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Abstract

Once the requirements for a new aircraft have been defined, the Conceptual
design phase is launched. During this phase one or more designers have the goal of
defining and investigating a number of alternative solutions. Through discussion with
industry it has become apparent that optimisation tools are seldom used, even though
these could greatly enhance the work of the designers.

The objective of the work carried forward has been of identifying, comparing and
where necessary improving the most suitable techniques, as well as schemes for their
integration, in order to perform effectively Multidisciplinary Design and Optimisation
(MDO) in the Conceptual phase of the aircraft design. The techniques that have been
investigated include: multi-objective optimisation algorithms, MDO algorithms for
treating non-hierarchically decomposable systems and Automatic Differentiation
(AD).

As a result an algorithm for performing multiobjective MDO has been developed.
Given a complete model for a complex non-hierarchically decomposable system and
given a number of objectives and constraints, the algorithm is capable of determining
a set of well distributed solutions, representative of both local and global Pareto
frontiers.

A number of test cases have been used for evaluating the alternative
methodologies and the proposed algorithm. These include a set of complex algebraic
test cases typically used for evaluating global optimisation algorithms and a simplified
aircraft conceptual design model, which was provided by industry.

The results demonstrate the unique capability of the algorithm of determining
well distributed solutions on the global and local Pareto frontiers for global
multiobjective continuous nonlinear constrained optimisation problems. The results
also show this capability when the algorithm is applied to non-hierarchically
decomposable systems, as typically encountered when performing MDO. Further
work could extend the approach in order to handle mixed discrete/continuous

variables.
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1 Introduction

Historically the development of a new aircraft follows three subsequent design
phases: the conceptual, the preliminary and the detailed design phase. With each
successive phase an increased level of detail is considered. At the conceptual design
phase the main configuration of the aircraft is defined. The preliminary design phase
allows a first subdivision of the aircraft in its main components, for each of which a
preliminary design is conducted. At the detailed design phase a final decomposition of
all the main components is carried out. At the end of this phase the aircraft will be
ready for manufacturing. Unfortunately the design process is usually not such a
straightforward process. Because of the inconsistencies between the different levels of
detail of the various design phases, several iterations are frequently required before
the final design is obtained.

The current research focuses on the first phase, the conceptual design phase.
During this phase the designers have the possibility of investigating alternative
solutions, some of which can greatly differ one from another. The basic layout of the
aircraft is still to be defined, thus the basic geometric characteristics as wing span,
wing area and many other are still to be determined. Since none of this information is
available it is obvious that no high granularity tools such as CAD or CAE software
tools can be of use. Such tools, in fact, require a detailed description of the
geometrical characteristics of the aircraft to be known and can only be used in later
phases of the design. Therefore, for investigating possible solutions, the designers
have to rely on simple physical and empirical equations which allow an approximate
evaluation of the behaviour of the aircraft being studied. For the development of a

complex system such as an aircraft the number of equations considered is in the order

of hundreds.

1.1 Conceptual design in industry

Thanks to some work performed in partnership with a major airframe
manufacturer, in the context of the European project VIVACE, it was possible to have

an insight into how the Conceptual design process is performed within industry.



The goal of the designers is that of developing an aircraft capable of satisfying a
set of predefined requirements. These will comprise the details of the mission for
which the aircraft is to be designed, as well as all those regulations such as the Federal
Aviation Regulations (FAR) and Joint Aviation Regulations (JAR) to which all
aircraft have to comply.

All the equations modelling the various characteristics of an aircraft are coded in
some programming language. According to the mission and some characteristics of
the aircraft to be investigated the appropriate models are selected. These are then
assembled by the designer with the aid of appropriate software tools. As a result a
complete model for simulating the behaviour of the aircraft is generated. The model
obtained will be controlled by means of its input variables.

According to the particular configuration that the designer wishes to analyse, the
values of the input variables are set and the complete model is executed. By analysing
the results obtained the designer can decide if and how to modify these, eventually
reexecuting the model. This iterative process is repeated until a satisfactory solution is
obtained. Following this approach, it is clear that the experience of the designer
becomes crucial for obtaining a satisfactory solution.

For developing a competitive aircraft the aim of the designers will not only be
that of developing one capable of satisfying the requirements, but also that of
developing an optimal aircraft with respect to some chosen criteria. The main problem
is that at this initial phase of the design the models used are not sufficiently exhaustive
for providing all the information required for selecting a particular configuration.
Then, additional considerations based on the experience of the designers as well as
further, higher level, investigations of specific solutions might be required. This is
particularly true when the configurations investigated differ significantly from
conventional ones, for which a great amount of empirical data is available.

Through discussion with industry it has become apparent that optimisation tools
are seldom used, even though they could greatly enhance the work of the designers.
The job of the designer, in fact, corresponds to solving an optimisation problem,
where the requirements coincide with the constraints and the objectives coincide with

minimising or maximising a number of criteria. The difficulties reported in using



these numerical tools are mainly related with their limitations as instruments for
investigating the design space.

Ideally the designer would require a tool capable of allowing him/her to gain an
insight into the possible alternative solutions and their characteristics, rather than one

generating a unique solution automatically.

1.2 Multiobjective-Multidisciplinary Design and Optimisation

at the conceptual design phase, problem outline

Multidisciplinary design and optimisation (MDO) is the process of optimising a
complex system, taking into account concurrently all the contributing disciplines
through which it is possible to model its global behaviour. Such disciplines will be
referred to as Contributing Analysis (CA).

In most of the problems to which MDO is applied, the considered complex
systems contain internally coupled disciplines. In such a case the complex system is
said to be non-hierarchically decomposable. MDO can be viewed as the superposition
of two problems: the handling of the CAs, in order to obtain consistent data and the
optimisation of the system as a whole.

Furthermore, an additional problem must be considered. The aim of the designer
is that of obtaining an optimal solution with respect to a number of criteria. When
multiple conflicting criteria are present no single optimal solution exists, but rather
infinity of alternative solutions satisfying different tradeoffs. It is important then to
identify representative solutions that will allow the designer to gain an insight into all
the possible alternatives, this to allow him/her to perform an informed final decision.

In order to do this, multiobjective optimisation methods can be a valuable tool.

1.3 Hierarchically and Non-Hierarchically decomposable

systems

When performing conceptual design, the first task that the designer will have to
perform, is selecting the CAs to be used for simulating the behaviour of the system.
Each CA will simulate a particular engineering discipline, a physical part of the

system or a non-engineering discipline. Some examples of these, for aircraft, are



respectively: the aerodynamic behaviour, the seating distribution of the passengers in
the fuselage and the life cycle economic model. From a computational point of view
each of the CAs corresponds to a program or a piece of code, each of which has a set
of input and a set of output variables. The ensemble of all such variables coincides
with the variables of the complex system.

In a complex system, such as an aircraft, the various CAs mutually interact. The
interaction results in an exchange of information among the CAs. Hence, for
analysing a particular system the CAs have to be organised and executed in a
sequence satisfying such interactions.

The way in which the CAs are organised is not only dependent on the input and
output variables of each CA, but also according to the set of variables that the
designer wishes to use as input to the whole complex system. Such variables will
obviously have to be selected by the designer among the ensemble of the variables
belonging to the CAs.

When organizing the CAs two cases can occur: the CAs can be ordered
hierarchically or the CAs can not be ordered hierarchically (AIAA Technical
Committee on Multidisciplinary Design Optimization, 1991). While in the first case it
is possible to execute the CAs in a sequence, in the second the CAs are not all
sequentially connected and internal coupling between the CAs are present. In these
two cases the complex system is said to be respectively: hierarchically decomposable
and non-hierarchically decomposable.

In aircraft conceptual design the number of CAs required for modelling the
complete system is in the order of the hundreds. Furthermore in a complex system
such as an aircraft many interactions exist among the CAs, this frequently resulting in
internal couplings among some of the CAs. When the complex system is non-
hierarchically decomposable, an adequate strategy for dealing with the internal
coupling has to be applied. This is the case when the values of the input variables to
the system are set by the designer, as well as when the values are given automatically
by an optimisation algorithm. In this latter case, as will be discussed in the following

chapter, the application of appropriate techniques is fundamental.



1.4 Multiobjective optimisation and the Pareto frontier

At the conceptual design phase the aim of the designer will not be that of simply
developing an aircraft capable of satisfying a set of requirements; his/her aim will be
that of designing the best aircraft possible. The concept of “best” is obviously a
relative concept. When comparing different solutions, one can be considered better
than another one only with respect to a specific comparison criterion or objective. As
an example, in aircraft conceptual design a typical objective is that of minimising the
takeoff weight of the aircraft.

In optimisation terms the best solution for a particular set of requirements and a
particular criterion is said to be an optimal solution. In fact, conceptual design can be
seen as an optimisation problem where the requirements coincide with a set of
constraints to be satisfied and the objective will be a criterion chosen by the designer.

In real engineering design the number of criteria is usually greater than one. For
instance, when designing an aircraft the designer might wish to minimise the fuel
capacity, while maximising the range of the aircraft and minimising the life-cycle
cost. Such problems are known as multiobjective or multi criteria optimisation
problems (Miettinen, 1999). The distinction between single objective optimisation and
the multiobjective optimisation is a result of conflicting criteria. To give a better
description of this concept let us consider an optimisation problem where the
objective is that of minimising a set of parameters. It is possible that minimising
separately different objectives will yield different solutions. In such case minimising
one objective doesn’t correspond to minimising another one. In fact, in general the
solution of a multiobjective optimisation problem is non unique, but an infinite
number of solutions exist, each satisfying a different compromise between the
objectives.

When performing multiobjective optimisation the common approach is that of
defining a set of preferences for each criterion, such preference representing a
particular tradeoff or compromise between the criteria. The optimisation problem is
then formulated in such a way to integrate the preferences. The methods making use
of this approach are frequently referred to as a priori articulation of preferences

methods (Marler and Arora, 2004) (Figure 1). The application of such methods



presents two main problems: the first is due to the difficulty in defining the
preferences by the designer, given an initial lack of knowledge, and secondly the

difficulty in formulating correctly the preferences within the optimisation problem.

User defined System Optimisation
preferences

>
Solution
evaluation
Criterion Space
fz A

Pareto

1 ' Optimum Solution

Figure 1: Example of process scheme for a priori articulation of preferences methods.

An alternative possibility is that of the Generate First — Choose Later (GFCL)
methods (Balling, 2000), or a posteriori articulation of preferences methods (Marler
and Arora, 2004) (Figure 2), in which a set of solutions are generated, each satisfying
a particular combination of preferences or tradeoffs. It is then up to the designer to
perform his/her choice. Given the difficulties in defining effectively the preferences
the a posteriori articulation of preferences approach seems more appealing for the
scope of the present work. This considering that in the context of conceptual design
calculation time for the analysis of a design point is of several orders of magnitude
faster than in more detailed design phases. Therefore performing a significant number
of analyses, as required by GFCL methods, becomes acceptable.

As previously mentioned, the solution of the multiobjective optimisation problem
is not unique. It is then natural to exclude from consideration any design solution
which can be improved without deterioration of any objective and violation of the
constraints; in multiobjective optimisation terms, a solution which is dominated. This
leads to the Pareto optimal solutions (Miettinen, 1999). Mathematically, each Pareto
point is a solution of the multiobjective optimisation problem. In practice, however,

the designer would select the ultimate solution among the Pareto set on the basis of



additional (often subjective) requirements. It follows then that the quality of the
decisions depends, on the availability of a sufficient number of well-distributed Pareto
points ensuring good representation of the entire Pareto surface. Considering the size
and complexity of industrial multiobjective optimisation problems such as in aircraft
conceptual design, it also follows that the effectiveness of the optimisation methods

used for tradeoff analysis is of great importance.

User defined System Optimisation

preferences
> /

Offline
Browsing

Criterion Space

Pareto
Optimum Solutions

Figure 2: Example of process scheme for a posteriori articulation of preferences methods.

1.5 Research Aims and Objectives

When looking at conceptual design from an optimisation point of view, the
problem to be solved corresponds to a multiobjective multidisciplinary constraint
optimisation problem, the solution of which is not unique. Furthermore, when
performing an optimisation of a non-hierarchically decomposable system the
additional problem of solving the coupled system has to be taken care of.

In this context the aim of the presented work is that of tackling the problem of
performing multiobjective MDO at the conceptual design phase, allowing an effective
investigation of the design space. In fact, rather than substituting the designer, it is of
interest to view how optimisation tools could be used to assist the designer. For this
reason, it is considered that the optimisation should be applied to investigate the
design space in the proximity of a particular reference configuration of interest.

The objective of the work is to identify, compare and where necessary improve

the most suitable techniques, as well as schemes for their integration, in order to



perform effectively Multidisciplinary Design and Optimisation (MDO) in the
Conceptual phase of the aircraft design.

In the following chapter (Chapter 2) a literature review on relevant MDO
algorithms and multiobjective optimisation methods is presented. The techniques that
have been investigated include: multi-objective optimisation algorithms, MDO
algorithms for treating non-hierarchically decomposable systems and Automatic
Differentiation (AD). In Chapter 3 an in depth analysis of the multiobjective
optimisation algorithms considered of interest is presented. Through the analysis some
areas of potential improvement are identified. To solve them three novel methods are
proposed. In Chapter 4 considerations on the integration of the multiobjective
optimisation algorithms considered with MDO algorithms, together with
considerations on the application of automatic differentiation (AD), are discussed. In
Chapter 5 a novel algorithm for global multiobjective multidisciplinary constrained
optimisation of complex systems is presented, together with some details on its
implementation. In Chapter 6 the results for a set of optimisation problems are given,
including the results for an aircraft conceptual design optimisation problem. Finally in
Chapter 7 a summary of the research work undertaken is given and the final

conclusions are drawn.



2 Literature Review

For identifying the most suitable numerical methods, for application to the
conceptual design phase, it is necessary to define the characteristics of the problem to
be solved. Through discussion with industry, the following assumptions were made

with respect to the conceptual design phase from an optimisation point of view:

e Multiobjective
In conceptual design the designer is interested in investigating solutions
which are optimal with respect to a number of criteria. The optimisation

problem to be solved is then said to be a multiobjective optimisation problem.

e Constraint
When designing an aircraft a number of requirements have to be satisfied,
such requirements can be stated by imposing that one or more variables are

required to be smaller or greater than a particular value.

e Multidisciplinary
Aircraft conceptual design is inherently multidisciplinary, thus resulting
in the possibility of having to deal with internal couplings between the

disciplines.

¢ Global and local optimum solutions
When performing optimisation the aim is that of obtaining a solution
which minimises or maximises one or more objectives. In real life
optimisation problems it is possible that multiple solutions exist. All such
solutions are referred to as local optima, local with respect to a particular
region of the design space. The global solution is the best, with respect to the
objectives, among all such solutions. When performing optimisation this must

be kept into account.



e Continuous design variables
It is considered that the optimisation should be applied to investigate the
design space in the proximity of a particular reference configuration of interest
to the designer. Thus in this research all the integer variables, as number of
engines or number of passenger seats, are considered to be initially fixed by

the designer.

e Generally continuous functions
Because of the nature of the functions used for modelling the aircraft at
the conceptual design phase, the functions are considered to be predominantly

continuous, thus generally differentiable at least to the first order.

For understanding the difficulties in solving such a problem it is necessary to
investigate the existing techniques for MDO and those for multiobjective
optimisation. In the following sections a number of concepts will be introduced, after
which, a review of the existing techniques for handling the optimisation of complex
systems is presented. Following this, existing methods for multiobjective optimisation
problem are reviewed. Finally a description of automatic differentiation AD will be

given.

2.1 Definitions and problem formulation

Before entering into the details of the problem of multiobjective multidisciplinary

optimisation, the following concepts have to be defined:

Design variables vector

X = (X, X%,,...,Xy )" is the vector of the N design variables. The design variables

correspond to the independent variables of the problem.
Design space

X e R" is the design space of design vector x, thus x € X . The design space X

is defined by setting the ranges of variation of each of the design variables by means

10



of the lower bound vector X, =(X_,X_,»Xy) and the upper bounds

Xy = (X 1> Xyasees Xon )| » thus X1 X, <X <X, fori=1..,N.

Objective variables vector

Y=Y, Y,ss Yy )" is the vector of the M objective variables to be optimised,
where y =F(x). According to the optimisation problem to be solved, each of the
objectives Yy, can be minimised or maximised. Without loss of generality, in this

chapter only the minimisation case will be considered. In fact, in case an objective

y, = F(x) was to be maximised it would be sufficient to substitute Yy, = F (x) with

¥ =-FR(x).

Criterion space
Y eR™ is the criterion or objective space of vector y, thus yeY. Being

y =F(x) then X is said to be mapped by F onto Y .

Multiobjective optimisation problem

The general formulation of the multiobjective optimisation problem is the

following:
min F(x)
subject to K inequality constraints: g, (x) <0, k=12,..,K (1)
and P equality constraints: h,(x)=0, p=L2,.,P

where each of the M objective variables y, =F,(x) is to be minimised while

satisfying the K inequality constraints and the P equality constraints.

11



Feasible point
A vector x is said to be feasible, with respect to the optimisation problem (1), if
and only if x satisfies the K inequality constraints and the P equality constraints of

problem (1).

Feasible design space
X" eR" is the feasible design space, where each vector x € X satisfies the K

equality constraints and the P inequality constraints of problem (1).

Feasible criterion space

Y"eRM is the feasible criterion or object space, where each vector yeY’ is

such that y =F(x) where x € X".

2.2 Optimisation of non-hierarchically = decomposable

systems

A complex system can be described as a physical object whose behaviour is
determined through a number of contributing analyses (CAs). CAs can be also
described as the tractable problems in which the complex system is decomposed. CAs
are usually associated with particular engineering disciplines or particular physical
parts of a system, but could also not be strictly related to engineering disciplines.

According to the complex system to be analysed, its decomposition can lead to
two main different cases: a hierarchical decomposition and a non-hierarchical
decomposition (AIAA Technical Committee on Multidisciplinary Design
Optimization, 1991). These two cases are depicted in Figure 3.

When a hierarchical decomposition is attainable (Figure 3a) all the disciplines are
sequentially connected. Thus, given a set of parameters defining one particular
system, all the data required by each CA is available from the previously executed
ones. Consequently no possibility of inconsistency is present. In case of a non-
hierarchical decomposition (Figure 3b) the disciplines are not all sequentially
connected. Thus, complex interactions between the disciplines are present. In such a

case the system is also said to be internally coupled. The couplings between the CAs

12



which do not flow downstream through the decomposition are also frequently termed
feedbacks. Because of the presence of feedbacks, a non-hierarchically decomposable
system will require the application of convergence techniques in order to obtain

consistent results.

(b)

CAq

! !
! !
st v st

Yo

Figure 3: Example of (a) hierarchically decomposable system and (b) non-hierarchically
decomposable system.

To be more explicit, given a vector x of independent variables, the behaviour of
the complex system will be determined by the vector of the L dependent variables z
obtained through the execution of the n CAs in which the system is decomposed. The
L dependent variables z,,...,z, are also frequently referred to as coupling variables.
Therefore, for evaluating a non-hierarchically decomposable system at point x the

following system has to be solved:

z, =CA, (x,z) Z,
z,=CA, (x,z) where - z,
z,=CA, (x,z) Z

where vector z; is composed of the set of coupling variables z ; relative to CA,;.

This can be also written as:

z=S(x,z). (2)
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Obviously not each of the n CAs will necessarily be coupled with all the others;
this must be considered a general case. Nevertheless for a non-hierarchically
decomposed system, for every vector of independent variables x, the application of
convergence techniques is required in order to obtain z which satisfies (2).

From (1) and (2) the optimisation problem for a complex system can be

formulated as follows:

min F(x,z)
X,Z

subject to K inequality constraints: 0,(x,2)<0, k=12,..,K 3)
and P equality constraints: h,(x,z)=0, p=L12,.P
with z=S(x,z).

Obviously, in case of a hierarchically decomposable system the problem is
reduced to a relatively simpler optimisation problem or at the most to a multiobjective
optimisation problem (1).

Since the current work is focused on the most general case of MDO of complex
systems, the case of non-hierarchically decomposable systems is considered. For such
cases different approaches have been attempted in the past decades. The most
commonly used algorithms are briefly described in the following paragraphs.

It is to be noted that the aim is not that of fully investigating and evaluating the
existing approaches for MDO, for which an extensive literature already exists
(Sobieszczanski-Sobieski and Haftka, 1996, Balling and Sobieszczanski-Sobieski,
1994; Kodiyalam, 1998; Cramer et al., 2000; Kodiyalam and Yuan, 2000; Perez et al.,
2004), but that of gaining an insight into the difficulties associated with performing
MDO. This investigation is conducted, in order to understand which MDO algorithms
will be more suitable to be applied in the context of multiobjective optimisation for
conceptual design.

Before introducing the algorithms for MDO it is important to introduce the
concept of system level optimiser (SLO). An SLO is an optimisation algorithm which
is applied to the whole of the system, while a local optimiser can be applied to a

particular CA. As it will be seen, an SLO can be applied either to minimise the
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objective functions or to enforce the consistency of the coupling, or in some cases to

both.

2.2.1 Nested Analysis and Design (NAND)

In the NAND approach (Balling and Sobieszczanski-Sobieski, 1994) for each
design point x, requested by the SLO, a full system analysis is carried out in order to
provide the SLO with a consistent solution y. As defined by its name the system
analysis is nested inside the optimisation process. Such approach is also referred to as
Multidiscipline Feasible (MDF) approach (Cramer et al., 2000; Perez et al., 2004),
due to the fact that only data y obtained from a fully converged system, is used by the
SLO.

2.2.2 Simultaneous Analysis and Design (SAND)

While in the NAND approach the system consistency is obtained by reiterating
the convergence process of the system for each design pointx, with the SAND
approach (Balling and Sobieszczanski-Sobieski, 1994) consistency is enforced by the
SLO itself augmenting the optimisation process. Thus for every design point x the
feedbacks are eliminated and the satisfaction of the feedback couplings is enforced
through additional constraints. The SLO will then have to take care of the
minimisation of the objective, as well as the consistency of the system through the
satisfaction of the additional constraints. Such approach is also referred to as

Individual Discipline Feasible (IDF) (Cramer et al., 2000; Perez et al., 2004).

2.2.3 Collaborative Optimisation (CO)

While in all the other MDO approaches the coupling between the disciplines is at
the most partially removed, in CO (Kroo et al., 1994; Perez et al., 2004) the couplings
are completely removed. While the system optimisation is performed at a system
level, enforcement of consistency and satisfaction of constraints is performed for each

of the CAs at a local level, through local optimisation procedures.

2.2.4 Concurrent Subspace Optimisation (CSSO)

In the CSSO (Sobieszczanski-Sobieski, 1988) the optimisation is performed at a

local level. Subsequently to the evaluation of a base-line design x, Sobieski solves
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global sensitivity equations GSE (Sobieszczanski-Sobieski, 1990) to determine for

each design variable X its influence on the contribution of a given CA to the

objective. According to such contribution portions of the x vector are allocated to the
different CAs. For each CA a local optimisation of the allocated variables is then
performed in a concurrent fashion. Each local optimisation is performed to improve
the design while satisfying a portion of a total cumulative constraint, introduced in
order to maintain the consistency of the complete system. Such portion is defined
through responsibility coefficient and tradeoff coefficients, according to the
responsibility that is evaluated that each CA should have on the enforcement of the
total cumulative constraint. Finally a coordination optimisation procedure (COP) has
the responsibility of minimising the objective function through the adjustment of the

responsibility and tradeoff coefficients.

2.2.5 Bi-Level Integrated System Synthesis (BLISS)

In BLISS (Sobieszczanski-Sobieski, 1998; Kodiyalam and Yuan, 2000; Perez et
al., 2004), given a base-line design x, system analyses are computed for each of the
CAs as well as sensitivities. Total derivatives are obtained by solving Global
Sensitivity  Equations  (Sobieszczanski-Sobieski, 1990). Local disciplinary
optimisations are performed in order to obtain the optimal values of the portion of x
which is local with respect to each CA (local design variables), while the portion of x
shared among multiple CAs is maintained fixed (global or share design variables).
The optimisation of each CA is performed in order to minimise the portion of
objective relative to the CA according to the total derivatives, while satisfying the set
of constraints which are relative to the CA. Finally sensitivities are computed with
respect to the global variables and are used by the SLO for minimising the objective

function.

2.2.6 Considerations on the reviewed MDO algorithms

Evaluating the previously described approaches two main characteristics can be

identified:
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e Handling of part or all couplings at a system level (SAND, CO), through
compatibility constraints, rather than achieving consistency through
convergence techniques for each design point x evaluated (NAND).

e Handling of the system optimisation at a system level (NAND, SAND, CO)
rather than locally for each CA (CSSO, BLISS).

However, for the CSSO and BLISS approaches it is more difficult to subdivide
their characteristics in such a precise way, as it can be done for the other approaches
described here. CSSO, for example, handles the coupling at first through convergence
techniques, in order to attain correct sensitivities. Local level optimisations are then

performed, producing inconsistency which will then be handled at a system level.

In the following paragraphs a number of considerations will be made on the
characteristics described previously, each of which bringing advantages and
disadvantages.

For the coupling handling, the advantages of attaining consistency through
convergence techniques for each design point x is that of having always consistent

values of z and thus of y. The drawback is that for each design point a number of

analyses have to be performed. On the other hand, when handling consistency at a
system level through compatibility constraints, the advantages are: the removal of the
nested iterations and the acknowledgment of the distinctiveness of the disciplines;
while the disadvantages are: the increased dimensionality of the optimisation problem
carried out by the SLO, and the possibility that consistency is not constantly enforced.
In this second case, if during the optimisation the compatibility constraints are not
constantly enforced, the complete system optimisation is performed making use of the
data obtained from a not constantly converging system; this implies that such data is
not always consistent. Using inconsistent data, while attempting to optimise the
system, could deceive the optimiser potentially leading to a suboptimal solution.
Before commenting system level optimisation opposed to local level optimisation
it is necessary to introduce the concept of tradeoffs. When more than one CA affect
one single objective the problem becomes that of handling the tradeoffs; that is the

extent to which each of the CAs should influence such objective.
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In the case of local level optimisation, an optimisation is performed over each
CA, thus multiple CAs will eventually attempt to optimise the same objective. This
introduces the need of determining compromises or tradeoffs between the amount of
influence that each of the CAs should have on such objective. If this is not done the
superposition of the effects produced by the CA optimisations, over the complete
system, could produce the opposite effect. Performing optimisation at a local level has
anyway its benefits, which is the maintenance of the single expertise of the CAs. It is
then clear that the advantage introduced by performing the optimisation at a system
level is that of a much greater control over the tradeoffs between the CAs, since the
complete behaviour of the system if controlled by one unique optimisation process,

with the drawback of losing the single expertise of the CAs.

2.3 Multiobjective optimisation

The main concept associated with multiobjective optimisation is that of Pareto
optimal solutions, according to which: a design point x is Pareto optimal if there is no
other point that improves at least one objective function without a loss for any other
objective function.

For a multiobjective optimisation problem there is no single solution, but an
infinite number of Pareto solutions each of which optimised for various tradeoffs
between the objectives. Therefore, for each set of defined preferences on the

relationships between the objectives, one Pareto optimal point can be obtained.

2.3.1 Multiobjective optimisation concepts

Before introducing the numerous methods that have been developed for
multiobjective optimisation it is necessary to introduce a number of concepts which

will be useful for understanding the problem.

Pareto optimality (Miettinen, 1999; Marler and Arora, 2004)
A point X € X~ is a Pareto optimal point, with respect to the optimisation
problem (1), if and only if there does not exist another point xe X", such that

F(x)<F(x") and F.(x)< F(x") for at least one objective.
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Then this coincides with saying that the Pareto optimal solution X € X~ can not

be improved without a loss with respect to at list one other objective.

Weak Pareto optimality (Miettinen, 1999; Marler and Arora, 2004)

A point x € X is a weak Pareto optimal point if and only if there does not exist
another point x € X", such that F(x) <F(x').

As from its name the weak Pareto optimality concepts is a weakened version of

the Pareto optimality concept. In this case a weak Pareto optimal solution x” € X~ can

be improved while maintaining the value of some other objective unaltered.

Non Dominated / Dominated points (Marler and Arora, 2004)

A vector F(x')eY is non-dominated if and only if there does not exist another
F(x) €Y such that F(x) <F(x") with at least one F,(x)<F (x"). Otherwise, F(x") is

dominated.

Defined the above concepts it is now possible to review a number of existing

approaches allowing to obtain Pareto and weak Pareto solutions.

2.3.2 Multiobjective optimisation strategies and methods

The most common approach in multiobjective optimisation is the global criterion
method (Marler and Arora, 2004) in which all objective functions are combined to

form a single scalar function AOF(x), also called aggregate objective function

(AOF). Optimisation problem (1) can then be reformulated as:

min AOF(x) = AOF (F (x),F, (x),..., R, (X))

subject to K inequality constraints:  g,(x) <0, k=12,..,K 4)

and P equality constraints: h,(x)=0, p=12,...P

As shown, through the global criterion method the multiobjective optimisation

problem is reduced to a single objective optimisation problem.
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One of the most commonly known global criterion method is the Weighted Sum
Method (WS) (Das and Dennis, 1997; Miettinen, 1999; Marler and Arora, 2004) for

which the aggregate function is:

AOF(x):iwiFi(x), WeR, i=12...,M). (5

Although this method is relatively simple it has two main drawbacks, the first
one is due to the fact that the WS is capable of generating only the convex part of a
Pareto frontier (Koski, 1985), while problems often result in non-convex Pareto
frontier. This drawback can be avoided by using either a more complex consideration
of the AOF (Athan and Papalambros, 1996) or the weighted Tchebycheff method,
which is an extension of the well-known Min-Max method (Miettinen, 1999; Marler

and Arora, 2004).

A second drawback is given by the definition of the values of the weights w, . If

the approach followed is that of the a priori articulation of preferences (Marler and
Arora, 2004), it is the designer or decision maker (DM) who has to define such
values. Since the weights remain to be unknown functions of the objectives (Messac,
2000), a number of iterations may be required in order to obtain the correct
combination of weights leading to a solution matching the expectations of the DM
(Miettinen, 1999).

An alternative approach is that of the a posteriori articulation of preferences or
Generate First — Choose Later (GFCL). In such case rather than looking for a single
solution a number of alternative Pareto solutions are sought (Marler and Arora, 2004).

Optimisation algorithms based on the GFCL approach aim at determining a
number of Pareto optimal solutions or points representative of the Pareto frontier,
rather than generating a unique solution representative of a particular tradeoff between
the objectives. An extensive review of a posteriori articulation of preferences
methods is presented in Marler and Arora (2004).

Obtaining a well-distributed set of Pareto points is essential for the GFCL
approach to be effective. Since the Pareto front can not be obtained as a function of

the design variables x, but only a finite set of Pareto points can be obtained, it is
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fundamental that the Pareto points are well-distributed on the full extent of the Pareto
front. Hence, allowing a complete representation of the Pareto front in all of its
regions.

It has been demonstrated (Das and Dennis, 1997) that attempting to use the WS
as a GFCL method, through an even distribution of the weights, doesn’t necessarily
yield a well-distributed set of Pareto points. Thus, conventional approaches, such as
the WS method, are not suitable for generating well-distributed Pareto points. As a
result new methods have been recently developed.

Shukla and Deb (2005) subdivide methods for obtaining a representation of the
Pareto frontier in two main groups: classical and non-classical methods. Where
classical are gradient-based, while non-classical follow ‘“some natural or physical
principle” (Shukla and Deb, 2005). They also report, as an additional distinction
between the two, that the former are mostly based on the classical approach of
reformulating the multiobjective optimisation problem into a single-objective
problem, as in the global criterion method (4); while the non-classical methods deal

directly with the original objective vector y = F(x).

Rather than making a distinction between classical and non-classical methods,
the latter distinction between “reformulation” and ‘“non-reformulation” methods is
considered to be of greater interest for discussion. It is this characteristic, in fact,
which defines how the multiobjective optimisation problem is formulated. Therefore
it is substantial in defining the approach to be used for solving it.

As has been shown with the AOF, through reformulation the multiobjective
optimisation problem is transformed into a single objective optimisation problem (4).
This implies that any conventional single objective optimisation algorithm can be
applied. Thus, with the AOF approach the problem of dealing with multiple objectives
is managed through the reformulation. On the contrary, when the multiobjective
optimisation problem is maintained in its original form (1), it is the optimisation
algorithm itself that needs to be capable of handling multiple objectives, thus the
algorithm has to be specifically developed for such purpose.

Because of this difference, algorithms making use of the reformulation approach
require multiple optimisations to be performed. In fact, to obtain each of the Pareto

points the formulation of the problem has to be modified, as for example when
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modifying the weights w, of the WS method (5), and an optimisation has to be

performed. Shukla and Deb (2005) refer to the principle followed by such methods as
one-at-a-time strategy. Among these methods some of those considered to be the most
interesting for producing well-distributed Pareto points (Marler and Arora, 2004,
Shukla and Deb, 2005) are the normal boundary intersection method (Das and Dennis,
1998), the physical programming method (Messac and Mattson, 2002) and the normal
constraint method (Messac et al., 2003; Messac and Mattson, 2004).

Methods not making use of the reformulation approach follow a different
principle, the simultaneous strategy (Shukla and Deb, 2005). The algorithms
following this principle are mainly archive or population based and make use of the
concept of dominance for dealing with the multiple objectives. Through application of
this concept to an archive of points, a number of these can be compared and those
which are dominated can be eradicated. Such algorithms are then built specifically for
making use of the dominance concept and the optimiser is applied once for obtaining
all the Pareto points. Among these algorithms those considered most effective are the
evolutionary multiobjective optimisation (EMO) algorithms, among which one of the
best known is Deb’s NSGA 1II (Deb et al., 2002).

Because of the characteristics of the conceptual design optimisation problem one-
at-a-time strategy algorithms are considered more interesting for the purpose of this
work. This is mainly due to a number of considerations. Firstly, as stated previously,
one-at-a-time strategy algorithms can be applied independently with respect to the
optimiser used for obtaining each of the Pareto points. This allows using both
evolutionary based single-objective as well as gradient based methods for solving
each optimisation. Secondly, given the nature of the problem, which is a constraint
optimisation problem for which the functions considered are generally differentiable,
gradient based methods are considered more effective (Frank et al., 1992). Gradient
based methods, in fact, make use of the gradients of the constraints in order to
determine a search direction.

Evolutionary Algorithms (EA), to which also the EMO algorithms belong, follow
instead a different approach. EA are stochastic population based optimisation
methods, for which each chromosome belonging to the population corresponds to a

particular design point. At each iteration, chromosomes belonging to one or more
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populations are selected according to some criteria and through crossover and
mutation operators an offspring is generated.

When dealing with constraint optimisation problems, as postulated by Deb et al.
(2002): “Constrained multiobjective optimisation is important from the point of view
of practical problem solving, but not much attention has been paid so far in this
respect among the EA researchers.”. The constraints, in fact, are handled either
through penalty functions or through the selection criteria, but the offspring are still
obtained through the stochastic crossover and mutation operators, thus no information
on the search direction for satisfying the constraints is used.

With respect to computational cost, it must be considered that one main
disadvantage of gradient based methods, with respect to EA, is that obtaining
gradients is computationally expensive. But still, Automatic Differentiation (AD) can
be used for obtaining analytical derivatives in place of the common and more costly,

finite difference approach.

In the following sections the methods which have been considered of greatest
interest for the current work are presented. All of these make use of the reformulation
approach for generating well-distributed Pareto points. Together with a mathematical
description of the formulation of such methods, an easily understandable graphical

description is given, in order to allow a better understanding of their differences.

2.3.3 Methods for generating a well-distributed set of Pareto
points

For obtaining an evenly distributed set of Pareto points a number of methods
have been developed in recent years. All of these are based on performing a
subdivision of the criterion (objective) space in a set of domains. The optimisation
problem is then reformulated for each domain, for each of which a Pareto point is
generated.

The first to provide a method for generating well-distributed Pareto points were
Das and Dennis (Das and Dennis, 1998; Das, 1999) with the Normal-Boundary
intersection (NBI) method. A second method is the PP-based method developed by

Messac (Messac and Mattson, 2002) as an extension of the a priori articulation of
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preference method known as the Physical Programming (PP) method (Messac, 1996).
The new Normal Constraint (NC) method (Messac et al., 2003; Messac and Mattson,
2004) developed recently also looks very promising.

All of the cited methods have a clear geometrical interpretation, they are all
based on the well-known fact that a Pareto frontier belongs to the boundary of the
feasible space towards the minima of the objective functions (Miettinen, 1999).

In order to provide a geometrical interpretation of the commonalities and
differences between the various methods, the two objective optimisation problem

shown in Figure 4 will be used.
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Figure 4: Example of two objectives optimisation problem.

The Pareto frontier of the problem shown in Figure 4 contains all possible kinds

of Pareto points:

e Convex and non convex Pareto regions
The points belonging to these two regions of the Pareto frontier are all

Pareto points since they satisfy the definition for Pareto optimality.

e  Week-Pareto region

The points belonging to this region satisfy the definition of week-Pareto

optimality.
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e Local-Pareto region
The points belonging to this region are Pareto optimal points, but with

respect to a localised region of the design space.

The procedure followed by the NBI, NC and PP-based method can be

summarised as follows:

1. First one anchor point is obtained for each of the objectives considered.

A single-objective minimisation is performed for each of the M objectives
yielding, as termed by Mattison et al. (2002), anchor points, p, e R", ie{l,..,M}.

In other words, an anchor point corresponds to the optimal value of one and only one
objective function in the feasible space. Thus, M objective functions give M anchor
points.

The anchor points are then used for defining the trade-off matrix T :

Fl,lmin I:l 2 FI,M
£ F, - F
T — :2,1 Z,fmm N 2:,M (6)
FM 1 FM ,2 I:M ,M min

In the trade-off matrix T, the i-th row represents the coordinates of an anchor point
p, corresponding to the solution of the single-optimisation problem min(F,) in the
feasible criterion space Y.

The anchor points for the optimisation problem of Figure 4 are shown as white
dots in Figure 5. It must be noted that the anchor points are not necessarily unique.

This can be seen in the example of Figure 4, considering the feasible region Y . In

this example, in fact, any of the points belonging to the axes and simultaneously

belonging to region Y would be a solution to the single objective minimisations

problems and therefore could be an anchor point.
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2. Utopia plane points are obtained.

Das and Dennis (1996) refer to the polygon of vertices p; for ie {1,..., M} as
Convex Hull of Individual Minima (CHIM). Messac et al. (2003) terms utopia plane,
utopia hyper-plane in the general case, the plane to which the M anchor points p.
belong.

Uniformly spaced points belonging to the CHIM are obtained as linear
combinations of the M anchor points p;. Messac (2003) refers to these points as

utopia plane points. Utopia plane point p, belonging to the interiority of a convex

polygon defined by M vertices p. , is represented as:

M M
pzZaiuf, where o 0<¢g; <1, Zajzl (7)
i=1 i=1

By evenly distributing the ¢; coefficients an even distribution of the points is

obtained. This allows generating only points belong to the utopia plane and belonging
to the interiority of the polygon. It must be noted that the utopia plane points are
evenly distributed in the criterion space with respect to the anchor points, and not
necessarily with respect to the design space X .
One of the possible algorithms for calculating the coefficients ¢, is given by Das
and Dennis (1998) where, in brief, the following induction procedure is used. First, a
uniform distribution of coefficient ¢, is considered. The sum of the remaining
M
coefficients Zai equals to 1—¢, for each selected value of ¢,. Then, a uniform
j=2
distribution of the coefficient o, is considered for each of these variants. The

procedure is then repeated until either the last coefficient ¢,, is reached or the sum of

the coefficients already determined equals 1. In the latter variant the remaining
coefficients are equal to zero.

By following the procedure proposed by Das and Dennis (1998) the utopia plane
points are “ordered on the basis of “nearness””. The scope of the utopia plane points

is that of being used as reference points, in the criterion space, for reformulating the
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optimisation problem. A Pareto point will be sought for each of these points. Thus the
ordering of the utopia plane points in such a way, allows using the solution of each
previously executed optimisation as starting point for the following one.

The utopia plane points relative to the optimisation problem of Figure 4 are

depicted as black dots in Figure 5.

FzA — Feasible frontier
O Anchor point
* - == Utopia plane
ul . @® Utopia plane point

>
Fl

Figure S: Anchor points, utopia plane and utopia plane points (diagram).

When the number of objectives M is greater than two an additional problem has
to be solved. This is given by the possible existence of what will be referred to as
peripheral region. The peripheral region is the portion of the Pareto frontier having
orthogonal projection on the utopia plane, external to the polygon spanned by the M

anchor points p,f (Das and Dennis, 1998; Messac and Mattson, 2004). In Figure 6,

taken from Messac and Mattson, (2004), a representation of the peripheral region for
a hypothetical three objective optimisation problem is shown. The peripheral region
of the Pareto frontier of Figure 6a would corresponds to the hatched area shown in
Figure 6b.

While Das and Dennis (1998) state that the importance of the peripheral region
is limited and Messac and Mattson (2004) argue that to obtain a complete
representation of the Pareto frontier this region should not be ignored, a greater

problem has to be highlighted. As will be shown in section 3.1, the size of the
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peripheral region depends on the relative position of the anchor points p;, which

define the polygon.

(a) (b)

Figure 6: Peripheral region in a 3 objective problem (image taken from Messac and Mattson,
2004).

For tackling the peripheral region problem Messac and Mattson (2004) introduce
a procedure for enlarging the polygon. For doing this they solve a set of
computationally benign optimisations which allow them to obtain the lower limit ¢,
M
and upper limits ¢; of ¢;, while still imposing Zai =1.
i=1

The formulation of the benign optimisations for computing ¢, ; is the following:

a,; =ming,
subject to M * N . k=12,...M,
. . - * - i H = 0 9
equality constraints: (Hr uk) (v JZ_:,OCJH,] k=#r ®)
subject to equality i a. =1
constraint: =
and where B, <Sv<py
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where r is arbitrary with the requirement that re{l,...,M}, p, is such that
i =min{y;,...,y;m} and p, is such that g =max{y;,...,y,f,,i}. B, is termed

utopia point, since it corresponds to the solution that would be obtained if all of the

objectives could be brought simultaneously to their minimum. p, is instead termed

pseudo nadir point and is the point for which all of the objective have simultaneously

their worst value. For obtaining ¢;; an optimisation problem identical to (8) is solved,
except that ¢; is maximised.

By solving the M benign minimisation problems (8) and the M benign
maximisation problems, Messac and Mattson expand the polygon imposing that any
vector perpendicular to the utopia plane and passing through any point belonging to

the hyper-cube, defined by all points v such that p, <v<p,, will intersect the

expanded polygon.

Finally, once utopia plane points have been obtained, a further benign
optimisation problem is solved in order to eventually remove those utopia plane
points which belong to irrelevant regions of the design space (Messac and Mattson,
2004).

It is to be noted that though the approach has been developed and applied to the
NC method it can be applied also to the NBI as well as the PP-based method.

3. For each of the utopia plane points the optimisation problem is reformulated
accordingly and an optimisation procedure is performed in order to obtain a
single Pareto point.

Steps 1 and 2 allow the computation of a set of points, the utopia plane points,
which are used as a reference for the subdivision of the criterion space, independently
from the method considered. What distinguishes the various methods is how the
optimisation problem is reformulated for each of the utopia plane points. Regardless
of the peculiarities of each method, the aim is that of generating one Pareto point for

each utopia plane point.
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For the NBI method (Das and Dennis, 1998; Das, 1999) for a particular utopia

plane point p the optimisation problem is reformulated as follows:

subject to K inequality constraints:
and P equality constraints:

and subject to the additional constraint:

min t(x)
0,(x)<0,
h,(x)=0,
p +tn =F(x)

k=12,..,K
p=12,..P

)

where n is the normal to the utopia plane. Then for a particular utopia plane point p

the additional constraint requires the solution to belong to the normal to the utopia

plane passing through point p. It is through the minimisation of the scalar t that the

minimisation of F(x) is obtained. The solution of optimisation sub-problem (9)

corresponds to the intersection of the normal passing through p with the boundary of

the feasible region, from which the name Normal Boundary Intersection method.

A ,| © Sub-problem solution
F R . G
2 s S, /
7 7 7 ya
0/ d l/ 0/' '.
* l/ l/ / / 0/
n, / R Lpi +tn= F(X)| 7
l/ l/
'/
/
/
>
Fl

Figure 7: NBI example (diagram).

With respect to the optimisation problem of Figure 4, with utopia plane points

positioned as in Figure 5, the NBI method would generate the solution shown in

Figure 7.
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The a priori articulation of preference method Physical Programming (Messac,
2000) (PP) is a purely AOF based method. The approach is based on associating each
of the objective functions to one of the four possible soft class-functions shown in
Figure 8 and four hard functions, the description of which can be found in (Messac,

2000).

_A
F
1S
F, I F, F, F
A
N
2S
E, F E, F, F,
A
E
3S
‘F.!S! "L:.u "'-U ‘L::r 'L:| FJ:;.’ ‘L:w Fa-l.rr F::;e
A
Fp
4S
F.sr F.--.J. ‘F.’Sl’ F.:.' El.f F:m F.-:x F.-_u: E-I.‘l’ E.‘.‘{'

Figure 8: Physical Programming class-functions (adapted from Messac, 2000).

The four class-functions considered are: class 1S (smaller is better) where an
objective is to be minimised; its mirror function, function 2S (larger is better) where
an objective is to be maximised; class 3S (value is better) where an objective is to be
close to a particular preferred value; and class 4S (range is better) which is similar to
the 3S function, but the preferable value lies in some range rather than corresponding
to some value selected a priori. All soft class-functions are positive and
dimensionless. The argument of a soft class-function is subdivided by the DM into

different preference ranges: highly desirable, desirable, tolerate, undesirable, highly
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undesirable and unacceptable through the values F; . Such subdivision is a part of the

approximation of the class-functions and allows the DM to exploit her/his own
experience. The values of the class-functions at the boundaries of the ranges are fixed.
Therefore, scaling between different objective functions is automatically provided.
Furthermore the class-functions are defined in order to avoid introducing additional

local minima in the optimisation problem. To guarantee this, each class-function must

_ ,=
be a strictly convex function (Messac, 1996), that is: :—:; cC', g?lj >0.

The problem is then reduced to the following optimisation problem under

constraints:
1 &=
min AOF (x) = min {mgw [VZ F (F(x) H
X X =1

subject to K inequality constraints: ¢, (x) <0, k=12,..,K

and P equality constraints: h,(x)=0, p=12,...P

and subject to the additional constraints: (10)
F(x)<F; for 1S
F(x)=F; for 2S

F, <F(x)<F,; for3Sand4S

and subject to other additional constraints for the hard functions as
shown in (Messac, 2000).

It must be noted that the logarithm is used to diminish the difference between the
maximal and minimal values of the AOF.

In (Messac and Mattson, 2002) Messac extends the PP method for a posteriori
articulation of preferences. For distinguishing it from the PP method it will be called
the PP-based method. While for the PP method for each of the objectives the class-
function and the preferences are chosen by the DM a priori, in the PP-based method
the DM chooses only to which of the class-functions each of the objectives belongs.
Defining a particular set of preferences corresponds to defining a particular

parallelepiped H (Figure 9) of edges [F,,F.] or [F ,F.;] Vi according to the

class-functions considered for each of the objectives. The additional constraints are
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used for obliging the solution to belong to parallelepiped H . To obtain solutions in
various regions of the criterion space the parallelepiped H is shifted, by changing the
preferences. For each of the sub-problems, thus for each of the utopia plane points,

the vertex position is v =p, +0n where p, is the utopia plane point, n is the normal

to the utopia plane and 0 is an offset coefficient.

O Sub-problem solution

- N

AN o

AN

et eI P 4
[ -

Figure 9: The PP-based method with no offsetting applied (diagram).

O Sub-problem solution

Figure 10: The PP-based method when varying offsetting is applied (diagram).

33



With respect to the optimisation problem of Figure 4, with utopia plane points
positioned as in Figure 5, the PP-based method would generate a solution similar to
the one shown in Figure 9; this if no offsetting or varying size of H is applied. The
solution would obviously be different for different sizes of H or offset. In Figure 10
it is shown that the solutions obtained would be better distributed if applying the
offsetting. It is to be noted that the ideal size of parallelepiped H and offset
coefficient 0 for each of the utopia plane points are initially unknown and depend on
the shape of the Pareto frontier.

The thin dotted lines inside the parallelepipeds in Figure 9 and Figure 10
represent the contour lines of the AOF of the PP-based method, as shown by Messac
and Mattson (2002).

The NC method is the most recent method and has also been developed by
Messac (Messac et al., 2003; Messac and Mattson, 2004). The NC method is similar
to the &-inequality constraint method (Palli et al., 1998), in fact in both, M —1
objectives are transformed in constraints. Thus the NC method is not AOF based. For

the NC method, the reformulated optimisation problem is:

min F (x)
subject.to K inequality g,(x) <0, k=1,2,..K
constraints:
: : 11
P equality constraints: h,(x)=0, p=12,.,P (D

and subject to the additional M —1 constraints:
q;*(F-p;)<0, Vje{l,2,.,M},j=I

where q; =p, — ;.
To give a better explanation of the NC method we can refer to the example of
Figure 4, with utopia plane points positioned as in Figure 5. Figure 11 shows a

representation of the solutions that the method would yield. In this case objective F,
is chosen for minimisation, while objective F, is treated as constraint. For the sub-

problem i, related to utopia plane point p,, the feasible region of the criterion space
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corresponds to the shaded area. For this particular sub-problem it is shown that the

minima of objective F, is not unique since the minima coincides with the week-

Pareto region.

O Sub-problem solution

< Alternative sub-problem solution

Figure 11: NC example (diagram).

An evaluation of the reported methods for multiobjective optimisation is
presented in chapter 3. Through an in-depth evaluation of the characteristics of the
methods and some simple test cases, it was possible to identify their respective
advantages and shortcomings; the latter forming part of the subject of the research

methodology presented in chapter 3.

2.4 Automatic differentiation

Sensitivities can be used for different purposes spanning from application to
MDO algorithms, such as the CSSO and BLISS, as well as to be given as input to a
gradient based optimiser. Therefore sensitivity is particularly interesting for
application in the context of the current research.

Historically the most common approach for obtaining sensitivities is through an
approximation of the derivatives by means of finite differences. For the computation

of first order derivatives three of the most commonly used forms are the: forward,
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backward and central differences. These three forms, for the computation of partial

derivatives with respect to X;, are:

Forward
of f(x+h)-f(x)
—(x)=
ox [n]
Backward
of f(x)— f(x—h)
—(x)= 12
B n] 42
Central

1 1
f(x+=h)-f(x——=h)
2
ox, [b]

with h; =0 Vj=i and hy —>0.

The finite difference approach has two main drawbacks. The first is that, in

addition to the round-off error obtained when computing each of the values of f and

computing the finite difference itself, a truncation error is introduced. The cause of the
truncation error is due to the substitution of the infinitesimal differences with the
finite differences. Secondly a single analysis has to be performed for obtaining each

of the values of f required. Thus, for computing the gradient of f(x) for
X = (X, Xy5ueey Xy )' the forward and backward forms require N +1 analysis, while the

central form will require 2N +1 analysis.

An alternative approach to finite differences is provided by Automatic
Differentiation (AD), which allows obtaining the derivatives analytically. AD makes
use of the chain rule of differentiation, thus the derivatives obtained are exact.
Therefore, the truncation error problem of finite differences is removed.

Two main approaches exist for implementing AD: source transformation and
operator overloading (Forth, 2006). With source transformation AD software tools
are applied to a source code. The source code is then derived and rewritten in order to
give as output the partial derivatives of the original output in addition to the original
output itself. With operator overloading instead, it is not the code which is

manipulated, but the data used for computation. This approach is applicable only to
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object oriented programming languages, for which new classes of objects together
with their relative functions can be built. With operator overloading, in fact, a new
AD class is defined. When the AD objects are substituted to the traditional input of
the code, the operators which would otherwise be used for computation are
overloaded by the operators of the AD class. Thus, with such approach the code does
not need any modification (Forth, 2006).

Furthermore, two AD modes exist: forward and backward mode (Barthelemy and
Hall, 1992; Bischof and Griewank, 1994; Forth, 2006). Forward mode, also known as
bottom up mode, makes use of the original code in order to compute for each of the
instructions the derivatives together with the originally computed values. In backward
mode, also known as top down or reverse mode, the code is executed twice. The first
execution allows obtaining the data needed for executing the code a second time in
reverse mode. The reverse execution allows the output sensitivities to be propagated
in reverse through the code. The sensitivities so obtained are also referred to as
adjoints.

The advantage of AD, with respect to finite differences, is not only that of

removing the truncation error introduced by the finite difference approach, but also

computational. In fact, for computing the Jacobian of F(x) = (f,(x), f,(x),..., f,, (x))"

for x =(X,X,,...,Xy )" the cost of AD in forward mode is approximately N , while the

cost of AD in backward mode is approximately M (Barthelemy and Hall, 1992).
Therefore, making a comparison with the case presented earlier for finite

differences, the cost of computing the gradient of scalar function f(x) with
X = (X, Xy 5eeey Xy )" with AD would be approximately 1, while with finite differences

the cost would be N +1 or 2N +1 according to the approach followed.

In conceptual design most of the equations to be dealt with are continuous and
differentiable. Considering the case for which discrete variables are fixed, the
application of AD becomes an interesting alternative to the finite differences

approach.
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2.5 Summary

In this chapter the literature review conducted as part of this research is
presented. It allowed the identification of a set of suitable methods for performing
Multiobjective Multidisciplinary Constraint Optimisation.

The investigation of the existing methods for multiobjective optimisation, of
interest for application in the context of aircraft conceptual design, allowed the
identification of the NBI, PP-based and NC method. All of these three methods are
based on the reformulation approach and allow the determination of well-distributed
Pareto points.

For taking care of the inherent multidisciplinarity of aircraft conceptual design,
five MDO algorithms were identified. The NAND, SAND, CO, CSSO and BLISS
algorithms were analysed and compared.

Finally AD was briefly reviewed. AD is, in fact, a valuable tool which allows the
determination of partial derivatives at a very low computational cost.

Having defined the methodologies of interest, which are considered promising
for application to conceptual design, in the following chapters an in-depth analysis of
the various approaches, together with the definition of possible schemas for their

integration is presented.
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3 From an analysis of the multiobjective
reformulation methods to the development of the
NC+ method

Through the literature review, the NBI, PP-based and NC method were identified
as methods of interest for obtaining the Pareto set. These methods follow a similar
approach for obtaining well-distributed Pareto points. The anchor points, which are
the minima relative to each objective, are obtained first. Subsequently a number of
evenly distributed points, the utopia plane points, belonging to the criterion space are
sought. These are used as reference points allowing the reformulation of the
optimisation problem. Finally, for each utopia plane point an optimisation is executed
in order to obtain a Pareto point.

Each of these three steps is fundamental in order to obtain a complete
representation of the Pareto frontier. As will be shown in the next sections, analysing
the three methods allowed the identification of some areas of potential improvements,
which have led to the development of the modified PP-based method first, then of the
Double Hyper-Cone Boundary Intersection method and finally of the NC+ method.

3.1 The peripheral region problem

An even distribution of the utopia plane points in the criterion space is
fundamental for obtaining a complete representation of the Pareto frontier.

When dealing with multiobjective optimisation problems, for which the number
of objectives is greater than two, a peripheral region exists. The peripheral region is
that region of the criterion space, for which the orthogonal projection of the Pareto
frontier on the utopia plane is external to the polygon spanned by the M anchor

points p; (Das and Dennis, 1998; Messac and Mattson, 2004). In their work Das and

Dennis (1998) limit the importance of the peripheral region, stating that such region
will be of no interest to the designer, while Messac and Mattson (2004) are interested

in obtaining a complete representation of the Pareto frontier.
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Even though Das and Dennis believe that such points might be of no interest for
the designer, it must be noted that the size of the peripheral region of the Pareto
frontier is dependent on the positioning of the anchor points and can be significant.

This can be demonstrated by means of the following simple test case:

Problem SPHR ccv:

min F(x)
subject to: X+ + X >1
and subject to: 0<x <1 i=0123

where F(x)=x= [Xl, Xy, X, ]T .

The Pareto surface of test case SPHR ccv, corresponds to the portion of sphere of
radius 1 shown in Figure 12, Figure 13 and Figure 14. By following the NBI

approach, three single objective optimisations are to be performed in order to

determine the anchor points s , 4, and g, . The anchor points for this test case are
non-unique, in fact when minimising objective F,, any point external to the sphere of
radius 1 belonging to the plane defined by axes F; and F, where i # j=k, will be a
minima of F,.

The SPHR ccv test case allows us to have an immediate visual representation of
how the size of the peripheral region can change according to the relative positioning
of the anchor points. Given the fact that the anchor points are not unique for this test
case we chose three different sets of anchor points.

The sets of anchor points chosen are the following:

SPHR ccv-Casel:

0 1 1
po=|1],p;=|0]|and p;=|1
1 1 0
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SPHR_ccv-Case2:

0
=081, 1
0.9
SPHR _ccv-Case3:
0
HT: 1, ";
0.3

0.9 0.8
0 | and p; =|0.6
0.6 0
1 1
0 |and p;={0.5
0.3 0

We then follow the NC approach in order to determine the utopia plane points.

The utopia plane points for Casel, Case2 and Case3 are shown in Figure 12, Figure

13 and Figure 14, respectively. In all figures the polygons corresponds to a triangle

and are represented with a dotted line. The view angle of the images is orthogonal to

each of the utopia planes to which each polygon belongs. The peripheral region is

shown in each of the three images.

As shown with this test case, the peripheral region can be extensive and its size

can vary according to the relative position of the anchor points. This is particularly

clear in Figure 14 for Case3.
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=== polygon

x utopia plane point

Figure 12: Utopia plane points for problem SPHR_ccv-Casel
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Figure 13: Utopia plane points for problem SPHR_ccv-Case2
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Figure 14: Utopia plane points for problem SPHR_ccv-Case3

Even though at first this might seem a particular case, given the non-uniqueness
of the anchor points, the aim was that of demonstrating how the relative positioning
of the anchor points, together with the Pareto frontier, can determine the size of the

peripheral region. In fact, it must be considered that even for a test case for which the
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anchor points are unique, their relative positioning could be such that it may prevent
obtaining Pareto points on a considerable portion of the Pareto frontier.

As shown in section 2.3.3, Messac and Mattson (2004) proposed a two step
procedure for tackling the peripheral region problem. The first step allows increasing
the size of the polygon, so that any vector perpendicular to the utopia plane and
passing through any point belonging to the hyper-cube, enveloping the original
polygon, intersects the expanded polygon. The second step is the feasibility test which
allows removing unnecessary utopia plane points.

Through the implementation of the method and a number of tests, it was possible
to see that the approach suffers from the problem that the number of feasible utopia
plane points obtained is sensitive to the relative positioning the anchor points. This
can be demonstrated by considering a generic three objective optimisation problem,
for which the Pareto front is contained in the cube for which the three objectives

F.(x) for i=1,2,3 are such that 0 < F(x)<1. This test case will be referred to as

GENERIC.
Once again let’s consider the following 3 sets of anchor points:
GENERIC-Casel:

0 1 1
po=1|,p,={0]and p;=|1].
1 1 0
GENERIC-Case2:
0 0.9 0.7
n=08{,pu,=| 0 |and p;=|04|.
0.9 0.6 0
GENERIC-Case3:
0 0.7 0.6
po=[09|,p = 0 |and p =03
0.8 0.2 0

The “feasible” utopia plane points obtained by applying the approach proposed
by Messac and Mattson for the three generic cases are shown in Figure 15, Figure 16

and Figure 17, respectively. The figures show the polygon (dotted line) defined by the
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three anchor points, the cube for which p, <v<p, and the enlarged polygon (solid

line) which encloses the cube, obtained applying (8). The view angle of the image is
orthogonal to the utopia plane, to which both polygons belong. For Case2 and Case3
the anchor points were normalized (due to the normalization of the criterion space we

obtain a cube rather than a cuboid).

anchor point

-=-= paolygon
— extended polygon
utopia plane point

X
R utopia plane point satisfying
the feasibility test

Figure 15: Peripheral region for problem GENERIC-Casel

L ] anchor point
=== polygon
- gxtended polygon
# utopia plane point

] utopia plane point satisfying
the feasibility test

Figure 16: Peripheral region for problem GENERIC-Case2
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anchor point
polygon

extended polygon
utopia plane point

utopia plane point satisfying
the feasibility test

Figure 17: Peripheral region for problem GENERIC-Case3

The approach proposed by Messac and Mattson was applied for each of the three
cases. The number of utopia plane points initially requested was 55. The number of
feasible utopia plane points obtained for each of the three test cases is shown in Table
1. As shown in the table, the main problem of the approach proposed by Messac and
Mattson is that, according to the relative position of the anchor points there can be
cases for which only a few utopia plane points will satisfy the feasibility test. As
demonstrated, this is the case even if normalizing the anchor points. Furthermore, it
must be considered that such problem can be aggravated by an increase in the number
of objectives considered; where a “favourable” distribution of the anchor points as the
one of Casel (Figure 15) might be rare. Finally, it must be also emphasised that there
is no guarantee that a Pareto point will exist for each of the feasible utopia plane
points. This is due to the fact that some of the feasible utopia plane points might be

external to the orthogonal projection of the Pareto frontier on the utopia plane.

Requested Utopia plane points Percentage of
utopia plane | satisfying Messac’s feasible utopia
points feasibility test plane points
Generic—Casel 55 19 38%
Generic—Case2 55 16 32%
Generic—Case3 55 11 22%

Table 1: Utopia plane points for a generic 3 objective optimisation problem for three different

sets of anchor points
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3.2 Optimisation problem reformulation

When performing multiobjective optimisation, once a method for reformulating
the optimisation problem has been chosen it is applied to each of the utopia plane
points. For each such point the optimisation problem is reformulated accordingly and
an optimisation algorithm is applied in order to obtain a Pareto point. Thus, it is
important for the reformulation adopted, to enable the optimiser to be effective in
obtaining the Pareto points as a solution.

For allowing the optimiser to work effectively, it is important that the
reformulation of the problem does not introduce any additional minima to the original
optimisation problem. For what concerns efficiency, it is important that the
reformulation minimises the number of optimisations to be performed in order to

obtaining the entire Pareto set.

3.2.1 Evaluation of the NBI, PP-based and NC method

For evaluating the NBI, PP-based and NC method the following simple test cases

have been considered:

Problem CRC_cvx:

min F(x)
subject to: X, +% <1
and subject to: -1<x <0,i=12
where F(x) =x=[x,%,] .
Problem CRC ccv:

min F(x)
subject to: X;+% =1
and subject to: 0<x <I1,i=12

where F(x) =x =[x, X, ]T .
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Because of the constraints, the Pareto front corresponds to a portion of a circle
with radius equal to 1 for both test cases. For the test case CRC cvx the Pareto front
is shown with a dotted line in Figure 18, Figure 20 and Figure 22. The Pareto front for
such test case is convex. The Pareto front of test case CRC ccv is concave and is
represented with a dotted line in Figure 19, Figure 21 and Figure 23. For both test
cases the number of utopia plane points was 11. For each of these points one unique
optimisation was performed in order to determine a Pareto point.

For all three methods the optimisation was performed by means of the Sequential
Quadratic Programming (SQP) algorithm fmincon, which is part of the MATLAB
optimisation toolbox (The MathWorks, Inc., 2007a).

e NBI:

The reformulation for the NBI method is given in (9). The results for the two test
cases for the NBI method are shown in Figure 18 and Figure 19, respectively. As can
be seen not all of the solutions found (red points) overlap the dotted line representing
the Pareto front. Thus, the optimiser was unable to obtain all the Pareto points. An

explanation for such results is given in section 3.2.2.

% anchor points ", “"“‘-u,:

01 ': utopia plane points 0.8/
Pareto points

- Pareto frontier

Figure 18: CRC_cvx solution obtained with

the NBI method
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Figure 19: CRC_ccv solution obtained with

47

the NBI method




e PP-based:

The results for test cases CRC cvx and CRC ccv for the PP-based method are
shown in Figure 20 and Figure 21, respectively. The reformulation for the PP-based
method is given in (10). For both test cases the class-functions considered were 1S
with preferences [F F51=[0,0.25,0.5,0.75,1] for i ={1,2}.

e
The results for the CRC cvx test case, shown in Figure 20, were obtained for an
offset coefficient 0=0. In the figure parallelepiped H is shown, relative to the

reformulation for utopia plane point p,. The contour lines show the variation of the
AOF (10). The maximum value of the AOF is obtained in correspondence to p,, the

AOF then decreases with a reduction in the values of the objectives. The figure shows
that the Pareto points are not well-distributed. A different value of 0 or a different set
of preferences can be used for improving the distribution of the Pareto points, but this

would require additional optimisations to be performed.

oy
!
i
0.1} '; I > anchor points _‘K Hl
' 1
\
= utopia plane points
0.2+ l'| PR " > anchor points
! * Pareto points
\ 12 + utopia plane points
03 N ---- Pareto frontier
3} * Pareto points

~=== Pareto frontier

Figure 20: CRC_cvx solution obtained with
the PP-based method with no offsetting

Figure 21: CRC_ccv solution obtained with
the PP-based method with no offsetting

For the CRC _ccv test case, if anchor points p, and p, as shown in Figure 21

were to be used, no Pareto point would be found. This is because the Pareto front lies

to the right of the utopia plane. Therefore, for testing the algorithm the anchor points
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were substituted with points p; and p;, in place of offsetting the utopia plane points.

As shown in Figure 21 apparently only 5 Pareto points were obtained, but in truth, the
solutions obtained for multiple utopia plane points coincided. Thus only a limited
representation of the Pareto front was obtained. As stated for the CRC_cvx test case,
the solution could be improved by modifying the preferences or the offset value,

which would require additional optimisations.

e NC:

The reformulation for the NC method is given in (11). The results for test cases
CRC cvx and CRC ccv are shown in Figure 22 and Figure 23, respectively. All
solutions found are Pareto points. The figures show that the Pareto, points are well
distributed along the Pareto front. However, as it will be shown in the next section,
according to the shape of the Pareto front, the reformulation can allow the optimiser to

become trapped in a local minimum.
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Figure 22: CRC_cvx solution obtained with Figure 23: CRC_ccv solution obtained with
the NC method the NC method

By investigating the methods for a number of different test cases it was possible
to identify a major flaw in the NC method. This problem can be seen by means of the
results obtained with the implemented NC method, for test case SPHR ccv of section
3.1. The results shown in Figure 24 correspond to the following sets of anchor points:

SPHR_ccv-Casel: (see section 3.1)
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SPHR _ccv-Case4:

0 1 0
m=|0], p;=|0]and p;=|1
1 0 0

As can be seen for Casel (Figure 24a) the solutions (red dots) are well distributed
over the Pareto frontier, represented by the portion of the sphere. For Case2 (Figure

24b) most of the solutions are not obtained on the Pareto front, except for the

solutions which coincide with anchor point p.

> anchor points
% anchor points
~ utopia plane points +

unfeasible utopia Iy + [~ utopia plane points
+ ] feasible utopi

plane paints + + + + ::':anu pui:ls pia
® NG solutions ) + + I

+
= + + * NC solutions
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Figure 24: NC solution for problem SPHR ccv: (a) Casel, (b) Case4

The reason for the failure of the NC method can be explained as follows. From

(11) the optimisation problem for utopia plane point p, can be formulated as follows:

min F,(x)
subject to: XX +X =1,
and P equality constraints: 0<x <1, 1=12,3 (13)

and subject to the additional 2 constraints:
qj-(F—pi)SO, j=12

where ¢ =u;—p?.
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Minimising function f =F,, the gradient of the optimisation problem with
respect to the three objective functions is:
o o ol |
Vi=|— — —| =|0|=e,. (14)
oF, oF, OF, {

If vector 1 is the unit vector orthogonal to the utopia plane, then the projection of

Vi on the utopia plane is:

Vi —(Vf-Dl=e, —(e;-Dl=¢, —1L,1. (15)
This is shown in Figure 25, where the dashed-dotted line is the utopia plane. In

the figure the direction which minimises objective function F, is considered.

utopia /
plane

F e
Sy (Vi-DI=11

Figure 25: NC method minimisation directions

When optimising for any utopia plane point, the component of the gradient of the
objective function parallel to the utopia plane allows the formulation of the NC
method to maintain the solution at the intersection between the M —1 planes; each
corresponding to the portion of the frontier of the feasible region determined by one
of the additional constraints of the NC method.

For the NC method to be effective it is fundamental for the M —1 planes to be
oriented correctly. This can be shown with the three diagrams in Figure 26, for utopia

plane point p, considering three different sets of hypothetical anchor points. The
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view of all figures is orthogonal with respect to the utopia plane, thus the two planes

for which q;«(F —p) =0 correspond to the dashed lines.

s

q,

Figure 26: Formulation of the NC method for utopia plane point p (viewed orthogonally with
respect to the utopia plane), for three different sets of anchor points.

For the anchor points of Figure 26a, minimising F,, —(e, —l,1) (the component
of —Vf in the plane) will correctly “push” the solution to the intersection of the
planes q,*(F—p)=0 and q,«(F—p)=0, thus the solution will belong to the line
passing through p orthogonal to the utopia plane. This case is similar to SPHR ccv-

Casel (Figure 24a), for which all solutions are obtained correctly.
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In Figure 26b the anchor points are positioned as for SPHR ccv-Case4 (Figure
24b). As can be seen, because of the position of the anchor points the two planes

q;*(F—p)=0 are rotated with respect to the case depicted in Figure 24a. Thus the

two constraints do not act as required and the solution will not belong to the line

passing through p orthogonal to the utopia plane.
Although the case of Figure 26b and that of SPHR ccv-Case4 (Figure 24b) are

particular in that the anchor points belong to the axes, (i.e. each minimises two
objective functions at once) in Figure 26¢c we show that this problem can still occur
even for a more general case.

As a result, for multiobjective optimisation problems for which the number of
objectives is greater than two, the successful application of the NC method is once
again, as for the peripheral region problem, dependant on the relative positioning of

the anchor points.

3.2.2 Some considerations with regard to the NBI, PP-based and
NC method

The following considerations can be made with respect to the NBI, PP-based and
NC method:

e NBI:

The only apparent drawback of the NBI method is the tightness of the equality
constraints of the reformulated optimisation problem. As shown for cases Problem
CRC cvx (Figure 18) and Problem CRC ccv (Figure 19), the constraint tightness is
such that the optimiser fails to obtain Pareto solution for some of the sub-problems.
The feasible region for the sub-problem is reduced in fact to a line. Thus if there are
o™ points in the global feasible space, there will be ' points for each of the sub-
problems. This reduces the effectiveness of any type of optimiser in obtaining a
feasible solution.

e PP-based

As discussed in section 2.3.3 for the PP-based method, the ideal size of

parallelepiped H, as well as the value for the offsetting coefficient 0 are unknowns.

Therefore, in order to determine well-distributed Pareto points, for each sub-problem
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a number of optimisations are necessary in order to determine the optimal size of H
and the value of coefficient 0. As a result, for each sub-problem several optimisation
need to be performed.
e NC

In the NC method, as shown in section 3.2.1, for more than two objectives the
method can fail to obtain Pareto solutions, for cases in which the anchor points are
not “favourably” positioned. Furthermore transforming M —1 objectives in
constraints, while minimising only one objective, exposes the optimiser to the
possibility of obtaining a solution which does not belong to a line orthogonal to the
utopia plane and passing through the utopia plane point considered. This, in the case
of the existence of a local minimum with respect to the single objective minimised.

For the example of Figure 4, this possibility is illustrated in Figure 27.

O Sub-problem solution
= Region of local minima

>

R

Figure 27: Introduction of the local minima by the NC method.

In Figure 27, for the sub-problem relative to utopia plane point p,, when the
reformulation of the NC method requires the minimisation of the single objective F,,

the feasible region corresponds to the shaded area. In such a case any point of the
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week-Pareto region (double solid line) is a local minima of the reformulated

optimisation problem for utopia plane point p, .

3.3 The Global Optimisation problem

For a multiobjective optimisation algorithm to be effective the global
optimisation problem has to be taken into account. In fact, in real life optimisation
problems it is possible for multiple local minima to exist. As multiple local minima
can exist in single objective optimisation, so do multiple local Pareto frontiers in
multiobjective optimisation.

Deb (1998) proposes the following definitions for local and global Pareto sets:

Local Pareto-optimal Set: If for every member x in a set P__, there does not

local

exist any solution X satisfying ||i—x||w <&, where ¢ is a small positive number (in

principle, X is obtained by perturbing x in a small neighbourhood) dominating any

member in the set P

ocal » then the solutions belonging to the set P constitute a local

Pareto-optimal set.

Global Pareto-optimal Set: If there does not exist any solution in the search

space that dominates any member in the set P,

wiobat » then the solution belonging to set

Pyobar COnDstitutes a global Pareto-optimal set.

As a result, it is possible that in some cases there can exist multiple Pareto fronts,
each belonging to a different region of the design space. We can assume that in

general the following possible cases can be encountered:
e the global Pareto front coincides with one of the local Pareto fronts,

o the global Pareto front is a composition of portions of different local

Pareto fronts.
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These two cases are depicted for a hypothetical optimisation problem in Figure

28. In both diagrams, the two differently shaded areas (Y,” and Y, ) correspond to the
mapping on the criterion space of two feasible design regions (X, and X,,
respectively) by F(x). Thus X, for i=1,2 is mapped by F(x) onto Y, . In such case

the feasible design space would correspond to X =X, U X;, while the feasible

*

criterion space would be Y™ =Y, LY, .

As shown in the diagrams, while in Figure 28a there are two distinctive Pareto

fronts in Figure 28b the global Pareto front is a composition of two different portions

of the two local Pareto fronts relative to the two feasible regions Y,  and Y, .

=== global Pareto front (a) === global Pareto front (b)

e |ocal Pareto front e |ocal Pareto front

Figure 28: Local and global Pareto optimal sets cases: (a) distinct local and global Pareto-
optimal sets, (b) composed local and global Pareto-optimal sets

Methods such as the NBI, PP-based and NC method, which make use of
reference points (utopia plane points) for reformulating the optimisation problem, are
not suitable for multiobjective optimisation problems for which multiple Pareto fronts
exist. For all such methods, once the anchor points are obtained and the utopia plane
points are computed, the optimisations are performed sequentially using as starting
point the solution of the previous optimisation. As described in section 2.3.3, in fact,
the utopia plane points are ordered by minimising the distance between each

subsequent one and its predecessor. Thus if a local optimiser is used and the solution
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of the previously executed optimisation problem corresponds to a point belonging to a
local Pareto front, there is a high probability that the solution obtained will still belong
to the same local Pareto front. Furthermore, except for the NC method, in case of
more than two objectives where the polygon enlargement is performed, the first
utopia plane point coincides with one of the anchor points. Thus if the solution
relative to the first utopia plane point coincides with an anchor point, which coincides
with a local minima, there is a high probability that the next solution obtained will

belong to the local Pareto optimal front to which also the anchor point belongs.

optimisation = global Pareto front
order e |ocal Pareto front
of execution - -~ utopialine
A = - = NBI reformulation
O optimisation solutions

Figure 29: Hypothetical solution for “local” anchor point u;

To give a better understanding of this problem, we give the following example

(Figure 29) relative to the hypothetical case depicted in Figure 28a. Let us consider
the case in which the anchor point p;, determined for objective function F,,
coincided with the local minima of Y, as shown in Figure 29. Then the utopia plane

would correspond to the dotted line connecting the two anchor points. Without loss of
generality we represent with the dash-dotted line the additional equality constraints of
the NBI method, passing through each utopia plane point. By solving each subsequent

optimisation problem by means of a local optimiser, in the order shown by the black
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arrow, it is possible that the solutions found would correspond to those shown in the
figure.

This phenomenon can be demonstrated by means of the following test case.

Problem Deb1:
min[ Fl(xl’ X, ), Fz(xla X, )]
where: F =4x and F, =g,(x)-9,(x)
where:
7( %y 702]2 = 0.25+3.75(g,-1)
4 - 3e 002 (XZ < 0'4) 1 - (_lj F] S gl
9= [x —0.7)2 92 = 9

4-3¢ ' "2 (x,20.4) 0 F > g,

and where 0<x <I,i=12

This test case was first presented by Deb (1998) for evaluating Evolutionary
algorithms. The test case is a particularly complex in that it has multiple local Pareto
fronts. Furthermore, the fronts are of mixed type, while the global Pareto front is
convex the local Pareto fronts are non-convex. An additional difficulty, when
applying methods as those considered (NBI, PP-based and NC), is given by the fact
that the single objective minima are non-unique. Thus, the anchor points will also be
non-unique. Each of the non-unique minima can be considered both as local minima
as well as global minima.

The non-uniqueness of the minima of the two objective functions F and F, is

shown in Figure 30. The figures show the overlapping surfaces relative to the two

functions. As shown in Figure 30a the solutions for function F, correspond to all the
points belonging to the X, axis for which 0 <X, <1. Figure 30b shows the region for

which objective function F, is a minimum.
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fregion of minima of objective F | (@) |region of minima of objective F, | (b)

Figure 30: Two views of the surfaces corresponding to objectives F1 and F2 with respect to

the independent variables for test case Debl.

As previously stated, when minimising for the single objective functions, in order
to obtain an anchor point, any points of the region of minima shown in Figure 30
could correspond to an anchor point. Let us consider the three following cases:

Deb1-Casel:

ool .36 [0l . [0
X, = = anda x, = =
206 M| o 128 M T 3575

Deb1-Case2:

Deb1-Case3:

LT . [4 T o T
e P g e P e EeY Il PO

where x; for i=1,2 correspond to the value of the design variables which yield
anchor point p;, thus p; =F(x;) for i =1,2.
For all three test cases the value of X, was chosen, while x, was determined

through the minimisation of objective function F , with a random point as starting

59



value for the optimiser. In all three cases the anchor point x, were chosen in order to
belong to the regions for which function F, is minimum (Figure 30b).

The results obtained by applying the NC method, with respect to the three cases,
are shown in Figure 31, Figure 32 and Figure 33, respectively. Once again the
optimiser used for solving, for each utopia plane point, was the Sequential Quadratic
Programming (SQP) algorithm fmincon of MATLAB. The two anchor points are

shown in all figures. The values of X, and X, of each red vertical line correspond to

the values of x; of each anchor point i, while the values of X, and X, of each black

vertical line correspond to the values of the design variables of each solution obtained.
The green dots correspond to the intersection of the vertical lines with the two
surfaces. Hence they identify the values of F, and F, for each solution. The solutions
were obtained in the order shown with the purple arrow (note that the first solution
coincides with anchor point p; =F(x,), according to the ordering of the o,

coefficients (7)).

— anchor points
— solutions

objective values

first utopia
plane point]

Figure 31: NC solution of test case Deb1-Casel
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The three test cases illustrate the global optimisation problem depicted in Figure
29. As shown in Figure 31, Figure 32 and Figure 33, each subsequent solution
obtained is in the neighbourhood of the previous one, with respect to the design

variables. Thus, because a local optimiser is being used, the subsequent solutions
obtained tend to belong to the same local Pareto optimal set to which anchor point p;
and therefore the initial utopia plane point belongs. The global Pareto-optimal set is
obtained for Case2 (Figure 32) where anchor point p, belongs to the global Pareto

front. For completeness it must be said that some of the points found are week Pareto

points, nevertheless, these points were in the proximity of a local Pareto front.

— anchor points
— solutions F,
® objective values

Wy

‘! Y

4\_ i
= = ;\\r
; i plane point
~\ &T‘ WY e A

\“}*\?\}%‘\

-

Figure 32: NC solution of test case Deb1-Case2
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Figure 33: NC solution of test case Deb1-Case3

For a multiobjective optimisation method to be effective it should be applicable
to real life design problems, where multiple local Pareto-optimal frontiers can exist.
As has been shown such problem is taken care of by neither the NBI, PP-based nor
NC method. Thus it is of interest of determining how it could be solved.

Furthermore, in the context of Conceptual design it is of interest for the DM to
investigate the design space in search for solutions of interest. The advantage of the a
posteriori articulation of preference approach is that of enabling an investigation of
solutions obtained, allowing the DM to incorporate additional considerations when
selecting a solution. For the scope of this research we consider local Pareto fronts as
being part of the solutions of interest, we assume that additional considerations (e.g.
robustness) might even lead the DM to discard solutions belonging to the global

Pareto-optimal front.
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3.4 Requirements for an effective multiobjective optimisation

method

The previous considerations lead to the definition of a set of requirements which

an effective method for generating well-distributed Pareto points should satisfy:

1) The reformulation should avoid the introduction of local minima.

2) The reformulation should minimise the possibility of the optimiser to
fail.

3) A unique optimisation should be performed for each of the sub-problems
minimising the risk of failure.

4) The method should be independent of the number of objectives.

The second point is particularly important for efficiency. In fact, when
performing an optimisation relative to a particular sub-problem a set of termination
criterion have to be defined; one of these will be a maximum number of iterations.
This termination criterion interrupts the optimiser in case a solution is not found
within a maximum number of iterations.

The forth point, in conjunction with the second one, is important in relation to the
proper determination of the peripheral region. The following two sections present the

author’s effort in developing an approach to satisfy the above requirements.

3.5 The path leading to a new multiobjective optimisation

method

The attempt at improving the reformulation of the optimisation problems, in
order to remove the limitations associated with the existing methods, has followed
three consecutive stages. The result of the first one is the modified PP-based method,
developed through modification of the PP-based method (Utyuzhnikov et al., 2005a;
Utyuzhnikov et al., 2005b). The second one has taken advantage of the experience
gained from the development of the first one and has led to the development of the
Double Hyper-cone Boundary Intersection (DHCBI) method (Fantini et al., 2007).
The third and last method developed is the NC+ method. The methods follow the
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tracks laid by the NBI, PP-based and NC method, combining the various approaches

and the knowledge gained from them.

3.5.1 The modified PP based method

As shown above, the NBI method shrinks the search domain to a line, which
reduces the feasible space and thus limits the effectiveness of the optimiser. In
contrast, the search domains of the PP-based and the NC method are so wide that
while in the former method it has to be readjusted, in the latter it may allow the
existence of local minima.

Following is a description of the modified PP-based method, which was
developed first. The PP-based method has been extensively described in two
conference papers: Utyuzhnikov, Fantini and Guenov (2005) and Utyuzhnikov,
Guenov and Fantini (2005).

In order to shrink the search domain defined by the parallelepiped H (section
2.3.3), the following generalized class-function is introduced:

|f(|fi), i=L2,...,M (16)

where Ifi is defined by the following affine transform

F =F,B; ., Lj=12,..,M (17)
in the criterion space Y . This is equivalent to introducing a new coordinate system

with the basis vectors

a, = Ae, i,j=12,..,.M (18)
where e; for j=1,2,..,M are the base vectors of the original coordinate system. As

aresult B=A".

In particular, the basis vectors a, for i =1,...,M can be chosen in such a way to

form an angle y_, with respect to a particular unit vector 1. For a 2D case, matrices A

and B will be:

A cosy_ siny_ B 1 siny, —siny_
“|cosy, siny, |’ " sin2y, | —cosy, cosy.

} (19)

where ¥, =y, +7., .=y, —y.and 1=[cosy,,siny,]".
A two objective case comparison between the PP-based method and the modified

PP-based method is shown in Figure 34. The figure shows how performing the affine
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transform, parallelepiped H (Figure 34a) is distorted into the rhombus H (Figure

34b.).

n

7 "'/////////

o
B

Figure 34: Criterion space: Comparison between the PP-based (a) and

the modified PP-based (b) approach

In the general case for, M objectives, the following algorithm is proposed.

Suppose that all basis vectors a, of the new coordinate system form an angle y, with
a unit vector 1. Thus, all vectors a, must satisfy the following conditions:

a,-l=cosy,, i=12,...M (20)
As a result, all vectors a; belong to the lateral area of a hyper-cone with the apex

corresponding to a point p, angle y, and axis along vector 1 (Figure 35).

Figure 35: Local basis vectors in an i-th hyperplane
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In order to obtain a uniform distribution of the vectors a,, as in the 2D case, the

following procedure is followed. First, we suppose that 1 is directed in such a way

that it has equal coordinates in the original Cartesian coordinate system {e,,...,e, } :

1=1,=[l,,1,,.... 1] (21)
Since 1 is a unit vector, we obtain its coordinates as:

1
I, =cosy, =—— 22
0 ]/0 N ( )
Formula (22) immediately follows from the fact that 1-1=1. Each basis vector a,
can be determined in the plane created by the vectors e, and 1, as shown in Figure 35.

It is possible to show that

L _sinze | singy =70,

- i . (23)
siny, siny,
From (17), (22) and (23) we obtain
Az A S07e | SinGy 7 )c0sy, o o

siny, sin y,

where all the elements of the matrix E are unities: H E; H =1.

In many cases the shrinking around the lines parallel to vector 1, is already

sufficient. Nevertheless, it is important to obtain matrix A in the general case of an
arbitrary unit vector 1. For this purpose, it is sufficient to perform a rotation
equivalent to that required to make vector 1, coincide with vector 1. This is achieved
by multiplying both parts of equation (23) by an orthogonal matrix R :
RI, =1 (25)
This allows obtaining the basis of evenly distributed vectors {a{,...,a;\,, } , each of
which belonging the lateral area of the hyper-cone having the axis parallel to vector 1:

VA O AY
siny, siny,

(26)
where e = Re, are the components of the Cartesian coordinate system in which vector

1 has coinciding components. The columns of transition matrix R correspond to the

coordinates of vectors €] in the basis {e,,...,e, } . Since the transform is orthogonal,

all angles are preserved. In particular, a; -1=cosy,.
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Matrix A can be obtained in the general form as follows:

A:AORT — Sinyc RT +Sin(70_7c) E
sin y, siny,

(27)
where &=
If y.=y,, then a] =e; which means that the transform becomes orthogonal and

is only reduced to a rotation of the original Cartesian coordinate system. As a

consequence matrix A is orthogonal and B = A" .
The general presentation requires the calculation of the orthogonal matrix R, the

components of which must satisfy the following additional requirements:

M
cos 702 Ry =1; (28)

j=1
Since matrix R is not unique, the simplest way of obtaining it is to consider a

rotation from vector 1, to vector 1 in a Cartesian coordinate system {b,,...,b,, }
related to these vectors. Suppose that in this coordinate system vectors {b;,...,b }
are orthogonal to both 1, and 1. Then, in this basis vector 1, is mapped onto 1 by a
rotation matrix T, describing the rotation in the hyper-plane created by the vectors 1,

and 1. It can then be obtained that

1,1 1m0 0]
1-1,-1 1,1 0o - 0
k= 0 0 1 0 (29)
0 0 0 1]
then, in the original basis the rotation matrix is represented as follows:
R =D,T.D; (30)
Here, matrix D, is the orthogonal matrix of transition from the original basis to
— 1- (l ) lo )10

the basis {b;}: b, =1, b, and where the remaining basis vectors

,/1—(1-10)2

b,,...,b,, can be obtained as follows. Let us supplement vectors b, and b, to the full
basis by those M —2 vectors of the original basis {e,,...,e, | that have the minimal

value of 1-e, for k =1,...,M . Then, the full basis {bl,...,b,\,I } is obtained through the
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Gram-Schmidt orthogonolisation procedure applied to the selected M —2 vectors of
the original basis. According to this procedure each subsequent basis vector is to be

orthogonal to all the previous ones. Thus, Dg; =b; for i,j=1..,M , where b are

coordinates of vector b i

!/

Vectors {al,...,aM } , as well as {al,...,a;\,I } , create a basis in Y . The basis vectors

form a search cone similar to the 2D case shown in Figure 34b. In the 2D case, where

M =2 and y, = z/4, we obtain formulas (19).

The boundaries of the preference ranges are mapped according to (17):

F =F, B, ihbj=1L..,M; k=1,..5 (31)

k=i
As shown in Figure 34, transformations (16) and (17) allow us to shrink the

search domain through the constraints F, <F,; for i =1,..,M . This allows focusing

on a much smaller area on the Pareto front compared to the original PP-based method.
Furthermore no displacement of the box D is required in order to obtain well-
distributed Pareto points.

The formulation of the optimisation doesn’t differ from that of the PP-based

method (10). The only difference is that the class-functions F.will be used in place of

the original F, for building the AOF. Thus the formulation of the AOF to be replaced

to the original PP-based method (10) is the following:

AOF(x)zlogw( ZF( (F (x) )j (32)

A further advantage of the modified-PP-based approach is that the new set of
axes can be defined with respect to a vector 1 which does not necessarily need to be
orthogonal to the utopia plane. This is an interesting feature because it allows
orienting the search domain in the criterion space. The orientation feature becomes
useful when the number of objectives is greater than two, the case in which the
peripheral region problem exists.

The points obtained are not only Pareto points but can also be week-Pareto and
local-Pareto points. The removal of the week-Pareto and local-Pareto points is easily
attained through comparison, identifying the dominated points in the Pareto set

(Utyuzhnikov, Fantini and Guenov 2005).
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To avoid undesirable severe skewing of the search domain, preliminary
normalisation of the objective functions is performed:
Fisc ) Filr:riax__FiI;:i:lin 3)
similarly to other methods.
Figure 36 shows the results obtained with the modified PP-based method, for test
cases CRC cvx. As for the PP-based method (Figure 20) a search domain relative to

one of the utopia plane points is shown for comparison.
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Figure 36: CRC_cvx solution obtained with Figure 37: CRC_ccv solution obtained with
the modified PP-based method the modified PP-based method

The contour lines show the values of the AOF. The gradient of the AOF is
orthogonal to the contour lines, in the direction for which the objective functions
increase. It is also interesting to see, with respect to the PP-method (Figure 20), that
the contour lines in Figure 36 are distorted together with the shape of the search
domain. For obtaining each Pareto point a single optimisation, for each of the utopia
plane points, was performed. The modified PP-based method (Figure 36) shows a
much better distribution compared to the PP-based method (Figure 20) when no
offsetting or resizing is performed.

The results relative to test case CRC ccv are shown in Figure 37. The figure

shows the contour lines relative to the AOF for each of the utopia plane points. As

69



shown, after an initial search on the lower left side of the utopia plane (for —1), not
finding any solution, the search domain was switched to the opposite side (for 1).
Comparing the results obtained by the modified PP-based method (Figure 37) and the
results obtained with the PP-based method (Figure 21), when no offsetting or resizing
is performed, it can be seen that once again the distribution obtained with the
modified PP-based method has generated better distributed Pareto points.

One of the advantages of the modified PP-base method is the possibility of
rotating the search domain by varying vector 1. Such feature is useful in tackling the

peripheral region problem. By rotating the search domain for the utopia plane points
which belong to the edges of the polygon of vertices p; , it is possible to investigate

those regions of the criterion space for which their normal projection on the utopia
plane is external to the polygon.
The following procedure for rotating the search domain is followed.

From (7), a utopia plane point p will belong to the k-th edge of the polygon if
and only if o, =0 for m=k,k +1.

We define as edge vectors of polygon, vectors (Figure 38a):
A2 TN TH i=1L..,M-1 (34)
A unit vector which is the outer normal to the edge considered, can be obtained by
means of the following linear combination of the edge vectors v;.; and v;:
_ Vi, By _ VitV
| |Vi71 +ﬂivi| ’ g V-V, (35)
Vector 1 is determined via s; and the normal n to the utopia hyper-plane towards the
origin as follows:
1=—cosfn+sinds,, 0<6 <rx/2 (36)

where angle 6, is a parameter which defines the rotation of 1. Changing 6, from 0
to /2, vector 1 is turned from the normal vector —n to the vector s; as shown in

Figure 38b.
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orthogonal projection
(@) of the Pareto surface

(b)

Figure 38: Rotation of the search domain to obtain the Pareto points belonging to the peripheral
region

The following test case allows us to demonstrate the capability of the modified
PP-based method to obtain those points of the Pareto front, for which their normal

projection does not fall inside the polygon.

Problem half SPHR_ cvx:

min F(x)
subject to: X +X+X% <1,
subject to: -1<x. <0 i=1,2
and subject to: —0.5<x,<0

where F(x)=x= [Xl, Xy, Xy ]T .

In this case the Pareto surface is represented by the part of the unit sphere for

which the coordinates are negative and X,>-0.5. The anchor points are the

following:

-1 0 -3/2

w=|0|,p={-1|and p;=| 0O
0 0 12
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The results shown in Figure 39 demonstrate that the entire Pareto frontier is
represented, regardless of its orthogonal image on the utopia plane being far beyond
the triangle defined by the anchor points. For 66 utopia plane points, 127 Pareto
points were obtained.

The main drawback of the modified PP-based method is that the domain H can
be oriented only on either side of the utopia plane. This means that a maximum of two
optimisations have to be performed for each utopia plane point. Although the
modified PP-based method is effective in reducing the search domain with respect to
the PP-based method and the NC method, and enlarging the search domain with
respect to the NBI method; the NBI and NC method have still the advantage of

investigating both sides of the utopia plane at once.

> anchor points

~ utopia plane points

® Pareto points

Figure 39: half SPHR_cvx solution obtained with the modified PP-based method showing the
capability of the algorithm in obtaining the solutions belonging to the peripheral region
Each of the search domains shown in Figure 37 corresponds to an optimisation
performed in order to obtain a Pareto point. To attempt to avoid the double
optimisation for each sub-problem the algorithm switches side making considerations
over the side on which the previous Pareto points have been found. Although this
reduces the number of optimisations to be performed, it has been seen that it is not

effective when the method is applied to more complicated optimisation problems.
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Finally, the rotation of the search domains, in order to obtain the Pareto points
belonging to the peripheral region, would not be effective for cases in which the
Pareto frontier tended to coincide with the utopia plane. In, fact, in the limit case in
which the Pareto front coincided with the utopia plane, vector 1 would have to be

rotated at 7/2, i.e., for 6, =z/2 (36). Thus for all of the consecutive Pareto points

sought, belonging to the peripheral region, the rotation would have to be the same.
Hence for each such point, the reformulation of the optimisation problem and the
search domain would be identical, making the rotation search strategy ineffective.

Such effect is the reason for which, in Figure 39, the density of the Pareto points

increases in the proximity of the edge having as vertices anchor points p, and p;.

3.5.2 The Double Hyper-Cone Boundary Intersection Method

To solve the limitations of the modified PP-based method the Double Hyper-
cone Boundary Intersection (DHCBI) method has been developed. The PP-based
method has been briefly described in a conference paper: Fantini et al. (2007). The
DHCBI reproduces the modified PP-based method, but generating two opposite cones
at once, for each sub-problem. Furthermore it enables to control the AOF. And last,
but not least, the reformulation of the optimisation problem is much simpler.

The DHCBI method takes advantage of some of the concepts of the NBI method
(9). In particular, when reformulating the optimisation problem for a utopia plane
point p, , vector F(x) is decomposed in its two orthogonal components t and n with
respect to a unit vector 1 orthogonal to the utopia plane.

As shown in Figure 40 the scalar values of the two components can be obtained

as follows:

E(X)_pk o1
HF(X) — P« H I
Vmin = Vmin (F(X)apk ) =min{y,,7,}
t(F(x).py) = [F) - py ]| cos(7,n)

¥, = arccos(
(37)

n(F(x).p,) = [Fx) - p, | sinz,;,)

73



where 1, coincides with the unit vector parallel to 1, pointing in the direction for

which the objective functions increase, 1, = I, and where y,, is the projection angle
of HF(X)_pkH on 1.

This decomposition allows us to reformulate the optimisation problem for utopia

plane point p, as follows:

mxil’l[ forca (1(X), n(x))]

subject to K inequality constraints: 0,(x)<0, k=12,..K (38)
and P equality constraints: h,(x)=0, p=L2,.,P
and subject to the additional constraint: N <c(t)

where function fg,q (t,n)=t+q(n), t L3 and q(n) is a monotonically

||n||

increasing function of n.
In order to obtain a domain similar to the one obtained with the modified PP-

based method, we build a constraint which generates a domain as the one depicted in

Figure 40b.

7
&@ & N
Yyl
utopia planeg
F(x)
1 (a)

Figure 40: Detail of the DHCBI formulation (a) detail of the variables and parameters (b)
constraints shape.
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Through the additional constraint n<c(t) in (38) we impose that the solution
will have to be within a certain distance with respect to the line orthogonal to the

utopia plane and passing through utopia plane point p, . Function c(t) is chosen in

order to generate two symmetric cones having cone angle 7. To avoid introducing

discontinuities in the constraint, the cones are joined by means of a “smoothing”

function for t <t_.

One of the possible formulations for generating the double hyper-cone is the

following:

ln(tanycﬂ)ti
e © —1

& T tyn, t<t
In(tany,+1)

¢V = C (39)

tan y,
t-t t| —————=-1 t>t
( C)tanyc-i_c(ln(tanyc_i_l) \]_'—nc > C

where n, =c(0) and t, is the distance from p, along +l at which the constraint

becomes a hyper-cone. The formulation of the additional constraint (39), allows to
maintain the continuity of the first derivative for t =0 and t =1, as can be easily seen:

In(tany, +1)L

C'(t) _Je 1 t< tc (40)
tan y, t>1,

n,, which is the minimum width of the search domain, can be chosen as a
fraction of the Euclidean distance between two contiguous utopia plane points, in
order to avoid the inclusion of other utopia plane points in the search domain.

The formulation for the additional constraint in (39) can be obtained as follows.

To obtain a domain as the one shown in Figure 40b the four following conditions

have to be satisfied:

c(0)=n,
c'(0)=0 41)
c'(t)=tany,, t>t,

For t<t, we chose as first derivative for function c(t)

t

A—
c'(t)=e “ +B, (42)
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since in such way function c(t) will be a monotone increasing function. Constants A

and B can be determined as follows:

c'(0)=1+B=0 B=-1
' A = . (43)
c'(t,)=e"+B=tany, A=In(tany, +1)
c(t) can then be obtained through integration as follows:
AL t Al
o) =[c'(tydt=[(e ~dt="e Y _t+C+D (44)
where C and D are two constants to be determined.
From the first conditions of (41) and from (44)
t
c(O):—;+C+D:nC, (45)
which can be satisfied for C = —t—;\ and D =n,. Thus for t <t,
In(tan y, +1 )ti 1
ct)=t S " tin. (46)
In(tan y, +1)
As a consequence, the value of function c(t) for t =t, will be:
t t
C(tc):—;\(tanyc+1)—tc+C+D:—;‘tanyc—tc+nc. (47)
For t >t the condition to be satisfied from (41) is the following:
c'(t)y=tany,. (48)
This condition allows the search domain to become conical for t >t_.
Function c(t) for t >t can be obtained as follows:
c(t) = j c(tydt=ttany, +E, (49)

where E is a constant to be determined. For maintaining the continuity of c(t) in

t =t. from (47) and (49) we impose

c(t,) =t, tan70+E:t—'&tan;/C—tc+nc, (50)
thus
E:t—;\tanyc—thrnc—tctanyc. (51
We then obtain that for t >t_, c(t) corresponds to the following linear function:
o(t) = (t—t )tan y, +1, (#—1} n,. (52)
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By choosing function ¢ (n) appropriately it is possible to orient the gradient of
function f, (t,n)=t+q(n), in order to direct the solver towards the axis of the

hyper-cone while minimising f,,.; along the axis of the cone.

One possible formulation for function q is the following:

nc+1
—, n<n,

q(n)={ ° o : (53)
d-c)n+—, n>n,

nC

By computing the components of the gradients for fy,.q (t,n) =t+q(n):

1
¢c|, n<n
(c+D)= ;
nC
Viorca (1) = ! (54)
n>n
(1-c)+ 2| "M

it can be shown that, on the axis of the cone (n=0) the gradient will be

1
Y4 . (t,O)=[0} and will be parallel to the axis of the cone. For 0<n<n_ the

DHCBI

component of the gradient orthogonal to the axis of the cone will increase

proportionally to n°, while for n>n, it will increase linearly with respect to n.
The formulation for function f,.g, (t,n) can be obtained as follows:

The following conditions are to be satisfied:
1
VfDHCB| (t,0)= 0

n=n (55)

1
VfDH(:B| (t,nc) =LC+1)}, R

VfDHCBI (t: I’l) = Linear} n>n

This corresponds to requiring the gradient to be parallel to the axis of the search
domain (where n=0) while, moving outwards with respect to the axis, the

component of the gradient orthogonal to the axis increases progressively from 0 to
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c+1 and then linearly from thereafter. The desired behaviour of the gradient is shown

in Figure 41. Parameter C allows controlling the rotation of the gradient.

t
T Viohce (6,N)

Z—

Figure 41: DHCBI gradient variation for with N

Since f,,cq (t,N) =t+q(n) then the conditions can be reformulated as follows:

q'(0)=0
q'(n,)=c+1 (56)
q'(n) =linear, n>n,
by choosing
ne
q'(n)= (C”)F’ (57)

C

the second condition of (56) is satisfied. Then

, B nc+1
a(m) = Ja'(mydn=— (58)

C
and

an,)=n;. (59)
For n>n, continuity has to be satisfied. If we consider the following linear

function:

q'(n)= A+Bn, (60)
as required by the third condition of (56), where A and B are coefficients to be

determined, then

1
q(n) = J'q’(n)dn =An + Bn*. (61)
By imposing the second condition of (56) and continuity of q(n) with (60) and

(61), we obtain that:
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A+Bn,=c+1 A=1-c

q'(n,)=c+1 ) .
= c ,

therefore

cn’
q(n) = (1—c)n+n—. (63)
Figure 42 and Figure 43 show the results obtained with the implemented DHBI
method for test case CRC _cvx and CRC_ccv, respectively. The figures show all of the
search domains and corresponding contour lines, each of which allowed obtaining a
Pareto point for each utopia plane point. As can be seen the Pareto points are well-

distributed along the Pareto frontier.

B

. anchor peints i ““-‘__‘

utopla plane points i ==

0258 * Pareto points 08

===- Pareto frontier

Pareto points

= Pareto frontier
T ||

Figure 42: CRC_cvx solution obtained with Figure 43: CRC_ccv solution obtained with
the modified PP-based method the modified PP-based method

The advantages of the DHCBI method over the modified PP-based method can

be summarised as follows:

1) Minimising of the number of optimisations to be performed.
Only one optimisation is performed for each of the utopia plane points.

2) Flexible definition of the search domain.

The search domain can be controlled through parameters n., y. and c. By

modifying these parameters it is also possible to obtain search domains similar to
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the ones of the NBI, PP-based (with no offsetting) and the modified PP-based
method.
3) Better control over the AOF through the definition of function (.

Function g can be chosen in such a way to allow controlling the shape of the

contour lines.

3.5.3 The NC+ method

Even though the DHCBI is capable of solving the problems encountered when
performing multiobjective optimisation, analysing the results obtained for three test
cases, it is evident that the NC method has still one advantage over the DHCBI
method. The results for the three test cases are shown in Table 2. The test cases
considered where the two 2 objective optimisation problem CRC cvx and CRC ccv
presented in section 3.2.1 and the 3 objective SPHR ccv-Casel test case reported in
section 3.1. For all three test cases the utopia plane points considered for comparing
the two methods were the same, thus the number of analyses performed is only
dependent on the formulation of the optimisation problem. For both CRC cvx and
CRC _ccv the number of utopia plane points was 11. For the SPHR ccv-Casel the
utopia plane points considered were 28 and the anchor points positions were as
defined by Casel in section 3.1. The NBI method was applied in order to determine
the utopia plane points, thus for test case SPHR ccv-Casel the peripheral region
problem was not considered. This was done, once again in order to focus the attention
only on the number of analyses required for obtaining the Pareto points. In all three
cases the Pareto points obtained with the NC method and the DHCBI method were
practically identical, the only difference being the number of iterations required for
obtaining them. The parameters chosen for the DHCBI method were ¢=0.05,

7.=10°, n,=d_ /4 and t, was conveniently chosenas t, = n_ /tan(y,).

As shown in Table 2 the NC method requires in all cases fewer analyses than the
NC method for obtaining all Pareto points. It is speculated that this is due to the fact
that while the formulation of the DHCBI method requires a complex combination of
the objectives, the formulation of the NC method requires at most a linear

combination of the objectives in order to compute the additional constraints.
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Furthermore, the DHCBI method requires a number of parameters for reformulating

the optimisation problem, while the NC method does not require any.

NC Number of analyses DHC]:IIIS;SI::)H of
CRC_cvx 202 949
CRC _ccv 137 375
SPHR_ccv-Casel 420 1502

Table 2: Comparison of the number of analyses performed by the NC and DHCBI method

In section 3.2.1 a number of limitations of the NC method were identified.
Firstly, it was demonstrated that particular positioning of the anchor points can bring
the method to fail in obtaining well-distributed Pareto points. Furthermore, the
method allows the existence of local minima for which the solution does not belong to
a line orthogonal to the utopia plane and passing through the utopia plane point
considered, this potentially jeopardising the capability of the method of generating
well-distributed Pareto points.

By evaluating the limitations encountered by the NC method it was possible to
develop the NC+ method, which is an improvement over the NC method. The

formulation of the method is the following:

min F (x)
subject to K
inequality 0,(x)<0, k=1,2,..,K
constraints:
P equality h _0 1P
constraints: p(¥)=0, p=1L2,..,

64
subject to the additional M —1 constraints: (©4)

v, (p,~F)<0 Vjell,2,..,M}, j=I

and subject to the additional constraints:

v, F—pi—ncL <0
v
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where v, =I|_ije' —e; for j=I, v, =mT.le| —m, e; Vj are the base vectors of the
coordinate system, 1 is the unit vector orthogonal to the utopia plane, n. is a fraction
of the Euclidean distance between two contiguous utopia plane points and finally
m e R" is a vector such that m =1 Vi and m, =0.

The formulation is similar to the NC method, where M —1 constraints are used
for building M —1 hyper-planes which confine the solution to a region of the criterion
space. Although in the NC method these constraints are dependent on the anchor
points, in the NC+ method they are build with respect to the coordinate system.

For the solution to belong to the line orthogonal to the utopia plane, passing
through a particular utopia plane point, all hyper-planes need to be orthogonal to the
utopia plane and have to intersect in the utopia plane point. In the NC method, for a

utopia plane point p,, the orthogonality of the hyper-planes is obtained by defining
vectors q; (11). Since the anchor points are used for determining vectors q;, the
vectors are automatically parallel to the utopia plane, thus the hyper-planes are all
orthogonal to the utopia plane. In the NC+ method instead, the hyper-planes are
determined with respect to the coordinate system thus the orthogonality condition has
to be enforced. This can be simply obtained as follows.

If objective function F is to be minimised then we define the vector orthogonal
to hyper-plane j =1 as:

v,=te —e;, Vj#lI (65)

as also shown in Figure 44a for which F, is minimised. Then the orthogonality
condition can be simply imposed as:

v, 1= (te —e)1=0, (66)
thus

=" (67)

As a result from (65) and (67) the vector orthogonal to the hyper-plane for constraint

J, j=!lis

I .
V.:I—’el—ej,Vj;tI (68)

J
|
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Figure 44b shows a diagram depicting the feasible region defined through constraints

v, for j#I. The diagram also shows the projection of the search direction on the
utopia plane (15). As a result constraint j for j =1 is the following:

v,-(p;~-F)<0, Vj=I (69)
By using the coordinate system for defining the constraints, no two hyper-planes

are allowed to be parallel; this can be demonstrated by the fact that the angle between

the two vectors is always greater than 0, which corresponds to demonstrating that

scalar product v; - v, is always smaller HV JHHVPH . In fact, since

I I, 1, .
ViV, = I_el_ej . |_e|_ep =|—2, Vj,pil (70)
| I

and
I I [ S s .
—|da — RPN _ e p
[villivoll = e =i -, —\/||4 FhTEeL VRl
then verifying
Vi vy <[viflvi vipEl  (72)
we obtain that
12122 12+ .
JP<Jp ] p+1’ Vj,p;tl (73)

I N I}
which is always true.

Figure 44: Formulation of the first M-1 additional constraints for the NC+ method (a) hyper-
plane orthogonal vectors determination, (b) feasible region for utopia plane point p (viewed

orthogonally with respect to the utopia plane).
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To minimise the possibility of obtaining solutions not belonging to the line

orthogonal to the utopia plane, passing through utopia plane point p, we add an

additional constraint. Constraint | is built in order to reduce the size of the feasible
region, confining the solution in the proximity of the line passing through utopia

plane point p,. As for the other M —1 constraints, constraint | defines a hyper-plane
orthogonal to the utopia plane, but positioned at a distance n, in the direction of
vector v,. Vector v, is obtained as:

v =le —m (74)
where m € R™ is a vector such that m, =1 Vi and m, =0, as shown in Figure 45a.

Once again the orthogonality condition is imposed as:

I=(te,—m)-1=0, (75)
thus

L= (76)

and as a result, from (74) and (76), we obtain:

m-1
v, =I—e|—m. (77)

|
As among vectors v; for j=1, it can be demonstrated that constraint v, is not

parallel to any constraint v; by the fact that their scalar product v, -v; is always
smaller | il in fact
m-1l Ij Ij M i
Vv, = I—e,—m . I—e,—ej =|_2_lei+1, vj#I (78)
| | ¥
and
2 2
M 2 1| m .
il = —’4 [ M D S Mo, ViEl(79)
i=l L
i=l i=l
then verifying
vi-v; <|v, ||HVJ , vj | (80)

we obtain that
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2
|2 M .
(M—2)|—12+ L +M-2>0, ES (81)
I :::,j

which is always satisfied for a number of objectives M greater than 2.
Figure 45b depicts all the three constraints for a three objective optimisation

problem.

Feasible
Region

F2 Fl

Figure 45: Formulation of additional constraints for the NC+ method (a) hyper-plane |
orthogonal vectors determination, (b) feasible region for utopia plane point p (viewed

orthogonally with respect to the utopia plane).

The positioning of the constraint at a distance n, is simply obtained by adding

ncL to utopia plane point p, for constraint |, as also shown in Figure 45b. Thus

v
constraint | is
v
vl-(F—pi—nC”—'JSO. (82)
vif
As for the DHCBI method, n, can be chosen as a fraction of the Euclidean

distance between two contiguous utopia plane points
The advantages of the NC+ method with respect to the DHCBI and modified PP-

based method are the following:

1) Minimises the number of optimisations to be performed.

Only one optimisation is performed for each of the utopia plane points.
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2) Flexible definition of the search domain with minimum number of parameters.

The search domain can be controlled through parameter n,. Parameter n, allows

to vary the size of the feasible region.

3) No need of controlling the AOF.
The AOF of the modified PP-based and DHCBI method is replaced with a single
objective similarly to the NC method

The results of the comparison of the NC+ method with the other investigated

methods are presented in chapter 6.

3.5.4 Obtaining a complete representation of the Pareto Front

For obtaining a complete representation of the Pareto frontier it is necessary to
obtain also those Pareto points that belong to the peripheral region. Here we propose
an alternative approach for obtaining such points, with respect to the one proposed by

Messac and Mattson (2004). Since the points belonging to the peripheral region have
orthogonal projection to the utopia plane external to the polygon of vertices p;, a
possible solution is that of generating the peripheral region utopia plane points p*
using the utopia plane points belonging to the edges of the polygon.

Let us consider a utopia plane point p° belonging to the k-th edge of the

polygon. Then as for the modified PP-based method, following (34) and (35), we can

determine vector s; parallel to the utopia plane and pointing towards the exterior of

the polygon having as vertices the anchor points (Figure 38a). For each of the utopia
plane points p* belonging to an edge, the peripheral region utopia plane points can

be then obtained as:

p =p +angs,, q=1,2,... (83)

where n; corresponds to the distance between two adjacent utopia plane points.

Following this approach each new peripheral region utopia plane point p* belongs to

the orthogonal projection of the peripheral region on the utopia plane and is
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generated from an initial utopia plane point p*, moving orthogonally to the edge of

the polygon to which p” belongs and parallel to the utopia plane. For obtaining all of
the Pareto points belonging to the peripheral region, for each of the edge utopia plane
points p*, q is increased until the optimiser fails to obtain a solution.

The advantage of this approach over the modified PP-based method is that the
problem concerning the rotation of the anchor points is removed. Furthermore the

approach is general and can also be applied to the NBI, PP-based and NC method.

3.5.5 Gradient Based Global Multiobjective Optimisation

The implemented methods make use of a Sequential Quadratic Programming
(SQP) algorithm for solving the optimisation sub-problems. SQP belongs to the
family of the gradient based methods. SQP, as other gradient based methods, is
conventionally used for solving local optimisation problems. The reason for this is
that at each iteration gradient based methods make use of the gradients relatively to a
particular point, in order to determine the next one. Thus the information used for
performing the optimisation is valid only with respect to the neighbourhood to which
the gradients are obtained.

The fact that SQP is a local optimiser can be used as an advantage for searching
the design space for points of interest for the DM. It must be remembered that the
design points obtained should be evaluated a posteriori so that the DM can make
additional considerations on the solutions found.

For solving the global optimisation problem one of the proposed methods is
applied repeatedly in order to allow the identification of all local Pareto frontiers.
Then, by evaluating the solutions obtained, the global Pareto set is easily determined.
For doing this it is sufficient to run one of the proposed methods as many times, as the
number of local minima obtained for each of the single objectives. These are
computed in a pre-processing phase of the algorithm. This gives the proposed
approach the unique feature of generating local Pareto fronts.

As discussed in section 3.3, we can define as local Parecto frontier, a Pareto
frontier within a particular neighbourhood of the design space. The procedure

presented bellow shows how such frontiers can be obtained. The procedure has two
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main advantages, the first is that a more complete investigation of the design space is

performed improving the chances of obtaining global Pareto solutions. Secondly, it

allows the DM to obtain and analyse a set of solutions that can be of interest from an

engineering point of view, for example, when accounting for additional considerations

such as design robustness.

1.

The procedure for obtaining the local Pareto frontiers is the following:

A Latin-hypercube sampling procedure is used for obtaining L well distributed
points in the design space.

L single-objective optimisations are performed for each of the M objectives,

yielding local anchor points p; e R, ie{l,..,M}, ] e{l,..., LT} and relative
design points x;‘j eR". L is the number of local optima obtained for objective i .

It is to be noted that L; is considered to be different from L since not all

optimisations might yield a solution.

In order to remove multiple coinciding anchor points, for each objective 1 it is

checked that Hi;—i:kuw>g for each j,ke{l,...,L’:}, j#k. Where each

component of the design point vectors is normalised with respect to its lower and

upper bounds, i.e. X = (X —%,)/(X, —X,) for 1=1..,N. If for two points

value in case the objective is to be minimised, or the smaller value in case the

*

X — X, Hw <¢ then the s4; and 4, are compared and the point with the greater

point is to be maximised, is removed. The value of ¢ is a parameter and is to be
chosen for 0 < ¢ <<1.

For each objective i and anchor point j we determine a polygon with well
spread anchor points. This is done by evaluating the Euclidean distance between

;_1;. and each anchor point of each combination of the M —1 anchor points ﬁ;kp ,
where p=1,..,M, p=i and k, € {1,..., L*p} , and determining the combination for

which the minimum distance between ;_1” and one of the anchor points ﬁ;kp of the
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permutation is maximum. This corresponds to determining the M —1 anchor

points ﬁ*pk; =ﬁ;kp for which

_— _— _— % % "
) By = Bo (o [Picik, — Bajflo|[B 5 — Bk, |2

max | min (84)
kl ""skp)“"kM * * *

— —k
Pvky, Bk, H

2

e r‘M—l,KM,1 _EM,KM
It must be noted that each component of the anchor point vectors is normalised
with respect to its lower and upper bounds, thus = s /(s — p4y) for
l=1,..,M.

%

5. For objective i and local minimum j, local anchor points . .,...,u;,.... . are
1 M

used for defining the K utopia plane points as in (7):

M
Pijk :Zapﬁ;kp +aiu?j’ k={1,2,...,K} (85)
=
pi

6. For utopia plane point p;, the optimisation problem is reformulated and solved.

7. Steps 4 through 6 are repeated L, times for each of the M objectives.

Starting the sequence of optimisations from the utopia plane point closest to the

local anchor point p” and moving towards the other M —1 global anchor points

allows obtaining the local Pareto in the neighbourhood of u” .

The procedure presented is very simple; in fact, it coincides with reiterating the
Pareto front procedure, each time selecting a set of different anchor points. It has been
developed taking advantage from the considerations made when analysing the results
obtained for global multiobjective optimisation test cases such as Debl (section 3.3).
The results obtained by applying this procedure on a set of global multiobjective

optimisation problems are presented in chapter 6.

3.6 Summary

By testing the NBI, PP-based and NC method on a number of test cases it was
possible to identify several shortcomings of such methods. The tightness of the
equality constraint introduced in the reformulation of NBI method can limit its

effectiveness in determining each Pareto point, furthermore the peripheral region
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problem is not considered. The application of the PP-based method requires the
determination of several parameters which are initially unknown and the peripheral
region problem is not considered. Finally, even though with the NC method an
approach for dealing with the peripheral region problem is proposed, the NC method
can fail in generating Pareto points when the number of objectives is greater than two;
furthermore its reformulation allows the existence of local minima.

In the attempt of solving such limitations the modified PP-based method was
initially developed, this then led to the development of the DHCBI and finally the
NC+ method. Through the evaluation of the results obtained by applying the
reformulation techniques investigated to global multiobjective optimisation problems,
a procedure which allows obtaining local-Pareto fronts, as well as increasing the
chances of obtaining the global Pareto front, is proposed. The developed NC+ method
solves the limitations encountered by the NBI, PP-based, NC, modified PP-based and
DHCBI method and is capable of solving global multiobjective continuous
optimisation problems.

In the following chapter considerations on the integration of the reformulation
methods with multidisciplinary optimisation algorithms, together with considerations

on the application of automatic differentiation (AD), are discussed.
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4 Multiobjective MDO and application of Automatic

Differentiation

For simulating the behaviour of a complex system the designer makes use of a set
of CAs, each of which models a particular discipline. According to the aims of the
particular study to be conducted, input and output variables of the complete system
are selected. Because of the mutual interaction of the CAs, arranging these in order to
satisfy the requirements of the study may lead to a non-hierarchically decomposable
system. In such a case the CAs are said to be coupled and can not be executed
sequentially. For performing effectively and efficiently an optimisation when the
system is non-hierarchically decomposable, a number of approaches exist; the main

ones are briefly introduced in section 2.2.

4.1 Multiobjective MDO for conceptual design

Although all of the MDO algorithms would be suitable for application to
conceptual design, a problem exists. The current approaches have been developed for
preliminary design, where the number of constituent disciplines is usually, at most, in
the order of tens of CAs. This is due to the fact that in the preliminary design phase
high fidelity CAE tools are used for simulating the behaviour of the system. Therefore
performing an optimisation of the complete system with all of its components, as done
at the conceptual phase, becomes unthinkable. Thus, for solving this problem the
aircraft is subdivided in its main components, for each of which a preliminary design
is conducted. In contrast with preliminary design, at the conceptual design phase the
complete aircraft is taken into account and the number of CAs is in the order of
hundreds, each of which corresponding to simple equations. Thus even in the case of
a hierarchically decomposable system, arranging the disciplines becomes a challenge
(Balachandran, Fantini, and Guenov, 2007).

Therefore, although arranging a non-hierarchically decomposable system as
would be required for the application of more complex MDO algorithms, such as CO,
CSSO and BLISS (discussed in section 2.2), would be an interesting challenge, it is

out of the scope of the current work. As a result the MDO algorithms considered here
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are the simpler and more commonly applied ones: the Nested Analysis and Design
(NAND) and the Simultaneous Analysis and Design (SAND). Anyway, this does not
affect the general applicability of the approach.

The general optimisation problem for a non-hierarchically decomposable system
is formulated in (3). The optimisation problems for the NAND and SAND approaches

discussed in section 2.2, can be formulated as follows:

NAND:

As discussed in section 2.2.1, following the NAND approach the problem of the
non-hierarchically decomposable system is completely hidden from the SLO. Thus,
the multiobjective optimisation problem can be formulated as if the system was
hierarchically decomposable. The formulation of the optimisation problem is identical

to (1), which is also reported here:

min F(x,z)
subject to K inequality constraints: 0,(x,2)<0, k=12,.,K (86)
and P equality constraints: h,(x,2)=0, p=L2,..,P

Each time function F(x,z) is evaluated for a design point x=X, the non-
hierarchically decomposable system z =S(X,z) has to be brought to convergence. As
a result the values of F(x,z) are always consistent, the only exception being the case
for which for some x=X there does not exist any z satisfying z=S(X,z), thus
F(X,?) can not be determined. This case is important from a practical point of view,
since the optimiser will still require some value for F(X,?). A possible solution to this
problem is that of substituting F(X,?) with a vector containing maximal values for
F(x,z), while substituting g(x,z)<0 and h(x,z)=0 with the maximal values of
g(x,z) and h(x,z) ,respectively; this in order to discourage the optimiser in

investigating such region of the design space.
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SAND:
The formulation of the optimisation problem for the SAND approach is the

following:
min F(x,z)
subject to K inequality constraints: 0,(x,2)<0, k=12,..,K
87
and P equality constraints: h,(x,2)=0, p=12,..,P ®7)
and With the additional equality 2=S(x.2).
constraints:

In contrast to the NAND approach, for the SAND approach (section 2.2.2) the
optimisation problem is augmented with the equality constraints, requiring for the
system to be satisfied. As also previously reported in section 2.2, the main problem of
this approach is that consistency may not be enforced until an optimal solution is
obtained.

From an optimisation point of view this can mislead the optimiser in minimising
objective functions F. This can be easily demonstrated by considering two design
points: point (x,z)=(X,Zz) for which Z #S(X,z) and point (x,z)=(X,Z) for which
Z=S(X,Z); in general this implies that F(X,z)#F(X,z). As a result, during the
optimisation process, if z=S(x,z) is not satisfied, the information used at each step

by the optimiser in order to minimise the objective functions will be based on
inconsistent values of F'.

Once again, the fact that the utopia plane points are ordered by minimising the
distance between each subsequent one and its predecessor, becomes useful when
performing multiobjective multidisciplinary optimisation. As the solution obtained for
a utopia plane point can be used as starting point for the optimisation relative to the
subsequent point, so can the coupling variables z. Whichever MDO algorithm is
considered, this allows using as starting point for the optimiser a solution
corresponding to a converged system. Furthermore if the solution sought is in the
neighbourhood of the starting point, we can reasonably assume that the values of the

coupling variables will not differ greatly from the initial ones.

93



Figure 46 and Figure 47 show the variable flow for the NAND and SAND
approaches respectively, when optimising for utopia plane point p. . In the figures, X,
is the initial design point, while z, is the initial value of the coupling variables; these
values having been determined as solution obtained relatively to utopia plane point
p, - At each iteration, the optimiser will call the system block for evaluating a
particular design point and will retrieve its output y . For the NAND approach (Figure

46) the flow of the coupling variables is represented by dotted lines since, according
to its formulation (86), the coupling variables are not part of the independent variables
for the optimiser. In contrast, for the SAND approach (Figure 47) both the design

variables and coupling variables, according to (87), are independent variables for the

optimiser.
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4.2 Automatic Differentiation and Global Sensitivity

Equations

When performing multiobjective optimisation following the reformulation
approach, a single objective optimisation has to be performed in order to obtain each
Pareto point. According to the characteristics of conceptual design considered (section
2), for which all variables are continuous and the functions constituting the CAs are
generally continuous, gradient based optimisation methods appear to be the most
appropriate.

As previously stated in section 2.3.2, one of the problems encountered in
applying gradient based methods, is the number of analyses required for obtaining the
Jacobians. As stated in section 2.4, to solve this problem automatic differentiation
(AD) can be applied.

When evaluating the solution of a system for a particular set of input variables
and automatic differentiation (AD) is applied, the analytical partial derivatives of the
output of the system with respect to the inputs are obtained as output of the system.

The variable flow in the case of a non-hierarchically decomposable system is shown
in Figure 48. In the figure the inputs to the system are x € R" , which is the vector of

the independent variables, and z, € RY, which is the vector of the coupling variables
in input. The outputs to the system are: y=y(x,z,) (y:R""® —>R") and
z, =2,(x,2,) (z:R"® -5 RR®), which is the vector of the coupling variables in
output. Furthermore, applying AD, the Jacobians J (x,z,), which is the Jacobian of

y,and J, (x,z,) are obtained.

&

Non-hierarchically
decomposable system

Figure 48: Variable flow with AD application.
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When computing the Jacobian for a point (x,z,) the convergence of the non-
hierarchically decomposable system z,(x,z,) =z, is not taken into account. Thus, in

order to correct the Jacobain, global sensitivity equations GSE (Sobieszczanski-
Sobieski, 1990) have to be applied. The derivation of the GSE, similarly to
(Sobieszczanski-Sobieski, 1990) is reported as follows.

By considering a linearization of y and z, according to the chain rule, we obtain

that the partial derivative of component y; with respect to X; is:

W _ % 5 O 2

dx, ox, =z, dx;,’ (88)
while the partial derivative of z, with respect to X; is:
dz 0z R 0z, dz
or _ Or +Z Or Ik (89)
dx; X, o oz, dx
Which can also be written as:
dzOr azOr 8ZOr dzlr C azOr dZIk
= + + . (90)
dx; ox; 0z, dx; T 0z, dx;
k=r
All values %, %, , o and OZor ,fori=1..,M, j=1L..,N and r=1,..,R
OX; 0z,  OX; Z,

are readily available from the Jacobian computed by means of AD.

If the infinitesimal variation of each coupling variable z,, (r=1,...,R) is such

that the consistency of the system is maintained then we have that

dz,, dz,
d_;.:d_xl.:> dz,, =dz, =dz, . 1)
J ]
As a result (90) can also be written as:
- 0z, |z, _ 0z, +ZR: 0z, dz,, .
oz, )dx;  ox; T oz, dX ©2)

=1
k=r

From (88) and (92) we then obtain the systems of N(R+ M) equations and

N(R+M) unknowns dzr’ for r=1,..,R, j=1,..,N and %, for i=1..,M,
dx; dx;

j=L..,N:
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R
1_620, dz, _zaZOr dz, _ Gz r=1.,R,j=1,...,N
oz, )dx; S oz, dx;  OX;
et (93)
Z % dz, _ oy i=1,..M,j=1..N
xj 10z, dX; 8xj

Or equivalently N independent systems, where system j of R+ M equations

=1,...,R and % ,fori=1,...,

M is:
dx; dx;
R
1 0z, |dz, _ZazOr dz, o0z, r=1..R
oz, )dx; & oz, dx; o
k=r (94)
R
Y S A = LM
dx; 1= oz, dx; OX;
System (94) can be rewritten using matrices as follows:
dz | |0z
A Z]| dx OX;
= 95
B Ijidy | | oy .
dx; OX;
where A is the Rx R matrix
(1_00) 2% oy |
0z,, 0z,, OZq
_ aZOZ 1_ az02 .
A=| o, oz, ' : (96)
_azﬂ 1— aZOR
| 0z, 0Z 5
B is the M xR matrix
ST TR T
0z,, 0z,, 0Z,
Y % Y
B=| oz, 0z,, Oz |, 97)
V. W . _Wu
0z,, 0z,, O |

Z is an RxM zero matrix and I isan M xM identity matrix.
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From (95) we can then obtain that for a converged system, if matrix {B I} is

not singular

dz 0z
| [a z]|m
dy | [B I } oy
) =)
thus the corrected Jacobians for converged system are:

Txzy=| Gy dy Ay
v dx,” dx, dz, " dz,

> (98)

99)

jzo (x.2) = [dzO dz, dz, dz, }

dx, dx, dz, dz,

Where the components of y; with respect to z; can be computed as

dyi ayi o ayi ka
— =} _
dz, oz kZ::‘ oX, dz; (100)

] lj
while the partial derivative of z, with respectto z; are

dz. 0z, <0z, dx
i Oi +Z Oi k (101)
k=1

d_zj_ oz, ox, dz;

Since it is obviously the gradients which allow a gradient based optimiser to
obtain a solution, it is paramount to apply GSE. This is necessary in order to provide
the optimiser with the correct partial derivatives of all the outputs with respect to all
of the inputs.

From an implementation point of view it must be considered that, although AD is

effective in reducing the computational cost of obtaining Jacobians, its application is

effective only if the functions are continuous in the point (x,z, ) where the Jacobians

are computed. Thus, in the context of an optimisation process the values of the
Jacobians need to be checked, in order to avoid the failure of the optimisation process.
Although finite difference are affected by the same problem, they are more robust in
that a value can still be computed, even if not correct, avoiding the complete failure of
the optimisation process. As a result the two approaches can be used

complementarily, applying finite differences when AD fails. Finally, when computing
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A Z
the correct Jacobians by means of GSE it is important for the matrix {B I} to be

invertible. When this is not the case, then GSE can not be applied. Thus, the Jacobians
needed by the optimiser will have to be determined in a different way, for example

through finite differences.

4.3 Summary

In this chapter the methodology for applying multiobjective optimisation
algorithms to multidisciplinary design problems was presented. Automatic
differentiation is considered for determining the partial derivatives at a low
computational cost, in order to enhance the performance of gradient based optimisers.
The problem of determining the correct Jacobians in case of a converged system is
presented together with its formulation.

In the following chapter the complete procedure developed for determining well-
distributed Pareto points, relative to local and global Pareto frontiers, for a non-
hierarchically decomposable system is presented. A brief description of the software

implementation of the algorithm used for obtaining the results presented is also given.
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5 THE CODE-M algorithm

The NC+ method, the global optimisation procedure, the NAND and SAND
algorithms, automatic differentiation, and the GSE equations are integrated in the
CODE-M algorithm, an algorithm for Conceptual Design global Multiobjective
Multidisciplinary optimisation. In the following section a description of the complete

algorithm is given, followed by some details of its implementation.

5.1 The algorithm

The flowchart of the CODE-M algorithm for determining well-distributed Pareto
points on the local and global Pareto frontiers, of a non-hierarchically decomposable

system is depicted in Figure 49.

POINT ANALYSIS
‘ Initial points generation "” F(x,z)
fixedpointiteration »
v Ld TIS(x,2)
‘ Solving for initial points QQI_ A
‘ Single objective minimization
Removal of multiple identical solutions "”
OPTIMI Yes Partial No
(0] — SATION? » Derivativ. >
P
T
I No
v M
PARETO SEARCH 1 ®
S
‘ Anchor point selection "” E *
B F(x,2)
Utopia plane points coordinates @ S(x,z)
calculation -
* — ]
‘ Reformulation for utopia plane point "” .
Objective/Constraint | Partial @
* computation Derivatiy y
‘ Local minima computation I

A\ 4 @

I

A\ 4
[¢ PARETO SOLUTION ’

Figure 49: Multiobjective Multidisciplinary Algorithm Flowchart
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For simplifying the description of the algorithm we consider four main sub-
algorithms: the LOCAL MINIMA COMPUTATION, the PARETO SEARCH, the
POINT ANALYSIS and finally the GLOBAL PARETO POINTS IDENTIFIER sub-

algorithm.

1. LOCAL MINIMA COMPUTATION

The steps followed by the Local Minima Computation sub-algorithm are similar
to the steps 1-3 of the global optimisation procedure of section 3.5.5, with the
difference that the procedure is extended to take into account the R coupling

variables (section 4.1). The input required by the sub-algorithm is the number of

starting points L. The outputs are the L; local minima for each of the M objective

functions i.

The steps of this sub-algorithm are the following:

a. Initial points generation
A Latin-Hypercube sampling procedure is used for obtaining L well

distributed starting points X, I =1,...,L in the design space.

b. Solving for initial points

For each of the initial points X, i =1,...,L the POINT ANALYSIS sub-
algorithm is called in order to determine the value of the coupling variable

Zop =S(Xgpi>Zgp;) -

¢. Single objective minimisation
L single-objective optimisations are performed by means of sub-algorithm

POINT ANALYSYS for each of the M objectives. Thus for objective i

and starting point (Xgp;,2gp;) the optimisation problem is formulated as:

101



c.1. for the NAND case:
min F (x)
subject to M,
inequality 9, (x,2)<0, m,=1...M,
constraints:
M.. equality

e

. hm (X,Z):O, m :1,...,M
constraints: *

optimisation

. . Xgpj» Zgpj
starting point: (Xpj> Z5p))

c.2. for the SAND case:
min F,(x,z)

subject to M,

inequality O (x,2)<0, m. =L..,M,,
constraints:
M. equallty h. (x,z)=0, m, =1..,M,_
constraints: “
R equalit

q 1 y Zr :Sr(X7Z)7 rzl,,R
constraints:
optimisation 7
starting point: (Xspj> Zer;)

yielding local anchor points p; eR", ie{l..,M}, je{l,...,L}‘} and

Lz )e RNV

corresponding design points and coupling variables (x;,z;

Where L; is the number of local optima obtained for objective i .

. Removal of multiple identical solutions

In order to remove multiple coinciding anchor points, for each objective i

it is checked that Hiu —ii*kHw > ¢ for each j,ke {1,..., LT}, j # k. Where,

each component of the design point vectors is normalised with respect to

its lower and upper bounds, i.e. Xj = (X —X,)/(X, —%y) for I=1..,N.

If for two points Hi” X, H <¢ then the s and 1, are compared and the
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point with the greater value in case the objective is to be minimised, or the
smaller value in case the point is to be maximised, is removed. The value

of & is a parameter and is to be chosen for 0 < ¢ <<1.

2. PARETO SEARCH

The steps followed by the PARETO SEARCH sub-algorithm are similar to the
steps 4-7 of the global optimisation procedure of section 3.5.5, but extended in order
to incorporate the peripheral region determination of the peripheral region anchor
points (section 3.5.4) and the formulation of the NC+ (section 3.5.3) method taking
into account the NAND and SAND approaches.

The inputs to this sub-algorithm are the local minima obtained by the Local

Minima Computation sub-algorithm, while the outputs are the Pareto points.
The steps of this sub-algorithm are the following:

a. Anchor point selection

For each objective 1 and anchor point j we determine M —1 anchor

points ﬁzk; :ﬁ*pkp for which:

— —_k %k —k —_k —k
P —Rag (e |Picik, — Bl Mg — Bivik, |2

max | min
Ky oKy e ki

* *

Pvoik,, ~Pmk,

*

— J—
s oMk, ~ Mk, H

where 7z = pt5, /(1 — t4y) for 1=1,..,M . Further details are given at

step 4 of the global optimisation procedure in section 3.5.5.

b. Utopia plane points coordinates calculation

For objective 1 and relative local minimum j, local anchor points

oWt . are used for defining the K utopia plane points:

M
P = Zapﬁzkp +aip; , k= {1,2,..., K} .
P

p#i
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If M >2 and py, belongs to an edge, thus o, =0 for Vq=u,u+1 with

g,ue {1,..., M } , then as described in section 3.5.4, we also search for the

peripheral region Pareto points by generating the peripheral region utopia

plane points:
Pii =Py +dngs;, 4=12,...
where n, corresponds to the distance between two adjacent utopia plane

points.

Reformulation for utopia plane point

For utopia plane point py the optimisation problem is reformulated

according to the NC+ method:

c.1. for the NAND case:

min F (x,z)
subject to M,
inequality O, (x,2)<0, m,=1,...M,
constraints:
M equallty h, (x,2)=0, m,=1,...M,
constraints: *

subject to the additional M —1 constraints:
v (py —F(x,2))<0 Vie{l,2,.,M},j#i

and subject to the additional constraints:

v, -(F(x,z) —Pi N LJ <0
[vil
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c.2. for the SAND case:
min F (x,z)

subject to M,

inequality O (x,2)<0, m.=1,.,M_
constraints:
M __ equalit

« q Y hmec(X9Z):Oa mec :1""’Mec
constraints:
R equalit

d 1 y Zr:Sr(sz)v rzl,...,R

constraints:

subject to the additional M —1 constraints:
v (py —F(x,2))<0 Viell,2,.,M},j#i

and subject to the additional constraints:

v, (I_T(X,z)—pijk -n, LJ <0
[vil

where v j and v, are calculated, as described in section 3.5.3, and where

F is normalised with respect to the anchor points considered thus
E - F -t
| — * *

HMyg) — Mg with Howi :maX{’ulkn*"""ﬂij'"""uMkKAI} and

* . * * *
Uy = mm{'ulkn’“"”ijl""’”Mkm} .

d. Local minima computation
An optimisation is performed in order to determine the Pareto solution

relative to utopia plane point p; . The optimiser will make use of the

POINT ANALYSYS sub-algorithm in order to obtain the desired solution.

3. POINT ANALYSIS
The sub-algorithm POINT ANALYSIS has the function of executing the
complex system, thus determining y=F(x,z) and z,=S(x,z), eventually

manipulating its inputs and outputs according to the calling sub-algorithm.
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Given an input point (x,z), the sub-algorithm returns as output (y,z') or, if

called by the OPTIMISER, the objectives and constraints of the optimisation problem.

If also the Jacobians are required by the optimiser then these are returned too.

The steps of this sub-algorithm are the following:

a. If NAND (The NAND approach is being followed)
Given input variables (x,z) from one of the calling sub-algorithms, a fixed
point iteration procedure is performed in order to determine the converged
value of the coupling variables z' such thatz'=S(x,z"). y=F(x,z') and

z' =S(x,z") are then obtained.

b. If not NAND (The SAND approach is being followed)

Given input variables (x,z) from one of the calling sub-algorithms a

y=F(x,z") and z’' =S(x,z") are then obtained with z'=z.

c. If an optimisation is being performed

Given the input variables (x,z") obtained from steps a or b

i. If partial derivatives (Partial derivatives are to be computed)

If the optimiser requires the Jaciobians to be computed

1. AD
Automatic differentiation is applied. The presented
approach is valid for AD tools making use of operator
overloading, for which the original variables (x,z") are
transformed with variables of an automatic differentiation

class. For further details on operator overloading see section

2.4.

ii. y=F(x,z') and z’' =S(x,z') computation
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In case AD was applied, the results obtained from the computation

of the system will yield y and z' of class AD.

ili. Objectives/Constraints computation
opt,, =[F.,g h,c] is computed according to the formulation of the
optimisation problem according to the sub-algorithm requiring the
optimisation to be performed. With ¢ we indicate for brevity the
M additional constraints of the NC+ method. If a single objective

optimisation was to be performed, then ¢ is empty.

iv. If AD/Converged system
If automatic differentiation was applied and the system is
converged, which is always the case if the NAND approach was

followed then,

1. GSE
Global sensitivity equations are applied in order to

determine the correct Jacobians as described in section 4.2.

4. IDENTIFICATION OF GLOBAL PARETO POINTS

Out of all the Pareto points obtained by the PARETO SEARCH sub-algorithm
the IDENTIFICATION OF GLOBAL PARETO POINTS sub-algorithm determines
the global Pareto points by pairwise comparison.

For doing this, the concept of dominance (section 2.3.1) is applied as follows.
For each pair of Pareto solutions (x,,z,) and (xg,z;), if F(X,,z,) <F(X;,z3)
(i=1,...,M) then point (X;,z;) is dominated by point (x,,z,), thus (x;,Z;) isnot a

global Pareto point.

5.2 Implementation

The CODE-M algorithm was implemented in MATLAB. A user friendly

interface was developed in order to simplify the setup of the different test cases.
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Furthermore the MATLAB code was compiled in order to produce a stand alone
version. Portions of the code were written making use of object oriented
programming, this in order to ease the handling of independent variables, constant
variables, objective functions and constraints.

The lhsdesign function, part of the Statistics Toolbox was used for determining
the starting points. lhsdesign is an implementation of a Latin-Hypercube sampling
algorithm (The MathWorks, Inc., 2007b). The fmincon function, part of the
Optimisation Toolbox was used as optimiser (The MathWorks, Inc., 2007a). fmincon
is an SQP algorithm which solves a sequence of quadratic programming problems in
order to minimise the Lagrangian function, a linear combination of the scalar
objective function and its constraints. For avoiding the computation of the Hessian of
the Lagrangian function, the BFGS method was chosen for generating its
approximation. For determining the solution at each step of the SQP algorithm the
line search method was chosen.

The MAD (MATLAB AUTOMATIC DIFFERENTIATION) library was used
for Automatic Differentiation. MAD, which is part of the TOMLAB package (Forth
and Edvall, 2007), was developed by Shaun Forth of Cranfield University. MAD
makes use of the operator overloading approach in order to determine the analytical
derivatives. Its application is fairly simple, requiring only the transformation of the
input variables to a MATLAB code into objects of class fmad. A limitation of MAD is
that its applicability is limited only to MATLAB functions, thus requiring a different
AD tool and the modification of the CODE-M implementation for applying AD with
non MATLAB contributing analysis.

Even though the CODE-M implementation was developed in MATLAB an
interface allowing the integration of external executables as systems to be optimised

has been developed.

5.3 Summary

In this chapter the CODE-M algorithm for solving global multiobjective
multidisciplinary optimisation problem is presented. Together with a detailed

description of the algorithm, details of its implementation are given.
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The implemented CODE-M algorithm is used in the following chapter in order to
evaluate its various features on a set of test cases. It is also applied for performing a
multiobjective multidisciplinary design on a simplified aircraft test case (USMAC).

More details on the implementation are given in Appendix.
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6 Tests, Results, Analysis and Discussion

For analysing the effectiveness of the CODE-M algorithm proposed in chapter 5
a number of test cases were selected. The aim was that of evaluating the algorithm in
its various features. Thus in each of the following sections a different aspect is
considered. First the capabilities of the NC+ method in solving the limitations of the
NC method are shown in section 6.1, by means of some simple test cases. In section
6.2 the results obtained for a number of global multiobjective optimisation problems
are presented. The results demonstrate the unique capability of the algorithm in
obtaining both global and local Pareto sets. In section 6.3 the results obtained for a
number of test cases for non-hierarchically decomposable systems are given. In
section 6.4 the efficiency of AD is analysed. Finally, in section 6.5 the algorithm is
applied to a simplified multiobjective multidisciplinary aircraft conceptual design

optimisation problem and the results obtained are presented.

6.1 The NC+ method

Some limitations of the existing multiobjective optimisation methods, which
make use of the reformulation approach, have been identified through the evaluation
of these methods with a number of existing test cases (see chapter 3); this lead
initially to the development of the modified PP based method, subsequently to the
development of the DHCBI method and finally to the development of the NC+
method. Although the DHCBI method solved the identified limitations, it was noticed
that on a number of simple test cases it performed poorly with respect to the NC
method, from a computational cost point of view; this lead to the development of the

NC+ method.

6.1.1 NC+ computational cost

In order to evaluate the computational cost of the NC+ method with respect to the
NC method the same test cases used for comparing the DHCBI and NC method
(Table 2) were used. The characteristics of the test cases are reported in sections 3.1

and 3.2.1 and are briefly summarised:
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e CRC cvx/CRC cev:
2 objectives optimisation problem
unique anchor points
11 utopia plane points
e SPHR ccv-Casel (see SPHR ccv-Casel in section 3.1)
3 objectives optimisation problem
fixed anchor points
28 utopia plane points obtained with the NBI method (no peripheral

region considered)

As also stated in section 3.5.3 the anchor points are considered fixed in order to
focus the attention only on the number of analyses required for obtaining the Pareto
points.

As can be seen the two methods required identical number of iterations for
obtaining the solutions, the reason can be attributed to the similarity in the

formulation of the optimisation problems for the two methods.

NC Number of analyses NC+ Number of analyses
CRC _cvx 202 202
CRC _ccv 137 137
SPHR ccv-Casel 420 420

Table 3: Comparison of the number of analyses performed by the NC and NC+ method

6.1.2 Independence of the NC+ method from the positioning of the

anchor points

As it was shown in section 3.2.1, the NC method is not capable of obtaining
Pareto points when the anchor points have particular relative positions. One such case
is shown in Figure 24b. To demonstrate that the NC+ method solves this problem it
was applied to the same test cases. The results obtained are shown in Figure 50 for the
3 objective test cases with fixed anchor points SPHR ccv-Casel and SPHR ccv-

Case4 (see section 3.2.1). By comparing these results with the ones obtained with the
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NC method (Figure 24), it is possible to see that the NC+ method is not affected by
the positioning of the anchor points. In fact, as shown in Figure 50b the Pareto points
obtained are well distributed over the Pareto front corresponding to the portion of the

sphere, while as shown in Figure 24a the original NC method was capable of

obtaining as a Pareto solution only anchor point ;.
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Figure 50: NC+ solution for problem SPHR ccv: (a) Casel, (b) Case4

6.1.3 Complete representation of the Pareto front

One important aspect that has to be taken in account in order to obtain Pareto
points representative of the complete Pareto front, is the ability of the methods to
obtain Pareto points belonging to the peripheral region. For this purpose initially the

NC method solved this problem by enlarging the polygon of vertices p,, in order to

have the orthogonal projection of the Pareto front completely enclosed in the enlarged
polygon. As shown in section 3.1 the position of the anchor points can potentially
greatly reduce the number of utopia plane points. This problem was initially solved
by the proposed modified PP-based method (section 3.5.1), which allowed the
rotation of the search domain for the utopia plane points belonging to the edge of the
polygon. The solution obtained by means of the rotation of the search domain
obtained with the modified PP-based method for test case half SPHR cvx is shown in

Figure 39. A second more general approach, applicable to any of the reformulation
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methods, is proposed in section 3.5.4. The results obtained with this approach in
conjunction with the NC+ method, for the same test case, are shown in Figure 51. As
shown in the figure, this approach allows obtaining the Pareto points belonging to the
peripheral region similarly to the rotation approach. Analogously to the results
presented in Figure 39 the number of utopia plane points requested was 66. As a
result 99 Pareto points were obtained. As can be observed by comparing Figure 39
and Figure 51, while with the modified PP-based method redundant Pareto points
were obtained (in particular on the edge of the Pareto front), the distribution obtained
with this more general approach allows to obtain well-distributed Pareto points in all

regions of the Pareto front.

> anchor points

utopia plane points

® Pareto points

Figure 51: half SPHR_cvx solution obtained with the NC+ method showing the capability of the
algorithm in obtaining the solutions belonging to the peripheral region

6.2 NC+ Global optimisation

The procedure described in section 3.5.5 is applied to a number of multiobjective
global optimisation problems. The aim is to demonstrate the capability of the
procedure in conjunction with the NC+ method to obtain the local and global Pareto
frontiers.

The following multiobjective optimisation test cases have been developed for

evaluating Genetic Algorithms; all of these are summarised in Van Veldhuizen and
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Lamont (1999). The test cases have been developed in order to introduce the different
difficulties that can be encountered when performing global Multiobjective
optimisation. It must be noted that, to the author’s knowledge, for the NBI, PP-based
and NC method no attempt at solving problems of this level of complexity has ever
been attempted.

For all of the test cases parameter n, of the NC+ method was computed as 1/4
of the distance between two adjacent utopia plane points. Also, for all optimisation
problems the procedure described in section 3.5.5 was applied with number of starting
points, L =50, and number of requested utopia plane points, K =50.

It must be noted that the weak Pareto solutions are included as part of the global
Pareto solutions, since the round-off error can make the distinction between global
and local Pareto points difficult. As described in section 5.1, for determining the
global solutions the Pareto points obtained are compared pairwise. If one of the two
points is dominated, then the dominated one is a local Pareto solution. Thus for a

minimisation problem of M objective functions F,(x) (i=1,...,M ), when comparing
two Pareto solutions x, and x;, if F(x,)<F(x;) (i=1...,M) then point x; is
dominated by point x, and Xx; is a local Pareto point. Still, due to the round-off error
the real comparison performed is F(x, +¢,) < F(x; +&5), where ¢, and &; are the
errors for the two solutions. Thus it is possible that if the difference between F,(x,)
and F,(xg) is very small a global solution could be considered dominated even when
this is not the case. To avoid this problem, the dominated solutions are identified by
evaluating F(x,)+& <F(x;), for a predetermined value &, in order to remove the

possibility of erroneously considering any global Pareto solution as local, with the

drawback of not being able to remove some of the weak Pareto solutions.

6.2.1 Problem Debl

Problem Deb1 was initially used in section 3.3 in order to demonstrate the global
optimisation problem, were its formulation can also be found. Here the proposed
global optimisation procedure is applied to test case Debl in order to demonstrate the

capability of the procedure to obtain both the local and global Pareto frontier. It
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should be noted that although discontinuities are present, the NC+ algorithm was still
capable of obtaining the correct solution.

The results obtained for this test case are shown in Figure 52, Figure 53 and
Figure 54. 10835 analyses were required for obtaining the solution. Figure 52 shows

the two overlapping objective functions. The values X, and X, for each vertical line

correspond to the values of the independent variables of each solution obtained. The
values of the independent variables for each of the solutions obtained are also shown
in Figure 53, where the two overlapping contour lines for the two objective functions
are also shown. Figure 54 shows the solution with respect to the criterion (objective

space).

F —e— local Pareto points
—e— Pareto points
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.
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Figure 52: Deb1 solution obtained with the NC+ method (mixed criterion design space)

By examining the three figures it is possible to see that both the global and local
Pareto frontiers are identified by the red and black dots, respectively. As shown in
Figure 30, because of the extension of the region of global minima of the two
objective functions in the design space, many weak Pareto points are included in the

global Pareto set.
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e Jocal Pareto points
® Pareto points

Figure 53: Debl solution obtained with the NC+ method (design space)

e local Pareto points
e Pareto points

is5

Figure 54: Deb1 solution obtained with the NC+ method (criterion space)
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6.2.2 Problem Deb2

The formulation of test case Deb2 is the following:

Problem Deb2:
rl/li]j[l:l(xl )’ FZ(XI’XZ)]

where: F(x)=x and F,(X,%,)=0(X,)-h(F,9)
where: g(X,) =1+10x,

FY F .
and where: h(F,9)=1-| —| ——sin(2zqF)

g g
for 0<x <1,i=12

where ¢ =2 and q=5.

The peculiarity of test case Deb2 is the discontinuity of the Pareto front,
moreover, multiple local minima exist for each of the single objective functions, since

h is a periodic function. In this test case parameter ( defines the number of

discontinuous regions in a unit interval.

The results obtained are shown in Figure 55, Figure 56 and Figure 57. 4584
analyses were required for obtaining the complete solution. In Figure 55 a portion of
the mixed design criterion space is shown, with the two overlapping surfaces
representing the two objective functions. The figure also shows the discontinuity of
the Pareto solution in the design space. The values of the independent variables are
also shown in Figure 56, together with the overlapping contour lines of the two
objective functions. Figure 57 shows the values of the objective functions for the
Pareto points. The discontinuity of the global Pareto frontier in the criterion space is
also shown.

As it can be observed, the global optimisation procedure in conjunction with the
NC+ method was capable of generating Pareto points in all regions of the global

Pareto front.
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Figure 57: Deb2 solution obtained with the NC+ method (criterion space)



6.2.3 Problem Kursawe:

The formulation of test case Kursawe is the following:

Problem Kursawe:

min[F (x), F,(x)]

N 2 2
where: F(x)= Z:(—IOe_O'2VXi i )

i=1

. 038 . 3
and where: F(x)= Z(|X,| +5sin(X;) ) )

i=1
for: -5<x<5,i=1..,N

The peculiarity of test case Kursawe is its symmetry, as shown in Figure 58 and
more clearly by the contour lines in Figure 59. Furthermore, the global Pareto front is
also discontinuous.

33345 analyses were required for obtaining the solution. Figure 58 shows the
results, including a visualisation of the two surfaces representing the two objective
functions. Figure 59 shows the results obtained in the design space together with the
overlapping contour lines of the two objective functions. Figure 60 shows the solution
obtained in the criterion space.

As it can be seen from the figures, the global Pareto front is composed of four

distinct regions, one of which corresponds to the single point for which x =(0,0), the
minimum of objective function F,.

The figures show that the procedure in conjunction with the NC+ method is
capable of obtaining to complete global Pareto front, regardless of the symmetry

problem.
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Figure 58: Kursawe solution obtained with the NC+ method (mixed criterion design space)

e local Pareto points
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Figure 59: Kursawe solution obtained with the NC+ method (design space)
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Figure 60: Kursawe solution obtained with the NC+ method (criterion space)

6.2.4 Problem Fonseca:

The formulation of test case Fonseca is the following:

Problem Fonseca:

where:

and where:

for:

min[F, (x), F, (x)]

l:] (X) =1- e_izzl:()(i _ﬁj

F(x) e B

2<x<2,i=1..,N

The solution for the relatively simple Fonseca test case is shown in Figure 61,

Figure 62 and Figure 63. For obtaining the solution 3140 analysis were required. The

overlapping surfaces of the two objective functions are shown in Figure 61, together

with the solution. Figure 62 shows the results obtained in the design space together
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with the overlapping contour lines of the two objective functions. Figure 63 shows the
solution obtained in the criterion space.
As it can be seen from the figures, optimisation problem Fonseca does not

present any local Pareto front, but a single continuous global Pareto front.
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Figure 61: Fonseca solution obtained with the NC+ method (mixed criterion design space)
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Figure 62: Fonseca solution obtained with the NC+ method (design space)
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Figure 63: Fonseca solution obtained with the NC+ method (criterion space)
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6.2.5 Problem Viennet:

The formulation of test case Viennet is the following:

Problem Viennet:

min[F, (x), F, (x), F,(x)]

1 .

where: F(x)= E(Xlz +X3) +sin(X] +X)
2 2
where: F(x)= (% —2%,+4) i (X =%, +1) +15
8 27
and where: F(x)= L 116749,
' ’ X+ +1

for: -3<x<3,i=1..,2

The Pareto front of test case Viennet is widely distributed, with objective

functions of K, F, and F, scaled differently, as can be observed in Figure 64.

For obtaining the results shown in Figure 64, Figure 65 and Figure 66, 61116
analyses were performed. Figure 64 shows the three overlapping surfaces representing
the 3 objective functions and the results obtained. The values of the independent
variables for the solutions together with the contour lines of the objective functions
are shown in Figure 65. The solutions obtained in the criterion space are shown in
Figure 66.

As can be seen from the figures, although the objective functions are differently
scaled and the global Pareto frontier is widely spread, the global optimisation

procedure and the NC+ method were once again capable of determining the solution.
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Figure 64: Viennet solution obtained with the NC+ method (mixed criterion design space)
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Figure 65: Viennet solution obtained with the NC+ method (design space)
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Figure 66: Viennet solution obtained with the NC+ method (criterion space)

The number of analyses required for solving the five different test cases
presented in this section is summarised in Table 4. As can be seen, although the
number of starting points, L and the number of requested utopia plane points, K
were both fixed to a value of 50, the number of analyses performed varies greatly for
the five test cases. The reason for this is related to how complicated the test cases are,
in particular, the number of objectives considered and the number of local minima
present. The two most demanding test cases are Kursawe, for which numerous local
minima exist, and Viennet for which in addition to the fact that the objectives are 3
each of these have widely spread local minima.

Nevertheless, for all five cases the proposed approach was capable of generating

well-distributed Pareto points on both global and local Pareto frontiers.
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Global Pareto procedure with NC+ method
Number of analyses
Debl 10835
Deb2 4584
Kursawe 33345
Fonseca 3140
Viennet 61116

Table 4: Number of analyses required for the solution of the Multiobjective optimisation test

cases considered.

6.3 Multiobjective Multidisciplinary Optimisation

An advantage, when performing multiobjective optimisation with the methods
which use the reformulation approach, is that for obtaining each subsequent Pareto
point, the previously obtained Pareto point can be used as a starting point for the
following optimisation. Thus, it is of interest to evaluate which among the NAND and
SAND approaches can gain from this advantage.

For evaluating the NAND and SAND approaches discussed in section 4.1 the

following two test cases have been considered.

SPHR_ND ccv_MD

min F(x)
N
where: > =1
i=1
. Z X .
and where: Z ngm(ﬁ—ﬁ], i=1..,N
for: 0<x <1,i=1..,N

where F(X) =X =[X,,....%y ] -
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SPHR _3D_ccv_mltc_ MD

min F(x)

N x
where: > x =1

i=1

T . Z X .

where: Z, =Esm($—mj, i=1..N
and where: x, <10™*,i=4,.,N
for: 0<x <I,i=L..3

where F(x) = [Xl,..., X3]T .

Both test cases are based on the SPHR ccv problem (section 3.1). For test case
SPHR ND ccv. MD the SPHR ccv test case problem has been generalised to M
dimensions, with the number of objectives, M, coinciding with the number of
independent variables of the problem. The Pareto front for this test case will coincide
with the portion of an N dimensional hyper-sphere for which 0<x <1 for
i=1,..,N . For test case SPHR 3D ccv_mltc MD the number of objectives is 3, but
all of the N independent variables are used for determining the radius constraint.
Furthermore, in both test cases multidisciplinarity is taken into account by introducing
the N additional constraints, which are as many as the independent variables.

The following three cases were considered:

SPHR 2D ccv. MD-Casel
The test case is based on test case SPHR ND ccv. MD for N =2. The following

* 0 * 1
n = 1 and p, = 0

anchor points are considered.
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SPHR 3D ccv_MD-Casel
The test case is based on test case SPHR_ND ccv._ MD for N =3. The following

anchor points are considered.

0 1/\2 1/32
m=[YN2 |, =] 0 |andpi=|1/N2
/32 1/\2 0

SPHR _3D_ccv_mlte_MD-Casel
The test case is based on test case SPHR 3D ccv_mltc MD for N =8. The

following anchor points are considered.

0 0.982 1
p,=0976 |, p,=| 0 |and p;=]0.921
1 0.936 0

For all three cases the number of requested utopia plane points is 55. The anchor
points are fixed since, in particular for the SPHR 3D cases, they are not unique. Thus
by fixing the anchor points we ensure that also the utopia plane points are fixed,
therefore the optimisation problems to be solved by means of the NAND and SAND
approaches, for each utopia plane point are the identical.

The results obtained for the three optimisation problems with fixed anchor points
obtained with the NAND and SAND approaches are summarised in Table 5. For each
of the three cases the number of utopia plane points, obtained with the NAND and

SAND approaches, were identical and are reported in the table.

Obtained
Pareto NAND SAND
points
SPHR 2D ccv_MD-Casel 55 715 1265
SPHR 3D ccv_MD-Casel 79 1386 1746
SPHR_3D_ccv_mlte_MD- 79 1487 9941
Casel

Table 5: Comparison between the number of analyses required by the NAND and SAND

approaches for three different test cases.
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As can be seen in Table 5, the NAND approach performed better than the SAND
approach for all three test cases. The difference between the number of analysis
between the NAND and SAND approaches is particularly evident for
SPHR 3D ccv_mltc MD-Casel for which the number of analysis needed for the
SAND approach is more than 6 times the number needed by the NAND approach.
Thus the NAND approach appears to be more efficient. Obviously it is difficult to
reach a general conclusion since the efficiency of the methods is strictly related to the

test case to which these are applied.

6.4 Automatic Differentiation

For analysing the gain in efficiency that can be obtained by applying AD to an
optimisation procedure, five simple test cases were considered. For all of them the
functions are continuous and differentiable. The test cases considered are CRC cvx
(section 3.2.1), CRC ccv (section 3.2.1), SPHR ccv-Casel (section 3.1) and the

following two test cases.

SPHR_ND ccv
min F(x)
N
where: > %=1
i=1
for: 0<x<I,i=L..,N
where F(x) =x=[X,,..., X, ]T .
SPHR _3D_cvx_mltc
min F(x)
N
where: > %=1
i=1
and where: x, <10, i=4,.,N
for: 0<x <1,1=1,...,

where F(x) =X, X,, X, ]T .

130



In particular for the two test cases the following cases were considered:
SPHR_8D_ccv-Casel
The test case is based on test case SPHR ND ccv for N =8. The following

anchor points are considered.

70.0000e+000] [5.6243¢-001 | 75.6243¢-001 ] [5.6243¢-001 |
6.0059¢-001 0.0000e+000 6.0059¢-001 6.0059¢-001

1.5727¢-001 |, 15727¢-001 |, 0.0000¢+000 | 1.5727e-001 |,

. |6.1536e-001 | . |6.1536e-001 | . |6.1536e-001 | . |0.0000¢+000
M=l 67680001 | M2 7167682001 | M T [ 167682001 | M T|1.6768¢-001
6.9435¢-001 6.9435¢-001 6.9435¢-001 6.9435¢-001
8.4516¢-001 8.4516¢-001 8.4516¢-001 8.4516¢-001

| 5.9886¢-002 | |5.9886¢-002 | | 5.9886¢-002 | | 5.9886¢-002 |
[5.6243¢-001 | [5.6243¢-001 | [5.6243¢-001 | 75.6243¢-001 ]
6.0059¢-001 6.0059¢-001 6.0059¢-001 6.0059¢-001
1.5727¢-001 |, 15727¢-001 |, 1.5727¢-001 | and 1.5727¢-001
. 16.1536e-:001 | . |6.1536e:001 | . |6.1536-001 . | 6.1536e-001
s =10.00006+000 | ™ 7| 1.6768¢-001 | M 7| 1.6768¢-001 B =11 6768¢-001
6.9435¢-001 0.0000e-+000 6.9435¢-001 6.9435¢-001
8.4516¢-001 8.4516¢-001 0.0000e+000 8.4516¢-001

| 5.9886¢-002 | | 5.9886¢-002 | | 5.9886¢-002 | |0.0000€+000 |

SPHR 3D ccv_mltc-Casel
The test case is based on test case SPHR 3D ccv_mltc for N =8. The following

anchor points are considered.

0 0.982 1
p,=0976 |, p,=| 0 |and p;=0.921
1 0.936 0

As in section 6.3 the anchor points are fixed in order to perform the identical
optimisations both with and without applying AD. The number of analyses required
for obtaining the Pareto solutions without applying AD (i.e. using finite differences)

and applying AD are summarised in Table 6.
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NC+ Number of NC+ Number of

analysis with no AD analysis with AD
CRC_cvx 202 176
CRC_ccev 137 121
SPHR ccv-Casel 420 329
SPHR_8D ccv 4601 995
SPHR_3D_cvx_mltc 1390 301

Table 6: Comparison of the number of analyses required for solving five test cases with finite

As expected, the results demonstrate the effectiveness of AD in minimising the

differences and with AD.

number of analysis required for solving the optimisation problems.

6.5 USMAC

The USMAC test case was provided by a major airframe manufacturer, in the
context of the European project VIVACE. USMAC stands for Ultra Simplified Model
of Aircraft. The USMAC model is considered for testing the complete multiobjective
multidisciplinary algorithm CODE-M proposed in this research. The test case contains
96 models and 126 variables.

The 96 models were arranged together in order to generate one unique system

with 17 input variables and 6 output variables. The input and output variables as well

as the optimisation problem are described below.
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Input variables:

Input Variables Units

Npax (number passengers)

NpaxFront (number of passengers per row)

Naisle (number of aisles)

FNslst (engine thrust) decaN

BPR (engine bypass ratio)

ne (number of engines)

Awing (wing area) m
span (wing span) m
phi (wing sweep angle) °
tuc (wing thickness to chord ratio)

RA (range ) NM
MTOW (maximum take-off weight) kg
Fuel (fuel quantity) kg
altcrz (cruise altitude) ft

Machcerz (cruise mach)

alto (takeoft altitude) ft

altapp (approach altitude) ft

Output variables:

Output Variables Units
MTOW (maximum take-off weight) kg kg
RA (range) NM NM
RAtime (flight time) h
tofl (takeoff field length) m
vapp (approach speed) kts
vzclb (climb rate) ft/min
kfncth (cruise thrust coefficient)
Kff (wing fuselage fuel ratio)

133



As can be seen from the input and output variables, the maximum take off weight
(MTOW) and the range (RA) appear both in the inputs and the outputs, making the
system non-hierarchically decomposable.

The multi-objective optimisation problem is set as follows:

e The independent variables considered were:

Independent Variables

FNslst =[12700,12800] (decaN)
Awing = [154,155] m’

span = [32,36] m

phi =[29,31]°

tuc =[0.8,0.9]

Fuel =[17000,17500] kg

e The constant variables considered were:

Constant Variables

Npax =150

NpaxFront = 6
Naisle = 1
BPR =6

ne=2
altcrz = 35000 ft
Machcrz = 0.82

altto =0 ft

altapp = 0 ft
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e Objectives considered:

Objectives

range (RA) to be maximised

(MTOW) to be minimised

(vzclb) to be maximised

e (Constraints considered:

Constraints

tofl <2000 m

vapp < 120 kts
vzelb > 500 ft/min
kfncth <1
Kff>0.75

e Coupling variables:

Coupling variables

range (RA) to be maximised

(MTOW) to be minimised

For the USMAC test case the number of starting points L considered was 25,
while the number of utopia plane points K was 40. The CODE-M algorithm
described in section 5.1 was applied with the NAND approach and AD in order to
obtain the results shown from Figure 67 to Figure 74. 496915 analyses were required
to determine the solution, 62 Pareto points were obtained. In all figures the Pareto
points are numbered in order to be distinguishable across the figures.

Figure 67 and Figure 68 are two representations of the objective functions.
Figure 67 shows the three dimensional criterion space. A green surface, linking the
obtained global Pareto points, was added in order to give a better visualisation of the
global Pareto front. The bar chart of Figure 68 shows the values of MTOW, RA and

vzclb for the Pareto points. The three anchor points correspond to Pareto points 2, 5
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and 29, where for point 5 MTOW is a minimum, for point 2 the range RA is a

maximum, while the climb rate vzclb is maximised for point 29.

e local Pareto points
e Pareto points

oo .o
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vzclb 560
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: : 3275
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Figure 67: Criterion Space

Figure 69 shows the 2 dimensional cross representations of the global Pareto
points obtained for MTOW with respect to RA, MTOW with respect to vzclb and for
RA with respect to vzclb. It is interesting to notice how both RA and vzclb increase at
almost a constant ratio with the takeoff weight MTOW, approximately up to a value
of MTOW and RA of 82350 kg and 3250 NM, respectively. For greater values of
MTOW the rate of increase of RA drops and the range of vzclb for similar values of
MTOW broadens. By taking two points from this region e.g. points 21 and 44, for
which the values can be seen in Figure 70, it is interesting to notice that for an almost
identical value of MTOW of 82622 the difference in range between point 21 and 44 is
of approximately 9 NM while the difference in vzclb is of almost 33 ft/min. It is

information as this which is of interest to the designer.
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Figure 68: USMAC Objectives

Figure 71, Figure 72 and Figure 73 show the values for all of the independent
variables for the Pareto points obtained with respect to MTOW, RA and vzclb,
respectively. Once again it is interesting to notice the patterns of variation of the
design variables in correspondence to the point for which MTOW and RA have values
82350 kg and 3250 NM, respectively. From the figures it can be observed that another
particularly interesting point can be identified, the point for which MTOW, RA and
vzclb have approximately values 82450 kg, 3265 NM and 620 ft/min, respectively, in

correspondence to point 29. Point 29 is the anchor point for objective vzclb.
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Figure 74 shows the values of the constraints for all Pareto points. From the
figure it can be seen that constraint tofl < 2000 m is never active. Constraint vapp <
120 kts is active for points 1-4, 9-36, 38, 39, 44-56 and 61. Constraint vzclb > 500
ft/min is active only for point 5. Constraint kfncth < 1 is active for point 5. Finally
constraint Kff > 0.75 is active for all Pareto points. It is to be noted that the values of
Kff for the Pareto points are all approximately the same and are equal to 0.75. The
reason for which point 11 has apparently a higher value is simply due to the
normalisation of the values of vzclb with respect to the maximum and minimum
values of vzclb obtained for all Pareto points. This implies that constraint Kff > 0.75
is active for all the Pareto points. Thus, for the anchor point corresponding to the
minimisation of MTOW (point 5) the constraints on vzclb, kfncth and Kff are active;
for the anchor point relative to the maximisation of RA (point 2) the constraints on
vapp and Kff are active; while for the anchor point relative to vzclb (point 29), the
active constraints are on vapp and Kff. Finally it can be observed that the two main

constraints which limit the solution are those on vapp and Kff.
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Figure 74: USMAC Constraints values
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From the figures it can be seen that when MTOW is at its minimum (Figure 71)
the aircraft is the smallest possible (Awing and span are at their minimum), the Fuel is
the least amount allowed and the thrust FNslst is also at its minimum; as a result RA
is at its minimum as well as vzclb. For greater values of RA and vzclb, for values of
MTOW smaller than 82300 kg, the design variables that vary the most are span and
FNslst, while Awing and Fuel are constant and are at their minimum. The increase in
span and FNslst produces an increase in vzclb and RA while increasing the MTOW.
When MTOW reaches 82300 kg the span reaches its maximum. For greater values of
MTOW, up to 82450 kg, Awing starts increasing, while the Fuel remains constant
(Figure 71). When MTOW reaches 82450 kg Fuel is still at its minimum, span,
Awing and FNslst are at their maximum and the anchor point for maximum vzclb is
reached (Figure 71, Figure 73). For values of MTOW greater than 82450 kg Fuel
becomes the predominant variable, determining all of the remaining Pareto points. It
can be noticed, in fact, that for values of MTOW greater than 82450 kg Fuel starts
increasing. Furthermore, the total variation in Fuel is of 500 kg, while the variation of
MTOW from 82450 kg to its maximum is of approximately 550kg. While such
increase in weight produces a reduction of vzclb (Figure 73), it leads to an increase in
RA. Finally, RA reaches its maximum when also Fuel is at its maximum (Figure 72).

As shown from the results an important amount of information can be obtained
when applying the proposed multiobjective multidisciplinary algorithm CODE-M, it

is then up to the Decision Maker to formulate a choice.

6.6 Summary

In this chapter the results for a number of test cases are given. Initially the
proposed NC+ method was applied to a number of test cases demonstrating its
capability of overcoming the problems encountered by the NC method. Subsequently,
the NC+ method together with the global optimisation procedure were applied to a
number of global multiobjective optimisation problems, in order to demonstrate the
unique capability of the procedure to generate solutions representative both of the
global and local Pareto fronts. It must be noted that, to the author’s knowledge, for the
NBI, PP-based and NC method no attempt at solving problems of this level of

complexity has ever been attempted. A number of simple test cases for evaluating the
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computational cost of the NAND and SAND approaches in conjunction with the NC+
method were performed, showing, that at least for the test cases considered, the
NAND approach performed better. A number of simple test cases were then used for
evaluating the performance of AD. Finally the proposed CODE-M algorithm was
applied to the USMAC test case, a simplified aircraft model. The results obtained
demonstrating the capability of the algorithm of solving a multiobjective
multidisciplinary optimisation problem for aircraft conceptual design.

Although the approach was successfully applied to all the test cases
considered, one main limitation of the CODE-M algorithm has to be
acknowledged. The optimal value of the number of starting points required for the
execution of the algorithm can not be known without a prior knowledge of the
problem to be solved. A too small number of starting points could lead the algorithm
to fail in identifying all of the local minima; this, potentially leading to the
deterioration of its ability to obtain a Pareto set representative of all local and
eventually also the global Pareto fronts. On the contrary, a too large number could
lead to a large number of nugatory optimisations, thus increasing the computational
cost. Nevertheless not having any adequate information relative to the optimisation
problem to which the algorithm has to be applied, it is preferable to exceed the

number of starting points in order to avoid the latter case.
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7 Summary, Conclusions and Future Work

After an initial investigation of the aircraft design process at the conceptual
phase, it has been possible to identify the computational difficulties faced by the
designer. The conceptual design phase is peculiar in that the contributing analyses,
which are needed in order to model the behaviour of the aircraft, are in fact
hundreds of generally simple models which are associated with thousands of
variables. For performing trade-off analysis the contributing analyses need to be
assembled according to the particular design study to be performed; this eventually
leads to a non-hierarchically decomposable arrangement due to complex coupling
exist among the contributing analysis. Through discussion with industry it has become
apparent that optimisation tools are seldom used, even though they could greatly
enhance the work of the designers. The job of the designer, in fact, corresponds to

implicitly solving a multiobjective multidisciplinary optimisation problem.

In order to effectively tackle the conceptual design computational problem, in its
optimisation aspects, it was necessary to identify among the available technologies
those considered most suitable. Among the methods and techniques that were
considered of interest, multiobjective optimisation algorithms which make use of the
reformulation approach, multidisciplinary design optimisation algorithms and
automatic differentiation were identified as appropriate tools.

An investigation of different reformulation techniques for multiobjective
optimisation and the identification of their limitations, lead to the development of the
modified PP-based method, then to the DHCBI and finally to the development of the
NC+ method. This sequence reflects the efforts of the author to stay abreast with the
dynamic developments in this field. A novel procedure for global multiobjective
optimisation was proposed as part of these efforts. It utilises multiobjective
optimisation methods which make use of the reformulation approach, allowing their
application to real life optimisation problems. The procedure has two unique
capabilities; the first is that of allowing the application of the NC+ method to global

optimisation problems. The second feature, making this approach unique amongst all
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current multiobjective optimisation methods, is the ability to generate well-distributed
Pareto points on both local and global Pareto fronts simultaneously.

Since aircraft conceptual design is inherently multidisciplinary, where
potentially the system of contributing analyses can be non-hierarchically
decomposable, multidisciplinary optimisation algorithms were considered. Given the
amount of contributing analysis to be taken into account, even in the case of a
hierarchically decomposable system arranging the disciplines becomes a challenge.
Thus the application of the more complex multidisciplinary optimisation algorithms
such as CO, CSSO and BLISS were considered impractical at this stage. Therefore,
for the current research the two more common and simpler NAND and SAND
algorithms were considered.

For improving the efficiency of the complete algorithm Automatic Differentiation
was applied as an effective means for improving the computational cost of performing
multiobjective multidisciplinary optimisation with gradient based optimisation
algorithms. Since Automatic Differentiation had to be applied to non-hierarchically
decomposable systems, a formulation of the Global Sensitivity Equations tailored for

the problem to be solved was presented.

The NC+ method, the global optimisation procedure, the NAND and SAND
algorithms, Automatic Differentiation, and the Global Sensitivity Equations were
integrated in the proposed CODE-M algorithm for global multiobjective
multidisciplinary optimisation.

The algorithm was implemented in a MATLAB code which was used for:

e testing the capability of the NC+ method,

e testing the global optimisation procedure in order to generate global and
local Pareto fronts,

e comparing the efficiency of NAND and SAND approaches when applied
in conjunction with the NC+ method,

e cvaluating the efficiency of automatic differentiation.

The results obtained demonstrate that the NC+ method solves the limitations of
the existing multiobjective optimisation methods based on the reformulation

approach. Furthermore, the unique ability of the proposed global multiobjective
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multidisciplinary algorithm in obtaining well-distributed Pareto points, on both the
global and local Pareto fronts, is demonstrated.

The main limitation of the proposed approach is related to the choice of the
parameter specifying to the number of starting points required for the execution of
the algorithm. In fact, its optimal value can not be known without a prior knowledge
of the problem to be solved. A too small number of starting points could lead the
algorithm to fail in identifying all of the local minima, potentially leading to the
deterioration of its ability to obtain a Pareto set representative of all local and
eventually also the global Pareto fronts. On the contrary, a too large number could
lead to a large number of nugatory optimisations, thus increasing the computational

cost.

As part of the test and evaluation process the proposed algorithm was applied to
the USMAC test case, a simplified aircraft model provided as test case by a major
airframe company in the context of the European project VIVACE. The test result
showed that it was possible to obtain the Pareto front as required. It was also shown
that useful information for the designer can be obtained through analysis of the
solution data. Furthermore, the industrial partner, provider of the USMAC test case,
gave a very positive feedback on the prototype tool developed by the author.

Currently the effectiveness of the developed algorithm is restricted to those
problems for which the constituent functions are smooth and the variables are
continuous. However, it would be of interest as part of a future research effort, to
extend the algorithm’s applicability to problems where discontinuities and discrete
variables are present. For this purpose the integration of evolutionary or hybrid
optimisation algorithms could be an interesting option to be investigated. Also it
would be of interest to develop a procedure capable of arranging automatically the
contributing analyses, which would allow the application and integration of the
more complex but more efficient MDO algorithms, such as CO, CSSO and Bliss, in
the proposed approach.
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11 Appendix

The description of the implementation of the CODE-M algorithm is presented in
the following sections. The implementation will be referred to as Calculation Engine
(CE). The software here presented allows the setup and solving of any multi-objective

optimisation problem with possible presence of strongly connected components.

11.1 Terms and legend

This document contains the Architectural, Interface and Design (Implementation)

description of the CE.
Term Description

CE Calculation Engine

Model Computational model of the A/C. Given all the
required input variables the model will produce a
set of outputs.

Input Variables Input variables to the model

Output Variables Output variables to the model

Design Variables Independent variables for the optimisation process

Constant Variable

Constant variables for the optimisation process

Objective Variables

Variables to be minimised or maximised by the

optimisation process

Constraint Variables

Variables set us constraints for the optimisation

process

SCC

Strongly Connected Component. When one or
more input variables to the model coincide with
one or more variables of the output a SCC is

formed.

Subfunction

A subfunction is a function contained in the body
of a function. A subfunction, is visible only to the
other functions or subfunctions

in the same file. Subfunctions are not visible

outside the file where they are defined.
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Legend:

O Functionality

Q Decision

7 input/output

11.2 Architecture Description

The CE can be seen as having three main functionalities as shown in Figure 75.

A more comprehensive description of the individual functionalities is shown in Figure

76.

Figure 75: Top- level Functional System

Through the GUI all the data necessary for performing the multi-objective
optimisation is collected. All such information is then passed to the Computation
component which sets up a number of optimisations. The solutions of the
optimisations will be used to determine the single objective local minima at first and
finally the Pareto points. Each of the optimisations set up by the Computation
component is performed by the Optimiser component. The information relative to the
variables and the Model function are stored in objects.

The CE Prototype was developed in Matlab and thus can be executed on any
platform supported by Matlab. Currently the compiled standalone version is only
available for windows. The model on which the CE can perform the optimisation
procedure can be a windows .exe executable or a Matlab .m.

Figure 76 shows the three main components of the CE (GUI, COMPUTATION
and OPTIMISER). The figure also shows the functionalities relative to each

component.
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COMPUTATION

LOCAL MINIMA COMPUTATION

1) Initial points generation (Latin Hypercube)
2) SCC solving

3) Single objective minimization for each
objective

4) Removal of multiple identical solutions
5) Objective/Constraint range for
normalization setup

SETUP

EXECUTABLE SETUP

- Executable function definition
- Executable function input variables setup
and range definition

- Executable function output variables setup

PARETO SEARCH

DESIGN VARIABLES SETUP 1) Anchor point selection
2) Anchor point normalization

3) Utopia plane points coordinates calculation
4) Pareto points calculation

5) Local minima evaluation

- Constraint variable setup and value
definition

OPTIMIZATION VARIABLES SETUP

- Objective variables setup
- Constraint variables setup

IDENTIFICATION OF
WEAK PARETO POINTS

OPTIMIZATION PARAMETERS SETUP

RESULTS VISUALIZATION

- Visualization of the results as bar plots
- Visualization of the results as 2D plots
=

OPTIMIZER

Minimization of fitness function
Constraints satisfaction

(Figure 81)

Figure 76: Detailed Functional System

Figure 77 to Figure 81 show the breakdown structure of each of the main three
components of Figure 76. Non-fundamental functions have been omitted. It is to be

noted that the information relative to the variables and the Model function are stored

in objects.
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Figure 77: GUI breakdown
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11.3 Components Details

As for the description of the architecture, three main components are presented:
the GUI (paragraph 11.3.1), the Computation component (paragraph 11.3.2) and the
Optimiser Component (paragraph 11.3.3).

In the following sections, for each component, a brief description of the functions

is given.
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11.3.1

Component GUI

ID Short Title Description Function
1 Main Interface Main interface for the setup of the optimisation | interf
problem
called functions:
outvar_interf
inpvar_interf
const_value_interf
optvar_interf
constrvar_interf
sccvar_tol_interf
resultsvisualizer
resultsvisualizer2D
ID Short Title Description Function
11 Output variables | Interface for setting up name, unit and range of | inpvar_interf
setup interface variation of each input variable of the model
called functions:
NILL
ID Short Title Description Function
1.2 Input  variables | Interface for setting up name and unit of each | outvar_interf
setup interface output variable of the model
called functions:
NILL
ID Short Title Description Function
1.3 Constant Interface for setting up the value of each constant | const_value_
variables setup variable interf
interface
called functions:
NILL
ID Short Title Description Function
1.4 Optimisation Interface for setting up the value of each | optvar_interf
variables  setup optimisation variable
interface
called functions:
NILL
ID Short Title Description Function
15 Constraint Interface for setting up the value of each constraint | constrvar_interf
variables  setup variable
interface
called functions:
NILL
ID Short Title Description Function
1.6 SCC variables | Interface for setting up the tolerance value of each | sccvar_tol_interf
tolerance setup SCC variable
interface
called functions:
NILL
ID Short Title Description Function
1.7 Results Interface for setting up all the parameters for | final_interf

visualization as
bar plot

solving required by the Computation component

called functions:
NILL
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ID Short Title Description Function
1.8 Initial Setup | Analyses the optimisation problem data gathered | initial_setup
Module throug the interface and generates structure oss
containing all the information needed by the
computation components
called functions:
NILL
ID Short Title Description Function
1.9 Results Interface for setting up and displaying the | resultsvisualizer
visualization as visualization of the results as bar plots
bar plot
called functions:
NILL
ID Short Title Description Function
1.10 Results Interface for setting up and displaying the | Resultsvisualizer
visualization as visualization of the results as 2D plots 2D
2D plots
called functions:
NILL
11.3.2 Component Computation
ID Short Title Description Function
2 Main Backbone of the computation module which links | main
Computation all the other components
Function
called functions:
initial_setup
local_monobj_feasible_calc
pareto_search
weak_pareto
ID Short Title Description Function
2.1 Computation of | Determines the local minima for each of the | local_monoobj_
single-objective objectives defined feasible_calc
local minima
called functions:
fmincon
solution_check (subfunction)
ID Short Title Description Function
211 Removal of | Determines for each objective if a point is present | solution_cleaner
multiple points multiple times, if any such point is found it is
removed. In case the objective indices (empty
x0_opt_var) are not given the points are
compared independently of the objectives.
called functions:
NILL
ID Short Title Description Function
2.2 Compute Pareto | Main function for the computation of the Pareto | pareto_search

points

points

called functions:

comb_generator

anchor_matrix_calc
anchor_matrix_normal_calc
utopia_plane_points_calc
dominated_anchorpoints_ceck (subfunction)
solve (subfunction)

fmincon
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ID Short Title Description Function
2.2.1 | Combination Computation of the trade-off matrix for the | comb_generator
generator computation of the utopia plane points
(comb_generator is a recursive function)
called functions:
comb_generator
ID Short Title Description Function
2.2.2 | Anchor points | Determination of the anchor points anchor_matrix__
selection calc
called functions:
NILL
ID Short Title Description Function
2.2.3 | Compute normal | Determination of the vector normal to the utopia | anchor_matrix_
vector plane normal_calc
called functions:
NILL
ID Short Title Description Function
2.2.4 | Compute utopia | Determines the utopia plane points utopia_plane_poi
plane points nts_calc
called functions:
NILL
ID Short Title Description Function
2.3 Weak Pareto | Determins weak Pareto points weak_pareto
points
called functions:
NILL
11.3.3 Component Optimiser
ID Short Title Description Function
3 Analyse and | Main function for the determination of the fitness or | analysis
Compute Fitness the constraints according to request
/ Constraints
called functions:
subproc_run
objfun
cnstrfun
ID Short Title Description Function
3.1 Model analysis Execution of the model for a given design point subproc_run
called functions:
fixedpointiter
ID Short Title Description Function
3.1.1 | SCC solver Solution of the strongly connected component if | fixedpointiter
present
called functions:
subproc_run
ID Short Title Description Function
3.2 Compute Computation of the value of the objective function objfun

objective function

called functions:
dh transform
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ID Short Title Description Function
3.3 Compute Computation of the values of the constraints cnstrfun
constraints
values called functions:
dh_transform
ID Short Title Description Function
3.2.1 | Compute vector | Determines the Pareto points dh_transform
decomposition

called functions:
NILL

Although the software is being extensively tested, it is still possible that no

solution might be found. The cases in which this might happen are the following:

An additional possible problem is that the optimiser might not be capable of
obtaining all the local Pareto solutions. This, again, might happen if the number of
starting points supplied by the user is not adequate to the complexity of the

optimisation problem. It must me noted that these limitations are common to any

User supplied constraints are such that no feasible solution exists.

The number of starting points and the maximum number of iterations defined

by the user are not adequate to the complexity of the optimisation problem.

optimisation tool.

Although the software is ideally suited for application to smooth objective

functions, it has been successfully applied to problems with discontinuities.
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