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Abstract 4 

Floating solar panels installed on water reservoirs will be an increasingly popular renewable 5 

energy scenario. However, a significant current flow will occur when the reservoir gate is open 6 

to release water. Such a current flow can cause complex fluid-structure interaction at the edge 7 

of the solar panels, reversely analogized to a ship advancing through calm water, signifying the 8 

generation of a stern wave. This wave can damage the solar panels, which needs to be 9 

investigated to ensure operational safety. In this context, the present paper analyses a mixed 10 

boundary problem of a uniform flow passing through a two-dimensional semi-infinite elastic 11 

plate using an analytical approach – the Wiener-Hopf technique. The mathematical model is 12 

based on the linearized velocity potential for fluid flow and the Kirchoff-Love plate theory for 13 

elastic plate. Three different edge conditions are considered here, namely clamped, simply 14 

supported, and free. Extensive results and discussions are provided for the amplitudes of the 15 

propagation wave, principal strain in the elastic thin plate. In particular, significant ‘resonance’ 16 

fluid-structure interactions are found when the current speed is at certain special magnitudes. 17 

To enable convenient industrial applications, these special flow rates are given as a water depth 18 

Froude number. Overall, this study can provide valuable insights for floating solar projects on 19 

water reservoirs to control the water-releasing rate thus minimising the potential structural 20 

problems.  21 
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1. Introduction 24 

Solar photovoltaics is widely acknowledged as a pivotal technology for mitigating global carbon 25 

emissions. In contrast to other energy power plants, solar photovoltaic power generation is 26 

proportional to its surface coverage, necessitating a considerably large area to deploy an industrial-27 

scale power plant [1]. One of the popular scenarios is to develop Floating Photovoltaics (FPV) on 28 

hydropower reservoirs, as shown in Fig. 1. On one hand, such a configuration can utilize the space 29 

always taken up [2], saving scarce land space for human activities, transportation, agriculture, 30 

natural reservation, etc. On the other hand, the proximity to the hydropower infrastructure allows 31 

solar farms to benefit from the existing power transmission and distribution networks, leading to 32 

cost savings. Almeida et al. [3] estimated that covering 10% of the world’s hydropower reservoirs 33 

with floating photovoltaics can bring about power generation equivalent to the sum of all current 34 

fossil fuel plants in the world, which attracts significant commercial and research interests.  35 

Nevertheless, installing floating solar farms in hydropower reservoirs also entails a concern, which 36 

is related to a strong current flow underneath the solar panels when water is released from a reservoir. 37 

The flow can induce a wake at the solar farm edge, i.e. between covered and open water regions, 38 

which can cause a significant load and deformation on the solar panels [4], as shown in the sketch 39 

in Fig. 2. Hence, it is essential to investigate the interaction between such a flow and a floating solar 40 

farm. 41 

In this context, the present work aims to establish an analytical model to explore the fluid-structure 42 

interaction of submerged water flow exiting from the edge of a floating solar power plant. Typically, 43 

a solar farm occupies a vast horizontal expanse, allowing the associated issues to be effectively 44 

addressed in a two-dimensional context [5]. The present article primarily focuses on the stern waves 45 

generated by the current at the floating platform’s edge and the associated structural strain. In such 46 

a case, a semi-infinite elastic plate is employed as a viable model for simulating the solar farm. The 47 

potential flow theory is employed to predict the fluid field, and the structural deformation is 48 

modelled by the Kirchhoff-Love plate coupled with the fluid [6-8].   49 
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 50 

Fig. 1. Schematic of a hybrid FPV-hydropower system [9] 51 

 52 

Fig. 2. Schematic of the case: the interaction between a semi-infinite elastic plate with an 53 

incoming current. (a). Before the current coming into the system; (b).  A steady state after the fluid 54 

and structural domains are coupled.   55 

 56 

2. Literature review  57 

For solar photovoltaics covering a large horizontal area of the water surface, the motion and 58 
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elasticity of the entire structure cannot be ignored when considering the influence of hydrodynamic 59 

loads [10-12]. In such a case, the thin elastic plate model for floating structures and linearized 60 

velocity potential theory for fluid are usually employed as one option to investigate such types of 61 

problems [13-16]. The present study modelled the solar farm as a semi-infinite elastic thin plate 62 

with an initial draft, and tried to understand its interaction with a uniform current, as a typical 63 

hydrodynamic problem for FPV on hydropower reservoirs. In the past decades, the theoretical 64 

model of a semi-infinite elastic plate was applied to the field of wave and sea ice interaction. For 65 

example, the problem of wave transmission and reflection by a semi-infinite ice sheet was solved 66 

by Fox and Squire [17] and Sahoo et al. [18] through the matched eigenfunction expansion (MEE), 67 

as well as by Balmforth and Craster [19] and Tkacheva [20] based on the Wiener-Hopf technique 68 

[21]. In their work [17-20], the plate was assumed to meet the water surface with zero draft, and 69 

edge conditions such as free were imposed on the edge of the plate. Later, Andrianov and Hermans 70 

[22] further considered a semi-infinite elastic plate with a finite draft, where the impermeable 71 

boundary condition was applied at the wetted surface of the plate edge. The nature of the works 72 

listed above is to understand how water waves propagate in elastic plates, because of the transition 73 

in the conditions at the plate edge, a key feature there is that the wave elevation and slope at this 74 

position may not be continuous. By contrast, the hydrodynamic load in the present study is a steady 75 

uniform current, rather than an incident wave, which makes the problem steady instead of periodic, 76 

and further leads to differences in the boundary conditions. In such a case, the former established 77 

methods in literature may not be applied directly to the present problem. Besides, the steady wave 78 

profile here is generated by the incoming current being disturbed by the elastic plate. The flow 79 

separates from the side edge of the plate edge [23,24], and additional conditions may need to be 80 

applied to ensure the flow separation effects, which is quite different from the treatment in the 81 

previous periodic problems.  82 

Apart from the works with a semi-infinite elastic plate, this study is also related to hydroelastic 83 

waves generated by a moving load or an incoming current. For example, Davys et al. [25] and 84 

Milinazzo et al. [26] investigated the linearized problem of waves generated by a steadily moving 85 

object on a floating elastic plate by using the Fourier transform method. Guyenne and Parau [27] 86 

further considered the nonlinear elastic plate condition and solved it via a boundary integral equation 87 

based on Cauchy’s integral formula. Besides, Li et al. [28] considered steady waves due to a uniform 88 
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current disturbed by a circular cylinder submerged below an elastic plate, based on the Green 89 

function approach. Lustri [29] studied the nonlinear hydroelastic waves generated by flow over 90 

submerged obstacles, where an exponential asymptotic analysis was employed to derive the solution. 91 

In these works, the elastic plate is perfect and assumed to be infinitely extended, the present work 92 

aims to understand how steady waves presenting in a semi-infinite elastic plate, and illustrate the 93 

influence of plate edge. 94 

The study in this paper is also related to stern waves due to a current passing underneath a rigid 95 

floating structure. Over the past few decades, numerous studies have been conducted to understand 96 

the characteristics of stern waves of floating rigid bodies. Haussling [23] and Schmidt [24] 97 

investigated the stern waves of a two-dimensional semi-infinite extended rigid plate of infinite water 98 

depth, where Haussling [23] studied the cases both with linear & nonlinear boundary free surface 99 

boundary conditions numerically, and Schmidt [24] addressed the linearized problem for a series of 100 

distinctive shapes of the rigid plate. Later, McCue and Stump [30] solved the problem of linear stern 101 

waves of finite water depth analytically based on the Wiener-Hopf technique, and pointed out that 102 

a non-singular solution only exists when the water depth-based Froude number is less than 1. 103 

Subsequently, Maleewong and Grimshaw [31] extended the problem to nonlinear free surface 104 

boundary conditions and considered a wide range of drafts by using a boundary integral method, 105 

they indicated that the results by the linear and nonlinear approaches were in good agreement when 106 

the draft of the rigid plate was much less than the mean water depth. Binder [32] considered stern 107 

waves of a curved rigid plate with a specific shape, and a weakly nonlinear solution based on a 108 

Korteweg-De Vries (KdV) equation was derived analytically. Later, Ogilat et al. [33] further 109 

extended it to more general shapes of curved rigid plates. In their work, an approach that combined 110 

the Wiener-Hopf technique and conformal mapping was proposed to solve the linear problem, and 111 

a nonlinear analysis based on the KdV equation [32] was provided. The works discussed here are 112 

all for stern waves behind a semi-infinite rigid plate. However, on occasions when the horizontal 113 

dimension of the floating structure is significant, like the present floating solar farm, the model of a 114 

rigid plate may not be reasonable, because considerable deformations and strain of the structure 115 

induced by hydrodynamic loads should be considered. Hence, the model of a semi-infinite elastic 116 

plate will be employed in this article to extend the previous research about a rigid plate. Since the 117 

elasticity of the plate is considered as an additional factor, the induced structural deformation may 118 
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make the characteristic of stern waves quite different from that of a rigid plate. Through the 119 

enhanced solution, the present work aims to shed some light on this fluid-structural physics problem 120 

as well as the industrial application of floating solar farms on water reservoirs.  121 

The rest of the paper is organized as follows. In Section. 3, the mathematical model of the problem 122 

is established based on the linearized velocity potential theory and Kirchhoff-Love plate theory.  123 

The solution procedure of Wiener-Hopf technique is given in Section. 4. Systematic result analyses 124 

in different boundary and flow conditions are presented in Section. 5, followed by the conclusions 125 

in Section. 6.  126 

 127 

3. Problem description 128 

We may consider the interaction between a uniform current and a two-dimensional semi-infinite 129 

elastic plate with an initial draft, as sketched in Fig. 2. In Fig. 2 (a), a Cartesian coordinate system 130 

𝑂-𝑥𝑧 is defined with the 𝑥-axis along the undisturbed surface, and the 𝑧-axis pointing upwards. The 131 

elastic plate covers the region at 𝑥 < 0 and its lower surface is along 𝑧 = −𝑑, while the region at 132 

𝑥 > 0 is with the free surface boundary condition. The bottom of the fluid is along 𝑧 = −𝐻. At one 133 

time point, there is a uniform current coming from 𝑥 = −∞ to 𝑥 = +∞, we may assume that the 134 

current speed at far downstream is denoted by 𝑈. Since the mean water depth at 𝑥 < 0 has been 135 

narrowed as 𝐻 − 𝑑 because of the existence of the plate, based on the conservation of mass, the 136 

speed of the current at far upstream should be 𝑈𝐻/(𝐻 − 𝑑). The semi-infinite elastic plate will be 137 

disturbed by the current and experience an oscillation. After a sufficiently long time, a steady state 138 

of the flow field will be re-established, where a steady wave profile may be generated along the 139 

water surface, as shown in Fig. 2(b).  140 

In the present problem, the fluid is assumed to be inviscid, incompressible and its motion is 141 

irrotational. Since the problem is steady and independent to time, a velocity potential Φ(𝑥, 𝑧) will 142 

be introduced to describe the motion of the fluid. We may split Φ into a summation of the steady 143 

current component and the disturbed component, which provides  144 

Φ(𝑥, 𝑧) =
𝑈𝐻

𝐻−𝑑
𝑥 + 𝜙(𝑥, 𝑧),       (1) 145 

where 𝜙(𝑥, 𝑧) is governed by the Laplace equation in the entire fluid domain as  146 

𝜕2𝜙

𝜕𝑥2
+
𝜕2𝜙

𝜕𝑧2
= 0.        (2) 147 
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The dynamic and kinematic boundary conditions on the elastic plate can be written as [28,34] 148 

{
𝐿
𝑑4𝑊

𝑑𝑥4
= 𝑝

𝜕Φ

𝜕𝑧
=

𝜕Φ

𝜕𝑥

𝑑𝑊

𝑑𝑥

  at 𝑥 < 0, 𝑧 = −𝑑 +𝑊(𝑥),   (3a, b) 149 

where the terms of temporal derivatives in Eq. (3) are omitted because the problem is steady, 𝐿 150 

denotes the flexural rigidity of the elastic plate, 𝑊(𝑥) represents the wave elevation measured from 151 

the initial undisturbed lower surface of the plate, or 𝑧 = −𝑑 at 𝑥 < 0, and it is measured from the 152 

undisturbed water surface, or 𝑧 = 0 at 𝑥 > 0. 𝑝(𝑥) denotes the hydrodynamic pressure, which can 153 

be calculated from the Bernoulli equation as  154 

𝑝(𝑥) = −𝜌 [
1

2
(∇Φ ∙ ∇Φ −

𝑈2𝐻2

(𝐻−𝑑)2
) + 𝑔𝑊],  𝑥 < 0.    (4) 155 

where 𝜌 is the density of the fluid and 𝑔 denotes the acceleration due to gravity. The dynamic free 156 

surface boundary condition at 𝑥 > 0 can be expressed as [30] 157 

1

2
(∇Φ ∙ ∇Φ − 𝑈2) + 𝑔𝑊 = 0  at 𝑥 > 0, 𝑧 = 𝑊(𝑥).    (5) 158 

Besides, the kinematic boundary condition in Eq. (3b) should also be satisfied at 𝑥 > 0 & 𝑧 = 𝑊(𝑥). 159 

The impermeable condition at the bottom of the fluid gives  160 

𝜕𝜙

𝜕𝑧
= 0,  𝑧 = −𝐻.        (6) 161 

At the edge of the elastic plate, suitable edge conditions should be imposed, which aims to simulate 162 

the physical constraints at the edge of the floating solar farm [35]. Here, three commonly used 163 

theoretical types are considered. In particular, the clamped edge is to let the deflection and slope of 164 

the plate be zero, which can be used to model the edge of the floating solar farm that is fully fixed. 165 

The simply supported edge is to let the deflection and bending moment be zero. The free edge is to 166 

let the shear force and bending moment be zero, or no external constraint is applied to the edge of 167 

the solar panel. From Timoshenko and Woinowsky-Krieger [36], we obtain  168 

𝑊(0−) = 0 and 
𝑑𝑊

𝑑𝑥
(0−) = 0 Clamped

𝑊(0−) = 0 and 
𝑑2𝑊

𝑑𝑥2
(0−) = 0 Simply supported

𝑑2𝑊

𝑑𝑥2
(0−) = 0 and 

𝑑3𝑊

𝑑𝑥3
(0−) = 0 Free }

 
 

 
 

.   (7a, b, c)  169 

Based on the discussion in Reinhard et al. [37] and Newman [38], we may further assume that the 170 

flow at the sharp edge of the plate separates smoothly and tangentially, which is used to require the 171 

velocity at the edge to be finite. In such a case, apart from the structural edge conditions in Eq. (7), 172 

the Kutta condition should also be imposed to ensure the continuity of the wave elevation and slope. 173 
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Hence, we have  174 

−𝑑 +𝑊(0−) = 𝑊(0+)
𝑑𝑊(0−)

𝑑𝑥
=

𝑑𝑊(0+)

𝑑𝑥

}.       (8a, b) 175 

It should be noted again that the use of the Kutta condition is valid when the current speed is not 176 

very low. As discussed in Maki [39], the flow will separate from the lower edge point of the plate 177 

when the draft-based Froude number 𝐹𝑇 = 𝑈/√𝑔𝑑 is greater than a critical value, which is around 178 

2. When 𝑈 → 0 or very small, the separation point is located at the side edge, and the flow may be 179 

unstable. In such a case, Eq. (8) may be invalid. Normally, when a dam releases water, the speed 180 

of the flow 𝑈 can be more than 10 m/s [40], for a typical solar panel with a draft 𝑑 of 0.1 m 181 

[2], which gives the transom-draft Froude number 𝐹𝑇 more than 10, and the Kutta condition 182 

can be applied to the present problem.  183 

The far-field condition should also be applied at 𝑥 → ±∞, which gives  184 

𝜕𝜙

𝜕𝑥
→ 𝑤±(𝑥, 𝑧)  as 𝑥 → ±∞,       (9) 185 

where 𝑤±(𝑥, 𝑧) denote wavy functions oscillatory with 𝑥 at 𝑥 → ±∞, its expression depends on the 186 

group velocity of the propagating waves at infinity. If the group velocity of the wave component is 187 

larger or smaller than the current speed 𝑈, the waves will show in the downstream (𝑥 = −∞) or 188 

upstream (𝑥 = +∞) region correspondingly.  189 

Before analysing this boundary value problem. A series of non-dimensional variables are defined 190 

based on the density of the fluid 𝜌, the acceleration due to gravity 𝑔, as well as the mean water depth 191 

𝐻 . In particular, 𝑥′ = 𝑥/𝐻 , 𝑧′ = 𝑧/𝐻 , Φ′ = Φ/𝐻√𝑔𝐻  , 𝑊′ = 𝑊/𝐻 , 𝜖 = 𝑑/𝐻  and the water 192 

depth-based Froude number 𝐹 = 𝑈/√𝑔𝐻. In the following text, the prime in these variables will be 193 

omitted and all the parameters are presented in a non-dimensional form. In such a case, Eqs. (1), 194 

(3a), (4), (5) and (8) can be re-expressed as  195 

 Φ(𝑥, 𝑧) =
𝐹

1−𝜖
𝑥 + 𝜙(𝑥, 𝑧),        (10) 196 

𝐷
𝑑4𝑊

𝑑𝑥4
= 𝑝 at 𝑥 < 0, 𝑧 = −𝜖 +𝑊(𝑥),    (11) 197 

where 𝐷 = 𝐿/𝜌𝑔𝐻4, and  198 

𝑝(𝑥) = − [
1

2
(∇Φ ∙ ∇Φ −

𝐹2

(1−𝜖)2
) +𝑊],  𝑥 < 0.     (12)   199 

1

2
(∇Φ ∙ ∇Φ − 𝐹2) +𝑊 = 0  at 𝑥 > 0, 𝑧 = 𝑊(𝑥).   (13) 200 
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−𝜖 +𝑊(0−) = 𝑊(0+)
𝑑𝑊(0−)

𝑑𝑥
=

𝑑𝑊(0+)

𝑑𝑥

}.       (14a, b) 201 

Additionally, Eqs. (2), (7) and (9) remain in the same formats, Eq. (3b) should be revised to be 202 

satisfied at 𝑥 < 0 & 𝑧 = −𝜖 +𝑊(𝑥) and 𝑥 > 0 & 𝑧 = 𝑊(𝑥), as well as Eq. (6) should be satisfied 203 

along 𝑧 = −1.  204 

Here, we consider the case of the draft much less than the mean water depth, or 𝜖 ≪ 1.  In such a 205 

case, the velocity potential 𝜙(𝑥, 𝑧)  and wave elevation 𝑊(𝑥)  may be written in the following 206 

perturbation form of 𝜖 207 

{
𝜙(𝑥, 𝑧) = 𝜖𝜙1(𝑥, 𝑧) + 𝑂(𝜖

2)

𝑊(𝑥) = 𝜖𝜂1(𝑥) + 𝑂(𝜖
2)

,      (15a, b) 208 

where 𝜙1(𝑥, 𝑧)  and 𝜂1(𝑥)  represent the first-order component of velocity potential and wave 209 

elevation respectively. Substituting Eq. (15) into Eqs. (3b), (11), (12), and then applying the Taylor’s 210 

series at 𝑧 = 0, eliminating 𝜂1 from the obtained equations. The boundary condition for 𝜙1 at 𝑥 <211 

0 & 𝑧 = 0 is obtained as  212 

(𝐷
𝜕4

𝜕𝑥4
+ 1)

𝜕𝜙1

𝜕𝑧
+ 𝐹2

𝜕2𝜙1

𝜕𝑥2
= 0,  𝑥 < 0,  𝑧 = 0.   (16)   213 

Similarly, the boundary conditions for 𝜙1 at 𝑥 > 0 & 𝑧 = 0 provides,  214 

𝜕𝜙1

𝜕𝑧
+ 𝐹2

𝜕2𝜙1

𝜕𝑥2
= 0,    𝑥 > 0,    𝑧 = 0.   (17) 215 

Following the procedure above, 𝜂1(𝑥) can be expressed as  216 

𝜂1(𝑥) = {
−
𝐷

𝐹

𝜕4𝜙1(𝑥,0)

𝜕𝑥3𝜕𝑧
− 𝐹

𝜕𝜙1(𝑥,0)

𝜕𝑥
𝑥 < 0

−𝐹 [𝐹 +
𝜕𝜙1(𝑥,0)

𝜕𝑥
] 𝑥 > 0

.      (18a, b) 217 

In such a case, the edge conditions in Eq. (7) should be satisfied by 𝜂1(𝑥). Besides, substituting Eq. 218 

(15b) into Eq. (14), the Kutta condition provides  219 

−1 + 𝜂1(0
−) = 𝜂1(0

+)
𝑑𝜂1(0

−)

𝑑𝑥
=

𝑑𝜂1(0
+)

𝑑𝑥

}.       (19a, b) 220 

The governing equation in Eq. (2), as well as the boundary conditions in Eqs. (16) ~ (19) and (7) 221 

construct the boundary value problem for 𝜙1. The Kutta condition in Eq. (19) shows a key difference 222 

with the problem of wave diffraction by a semi-infinite elastic plate [19,20], where only two 223 

conditions at the plate edge can lead to a unique solution, and discontinuous on wave elevation and 224 

slope are allowed at the edge. By contrast, two additional conditions are needed here to ensure the 225 

continuity of the flow due to flow separation. 226 
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 227 

4. Solution procedure  228 

4.1. Derivation of the solution through the Wiener-Hopf technique  229 

The boundary value problem for 𝜙1 established in Section 3 can be solved by the Jones’ version of 230 

the Wiener-Hopf technique [21]. The following Fourier transforms are defined with the complex-231 

valued variable 𝛼, 232 

{
𝜙̂+(𝛼, 𝑧) = ∫ 𝜙1(𝑥, 𝑧)𝑒

i𝛼𝑥𝑑𝑥
+∞

0

𝜙̂−(𝛼, 𝑧) = ∫ 𝜙1(𝑥, 𝑧)𝑒
i𝛼𝑥𝑑𝑥

0

−∞

       (20a, b) 233 

𝜙̂(𝛼, 𝑧) = 𝜙̂+(𝛼, 𝑧) + 𝜙̂−(𝛼, 𝑧).       (21) 234 

The functions 𝜙̂+(𝛼, 𝑧) and 𝜙̂−(𝛼, 𝑧) are defined in the upper (Im{𝛼} > 0) and lower (Im{𝛼} < 0) 235 

complex planes of 𝛼 respectively, and they can be defined over the entire complex plane through 236 

analytical continuation. In addition to a couple of singularities at the real axis of 𝛼, 𝜙̂+(𝛼, 𝑧) and 237 

𝜙̂−(𝛼, 𝑧) are analytical in the half-plane Im{𝛼} > 0 and Im{𝛼} < 0 respectively. It should be noted 238 

that these poles at the real axis of 𝛼 correspond to propagation waves at 𝑥 = ±∞, the distribution 239 

of these poles are related to the Froude number 𝐹, which will be given in detail later.   240 

Applying Eqs. (20) and (21) into Eq. (2), together with the boundary condition in Eq. (6), 𝜙̂(𝛼, 𝑧) 241 

can be solved as  242 

𝜙̂(𝛼, 𝑧) = 𝐴(𝛼)𝑍(𝑧, 𝛼),        (22) 243 

where 𝐴(𝛼) is unknown function of 𝛼 and  244 

𝑍(𝑧, 𝛼) = cosh𝛼(𝑧 + 1).       (23) 245 

Substituting Eqs. (20) and (21) into Eqs. (16) and (17), we obtain  246 

𝐶+(𝛼) + 𝐶−(𝛼) = 𝐴(𝛼)𝛼
2𝐾1(𝛼, 𝐹),      (24) 247 

𝐷+(𝛼) + 𝐷−(𝛼) = 𝐴(𝛼)𝛼
2𝐾2(𝛼, 𝐹),      (25) 248 

where 𝐶±(𝛼) and 𝐷±(𝛼) are obtained by applying a half-range Fourier transform in Eqs. (20a) and 249 

(20b) to Eqs. (16) and (17) respectively.  𝐾1(𝛼, 𝐹) and 𝐾2(𝛼, 𝐹) denote the dispersion equations 250 

corresponding to cases fully covered by an elastic plate and without the elastic plate (free surface 251 

case) respectively, where  252 

𝐾1(𝛼, 𝐹) = (𝐷𝛼
4 + 1)

sinh𝛼

𝛼
− 𝐹2 cosh𝛼

𝐾2(𝛼, 𝐹) =
sinh𝛼

𝛼
− 𝐹2 cosh𝛼

}.     (26a, b) 253 

Notice 𝜙1(𝑥, 𝑧) satisfies Eq. (16) at 𝑥 < 0 and Eq. (17) at 𝑥 > 0. In such a case, we have 𝐶−(𝛼) =254 
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𝐷+(𝛼) = 0. We may eliminate 𝐴(𝛼) from Eqs. (24) and (25), which provides  255 

𝐶+(𝛼)

𝐷−(𝛼)
=

𝐾1(𝛼,𝐹)

𝐾2(𝛼,𝐹)
= 𝐾(𝛼, 𝐹).      (27a, b) 256 

Following the general steps of the Wiener-Hopf technique, 𝐾(𝛼, 𝐹) needs to be factorized as  257 

𝐾(𝛼, 𝐹) = 𝐾+(𝛼, 𝐹)𝐾−(𝛼, 𝐹),      (28) 258 

where 𝐾±(𝛼, 𝐹)  is analytical in the same domains as 𝜙̂±(𝛼, 𝐹)  respectively. To do that, the 259 

distribution of the roots of 𝐾1(𝛼, 𝐹) = 0 and 𝐾2(𝛼, 𝐹) = 0 should be introduced first. Based on the 260 

discussion in Yang et al. [41], 𝐾1(𝛼, 𝐹) = 0 has an infinite number of roots at 𝛼 = ±𝜅𝑚 (𝑚 = −1, 261 

0, 1…), and the distribution of these roots is related to the Froude number 𝐹. As shown in Fig. 3, 262 

there is a critical Froude number 𝐹𝑐, at which 𝐾2(𝛼, 𝐹𝑐) = 0 will have a double real root 𝛼 = 𝜅𝑐 and 263 

satisfy 
𝜕𝐾2(𝜅𝑐,𝐹2)

𝜕𝛼
= 0  [28]. When 0 < 𝐹 < 𝐹𝑐 , 𝜅−1  and 𝜅0  are two fully complex roots satisfying 264 

𝜅0 = −𝜅̅−1  with Re{𝜅−1} > 0 , Im{𝜅−1} > 0  , 𝜅𝑚  (𝑚 = 1,2,3 …) are purely positive imaginary 265 

roots, and 𝜅𝑚 ∈ (𝑚𝜋i,𝑚𝜋i +
𝜋

2
i). When 𝐹𝑐 < 𝐹 < 1, 𝜅−1 and 𝜅0 become two purely positive real 266 

roots with 𝜅−1 > 𝜅0 , while 𝜅𝑚  (𝑚 = 1,2,3 …) remains to be imaginary roots. When 𝐹 > 1 , 𝜅0 267 

further becomes a purely imaginary root and 𝜅0 ∈ (0,
𝜋

2
i). By contrast, 𝐾2(𝛼, 𝐹) = 0 also has an 268 

infinite number of roots at 𝛼 = ±𝓀𝑚 (𝑚 = 0, 1, 2…). As presented in Fig. 4, 𝓀0 denotes a purely 269 

positive real root when 0 < 𝐹 < 1. When 𝐹 > 1, 𝓀0 becomes a purely imaginary root and 𝓀0 ∈270 

(0,
𝜋

2
i). 𝓀𝑚 (𝑚 = 1, 2, 3…) are always purely positive imaginary roots with 𝓀𝑚 ∈ (𝑚𝜋i,𝑚𝜋i +271 

𝜋

2
i).  272 

 273 

Fig. 3. Distribution of the roots of 𝐾1(𝛼, 𝐹) = 0 in the entire complex plane of 𝛼. 274 
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 275 

Fig. 4. Distribution of the roots of 𝐾2(𝛼, 𝐹) = 0 in the entire complex plane of 𝛼. 276 

 277 

Thus, based on the Weierstrass factorization, 𝐾(𝛼, 𝐹) can be written as  278 

𝐾(𝛼, 𝐹) =
𝜅−1
2 𝜅0

2(𝓀0
2−𝛼2)

𝓀0
2(𝜅−1

2 −𝛼2)(𝜅0
2−𝛼2)

∏
𝓀𝑚
2 (𝜅𝑚

2 −𝛼2)

𝜅𝑚
2 (𝓀𝑚

2 −𝛼2)
+∞
𝑚=1 .     (29) 279 

To factorize 𝐾(𝛼, 𝐹), it can be known that terms (𝛼 ± 𝜅𝑚) and (𝛼 ± 𝓀𝑚) (𝑚 = 1, 2, 3…) must be 280 

in 𝐾±(𝛼, 𝐹)  respectively. Because 𝐾+(𝛼, 𝐹)  and 𝐾−(𝛼, 𝐹)  should be analytical in the upper 281 

(Im{𝛼} > 0) and lower (Im{𝛼} < 0) complex planes of 𝛼 and do not have zeros respectively. Thus, 282 

we may write 283 

𝐾±(𝛼, 𝐹) = 𝑔±(𝛼, 𝐹)∏ [
𝓀𝑚(𝜅𝑚±𝛼)

𝜅𝑚(𝓀𝑚±𝛼)
]+∞

𝑚=1 ,     (30) 284 

where 𝑔+(𝛼, 𝐹)𝑔−(𝛼, 𝐹) =
𝜅−1
2 𝜅0

2(𝓀0
2−𝛼2)

𝓀0
2(𝜅−1

2 −𝛼2)(𝜅0
2−𝛼2)

  corresponds to terms of propagating waves. 285 

Physically, the distribution of propagating waves should be based on their group velocities. As 286 

discussed in Havelock [42] for the free surface case, when 𝓀0 is real, it corresponds to a propagation 287 

wave in the downstream region (𝑥 = +∞) since its group velocity is less than the speed of the 288 

incoming flow. By contrast, as demonstrated by Li et al. [28] for the case fully covered by an ice 289 

sheet, when 𝜅−1  and 𝜅0  are real, 𝜅−1  corresponds to a propagation wave in the upstream region 290 

(𝑥 = −∞) since its group velocity is larger than the speed of the incoming flow, whereas 𝜅0 pertains 291 

to a propagation wave in the downstream region (𝑥 = +∞). Mathematically, when performing the 292 

inverse Fourier transform on 𝜙̂, the integral path from 𝛼 = −∞ to 𝛼 = +∞ should pass over the 293 

poles at 𝛼 = ±𝓀0, 𝛼 = ±𝜅0 and pass under the poles at 𝛼 = ±𝜅−1. Based on the above discussion, 294 

𝑔±(𝛼, 𝐹) should be factorized as  295 
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𝑔+(𝛼, 𝐹) =

{
 
 

 
 
𝓀0
2(𝜅−1+𝛼)(𝜅0+𝛼)

𝜅−1𝜅0(𝓀0
2−𝛼2)

0 < 𝐹 < 𝐹𝑐

𝓀0
2(𝜅0

2−𝛼2)

𝜅0
2(𝓀0

2−𝛼2)
𝐹𝑐 < 𝐹 < 1

𝓀0(𝜅0+𝛼)

𝜅0(𝓀0+𝛼)
𝐹 > 1

,      (31) 296 

𝑔−(𝛼, 𝐹) =

{
 
 

 
 

(𝜅−1−𝛼)(𝜅0−𝛼)

𝜅−1𝜅0
0 < 𝐹 < 𝐹𝑐

(𝜅−1
2 −𝛼2)

𝜅−1
2 𝐹𝑐 < 𝐹 < 1

𝓀0(𝜅−1
2 −𝛼2)(𝜅0−𝛼)

𝜅−1
2 𝜅0(𝓀0−𝛼)

𝐹 > 1

.     (32) 297 

From the analysis above, we may define 298 

𝛾 = {

min{Im{𝜅−1}, |𝜅1|, |𝓀1|} 0 < 𝐹 < 𝐹𝑐
min{|𝜅1|, |𝓀1|} 𝐹𝑐 < 𝐹 < 1

min{|𝜅0|, |𝓀0|} 𝐹 > 1

,    (33) 299 

 300 

Fig. 5. A sketch of the domains of 𝑆+ and 𝑆−. (a): 0 < 𝐹 < 𝐹𝑐; (b): 𝐹𝑐 < 𝐹 < 1; (c): 𝐹 > 1. 301 

 302 

and further introduce 𝑆± in the complex plane of 𝛼, where 𝑆+ denotes the plane with Im{𝛼} > −𝛾 303 

except for the points at 𝛼 = ±𝜅0 and 𝛼 = ±𝓀0 when 𝜅0 and 𝓀0 are real. 𝑆− represents the region 304 

with Im{𝛼} < 𝛾  expect for the points at 𝛼 = ±𝜅−1  when 𝜅−1  is real. A sketch of regions 𝑆±  at 305 

different 𝐹 is given in Fig. 5. From Eqs. (30) ~ (33), it can be known that 𝜙̂±(𝛼, 𝑧) and 𝐾±(𝛼, 𝐹) 306 

are analytical in the regions 𝑆± respectively. Once 𝐾±(𝛼, 𝐹) are obtained, substituting Eq. (28) into 307 

Eq. (27), we have  308 

𝐶+(𝛼)

𝐾+(𝛼,𝐹)
= 𝐷−(𝛼)𝐾−(𝛼, 𝐹),       (34) 309 

It can be found that the functions on the left- and right-hand sides of Eq. (34) are analytical in the 310 

complex domains 𝑆+ and 𝑆− respectively. Notice from Fig. 5 that 𝑆+ and 𝑆− have an overlapping 311 

area in the complex plane of 𝛼. Based on the theorem of analytical continuation, the functions on 312 

the left- and right- hand sides must be identical and analytical in the entire complex plane. Further 313 

using the Liouville’s theorem, such a function can only be polynomial as 2𝜋𝑄(𝛼), which gives  314 



14 

 

𝐶+(𝛼)

𝐾+(𝛼,𝐹)
= 2𝜋𝑄(𝛼)

𝐷−(𝛼)𝐾−(𝛼, 𝐹) = 2𝜋𝑄(𝛼)
}.       (35a, b) 315 

Substituting Eq. (34) into Eqs. (24) and (25), 𝐴(𝛼) can be written as  316 

𝐴(𝛼) =
2𝜋𝑄(𝛼)𝐾+(𝛼,𝐹)

𝛼2𝐾1(𝛼,𝐹)
=

2𝜋𝑄(𝛼)

𝛼2𝐾2(𝛼,𝐹)𝐾−(𝛼,𝐹)
.      (36) 317 

Applying Eq. (36) to Eq. (22), which provides  318 

𝜙̂(𝛼, 𝑧) =
2𝜋𝑄(𝛼)𝐾+(𝛼,𝐹)𝑍(𝑧,𝛼)

𝛼2𝐾1(𝛼,𝐹)
.        (37) 319 

𝜙1(𝑥, 𝑧) can be derived by performing the inverse Fourier transform to Eq. (37), which gives  320 

𝜙1 (𝑥, 𝑧) =
1

2𝜋
∫ 𝜙̂(𝛼, 𝑧)𝑒−i𝛼𝑥𝑑𝛼
+∞

−∞
= ∫

𝑄(𝛼)𝐾+(𝛼,𝐹)𝑍(𝑧,𝛼)

𝛼2𝐾1(𝛼,𝐹)
𝑒−i𝛼𝑥𝑑𝛼

+∞

−∞
.   (38) 321 

It can be found from Eq. (37) that there will be a pole at 𝛼 = 0 in 𝜙̂(𝛼, 𝑧) if 𝑄(0) or 𝑄′(0) is non-322 

zero. Based on the analysis in McCue and Stump [30], there should be no mean wave elevation at 323 

the region 𝑥 < 0, which means the residue at 𝛼 = 0 in Eq. (38) should be included in 𝜙(𝑥, 𝑧) only 324 

when 𝑥 > 0. Hence, the integral path from 𝛼 = −∞ to 𝛼 = +∞ in Eq. (38) should pass over the 325 

singularity at 𝛼 = 0. Besides, as mentioned above, the integral path should also pass over the poles 326 

at 𝛼 = ±𝓀0 when 0 < 𝐹 < 1, and pass under the poles at 𝛼 = ±𝜅−1 when 𝐹 > 𝐹𝑐. Applying Eqs. 327 

(38) to Eq. (18), 𝜂1(𝑥) can be expressed as   328 

𝜂1(𝑥) = {
−

i

𝐹
∫

𝑄(𝛼)𝐾+(𝛼,𝐹)[𝐷𝛼
3 sinh𝛼(𝑧+1)−𝐹2 cosh𝛼(𝑧+1)]

𝛼𝐾1(𝛼,𝐹)
𝑒−i𝛼𝑥𝑑𝛼

+∞

−∞
𝑥 < 0

i𝐹 ∫
𝑄(𝛼) cosh𝛼(𝑧+1)

𝛼𝐾−(𝛼,𝐹)𝐾2(𝛼,𝐹)
𝑒−i𝛼𝑥𝑑𝛼

+∞

−∞
− 𝐹2 𝑥 > 0

, 𝑧 → 0−. (39a, b) 329 

We may further apply the theorem of residue to Eq. (39) and using the zeros of Eq. (26), notice 330 

𝐾1(𝛼, 𝐹)/𝐾2(𝛼, 𝐹) = 𝐾+(𝛼, 𝐹)𝐾−(𝛼, 𝐹), which provides  331 

𝜂1(𝑥) = −
2𝜋

𝐹
∑

𝑄(𝜁)𝐾+(𝜁,𝐹) sinh𝜁

𝜁2𝐾1
′(𝜁,𝐹)

 
𝜁∈𝑅+

𝑒−i𝜁𝑥 𝑥 < 0

𝜂1(𝑥) =
2𝜋

𝐹
∑

𝑄(𝜁) sinh𝜁

𝜁2𝐾2
′(𝜁,𝐹)𝐾−(𝜁,𝐹)

𝑒−i𝜁𝑥 
𝜁∈𝑄−

+
2𝜋𝐹

1−𝐹2
𝑄(0) − 𝐹2 𝑥 > 0

},   (40a, b) 332 

where 𝐾𝑖
′(𝛼, 𝐹) (𝑖 = 1, 2) represents the derivative of 𝐾𝑖(𝛼, 𝐹) with respect to 𝛼, 𝑅+ and 𝑄− are the 333 

sets defined as  334 

𝑅+ = {

{𝜅𝑚|𝑚 = −1,0,1… } 0 < 𝐹 < 𝐹𝑐
{𝜅𝑚|𝑚 = 1,2,3… }⋃{±𝜅−1} 𝐹𝑐 < 𝐹 < 1
{𝜅𝑚|𝑚 = 0,1,2… }⋃{±𝜅−1} 𝐹 > 1

,    (41) 335 

𝑄− = {
{−𝓀𝑚|𝑚 = 1,2,3… }⋃{±𝓀0} 0 < 𝐹 < 1

{−𝓀𝑚|𝑚 = 0,1,2… } 𝐹 > 1
.    (42) 336 

It should be noted that 
2𝜋𝐹

1−𝐹2
𝑄(0) in Eq. (40b) is the term induced by the residue at 𝛼 = 0.  From 337 

Eq. (40), 𝜂1(𝑥) can be further simplified as  338 
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𝜂1(𝑥) = {

i

𝐹
∫

𝑄(𝛼)𝐾+(𝛼,𝐹) sinh𝛼

𝛼2𝐾1(𝛼,𝐹)
𝑒−i𝛼𝑥𝑑𝛼

+∞

−∞
𝑥 < 0

i

𝐹
∫

𝑄(𝛼) sinh𝛼

𝛼2𝐾2(𝛼,𝐹)𝐾−(𝛼,𝐹)
𝑒−i𝛼𝑥𝑑𝛼

+∞

−∞
−
2𝜋

𝐹
𝑄(0) − 𝐹2 𝑥 > 0

.   (43a, b) 339 

It should be noted that the integral path in Eq. (43) is the same as that in Eq. (38). Based on a similar 340 

analysis in Yang et al. [41], it can be shown that |𝐾+(𝛼, 𝐹)|~𝑂(|𝛼|
0.5) and |𝐾−(𝛼, 𝐹)|~𝑂(|𝛼|

2.5) 341 

as 𝛼 → ±∞. To ensure the convergence of the integral in Eq. (43), 𝑄(𝛼) should be at most a cubic 342 

function as  343 

𝑄(𝛼) = 𝑐0 + 𝑐1𝛼 + 𝑐2𝛼
2 + 𝑐3𝛼

3.       (44) 344 

Substituting Eq. (44) into Eq. (43), and notice 𝐾1(𝛼, 𝐹)/𝐾2(𝛼, 𝐹) = 𝐾+(𝛼, 𝐹)𝐾−(𝛼, 𝐹) again, we 345 

have  346 

𝜂1(𝑥) = 𝑐0𝐼(𝑥) + i𝑐1𝐼
(1)(𝑥) − 𝑐2𝐼

(2)(𝑥) − i𝑐3𝐼
(3)(𝑥) − 𝐻(𝑥) (

2𝜋

𝐹
𝑐0 + 𝐹

2) ,  (45) 347 

where  348 

𝐼(𝑥) =
i

𝐹
∫

𝐾+(𝛼,𝐹) sinh𝛼

𝛼2𝐾1(𝛼,𝐹)
𝑒−i𝛼𝑥𝑑𝛼

+∞

−∞
,      (46) 349 

𝐼(𝑛)(𝑥)  denotes the 𝑛 -th derivatives of 𝐼(𝑥)  with respect to 𝑥 , 𝐻(𝑥)  denotes the Heaviside step 350 

function. The computations of 𝐼(𝑛)(0+) and 𝐼(𝑛)(0−) are given in Appendix. A. Applying the Kutta 351 

conditions in Eqs. (19a, b) to Eq. (45), as well as using 𝐼(𝑛)(0−) = 𝐼(𝑛)(0+)  for 𝑛 ≤ 3  and 352 

𝐼(4)(0+) → ∞ obtained in Appendix. A, which provides  353 

{
𝑐0 =

𝐹(1−𝐹2)

2𝜋

𝑐3 = 0
.         (47a, b) 354 

Applying the edge conditions in Eq. (7) into Eq. (45) and using Eq. (47), the following results can 355 

be obtained. For clamped edge:  356 

{
 

 𝑐1 = −
𝐹(1−𝐹2)

2𝜋i

𝐼(1)(0−)𝐼(2)(0−)−𝐼(0−)𝐼(3)(0−)

[𝐼(2)(0−)]
2
−𝐼(1)(0−)𝐼(3)(0−)

𝑐2 = −
𝐹(1−𝐹2)

2𝜋

[𝐼(1)(0−)]
2
−𝐼(0−)𝐼(2)(0−)

[𝐼(2)(0−)]
2
−𝐼(1)(0−)𝐼(3)(0−)

;     (48a, b) 357 

For simply supported edge: 358 

{
𝑐1 = −

𝐹(1−𝐹2)

2𝜋i

[𝐼(2)(0−)]
2
−𝐼(0−)𝐼(4)(0−)

𝐼(2)(0−)𝐼(3)(0−)−𝐼(1)(0−)𝐼(4)(0−)

𝑐2 = −
𝐹(1−𝐹2)

2𝜋

𝐼(1)(0−)𝐼(2)(0−)−𝐼(0−)𝐼(3)(0−)

𝐼(2)(0−)𝐼(3)(0−)−𝐼(1)(0−)𝐼(4)(0−)

;    (49a, b) 359 

For free edge: 360 
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{
 

 𝑐1 = −
𝐹(1−𝐹2)

2𝜋i

𝐼(3)(0−)𝐼(4)(0−)−𝐼(2)(0−)𝐼(5)(0−)

[𝐼(4)(0−)]
2
−𝐼(3)(0−)𝐼(5)(0−)

𝑐2 = −
𝐹(1−𝐹2)

2𝜋

[𝐼(3)(0−)]
2
−𝐼(2)(0−)𝐼(4)(0−)

[𝐼(4)(0−)]
2
−𝐼(3)(0−)𝐼(5)(0−)

.    (50a, b) 361 

The value of 𝐼(𝑛)(0−) can be referred to Eqs. (A2a) and (A10). Once 𝑐0~𝑐3 are fully determined, 362 

the problem is fully solved. From Eq. (38), the horizontal velocity and hydrodynamic pressure can 363 

be ensured to be continuous in the water column beneath the plate edge.  364 

As mentioned in Section. 3, additional Kutta conditions are needed to be imposed at the plate edge 365 

to ensure the uniqueness of the solution. This is in fact reflected by the cubic polynomial 𝑄(𝛼) in 366 

Eq. (44). For the former wave diffraction problem of a semi-infinite elastic plate [19,20], 𝑄(𝛼) is a 367 

linear function of 𝛼. Therefore, only two edge conditions can lead to a unique solution. This property 368 

further indicates the difference between these two types of problems.  369 

As discussed in Section. 2, for linear stern waves behind a semi-infinite rigid plate [30], non-trivial 370 

solutions only exist for subcritical flows or 𝐹 < 1. When 𝐹 > 1, the vertical velocity at the plate 371 

edge will be infinity, which leads to the Kutta condition in Eq. (19b) cannot be satisfied. By contrast, 372 

since the elasticity of the plate is considered. It is interesting to see that a steady solution exists both 373 

at 𝐹 < 1 and 𝐹 > 1. From a physical perspective, travelling waves only exist in the downstream 374 

region (𝑥 = +∞) at 𝐹 < 1 for the rigid plate case. Here, travelling waves always exist in the fluid 375 

domain whatever 𝐹 < 1 or 𝐹 > 1.  376 

 377 

4.2. Far-field properties of the waves 378 

To investigate the properties of waves at infinity, we may let |𝑥| → +∞ in Eqs. (40a, b), those terms 379 

of attenuation waves will be zero, and only the propagation waves will exist in the far field, which 380 

provides  381 

𝜂1(𝑥) = {
−𝐻(𝐹 − 𝐹𝑐)

2𝜋

𝐹

sinh𝜅−1[𝑄(𝜅−1)𝐾+(𝜅−1,𝐹)𝑒
−i𝜅−1𝑥+𝑄(−𝜅−1)𝐾+(−𝜅−1,𝐹)𝑒

i𝜅−1𝑥 ]

𝜅−1
2 𝐾1

′(𝜅−1,𝐹)
𝑥 → −∞

 𝐻(1 − 𝐹)
2𝜋

𝐹

sinh𝓀0

𝓀0
2𝐾2

′(𝓀0,𝐹)
[
𝑄(𝓀0)𝑒

−i𝓀0𝑥

𝐾−(𝓀0,𝐹)
+
𝑄(−𝓀0)𝑒

i𝓀0𝑥

𝐾−(−𝓀0,𝐹)
] 𝑥 → +∞

. 382 

(51) 383 

Notice from Eqs. (47) ~ (50) that 𝑐0, 𝑐2 are real and 𝑐1 is imaginary, which gives 𝑄(−𝛼) = 𝑄̅(𝛼). 384 

Eqs. (30) ~ (32) also gives 𝐾±(−𝛼, 𝐹) = 𝐾±̅̅ ̅̅ (𝛼, 𝐹). Thus, Eq. (51) can be further written as  385 

𝜂1(𝑥) = {
−𝐻(𝐹 − 𝐹𝑐)

4𝜋

𝐹

sinh𝜅−1

𝜅−1
2 𝐾1

′(𝜅−1,𝐹)
Re{𝑄(𝜅−1)𝐾+(𝜅−1, 𝐹)𝑒

−i𝜅−1𝑥} 𝑥 → −∞

 𝐻(1 − 𝐹)
4𝜋

𝐹

sinh𝓀0

𝓀0
2𝐾2

′(𝓀0,𝐹)
Re {

𝑄(𝓀0)

𝐾−(𝓀0,𝐹)
𝑒−i𝓀0𝑥} 𝑥 → +∞

.  (52) 386 
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Eq. (52) further illustrates the distribution of waves at infinity. When 𝐹 < 𝐹𝑐, there is only one wave 387 

component 𝓀0 at 𝑥 = +∞. When 𝐹𝑐 < 𝐹 < 1, one extra wave component 𝜅−1 presents at 𝑥 = −∞. 388 

When 𝐹 > 1, the wave component 𝓀0 disappears from 𝑥 = +∞, but the 𝜅−1 remains at 𝑥 = −∞. 389 

We may further define the amplitude 𝐴± of the periodic waves at 𝑥 = ±∞, which is similar to the 390 

wave reflection and transmission coefficients [19,20] in the periodic wave problem and is used to 391 

reflect the wave energy at the far-field. From Eq. (52), we may define 392 

{
𝐴− = 𝐻(𝐹 − 𝐹𝑐)

4𝜋

𝐹

sinh𝜅−1

𝜅−1
2 |𝐾1

′(𝜅−1,𝐹)|
|𝑄(𝜅−1)𝐾+(𝜅−1, 𝐹)|

𝐴+ =  𝐻(1 − 𝐹)
4𝜋

𝐹

sinh𝓀0

𝓀0
2|𝐾2

′(𝓀0,𝐹)|
|
𝑄(𝓀0)

𝐾−(𝓀0,𝐹)
|

.   (53a, b) 393 

It would be also interesting to see the asymptotic properties of 𝐴± at special values of 𝐹, or 𝐹 → 0+, 394 

𝐹 → 𝐹𝑐 + 0
± and 𝐹 → 1. When 𝐹 → 0+, we may apply the derived asymptotic expression in Eqs. 395 

(B3a), (B6) and (B10) to Eq. (53b), we obtain 396 

𝐴+ → √2, 𝐹 → 0+,       (54) 397 

which is consistent with the case of a rigid plate in Schmidt [24]. When 𝐹 → 𝐹𝑐, as proved in Eq. 398 

(B14) that 𝐼(𝑛)(0−) is continuous at 𝐹 = 𝐹𝑐, together with Eqs. (48) ~ (50), we obtain that 𝑐1 and 𝑐2 399 

should also be continuous at 𝐹 = 𝐹𝑐. Further from Eqs. (44) and (53), it can be confirmed that 𝐴− 400 

is bounded and 𝐴+ is continuous at 𝐹 = 𝐹𝑐. When 𝐹 → 1, we may substitute Eqs. (B15) ~ (B19) 401 

into Eq. (53), which provides  402 

{
𝐴− → 0 𝐹 → 1±

𝐴+ → 1 𝐹 → 1−
,       (55a, b) 403 

 404 

5. Results and discussion 405 

In the following computations, all results will be presented in nondimensionalized forms as given 406 

in Section. 3. The results are obtained by truncating the infinite series in Eqs. (30) and (40) at 𝑚 =407 

1000, which has been confirmed to be convergent.  408 

 409 

5.1. Steady waves generated by an incoming current 410 

Here, we may first consider the property of wave amplitude at infinity. From Eq. (53), it can be 411 

known that 𝐴− = 0  when 𝐹 < 𝐹𝑐  and 𝐴+ = 0  when 𝐹 > 1 . The result of 𝐴+  versus 𝐹  at different 412 

values of 𝐷 is given in Fig. 6, where the edge condition at 𝑥 = 0 & 𝑧 = 0 is clamped. It is found  413 

that with the increase of the flexural rigidity, 𝐴+ gradually tend to that of a rigid plate [30], which 414 



18 

 

confirms that the present solution is consistent with the previous one when 𝐷 → +∞.  415 

 416 

Fig. 6. The amplitude of the wave at 𝑥 = +∞ versus 𝐹. (Clamped edge condition) 417 

 418 

Fig. 7. The amplitude of the waves at 𝑥 = ±∞ versus 𝐹 (𝐷 = 0.001) 419 

 420 

The results of 𝐴± versus 𝐹 under different edge conditions are shown in Fig. 7, where 𝐷 = 0.001. 421 

In Fig. 7(b), it is observed that 𝐴+ → √2 when 𝐹 → 0+, which is consistent with the result in Eq. 422 

(54). As 𝐹 increases, when 𝐹 is small, the magnitude of 𝐴+ under simply supported and clamped 423 

edges are quite similar, while 𝐴+  under free edge is significantly different. When 𝐹  gradually 424 
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approaches 𝐹𝑐 , a sudden increase can be observed on the curve corresponding to the simply 425 

supported edge, and a very large peak is observed on 𝐴+ at 𝐹 = 0.5582, which occurs before 𝐹𝑐 =426 

0.5585  but very close to it. The reason for such a type of peak is relevant and similar to the 427 

resonance of the motion/deformation of the elastic plate [43], which in fact can be seen as a local 428 

maximum response at a certain external excitation. In particular, at some values of 𝐹 , the 429 

denominators of 𝑐1 and 𝑐2 in Eqs. (49a, b) may be very small, and result in very large values of 𝑐1, 430 

𝑐2 and 𝐴+. For convenience, we may define such values of 𝐹 as resonant Froude numbers, which 431 

are similar to the resonant frequencies corresponding to the vibration of an elastic plate. Here, |𝑐1| 432 

and |𝑐2| versus 𝐹 are plotted in Fig. 8 to clearly show how they behaviour at this resonant Froude 433 

number, and very large peaks is found at 𝐹 = 0.5582 as expected.  434 

 435 

Fig. 8. Coefficients |𝑐1| and |𝑐2| versus 𝐹. (𝐷 = 0.001, edge condition: simply supported) 436 

 437 

When 𝐹  continues to increase, there will be a sudden jump on 𝐴−  making 𝐴−  nonzero when 𝐹 438 

exceeds 𝐹𝑐, especially in the case of the simply supported edge, as shown in Fig. 7 (a). As proved in 439 

Section 4.2 that 𝐴− is bounded and 𝐴+ is continuous at 𝐹 = 𝐹𝑐, which is consistent with the results 440 

shown in Fig. 7. Besides, since 𝐹𝑐 = 0.5585 is quite close to the above resonant Froude number 441 

𝐹 = 0.5582, as a result, 𝐴± at 𝐹 = 𝐹𝑐 under simply supported edges is much larger than that under 442 

the other two edge conditions. As 𝐹 continues to increase, 𝐴± gradually decreases. When 𝐹 → 1, it 443 

can be found that 𝐴− → 0 and 𝐴+ → 1 as predicted in Eq. (55). After 𝐹 > 1, 𝐴+ is zero due to no 444 

propagation wave exists in the free surface region. By contrast, 𝐴− slowly increases with 𝐹. Besides, 445 

at a fixed value of 𝐹, 𝐴− increases in the following sequence: free, simply supported and clamped.  446 
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In Fig. 7, the resonance behaviour is only observed under the simply supported edge condition. Next, 447 

we may consider whether such a phenomenon can occur under the other two types of edge 448 

conditions. For free edge condition, the denominator of Eq. (50) and Eq. (A11) give  449 

[𝐼(4)(0−)]
2
− 𝐼(3)(0−)𝐼(5)(0−) =

4𝜋2

𝐹2𝐷2
,      (56) 450 

which means that no peak value occurs. In such a case, the resonance cannot happen at the free edge 451 

condition. To investigate the resonance phenomenon under the clamped edge condition, a softer 452 

elastic plate with 𝐷 = 0.0001 is considered, where 𝐴± versus 𝐹 is shown in Fig. 9. It can be found 453 

that very large peaks can be observed on 𝐴+  and 𝐴−  at 𝐹 = 0.8734  under the clamped edge 454 

condition. Besides, a similar peak is also found in 𝐴+ at 𝐹 = 0.4186 under the simply supported 455 

edge condition. Figs. 7 and 9 show that the resonance phenomenon can occur under both simply 456 

supported and clamped edge conditions. The resonant Froude number for the simply supported edge 457 

is normally slightly smaller than 𝐹𝑐. By contrast, the resonant Froude number for the clamped edge 458 

is sensitive to the flexural rigidity 𝐷 of the plate. In particular, the resonance is not observed here in 459 

Fig. 7 for 𝐷 = 0.001, while the resonant Froude number is between 𝐹 = 𝐹𝑐 and 𝐹 = 1 in Fig. 9 for 460 

𝐷 = 0.0001. |𝑐1| and |𝑐2| versus 𝐹 under clamped and simply supported edges are also given in 461 

Fig. 10 to verify that these peaks in Fig. 9 are due to resonance.  462 

 463 

Fig. 9. The amplitude of the waves at 𝑥 = ±∞ versus 𝐹 (𝐷 = 0.0001). 464 
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 465 

Fig. 10. Coefficients |𝑐1| and |𝑐2| versus 𝐹 (𝐷 = 0.0001).  (a): Clamped edge; (b) Simply 466 

supported edge.  467 

 468 

Fig. 11. The wave profile near the resonance Froude number under the simply supported edge 469 

(𝐷 = 0.0001).  470 

 471 

Fig. 12. The wave profile near the resonance Froude number under the clamped edge (𝐷 =472 

0.0001).  473 
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 474 

Fig. 13. Wave profiles at three different Froude numbers (𝐷 = 0.0001, 𝐹𝑐 = 0.4189). (a): 𝐹 =475 

0.2; (b) 𝐹 = 0.6; (c) 𝐹 = 1.2. 476 

 477 

We may also consider the steady wave profiles, which can be calculated from  478 

𝜂(𝑥) = {
𝜂1(𝑥) − 1 𝑥 < 0

𝜂1(𝑥) 𝑥 > 0
,       (57) 479 

where 𝜂1(𝑥) is given in Eq. (40). 𝜂(𝑥) near 𝐹𝑐 = 0.4186 under the simply supported edge condition 480 

is shown in Fig. 11. It can be observed that the amplitude of the wave varies very rapidly near the 481 

resonant Froude number, only a small change in 𝐹 can lead to an obvious change in the wave profile, 482 

especially at 𝑥 > 0. Similar phenomena can be also observed in the wave profile near 𝐹𝑐 = 0.8734 483 

under the clamped edge condition, as presented in Fig. 12. In addition to the wave amplitudes, rapid 484 

changes are also observed in the wave phase, as given in Figs. 11 and 12. It should be noted that the 485 
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wave profiles obtained by the linearized velocity potential may not be accurate if the wave amplitude 486 

is too large. However, the prediction of the resonant Froude number itself may still be accurate and 487 

can be used to reflect the variation trend of the wave.   488 

In order to clearly show how the edge conditions affect the steady wave profiles. We may consider 489 

𝜂(𝑥) under 𝐹 = 0.2, 0.6 and 1.2 here, as presented in Fig. 13. In Fig. 13(a) for 𝐹 = 0.2 < 𝐹𝑐, the 490 

waves decay very rapidly at 𝑥 < 0  in all three cases, while the main difference is in the wave 491 

amplitude at 𝑥 > 0. In Fig. 13(b) for 𝐹𝑐 < 𝐹 = 0.6 < 1. The wave amplitude at 𝑥 < 0 under the 492 

free edge condition is much smaller than that of the other two edge conditions. Besides, obvious 493 

differences can be also observed in the wave phases. For the wave profile at 𝐹 = 1.2 > 1 provided 494 

in Fig. 13(c), it can be found that the wave profiles under clamped and simply supported edge 495 

conditions only exhibit small differences, but that under the free edge condition is quite distinct. In 496 

particular, the wave amplitude is notably small at 𝑥 <  0, resulting in the wave profiles appearing 497 

almost as smooth curves.  498 

 499 

Fig. 14. The principal strain of the elastic plate near the resonance Froude number under the 500 

clamped edge (𝐷 = 0.0001).  501 

 502 

5.2. Principal strain in the elastic thin plate 503 

The principal strain in the elastic thin plate can be calculated from[36] 504 

𝜀𝑥𝑥(𝑥) = −
𝜉

2

𝑑2𝜂1(𝑥)

𝑑𝑥2
,        (58) 505 

where 𝜉 denotes the nondimensionalized thickness of the plate (dimensionless by 𝐻). Substituting 506 

Eq. (40a) into Eq. (58), we obtain  507 

𝜀𝑥𝑥(𝑥) = −𝜉
𝜋

𝐹
∑

𝑄(𝜁)𝐾+(𝜁,𝐹) sinh𝜁

𝐾1
′(𝜁,𝐹)

 
𝜁∈𝑅+

𝑒−i𝜁𝑥,  𝑥 < 0.   (59) 508 
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|𝜀𝑥𝑥|/𝜉 near a resonant Froude number under the clamped edge is shown in Fig. 14. Similar to the 509 

wave profiles presented in Fig. 12, a very large value of strain can be observed, which may cause 510 

significant damage to the structure of the floating elastic plate [44,45]. Besides, the rapid change 511 

phenomenon can be also found in |𝜀𝑥𝑥|/𝜉. This point is of significant importance to engineering. 512 

For example, for a reservoir of water depth of 10 m, Fig. 14 indicates that the current speed should 513 

be away from 𝑈 = 8.65 m/s, otherwise a critical load will be on the FPV coverage, which guides 514 

the choice of water-release rate for reservoirs partially covered by FPV. We may next consider the 515 

principal strain under different edge conditions, an example is given in Fig. 15. For 𝐹 = 0.2 < 𝐹𝑐 516 

shown in Fig. 15(a), the strain is only concentrated near 𝑥 = 0−  because of no propagation wave at 517 

𝑥 → −∞. The maximum strain occurs at 𝑥 = 0 for the clamped edge. By contrast, the other two 518 

cases occur at positions near 𝑥 = 0 since the edge conditions require 𝜖𝑥𝑥(0) = 0. For 𝐹 = 0.6 > 𝐹𝑐 519 

in Fig. 15(b), it can be found that the strain under the free edge is much smaller than that under the 520 

other two edge conditions, which is similar to the wave elevation in Fig. 13(b).  521 

 522 

Fig. 15. The principal strain of the elastic plate at two different Froude numbers (𝐷 = 0.0001, 523 

𝐹𝑐 = 0.4189). (a): 𝐹 = 0.2; (b) 𝐹 = 0.6. 524 

 525 

6. Conclusions  526 

To study the underneath current effect on the edge of a floating solar farm. The problem of an 527 
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incoming current interaction with a floating elastic thin plate of semi-infinite extent is analysed. The 528 

fluid flow is described by the linearized velocity potential theory, while the elastic plate is modelled 529 

through a Kirchoff-Love plate theory. The solution procedure is based on the Wiener-Hopf 530 

technique. When deriving the solution, the Kutta condition is applied to ensure the flow separates 531 

steadily from the lower edge of the plate, and the present analytical model is valid when the draft-532 

based Froude number 𝐹𝑇  is not low [39]. Letting the flexural rigidity of the plate 𝐷 → +∞, the 533 

obtained results are verified by comparing with the previous study about the rigid plate[30].   534 

A water depth Froude number is used to enable a nondimensionalized investigation of the problem. 535 

From the aspect of mathematics, when the elasticity of the plate is considered, non-singular 536 

solutions exist in the entire range of 𝐹, which is quite different from the rigid plate case, where the 537 

vertical velocity at the edge will be singular when 𝐹 > 1.  538 

The distribution of the propagation waves is analysed in detail. When 𝐹 < 𝐹𝑐 , there is only a 539 

propagation wave at the free surface region ( 𝑥 > 0 ). When 𝐹 > 𝐹𝑐 , an extra propagation 540 

hydroelastic wave will show as the elastic plate deforms (𝑥 < 0). When 𝐹 > 1, the propagation 541 

wave at 𝑥 > 0 will disappear, while that at 𝑥 < 0 remains. The behaviours of wave amplitudes 𝐴± 542 

at 𝑥 = ±∞ are also investigated. In particular, for 𝐴+, it is proved mathematically that 𝐴+ → √2 543 

when 𝐹 → 0+  and 𝐴+ → 1  when 𝐹 → 1−  for all the three types of edge conditions. This 544 

phenomenon is consistent with the former rigid plate problem. It is also proved that 𝐴+ is continuous 545 

at the critical Froude number 𝐹𝑐. Besides, 𝐴− is normally bounded at 𝐹 = 𝐹𝑐, as well as 𝐴− → 0 546 

when 𝐹 → 1.  547 

Moreover, we also observed another interesting phenomenon distinct from the rigid plate case.  548 

There may exist ‘resonant Froude numbers’ under the clamped and simply supported edge 549 

conditions. In particular, near one of these Froude numbers, a phenomenon similar to wave 550 

resonance may occur, which makes the wave elevation and principal strain in the elastic plate 551 

significantly large. The physical mechanism can be elucidated through the examination of two 552 

coefficients related to edge conditions. When 𝐹 approaches these resonant Froude numbers, these 553 

two coefficients exhibit significantly reduced denominators, consequently yielding significantly 554 

amplified results. However, it is worth noting such resonance does not occur under free-edge 555 

conditions. The obtained results here provide valuable guidance for floating solar projects on water 556 

reservoirs to select their water-releasing rate and boundary conditions. For future work, we 557 
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recommend using Computational Fluid Dynamics (CFD) and experiments to evaluate the 558 

accuracy of our results, as well as further investigate the advanced fluid/structural features (e.g., 559 

turbulence, complex geometries) and nonlinear effects that are not covered by this analytic 560 

study. 561 
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 567 

Appendix. A. Computation of wave elevation and its derivatives at the plate edge 568 

𝐼(𝑥) in Eq. (46) can be converted into a series form by using the theorem of residue, which gives  569 

𝐼(𝑥) = {
−
2𝜋

𝐹
∑

𝐾+(𝜁,𝐹) sinh𝜁

𝜁2𝐾1
′(𝜁,𝐹)

𝑒−i𝜁𝑥 
𝜁∈𝑅+

𝑥 < 0

2𝜋

𝐹
∑

sinh𝜁

𝜁2𝐾2
′(𝜁,𝐹)𝐾−(𝜁,𝐹)

𝑒−i𝜁𝑥 
𝜁∈𝑄−

+
2𝜋

𝐹

1

1−𝐹2
𝑥 > 0

.   (A1a, b) 570 

The derivative of 𝐼(𝑥) with respect to 𝑥 at 𝑥 → 0± gives  571 

{
𝐼(𝑛)(0−) = −

2𝜋(−i)𝑛

𝐹
∑

𝜁𝑛−2𝐾+(𝜁,𝐹) sinh𝜁

𝐾1
′(𝜁,𝐹)

 
𝜁∈𝑅+

𝐼(𝑛)(0+) =
2𝜋(−i)𝑛

𝐹
∑

𝜁𝑛−2 sinh𝜁

𝐾2
′(𝜁,𝐹)𝐾−(𝜁,𝐹)

 
𝜁∈𝑄−

+ 𝛿𝑛0
2𝜋

𝐹

1

1−𝐹2

, 𝑛 ≥ 0,  (A2a, b) 572 

where 𝛿𝑛0 denotes the Dirac delta function. From Eq. (26), through some algebra, we can obtain   573 

{
𝐾1
′(𝓀𝑚 , 𝐹) = [−𝐹

2 + (
1

𝐹2
− 1)

1

𝓀𝑚
2 ] sinh𝓀𝑚

𝐾2
′(𝜅𝑚 , 𝐹) = [

𝐷2

𝐹2
𝜅𝑚
6 + (3𝐷 +

2𝐷

𝐹2
)𝜅𝑚

2 − 𝐹2 + (
1

𝐹2
− 1)

1

𝜅𝑚
2 ] sinh 𝜅𝑚

, (A3a, b) 574 

which provides 
sinh𝜅𝑚

𝐾1
′(𝜅𝑚,𝐹)

~𝑂(𝑚6)  and 
sinh(−𝓀𝑚)

𝐾2
′(−𝓀𝑚,𝐹)

~𝑂(𝑚0) as 𝑚 → +∞ . Besides, from Eqs. (30) ~ 575 

(32), we have 𝐾+(𝜅𝑚 , 𝐹)~𝑂(𝑚
0.5) and 𝐾−(𝜅𝑚 , 𝐹)~𝑂(𝑚

2.5) as 𝑚 → +∞. Thus, the summation in 576 

𝐼(𝑛)(0−) can be convergent for 𝑛 ≤ 6, but 𝐼(𝑛)(0+) only for 𝑛 ≤ 3. We may construct the following 577 

contour integral for 𝑛 ≤ 3,  578 

𝐽1 =
(−i)𝑛+1

𝐹
∮

𝜁𝑛−2𝐾+(𝜁,𝐹) sinh𝜁

𝐾1(𝜁,𝐹)
𝑑𝜁

 

𝐶𝑅
,  𝑛 ≤ 3.    (A4) 579 

where 𝐶𝑅 is a circle of radius 𝑅 → +∞. As the integrand in Eq. (A4) is of |𝜁|𝑛−4.5 as |𝜁| → +∞, 580 

which means 𝐽1 = 0. Applying the residue theorem, we have  581 

2𝜋(−i)𝑛

𝐹
∑

𝜁𝑛−2𝐾+(𝜁,𝐹) sinh𝜁

𝐾1
′(𝜁,𝐹)

 
𝜁∈𝑅+

+
2𝜋(−i)𝑛

𝐹
∑

𝜁𝑛−2 sinh𝜁

𝐾2
′(𝜁,𝐹)𝐾−(𝜁,𝐹)

 
𝜁∈𝑄−

+ 𝛿𝑛0
2𝜋

𝐹

1

1−𝐹2
= 0, 𝑛 ≤ 3. (A5) 582 

Hence, Eq. (A5) provides 𝐼(𝑛)(0−) = 𝐼(𝑛)(0+)  for 𝑛 ≤ 3 . In Eq. (A2a), the summation may 583 
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converge slowly, especially when 𝑛 is large. An efficient way to work out the summation is to use 584 

the residue calculus technique [46]. Notice  585 

sinh 𝜁 = −
𝐾2(𝜁,𝐹)

𝐷𝜁3
  if  𝜁 ∈ 𝑅+.     (A6) 586 

𝐼(𝑛)(0−) can be also expressed as  587 

𝐼(𝑛)(0−) =
2𝜋(−i)𝑛

𝐹𝐷
∑

𝜁𝑛−5𝐾+(𝜁,𝐹)𝐾2(𝜁,𝐹)

𝐾1
′(𝜁,𝐹)

 
𝜁∈𝑅+

.     (A7) 588 

Constructing the following integral and using 𝐾2(𝜁, 𝐹)/𝐾1(𝜁, 𝐹) = 𝐾+(𝜁, 𝐹)𝐾−(𝜁, 𝐹) , which 589 

provides  590 

𝐽2 =
1

2𝜋i
∮

𝜁𝑛−5𝐾+(𝜁,𝐹)𝐾2(𝜁,𝐹)

𝐾1(𝜁,𝐹)
𝑑𝜁

 

𝐶𝑅
=

1

2𝜋i
∮

𝜁𝑛−5

𝐾−(𝜁,𝐹)
𝑑𝜁

 

𝐶𝑅
, 𝑛 ≤ 6.   (A8) 591 

The integrand in Eq. (A8) is of |𝜁|𝑛−7.5 as |𝜁| → +∞, which means 𝐽2 = 0. Applying the theorem 592 

of residue to Eq. (A8) again, we obtain  593 

∑
𝜁𝑛−5𝐾+(𝜁,𝐹)𝐾2(𝜁,𝐹)

𝐾1
′(𝜁,𝐹)

 
𝜁∈𝑅+

= −Res {
𝜁𝑛−5

𝐾−(𝜁,𝐹)
; 𝜁 = 0}.     (A9) 594 

In such a case, the summation is converted into the residue of a function at 𝜁 = 0. Applying Eq. 595 

(A9) into Eq. (A7), we have  596 

𝐼(𝑛)(0−) = −
2𝜋(−i)𝑛

𝐹𝐷
Res {

𝜁𝑛−5

𝐾−(𝜁,𝐹)
; 𝜁 = 0}.     (A10) 597 

When 𝑛 = 0, 1, 2, the residue in Eq. (A10) is hard to work out analytically. Alternatively, we may 598 

use Eq. (A2a). By contrast, it is relatively straightforward to determine 𝐼(3)(0−) , 𝐼(4)(0−)  and 599 

𝐼(5)(0−) through Eq. (A10) as  600 

{
 
 

 
 𝐼(3)(0−) =

2𝜋i

𝐹𝐷

𝐾−
′ (0,𝐹)

𝐾−2(0,𝐹)
=

2𝜋i

𝐹𝐷
𝐾−
′ (0, 𝐹)

𝐼(4)(0−) = −
2𝜋

𝐹𝐷

1

𝐾−(0,𝐹)
= −

2𝜋

𝐹𝐷

𝐼(5)(0−) = 0

.     (A11a, b, c) 601 

 602 

Appendix. B. Behaviours of some functions near special values of 𝐹 603 

We may first consider the case when 𝐹 → 0+, Eqs. (26a, b) provides  604 

𝐾1(𝛼, 𝐹) = 0 ⇒ (𝐷𝛼4 + 1)
tanh𝛼

𝛼
= 𝐹2 → 0+

𝐾2(𝛼, 𝐹) = 0 ⇒
tanh𝛼

𝛼
= 𝐹2 → 0+

}.     (B1a, b) 605 

The roots of Eq. (B1) when 𝐹 → 0+ can be solved as follows, 𝜅−1 = −𝜅̅0 → 𝐷−
1

4𝑒i
𝜋

4, 𝓀0 →
1

𝐹2
→606 

+∞ and 𝜅𝑚 ≈ 𝓀𝑚 → 𝑚𝜋i (𝑚 ≥ 1). In such a case, 𝐾𝑖
′(𝜅𝑚 , 𝐹) (𝑖 = 1, 2) can be expressed as  607 
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{
𝐾1
′(𝜅𝑚 , 𝐹) → 4𝐷𝜅𝑚

2 sinh 𝜅𝑚 𝑚 = −1, 0

𝐾1
′(𝜅𝑚 , 𝐹) → (𝐷𝜅𝑚

4 + 1)
cosh𝜅𝑚

𝜅𝑚
𝑚 ≥ 1

,  𝐹 → 0+.  (B2a, b) 608 

{
𝐾2
′(𝓀0, 𝐹) → −

sinh𝓀0

𝓀0
2  

𝐾2
′(𝜅𝑚 , 𝐹) →

cosh𝓀𝑚

𝓀𝑚
𝑚 ≥ 1

.    𝐹 → 0+.  (B3a, b) 609 

Using the asymptotic behaviours of  𝜅𝑚 (𝑚 ≥ −1) and 𝓀𝑚 (𝑚 ≥ 0), 𝐾±(𝛼, 𝐹) in Eq. (30) can be 610 

written as  611 

𝐾−(𝛼, 𝐹) →
(𝜅−1−𝛼)(𝜅0−𝛼)

𝜅−1𝜅0

𝐾+(𝛼, 𝐹) →
𝓀0
2(𝜅−1−𝛼)(𝜅0−𝛼)

𝜅−1𝜅0(𝓀0
2−𝛼2)

},  𝐹 → 0+.    (B4a, b) 612 

Notice from Eqs. (30) ~ (32), we have  613 

𝐾+(𝛼, 𝐹) =
𝓀0
2

𝓀0
2−𝛼2

𝐾−(−𝛼, 𝐹),  𝐹 < 𝐹𝑐.     (B5) 614 

Substituting Eq. (B5) into Eq. (28), and notice  𝐾±(−𝛼, 𝐹) = 𝐾̅±(𝛼, 𝐹), which provides  615 

|𝐾−(𝓀0, 𝐹)| = lim
𝛼→𝓀0

√𝐾−(−𝛼, 𝐹)𝐾−(𝛼, 𝐹) = lim
𝛼→𝓀0

√
𝓀0
2−𝛼2

𝓀0
2

𝐾1(𝛼,𝐹)

𝐾2(𝛼,𝐹)
= √2𝐷𝓀0

2.  (B6) 616 

We may consider the following formulas and invoke Eq. (B2), 617 

{

𝜅𝑚
𝑛−2𝐾+(𝜅𝑚,𝐹) sinh𝜅𝑚

𝐾1
′(𝜅𝑚 ,𝐹)

→
𝜅𝑚
𝑛−4𝐾+(𝜅𝑚,𝐹)

4𝐷
𝑚 = −1, 0

𝜅𝑚
𝑛−2𝐾+(𝜅𝑚,𝐹) sinh𝜅𝑚

𝐾1
′(𝜅𝑚,𝐹)

→
𝜅𝑚
𝑛−1𝐾+(𝜅𝑚,𝐹) tanh𝜅𝑚

(𝐷𝜅𝑚
4 +1)

→ 0 𝑚 ≥ 1
, 𝑛 ≤ 5, 𝐹 → 0+. (B7) 618 

Substituting Eqs. (B4), (B7) into Eq. (A2a), as well as using the asymptotic behaviour of 𝜅𝑚 (𝑚 ≥619 

−1), only the leading order terms in 𝐼(𝑛)(0−) should be kept, which provides  620 

𝐼(𝑛)(0−) → −
𝜋(−i)𝑛

2𝐷𝐹
[𝜅−1
𝑛−4𝐾+(𝜅−1, 𝐹) + 𝜅0

𝑛−4𝐾+(𝜅0, 𝐹)] →
𝜋(−i)𝑛𝐷

−
𝑛
4

2𝐹
[𝑒i

(𝑛−1)𝜋

4 + 𝑒i
(3𝑛+1)𝜋

4 ], 621 

𝑛 ≤ 5,  𝐹 → 0+. 622 

(B8) 623 

Applying Eq. (B8) to Eqs. (48) ~ (50), we have  624 

{
𝑐1 → −

√2𝐹

2𝜋i
𝐷
1

4

𝑐2 → −
𝐹

2𝜋
𝐷
1

2

 as 𝐹 → 0+,     (B9a, b) 625 

together with Eq. (44), we further obtain 626 

𝑄(𝓀0) → −
𝐹

2𝜋
𝓀0
2𝐷

1

2       (B10) 627 

Next, we may consider the situation when 𝐹 → 𝐹𝑐, which provides 𝜅−1 → 𝜅𝑐 and 𝜅0 → 𝜅𝑐, where 628 

𝜅𝑐 denotes the unique positive real root of  𝐾1(𝛼, 𝐹𝑐) = 0 as mentioned in Section. 4.1. Applying 629 

the Taylor’s series to 𝐾1(𝛼, 𝐹) = 0  at 𝛼 = 𝜅𝑐  and 𝐹 = 𝐹𝑐 , 𝜅−1  and 𝜅0  can be expressed in the 630 
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following asymptotic way  631 

{
𝜅−1 = 𝜅𝑐 + i𝜎,   𝜅0 = −𝜅𝑐 + i𝜎 𝐹 → 𝐹𝑐 + 0

−

𝜅−1 = 𝜅𝑐 + 𝜎,   𝜅0 = 𝜅𝑐 − 𝜎 𝐹 → 𝐹𝑐 + 0
+,     (B11a, b) 632 

where  633 

𝜎 = 2√
𝐹𝑐 cosh𝛼𝑐

𝐾1
′′(𝜅𝑐,𝐹𝑐)

|𝐹 − 𝐹𝑐| → 0+,      (B12) 634 

and From Eqs. (26a) and (B11), we have 𝐾1
′(𝜅−1, 𝐹) as  635 

{
𝐾1
′(𝜅−1, 𝐹) = 𝐾1

′′(𝜅𝑐 , 𝐹𝑐)i𝜎 𝐹 → 𝐹𝑐 + 0
−

𝐾1
′(𝜅−1, 𝐹) = 𝐾1

′′(𝜅𝑐 , 𝐹𝑐)𝜎 𝐹 → 𝐹𝑐 + 0
+.    (B13a, b) 636 

Substituting Eqs. (B11) and (B13) into Eq. (A2a), after some algebra, we obtain 637 

𝐼(𝑛)(0−) = −
2𝜋(−i)𝑛

𝐹𝑐
{

4𝓀0
2𝜅𝑐

𝑛−3 sinh𝜅𝑐

(𝓀0
2−𝜅𝑐

2)𝐾1
′′(𝜅𝑐,𝐹𝑐)

[∏ [
𝓀𝑚(𝜅𝑚−𝜅𝑐)

𝜅𝑚(𝓀𝑚−𝜅𝑐)
]+∞

𝑚=1 −∏ [
𝓀𝑚(𝜅𝑚+𝜅𝑐)

𝜅𝑚(𝓀𝑚+𝜅𝑐)
]+∞

𝑚=1 ]

+∑
𝜅𝑚
𝑛−2𝐾+(𝜅𝑚,𝐹) sinh𝜅𝑚

𝐾1
′(𝜅𝑚,𝐹)

+∞
𝑚=1

}, 𝐹 → 𝐹𝑐 + 0
±, 638 

(B14) 639 

which proves that 𝐼(𝑛)(0−) is continuous at 𝐹 = 𝐹𝑐.  640 

We may finally consider the case when 𝐹 → 1, which provides 𝓀0 → 0 and 𝜅0 → 0. Applying the 641 

Taylor’s series to 𝐾𝑖(𝛼, 𝐹) = 0 (𝑖 = 1, 2) at 𝛼 = 0 and 𝐹 = 1, we obtain  642 

{
𝓀0
2 → 3(1 − 𝐹2)

𝜅0
2 → 3(1 − 𝐹2)

,   𝐹 → 1.     (B15a, b) 643 

𝐾2
′(𝓀0, 𝐹) → −

2

3
𝓀0,  𝐹 → 1.      (B16) 644 

Substituting Eq. (B15) into Eqs. (30) ~ (32), we have  645 

{
𝐾−(𝓀0, 𝐹) → 1

𝐾+(𝜅−1, 𝐹) → ∏ [
𝓀𝑚(𝜅𝑚+𝜅−1)

𝜅𝑚(𝓀𝑚+𝜅−1)
]+∞

𝑚=1
.     (B17a, b) 646 

Eq. (A2a) confirms that 𝐼(𝑛)(0−) is bounded when 𝐹 → 1, further form Eqs. (48)  ~ (50), we obtain  647 

𝑐𝑖 = 𝑂((1 − 𝐹
2)),  𝑖 = 0~2,  𝐹 → 1.    (B18) 648 

In such a case, applying Eqs. (B15a) and (B18) to Eq. (44), we may write  649 

{
𝑄(𝓀0) =

𝐹(1−𝐹2)

2𝜋
+ 𝑂((1 − 𝐹2)3/2)

𝑄(𝜅−1) = 𝑂((1 − 𝐹
2))

,   𝐹 → 1.   (B19) 650 
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