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SUMMARY

A new method is developed for the analysis and
integration of linear partial differential equations of two
independent variables and of arbitrary order,
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for given initial conditions. It is shown that this
equation can be replaced by systems of equations of the
form
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where the = fi(x,y) ere the dependent variables.

The expression on the left hand side represents the
derivative of fj with respect to x along one of the
characteristic curves of the system, Two methods of
‘integration which are based on this fact are put forward,
& step~by-step method, and a method of successive approx-
imation. A detailed convergence proof is given for the
latter. It is suggested that the methods can be adapted
to numerical calculations.
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75 Introduction

In the present paper, we shall be concerned with the
integration of linear partial differential equations of two
independent variables and of arbitrary order, viz.,
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where x and y are the two independent variables, z is the

dependent variable, n is a positive integer and the a2 and 2,
are functions of x and y.

The parametric representation x = x(f), y = y(t) of the
characteristic curves associated with (1) is given by the differential
equation
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where % = 7=, ¥ = a% . Putting %% =~% =Y, equation (2) may also

be written as the 'characteristic equation!
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The differential equation (1) is said to be hyperbolic in a
given region of the (x,y) plane if the roots of (3) are all real and
distinct for all points of the region. 1In the sequel, we shall be
concerned exclusively with the hyperbolic case, The significance
of the characteristic curves =~ which can be defined by various
p{ﬁpertlcs, .8+, as potential carriers of discontinuities of the

* derivatives = will appear clearly in the present analysis.,

Our main obJject will be the development of a new method
for the integration of a hyperbolic equation of type (1) for given
initial conditions. We shall confine ourselves to the standard
case in which the function 2z and its first (n-1) derivatives
with respect to x are given over a range of values of ¥y
for x = 0., For analytical coefficients and analytical initial
conditions, the existence of a solution is ensured by the fundamental
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theorem of Cauchy-Kowalewski, However, the requirement-of analyticity is
unnaturally stringent for problems of this type. More recently,

work by K.Friedrichs and H.Lewy (ref.1) has established the

existence and uniqueness of the solution under weaker conditions.

(The paper referred to goes further than this as it deals with

the general non-linear equation of two independent variables).

F. Rellich (ref.2) has generalised Riemann's method to cope with
essentially the same problem as considered in the present note,

The case of constant coefficients had been treated earlier by

G. Herglotz by a Fourier integral method (ref.3).

The present method establishes the existence and uniqueness
of the solution under considerably less stringent conditions than
postulated hitherto, Also, it leads to procedures which, with some
modifications, should be suitable for numerical purposes. It can
moreover be adapted to deal with some cases - discontinuity of
coefficients, etc., - which may be important for the applications
but which are outside the scope of other methods. However, in the
present paper we shall confine ourselves to the solution of the
standard problem mentioned above. The central idea of the method
first arose in connection with some work on stress propagation in
beams (refs. 4. 5).

To introduce this idea, we consider the case of a vibrating
string which has inspired so many other theories of partial differential
equations,
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with the initial conditions 2z = @(y), 2z =“y{y) for x = 0,
ox

In this equation, x denotes the time, y the coordinate
parallel to the undisturbed string, and 2z its deflection, The
coefficient c? (¢ »0) which, in general, is a function of ¥, is
given by the ratio of the tension in the string and of its linear
density. We shall make the conventional assumption that the string
is infinite in both directions.

Assume first that ¢ 1is constant. Then the general
solution of (3) is given by
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and the functions f and g can be determined from the boundary
conditions.

However, we may proceed in a different manner which, though
considerably more complicated in the present case, can be extended to
the general problem (1) where a functional solution is no longer
available,

For this purpose we put
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Then, by (3),
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Equation (6) shows that f, and f, are propagated along
the string without distortion, with velocitieS c¢ and =-c respectively,
£, (%,5) = h,(y - ex), fg(x,y) =h, (y + cx), says The initial conditions
o

for f,,1 an f2 are obtained from the initial conditions for 1z, viz.,

f-}(osy) =“,{'b(y) i cﬁf'(y)
£5(0,5) =4(y) + B ()’
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Hence
£4(57) =Yy - ox) - of'(y - cx)

fz(x,y) =Wy + cx) + c@'(y + cx)

Having determined f,(x,y) and f,(x,y), we may now find
z(x,y) by solving either of the two first ofder equations (5) for z.
Now the solution of the equation
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Hence, from the first of the two equations (5), we have,
taking into account (8),

X

2(x,5) = #(y + cx) f [V + ox =§)-0§) - o#'(y + ofx - §)
« -c§)Jd'§

= 4y + cx) +J [P + ox - 28)- A'(y + ox - 2c§ﬂ€~}‘
0

Substituting WY oox - c¢¥ as variable of integration,
we obtain

y+Cx
) = By + o) [ [ - et rlay
y=CxX
and so ) i o
z(x,¥) =% [ﬁ'(y + cx) + @y - cx)J + %cg-cx yp)dy .ena (1)
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in agre?m?nt with the well known result obtained more directly by the
use of (L).

Assume now that the density of the string is variable so
that ¢ is a function of y. Defining f1(x,y) and f,(x,y)
by (5) as before, we now have
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Now the left hand sides of (12) denote differentiation with respect to

x along the characteristic curves of the equation (3), (y & cx = const.).
Therefore the right hand sides of (12) measure the distortion of the
Mwaves" f1 and f2 as they travel. They are the mathematical
expression for the exchange of energy and momentum between the two
waves,which is due to reflection,

Having solved (12), we may then regard either of the two
equations in (5) as an equation for z(x,y) and in this way determine
the latter function.

The fundamental ideea of the present work is to reduce the
general problem (1) to the consideration of a system of "waves"
travelling at different speedsand continuously affecting each other
in the course of their propagation. This idea will now be expressed
in formal language.

We have seen how the integration of the equation of the
vibrating string can be reduced to the successive solution of &
system of two linear partial differential equations of the first
order and of a single equation of the same type. It will be shown
in section 2 of the present paper that the integration of a hyperbolic
equation of type (1) can always be reduced to the successive integration
of systems of linear equations of the type

o ’éfi—b R B b
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where the coefficients Cs 5 bi and bik are functions of x and

y which depend on the coefficients of the differential equation (i),
but not on the initial conditions.: However, in the process of
determining the coefficients bi“’ we shall have to find particular
solutions of systems of partial " differential equations of the more
general type
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The central feature of both (13) and (14) is that their left
hand sides represent the derivatives of the unknown functions along the
characteristic curves of the system, while the right hand sides only
involve the unknown functions but not their derivatives. A method of
integration for systems of this type is developed in section 3.

2. The replacement of an couation cf crfer n by special systems
of first order eauations

We proceed to establish a system of equations of type (13)
which is related to the given differential equation

n k c’kz.
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on the assumption that the roots of
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are all real and distinet in a given region of the (xz,y) plane.
We may then assume that a0 = 1. We shall suppose in the first

instance only that the coefficients akjh and 2, possess continuous
derivatives of the first order. Then the roots .5 s k=1,2, oos 5 k

of (3) are continuous and distinct functions of x and y in the
region in questions.

It will be seen that the roots of the equation

n n-1 - e
¥ +an1?! é ”""an,.n—‘li +a =0

are .Jq, -3%9 ecey -ﬁ%. We may therefore write

Yn el &
+ an{rn + eee + an’nﬂ11f+ a =

n-1

(Y-!-Y)( a1(m) Xn—2+ ees * a(m)), = 1,25 we 0
Ae——— L)
(m)

where the coefficients ax are functions of x and y.
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Hence, putting

W i (m) i (m) 271,
z (x,y) = —=f i . +a ———
e ,-axn-1 2y 7 n-QBy n=-1 ’Byn—1
m_1,2, e e ,m ssoess s .'0(17)
we obtain from (1)
3 2y % n-1 k /akz
— +Y == =za - ey il
ox nl’ay' v EE% 525 RS ’3xk- ’ay
5 (m) (m) (m)
+ Bt + Y 2o )ﬁn_1z + + 9-31:14—1“ ——ilg';- )
- - m gy gxﬂ"’zfay ’B y m 'Qy .
n-1
"":-a’ﬂa_—ﬁ?{' 1, 2’ oss 5 Il 0.0..---.'.(18)
J

We now define functions fm(_x,y), Bw ity 2y see 5 Ty by

f (X y) = = (x y) o+ Iiz kzb(mJ akz o...o-..cncoo(19)

where the coefficients b(m) = b(m) (x,y) will be determined presently.
k& T kA
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From (17) and (19)
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Tt will be shown below that the determinant of (20), looked
upon as a system of equations for the derivatives
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does not vanish. Writing E:mj for the inverse of the matrix
m m m
E’ag )’ ag)’ aen ,a( )] » I‘J:’],Z, D ] 11,
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where wo define the functions aém) (x,y) which occur here for the

first time for convenience by a(gm) (z,5y) = 0,

Replacing the derivatives 5 —-iz T An (23) by the
expressions given in (22), L oy
-2 k
Dz z X k
.y U 2 o e

I mg, 0 k0i0 " LD

m) (m) ;
n- n LN gai
. 2 (';x * ¥ -_’a_— i aﬂ"‘:i) ciP(fP(x"V)

i=0 p=0 Yy
& f: (p) i (2)
b b P Z ) ssocswase
ot X JIFTX

Now, from (19),
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where we have put b( 232 x(:f‘)! X ( ) el = O, m= 1, 25 asn p 0

k=01, seey D=1y L= 1525 4o sy n = 1, for convenience,
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Substituting the value of the derivatives

i=0,1,++¢, n-1, from (22), we obtain
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given by (21.;.), we have after some modificationy Iy
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It follows that if we define the functions ’ngj) in such a
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way that the coefficients of in (27) all
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vanish, then (27)
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P (%9¥) = Pr-2,3 "V Potyiet Y 5T 3T 7 Pnen

m,k = 1’2,o-n,n Q:moootoo(zg)

The system of equations (28) will be called the resolvent of (1).
It is of the type of equation (13) quoted in the introduction.

Referring to (27), we see that the condition that all the
o k
terms involving —g—— vanish will be satisfied if the functions
X

5%

s M= 1,25000,n, k = 0,1,000 0 = 24 A= Os;e0e3k, are soluticns of

the system of partial differential equations

(m) m
P’ ab } p (b(m) e b ..Q

nax k-1
* Z Z ip (bn--E 4 *¥py Ppad 1 v = +Ym —
i=0 p= ’ ’ Ix dy
-a BB (30)
n-1,i; k& i
with b_1 ,0 = b_1 S = bO,—1 = 0, by definition.

(30) will be called the auxiliary system. It will be seen
that the expressions on its right hand side are guadratic functions of
the dependent variables: it therefore constitutes a system of the type
of (14). The mumber of equations in (30) is %n2(n-1).,

Assume now that the values of z and of its first (n-1)
derivatives with respect to x are specified for a range of values of
¥y Por %X =0,

/'@ n=1
Z(O:Y) = go(Y)s (’g;z;)x=0 = Ea (7)s ooe { 'ﬁ:‘%}ho = Bd ) o (31)

where gi(y), i=0, ess, n=1 can be differentiated n-i-1 times with

respect to y. Having solved (30) for arbitrary bub sufficiently
regular initial conditions (see section 3, belov.), we can then

obtain the initial conditions for the functions (x,y) from (20) ana
(31)
: n=2 k m)
°8 2 n=1 = . (m
m) € °p-2 ( ) g0 s B/
m &n-1 1 2y 3 yn =1 " o=

'axgk.“‘t nac-oeaeoa-stooacoaoo:\'Ez)
%
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Having solved (28) for these initial conditions, we may then
look upon anyone of the equations (20) as a linear partial differential
equation of order (n-1) for z. All these equations are of hyperbolic
type, the roots of their characteristic equations consisting of (n~1)
of the n roots of (3). By the successive application of this
procedure, we finally obtain a first order equation for 3z, which is
itself an example of (13).

It only remains for us to show that the determinant of (21),

i

I..li..l.-.t-.l.botll(jj)

— L ]
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n-1

does not vanish in the region under consideration,.
We write S1(x1, Xppeees x&) > S, (x1, Kppeees xm) SEees
Sm (x1’ Xz,...,xui}

for the fundamental symmetrical functions of a set of variables

x1’ xz,...’ xm,

S1 @1’ Xz’..l’ xm) =Eci, 82 (X1, Xz,...,xm)-: .Z xiﬁ,-oog

Sm (X1 ,xz"",u’xm) = x1X2-- Xm

voosneniIh)

The determinant D can then be expressed as

180 %o e sly) Sp(¥peBoe s ooe Sy (s %o e eaXy)
D = 1 51(2;5,13,...,1;3 32@'1',35,...,?11\] sn_,l(aq,tg,...,'z’n)
1 s, (hq,‘3“2.;.-;.‘5;1_1)32@,'3’2,...,3;_1)“ S, @,35,...,3;1_”
- ' snssnssnnens(IB)

S1 @s%soﬂts'fn) - S1 (“a'é,}%',...,};lv = '{1 —!!’2
5o (%reeerm) = 82 (%%50eeei) (8 %) 51 (5reees V)

2

ot (52 G000 ) = S (0 Boeer %) = (17 ) S0 &)
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n”"" row, we obtain

D= 1 51 Yé"g:-ﬂs‘;l)
dE S
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Hence, subtracting the first row in (35) from the second,c..,

n-1( 2? 3’ )
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Regarding D as a function of the wvariables ﬁ?,ig,...,ka,

D= Dn@,x...,,xn), we see that (37) becomes

(f aeeos¥ ) = ~2)k -~ .“Gr Y)%11(2”°” j
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Also D, ( Y ﬁ) ¢ Hence finally

D, (b;”,a'é,...,vn‘] = 1<k (Y ~k] PSR ST .

P - > : - Cls
This shows that D is simply the discriminant of the characteristic
equation, Since 7; £ 1% for i £k, D#£O0 as asserted,

3. Integration

We shall now discuss the integretion of the system of
equations

¥, 2,
_+c ""_"‘F x,y, 1,f2’.a.’f ) i=1,2,...,m caou(1‘i+)

2 x

for given initial conditions
f1(0:.-)r) = h1(Y).v fz(osy> = 1‘12(3'),“-, fm(O,y) = hm(y) N ¢ o)

It will be assumed throughout that the c; = ci(x,y) possess
first derivatives in the region under consideration, Other conditions
will be laid down in the course of the analysis. With each one of the
equations in (14%, we associate a one—parametric family of characteristic
curves y = ﬁi x) given by |

gx:ci(c’y) i=1’2’n|.,m .........c.so..l.l..-t.o.o()—}-’l)o
dx
We denote differentiation along a characteristic curve y = (x}
4'- - -
by E& s S0 that for any arbitrary function £(x,5) s Di£ is defined by
Pix

1

D. £(x,y) . f(x+hy, @ (x+h)) - £(x,8, (x))
_E____Z_ " ii% = i - = y Vo= ﬁi(X)
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whenever that limit exists, Thus, if f possesses continuous first
derivatives,
DFf 2e, dhipr _or
D, X az dxdy dx

E o-.ooai.-oc.co-..-o..o-(lﬁj)
Dy

+ c; (x,y)

Equations (14) can now be written as
DL,
ii

D%
g

= Fi (x’y,f1’f2,.-a,fm), i = 1,2,.,.,111 oo.ne-a.nocnoo(ul-)

Integrating between two values x' and x" along a
characteristic curve ﬂi(x), we obtain

£, (<", (")) = £ (xts; (x))

=‘}rx F:'L (é 9ﬁi(i§), f1(§,ﬁi(g)),u., fm(gg ’gl(ig)):\} dffi

xl
sessnsassrs i)

In particular, taking x' = O and writing x for M, we
have

fi (ngi(x)) = fi (O,ﬁi(O))

+J0 P, (’E,ﬁfi(i),f1 (E,;ai(g)),...,fm(g,pji(g))) ag

131,2,--0,]11 .10.0000(1}6)

where ﬂi is any particular characteristic curve which meets the y

axis at some point of the reg}on.under consideration.

Equations (46) suggest a method of successive approxi@a?ion
by which the functions fi(x,y) can be determined for given initial values.

The functions fio(x,y), i = 1,2y00esm are first defined by

f1 ’Q(Xry} = h1 (,QLI (O)) s f2’o(x:Y) = hz (ﬂz(o)) 3000

=0 f,$xﬁ)=kh(ﬁém) PRRRIMPMAPIRES. ) . |

m

where the characteristic curves in question pass through the point

(XJY)’ ¥y = ¢1 (X) = ﬂz(x) E ene =ﬁm(x)-
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The functions Fai (2,¥)s 1 = 1,2,0005my #3231 are then determined

successively by
X

fM(X:Y) = h‘i (,@1(0)) +[ Fi (E:ﬂl(g): f1 ,}4.—1(-?"61(?)) 0say
0

S = T3 L R

where the characteristic curves are chosen as above,

A set of conditions under which the functions fiM(x,y) can
be constructed such that the limits fi(x,y) n}}%mm £, u(%sy)  exist
and form a solution of (14) for the initial values (40) , will now be
given,

It will be assumed that the functions c;(x,y) are defined
gnd differentiablewith respect to x and Y in a closed region R in
the right half of the (x,y) plane (x20). The region R will be
supposed to include an interval <a, b> of the y-axis as part of its
boundary, such that the functions hi (y) are defined and continuous
in that interval, It will be assumed further that the functions
Fi(x,y,u,l ,...,l‘um) are continuous functions of Ko sty s hyseeay
for all (x,y) in R and for all % such that there exists a y ,
a & ygb for which

,ui - hi(y)l Tq ..........................I...............(J-;B)

where q 1is a positive constant., For all such X,y and ui the
functions Fi will be supposed to satisfy Lipschitz conditions with

constants Nyy Npyeusy N, viza,
’ Fi(x,y ,u;,uvé,..'.,ura) - By (x,y,u,i,uz,...,um)'
< N, i - 111| +N21 W W e
33 LT TR ——

where the (x,y) are in R, and the u, and u! satisfy (49).
Since the hi(y) are continuous, it follows that the set
. - b
S of points X3Y sy ,uz,...,um) in (x,y,.uﬂ_,uz,...,um )Space such
that x,y is in R while the u, satisfy (49), is closed.
The Fi being continuous in this set are therefore bounded in it:

there exists a constant M such that

‘Fi (x,y,u,‘,u.z,...um‘) I(M s l = 1,2,-..,111
(X,y,.u1,.u2,...,um) in So 000-0-90(51)
/I'et LR NN
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Let R!' be the set of points in R which are such

Xos¥
that every continuous curve y = g(x), xﬁ_oxo? ,05(:{0) = ¥y, Which consists
of a finite number of segments of characteristic curves ﬁi(x) in B;
can reach the boundary of R only on<a,b> (except possibly also in
(XO’YO))‘ This condition will be satisfied by all points (xo,yo) >
xo}O which are sufficiently close to any given interior point of
¢a,b> « In the case of equations (28) and (30) it simply means
that if we draw the characteristic curves of greatest and least slopes
through (xo ,yo') they will meet the boundary of R in the interval
£.8,8% .

Let d = G/, and let R" be the subset of points (x,y) of
R such that x £ d. We denote by S" the set of points (x,y,u1 Mogeser
in S such that (x,y) is in R" while the u, satisfy (49) «

We shall show that under the stated conditions the construction
(48) can be carried on indefinitely for all points in R". In fact,
for all points in 8", lFi | <M and so, by (48),

\fi {xay) = hi (ﬁl(o)) \ < Mi=q, ¥= ﬁi(x) s 1=1,250c0m

uo.on-.-.o.oo.n(sz)

Tt follows that whenever (x,7) ie in R Qc,y,fﬁ,fz“,...f‘mﬂ
is in 8" since the w =f,, saticly (49). We then deduce in the
seme way that l fio (%5y) = hy (ﬂl(O))\ < q for all points in R" , ete.
: i b e
This shows that the fact that (Xsy,fvufg#“'fm}a is in 8" dimplies

that the construction can be continued indefinitelys.

also is in 8", and hence
Now we have, for all (x,y) in R",
4 = & ‘ f b 4
Fﬁ“%d=%fﬂﬂyﬁﬁm@ﬁ&%“4m6%ﬁm ag]|
SI\'TT i = 13239;;.511 --ooenant-.o.-n(53)

Also, -
| fiZ i fi‘l l i ’jo Fi(gsﬁi(g)sfq-i f’; sﬁl(g)) "') _Fj_G :ﬁi(€)3f10
(5:2,(5)) .o ) k]

i & i
f:: jO Q\T‘l | f11 £ f“iOi it Nmi fm‘l fmoﬂdg

2

noii

X
g (N'l*NZ*“'"'Nm)M‘S faf=m
0

T Ly
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Where II = N + N—q +0‘¥.+Nm.

1
Similarly,
|f -f. bl u N2 —Ei for points in R"
i3 T ti2] & 51 P
and, in general,
o+ 1 +1
£, et = By ] g WHES < w2
Bt A (m+ 1)8 (+ 1)8
f-\-: 0,1,2,..., 0000000-00(55)
Since the series
2 3 At
I'YJId. - I"EI '('3."'2- + MI\Iz d. +s0at mﬂ_d'——_ + aee
3 (pa+1)t
converges, it follows that the series
fio(xsy (fjj(x:y b f :y)) 33") i1 (xSY))

+ (;Ej(x,y) - fiz(x,y)) " S

i = 1,2,.:.,111 ..-.aoo(56)

are uniformly convergent in R", Calling the limits fi(x,y), we then
have, taking into account (48),

£3(ey) = By (0;(0)) +fo 7 (52,65 2, (58,0) ..

i = 1,2,...,111, Where Qi(x) =y ...(5?).

(57) in turn implies

i s B, ’\X y,f £ . (X’Y)) 1=1,25000,m, ceeese(58)
D.x
i |

everywhere in R", and

fi(O.y) = hi(y)’ i = 1,2,..n,m l.l........0..00.0.....!(59).
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The above procedure has been developed in close analogy with
Picard's method for the construction of the solution of a system of
ordinary differential equations by successive approximation (ref.6).
By applying Lindel®f's modification of Picard's method, we can show

that the region R" may be replaced by an alternative region R} in

0
the above demonstration. To define this region, let MO be the
maximum of the functions hi(y) in <a,b>» . Evidently, M, also

is the maximum of the functions fio(x,y) in R', We may then show

successively, by a method similar to that adopted earlier, that

2 " 1

'f. 1{h1x+M _~'+ LN ] + NJM. -+ [N
1™ oY My o 1)1
or MO
lfi,“_ 10|< (exp Nx=1) i = 1,25000sl 5 A= 1,25000
PP §

Hence, so long as

i
N

i.e., 30 long as

xs% log Q +§'E'§) -.tn..c-oll....n.euu-.-o.-e=t0(61)

we may carry on the construction given by (48) indefinitely, and then
continue the argument as before. We define the region RB as the
set of all points in R' whose abscissae satisfy (61).

If the functions Fi(x,yg11gu2,...g%m) are polynomials
of Uy sUpgeseslly with coeffiecients depending on x and y, then the
constant g cen be taken to be arbitrarily large, so that (61) does not
impose any effective condition at all, In that case then, R5 =

We still have to con31der whether

fi D.x

in (58) can be
replaced by %—- + . (x.y) 9 . i '
x &

This is certainly not necessarily the casc under the assumptions made
so far. In fact, until now we have only assumed the hi(y) to be
continuous, and even that assumption might have been relaxed still

further without affecting the preceding developments in any essential

WaY e However, in order to be able to replace
D.f £ 1.
4 © "3 @i
by —= + ci(x,y) —
D, * Px Dy

we require a set of more stringent conditionse
/Accordinglyocess
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Accordingly, we shall assume that the functions hi(y) have

continuous first derivatives in <a,b» , and also that the derivatives
Q% ?F; ?F,

]
:‘-x ;}y, auk :

1y, k = 1,240 ym exist and are contiruous in 8.

Fixing our attention on a specific value of XyXns We may
regard the functions y = ﬁi(x) passing through points x,,7, in R!

as functions of MY

vy = ﬁi(x;yo’) satisfies y, = ﬁi (xo;yo) Yl PO,
...aq..l(éz)

It then follows from known results on ordinary differential
equations that jﬁi is a differentiable function of Yo for all

0€x Sxo and that the derivative is a continuous function of Yoo

To proceed, we require the following lemma,
Let a set of functions g (Z,7)s & = 1,25eeesmy = 125000 be
defined by

Fy;so(xﬂ') = P1(x:3’) k-.l(ﬁ-; (X)\,u., g1m(x9Y) = Pm(xsy')km(‘qn(x)}
R .

81# XsY) =P i(x3y') ki(pji(x)) + ):Gif,(g:ﬁi(g)s g4 :#_1 (E?ﬂl(%))n »

.e E‘m?"_.«](g:ﬁl(g)) dg

fOI‘ ] Where y =ﬁi(x)o oo-onvc.(eé{-)

and by

The functions fﬂi(x) are supposed to be defined in a region R, as before.
The functions pi(:{,y) are supposed to be continuous in R while the
hi(x,y) are continuous in<a,b% which forms part of the boundary of

R. The functions Gi (x,y,u1 sUspeesyly ) are supposed to be continuous
in a region S defined with the aid of condition (49) as before,

they are supposed to be uniformly convergent in that region,

‘1];]1;;(}-1"_‘_: Gi (X’ylu'1’u2""’um-) L] Sa}’, l!.otl.l!lﬂll.lo(65)
.!W‘ 5 .

and they are supposed to satisfy in S Lipschitz conditions with

constants which are independent of the second suffices,
5 ' ' "
i Gi"ﬁc,y,u; ,\l,z,. L gﬁm } Lo Gi“(x,y,uﬂ ’uz’ L ’um)l
- ! - !
< W, Iu,'l u, |+ N, lu.z u, ,+...+ N, um’

o
oneoooooson-aaa(b‘d o
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It follcws from the continuity and uniform convergence ol the
Gi- .in 8 that these functions are also uniformly boundsd in S.
We define the subregion of R, R', which depends only on the characteristic

curves ﬁi(x)p in the same way as before,

The required lemma then states that the functions g, s
converge uniformly in a subregion Rg o R, }Eghjg (K,J} = gi(x,y}
say, where R: is defined after the manner of R" or, alternatively,
of Rpj. If the G, are all polynomials of the variables u, R;.may
be taken to coincide with R',

The prooi of the lemma is on the lines of the convergerce proof

for the functions f%pf
Ceming bacik to the main problem, we shall show that the
functions £ (x,y, defined by the procedure of (48) are differentiible

with ruspect to y in R" (or Q&) In fact, we have from (L7)

DFf. IR 2 ﬁ
2% 0(0%) _ 2, (8, (0; ,_ron - 5 (8 (o; ya\—“
Y0

Yy % €
3y, C

a-(.n.-»aon.uoc-:roo(67)l

Assume that we have already established differentiability with
respect to y for all the functions f with second suffices A= 1.
Then the derivative with respect to y of the integral in (48) exists

and is continuous

QF; R _:aFi Oy JOFy OByt L.(68)
?yo f;”y EYO ?uq‘ ‘Byo e u'ﬂl ID.VO

Hence

F " \
ldE aa;nue%c(69}o

X
N B
yO])ﬁxr i JO G

Q’_ﬁg(. 0* yo) h (ﬁ
? v,

We now lock upon thafrlght hand side of (68) as « linear
function of variables u, = aniqéi__ with coefficients which are
o yo

known functicns of x and Yy,

Fy e ‘BF DT,
3 ,ﬁ 111 + se0 ""‘"]: um oooutoc-uso-oe(?o)
1/““ Oy 9yo 'c)u "Eium
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where Gy, = Gi#(x,y,u,l sesesy depends on 4 because it involves
the functions i’_.r fu=1 regarded however as known functions of x and
- =
3 n e e & - i
y in R", We also put i = s (\xosyoj y &= 80000 and

2Y0
h! (y) = ]:'i(‘Y)"' Then (67) is transformed into

g:‘_O (x’y) s Fi(x,y) k‘l (gi(o)) b OCOOIu-ou--e-qce-(—l?'})

writing =x,v for Tge¥g @ Also, (69) now becomes

8 fx:5) = Py (x,5) ki(ﬁi(o)) +iji,,,{§sﬁi('§), AT {{‘,Oi@)";_
0

ok Bty BUBY) 2
i::)i’chnn:mg f&=1’29u

G(‘ﬂo.btbeﬂ-uo{'ﬂﬁ(‘??‘)

(71) and (72) therefore are of the form of equations (63) =nd
(6lt)e In order to apply the lemma, we only have to verify that the
requisite conditions are satisfied by the functions involved in (71)
and (72), In particular, we see that the functions Gy . BTC
(inhomogeneous) linear functions of the wu,

(@) , ) (1) o o8

Gy =Popm*Prpe W *Pm Yorseed Py

082 IS LALLESTSODO 13 4

; al L ; :
where the functions 9151_3_ are continuous in R" and are uniformly

bounded in that region ‘(since the fi,b‘v all satisfy (49)) It follows

that there exist positive quantities Pk such that

i ; ;
[offem i B S =t20m pls 125
acoeonc-ceel'¢00!°°(7l+\)l

This in turn implies that the Gj_‘,m satisfy a Lipschitz

condition with constants which are independent of s,

i Gj#(xsy,u; > U‘é-" veo ,u&\} - i?p.a.(x’y’u"l sUpgees ::Um) \\

5P1 lui - u1[ +P2|ué- 2\+=u+

u’ = u ! ooaucteoof.?
Fo 1% =~ Y i (75)

/;B‘}T gerenes
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By (61), we may then take R" as the R} of the lemma,
i.e.y, in R" +the functions gjﬂ(x,y))corwerge uniformly towards

limits gi(x sY)e Thus, the functions r_a_..fi.(‘_": converge uniformly
i
¥
in R", and this implies that the fi(x,y) are differentiable with

respect to y in R", the value of the derivatives being gi(x,y)a

Moreover, these derivatives are continuous functions of x and y.

Next, we shall show that == cuxists in 5% 1 = 1380008
- - - x 'l - .- -
For this purpose, consider the differences ii(xo + 1, ;yo) _ fi(""OSJO)
at some specific point (xo,yo in R"e [Let Cxo,yo“] be the point at
which the characteristic curve ,@i(x) through (xo + h,yO\ meets the

straight line x = Zoe Then

fi(xO + h, yo) - f’i(:co,yo) = £ (3:0 + h’yo) By }:O-‘y3‘>

% & Q:cogy:) - £ ("0’3‘-’0\}

£
i 15

Now by the mean value theorem, :f‘i Xq + h:yo) - :E'i (xo,y,) = b ; ;
at some intermediecte point of the characteristic curve in question, %
whose abscissa is= _E » say. Also fi (xofy‘;) - fi Q‘o’yo) i
. 95 (2 T)
where TL is a point between To and Yy Hence
f3(% + Ba¥g) = £5 (%ge¥g)  Dyfy(x % (x)) Tt (02Y)
h D.x Z= h By y=n
2 =g ;
dﬁ ....--.(;6)
44 = v 1
But as h tends to 0O, ————— tfends to = =——= = = cs (xagyo) 3

0.5, h dx

and so, since Dj“;’ is continuous along each characteristic, and
i i

6—-—'“- is a continuous function of y, the limit of the expression on

oy

the left hand side of (76) exists, and equals
5L R, 5f. o
""‘“}"= 11"'Ci (x,y)_‘l-'.ecs-.lo..oeooeo.eo-.uuue(f.”)
Qx D;x Dy

This proves that -— can indeed be replaced by —— + cy (x.y) §-~
D% x ¥

nn

in (58), showing that the f‘i(x,y) represent a solution of (14) in R",

/Fin.allyJorcoo-
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Pinally, we shall establish the uniqueness of the solution
obtained in this way. Referring to the constants N1,N2,...,Nm

in (50), we divide the half-plane xZO0 into strips of width 1_ ,

where N =N, + N, +...+Nm, by means of the straight lines =

1
X -Ei, =012 This also divides R" into a number of
2N 1 1 2
closed regions R1, R2,... corresponding to Oéxé-z-ﬁ, = X 5 S50,
We are going to show, successively, that the solution is unique in

every one of the regions Ri.

Assume that there exist two sets of solutions of (14) for
the given initial conditions, f. and fi“, say, and that at least
one fi differs from f; in R

attained by the differences fi

H

« Lete be the greatest maximum

-

f; in R", and assume thet this
e

maximum is attained for a value = xo. Then

R R G TACER N
0
o (f!gl(? :f% !fés"-sf&l)] d E |

x
0
SIO (N1 max lfj_-f‘;l + N, max ‘f2—fé( +ueork

L

N = max Ifm-fglnd‘s‘ s ssseel 70)

where ‘'max'! denotes maximum values in R1. Hence

X
0 NE &
£; = 21 5J’ (N1 + N, +...+Nm3£d§ “~Hhge =5
0
ootol.o'oaaa(?9)

This is contrary to assumption, and it follows that the functions fi and.
fi are identical in R1. In a similar way we show that they are
identical in Rpjescsetc., and so in the entire region R".

This completes our proof of the existence and uniqueness of the

solution of (1L) for given initial conditions (40).

In addition to giving rise to a method of successive
approximation, equations (44) also suggest a step-by-step method of
integration, by which the functions fi(x,y) are determined approximately
for x +8x and for all y if they are known for x and for all Y.

The formulae of regression are

/However cecosee
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However, in this form the method is not as yet very suitable
for numerical work, since the formulae of regression require a knowledge
of fi(x,y) for arbitrary values of y, whereas in practice it will
be known only at a number of isolated points. Hence, in general, an
additional operation of interpolationwill be required at each step,

The convergence of this process is a matter for further investigation,

Ceming back to the solution of (1) through the intermediary of

the resolvent (28) and of the auxiliary system (30), it will be seen
that (30) satisfies the conditions of section 3, provided the coefficients
a s 1: 1425000en and a n possess continuous second derivatives with
respect to both independent variables, while the other %k& possess at
least continuous first derivatives. Under these circumstances, we only
have to choose the initial values for the béf? in such a way that they
have continuous derivatives in <a,b> . One possible choice is bi? (0,¥y)

= 0 identically, but this is not the most skilful choice in all
cases. However, if these conditions are satisfied in a region R as
above, then the béﬁ? also have first derivatives in the corresponding
sub-region of R, R's This in turn implies that the resolvent (28) also
satisfies the conditions of section 3, provided (cf. (3%2)) the functions
gn_ﬁ(y) possess continuous derivatives of order £ 4 g = { [ ——
Finally, in that case, equations (20) regarded as equations for 1z, also
satisfy corresponding conditions, so that the reduction of (1) can be

continued to the end.

In conclusion, it may be said that the methods outlined in the
present paper appear to have distinct prospects for numerical application.
Their main advantage is that since integration is carried out along the
characteristic curves, there is no possibility of a failure, such as may
occur in the application of some lattice methods (see refs. 78] Bn
the other hand the total number of integrations required for the solution
of an equation of fairly high order is very large. However, even in
these cases the procedure may still form a suitable basis for work on a

modern calculating machine.
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