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Abstract. Gears in service conditions experience inevitable tooth damage. These damages can cause 
changes in the time-varying mesh stiffness (TVMS) depending on the mode of damage. The TVMS 
of gears is an essential input in calculating gear dynamic responses. Several researchers have 
evaluated the mesh stiffness of gear teeth with single-mode damage like pitting, spalling, root cracks 
and wear using either or any combination of analytical, numeric and experimental models. However, 
limited research has been done on investigating the mesh stiffness of gear teeth undergoing multi-
mode damage. In this work, an analytical model is proposed to evaluate the mesh stiffness of a tooth 
on the pinion with single-mode damage, including pitting, spalling, and surface crack, separately. In 
addition, a gear tooth with a combination of pits, spalling and surface cracks is also evaluated. The 
volume of damage on the tooth is kept constant to provide a basis for comparison. The comparison 
highlights the possible effects of the combined damage modes, which is a more realistic occurrence 
in gears in service. 

Introduction 
The time-varying mesh stiffness (TVMS) of gears is a major input in evaluating the dynamic response 
of gears. It is a source of excitation and can be used as a preliminary means to analyze the changes 
due to fault on the gear surface [1]. Various methods have been used to determine gear mesh stiffness, 
some of which include analytical, approximated analytical, hybrid and FEM Models[2]. For 
analytical modelling, the potential energy method has been widely researched and has been validated 
with FEM[3]. In this method, the sum of the stiffnesses due to the hertzian, axial, bending and shear 
energies are determined[4,5]. This analytical method has been used to determine the mesh stiffness 
of gears with single faults like pitting[6–15], spalling [16–27], root crack[28–37], surface crack [38] 
and wear[39–42]. To provide more realistic mesh stiffness for gear dynamic responses, it is necessary 
to calculate mesh stiffness for gear tooths with more than one fault. Research on obtaining gear mesh 
stiffness for a combination of different faults mode is still limited, However, in [43], different severity 
modes of pitting and crack faults were combined and the TVMS obtained. The interactions between 
the two damages were analyzed and mathematical formulations provided for different combinations 
of severity. From case studies on failures of wind turbine gear boxes, gearboxes in manufacturing 
plants and in automobiles [44–47], pitting was noted to be the most common occurring fault, pitting 
often progresses to spalling, and cracks initiated from the pits/spalls develop to tooth surface crack. 
Several industrial cases had partial tooth breakage which were not initiated at the tooth root. As study 
on the mesh stiffness of gear with multiple faults progresses, it is important to understand how the 
different single faults and multiple faults affect the mesh stiffness. In this work, the mesh stiffness 
for multiple faults on a gear tooth surface consisting of pits, spall and surface crack is determined and 
a direct comparison is done with the mesh stiffness obtained from the single faults of pitting, spall 
and surface crack. The fault volume is constant in all four cases. The comparison of the TVMS will 
help ascertain the similarities and critical differences between the single fault curves and the TVMS 
curve for the multiple faults.  
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Evaluation of Mesh Stiffness 
As the gear rotates, the contact point on the pinion and driven gear changes continuously. The 

mesh stiffness at these points is obtained and plotted against the angle of rotation to obtain the TVMS 
curve. The equations for the mesh stiffness have one changing variable which is the pressure angle at 
the contact point. The formulations for the pressure angle and the stiffnesses are derived in [5]. They 
are presented as equations 1 – 2. Depending on the contact ratio of the gears in mesh, there is a region 
where two tooth pairs are in contact and a region where a single tooth pair are in contact. The duration 
of these regions has been derived in [5] and are also shown as equations 3 – 4. The following 
assumptions are made in the evaluation of the mesh stiffness. 

1. There are no manufacturing errors on the gear tooth 
2. The effect of friction is neglected 
3. The effect of lubrication is neglected 
4. Pits are assumed to be of circular cross-section 
5. Spalls are assumed to be rectangular cross-section 
6. Cracks are assumed to propagate along a straight line 
7. Crack depth is uniform along the tooth width 
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Where 
𝛼1𝑝 =Pressure angle at contact point on pinion 

𝛼1𝑔 =Pressure angle at contact point on gear 

𝑁𝑝 = Number of teeth on pinion 

𝑁𝑔 = Number of teeth on gear 

𝜃1 = Angle of rotation of pinion 

𝛼𝑜 = pressure angle  

𝜃𝑑 =the angular duration of the double tooth engagement 

𝜃𝑠 =the angular duration of the single tooth engagement 
 
The pressure angle of the contact points for the second pair of engagement contact points is obtained 

by adding 
2𝜋

𝑁𝑝
 and 

2𝜋

𝑁𝑔
 to equations 1 and 2 respectively. The equations for the total mesh stiffness for 

the single and double tooth engagement region can be calculated by using equations 5 – 7 [3] 



 

Figure 1: Healthy Gear tooth 
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For the region of single tooth pair engagement 

𝐾𝑚 = 𝐾𝑡1 (6) 
 

For the region of double tooth pair engagement 

𝐾𝑚 = 𝐾𝑡1 + 𝐾𝑡2 (7) 
 

Note that the stiffness subscripts b, s, a, and h represent bending, shear, axial, and hertzian 
stiffnesses. In this work, only gears with teeth below 42 are considered, and the fillet foundation 
stiffness is ignored. 

Healthy Gears. The formulations for the hertzian, bending, axial and shear stiffnesses have been 
derived in [5]. The equations are shown below as equations 8 - 11. Figure 1[3] shows the healthy gear 
model. 
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Figure 2: Tooth with Pitting damage 
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Where 
𝑣 = poison ratio 
𝐸 = Modulus of Elasticity 
 

Gear tooth with pitting damage. In pitting, the cross-sectional area of the contact point has changes 
in its tooth width, area, area, area moment of inertia due to the pits. This affects the bending stiffness, 
shear stiffness, axial stiffness and hertzian contact stiffness. Figure 2 shows a gear tooth with pits and 
the dimensions of the pits. The length (L), area (A), area moment of inertia due to the pits can be 
calculated and included in equations 8 to 11. The pits are assumed to be circular in cross-section and 
evenly distributed. The changes due to pitting on the geometry can be calculated as shown 
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Where 
n = number of pits 
𝑙𝑝 = length of chord of circular pit at the cross -section of contact 

ℎ𝑝 = depth of pit 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
These can be subtracted from the corresponding values of the healthy system to obtain the values 
due to the pits as shown. The equations for the axial, hertzian and bending stiffnesses for the gear 
tooth [43] are presented as equations 15 -18 

 



 

Figure 3: Tooth with spall 
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Gear tooth with spall damage. The spalling damage affects all the stiffnesses like that of pitting. 
The values of  area, moment of inertia  and length due to the spall is as shown in figure 3. The spall 
is assumed to be a rectangular cross-section on the gear surface. The equations due to the spall are 
shown in equations in equation 19 -21 
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The equations for stiffness become 
 



 

Figure 4: Tooth with surface crack 
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Gear tooth with surface crack damage. The crack is assumed to be straight and for the full length 
of the tooth width. The crack fault does not affect the axial and hertzian stiffness of the gear [5]. The 
formular for the area and moment of inertia due to the crack are shown as equations 26 -27. Figure 4 
shows the dimensions used in the formulars. 
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The bending and shear stiffnesses can be calculated using the formulars in equations 28 -29. 
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Figure 5: Gear tooth with pitting, spall and surface crack 

1

𝐾𝑠
= ∫

1.2(1 + 𝑣)(𝛼2 − 𝛼) cos 𝛼 cos2 𝛼

𝐸 {〈𝐿[sin 𝛼 + (𝛼2 − 𝛼) cos 𝛼]〉 − 0.5
𝐴𝑐
𝑅𝑏

}

𝛼2

−𝛼1

𝑑𝛼 
(29) 

 
 
Gear tooth with pitting, spall and surface crack. In the previous damage tooth discussed, the gear 
contact points will move between healthy sections and the single fault sections and then healthy 
sections before disengagement. However, in multiple fault gear tooth, there is a continuous change 
in the cross sections of the contact points. Figure 5 presents a combination of pitting, spall and surface 
crack. The contact points for the gear tooth in figure 5 will follow the following sequence from the 
base 

Section 1 – No fault - 
Section 2 – Surface crack fault only 
Section 3 – Surface crack and pits 
Section 4 – Surface crack only 
Section 5 – Surface crack and spall 
Section 6 – Surface crack, pit and spall 
Section 7 – Pit and spall 
Section 8 – Spall 
Section 9 – No fault 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
For the section shown in the diagram, which is a combination of Surface crack, pits and spall. The 
equations for the length, area and area moment of inertia are shown in equations 
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Equations 30 – 32 are included in the stiffness equations as shown in equations 33 – 36. 
 



 

Figure 6: TVMS of Healthy Gear Pair 
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Comparison of the TVMS 
The TVMS for a gear pair with details shown in table 1 was simulated with MATLAB to obtain the 
TVMS curves for the healthy, single fault gear tooth and gear tooth with multiple faults. The TVMS 
curves are presented as figure 6 and 7 
 
Table 1: Gear details 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 Pinion Wheel 
Outer Diameter(mm) 130 135 
Module 5  
No of Teeth 24 25 
Pressure angle 20  



 

Figure 7: TVMS plot of Gear pair with damage pinion -pit (kmp), spall (kms), surface crack (kmc), multiple (kmm) 

0.96% of the pinion’s volume was the fixed volume of all the faults and this resulted in the 
following dimension of faults 

1. 9 pits of radius 0.7±0.1mm and depth 0.8±0.1mm  
2. Spall of 6±0.1 by 4±0.1 by 0.5±0.1mm 
3. Surface crack of length – 15mm, thickness – 0.36±0.1mm depth – 2.1±0.1mm 

The combined fault has 0.32% volume of pitting, 0.32% of spalling and 0.32% surface crack 
resulting in 

1. 3 pits – 0.7±0.1 radius, 0.8±0.1 depth 
2. Spall – 4±0.1 by 2±0.1 by 0.5±0.1mm 
3. Surface crack depth of 0.7±0.1mm 

Figure 6 clearly shows the healthy TVMS curve and the regions of double and single engagement. 
In figure 7, the curve denoted by km is the healthy mesh stiffness to be used as a reference. The 
second curve kms is for the spalling fault and a relatively huge reduction in the mesh stiffness is seen 
in the region of the fault. The curve kmp represents pitting and the reduction in TVMS is also seen. 
It is also clear that the TVMS reduces in line with the shape of the fault. This suggests that the shape 
of the faults affects the mesh stiffness obtained. The next curve, which is kmc also brings about a 
reduction in stiffness based on the crack affected area. The TVMS curve of the combined fault 
denoted by kmm shows a shows major reduction in TVMS in the regions of combined faults and this 
region has the lowest TVMS of 5.8 x108 N/m 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Conclusion 

In this work, a method was proposed for the evaluation of the TVMS of multiple faults on a gear 
tooth. The potential energy method was used to analytically determine the stiffnesses. The results 
from the TVMS of the multiple faults of 0.96% of the tooth volume – 0.32% pits, 0.32% spall, and 
0.32% surface crack were compared with the same volume of faults for each single fault that 
comprised the multiple faults namely 0.96% single pitting, 0.96% single spall volume and 0.96% 
single surface crack tooth volume. All fault conditions resulted in a decrease in TVMS, and the shape 
of the decrease was influenced by the shape of the fault.  It is noted that the combination of faults 
results in a relatively higher drop in the mesh stiffness than the single faults as the section with the 
fault combination represents the lowest dip in all the TVMS curves. This suggests that accurate 



 

representation of gear tooth faults in service is required to accurately evaluate the mesh stiffness and 
hence dynamic response of damaged gears.  
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