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Abstract: Thermographic inspection is considered an effective and promising nondestructive testing tool because of its intuitiveness, wide range 
and noncontact property. Despite this, the detection of weak defects and the recovery of their shape remain difficult, particularly when the surface 
being inspected is the opposite of the surface being drilled. This study proposes a new tensor robust principal component analysis method based 
on Bayesian Tucker decomposition to improve the spatial resolution of thermography. A hierarchical form of a generalized Student-t prior is 
imposed on the model parameters in the Bayesian framework so as to approximate the low-rank component related to the defect feature. Through 
variational Bayesian inference, all model parameters are adaptively estimated. Based on two experimental data, it appears that the proposed 
method is capable of improving the spatial resolution and detection accuracy of the thermographic inspection system. 
 
Keywords: Tensor robust principal component analysis, Bayesian Tucker decomposition, thermographic inspection, nondestructive testing, 
generalized Student-t distribution 
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1. Introduction 
Nondestructive testing (NDT) is a powerful tool to guarantee structural integrity, reduce system downtime and lower 

unexpected repair costs. Due to its intuitive, wide-range, and noncontact characteristics, thermography technique has gained 
considerable attention among NDT methods[1–3]. During thermographic inspection, thermal images reveal temperature 
variations within a material or object. These variations can indicate the presence of defects. However, background noise and 
complex heat diffusion may cause defect feature weak and unclear in the thermal image [4]. Hence, signal processing 
algorithms are necessary to extract the defect features from thermal images. 

The defect feature in thermal images exhibits a low-rank property that has been discovered in recent studies, and researchers 
have developed robust principal component analysis (RPCA) to identify such low-rank components [5]. The RPCA 
decomposes a signal into two components, one of which is a low-rank component and the other sparse. The RPCA has been 
investigated by Momeni [9] as one of the high-dimensional data analytics methods in structural health monitoring and 
destructive evaluation. Gao et al. [10] proposed a variational Bayesian method that used sub-sparse grouping and adaptive 
fine-tuning strategies to improve thermographic imaging. However, this method failed to detect the subsurface defect. To 
remove the strong noise in the thermal data, Ahmed [8] proposed a sparse ensemble matrix factorization (SEMF) method for 
the detection of debonding in composite. Ahmed et al. [5] developed an ensemble joint sparse low-rank matrix decomposition 
(EJSLRMD) approach based on an expectation-maximization framework. In the EJSLRMD method, the low-rank and sparse 
components are jointly modelled in a concatenated feature space, and are estimated in an iterative manner. The EJSLRMD 
could detect the inner debonding on carbon fiber reinforced plastics (CFRP) composites at the cost of a high computation 
complexity. Moreover, a new formulation of the RPCA, Orthogonal Inexact Augmented Lagrangian Multiplier (OIALM), was 
established to detect defects and discontinuities in CFRP structures [11]. 

The above matrix-based methods required reshaping the thermographic sequences, which are three-dimensional data, into 
a matrix before determining the defect features. However, such a data-reshaping process may lead to performance degradation 
and information loss [12]. For the multi-dimensional data, it makes sense to employ the counterpart of the RPCA, tensor RPCA 
(TRPCA). Some new TRPCA methods have emerged which include improved robust tensor principal component analysis 
(IRTPCA), tensor singular value thresholding (t-SVT) [12], tensor-tensor product [14]. Motivated by the above variants, some 
TRPCA-based methods have been developed for the thermographic inspection. Gao et al. [15] constructed a physics-based 
multidimensional tensor model for offshore wind turbine gear inspection by using thermography. Although this method could 
successfully detect the contact fatigue defect for the gear, it costs extensive computational time and requires high data storage 
space. To analyze the thermal data acquired from the irregular shape specimens, Ahmed et al. [16] proposed a low-rank tensor 
with a sparse mixture of Gaussian (LRTSMoG) decomposition algorithm. The LRTSMoG algorithm extracts the low-rank and 
sparse components using the t-SVT algorithm [12] and the MoG matrix factorization [17], respectively. To separate defect 
features from complex and strong noise, Wu et al. [18] proposed a hierarchical low-rank and sparse tensor decomposition 
(HLSTD) algorithm that is based on higher-order singular value decomposition. The HLSTD method uses Augmented 
Lagrangian Alternating Direction Minimization to adaptively estimate the model parameters and extract the weak and small 
defects from the complex thermal data. The HLSTD method was validated on a variety of metallic specimens with irregular 
shapes. However, the HLSTD method required tuning hyperparameters to obtain a good performance. To lower the 
computational cost of tensor-based algorithms, Bai et al. [19] introduced the global Moran’s index in the tensor decomposition 
for thermal data processing. Most of the above methods need repeatedly tuning hyperparameters or model parameters to obtain 
a good performance, which may improve the computational time and reduce the adaptivity. 

In this regard, some researchers considered to develop Bayesian TRPCA methods to automatedly determine the model 
parameters and improve the adaptivity for the TRPCA-based methods. The Tucker [23] and Candecomp/Parafac (CP) [24] 
decompositions are two widely used frameworks in the Bayesian TRPCA methods. Based on CP decomposition, Zhao et al. 
[25] proposed the Bayesian robust tensor factorization (BRTF) method for processing the image sequence. In the BRTF 
method, the low-rank tensor denotes the global information, and the sparse tensor denotes the local information like outliers. 
The BRTF method constructs a variational Bayesian framework then avoids repeatedly tuning model parameters. Motivated 
by the BRTF method [25], Lu et al. [26] proposed an ensemble variational Bayes tensor factorization (EVBTF) method for 
detection of debonding in composites. Compared with the CP decomposition, the Tucker decomposition allows for more 
control over the rank of the decomposition and can handle tensors with different modes of variation. However, few people 
consider using the Tucker decomposition in the Bayesian TRPCA. 

In this paper, a new tensor robust principal component analysis method is proposed to improve the spatial resolution and 
detection accuracy of the thermography system. Contributions of this work are listed as follows:  

(1) A new Bayesian Tucker decomposition model is constructed for the TRPCA to extract weak features in the thermal 
images. 

(2) The generalized student-t distribution, a much sparser prior, and its hierarchical model are developed to fully exploit the 
low-rank property. 

(3) By using sparse Bayesian learning, all model parameters and latent variables are assigned with proper priors and 
adaptively determined. Furthermore, some intractable variables' computational equations are derived by using Bessel functions 
and confluent hypergeometric functions. 

(4) The proposed method is able to extract the weak defect feature from the thermal image sequences, and its effectiveness 
is verified by two experimental tests. 

The rest of this paper is organized as follows. Some notations and preliminaries are introduced in Section II. The proposed 
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method is described in Section III, and its performance is investigated by an experimental test in Section IV. Finally, the work 
is concluded in Section V. 

 
2. Notations and preliminaries 

In this study, a tensor is denoted by boldface calligraphic letters like 𝓧. For a tensor 𝓧 ∈ ℝ𝐼1×𝐼2×⋯×𝐼𝑁, its (𝑖1, 𝑖2, … , 𝑖𝑁)th 
element is denoted by 𝒳𝑖1𝑖2…𝑖𝑁, where 𝑖𝑛 = 1,2,⋯ , 𝐼𝑛 and 𝑛 = 1,2,⋯ , 𝑁. The mode-n matricization 𝓧 of a tensor is denoted 
by 𝐗(𝑛). The tensor n-mode product, multiplying a tensor 𝓧 by a matrix 𝐔 in mode n, is denoted by 𝓧× 𝐔𝑛  and the tensor n-
mode product can be calculated in a matrix form: 

𝓩 = 𝓧× 𝐔𝑛 ⟺ 𝐙(𝑛) = 𝐔𝐗(𝑛) (1) 
The Tucker decomposition is defined as: 

𝓧 = 𝓖 × 𝐔1
(1) × 𝐔2

(2) ×⋯× 𝐔𝑁
(𝑁) (2) 

where 𝓖 ∈ ℝ𝑅1×𝑅2×⋯×𝑅𝑁 is the core tensor and {𝐔(𝑛) ∈ ℝ𝐼𝑛×𝑅𝑛} is a set of factor matrices. The Tucker decomposition can also 
be represented in the following forms: 

𝐗(𝑛) = 𝐔
(𝑛)𝐆(𝑛) (⊗

𝑘≠𝑛
𝐔(𝑘)𝑇) 

vec(𝓧) = (⊗
𝑛
𝐔(𝑛)) vec(𝓖) 

𝒳𝑖1…𝑖𝑁 = (⊗
𝑛
𝐮𝑖𝑛
(𝑛)𝑇

)  vec(𝓖) 

(3) 

where vec(∙) converts a matrix or a tensor into a column vector and 𝐮𝑖𝑛
(𝑛) denotes the row vector of the matrix 𝐔(𝑛). ⊗

𝑛
𝐔(𝑛) 

and ⊗
𝑘≠𝑛

𝐔(𝑘) denote the sequential Kronecker products and are defined as: 

⊗
𝑛
𝐔(𝑛) = 𝐔(𝑁)⊗𝐔(𝑁−1)⊗⋯⊗𝐔(1) 

⊗
𝑘≠𝑛

𝐔(𝑘) = 𝐔(𝑁)⋯⊗𝐔(𝑛+1)⊗𝐔(𝑛−1)⊗⋯⊗𝐔(1) 
(4) 

where ⊗ denotes the Kronecker product. 
 
3. Proposed method 
A. Generalized Student-t distribution 

In sparse Bayesian learning, the Laplace distribution is usually employed to impose the sparsity constraint. A much sparser 
alternative, the generalized Student-t distribution [27] is used in this study, and the generalized Student-t distribution is defined 
as: 

𝐺𝑆𝑡(𝑥|𝜂, 𝛾) =
1

√2𝜋𝛾

Γ (𝜂 +
1
2
)

Γ(𝜂)
(1 +

𝑥2

2𝛾
)

−(𝜂+
1
2
)

 (5) 

where 𝜂 and 𝛾 are parameters. Γ(∙) is the Gamma function. 
Moreover, the generalized Student-t prior can be written as a hierarchical model consisting of a normal distribution and a 

Gamma distribution: 

𝐺𝑆𝑡(𝑥|𝜂, 𝛾) = ∫𝑝(𝑥|𝜆)𝑝(𝜆|𝜂, 𝛾)d𝜆 

𝑝(𝑥|𝜆) = 𝑁(𝑥; 0,1/𝜆) 
𝑝(𝜆|𝜂, 𝛾) = 𝐺𝑎(𝜆; 𝜂, 𝛾) 

(6) 

The normal distribution and the Gamma distribution are defined as: 

𝑁(𝑥; 𝜇, 𝜎2) =
1

√2𝜋𝜎2
exp (−

(𝑥 − 𝜇)2

2𝜎2
) (7) 

𝐺𝑎(𝑥; 𝛼, 𝛽) =
𝛽𝛼𝑥𝛼−1𝑒−𝛽𝑥

Γ(𝛼)
 (8) 

where 𝜇 and 𝜎 are the mean and the standard deviation of the normal distribution respectively, 𝛼 and 𝛽 are the shape and scale 
parameters of the Gamma distribution.  

Fig. 1 gives the comparison among the generalized Student-t distribution with different parameters and the Laplace 
distribution. Compared with the Laplace distribution, the generalized Student-t distribution has better sparse enforcement by 
changing its parameters 𝜂 and 𝛾. For the generalized Student-t distribution, if the parameter 𝜂 is fixed, the parameter 𝛾 can be 
lowered to generate a sparser distribution. By comparing different generalized Student-t distributions, the constraints for the 
parameters 𝜂 and 𝛾 are empirically set in this study: 

𝜂 = 1 
0 < 𝛾 ≤ 0.2 (9) 

Then, the hierarchical model of the generalized Student-t distribution is rewritten as: 
𝑝(𝑥|𝜆) = 𝑁(0,1/𝜆) 
𝑝(𝜆|𝜂, 𝛾) = 𝐺𝑎(𝜆; 1, 𝛾) (10) 

The parameter 𝛾 is assigned with a beta distribution, which is supported by a bounded interval: 
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𝑝(𝛾) = 𝑝(𝛾|𝛼𝛾, 𝛽𝛾) = ℬℯ(5𝛾|𝛼𝛾 , 𝛽𝛾) (11) 
where 𝛼𝛾 and 𝛽𝛾 are parameters of the beta distribution. The beta distribution is defined as: 

ℬℯ(𝑥|𝛼, 𝛽) =
𝑥𝛼−1(1 − 𝑥)𝛽−1

𝐵(𝛼, 𝛽)
 (12) 

where 𝐵(𝛼, 𝛽) is the beta function, 𝛼 and 𝛽 are its shape parameters. 

 
Fig. 1 Comparisons among the Laplace distribution and different generalized Student-t distributions. 

B. Probabilistic model 
The thermographic sequence is denoted by a three-order tensor 𝓧 ∈ ℝ𝐼1×𝐼2×𝐼3 and 𝓧 can be decomposed into a low-rank 

tensor 𝓛, a sparse tensor 𝓢, and the noise 𝓮:  
𝓧 = 𝓛+ 𝓢 + 𝓮 

𝓛 = 𝓖 × 𝐔1
(1) × 𝐔2

(2) × 𝐔3
(3) 

(13) 

where 𝓖 ∈ ℝ𝑅1×𝑅2×𝑅3 and 𝐔(𝑛) ∈ ℝ𝐼𝑛×𝑅𝑛 . In the subsequent analysis, the tensor order N is equal to 3. 
Based on the observation model (Eq. (13)), the likelihood function of 𝓧 is expressed as: 

𝑝(𝓧|{𝐔(𝑛)}, 𝓖, 𝓢, 𝜌) = 𝑝(vec(𝓧)|{𝐔(𝑛)}, 𝓖, 𝓢, 𝜌) 

= 𝑁 (vec(𝓧); (⊗
𝑛
𝐔(𝑛)) vec(𝓖) + vec(𝓢), 𝜌−1𝐈) 

(14) 

where 𝜌 is the noise precision and is assigned with a Gamma prior: 
𝑝(𝜌) = 𝑝(𝜌|𝛼𝜌, 𝛽𝜌) = 𝐺𝑎(𝜌; 𝛼𝜌, 𝛽𝜌) (15) 

where 𝛼𝜌 and 𝛽𝜌 are the shape and scale parameters used in the Gamma distribution. 
𝑅1, 𝑅2, and 𝑅3 are dimensions of the core tensor 𝓖, and also column numbers of {𝐔(𝑛)}. To minimize the tensor rank, the 

sparsity is enforced over columns of 𝐔(𝑛). Moreover, a generalized Student-t prior is placed over the matrix 𝐔(𝑛): 

𝑝(𝐔(𝑛)|𝛌(𝑛)) =∏𝑝(𝐮∙𝑟𝑛
(𝑛)|𝜆𝑟𝑛

(𝑛))

𝑟𝑛

=∏𝑁(0, (𝜆𝑟𝑛
(𝑛))

−1
𝐈)

𝑟𝑛

𝑝(𝛌(𝑛)|𝛄(𝑛)) 

=∏𝐺𝑎(𝜆𝑟𝑛
(𝑛)|1, 𝛾𝑟𝑛

(𝑛))

𝑟𝑛

𝑝(𝛄(𝑛)) = 𝑝(𝛄(𝑛)|𝛼𝛾 , 𝛽𝛾) =∏ℬℯ(5𝛾𝑟𝑛
(𝑛)|𝛼𝛾, 𝛽𝛾)

𝑟𝑛

 
(16) 

where 𝐮∙𝑟𝑛
(𝑛) denotes the column vector of the matrix 𝐔(𝑛). 𝜆𝑟𝑛

(𝑛) and 𝛾𝑟𝑛
(𝑛) are the 𝑟𝑛th element of 𝛌(𝑛) and 𝛄(𝑛).  

In the Tucker decomposition, 𝒢𝑟1𝑟2𝑟3  is regarded as the weight of the vectors, 𝐮∙𝑟1
(1) , 𝐮∙𝑟2

(2) , and 𝐮∙𝑟3
(3) . Then the sparsity 

constraint, a generalized Student-t prior, is enforced over 𝓖: 

𝑝 (𝓖| {{𝛌(𝑛)}, 𝜂}) = ∏ 𝑝(𝒢𝑟1𝑟2𝑟3|{𝜆𝑟1
(1), 𝜆𝑟2

(2), 𝜆𝑟3
(3), 𝜂})

𝑟1,𝑟2,𝑟3

 

= ∏ 𝑁(0, (𝜂∏𝜆𝑟𝑛
(𝑛)

𝑛

)

−1

)

𝑟1,𝑟2,𝑟3

𝑝(𝛌(𝑛)|𝛄(𝑛)) =∏𝐺𝑎(𝜆𝑟𝑛
(𝑛)|1, 𝛾𝑟𝑛

(𝑛))

𝑟𝑛

 
(17) 

where 𝜂 is the weight parameter and is assigned with a Gamma prior: 
𝑝(𝜂) = 𝑝(𝜂|𝛼𝜂, 𝛽𝜂) = 𝐺𝑎(𝜂; 𝛼𝜂 , 𝛽𝜂) (18) 

where 𝛼𝜂 and 𝛽𝜂 are parameters of the Gamma distribution. 
The sparse tensor 𝓢 is also placed over a hierarchical model of a generalized Student-t prior: 

𝑝(𝓢|𝝃) =∏𝑝(vec(𝓢)𝑚|𝜉𝑚)

𝑚

=∏𝑁(0, 𝜉𝑚
−1)

𝑚

𝑝(𝝃|𝝉) =∏𝑝(𝜉𝑚|𝜏𝑚)

𝑚

 

=∏𝐺𝑎(𝜉𝑚|1, 𝜏𝑚)

𝑚

𝑝(𝝉) = 𝑝(𝝉|𝛼𝜏 , 𝛽𝜏) =∏ℬℯ(5𝜏𝑚|𝛼𝜏, 𝛽𝜏)

𝑚

 
(19) 

where vec(𝓢)𝑚, 𝜉𝑚, and 𝜏𝑚 are the mth element of vec(𝓢), 𝝃, and 𝝉. 𝛼𝜏 and 𝛽𝜏 are the parameters of the beta distribution. 
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Fig. 2 Probabilistic graph model of the proposed method. 

Finally, Fig. 2 gives the probabilistic graph model of the proposed method and the joint distribution is expressed as: 

𝑝(𝓧, 𝛉) = 𝑝(𝓧|{𝐔(𝑛)}, 𝓖, 𝓢, 𝜌) (∏𝑝(𝐔(𝑛)|𝛌(𝑛))

𝑛

)𝑝(𝓖|{𝛌(𝑛), 𝜂}) 

(∏𝑝(𝛌(𝑛)|𝛄(𝑛))

𝑛

)𝑝(𝓢|𝝃)𝑝(𝝃|𝝉)𝑝(𝜸)𝑝(𝝉)𝑝(𝜂)𝑝(𝜌) 
(20) 

The set 𝛉 consists of all unknown variables and is defined as 𝛉 = [𝓖, {𝐔(𝑛)}, {𝛌(𝑛)}, {𝛄(𝑛)}, 𝜂, 𝓢, 𝝃, 𝝉, 𝜌]. Then the variational 
inference is used to estimate all unknown variables. 

C. Variational inference 
In the variational inference, a distribution 𝑞(𝛉) is used to approximate the posterior distribution 𝑝(𝛉|𝐱). The distribution is 

defined as a factorized form: 

𝑞(𝛉) = 𝑞(𝓖) (∏𝑞(𝐔(𝑛))

𝑛

)(∏𝑞(𝛌(𝑛))

𝑛

)𝑞(𝓢) 

𝑞(𝝃)𝑞(𝜂) (∏𝑞(𝛄(𝑛))

𝑛

) 𝑞(𝝉)𝑞(𝜌) 
(21) 

The unknown variable can be estimated by using the mean-field approximation: 
In𝑞(𝛉𝑘) = E𝑞(𝛉\𝛉𝑘)[In(𝑝(𝐱, 𝛉))] (22) 

where 𝛉\𝛉𝑘 denotes the set 𝛉 with 𝛉𝑘 removed. In each iteration, the posterior 𝑞(𝛉𝑘) is updated and other posteriors 𝑞(𝛉\𝛉𝑘) 
are fixed. 
1) Estimation of 𝓖 

Based on Eq. (22), the posterior of the vectorized 𝓖, vec(𝓖), is identified as a normal distribution (details are given in 
Section 1 of Appendix): 

𝑞(vec(𝓖)) = 𝑁(vec(𝓖)|𝝁vec(𝓖), 𝚺vec(𝓖)) (23) 
where 𝝁vec(𝓖) and 𝚺vec(𝓖) denote the means vector and the covariance matrix and are expressed as: 

𝝁vec(𝓖) = E(𝜌)𝚺vec(𝓖) (⊗
𝑛
E(𝐔(𝑛)𝑇)) (vec(𝓧) − 𝝁vec(𝓢)) (24) 

𝚺vec(𝓖) = (E(𝜌)⊗
𝑛
E(𝐔(𝑛)𝑇𝐔(𝑛)) + E(𝜂)⊗

𝑛
E(𝚲(𝑛)))

−1

 (25) 

Then vec(𝓖) is estimated as: 
E(vec(𝓖)) = 𝝁vec(𝓖) (26) 

 
2) Estimation of 𝐔(𝑛) 

The logarithmic approximate posterior of 𝐔(𝑛) is 
In𝑞(𝐔(𝑛)) = E𝑞(𝛉\𝐔(𝑛))[In(𝑝(𝐱, 𝛉))] 

= −
1

2
tr

(

 
𝐔(𝑛) (E(𝜌)E (𝐆(𝑛) (⊗

𝑘≠𝑛
𝐔(𝑘)𝑇𝐔(𝑘))𝐆(𝑛)

𝑇 ) + E(𝚲(𝑛)))𝐔(𝑛)𝑇

−2𝜌 (𝐗(𝑛) − E(𝐒(𝑛))) (⊗
𝑘≠𝑛

E(𝐔(𝑘))) E(𝐆(𝑛)
𝑇 )𝐔(𝑛)𝑇

)

 + const 
(27) 

 
Then the expected value for 𝐔(𝑛) is given as: 

E(𝐔(𝑛)) = E(𝜌) (𝐗(𝑛) − E(𝐒(𝑛))) ⊗
𝑘≠𝑛

E(𝐔(𝑘)) E(𝐆(𝑛)
𝑇 )𝚽𝐔(𝑛)  (28) 

where 𝚽𝐔(𝑛)  is defined as: 

𝚽𝐔(𝑛) = (E(𝜌)E (𝐆(𝑛) (⊗
𝑘≠𝑛

𝐔(𝑘)𝑇𝐔(𝑘))𝐆(𝑛)
𝑇 ) + E(𝚲(𝑛)))

−1

 (29) 
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3) Estimation of 𝛌(𝑛) 
For the vector 𝛌(𝑛), its element 𝜆𝑟𝑛

(𝑛) is independent. Based on Eq. (22), the posterior of 𝛌(𝑛) is identified as a Gamma 
distribution (details are given in Section 2 of Appendix): 

𝑞(𝛌(𝑛)) =∏𝐺𝑎 (𝜆𝑟𝑛
(𝑛)|𝛼

𝑞(𝜆𝑟𝑛
(𝑛)
)
, 𝛽
𝑞(𝜆𝑟𝑛

(𝑛)
)
) (30) 

where the parameters 𝛼
𝑞(𝜆𝑟𝑛

(𝑛)
)
 and 𝛽

𝑞(𝜆𝑟𝑛
(𝑛)
)
 are given as: 

𝛼
𝑞(𝜆𝑟𝑛

(𝑛)
)
=
𝐼𝑛 +∏ 𝑅𝑘𝑘≠𝑛

2
+ 1 

𝛽
𝑞(𝜆𝑟𝑛

(𝑛)
)
=
1

2
E(𝐮∙𝑟𝑛

(𝑛)𝑇𝐮∙𝑟𝑛
(𝑛)) +

E(𝜂)

2
∑ E(𝜆𝑟𝑙

(𝑙))E(𝜆𝑟𝑚
(𝑚))E(𝒢𝑟𝑙𝑟𝑚𝑟𝑛

2 )

𝑟𝑙,𝑟𝑚

+ E(𝛾𝑟𝑛
(𝑛)) 

(31) 

Then 𝜆𝑟𝑛
(𝑛) is estimated as: 

E(𝜆𝑟𝑛
(𝑛)) =

𝛼
𝑞(𝜆𝑟𝑛

(𝑛)
)

𝛽
𝑞(𝜆𝑟𝑛

(𝑛)
)

 (32) 

4) Estimation of 𝛄(𝑛) 
𝛾𝑟𝑛
(𝑛) is 𝑟𝑛th element of the vector 𝛄(𝑛) and its logarithmic approximate posterior is given as: 
In𝑞(𝛾𝑟𝑛

(𝑛)) = E
𝑞(𝛉\𝛾𝑟𝑛

(𝑛)
)
[In(𝑝(𝐱, 𝛉))] = −E(𝜆𝑟𝑛

(𝑛))𝛾𝑟𝑛
(𝑛) + 𝛼𝛾In(𝛾𝑟𝑛

(𝑛)) + (𝛽𝛾 − 1)In(1 − 5𝛾𝑟𝑛
(𝑛)) + const (33) 

It is difficult to find a proper distribution to represent the posterior distribution of 𝛾𝑟𝑛
(𝑛). In this case, 𝛾𝑟𝑛

(𝑛) is estimated by 
directly calculating the integral ∫𝛾𝑟𝑛

(𝑛)𝑞(𝛾𝑟𝑛
(𝑛))d𝛾𝑟𝑛

(𝑛). Though this integral is intractable, the Bessel function and the confluent 
hypergeometric function of the first kind are used to calculate the estimate of  𝛾𝑟𝑛

(𝑛): 

E(𝛾𝑟𝑛
(𝑛)) = ∫𝛾𝑟𝑛

(𝑛)𝑞(𝛾𝑟𝑛
(𝑛))d𝛾𝑟𝑛

(𝑛) =
1

5

𝐵(𝛽𝛾 , 𝛼𝛾 + 2) 𝐹1 1 (𝛼𝛾 + 2; 𝛽𝛾 + 𝛼𝛾 + 2;−
E(𝜆𝑟𝑛

(𝑛))

5
)

𝐵(𝛽𝛾 , 𝛼𝛾 + 1) 𝐹1 1 (𝛼𝛾 + 1; 𝛽𝛾 + 𝛼𝛾 + 1;−
E(𝜆𝑟𝑛

(𝑛)
)

5
)

 (34) 

where 𝐹1 1(𝑎; 𝑏; 𝑐) denotes the confluent hypergeometric function of the first kind. 
5) Estimation of 𝜂 

Based on Eq. (22), the posterior of 𝜂 is identified as a Gamma distribution (details are given in Section 3 of Appendix): 
𝑞(𝜂) = 𝐺𝑎(𝜂|𝛼𝑞(𝜂), 𝛽𝑞(𝜂)) (35) 

where the parameters 𝛼𝑞(𝜂) and 𝛽𝑞(𝜂) are given as: 

𝛼𝑞(𝜂) =
𝑅1𝑅2𝑅3
2

+ 𝛼𝜂 

𝛽𝑞(𝜂) =
1

2
E(vec𝑇(𝓖) (⊗

𝑛
𝚲(𝑛)) vec(𝓖)) + 𝛽𝜂 

(36) 

where E(vec𝑇(𝓖) (⊗
𝑛
𝚲(𝑛)) vec(𝓖)) is calculated as: 

E(vec𝑇(𝓖) (⊗
𝑛
𝚲(𝑛)) vec(𝓖)) = tr (E (⊗

𝑛
𝚲(𝑛)) (𝝁vec(𝓖)𝝁vec(𝓖)

𝑇 + 𝚺vec(𝓖))) (37) 

Then 𝜂 is estimated as: 

E(𝜂) =
𝛼𝑞(𝜂)

𝛽𝑞(𝜂)
 (38) 

 
6) Estimation of 𝓢 

Based on Eq. (22), the posterior of 𝓢 is identified as a Gamma distribution (details are given in Section 4 of Appendix): 
𝑞(vec(𝓢)) = 𝑁(vec(𝓢)|𝝁vec(𝓢), 𝚺vec(𝓢)) (39) 

where 𝝁vec(𝓢) and 𝚺vec(𝓢) denote the means vector and the covariance matrix and are expressed as: 

𝝁vec(𝓢) = E(𝜌)𝚺vec(𝓢) (vec(𝓧) −⊗
𝑛
E(𝐔(𝑛)) 𝝁vec(𝓖)) (40) 

𝚺vec(𝓢) = (E(𝜌) + E(Ξ))
−1

 (41) 
where Ξ = diag(𝝃). 

Then vec(𝓢) is estimated as: 
E(vec(𝓢)) = 𝝁vec(𝓢) (42) 

7) Estimation of 𝝃 
𝜉𝑚 is mth element of the vector 𝝃. Based on Eq. (22), the posterior of 𝝃 is identified as a Gamma distribution (details are 

given in Section 5 of Appendix): 
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𝑞(𝝃) =∏𝐺𝑎(𝜉𝑚|𝛼𝑞(𝜉𝑚), 𝛽𝑞(𝜉𝑚)) (43) 
where the parameters 𝛼𝑞(𝜉𝑚) and 𝛽𝑞(𝜉𝑚) are given as: 

𝛼𝑞(𝜉𝑚) = 3/2 

𝛽𝑞(𝜉𝑚) =
𝝁vec(𝓢)𝑚
𝑇 𝝁vec(𝓢)𝑚 + (𝚺vec(𝓢))𝑚,𝑚

2
+ E(𝜏𝑚) 

(44) 

Then 𝜉𝑚 is estimated as: 

E(𝜉𝑚) =
𝛼𝑞(𝜉𝑚)

𝛽𝑞(𝜉𝑚)
 (45) 

8) Estimation of 𝝉 
𝜏𝑚 is mth element of the vector 𝝉 and its logarithmic approximate posterior is given as: 

In𝑞(𝜏𝑚) = E𝑞(𝛉\𝜏𝑚)[In(𝑝(𝐱, 𝛉))] = −E(𝜉𝑚)𝜏𝑚 + 𝛼𝜏In(𝜏𝑚) + (𝛽𝜏 − 1)In(1 − 5𝜏𝑚) + const (46) 
Then 𝜏𝑚 is estimated as: 

E(𝜏𝑚) = ∫𝜏𝑚𝑞(𝜏𝑚)d𝜏𝑚 =
𝐵(𝛽𝜏, 𝛼𝜏 + 2) 𝐹1 1 (𝛼𝜏 + 2; 𝛽𝜏 + 𝛼𝜏 + 2;−

E(𝜉𝑚)
5

)

5𝐵(𝛽𝜏, 𝛼𝜏 + 1) 𝐹1 1 (𝛼𝜏 + 1;𝛽𝜏 + 𝛼𝜏 + 1;−
E(𝜉𝑚)
5

)
 (47) 

9) Estimation of 𝜌 
Based on Eq. (22), the posterior of 𝜌 is identified as a Gamma distribution (details are given in Section 5 of Appendix): 

𝑞(𝜌) = 𝐺𝑎(𝜌|𝛼𝑞(𝜌), 𝛽𝑞(𝜌)) (48) 
where the parameters 𝛼𝑞(𝜌) and 𝛽𝑞(𝜌) are given as: 

𝛼𝑞(𝜌) = 𝛼𝜌 +
𝐼1𝐼2𝐼3
2

𝛽𝑞(𝜌) = 𝛽𝜌 +
1

2
E(‖vec(𝓧) − vec(𝓢) − (⊗

𝑛
𝐔(𝑛)) vec(𝓖)‖

𝐹

2

) (49) 

where E(‖vec(𝓧) − vec(𝓢) − (⊗
𝑛
𝐔(𝑛)) vec(𝓖)‖

𝐹

2

) is calculated as: 

E(‖vec(𝓧) − vec(𝓢) − (⊗
𝑛
𝐔(𝑛)) vec(𝓖)‖

𝐹

2

) 

= vec𝑇(𝓧)vec(𝓧) + Evec(𝓢)(vec
𝑇(𝓢)vec(𝓢)) + tr (E(vec(𝓖)vec𝑇(𝓖)) (⊗

𝑛
E(𝐔(𝑛)𝑇𝐔(𝑛)))) 

−2vec𝑇(𝓧) (⊗
𝑛
E(𝐔(𝑛))) 𝝁vec(𝓖) − 2vec

𝑇(𝓧)𝝁vec(𝓢) + 2(𝝁vec(𝓢))
𝑇
(⊗
𝑛
E(𝐔(𝑛))) 𝝁vec(𝓖) 

(50) 

Then 𝜌 is estimated as: 

E(𝜌) =
𝛼𝑞(𝜌)

𝛽𝑞(𝜌)
 (51) 

 
The whole steps of the proposed method are summarized in Algorithm 1. 
Algorithm 1: Tensor robust principal component analysis based on Bayesian Tucker decomposition 

1: Input: data tensor 𝓧 ∈ ℝ𝐼1×𝐼2×𝐼3, prior parameters 𝛼𝜂, 𝛽𝜂 , 𝛼𝛾, 𝛽𝛾, 𝛼𝜏, 𝛽𝜏, 𝛼𝜌, and 𝛽𝜌. 

2: Output: The low-rank tensor 𝓛. 
3: Initialize:  𝜌, 𝐔(𝑛), 𝓢, 𝛄(𝑛), 𝜂, and 𝝉. 
4: while stopping criterion is not satisfied do 
5:     Update the posterior of 𝓖 by Eq. (24). 
6:     for 𝑛 ⟵ 1 to 3 
7:         Update the posterior of 𝐔(𝑛) by Eq.(28). 
8:             for 𝑟𝑛 ⟵ 1 to 𝑅𝑛 
9:                 Update the posterior 𝜆𝑟𝑛

(𝑛) by Eq. (32). 
10:                 Update the posterior 𝛾𝑟𝑛

(𝑛) by Eq. (34). 
11:             end for 
12:     end for 
13:     Update the posterior of 𝜂 by Eq. (38). 
14:     Update the posterior of 𝓢 by Eq. (42). 
15:     Update the posterior of 𝝃 by Eq. (45). 
16:     Update the posterior of 𝝉 by Eq. (47). 
17:     Update the posterior of 𝜌 by Eq. (51). 
18: end while 

 
The computational complexity of the proposed method is discussed. In each iteration, the computational complexity is 

𝑂(∏ 𝑅𝑛
3

𝑛 +∏ 𝐼𝑛𝑅𝑛𝑛 ) for estimating 𝓖, 𝑂(𝑅𝑛3 +∏ 𝐼𝑛𝑛 ) for estimating 𝐔(𝑛), 𝑂(𝐼𝑛𝑅𝑛 +∏ 𝑅𝑛𝑛 ) for estimating 𝛌(𝑛), 𝑂(∏ 𝑅𝑛𝑛 ) 
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for estimating 𝛄(𝑛), 𝑂(∏ 𝑅𝑛
2

𝑛 ) for estimating 𝜂, 𝑂(∏ 𝐼𝑛𝑛 ) for estimating 𝓢, 𝑂(∏ 𝐼𝑛𝑛 ) for estimating 𝝉, and 𝑂(∏ 𝑅𝑛𝑛 +∏ 𝐼𝑛𝑛 ) 
for estimating 𝜌. Hence, the overall computational complexity of the proposed method is 𝑂(𝐾∏ 𝑅𝑛

3
𝑛 + 𝐾∏ 𝐼𝑛𝑅𝑛𝑛 ), where 𝐾 

is the maximum iteration. 
 
4. Experimental verification 

In order to evaluate the performance of the proposed method, two experiments are conducted. 
Case 1: an aluminum plate 

The first experiment is carried out on an aluminum plate and its set-up is shown in Fig. 3 (a). The thermography system 
consists of two flash lamps, an infrared camera (SC7000), a control unit, and a desktop computer. The infrared camera is used 
to acquire the thermal data with a frame rate of 50 Hz. The specimen, a 5mm thick aluminum plate, has three drilled holes 
with a depth of 1mm and diameter of 32 mm, 16 mm, and 8 mm from left to right. That is, the holes are drilled at the bottom 
of the specimen as shown in Fig. 3 (b). In the thermographic inspection, the specimen was placed in front of the IR camera at 
a distance of around 25 cm, and the surface of the specimen was kept perpendicular to the central line of the camera lens. The 
specimen is examined from the top surface rather than the drilled surface. These results in weak defect features and increases 
the difficulty of defect detection using thermal data. 

 
(a) 

 
(b) 

Fig. 3 (a) The experimental set-up of the thermographic inspection and (b) the bottom view of the specimen. 
 

The proposed method is compared with the principal component thermography (PCT) [28], EVBTF, variational Bayesian 
sub-group adaptive sparse component extraction (VBAS) [10], IRTPCA [13], ensemble joint sparse low rank matrix 
decomposition (EJSLRMD) [5], TRPCA [12], and online mixture of Gaussians low rank matrix factorization (OMoGMF) [17] 
methods on defect detection. As the output of these methods is a sequence of maps, a quantitative indicator, signal-to-noise 
ratio (SNR), is used to intuitively choose the optimal image. The SNR is defined as: 

SNR =
|𝑃(𝑛𝑥, 𝑛𝑦)defective
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ − 𝑃(𝑛𝑥 , 𝑛𝑦)intact

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ |

Std [𝑃(𝑛𝑥 , 𝑛𝑦)intact]
 (52) 

where 𝑃(𝑛𝑥, 𝑛𝑦)defective
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  and 𝑃(𝑛𝑥, 𝑛𝑦)intact

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  are the mean pixel values in the defective and intact regions. 

Std [𝑃(𝑛𝑥 , 𝑛𝑦)intact] denotes the standard deviation of the pixel values in the intact region.  
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(a) (b) (c) (d) 

(e) (f) (g) (h) 
Fig. 4 presents the thermographic imaging results. The red dashed rectangles are drawn to highlight the smallest hole 

in 

(a) (b) (c) (d) 

(e) (f) (g) (h) 
Fig. 4. Aside from the VBAS method, all methods can extract the first two largest holes. Despite this, detecting the 

smallest hole is very challenging since the inspected surface is opposed to the drilled surface. It is indicated from  
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(a) (b) (c) (d) 

(h) (e) (f) (g) 
Fig. 4 that most methods fail to recover the smallest hole accurately. As seen in 

(a) (b) (c) (d) 

(e) (f) (g) (h) 
Fig. 4 (c) of the VBAS result, the estimated profiles match those of the ground truth, but the recovered internal regions around 

the largest hole diverge significantly from those of the ground truth. 
In the result of the proposed method ( 
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(a) (b) (c) (d) 

(e) (f) (g) (h) 
Fig. 4 (h)), all three holes are accurately and simultaneously recovered, and the recovered defective and intact regions are in 

good agreement with the ground truth. It is also demonstrated that the proposed method, as a variant of Bayesian TRPCA, can 
extract low-rank features and removing sparse outliers. The outcome of the proposed method is superior to that of other 
methods. 

(a) (b) (c) (d) 

(e) (f) (g) (h) 
Fig. 4 The thermographic imaging results of the aluminum plate analyzed by: (a) PCT [28], (b) EVBTF [26], (c) VBAS [10], (d) IRTPCA [13], (e) EJSLRMD 
[5], (f) TRPCA [12], (g) OMoGMF [17], (h) the proposed method. 
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Meanwhile, a quantitative indicator, F-score [10], is used to evaluate the performances of different methods. The F-score is 
defined as: 

F − score =
(𝜂2 + 1) × Precision × Recall

𝜂2 × (Precision + Recall)
(53) 

where 𝜂 is a parameter that determines the contribution of the Precision and the Recall. This parameter is recommended as 1 
in thermographic diagnosis [29]. The terms Precision and Recall are expressed as: 

Precision =
TP

TP + FP

Recall =
TP

TP + FN

(54) 

where true positive (TP) denotes the case where a defect exists and is detected, false positive (FP) denotes the case where no 
defect exists but is detected, false negative (FN) denotes a defect exists but is not detected. 

Table 1 lists F-score, SNR values, and the computational time of different methods. These methods are running on a 
workstation with a 2.90GHz Intel Xeon Gold 6226R CPU and 256.0 GB RAM. It can be observed that the F-score and SNR 
results of the proposed method are the largest ones among these methods, which demonstrates the superiority of the proposed 
method for accurately recovering the defect shape from the thermographic sequence. Though the PCT’s computational time is 
shorter than that of other methods, its F-score is smaller than that of most methods. Compared with the VBAS and TRPCA 
methods, the proposed method reduces the computational cost. Compared with the rest methods, the proposed method 
improves the defect detection performance with the increase of the computational cost. 

Table 1 
F-score, SNR, and computational time results of different methods analyzing the first experimental signal.

PCT [28] EVBTF 
[26] 

VBAS 
[10] 

IRTPCA 
[13] 

EJSLRMD 
[5] 

TRPCA 
[12] 

OMoGMF 
[17] 

Proposed 
method 

F-score 0.77 0.83 0.54 0.85 0.88 0.88 0.87 0.93 
SNR 31.85 40.24 24.99 40.33 36.93 40.25 36.32 41.31 

Computational 
time 0.056 13.92 106.13 3.35 3.22 55.51 0.91 19.03 

The values in bold show the best results. 

Case 2: a CFRP laminate 

(a) (b) 
Fig. 5 (a) The frond side and (b) the back side of the specimen in the second experiment. The circles in (a) give the dimensions and locations of holes. 

The second experiment is carried out on a unidirectional Toray 800 CFRP laminate with a dimension of 155 mm × 155 
mm × 8 mm. As shown in Fig. 5, the specimen contains 16 drilled holes arranged in a 4 by 4 array, with a distance between 
two adjacent hole centers of 31mm. These holes range in diameter from 5 mm to 20 mm, whereas the thicknesses vary between 
4 mm and7 mm, indicating defect depths between 1 mm and 4 mm from the top inspection surface. The FLIR SC7600 IR 
camera is used to acquire the thermal data with a frame rate of 10 Hz. The specimen is also examined from the front surface 
rather than the drilled surface. Not all defects can be detected by the above methods due to the complex material properties 
and anisotropic nature of composite materials, the weak defect feature, and limitations of the used methods. Holes 1-4 can be 
easily detected with defect depths of 1 mm, but Holes 13-16 are difficult to be detected with defect depths of 4 mm. Therefore, 
the aim of analyzing the thermal data is to accurately identify and recover as many holes as possible. 
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The PCT, EVTBF, VBAS, IRTPCA, EJSLRMD, TRPCA, OMoGMF methods, and the proposed method are used to 
evaluate their performances on defect detection.  

(a) (b) 

(c) (d) 

(e) (f) 

(g) (h) 
Fig. 6 shows the thermographic imaging results of the CFRP laminate. The black circles represent the actual profiles of the 

holes, and the red dash circles denote the profiles of the recovered holes. The VBAS and EJSLRMD methods are only capable 
of recovering the dominant features, Holes 1-3, while failing to identify the smallest hole in this column, Hole 4. Other than 
the EVTBF, VBAS, and EJSLRMD methods, other methods can recover Holes 1-4 (the rightmost column on the front side). 
In the IRTPCA, TRPCA, and OMoGMF methods’ results, six holes can be recovered, including Holes 1, 2, 3, 4, 5, 6. The 
proposed method recovers eight holes of Holes 1, 2, 3, 4, 5, 6, 9, 10. The recover hole numbers of different methods are 
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summarized in Table 2. Apparently, only the proposed method could recover Holes 9-10 (the second column from the left 
defects in the front side). Compared to these commonly used methods, the proposed method accurately recovers the most 
holes. At the same time, the holes’ profiles that are recovered by the proposed method have a good agreement with the actual 
profiles of the holes.  

Furthermore, the SNR values and computational time are used to quantitatively evaluate the performances of different 
methods, and the results are given in Table 2. The F-score is not used to compare the performance of different methods since 
these methods cannot recover all holes. In terms of SNR, the VBAS method has the largest value. It should be noted that SNR 
is not a measure of the accuracy of the recovered results, but rather a measure of the thermal contrast ratio between defective 
and intact regions. As discussed before, the VBAS and EJSLRMD methods fail to recover Hole 4. Except the VBAS and 
EJSLRMD, the proposed method presents the largest SNR value among the rest methods. Based on  

(a) (b) 

(c) (d) 

(e) (f) 
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(g) (h) 
Fig. 6 and Table 2, the proposed method obtains a good balance between the detection accuracy and computational cost. 

(a) (b) 

(c) (d) 

(e) (f) 
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(g) (h) 
Fig. 6 The thermographic imaging results of the CFRP laminate analyzed by: (a) PCT [28], (b) EVBTF [26], (c) VBAS [10], (d) IRTPCA [13], (e) EJSLRMD 
[5], (f) TRPCA [12], (g) OMoGMF [17], (h) the proposed method. 

Table 2 
Detected holes, SNR, and computational time results of different methods analyzing the second experimental signal. 

PCT [28] EVBTF [26] VBAS [10] IRTPCA [13] EJSLRMD 
[5] TRPCA [12] OMoGMF 

[17] 
Proposed 
method 

Nos of detected 
holes 

1, 2, 3, 4, 5 1, 2, 3, 5, 6 1, 2, 3 1, 2, 3, 4, 5, 
6 1, 2, 3 1, 2, 3, 4, 5, 

6 
1, 2, 3, 4, 5, 

6 
1, 2, 3, 4, 5, 

6, 9, 10 
SNR 23.12 30.02 45.98 25.32 41.89 24.95 27.91 32.49 

Computational 
time 2.76 179.69 271.17 58.05 52.46 848.94 28.93 114.45 

5. Conclusion
This paper focuses on development of a robust and adaptive low-rank component recovery method for the thermographic

inspection. The proposed method aims to extract the low-rank component from the thermographic sequence by constructing a 
Bayesian Tucker model. In this method, a Bayesian Tucker decomposition model is constructed to capture complex patterns 
and extract weak features. To exploit the low-rank property of thermal data, a generalized student-t distribution along with its 
hierarchical model is developed. To achieve optimal performance without the need for manual parameter tuning, the SBL is 
employed. 

Two experimental signals obtained from a thermography system are used to evaluate the proposed method's performance. 
In both experiments, the surface being inspected is the opposite of the surface being drilled, which leads to weak defects and 
makes defect detection more difficult. As indicated by the thermographic imaging results as well as the quantitative results 
based on the F-score, the SNR, the computational time for the thermographic inspection system, the proposed method has 
proven to be the most effective method for improving the spatial resolution and accuracy for such a system. The proposed 
method improves the defect detection performance with the increase of the computational cost. In the future, we want to 
improve its computational efficiency to meet the demand online analysis applications. We also want to use the proposed 
method on defect detection for specimens with the irregular shape. 
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Appendix 
1. The variational posterior distribution of 𝓖

The logarithmic approximate posterior of 𝓖 is given as:
In𝑞(𝓖) = In𝑞(vec(𝓖)) = E𝑞(𝛉)[In(𝑝(𝐱, 𝛉))] 

= −
1

2
vec𝑇(𝓖) (E(𝜌) (⊗

𝑛
E(𝐔(𝑛)𝑇𝐔(𝑛))) + E(𝜂)⊗

𝑛
E(𝚲(𝑛))) vec(𝓖) 

+E(𝜌)vec𝑇(𝓖) (⊗
𝑛
E(𝐔(𝑛)𝑇)) (vec(𝓧) − 𝝁vec(𝓢)) + const

(A-1) 

where 𝚲(𝑛) = diag(𝛌(𝑛)). E(𝛉𝑘) is the expected value of 𝛉𝑘. Then it can be seen that 𝑞(𝓖) follows a normal distribution.

2. The variational posterior distribution of 𝛌(𝑛)

For the vector 𝛌(𝑛), its element 𝜆𝑟𝑛
(𝑛) is independent. Then the logarithmic approximate posterior of 𝜆𝑟𝑛

(𝑛) is given as: 

In𝑞(𝜆𝑟𝑛
(𝑛)) = E

𝑞(𝛉\𝜆𝑟𝑛
(𝑛)
)
[In(𝑝(𝐱, 𝛉))] = In(𝜆𝑟𝑛

(𝑛)) (
𝐼𝑛 +∏ 𝑅𝑘𝑘≠𝑛

2
) 

−𝜆𝑟𝑛
(𝑛) E(𝐮∙𝑟𝑛

(𝑛)𝑇𝐮∙𝑟𝑛
(𝑛))

2
− 𝜆𝑟𝑛

(𝑛)(
E(𝜂)

2
∑ E(𝜆𝑟𝑙

(𝑙))E(𝜆𝑟𝑚
(𝑚))E(𝒢𝑟𝑙𝑟𝑚𝑟𝑛

2 )

𝑟𝑙,𝑟𝑚

+ E(𝛾𝑟𝑛
(𝑛))) + const

(A-2) 

Then 𝑞(𝜆𝑟𝑛
(𝑛)) follows a Gamma distribution.

3. The variational posterior distribution of 𝜂
The logarithmic approximate posterior of 𝜂 is expressed as:

In𝑞(𝜂) = E𝑞(𝛉\𝜂)[In(𝑝(𝐱, 𝛉))] 

= (
𝑅1𝑅2𝑅3
2

+ (𝛼𝜂 − 1)) In𝜂 − (
1

2
E (vec𝑇(𝓖) (⊗

𝑛
𝚲(𝑛)) vec(𝓖)) + 𝛽𝜂) 𝜂 + const

(A-3) 

Hence, 𝑞(𝜂) follows a Gamma distribution. 

4. The variational posterior distribution of 𝓢
The logarithmic approximate posterior of 𝓢 is:

In𝑞(𝓢) = In𝑞(vec(𝓢)) = E𝑞(𝛉\𝓢)[In(𝑝(𝐱, 𝛉))] = −
1

2
vec𝑇(𝓢)(E(𝜌) + E(Ξ))vec(𝓢) 

+E(𝜌) (vec(𝓧) − (⊗
𝑛
E(𝐔(𝑛))) 𝝁vec(𝓖))

𝑇

vec(𝓢) + const 
(A-4) 

where Ξ = diag(𝝃). 𝑞(𝓢) follows a normal distribution. 

5. The variational posterior distribution of 𝝃
𝜉𝑚 is mth element of the vector 𝝃 and its logarithmic approximate posterior is given as:

In𝑞(𝜉𝑚) = E𝑞(𝛉\𝜉𝑚)[In(𝑝(𝐱, 𝛉))]

=
1

2
In(𝜉𝑚) − (

𝝁vec(𝓢)𝑚
𝑇 𝝁vec(𝓢)𝑚 + 𝚺vec(𝓢)𝑚,𝑚

2
+ E(𝜏𝑚)) 𝜉𝑚 + const

(A-5) 

Then 𝑞(𝜉𝑚) follows a Gamma distribution.

6. The variational posterior distribution of 𝜌
The logarithmic approximate posterior of 𝜌 is:

In𝑞(𝜌) = E𝑞(𝛉\𝜌)[In(𝑝(𝐱, 𝛉))] = (
𝐼1𝐼2𝐼3
2

+ 𝛼𝜌 − 1) In𝜌 − 𝜌𝛽𝜌

−
𝜌

2
E(‖vec(𝓧) − vec(𝓢) − (⊗

𝑛
𝐔(𝑛)) vec(𝓖)‖

𝐹

2

) + const 
(A-6) 

Therefore, 𝑞(𝜌) follows a Gamma distribution. 
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