour is essentially stable
for all three cases and ‘the influence of the imperfections is the
greatest in the vicinity of the overall bifurcation point. The effect
of imperfection in the vicinity of .the buckling load is shown in

Fig 4.42; The figure shows that: for the case where the buckling loads
are nearly coincident, ie pL/pO = 0.99 , the effect of the imperfec-
tion is the greatest. This is in.line with the conclusion reached by
Tvergaard [35] who's analysis was based upon a broad Euler column

model,

Consider next a panel with T section stiffeners of the follow-

ing cross-sectional geometry (see Fig 3.45):

N = 8

= 0.21M
t = 0.001M
s

1 —
dw/ds" = 0.25

df/dw = 0.5
tw/ts = 1.0
tf/tw = 1.0

The variation of the buckling stress with the aspect ratio for this
panel is shown in Fig 3.50 in which it is referred to as panel T2,
(see Table 1 in section 3.43). Figs 4.43, 4.44 and 4.45 show the load
displacement characteristics in the presence of imperfections for the
above panel cross-section with the critical load ratio pL/pO of 0.65,
0.99 and 1.5 respectively. The results are presented for various
levels of overall imperfection 50 and constant local imperfection

€L = 0.02 for all three cases of critical load ratio. As in the
previous case of a panel with L section stiffeners, it can be seen
that the effect of imperfections is the greatest in the vicinity of
the overall bifurcation point. The sensitivity of the panels to

imperfection in the locality of the buckling load is shown in Fig 4.46.
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It can be seen that the panel with near coincident buckling load

pL/p0 has the greatest sensitivity to imperfections.

The variation of the outéof—plane displacement across the panel
cross—section and in the longitudinal direction for the case of the
panel with the critical load ratio of 0.65, overall imperfection |
EO = 0.6 and local imperfection EL = 0.02 is shown in Figs 4.47 and
4,48 respectively., The results are presented for various levels of
edge displacement and show that there is‘strong interaction between the
‘local and overall buckling modes. This is indicated by the develop-
ment of the local mode as the edge displacement is increased. The

variation of the axial stress along the panel cross-section is shown
in Fig 4.49.

The results presented so far assume that the behaviour of the
panel is purely elastic. However in practice structures often fail
through plasticity. This would indeed be the case for the panels
considered here where the post-buckling behaviour is stable. Figs 4.50

and 4.51 show the variation of the failure stress o, with the aspect

f
ratio in.the presence of imperfection for panels L2 and T2
considered above. Failure is assumed to occur when the maximum edge
stress in the skin reacheS‘yield. This ¢riterion has been shown to

give good results when compared with experiments [49,50].

The flat portion of the curves shown in Figs 4.50 and 451
reprersent failure through local buckling and the curved portion
represents the influence of overall buckling. The results also show
that the influence of imperfections is the greatest in the region where
failure results from the combination of both overall and local

buckling.
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Fig 4.5 Pure incremental analysis



210

POylaW UOIM3N IO SATIRIS]]
9anpad0xd paTITPOR (q)

HIHU

.

ord

9'% 314

2anpadoad ssaujjrls u:mcww:m& (e)
(1-1)

1oV




211

AP

i-1

Fig 4.7 Incremental-Iterative procedure
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Case 2 - Sides straight; free to move laterally

Fig 4.8 In-plane boundary condition along transverse edges
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Stress distribution
varies along plate

Case 1 - Sides free to wave

Case 2 - Sides straight; free to move laterally

Fig 4.9 Post-buckled stress distribution
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Fig 4.11 Variation of applied load with edge shortening for case 1
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case 2
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Fig 4.18 Stiffened panel geometry
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Fig 4.19 Possible overall buckling model
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5 SUMMARY AND CONCLUSIONS

5.1 General Summmary

An upper bound energy approach based upon variational principals
was used to analyse the buckling behaviour of asymmetrically edge
stiffened plates when subjected to end compression. The results
obtained were used to point out deficiencies in existing models used
to study the buckling behaviour of asymmetrically edge stiffened
plates. The method was then extended to predict the buckling of
infinitely wide integrally stiffened panels under uniaxial loading.
The results obtained from.this analysis were used to highlight the
differences in the behavior of infinitely wide panels and panels of

faint size.by comparing with existing results.

An energy model based upon variational principals was then
developed to study the buckling behaviour of simply supported panels of

finite size, stiffened by stiffeners of non-deformable cross-
section. The results obtained compared favourably with existing
results. The model was then further developed to analyse the post-
buckling behaviour of panels. The subsequent results were used to
highlight the differences between existing panel models in which the
overall mode is assumed to be that of a broad Euler column so that the
transverse edges of the panel are free and that considered in this
work where the transverse edges of the panel are assumed to be simply
supported. It was shown that the two models lead to considerably

different types of post-buckling behaviour.

The analytical model developed here limits itself to the elastic
range only. Under these conditions the model is capable of predicting
the complicated behaviour of panels and is restricted only by the
accuracy in defining the buckled mode of the panel. The model is
capable of predicting the behaviour of panels under the influence of

imperfections.

5.2 Suggestions For Future Research

The work presented in this thesis highlights the fact that future
research on the post-—buckling behaviour of light gauge stiffened panels
is essential. In particular, attention needs to be directed at the

study of various boundary conditions along the panel edges which may exist
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in practice as well as the study of the post-buckling behaviour of
panels stiffened by stiffeners of deformable cross-section. A finite
strip/element type of an approach is recommended for these problems.
The effects of shear lag which is neglected in the present‘anaiysis
should also be included in any” future research. Laboratory validation

of any theoretical approach is recommended wherever possible.

The above research should be carried out with the desirable aim
“in producing simple formula or charts to be used during the structural

design phase.
5.3 Conclusions

(i) Edge Stiffened Plates

1 For asymmetrically edge stiffened plates, the inclusion of both
lateral and flexural modes in any analysis is essential (unless
one of the modes is physically suppressed) as the two modes are

highly coupled.

2 Local buckling for edge stiffened plates with small flanges is
generally induced by the web. Local buckling for edge stiffened
plates with large flanges is induced by the flange at a lower
load than for web initiated buckling. The optimum size of the
flange (ie the largést) for which local buckling is web induced
decreases with increasing thickness of the plate eiements
comprising the section provided the web and the flange are of

equal thickness.

3 Interaction between the local and lateral modes which reduces
the buckling load was seen not to affect the buckling behaviour
of the cross-sectional geometries of edge stiffened plates

considered here.

(ii) Stiffened Panels

1 ' The results presented in section 3.4.2 verify the conclusion
reached by Williams et al [33] that a model of an infinitely
wide'panel can be justifiably used to predict the local and
overall buckling loads for panels of finite width provided the
panel is stiffened by a large number of stiffeners. Torsional

buckling loads are over-predicted by the wide strut model.
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However the overprediction is not as great as suggested by
Williams et al [33] who assume the stiffeners to be of non-

deformable cross-section.

For panels stiffened by thick stiffeners, L section stiffeners
are more effecti§e than T section stiffeners in resisting local
buckling of the skin. This results from the higher torsional
stiffness provided by L section stiffeners when compared with
T section stiffeners of equal cross-sectional area and

thickness,

The results presented in section 4.4.2 for the nonlinear analysis
of stiffened panels indicate that the post-buckling behaviour of
stiffened panels where the transverse edges are simply'supported
is essentially stable. This is contrary to the post-buckling

behaviour of panels modelled as wide Euler struts.

The results presented in section 4.4.2 concerning the post-
buckling behaviour of stiffened panels in the presence of
imperfection verify the conclusion that panel designs with near

coincident buckling loads are sensitive to imperfections [35].
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Appendix 1
EDGE STIFFENED PLATES - DISPLACEMENT FIELDS

Edge stiffened plate - Lateral buckling mode

The lateral buckling mode shapes for various elements of an edge
stiffened plate are given by equations 3.28 and 3.27. On satisfaction
of the boundry conditions given by equations 3.28 and 3.29, equations
3.28 and 3.29 can be expressed in the form of equations 3.30 and
3.31. The constants Fn and Gn appearing in these equations are given
by the following expressions:

Fnl =1

Fn3 = F26X
Fnd = F27X
and

Gnl = F28X

Gn2 = F29X

Gn3 = F30X

in which the constants F’s appearing on the right hand side of these
expressions are given by the following equations:

Fl = - % Ran
F2=(1/8w )( 1 + 2 F1 )
F3=hn ( 1/dw )
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F3A = 3 ( 1/dw )

F4

2F1 (16w )? - p(1+Fl)

F5

(hn )( hn - 1 )( 18w )% -
FSA = 6 ( 1/dw )2 — 4

F6 = df F2

F7 = df F3

F7A = df F3A

F8 = % ( Dw/Df ) df% ( 1/nf )
F9=F4 F8

F10 = F5 F8

F10A = F5A F8

Fll= —p

F12 = 2 ( 1/df )2 - 4

F13=(1/f)%2 (gn)(gn-1) -

Fl4 = g ( 1/df )

F15 =2 @ ( 1/4f )

F16 = ( 1/d£ )3 gn (gn-1)(gn-2) + o gn ( 1/df )
FY= -Df ¢ ( 1/df ) nf

FX1= -Dwe (1/dw )( 1 + 2 F1 )
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FX3= -Dw (hn (hn-1)(hn-2)( 1/dw)> + hno ( 1/4w ) )
FA = FX1/FY

FB

FX2/FY

FC = FX3/FY

F17 = - F14/Fl16

F18 = - F15/F16

F19 = F11 + F13 F17

F20 = F12 + F13 F18

F21A = F6 F19 + F9 F20
F21B = F7.F19 + F10 F20
F21C = F7A F19 + F10A F20
F21 = - F21A/F21B

F21X = - F21C/F21B

F22 = F6 + F21 F7

F22X = F7A + F21X F7

F23 = F9 + F10 F21

F24X = F17 F22 + F18 F23

F25X = FB + FC F21X - F22X



F25Y = F22 - FA - FC F21

F26X = F25Y/F25X -

F27X = F21 + F21X F26X
F28X = F22 + F22X F26X
F29X = F23 +‘F23X F26X
F30X = F24 + F24X F26X

in which
| 2
o= (v - 2)(%)

2
_ o[
b= "(2b)
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Edge stiffened plates ~ Local Buckling mode
The displacement functions associated with the local buckling
mode for the various elements of an edge stiffened plate are given
by equations 3.33. On satisfaction of the boundry conditions
( given by equations 3.21 - 3.29 ), equations 3.33 can be expressed

in the form of equations 3.34 and 3.35. The constants Hm appearing
in these equations are given by the following equations: '

Hul = 1
Hm2 = CA
Hm3 = C18X

Hm4 = C19X

and

Jml = C20X

Jm2 = C21X

Jm3 = C22X

Jmd = C23X

where the constants C’s are given by the following expressions:

CA = - % Rbm

CG= -(1+C)

Cl=(1/Kw )(1+2CA+hmCG)

ClX=( 1/dw )( 3 -~ hm )

Cc2 = df C1
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C2X = df CIX

3= (1/aw)? (2ca+ (hm)(hm-1) CG )
3X=(1/aw)? (6-hm(hm-1))

C4 =% ( Dw/DE ) df2 €3 ( 1/nf )

C4X = % ( Dw/Df ) c:ifz C3X ( 1/nf )

5 = ( 1/df )2 2 c4

osx = (186 )2 2 cax

c6 =6 ( 1/4f )2

0

C7=(14Af) m(3m-1)

C8=C5-p(C2+cC4)

C8X = C5X - w ( C2X + C4X )
CO9=C6 -u

Cl0 =C7 - u
Cll=(1/8f ) o ( C2+2C4)
CllIX = ( 1/df ) & ( C2X + 2 C4X )

Cl2=6 ( 1/4f )3 4 3 ( 18f ) »

C13

(1/6£)% (3m)(dm-1)(dm=-2) + ( 1/4f ) o 3m

CXl=hm (hm-1)( hm- 2 )( 1/('1‘w)3 CG+o (1/dw )

(1+2CA+ hmCG)
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X2 =(1/dw ) (6-tm(hm-1)(hn-2))+o(1/dw)
(3-hm)

Cyyl

6 ( 1/af )3
CYY2 = o ( 1/4f )

CXyl

nf ( Df/Dw ) Cyyl

CXY2 = nf ( Df/Dw ) CYY2

Cl4a = C11 - C12 C8/C9

Cl4AX = Cl1X - Cl2 C8X/C9

Cl4B = C13 - Cl12 Cl10/C9

Cl4 = - C14a/C14B
Cl4X = - C14A%X/C14B
Ci5 = - ( C8/C9 + C10 C14/C9 )

Cl5X = -~ ( C8X/C9 + Cl0 C14x/C9 )
C16X = C15X CXYl + C2X CXY2 — CXX2
Cl7X = CXXLl - C15 CXYl — C2 CXY2

Ccl8x

= Cl17X/Cl6X
Cl9%X = CG - C185(
C20X = C2 + C2X C18X
C21X = C4 + C4x C18x

C22X = C15 + C15X C18X
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C23X = Cl4 + Cl4X C18X
in which

g=(v-2) %

2
m
M= "(Zb)
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Appendix 2
STIFFENED PANEL - DISPLACEMENT FIELDS

Skin displacement field - Lateral Mode:

The displacement field associated with the lateral mode for the

skin of a stiffened panel is given by equation 3.64. On satisfaction
of the appropriate boundry conditions given by equations 3.57-3.63,
equation 3.64 may be expressed in the form of equation 3.67. The
variables Kn appearing in this expression are given by the following
equations: ~

Knl =1
Kn2 = H1
Kn3 = - 6 Dw F26X1 ( 1/dw ) 2/ds - HXAl/H20E

Knd = H18 + H39 H18X + H43 H18y

Kn5 = H19 + H39 H19X + H43 H19y

Kné

H32 H42 + H40

in which the variables H are given by the following expressions:

Hl = - % R2n
H = -4

2
H3=2(1/ds )" - M

He=an (an-1)( 1/ds )2 - 4

H5

bn (bn-1)( 1/s )2 - 4
HSK = 6.0 ( 1/ds )2 - 4

HSY =cn (cn -1 )( 1/ds )2 -u
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H6 = 1/ds

H7 = 2/ds

H8 = an/ds

H9 = bn/ds

H9X = 3.0/ds

H9Y = cn/ds

HI0 = H2 + ( R3n/ds ) H6

Hll = H3 + ( R3n/ds ) H7

H12 = H4 + ( R3n/ds ) HS

H13

H5 + ( R3n/ds ) H9
HI3X = H5X + ( R3n/ds ) H9X
H13Y = H5Y + ( R3n/ds ) HOY
Hl4 =1 + H1

H15 = H10 + H1 H11

H16 =‘1 - H12/H13

H17 = H15/H13 - H14

H17X = H13X/H13 - 1

H17Y = HI3Y/H13 - 1

H18 = H17/H16



H18X = H17X/H16

H18Y = H17Y/H16
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H19 = - H15/H13 - H18 H12/H13

HI9X = - HI3X/H13 - H18X H12,H13

H19Y = -~ H13Y/H13 - H18Y H12/H13

H20A =an (an - 1 )( an

H21A
H20E
H21E
H22E
H20F
H21F

H22F

HXA4
HXE1

HXE2

]

bn ( bn -1 )( bn
6.0 ( 1/ds )30

an(.an—l)(an
bn (bn -1 )( bn
cn (en -1 )( en
an (an-1)( an

bn ( bn

|
-
g

2/ds

2 ¢ H1/ds
an g H18/ds
bn @ H19/ds
3.0 2/ds

an @ H18X/ds

2 ) HI8 ( 1/s )3'-

2 ) H19 ( 1/ds )3'

2 ) HIBX ( 1/ds
2 ) HI9X ( 1/ds
2 )( 145 )30
2 ) HI8Y ( 1/ds

2 ) HI9Y ( 1/ds

0

0

3.0

3.0

3.0

3.0
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HXE3 = bﬁ o HlQX/dg

HXFl = cn g/ds

HXF2 = an g H18Y/ds

HXF3 = bn g H19Y/ds
H25=H20A+H21A+I-D{AI+I-D{A2+I-D(A3+I-D(A4
H26 = H20E + H21E + H22E + HXEl + HXE2 + HXE3
H27 = H20F + H21F + H22F + HXFl + HXF2 + HXF3
H28 = 6.0 F26x1 ( 1/dw )30 , o/dw

H29 = - Dw H28/( 2 Ds H20E )

H30 = -~ HXAl/H20E

H3l = - Dw ( 6.0 F26x2 ( 1/aw )30 | g/dw )
H32 = - H31/( 2 Ds H27 )

H33 = - H25/H27

H34 = - H26/H27

H35 = dw/ds

H36 = dw/ds (1+ 2Hl + an H18 + bn H19 )
H37 = dw/ds ( 3.0 + an H18X + bn H19X )

H38

dw/ds ( cn + an H18Y + bn H19Y )

H39

H29 H35 + H30
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H40 = H33 + H34 H39
H41 = H36 + H37 H39
H42 = ( H41 + H38 H40 )/( 1 - H32 H38 )
H43 = H32 H42 + H40
H44 = HI8 + H39 HIBX + H43 H1GY
H45 = H19 + H39 HI19X + H43 H19Y
in which
\2
o= (v - 2)(—2%)

- 2
v = )
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Skin displacement field - Local mode

The displacement field associated with the local mode of buckling for
the skin of stiffened panel is given by equation 3.70. On satisfaction
of the appropriate boundry conditions, equation 3.70 can be expressed
in the form of equation 3.73. The constants Im appearing in this
equation are given by the following equations:

Iml =1

Im2 = G1

Im3 = G50
Im4 = G55
Im5 = G56
Im6 = G57
Im7 = G54

In which the constants G are given by the following equations:

Gh=dnm(0.5)(dm-1)

GB=em (0.5 ) em-1)

GC =kn ( 0.5 )( km-1)

G =3 (0.5 )2
GE=1m ( 0.5)(m-1)
GL= - 0.5ds ( Ram/( ds ) )
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G2 = -y

G3=2(1/s )% - 4

G4=(dm)(dn-1)(1/ds )2 - 4

G5 = (em)(em-1)(1/s )% -
G6 = (km )( km-1)( 1/ds )2 - 4
G6X =6 ( 1/ds > - 4

G6Y =1m (Im-1 )( 1/ds )2 -
G7 = 1/ds

G8 = 2/ds

GY9 = dm/ds

Gl0 = em/ds

Gll = km/ds

GlIX = 3/ds

Gl1Y = lm/ds

Gl2 = G2 + ( R3m/ds ) G7

G13 = G3 + ( R3m/ds ) G8

Gl4 = G4 + ( R3m/ds ) G

G15 = G5 + ( R3m/ds ) GLO
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Gl6 = G6 + ( R3m/ds ) G11

Gl6X = G6X + ( R3m/ds ) GliX

Gl6Y = G6Y + ( R3m/ds ) Glly

Gl7 =1+ Gl

Gl18 = G12 + Gl G13

Gl9 = G17 - GA G17

G20 = GB - GA
G21 = GC - GA
G21X = GD - GA

G2lY = GE - GA

G22 = G18 - Gl14 G17
G23 = G15 - G14
G24 = G16 - Gl4

G24X = G16X - Gl4

G24Y = Gl6Y - G14

G25 = - G19/G20
G26 = - G21,/G20
G26X = - G21X/G20

- G26Y = - G21Y/G20

G27 = - G22 - G23 G25
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G28 = G24 + G23 G26

G28X = -~ G24X - G23 G26X

G28Y = -~ G24Y - G23 G26Y

G29 = G27/G28

G29X = G28X/G28

G29Y = G28Y/G28

G30 = G25 + G26 G29

G30X = G26X + G26 G29X

G30Y = G26Y + G26 G29Y

G31 = - G17 - G30 - G29

G31X

-1 - G30X - G29xX

G3ly - 1 - G30Y - G29Y

G32A =dm (dm -1 )(dm-2) G31 ( 1/ds )3

3
G33A =em ( em - 1 )( em-2)G30 (1/ds )’

3
G3A =km ( km~-1 )( km -~ 2 ) G29 ( 1/ds )
; _
G32F = 6 ( 1/ds )
3
G33F =dm (dm -1 )(dm-2 ) G31X ( 1/ds )

3
G34F = em ( em - 1 ){ em -2 ) G30X ( 1/ds ) .

G35F = km ( km - 1 )(km—2)G29X(l/ds)3

I
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G2H=1In(Im-1)(Im-2)( 1/ds )3

G33 = dn ( dm - 1 )(dm -2 ) @31Y ( 1/ds )3
G3dH =em ( em - 1 )( em - 2 ) G30Y ( 1/ds )3
G35H = km ( km - 1 )( km - 2 ) G29¥ ( 1/ds )3
GXAl = g/ds

GXA2 = 2 o Gl/ds

GXA3 = & dm G31/ds

GXAd = g em G30/ds

GXA5 = g km G29/ds

GXFl = 3 g/ds

GXF2 = g dm G31X/ds
GXF3 = o em G3OX/ds
GXF4 = g km G29X/ds
GXHl = g 1lm/ds

GXH2 =

@ dm G31lY/ds
GXH3 = @ em G30Y/ds

GXH4

2 km G29Y/ds

G36=G32A+G33A+G34A+GXA1+GXA2+GXA3+GXA4+GXA5

G37 = G32F + G33F + G34F + G35F + GXF1 + GXF2 + GXF3 + GXF4



G38
G39
G40
G41
G42
G43
G44
G45
G46
G47
G48
G49
G50
G51
G52
G53
G54
G55

G56

]
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G32H + G33H + G34H + G35H + GXH1 + GXH2 + GXH3 + GXH4

6 C18X1 ( 1/dw )3 + o/dw

Dw G39/( 2 Ds G32F )

GXAl/G32F

Dw (6 CL8X2 ( 1/dw ) + o/dw )

G42/( 2 Ds G38 )

G36,/G38

G37,/G38

dw/ds

((@w/ds )( 1+ 2GL+ dnm G31 + em G30 + knm G29 )
( dw/ds )( 3 + dm G31X + em G30X + km G29x )

( dw/ds )( 1m + dm G31Y + em G30Y + km G29Y )
G40 G46 + G4l

G44 + G45 G50

G47 + G48 G50

( G52 + G49 Q14 )/( 1 - G43 G49 )

G43 G53 + Q14

G31 + G50 G31X + G54 G31Y

G30 + G50 G30X + G54 G30Y
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G57 = G29 + G50 G29X + G54 G29Y

in which
2
1";
)
: a Y2
o= (v- 2)(%)
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Skin displacement field wc4

The displacement field for the skin associated with the alternating
up and down stiffener mode shown in fig(3.4)c is given by equation
3.85. On satisfaction of boundry conditions, equation 3.85 can be
expressed in the form of equation 3.86. The constants Ur appearing
in these equations are given by the following equations: :

Url =1

Ur2 = Gl + G2 G5

Ur3 = GS

in which the constants G are given by the following equations:

Gl = -gr/hr
G2 = -jr/hr
G3 = gr( gr-1 ) + G1 hr( hr-1 )

G4

jr( jr-1 ) + G2 hr( hr-1 )

G5 = -G3/G5
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Appendix 3
LOCATION OF NEUTRAL AXIS

The following assumptions were used in section 4.1.2 to derive
explicit expressions for the location of neutral axis §; , §% for

the web and the flange of an asymmetrically edge stiffened plate.

(a) The net axial load due to the stress distribution

is zero.

(b) The moment about any axis nermal to the plane of the

web is zero.
Consider now the stress distribution in Fig 3.13

Applying‘the first éssumptibn, we get:

N (y;)z ' - 1 - -
2 @ -h) - Y+ ([d-FL A -FDf = O
Z (d _;y) w . ;q f f f
W w . f
... (A3.1)
where NX is the value of the stress distribution at the web flange

junction.

Applying the second assumption and taking moments about the

flange web junction, gives:

-\ 2
N CAD)
X w 1l - 1 -2
3 PR S A R U A 2 Rt
w o Jw
From equation (A3.2) we get:
7'o= L (A3.3)
Y 3 w *

Substituting this into equation (A3.2) and solving for ;% gives:

- 2
yi o= 2dg/(d - 4d,) (A3.4)
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Appendix 4
DEFINITION OF MATRICES

The matrices [K 1, [K 1, [K ], [E ] and [Ez] which appear

in equation (4.104) are as follows

The non-zero terms in the symmetric matrix. [KI] are as

follows:
¥y gy = E(I, + Iyez) + G2
K1,12 = E(Iz - Iy)es B Gstxvsx
K1,13 = E[L W * Iy{(zvsxxes ~ Yosxx20s) ~ (exx ™ Wosxx)?)
K00 = Clvgy
K, = B
K1,16 = GJ[(esx B eOsx) - (wsxxvsx - wOsxxv0$x)
2V Veoxx T “0sx"0sxx) ]
Ky g = E[I0% + 1]+ GJvzx
K1,23 - E['Iz{(zwsxxes Y0sxx s) + (v vOsxx) - vasxx]
K0 = Blvgy
K1,25 = —GJ[(esx - eOsx) - (zvsstxx - vOswasxx)
* Vaxx¥ex ~ V0sxx"0sx’ ]
K1,26 = —Gvaxvsxx
K1,33 = E[Izwzxx + vazxx]
1,06 = G

. (A4.1) (continued)



K1,45 = Gy

K1,46 = Gvaxx

K, 55 = w
1, SXX

K1,56 = _Gstxxvsxx

K = el (A4.1)
1,66 SXX :

The terms in the symmetric matrix [K2] are as follows:

K1 = 4
K212 = Mgy
K2,13 = Awsx
K2,18 = To%
Kp20 = Alug, + GV, =3 %050 + 7 (o Vo)
+ %-Io(eix N egsx)}

K2,23 = MaxVsx
K2,24 = Istxesx
K2,33 = A{usx + %'(sz - vgsx) + (%.ng wgsx)

+ %-Io(eix - egsx)}
K2,34 = Owsxesx
K2,44 = st + %'(sz - Vgsx) * %’(Wix - w(z)sx) + Ié(%'egx - egsx)



The terms in matrix

El,l‘ = E(Bl - Bzes) + GJB3WSXX
E1,2 = ‘E(Bles +’Bz) - GJB3Vsx
E1;3 = E(Blwsxx - BZVSXX)
E1,4 = GJB3
E1,5 = _GJB3wsxx
E1,6 = GJB3VSXX (A4.3)
where
Bl = Iz{(vsxx - vOsxx) + (wsxxes - WOSXXGOS)}
By = Iy{(wsxx ~ V0sxx) ~ (stxes - VOSXXGOS)}
By = {(6 - O0sx) ™ (exxVsx ™ Y0sxx"0sx) CVaxx¥sx ™ V0sxx"0sx

The terms in matrix
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[El] are as follows:

[E2] are as follows:

E2’1 = E{AB1 + IOBZ}
Ey o = ElAB; + IB)}v
E2,3 = E{AB1 + IOBZ}WSX
E2’4 E{IOBl + Isz}esx
where
By = ug %'(Vgx - Vgsx) %'(sz - wgsx).
B, = %-(ezx'_ egsx)

(A4.4)

(A4.5)

)}



