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This note comments on the comparison between the
answer obtained by linear theory for the wave drag of

....... cpmomanm,

slender-wings (as interpreted by the 1imit«fM2—1 cot /N—0)
and that value for the drag obtained by Slender-Body Thsory.
It is shown that for fully tapered wings the agreement is
exact, and that there is reason to suppose that the same

is true for all wing vlanforms; unless the trailing-edge

is unswept, or the wing section has a finite trailing-edge
thickness. Some remarks are included concerning the drag
of slender delta wings.
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This note is in the nature of an addendun to an
earlier onee‘3 discussing the formulation of an expression,
on the basis of the linearised theory of compressible
flow, for the wave drag at zero incidence of a sweptback
fully tapered wing of arbitrary section. As a particular
example of the method develowned therein, the drag of such
wings of slender planform was considered as a particular
case, and a few numerical resulis evaluated,

It has subsequently been vwointed out to the author
that these calculations are in close agreement with
numerical estimates of the drag of such wings calculated
on the basis of the " Slender Body"™ Theory advanced by
Ward some years ago.g The present note discusses the
comparison of the two theories on a formal basis.

This agreement noticed by other investigators 1s, in
fact, an exact one; this is shown in the Appendix of this
note by a straightforward mathematical argument. The
so-called " Slender Body"™ Theory yiélds the answerz that

the drag D is given by
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subject to certain reservations (which we shall detail
subsecuently), where S(£) is the cross-sectional ares of
the body (or wing) at a distance ¥L downstream of +its nose
(or apex), ~ L being the overall length of the body. On
the other hand the linear theory yields a relation of the

¥ind :



- 2 -

o} {w)
]

= 8% <2 £ (A tan ~409Jw1§-4 cot A, 5)

where s is the wing semi-span, T the thickness/chord ratio,
A the wing aspect ratio and /ﬁ the angle of sweepback of
the leading-edge. The narameter éj is used here to
describe the section shape. In reference 1, the drag of
"slender™ wings was stated as

2=5%4% __1m {f(A tan ./log.A.fzz_ﬂ cot ﬁ092>}

/& -1 cot / xomao

i
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2
£(A tan A, O;é{j).

The slender body theory gives, of course, a very similar
form of answer ¢

2 2
§=s T Qf(%—s}j)s say,

where ¢ is the wing chord; and the two functions £ and
7 are shown, in the Appendix, to be identical.

Tbis deduction alludes; of course, only to the fully-
tapered wings. It is strong suvnport Tor the argument,
however, that the "Slender Body"™ Theory gives the appropriate
1imit of the linear theory for the general case of the
highly-swept wing, whatever its planform. The correspondence
is by no means obvious from first principles, as the
"Slender Body" Theory uses the momentun theorem, in conjunction
with a guadratic approximation to the pressure, to evaluate
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the drag force, - the potential of the flow, however,
being obtained from the linearised cquation of motion.
In this sense; the "Slender Body" Theory may be said to
be more exact than the linearised theory. However, a
scrutiny of the analysis of roference 2 shows that the
quadratic terms in the pressure equation do not contribute
to the exgression Tor the drag given above, but revesl
themselves in additional terms which are in general zero
for wings with closed sections. Thus, the agreement
with linear theory is not surprising : without the
quadratic terms, the momentum integral for the drag, as
well as the flow potential, have both a "linear®™ form.

To enlarge on this effect of the second-order terms,
it may be mentioned that the pressure equation is used in
"Slender Body" Theory to find the momentum flux through a
finite plane area, perpendicular to the flow direction, and
embracing the body at the furthest downstream cross-section
of the body (or wing). The pressure there depends on the

local value of the cross-flow potential Qog and its changse
over this plane (i.e. the derivatives of ﬁo with respect
to r and 0, say, the polar co-ordinates in this plane £=1);
and in "Slender-Body" theory, the appronriate second-order
terms in velo%}tles included in the expression for pressurec
(o8} 1, [EF

involve k—mos and Now, »nrovided the

trailing-edgells swept?anéaghe wing section is a closed
one, the value of ﬁO over this plane (£=1) is a constant
(given by b, in the analysis of reference 2); this may
easily be shown, as the disturbance to the cross-flow
vanishes at this plane. The boundary conditions at the
wing surface normally require a line distribution of
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sources and sinks to obtain the avpropriate cross-flow

in the transverse planes & = constant, and this distribution
tends to vanish as £ 1. Since ﬁO is a constant, it will
be evident that both %%9 and %%0 must be zero, in the
plane & = 1, and so there is no contribution to the pressure
at that plane from the quadratic velocity terms. That is
why there is, for the general case of the wing, nothing
incompatible between "Slender Body® theory, and one in which
the linearised form is used throughout. Consequently,
agresment between the two theories is to be expected where
they meet ~ that is, for slender wings.

The exceptions noted above bear on important cases.
The wave drag of wings with a finite trailing-edge thickness
has not received a great deal of attention, but the linearised
theory may not give the same answer for the slender wing as
the theory of Ward 3 in this case, the latter theory could be
said to be more exact. The other exception, which includes
all wings having a straight trailing-edge but a highly swept
leading-edge -~ that is, all wings which have a slender
"cropped" (or M"uncropped®) delta planform - is of great
interest, but as we shall see is a case which does raise
some difficulty in interpretation. In both eXceptions there
are terms in the expression for the drag given by "slender-
body® theory which are additional to that given in para.2
and which are quoted at the beginning of the Appendix,

For the delta wing (with a finite trailing-edge angle)
it will be found that the variation of S%(£), in the double
integral for the drag quoted sarlier, has a logarithmic
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singularity at £ = 1, but nevertheless the integral
remains convergent, and so yields a finite contribution
to the drag. Of the remaining two terms (as given in
equation (1) of the Appendix} the term involving ST(1)
remains finite, as S'(¥)has a finite limit at £ =1 (the
trailing-ndge), but the last term; though again finite,
involves the exvpression fn(ﬂ/JM2-1 cotaf%) and the
complete expression for the drag is of the form:

g
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. ~f2; 3 2 3 . A
Do g2 40 Z () + constant X i~iil% 1fm/ e
q | oo b LAPT cotdy

The question arises as to the compatibility of this result
with the answer obtained by the same theory for "near-delta™
wings - i.e. those with values of o = ﬁ A tan,ﬁb = % which
are a little greater than unity.

‘For such wings, "Slender Body" theory has been shown to
be in agreement with linearised theory, from which it is
o . c -
Tound in reference 1 that, as o = T ~» 1 from gbove,

D 2 25 /1N
— e O IR e e
q T n 0~1}
i.e. the drag becomes infinite. How is this result

reconcileble with the finite drag of the slender delta
wing?

This guestion is easily resolved if the well-known
result of linearised theory is recalled, that for a delta
wing (or its reverse)
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- this result being well-known in the sense that it will
be readily agreed that the drag of delta wing is (by this
theory) infinite %at M = 1%, It also implies that (D/qs2)
is infinitely large for a slender wing. Now the results
of 1inearised theory for the slender and the "near-delta'
wing; are both of course compatible with one another, and
only differ because of the reversal of the order of taking
the limits in the general expression for the drag, -
allowing first, either the wing to become slender, or the
trailing-edge sweep to vanish. Viewed in the same light,
there is therefore nothing incompatible about the answer
given’by "Slender-Body® theory for a delta wing, despite
the infinite drag of a wing with % = 1+, since we see that
it is at least qualitatively similar to that of linearised
theory. The value of (D/qu} is certainly infinitely
large for a slender delta Wi@gg and the finite eXpreésion
derived for it merely shows the nature of this singularity.

8. Conclusions ‘

(i) That the drag of fully-tapered swept wings
calculated by linear theory in the limiting
condition JuZ-1 cot N, =0 is identical with
the result of "Slender Body"™ Theory for such

wings.

(ii) That any difference between the drag calculated
by "Slender Body" theory and linear theory could
only arise because of the use of a guadratic
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approximation to the pressure employed in the
former.

That the guadratic terms in the pressure egquation
do not contribute 1o the drag of swept wings, in
genseral, so that the agreement noted above for
fully-tapered wings should extend to all planforms.

That the exceptions to this rule are those wings
which have a section with a finite trailing-edge
thickness, or a planform with an unswept trailing-
edge (i.e. a delta wing). For these wings, the
expression for the drag given by Slender Body
theory involves a contribution from the quadratic
terms;, and so would be expected to differ from the
answer found by linearised theory. 4

That the ex?ression for the drag of slender,
cropped (or uncropoped) delta wings, is (if not
guantitatively) at least qualitatively identical
in both theories.
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Appendix

The fundamental result of the Slender Body Theory
of Wardg in relation to the wave drag at zero incidence
(D, say) is that

1 4 ~
2(Dy_ 4.1 | \ 1 i e SE (1)} g _Abg
L (5)“ 25| 8"(®)8" ) fo| ] azon- B | o) b7l ac
\ Yodo At 6]
[y of
([, o o )
c j7=1

where S(£) is the cross-sectional area of the body at a
distance EL downstream of its nose or apex (L being the
body overall length), @, is the limiting form of the
perturbation potential of the flow on or near the body,

and v and 7T are orthogonal co-ordinates in cross-sectional
planes; v being measured normal to the body and 7 around
it; the contour C is described around the cross-sectional
perimeter of the body. The potential ﬁo is shown in
reference 2 to be derived from that for the cross-flow in
planes & = constant, which satisfies the boundary condition

8g. _  dy -
350 = aE on C eeo (2)

i.e, on the body surface.

We suppose now that the body in question is a fully-
tapered swept wing, with a swept-back trailing edge, and
with a leading edge angle of sweepback given by cot“1m09
88Y. The cross-sectional area of such a body is given by
rmogL
s(g) = 45 z, dy vee (3)

o



where zO is the wing semi-ordinate, and y is a co-ordinate
measured spanwise from the wing root chord line, so that
y = _tmoEL describes the position of the wing leading edgs.
We further suppose that the wing section is similar over
the entire span and is given by

| _t iEL)
ZO} - 2 [iC ,} s 0 (L!-)
y=0
along the root chord line. We define 7 (k) as zero for

Xk <0, and k > 1. Then 1t follows from simple geometry
that, in general, if s is the wing semi-span (so that
s = m L)
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where k (s—;L - 53/(1 - .é-)c, }
, o ‘
Substituting from (5) in (3), it follows that

S(g) = 2t (1 ..'-Y-)z —=21 gy
o S 0(1—%})}

This integral can be simplified by changing the variable
of integration from y to ks as defined in (5): for then

/5
= - EL -5
7y /mo .@_«3.7. (aL ,
(1——8—) =] 2 and  F= = sc & )
'\ = - ke - <ﬁ: - kc)



Further, if we put

1 . - _ . ,
LA tan j\o = - = = 0, 82J ‘ oo (B)

noting that o > 1 is the condition that the trailing-edge
is sweptback (as alrecady assumed), our expression for the
cross-sectional area simplifies to

rOF

S(z) = 2sto” (1~g)2\i ~«i;%? dk e (D)
O \O’-

Evidently S(Z) is continuous and vanishes at £ = 1.
Further we find by differentiation that

o
[o°
37 (2) = 28t 2008)  _ epo?(1ory | 20E)
1-E J o (o-k)

or after integrating by varts

S'(2) = 2802 (1 g) -J-l ax

cee (8)
0 ?—k)

from which it appears that 8°' () is also continuous, and

vanishes at £=0, and at =1 (provided that ¢ > 1), Again

differentiating, if follows that

o3

sue) = BEOZ(0E) | oo [ ) g e

o (o~k)2~

E - sty

4 bl

|-

If z'(k) is of such a form as to allow an integration by



parts, this has the alternative expression

A

. r {‘O—E . -} !

SU(g) = ZstoiZ'(oé;) s1 0 R2llk) k| tor %{f
Q}O - b

;;, (9b)
N 5
= 2sto 2 (1 + ; lﬁglg-lﬁl-dk§ for ~<fng

i O=1 Jo 0=k ;

We see that SY(£) will be generally discontinuous since

7' (k) will be discontinuous in general for 0 <k < o.

Even if Z'(k) is continuous in the range 0 <k <1, if the

wing section has a Tinite 1leading-edge angle, Z'{(k) and

so S®(£) has at least one discontinuity at k = 1 and £ = %«
Now referring back to equation (1) we see that the

second term on the right-hand side vanishes, since by (8),

8'(1) = 0. The third term involves a knowledge of g, at

the furthest downstream cross-section £=1. In general

at any plane ¥ = constant; ﬁo must be found so that, from

(2)s

3 i dv; az L% éw FL""’% Mf
_.Z()g} = -(-1«-; = (Sgn Z}E—-;‘O = -2—'—-2;?’ T\}‘Q g N (Sgn Z)
G PG £ =0 > ¢ el "E)ﬁ

; . . Z
vhere we have used equation (5) to interpret O - Such
a boundary condition is met by a distribution of sources

along z = Q. It is seen that on =1,
aZ = Lt 4, - e _ -
=20 = 52 7 (0). (sgn z) = 0, except at y = #m L=+8

z=0



and consequently the sources vanish at £ = 1, and ﬁO is
as a result independent of y and 2z in this plane. Thus
the third term on the right-hand side of (i) also
vanishes. Evidently then

1 1

Y|

S"(£)s"(n) ?nf—g{-ﬁ} dEdn ... (10)

{
D_ 1
q T

00
where S"(Z) is given by equation (9) in terms of 7',

Using the first form of equation (9) (a), it follows
then in (10) that

4 o pom)
D__20%s 1 f ‘;5*(05;)__6& (k)daw z'(on) _ j 2t () gefn Wdzdn
2 € Jolof 1- 0 —k) “ 10 0 ( | y

-

or changing the variables of integration from £ and w to
k = 0&, and {::(ﬁp we have on expansion that

A0 3e ’
D__ _ 202} 30 7' @)n (8 oz () [ 2 (p)sp /‘(k)j "(C‘)a
qm2t2 7 (o-k) (c=¥) (o= f) d O(G-D) ) (o-k) 0(G~Q)
. nk (8 3
2 ) 4, __.19.%3 9. aq| thi—2-| axaf. NCE
+~§o (0=0) Djo (o-)? | et o

We now attemot to cast the integrand into the form

D

i 2t (x) 7 () £(x,¢) ax at
agm~t * Y 0OY0

but in doing so certain cars has to be exercised as the
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integrand is discontinuous along the lines k = 1, and
£= 1, Taking the component terws in the expansion of
the integral in (11) term by term, we note that

~0¢0

| i 2! ()2 (4) 9] o
JOvo(o-k) (o-¢) |

| axat = j AKCSYANCOA NI oY)
k-1 | 0

0 (o-k) (0-7) %—L?

. (12)
since Z'(k) = 0 for k > 1 Again
(G0 F;{ ] ' ck
P Al A ¥ H r: ¢ 7
R (*)%s ARG D R O - T -iild ; n |2 o, 2oy,
dOéO(G~fMJO(Omp) [l »o(oui) Jo (k-] JoE-p)°
Jé 5-\0 ;"’O
H ! ¢ 7 4
=1 Z at| L) api {n|-0|ax
0 o-f L0 {o-p 39 k=11
,1 ;«‘1 ) !‘ﬂaa o
=i av ] 2 (5)77(k%5§ fn¥~9¢§aoidkdk
He) :O(o-*)(aak) { vk jp-ﬁi :

where we have Tirst changed the order of integration between
p and k, and then inlerchanged these symbols.

Evaluating
the integral with respect to p, we find that '
{OiqU Y [[ﬁk \ ’% («,1 {:1 r |
: 71 A ‘ o t () 7 g i
2 "é;iﬁédpiﬁn§—9fjdkd%:a Ll (>§0 =]
d0d0 (0= 1) uo(a—p) | k- 4040 (0-¢) (o-k) ok [o-¢ |
7
fk ¢ | o '
+ ==E in | 9l 1) axal. e (13)
o=k k-1

and similarly
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M2yt () Tomko | o | keli o i
= | - R =l =i +1 |dkdt
loiglo={) (o=k) o= lo-k! o-f k-1 !
LR BN J (11‘_)

It will be seen that equation (14) enables the
repeated integrals of the second and third terms inside
the square brackets in equation (11) to be represented
in the form required. To put the last term in the
brackets in a similar form, we proceed with 8 similar
series of manipulations to those used in deriving
equation (14), and consequently find that

10 0|k ~ £ »
™ z! "zt g /
AR L A mri s
Jolopolo-p)™ [y (o-a) [l
;'»,'1 ) ,%1 ] 71 I r }0 tu'O " i
= % ag = ?k%J <“)2§ dp| 1n‘—*—;dq dk
1o o (o=1%) (o-k) ; x 4! 1p-q

i -t

i F 2 ()5 () (o=t 4|
k,lo,.»o (o~{) (o-k) 2(o-k) E(}-%

e 3o i .
(k=t)" _ fn|-2 i, é{dkdﬁ .. (45)
2(0-9) (0-x) k-] 2

Collecting the results of equations (12) to (15), and
using them in (11), we have

2 ay ‘d i -~ i
D A ¢ 1 ok | ' i : P
s = 9_§ % 4‘(k)Z‘(ﬁ)z - Q{ngg k*: L gfﬁi iu : ;dk&i
gm~t T ladg i(s—{) k-{1 (o-k) }{ak E-%) (o-k)
ee. (16)

This is the form of the expression deduced in reference 15
With 0 = = A tan/\ .
L o



