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SUMMARY

This paper treats the elastic stability of supported
rectangular plates of sandwich construction with isotropic and
aeolotropic fillings under compression and shear loading.
Formulae are developed fer critical stresses fer flat and
curved panels in compression and flat panels in shear for the
buckling of the whole panel, also for the wrinkling or local
failure of the faces of flat panels in compression. A methed
is indicated for calculating the critical load of a cylinder
in pure bending.

It is established that for a wide range of conditions
the critical stress for panels buckling in compression is
independent of the form of the filling providing it is
symmetrical about the normal; of the elastic constants of
the filling only the transverse shear is of concern. As a
result a simple extension of the equivalent plate theory of
greatly improved accuracy is developed enabling the use of
equations treating the plate as a whole.

NOTE: This paper was presented as a thesis for the
Diploma of the College of Aeronautics, June 1948.
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SUMMARY OF RESULTS

An isotropic and two forms of aeolotropic filling are
ngidered. Of the_latter both are symmetrical about the
rmal to the panel® but one has stiffnesses only in normal
ilanes and the other has comparable stiffnesses in all planes:
first of these will be referred to as a honeycomb filling,
& fabricated paper honeycomb filling is a good example of
material in mind, and the other simply as aeolotropic.

Failure may be either a buckling of the panel as a

0le or a short wave buckling or wrinkling of the faces. The

tter has only been investigated for simply supported flat i
nels. The critical stress for this type of failure is not -
pendent on the dimensions of the panel other than the ratio

the skin thickness to the overall thickness; from this and

om dimensional arguments there is reason to believe that the

nkling stress is independent of the edge conditions and of

rature and that a panel in shear will wrinkle when the

ression field equals the critical compressive wrinkling stress.

Sections 4 and 5 of this paper derive by a fairly
gorous analysis formulae for the critical stresses for

ekling, as opposed to wrinkling, of simply supported panels
compression which divide into three orders of approximation,

¢ first, which in general is quite inaccurate, is the result
dgnoring shear deformation and gives the so-called

quivalent plate stress; this, of course, is the samc for all
orms of filling. The second, which is also independent of the
rm of filling, provides in effect a correction factor tc the
sQuivalent plate stress that is a function of a parameter,

ted by the symboln , which is a measure of the transverse
ear stiffness of the filling in terms of the strength of the
ple panel in compression. The third approximation is a

re complicated expression giving the failing stress fer panels {
at are weak in shear.

A This common second approximation is important because
6 18 accurate over a wide range of conditions and because

can also be deduced by a simple allowance for the shear
ormation of the filling. Though the latter is a natural .
d obvious extension of engineer's bending theory, the rather l
ous analysis of sections L and 5 of this Report remains 1
Bsary because it establishes the accuracy and range of

Lidity of the approximation. -The way is then cleared for
8pblying this simple concept of the behaviour of the filling
8 fair hope of comparable accuracy to such problems as
iped edge conditions and shear loading which are ’
‘icult by more rigorcus methods.
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= From recent tests with Dufaylite this is not strictly y
truc for honeycomb material. The transverse shear |
modulus measured along the direction of a diagonal of -
8 hexagonal cell differs from that measured at right angles. {



The smallcr the parametern the more marked is the
effect of shear deformation with a consequent decrcase in both
failing stress and buckling wave length. This applies
in all circumstances of long wave buckling.

The problem of curved panels in compression is
treated by an approximate correction of the flat panel solution
and also as a check by the method of simple shear allowance,
No investigation is made of the stability of the buckled state,
so that the apparent gain in stiffness may be illusory.

The critical shear stresses for nearly square and for
long narrow panels are calculated by energy methods. Both
solutions are approximate particularly the latter. Shear
critical stresses appear to fall more rapidly with the filling
shear stiffness than the corresponding compressive stresses,
and it is difficult to estimate the lower limit of the parameter
N for the validity of the formulae,

The formulae derived can only be a guide to the failing
stress owing to the simplifying assumptions particularly
with regard to edge conditions. A general verification of
results is of course necessary but especially of the more
approximate formulae such as those for curved panels and
panels in shear. Among the many other aspects are two which
may be of overriding importance, the effect of non-homogencous
fillings and the effect of initial waviness of the skin.
The use of large mesh honeycomb material is clearly another
source of local failure of the skin. Initial waviness will
lead to additional bending stresses in the faces that may
cause their premature yielding and impose strains that may
rupture the adhesive at the interfaces. The implications
of initial waviness have been discussed at length by
Howard (ref. 1) and very similar results to his can be
obtained by using the formulae derived in this paper.
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2, NOTATION

Ay Cy L, N, F
E, o

a, b

2h, t

R

£ or o

f or g

c [¢]

Xys X, ete,

exx’ eyz etc.,

Xy ¥y 2
w, v, W

N

Mx, Mxy’ My

ol
i
=
™~
o

n o= L(1 =0 2)p?

x’ ny, Ny’ Q’X’ Qy

T Eh %
D= Et
12(1 ~o )
€ = LIl wg
Et

Elastic constants of filling (equation 1)

Young's modulus & Poisson ratio of faces.
Panel length and width
Filling and face thickness

Radius of curvature of panel
Compressive or shear stress due to

applied load
Critical compressive or shear stress
Filling stresses

Filling strains

Geometrical coordinates (fig. 1)

Displacements in x, y, 2z directions

Stress resultants of faces
Stress couples of faces
Stress couples of whole plate

Number of buckling half wave lengths
along and across the panel.

=N % mx u= 2h/t
slkiaten
a b
Gro 28 . 2Y S
By ek 5x° oy
2. 2 x )
£-= 20=L z°h T
i al L
P—-": 2b2 T = B L E
ﬁQR(Zh + t) (1L -0 )L i
y =0 + L 8:‘720/1
C =L
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(a) Buc

SUMMARY OF FORMULAE

kling in Compression of Flat Panel

(1)

(11)

Approximate Formulae for all Forms of Filling

1. Simply Supported Long Panel.

fo = 2(u + 1)2L . 7 - & [ 2% 4 t)2E ‘ ( y= (26)°
] (2 +m ) (@ -a®pt ¥V
where n/(n - 1)< b2/200n2%, n = L(1 ~o‘2JbiA52Eht

2. Simply Supported Short Panel

Where a/b = 0(1) a correction factor to 1 is giﬁen
at Blge. 10,

Where the panel is very wide compared to its length
a modified Euler strut formula is obtained

£ = 5 (h 4 3t)°8 /1 x°EBht |
a (1~ “Wa |
provided a > 1l0h
3. Long Panel with Clamped Edges
£, = Lur 135 . 3.4on” (43)
& 113 + 3.61° 4+ 3. = 1.3
= 17.05(2h + t)“® , n >
B 3 2
(L -5 )b 0% 4 J.0By + 5.4 = 1.3
1l and 3 are plotted at Pig.8 as correction factors
to the equivalent plate stresses.
The buckling wave lengths are shown at Fig,9.
More Accurate Formula for Isotropic FPilling
(Simple Support)
= (5 o 1)%.(ﬁ2 5 1)23 1 1. ; (2L)

t"IHa
o

2p 7 {ﬁz+n + 1 - g(ﬁ2+ 1)2 3n(p + 1)23

where @ is chosen to make f  a minimum and
€:2C“L. j‘[2h2
3C b2
fc/L versusy is plotted for differentmn at Figs. 2 & 3
for 6gn/u = (1 "0‘2)(2C - L)L/EC equal to 0.001 and
0.000L respectively.

/ (111) Recurate ...=s

¥ Numbers Pfefer to equation numbers in main text.

(27)
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(iii) Accurate Formula for Honeycomb Filling
(Simple Support)

£, =Ly ei® 7 1370 1 t—d
2 p 72 8% n +1 +£(@% 1)° 3a(p+1)

i

where n is chosen to make fc a minimum and
x

= 2.2
fc/L versus u is plotted for differentn at Figs. 4 to 7

for values of 6&mA = (1 - GQ)LQ/EC of 2.5 % 10"u;
10“”; 2.5 x 1072 and 10~7 respectively

) Wrinkling of a Simply Supported FPlat Penel in Compression

(i) Isotropic Filling 1 )

P i
e = | EG (3(1 =g “J0L |
i 1 + 2 tanhjpu 5
7 hal—c%uc+Lﬁ£ L2M0+L)}ﬁ
+ 2L y

e + L

. g : : 5
Approximate condition of wvalidity is CL > 9
BOL & 1)

This result is plotted at Figs. 2 and 3.

(i1) Aeolotropic Filling

m|-

2, T9EC(¢AG-F)(£E*+2L-F) , BEC - F

= 11602 (o ®) B8 + 2y 4 Jhc + L

Approximate condition of wvalidity is

WOl BB - PV A 4 2L~ B2
BOL( JAC + L)

o 100

(iii) Honeycomb Filling

o =-‘/ 2EC - 3
V3l -o®n®  Feh

This result is plotted at Figs. 4 to 6; the wrinkling
stress 1s too high to appear on Fig. 7.
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(33)

(35)



(e¢) Simply Supported Curved Plates in Compression

(i) Panels

- L
To = (ua1)? ) (e ny” - o2 (
2un - 4 om o L * 3

- has the nearest value to11+ﬁﬁrlp2+njnﬁ1+ 7 +Zi92).

where 1

ﬂzi‘ﬂ'-Pz
p = 2b /EZR(Qh + t) and n > 211 +J1 + up

The factor of increase of this stress over that for a
similar flat panel is plotted at Fig., 1l.

(ii) cylinders

R

' gL w2 -8 :
‘e = (u2+ 1% e 2n e s ( (
b H %ﬁ 7 - n B 3
where 72 has the nearest value topn /(n = p) and b = xR

For long cylinders this reduces to:-

Eg ='ri1 +u = %qifi, where © = E vy
A (Tmep  ®

which is plotted at Fig. 12.

(d) - Simply Supported Flat Panels in Shear

(i) Square Panels

do = __l,72(y 4+1)°

e n » 10 say

& “J('ﬂ+ 8)('1! + 5, ‘19) ’ (5
OF Uy . 23 3(pn 4 5)° . 1

i)

(L~ 9"  ofix % 2007 + 5)

(ii) Long Panels

a

¢ = 2, 69(p G LY 3 5.8 (6:
L {l g T ?T§§

or g, =13, 3(2h s t)2 (1 . g 5.8?
k (1 -¢ )b { 3

The shear stresses are plotted at Fig.l3 as correction factor
to the equivalent plate stresses, It is suggested that valw
for intermediate values of the ratio b:a will be given by
parabolic interpolation,

Jh. General .....
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b GENERAL CONDITIONS OF EQUILIBRIUM

In this section the egquations of equilibrium are
derived that are required for finding the critical stresses of
simply supported flat and curved panels under uniform
compression by the method of considering neutral equilibrium under
infinitesimal displacements.,

The coordinates to be used are indicated in Fig., 1,
They are cylindrical coordinates but instead of the usualy 6,
x for the radial, azimuthal and axial coordinates, R + 2z, /R,
X are uced, where R is the radius of curvature. The sides
and the direction of the applied load are parallel to the
axis of the cylinder; the ends of the panel are cut by planes
nervpendicular to the axis.

The approach to the curved panel problem is to expand
the variouvs expressions involved in powers of 1/R and to
neglect the higher powers, To this end we assume that R is
large compared to the total panel thickness.

The faces are taken to be isotropic and the filling is
assuned to be aeolotropic, but with symmetry about She normal
to the plate. Writing Xys YZ ete, for the stresses and

- eyz etc, for the strains in the filling, the stress-strain
relationship is given by the following scheme:-

X, =4e . + (& = Eﬂ)eyy +Pa., T, Ley,

T, = (&= @H)e, . + Ao ot Be o0 By =18, (L)
ZZ = Fexx -+ Feyy + GeZZ, Xy = Nexy

by writing u, v, w for the displacements in the x, y, 2
directions and neglecting second order terms in 1/R the well
known equations relating strain and displacement in cylindrical
coordinates become:~

“py = g% # %%z §§ ~ w%
= (2)
eKV:%*%”ﬁ%

/(b)) Bguilibrium ...




(b) Equilibrium of the Filling

In the same fashion the following equations of
equilibrium are obtained:-

3K oY 37 dY: ?
X X x 1 X { _
EERe T ﬂzw— - PR i
83X oY 3Z %~ aY <
e A QR N S S i “
ax Ty T i R 1°5y 223’{ e &
i “ i
a X Y BV oY "
Z Z 2 4 2 £
SE "33 T oo "‘R}Zay Zy + Xyr =0 (5)

On substituting from equations (1) and (2) into eguations
(3) and (4), we have:=-

e 2 2 2
AE"Z’H»N@"2"+La + (o =N) &1 4 (P 4 L)
3% oy axdy 3G
1( ; v AW -BU-{
= ﬁizs% ’(A N + 21@-)]- (A = 2N - L)&= - LE’_S (6)
2 2 2
and (A = n)2% 4 nEY . A2+L2+(F+L) 2
dxXoy 3X 3 ¥z _
o . v?
1 ¢ au oW W Vi r
" ﬁkz Bfta =) 8+ 20 o (r 4 A (a4 2)E Lg-g‘m
writes = &3 ¢ 0¥, B o 48 L 2T, o2 L 0° :
re—ax‘*a‘?s '—ay"“"a"":V—g;c-z+ay
D:Lfferentlate equations (6) and (7) with respect to x and
v respectlvely and add, so that:
2 aw
(Av +L——§6+(F+L)V%Z-
ﬂ Eoe
R}Z"&%r{ (A N) + (P + L)ayaz L-Qﬁ-az ;
L 2 f
*(A—2N+L)~1“(A+2L) i’ (8)
Differentiate equations (6) and (7) with respect to y and x
respectlvely and subtract, so that:—
2
it | by - s3]
(NT.T + ) 21\?-—- -. - N)a (F + L)ayaz
=
- Lgﬁ‘+ (2 + L)am& (9)

/ Substituting .....



Substituting from equations (1) and (2) into eguation
(5) gives:~

(F + L)25 + (L‘i?’2 + C 62) -
0% azﬁ

=Ll g (F+L)ﬂ+2LﬂJ+(L+A-F)_a_£
R oy oz Oy a,ﬂ
_ ; _ (10)
+ (A ~PF - 2N)3u ~ Caw .
X az‘E
Among the terms in 1/R2 neglected in the last equation
is a term & E F w which is worthy of note. It arises
R
since e . contains W/R and is contained in (2.~ Yy)/R
in equation (5). When the buckling wavelength is
of the same order &s R, which it might be for a
semicircular panel, v2w is of the same order as W/R2.
This world appear to limit the angle of the sector forming
the panel for an accurate solution, but however these
equations lead to solutions in section 8 which are
identical to those obtained by other means.

(c) Equilibrium of the Faces

When considering the equilibrium of the faces it is
necessary to make allowance for the faect that the stress
resultants in the face and the reaction of the filling are
not in the same plane.

Let unprimed quantities refer to values at an inter-
face, z = * h, and primed guentities to values at the
central surface of a face z = % (h + #t) where 2h and 1
are the thickness of the filling and a face.

We have approximately:-—

' = u:%té_\ﬁ_f 5
oX l
vt o= V;%tg_ﬂ
oy
w! o= wE It oow!
Z

where the top sign refers to the face z = + h and the
bottom to the face z = ~ h.

Hence §' 5 % gtvzwi

It

@ = @

and since the normal stress in a face may be considered
to be negligiblec gu'+ o Jv' + (1 —o )ow'

ax oy 5z = 0
whence w! = w ¥ o t 5‘
2(L =0 )

/ HOWEYEr .swuwsses




However since the areal dilatation is small compared to the
transverse displacement the last correction can be ignored.

Equilibrium in the Surface of a Face

Neglecting terms in t/R end l/R2 we have:-

N = Et } au! ov! g g 9E ;
* -2353‘ ok o fln £ - wifs
— i y i
... = au' av’ - n au'{ 1 (11)
= 2(1 +¢7 f YR %y )
. g
N, = Bt § _eumt  av! i (l ov! f\
¥ LUty e "W-fi

where N_» ny, Ny are the stress resultants in the face
and the top and bottom signs refer to face z = +h and
- h respectively.

In considering the equilibrium of the stress
resultants in the x and y direction account must be taken
of the shear forces acting at the interfaces:-

e o O N - DPUINR E
cX oy E &% . o OX 2} o, o
and
oN aN aN Q. Q N
- R TR A

ax '*ay R oy v R

where Qy is the y - stress resultant nermal to the fase.

Substituting from equations (11) into equations (12) yields:-

62u9+1—j‘ R L hve BZV':-:-K(.@.V_”'..F )
2x° £ SR e
2 2ot 4
+ 1 \.1 +0. 3°v? __.g_a u' 1
“5 T2 2 axay%lﬁ A g | o
and

Do gwb o 62“". + 52"' = K(ﬁ-w + “ﬂgr)u K(haﬁ% £ "‘_,')

- + =
2 0Xoy 2 ax2 ayz oy ) R
2 2 \
s l1 4 s u! ow! v! |
R e B axay'+By g 2h~—§~ o8 QY% (1)

where ¥ = (1 = ¢2)L/Et

/Differentiating «...eq.



Differentiating equations (13) and (1h) with respect
to x and y respectively~and adding, and eliminating the
primed quantities, we obtain:-

2 A bkl ‘ 2.
(VS + ZtV7), =TV =g _,g_)- = }g( 3w erv)
w ( = 8 B T h -—--zay + T
[ 2 2 2 2 {
LA 3 p 1 +g L Lo oW ._ow K Qyi

Differentiating equations (13 and (14) with respect to
¥y and x and subtracting, we obtain:-

; 2
1002 oplder. 41 1 b b
_g._vm-_‘_k‘g_iﬁ(l_@)h;ﬁ;gh_é_mh L

2 (16)
BRI o)
(1 ”c‘)axay * f 'E%XE

Equilibrium Normal to a Face

With the same approximations the stress couples,

Mx’ Mxy’ My; are gigen by~ " {

ol Spaglmagan)|

Mg ==l wa il ;{%}%7 ¥ %(h gi?y t &5 }é | el
gl o

M, = HD}U;Z-% * f;‘g :%(2}:% t%}%

where D = Et3/12(1 ~<72>

In considering the equilibrium of the shears and
couples account must be taken of the distributed moment
of the shear forces at the interfaces about the centre
of the faces:~

0 Mx ( h) @ M}c —
QX wer * 13 B —é—i;z + 3t ZX ;}
_ 18)
oM oM (
Xy h ¥

Similarly in censidering the equilibriums of the
shears and normal forces accoant must be taken of the
tension the filling exerts on the faces:-

a%x ny 9%y aaw N
F‘f‘+(1+§‘)§?h=ft§§+‘%izz

where f is the stress in the faces resulting from
the applied load.

/Oon substituting seeeeee



On substituting from equations (17) and (18) into the
last equation we obtain:-

i -—-zc Y DVLLW - ltL(‘Vzw + ‘*@-)tfﬁgﬂ Lt F 5

%X fa 4 0Z
=%-'_':L;.hv2 Q2w+(2—o-) 53\? +.33v2

oy X2y oy )
- ZtL 22w 2%y )
zbl oW ov + B Ay

+ R gzh e h5yez %) R e ¥
g £ Jo'-é—u- + £L + E-} (19)

(1 - ﬁz)R z 9% A R

It will be noted that the last term_in the last
bracket of this equation is of order 1/RZ. This term
is retained because it is not a derivative and because
E is so much greater than the other elastic constants;
other possible terms that might be retained are either
derivatives which are necessarily smaller for long wave
buckling, or contain elastic constants of the filling.

78, Blnply sessses
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s SIMPLY SUPPORTED FLAT PANEL IN UNIFORM COMPRESSION

The conditions of equilibrium are given by putting
1/R = 0 in equations (8), (9), (10), (15}, (16) and
(19) and they are:-

(gv + \6 + (F + L)

B E

Nli
[
o

£ J—

(F+L)=§%+@V +C-‘3—é)w “ 0

] ) ; "
(W2+L—@«-2-}a'=o /

: ' o7 :

2 4 aglt =Y ab s e g J

2 , . . j
(kv -y%tv"')w—{;iv ki =10 /

: v at z=%fh
ft#____;’_ + DVLI' tLCV2W + _§§>i0ﬂ L BB \
! z a2 U
=0
If we assume W to be of the form ZEW_, (z) sin ngx
sin Qgi (n, m integers), 8 will be a 31milar series

while & will be a double cosine series.

Since the equations containing < do not contain w
or 6§ , the coefficients in the series for# will be
independent of those for w andd . In each coefficient ¢l =
there will be two constants of integration which must be
chosen to satisfy the second equation of (21) at
z = +h and =h, It is clear that the only possible solution
is W= 0,

Each pair of corresponding terms in the two series
for w and 8 must satisfy equations (20) and (22) separately.
In solving equations (20) each pair of coefficients will
contain four constants of integration, which must be chosen
to satisfy the four equations of (22). The latter
requirement will determine the value of f, but £ will now
be a function of m and n, so that the equations cannot be
satisfied for all m, n at the same time. Hence w will
consist of one term only, instead of a series, corresponding
to one pair, m and n, which must be chosen to make f least.

/Bor B DENSL +ssxes
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For a panel with edges at x = 0, a=and y = 0, b
we wWill have w = 0 at the edges. The bending moments of
the plate as a whole will also be zero at the edges since

in addition to a2w 82w we have 942 = &% - 0, becaused = 0
=-a~'§=0 ax oy
dX v

at the edges and & = Q everywhere, making the direct stresses
as well as thé bending moments in the faces vanish at the
boundaries. Hence fhe conditions of simple support are
satisfied apart from small displacements in the plane of the
panel,

Isotropic Filling

FPor an igotropic filling A =0, N =L, F =0 -~ 2L
The solution of equatiors (20) is:-

=
1

=t i G o WT & t 1y 3 NpX . T
(Wye + Wyezs + Wy's + Wy'tze) sin =I= s;n—BX
5 = (s + Wylze +r8)s Wy'e + Wy'(Pas + vc)ﬁsin%lc S

where ¢ = chfz, s = shiz

02 < 02" 2
o2 & 0
v = (C + Lgf(o - L)
Wyy Wy Wl‘, Wg‘ = consts. of integration

ifow w andd are the sums of even and odd functions of z:
to the even part of w corresponds the odd part of § and :
vice versa. It will be seen from inspection of eqguations {(22),
taking due account of the alternative signs, that the odd
and even parts of w will form independent solutions.

Let us first consider the even part of w
(l.e. Wyt o= ' = 0) corresponding to the buckling of the

pancl as a whole or "in-phase buckling".

On substituting for w and § in equations (22), we have:-

Wl - fe(l 2y ) 4 ﬂgh;c & fZﬁh Ly = ~th£2

i,
IS
y
(2k = 3t%)c + L5
I
& 2 Zf“t = gl Litter2sltwy+{n(2n + 224 )he 4 (0 -+ théL)sY L1,
5 Wie + W,{hs
([eto - 1)tn + 404312 = wen(o - 1i]te? |
e ! £ ﬂ' (23)
b 5+ dow(c 1) + % LJ cs |
f \
= pgh L +27N2rah(c»—L)+c— (c = 1)t Hs® |

[2¢c +(G - L¥Pn)e® +(c + L)lce ~ (¢ - L)nt%e2

AI0 orAer o usvoni |




In order to minimise -the expression for f it is
necessary to maeke an approximation. Consider first long wave
buckling in which &h is small, sa% < 0.7, so that
approx1mately tanh €h = €h - 333h Neglecting higher powers
of 4n the equation reduces to:~-

) L +D

2t=ﬁuYn+af+%ﬁw&%A—%w2
K+8%h - Wiz - L)
In general the second bracket of the numerator of the

fraction on the right hand side is small, so the equation
reduces approximately to:-

£ (s 1)2 (5% 2 gl e e (21)
L 2 el (n + 5% m°= g (B% m°) 3n(,u+1)
where p = 2h/t

n= gb° = (1 -0 p?
>

#°h  x° Eht
E= 20 =1 ‘K2h2
20 ¥ bﬁ
n = nb/a
w B of 2 y .
NoWw === —=x f» 0, so that, if there exist m and n

for which 8f vanishes, the least f occurs at the least possible

on
value of m, which in this case is unity.

The minimum value f /L of this expression is plotted
againsty for a range off} of 0.2 to 20 for 6&n/u =(l=c)L~L)L/EC
equal to 0.001 at Fig.2 and equal to 0.0004 at Fig.3
In computing these curves it_is assumed that the panel is
long so that i = nb/a can take up its optimum value,

For mn>»1 a further approximation may be made:-

A IR S S Y (25)
17 R~ * 2,22
a {n" 4+ 1 +1)
This gives for a long panel, n ={%_§—% and =
Eg _ 2ln i o m : (26)
i m Y. L)C

This expression requlres a correction when the panel
is not long to allow for 1 being restricted by virtue of n
being an integer. The correction is plotted at Fig.l10.
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The last approximation is tantamount to substitgt;ng
¢n for tanh Gp so that a reasonable condition for validity
n=1 = ooon=

When b is large compared to a, n = 1 so equation 25
becomes: - 2

e alo iy H%Jf* 1} .
c 2 (%}24f1 +x0+[%} ]

o (p o+ %)ZL'D2/(1 ' b2/82_.n}

2uam

2 2 2
so £ = £(h + +t)°R Eht

a (1-—-0'2)L82
which is a2 modified Euler strut: formula,

Now consider the opposite approximation in which fh
is large, say > 2, so that tanh £h = 1 corresponding to
short wave buckling, or wrinkling of the faces., This
rather drastic approximation implies that the two faces fail
independently. .

With tenhfh = 1 equation (23) yields:-

B A pilt , LAILR(C = 1) + 20 + 2012 4 1062434
a° e 28 C + (C + L)&
2 2 2
As before m = 1; 8lgo €2 =L 4 2L z %
R e T yR 2
by our assumption, but 55 is in general large compared to %5
h b

so that %ﬁ can be replaced by'g o
In addition K/2¢ hif/2tE < 0.01 say, so that terms in K
can be neglected, The ratio of the fourth term of the

numerator of the faction to the third, which in itself is

small, is % ?‘g* approximately and may also be neglected.
Therefore: -

£t = B2 + T fc%jg 4 étEEL (28)
Hence: -

%o = i/ 9EC® oL,

5 (1 ~e )Lio s+ B2 O FE

: 3
for which n _ 2 /3(1 - ¢2) cL
S %t ZHld 4 L)

ol |

/ .This makes .....
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. i T
This mekes 4h == e J/;-Whlch may well be as low
as 1, in which case the approximation made would not be
acceptable. From an inspection of eguation (23) it would
appear that a better approximation in place of equation
(28) might be:-

2
g2 2om teph Bh . 2f1

Using the previous value of £ we have:—~

[ AR

{ lf  / 1
‘o =) 5" ?3{1 + 2 ’l:emhKFgg 2t —.UZ)CL)s
L /12(1 = seIL(C + L)z} [ v 2E(C + L)

+ 2L/(C & L) (30

This second approximation will be inaccurate if
tn < 3/2, s0 uBCL/E(C + L)>2 is an approximate
condition of wvalidity.

It should be noted that nm = 1 is not the threshold
between long wave buckling and wrinkling, but only the
boundary of validity of expression (26). Though indeed the
wave;ggg%h shortens asm tends to zero, the expression
2b j%%:"i for the wavelength no longer holds as n
approaches one.,

We will now show that out of phase buckling modes do
not occur; that is modes with w as an odd function of z.
By repeating the same process as for in phase buckling
an equation like (23) will be derived except that chfh and
shil will be interchanged.

Considering long wave buckling first, put tanhé h
={n ~ 3$£°n® as berore, giving:-

2.9 ) 2 8,.2 bY
nne _ pgl . C + Ukn(C - L)-hé E_(C - L)t + zkh (C“LH

a nfL + kho + 3400 - 2L - K00 )]

(FL)

As a first approximation write;-
e

e L Dﬁ“ + C/h
a

7 ue tREt sous o,
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i . b , '
g0 that for o m;nlmum{én) :L ) + C/Dh whence (hﬁ)u:?

IO o'ta :

fmh) > Cho/D = 12(1 - )(%}
greater value of 4h than the approx1mat10n will stand. Now
the full expression (31) will yield an even greator value of
'ﬂh, since its second term on the right hand side is a
decreasing function of & instead of a constant as first
assumed. It is therefore concluded that longwave out

of phase buckling does not arise.

which in general gives a

With regard to short wave out of phase buckling we will
obtain the same expression as for in phase buckling on putting
tanh&nh = 1 for the first approximation. However for the
second approximation the result of interchanging chlh and
shih will be the counterpart to equation (29) with coth 4h
for tanh #h, clearly leading to a greater critical stress.

Aeolotropic Filling

The solution to the equilibrium equations (20) for the
filling are:-
g

# 3 ]

- t 1 :
W= aWiey + Woe, + Wylsg + W, 52§51n ngx sin mgg !
i

£

b

4 _Ji ; T AT ot . ' {
o = {&151 +&3282 +8q78q +4, 82?81n ngx sin mgxi

ch kl ﬂz, 8 = sh kl {z ete.

=
0
@
k3
o}
el
|_l
]

£2 n27:2 0 m2ﬂ2
ad b2

k;, k, are the roots of LOk™-(AC - 2LF - F2)k%+ AL = O

]_9
: 2

Wiftg =Wy'/Aq"' = (F + L)kl/(L ~ k,°0) ete,

Proceeding as for isotropic filling and considering

only the even part of w, we have on substituting for w and %
into equations (22):-
o) ; ¥
= = Wye, (K ~ 1442 )#+a2(dsg +Rk,e,)
1, L(cklw + FA, )81 +(Ck,yilo+ FA,) 52J
L m, - %5k W

2 .2
and E‘%——ft = Dtu +

SR

Wl c1 o+ W2 02

L Whenee ., v




whence: -
_-L WP? [P 2 . 2 s =]
Wy t 1t45(F + L)+ KK, )k2c? +{x," © L)ﬁoQ
TP k 2 }
2 2 (kF - £t t4*(F + L)+ Kk, c’};cl ey +(k1 ¢ ~ 1) bsy
G
i o )l'c \klwl l+ I, W 52)+ w (i sl/k - w2 " Ag
P ft =Dt + F+ L if

}

Wl cq + W2 Coy

(32)

As an approximation for longwave buckling (ﬁh small) put
¢cg = ¢, =1, 8 =k bh and s, = k,bh so that:-

2 2
Bt Y. 11;’3.2(5‘ & 1) 45
1 + &t
Wy + Wy (0 +4%n)o
» >
and n n“ft . fho4 £ )Lﬂz Sklgﬁl + koW, G+ T
e F+Ll |7 W+ W, f}

(h e itlzflu T
R

2
f.e; £ (y 4 1)2 5 (ﬁQ i mzj

L = 2 t-l "ﬁz{\ ﬁ2+ mg‘:'ﬂ )

s Which is thc same

expression as derived for an isotropic filling (equation 25)
by a comparable approximation,

For short wave buckling ({h large) put c,

]
(@]
N

so that equations (32) become:-—

e S I_lz.,% . (KF ~ 0P + 1)+ k:kzgc)kz + (k22c )

= 2 Q{‘F - Jg't€-2(F + L)+E(\k120)kl 4 (klzc - I}E,
i Wy ' ;
oy %
oy 8 u _;L E C{ kq Wy + k2w2)+ F{ o |
a2ft= *{+2tf'gc W, + k, w2 F%w1+ng
Wyoo+ W,
2 2 2
RFS + FO(ky %+ 1% )4 iy, %0 4 @G(F+L)(kq b k)
=pf s gl ) Bl LLC fer 1592)"’ 0%k %Ky 20F + LYoy ~ 2“
+ 2643 C (F + L) kyky (kq + k) :,

.

€(okyky + L) +K0C kek, (kg + k)

/ For simflar ,  sess
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For similar reasons to those given for short wave buckling
with an 1sotrop10 e R o 0 put = { and neglect terms in
K and t 339 so that:-

£t = D&% + 10{ky+ k) L [Lc (y %+ 1,2)+ 2(F +L)0Igk, ~ ky 3, T2
E(OK Ky+D) ™ (7 + L) {okk, + L)
viysp #

which is least for n=% =.L= 3 Lc(gl - ké)
' ¢ 2D (0K K, + L)

s S0 that

fC /9EG(\/-G“’F (\[.—'i- 2L+F \/—é"'F (23‘1
L TELELL e <R 2 2.)° J_ W
2

on substituting for K45 k2 from the quadratic in k5,

This formula only holds when klﬁh and kzﬂh are large, say
greater than 2, so that an approximate condition of validity is:-

u (A8 - 2)2(ME + o1 e F)2 g
¢ (JAC + L)

since (k {’,h)3 or (k, lh) Iik 1+ kz){q hjLC(kl + kz)u
' 16D(Ck 1k, + L)

Honeycomb Filling

It is assumed that this type of filling has no stiffness
in the plane of the plate, so that A = N = F = 0., The solution
to the equations of equilibrium of the filling now become:—

{ t
w bt Wl + Wz_&:zzz + W, ﬁz‘% sinn—-é-m sin@

t ' o} ! ;
§=:£{Wi£z i Wz’agz - %3323)+ Wy o+ %Wé %z 581nn2x slnmﬁw
where e = 2C/L

Proceeding as in the Prévious two cases for in-phase
buckling we obtain on substituting for w and % in equations (22)

Wy _ eles nt®) ~(lh + 3t)n2ph
P (h + 2t)8°
and n%gz o D{u . LWz-ﬁ2 e(h + 2t)
& 2 Wy + Wy &°n2

az

{
L + DS

- gl <+;3%)2 ;
,} & _‘_3_5%
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2 em BA
whence £ _ (p + 1)7, (87+ m%) . 1 : 5 2. 5
& 2 22 in ¢ BB moee (B0 m2) (u + 1)
59 (3L)
X L. ®h
where E = =

This is of the same form as obtained for an isotropic
filling (24) and approximates to precisely the same expression
(25) obtained for the other two types of material for long wave
buckling when 1 » 1.

When B2 is large compared to (1 +n ), an alternative
approximation may be made; -

) o R 3n (s + 1)° ]

for which n° = TE].-E{ s ) 0 1%

This approximate form corresponds to1an in-phase wrinkling.
It does not necessarily give the critical stress since the full
expression may have more than one minimum.

The critical stress computed from the full expression
is plotted as f, /L versus p for the range ofn of 0.1 to 20
at Figs L4 to 7 for values of_6g%1ﬂi = (1 - 02)L2/EC of
2.5 % 10“”, lo_u’ 2.5 x 10™%ana 1077 respectively.

For out of phase buckling we consider the odd part of w
i.e. Wylz sin 22F gin B and obtain directly:-

2 2
L5 £t = pé* + o/n

a
so that £ t = 2% p {1 4 1+Cbu lﬁg/@.g
gt T o Ti n

for which_(giy = E; + C_

&

= tEC y (35}
/3h(1 - o9 )17 3]&:%11

/This mOde @ a8 0 @

Hence fc

“
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This mode is short wave buckling or wrinkling and is shown
as the limiting lines on Figs L4 to 6.

These results for honeycomb filling are basically those
obtained by Hemp (ref. 2), who made use of the fact that for such
a material ZX and ZY are functions of x and y only (see equations
3 & L4), thereby being cnabled to integrate the equations of
equilibrium of the filling directly.

It will have becen noted that the displacements of a filling
of isotropic or seolotropic material contain hyperbolic functions
of z while those of a honeycomb filling do not. This indicates
that a disturbance initiated at the boundary of a large mass of
the former would be dissipated while that in a honeycomb material
would be transmitted indefinitely. However unreal the
latter may appear, the possibility of the elastic form considered
being a fair approximation to the truth is not precluded when
confined to plates of no great thickness.

/6- Smplified # e o0 a0 b2
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6. SIMPLIFIED MECHANISM OF LONG WAVE BUCKLING

The most important result so far obtained is that over a
great range of conditions the long wave buckling stress of flat
panels in compression is independent of the form of the filling:
of its elastic constants only the transverse shear modulus
is of concern., It will now be shown that the approximation
leading to the common formula for the critical stress is
equivalent to the replacement of the actual filling by an
ideslised form, allowing the development of eguations treating the
plate as a whole. This concept greatly facilitates the
handiing of problems where the use of double Fourier series
becomes unwieldy,

In the theory of thin plates it is usual to consider
the central surface as inextensible and that fibres initially
perpendicular to it remain so. This approach, which in
particular neglects shear deformation, results in the
equivalent plate theory when applied to sandwich plates.

If we denote by fe the failing stress according to the latter

theory of a simply supported panel in compression, we have
£ o« .;;:2E(2h A t)2

b ) 5 so that we can rewrite the formula
(I - o") D

fﬁ_iﬂ+1)2 2n
2 =

-
. = ags f_ = i
: (1 +n )* el

If we denote by Ps the shear stiffness, 2hL, of the filling
and by Bg = 2fet the strength of the panel according to
equivalent plate theory, then n :ﬁzuPs/Pe, so0 that parameter,n ,
is a measure of the shear stiffness in terms of the strength of
the plate as a whole and also of the accuracy of the equivalent
plate theory.

It is therefore natural to modify the equivalent plate
theory by some such device as assuming that the fibres initially
normal to the neutral surface remain straight but deflected by
the action of shear forces, necessarily assumed uniform across
the £illing., This lcads to the following formulae for the
displacements of the central surfaces of the faces:— ‘

0% L
. bz (36)
V = e 1 2 sk
(h * Et) ay =+ L
where the transverse displacement, w, and the filling shear
stress, 7, and Zy are assumed constant along any normal

/Hence e 8 58 B e B8 0



Hence, neglecting
we have:-

Rl -1 T Ul e

the stiffness of the faces themselves,

- "2 & oz 3% L
M, = = (2h + t Et + 1) Jlg Lol g o % lgﬁz +"ayx]
i —cr ox 3y P J‘
S S 2 02 o Z ) |
My, = = (2h + t)Et METCS o A % E o (37)
2(1 +0 XAy oy ax j
M. =~ (2h + t)Ef“ 14 Lw . Fwl h ,EEg aZE (
y (h zt g W e o *
1 wg” l 2x° oy 2X oF {
where ﬁ; y? M .» are the stress couples of the sandwich as a
whole.
For equilibrium:—_ o ;.
oM oM 1
e Xy
(2h + t)z_ = iy |
_ ol oM
and (2h + t)zy = Xy . X s
0X oV
- 2 \( aZ 0%
so that (VQ-' -1—-%)( X &4 _—X) L.(E._i_il VLI‘W
: b oX oy ¥ H
: (38)
' BZ a7z
and <1~cr’q __2)(_______31)= 0
2 Qv ¢xX ¢
Now for a plate in compression the condition for
equilibrium of the normal forces is:-
2 32 32
oft 25 = (2h + t) (-——l‘ % —-X) (39)
X gx oy
07 37
. i " b Y A
which on eliminating 5 * 5T ) gives
2
f(? : ﬁﬂazw . L 1)? gt (10)
b !ax2

21

If w = W sin®sin B then from equation (38) it
follows that °%x and

E

¥ =
Hence by equations (37)
edges X = 0,a and y = 0

boundary conditions for

azx are alsos proportioned to sin92551nm§¥

Mx = My = 0 as well as W = o at the

;b of the panel, satisfying the

8 simply supported panel.

Substituting for w in eguation (4O) gives

2
2 Lh« ZI.)2 (n2 + m2)
L 2u n (ﬁ2 + me +n}
that is £, = (p .+ 1)2 21 which result is the same as

b

(L +m )

L
(26) and demonstrates that the approximation leading to the

common formula for the long wave buckling stress is equivalent
to accepting the simple concept of shear deformation enunciated
earlier in this section.
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T LONG, FLAT PANEL WITH CLAMPED EDGES UNDER UNIFORM COMPRESSION

We will define clamping of the edges by the boundary
condition w = %g = 0 holding thoughout the thickness of the
plate. This ;mplies that the filling as well as the faces
is fully constrained, a condition not likely to be attained
in practice, but it is of interest to investigate the effect ¢’

maxXimum constraint,

Consider long wave buckling, for which the approach
cutlined in the previous section is suitshle.

2
Equation (LO) states:- 6? w—%) ﬁ—— TG ll»‘? W
b ax 2p,

Assume that w = W(y) sin L%E, which, when substituted into the
above equation, gives:—

L L
2&-—42(2-—~ )aw }‘b“l'l—,d(1+f‘§]=0

y

(41)
where g = __2,f
2
(b + 1)L

The failing stress will be least for the simplest wave-
form across the panel, so that W must be an even function of y,
if the edges are taken to be at y = + b/2. Therefore put

W = Ach %&X + B cus 2%1

b
The boundary conditions w = %g =0aty==2 b/2 reduce to:-

il

A chdy + B cos p

87
o |

oA sheé—~ g B singp

Hence

d tanhd + g tangg = 0 )
Al 2 !
and %252 =

A pCep) -]

since W satisfies equation (41)

7 Thede 1685 ivesens
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These last three equations are solved . nunerically by
flndlng the lesst value ofn corresponding to a given wvalue of
B It is found that the follow1ng expression fits the

numerical results within ~%*-

fo _ (ma1)® 3.491° (43
L B n2+ 3,687 + 3,671 = 1.3
alternately f,_ 7 3 £

no o Bl w w13 @ ©

where fe is the equivalent plate critical stress for the
clamped edge condition.

EQuations (4L2) bresk down when n, passes through unity
with the wavelength tending to zerc in a similar fashion to the
approximation in the simply supported case,

It will be noted that the critical stresses for both
cases tend to the common value of Eiﬁﬁi_ll asn = 1,
presumably due to the lessening influeﬁie of boundary
conditions with decreasing wavelength.

The correction factors to the equivalent plate stresses

fcr both cases are plotted at Fig. 8 and the buckling half
wavelengths are plstted against n at Fig. 9.

L B BIoply sisess
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8. SIMPLY SUPPORTED CURVED PLATES UNDER UNIFORM COMPRESSION

In the first instance we shall regard the problem of
curved plates under long wave buckling as an extension of

that of flat plates as treated in section 5. We will assume
that w and & can be expanded in powers of h/R, viz:-
*® 2 ;R
= hw h~w™
"Jllr—‘u"lfo-l-i-—.-i,----2 B
R
58 2, FE8
6 = 60 + 25 + & 62 +
R R

%x

where Wi WF, W may be expected to be of the same order.

Clearly w0,6 - will be the displacements of hypothetical flat
plate of the same dimensions constrained to buckle with the
same wavelengths (i.e. the same m and n) and are therefore
known functions,

Substitute these expansions for w and § into the
equilibrium equations (8), (10), (15) and (19) and neglect
second order terms, In effect all terms in 1/R2 other than
the term Etw /(1 “crz)R arising in equatlon (19) arec ignored.
It should be noted that such terms as Fhw' /R that arise are
small since Fh is small compared to Et, while all derivativece
are small.

Now since W andéio are a solution to the equations

obtained when the terms in % are ignored, the equations of

equilibrium of the filling (8 and 10) on the substitution
of the expansions, reduce to

ol 2 z
2 9 p:] 2 oW . . )
(a7 + T )™+ (r 4 1) 92 - P10 Yor o) (L)
ﬁ }
(F + L)iaa v 119 + c———-) = F, (uo, Vo1 Vo (45)

o

where F,, F, are known functions of z independent of w* and §

-
Put v = Wl + W2 + W5

8 wb. ab. ud

1 2 3

where Wy and 6 1 form the particular solution of ecquations L4 and
45 and Wy and w3 are the odd and even parts of the

complementary solution; & 5 and 83 correspong to w, and w

_ 2 3
and are even and odd functions of z respectively.
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First suppose that LS is an even function of z and
therefore § o 8n odd function. From equations 8 & 10 it
will be seen that Fq and F, are even and odd respectively,
so that Wq anﬁ.&l are odd and even respectively, the opposite

of WO and & "

In & similar fashion equation (15) for the equilibrium
of the faces reduces to:~

(92 + 359%)w® - (292 -0 &)o™ = 7y (u,0 v, %) (16)

where FB is an odd function of z, and the top and bottom signs
refer to the faces z = %h

Adding the two forms of this equation corresponding teo
the two faces together we obtain:-~

(wo? + %‘c‘?“)w3 - (92 "RE%)% i

Now W, andd o are also a solution of this equation and in
addition W9 d " and w,, & , are both complementary solutions
of egquations (44) and (45) and both W, and wy are even
functions and.&o and 63 odd functions, §Since both pairs of
functions only contain two constants of integration apiece,
they must therefore be identical except for a common factor.

Hence the addition of hwé to Wo makes no difference to the

R
solution and we may put w, = 8§

5 = = 0y

3

Consider the equation of equilibrium (19) for the
normal forces acting on the faces, Since Wys &, are a
solution to the left hand side of this equation taken alone,
when £ = f, the failing stress of the hypothetical flat
plate, this equation now reduces to

2
- w 2 @ .

(f - fo)t —2+ 2 Eft 370 L Dt 1L (ﬁew*Jf 90 ):t oL . Faﬂ
0X

0z ¢z
Etw

e o 0
= FLL(._U.O’ Vos WO) '_""(1 _‘"0" E)Ré : (Ll.?)

wWhere Fh is an odd function of z.
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As we have shown W~ to be an odd function of 2z andd -
an even function, on adding the two forms of the last

eqguation oorrespondlng to the faces, we obtain:-
3 w Ew
(f-»f) - 5
(1 -6°)R

bl ( n) 62 (18)

(n +1n+n)

where p = 2b /ﬂ R(2h + 1)

Hity
P
=

For a penel m = 1, and ﬁ2 has the nearest value to

n+(n + 1);_ +?’1/nln-£(n + I)P%L provided .>%[1 /1 . lap’2]
B o~ N Y

forn less than this value f has no minimum, so that the

approximation fails. ‘The ratio of this stress to that of

the corresponding flat panel is plotted at FPig. 1ll.

The odd functions wq and W, are not zero; they are
determined by the two equations that are obtained by
subtracting the forms of equations (L6) and (L7)
corresponding to opposite faces from one another. Hence
for curved plates truein phase buckling does not occur,

It has already been observed that in deriving
equation (45) for the equilibrium cf filling a term of
order m% has been ignored, which may in fact be of

consequence if the wave length and radius are of the same

order., The presence of such a term would meake F2 in equation(uf
no longer an odd function and invalidate the argument.
Nevertheless, let us extend our results ts covcr a complete
cylinder.,

For the complete cylinder b =xR and m can take the
value zero in equation (48), so:-

o mr 2 ) _

L4 % n

:.(.- EM) }ﬁ2+n +n§12( (1-1-9)
L

where A° has nearest value topmn/(n=p)

Bty

1 - 0'2)LR2
" Bt

= PR/(2h + %)

and now n = (
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For a long cylinder this may be written:-

£ .
c bt
=711 +p = s } (50)
where 1 = D 2 > %
(1 -¢°)L

provided 7 < 1. This result is plotﬁed at Rig. 12,

It can be shown that the buckling half wavelength is
approximately =(1l - <)Rh, which for normal dimensions will be
small compared to the radius but sufficiently large compared to
the thickness not to invalidate the equations, It therefore
seems probable that the expression for the critical stress is
valid provided ¢ is not too large, but as a check the same
result will be obtained by a different method.

At section 6, equations were derived for treating the
flat panel as a whole; these will now be extended for curved
panels. It will be assumed that equations (37) for the stress
couples still hold; this can only be true for symmetrical
buckling of a cylinder where the displacement v is zero.
Allowances must be made for the effect of the circumferential
stresses due to curvature on the normal forces, Since we
are dealing with the whole plate we must add the stresses
of the two faces together, and these cancel except those due
to the y-wise strain w/R arising from the expansion of the
‘cylinder, Hence equation (39) is modified to:=

7. ¢ Z 37
3w 2Etw . X
oft<—5 + —>5 = (2h + t)(;—— g)

o+
x° {1 -¢°)R g -8
o2 g2 5° g N 1l 1) %el :
S0 that v b ﬂ% i > 4 5 5 ) e .,_.4,{.4-...2_.....,_...‘\-'? W ;\51:’.
b 00X (1 -c°)R !' B

Putting w = Wsin EEE sinQEX gives the previous expression
3
2
£_ (e + %)2 gﬁg + m°) . g é
2. RS & m° +M K j

so that we arrive at the same formulae for the critical
stresses for a panel and for a cylinder, by either method
despite the fact they form weaker approximations at opposite
ends of the range of curvatures considered,

/ACYlindCr‘ L I B



A formal solution of the problem of a cylinder in pure
bending will now be given.

The stress at failure will not be uniform round the
cylinder but proportional to cos(y/R), so that eguation (51)
requires to be modified as follows:~-

2 ' 2
(":?2 = 3‘2)(5' cos % 52 % E. ) W o= Lgﬁ—&}—)——‘@& W

3% (X ~-G'£)R2

where fm is the value of f given by equation (51) for a,
- Equating coefficients of 305%53.’ to zero gives:=

%f'(ﬁz + 1 + ‘«'1}%’1 - fo(flz + 11\)-WO —

- o I\ 7l
%f{??{n2+ ”) g <n2+ iy n\wf" f0(n2+ ; +n\tW1 e
‘ ;R J
%f£(--2+ m-12 +qu Wo.q + {"ﬁ2+ m+12 +-ﬂ)‘ﬂfm+15'
-2 L Y
- fm(n Gt ﬂ}wm = 0

For m » 2

By neglecting harmonics of order greater than k the
stress is given by the discriminant:-

-1/f b, 0O . & s, B O i
8.1 "‘1/f b-l O a . . . O O
O 8-2 _‘1/f .hz [ % £l 0 0 .
0 0 0 0 o« o o» By LA

p 8° (82 4 md° +7)

where a_ = [ ' 2 2“ :
" L{n + 1)2‘{1(112'? m2) + 'ﬁ'(nz+ m2+ﬂ )j
- p 82 (52 4 miZ 4 m)
m 5

ol
~—
=

= o
< 1)2{(62+ n12) + im(ﬁd.p m2 +1 )}



Since pz/% == Bt/Lh == 100, say, it is clear that
m has to be at least 20 before the coefficients 89 b
decrease appreciably, so that it will be necessary to
solve a high order discriminant for f in order to attain
any accuracy. In addition it will be necessary to
determine the value of 1 to give the least stress by trial

and error,. The method therefore is somewhat impracticable,

m

L L S
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SIMPLY SUPPORTED FLAT PANEL UNDER AN UNIFORM_ SHEAR LOAD

Short Panels

For short panels in shear energy methods will be used
employing the approximations developed in section 6,

Putting w =V sinmg}i—JE sin®X  we have from equations (38)
o

-2 2 ;
_2h + t >_.[ n- + m nr n X ms
ZX o= 7h L t_g ] - g W ]_‘COS-—é— Sin—gg

AT
-2 2 N
2h + © SRR m n=x mry
b, = L™~ s . el W sin——= (0g==t
y A T et ™ b j

Clearly the boundary conditions are met for edges at
X= 0, A and y =40, b

From equations (36) therefore:-

/

) w—d BW -
g 1 3 mr ngux . HI
u = E-L(h i 21;)‘2___-_--2--——2 cos—z= s:tn—g
0+ m®+ 7
. nwy
T o= m(h + jé»t)\ __I;'lr_l__ sin-l:l—q?-:- COSm"FM:lt
b Z15% ms m &

Neglecting the contribution from the bending of the faces,
the strain energy of the panel is:-

2
2 2) 2
ab; EG_ :‘;4 (h + %t)2n2 Loe my Han
” ~ e
\1 -0 b 2+ 111‘2-:-71)2

/ The WoTrk s.sseses
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The work done by the shear force 29t on buckling is:-

'b .
aw aw
2gt f} = © "} dxdy

- W
16q€§$ :zé; e m_ pq
(m°= pE)Ng%= n®)

1

(m~p)&(n—=Q)
both odd

2
-2 i 2
(n +nr1)1.f’1.fmn

Hence g _ 7,-,2 a (u+ 1)2 n2+m?+n
5T 3z8 * b * 0 e nmpg W W
Z_ mnpqz
£ £ (w"- p°)(a°= n°)

The critical stress is that value of g which makes
the following system of equations compatible;-

S mnpq(_12+ o n ) W
p,a 5 = AW, for all m, n
(m°~ p°)(q°~ AY(H +m>

(52)

2 2
1 5°a (o + 1)
w = = .
here A = o T
If we order -the double sequence of terms Wmn in some
manner so that 1t can be represented by a single segquence
ILi = W . then the last eguation can be written as

<0
g - . }’)n- = ] . . . 1 Lt il
j:= . 8% ks 9\{11 i =1 toge

An approximate answer fork is obtained by considering
a system of equations of the form:-

K
= agedfly =AML, 1 =1%ok

This is tantamount tg ignoring all 8449 iy kwith jgk, and
assuming that N\ and i, 1 = 1 to k, found from the last
equation together with-ﬂi O, iv»k, is a reasonsble
approximation. This is unlikely to be the case if any
aij’ i»k,; J€ k are not small though the condition for them
to be small is sufficient rather than necessary. When

p=m+1, g =n+ 1 the coefficients of equation (52), on

11
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# 2
1o

dividing through by mn , are approximately %? ; (ﬁ2+';2) 5
for m and n not small, As m and n increase together this
quantity will not be small when (32+ m2) is of the order of 7
Therefore an accurate solution cannot be expected unless 7

1s reasonably large: the minimum value of nwill depend on

the ratio a/b, for as this departs from one more equations
have to be considered since T moves more slowly as n increases.

For a = b it is suggested that n should be greater than 10.

The equations (52) split into two systems, for since
(m - p)&(a - n) are both odd numbers, (p + q) is odd or even
whenever (m + n) is odd or even, so that terms Wij with
(1 + j) both even and odd do not occur in the same equations.
The system with (m + n) even may be expected to give the
least value of Ay o since it contains terms corresponding
to the longest wave length.

If terms involving suffices m and n greater than
three are ignored, the characteristic determinant of (52)
reduces to:-

L
2 0 0 0
L N R
9 Coo 5 L %5
0 b b 0 0
0 - % 0 -525- 0
31
0 %—% 0 0 52\—
33
i.o. X2 = 160,,0C11  C13 Cx = 8IC
A 221( + 752 4 pE + g
where C . = Rsa e
(52, m2)2
L(b/a)?s I 4+ m 1354 _ .. goge . ... 2035

= 506251 +(b/2)%] % 11 +(b/a)® 1 + 9(b/a)® 9 + (b/a)?

706 S 2025 2025 2’!(
| (1 +(b/8a) ) (1 + 9(§/a) ) (9 +(b/2) ) ;[

=

+ T

P e,

L Herice. ROP covuscnsens



Hence for a square platej-

EP, » L,72(u +1)2 (5
b I-LJ(T'! + 8)(n +5.19) '

and for a plate with dimensions in the ration 5 : L

b _ 392 (o 13
e pAn + 6.56)(n + 4.07)

These results exXpressed as correction factors to the
equivalent plate stress, i.e. ﬂ//(ﬂ + 8)(n + 5.19) and
/'ﬂ + 6.56)(n + L.07) are plotted at Fig. 13.

(b) Leng Panels

A solution is possible by a method analogous to that
used in section 7 for the panel in compression with clamped edg

The counterpart to equation (L40) is:-

Lip. + 1) ll-
2q(‘\? ”Jl)axay N
Put w = sin F(\x +J\Y){A0h py + A'sh :‘%g'y) i
+ €08 b(}\x +J\Y){33h By + B'ch %B}’}
+ sin ﬂ(}\x +°L y){Cch %_B‘y + C'sh %B'y}
+ cos ~(hx +‘}ly (Dsh Zg'y + D'ch EB‘Y}
b b b
whered * i B md ' i@ are the roots of v in
o ol s B« A% )y xhE = B (5¢

where @ = 2ua/L( s + 1)2

32w

Take the boundary conditions to be w = = 0 at
, 5%°
¥ = & b/2., It is easily shown that either the primed or the ur

primed constants of integration are zero. The two alternative
solutions are the same except for a shift in the origin of x
by a quarter wave length.

/The Houndary .. csesss



LU DLWUIGaly COIUL UL IIOwW I'Cducc Log =

2 g = 2 1 TG Ta,
sec -Z-'bh-z-[% . sec.ﬁzic_'» th X g! » tanz - tan <-
ity LB e ) Rt s B o 2 sl
afil+tan ._é_th Z B y 2a'B'({l+tan _é_ th - (3) s Iy =y + 2aBtan.2._th;2,;3
-20,! B! ta.rﬂg*.tl'ﬂ.‘ﬁ'«%
2 2
(«rg sec” 5 th £ p (v' Zsec? 5 thzp' (thanzl‘& - ' 2tan?na
2
+2ceﬁta:ﬁ';_¢_°th21£. ;3) ¢ +2c.'[3'tan£29:' thit B') s —2&8th%{3+2a‘[3'th?é‘..ﬁ‘)
2
= 0 {57
where Y2 = c.2 - [32, ‘y"2 = a‘z - l3'2
From equation (56) we have
a + a.‘:ﬁ;'m. (58)
a2+a'2+ﬁ2+§‘2+qﬂ.a' = 2?«2. (59)
&(&'2 + 8'2) + o' (&2 + 62) = ﬁ}\(}? + M) (60)
2 :
@+ 8% @24 p %) = N (61)

The equations could be tackled in the following manner.
For a given value of g a set of curves can be plotted of g
versus B! for different o by means of equations (57) and (58).
A second set of such curves can be plotted by means of
equations (58), (59) and (61). The intersection of
corresponding curves gives &a pairp , p' for everya : these can
be converted to a pair A,n for everya by means of equations
(58), (59) and (60). Repeating the process for several values
of #Aa set of curves of Aversus m for different g A is obtained
this can be converted to a set of curves of @ versus N
for different m giving the critical stress for values of 7

As the computations involved are longer than can be
readily undertaken, resort is made to an approximation analogou
to that used by Timoshenko (ref. 3) for the long, homogeneous
plate, Assume therefore that

W =W sin -%3-7 sin .'E‘- (nx - my) where n, m are not

necessarily integers.
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This assumes that the troughs of the buckling wave form are

straight, which is well known not to be so, as is also obvious

from equation (55). Furthermore, the conditions of simple
support are imperfectly satisfied.

We now proceed as with the short panel and choose m and

n to give the least stress. Instead of integrating

over the whole panel for the strain energy and work,
integrate over the parallelogram nx - my = 0, b; ¥y = O,b,
and we¢ obtain respectively:-

ﬁfﬁé (ieal®) e T m2)2+ (57 172 m2)2 l
4 o i 0%+ T % mo+n woe T m2+ﬂ i
and Qmﬂzqt
D el &
hence g _ (B + 1) (n « L 3 m ) (n“+ 1 - m)
E B n2+ 1+ m2+n n2+ 1l - m2+ﬂ

To find m, n to make q least, put n = 1/r and m = s/r
and differentiate giving:-

2
2(r + 8)(1 + FTB2) R 82)(P T B anp)
2 QB S2+T]P2 (1 + F + 82 +1]r2)2

oD NG
+ 2(r - gl aFas") (1 4P 28} (FOF +ny)

14 TR e (1w T8 sup°) & !
and la(r + sl 4+ P % X L 28(r + )(1l + T 1 B + s ) L 4+ ¥ 3 52)
1+ FT 8% r° (1 + T 7 8°4mr £ye 1+ FTEo4nT
2
~  Ls(r - s)(1 + F":“EQ) ; 2s8(r - 8)(1 + f-:'EQJ gl EMZHE?)-*O
1+ F“:“32+'nr (L « ¥ = 52+‘nr2)2 i E'TTE§¥W2#

Approximate by expanding the latter pair cf expressions

2

(r2~ g% l)(r2+ 5%+ 1) = 6

in terms of 1/m and neglectiqg second and higher order terms:-

L
nr?

2
(6172 4 36 & 2) = (L #°)
2

8°(3 + 18r°4 932+ 15ru+ u5r 54 58”) - (lL+r )

/ For Yery 1arge di.e-s-ue

3
- 3r2(1 + 68°4 5Su)"2(1 :x 32) {

i

o



For n very large we find r = /3/2 and s =/1/2
and as a second approximation we obtain:-

63

T3

Hence: -
2
3o 2,850+ 1)° 0.933(1 - 209 01535)
x SERUE e v
% M n2

| 2
2.2h 5.96

) - 2.49 , 0.882
m n 2

l.8. @ 2
Tc_‘ﬁ,‘?.‘i’ﬁ({.l . 1] 1

e ~ 24208 (62)

2

=¥

To give the correct stress for very large n the constant
in the sbove equation should be 2.69 instead cf 2.83: this
discrepancy is the same as that found for the homogeneous panel
in ref. 3 and is due to the initial assumptiens. It is
likely that the other numerical constants in equation (62) will
have the same order error.

As m decreases the buckling wave length shortens as in
the other cases; also the angle the trough in the wave form
makes with the sides sharpens slightly.

At FPig. 13 are plotted the correction factors to the
equivalent plate stresses for the three panels for which
formulae have been derived. i

If a parabolic interpolation of the form Kl-(K1~ Kz){g)z

a
ls made between the curves in Fig. 13 for the square and the
long panel, a good fit is obtained for the curve for a : b = 5 :
which suggests that such interpolatiens may give reasonable
results for all values of a : b.
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