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Dislocation substructures have been extensively characterized to explain the origin of strain hardening. Regions 
of high dislocation densities (walls) constrain the glide of mobile dislocations in regions of lower dislocation 
density (channels). Transmission electron microscopy (TEM) has shown that the distance in between walls is 
inversely proportional to flow stress, which is often referred as to the similitude principle. However, it still re
mains unclear whether a similitude scaling law exists for the dislocation wall thickness or wall fraction. The 
understanding of such a scaling law is instrumental to support substructure-based crystal plasticity, validate 
dislocation dynamics models, and explain substructure formation processes. Hence, this work surveys TEM 
images from various FCC metallic materials under cyclic deformation at various temperatures to assess the ex
istence of the similitude principle for dislocation walls. The results demonstrate that the wall thickness does 
follow similitude, but the proportionality constant depends on the temperature for some structures.   

1. Background 

Cyclic deformation of face centered cubic (FCC) metallic materials 
results in substructures [1] formed by dislocation walls and channels. 
Depending on the crystallographic orientation, immobile dislocations 
form veins structures at low applied plastic strains, persistent slip bands 
(PSB) under single slip orientation, labyrinths due to Hirth locks, or cells 
when cross slip is profuse. The high dislocation density at walls makes 
their response virtually elastic, which induces a strong residual stress (or 
back stress) on mobile dislocations along the channels. Furthermore, 
these structures limit the mean free path of mobile dislocations, which 
otherwise move relatively unobstructed along channels. As a result, the 
mechanical response of metallic materials strongly depends on the 
morphology and wall fraction (fw) which is often computed by the ratio 
[2], 

fw =
w

w + d
, (1) 

in which d corresponds to the distance in between walls and w is the 
wall thickness; note that w and d are distances that can be measured 
with TEM images and they are typically in the range between 0.1 and 10 
μm. Other formulations [3–5] proposed to compute the wall fraction can 
often be approximated by Equation (1) along with a scaling factor. 

Multiple constitutive models [4,6,7] have relied on the quantifica
tion of wall fractions to predict strain hardening. Recently, Castelluccio 
and McDowell [8] generalized these approaches for cyclic loading with a 
crystal plasticity model that parameterized the morphology of disloca
tion structures for Ni at room temperature. This model [8,74] predicts 
the cyclic response of crystals by introducing an intragranular back 
stress rate (Ḃα) that represents the constraint of sessile dislocation 
structures on mobile dislocations, i.,e., 

Ḃα
=

fw

1 − fw

2μ(1 − 2S1212)

1 + 4S1212μf S
Hill

γ̇α, (2)  

where, γ̇α is the shear rate, fS
Hill is the instantaneous macroscopic plastic 

deformation tangent, S1212 is the Eshelby tensor component for a prolate 
spheroid coordinate system [9], and μ is the shear modulus. 

The intragranular back stress rate in Equation (2) is fully determined 
by the morphology and dimensions of dislocation structures. However, 
the quantification of the wall fraction for various crystal orientations, 
materials or temperatures is still an open question. When multiple 
structures coexist (e.g., PSBs surrounded by veins), the total wall frac
tion depends on the relative predominance of each structure and their 
characteristic wall fraction. Recent efforts [10] based on Equation (2) 
for predicting single- and poly-crystal responses for various materials 
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suggested that fw may depend on temperature for some structures, but 
notably, not for all. Other efforts using dislocation dynamics modelling 
[11–13] have aimed to characterizing these structures, but the ap
proaches are at their infancies due to their high computational demands. 

In a series of papers, Sauzay and Kubin [14–16] extensively discussed 
the experimental evidence supporting dislocation substructure scaling 
laws under monotonic and cyclic deformation. Their work solidly 
demonstrated the existence of a scaling relation (also called similitude 
principle) [17–20], in which the flow stress (τ) is inversely proportional 
to the total wall spacing, 

τ =K
μb

w + d
, (3)  

where b is the Burgers vector. On the contrary, Sauzay and Kubin do not 
provide a definite description of the dislocation wall thickness, arguing 
that “PSB wall thickness appears to follow an approximate similitude” 
[14] based on experimental work for PSBs. 

Similitude formulation based on wall dimensions are advantageous 
for modeling since they often have lower experimental uncertainty 
compared to dislocation density measurements. Moreover, the simili
tude coefficient under cyclic loading (K ≈ 3) is, as a first order 
approximation, independent of temperature and the material, for FCC 
metals with low to high stacking fault energy (SFE) [14]. Hence, the 
discovery of scaling laws for wall fractions can be instrumental to vali
date dislocation dynamics simulations and to advance novel substruc
ture- and temperature-sensitive models. We proceed with an extensive 
review of experimental evidence for FCC metals under cyclic loading to 
demonstrate the existence of scaling relations for the wall thickness and 
wall fractions. 

2. Quantification of wall fraction for different substructures 

2.1. Vein structures 

Cyclic loading at very low strain amplitudes (typically below 1×

10− 4) results in vein structures, which correspond to coplanar loops that 
accumulate during cycling as shown in Fig. 1 a). For well-annealed 
materials, the wall fraction of veins increases with the number of cy
cles [21,22] or the applied plastic strain [23]. Upon filling the entire 
volume with veins, the structure becomes unstable and transitions to 
other structures with lower intrinsic wall fractions. At plastic cyclic 
strains about 1 × 10− 4 , this transition occurs during the first few 
thousand loading cycles [24] but it can take millions of cycles for lower 

applied strains [25] and it can depend on temperature [26]. 
Several authors [23,27] have shown that multiple FCC metals pre

sent veins with an intrinsic wall fraction independent of the temperature 
and occupying approximately half the total volume (i.e., equal loop 
patches and channels spacing). To evaluate this assessment, Fig. 1 b) 
presents the wall fraction computed with Equation (1) and dimensions 
measured in TEM images from various single crystal materials (Al, Ni, 
Cu, and Stainless steel) [28–34]. The error bar corresponds to the vari
ability of measurements as demonstrated in Fig. 1 a) and depends not 
only on the structure variability but on the relative tilt between the glide 
and observation planes. The analysis results in veins fractions in the 
range of 0.3–0.45, which should be considered as a lower bound that 
could have increased upon further cycling. Hence, our analysis confirms 
the notion that veins can fill out up to half the volume and temperature 
independent. 

2.2. PSB structures 

Next, we compiled TEM images that depict clear ladder-type PSBs for 
various materials at different temperatures (Al, Ni, Cu, Ag, Au, Stainless 
steel) from single- and poly-crystals. The wall thickness and wall spacing 
were measured perpendicular to the ladder rungs as shown by Fig. 2 a). 
Since PSB structures result in a stress plateau [35] for plastic cyclic strain 
approximately between 1 × 10− 4 to 1× 10− 2, a change in plastic strain 
does not lead to a change in wall spacing (e.g., constant stress results in 
constant wall spacing in Equation (1). Hence, we compare different wall 
spacing by considering experiments performed temperatures from 4 K to 
750 K, which results in plateaus with different stress levels (and hence 
different wall spacing). 

Fig. 2 b) compiles the thickness and spacing measurements on TEM 
images from the literature. These results demonstrate that the wall 
thickness in PSB is consistently between 0.15 ± 0.06μm regardless of 
the temperature, applied strain, or material. Contrarily, the wall spacing 
is strongly sensitive to temperature and can change by a factor of ten in 
accordance with the similitude relation. At constant temperature, both 
the wall thickness and the wall spacing are approximately constant for 
the entire plastic strain ranges for which PSBs are stable. Hence, by 
combining Eqs. (1) and (2) and assuming that the wall fraction of PSBs is 
a function of temperature we deduce that, 

τ= f PSB
w (T)K

μb
w
, (4)  

which states that PSBs wall thickness follows a scaling law with a 
similitude coefficient that depends on the temperature. 

Fig. 1. a) Example of a vein structure in Cu [32] b) fw as a function of temperature as computed from Equation (1) using TEM images from Refs. [28–34].  
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Fig. 2 c) presents the wall fraction as a function of homologous 
temperature calculated with Equation (1) and Fig. 2 b). These results 
demonstrate that the PSB wall fraction decreases with increasing ho
mologous temperature ( T

Tm
). This behavior can be parameterized as, 

fw = f 0K
w − a*

T
Tm

, (5)  

where f0K
w = 0.21 (±0.028), a = 0.38 (±0.1) are the coefficients and their 

covariance of the linear least square fitting. Note that this a robust 
characterization of a linear correlation fit to data from six metals and 
alloys at various temperatures from 4 K to 750 K. 

2.3. Labyrinth structures 

Following a similar procedure, we now consider TEM images of 
labyrinth structures (Fig. 3 a) from single- and poly-crystals to quantify 
the wall thickness and spacing perpendicular to the structure. Thin 
dislocation lines in the channels (Fig. 3b)) correspond to mobile dislo
cations slanted with respect to dislocation walls of the labyrinth struc
ture. We only consider labyrinth structure for different FCC metals at 
plastic strain ranges of 1 × 10− 3 or higher so that dislocation walls are 
well defined and do not have loop patches in between them. The results 

in Fig. 3 c) demonstrate that, similar to PSB, the wall thickness does not 
significantly vary for a range of materials and loading conditions. When 
comparted to PSBs, the average wall thickness varies between 0.07 μm 
to 0.15 μm, which is 30% shorter than that from PSBs. Similarly, the wall 
spacing in labyrinth structures cycled at room temperature is about 0.1 
μm, compared to 1.2 μm for PSB. 

The different scaling between PSB and labyrinth structures can be 
rationalized by observing the TEM work from Winter et al. [50]. Their 
work, reproduced in Fig. 4, presents the seamless coexistence of 
ladders-type PSBs and labyrinth structure in Cu. PSBs are inclined to 
labyrinth walls, which are aligned along the [100] and [001] directions 
[51]. Mobile dislocations are evident along [101] direction, making 
them perpendicular to the PSBs rungs, but inclined to labyrinth struc
tures. Since the system is in static equilibrium, mobile dislocations 
bowing out perpendicular to the PSBs undergo comparable shear stress 
to those dislocations bowing out inclined to the labyrinth structures. 
Hence, similar bow out stresses leads to similar dislocation length, but 
different wall spacing due to the different relative angles between walls 
and mobile dislocations. 

Fig. 4 makes it evident that not only the wall spacing but also the 
thickness is smaller in labyrinth structures as compared to PSBs for 
mobile dislocations under equivalent loading. The difference in spacing 
is a factor of 

̅̅̅
2

√
, which corresponds to the projection of the wall spacing 

Fig. 2. a) PSB in Cu single crystal from Ref. [36] b) PSB wall thickness and wall spacing at different temperatures for different FCC metals [36–49] c) PSB wall 
fraction as a function of the homologous temperature. The line corresponds to the least square fitting of Equation (4). 
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along the screw direction and that agrees with our analysis from Figs. 2 
and 3. The implications of this conclusion are significant because the 
similitude coefficient is about 30% smaller in labyrinth compared to 
PSBs. On the contrary, since both wall thickness and spacing are affected 
by the 

̅̅̅
2

√
factor, the wall fraction is the same for both PSBs and Laby

rinth. As a result, we deduce that, 

τ =K
μb
̅̅̅
2

√
d
=

1̅
̅̅
2

√ f PSB
w (T)K

μb
w
. (6)  

Which states that labyrinth wall thickness follows the same scaling law 
as PSBs (which depends on temperature), but the wall spacing similitude 
constant differs in a factor of 1̅ ̅

2
√ . 

2.4. Cell structures 

Finally, we consider TEM images that present cell structures after 
cyclic deformation in Al, Ni, Cu, Ag, and Stainless steel in single- and 
poly-crystals. Cell structures form upon profuse cross slip as a result of 
activation of multiple slip systems [56], which is observed in crystals 

oriented closely aligned for loading along [111]. Cell spacing and wall 
thickness were measured as shown by Fig. 5a), in which the error bar 
conveys the variability of coexisting cells. In contrast to PSBs, increasing 
the plastic strain range results in higher stresses. Hence, various cell 
dimensions can be measured at the same temperature but different 
plastic strain ranges. 

Fig. 5b) presents the cell wall thickness and spacing measured from 
TEM images. Lower temperatures and lower strain amplitudes [31,43, 
57–59] results in less refined cell structure and larger error bars. 
Contrarily, TEM data [40,46,60,61] corresponding higher deformation 
temperature and higher strain amplitude showed saturated equiaxed 
cells shown with relatively smaller error bar in Fig. 5 b). This figure 
further shows that cell wall thickness has lower uncertainty as compared 
to cell size. 

The results in Fig. 5 b) are strikingly different from those Fig. 2 b) and 
Fig. 3 b). The cell the wall thickness varies from 0.04 μm to 0.4 μm as a 
function of applied strain and temperature. At the same time, the cell 
diameter also changes proportionally to the wall thickness such that the 
cell wall fraction (f cell

w ) is approximately constant with values of 0.05–0.2 

Fig. 3. a) Labyrinth structure in Cu single crystal with stress axis parallel to [001] under γpl = 3.5 × 10− 3 from Ref. [52]. Note the thin screw dislocations that sit in 
the channels slanted with respect to the walls from Ref. [52]. b) Detail showing think lines in between walls that correspond to mobile screw dislocations. c) 
Relationship between wall thickness and wall spacing in labyrinth structure for different FCC metals [31,34,46,50,52–54]. 
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Fig. 4. Labyrinth structure in pure Cu with dislocation walls parallel to 001 traces. PSBs are visible at the bottom right with walls parallel to [110] from Ref. [55]. A 
similar result was found by in Ref. [50]. 

Fig. 5. a) Mobile screw dislocation gliding in a cell in Ni [60] b) Cu [30] Correlation between cell wall size and wall thickness at different temperatures and strain 
amplitudes for different FCC metals [30,31,42,43,46,57,58,60–64]. c) Cell wall fraction as a function of the homologous temperature. 
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as shown in Fig. 5c). 
Prior efforts [65,66] have found that cell wall thickness varies under 

monotonic loading. For example, Knoesen and Kritzinger [66] charac
terized that the wall fraction is fairly constant with an approximate 
value of 0.5 for commercial Cu. These results demonstrate that cell wall 
thickness under cyclic and monotonic deformation is proportional to cell 
diameter and follow a similitude law such that, 

τ =K
μb
d

= f cell
w K

μb
wcell

, (7)  

with the understanding f cell
w is temperature independent. 

Equation (7) assumes that the wall spacing similitude constant K for 
PSBs is identical to that for cells, which is indeed suggested by Sauzay 
and Kubin [14]. We can further support this notion by considering the 
coexistence between various structures as exemplified by Fig. 6. 
Following a similar argument as before, cells coexist with other struc
tures in static equilibrium with similar spacing in between walls (e.g., 
Fig. 6). Since mobile dislocation inside cells are approximately 
perpendicular to walls (e.g., Fig. 5a), no correction be required such as 
that for labyrinth structures. Moreover, we can consider similitude 
constant K for PSB as an upper, but close bound for cells similitude 
coefficient. 

3. Discussion 

The analysis of Equations (4), (6) and (7) explains the ambivalent 
position from Sauzay and Kubin [14] in concluding whether wall 
thickness follows similitude. Under isothermal experimental conditions, 
the wall thickness follows identical similitude for PSBs and cells, and 
requires a 30% correction for labyrinth structures. Such correction can 
be easily obscured by experimental error from mixing labyrinth with 
veins, tilt angle, or lack of stress saturation. Hence, it would seem 
evident that wall thickness follows similitude. However, upon a change 
of temperature only cells structures would follow a scaling law with the 
same similitude coefficient, which would lead to the conclusion that 
wall thickness does not follow a single scaling law. To make the analysis 

even more complex, different FCC metals at identical homologous 
temperatures would result in similar wall thickness and wall fraction for 
PSBs and labyrinth, but not for cells. 

A second consideration regards to the origin of the temperature 
dependence (or lack of) for the wall thickness. In this sense, much 
research has linked refinement of cell structures with the activation of 
cross slip, which can enable recovery mechanisms. Hence, we hypoth
esize that the lack of extended cross slip in PSBs, and the formation of 
strong Hirth locks in labyrinth structures prevent the recovery mecha
nisms in walls, making their wall thickness material and temperature 
independent. On the contrary, cross slip enables recovery at cell walls 
and results on temperature dependent wall thickness. 

3.1. Implications for novel modeling approaches 

One major challenge in modeling plastic deformation is the identi
fication of parameters, which are often not unique or do not describe 
accurately the grain scale response [67,68]. Our recent efforts have 
proposed physics [8,10,69] rather than mathematics strategies [70,71] 
for augmenting experimental data. These strategies [8,10] predict sin
gle- and poly-crystal responses by relying on mesoscale parameters 
informed with TEM data and the identification of the structure from slip 
systems activation. 

In this context, scaling laws that are material-invariant are instru
mental to relate strain hardening with the morphology of dislocation 
structures by means of Equations (2) and (3). We demonstrated that the 
characteristic wall fraction of the structures in Table 1 are not signifi
cantly sensitive to the material composition. Hence, veins and cells have 
relatively constant athermal wall fractions while PSBs and labyrinth 
wall fractions decrease with temperature. Moreover, wall fractions of 
PSBs and labyrinth structures are proportional. 

The extensive analysis of TEM images led to novel material-invariant 
formulations that reduce the number of unknown parameters in Equa
tion (2). Furthermore, they enable modelling strain hardening across 
temperatures assuming a single wall spacing similitude constant K for all 
structures along with the wall fractions in Table 1. Our results can also 
support the modeling of temperature-dependent size effects [72] by 
affecting the accommodation factor (fS

Hill) in Equation (2) as a means to 
account for the finite domain of a crystal or grain relatively to the 
substructure length scale. Notably, Eshelby finite domain corrections 
can also be linked to strain gradient theories [73] to naturally convey 
size effects. 

Finally, we highlight that our results enables the validation of 
modeling approaches not only from the macroscopic response, but also 
from the mesoscale wall morphology from TEM. In addition, dislocation 
dynamics modeling [11–13] have the potential to inform the 
morphology of structures prior to being tested. Hence, constitutive for
mulations that rely on the formulations in Table 1 have potential for 
multiscale experimental validation and hierarchical modelling. 

4. Conclusions 

This work surveyed extensively literature TEM images with dislo
cation structures resulting from cyclic loading saturation. The analysis 
demonstrates that the wall thickness follows similitude, albeit the rela
tion applies exclusively to a specific dislocation structure. Under some 
circumstances such as constant temperature, a similar relation can apply 
to various structures. 

Fig. 6. Coexistence of dislocation structures in static equilibrium in poly
crystalline Ni [31]. 

Table 1 
Characteristic wall fractions for various dislocation structures after cyclic 
deformation in FCC metals.  

Veins PSBs Labyrinth Cells 

fVeins
w ≈ 0.5 fPSB

w ≈ 0.21 − 0.38
T

Tm 

fLab
w ≈

̅̅̅
2

√
fPSB
w fCells

w ≈ 0.05 to 0.2  
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Our analysis has identified a notable difference in wall fraction 
evolution between structures that can or cannot cross slip. The former 
seems to have a constant temperature-independent wall fraction in 
monotonic and cyclic. On the contrary, PSBs and labyrinth have wall 
fractions that are temperature dependent. 

This work provides the bases to predict the wall fractions of different 
structures based on the local stress. The formulations proposed not only 
support substructure sensitive crystal plasticity modelling, but they also 
provide clear trends to benchmark dislocation dynamics modelling. 
Ongoing work seeks to implement wall fraction similitude laws to pre
dict the local anisotropic mechanical response of grains in polycrystals. 
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