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ABSTRACT 
A new approach for constructing elliptical bootstrap confidence regions for 
Multiple Correspondence Analysis is proposed, where the difference in 
method follows directly from the adoption of a different objective criterion 
to previous approaches. This includes a new correction for the well-known 
problems caused by the diagonal of the Burt matrix. Simulation experi
ments show that the method performs reasonably well in many cases, 
with exceptions being noted. Simulated data sets with known structure are 
also used to illustrate cases where the proposed method produces results 
in line with what would be expected, but some alternatives do not.
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1. Introduction

Correspondence Analysis (CA) is a family of methods for the graphical display of bivariate or 
multivariate categorical data in low-dimensional space, analogous to the graphical use of 
Principal Component Analysis (PCA) for continuous data. Simple Correspondence Analysis 
(SCA) deals with the bivariate case of a contingency table of counts while Multiple 
Correspondence Analysis (MCA) applies the same algebra to different codings of the multivariate 
case.

The most usual output is a scatter plot giving the best two-dimensional representation of the 
data, where each plotted point represents one category of one of the categorical variables. 
Categories which co-occur will tend to plot close to each other, so that CA, again like PCA, gives 
a convenient graphical representation of the correlation structure of the data.

However, this purely algorithmic and geometrical approach ignores random variation in the 
data and can easily result in the over-interpretation of what may be ‘noise’. Previous work has 
considered the creation of confidence circles, ellipses or convex hulls for these category points in 
both SCA and MCA using various different assumptions and objectives and using both algebraic 
and computational approaches (Greenacre 1984; Lebart, Morineau, and Warwick 1984; Ringrose 
1992; Markus, 1994a, 1994b; Michailidis and de Leeuw 1998; Lebart 2006; Lê, Josse, and Husson 
2008; Beh 2010; Ringrose 2012; D’Ambra and Crisci 2014; Beh and Lombardo 2015; Iacobucci 
and Grisaffe 2018; Corral-De-Witt et al. 2019; Gonz�alez-Serrano et al. 2020; D’Ambra, Amenta, 
and Beh 2021; Alzahrani, Beh, and Stojanovski 2023; D’Ambra and Amenta 2023).
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Confidence regions for SCA started with circles (Lebart, Morineau, and Warwick 1984) and 
later ellipses (Beh 2010; Beh and Lombardo 2015) based on the v2 test, so that these can be 
thought of as graphical illustrations of tests for independence, rather than confidence regions for 
the projected points per se, while the first uses of resampling to produce confidence regions for 
SCA (Greenacre 1984; Ringrose 1992) ignored sampling variation in the axes as well as the cor
relation between axes and points. Subsequent bootstrap approaches to confidence regions for 
SCA and MCA (Markus, 1994a, 1994b; Michailidis and de Leeuw 1998; Lebart 2006; Ringrose 
2012; Corral-De-Witt et al. 2019; Gonz�alez-Serrano et al. 2020) have addressed these problems, 
but all except (Ringrose 2012) have considered variation in the sample points projected onto the 
sample axes, which means that they are implicitly confidence regions for the population points 
projected onto the population axes, as explained in Sec. 3.

The present work proposes new confidence ellipses for the MCA case, building on the work in 
Ringrose (2012, 1996), and uses a different approach to those used for previous MCA confidence ellip
ses, which are implicitly defined such that a 95% confidence ellipse will contain the unknown popula
tion point projected onto the unknown population axes in 95% of samples, as explained in Sec. 3. The 
main motivation for the new approach is that it allows the construction of confidence regions such that 
a 95% confidence ellipse will instead contain the unknown population point projected onto the 
observed sample axes in 95% of samples, which the author regards as the most natural extension of the 
usual definition of a confidence interval to the case of multivariate projection methods. In order to 
achieve this, the key methodological distinction is that this method explicitly deals with sampling vari
ation in the difference between sample and population points when both are projected onto the 
observed sample axes, rather than sampling variation in just the sample points projected onto the 
observed sample axes. The reasoning behind this is given in detail in Ringrose (2012, 1996) and sum
marized in Sec. 4. These new ellipses also propose a new way to deal with the well-known problem of 
the distorting effect of the diagonal of the Burt matrix in MCA.

Hence the proposed method can be thought of as a different definition of what we require 
from MCA confidence regions, thus leading to a different procedure to construct them. However, 
there are some situations where it can be agreed what the results should be, for example with 
completely random data, where we would expect confidence regions to be large and substantially 
overlapping each other. It is shown in Sec. 5 that in this case the widely used Factominer package 
can produce ellipses that are misleadingly small, whereas the proposed method with the correc
tion for the diagonal of the Burt matrix produces ellipses that conform to the above expectation.

Section 2 summarizes and defines notation for simple and multiple CA. Section 3 summarizes 
the existing methods to construct confidence regions for SCA and MCA, then Sec. 4 describes 
and justifies the proposed new method, emphasizing the differences in approach. Section 5 com
pares results from the proposed method to those from other methods, using illustrative simulated 
data, in cases where comparisons can reasonably be made. Section 6 describes a simulation study 
to assess the performance of the new method, Sec. 7 gives an example application and Sec. 8
summarizes and discusses the conclusions.

In the following the convention used is that in most cases capitals (W) are matrices, bold face 
letters (w) are column vectors and small case letters (w) are scalars. The i, j-th element of W is 
wij and the j-th element of w is wj. A column vector of 1s is denoted 1. The superscript ðÞ

T 

denotes the transpose. In some cases the j-th column of W is wj or the j-th row of W is wT
j , but 

never both, to avoid notational confusion. For any sample quantity such as W, the corresponding 
population quantity is denoted W‡ and the bootstrap quantity is denoted W?:

2. Correspondence analysis

The notation and terminology used here will largely follow that in Greenacre (1984).
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2.1. Simple correspondence analysis

This works with any matrix of non-negative values, but is usually applied to bivariate categorical 
data where two categorical variables with I and J categories form a contingency table of counts 
XCT. This table is then divided by the sum n of its elements, usually the number of individuals 
who have been cross-classified, to give an I � J matrix X of non-negative values xij which sum to 
1. Then let r ¼ X1 and c ¼ XT1 be the vectors of row and column sums of X respectively, with 
Dr ¼ diagðrÞ and Dc ¼ diagðcÞ:

Then the i-th row profile rT
i is the i-th row of X divided by its sum, and is the i-th row of the 

row profile matrix R ¼ D−1
r X: Column profiles are defined analogously by dividing columns of X 

by their sum, giving cT
j the j-th row of the column profile matrix C ¼ D−1

c XT : Then SCA finds a 
low-dimensional representation of the rows of R with point ‘masses’ in r and inverse dimension 
weights in c, and simultanaeously a low-dimensional representation of the rows of C with point 
‘masses’ in c and inverse dimension weights in r.

All results are derived from the Singular Value Decomposition (SVD) of the weighted, cen
tered data matrix Z, giving

Z ¼ D−1
2

r ðX − rcTÞD−1
2

c ¼ UDlVT (1) 

where Dl ¼ diagðlÞ contains the ordered singular values l1 � ::: � lrmax
� 0 and rmax ¼

minðI, JÞ − 1 is the (maximum) rank of Z. The squared singular values ki ¼ l2
i are the eigenvalues 

of ZTZ and represent the total ‘inertia’ of each axis, analogous to the variance of each axis in 
PCA. The columns of V are the right singular vectors of Z, the eigenvectors of ZTZ, forming an 
orthonormal basis for the rows of Z (i.e. VTV ¼ I). The columns of U are the left singular vec
tors of Z, the eigenvectors of ZZT, forming an orthonormal basis for the columns of Z (i.e. 
UTU ¼ I).

The centered row profiles in R − 1cT are projected onto axes D
1
2
cV with dimension weights in 

D−1
c giving a matrix of row coordinates F, which can be expressed in several different ways as

F ¼ ðR − 1cTÞD−1
c D

1
2
cV

� �

¼ RD−1
2

c V ¼ D−1
2

r UDl ¼ RGD−1
l (2) 

with the coordinates for the i-th row category in f T
i , the i-th row of F.

Similarly the column profiles in C − 1rT are projected onto axes D
1
2
rU with dimension weights 

in D−1
r : Hence the coordinates for the j-th column category are in gT

j , the j-th row of

G ¼ ðC − 1rTÞD−1
r D

1
2
rU

� �

¼ CD−1
2

r U ¼ D−1
2

c VDl ¼ CFD−1
l (3) 

Both (2) and (3) are in ‘principal coordinates’ where the axes are weighted by their singular 
values, the alternative being ‘standard coordinates’ where these weightings are omitted, giving 
Fstd ¼ D−1

2
r U and Gstd ¼ D−1

2
c V:

Most applications of SCA then involve plotting and interpretation of the first two dimensions 
of the data, given by the first two columns of F and G in ‘French-style’ plots or by the first two 
columns of F and Gstd or G and Fstd for biplot-style plots. For further details see Greenacre 
(1984) and Ringrose (2012).

2.2. Multiple correspondence analysis

This covers the case of multivariate categorical data, and uses the same algebra as in Sec. 2.1 but 
applied to different codings of the data. It is described more fully in Greenacre (1984) and 
Greenacre and Blasius (2006) and also in Gifi (1990) under the name Homogeneity Analysis and 
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in Nishisato (1994) under the name Dual Scaling. The similarities and differences between the 
French school (MCA) and the Dutch school (Homogeneity Analysis) are described in Di Franco 
(2016).

In SCA the matrix X is usually the two-way contingency table XCT divided by its sum n, but 
for the p-way case there are two main alternatives. Consider an n individuals by p variables 
matrix Xnp where the i-th row contains the category names/numbers to which the i-th individual 
belongs and where the k-th variable has Jk distinct categories. This can then be converted into the 
indicator matrix XInd where the k-th column of Xnp becomes Jk columns in XInd, with the i-th 
row containing one in the column corresponding to the category to which the i-th individual 
belongs, and zeros elsewhere. Hence each row contains exactly one value of one in each set of Jk 

columns and all of the row sums are p. Hence XInd is n by J ¼
Pp

k¼1Jk and the elements sum 
to np.

The Burt matrix is constructed as XBurt ¼ XT
IndXInd and so is a block diagonal J � J matrix with 

the k1, k2-th block containing the two-way contingency table cross-classifying the k1-th and k2-th 
variables. The diagonal blocks contain the variables cross-classified with themselves, and so are all 
diagonal and uninformative. When p ¼ 2 the top right block of the Burt matrix is XCT and the 
bottom left block is XT

CT :

The indicator matrix and the Burt matrix can each be divided by their respective sums and 
the resulting matrix X be analyzed using exactly the same algebra as SCA in Sec. 2.1. The results 
are very similar but not identical to each other and also, in the p ¼ 2 case, not identical to the 
SCA results. The connections and possible corrections that can be applied are explained in 
Greenacre and Blasius (2006, Chapter 2), but details will be deferred until Sec. 4.3 when they 
become relevant. Note that, since all the information used is contained in the Burt matrix, MCA 
is really multiply bivariate rather than truly multivariate.

It can be argued that MCA is a generalization of SCA, or that it is a different method to SCA 
that happens to share the same algebra. The position taken here is closer to the former view, so 
that if the results for MCA with p ¼ 2 are similar to those for SCA then this is regarded as a 
good thing, but it is acknowledged that not all practitioners will agree.

3. Confidence regions for correspondence analysis

In both the SCA and MCA cases different types of confidence region (CR) have been proposed 
based on different philosophies and objectives. There are different views of what a 95% confi
dence region means, i.e. which event is expected to happen in approximately 95% of samples. 
Hence comparisons between methods are often comparisons between their aims rather than 
between their performances, because a method’s performance can usually only be compared to 
that method’s aims. A partial exception to this is that in some cases we can say clearly what we 
would expect the graphical results should look like, as in Sec. 5.

Many methods have been proposed for SCA CR starting with simple circles in Lebart, 
Morineau, and Warwick (1984) which were developed into improved ellipses in Beh (2010) and 
Beh and Lombardo (2015). These are reviewed in Ringrose (2012), and the following description 
of the differing approaches is a shortened version of that in Ringrose (2012), with the addition of 
more recent references.

The earliest resampling approaches Greenacre (1984) and Ringrose (1992) used bootstrap rep
lications of the data but simply projected the bootstrap row and column profiles onto the existing 
sample axes as supplementary points and used convex hull peeling to produce ad hoc confidence 
regions, although ellipses can also be constructed. However, this approach, referred to in Lebart 
(2006, 2007a, 2007b) as the partial bootstrap, ignores the variability in the sample axes and the 
correlation between the sample axes and the sample row and column profiles, so that the regions 
tend to be too small.
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In the present paper, as in Ringrose (2012), the aim is to put a CR around a plotted sample 
point such that a 95% CR should contain the population point projected onto these same axes in 
95% of samples. In the SCA case this entails a CR around the j-th projected sample column point 
gT

j ¼ cT
j D−1

2
r U, with the j-th population point c‡T

j then being projected as a supplementary point 

onto the same sample axes D−1
2

r U (and similarly for row points or other confidence levels). A 
similar approach can be applied to the MCA case, as described in Sec. 4. A CR of this type must 
hence be based on the variability in ðcj − c‡

j Þ
TD−1

2
r U, the difference between the sample point and 

the population point when both are projected onto the sample axes.
However, previous approaches are based on the variability in the sample coordinates cT

j D−1
2

r U, 
i.e. in the sample point projected onto the sample axes. Hence if viewed as CRs, a 95% CR of 
this type around a plotted sample point would implicitly be required to contain the population 
coordinates g‡T

j ¼ c‡T
j D‡−1

2
r U‡, i.e. the population point projected onto the population axes, in 

95% of samples.
The view taken here, as in Ringrose (2012, 1996, 1994), is that comparing points projected 

onto different axes, i.e. sample and population axes in this case, is rarely useful, particularly since 
population axes are usually of little interest, especially when singular values are close so that 
population and sample axes may be quite different.

The CR for MCA proposed in Markus (1994a, 1994b) and Michailidis and de Leeuw (1998) 
and the full bootstrap method in Lebart (2006) are of the second type above, as are those for 
SCA proposed in Iacobucci and Grisaffe (2018). Those proposed in Corral-De-Witt et al. (2019) 
and Gonz�alez-Serrano et al. (2020) are slightly different in that they use kernel density estimation, 
but are again of this second type. Hence these all assess the stability of the graphical display and 
can be thought of as sensitivity analysis or internal validation, rather than being CR of the type 
proposed here.

The original CR for SCA in Lebart, Morineau, and Warwick (1984), Beh (2010), Beh and 
Lombardo (2015), and Alzahrani, Beh, and Stojanovski (2023) are also of the second type above 
and are derived assuming a null hypothesis of independence of row and column categories. These 
can hence be thought of as a graphical illustration of the decomposition of the v2 test for a con
tingency table, rather than being CR of the type proposed here. The CR for multiple non-sym
metric CA for the p ¼ 3 case in D’Ambra and Crisci (2014), those for a version of CA based on 
cumulative frequencies for ordinal data in D’Ambra, Amenta, and Beh (2021), and those for 
three-way CA with ordinal data in D’Ambra and Amenta (2023), are also based on those in Beh 
(2010).

The R package Factominer Lê, Josse, and Husson (2008) does not contain a reference or 
description of the exact methods it uses to produce CR for SCA and MCA, but it seems to be 
similar to the partial bootstrap method in Lebart (2006), where resampled data points are pro
jected onto the sample axes and ellipses are then constructed based on the eigenvalues of a PCA 
of these coordinates. Some simple empirical comparisons will be made in Sec. 5.

4. New confidence regions for multiple correspondence analysis

The confidence regions proposed here are of the first type described in Sec. 3, following the 
approach described in Ringrose (2012, 1996, 1994). They are hence based on the sampling vari
ation of the difference between sample and population points when both are projected onto the 
sample axes, allowing for variation in both the points and the axes and the correlation between 
them. Hence the nominal coverage percentage is the probability of drawing a sample from the 
population which is such that the constructed confidence ellipse contains the population point 
when the latter is projected onto the samples axes as a supplementary point.
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MCA can be applied to the indicator matrix XInd or the Burt matrix XBurt, but for reasons 
which will become clear MCA is here only applied to the Burt matrix. This is symmetrical, so 
that there are both J row points and J column points, each point representing a single category 
from a single variable, and all row results and column results are the same. In all the descriptions 
below the J column points are taken as the data points which will be plotted and for which CR 
are sought, as this seems most natural. Hence in the descriptions below X in Eq. (1) is XBurt div
ided by its sum and the formulae for coordinates and axes come from Eq. (3).

4.1. Confidence ellipses

We require a CR around the j-th variable category point cT
j which will contain the population 

point c‡T
j with the chosen nominal coverage probability, projecting both onto the sample axes 

D−1
2

r U: Hence to construct a CR for the first and second axes we require the 2 � 2 variance matri
ces VarðdjÞ ¼ Rdj where

dT
j ¼ ðcT

j − c‡T
j ÞD−1

2
r u1 u2½ � j ¼ 1:::J (4) 

This should have approximately zero mean and its variance matrix accounts for sampling vari
ation in both the sample axes and the sample points, and the correlation between them.

If Rdj is estimated by R̂dj then a confidence ellipse can be drawn using

dT
j R̂−1

dj
dj � vcrit (5) 

If dj can be assumed to be approximately (bivariate) normal then the critical value vcrit is taken 
from v2

2 and hence will be 5.991 for a 95% ellipse.
As in Markus (1994a, 1994b), Michailidis and de Leeuw (1998), and Ringrose (2012, 1996, 

1994) the covariance matrices for Eq. (4) are estimated using bootstrapping, and here the critical 
values for Eq. (5) will also be estimated using bootstrapping.

4.2. Bootstrap algorithm

The variance matrices Rdj are estimated by non-parametric boostrapping, i.e. sampling with 
replacement from the rows of Xnp to generate a large number b of resampled data matrices X?

np:

Then MCA is applied to the Burt matrix of each of these and R̂dj calculated using the b bootstrap 
replicates of

d?T
j ¼ ðc?T

j − cT
j ÞD?−1

2
r u?

ð1Þ u?
ð2Þ

h i
j ¼ 1:::J (6) 

Note that u?
ð1Þ

, u?
ð2Þ

are not necessarily the first two columns of U?, but are instead the columns of 
U? which most closely match u1, u2, the axes being used in the plot.

This important difference is because axes can reorder as well as rotate and reflect from sample 
to sample, i.e. the axis with the largest singular value in the population will not necessarily have 
the largest singular value in any given sample. If this is not accounted for then the variances will 
be estimated using some entirely different axes due to reordering, instead of being based on the 
sample to sample rotations of the equivalent axes. This will inflate the variances with spurious 
variation. Hence here the bootstrap axes are matched as closely as possible to the sample axes 
using the Hungarian algorithm, and are also reflected to match the sample axes when needed. 
The CR in Markus (1994a, 1994b) and Iacobucci and Grisaffe (2018) also recognized this problem 
but instead used Procrustes rotations of the bootstrap coordinates relative to the sample coordi
nates, which tends to over-correct. This is explained in more detail in Ringrose (2012, Sec. 3.3).
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As in Ringrose (2012, 1996, 1994), and mentioned in Milan and Whittaker (1995) and Lebart 
(2007a, 2007b), the axes are hence ‘rearranged’ to remove spurious variation caused by reordering 
and reflection of axes, but not the genuine variation caused by rotation of the axes. This is 
referred to in Lebart (2007a, 2007b) as total bootstrap type 2, while the Procrustes rotation 
approach is total bootstrap type 3.

In SCA and MCA the use of the SVD means that row and column axes must have the same 
reorderings and reflections. The sample and bootstrap axes are taken to be the columns of U, V 
and U?, V? respectively, and the Hungarian algorithm implemented in the R package lpSolve rou
tine lp.assign Berkelaar (2023) is used to find the ‘allocation’ of bootstrap axes to sample axes to 
maximize

Xrmax

k¼1
juT

k u?
ðkÞ þ vT

k v?
ðkÞj where v?

ðkÞ ¼ v?
j , u?

ðkÞ ¼ u?
j for distinct j (7) 

which summarizes the overall closeness of sample to rearranged bootstrap axes. Note that the sin
gular values are not used in this allocation, so that some over-correction may still occur. An alter
native would be the method described in Sharpe and Fieller (2016) in the context of functional 
PCA, of only considering reorderings of eigenvectors that are close in the original ordering, hence 
to some extent using the information provided by the singular values.

This axis rearrangement is the reason why only the Burt matrix is considered here. In the Burt 
case the elements of the vectors uk, u?

ðkÞ
, vk, v?

ðkÞ
correspond to the rows of X, which are the J vari

able categories and are the same in every bootstrap replicate, provided care is taken when a cat
egory does not appear in some bootstrap replicates. When X is based on the indicator matrix the 
rows will instead be the resampled individuals and hence different in every replicate, so that the 
allocation/matching in Eq. (7) would not make sense.

4.3. The problem of the Burt matrix

It is well-known that in MCA the results are distorted by the diagonal elements of the Burt 
matrix, and these are often corrected by adjusting the raw singular values li and hence the princi
pal coordinates. The usual correction for the Burt diagonal Greenacre and Blasius (2006, 67–68) 
is to ignore all singular values less than 1=p and for the others to use adjusted singular values

l
adj
k ¼

p
p − 1

lk −
1
p

� �

lk �
1
p 

These are used to calculate the adjusted inertias kadj
k ¼ ðl

adj
k Þ

2 and hence also adjusted coordi
nates, so that the j-th column point becomes

gadj
j ¼ g j �

p
p − 1

lk −
1
p

� �

�
1
lk

j ¼ 1:::J, lk �
1
p

(8) 

However, even when these standard corrections are used, if bootstrapping is applied in the 
usual way then the estimated variances may be too small because the diagonal elements of the 
standardized Burt matrix are the same in every bootstrap replicate, thus underestimating the true 
variation in the data. Hence a new method is proposed here to correct for this when 
bootstrapping.

If a variable category appears k times then that row (or column) in the Burt matrix consists of 
p blocks each of which sum to k, so its row (and column) sum is kp. The diagonal element is the 
variable category cross-classified with itself, so it is just k. Therefore when the row (or column) 
profile matrix is calculated the diagonal elements of the Burt matrix are always all 1=p while the 
elements for the categories in the off-diagonal blocks sum to 1=p in each block. Hence in the 
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proposed method when the projected difference between the sample and resample column profile 
matrices is calculated this is artificially small because the diagonals of the two matrices are always 
the same, no matter how different the off-diagonal elements are. Hence it is clear that for the 
proposed method this feature of the Burt matrix will cause the variances to be underestimated. It 
is less obvious how it affects other proposed methods, but the fact that one part of the Burt 
matrix is the same in every bootstrap replicate suggests that a similar problem occurs.

The new method proposed here to correct for the diagonal elements of the Burt matrix when 
calculating variances does so by re-expressing the coordinates of the column points purely in 
terms of the off-diagonal elements of the Burt matrix which vary from sample to sample, without 
using the constant and hence uninteresting diagonal elements.

First calculate the Burt principal coordinates with the diagonal elements of the profile matrix 
ignored or set to zero and denote these gnondiag

j : A key point is that because the diagonal elements 
of the Burt matrix are always the same, the difference between C and C? in these elements will 
always be zero, so that when calculating Eq. (6) in effect it is already gnondiag

j which is being 
calculated.

It is easy to verify that the usual Burt principal coordinates can be re-expressed using the sin
gular values as

g j ¼
lk

lk − 1
p

� � � gnondiag
j (9) 

When using the usual adjusted/corrected coordinates and inertias Eqs. (8) and (9) will both be 
applied, thus producing a simple correction factor of p=ðp − 1Þ: Hence the bootstrap algorithm is 
applied as usual and dj in Eq. (6) is multiplied by p=ðp − 1Þ to give the adjusted and corrected 
projected difference, denoted d??

j , with

d??T
j ¼

p
p − 1

ðc?T
j − cT

j ÞD?−1
2

r u?
ð1Þ u?

ð2Þ

h i
j ¼ 1:::J (10) 

If the above correction is made then when p ¼ 2 the bootstrap variances for MCA are consist
ently found to be very similar to those for SCA using the method in Ringrose (2012). The author 
regards this as a good thing, making MCA more of a generalization of SCA, but recognizes that 
not all agree. Note that if the above correction is not made then in the MCA p ¼ 2 case it is easy 
to see that the projected differences and standard deviations are half those in the SCA case, as 
illustrated in Sec. 5.1.

Critical values were obtained from the percentiles of d??T
j R̂−1

dj
d??

j , similarly to studentised boot
strap intervals for scalar parameters Davison and Hinkley (1997, Sec. 5.8).

5. Comparison of methods

Methods for SCA and MCA confidence regions all have different objectives, as noted in Sec. 3, 
and hence cannot straightforwardly be compared in terms of which are ‘best’. However, in some 
cases we can say approximately what the graphical results should look like, in line with the 
known structure (or lack thereof) in simulated data. Hence very broad comparisons can be made 
between the regions proposed here and those produced by the R package Factominer Lê, Josse, 
and Husson (2008), which are currently the most readily available CRs for both SCA and MCA.

5.1. Data with no structure

A case where we can make a direct comparison between methods is when they are applied to 
completely random numbers. In this case the data are just ‘noise’ and we would expect the CRs 
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to reflect this, with large amounts of overlap and many sample points being within the CRs of 
other points. If this does not occur then there is a risk that the method will mislead users into 
thinking that ‘noise’ is really ‘signal’ and hence over-interpreting results, whereas a key point of 
any confidence statement is to avoid this.

To assess this we can generate a random data matrix Xnp where all of the p variables are gen
erated using independent multinomial distributions. Here we do not run a full simulation study 
but just give illustrative examples with p ¼ 2, 4 and 20, noting that results for all the completely 
random data sets that were investigated consistently showed the same clear pattern.

Firstly we compare SCA and MCA ellipses in the p ¼ 2 case, so generate a random data matrix 
Xnp with p ¼ 2, n ¼ 100, J1 ¼ J2 ¼ 5, i.e. giving a 5 � 5 contingency table. Then apply the methods 
proposed here and in Ringrose (2012), implemented in the R package cabooctrs Ringrose (2022), 
and the methods implemented in the R package Factominer Lê, Josse, and Husson (2008).

Figure 1 shows:

SCA using the SCA and ellipseCA commands in Factominer;

SCA using the method in Ringrose (2012);

MCA with the MCA and plotellipses commands in Factominer;

MCA with unadjusted singular values i.e. using Eq. (6);

MCA with adjusted singular values i.e. using Eqs. (6) and (8);

MCA with adjusted singular values and the new correction i.e. using Eq. (10).

Figure 1. Simple and Multiple CA CRs for completely random p¼ 2 data using factominer and cabooctrs R packages.
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(Note that there are differences in the MCA coordinates and inertias because Factominer uses 
the indicator matrix, where the unadjusted inertias are the square roots of the unadjusted Burt 
inertias).

In Figure 1 it can clearly be seen that both SCA methods produce very similar results, both 
showing extensive overlap of regions as expected and required. In contrast, it can clearly be seen 
that both Factominer and MCA with unadjusted singular values (Eq. (6) only) produce much 
smaller regions, all showing clear separation. Table 1 gives the areas of the ellipses shown in 
Figure 1 in order to confirm these points. Note that Factominer output does not provide enough 
information to calculate the areas exactly, but the above results can be seen graphically in 
Figure 1.

The data are random numbers and yet these pictures, either without confidence regions or 
with these small confidence regions, could mislead the user into thinking that there were genuine 
differences between the categories. However, MCA with adjusted singular values and the new cor
rection by p=ðp − 1Þ ¼ 2 (Eq. (10)) produces ellipses that are very similar to those produced for 
SCA, showing the expected extensive overlap of regions, as can be seen graphically in Figure 1
and numerically in Table 1. MCA with adjusted singular values, but not the new correction, gives 
standard deviations of half the size and so produces ellipses of intermediate size relative to the 
scaling of the figure. Figure 1 shows that with adjusted singular values only the ellipses overlap 
substantially, even though Table 1 shows that the ellipses are approximately the same size as 
those with unadjusted singular values.

It can of course be argued that MCA should not really be applied to completely random data 
with p ¼ 2, but this example clearly shows the inconsistency in conclusions between SCA and 
unadjusted MCA for a case where both can be applied to the same data.

We can similarly generate a random data matrix Xnp with p ¼ 4, n ¼ 200, Jk ¼ 5, with results 
shown in Figure 2. As before, Factominer and MCA with unadjusted singular values (Eq. (6)
only) produce visually very similar results, subject to the differences between use of the indicator 
and Burt matrices respectively. This time there is some overlap of regions, but again a user would 
be led to believe that there are genuine differences between the categories, even though the data 
are entirely ‘noise’. Using adjusted singular values produces regions which are larger relative to 
the rescaled coordinates. Only when using adjusted singular values and the correction by p=ðp − 
1Þ ¼ 4=3 (Eq. (10)) are the regions as large and with as much overlap as we would have expected 
a priori, knowing that the data lack any structure.

Although random data sets always show similar results, it should be noted that the Factominer 
and unadjusted regions show more of the expected overlaps when n is smaller relative to p, while 
of course the correction by p=ðp − 1Þ makes less difference when p is larger. This can be seen 
with a final illustrative example with p ¼ 20, n ¼ 50, Jk ¼ 5, with selected results shown in 
Figure 3. There is now much more of the expected overlap in the Factominer and unadjusted 
regions and there is less difference between the different methods, with observed differences 
mostly due to the randomness of the bootstrap and axis rearranging algorithm being exacerbated 
in such cases.

An important caveat to all of the above is that, in simulations similar to those in Sec. 6.2, it 
was found that, when the method proposed here was applied to data with low or no correlation 
similar to the above, the ellipses for larger p tended to be too large. This is discussed further in 
Sec. 6.2.

Table 1. Areas of ellipses for completely random data shown in Figure 1.

Method X11 X12 X13 X14 X15 X21 X22 X23 X24 X25

SCA 0.71 0.64 0.50 0.49 0.48 0.52 0.61 0.44 0.51 0.64
MCA unadjusted 0.20 0.16 0.12 0.13 0.12 0.13 0.16 0.11 0.14 0.18
MCA adjusted 0.18 0.17 0.12 0.13 0.12 0.14 0.15 0.11 0.14 0.16
MCA corrected 0.77 0.63 0.56 0.57 0.51 0.60 0.61 0.47 0.54 0.60
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5.2. Data with known structure

The connection between various forms of CA and generalized linear models (GLM) is 
well-known and described for the MCA case in Fithian and Josse (2017). Here we illustrate the 
connection using a very simple simulated data set constructed with p − 1 variables generated ran
domly as in Sec. 5.1 and a single two-category variable generated using a specified GLM with 
binomial errors and logit link. Hence we would expect a GLM fit to reproduce approximately the 
known generating model, while MCA CRs for the two-category variable and for variables with 
non-zero parameters in the generating model should be reasonably well separated and CRs for 
variables with parameters of zero should show substantial overlap.

Figure 2. Multiple CA CRs for completely random p¼ 4 data using factominer and cabooctrs R packages.
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Here we show one illustrative example for p ¼ 5 with J1 ¼ ::: ¼ J4 ¼ 3, J5 ¼ 2 and where the 
final two-category variable (Y) depends only on the fourth (X4). Hence we would expect clear dif
ferences between categories only for these last two variables. A GLM fit reproduces the generating 
model with only the categories of X4 being ‘significant’ as expected. Figure 4 shows the graphical 
results applying the corrected version of the proposed method and Factominer to these simulated 
data, from which can be seen that the results for the former are in line with prior expectation while 
those from the latter are not. This has been picked as a fairly typical example, with results being 
similar for other p and with more variables having non-zero parameters in the generating model.

The differences in the Factominer results may be due to use of a partial bootstrap as well as 
the unadjusted scaling. A further important caveat is that this very limited set of illustrative 
examples does not show that the results for the Factominer plotellipses function are wrong, as 
that would depend on their objectives. All these examples show is that, in the limited number of 
cases investigated, the results from the corrected version of the method proposed here are closer 
to what would be expected.

6. Simulation study of performance

The proposed method is assessed by simulation according to its own criteria, so a key outcome is 
that when population profiles are projected as supplementary points onto sample axes they are 
indeed within the 95% confidence ellipse in approximately 95% of simulated samples.

Figure 3. Multiple CA CRs for completely random p¼ 20 data using factominer and cabooctrs R packages.

Figure 4. MCA CRs for p¼ 5 data when only Y and X4 categories should differ, using factominer and cabooctrs R packages.
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6.1. Design

The simulation experiment is a full factorial design with four input factors, namely sample size (3 
levels), number of variables (4 levels), number of categories per variable (3 levels) and structure 
of the population data matrix (3 levels). For each combination of levels a population of N ¼ 106 

individuals was randomly generated according to the above, then 1000 samples of the appropriate 
size drawn from this population (without replacement in each sample, with replacement over all 
samples) and the proposed method applied to each sample, using b ¼ 999 bootstrap replicates.

The levels for the first three factors are n ¼ 100, 250, 500, p ¼ 4, 8, 16, 24 and categories per 
variable ¼ 5, 7, 10. The 3 levels for the structure of the population matrix are defined as follows.

a. a random population correlation matrix is produced using the R randcorr routine Schmidt 
and Makalic (2018) and the data are generated as multivariate normal with this correlation 
matrix, then converted to categorical in such a way that all variable categories occur roughly 
equally often. The largest correlation in these random correlation matrices in fact tends to 
decrease with p. This produces data sets with little structure and a large number of small sin
gular values, especially for larger p.

b. a p � 3 matrix A of independent N(0, 1) variates is generated and the covariance matrix AAT 

is made full rank by adding independent U(0, 1) variates to the diagonal, this is then stand
ardized in the usual way to become the population correlation matrix and then used to pro
duce categorical data as above. This produces data sets with moderately strong correlations 
(associations, structure) and a few moderately large singular values.

c. the first three columns of the population matrix are generated as completely random discrete 
uniform variates, then the others are generated as random perturbations and reflections of a 
random choice of one of the first three. This produces highly correlated (associated, struc
tured) data sets, with the points often exhibiting the well-known horseshoe effect.

These will hereafter be referred to as the low, medium and high correlation cases, respectively.
The design is clearly imperfect and simplified to avoid a combinatorial explosion. It can be 

argued that there should be varying numbers of categories in each case, or that the sample size 
should be relative to the number of variables and categories, or that the correlations between var
iables in fact decrease and increase with p in the first and third cases respectively.

The main outputs used here are the observed inclusion rates (IRs) of population points within 
the confidence regions for the first two sample axes, compared to the nominal 90, 95 and 99% 
values. Only the first two sample axes are considered as these are the only axis pair which will, in 
practice, be used in all analyses. The other main output used is the accuracy and precision with 
which the bootstrap variance matrices estimate the true variance matrices.

The N by p population matrix is used to derive directly the population profiles C‡, while MCA 
is applied to it to calculate the population axes. Inclusion rates are then estimated over all catego
ries in all variables, by projecting the appropriate population column profile point, i.e. row of C‡, 
onto the first two sample axes and checking whether it is inside or outside the confidence ellipse.

The true variance matrices are estimated by projecting the difference between the appropriate 
sample and population profile points, i.e. row of C − C‡, onto the sample axes, which have been 
rearranged to correspond to the population axes. The 1000 samples then allow estimation of the 
true variance matrices for the sample axes corresponding to the first two population axes. Hence 
note that the IRs are calculated for the first two sample axes in each sample, whereas the varian
ces are calculated using the sample axes corresponding to the first two population axes. These 
may not be the same, especially in samples where the first few singular values are close.

All simulations were run in R using Rstudio on a Lenovo Thinkpad with Intel i7 running 
Ubuntu linux.
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6.2. Results

The empirical inclusion rate results were analyzed using a generalized linear model with binomial 
errors and logit and probit links, showing that the results were clearly overdispersed compared to 
the binomial, as is commonly the case with many data sets. The sample sizes in the simulation 
were sufficiently large that all main effect and most estimable interaction parameters in the model 
were ‘significant’, and the nature of the differences and the overdispersion are most easily seen in 
simple boxplots.

It was fairly clear from the above analysis and from preliminary plots that the correlation/ 
association level is the most important factor and the number of categories per variable the 
least important, so that all boxplots collapse over the latter. Each point on the boxplots in 
Figure 5 is one category of one variable, so that there are 22p points making up each column 
of each boxplot, while each point is calculated based on 1000 samples from the same simulated 
population.

Critical values estimated with bootstrapping performed consistently slightly better than v2
2 crit

ical values, so only the former will be reported. Results for nominal coverage rates other than 
95% show a very similar pattern to those for 95%, hence only these are shown.

As seen in Figure 5, in the medium and high correlation cases the method performs reason
ably well according to its own criteria. In most cases the interquartile range is fairly narrow and 
includes the nominal coverage rate of 95%, while the empirical inclusion rate only goes below 
90% in a fairly small number of cases.

The main cause of concern is the very high empirical inclusion rate for p ¼ 24 in the low cor
relation case, i.e. when correlation matrices were generated with randcorr, and the clear implica
tion that inclusion rates increase with p in this case. This is probably because, as p increases, the 
axis rearranging approach does not remove enough of the spurious variation mentioned in Sec. 
4.2, so that estimated variances, and hence ellipse sizes, are too large. It was found in preliminary 
simulations that this tended to happen when the method was applied either to data with very low 
correlation or to completely random data with no correlation, as in Sec. 5.1. In such cases there 
is very little structure in the data so that the singular values are very close and hence the singular 
vectors both reorder and rotate substantially from sample to sample. In such cases the Procrustes 
rotation approach might perform better, but here we retain the axis rearrangement approach for 
the reasons explained in Ringrose (2012, 1996). For the simulated data generated using randcorr 
for p ¼ 24, just under half of the two-way contingency tables which make up the Burt matrices 
had p-values under 5%, suggesting very low structure. However, it is arguable that in these cases 
of very low structure/correlation it is preferable to err on the side of confidence regions being too 
large rather than too small, as these are less likely to mislead the user into over-interpreting ran
dom noise, as illustrated in Sec. 5.1.

Figure 6 shows plots of the bootstrap standard deviations against the estimated population 
standard deviations. Here we see in all cases a tendency for small to medium standard deviations 
to be overestimated more often than underestimated, while the small number of larger standard 
deviations are more likely to be underestimated, especially on the second axis and in the low cor
relation case. The high simulated inclusion rates in the low correlation case, seen in Figure 5, 
hence seem to be caused mostly by the smaller ellipses being too large. However, despite the 
noticeable curve in the plots, a large number of points are very close to the identity line, albeit 
often just above it. Although assessing the precision of the estimates of the variance matrix helps 
to interpret the other results, it is difficult to say what constitutes good or poor precision in this 
case. Hence performance is judged here mostly in terms of whether the nominal coverage rates of 
the ellipses are approximately met, and whether a statistically literate user would be led toward 
reasonable conclusions about the presence or otherwise of differences between the categories of 
the variables.
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7. Example

The proposed approach is illustrated on a small data set, again on the principle that a key fea
ture of any confidence statement is to prevent the overinterpretation of random noise. The 
data in Takane and Hwang (2006, table 11.1) (originally in Nishisato (1994)) are the results 

Figure 5. Proportion of 95% ellipses containing the population point, over 1000 simulations.
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of a small survey with n ¼ 23 and p ¼ 4, where the questions are age, whether the respondent 
thinks that children or less disciplined and less happy than in the past, and whether religion 
should be taught in schools. The plotted confidence regions in Figure 7 show that once again 
those produced by the proposed method are mostly rather larger than those from Factominer 
Lê, Josse, and Husson (2008), noting again that the former uses the adjusted coordinates from 
the Burt matrix while the latter uses the indicator matrix, and also larger than those given in 

Figure 6. Bootstrap versus estimated population standard deviations for first two population axes.
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Takane and Hwang (2006). In this case there is no known ‘correct’ answer, but with n ¼ 23 
the regions produced by the proposed method seem more in line with what would be 
expected.

8. Conclusions

Multiple correspondence analysis, in various guises, is a widely used method for graphically 
investigating multidimensional categorical data. The danger with any purely graphical 
exploratory method is that, without error bars or similar, it can lead to the overinterpretation 
of what is in fact random variation. The proposed method has been shown by simulation to 
perform reasonably well in the cases considered, although inevitably a huge variety of data 
structures and sizes have not yet been investigated. It has also been shown by simulation that, 
in the special cases considered, the corrected version of the proposed method produced 
graphical results in line with what the user would expect, whereas those produced by the 
uncorrected version often did not.

Two obvious weaknesses of the approach proposed here are that it does not deal with either 
the indicator matrix or with ordinal data. These, and the apparent poor performance on data 
with low structure, are topics for future research.

Notes

All of the methods proposed are implemented in the R package cabootcrs Ringrose (2022), avail
able from CRAN.

Disclosure statement

No potential conflict of interest was reported by the author(s).

Figure 7. MCA CRs for nishisato’s small survey data, with factominer and cabootcrs.
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