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SUMMARY

On the assumption that the velocity and density distributions
across a jet of one gas issuing into a stream of a second gas are of
exponential florm, the momentum integral approach has been employed to
find the variation of centre=-line velocity dovmstream of the potential
core, The results for the particular case of a jet issuing into a gas
at rest are equivalent to those found theoretically by Blottner (Ref, 2
and experimentally by Keagy and Teller (Ref, 1). The results for the
jet issuing into a moving stream agree with the limited experiments of
the present author,

These calculations show the importance of jet to free-stream density
ratio with respect to the rate of decay of the jet dowmstream of the

mixing region,
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LIST OF SYIBOLS

a half width of two-dimensional jet at exit
o concentration parameter
e ( x) centre-line concentration

k constant defining the jet velocity profile

m mass flow

m, stream mass flow

m, jet mass flow at exit

2 radial distance

r, jet redius at exit from nozzle
u stream=wise velocity

u, stream velocity

u, jet velocity at exit

um(x) centre~line velocity in excess of free stream velocity
U “2/1.1,I

Um um(x)/ u.,l

v(x,r) inflow velocity

% stream-wrise distance
v distance nomal to stream direction
z x‘/x in axi-symmetric case

y/x in two=dimensional case

B constant defining jet concentration profile
p density

0 ’ stream density

;02 jet density

w (x) sink strength

=

strzam function

¥ Stokes stream function



1. Introduotion

The velocily end density distributions in an axi-symmetric jet of
one gas issuing inbo o second gos at rest have been shown experimentally
by Keagy and Wellor (i) to follow an exponential law downstream of the
potential core, Blottner (2) has used these exponential distributions in
a momentum integr melhod to find the variation of centre-line velocity
and density with distance dewnstrecam of the potential core, His results
agree reasonably with the e mentas of Keagy ard Weller,

In the present paper, «n the assumption that the same exponential
forms of velocity and density profiles can be applied to both axi-symmetric
and two~dimensional jets of cnie gas exhausting into a stream of a second
gas, *he moementum integral apprcach is used to deduce equations satisfied
by the centre-line velocity ani ¢(~nsity downstream of the potential core,
Assuming that the constants given in (2) can be used for a jet issuing into
a moving stream as well as for once issuing into a still medium, the resulting
equations have been sclved numerically and the results presented graphically,

Squire and Trouncer (3) have used a similar method with the velocity
profiie
um( x)

u=u+__§_....

(1 +0033:,£)
4

to solve the restricted problem of a round air jet issuing into a stream
of air, This profile does not however give such good agreement with
experiment as the exponential profile found by Keagy and Weller,

The author is indebted to lir, F, J, Berry (A.R.D.E,, Fort Halstead)
for his help in cobtaining the numerical solutions,



24 The Axi-symmetric Jet

Consider a subsonic jet of density 92, spes:dJ.t2 and exit radius r,
issuing into a surrounding stream of another gas of density 01 and speed u,
(Pig. 1). The mass flow m at any cross-section is

(==}
m s oW [ pu r dr (1)
where p, u are respectively the density and velocity at any point (x, r)

downstream of the jet exit, The density p can be expressed in terms of
the jet and stream densities and a concentration parameter c¢ defined by

p = 0+ (0, =0)c (2)

2,1+ The flow dowmstream of the potential core

It has been shown by Keagy and Veller (ref,1) that, beyond the
potential core, the velocity and concentration profiles for a jet of
foreign gas issuing into still air are similar and expressible in terms
of exponential functions in the form

=k 52

u um( x) e

2
om(x) g~ HES

Q
i

vhere 8 = r/x and U and k depend upon the relative densities of the jet
and the surrounding medium,

Some velocity distributions in a jet of air issuing into a moving
stream of air have been measured by the author and are shown in Fig, 2
to be of the form

k2

v o= +um(;: ¢

It is reasonable therefore to assume that, for a jet of foreign gas issuing
irto a moving stream of air, the velocity and concentration profiles can be
written in the form

fui
il

-kﬁz
u, + um(x) e (3)

2
¢ = cm(x) g Ak (%)



The detemmination of u and k experimentally is tantamount to solving the
energy equation, The values of p and k plotted against p2/ﬂ in Fig, 3
1

are taken from ref. 2.

Eliminating ¢ and u hetween equations 1 = 4 we have

" 2
n(x) = 27 x° fo (0, + ["e o ,,1] o (x)e” “k‘?)(u1 su(xe™%)zaz (5)
But fm ze"kza as » (6)

and defining m, the mass flow in the undisturbed stream upstream of the

jet exit as
(==}
m, =2¢r£ Py, rar (D
-

and I, the jet mass flow before mixing as

2
m, = 2‘"’[0 PpUp, T @ =T P,u,T (8)

we may rewrite (5) as

P u1 'I'TI2

n(x) = m o+ m, p; o, * & ["1 u,(x) + v, (oy = 2))0, (x)
H
+ (05 = 7)) ———-—-——um(z)j‘;‘(x)_] (9)

From considerations of conservation of mass flow
[==] (-] 2
2 - -
[0 p1(1 c)urdr.g.z'!rfoﬂzcurdr_ﬂz T r,u 24-277'1»011111‘161'

Thus, since a andp are independent

21Tf ceurdr = ﬂ'rg u, (10)



Substituting for ¢ and u in terms of z from (3) and (4), (10)
becanes

2 SR Y u (x)
2 X . m
U, Ty o= cm(x) [ 2 Y T+ ] (11)
2
or s Eg w, u (u+1) (12)
m = x2 u, (U + 1)+ um(x)
The momentum equation for zero pressure gradient is
co i b -
pu2rdr+ 20 W ar e .ﬂuzrdr (13)
1 9 2 2 =
% 0 ]
and using (2), (3) and (4) this reduces to
(p uZ - p u2) -r—g- = -x—z- p, u (x)| 4u, + u (% 2(p,= 0,)c_(x)
o 112'1|k1m[1+m:|+21m
2 2
v 2u u(x) u (x)
[‘5‘- + 1o,z ] (14)

U o+ 1 Uy 2

Eliminating cm(x) using (12) we have
3 T kx G
wx) oy ulus 2) +u(x) [01 w (u+ Gu+ 1) + 2-;2- (oy=py) ulp +‘l)U~21
# 5 (3) [eoy o G )Ca D) 2u (e D) —F o (20, = whe

: X

+ 0y vy ~2u) ]J
kr2

2 v
+ 2 = (s 1)(u 4 2u, (v, = u,)( PpUp+ Py wy) = O (15)

If we now put u, zero (i.e. the jet issuing into a still gas) we obtain

sl gy (3 32 - o 2 (3.

2 1 1




This is the equation obtained by Blottner and has the solution

- — B - r P
um(x) - Eg _?:) {-01 92> (H + 'L) +([ p?. ,01 JIE J
uy " o \ 2 4 2 o | i+ 2
o 15
o) I 2
= 2
2@ e
Ao P Us 4 (X)
Putting _E_Q_ =¢ 5 == = U and r:: e U p (15)
1 1 L

the relation between centre-line velocity and distance downstream of the
jet exil for the general problem is

21{1*2 5 2
5 21 Swgd _ 2 T M 1 2 kr;
Um-!- Umh . -t U(1n0’)#+2]+Umll+—-:u + 25
i X
- 2
(1—2UI.L1-03-0‘U)]
2
2kr
+ ~ %1(1 ~U)(1 +0U) = 0 (17)
X

which may be solved for U in terms of x and the properties of the jet
and stream, The value of um(x) so obtained when used in (3) gives the

velocity distribution in the jet and with (12) and (4) it gives the
coricentration distribution of the jet gas.

Equation (17) is not readily solvable in precise form, Numerical
solutions have been obtained using the values of 4 and k given by Blotiner,
It is assumed that these values can be applied to a jet mixing with a moving
stream, The results for jets of helium, nitrogen and carbon dioxide
issuing into air are given in Figs, 4, 5, 6. The effect of density
changes is shown in Fig, 7.

L

Some special cases of equation 17 can be solved exactly and these
ha-'¢ been used to guide the numerical programme,



2.1.1. Jet and Stream nt the same speed (i.e, U = 1)

Equation 17 is satisfied by Um = 0 vhich means that the velocity in the
mixing region is uniform. The centre~line concentration is
2
r
cm(x) = uk _% (18)
X

2,1,2, Zero Jet Velocity (i.e, U = Q)

This case corresponds to the flow behind a bluff base of radius
T, (Fig, 8). Vhen U = O equation 17 factorises to

2
2k

Ua 2 . 2 _

(Um-l--——-u)(Um-pLqu. 5 )_0

X

with solutions

i s ol

m U ;

The appropriate solution is

: 2 k pe \Z
. S (4-— 2) & & (19)
m - x2

which is always negative and tends to zero as x increases,

The velocity distributions given by equations 3 and 19 are compared
in Fig, 8 with some experimental measurements made in the wake of a bluff
body by the present author, It is showm that the velocity profile
(equation 3) adequately represents the velocity profile in the wake of a
bluf'f afterbody and that the variation of centre line velocity predicted
by equation 19 conforms reasonably to the experimental results, A better
agreement could be obtained by displacing the origin for x in eguation 19
some small distance upstream of the base,

2,1.3., Jet and stream at same density (i.e, o= 1)

Fquation (17) can again be factorised to give

5
- pa 1\ (2 [ 2% T3 %
(Lm+-—-—“><Um+h_Um+2k j-U_]xz =0

The appropriate solution is o 1
s - . | 2
; 2: "9
U = (4 ~2k{1 -0 = ') -2 (20)

being positive for U > 1 (i,e. jet speed greater than stream speed).
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» The mass floy in the jet

L]

The mass flow across any section of the jet increases more rapidly
than accounted for by the natural inflow into the growing jet from the
external stream; the jet induces a flow tovards itself by a process of
entrainment, To determine this inflow we have to consider the rate of
increase of mass flow in the jet,

Pran (9) the mass flow at any dovmstream position x is given by

p, u 2 U, u (}-)")
. i s, SR _ {_J_
m(x) = moamy 9 ¥ R & u(x) + (0y =)o () 77+ 73

o, (x) can be eliminated, using (11) to give
2

o, U 2 kigr k&
1 N ™ 22
mx) = mFm, Ve By * ke ["1 u,(x) + N {0y = 2y) J (21)

vhich reduces to

() )78 QM T o

for the jet issuing into still air, The ratio m(x)/m2 is plotted against

EIE}

/r2 for helium, nitrogen and carbon dioxide jets in Figs., 9, 10, 11.

T™e rate of increase of mass flow is

wo
a 1 d 2 i
p o m(x) B a (x um(x) ) (24)

or expressed non=-dimensionally in terms of the jet mass flow and the jet
radius

(m(x)/m ) o r '
Sl I:_.D..J_lz_... . lz‘:. [ 2 um(x) e %—- ur;(x) (222)
d(:c/rg) PR 2 L s 2

Tor the jet issuing into still air we may substitute in (24) for
v (x) from (16) and obtain the approximate relation

r\'\
L
s

afm( ) 2 , %
?LT}'?L,S = (k p2 ) (2
irdicating that the mass flow increases linearly with distance dowmstrean,

Figs, 9, 10 and 11 show that this is also almost exactly true for the Jet
iscuwing into a moving stream,



2.3, The inflow velocity

The rate at which the jet mass flow is increasing is related to
the strength of a line sink positiocned along the jet axis, If w (x)
is the sink strength at x, then

w(x) = -5‘31- %5: m(x)
or, using (22),
() = & ) (21)

Now theinduced velocity v(x,r) can be written down directly from the
ginlt strength as

v(x,r) = i ,:;l. ::
or from (2J+)
v(x,r) = = -2—;!:—1_-- %:;_ [Xz um(x)j (25)

We may arrive at the same result for the induced wvelocity by
considering the Stokes stream function ¥ (x,R) for the flow downstream
of the potential core,

R o PR 2 2
¥ (x,R) = f wdr = X j Lu1 + um(x)e"&z Jz az
o .

r=0

where z = r/x and R is large

Using (6) R 5
v (}:,R) = ] uJI r dr ¢ > um(x)
o 2 k
The induced velocity is given by
v
- YT = "&
and hence
1 0 2
xr) = - 3yr T | X ] (26)

which is the result of equation 25,



For the jet issuing into still air this reduces *o a form independent

of x
A
v(r) . 8 Py \2
u, * r* T, (26a)

Equation 26a shows immediately that the inflow velocity is increased
by increase of jet density. Substitution of values of um(}:) into (26)

shows that this result holds for a jet issuing into a free siream,
Furthermore the induced velocity increases with increase of the ratio
of jet to free stream speed,

5% The Two=dimensional Jet

Consider a jet of gas density b5 issuing from a slot of width 2a

with speed u, into a free stream of speed u, and density oy - At any

2 1
point x dowastream of the potential core we may again write the speed u
of the jet and the density ¢ as

u

1]

u, + 'I.lm(x) £(z) (28)

o = oy + (0 = 0,)0 (29)

vhere 2z = ¥ /::-c and ¢ is a concentration parameter,

As before we assume that the velocity and concentration distributions
are similar ao that

-1:22
e

£(2z) = (30)
2

and © = om(x) glz) = cm(x) o U (31)

3,1« The flow dovmstream of the jeb

Considering the conservation of jet mass flow per unit length of
slot we have

cudy = 2au, (32)
e - 2. 2
- kz =kz
or fw cm(x) e l u, + um(x) ) ] xdz = 2awu, (33)
But B kz‘g 7
f e ~ Az = \’hk. (34)



Thus (32) becames

R u (x) 2a u .
1 m 2 k
gl § ob o o J . —2 |k (35)
n qu Vi a1 e
From momentum considerations
2 2 2
j_mpu dy = 2ap,u, + 2]; Py dy (36)

Substituting from(28),(29),(30) and (31)in(3¢ ) and performing the integration
we obtain

2.01 u, um(x)+ p ugﬂ_(jfl +2(,02..p)u c(k) u(x)

1 = e
Vo Vi 4 1
2
c_ (x)u c_(x) uS(x)
» £ﬂ2 - 91) T + (h, Py = _.____.I.TE
‘fu U+ 2

Substituting for ¢ (}.) from (35) we have a cubic ecuation for the jet

centre line velocity in terms of the distance dovmstream of the jet exit

U

ui(x) + uri (x) [u1 <2{§ +K/dﬁ"."1> 4

2 w1 2V2a [k
+ um(x) 27/'2 u?\l “—;1 + p1 :{a \["fr( u, 2)(9 Dzuz]
2 V2 k(4 4 1) ”
+ 7 54 Ty (% = ) (Pupoqu) = 0 (57)

Then the jet is issuing into a gas at rest (i,e. u, = O) equation (37)

1
reduces to the quadratic equation

SR b

= 0 (38)

Yo

2 -
u(x) i u =) ,v5 a(p & \/—(fi'.{"{) _ 2’f2a02\]

2 a
B T(H 4 2) X b,
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which can be solved in the fom

o i 2
w(x) 4 Jz Kuge1) [P27 % 2"%\. 2 52 (ﬂ’—@ -2—”)% (39)
W, T X T (B4 2) oy £ s ta 4 INE

If we use the non=dimensional forms defined previously, the general
equation of two~dimensional problem (37) becomes the cubic

2 [o72 o[ te 2% Remn K ]

+ U 2\"2‘[ f—“‘;‘;—’- +-§-\/%(1 -0)(4 +0'U)] > 2&%\%—?—:3(1 ~U)(1 40U) = O
s (RO

which may be solved for U:n in terms of x and the properties of the jet

and stream, On the assumption that the constants uard k given by Blottner
for the axi~symmetric problem are applicable to the two-dimensional problem
equation (40) has been solved numerically, The results are given in

Pigs. 12, 13, 14. The effect of density is shown in Fig, 15,

As for the axi-symmetric jet, certain special cases of the two-
dimensional problem can be solved,

3e1e1s Jet and Stream at same speed (i.e, U = 1)

Equation 4O is satisfied by Um = 0, The centre~line concentration

o(x) = 2 \E‘,’é (#)

30142, Zero Jet Velocity (i.e. U = 0)

is

When U = 0, equation (40) factorises to

22 ) 42 Jg a
(Umﬂ"\[ “XUmq-ZﬁUmq.Z - x>=0

giving the appropriate solution

2k
Um :,\l 2"'2 ";'r"'

- V2 (42)

Hip |



3,1.3, Jet and Stream of the same density (i.e.0 = 1)

Vhen o = 1, equation (40) again Pfactorises to

( Um+\ln—§l)<ui+ 2V2U_4 z,J-%-fﬁ -UQ)%) - B

giving the solution

o -2 -_\]ff;‘-’ (1 -3 & - V2 (43)

3¢2. The inflow velocity

The stream function ¥ for the flow dovmstream of the potential
core is v

rix, ¥) fudy and Y is large
(o]
1

4 2
—g-x[(u + u (%) o ks ) dz
YJE--Y 1 m

[ma s & [ x9qm (1)

1}

The induced velocity v is then given by

5 S "'g'é
Thus, from (4), B
ve -t & @) (45)

If the induced velocity is regarded as being due to a distribution
of sinks along the jet centre line, then the sink strength @ expressed as
a function of x is

o) = [ & ) (16



- 16 o

/. Restrictions on the Anslysis

Examination of the variation of centre-line velocity with distance
shows that the solution becomes wildly inadequate for low values of

%— and -'é:- » This is to be expected since close to the jet exik the potential
2

core exists and the assumed velocity profile does not apply. The ecuations
(17) and (40) give, for x amd x, no real roots for any value of density

1‘2 a

ratio and velocity ratio, As o and U increase so does the region of
inadequacy of the assumed velocity profile,

Da Conclusions

1s Exponential velocity and density profiles across a jet of one gas
issuing into a stream of a second gas are employed in a momentum integral
approach to determine the centreline velocity and density distributions
dovnstream of the potential core, The same form for the velocity profile
describes the flow behind a bluff base,

26 Decrease of jet density ratio decreases the centre-line velocity
in the jet dowvmstream of the potential care,

3 At any distance downstream of the jet exit, decreasing the jet
density inecreases the ratio of mass flux in the jet to jet mass flux

at exit. This result becomes more pronounced at the lower jet densities
and the higher jet speeds,

Lee The induced velocity into the jet is increased by increase of jet
density and by increase of the ratio of jet exit velocity to free stream
speed,
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