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Abstract

The scope of this PhD thesis is the simulation of turbulence in time-dependent, separated
and suddenly-expanded channel flows. High-resolution and very high-order numerical
methods have been employed in the framework of Implicit Large Eddy Simulation (ILES)
to elucidate open questions about the physics in flows with sudden expansion.

It is well known that the planar sudden expansion (PSE), despite its simple and sym-
metric geometry it produces a very complex behaviour and a distinctly asymmetric flow
pattern ascribed mainly to the Coanda effect. Such flows are encountered in a wide range
of practical engineering applications, such as combustion, hydraulic and fluidic devices,
air ducts, and mixing equipments. It is of great importance, therefore, to understand the
mechanisms that dominate flows with separation and reattachment of the shear layers, as
well as flows with regions of strong reversed motion.

This thesis has for the first time analysed in detail the turbulent kinetic energy budget
(TKEB) for the PSE. This analysis has been extended to examine the influence of Mach
number on each individual component of the TKEB. The resulting data can be used as
reference for further development of turbulence models capable of accurately resolving
the flow behaviour in suddenly-expanded flows.

A comprehensive study is carried out with aim at clarifying to what extent can ILES
in conjunction with very high-order methods (i.e., 3rd- and 5th-order MUSCL, 5th-order
WENO schemes) capture the flow features and the mean flow paths in suddenly-expanded
flows. For that purpose, sophisticated inflow boundary conditions were implemented and
used throughout the numerical simulations, while several statistical tools were produced
to investigate in depth the mean flow characteristics and structures, particularly at high
Reynolds numbers.

The influence of different Reynolds numbers (at Re = 104 and Re = 4 · 104) on the
mean and fluctuating flow velocities, the Reynolds shear stresses, the turbulent kinetic
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energy, as well as on the reattachment lengths of the primary and secondary recirculation
vortices was thoroughly examined. Results indicated that the peak turbulence intensity,
and subsequently, the peak turbulent kinetic energy is larger for the smallest Re under
investigation. Moreover, the size of the primary recirculation zones, and particularly the
size of the larger vortex, increases with increasing Re.

Measurements on the TKEB showed that in the free-shear layer regions, the turbulence
production and energy dissipation are the most dominant terms. However, in the near-
wall region turbulence production found to approach zero, whereas viscous diffusion and
energy dissipation contribute positively and negatively to the energy budget, respectively.
The transport terms, i.e., turbulent diffusion and velocity-pressure correlations, extract
energy from the mean flow and transfer it towards the inner part of the shear layers, as
well as towards the upper and lower walls of the channel.

It was also observed that the effect of compressibility on the turbulence intensities
and the reattachment lengths is significant. Calculations of the mean flow path revealed
that the reattachment length of the larger vortex increases with increasing Mach number,
whereas the size of the shorter bubble remains almost intact. Comparisons between Mach
0.1 and Mach 0.8 in terms of TKEB showed that turbulence production and energy dis-
sipation increases substantially with Mach number. On the other hand the influence of
Mach number on the viscous diffusion term is rather weak, apart from the near-wall re-
gions where its peak value, at Mach 0.8, is considerably higher than that observed at the
lower Mach number.
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1
Introduction

1.1 Background

Almost everything in our planet either is a fluid or moves within or near a fluid. Fluid
dynamics, which constitutes one of the main branches of fluid mechanics, is dealing with
the fluid flow motion. It has a wide range of engineering applications, including calculat-
ing forces around an airplane, predicting climate patterns, estimating the mass flow rate of
petroleum through pipes and understanding nebulae in interstellar space. The governing
equations of fluid dynamics are the Navier-Stokes Equations (NSE), which were firstly
introduced by Claude-Louis Navier and George Gabriel Stokes in 1822. The NSE are
a set of non-linear Partial Differential Equations (PDE), which can also be expressed in
integral form, consisted of the system of mass, momentum and energy equations. To date,
there is no solution for the NSE, mainly due to the complexity of the form of the momen-
tum and energy equation. In most of the flows and geometries (apart from very simple
flows, such as the Poiseuille flow, Couette flows, laminar boundary layer, and so on) these
equations cannot be solved analytically, which does not imply that no general solution
exists. The only effective way of solving this system of PDEs is by applying appropriate
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numerical techniques combined with high-speed digital computers.
During the last 50 years the increase of computational power gave birth to a new chal-

lenging field known as Computational Fluid Dynamics (CFD). CFD is one of the most
important approaches in fluid dynamics along with pure theory and experiment. State of
the art numerical algorithms lay the foundations of the CFD development. Furthermore,
powerful supercomputers were designed, especially the last two decades, for solving very
complex flows in high Reynolds numbers regimes. Today, the use of CFD as a scientific
tool is as important as the experiment and theory for solving fluid dynamics problems.

(a) Laminar flow (b) Laminar to turbulence

(c) Interstellar Turbulence

FIGURE 1.1: Laminar, Transitional and Turbulent flows in nature (after Jefferey [60]).

The types of flows in fluid mechanics can be separated in laminar, transitional and
turbulent. Laminar flows Figure 1.1(a) are characterised by a smooth motion where the
flow layers are parallel to each other and there is no mixture among them. In such flows
the momentum diffusion is high, while the momentum convection low. On the other hand,
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turbulent flows Figure 1.1(c) have an irregular and chaotic behavior which usually leads to
the creation of vortices having many different length and time scales. Contrary to laminar
flows, in turbulent flows the momentum convection is high and the momentum diffusion
low. The transitional regime Figure 1.1(b) takes place between the laminar and turbulent
state where the flow can be characterised as laminar with regions of sporadic bursts of
turbulence. The parameter that determines whether the flow is laminar, transitional or tur-
bulent is the Reynolds number (Re) taken its name from the physicist Osborne Reynolds
who used it in his experiments in 1883.

The majority of the flows in nature are turbulent. Turbulent flows are of great impor-
tance in many scientific fields from aerospace engineering (Figure 1.2(a)) to meteorology
(Figure 1.2(b)) and environmental engineering (Figure 1.2(c)), to name but a few. It
is well known that turbulence causes the formation of eddies of many different length
scales. However, most of the kinetic energy of the turbulent motion is contained in the
large scale structures. This energy is then transferred from the large scales to smaller and
smaller scales until, at the smallest scales, viscous dissipation of energy takes place. It is
important to point out that the range of sizes of the eddies can be very large, so with the
current computational power it is impossible to calculate all of the structures. Thus, in
order to perform simulations on turbulent flows we have to use statistical models for the
smaller scales and resolve only the larger scales.

There are several ways of modelling turbulent flows. The most common approaches of
simulating such flows are the Direct Numerical Simulation (DNS), the Reynolds Averaged
Numerical Simulation (RANS), and the Large Eddy Simulation (LES). Each of the afore-
mentioned techniques has its strengths and weaknesses. The selection of the turbulence
modelling method should be carried out by taking into account the pros and cons of each
technique, the type of fluid flow problem (e.g. compressible or incompressible, viscous or
inviscid, steady or unsteady, wall-bounded flow or free shear flow, moderate Re number
flow or high Re number flow) and the limits of computational power.

DNS method solves the unsteady, three-dimensional Navier-Stokes equations numer-
ically by resolving all the spatial and temporal scales of fluid motion (from larger scales
to smaller scales). Unlike other modelling techniques, in DNS there is no approximation
involved in the numerical solution of PDEs. However it is important to point out that the
computational time as well as the computer memory requirements increase rapidly with
Reynolds number.
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(a) Wing tip vortices behind an airplane (b) Weather forecasting

(c) Turbulent flow development after volcanic
eruption

FIGURE 1.2: Turbulence in different scientific fields (after Jefferey [60]).

The number of grid points (N) that is required to capture all the length scales in a three
dimensional turbulent flow simulation is the following ([94]):

N ∝

(
u
′
l

ν

)9/4

= Re
9/4
L

where the turbulence Reynolds number ReL = u
′
l/ν is the ratio of the fluctuating velocity

u
′

times the characteristic length scale of the flow l to the kinematic viscosity ν . The
number of time iterations is given by:

Nt =
T

l/u
Re

3/4
L

The total computational time Nx ·Nt can then be written as:
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NxNt =
T

l/u
Re3

L

For example a numerical simulation which is performed at 1 gigaflop at ReL = 2.4×
104, according to the above equations, would need 3.8×1010 total modes, 7.4×104 time
steps and 90 years to complete [94]. It is obvious that DNS simulations are impractica-
ble for high Re (ReL ' 1.5× 103) and are mainly limited to flows with low or moderate
Reynolds numbers. Furthermore, there are two uncertainties arising in DNS, which can
lead to inaccurate numerical solutions.

1. Flow instabilities can be formed by the lack of precise initial and boundary condi-
tions of the smallest scales.

2. Lack of unique solutions - in a strict mathematical sense - as well as the possibility
of numerical instabilities and spurious solutions can arise from the nonlinear nature
of the advective terms in the NSE [31–33].

DNS, where it can be applied, has proved extremely important in providing us with such
knowledge that is very difficult, and in some cases impossible, to be supplied from exper-
iments (near-wall turbulence, interaction of turbulence with supersonic boundary layers).
A comprehensive study of DNS as a research tool for modelling turbulent flows can be
found in [87].

RANS method is based on the Reynolds decomposition technique, and is less compu-
tationally expensive compared to DNS and LES. According to the Reynolds decomposi-
tion, a quantity can be separated into its time-averaged and fluctuating part. Assume that
we have an instantaneous quantity ϕ in space and time decomposed to its time-averaged
part and fluctuating part. Thus we obtain the following:

ϕ(x,y,z, t) = ϕ(x,y,z, t)+ϕ
′
(x,y,z, t)

where (ϕ) and (ϕ
′
) the time-averaged and the fluctuating quantity ϕ , respectively. The

above technique when applied to the NSE lead to a simplified form of time-averaged
equations containing a non-linear term ρu′iu

′
j known as Reynolds stress. It can be shown

that averaging the NSE equations leads to additional unknown terms (closure problem of
RANS method), which have to be defined to close the system. For that reason several
turbulence models have been developed, which determine the Reynolds stresses. Alge-
braic models, one-equation models and two-equation models are extensively analysed in
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[129]. The RANS method is used in practical engineering applications mainly for pre-
dicting steady-state flows. For time-dependent flows this approach is not appropriate, as
the Reynolds-averaging assumes a statistically steady flow. In this latter case URANS
(Unsteady Reynolds Averaged Navier-Stokes) approaches are alternatively used to model
unsteady and transient flows.

LES is another method of predicting turbulent flows, lying between RANS and DNS.
The main features of this method are the separation between large and small scales and the
calculation of low-frequency modes only. In LES the large scale structures are computed
explicitly, whereas the smallest scales are modelled by a subgrid-scale model (SGS).
Compared with DNS, LES is computationally less expensive, as the explicit represen-
tation of the small-scale motions is avoided. Furthermore, LES can be more accurate and
reliable than RANS method for flows with unsteady separation and vortex shedding. The
main steps followed in LES are summarised below:

1. A low-pass filtering operation in space and time is applied to the NSE decomposing
the velocity field Ui into the sum of a resolved term Ũi and a SGS component u

′
i.

The filtered component Ũi represents the motion of the large eddies.

2. The filtered momentum equation contains the SGS term, which has to be modelled
usually by an eddy-viscosity model for the closure of the system.

∂Ũ j

∂ t
+

∂ŨiU j

∂xi
=− 1

ρ

∂ p̃
∂x j

+ν
∂ 2Ũ j

∂xi∂xi

where ŨiU j = ŨiŨ j + τR
i j and τR

i j the residual-stress tensor.

3. Finally, the filtered NSE are solved numerically for Ũi providing an approximation
for the motion of the large eddies in one realisation over time.

In the context of LES approach, a number of studies have been carried out over the last
50 years. Most of those studies focus on the development of efficient models for the
residual stress tensor which are necessary for the closure of the filtered NSE. The first
SGS model was developed in 1963 by Smagorinsky for the simulation of the dynamics of
the atmosphere’s air currents [106] and many more followed by Smagorinsky et al. [107],
Fischer [41] and Kasahara et al. [66]. Deardorff [23] was the first to use the Smagorinsky
model for the prediction of turbulent shear flow within a channel (plane Poiseuille flow)
at large Reynolds numbers. Leonard [74] introduced a different decomposition technique
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for the residual-stress tensor from that presented in step two. The SGS stresses were
written in a triple decomposition form τR

i j = Li j +Ci j + Ri j where Li j = ˜̃UiŨ j − ŨiŨ j,

Ci j = ˜̃Uiu
′
j− ũ′iŨ j and Ri j = ũ′iu

′
j. The Leonard stresses term Li j represents the interactions

between the resolved scales (the large scales of the flow). The term Ci j is the cross stresses
and represents interactions between the unresolved and the resolved scales, while the
SGS Reynolds stresses term Ri j represents interactions between the unresolved scales
(the small scales of the flow). However, Speziale [111] proved that two of the three
component stresses (Li j and Ci j) in Leonard’s approach are not Galilean-invariant (i.e.
description of turbulence is not the same in all inertial frames of reference). The above
model, therefore, cannot be of any general applicability, since it is inconsistent with the
fundamental physics of the problem, which requires the description of turbulence be the
same in all inertial frames of reference (i.e., the Newton’s laws can then be applied).
Germano [45] proposed an improved approach for the decomposition of the residual-
stress tensor where all of the stress terms are Galilean-invariant. Since then a number of
major contributions in the field of SGS modelling have been made by Bardina et al. [8],
Germano et al. [47], Germano [46], Lilly [76], Scotti et al. [100] and Medeveau et al.
[83] to name but a few.

1.2 ILES Background

Boris et al. (1992) [13] introduced a totally different approach within the context of
LES technique which is known as Monotone Integrated Large Eddy Simulation (MILES)
or Implicit Large Eddy Simulation (ILES). According to ILES, no explicit SGS model
should be used and no explicit filtering should be performed. Instead, an appropriate nu-
merical scheme should be used to solve the Navier-Stokes equations. In the conventional
LES method the unresolved scales are explicitly modelled, while in ILES the smallest
scales in the energy cascade are implicitly modelled by the numerical method. Several
studies in the past have clearly shown that high-resolution numerical schemes for hyper-
bolic PDEs have an implicit (built-in) turbulence model ([27], [51], [52]). The differ-
ent philosophy between LES and ILES can be expressed through the modified equation
analysis (MEA). The modified equation is a partial differential equation satisfied by the
numerical solution. Applying that equation to the LES (filtering) momentum equation we
end up with the following expression:
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DU j

Dt
= ν

∂ 2U j

∂xi∂xi
− 1

ρ

∂ p
∂x j
− ∂

∂xi
(τR

i j + τ
h
i j)

where τR
i j the modelled residual stress and τh

i j the numerical stress related to the trunca-
tion error of the numerical method used for the discretisation of the NSE. The additional
numerical stress depends on the grid spacing h. In standard LES method, the grid spacing
h should be chosen to be small enough for a given filter width ∆, such that the numerical
stress τh

i j is negligible compared to the residual stress τR
i j. On the other hand, in ILES no

explicit filtering takes place and obviously the residual stress term is zero (τR
i j = 0). How-

ever, significant numerical stresses can arise from the fact that the grid spacing h is not
fine enough to resolve the solution to the Navier-Stokes equations. Thus the numerical
dissipation (viz. the amount of energy that is removed from the resolved motions of the
flow) depends exclusively on the numerical method used and each mean rate is obtained
by:

〈ε〉 ≡ −τ
h
i jSi j

where Si j is the rate of strain given by Si j = 1
2(∂U i

∂x j
+ ∂U j

∂xi
). It is worth pointing out that

the type of the numerical method chosen is crucial and has an imminent effect on the
numerical stress τh

i j.
The ability of ILES to accurately model practical engineering flow problems has been

extensively examined in the past. Adams [3] performed simulations on shock-wave in-
teractions with solenoidal velocity fluctuations, using MILES approach in conjunction
with third order essentially non-oscillatory scheme (ENO) based on a Roe-flux formula-
tion with entropy fix [104]. Comparisons have been made with a dynamic Smagorinsky
model and the direct deconvolution method (DDM). Results, however, showed that the
DDM method gave a more accurate representation of the shock-velocity wave interaction
than that of the ENO scheme without subgrid model.

Fureby and Grinstein [43] used the ILES approach to conduct simulations on high-
Reynolds-number free and wall bounded flows. Its ability to model complex unsteady
flows were examined focusing mainly on the isotropic decaying turbulence, transitional
jets and channel flows. Comparison of ILES of transitional free jets showed good agree-
ment with DNS of homogeneous turbulence, and similar results were obtained. Further-
more, comparisons between ILES and conventional LES in inhomogeneous channel flows
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as well as in free shear flows revealed that ILES approach is not less accurate than stan-
dard LES.

Margolin et al. [81] used a non-oscillatory finite volume method (NFV) without any
explicit subgrid-scale model to perform high Reynolds number flow simulations. Specif-
ically, the Multidimensional Positive Definition Advection Transport Algorithm (MP-
DATA) was used for the simulation of decaying turbulence of a homogeneous incom-
pressible fluid in a triply periodic cube. They found that NFV methods free of explicit
subgrid models can accurately predict turbulent flows exhibiting both large physical vis-
cosity and vanishing physical viscosity.

Drikakis et al. [29] employed high-resolution numerical methods for simulating low-
and high-speed flows featuring instabilities, symmetry-breaking and turbulence mixing
in the context of ILES. Both Richtmyer-Meshkov (RM) and Rayleigh-Taylor (RT) insta-
bilities in very high Reynolds number regimes were examined, where turbulence mixing
occurs. The robust results obtained for RM and RT mixing calculations indicates that
ILES technique is capable of performing simulations of turbulent mixing in very complex
problems which contain shocks and initial density discontinuities. Besides, they pointed
out that implicit LES model is not only computational simpler but also more economical
than conventional LES.

An extended study related to MILES was carried out by Grinstein and Fureby [50]
using flux-limiting algorithms (non-linear numerical algorithms) to imitate the flow fea-
tures in the high wave number end of the inertial subrange of turbulent flows. The Flux-
Corrected Transport (FCT) algorithm was used in the context of MILES and its perfor-
mance was demonstrated in several selected test cases including canonical flows (turbu-
lent channel flows, homogeneous isotropic turbulence), complex flows (rectangular jets
and flow past a prolate spheroid) and very-complex flows in terms of geometrical charac-
teristics and flow features (submarine hydrodynamics).

Drikakis et al. [30] assessed several high-resolution and high-order schemes to check
the ability of ILES to model complex flows. Particularly the numerical schemes used,
ranged from the second-order monotone upstream-centred scheme to very high-order
WENO schemes up to ninth-order. Simulations were performed on swept-wing configu-
rations, deep open cavity flows, shock-induced turbulent mixing and homogeneous decay-
ing turbulence. Comparisons showed that the numerical results obtained in all the above
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test cases were in excellent agreement with experimental results indicating that high-
resolution numerical schemes in ILES can accurately predict flows in the high-Reynolds-
number regime featuring physical complexity with well designed algorithms.

During the last two decades ILES has been widely used for simulating a large num-
ber of fundamental engineering problems. Its robustness and accuracy have placed the
grounds to use this technique in flows that exhibit large regions of separation and reat-
tachment. Studies on separated and reattached flow have been extensively conducted, and
the backward-facing step (BWFS) geometry has received most of the attention. Although
the geometry is very simple, the flow through it contains the most important character-
istics encountered in more complex geometries. Most of the works on BWFS flow ex-
amined the effects of different Reynolds numbers (i.e. laminar, transitional and turbulent
flow regimes), aspect ratios, expansion ratios, step heights and Prandtl numbers, on the
behavior of the flow.

In the next section of this chapter a number of past studies on laminar and turbulent
flows over the BWFS geometry configuration are presented. Previous experimental and
numerical results on the turbulent kinetic energy budget (TKEB) have been extensively
used in the present study to compare against the ILES results obtained from the sudden
expansion test case. It is, therefore, of great importance to mention that measurements of
the TKEB on the sudden expansion geometry have not been addressed in the past (either
numerically or experimentally), so comparisons were made using exclusively the data
from the BWFS.

1.3 Studies on the BWFS geometry

Considerable work has been devoted to the study of BWFS at high Reynolds numbers.
Abbott and Kline ([1], 1962) carried out an experimental investigation of a subsonic tur-
bulent flow over single and double BWFS flows. They found that downstream from the
step a complex flow pattern with three distinct stall regions is present. Furthermore, they
used a wide range of Reynolds numbers and turbulence intensities to examine their effect
on the reattachment length and flow pattern. They concluded that there is totally no effect,
provided that the flow is fully turbulent before the step. Finally a good agreement with
other experimental data was found in the region close to the step, but poor agreement near
the reattachment region.

Experimental investigation of turbulent flow over BWFS was conducted by Eaton
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and Johnston ([37], 1981). They demonstrated several previous studies related to the
measurement of the reattachment length and addressed five system parameters that have
an effect on flow reattachment. The parameters examined were a) the initial boundary-
layer state, b) the initial boundary-layer thickness, c) the freestream turbulence, d) the
pressure gradient and e) the aspect ratio (the ratio of the channel width to the step height).
In addition, measurements of turbulence intensities and Reynolds stresses showed that
there is a peak value approximately one step height upstream of the reattachment and
then a rapid decay. It is important to underline that the turbulence intensity as well as the
Reynolds stress decay were found slower close to the step wall than away from the wall.

Neto et al. ([88], 1993) conducted a numerical study of the coherent structures in tur-
bulence behind a backward-facing step. DNS, LES (Smagorinsky model and structure-
function subgrid model) and ILES techniques were used for the simulations in three di-
mensions. Two different geometries were examined with aspect ratios 1.25 (high-step)
and 2.5 (low-step). The Reynolds numbers based on the step height and the mean veloc-
ity at the inlet were 6000 and 38 000 for the low-step and high-step, respectively. In the
high-step two-dimensional simulations Kelvin-Helmholtz vortices of low pressure were
found behind the step undergoing various pairings, while for the low-step case, the sepa-
ration behind the step causes the detachment of the boundary layer at the upper wall. On
the other hand, in the high-step three-dimensional case, primary vortices shed behind the
step and secondary longitudinal hairpin vortices are stretched in between. The numerical
results were in good agreement with experiments, apart from the near-wall regions where
significant variations were found mainly due to the poor resolution.

Papadopoulos et al. ([92], 1995) carried out an experimental study of separating and
reattaching flow structure in a BWFS geometry. The main objective was to investigate the
influence of different aspect ratios on the flow structure. The Re number was 26 500 based
on the freestream velocity and the step height of the rectangular duct. They found that for
aspect ratios greater than four (AR > 4) the flow is almost two-dimensional with a minor
side wall effect on the centerplane mean velocity, whereas for AR = 2 and AR = 4 there is
a strong indication of the three-dimensionality of the flow. Furthermore, a flow separation
on the flat wall approximately five step heights downstream of the step were also found.
Finally, a relation between aspect ratio and reattachment length was presented and the
results were in a good agreement with those of de Brederode and Bradshaw ([21],1972).
According to it, as the aspect ratio decreases, so does the reattachment length xR.

Le et al. ([73], 1997) performed direct numerical simulation of a turbulent flow over
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a BWFS. The Re number based on the step height h and the freestream velocity was
5100. Calculation of the skin friction coefficient, C f , for Re = 5100 showed that its
magnitude is 2.5 times more than the value measured at experiments with much higher
Reynolds number. Measurements at 20 step heights behind the separation revealed that
the turbulent boundary layer is not fully recovered. Moreover, the mean reattachment
length was found 6.28h, while its variation was approximately 2% and 3%. Finally, the
budgets of all Reynolds stress components along with up to third-order statistics at all
locations in the flow field were computed.

Experimental and numerical study of laminar, transitional and turbulent flow behind
a two-dimensional BWFS carried out by Armaly et al. ([6], 1983). The influence of
Reynolds number on the reattachment length of the reversed flow regions was mainly
examined. The Reynolds numbers ranged between 70 and 8000. They found that the
separation length behind the step increases with increasing Re in the laminar-flow region
up to Re = 1200. On the other hand, the mean separation region attached to the step in
the transitional regime (laminar to turbulent flow state) sensibly decreases. Comparisons
between numerical and experimental results were in good agreement for low Reynolds
numbers up to 400. Above this value, strong deviations between measurements and pre-
dictions started to appear, mainly due to the three-dimensionality of the experimental flow.
A reversed flow region at the flat wall opposite the step wall was also predicted by the nu-
merical scheme, showing that the strong adverse pressure gradient taken place thanks to
the change of the cross-section, can cause the formation of an additional separation region
at the wall opposite the step location.

Nie and Armaly ([90], 2004) continued the study of Armaly et al. [6] on a three-
dimensional BWFS flow. The geometry used provided an expansion ratio (ER = D/d)
of 2.02 and an aspect ratio (AR = W/h) of 8. They found that as the Reynolds number
increases, the reattachment length, xR adjacent to the flat wall and side wall increases and
moves further downstream in the laminar flow regime. In the transitional flow regime, xR

decreases and moves upstream, while it remains constant or diminishes in the turbulent
flow regime. In the laminar flow regime numerical results agreed well with experiments
of Armaly et al. (1983) and reasonably well in the turbulent region.

Kaiktsis et al. ([64], 1991) and ([63], 1996) performed a numerical study (DNS) of
transition to turbulence in flow over a backward-facing step. Investigation of the onset
of three-dimensionality in the step flow due to secondary instability of the primary two-
dimensional flow was undertaken. They concluded that above a characteristic (critical)
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Reynolds number (Re > Rec ≈ 700), a primary source of discrepancies in comparisons of
two-dimensional numerical predictions and experimental data starts to appear, due to the
bifurcation of the steady, two-dimensional laminar flow to three-dimensional flow.

Kasagi et al. ([65], 1995) conducted an experimental study (PIV) of a turbulent flow
over a BWFS. Emphasis was given to turbulent flow measurements (Reynolds stresses,
turbulent kinetic energy, triple velocity correlations, reattachment lengths, to name but a
few) and, particularly, to the calculation of the terms of the TKEB. They stated that the
turbulent diffusion term of the energy budget plays a significant role in the transport of the
Reynolds stresses, particularly in the separation shear layer region and the reattachment
location. Note that comparisons (of the TKEB calculations) between the ILES results and
the experimental data of Kasagi et al. are presented later in Chapter 5.

In the past, considerably work has been reported for the nominally two-dimensional
flow over a double-sided expansion. Flow through a channel with symmetric sudden ex-
pansion exhibits separation, reattachment and recirculation. The most important charac-
teristic in such flows is that while the geometry is symmetric, asymmetric flow condition
takes place under certain Reynolds numbers and geometric properties. It is well known
that the flow up to a certain Reynolds number is symmetric and two separation regions
of equal length develop on either side of the expanding channel. As the Reynolds num-
ber increases, the flow becomes asymmetric about its centerline and separation regions
of unequal length arise and remain in the flow field even up to high Reynolds numbers
(turbulent flow conditions). The transition from a symmetric state to an asymmetric one
is also referred as Coanda effect [130] in the literature. The critical Reynolds number and
the conditions of the asymmetry were extensively examined theoretically, experimentally
and numerically.

1.4 Laminar Studies on PSE

Most of the studies on plane sudden expansion (PSE) channels have been conducted in
the laminar flow regime.

Durst et al. ([35], 1974) performed laser anemometer measurements for low Reynolds
number flow over a plane symmetric sudden expansion with an expansion ratio of 3 : 1
and aspect ratio of 9.2 : 1 downstream of the expansion. They stated that the flow was
markedly dependent on the Reynolds number and at high velocities three-dimensional,
even away from the channel corners. The flow at Reynolds number 56, based on the
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upstream height of the duct and on the maximum upstream velocity, was found to be
symmetric with two separation regions of equal length. However, above that value and
specifically at Reynolds number 114 two separation regions were found of different length
scales, leading to asymmetric velocity profiles. Furthermore, a third recirculation region
downstream of the smaller of the two recirculation zone adjacent to the step appeared at
Reynolds number equal to 252. The authors pointed out that in the region of PSE the flow
can exhibit a three-dimensional nature even for low Reynolds numbers.

Experimental investigation of low Reynolds number flow over symmetric channels
with sudden expansion was carried out by Cherdron et al. ([18], 1978). The Laser-
Doppler anemometer (LDA) technique used to provide an in-depth description of the ve-
locity characteristics of a flow through a symmetric sudden expansion duct with ER = 2
and AR = 8. A strong relationship was found between the ER, the AR and the critical
Reynolds number value. A decrease in the ER and AR had a stabilising effect, which ex-
tended the range of Reynolds number over which a symmetric flow can exist. Besides, the
flow was symmetric at Reynolds number approximately 150, but asymmetric at Reynolds
number 185. They also investigated the physical origin of the asymmetry and they con-
cluded that the instability of the shear layer between the recirculation region and the main
stream causes the transition of the flow from a symmetric state to an asymmetric one. Fi-
nally, vortex-shedding structures were detected further downstream of the step resulting
from the interaction between the two shear layers of the two sides of the intake stream.

Acrivos et al. ([2], 1982) conducted a theoretical investigation of a laminar flow in
a two-dimensional duct in the limit of large Reynolds number flow. The boundary layer
equation was solved numerically by a finite difference scheme to examine the relationship
between the Reynolds number and λ (the ratio of the upstream channel half-width to the
step height). For this reason, a parabolic inlet velocity profile, as well as a uniform inlet
profile were used. Steady solutions were found for all values of λ when the former profile
was used. On the other hand, when the latter profile was used steady solutions obtained
only for values λ ≤ λc = 1.54 and λ ≤ λc = 3.67 for the two-dimensional and the ax-
isymmetric case, respectively. The term λc is the critical value above which the solution
becomes unsteady.

A theoretical study of a steady flow past sudden expansions has also been undertaken
by Milos and Acrivos ([84], 1986). They found that for uniform flows and small expan-
sion ratios the separated eddy length l increases linearly with Re up to a certain point.
For sufficiently large Reynolds numbers where the flow becomes unsteady, this linear
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relationship will no longer exist. Similar results were obtained for a two-dimensional,
laminar, incompressible flow past a bluff body. They also showed that the linear increase
of l with Re takes place up to a certain value. For λ > λc that linear relation of l and Re

should no continue.
Sobey and Drazin ([109], 1986) carried out a bifurcation analysis of two-dimensional

channel flows. The flows under consideration were the Jeffery-Hamel (JH) flow, i.e. a
steady radial flow of a viscous incompressible fluid between two inclined plane walls, and
the symmetric channel flow configuration. They found that the nature of the symmetry-
breaking in the above two examples is not the same. Particularly, in JH flows a subcritical
pitchfork bifurcation occurs where the flow above a certain value of either Reynolds num-
ber or maximum angle between the channel walls becomes unstable. On the contrary, in
symmetric plane channel flows a supercritical pitchfork bifurcation causes the flow to
become steady asymmetric for high Reynolds number values.

Milos et al. ([85], 1987) used a global Newton method to obtain finite-difference
solutions to the steady Navier-Stokes equations up to Reynolds number of 1000. The
inlet velocity profile was uniform and the calculations revealed that for large expansion
ratio the eddy length increases linearly with Re and the flow features are identical with
those predicted by the boundary-layer solutions, indicating the eddy flow in those cases
remains viscous as Re→ ∞. The calculations for smaller values of the expansion ratio
showed that as the Re increases, the solution to the Navier-Stokes equations approaches
the limit of an inviscid eddy length.

The origin of steady asymmetric flows in a symmetric sudden expansion was both
experimentally and numerically examined by Fearn et al. ([40], 1990). The flow features
were studied in a single channel of expansion ratio 3 and aspect ratio 8. They found that
the asymmetry arises at symmetry-breaking bifurcation taking place at a critical value of
Reynolds number Rec = 40.45± 0.17% based on the upstream channel half-height and
the maximum inlet velocity (or Rec = 80.9 based on the upstream channel height). A
third region of recirculating flow was also observed at a Reynolds number of 125 on the
same wall of the small recirculation region and opposite the downstream end of the large
recirculation. In addition, further increase of Reynolds number leads to flow unsteadiness
where the flow is characterised by the shedding vortices arising at the shear layers. Finally,
the authors found that the observed time-dependent flows were a consequence of three-
dimensional effects in the channel and not of a two-dimensional Hopf bifurcation.

Shapira et al. ([101], 1990) performed a linear stability analysis of viscous flow in
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two-dimensional channels with symmetric changes in width. They found that the flow
is symmetric downstream of the expansion for Reynolds numbers below a critical value
and that a transition from a symmetric flow pattern to an asymmetric one occurs as the
Reynolds number increases more. Two different expansion ratios were used to investigate
the value of the critical Reynolds number above which steady non-symmetrical solutions
exist. Thus for ER = 2, the flow pattern becomes unstable for Reynolds numbers beyond
215, while for ER = 3 the transition occurs at Reynolds number of 82.6.

The flow through a nominally two-dimensional channel with a symmetric sudden ex-
pansion has been thoroughly investigated both numerically and experimentally by Durst
et al. ([36], 1993). The expansion ratio used throughout the calculations was equal to
2. Both the experiments and the numerical simulations confirmed a symmetry-breaking
bifurcation of the flow leading to one short and one long recirculation region for Reynolds
numbers beyond 125, based on the upstream channel height and the maximum inlet ve-
locity. The relation between the Reynolds number and the length of the separation regions
was additionally reported. It was observed that as the Reynolds number increases above
the critical value of 125, the short separation region remains almost constant in length
whereas the length of the long region increases.

Foumeny et al. ([42], 1996) performed a numerical investigation of an incompressible
Newtonian fluid downstream of a plane symmetric sudden expansion to determine the
critical value of Reynolds number, above which the flow turns out to be asymmetric.
They found that for ER = 3, the critical Reynolds number is approximately 80. For Re >

Rec ' 80 the flow becomes asymmetric with one small and one large separation region
adjacent to the walls.

Alleborn et al. ([4], 1997) carried out a bifurcation analysis to study the flow in a
plane symmetric channel with sudden expansion. For this reason, Arnoldi-based iterative
methods were used to track the variation of the eigenvalues of the least-stable modes
with respect to Reynolds number. Several expansion ratios were examined in the range
of 0 < Re < 800. For ER = 2, two symmetry-breaking bifurcations were detected at
Rec1 = 218 and Rec2 = 542. The critical Reynolds number for the first bifurcation agrees
well with the results obtained by Shapira et al. [101]. In addition, they found that for
values of expansion ratio larger than 2 the symmetry-breaking bifurcations take place
at lower Reynolds number. Specifically, for ER = 3 the flow found to be asymmetric at
Re > Rec' 80, while for ER = 5 at Re > Rec' 45. They also pointed out that the distance
between the first and second bifurcation points decrease with increasing ER. Finally, the
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flow asymmetry and the reattachment lengths grow more rapidly with increasing ER.
Numerical simulations and bifurcation calculations of low Reynolds number flows in

symmetric channels were also conducted by Battaglia et al. ([11], 1997). Three impor-
tant statements were made in their work: a) the critical Reynolds number decreases with
increasing expansion ratio, b) for a fixed expansion ratio, increasing the Reynolds num-
ber, increases the number of attachment positions for an asymmetric jet, and c) for a fixed
Reynolds number, an approximately linear relationship exists between the expansion ratio
and the downstream location of the primary reattachment points. The inverse relationship
between the Rec and the ER was confirmed by performing both numerical and bifurcation
tests for a wide range of expansion ratios. Suggestively, the numerical results showed that
the critical Reynolds number lies between 150 < Rec < 155 and 57 < Rec < 58 for ER = 2
and ER = 3, respectively. Similar results were obtained from the bifurcation calculations
where the Rec = 143.6 and Rec = 53.8 for the same expansion ratios.

Rusak and Hawa ([97], 1999) conducted a weakly nonlinear analysis based on mul-
tiple scale and singular perturbation methods to study the flow behavior around the Rec.
They demonstrated that when Re < Rec the symmetric flow state is stable. On the other
hand, when Re≥ Rec the symmetric state loses its stability and a steady asymmetric state
evolves.

The side wall effects on the structure of a laminar flow over a symmetric sudden
expansion were numerically examined by Chiang et al. ([19], 2000). It was found that
for a fixed expansion ratio ER = 3, the flow remains symmetric in channels whose aspect
ratios are less than 3.5. Furthermore, for aspect ratios larger than 12, the flow becomes
nominally two-dimensional. According to the authors, the asymmetric nature of the flow
emanates from discretisation errors in the solution process of the basic equations of fluid
flows as well as from the REAL-number representation in computers.

A weakly nonlinear stability analysis was proposed by Mizushima et al. ([86], 2000)
to investigate the structural instability of the bifurcation in symmetric channel with a sud-
den expansion. It was found that for a fixed expansion ratio ER = 3, the critical Reynolds
number above which the flow becomes asymmetric is approximately 40.23 based on the
half upstream height. The results are in good agreement with those of Fearn et al. [40],
Drikakis [26] and Alleborn et al. [4] who predicted that for the same geometrical charac-
teristics the Rec ' 40.45, Rec = 40 and Rec = 40, respectively.

The first numerical study of bifurcation in three-dimensional sudden expansions were
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performed by Schreck and Schafer ([99], 2000). For that purpose, a multigrid finite vol-
ume method was used to carry out simulations in a symmetric channel with a fixed ex-
pansion ratio of 3 and two different aspect ratios of 2 and 5. For AR = 2 the critical
Reynolds number found to be equal to 113.2, while for AR = 5 the flow loses its stability
at Rec = 91. They also found that when the flow is considered as two-dimensional, the
symmetry-breaking bifurcation occurs at Rec = 81.2. It was finally stated that for very
small aspect ratios (AR→ 0) the flow is stabilised such that the bifurcation point moves
to higher Reynolds numbers.

Hawa et al. ([55], 2001) performed bifurcation analysis, linear stability study and di-
rect numerical simulations of a two-dimensional, incompressible, laminar flow in a sym-
metric channel with a sudden expansion of ER = 3. They found that Rec = 53.8, showing
that below and above of this value the decay of the perturbation

√
Re−Rec(D/d) is very

slow, while at Rec = 53.8 the decay or growth of perturbation is almost zero.
Numerical investigation of bifurcation in a 1 : 2 expansion using convection discretisa-

tion schemes along with multigrid algorithm was undertaken by Kadja et al. ([62], 2002).
They also confirmed the presence of two recirculation zones of unequal lengths evolving
in the upper and lower wall above Reynolds number of 200. It was found that further in-
crease of Reynolds number leads to the development of a third separation region located
at the same side as the small bubble.

The effect of different types of inlet velocity profiles on the critical Reynolds number
was extensively investigated by Wahba ([128], 2007), who performed numerical simula-
tions of an incompressible laminar flow in a sudden expansion duct of ratio 1 : 4. When
parabolic inflow profile was used, the Rec = 36 , which is in good agreement with the
bifurcation calculations of Battaglia et al. [11]. However, when a uniform inlet profile
was applied, a stable symmetric solution was maintained up to a Reynolds number of 64.
Additionally, for Re between 80 and 100, a third recirculation region was detected only
when a parabolic inflow was used.

Three-dimensional numerical simulations by means of a finite volume method were
performed by Tsui et al. ([122], 2008), to study the influence of different values of aspect
ratio on the bifurcation of the flow through a symmetric sudden expansion of ER = 3. It
was found that for AR = 1

3 the flow remains symmetric for all Reynolds numbers under
consideration. For AR = 1 the symmetry-breaking bifurcation occurs at Rec ' 92, for
AR = 4 at Rec ' 61 and for AR = 8 its value reduces further more to about 58.5. The
general statement made by the authors was that the appearance of a side wall, by reducing
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the aspect ratio, has a stabilising effect on the flow. This observation agrees well with the
numerical results found by Schreck et al. [99].

1.5 Turbulent Studies on PSE

Turbulent flows through plane sudden expansion (PSE) have been considerably less inves-
tigated either experimentally or even more numerically. The most important reason is that
as the Reynolds number increases further, the flow exhibits high level of complexity and
variation. The flow becomes three-dimensional, time-dependent and finally chaotic where
complex structures evolve, which makes it difficult for any kind of numerical scheme and
turbulence model to sufficiently capture the features of the flow. It is also evident that di-
rect numerical simulations with the current computational power are prohibited for flows
with large values of Reynolds number.

The first investigation of turbulent flow over a PSE was undertaken by Abbott and
Kline ([1], 1962). They performed hot-film velocity measurements in a plane symmetric
channel where the expansion ratio varied from 1.125 to 5 and the aspect ratio from 2.5
to 5. They demonstrated that the flow at large expansions contains an asymmetry but
approaches a single-step configuration for aspect ratios less than 1.5. For a fully turbu-
lent inlet profile no effect was found on the reattachment length or the flow pattern for
Reynolds numbers ranging from 4 ·104 to 105 (Re based on the inlet bulk velocity and the
upstream height of the channel). The flow visualisations showed three stall regions with
different flow features downstream of the step, the lengths of which were increasing with
the expansion ratio and becoming unequal on the two side walls for ER > 1.5.

Restivo and Whitelaw ([95], 1978) carried out LDA velocity measurements in a sym-
metric PSE of ER = 3 and AR = 27.5. Mean velocity calculations and r.m.s. (root mean
square) values were obtained for a wide range of Reynolds numbers between 494 and
2995. It was found that the shape of the mean velocity profiles is linked with the shape
of the r.m.s profiles, particularly at 3.5 and 11 step heights downstream. Two maxima
were found for the r.m.s. profiles and the minimum value in between was, in all cases,
coincident with the maximum mean velocity. Moreover, the authors performed energy
spectrum analysis which revealed that at all Reynolds numbers except the highest one,
preferred frequencies are present. On top of that, the relationship between the Reynolds
number and the preferred frequency found to be linear.

Experimental investigation of turbulent flow with separation and reattachment over a
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double backward-facing step was conducted by Smyth ([108], 1979). LDA measurements
were performed in a plane symmetric channel of ER = 1.5 and AR = 30.4, at Reynolds
number of 30 210 based on the downstream duct height D and the inlet bulk velocity
UB. Mean axial, transverse and spanwise measurements of the velocity fluctuations were
demonstrated, along with turbulence intensities, Reynolds stresses and turbulence kinetic
energy calculations. The peak values of both turbulence kinetic energy and Reynolds
shear stress were found at the edge of the primary recirculation zone. The maximum
streamwise, transverse and cross-stream turbulence intensities found to be approximately
19.5%, 13.5% and 13% of UB in the recirculation region, respectively. Flow asymmetry
downstream of the double step was not detected and the flow regained a profile similar to
that upstream of the step at x/L = 12.

Mehta ([82], 1981) performed an experimental study of a turbulent flow over a flat
PSE at various Reynolds numbers and two different expansion ratios (1 : 2 and 1 : 3), by
means of a Pitot tube and a hot-wire anemometer technique. The results revealed a highly
asymmetric and unsteady flow pattern for large expansions with two unequal separation
regions on the top and bottom wall of length 12 and 3.3, respectively. It was also found
that the mean flow pattern becomes uniform and steady more rapidly with increased ex-
pansion ratio. Furthermore, in the range of 5 · 104 < Re < 105 a weak influence of the
Reynolds number on the flow structure was detected. Three-dimensional effects were
not mentioned despite the small value of aspect ratio which was significantly less than 1
(AR = 0.25,0.5).

Szymocha ([114], 1984) conducted an experimental analysis of a turbulent flow down-
stream of a symmetric PSE of ER = 1.5 and AR = 10.67 using the LDA technique. Mean
and fluctuating velocity data was reported at a Reynolds number of 42 000 based on the
inlet bulk velocity (a uniform inlet velocity was employed) and the upstream channel
height. Symmetric flow patterns were found downstream of the step with two recircula-
tion zones of equal length (xR = 5.5−6). The value of the reattachment length was found
to be slightly lower compared with that reported in Smyth’s work [108], where a fully
developed inlet velocity profile was used.

The first numerical simulation of a turbulent flow over a two-dimensional PSE was
carried out by Gagnon et al. ([44], 1993). The random vortex method was used to simulate
a flow over a double backward-facing step. The geometric features of the channel and the
Reynolds number (Re = 105) were chosen to be the same as those used in Mehta’s exper-
imental study. Mean velocity measurements were in good agreement with experiments.
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However, the turbulence intensities were not comparable and this is mainly attributed to
the three-dimensional nature of the flow in the experiments conducted by Mehta (1981).
It was reported that the largest length scales of the flow are of the order of half-width of
the channel and are found downstream of the separation regions. These regions are also
characterised by the lowest frequencies. On the other hand, the smallest length scales of
the flow were found inside the shear layers near the expansion and inside the recirculation
regions. The section of the expansion is characterised by the highest frequencies.

Aloui and Souhar ([5], 2000) performed an experimental study of turbulent asymmet-
ric flow in a flat channel with a symmetric sudden expansion of aspect ratio 0.18 and
expansion ratio 2.27. Hot-film anemometer measurements were conducted at a Reynolds
number of 32 000 based on the inlet bulk velocity and the upstream height of the duct.
Mean axial velocity measurements along with mean and fluctuating pressure values were
reported based on a fully developed turbulent velocity inlet profile. The results showed
that the flow is asymmetric downstream of the step, as in a two-dimensional case, exhibit-
ing two unequal in size recirculation zones in both sides of the expansion. In addition,
it was found that the distribution of the average pressure is not symmetrical about the
axis of the sudden expansion. The maximum values of the r.m.s velocity were obtained
in the regions of the recirculation flow, whereas the minimum values in the core region
of the flow. Finally, the authors highlighted that the regions of the recirculating flow are
constituted by five vortices of different size lengths.

LDA measurements and numerical simulations of PSE were conducted by De Zilwa
et al. ([22], 2000). A near-uniform inlet velocity profile was used in a plane symmetric
channel with expansion ratio 2.86 and aspect ratio 12.31 at Reynolds number 26 500
based on the upstream height. Spanwise measurements downstream of the expansion
revealed that the mean velocity is uniform over more than 80% of the span. Moreover,
the mean velocity profiles found to be asymmetric about the midplane, with two unequal
reattachment lengths on the top and bottom wall. Comparisons between numerical and
experimental results showed a poor agreement in terms of the recirculation lengths and the
velocity measurements inside the separation zones. Specifically, the length of the longer
reattachment region was underestimated while the length of the shorter one overestimated
for the k− ε calculations. The predicted reattachment lengths were equal to 3.85 and
10.7 step heights, in contrast to experimental values of 3.4 and 17. Those significant
discrepancies were mainly attributed to the limitations of the k− ε turbulence model,
particularly in the presence of anisotropic turbulence and reversed flow regions.
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A comprehensive study of a turbulent flow through a PSE of expansion ratio 4 and
aspect ratio 5.33 was undertaken by Escudier et al. ([39], 2002). LDA measurements
and numerical calculations using a k− ε model were reported at a Reynolds number of
55 500. Mean and fluctuating axial velocities along with Reynolds stresses and wall-
pressure variations were measured both experimentally and numerically. The experiments
revealed that the flow is asymmetric and three-dimensional about the XY midplane. On
the other hand, the k− ε calculations failed to capture the spanwise asymmetry due to
the limitations of the turbulence model. In the upper recirculation region the flow found
to be strongly anisotropic. The maximum value of the streamwise fluctuating velocity
was as high as 26% of the inlet bulk velocity, whereas the peak value of the transverse
turbulence intensity was approximately 14%. In the lower recirculation region, the flow
found to be almost isotropic with the axial and transverse turbulence intensities having
values around 20%. The authors also demonstrated that the flow, at x/d = 21, had still
not recovered from the effect of the inlet expansion and remained asymmetric about the
XZ center plane.

Canbazoglu et al. ([16], 2004) performed an experimental investigation of a turbulent
asymmetric flow in a PSE with small aspect ratio, which was mainly focused on the
analysis of pressure distribution. The expansion ratios examined were equal to 2, 2.5 and
3 while the aspect ratios equal to 0.4, 0.26 and 0.2. The Reynolds number was 22 000,
based on the hydraulic diameter Dh of the channel (ReDh = 22000 and Dh = 2hw/(w+h)).
The results showed that the expansion, aspect and area ratios significantly affect the flow
field. For lower expansion ratio and larger aspect and area ratio, the flow becomes less
asymmetric and the flow structure downstream of the expansion has a more symmetric
appearance. It was also found that for the same values of Reynolds numbers, pressure
coefficient increases when the expansion ratio decreases, while both the aspect and area
ratio of the expansion increase.

More recently, Casarsa et al. ([17], 2008) carried out an extensive experimental study
of a turbulent flow downstream of a planar symmetric sudden expansion of large expan-
sion (ER = 3) and aspect ratios (AR = 10), by means of a 2D particle image velocimetry
(PIV) technique. Mean and r.m.s. velocity measurements, as well as Reynolds stress
measurements of the flow field were performed in several mutually perpendicular planes.
Two different Reynolds numbers were used Re = 104 and Re = 4 ·104 to investigate their
effect on the flow structure. The authors found that Re = 104 is not high enough to sup-
port the statement that any further increase in Reynolds number does not have an effect



1.6 SUMMARY 24

on the flow structure. For Re = 104 the values of the short and long reattachment lengths
were equal to 3.68 and 14.38 and for Re = 4 · 104 equal to 3.93 and 14.17, respectively.
Two additional secondary recirculation regions were also detected at the upper and lower
corners of the channel with lengths of 1.06 and 0.84. Finally, a three-dimensional model
of the mean flow structure in the separation bubbles was proposed.

1.6 Summary

The plane sudden expansion, as previously mentioned, is relevant to a number of im-
portant engineering applications, such as fluidic devices, heat exchangers and mixing
equipment. It is, however, surprising the fact that the number of studies of turbulent flows
through plane sudden expansions are very limited. It is noteworthy to underline that LES
numerical studies on these kind of flows are not addressed in the past. The main reason
is that PSE flows are very complex flows with flow separation from fixed points and reat-
tachment of the shear layers, which makes any attempt to model those flows extremely
demanding and computationally very expensive.

Previous numerical investigations on turbulence in flows with a sudden expansion
were limited and in many (if not all) cases the results were very far from the experimen-
tal data (in terms of both the time-averaged velocity components and the reattachment
lengths of the primary and secondary vortices). The first numerical study was conducted
by Gagnon et al. [44] by means of a random vortex method. The results were not satisfac-
tory compared to the experimental results demonstrated by Mehta. This discrepancy was
mainly attributed to the strong three-dimensional effects of a very flat channel (i.e., the
aspect ratio used by Mehta was very small). De Zilwa et al. [22] carried out experimental-
numerical calculations of a turbulent flow downstream of a PSE. The RANS-based two
equation model (κ − ε) used to represent the turbulent properties of the flow was inca-
pable of capturing the characteristics of the flow in regions with large adverse pressure
gradients (this is an inherent limitation of RANS-based methods). The last experimental-
numerical investigation of a turbulent flow through a PSE was undertaken by Escudier et
al. [39]. The same RANS-based turbulence modelling was used to compare the experi-
mental findings with the numerical data. The authors stated that the κ − ε model is not
capable of capturing the three-dimensionality of the flow in the spanwise direction due to
the limits of the model. The predicted flow turned out to be symmetric in the x− y plane
of the channel.
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It is, therefore, evident that turbulent flows through a PSE geometry have not been
numerically investigated in the past. On top of that, the limited numerical studies on these
kind of flows were inadequate of resolving the turbulent structures present in the flow
field. The aim of the present study is to bridge the gap between the limited numerical
investigations and the experimental data demonstrated the last fifty years on PSE flows.
For this purpose, the ILES turbulence modelling method in conjunction with very high-
order, high-resolution methods is employed, to shed some lights on the physics of flows
with a sudden expansion.

1.7 Aim and Objectives

The aim of this PhD is to perform high-resolution and very high-order CFD simulations,
in order to elucidate open questions about the physics of turbulent flows in suddenly-
expanded flows. The basic characteristics of this thesis are twofold: (a) to test the capabil-
ity of ILES to capture the complex flow features (separation, reattachment, recirculation)
encountered in suddenly-expanded flows and (b) to investigate the fluid flow behaviour
by employing a wide range of Reynolds and Mach numbers spanning from 104 to 4 ·104

and 0.1 to 0.8, respectively.
The objectives and the basic steps used to achieve the above aim can be summarised

as follows:

• To implement very high-order methods along with efficient inflow boundary condi-
tions in the simulation of suddenly-expanded flows.

• To assess the accuracy of high-resolution methods in the context of ILES, by vali-
dating the CFD results against experimental data, wherever possible.

• To perform CFD simulations at different Reynolds numbers and Mach numbers
(subsonic and transonic regime), testing in such a way to what extent ILES can
capture a wide range of fluid flow features.

• To investigate the flow physics in such flows by calculating crucial turbulent flow
parameters, such as the turbulent kinetic energy budget and the turbulent kinetic
energy spectrum, seeking to shed some light on one of the most important unsolved
problem of classical physics, turbulence.
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1.8 Publications

During the period of the PhD project a book chapter, a journal paper, and a conference
paper have been written.

• Book chapters

– D. Mantzalis, K. Karantonis, N. Asproulis, L. Konozy and D. Drikakis, "Com-
putational Modelling of Aquatic Environments", Book Chapter on "Detections
of Pathogens Using Micro- and Nano- Technology", IWA Publishing, 2011.

• Journal papers

– K. Karantonis, B. Thornber and D. Drikakis, "Turbulent Flow Physics in Sud-
denly Expanded Flows", J. Fluid Mech., 2011 (submitted).

• Conference papers

– K. Karantonis, B. Thornber and D. Drikakis, "Implicit Large Eddy Simulation
of Turbulence in Suddenly Expanded Flows", 9th International ERCOFTAC

Symposium on Engineering Turbulence Modelling and Measurements, Thes-
saloniki, Greece, June 2012.

1.9 Thesis Structure

The thesis is organised into three major parts. Part I contains the introduction (Chap.1)
of the thesis, where the literature survey on ILES and Suddenly-Expanded Flows is pre-
sented. The general philosophy of this study, along with the aim and objectives are also
highlighted.

Part II contains 2 Chapters. The first (Chap. 2), deals with the most important aspects
of transition and turbulence. Basic characteristics of bifurcation analysis and chaos theory
are covered, which are responsible for the transition of the flow from a laminar state to a
turbulent one. Furthermore, in this chapter several features of turbulence are presented,
emphasising mostly on the Kolmogorov length scales and the Kolmogorov −5/3 law.
The second (Chap.3), contains the fundamental aspects of the conservation laws govern-
ing the three quantities: mass, momentum and energy. The finite volume method, along
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with state-of-the-art high-resolution and high-order methods for the spatial and tempo-
ral discretisation of the governing equations are also presented. Several approaches of
modelling turbulent flows (RANS, LES, ILES) can also be found.

Part III is completely dedicated to Suddenly-Expanded Flows and to the most impor-
tant findings of this study. This Part is organised into 3 Chapters. In the first 2 Chapters the
results obtained are based on simulations conducted at the subsonic flow regime, whereas
in the third Chapter the investigation is extended to transonic flows. The first (Chapt. 4),
contains the flow description, the initial and boundary conditions, the grid convergence
study and the validation of the CFD results against experimental data. The second (Chapt.
5), focuses more on the quantitative features of turbulence in such flows. More specific,
measurements of turbulent kinetic energy budget, energy spectra and turbulence statistics
beyond first and second statistical moments (skewness, flatness) are demonstrated. The
third (Chap. 6), deals with the compressibility effects in Suddenly-Expanded Flows. The
flow is inhomogeneous, turbulent and in some regions transonic, as the Mach number in
the high-velocity core flow area reaches values at about 0.8. The flow physics at this flow
regime are also presented.

Finally, the analysis of the key findings, the main observations, some future consid-
erations and recommendations on Suddenly-Expanded Flows are all discussed in the last
Chapter (Chap. 7).
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2
Characteristics and Modelling of

Turbulence

The majority of flows in our everyday surroundings are turbulent. These flows are preva-
lent in most of the practical engineering applications, while in many cases represent the
dominant physics in all macroscopic scales. Its presence extends from the interior of bio-
logical cells, to respiratory and circulatory systems of living organisms, to a large number
of household appliances and technological devices of modern world, to geophysical and
astrophysical phenomena, including oceans, atmospheres and stellar physics and finally
to galactic and even supergalactic scales. It is a paradox that despite the widespread oc-
currence and the ubiquity of turbulence, the “problem of turbulence” still remains the last
unsolved problem of classical mechanics. The answer may lie on the complexity and vari-
ability that characterise turbulent flows and make the development of an integrated theory
of turbulence to sound impossible.

A turbulent flow can be expected to exhibit all of the following features:

1. random, irregular and seemingly chaotic behaviour,

2. nonrepeatability (sensitivity to initial flow conditions),

29
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3. a large number of different length and time scales,

4. strong diffusivity (turbulent mixing) and enhanced dissipation (both of which are
mediated by viscosity at molecular scales),

5. three dimensionality, time-dependence and rotationality, and

6. intermittency in both space and time (the term intermittency refers to the percentage
of time, in which a particular flow exhibits irregular temporal behavior at any spatial
location).

Before getting through the fundamentals of turbulence, it is essential to describe the routes
leading a flow from a laminar state to a turbulent one. The key element along this route
is the non-linear term, (u ·∇)u, which appears at the Navier-Stokes Equations and lies at
the root of fluid chaos. It has been found that as the relative magnitude of the non-linear
term is increased, the solutions become increasingly complex, passing through a sequence
of bifurcations (sudden changes), each bifurcation leading to a more complex flow state.
Transition to chaos and turbulence is a general property of many non-linear systems. Lan-
dau’s theory shed some light into these complicated phenomena, by predicting the route
of a laminar flow through a sequence of bifurcations, leading to increasingly complex
states as Reynolds number is increased, until a fully turbulent regime is established. In
the next subsection, the basic properties which characterise transition to turbulence will
be demonstrated.

2.1 Transition to Turbulence

Transition is the process by which a laminar flow changes to a turbulent one. It is widely
known that the instability of a laminar flow does not immediately lead to turbulence. Af-
ter the initial breakdown of laminar flow, a series of changes are gradually taking place,
resulting in the non-linear and chaotic stage, known as turbulence (see Figure 2.1). The
point in space and time in which transition appears, depends on several effects. Particu-
larly, for channel flows these properties may include the wall roughness, the fluctuations
at the inlet stream and the shape of the inlet channel. However, the most important param-
eter that determines if a flow is laminar, transitional or turbulent is the Reynolds number
Re.
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FIGURE 2.1: A schematic representation of a cigarette plume (after Jefferey [60]).

Osborne Reynolds was the first to systematically investigate the transition to turbu-
lence by injecting a dye streak into flow through a pipe having smooth transparent and
parallel walls. His observations led to the identification of a single dimensionless param-
eter, which as already mentioned is called Reynolds number and is defined by:

Re =
ρUL

µ
(2.1)

This parameter was found to characterise the flow behavior in every situation. The fluid
properties ρ and µ represent the density and the dynamic viscosity of the fluid flow,
respectively. U is a typical value of velocity (i.e., bulk velocity or maximum velocity),
while L is a typical length scale (i.e. the radius of a pipe through which fluid is flowing).
Re expresses the relative importance of inertial and viscous forces.

Reynolds’ experiments undertaken inside a pipe showed that the flow is laminar for
Reynolds numbers less than 2,300. At this region the fluid velocity does not change in
time and all the streamlines are parallel to the axis of the pipe. On the other hand, if Re

is greater than 4,000, the instantaneous streamlines change direction erratically, and the
injected dye is mixed significantly with water. At this stage the flow is considered to be
turbulent. It is essential the fact that the transition to turbulence occurs over a wide range
of Reynolds numbers. This range depends particularly on the details of the experiment.

Figure 2.2 schematically represents the regimes of a flow over a semi-infinite flat plate.
It is shown that as the critical Reynolds number, Recr, increases the first instabilities start
to appear in the downstream direction. Subsequently, a band of waves gets amplified and
interacts non-linearly through advective acceleration. Finally, as the Re increases more,
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the flow takes a chaotic and irregular shape further downstream. Besides, experiments
carried out by Taylor and Bénard1 revealed that the flow passes through a number of
states of increasing complexity as the dynamic viscosity µ is decreased.

Extent of viscous flow

turbulencetransitioninstabilitysimilarityRe >> 1Re ~ 1

Y

X

U U

FIGURE 2.2: Schematic depiction of a flow through a semi-infinite flat plate.

The common types of change (bifurcation) of flow regimes are presented in the fol-
lowing lines by means of illustrative Ordinary Differential Equations (ODEs). What is
common in all of these types is that changes of flow regime along the “route to turbu-
lence”, take place as the Re increases. Note that bifurcation, by default, is the change in
the number, or in the qualitative character of the set of possible steady or unsteady flows
as Re varies, and is often linked with the onset of instability.

• Turning Point: Consider a simple model problem expressed by the following
quadratic equation

a− l(U−U2
0 ) = 0 (2.2)

where

a = k(Re−Recr) f or k > 0 , l , 0

and U0,Recr are constants. U represents a given velocity component of the fluid at some
given point of a steady flow, as a function of the Re. Rearranging Equation (2.2) and
solving it for the variable U , we take:

1Taylor investigated the behavior of a flow between concentric cylinders and showed that as the rotation
rate of the inner cylinder increases, the flow becomes progressively more complex until eventually turbu-
lence sets in. Bénard carried out experiments of a flow held between two parallel, flat plates, where the
lower plate was heated. At low temperature values ∆T the fluid is at rest and as ∆T is increased, natural
convection in the form of regular convection sets in at a starting stage, taking finally a form of turbulent
flow [20].
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U = U0± [k(Re−Recr)/l]
1
2 (2.3)

The solutions arising from the above equation are:

1. two solutions when k(Re−Recr)/l > 0,

2. one solution for the case Re = Recr and

3. none when k(Re−Recr)/l < 0.

In Figure 2.3 the bifurcation diagram of velocity component U against Re is shown for
the case where k, l > 0. A simple turning point, or saddle-node bifurcation at Re = Recr is
present. That particular point, in which U = U0, is also called a bifurcation point, as the
number and character of the solutions change in that location.

R e c r

U

0 R e

U  =  U   +  [ ( k / l ) ( R e - R e    ) ]c r

U 0

1 / 2

0

U  =  U   -  [ ( k / l ) ( R e - R e    ) ]c r

1 / 2

0

FIGURE 2.3: Bifurcation diagram for the turning point in the (Re,U) - plane for the case where
k, l > 0.

• Transcritical Bifurcation: Consider again a simple model problem of bifurcation
encompassing steady solutions of the NSE, expressed by the following quadratic
equation:

aU− lU2 = 0 (2.4)
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For all Re , Recr, there are two solutions in the above equation.

U = 0 or U = a/l = k(Re−Recr)/l

The bifurcation at Re = Recr, U = 0 is an example of what is called a transcritical point
(see Figure 2.4).

R e c r

U

0 R e

U  =  ( k / l ) ( R e - R e    )c r

U  =  0

FIGURE 2.4: Bifurcation diagram for the transcritical point in the (Re,U) - plane for the case
where k, l > 0.

• Pitchfork Bifurcation: The model equation used to address a different type of
bifurcation is:

aU− lU3 = 0 (2.5)

which is typical for the first bifurcation of flows with symmetry in ±U . Rearranging
Equation (2.5) and solving it for the variable U , we take:

(U2 = a
l ) −→ U =±

√
k(Re−Recr)

l
(2.6)

1. For Re = Recr −→ U = 0

2. For k(Re−Recr)/l > 0 −→ U =± [k(Re−Recr)/l]1/2



2.1 TRANSITION TO TURBULENCE 35

There is said to be a pitchfork bifurcation at Re = Recr, U = U0. A symmetry breaking
at Re = Recr takes place, in the sense that if k, l > 0, there is a unique symmetric solution
for Re < Recr, but there is also a pair of asymmetric solutions for Re > Recr, as that can
be shown in Figure 2.5.

R e c r

U

0

U   =  ( k / l ) ( R e - R e    )c r

U   =  01

2

U   =  - ( k / l ) ( R e - R e    )c r3

R e

FIGURE 2.5: Schematic representation of a pitchfork bifurcation diagram in the (Re,U) - plane
for the case where k, l > 0.

This specific type of bifurcation is encountered in suddenly-expanded flows at partic-
ularly low Reynolds numbers. The critical Reynolds number in such flows depends on the
geometrical characteristics of the channel (such as the expansion ratio, the aspect ratio,
etc.). Numerical simulations also showed that the Recr can be affected by small numerical
instabilities arising from the numerical scheme used, the initial and boundary conditions
applied, the time step, as well as the time interval for which the calculation proceeds.

The symmetry breaking of all flows in diverging channels is an example of what is
widely known as Coanda effect. Laboratory and numerical experiments in that flow types
revealed the occurrence of a supercritical pitchfork bifurcation and symmetry breaking.
The classic prototype of symmetry breaking can be typically expressed by Landau’s equa-
tion (model of hydrodynamic stability by Landau in 1944, [72]):

du
dt

= au− lu3 (2.7)

Two different cases can be distinguished according to the sign of the Landau constant l.

1. a subcritical stability for l < 0, and
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2. a supercritical stability for l > 0.

Particularly, for the case where l is greater than zero, two stable solutions for Re > Recr

and one unstable solution u = 0 are forming. Note that:

i f Re > Recr, u(t)→ sign[u(0)][k(Re−Recr)/l]1/2 as t→ ∞

whereas

i f Re≤ Recr, u(t)→ 0 as t→ ∞

In the former case the final state depends only on the sign of the initial value u(t0) of
U , and in the latter case the final state is the same for all initial values. The bifurcation
diagram of a supercritical stability obtained from the Landau equation for l > 0 is depicted
in Figure 2.6.

R e c r

U

0

U   =  ( k / l ) ( R e - R e    )c r

U   =  01

2

U   =  - ( k / l ) ( R e - R e    )c r3

R e

FIGURE 2.6: Bifurcation diagram of a supercritical stability by setting Landau’s constant l > 0.

Below a brief summary of routes to turbulence, or at least to chaotic flow are pre-
sented. Note that there are only a few routes that lead to turbulence. Based on this
observation, an attempt will be made to put them in order [25].

1. Subcritical Instability: On this route a stable, steady, periodic or quasi-periodic
flow becomes unstable as Re increases gradually through a critical value, and the
flow then “jumps” rapidly to a turbulent one. This type of turbulence development
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has been variously called “abrupt”, “fast” and “savage”. Poiseuille flow in a pipe,
plane Poiseuille flow, as well as plane Couette flow are some typical examples of
flows where this abrupt onset of turbulence has been found. For such flows this is
often called bypass transition.

2. Ruelle-Takens-Newshouse route: This route was first discovered by Ruelle &
Takens (1971, [96]) and later redefined by Newshouse et al. (1978, [89]) by use of
the theory of dynamical systems. Along this route, there is a succession of bifurca-
tions as Re increases in which a steady flow may directly, or via other steady flows
become time periodic, then quasi-periodic with two or even more frequencies, un-
til a chaotic flow sets in. This route is commonly found in Couette flow between
rotating cylinders and Rayleigh-Bénard convection flow.

3. Periodic Doubling: In some cases turbulence, or even chaos, takes place after a
procession of periodic doubling bifurcations, as Reynolds number increases. Here
a sequence of time-periodic flows occur at bifurcations, in which the period of one
flow is twice the period of the previous one.

4. Amplification due to Flow Instability and Perturbation

2.2 Turbulent Flow Physics

As already mentioned in a preceding section, turbulent flows can be characterised as
three-dimensional, which means that the instantaneous field fluctuates rapidly in all three
dimensions. They are highly time dependent and are dominated by a broad range of time
and length scales. Furthermore, turbulent flows contain vorticity, as it is known that vor-
tex stretching leads to the growth of turbulence intensity. They increase heat transfer and
skin friction and promote enhanced mixing of fluids. Turbulence in some cases leads to
the delay of flow separation.

It is worth emphasising more in the wide range of length and time scales encountered
in turbulent flows. In fact, this is the most important reason for “turbulent problem” to
be unsolved for so many years. This is also the reason that Direct Numerical Simula-
tions are precluded from modelling turbulent flows (extremely expensive in terms of the
computational cost).

The formation of eddies of so many different length scales makes it requisite to distin-
guish the large-scale from the small-scale motions. The large-scale motion is influenced
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by the geometry of the flow, whereas the behavior of the small-scale motion is determined
by two factors: a) the rate at which the flow receives energy from the large scales and b)
by the viscosity.

It is important to mention that most of the kinetic energy of turbulent motion is con-
tained in the large-scale structures. The energy then “cascades” from these large structures
to smaller one by an inertial and essentially inviscid mechanism. This process continues,
creating smaller and smaller structures which produces an hierarchy of eddies as shown
in Figure 2.7. Eventually, this process creates structures that are small enough such that
molecular diffusion becomes important and viscous dissipation of energy occurs. The
scale at which this last process takes place is commonly known as the Kolmogorov length
scale.

FIGURE 2.7: A schematic representation of the multistage process of energy cascade (after
Davidson [20]).

There are four main sets of scales in a turbulent flow; these are the following:

1. the large scale, which is based on the problem domain geometry. The bulk of en-
ergy is mainly contained in these large eddies (i.e., the so-called energy containing
eddies),

2. the integral scale, which is an O(1) fraction (usually taken the value of ∼ 0.2) of
the large scale,

3. the Taylor microscale, which is an intermediate scale, particularly corresponding to
Kolmogorov’s inertial subrange, and
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4. the Kolmogorov (or “dissipation”) scale which constitutes the smallest of turbulent
scales.

Before continuing with the description of each of the aforementioned turbulent scales, it is
worth comparing the scales in terms of their spatial wavenumbers. The spectrum of eddies
can be divided up into three ranges. The energy containing range, the inertial sub-range
and the universal equilibrium range. Assuming that the magnitude of Reynolds number
is high enough for the inertial subrange to be relatively large, as shown in Figure 2.8, the
following observations can be made:

1. at low Re there is essentially no inertial range, and as Re increases the length of this
range increases. Note that the inertial range, or sub-range, is the range of length
scales (or wavenumbers) in which viscous effects, as well as the effects of the large
scales are negligible.

2. the range of wavenumbers appearing in the large and integral scale is slightly af-
fected by increasing Re.

3. the range of dissipation scales is strongly influenced by Re.

4. the wavenumber range covered by inertial scales increases with increasing Re.

5. according to Kolmogorov’s hypothesis, the slope in the spectrum of the inertial
sub-range is −5/3 (see Figure 2.8), and

6. the highest energy is associated with larger scales of motion.

Starting with the description of the largest scales, it is important to define a character-
istic length L (for example, for channel flows this could be the height of the duct, or the
diameter or radius for a flow through pipes), and a characteristic velocity U (this could
also be the mean, or possibly the centerline velocity in a pipe, or the freestream velocity
over an airfoil). The corresponding Reynolds number could then become:

ReL =
UL
ν

(2.8)

where ν is the kinematic viscosity. A “convective” time scale can also be derived from
the above length and velocity scales by:

tc =
L
U

(2.9)
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A “diffusive” time scale can also be obtained from the given physical quantities, particu-
larly considering the units of the kinematic viscosity, L2/T . Then it follows that

ν = L2/T → td =
L2

ν
(2.10)

Comparing the rate at which flow properties are transferred by molecular diffusion, to
those transferred by macroscopic convection we have:

td
tc

=
L2/ν

L/U
= ReL (2.11)

This is another way of defining the ratio of inertial to viscous forces by using the ratio of
the time (diffusive and convective) scales.
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FIGURE 2.8: Schematic representation of turbulence energy wavenumber spectrum.

As far as the integral scales are concerned, the length scales can be obtained from the
following expression:

l =
1

‖u′‖2
L2

∞∫
−∞

u
′
(x, t)u

′
(x+ r, t)dr (2.12)

where u
′

denotes a turbulent fluctuating component of velocity and ‖·‖2
L2 is taken with

respect to the spatial domain V . The integral scale Reynolds number (often called “tur-
bulence” Reynolds number) can be interpreted by:
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Rel =

∣∣∣u′∣∣∣ l
ν

(2.13)

where

∣∣∣u′∣∣∣= √
1
N

N

∑
i=1

(uinstant−〈UN〉)2

is usually taken to be the square root of the turbulent kinetic energy per unit mass, i.e.,∣∣∣u′∣∣∣= k1/2 with k = 1
2(u′2 +υ ′2 +w′2). The time scales at this wavenumber range can be

obtained from:

T =
∞∫
0

ca(τ)dτ (2.14)

where ca is the autocorrelation coefficient defined as:

ca(x, t)≡ 〈u(x,t),u(x,t+τ)〉
‖u′‖2

L2
, −1≤ ca(x, t)≤ 1

The integral time scale is a measure of how long turbulent fluctuations remain correlated.
Note that the term denoted by 〈·〉 is the so-called ensemble average which is a result of
averaging a physical quantity over a large number of realisations.

The third length scale is the Taylor microscale which is characteristic of the mean
spatial extension of the velocity gradients, and is defined by [115]:

λ
2 =

〈∣∣∣∣→u ′∣∣∣∣2
〉

〈
(
→
∇×→u )2

〉 (2.15)

The turbulence energy dissipation rate ε , usually given by

ε = 2ν

∣∣∣∣(→∇×→u )2
∣∣∣∣

can be used in conjunction with Equation (2.15) yielding to the following length scale
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λ =


ν

〈∣∣∣∣→u ′∣∣∣∣2
〉

ε


1/2

(2.16)

The Taylor microscale Reynolds number is calculated as follows:

Reλ =

∣∣∣∣→u ′∣∣∣∣λ
ν

(2.17)

The corresponding time scale can be easily calculated by using the length scale of Equa-

tion (2.16) along with the velocity
∣∣∣∣→u ′∣∣∣∣. Note that Taylor microscale length is about

consistent with the Kolmogorov inertial sub-range scale.
The last characteristic length scale to be defined is the Kolmogorov scale. Accord-

ing to Kolmogorov’s hypothesis, in every turbulent flow at high Re the statistics of the
small-scale motions have a universal form, which is uniquely determined by the kine-
matic viscosity ν and the average rate of energy dissipation ε . The Kolmogorov length
scales can be obtained using dimensional analysis of the aforementioned quantities. Note
that the generalised units of kinematic viscosity are L2/T , and those for energy dissipation
rate are:

ε =
u3

l
=

L3

T 3L
=

L2

T 3

It follows that a length scale can be obtained by eliminating time between these two sets
of units. The resulting Kolmogorov scale is given by:

η =
(

ν3

ε

)1/4

(2.18)

In similar manner (employing dimensional analysis), a Kolmogorov time scale can be
constructed as:

τ =
(

ν

ε

)1/2
(2.19)

The Kolmogorov velocity scale is obtained by taking the ratio of two last quantities lead-
ing to:
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υ = (νε)1/4 (2.20)

If we try to define the Reynolds number using 2.18 and 2.20 we are ending up with the
following expression:

ReKolm =
υη

ε
=

(
ν3

ε
εν

)1/4

ν
=

(
ν4)1/4

ν
= 1 (2.21)

which is expected on scales where viscous dissipation dominates all other phenomena.
Kolmogorov’s theory [70, 71] of a universal equilibrium range is one of the most

remarkable, if not the most notable, theories in the history of turbulence. The reason why
this theory is so important is that its prediction (the so-called two-thirds law) turns out
to be quite robust for a large number of turbulent flows. Thus, Kolmogorov’s first and
second similarity hypotheses are widely used when modelling turbulent flows.

According to the first similarity hypothesis, for the locally isotropic turbulence, as-
suming that Re is large enough, the statistical properties of the structure function [∆V (r)]
have a universal form which depends only on ε , r and ν . The structure function [∆V ]2

is of the order of all the energy contained in eddies of size r or less and is given by the
following relation [20]:

〈
[∆V (r)]2

〉
= υ

2F(r/η) (2.22)

where υ and η the Kolmogorov microscales of velocity and length, respectively. Since
the large scales have only an indirect influence on the small scales and considering the fact
that the global geometry has an impact only on the large scales (low wavenumber regime),
F(r/η) is expected to be a universal function, valid for all forms of turbulence. Several
turbulent flow models that have been experimentally investigated in the past, indicate that
F does indeed appear to be universal.

Now consider a sub-domain of the universal equilibrium range, as that is shown in
Figure 2.9. The so-called inertial sub-range, which satisfies the relation η << r << l,
followed by the Kolmogorov’s second similarity hypothesis, is not expected to include ν

as a relevant parameter and that leads to the following Kolmogorov’s allegation.
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FIGURE 2.9: The energy cascade in terms of kinetic energy versus wavenumber in log log
scale, showing the universal equilibrium range.

In the range η << r << l, assuming that Re is high enough, the statistical properties
of [∆V (r)] have a universal form which is uniquely determined by the quantities ε and r

and do not depend on ν . The only way of eliminating the quantity ν from Equation (2.22)
is if F(x) ∼ x2/3. So taking this last prerequisite into account, the structure function of
the inertial sub-range will take the form:

〈
[∆V (r)]2

〉
= βε

2/3r2/3 (2.23)

where β is a universal constant, found to have a value of ∼ 2 [94]. This is also known
as Kolmogorov’s two-thirds law. In terms of energy spectrum Equation (2.23) takes the
form:

E(k) = Cε
2/3k−5/3 (2.24)

Equation (2.24) is known as Kolmogorov’s five-thirds law, in which C is a universal
Kolmogorov constant. Experimental data support the value of C = 1.5 [94]. The table
below shows the properties of the turbulent scales in terms of their range r and form of
structure function.
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TABLE 2.1: Range of r and approximate form of the structure function [∆V (r)]2 at high Re.
Name Range Form of [∆V (r)]2

Energy Containing Range r ∼ l
〈
[∆V (r)]2

〉
= u2F(r/l)

Inertial Sub-range η << r << l
〈
[∆V (r)]2

〉
= βε2/3r2/3

Universal Equilibrium Range r << l
〈
[∆V (r)]2

〉
= ν2F(r/η)

Very high values of Re are necessary for the appearance of the inertial sub-range.
Particularly, if we are to obtain a range of r in which η << r << l, then the following
relation should be observed [20]:

Re3/8 >> 1

2.3 Modelling of Turbulent Flows

2.3.1 Explicit LES

Large Eddy Simulation (LES) is a common technique for simulating turbulent flows. This
technique is based on the fact that the large eddies of the flow are dependent on the
geometry while the smaller scales, according to Kolmogorov’s theory, are more universal.
This is the reason why the large eddies are explicitly solved, while the small eddies are
represented statistically, by using a subgrid-scale (SGS) model. Separating the velocity
field into a resolved (for the large eddies) and sub-grid (for the small eddies) part and using
a spatial filtering operation of a variable f (x, t), we obtain the following [75, 93, 98]:

f̃ (x, t) =
∫ +∞∫
−∞

∫
Gs(x− x′) f (x′, t)dx′dy′dz′ (2.25)

where Gs(x) are the spatial components of the filter, associated with the cutoff scales
in space. The most widely used filters are the box or top hat filter, the Gaussian filter
and the spectral or sharp cutoff filter. Note that the fluctuating component, f

′
, is defined

by f
′
= f − f̃ and that in LES the mean value of a fluctuating flow component is not

zero ( f
′
, 0). The filtering operation process then, implemented into the Navier-Stokes

equations for a compressible flow can be written as:
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∂ρ

∂ t + ∂ρ ũ j
∂x j

= 0

∂ρ ũi
∂ t + ∂ρ ũiũ j

∂x j
=− ∂ p̃

∂xi
+ ∂ σ̂i j

∂x j
− ∂ρτSGS

i j
∂x j

 (2.26)

where ũi and p̃ are the filtered velocities and pressure, respectively, and τSGS
i j are the

subgrid-scale (SGS) stresses given by:

τ
SGS
i j = ũiu j− ũiũ j (2.27)

Consider that the velocity component ui in every turbulent flow equals the sum of its mean
ui and its fluctuating part u

′
i.

ui = ui +u
′
i

Using the above equation, the term ũiu j takes the following form:

ũiu j = ˜(ui +u′i)
˜(u j +u′j) = ũiu j + ũiu

′
j + ũ′iu j + ũ′iu

′
j (2.28)

Note that the overbar denotes a filter operation, which commutes with the partial deriva-
tives ∂

∂ t and ∂

∂x j
. The second filter, represented by a tilde, refers to the Favre filter oper-

ation. On the other hand, the ’hat’ symbol does not refer to a filter operation, but shows
that the quantity is based on filtered variables.

The final form of the subgrid-scale stresses after substituting Equation (2.28) into
Equation (2.27) becomes:

τ
SGS
i j = (ũiu j− ūiū j)+(ũiu

′
j + ũ′iu j)+ ũ′iu

′
j (2.29)

The first term in brackets at the RHS of the above equation represents the so-called
Leonard stresses (interaction between resolved scales), the second term in brackets the
cross stress tensor (interaction between resolved and unresolved scales) and the third term
represents interactions between unresolved scales.



2.3 MODELLING OF TURBULENT FLOWS 47

2.3.2 Implicit LES

The explicit subgrid-scale models presented in the previous subsection, come up in the
high-resolution schemes as the combined result of flux-form differencing (i.e., direct con-
sequence of averaging the inertial terms over a grid cell) and the fundamentally non-
linear nature of the non-oscillatory approximations. Besides, in the case of modern high-
resolution methods, the numerical method provides an effective differential equation that
has many explicit LES models embedded implicitly in the solution technique. In other
words, high-resolution methods contain a “built-in” or embedded subgrid-scale (SGS)
model. Ghosal (1996,[48]) pointed out that the truncation terms have the same order of
magnitude as the SGS terms in explicit LES.

Drikakis and Rider [32] used the modified equation analysis to investigate the form of
truncation error arising from various non-oscillatory finite volume methods and its simi-
larity with the conventional subgrid-scale models (see Smagorinsky, dynamic Smagorin-
sky and Leonard model). As a starting point, they considered the one-dimensional high-
resolution algorithm that has the following form:

Un+1
j = Un

j −
∆t
∆x

[
E(U j+1/2)−E(U j−1/2)

]
(2.30)

Using a high-resolution Godunov method based on reconstruction and employing non-
linear limiter slopes, S j(U), two edge values in each grid cell is produced such that:

U j±1/2;L/R = U j±
1
2

S j (2.31)

These two values at the left and right face of each cell can be resolved by a linearised
Riemann solver, as follows:

E(U j+1/2) =
1
2
[
E j+1/2;R +E j+1/2;L

]
−

∣∣∣E ′∣∣∣
2
[
U j+1/2;R−U j−1/2;L

]
(2.32)

with

E
′
(U) =

∂E
∂U

(2.33)

being the flux Jacobian (exact details of the Jacobian of the flux vectors can be found in
Appendix A). The truncation error produced for this general form of modified equation is
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of order ∆2 and is given by:

T (U) = C1E
′
(U)

∂ 2U
∂x2 +C2E

′′
(U)

(
∂U
∂x

)2

(2.34)

The effective subgrid stress T (U) is a second order approximation with C1 and C2 de-
pending on the particular differencing (NFV) scheme. The second term on the RHS of
Equation (2.34) is identical to the effect of a self-similar model encountered in conven-

tional LES. Note also that this specific term, E
′′
(U)

(
∂U
∂x

)2
is a consequence of the con-

servation form of the equations, arising from the finite volume approximation along with
high-resolution non-oscillatory schemes (such as ENO, WENO, TVD and TVB schemes).

MEA analysis has been carried out by Drikakis and Rider [32] for a third-order and a
fifth-order WENO scheme. For the third-order WENO the effective subgrid stress found
to have the same form as van Leer and van Albada limiters with the physical dissipation
being of order ∆3, whereas for the fifth-order WENO the physical dissipation has an order
of ∆5, as that can be seen in the following relation:

T (U) = C∆
5
∣∣∣E ′(U)

∣∣∣(∂ 3U
∂x3

)2(
∂U
∂x

)−1

(2.35)

High-resolution methods can all be characterised as dissipative. However, all models
are not equivalent, in the sense that they all have different dissipation properties. Margolin
and Rider [80] showed that the physical dissipation of a numerical scheme should be of
order ∆2. It is, hence, important to further investigate the capability of high-order, non-
linear schemes of resembling the physical dissipation of a turbulent flow in the correct
level.

To summarise, ILES can be considered as a useful research tool for numerically simu-
lating turbulent flows. Grinstein, Margolin and Rider [52] stated that ILES works because
it solves the equations that most accurately represent the dynamics of finite volumes in a
fluid - i.e, governing the behaviour of physical measurable quantities on the computational
cells.



3
Governing Equations and Numerical

Modelling

3.1 Governing Equations

The derivation of the basic equations of fluid motion is based on three fundamental phys-
ical principles.

1. The mass of fluid is conserved

2. The rate of change of momentum equals the sum of the forces on a fluid particle
(Newton’s second law, ∑F = m · dυ

dt ) and

3. The rate of change of energy is equal to the sum of the rate of work done on a fluid
particle and the rate of heat addition to the fluid particle (First law of thermodynam-
ics)

These physical principles are applied to a suitable model of the flow which can be either
a finite control volume V or an infinitesimally small fluid element with a differential

49
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fluid dV . The corresponding fluid-flow equations can be expressed in either integral or
partial differential form. The equations obtained from a finite control volume fixed in
space, in either integral or partial differential form, are called the conservation form of
the governing equations. On the other hand, the equations obtained from a finite control
volume moving with the fluid, in either integral or partial differential form, are called
the non-conservation form of the governing equations. Note also that one form can be
obtained from the other, after applying some simple manipulation. There are cases in
CFD where it is very important which form is used.

3.1.1 Conservation of Mass

The continuity equation is based on the physical principle that the mass is conserved
which means that the net mass flow out of a control volume (CV) through surface S,
equals the time rate of decrease of mass inside the CV.

Consider the flow model shown in Figure 3.1. The net mass flow of a moving fluid
across any fixed space is equal to the product of (density) × (velocity component perpen-
dicular to the surface) × (area of surface). Thus the elemental mass flow across the area
dS is:

ρVndS = ρV ·dS (3.1)

where V = ui+υ j +wk is the velocity vector.
The net mass flow out of the entire CV through surface S is the summation over S of

the elemental mass flow, expressed in Equation (3.1). In the limit, this becomes a surface
integral where

ρV ·dS→
"

S

ρV ·dS (3.2)

Note that when V points out of the control volume, the product ρV ·dS is positive and
the flow state can be considered as an outflow. On the other hand, when V points into the
control volume, the product ρV ·dS is negative and the flow state can be considered as an
inflow.

The time rate of decrease or increase of mass inside the CV is given by:



3.1 GOVERNING EQUATIONS 51

V o l u m e  d V

V e l o c i t yV
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y

z

FIGURE 3.1: Infinitesimal control volume fixed in space with the fluid moving through it.

∂

∂ t

$
V

ρdV (3.3)

Thus, the final expression of the integral form of the continuity equation in conserva-
tion form is:

∂

∂ t

$
V

ρdV +
"

S

ρV ·dS = 0 (3.4)

3.1.2 Conservation of Momentum

The momentum equation is based on the physical principle of Newton’s second law which
states that:

“The force exerted on a body is equal to the time rate of change of momen-
tum.”

The time rate of change of momentum as it moves through the fixed CV is the sum of two
terms:
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• Time rate of change of momentum due to unsteady fluctuations of flow properties
inside the CV, and

• Net flow of momentum through the CV across surfaces of area S.

The momentum of an infinitesimally small portion (dV of the CV of volume V ) is simply
given by

ρVdV (3.5)

where ρV = [ρu,ρυ ,ρw]Transpose.
Thus, the variation in time of momentum inside a CV can be expressed in integral

form as:

∂

∂ t

$
V

ρVdV (3.6)

The second term comprises the convective flux tensor which describes the transfer of
momentum across the boundary of the CV and in the Cartesian coordinate system consists
of three components: 

x− component : ρuV
y− component : ρυV
z− component : ρwV

 (3.7)

Thus, the contribution of the convective flux tensor to the conservation of momentum is
given by: "

S

ρV(V ·dS) (3.8)

The forces that the fluid elements are exposed to are of two types. The first category
includes the body forces, i.e. inertial forces, gravitational forces, electromagnetic forces,
which act directly on the volumetric mass of the fluid element. The contribution of the
body forces per unit volume, ρfb, to the momentum conservation is:$

V

ρfbdV (3.9)
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The second category includes the surface forces, which act directly on the surface of the
CV and are due to two sources:

1. the pressure distribution, which in turn acts on the surface of the fluid element and
is imposed by the outside fluid surrounding the volume, and

2. the normal and shear stresses

Thus, the contribution of the surface forces to the momentum conservation is given by:

−
"

S

pdS (3.10)

for the pressure distribution, where p stands for the pressure, and also by:"
S

¯̄τdS (3.11)

for the normal and shear stress components, where ¯̄τ is the stress tensor.
Adding all the above contributions to the general conservation law, the momentum

conservation inside an arbitrary control volume V that is fixed in space can be expressed
as:

∂

∂ t

$
V

ρVdV +
"

S

ρV(V ·dS) =
$

V

ρfbdV −
"

S

pdS+
"

S

¯̄τdS (3.12)

3.1.3 Conservation of Energy

The energy equation is based on the principle of the first law of thermodynamics which
states that:

“The energy in an isolated system can be neither created nor destroyed, but
only can change forms.”

In other words, the rate of change of energy inside a fluid element is equal to the net flux
of heat into element plus the rate of work done on element thanks to body and surface
forces. The total energy per unit mass, E, of a fluid is obtained by adding its internal
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energy per unit mass, e, to its kinetic energy per unit mass, |V|2 /2. Hence, the total
energy per unit mass can be expressed as:

E = e+
|V|2

2
= e+

u2 +υ2 +w2

2
(3.13)

In this case the conserved quantity is the total energy per unit volume, ρE, and its variation
in time within the volume V is given by:

∂

∂ t

$
V

ρEdV (3.14)

The contribution of the convective flux to the energy conservation equation is:

−
"

S

ρEVdS (3.15)

Additionally, the net heat flux consists of two parts. The first is the heat flux due to
volumetric rate of heat addition per unit mass or due to chemical reactions and is denoted
by
·
qh. The second part is the net heat flux due to temperature gradients and according to

Fourier’s law of heat conduction, the local heat flux is equal to the product of the thermal
conductivity coefficient k and the negative local temperature gradient, −∇T . Thus, the
contribution of the diffusive (heat) flux to the conservation of energy can be split into two
parts as follows: #

V

·
qhdV

!
S

k∇T dS
(3.16)

The rate of the total work done over the complete CV, due to body forces, is given by the
following integral: $

V

(ρfb ·V)dV (3.17)

Finally, the surface forces, fs, which correspond to the time rate of work done by pressure,
as well as by normal and shear stresses on the fluid element are given by:
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fs =−pV+ ¯̄τ ·V (3.18)

The total time rate of work over the surface S of the CV V is obtained by:"
S

fsdS =
"

S

− pVdS+
"

S

( ¯̄τ ·V)dS (3.19)

Summing up all the above terms, the following formula for the energy conservation equa-
tion is derived:

∂

∂ t

$
V

ρEdV +
"

S

ρEVdS =
$

V

·
qhdV +

"
S

k∇TdS+ (3.20)

$
V

(ρfb ·V)dV −
"

S

pVdS+
"

S

( ¯̄τ ·V)dS

3.1.4 Viscous Stresses

The normal and shear stresses originate from the friction between the surface of an el-
ement and the fluid. The time rate of change of the shearing deformation of the fluid
element is related to the shear stress, τxy, as shown in Figure 3.2(b), whereas the time rate
of volume change of the fluid element is related to the normal stress, τxx, as sketched in
Figure 3.2(a).

In Cartesian coordinates, the general form of the stress tensor ¯̄τ is given by:

¯̄τ =

 τxx τxy τxz

τyx τyy τyz

τzx τzy τzz

 (3.21)

where τxx, τyy and τzz are the normal stresses, while the remaining six components rep-
resent the shear stresses. By convention, the notation τi j denotes a stress component that
affects a plane perpendicular to the i-axis, in the direction of the j-axis (see Figure 3.2).
For a Newtonian fluid, where the shear stress is proportional to the velocity gradient, the
viscous stresses can be evaluated as:
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(a) Normal Stresses acting on a fluid element
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(b) Shear Stresses acting on a fluid element

FIGURE 3.2: Illustration of (a) normal and (b) shear stresses exerted on a fluid element

τxx = λ (∂u
∂x + ∂υ

∂y + ∂w
∂ z )+2µ

∂u
∂x

τyy = λ (∂u
∂x + ∂υ

∂y + ∂w
∂ z )+2µ

∂υ

∂y

τzz = λ (∂u
∂x + ∂υ

∂y + ∂w
∂ z )+2µ

∂w
∂ z

(3.22)

where λ represents the second viscosity coefficient and µ denotes the dynamic viscosity
coefficient.

τxy = τyx = µ(∂u
∂y + ∂υ

∂x )

τxz = τzx = µ(∂u
∂ z + ∂w

∂x )

τyz = τzy = µ(∂υ

∂ z + ∂w
∂y )

(3.23)

According to Stokes hypothesis, the second viscosity coefficient λ = −2
3 µ , or λ +

2
3 µ = 0. The latter relation is also termed the bulk viscosity and its property is particularly
responsible for the energy dissipation in a fluid of uniform temperature, when a change in
volume at finite rate occurs. From the above relations, the normal stress components after
some small modification becomes:
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τxx = 2µ[∂u
∂x −

1
3(

∂u
∂x

+
∂υ

∂y
+

∂w
∂ z︸                ︷︷                ︸

div~u

)]

τyy = 2µ(∂υ

∂y −
1
3div~u)

τzz = 2µ(∂w
∂ z −

1
3div~u)

(3.24)

3.1.5 Complete System of the Navier-Stokes Equations

The various terms appeared in the conservation laws of mass, momentum and energy can
be collected into one system of equations by using the general conservation law for a
vector quantity as follows.

∂

∂ t

$
V

~CdV +
"

S

(~Fc−~Fυ)dS =
$

V

~QdV (3.25)

In three dimensions the vector of the conservative variables ~C consists of the following
five components.

~C =


ρ

ρu

ρυ

ρw

ρE

 (3.26)

The column vector ~C is also known as the solution vector because its elements (ρ , ρu,
ρυ , ρw and ρE) are the dependent variables obtained numerically in steps of time. The
vector of convective fluxes, ~Fc, can be written as:

~Fc =


ρV

ρuV +nx p

ρυV +ny p

ρwV +nz p

ρHV

 (3.27)
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where V the contravariant velocity defined as the scalar product of the velocity vector and
the unit normal vector, i.e, V ≡~u ·~n = nxu+nyυ +nzw. The total enthalpy H is related to
the total energy and the pressure by the following expression.

H = E +
p
ρ

(3.28)

Additionally, the vector of viscous fluxes, ~Fυ , can be written as:

~Fυ =


0

nxτxx +nyτxy +nzτxz

nxτyx +nyτyy +nzτyz

nxτzx +nyτzy +nzτzz

nxΘx +nyΘy +nzΘz

 (3.29)

where the term Θ describes the work of viscous stresses and heat conduction in the fluid
and reads 

Θx = uτxx +υτxy +wτxz + k ∂T
∂x

Θy = uτyx +υτyy +wτyz + k ∂T
∂y

Θz = uτzx +υτzy +wτzz + k ∂T
∂ z

(3.30)

Finally, the column vector Q, as shown below, represents a source term which is zero if
the body forces and volumetric heating are negligible in the calculations.

~Q =


0

ρ fb,x

ρ fb,y

ρ fb,z

ρ(u fx +υ fy +w fz)+
·
qh

 (3.31)

Note that the first elements of the C,Fc, Fυ , and Q column vectors, when added together,
reproduce the continuity equation 3.4. The next three elements of the C,Fc, Fυ , and Q

vectors, when added together, reproduce the x-, y- and z-momentum equation 3.12, re-
spectively. The energy equation, 3.20, can be derived, when the last elements of the
column vectors are added together.



3.1 GOVERNING EQUATIONS 59

For all simulations in the present study, the three-dimensional Navier-Stokes (NS)
equations for a Newtonian, viscous fluid flow has been employed. The 3D compress-
ible NS equations can be written in conservative variables and Cartesian co-ordinates as
follows:

∂U
∂ t

+
∂F
∂x

+
∂G
∂y

+
∂H
∂ z

=
∂P
∂x

+
∂Q
∂y

+
∂R
∂ z

(3.32)

where U represents a vector of conservative variables (ρ ,ρu, ρυ , ρw, e), F, G, H are
vectors of the inviscid fluxes, and P, Q, R are vectors of the viscous fluxes in x, y and z

direction, respectively.

U = [ρ,ρu,ρυ ,ρw,e]T

F = [ρu,ρu2 + p,ρuυ ,ρuw,(e+ p)u]T

G = [ρυ ,ρuυ ,ρυ
2 + p,ρυw,(e+ p)υ ]T

H = [ρw,ρuw,ρυw,ρw2 + p,(e+ p)w]T

e = ρi+
1
2

ρ(u2 +υ
2 +w2)

where ρ is the fluid density, u, υ , w are the Cartesian velocity components, i is the specific
internal energy per unit volume and p is the pressure. The viscous flux vector is given by:

P = [0,τxx,τxy,τxz,uτxx +υτxy +wτxz +
·
qx]

T

Q = [0,τyx,τyy,τyz,uτyx +υτyy +wτyz +
·
qy]

T

R = [0,τzx,τzy,τzz,uτzx +υτzy +wτzz +
·
qz]

T

where τi j is the stress tensor and
·

qi is the rate of heat transfer. Finally, the system of
equations is closed by specifying an equation of state for an ideal gas as:
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p = ρRT = ρi(γ−1)

with T representing the temperature and γ the ratio of the specific heats.

3.2 Finite Volume Methods

3.2.1 Introduction

The spatial discretisation of the NSE, where the convective and viscous fluxes, as well
as the source terms are numerically approximated, can be achieved by using one of the
following three methods: finite difference (FDM), finite element (FEM) and finite volume
methods (FVM). All of these methods can provide accurate approximations under certain
circumstances. These circumstances are mainly related to the nature of the problem to
be solved and the complexity of the numerical scheme used to solve the problem. In this
section the FVM will be extensively presented, as this discretisation approach has been
used throughout this study to approximate the PDE of the NSE both in space and time.

FVM use the integral form of the NSE as its starting point. The solution domain
is subdivided into a finite number of adjacent CVs and the conservation equations are
applied to each CV.

The cell-centred scheme has been chosen for the definition of the position and shape
of the CV with respect to the grid, where the flow variables are stored at the centroids of
the grid cells, as shown in Figure 3.3. In that case, the CVs are identical to the grid cells.

I ,  J I + 1 ,  JI  -  1 ,  J

I ,  J + 1

I ,  J  -  1

V I ,  J

i ,  j+1 i + 1 ,  j + 1

i ,  j i+1 ,  j

I ,  J  +  1 / 2

I ,  J  -  1 /2

I  -  1 /2 ,  J I  +  1 / 2 ,  J
n

n

n

n

FIGURE 3.3: CV of a cell-centred scheme in two dimensions (i, j)
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Consider a PDE in conservation form as follows:

∂u
∂ t

+∇ · f (u) = 0

where u is a vector variable and f (u) is the corresponding flux vector with f (u)= [ f1(u), f2(u), . . . , fd(u)]
in vector space Rd . Taking the volume integral over the total volume Vi of a particular cell
i, the following expression can be obtained:

∫
Vi

∂u
∂ t

dV +
∫
Vi

∇ · f (u)dV = 0

Integrating the first term to get the volume average and applying the divergence theorem
(converting that way the volume integral to a surface integral over the surface ∆V ) to the
second term, the starting point for the finite volume method is generated.

dui

dt
+

1
Vi

∮
Si

f (u)·nds = 0

where Si represents the surface area of the particular cell i and n represents the unit normal
vector to the surface that points outward.

In the next subsection the geometrical quantities of a CV will be discussed, before
moving on with the spatial and temporal discretisation of the conservative equations.

3.2.2 Geometrical Characteristics of a Control Volume

The calculation of the geometrical quantities of a CV VI,J,K - its volume ∆V , unit normal
vector

→
n m and surface area 4Sm of a face m - is presented in the next lines. The three-

dimensional case is considered, where the four vertices of the face m of a CV may not lie
in one plane. This implies that the normal vector is no longer constant on the face as that
can be seen in Figure 3.4.
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FIGURE 3.4: Face m of a CV VI,J,K with varying normal unit vector in three dimensions.

To overcome this difficulty, a simplified treatment of the quadrilateral faces has been
employed, based on an averaged normal vector. The first term that has to be determined
is the unit normal vector

→
n m, which is given by:

→
n m =

→
S m

4Sm
(3.33)

As far as the surface area of a quadrilateral is concerned (see Figure 3.5), the Shoelace
formula (also known as Gauss’ area formula) has been used in two dimensions for the
derivation of the face vectors

→
S m. The formula can be expressed as:

A =
1
2
|(x1− x3)(y2− y4)+(x4− x2)(y1− y3)|

where A is the area of the quadrilateral and (xi,yi), i = 0,1, · · · ,n− 1,n are the vertices
(or corners) of the quadrilateral with n the number of its sides.
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FIGURE 3.5: A two-dimensional CV VI,J and its associated face unit normal vectors nm.

The same formula can be used for the calculation of the surface area of an hexahedral
CV. For a CV like that displayed in Figure 3.6 and for its face m = 1 (points 1, 5, 8 and
4), the following differences can be defined:

∆XA = x8− x1 , ∆XB = x5− x4

∆YA = y8− y1 , ∆YB = y5− y4

∆ZA = z8− z1 , ∆ZB = z5− z4

Note that in Figure 3.6 the unit vectors
→
n 1 and

→
n 2 are associated with the i-coordinate,

→
n 5 and

→
n 6 with j-coordinate, whereas

→
n 3 and

→
n 4 with the k-coordinate, respectively.

The face vector
→
S 1 of an hexahedral CV after applying the Gauss’ area formula is

then given by:

→
S 1 = 1

2 |[(y8− y1)(z4− z5)+(y4− y5)(z8− z1)+
+(z8− z1)(x4− x5)+(z4− z5)(x8− x1)+
+(x8− x1)(y4− y5)+(x4− x5)(y8− y1)]|

The above formula can also be written in a matrix form as:
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FIGURE 3.6: A three-dimensional CV VI,J,K and its associated face unit normal vectors nm.

→
S 1 =

1
2


∆YA∆ZB +∆YB∆ZA

∆ZA∆XB +∆ZB∆XA

∆XA∆YB +∆XB∆YA


The five remaining face vectors are calculated in similar manner. Note that it is more
convenient to store only the three face vectors (e.g.,

→
S 1,

→
S 3,

→
S 5) for each CV VI,J,K . The

remaining three face vectors
→
S 2,

→
S 4 and

→
S 6 can be obtained from the appropriate neigh-

bouring CVs by taking the reversed signs to become outward facing. The unit normal
vector can then be calculated by Equation (3.33), where the surface area4Sm is given by:

4Sm =
√

S2
x,m +S2

y,m +S2
z,m

The last quantity to be computed is the volume for each cell. The vector cross product,
usually referred as the scalar triple product, is used to compute the area of the volume of
the grid cell. The formulation for the calculation of the volume area, in vector notation, is
given by:

4V =
∣∣∣→q · (→r ×→s )

∣∣∣
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In matrix form the above formula can be written as:

∆V =

∣∣∣∣∣∣∣∣∣∣∣∣∣

∆X→q ∆Y→q ∆Z→q

∆X→r ∆Y→r ∆Z→r

∆X→s ∆Y→s ∆Z→s

∣∣∣∣∣∣∣∣∣∣∣∣∣
where the components of the matrix on the RHS of the above equation can be computed
by: 

∆X→q = Xi+1, j,k+Xi+1, j+1,k+Xi+1, j+1,k+1+Xi+1, j,k+1
4 −

−Xi, j,k+Xi, j+1,k+Xi, j+1,k+1+Xi, j,k+1
4

∆X→r = Xi, j,k+Xi, j,k+1+Xi+1, j,k+1+Xi+1, j,k
4 −

−Xi, j+1,k+Xi, j+1,k+1+Xi+1, j+1,k+1+Xi+1, j+1,k
4

∆X→s = Xi, j,k+1+Xi, j+1,k+1+Xi+1, j+1,k+1+Xi+1, j,k+1
4 −

−Xi, j,k+Xi, j+1,k+Xi+1, j+1,k+Xi+1, j,k
4


where X = {x,y,z}.

3.2.3 Spatial Discretisation

The majority of the numerical schemes used for the solution of the Euler and Navier-
Stokes equations employ the method of lines. According to this technique, a separate
discretisation process of space and time can be followed. By consequence, numerical
approximations of different accuracy for the spatial and temporal derivatives are allowed
to be used, as it may be required by the problem itself. Thus, this method leads to more
flexible and various forms of different discretisation schemes for both space and time.

As previously mentioned, a general structured, finite volume scheme is naturally based
on the conservation laws of the governing equations (mass, momentum and energy),
which in turn are expressed by the NSE. In a pre-processing step, the physical space
is subdivided into a number of grid cells - quadrilateral in 2D, hexahedra in 3D. The
grid/meshing process is done in such a way that [12]:

1. The domain is completely covered by the grid,
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2. There is no free space left between the grid cells, and

3. The grid cells do not overlap each other.

The resulting structured grid is uniquely described by the coordinates x,y,z of the grid
points (or corners of the grid cells) and by the indices i, j,k in the computational space.

Based on the grid, CVs are defined in order to evaluate the integrals of the convective
and viscous fluxes, as well as of the source terms if any exists. For a CV that does not
change in time, the time derivative of the conservative variables

→
C can be expressed by:

∂

∂ t

$
V

→
CdV = V

∂
→
C

∂ t

Therefore, using the above formula, the complete system of the NSE expressed by Equa-
tion (3.25) can take the following form:

∂
→
C

∂ t
=− 1

V

"
S

(
→
F c−

→
F υ)dS−

$
V

→
QdV

 (3.34)

The surface integral on the RHS of Equation (3.34) is approximated by a sum of the fluxes
crossing the faces of the CV. This approximation is widely known as spatial discretisation.
The source term, Q, is generally assumed to be constant inside the control volume.

Consider a control volume VI,J,K , as that depicted in Figure 3.3. Applying the above
formula on that particular volume, one can obtain:

∂
→
C I,J,K

∂ t
=− 1

VI,J,K

 NF

∑

m = 1

(
→
F c−

→
F υ)m∆Sm− (

→
QV )I,J,K


The indices in capital letters (I,J,K) are ascribed to a particular CV VI,J,K , since in general
a CV does not necessarily coincide with the grid points. NF denotes the number of faces m

in the CV (NF = 4 in 2D and NF = 6 in 3D). If the above equation is applied to all the CVs,
a system of ordinary differential equations is created. The most important characteristic
of those equations is that they are hyperbolic in time, which means that they have to be
advanced in time starting from a known initial solution. It is also important to note that
after the discretisation technique, all the flow variables, i.e. the conservative variables
(ρ , ρu, ρυ , ρw and ρE) and the dependent variables (P, T , etc.), are stored at the same
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location at the cell center. In other words, the pressure and velocity components are stored
at the same location in the center of each cell.

A wide range of choices exists as far as the evaluation of the convective fluxes is
concerned. The basic problem arising from the discretisation process is that the values
of the flow variables at all NF faces to be defined, may not be directly available there. In
this case, an interpolation either of the fluxes or of the flow variables at each face of a CV
should take place. This approximation can be in principle done in two ways [12]:

1. by arithmetic averaging (like in central discretisation schemes), and

2. by some biased interpolation, which take care of the characteristics of the flow
equations (like in upwind discretisation schemes).

Note that for the dicretisation of the viscous fluxes, different methodologies are used
mainly due to the different nature of the flow equations involved. The equations repre-
senting both the viscous (Sutherland’s law) and the convective fluxes are non-linear.

3.2.4 Godunov Method

One of the most important high-resolution methods are the Godunov-type methods which
are based on the work of S.K. Godunov [49] and the extensions of van Leer [125]. The
main feature of these methods is their basis in interpolation of the dependent variables in
a control volume and resolution of the resulting edge values through an exact or approx-
imate Riemann solver. The method particularly consists of two steps, with the first being
interpolation, which is also known as “reconstruction” and the second being the Riemann
solution which produces a physically relevant flux from the dependent variables used in
the first stage.

Consider the one-dimensional system of hyperbolic conservation laws

∂U
∂ t

+
∂F
∂x

= 0

for a set of the following initial data

U(x,0) =


UL f or x < 0

UR f or x > 0
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The Godunov method in conservative form [118] can be written as:

Un+1
i = Un

i +
∆t
∆x

[Fi− 1
2
−Fi+ 1

2
] (3.35)

with the inter-cell numerical flux given by:

Fi+ 1
2
= F(Ui+ 1

2
(0)) (3.36)

if the time step ∆t satisfies the following condition:

4t 6
∆x

Sn
max

(3.37)

where Sn
max presents the maximum wave velocity throughout the domain at time tn.

The order of interpolation determines the order of a Godunov-type method. The first-
order method derives from the piecewise constant sub-cell distribution. The second-order
method, which is the most commonly associated with the name of Godunov these days,
is defined by a linear distribution. The third-order methods are defined through parabolic
profiles. Finally, arbitrary order methods are available via WENO/ENO (Weighted/ Es-
sential Non-oscillatory) Schemes.

3.2.5 HLLC Riemann Solver

Godunov-type methods and very high-resolution methods require, as previously men-
tioned, the solution of the Riemann problem. In the literature, two different ways of
solving the aforementioned problem can be found, including the exact Riemann solvers
and the approximate Riemann solvers. Exact Riemann solvers require a large compu-
tational effort, which sometimes cannot be completely justified and can be dramatically
increased either by the complexity of the particular system of equations being solved or
the complicated algebraic form of equations of state, or both. Thus the procedure of solv-
ing the Riemann problem by using exact Riemann solvers can be in most cases a very
expensive process.

Due to the cost of the exact Riemann solvers, approximate Riemann solvers have been
developed that can be applied much more cheaply and give robust and accurate results
when used in the context of Godunov-type or high-resolution methods. Furthermore,
approximate Riemann solvers are more suitable for general occasions (equations of state,
complicated physics) encountered in most applications, where the exact solution can be
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very expensive [10].
Harten, Lax and van Leer [54] presented an approach for solving the Riemann prob-

lem approximately. The resulting solvers have become known as HLL Riemann solvers.
The main idea is to assume a wave configuration for the solution, which consists of two
waves separating three constant states. They defined an approximate Riemann solver by:

ULR =



UL i f x/t ≤ SL

Uhll i f SL ≤ x/t ≤ SR

UR i f x≥ SR

(3.38)

where SL and SR are the fastest signal velocities at time t and Uhll is the velocity in the
intermediate state between SL and SR.

Uhll =
SRUR−SLUL +EL−ER

SR−SL
(3.39)

where EL and ER the left and right flux, respectively.
The main difficulty with HLL scheme, is the assumption of a two-wave configuration.

In many cases, this assumption is incorrect and as a consequence the resolution of physical
features can be inaccurate.

Toro et al. [119] proposed an efficient modification of the HLL scheme, where the
missing contact is restored. In addition to the slowest and fastest signal velocities SL and
SR , we include a middle wave of speed S?. The HLLC Riemann solver (“C” stands for
the contact wave) is then defined by:
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Uhllc =



UL i f x/t ≤ SL

U?L i f SL ≤ x/t ≤ S?

U?R i f S? ≤ x/t ≤ SR

UR i f x≥ SR

(3.40)

3.2.6 Higher Order Accuracy

The development of very high-order methods remains a challenging issue for numerical
analysts. It is important to point out that high-order of accuracy and absence of unphysical
oscillations are two contradictory requirements in numerical methods. It is widely known
that high-order linear methods produce spurious oscillations. On the other hand, the class
of monotone methods (monotonicity is the requirement, where cell variable updates are
bounded by the neighbor cells) do not produce unphysical oscillations, but are at most first
order accurate. One way of resolving the contradiction between linear methods of high-
order accuracy and absence of unphysical oscillations, is by creating non-linear schemes.

TVD (Total Variation Diminishing) methods are a prominent class of non-linear meth-
ods. TVD schemes are particularly linked to Artificial Viscosity methods. Both schemes
attempt to circumvent Godunov’s theorem by constructing schemes of accuracy larger
than one, in order to eliminate or control the spurious oscillations near high gradients.
The scheme is total variation non-increasing (TVNI) or TVD, if for all w,

TV (L ·U)≤ TV (U) (3.41)

where w is a monotone mesh function and L is the finite difference operator. Further de-
scription of the TVD schemes can be found in the following papers [78, 118].

MUSCL Scheme
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The Monotone Upstream-centered Scheme for Conservation Laws (MUSCL) is an-
other approach of achieving high-order of accuracy. Van Leer [123], introduced the idea
of replacing the piecewise constant data in the first order Godunov method by piecewise
linear functions. The MUSCL approach allows the construction of very high order meth-
ods, fully discrete, semi-discrete and implicit methods as well.

In Figure 3.7, a piecewise linear MUSCL reconstruction is presented, where un
i repre-

sents an integral average in cell Ii = [xi− 1
2
,xi+ 1

2
]. A piecewise linear reconstruction of un

i

is:

ui(x) = un
i +

(x− xi)
∆x

∆i (3.42)

where ∆i
∆x is a suitably chosen slope of ui(x) in the cell Ii. The local co-ordinates in the

center of the cell xi are x = 1
2∆x and ui(xi) = un

i . A fundamental role in the reconstruction
of the data play the values of ui(x) at the extreme points. The values at these points are
given by: 

uL
i = un

i −
1
2∆i

uR
i = un

i + 1
2∆i

(3.43)

The slopes ∆i can be defined by the following equation:

∆i =
1
2
(1+ω)∆ui− 1

2
+

1
2
(1−ω)∆ui+ 1

2
(3.44)

where ω is a free parameter in the real interval [−1,1].
An alternative approach of MUSCL type high-order methods is the piecewise quadratic

reconstruction, which is more accurate than the piecewise linear reconstruction. A piece-
wise quadratic reconstruction is given by:

ux
i = un

i +
(x− xi)

∆x
∆

(1)
i +

3k
2(∆x)2 [(x− xi)2− (∆x)2

12
]∆(2)

i (3.45)

where ∆
(1)
i = ∆i. Note that ∆i is related to the estimation of the second space derivative

in the cell Ii and k is a parameter that controls different MUSCL realisations. Thornber
et al. [116] showed that the accuracy of the second-order limiters is independent of the
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FIGURE 3.7: A piecewise linear MUSCL reconstruction of data in a single cell Ii with boundary
extrapolated values uR

i and uL
i .

parameter k, as the limiters turn out to be symmetric. This was shown to be true for the
van Leer, Minmod, van Albada and other second-order limiters.

Apart from the 2nd and 3rd order MUSCL limiter, Kim Kim [67, 68] have proposed the
fifth-order interpolation with TVD limiting. For equal spaced grid points, the primitive
variable vector at the cell interface Φ 1

2
=
(

ρ 1
2
,u 1

2
,v 1

2
, p 1

2

)
can be written as:

Φi+ 1
2
= Φi +0.5β (ri−1,ri,ri+1)∆Φi− 1

2
(3.46)

where Φi denotes a cell averaged value of the primitive variables and is a TVD limiter
which determines the local slope under monotonic condition. The term β is given by:

β =
−2/ri−1 +11+24ri−3riri+1

30
where

ri−1 = Φi−Φi−1
Φi−1−Φi−2

, ri = Φi+1−Φi
Φi−Φi−1

, ri+1 = Φi+2−Φi+1
Φi+1−Φi

Note that β of fifth order interpolation is a function of ri−1, ri and ri+1.
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The fifth order interpolation filtered by TVD limiting is given by the following ex-
pressions, where L and R are the left and right values of the cell interface, respectively:

ΦL = Φi +0.5max(0,min(2,2rL,i,βL)∆Φi− 1
2

(3.47)

ΦR = Φi+1−0.5max(0,min(2,2rR,i+1,βR)∆Φi+ 3
2

(3.48)

In the above equations, βL and βR are:

βL =
−2/rL,i−1 +11+24rL,i−3rL,irL,i+1

30
,βR =

−2/rR,i−1 +11+24rR,i−3rR,irR,i+1

30
(3.49)

where 
rL,i−1 = Φi−Φi−1

Φi−1−Φi−2
, rL,i = Φi+1−Φi

Φi−Φi−1
, rL,i+1 = Φi+2−Φi+1

Φi+1−Φi

rR,i+2 = Φi+2−Φi+1
Φi+3−Φi+2

, rR,i+1 = Φi+1−Φi
Φi+2−Φi+1

, rR,i−1 = Φi−Φi−1
Φi+1−Φi

ENO/WENO Schemes

Another class of high-order schemes, which was first developed by Harten et al. [53],
are the ENO (Essentially Non-Oscillatory) schemes. Particularly, these schemes are de-
veloped, in order to produce high-order schemes in smooth regions and achieve high
accuracy up to discontinuities, through the use of adaptive stencils. Furthermore, they
aim to provide high-order solutions that are free of unphysical oscillations. The schemes
provide solutions for systems of hyperbolic conservation laws.

Consider the hyperbolic conservation law for the scalar case:

∂U
∂ t

+
∂E(U)

∂x
= 0 (3.50)

The above equation can be discretised as:

Ūn+1 = Ūn− ∆t
∆x

(Ēi+1/2− Ēi−1/2) (3.51)
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where Ē is the numerical flux and Ū is the numerical approximation of U .
After splitting the numerical flux Ē into positive and negative fluxes Ēi+1/2 = Ē+

i+1/2 +
Ē−i+1/2 and using a Taylor series expansion, we can define the numerical flux as follows:

Ē±i+1/2 = E±i+1/2 +
m−1

∑
k=1

a2k∆x2k
(

∂ 2k

∂x2k E±
)

i+1/2 +O(∆x2m+1) (3.52)

A different approach was developed by Shu and Osher [103], where polynomial inter-
polants p±i+1/2 were used such that:

p±i+1/2(x) = E±(U(x))+O(∆x2m+1)

The numerical flux can then be written as:

Ē±i+1/2 = p±i+1/2 +
m−1

∑
k=1

a2k∆x2k
(

∂ 2k

∂x2k p±i+1/2

)
i+1/2 (3.53)

The WENO (Weighted Essential Non-Oscillatory) schemes, which were first pro-
posed by Liu et al. [78], use a convex combination of all the interpolating polynomials on
the stencil, so as to compute an approximate polynomial for each cell. The main advan-
tage of WENO against ENO schemes is that the unphysical oscillations near discontinu-
ities are avoided, due to the fact that the interpolating polynomials on the discontinuous
stencil do not contribute to the convex combination. Furthermore, the order of accuracy
improves by one, as the convex combination of all the corresponding interpolating polyno-
mials, leads to the cancellation of the truncation error (O(∆x2m+1)). The weighted ENO
schemes uses up to eleventh-order spatial discretisation in conjunction with Runge-Kutta
methods for time advancement.

The main steps of implementing the third-order WENO reconstruction, for example,
are:

1. Define the stencils for the cell with intervals [xi−1/2,xi+1/2], as follows
Si = (xi−3/2,xi−1/2,xi+1/2)

Si+1 = (xi−3/2,xi−1/2,xi+1/2)

(3.54)

2. Perform a linear polynomial interpolation for each grid cell
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
pi(x) = Ūi +

Ūi−Ūi−1
∆x (x− xi)

pi+1(x) = Ūi +
Ūi+1−Ūi

∆x (x− xi)

(3.55)

3. Define the convex combination of the interpolating polynomials

Pi =
α i

0

α i
0 +α i

1
pi(x)+

α i
1

α i
0 +α i

1
pi+1(x) (3.56)

• For ∂E(U)
∂U > 0,

α i
0 = 1

2(ε+(IS)i)2

α i
1 = 1

(ε+(IS)i+1)2

 (3.57)

• For ∂E(U)
∂U < 0,

α i
0 = 1

(ε+(IS)i)2

α i
1 = 1

2(ε+(IS)i+1)2

}
(3.58)

where (IS)i is the smoothness indicator, which is estimated by the summation of all aver-
ages of square values. Thus (IS)i = (Ūi−Ūi−1)2 and (IS)i = (Ūi+1−Ūi)2.

WENO schemes are more expensive than ENO schemes for the same order of ac-
curacy, in both serial and parallel computations. However, WENO schemes lead to a
smoother flux than that of ENO schemes.

3.2.7 Low Mach Number Treatment

The reconstruction method described in the preceding subsection has been modified [117]
in such a way that the dissipation rate of the kinetic energy is uniformly changing in
the limit of zero Mach number. It has been shown that the leading order kinetic energy



3.2 FINITE VOLUME METHODS 76

dissipation εV L (for the van Leer limiter) is proportional to the velocity normal to the cell
interface u and speed of sound a such that:

ε
V L =

∆x2

12
uuxuxx +

∆x3a
24

(3u2
xx +(2C−3)uxuxxx) (3.59)

where C is the Courant-Friedrich-Levy (CFL) number and ∆x is the length of the cell.
The problem which arises from the above relation is that for low Mach number flows the
kinetic energy dissipation increases. Thus the low Mach number features are extremely
dampened by the numerical scheme. In [117] a different approach of the reconstruction
method has been proposed, which effectively removes the Mach number dependence of
the leading order kinetic energy dissipation. The Low Mach Number Treatment (LMNT)
constitutes a method where the left and right values of the reconstruction are treated in
such a way that, as the Mach number inclines to zero, no further dissipation is introduced.
This is achieved by the following expression:

uR
i+ 1

2
=

uL +uR

2
+ z

uL−uR

2

uL
i+ 1

2
=

uL +uR

2
+ z

uL−uR

2
where the parameter z is given by:

z = min(Mtotal,1) , Mtotal = max(ML,MR)

ML and MR are the local Mach numbers at the left and right of the cell face, respectively.
Note that the left and right values of the density and pressure are not changed, which
would cause excessive diffusion in stationary contact surfaces. It is also important to
underline that the modified reconstruction method is based on the local properties of the
flow field, thus the same governing equations are solved throughout the computational
domain.

The modified fifth order MUSCL scheme introduced by [117] was selected throughout
the simulations. It is also important to note that it successfully meets the requirements of
monotonicity preserving. The elimination of oscillations near discontinuities have been
also achieved by means of a slope limiter function used in the formulation of the MUSCL
scheme.
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3.3 Time Stepping Schemes

Time Integration Method and CFL number

There are various approaches in order to achieve time accurate solutions for the compress-
ible flows. The most common time integration methods are the following:

• Linear Multi-Step Methods (LMM)

• Lax-Wendroff-type Method (LW)

• Implicit Methods

• Runge-Kutta (R-K), as well as total variation diminishing (TVD) R-K.

Time integration is related with the differentiation index of partial differential-algebraic
equations. That means that the index of the system of equations characterizes the difficulty
of solving that system.

The global time step (applied to all the grid cells) is computed based on the Courant-
Friedrichs-Lewy number (CFL). The CFL number is defined as the ratio of the distance
covered by a wave to the size of the computational grid cell. The global time step is
defined as:

∆t = min

J
CFL

max
(∣∣∣λ ξ

0

∣∣∣ , ∣∣∣λ ξ

1

∣∣∣ , ∣∣∣λ ξ

2

∣∣∣ , ∣∣λ η

0

∣∣ , ∣∣λ η

1

∣∣ , ∣∣λ η

2

∣∣ , ∣∣∣λ ζ

0

∣∣∣ , ∣∣∣λ ζ

1

∣∣∣ , ∣∣∣λ ζ

2

∣∣∣)
 (3.60)

where J denotes the Jacobian determinant and λ
ξ

i , λ
η

i , λ
ζ

i (l = 0,1,2) are the eigenvalues
of the advective fluxes F ,G,H, respectively.

Time integration is obtained by an explicit three-stage second-order accurate scheme,
known as the Strong Stability Preserving Runge-Kutta (SSPRK) method after Spiteri and
Ruuth [112] who first introduced it. The SSPRK time advancement scheme produces
larger stability (CFL) limits with the cost of more function evaluations, in that it extends
the stability of the method up to a CFL number of 2. The formulation of the above scheme
can be written as folllows:
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U1
i = Un

i + 1
2

∆t
∆x [ f (Un

i )],

U2
i = Un

i + 1
2

∆t
∆x [ f (U1

i )],

Un+1
i = 1

3

(
2U2

i +Un
i + ∆t

∆x [ f (U2
i )+ f (U1

i )]
)


(3.61)
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4
Validation of the Numerical Schemes

4.1 Introduction

Numerical investigations of turbulence in planar sudden expansion flows are very few in
literature and as demonstrated in previous sections most of the attempts made to simulate
these kind of flows were not adequate. The most important reason is that PSE, despite its
simple geometry, exhibits very complex flow phenomena that mainly are related with flow
separation from fixed points and reattachment of shear layers. Besides, the flow above a
critical Reynolds number, which in turn depends on the geometrical characteristics of
the PSE configuration, becomes asymmetric with two recirculation zones of unequal size
lengths. This is due to a pitchfork bifurcation of the three-dimensional Navier-Stokes
equations that takes place in the flow field. The higher the Reynolds number, the more
complex fluid flow phenomena are present.

In this Chapter, the results obtained from the ILES of an incompressible, turbulent
flow downstream of a planar sudden expansion are presented. The calculations were
carried out on the Cranfield’s University 7 Teraflop High Performance Computing Facility
(ASTRAL). The computational study is based on the CFD code CNS3D [27, 28, 34]
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(Compressible Navier Stokes Solver in 3D). The code uses the finite volume (upwind)
Godunov method in conjunction with several approximate Riemann solvers, including
flux vector splitting methods, a characteristic-based method [32], and the HLLC (Harten-
Lax-van Leer-Contact) solver [118], written in Fortran 90/95. It includes high-resolution
methods extending from 2nd to 9th order in space, and up to 3rd order accuracy in time.
In the present study, the HLLC solver was used in conjunction with three high-resolution
schemes, including the MUSCL 3rd (M3) and MUSCL 5th (M5) order schemes of Kim
and Kim [67, 68], and the WENO 5th-order method (W5) addressed in [7, 118]. As far as
the time integration of the solution is concerned, this is obtained by an explicit three-stage
2nd-order accurate SSPRK scheme proposed by Spiteri and Ruuth [112], which extends
the stability of the method up to a CFL number of 2.

Two different Reynolds numbers were used in the calculations having values of 10000
and 40000, both based on the inlet bulk velocity, Ub, and the step height of the channel,
h. Besides, three different grid meshes were generated using the commercial mesh gen-
erator software Gridgen-Pointwiser. Instantaneous and time-averaged quantities of the
flow field are provided, along with comparisons of the numerical results against the ex-
perimental data of Casarsa et al. [17]. Comparisons have also been carried out between
the two Reynolds numbers under investigation, examining any potential difference in the
flow field, which could indicate that Re = 104 is not high enough to allow the influence
of an increase in Reynolds number to be completely disregarded.

4.2 Flow Configuration and Flow Field Initialisation

Figure 4.1 shows a schematic view of the sudden expansion domain, which consists of two
channels having different heights. The flow domain, hence, consists of an inlet channel of
height h and a main channel of height 3h. The characteristic length of the channel is the
step height, h, with value 1. The total length of the domain is 84h, where the inlet channel
has a length of 4h and the main channel a length of 80h. These particular geometrical
properties were chosen in order to ensure that the flow a) is fully developed turbulent
before reaching the step and b) has fully recovered further downstream of the expansion
forming a laminar profile before exiting. The expansion ratio, i.e. the ratio of the main
channel height to the inlet channel height (ER = L2/L1), which is of great importance
when simulating suddenly-expanded flows, equals to 3 : 1, having the same value with
that of Casarsa et al. [17]. The aspect ratio, i.e. the ratio of the channel width, w, to the
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step height (AR = w/h), is 5 : 1. Note that simulations were also performed for a series
of different inlet streamwise and spanwise lengths (i.e., with an inlet channel length of
12h and a spanwise distance of 1h) before selecting the more appropriate values. The
primary results were not as well as expected. By gradually increasing the spanwise length
and reducing the length of the inlet channel, the resulting mean flow characteristics and
turbulence intensities were getting closer to the experimental values.

L  = 4h

L  = 80h

w = 5h

w = 5h

Outflow

Inflow
h = 1

y  = 1h

y  = 3h

1

1

2

2

Wall - Y

Wall - Y

Periodic BCs - Z

X

Y
Z

FIGURE 4.1: Schematic diagram of the sudden expansion configuration - lengths and boundary
conditions.

Initial conditions must be stipulated for the density, pressure and velocity at the start
of the time-marching calculations. Thus, at time t = 0 all the above variables must be set
up. Note that in theory the initialisation of the problem can be purely arbitrary. However,
in practice there is one important reason that those initial conditions must be selected
intelligently. The reason is that the closer the initial conditions are to the final steady-
state answer, the faster will take for the time advancement procedure to converge, thus
the shorter will be the computer run time. According to the above statement, the initial
conditions chosen for the simulation of turbulence in flows with a sudden expansion is as
follows.

The flow to be simulated belongs to the incompressible regime with Ma = 0.1, hence,
a constant initial value has been given to the flow density throughout the computational
domain. The streamwise velocity was set equal to 1 along the x-axis between y/h = 0 and
y/h = 1 and 0 anywhere else (see Figure 4.2). The wall-normal as well as the spanwise
velocities were set equal to 0. The initial flow relations at t0 = 0 are addressed below:

U0(x,y,z, t0) = 1 f or 0 < y/h < 1
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V0(x,y,z, t0) = 0

W0(x,y,z, t0) = 0

ρ0(x,y,z, t0) = 1

The energy has been initialised using the following formula:

E0(x,y,z, t0) =
Pre f (γ−1)−1

ρ0U2
re f

+
1
2
(U2

0 +V 2
0 +W 2

0 )

where Pre f and γ are the reference pressure used to non-dimensionalise the energy equa-
tion and the ratio of specific heats, respectively.

FIGURE 4.2: Initialisation of U Velocity at t0 = 0 upstream and downstream (part of the do-
main) of the expansion.

Pre f = 105 (Pascal)

γ = 1.4

The reference velocity Ure f is given by:

Ure f = Ma

√
γPre f

ρ0
= 0.1

√
1.4×105

1
= 37.417

m
s
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4.3 Boundary Conditions

The numerical solution of the compressible Navier-Stokes equations requires the use of
appropriate boundary conditions. In CNS3D, several ghost cells (cells that do not belong
to the real computational domain) are being used in three directions I, J and K, analogous
to the order of magnitude of the numerical scheme applied each time.

In the next subsections the initial and boundary conditions used in the simulations of
a turbulent flow over a sudden expansion configuration will be presented. In the wall-
normal direction (y coordinate), a no-slip (wall) condition along the surfaces of the two
parallel plates is applied, whereas in the spanwise direction (z coordinate) a set of periodic
boundary conditions has been used, which facilitates the simulation of a smaller part of
the computational domain that is far from its edge. The main feature of the periodic
boundary conditions is that the information that exits one face reappears on the opposite
face with the same information (e.g. in the code the first ghost cell at the left face takes its
value from the first ghost cell at the right face and so on). Symmetry conditions were also
applied in the spanwise direction to investigate any possible difference in the behaviour
of the flow. Calculations of mean streamwise velocities and turbulence intensities showed
large discrepancies between the numerical and experimental results. The results obtained
from the latter boundary conditions will not be presented. At the inflow, fixed density with
extrapolated pressure have been applied, while turbulent-based inlet velocity conditions
have been developed and implemented into the CNS3D code. At the outflow, the pressure
was kept constant, whereas the density and velocity were both extrapolated.

Finally, a 1-D domain was added at the outlet, downstream of the main channel con-
sisting of 200 cells. The extended domain allows waves to pass through it without any
artificial reflections. In other words, the pressure wave reaches the end of the main chan-
nel, enters the 1-D domain and travels through it without significant reflections. The 200
cell boundary condition overcomes the difficulty arising when modelling internal flows
with a compressible solver where pressure waves may become "trapped" and resonate.

4.3.1 Inflow and Outflow Boundary Conditions

Synthetic turbulent boundary conditions were implemented and used throughout the simu-
lations, which are based on the digital filter (DF) generator technique proposed by Touber
and Sandham [120]. The DF approach is used to produce a velocity signal in three di-
rections by matching ad hoc first- and second-order statistical moments, length and time
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scales as well as energy spectra. Several studies on DF technique have been made in
the past. However, the approach for the generation of artificial inflow data developed by
Touber and Sandham have been chosen among others, as the filtering operation is applied
only in 2D (rather than in 3D), making the whole process much faster.

The velocity signal expression contains two parts (see Equation (4.1)). The first part is
the prescribed mean velocity profile ui obtained mainly from previous experimental data.
The second part contains the two-dimensional signal ρui(y,z) generated for each velocity
component and the prescribed correlation tensor Ri j known from experimental data.

ui = ui +ai jρ
ui(y,z) (4.1)

where ai j the prescribed Reynolds stress tensor given by the following matrix:

ai j =



√
R11 0 0

R21/
√

R11
√

R22− (R21/
√

R11)2 0

0 0
√

R33

 (4.2)

The 2-D signal ρui(y,z) suggested by Xie and Castro [131] is given by:

ρ
ui(y,z) = υ

old
k exp(−π∆t

2τl
)+υk

√
1− exp(−π∆t

τl
) (4.3)

where ∆t is the time step and τl is the Lagrangian time scale (τl = Ii/ui in the calculations,
where Ii is the prescribed integral length scale with i = {x,y,z}). The above formula
contains also the velocity field correlations of the digital linear non-recursive filters υk

and υold
k . The newly computed field υk is correlated with the previous one υold

k at each
time step, except of course when performing the very first time step ∆t1. The discrete
filter operator υk can be defined as:

υk =
N

∑

j =−N

b jrk+ j (4.4)

where NFX is the filter size defined by NFX = 3nIx , with nIx = Ii/∆x (nIx the equivalent
number of grid points, given the computational grid spacing ∆x and the integral length
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scale Ii). The filter coefficient b j is approximated by the following relation:

b j ≈
b̃k NFX

∑

j =−NFX

b̃2
j


(4.5)

where the filter coefficient b̃k arises from an exponential auto-correlation function pro-
posed by Xie and Castro [131] and takes the form:

b̃k = exp
(
−πk

nIx

)
(4.6)

The term rk with 1 ≤ k ≤ p, refers to a set of p random numbers with zero-mean (rk =
p

∑

k = 1

rk
p = 0) and unit-variance (rkrk =

p

∑

k = 1

r2
k
p = 1). The generation of the random

numbers was based on the Box-Muller theorem, which states that: if a and b are two
independent numbers uniformly distributed in (0,1], combining them such that

c =
√
−2ln(a)cos(2πb)

and

d =
√
−2ln(a)sin(2πb)


(4.7)

will make c and d be two independent numbers from a normal distribution of unit-standard
deviation.

In three dimensions the final single-point correlation formula can now be specified by
the following expression:

u(0,y,z, t)

υ(0,y,z, t)

w(0,y,z, t)

=


< u(0,y,z) >

< υ(0,y,z) >

< w(0,y,z) >

+ai j


ρu(y,z)

ρυ(y,z)

ρw(y,z)

 (4.8)

The first term on the RHS of the above equation defines the prescribed mean velocity
profile, while the second term determines the fluctuating velocity for each time step in
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the calculations. Note that the aforementioned synthetic inflow boundary conditions are
time-dependent and this technique can also be extended to compressible flows after some
simple modifications. For further details of the method, the author recommends the fol-
lowing studies ([24, 69, 79, 120, 127, 131])

As already mentioned in the previous subsection, a one dimensional buffer domain
consisting of 200 grid cells has been added at the end of the computational domain, al-
lowing pressure waves to pass through it, preventing that way any artificial reflections
from taking place in the flow field. Fixed values have been given to the pressure, while
an extrapolation has been applied for the three velocity components and density at the
outflow.

Snapshot profiles of the three velocity components u,v and w, along with the total
energy E and the turbulent kinetic energy K obtained at the inlet plane of the channel
along the y-axis are depicted in Figure 4.3, after applying the inflow synthetic boundary
conditions described above.
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FIGURE 4.3: Snapshot profiles of the three velocity components, total energy, and turbulent
kinetic energy (TKE) at x− y inlet plane, at z/h = 2.5.

Note that all the velocity profiles have been non-dimensionalised by the inlet bulk ve-
locity (Uinit/Ub, Vinit/Ub and Winit/Ub), the energy profile by the quantity p/ρu2, whereas
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the turbulent kinetic energy by the inlet bulk velocity squared (Kinit/U2
b ). Furthermore,

the profile of the density has not been plotted, since its initial value is constant and equals
to 1 throughout the domain (ρ/ρre f = 1, taking into account that the flow under investi-
gation belongs to the incompressible regime, as Ma = 0.1). Further information about the
non-dimensionalisation process can be found in Appendix C.

4.4 Inlet Conditions

Figure 4.4 shows the profiles of the mean streamwise velocity component, U , and the
corresponding rms turbulent fluctuation, u

′
, measured in the xy-inlet plane at the midplane

z/h = 2.5 of the channel. Both quantities are normalised by the bulk velocity in the plane,
Ub, and compared with the numerical DNS results of Iwamoto et al. [59], who performed
numerical simulation of a fully developed two-dimensional flow between parallel, flat
plates at Re = 10049. There is a very good agreement between ILES results and DNS
data, particularly for the mean flow velocity component. At centerline of the inlet channel
y/h = 0.5, the streamwise turbulent fluctuations found to be approximately 4.7% of Ub

(∼ 5% deviation from the DNS results).
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FIGURE 4.4: Measured (DNS, [59]) and computed mean and rms streamwise velocity com-
ponents in the xy-inlet plane, after applying the DF generation technique for producing synthetic
turbulent inflow boundary conditions.

The maximum values of rms velocity component are observed near the two side walls
at y/h' 0.1 and y/h' 0.9, respectively. At these locations the rms velocity fluctuations
reach the value of 15% of Ub (∼ 9.3% deviation from the DNS results with u

′
= 16.4%

of Ub). According to the above remarks, the flow can be characterised as fully developed
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turbulent in the xy-inlet plane, indicating that the synthetic turbulent boundary conditions
applied at the inflow are well-behaved. It is also important to underline that the ILES
results are in very good agreement with the PIV measurements of Casarsa et al. [17], (see
Figure 4.5).
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FIGURE 4.5: Measured (PIV, [17]) and computed (ILES) mean and rms streamwise velocity
components in the xy-inlet plane.

Note that the maximum value of the measured fluctuating velocity near the side walls
of the channel is slightly higher in the PIV experiment compared to the DNS results,
reaching the level of 17% of Ub.

4.5 Grid Convergence Study

Three different meshes (see Figure 4.6) have been employed in the calculations of the
sudden expansion flow, with the finer grids having approximately the double grid size of
the coarser ones. Thus, a total number of about 0.66× 106, 1.57× 106, and 3.13× 106

grid points have been used, representing the coarse, medium and fine grid, respectively.
Stretching was employed in the streamwise direction in order to adequately resolve the
turbulence scales in the shear layers appearing in both sides of the downstream channel
and the backflow in the recirculation regions near the upper and lower walls. On the
other hand, a uniform grid mesh was used in the wall-normal and spanwise direction.
Clustering has not been applied to those two directions, as the turbulence flow behaviour
downstream of the expansion, the separation as well as the reattachment of the shear layers
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depend mainly on the geometrical characteristics of the sudden expansion configuration
(sudden change of the channel height), and not on the boundary layer of the walls.

(a) XY-Plane (b) XZ-Plane

(c) XY-Plane (d) XZ-Plane

(e) XY-Plane (f) XZ-Plane

FIGURE 4.6: Illustration of three different grid meshes used for the simulation of the sudden
expansion flow. (a),(b) Coarse Grid, (c),(d) Medium Grid, and (e),(f) Fine Grid at xy- and xz-
planes.

The detailed computational parameters are provided in Table 4.1. The last column
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contains the values of the non-dimensional wall distance term, y+, for the three different
grid meshes. The y+ is given by the following formula:

y+ =
uτy
ν

where uτ is the friction velocity, y is the distance to the nearest wall and ν is the local
kinematic viscosity of the fluid. Given the grid spacing in the wall-normal direction and
considering the fact that the ∆y has the same value in the medium and fine grid, it is impor-
tant to point out that for Re = 104, two grid points lie in the buffer layer (region between
viscous sublayer and log-law region, where 5 < y+ < 30), four points in the viscous wall
region (region where the viscous contribution to the shear stress is significant, y+ < 50)
and six points in the inner layer (region where the mean velocities are independent of
the inlet bulk velocity, Ub, and the step height, h, with y/h < 0.1). On the other hand, for
Re = 4 ·104, only one point lies in the viscous wall region, six points in the inner layer and
no point in the buffer layer. Note also that for this specific grid resolution, no point stands
in the viscous sublayer (region where the Reynolds stresses are negligible compared with
the viscous stress, with y+ < 5).

TABLE 4.1: Computational parameters used for the simulation of the sudden expansion flow in
the framework of ILES. The superscript + denotes scaling with the viscous length scale ν/uτ .

Grid Nx(In.+Ch.) Ny1,Ny2 Nz Total (In.+Ch.) (×105) ∆y y+

Coarse 310(60+250) 40,120 20 6.6(0.48+6.12) 0.025 17.6

Medium 340(80+260) 60,180 30 15.7(1.5+14.2) 0.017 11.7

Fine 340(80+260) 60,180 60 31.3(2.9+28.4) 0.017 11.7

Table 4.2 shows the computational parameters used to define the inflow synthetic
boundary conditions and, particularly, the filter size of the discrete filter operator υk ad-
dressed in Section 4.3.1. The filter size, based on the numerical investigation of Klein et
al. [69], is given by the following relation:

NFi = 3nIi

where nIi is the equivalent number of grid points, given the grid spacing in the computa-
tional domain, and can be written as:
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nIi =
Ii

∆Xi
(4.9)

In Equation (4.9) the numerator, Ii, stands for the integral length scale of the flow, whereas
the denominator, ∆Xi, denotes the grid spacing.

∆Xi =
Li

NXi−1

where Li is the length of the channel and NXi is the total number of points in each direc-
tion, with i = {x,y,z}. Note that as the number of the equivalent grid points increases,
the computational cost increases further. It is also important to pinpoint that the filter size
should be NFi ≥ 2nIi.

TABLE 4.2: Computational parameters used in the digital filter generation technique for three
different grid resolutions.

Grid Ix Iy Iz nIy nIz NFy NFZ τl

Coarse 0.5 0.2 0.2 7.8 3.8 23 11 0.0134

Medium 0.5 0.2 0.2 11.8 5.8 35 17 0.0134

Fine 0.5 0.2 0.2 11.8 11.6 35 35 0.0134

4.5.1 Reynolds Number 10000

In this subsection a grid convergence study is carried out using the MUSCL 5th- order
scheme. For this purpose the three grids described above has been employed. The Re

number, based on the step height of the channel and the inlet bulk velocity, is 104. The
CFL number used in the calculations has the value of 1, achieving a good compromise
between numerical stability and computational cost.

The simulations have been run for a reasonable time ensuring that way that the flow
has reached its statistically steady state. The number of samples used for the averaging
was approximately between 500− 600 depending on the numerical method and the grid
mesh used each time. Note that the samples were saved every 2000 time steps, and taking
into account that the mean ∆t was about 4 · 105 (for the medium grid), that leads to a
corresponding non-dimensional time of t ' 0.08 per sample.

Mean and instantaneous velocity profiles, turbulence statistics and Reynolds stresses
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are provided along the streamwise direction of the downstream channel in three different
wall-normal locations at the xy-plane as shown in Figure 4.7. The first line (blue), which
is located near the side of the lower wall at y/h = −0.5, crosses the larger recirculation
zone, while the second line (red) is positioned in the centerplane at y/h = 0.5, where the
core flow is present. Finally, the third line (green) is located near the side of the upper wall
at y/h = 1.5, crossing the shorter recirculation zone. We have assumed that the flow bends
upward and “hits” the side of the upper wall (the flow in all the investigated cases found
to bend upwards apart from the case where the WENO 5th-order scheme was used). Note
that each of the lines extends from xd/h = 4 to xd/h = 24 step heights downstream of
the expansion covering a total streamwise length of 20 step heights. xd is the streamwise
distance corresponding to the actual computational domain.
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FIGURE 4.7: Three different locations along the x direction in the xy-plane where measure-
ments are performed.

The results obtained from the numerical simulations are compared against the exper-
imental data of Casarsa et al. [17], who investigated a turbulent flow downstream of a
planar sudden expansion by means of a 2D PIV technique. Note that for the sake of con-
sistency with the numerical results, the experimental data were mirrored appropriately
such that comparisons between the two different data sources can easily be made. In Fig-
ure 4.8 the time-averaged flow paths in the midplane of the channel, visualised by means
of stream tracers for all the grid meshes, are shown. It is evident that the two-dimensional
symmetric flow encountered in the inlet channel emerges in the expansion, creating an
asymmetric flow deviated towards the upper side wall. The high velocity core is sepa-
rated from two recirculation bubbles of considerably unequal length by two shear layers
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located at the expansion edges of the upstream channel. The shorter recirculation zone
is encountered at the side of the upper wall where the flow primarily impinges, while the
larger recirculation zone right at the opposite wall (lower wall). It is noteworthy that two
secondary vortices near the corners of the side walls directly after the expansion have been
found. These small-size vortices were also reported in [17], however no further investiga-
tion on their origins and contribution to the primary large flow structure was undertaken.

The primary reattachment and secondary separation lengths, determined by evaluating
the locations where the mean streamwise velocity components change sign, are shown in
Table 4.3. To be consistent with the experimental data, two decimal points of accuracy are
used to present the numerical findings (as far as the reattachment lengths of the primary
and secondary vortices are concerned). The lengths of the shorter recirculation bubble
(L1 and L3) as well as those of the larger recirculation bubble (L2 and L4) are normalised
by the step height of the channel, h. The PIV data, which are also provided in Table 4.3,
agree well with the numerical results found in all the three grid meshes. Particularly, the
reattachment length of the larger recirculation increases with increasing grid resolution
and approaches the experimental value. This latter is reasonable as the length of the large
recirculation zone is mainly controlled by the turbulent diffusion. On the other hand, the
reattachment length of the shorter recirculation slightly decreases with increasing grid
resolution, indicating that this zone is much less influenced by the turbulent diffusion
of the shear layers. Abbott and Kline [1] claimed that the shorter reattachment length
depends on the geometrical characteristics of the sudden expansion configuration, i.e. the
expansion and aspect ratios.

As far as the lengths of the secondary vortices are concerned, both are of the same
order of the step height. The same feature was addressed in [110], where the unsteady
behaviour of a flow over a backward-facing step was investigated. They found that the
length of the secondary vortex is of the order of one step height. However, L3, particularly
for the two finer meshes, is much smaller than that reported in the PIV experiments.



4.5 GRID CONVERGENCE STUDY 96

xd / h

y
/h

4 6 8 10 12 14 16 18 20

-1

0

1

2
L1L3

L2
L4

(a) Coarse Grid

xd / h

y
/h

4 6 8 10 12 14 16 18 20

-1

0

1

2
L1L3

L2
L4

(b) Medium Grid

xd / h

y
/h

4 6 8 10 12 14 16 18 20

-1

0

1

2
L1L3

L2
L4

(c) Fine Grid

FIGURE 4.8: Streamlines of the mean flow at the center plane of the channel (z/h = 2.5) for
three different grid meshes at Re = 104.
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TABLE 4.3: Reattachment lengths of three different grid meshes at Re = 10000 for the 5th-order
MUSCL scheme compared against those found in [17].

Grid L1/h L2/h L3/h L4/h

Coarse 3.72 12.45 0.89 0.81

Medium 3.51 13.63 0.63 0.91

Fine 3.42 13.85 0.51 0.93

PIV 104 3.68 14.38 0.84 1.06

Precise comparison with previous experimental and numerical data in terms of the
reattachment lengths is almost impossible because of the extremely different geometries
and inflow conditions used in these studies. However, it is worth addressing some of
the differences with the previous results while at the same time analysing the influence
of the flow parameters on the reattachment lengths. In their pioneering work, Abbott
and Kline [1] stated that the reattachment lengths of the recirculation zones are strongly
related with the expansion ratio. For the case of ER = 3, they obtained the following
ranges: L1/h = 11−15 and L3/h = 3.5−4, which agree well with the ILES results. They
used a fully developed inlet velocity profile with the Reynolds number ranging between
20000 and 50000. Mehta [82] for R = 3 and a fully developed inlet velocity profile at
Re = 1.25× 105 measured the reattachment lengths L1 = 15 and L2 = 4.5, which are
slightly higher than that found in the present study. This can be attributed to the very low
aspect ratio used for his channel (AR = 0.25). The reattachment lengths found by Aloui
and Souhar [5] for a fully developed inlet velocity profile (L1 = 10.8 and L2 = 5.4) are not
in good agreement with the results presented in Table 4.3. The relative small expansion
ratio (ER = 2.27) and the extremely low aspect ratio (AR = 0.18) are the main reasons of
this discrepancy. De Zilwa et al. [22] obtained L2 = 3.4 for the small recirculation area,
which agrees well with the ILES findings, especially with the results of the finest grid
mesh. However, the reattachment length of the larger recirculation zone L1 = 17 found
to be much larger in their experiments (LDA technique). It is important to underline
that a uniform inlet velocity profile was used in their experiments along with ER = 2.86
and AR = 12.31, which can in part explain the difference between the experimental and
numerical results. Finally, the reattachment lengths demonstrated in [39] (L1 = 11.5 and
L2 = 3.13) are slightly lower compared with the ILES results. However, care should
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be paid in the comparisons due to the different expansion ratio and initial conditions
used in their LDA experiments (ER = 4 with a uniform inlet velocity profile at Re =
5.55×104). The reattachment lengths (xR) found in the literature of PSE flows along with
the corresponding geometrical properties are all summarised and presented in Table 4.4.

TABLE 4.4: Literature review on the primary reattachment lengths of a turbulent planar sudden
expansion flow.

Author(s) Re(×104) ER AR Uinlet Profile xR (x/h)

[1] 2-5 1.125-5 2-16 Fully developed 3.5-4, 11-15

[82] 12.5 3 0.25 Fully developed 4.5, 15

[5] 3.2 2.27 0.18 Fully developed 5.4, 10.8

[22] 2.65 2.86 12.31 Uniform 3.4, 17

[39] 5.55 4 5.33 Uniform 3.13, 11.5

[17] 1 3 10 Fully developed 3.68, 14.38

Current Study 1 3 5 Fully developed 3.72, 13.85

The time-averaged streamwise and transverse velocity profiles are depicted in Fig-
ure 4.9 using the three grid meshes mentioned in Section 4.5. Both velocities are nor-
malised by the inlet bulk velocity and the numerical results are compared with the exper-
imental data provided in [17]. Note that measurements were conducted at three different
locations in the x-y plane at the midplane of the channel as shown in Figure 4.7. For the
calculations of the time-averaged velocity components, the following formula has been
used:

X = 〈x〉 ≡ 1
N

N

∑

n = 1

xn

where 〈x〉 is the ensemble average of the variable x (obtained at every point in the com-
putational mesh) and N is the total number of realisations in time (i.e, the total number
of saved samples). The mean flow measurements were conducted in the region where the
flow is considered as statistically steady, avoiding that way of obtaining large oscillations
in the mean flow values. Note that in the results presented below, the flow has crossed the
whole domain in the streamwise direction, between 5 and 10 times depending on the grid
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size.
Furthermore, it is also important to underline that as far as the coarse grid (henceforth

grid 1) is concerned, the domain was decomposed into 13 blocks, while the simulations
required 1242 CPU-hours of computational time in order to complete 20 non-dimensional
timeframe (note that the flow needs ' 2.2449 non-dimensional time to cross the whole
channel once). As for the medium grid (henceforth grid 2), it required 4849 CPU-hours of
computational time to complete the same timeframe but having decomposed the domain
into 30 blocks. Finally, the finest grid (henceforth grid 3) required 10035 CPU-hours of
computational time to complete the same timeframe having decomposed the domain into
60 blocks.

The same CFL number was used in all of the three grid meshes (C = 1), leading to the
following mean time steps: ∆tc = 6.17×10−5, ∆tm = 4.05×10−5 and ∆t f = 3.66×10−5

for the coarse, medium and fine grid, respectively. Note, however, that in all the three
different grid resolutions used, ∆t was not uniform. It was closely related to the updated
solution of the problem at each time step and centred around the above mean values.

In the region of the shorter reattachment (y/h = 1.5), all grids found to resolve the
mean flow field well up to x/h ' 5, where x = xd − xstep. However, further downstream
grid 1 is not capable of resolving the mean values correctly, exhibiting a very large dis-
crepancy compared to both the PIV data and the other two finer meshes. The clustering
in the streamwise direction leads to a much coarser grid further downstream of the step,
making that more prominent for the grid 1, resulting in a large discrepancy compared to
both the PIV data and the other two grids. The underprediction of the streamwise velocity
profile is evident for grids 2 and 3 in the same region up to x/h = 16, in a much lower
level though. The mean transverse velocity is well predicted in the region of the shorter
reattachment, with the grids 2 and 3 being almost identical along the streamwise axis.

In the region of the core flow (y/h = 0.5), both velocities appear to be somewhat
shifted upstream up to x/h ' 5 and x/h ' 3 for the streamwise and transverse velocity,
correspondingly. The grid 3 seems to be in a very good agreement with the PIV data and
closer to grid 2. Between x/h' 6 and x/h' 13, the transverse velocity magnitude of grid
1 is slightly larger compared to its counterparts. This is mainly attributed to the coarser
grid structure present in this region. The transverse velocity is almost everywhere positive
from the enlargement up to x/h' 8, reaching its maximum value about the axial location
of the shorter reattachment, where V/Ub ' 0.2. Further downstream it turns out to be
negative as the core flow tends to recover from the initial deviation.
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FIGURE 4.9: Time-averaged streamwise and transverse velocities along the x-axis at Re 10000.

The time-averaged streamwise velocity is negative up to x/h ' 12, in the region of
the larger recirculation zone (y/h = −0.5) with grid 2 being closer to grid 3, indicating
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that the solution has been successfully converged in that specific flow area. Besides, as
the grid resolution increases, the mean velocity components get closer to the experimental
data. The maximum absolute value of the streamwise velocity is observed at x/h ' 6.3
with U/Ub = 0.27, which is considerably higher than the experimental one. However, the
mass transfer in the other two flow regions is lower than the measured one, explaining the
difference in magnitude observed in this latter region in terms of the streamwise velocity.
The mean wall-normal velocity found to be positive in this region almost up to 16 step
heights downstream of the expansion.

Turbulence statistics are also provided in terms of r.m.s. (root mean square) velocities
in both x and y direction. For that purpose, the square root of the ensemble average of
the velocity fluctuations squared (also known as standard deviation) has been calculated
using the following equation:

Xr.m.s. =
√〈

(x′)2
〉

=

√√√√√√ N

∑

n = 1

1
N

(xn− x)2

where x is the mean value of variable x and x
′

stands for the fluctuations around the
mean (x

′
= x− x). Note that the calculation of the r.m.s. quantity is of great importance

when dealing with turbulent flows, as it defines the magnitude of fluctuations, thus the
strength of turbulence in the flow field. The time-averaged velocity components, shown
in Figure 4.11, are plotted against distance x/h and normalised by U2

b . For the sake of
consistency with the PIV data, the resultant quantity has been multiplied by 102.

In the region of the shorter recirculation zone (y/h = 1.5), the flow found to be rather
isotropic at x/h = 0−4 with both r.m.s. velocity components reaching a maximum value
of 25% of Ub at x/h ' 3.3. On the other hand, further downstream the flow turns out
to be anisotropic, with the streamwise fluctuating velocity being slightly higher than its
counterpart. The overshoot observed at the backflow area between x/h = 1 and x/h = 4.5
is as a result of both r.m.s velocities being of a higher magnitude to that of PIV. Beyond
that point, the turbulent fluctuations seem to match reasonably well with the PIV data
(except for grid 1), with the grid 2 being closer to grid 3. Above x/h = 12 all grids found
to underestimate the value of the fluctuating velocities reported in the experiment. This
feature has been observed in all the three regions examined in the present study, which
can be explained by the fact that the grid resolution at several step heights downstream of
the narrowing is poor even for the finest grid.
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The turbulent field turns out to be anisotropic, the streamwise turbulence intensity be-
ing in general higher than the transverse one both in the core flow region and in the region
of the larger reattachment. The maximum magnitude of the longitudinal r.m.s. velocity
that has been detected is at x/h ' 3, where Ur.m.s. ∼ 25%Ub. Note that in this particular
location, at the centerplane of the channel (y/h = 0.5), the corresponding experimental
value is ∼ 20%Ub resulting in a 20% difference between the ILES and experimental re-
sults. These deviations cannot be ascribed to the measurement uncertainty addressed in
the experiments, which is about 5% for the stresses. These differences are mainly at-
tributed to 1) the periodic boundary conditions applied in the spanwise direction of the
channel, 2) the different aspect ratio used in the simulations and 3) the grid limitations.
The presence of walls in the z-direction in conjunction with larger aspect ratio would tend
to regularise the flow, by stabilising it in such a way that the intensity of turbulent fluctu-
ations would decrease. It is important to underline that the higher turbulence intensities,
observed in the larger separation region, lead to a higher turbulent diffusion which in turn
leads to a shorter recirculation length.

Figure 4.10 shows the streamwise velocity and fluctuation profiles extracted at dif-
ferent locations downstream of the expansion channel. The results are compared against
those demonstrated in [17], who provided data up to x/h = 4, while several more pro-
files are presented up to x/h = 9 showing the distribution of the mean and fluctuating
streamwise velocity at the cross-section of the channel. The ILES results agree reason-
ably well with the PIV data, exhibiting only a small difference in terms of the location
of the maximum streamwise velocity at x/h = 3 and 4. The velocity profile seems to be
shifted slightly upwards, impinging the upper wall earlier compared to the experimental
profile. This leads to a shorter reattachment length of the upper recirculation zone, as
previously reported. As far as the fluctuating velocity is concerned, despite the fact that
the turbulence intensity in the core flow region at x/h = 0 is lower in magnitude, further
downstream seems to agree well with the PIV data, particularly in the region of the larger
recirculation vortex. However, the magnitude of the time-averaged r.m.s. velocity in the
region of the shorter reattachment found to be overestimated, mainly at the shear layer
region close to the top wall (at x/h = 3).

The small noise observed in the results of the mean fluctuating velocity component
is mainly due to the high levels of turbulence throughout the flow field and, particularly,
near the shear layer flow regions. Note that a sufficient number of different time samples
was used to investigate further the above observation. However, the results with even a
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larger sample than that presented here did not change significantly (i.e., this small noise
in the turbulence intensity was observed in all the time samples under investigation).
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FIGURE 4.10: Time-averaged streamwise velocity 〈U〉/Ub and turbulence intensity u
′
rms/Ub at

z/h = 2.5.
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FIGURE 4.11: Time-averaged streamwise and transverse r.m.s. velocities along the x-axis at
Re 10000.

The Reynolds shear stress, −u′v′ , and the turbulent kinetic energy, k, have been also
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calculated along the three different axial locations at the channel midplane. Experimental
data are provided for the former quantity and compared against the numerical results,
whereas for the latter quantity only the results found in the present study are presented
(no experimental data available). For the Reynolds shear stress calculations, the following
expression has been used:

〈
u
′
v
′
〉
≡ 1

N

N

∑

n = 1

[(un−u)(υn−υ)]

where un and υn represent the streamwise and transverse instantaneous velocities, respec-
tively. The average turbulent kinetic energy per unit mass is given by:

k =
1
2
〈
q2〉=

1
N

N

∑

n = 1

1
2
[(un−u)2 +(υn−υ)2 +(wn−w)2]

where q2 ≡ uiui and wn is the instantaneous spanwise velocity. Note that both quantities
are normalised by the mean-square inlet velocity, U2

b .
The distributions of the normalised Reynolds shear stress are shown in Figure 4.12.

The shear stress is consistent with the mean flow path of the streamwise velocity, since
the inversion of the stress takes place at points of maximum U velocity. In the region of
the shorter reattachment (y/h = 1.5) at x/h ' 2− 5 the shear stress is negative with its
maximum value (u′v′ ' 3) being considerably larger compared to the experimental one
in all the three grids examined. However, further downstream as the flow recovers from
the initial deviation and its velocity decreases, the shear stress found to be approximately
zero. At this axial location the numerical results are in excellent agreement with the PIV
data. It is also important the fact that grid 3 managed to accurately predict the location
where the maximum value of the shear stress takes place. In this region the turbulent
kinetic energy increases rapidly up to x/h ' 3.2 reaching a peak value of k = 7 (for grid
3), whereas beyond that point it “dies out” gradually, as expected.

In the region of the high core velocity, the shear stresses are almost zero up to a
point where the measurement line crosses the shear layer of the upper wall while that
moves towards the opposite wall. In that particular location the shear stress tends to in-
crease, however the change of its magnitude is imperceptible. All grids agree well with
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the experimental results with some small imperfections downstream of the flow reattach-
ment. Taking into account that the statistical quantity under investigation is the second
moment of variable Ui, that can explain the differences observed between numerical and
experimental findings. The turbulent kinetic energy increases immediately after the step
reaching its peak value at the same location where the maximum value of the streamwise
r.m.s. velocity is detected, while maintaining its peak values up to x/h' 8 before starting
to decrease in magnitude.

In the region of the larger recirculation zone (y/h = −0.5), all grids found to be in
excellent agreement with the PIV data at x/h ≤ 5 and x/h ≥ 10. In-between, the magni-
tude of the shear stresses is slightly higher in the present study, indicating that turbulence
is present at the core of the larger recirculation vortex. The same feature was addressed
in [113], with the shear stress being approximately 0.15 or 15% of Ub at x/h ' 8, which
agrees well with the numerical results found at the same axial location. As far as the tur-
bulent kinetic energy is concerned, its peak value is considerably lower than that detected
in the region of the shorter bubble, with kmax ' 5 at x/h = 8, situated at the periphery of
the core flow of the large recirculation area.

In all plots presented in this section, the improvement of the results from grid 1 to
grid 2 is significant whereas from grid 2 to grid 3 is less prominent. That indicates that
the numerical solution has been successfully converged throughout the sudden expan-
sion domain. Furthermore, taking into account that for the completion of the same non-
dimensional timeframe, the computational cost of grid 3 is about two times more than that
of grid 2, all calculations in the remainder part of the thesis are undertaken using grid 2.
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(c) Reynolds stress profile of u’v’ at Y = 0.5h
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(e) Reynolds stress profile of u’v’ at Y = -0.5h
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(f) Turbulent kinetic energy profile at Y = -0.5h

FIGURE 4.12: Time-averaged Reynolds stresses and turbulent kinetic energy along the x-axis
at Re 10000.
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4.5.2 Reynolds Number 40000

The same procedure as that presented in the preceding section will be followed here, in
order to examine the grid convergence of the solution using a larger Reynolds number at
Re = 4×104. The number and size of the grid meshes, the computational parameters, as
well as the CFL number employed in the present simulations are exactly the same with
that used for Re = 104. The 5th-order MUSCL scheme was also used for the numeri-
cal calculations and the results obtained are compared against the experimental data of
Casarsa et al. [17].

In Figure 4.13 the time-averaged flow paths at the center plane of the channel, vi-
sualised by means of stream tracers and contour plots, are shown. Similar asymmetric
flow pattern as that reported for Re = 104 is observed downstream of the step, with two
recirculation zones of unequal size being formed in the two sides of the channel. The
flow in all grids found to bend upward with the shorter vortex being formed at the top
wall, whereas the larger one at the bottom wall. The streamwise mean velocity field is
also presented - after being normalised by the inlet bulk velocity - confirming further the
previous statement. Besides, the contour levels used in all the three grid resolutions are
the same and range from −0.2 to 1.15, as shown in Figure 4.13. Two secondary vortices
at the corners of the wall are formed having a size of about one step height. Surprisingly,
these secondary vortices have been successfully captured even by the coarse grid used in
the simulations.

The core flow stemmed from the inlet channel, emerges in the expansion and keeps
its high momentum up to approximately 12 step heights downstream of the step. The
position of the high-velocity core flow, however, is highly affected by the formation of the
large recirculation vortex, which suppresses the flow field and, subsequently, changes its
direction. Beyond that point, the mean streamwise velocity gradually decreases, reaching
a value of∼ 40% of the maximum centerline velocity at the step. Further downstream the
flow pattern does not exhibit any particular behaviour, with the streamlines being almost
parallel to each other and the mean streamwise velocity keeping its low magnitude.
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FIGURE 4.13: Contour streamlines of the mean flow at the center plane of the channel (z/h =
2.5) for three different grid meshes at Re = 4 ·104.
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In Table 4.6, the reattachment lengths of the primary and secondary recirculation
zones of the three grids used in the numerical calculations are demonstrated. For the sake
of comparison with the numerical results found in the present study, the experimental data
addressed in [17] are also presented. Note also that the method followed to estimate the
lengths of the vortices is the same in both cases, and is accomplished by evaluating the
locations in the flow field where the streamwise velocity component changes sign.

As far as the length of the shorter reattachment is concerned, this was found to barely
decrease with increasing grid resolution. It is evident that L1 compared to the PIV data is
slightly underestimated with a percentage difference lying between 7.9 and 9.7 per cent.
This can be mainly ascribed to the different boundary conditions applied on the spanwise
direction, as well as to the smaller aspect ratio used in the present study. Furthermore,
it can be said that the higher r.m.s. velocity profiles detected close to the region of the
shorter recirculation area, result in the increase of the turbulent diffusion which in turn
leads to a lower reattachment length. It is important to underline that this last observation
has been also made for the lower Re under investigation, as that was addressed in the
previous section.

The primary separation lengths of the longer reattachment seem to have exactly the
opposite behaviour compared to that found for the shorter reattachment. That is, the sep-
aration length increases with increasing mesh resolution. Grids 2 and 3 agree reasonably
well with each other, as well as with the PIV data. On the contrary, grid 1 found to de-
viate a lot from the experimental value. The lengths of the secondary vortices in all the
three grids under investigation are in a very good agreement with the experimental ones.
However, grid 3 seems to give the best results in terms of the lengths of the secondary sep-
arations, with the values of L3 and L4 matching surprisingly well with the experimental
data.
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TABLE 4.5: Reattachment lengths of three different grid meshes at Re = 40000 for the 5th-order
MUSCL scheme compared against those found in [17].

Grid L1/h L2/h L3/h L4/h

Coarse 3.62 12.56 0.84 0.81

Medium 3.61 14.17 0.85 0.71

Fine 3.54 14.65 0.56 1.12

PIV 4 ·104 3.93 14.17 0.54 1.06

The time-averaged streamwise and wall-normal velocity components are shown in
Figure 4.14. Both components have been normalised with respect to the inlet bulk ve-
locity, Ub. Note that the same measurement lines, along the main channel of the com-
putational domain, were used to compare the ILES results with the experimental data
provided by Casarsa et al. [17] (see Figure 4.7). It can be clearly seen that in the re-
gion of the shorter recirculation zone, as well as in the high-velocity core flow region,
the mean streamwise and transverse velocity components are shifted upwards compared
to the experimental data. However, further downstream and up to x/h = 16 both curves
agree reasonably well with the PIV data, with grid 2 being closer to grid 3. The maximum
negative value of the mean streamwise velocity found to be overestimated in the region
of the larger reattachment, with its magnitude being approximately four times larger than
that in the experiment. In this latter region, the mean transverse velocity curve matches
reasonably well with the experimental one, exhibiting almost everywhere a positive value.
Note also that the maximum value of the wall-normal velocity is reached in the core flow
region, and about the axial location of the shorter reattachment at x/h ' 3.6. The ear-
lier maximum value in the region of the shorter recirculation area (see Figure 4.14(b)) is
associated with earlier reattachment, as that was established in the measurements of the
reattachment lengths shown in Table 4.6.

The normalised r.m.s. axial and transverse turbulence intensities u
′

and υ
′

are shown
in Figure 4.15. The flow asymmetry that takes place after the step leads to the fluctuating
velocities having different maximum values towards the two sides of the main channel. It
is also evident that these maximum values are located at different streamwise locations.
Thus, in the lower recirculation area the positions of maxima follow the trajectory of the
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mean streamwise velocity towards the lower wall, whereas in the region of the longer reat-
tachment the high turbulence intensity increases with the shear layer growth, reaching its
peak value at x/h' 9 and x/h' 10 for the axial and transverse r.m.s. velocity component,
respectively (u

′ ' 18%Ub and υ
′ ' 16%Ub). The flow anisotropy is more pronounced in

the high-velocity core flow region and in the location of the larger recirculation zone. On
the other hand, the flow seems to be almost isotropic in the region of the shorter reattach-
ment, with the streamwise r.m.s. velocity being almost identical to its counterpart (i.e., the
maximum time-averaged values in that particular location are: u

′
max ' υ

′
max = 22%Ub).

After the reattachment both flow quantities,
〈

u
′
max

〉
/Ub and

〈
υ
′
max

〉
/Ub, decrease

rapidly with streamwise distance. This last feature was also demonstrated in the experi-
mental study of Eaton and Johnston [37] for a turbulent flow over a backward-facing step.
Besides, Escudier et al. [39] found that several step heights after the reattachment loca-
tion, ur.m.s. and υr.m.s. profiles are almost uniform across the duct, with their magnitudes
being approximately 50% lower than those detected in the region prior to reattachment.
In regions close to the top and bottom wall, grid 2 is much closer to grid 3 than to grid
1. This last observation is more pronounced in the calculations of the axial r.m.s. veloc-
ity, u

′
. It is also important to underline that the turbulence intensities found here are, in

general, higher than those demonstrated in the experimental study of Casarsa et al. [17].
The time-averaged Reynolds shear stress,−u′υ ′ , along with the mean turbulent kinetic

energy, k, are shown in Figure 4.16. Both flow quantities were normalised by the inlet
bulk velocity squared, U2

b . A direct comparison with experimental data was not possible
for Re = 4 · 104, because of the lack of information on the shear stress and turbulent
kinetic energy. Nevertheless, measurements of turbulence statistics are considered to be
of very high importance, especially when a grid convergence study is carried out. It
is widely known that accurate measurements of high-order statistics require sufficiently
large number of realisations in time. Thus, the aim here is twofold: (a) to show that the
number of the total time steps, hence, the time window of the simulations is sufficient
enough for the flow to reach a fully steady state, and (b) to use this time window in order
to further investigate whether the numerical solution has been successfully converged.

In the lower recirculation region all the three curves found to have a similar shape,
with grid 2 being in excellent agreement with the finest grid employed in the simulations.
The Reynolds stress takes its peak value, u′υ ′max = 0.027U2

b , about the location of the
maximum r.m.s. streamwise velocity at x/h ' 3. Escudier et al. [39] demonstrated a
maximum shear stress of u′υ ′max = 0.023U2

b , which agrees well with the present results.
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Besides, they also observed that the peak shear stress occurs at the same streamwise
location as the maximum axial turbulence intensity. The turbulent kinetic energy profile is
similar to that of the streamwise r.m.s. velocity in that particular region, with its maximum
value being detected at x/h ' 3. The turbulent kinetic energy magnitude decreases with
downstream distance, as expected.

In the region of the larger recirculation zone the maximum shear stress is almost half
of that in the lower recirculation area, reaching a peak value of ∼ 0.012U2

b at x/h = 7.
The magnitude of shear stress remains high for up to several step heights downstream of
the step until 11 step heights downstream of the step where it starts gradually to decrease.
Escudier et al. [39] found that in this latter region the maximum shear stress has a value
of 0.011U2

b , which agrees well with the present results. However, they addressed that the
location of the peak shear stress is immediately after the expansion, which is not consis-
tent with the present results. It is also evident that grid 2 is in excellent agreement with
grid 3, while grid 1 slightly deviates from its counterparts in the region of the maximum
shear stress. The turbulent kinetic energy profile is similar to the r.m.s axial and transverse
velocity profiles presented above.

With regard to the grids used to investigate the time-averaged flow behaviour at Re =
4 · 104, it is noteworthy that all the three grids gave, in general, similar results. The
differences observed are more pronounced between grid 1 and grid 2, whereas they are
less prominent between grid 2 and grid 3. There is, thus, a strong indication that the
numerical solution has well converged. Over and above taking into account that (a) grid
3 is almost two times more computationally expensive than grid 2, and (b) the differences
between these two finer grids are not very significant with each other, grid 2 will be used
in the remainder part of the thesis in order to investigate further the influence of different
Reynolds numbers on the flow behaviour in the sudden expansion configuration.
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FIGURE 4.14: Time-averaged streamwise and transverse velocities along the x-axis (xy-plane)
at Re 40000.
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FIGURE 4.15: Time-averaged streamwise and transverse r.m.s. velocities along the x-axis (xy-
plane) at Re 40000.
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FIGURE 4.16: Time-averaged Reynolds stresses and turbulent kinetic energy along the x-axis
(xy-plane) at Re 40000.
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4.6 Validation

4.6.1 Numerical Methods

In this section the influence of the numerical schemes on the mean flow values is exam-
ined. For that purpose three different high-resolution schemes are used in the simulations
of a turbulent flow over a sudden expansion configuration at Re = 104, based on the inlet
bulk velocity and the step height of the channel. As previously mentioned, these high-
resolution, high-order schemes include the MUSCL 3rd and 5th (M3, M5) order schemes
proposed by Kim and Kim [67, 68], as well as the WENO 5th order method (W5) in-
troduced by Jiang and Shu [61]. For further information on WENO schemes and their
properties (stability, accuracy, convergence) see [7, 102, 118]. Besides, considering that
the simulations are performed at a low Mach number (the flow belongs to the incom-
pressible regime), on each scheme a Low Mach Number Treatment (LMNT) is imposed,
which aims to increase turbulence intensity, and at the same time reduce the numerical
dissipation.

In Figure 4.17 the mean flow structures for the three different numerical schemes are
represented by means of stream tracers. The flow emanating from the inlet channel up-
stream of the expansion bends upwards, before impinging on the upper wall of the main
channel. At this particular side wall, a primary recirculation zone is formed extending
several step heights downstream, while at the same time a secondary vortex appears im-
mediately after the step at the corner of the channel.

Furthermore, a second recirculation zone in the near-wall region of the lower-half of
the channel is created, with its reattachment length being several step heights larger than
the shorter one at the opposite side. Further downstream the flow recovers from the strong
instability, as finally the streamlines become almost parallel to each other. A secondary
vortex at the location of the larger reattachment is also formed, having almost the same
length with the secondary vortex found on the opposite wall.
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FIGURE 4.17: Streamlines of the mean flow at the center plane of the channel (z/h = 2.5) for
three different high-resolution schemes.
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TABLE 4.6: Reattachment lengths of three different numerical schemes at Re = 104 compared
against those found in [17].

Numerical Scheme L1/h L2/h L3/h L4/h

M3 3.61 12.91 0.94 0.81

M5 3.51 13.63 0.91 0.71

W5 3.61 14.11 0.86 0.92

PIV 104 3.68 14.38 0.84 1.06

The reattachment lengths are moderately influenced by the numerical scheme applied
to approximate the advective fluxes of the NSE. This can be clearly seen in Table 4.6,
where the sizes of primary and secondary recirculation zones are addressed. The length
of the primary recirculation in the larger bubble appears to be larger for the case of W5,
and at the same time much closer to the the experimental data demonstrated in [17] than its
counterparts. The development of the longer recirculation region is mostly controlled by
the turbulent diffusion which is rather larger for W5. The percentage differences in terms
of the primary recirculation zone of the larger vortex are approximately 1.9%, 5.2% and
10.2% for W5, M5 and M3, respectively.

The shorter reattachment, on the other hand, is much less influenced by the numeri-
cal scheme, with its length having about the same magnitude for all the three numerical
schemes examined. Besides, the lengths of the secondary recirculation zones found to be
in a very good agreement with the experimental data. It can be concluded that as far as
the lengths of the recirculation zones are concerned, these found to be closer to the PIV
data for the case of W5. This superiority of W5 over M3 and M5 is also appearing in the
calculations of the time-averaged velocities and turbulence intensities.

The streamwise and transverse velocity profiles calculated at three different wall-
normal positions, are shown in Figure 4.18. The transverse velocity profiles show slight
difference in the region of the high-velocity core flow at y/h = 0.5. At this particu-
lar position, W5 appears to be closer to the experimental profile for several step heights
downstream of the expansion, until the location (approximately x/h = 8) where it deviates
from the PIV data and collapses with the M3 and M5 profiles. The streamwise velocity
distributions do not exhibit any significant variation, with a slight difference being only
observed at about the location of the larger reattachment between x/h = 9.5−16.
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The turbulent statistics (r.m.s. velocity profiles) for the three different numerical
schemes are shown in Figure 4.19. It turns out that the mean fluctuating velocity pro-
files are almost identical for M3 ad M5. On the other hand, the profiles corresponding
to W5 seem to considerably deviate from its counterparts, being however much closer to
the experimental data. Particularly, in the region of the shorter reattachment (y/h = 1.5)
the streamwise r.m.s. velocity profile for W5 turns out to be almost identical to the PIV
profile along the x-direction. Its maximum value is approximately u

′
/Ub ∼ 17% which

is in excellent agreement with the findings of Casarsa et al. in that particular location.
The transverse fluctuating profiles found to be closer to the experimental results for the
case of W5. However, it is evident that its peak value is overestimated for all the nu-
merical methods examined. It has been also observed that the flow is almost everywhere
anisotropic with the streamwise turbulence intensity being slightly higher, and in some
cases, considerably higher than the transverse one. The fluctuations show local maxima
about the shorter reattachment (x/h ' 4) and three to four step heights upstream of the
longer one (x/h' 9).

The Reynolds shear stress,−u′v′ , along with the turbulent kinetic energy, k, calculated
at three measurement locations along the streamwise direction of the xy- plane, are plotted
in Figure 4.20. Two large areas of positive and negative −u′v′ can be shown in the lower
and upper part of the channel, respectively. The field of shear stresses is consistent with
the mean flow pattern found for the streamwise velocity component, since the inversion
of the stress direction takes place in points of maximum streamwise velocity U/Ub. In
the region of the shorter recirculation zone, the shear stress profile corresponding to W5
appears to be in excellent agreement with the experimental evidence. It can be clearly
seen that for W5, the Reynolds shear stress profile at y/h = 1.5 agrees reasonably well
with the experimental one in terms of its maximum absolute value and location (i.e., the
position of the maximum absolute shear stress value is placed at approximately four step
heights downstream of the step, at about the reattachment location of the shorter bubble).
The peak values observed for M3 and M5 seem to be considerably higher in both flow
regions where strong backflow is formed.

As far as the turbulent kinetic energy (TKE) is concerned, it can be said that the highest
level of turbulence is observed in the region of the shorter reattachment at about x/h' 4.
Furthermore, the peak values for M3 and M5 appeared to be significantly larger compared
to those found for W5. This is consistent with the peak r.m.s. velocity values found for
M3, M5 and W5 (i.e., in the case of M3 and M5 all the fluctuating velocity profiles found
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to be largely overestimated). From the above observation it can be extracted that W5
combined with the LMNT approach yields to lower levels of TKE compared to the M3
and M5 reconstruction methods. This last means that W5 is not so underdissipative as its
counterparts. As no experimental data is provided for the turbulent kinetic energy, further
comparisons cannot be made. However, it can be said that the level of turbulence intensity
when the W5 is used, is probably closer to the real TKE levels (based on the results on
the fluctuating velocity components presented in Figure 4.19).

To sum up, it is important to point out that all the three numerical schemes examined,
found to adequately resolve the mean flow. Results on turbulence intensities and Reynolds
stresses revealed that W5 outperforms M3 and M5 significantly. It seems that MUSCL
schemes in conjunction with LMNT leads to much less numerical dissipation, which in
turn results in larger levels of turbulence, particularly in the strong reversed flow regions.
It is therefore essential to further investigate the performance of high-resolution high-
order schemes in suddenly-expanded flows, when LMNT is imposed.
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FIGURE 4.18: Time-averaged streamwise and transverse velocities along the x-axis (xy-plane)
at Re = 104.
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FIGURE 4.19: Time-averaged streamwise and transverse r.m.s. velocities along the x-axis (xy-
plane) at Re = 104.
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(a) Reynolds stress profile of u’v’ at Y = 1.5h
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(b) Turbulent kinetic energy profile at Y = 1.5h
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(c) Reynolds stress profile of u’v’ at Y = 0.5h
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(d) Turbulent kinetic energy profile at Y = 0.5h
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(e) Reynolds stress profile of u’v’ at Y = -0.5h
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(f) Turbulent kinetic energy profile at Y = -0.5h

FIGURE 4.20: Time-averaged Reynolds stresses and turbulent kinetic energy along the x-axis
(xy-plane) at Re = 104.



4.6 VALIDATION 125

Wall Pressure and Skin-Friction Coefficients
The wall pressure distribution, as well as the wall skin-friction coefficient are shown

in Figure 4.22. Both flow quantities were measured along the xy center plane of the
channel for both upper and lower walls. Note that measurements were carried out up
to 30 step heights downstream of the step in the streamwise direction, as further down-
stream the flow did not exhibit any particular behaviour. Three different high-resolution
schemes were used in order to investigate the numerical scheme effects on the pressure
and skin-friction profiles. The local wall pressure coefficient distribution is defined by the
following equation:

CP =
2(Pw−Pin)

ρU2
in

(4.10)

where Pw is the pressure on the wall, and Pin is a reference pressure taken as the upstream
centerline pressure at the inlet, which corresponds to the maximum inlet velocity, Uin.
The Uin and Pin were averaged over a sufficient number of time realisations extending
up to 1 million timesteps, corresponding to approximately t = 20 non-dimensional time.
Note that the flow needs ' 2.25 non-dimensional time to pass through the whole channel
once. This latter means that the flow has passed through the whole channel (i.e., with the
inlet channel included) approximately 9 times. The flow has reached, therefore, its statis-
tically steady state before taking the averages of the flow variables (velocity components,
pressure, energy).

The results indicate the formation of an asymmetric flow field downstream of the
expansion, with the variation of the wall pressure distribution inside the smallest recircu-
lation bubble being much lower in magnitude than that in the larger. To be more specific,
the distribution of the wall pressure coefficient on the lower wall is similar to that found
in backward-facing step flows. It slightly decreases up to x/h ' 6 and thereafter mono-
tonically increases toward a constant value. Barri et al. [9] calculated the wall pressure
coefficient for a turbulent flow over a backward-facing step. They found that CP takes its
minimum value in the region of the primary recirculation vortex, and about the position
of the maximum backflow. Further downstream and up to x/h ' 20 the pressure coeffi-
cient found to monotonically increase until the recovery region where it almost reached a
constant level in both walls.

Along the upper wall, CP exhibits a local minimum immediately after the step at
x/h ' 1.8, which is close to the position of the maximum backflow. Moreover, a local
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maximum and a second local minimum are observed at the streamwise locations of x/h'
3.8 and x/h ' 6.7, respectively. It should be noted that the local pressure maximum
almost coincides with the reattachment point of the flow on the upper side of the wall
(the reattachment lengths found to be in the region of 3.51 . xR . 3.61 for the three
different numerical schemes under investigation). This last observation is in excellent
agreement with the pressure coefficient results presented by El Khoury et al. [38] for a
flow through a channel with a single thin-plate obstruction. De Zilwa et al. [22] performed
RANS calculations of a turbulent flow through a planar sudden expansion calculating,
among others, the wall pressure coefficient. The resulting shape of the wall-pressure
curve along the upper wall is very similar to the variation of CP along the wall with the
smallest recirculation vortex shown in Figure 4.22. Measurements of the wall-pressure
coefficient have been also reported by Escudier et al. [39] for a turbulent flow over a
planar sudden expansion. For their experiments, the researchers have used a Reynolds
number of 5.55× 104 and an expansion ratio of 4. Comparisons between ILES results
and experimental data (LDA technique) are presented in Figure 4.21.
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FIGURE 4.21: Wall-pressure variation along the upper and lower wall of the channel up to
x/h = 40 downstream of the step. The ILES results are compared against those of Escudier et al.
[39].

To be conformal with the experimental data provided by the authors, the calculations
were carried out up to 40 step heights downstream of the expansion. The shape of the
wall-pressure variation for the current study seems to be in a very good agreement with the
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experimental one. However, it is evident that its magnitude along the upper and lower wall
of the channel differs from each other, which is normal to happen as both Re and ER are
different between the two studies. In the experimental case the curve of the wall-pressure
coefficient is shifted downwards with the local minimum and local maximum values being
taken at x/h ' 2.8 and x/h ' 5, respectively. This last observation is consistent with
the reattachment lengths reported by the authors. The length of the shorter recirculation
vortex found to be larger in their experiments and equal to xR = 4.7. In the recovery region
pressure on the upper wall of the channel becomes identical to that on the opposite wall
at x/h' 18 and x/h' 20 for the numerical and experimental case, respectively.

As previously stated, the secondary pressure minimum in the region of the shorter
reattachment is located at x/h' 6.7 downstream of the constriction. This local minimum
is associated with the largest recirculation bubble which is more pronounced in this cross-
section area, forcing the flow to speed-up along the region of the upper wall with an
accompanying pressure drop. Moreover, this pressure drop can be also related to the
impingement of the high-velocity core flow on the wall at that particular location.

The skin friction coefficient was calculated using the following relation:

CF =
2τw

ρU2
i

(4.11)

where ρ is the fluid density and Ui is the free stream velocity at the inlet. τw represents
the wall shear stress that is due entirely to the viscous distribution, as all the Reynolds
stresses close to the wall are zero. This last quantity is given by:

τw = µ

(
∂u
∂y

)
y=0

where µ is the dynamic viscosity, u is the flow velocity parallel to the top and bottom wall,
and y is the distance to the wall. Drikakis [26] addressed that at low Reynolds numbers
(Re < 80 for an expansion ratio of 3), where the flow is symmetric with separation regions
of equal size, the pressure and skin friction coefficients on the top and bottom wall are the
same. This, however, is not the case for a turbulent flow over a planar sudden expansion,
where flow asymmetries are more pronounced. As with the results of the pressure varia-
tion along the two parallel walls, the skin friction coefficient similarly exhibits different
variations along the upper and lower wall of the channel, as shown in Figure 4.22. It
can be said that immediately downstream of the expansion an alternating behaviour of CF

is apparent, which confirms the existence of the secondary vortices at the corners of the
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walls (see Figure 4.17). The two curves further downstream turn out to be almost parallel,
with the one representing the skin friction coefficient along the upper wall being negative,
while the one in the opposite direction being positive. The parallel curves indicate that
the wall shear stress is constant on each wall.

It is also important to underline that the results obtained from the three different high-
resolution schemes are in excellent agreement with each other. There is only a slight
difference of the skin friction coefficient for the M5 scheme, and particular of its maxi-
mum negative magnitude and its streamwise location along the lower wall of the channel.
The separation and reattachment positions of the flow can be clearly seen from the skin
friction distributions in the locations where the skin friction coefficient changes sign. It
can be, thus, extracted that the reattachment positions of the shorter recirculation zone
(upper wall) are approximately 3.65, 3.58 and 3.72 for the M3, M5 and W5, respectively.
These values are not far from those found by evaluating the locations where the mean
streamwise velocity components change sign (see length L1 in Table 4.6). Furthermore,
in all three cases examined, the secondary pressure minimum - about 6.5 step heights
downstream of the step - almost coincides with the largest negative CF on the opposite
side of the channel. This last feature has been also observed by El Khoury et al. [38] for
a turbulent flow over a long plane channel with a single thin-plate obstruction.
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(d) Wall skin-friction coefficient for M5
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FIGURE 4.22: Time-averaged pressure and wall skin-friction coefficients along the upper and
lower channel wall at Re = 104.
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4.6.2 Reynolds Numbers

In this section, two different Reynolds numbers are used in order to examine further the
flow behaviour in the sudden-expansion channel. It is of great importance to investigate
the influence of Re on the reattachment lengths of the recirculation vortices on the top and
bottom wall of the channel, as well as on the time-averaged flow quantities (i.e., mean
velocity components, Reynolds stresses and turbulent kinetic energy). In their pioneer-
ing study, Abbott and Kline [1] demonstrated that in the range Re = 4 · 104− 105, the
reattachment lengths along with the mean flow structures (time-averaged velocities and
turbulence intensities) do not change dramatically. Moreover, Mehta [82] found that at
even higher Reynolds numbers the flow does not exhibit any particular behaviour, as the
primary and secondary reattachment lengths remain the same. However, the influence of
Re on the flow pattern is more pronounced at lower Re, where the reattachment points
along with the mean flow quantities change with Re. Casarsa et al. [17] found that at
Re = 4 · 104 the reattachment length of the shorter separation is significantly larger than
that at Re = 104. On the other hand, the reattachment length of the larger recirculation
zone was much less influenced by the increase of the Reynolds number. The authors sup-
ported this last finding by stating that the development of the large recirculation vortex is
mostly affected by the turbulent diffusion rather than by the inertial effects.

In Figure 4.23, the time-averaged flow paths in the xy plane of the channel at two
different Re are presented. The measurements are limited up to xd/h = 20, as the flow
field downstream of the shorter and longer recirculation areas does not exhibit any special
feature, with the streamlines being almost parallel through the rest of the computational
domain. Note also that the results presented in this section were obtained by using the
M5 with LMNT. It can be clearly seen that the flow downstream of the step exhibits an
asymmetric behaviour, characterised by two separation zones with unequal size. In both
cases, two primary and two secondary vortices are formed close to the top and bottom
wall of the channel. However, it is evident that the reattachment lengths for the two Re

under investigation are not the same. Specifically, as far as the lengths of the primary
separation bubbles are concerned, these found to increase with increasing Re.

In Table 4.7, the measured reattachment lengths along with the experimental data
demonstrated in [17], are presented. It is clear that at Re = 104, L1 is smaller in magnitude
compared to that at Re = 4 · 104. This last observation can be explained by the fact that
at higher Re, the deviation of the high-velocity core flow from the channel axis is less
pronounced, mainly due to stronger inertial effects. However, both lengths seem to be
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slightly underestimated in the present study, with percent differences of about 4.6% and
8.1% for the lower and higher Re case, respectively.
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FIGURE 4.23: Streamlines of the mean flow at the center plane of the channel (z/h = 2.5) for
two different Reynolds numbers using the 5th-order MUSCL scheme.

The separation length of the larger reattachment increases with increasing Re, as
shown in Table 4.7. This is, however, opposite to the observation of Casarsa et al.,
who addressed that the reattachment length of the larger recirculation vortex decreases
with increasing Re. The ILES results at Re = 4 · 104 are in excellent agreement with the
experimental data. On the other hand, the length at the lower Re found to be slightly
underestimated by approximately 5.2%. Abbott and Kline [1] studied the influence of
the geometrical characteristics of the sudden expansion configuration on the primary and
secondary reattachment lengths. They demonstrated that for the case ER = 3 (i.e., same
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expansion ratio as that used in the present study), the ranges of the two primary lengths
were L1/h = 3.5−4 and L2/h = 11−15, which agree well with the present results.

TABLE 4.7: Reattachment lengths of two different Reynolds numbers using the 5th-order
MUSCL scheme. The PIV data of Casarsa et al. [17] for both Reynolds numbers are also presented
and compared with the numerical results.

Reynolds number L1/h L2/h L3/h L4/h

Re = 10000 3.51 13.63 0.91 0.53

PIV 104 3.68 14.38 0.84 1.06

Re = 40000 3.61 14.17 0.52 0.85

PIV 4 ·104 3.93 14.17 0.54 1.06

The time-averaged velocity and fluctuating profiles extracted at three different wall-
normal locations, at y/h = 1.5, 0.5,−0.5, are shown in Figure 4.24 and Figure 4.25. Both
flow fields were normalised with respect to the inlet bulk velocity, Ub. The curves of
the mean streamwise and transverse velocity components match reasonably well with
each other, exhibiting some small differences in the region of the larger recirculation
zone, as well as at the location of the high-velocity core flow. In these specific regions
and in the case Re = 4 · 104, the velocity and fluctuating profiles seem to be somehow
shifted downstream. Besides, at x/h < 4− 5 smaller values of u

′
/Ub and v

′
/Ub for the

larger Re are detected. This last finding is in excellent agreement with the results outlined
in [17]. Beyond that position and up to x/h = 16, the fluctuating velocity magnitude
appeared to be larger at Re = 4 · 104. That flow characteristic is more pronounced in
the transverse fluctuating velocity profile at all measurement points examined, as shown
in Figures 4.25(b),4.25(d),4.25(f). In the region of the shorter separation vortex, and
particularly at x/h < 4 and y/h = 1.5, the maximum deviations (in percentage terms) of
the mean fluctuating velocity profiles at the two Reynolds numbers are approximately 9%
and 18% for u

′
/Ub and v

′
/Ub, respectively. It is, therefore, evident that despite the fact

that the averaged first-order flow quantities does not exhibit any particular difference for
the two Re, the turbulence intensities seem to produce some moderate differences in the
flow field.

In order to investigate further the above observation, comparisons of the mean stream-
wise velocity, U , and turbulence statistics,

√
u′2 and

√
υ
′2, for the flow inside the sudden
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expansion channel are made, as shown in Figure 4.26. The mean streamwise velocity
profiles appeared to be almost identical with each other, with some small variation in the
region of the larger recirculation zone between x/h = 4−9. Furthermore, a slight differ-
ence is detected after the reattachment point of the shorter recirculation vortex, close to
the upper wall of the channel. In that particular location the maximum streamwise ve-
locity seems to be larger in magnitude for Re = 4 · 104. The fluctuating velocity profiles
exhibit some moderate differences in the region of the two shear layers emanating from
the step. In general, both the streamwise and the cross-stream turbulence intensities found
to be smaller in magnitude for the larger Re. However, it seems that beyond x/h = 7 the
two profiles are superposed on one another, as shown in Figures 4.26(b)- 4.26(c). The
same trend was also observed in [17], as far as the fluctuating velocity components u

′
and

υ
′
are concerned. Particularly, close to the channel step the above quantities were slightly

larger for the lower Re, whereas further downstream u
′

and υ
′

were higher for the larger
Re. Besides, the flow is almost everywhere anisotropic, with the streamwise turbulence
intensity being considerably larger than its counterpart.

Calculations of the Reynolds shear stress and turbulent kinetic energy revealed that
the flow does not exhibit any particular variation between the two Re under investigation
(see Figure 4.27. A small difference is only detected in the high-velocity core flow region,
where the peak values of the shear stress and turbulent kinetic energy appear to be larger
for the lower Re.

It can be concluded that Re = 104 and Re = 4 · 104 exhibit some small variations in
terms of the reattachment lengths and the mean flow quantities. It was found that the
length of the primary reattachment of the shorter bubble is not significantly influenced by
the increase in Re. However, the length of the larger recirculation found to be substantially
larger for the higher Re. Furthermore, it was found that the peak values of the mean turbu-
lence intensities (i.e., particularly the maximum transverse fluctuating velocity) slightly
decrease with increasing Re. The same trend was also observed for the turbulent kinetic
energy. It is therefore evident that Re = 104 cannot be considered high enough for the
effects of an increase in the Re to be utterly neglected.
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FIGURE 4.24: Time-averaged streamwise and transverse velocities along the x-axis (xy-plane)
at Re 10000 and 40000.
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(c) U r.m.s. Velocity profile at Y = 0.5h
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(d) V r.m.s. Velocity profile at Y = 0.5h
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FIGURE 4.25: Time-averaged streamwise and transverse r.m.s. velocities along the x-axis (xy-
plane) at Re 10000 and 40000.



4.6 VALIDATION 136

x / h

y
/h

-1 0 1 2 3 4 5 6 7 8 9 10
0

0.5

1

1.5

2

2.5

3

Re = 104

Re = 4 x 104
U / U0 = 1

(a) Streamwise velocity

x / h

y
/h

-1 0 1 2 3 4 5 6 7 8 9 10
0

0.5

1

1.5

2

2.5

3

Re = 104

Re = 4 x 104
u’ / U0 = 0.2

(b) Fluctuating streamwise velocity

x / h

y
/h

-1 0 1 2 3 4 5 6 7 8 9 10
0

0.5

1

1.5

2

2.5

3

Re = 104

Re = 4 x 104
v’ / U0 = 0.2

(c) Fluctuating wall-normal velocity

FIGURE 4.26: Time-averaged streamwise velocity 〈U〉, and mean turbulence intensities〈
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at z/h = 2.5 for two different Reynolds numbers, at Re = 104 and Re = 4 ·104.
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(a) Reynolds stress profile of u’v’ at Y = 1.5h
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(b) Turbulent kinetic energy profile at Y = 1.5h
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(c) Reynolds stress profile of u’v’ at Y = 0.5h
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(d) Turbulent kinetic energy profile at Y = 0.5h
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(e) Reynolds stress profile of u’v’ at Y = -0.5h
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FIGURE 4.27: Time-averaged Reynolds stresses and turbulent kinetic energy along the x-axis
(xy-plane) at Re 10000 and 40000.



5
Quantitative Analysis of Turbulence

Statistics

5.1 Introduction

In this Chapter, a more comprehensive analysis of the turbulence statistics will be carried
out, in order to shed some insight into the turbulent structures in suddenly-expanded flows.
For that purpose, turbulent kinetic energy budget measurements are made in a sudden
expansion geometry with ER = 3 and AR = 5. The Reynolds number based on the step
height h of the channel and the inlet bulk velocity Ub is 10000. Each of the components of
the energy budget (convection, production, turbulent diffusion, pressure diffusion, viscous
diffusion and energy dissipation) are thoroughly examined, in order to determine which
of the aforementioned terms contribute to the energy budget and which can be completely
neglected.

Furthermore, the influence of different high-resolution/high-order schemes, as well
as of different Re on the turbulent kinetic energy budget is studied. The results revealed
that the influence of the applied numerical schemes to the energy budget is significant,
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particularly in the regions of the shear layers where high turbulence production and en-
ergy dissipation is observed. On the other hand, the influence of Re (i.e., Re = 104 and
Re = 4 ·104) on the energy budget is not substantial, while at the same time it cannot be
considered as negligible. The Chapter is organised as follows: (a) the triple correlation
terms calculated at different streamwise locations are introduced in Section 5.2, (b) the
numerical results related to the turbulent kinetic energy budget terms are addressed in
Section 5.3.

5.2 Triple Correlation Terms

In this section, the most significant components of the triple velocity correlations calcu-
lated at three different streamwise locations are presented. Note that their spatial deriva-
tives appear as turbulent diffusion terms in the transport equations (i.e. turbulent diffusion,
pressure diffusion and viscous diffusion terms comprise the transport terms in the energy
budget) of Reynolds stresses. It is important, therefore, to investigate their behaviour
throughout the flow field, and especially along the recirculation zones of the channel, as
well as inside the shear-layer regions.

The triple velocity correlation terms were calculated using the following formula:

〈
u
′
iu
′
iu
′
j

〉
=

1
N

N

∑

i, j = 1

[
(ui−u)(ui−u)

(
u j−u

)]
(5.1)

where N is the total number of time realisations in a given window.
The distributions of four components, u′3, uυ

′2, υ
′3 and υu′2 are shown in Figures 5.1-

5.4. Note that measurements were performed at three different wall-normal locations (at
y/h = 1.5, y/h = 0.5 and y/h = −0.5), which include the region of the shorter reattach-
ment, the high-velocity core flow region, and the area of the larger recirculation vortex,
respectively. It can be said that despite the fact that some of the triple correlation terms
have opposite signs, they exhibit very similar distributions in all the measured lines along
the streamwise direction. That is, there is a peak value at the region of the shorter recir-
culation zone about the location where the flow reattaches (at x/h ' 4). Besides, in the
high-velocity flow region at the centerline of the channel, triple correlation terms exhibit
a local minimum and a local maximum. The local minimum is formed due to the low tur-
bulence intensity observed immediately after the step, whereas the local maximum due to
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the shear layer (turbulence intensity is very high inside the free-shear layer) crossing the
measurement line in that particular region. Finally, at y/h = −0.5 all the triple correla-
tion profiles found to exhibit small peak values, with their magnitudes being considerably
lower than those at y/h = 0.5 and y/h = 1.5.

It can be clearly seen that the triple velocity correlations exhibit strong variations
along the wall-normal direction, whereas the change of the correlations in the streamwise
direction is rather moderate. This last observation indicates that mainly the wall-normal
turbulent diffusion should be appreciable. This is consistent with the findings of the turbu-
lent diffusion calculations for the streamwise, lateral and spanwise components presented
in the ensuing section. It was found that the most dominant term among the turbulent
diffusion components is the lateral one. Nevertheless, the streamwise turbulent diffusion
should not be totally neglected, as the triple velocity correlations decrease quite rapidly
over the reattachment region.

As far as the influence of the high-resolution schemes on the triple velocity correla-
tions is concerned, it can be said that all the profiles match reasonably well with each
other, with M3 being in a very good agreement with M5. On the other hand, the profiles
corresponding to W5 seem to be quite underestimated, particularly in the recirculation
areas, with their peak values being slightly lower compared to M3 and M5. As there is
no experimental or numerical evidence to compare with, verification of which numerical
scheme gives the best results cannot be made. It can be said, however, that M3 and M5
are, in general, less dissipative than W5 when combined with LMNT. This last argument
can be further supported by the fact that turbulence intensities found to be higher for the
MUSCL schemes compared to W5 (see Chapter 4).

The influence of Re on the triple correlation components is rather moderate. It can be
clearly seen that both curves at Re = 104 and Re = 4 ·104 match reasonably well with each
other, as far as the distribution profiles of uυ

′2, υ
′3 and υu′2 are concerned. On the other

hand, it is evident that for the triple streamwise velocity correlation u′3 the two Re give
considerably different results, particularly close to the region of the shorter recirculation
vortex. Furthermore, large variations have been observed in the high-velocity core flow
region at x/h' 4 and x/h' 8, as that can be seen in Figure 5.1(d).
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(a) Triple velocity correlation at Y = 1.5h for M3, M5
and W5.
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(b) Triple velocity correlation at Y = 1.5h for Re
10000 and 40000.
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(c) Triple velocity correlation at Y = 0.5h for M3, M5
and W5.
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(d) Triple velocity correlation at Y = 0.5h for Re
10000 and 40000.
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(e) Triple velocity correlation at Y = -0.5h for M3,
M5 and W5.
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(f) Triple velocity correlation at Y = -0.5h for Re
10000 and 40000.

FIGURE 5.1: Triple velocity correlation of u′u′u′ for three different numerical schemes and two
Reynolds numbers at (a),(b) Y = 1.5h, (c),(d) Y = 0.5h and (e),(f) Y =−0.5h along the x- axis.
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(a) Triple velocity correlation at Y = 1.5h for M3, M5
and W5.
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(b) Triple velocity correlation at Y = 1.5h for Re
10000 and 40000.
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(c) Triple velocity correlation at Y = 0.5h for M3, M5
and W5.
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(d) Triple velocity correlation at Y = 0.5h for Re
10000 and 40000.
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(e) Triple velocity correlation at Y = -0.5h for M3,
M5 and W5.
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(f) Triple velocity correlation at Y = -0.5h for Re
10000 and 40000.

FIGURE 5.2: Triple velocity correlation of u′v′v′ for three different numerical schemes and two
Reynolds numbers at (a),(b) Y = 1.5h, (c),(d) Y = 0.5h and (e),(f) Y =−0.5h along the x- axis.
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(a) Triple velocity correlation at Y = 1.5h for M3, M5
and W5.
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(b) Triple velocity correlation at Y = 1.5h for Re
10000 and 40000.
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(c) Triple velocity correlation at Y = 0.5h for M3, M5
and W5.
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(d) Triple velocity correlation at Y = 0.5h for Re
10000 and 40000.
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(e) Triple velocity correlation at Y = -0.5h for M3,
M5 and W5.
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(f) Triple velocity correlation at Y = -0.5h for Re
10000 and 40000.

FIGURE 5.3: Triple velocity correlation of v′v′v′ for three different numerical schemes and two
Reynolds numbers at (a),(b) Y = 1.5h, (c),(d) Y = 0.5h and (e),(f) Y =−0.5h along the x- axis.
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(a) Triple velocity correlation at Y = 1.5h for M3, M5
and W5.
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(b) Triple velocity correlation at Y = 1.5h for Re
10000 and 40000.
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(c) Triple velocity correlation at Y = 0.5h for M3, M5
and W5.
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(d) Triple velocity correlation at Y = 0.5h for Re
10000 and 40000.
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(e) Triple velocity correlation at Y = -0.5h for M3,
M5 and W5.
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(f) Triple velocity correlation at Y = -0.5h for Re
10000 and 40000.

FIGURE 5.4: Triple velocity correlation of v′u′u′ for three different numerical schemes and two
Reynolds numbers at (a),(b) Y = 1.5h, (c),(d) Y = 0.5h and (e),(f) Y =−0.5h along the x- axis.
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5.3 Turbulent Kinetic Energy Budget

In this section, the budgets of the turbulent kinetic energy are evaluated, assuming a
steady, incompressible flow. The influence of the channel step on the budgets is thor-
oughly examined, while at the same time the transport mechanism of the turbulent kinetic
energy is provided. Comparisons among different high-resolution numerical schemes,
as well as between different Reynolds numbers have been carried out, intending to shed
some light on the physics of turbulence in suddenly-expanded flows (i.e., flows that ex-
hibit separation, reattachment and flow asymmetry downstream of the channel step). To
the author’s knowledge, similar study on the turbulent kinetic energy budget in a PSE
geometry has not been addressed in the past. Note that in the present study an incom-
pressible turbulent kinetic energy budget equation was used, despite the fact that the CFD
calculations were conducted by means of a compressible solver. The reason is that the
flow under consideration belongs to the incompressible regime in that the Mach number
is taken equal to 0.1. This value is much lower than the critical Mach number value of
0.3, above which the flow can be considered as compressible with significant variations in
density (approximately 5% at M = 0.3). The variation in density at M = 0.1 found to be
less than 1%. Therefore, according to Hinze [56], the turbulent kinetic energy transport
equation for an incompressible flow can be written in the following form:

∂k
∂ t

=−Uk
∂k

∂Xk
−u′lu

′
k
∂U l

∂Xk
−

∂k′u′k
∂Xk

−ν
∂u′l
∂Xk

∂u′l
∂Xk
−

∂ p′u′l
∂Xl

+ν
∂ 2k
∂X2

k
(5.2)

where k = 1
2u′lu

′
l is the turbulent kinetic energy per unit mass and k

′
= 1

2u
′
lu
′
l is the fluc-

tuating turbulent kinetic energy per unit mass. The LHS of Equation (5.2) represents the
material derivative of turbulent kinetic energy, while the terms on the RHS are, respec-
tively, the convection, the turbulence production, the turbulence diffusion, the turbulence
dissipation to heat, the pressure-velocity correlations and the viscous diffusion. Although
the mean spanwise velocity component, W , and the corresponding velocity gradient, ∂φ

∂ z ,
are much lower in magnitude compared to their streamwise and lateral counterparts, all
three velocity components have been calculated. The derivatives were approximated by a
second-order central difference scheme applied throughout the sudden expansion domain
apart from the boundaries. Along normal boundaries, as well as in overlapping regions
(regions where two or more faces of different blocks overlap each other), a first-order
difference scheme has been used. Both schemes are presented below with U = {u,υ ,w},
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X = {x,y,z} and I = {i, j,k}:

∂U
∂X = UI+1−UI

∆X +O(∆X)

∂U
∂X = UI+1−UI−1

2∆X +O(∆X)2

representing the first- and second-order difference scheme, respectively.
As far as the convection term is concerned, this can be expanded to a sum of a stream-

wise, lateral and spanwise convection as:

CKtot = CKstr +CKlat +CKspan

where

CKstr =−1
2U
(

∂u′u′

∂x + υ
′
υ
′

∂x + w′w′

∂x

)
CKlat =−1

2V
(

∂u′u′

∂y + υ
′
υ
′

∂y + w′w′

∂y

)
CKspan =−1

2W
(

∂u′u′

∂ z + υ
′
υ
′

∂ z + w′w′

∂ z

)
(5.3)

The streamwise and lateral convection terms found to be the most dominant in the flow
field, while the spanwise convection was almost zero throughout the sudden expansion
domain. Nevertheless, it has been included to the calculations. The three normal Reynolds
stress components constituting the turbulent kinetic energy were measured along with
their gradients, at each of the three directions.

The production term of the turbulent kinetic energy budget is composed of the normal
and shear production, as follows:

PKtot = PKN +PKS

where

PKN =−u′2 ∂U
∂x −υ

′2 ∂V
∂y −w′2 ∂W

∂ z

PKS =−u′υ ′
(

∂U
∂y + ∂V

∂x

)
−u′w′

(
∂U
∂ z + ∂W

∂x

)
−υ

′w′
(

∂V
∂ z + ∂W

∂y

) (5.4)
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The production term is interpreted as the rate at which kinetic energy is lost from the mean
flow and transferred to the turbulent eddies. In most cases, PK is positive, representing
a transfer of kinetic energy from the mean flow to the turbulence one. However, under
special flow conditions, the production term can be locally negative in certain regions.
In the present study, the normal production of Equation (5.4) was neglected from the
turbulence production term, since the flow downstream of the channel step is considered
as a free shear flow, where the shear production is expected to be the dominant one. Liu
and Tomas [77] conducted measurements of the turbulent kinetic energy budget for a
symmetric turbulent planar wake flow. They claimed that despite the streamwise pressure
gradients imposed, the wake was shear dominated since PKN � PKS. However, they
included the normal production term in the TKE budget.

The dissipation term consists of three parts, the streamwise, the lateral and the span-
wise dissipation.

EKtot = EKstr +EKlat +EKspan

Assuming homogeneous and locally isotropic turbulence, the dissipation term can be writ-
ten by the following simplified formula ([15]):

EKtot = 15ν

(
∂u′

∂x

)2

(5.5)

where ν is the kinematic viscosity of the fluid. However, as already mentioned in a
previous chapter, the flow is highly anisotropic with the streamwise intensity being higher
than the transverse one, almost everywhere in the flow field. Thus, this assumption cannot
be made in the present study and subsequently Equation (5.5) cannot be used for the
calculation of the dissipation term. The dissipation term of the turbulent kinetic energy
transport equation, then, can be measured by the following formula:

EKstr =−ν

[(
∂u′

∂x

)2
+
(

∂υ
′

∂x

)2
+
(

∂w′

∂x

)2
]

EKlat =−ν

[(
∂u′

∂y

)2
+
(

∂υ
′

∂y

)2
+
(

∂w′

∂y

)2
]

EKspan =−ν

[(
∂u′

∂ z

)2
+
(

∂υ
′

∂ z

)2
+
(

∂w′

∂ z

)2
]

(5.6)
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The above equation is the proper form for the dissipation only if the turbulent flow is
homogeneous. Taking into account the magnitude of the Reynolds numbers under in-
vestigation (Re = 104 and Re = 4× 104), then the use of the nine-term homogeneous
approximation is sensible, given the fact that at these Re numbers the turbulent flows tend
to approach homogeneity at the smallest scales, which in turn are characteristic of the
dissipation range.

The viscous diffusion term can be similarly expanded to a sum of streamwise, lateral
and spanwise terms:

DKtot = DKstr +DKlat +DKspan

where

DKstr = ν

[
∂ 2u′u′

∂x2 + ∂ 2υ
′
υ
′

∂x2 + ∂ 2w′w′

∂x2

]
DKlat = ν

[
∂ 2u′u′

∂y2 + ∂ 2υ
′
υ
′

∂y2 + ∂ 2w′w′

∂y2

]
DKspan = ν

[
∂ 2u′u′

∂ z2 + ∂ 2υ
′
υ
′

∂ z2 + ∂ 2w′w′

∂ z2

]
(5.7)

The second derivatives that appear in the viscous diffusion term were numerically ap-
proximated in a similar way as the first derivatives, described above (taking into account
that a second derivative of a function f is the derivative of the derivative of f ). Thus,
the first- and second-order difference schemes were applied here two times, taking that
way the advantage of applying a first-order difference scheme in the boundary and over-
lapping regions of the computational domain (the approximation of the second derivative
in any other way should make it necessary to use a second-order central second differ-
ence with respect to x, y, and z along the boundaries and overlapping regions, resulting
in an increased computational cost). It should be noted that in all past investigations on
the turbulent kinetic energy budget, the viscous diffusion term was neglected. Pancha-
pakesan and Lumley [91] , suggest that in free turbulent flows, in regions away from the
walls, viscous diffusion is small compared to the turbulent diffusion. Furthermore, Liu
and Tomas [77] reached the same conclusion after calculating the local turbulent viscos-
ity. They found that the contribution of the viscous diffusion to the transport terms is
negligible compared to the turbulent contribution. In the present study, viscous diffusion
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is included in the energy budget in order to affirm the results of the previous works. As it
will be shown later, the viscous diffusion away from the channel walls found to be much
smaller than the turbulent diffusion, whereas close to the walls its contribution cannot be
considered as negligible.

The turbulent diffusion term is expressed as a sum of its streamwise, lateral and span-
wise components, as follows:

T Ktot = T Kstr +T Klat +T Kspan

where

T Kstr =−1
2

(
∂u′3
∂x + ∂uυ

′2
∂x + ∂uw′2

∂x

)
T Klat =−1

2

(
∂υu′2

∂y + ∂υ
′3

∂y + ∂υw′2
∂y

)
T Kspan =−1

2

(
∂wu′2

∂ z + ∂wυ
′2

∂ z + ∂w′3
∂ z

)
(5.8)

The turbulent transport term is so-called because it redistributes energy in space without
creating or destroying it. Using the divergence theorem, the integral of this term over
a control volume equals the flux through the surface of the volume. This latter can be
expressed by the following equation.

∫
V

∂ ju juiuidV =
∫

S
n̂ ju juiuidS

The physical effect of transport terms, such as turbulent diffusion and pressure-diffusion
terms, is to spread the Reynolds stresses in space. It is generally assumed that they manage
to balance the flow field in terms of its stresses, by driving the spatial distribution toward
uniformity, similarly to gradient diffusion by molecular procedures.

Panchapakesan [91] and Hussein et al. [58] assumed that the normal transverse flux of
υ
′2 equals to the normal spanwise flux w′2, resulting in υw′2 = υ

′3. The error introduced
by this assumption found to be less than 10%. Sideridis et al. [105] found that the absence
of that product did not alter the total turbulent diffusion term more than 10%, thus con-
ducting all the calculations without using this term, assuming a total error approximately
10%. The reason for making this assumption was that the experimental techniques used
in all the aforementioned studies were not capable of measuring directly the product υw′2.
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In the present calculations, the above assumption was not made and the triple correlation
term υw′2 was estimated in the same way as the other eight terms.

Finally, the pressure diffusion term can be also expanded to a sum of streamwise,
lateral and spanwise velocity-pressure gradients.

ΠKtot = ΠKstr +ΠKlat +ΠKspan

where

ΠKstr =−
(

∂u′ p′/ρ

∂x

)
, ΠKlat =−

(
∂υ
′ p′/ρ

∂y

)
, ΠKspan =−

(
∂w′ p′/ρ

∂ z

)
(5.9)

Most of the previous researchers have either neglected the pressure diffusion term (see
[91]) or extracted it by difference (see [14, 58, 77, 105, 121]), having initially calculated
the rest of the TKE transport equation terms. However, in the ILES calculations the
pressure-velocity correlation, pu′j, has been directly measured using the equation below.

ΠK =− 1
ρ

(
∂u′ p′

∂x
+

∂υ
′ p′

∂y
+

∂w′ p′

∂ z

)
(5.10)

The pressure correlation term shows how the turbulent kinetic energy is spatially redis-
tributed by pressure perturbations. However, the terminology of the so-called “pressure-
diffusion” term is rather peculiar, as the pressure effects are by convention nonlocal and
instantaneous in incompressible flows, while diffusion evolves gradually and slowly in
the flow field. Fortunately, most of the times the pressure diffusion is small compared to
the other terms in Equation (5.2), having a small contribution to the total energy budget.

All the six terms described above were measured for three different high-resolution
schemes and presented in Figure 5.5. The measurement location is placed immediately
downstream of the step, and particularly in the region of the separated shear layers, at
x/h = 1. In this region, the peak production rate is approximately two times larger than the
dissipation and the convection term. These two latter terms found to contribute negatively
to the turbulent kinetic energy budget. The viscous dissipation becomes also significant
in the near-wall region, where it is balanced by the viscous diffusion term. Moreover, the
turbulent diffusion term along with the pressure-velocity correlations redistribute energy
from the free shear layer to the outer regions toward the upper and lower wall, as well
as in the centerline area of the channel. This budget structure has been also observed in
the region of the shorter recirculation zone further downstream of the expansion, though
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all the aforementioned properties and effects are fairly attenuated with distance. It is
noteworthy to mention that the six terms in the kinetic energy equation do not balance
exactly. Thus adding all the six terms together the resulting balance is either negative or
positive (depending on the streamwise location where the turbulent kinetic energy budget
is measured). The terms do not balance due to the numerical dissipation produced by the
high-order terms (H.O.T.) of the high-resolution high-order reconstruction schemes used
in conjunction with the ILES turbulence modelling approach. Thus, the truncation error
of each of the three different numerical methods used (M3, M5 and W5), added to the
current energy balance shown in Figure 5.5, leads to a balanced kinetic energy equation.

It is also important to underline that M3 appears to overestimate the turbulent pro-
duction rate compared to M5 and W5. This is more apparent in the region of the shorter
reattachment, where generally the production term is larger than that in the opposite di-
rection. All the six terms of the energy budget will be discussed in details in the next
section.
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(b) M5
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(c) W5

FIGURE 5.5: Turbulent kinetic energy budget terms across the wall-normal direction for three
different numerical schemes, normalised by U3

b /h at x/h = 1.
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In Figures 5.7 - 5.14 the results downstream of the channel expansion are represented,
where three typical wall-normal distributions are shown. The first measurement location
is placed immediately after the step at x/h = 1, where the separation of the two shear
layers in the upper and lower step edge takes place. The second measurement line, at
x/h = 2, crosses the middle point of the shorter recirculation zone, while the final cross-
section line passes approximately through the middle point of the larger recirculation
vortex, at x/h = 5. Note that this last measurement line is outside the region of the shorter
reattachment, as that can be seen in Figure 5.6.

x / h

y
/h

4 6 8 10 12 14 16 18 20

-1

0

1

2
x = 1h

x = 2h

x = 5h

FIGURE 5.6: Positions of the measurement lines taken along the lateral direction at the xy
midplane of the channel (z/h = 2.5).

For the calculation of the turbulent kinetic energy budget, three different high-resolution
schemes were used including the M3, M5 and W5, investigating such a way the influence
of the numerical schemes on the energy budget. Besides, the influence of the Re on the
energy budget has also been examined by employing two different Reynolds numbers at
Re = 104 and Re = 4×104. All budget terms of turbulent kinetic energy are normalised
by U3

b /h and then multiplied by 103.
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Convection Term
The convection term appears to be generally negative throughout the sudden expan-

sion domain (see Figure 5.7). Note that negative values indicate energy loss, which means
that energy is subtracted from the mean flow and is conduced to the shear layer spreading.
Convection peaks on the high-speed sides of the two free shear lines about the upper and
lower wall and decreases to zero on the walls. Furthermore, convection appears to be of
nearly equal magnitude in the shear layer regions, with the one closer to the shorter recir-
culation zone being slightly higher than that located in the opposite wall. The spanwise
convection component found to be at least one order of magnitude lesser than the stream-
wise and lateral convection terms. The same observation has been also addressed in [105]
and [77], where in both studies the spanwise component of the convection term was not
included in the calculations due to its small magnitude. The streamwise convection,CKstr,
dominates the flow field in the region of the shorter reattachment, mainly due to the sus-
taining streamwise velocity contribution. On the other hand, the lateral convection term
is the dominant one about the region of the larger recirculation zone where the transverse
velocity gradient is more pronounced.

As far as the influence of the numerical schemes on the convection term is concerned,
the magnitude of the convection term at the region of the shorter reattachment, at x/h = 1,
found to be similar among the high-resolution schemes, reaching its maximum negative
value of 19.8, 18.4 and 20.2 for the M3, M5 and W5, respectively. Its contribution to
the energy budget is more dominant for the W5, particularly at the shear layer region
near the upper wall of the channel. At this particular location, the ratio of the convection
term to the production term found to be larger for the W5 (CK/PK = 0.64), indicating
that convection is a significant contributor to the turbulent kinetic energy budget. At
x/h = 2 the magnitude of the convection term has been considerably decreased for all
the numerical schemes under investigation. However, the term CK/PK still remains quite
high, approaching the values of 0.5 to 0.8 and 0.4 to 0.7 in the upper and lower shear layer
region, respectively. Further downstream at x/h = 5 the streamwise convection seems to
take positive values, transferring that way energy to the high-speed side of the free shear
line along the wall-normal direction. This last observation is mainly noticeable only for
the MUSCL schemes. The convection term in that specific location appeared to be almost
constant and close to zero for the W5.

The influence of the Reynolds numbers on the convection term is represented in Fig-
ures (5.7(a),5.7(c),5.7(e)) for three different streamwise locations along the cross-section
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of the duct. At x/h = 1 the plots from the two different Reynolds numbers seem to be
nearly identical one another, exhibiting a small disparity in the region of the larger reat-
tachment at y/h' 0.2. Although the magnitude of the convection term for Re = 4×104

is lower in that flow region, the ratio of the convection to the the production term is almost
the same for the two Re numbers (CK/PK ' 0.56). At x/h = 2 the shear layers have been
shifted upwards, as the flow moves in this specific direction forming a short recirculation
zone at the top wall and a large one at the bottom wall, respectively. The magnitude of the
convection term in these two flow regions have been considerably decreased, especially
for Re = 4× 104, where both shear layers found to have the same peak value. On the
other hand, the peak on the high-speed side of the shear line at the region of the larger
reattachment remained the same for Re = 104 with that found at the previous streamwise
location at x/h = 1. All the above properties seem to attenuate with distance downstream.
From x/h = 5 onwards, the contribution of the convection term to the total energy bud-
get is negligible. It is also important to underline that the positive values observed at
x/h = 5 for the three different numerical methods at Re = 104, have been also appeared
at Re = 4×104 as shown in Figure 5.7(f).

Kasagi et al. [65] performed turbulent kinetic energy budget measurements in a flow
over a backward-facing step at Re = 5540, based on the channel step height and the up-
stream centerline velocity. They found that at x/h = 1 downstream of the expansion
the convection term played a significant role, contributing negatively to the kinetic en-
ergy budget. The general shape of the convection term is in a very good agreement with
the ILES findings. However, the ratio of the convection to the production term demon-
strated in their experimental study, found to be much smaller than that presented above
(CK/PK ' 0.28). This discrepancy can be attributed mainly to the different Reynolds
number used and obviously to the different channel configuration. TKEB measurements
in a sudden expansion flow have not been previously reported either experimentally or
numerically.
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(a) Convection term at X = 1h for M3, M5 and W5.
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(b) Convection term at X = 1h for Re 10000 and
40000.
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(c) Convection term at X = 2h for M3, M5 and W5.
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(d) Convection term at X = 2h for Re 10000 and
40000.
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(e) Convection term at X = 5h for M3, M5 and W5.

y / h

C
k

/(
U

b3
/h

)
x

10
3

-1 -0.5 0 0.5 1 1.5 2
-40

-30

-20

-10

0

10

20

30

40 Re 104

Re 4 x 104

Medium Grid

MUSCL 5th LMNT

(f) Convection term at X = 5h for Re 10000 and
40000.

FIGURE 5.7: The Convection term for three different numerical schemes and two Reynolds
numbers at (a),(b) X = 1h, (c),(d) X = 2h and (e),(f) X = 5h downstream of the expansion along
the Y - axis.
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Production Term
Contrary to the convection term is the production term, which appears to be generally

positive throughout the sudden expansion domain. We can see why this is so, assuming
that the mean flow is a parallel shear layer, U(y), in the streamwise direction, x (see
Figure 5.8). If the only non-zero mean velocity gradient is ∂2U1 = ∂yU , it follows that
PK = −u′υ ′ ∂U

∂y . Furthermore, if the flow element at t = t0 is located at y = Y0, then at
time t = t1 the cross-stream position of this element convected by turbulence velocity will
be at Y (t1) = Y0 +

∫ t1
0 υ(t

′
1)dt

′
1. If we further assume that the velocity remains the same

from point 1 to point 2 then the instantaneous velocity at Y (t1) = y will be the particle’s
velocity uinst = U(Y0). Since Y0 = y−

∫ t1
0 υ(t

′
1)dt

′
1, the above velocity is equivalent to

uinst = U(y−
∫ t1

0 υ(t
′
1)dt

′
1). By convention, the velocity fluctuations are given by: u

′
=

uinst−U . Thus, the resulting fluctuating velocity will be:

u
′
= U(y−

t1∫
0

υ(t
′
1)dt

′
1)−U(y)≈−

t1∫
0

υ(t
′
1)dt

′
1∂yU (5.11)

Multiplying Equation (5.11) by υ(t1) and averaging, the resultant Reynolds shear stress,
u′υ ′ , is formed as follows:

u′υ ′ =−
t1∫

0

υ(t1)υ(t ′1)dt
′
1∂yU (5.12)

If ∂yU > 0 then Equation (5.11) shows that a positive υ correlates with a negative u.
This is also the reason why in parallel shear flows, u′υ ′ tends to have the opposite sign
of the mean flow gradient. The general tendency of u′υ ′ to be negative (if ∂yU > 0, see
Equation (5.12)), explains why the production term, PK, tends to be generally positive.
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FIGURE 5.8: Schematic of a parallel shear layer flow moving in the streamwise direction.

In the present study, turbulence production found to be the most dominant term ex-
hibiting two peaks on the high-speed sides of the free shear layers about the upper and
lower wall of the channel. The same feature has been addressed in several studies on
turbulent kinetic energy budget. Liu and Thomas [77] performed an experimental study,
in which they measured the turbulent kinetic energy budget of a planar wake flow em-
ploying different pressure gradients. They found that the production term is the dominant
term in the calculations with the longitudinal shear production −u′υ ′

(
∂U
∂x + ∂V

∂x

)
being

particularly the major contributor to the energy balance (positive values found across the
turbulent wake).

Kasagi and Matsunaga [65] carried out three-dimensional PIV measurement of tur-
bulence energy budget in a backward-facing step flow at Re = 5540. They showed that
turbulence production is almost three times larger than the turbulence convection and
approximately two times larger than the dissipation term. They also found that the max-
imum production rate decreased with increasing distance and the major contributor over
the entire flow region was the term −u′υ ′ ∂U

∂y . These last two observations are in excellent
agreement with the results presented in Figure 5.9. It should also be noted that in the
present case throughout the sudden expansion domain, ∂V

∂x is negligible compared to ∂U
∂y .

Le et al. [73] performed a numerical investigation of a turbulent flow over a backward-
facing step at Re = 5100, based on the step channel height and the inlet free-stream ve-
locity, by means of direct numerical simulation. They found that production is the most
dominant term in the region of the free shear layer immediately downstream of the step,
while as approaching the wall it becomes a consuming term due to the negative gradient
of the mean reverse flow. They also showed that in the recirculation region, PK is mostly
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due to the production of the longitudinal stress, PKuu.
The influence of the numerical schemes on the production term has been examined

and represented in Figures (5.9(a),5.9(c),5.9(e)) for three different streamwise locations.
At x/h = 1 the peak turbulence production occurs in the high-speed side of the two shear
layer regions at y/h ' 0.1 and y/h ' 1.1, respectively. The peak value of turbulence
production in all numerical schemes found to be in the shear layer closer to the shorter
recirculation vortex. As mentioned in the previous chapter, in this particular region, the
Reynolds stress, −u′υ ′ , and the turbulent kinetic energy, k, have their maximum values,
justifying that way the above observation. It is important to underline that M5 and W5
gave similar results, having almost the same cross-section distribution in all the three
streamwise measurement locations. On the other hand, the peak turbulence production
at x/h = 1 and x/h = 2 for M3 found to be underestimated in the free shear layer of the
larger reattachment, while it was overestimated in the region of the shorter reattachment.
At x/h = 3 all the numerical schemes appears to agree with each other reasonably well.
Although not shown here, the shear stress, u

′
υ
′
, and the shear turbulent kinetic energy

production become almost symmetrical from x/h = 5 onwards, about the center point of
the two shear layers, while both decreasing with distance downstream.

As far as the influence of the Reynolds number to the turbulence production is con-
cerned, it is evident from Figures 5.9(b) and 5.9(d) that turbulence production is higher
for Re = 104, particularly in the first two streamwise locations examined. This pecu-
liar production structure was observed in both free shear layers, up to x/h = 3. That
means that the rate at which energy is transferred from the mean flow to turbulent fluc-
tuations is higher at the lower Re. The lower rate of energy transfer at larger Re can be
attributed to the lower fluid viscosity, which in turn results in the delay of the loss of en-
ergy from the mean flow. Besides, the same trend was also detected in the results of the
turbulent kinetic energy, where the highest peak values at the recirculation regions were
obtained at the lower Re. Beyond that spot the turbulence production appears to be higher
at Re = 4×104, until the point where both curves match each other precisely, at x/h = 5
downstream of the step. In the vicinity of the walls, a rapid decrease of −u′υ ′ and ∂U

∂y is
noticeable, resulting in a zero turbulence production for both Re used, as expected.
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(a) Production term at X = 1h for M3, M5 and W5.
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(b) Production term at X = 1h for Re 10000 and
40000.
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(c) Production term at X = 2h for M3, M5 and W5.
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(d) Production term at X = 2h for Re 10000 and
40000.
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(e) Production term at X = 5h for M3, M5 and W5.
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(f) Production term at X = 5h for Re 10000 and
40000.

FIGURE 5.9: The Production term for three different numerical schemes and two Reynolds
numbers at (a),(b) X = 1h, (c),(d) X = 2h and (e),(f) X = 5h downstream of the expansion along
the Y - axis.
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Dissipation Term
The dissipation term contributes negatively to the turbulent kinetic energy budget,

behaving in similar way as the convection term discussed above. It represents decay of
turbulence and for that reason is preceded by a negative sign. The dissipation term in the
Reynolds transport equation is denoted by:

εi j =−2ν∂kui∂ku j

The turbulent kinetic energy transport equation is obtained after dividing the Reynolds
transport equation by 2 and inserting the variable k = 1

2

〈
u
′
iu
′
i

〉
to the former equation.

In that case the quantity ε =−ν∂kui∂kui =−ν |∇u|2 is formed, which represents the rate
of dissipation of turbulent kinetic energy. It is the rate at which viscous stresses perform
deformation work against the fluctuating strain rate. Unlike the dissipation term in the
energy equation for the mean flow (which is negligible compared to the other energy
budget terms), here it is essential to the dynamics of turbulence and cannot normally be
neglected.

Dissipation appears to be more intense in region where turbulence production is higher.
Particularly, it peaks on the high-speed sides of the two free shear layers for several step
heights downstream of the expansion. These places are off the turbulent wake centerline,
as shown in Figure 5.10. Its magnitude seems to decrease with downstream distance, re-
sponding well to the decrease of the production term, while at the same it turns out to
be a significant consuming term near the top and bottom wall of the channel. In near
wall regions, where the total production rate is small, dissipation is the dominant term. In
these regions the ratio of dissipation to production (EK/PK) found to be approximately
1.9 at x/h = 5 downstream of the step, which is higher than that addressed in previous
studies on the backward-facing step flow. This discrepancy is mainly attributed to the low
grid resolution achieved near the walls at the lateral direction. In the regions of the two
shear layers the contribution of dissipation to the energy budget found to be significant
and of about the same magnitude as the convection term. Besides, the lateral dissipation

term −ν

((
∂u′

∂y

)2
+
(

∂υ
′

∂y

)2
+
(

∂w′

∂y

)2
)

detected to be the most dominant throughout the

sudden expansion domain, with the streamwise and spanwise terms being approximately
one order of magnitude lower than the lateral one.

Table 5.1 shows the ratio of dissipation term to production term for three different
numerical schemes at two streamwise locations x/h = 1 and x/h = 2. Note that the results
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presented refer to the two free shear lines extended downstream of the step edges. The
first one corresponds to the side of the channel where the shorter reattachment is present
(upper wall), whereas the second one to the side of the channel with the larger vortex
(lower wall).

TABLE 5.1: Ratio of dissipation term to production term at two streamwise locations down-
stream of the channel expansion calculated for three high-resolution schemes.

x/h = 1 M3 (ε , EK/PK) M5 (ε , EK/PK) W5 (ε , EK/PK)

Region 1 −13.3, 0.3 −13.2, 0.39 −11.62, 0.39

Region 2 −9.24, 0.48 −9.89, 0.38 −9.19, 0.36

x/h = 2 M3 (ε , EK/PK) M5 (ε , EK/PK) W5 (ε , EK/PK)

Region 1 −9, 0.32 −11, 0.65 −8.41, 0.45

Region 2 −6.81, 0.35 −7.77, 0.36 −7.36, 0.31

It is evident that the magnitude of the dissipation term is negative in all flow regions
examined, with that closer to the shorter recirculation zone being slightly higher than that
in the region of the larger reattachment. Furthermore, at x/h = 1 the ratio of the dissi-
pation to the production term found to be in the range of 0.3 to 0.4 and 0.36 to 0.48 for
region 1 and region 2, respectively. The corresponding ratio at x/h = 2 extends from 0.32
to 0.65 and from 0.31 to 0.36 for the same regions under investigation. Further down-
stream its magnitude appears to be relatively small in the regions of the shear layers as
well as in locations near the reattachment. On the other hand, very close to the upper and
lower wall the viscous term, EK, grows rapidly, with their value at the wall being approxi-
mately 30% higher than the peak production in the shear layers. This last observation is in
very good agreement with the DNS results presented in [73], where the dissipation term
close to the wall found to be about 40% higher than the maximum value of production in
the shear layer of a flow over a backward-facing step.

It should be also noted that the dissipation curves for the three high-resolution schemes
match reasonably well with each other, with the maximum absolute value in the region
of the shorter reattachment being slightly higher for M5, as shown in Figure 5.10. It
turns out that dissipation is a significant term in the energy transport budget. The peak
EK is approximately 40% of the production peak, which means that the commonly used
assumption leading to eddy viscosity models, that the production is balanced with dissi-
pation, is not likely in separated and suddenly expanded flows (in the recirculation regions
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dissipation is much lower than production).
As far as the influence of the Reynolds number to the dissipation term is concerned,

it can be said that no significant difference was detected for the two Re. As shown in
Figure 5.10, the peak dissipation, in the separated shear layers of the sudden expansion
domain, takes place at y/h ' 0.15 and y/h ' 1.15 immediately after the step at x/h = 1
for both Re. Further downstream (at x/h = 2) the peak values were shifted toward the
upper wall, following the fluid flow pattern as it bends upward. As the flow moves in the
streamwise direction the near wall dissipation becomes larger at higher Re, while its peak
values at the shear layers gradually decrease, as expected. Thus, the dissipation seems
to be the same throughout the sudden expansion domain for the two Reynolds numbers
under investigation, except for the near wall regions where its magnitude appears to be
higher for Re = 4×104.

The most important feature revealed in the study of the dissipation term between Re =
104 and Re = 4×104 is the ratio of the production to dissipation term. This found to be
closer to experimental and numerical data for the latter Re. In that case, the peak EK is
approximately 64% and 62% of the production peak at x/h = 1 and x/h = 2, respectively.
For a backward-facing step flow, Le et al. [73] found that in the recirculation region
the peak dissipation is about 60% of the production peak, having their maxima at the
same point in the free shear layer. Kasagi et al. [65] showed that the maximum value
of dissipation is approximately 61% of the production peak at x/h = 1 downstream of
the expansion. Prior to reattachment point, at x/h = 4, they found that the ratio of the
dissipation to the production term increases and approaches the value of Ek/Pk ' 0.7. It
is then obvious that the results obtained at Re = 4×104 (in terms of the dissipation rate)
are in excellent agreement with the aforementioned studies as far as the ratio of EK/PK is
concerned. Nevertheless, the contribution of dissipation term to the energy budget found
to be substantial for both Reynolds numbers.
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(a) Dissipation term at X = 1h for M3, M5 and W5.
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(b) Dissipation term at X = 1h for Re 10000 and
40000.
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(c) Dissipation term at X = 2h for M3, M5 and W5.
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(d) Dissipation term at X = 2h for Re 10000 and
40000.
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(e) Dissipation term at X = 5h for M3, M5 and W5.
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(f) Dissipation term at X = 5h for Re 10000 and
40000.

FIGURE 5.10: The Dissipation term for three different numerical schemes and two Reynolds
numbers at (a),(b) X = 1h, (c),(d) X = 2h and (e),(f) X = 5h downstream of the expansion along
the Y - axis.
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Pressure Diffusion Term
The velocity-pressure gradient term calculated by Equation (5.10) is represented in

Figure 5.11. As previously stated, in most experimental studies found in the literature,
pressure diffusion term has either been neglected or extracted by difference, having cal-
culated the rest of the turbulent kinetic energy budget terms. This implies that it is not a
directly measurable quantity and it cannot be calculated from hot-wire or PIV data. Thus,
comparisons of the ILES results with other experimental data cannot be generally made as
the error encountered in such calculations is considered very high. Kasagi et al. [65] did
not include pressure diffusion term in their calculations. It was instead assumed as small
compared to the other terms and finally the dissipation term was estimated as the residual.
The pressure diffusion term was also neglected in the estimation of the dissipation term
in the experimental study of Panchapakesan et al. [91].

Contrary to the above studies, in the present case the pressure diffusion found to be
comparable to the rest of the turbulent kinetic energy terms as shown in Figure 5.11.
This observation agrees well with the results of Sideridis et al. [105] who addressed that
although pressure-correlation term is lower than the other terms in the energy budget,
its magnitude cannot be considered as negligible. Besides, Le et al. [73] found that
the pressure diffusion is very significant in the near wall region where it balances the
turbulence transport and dissipation terms. In their experimental measurements Liu et
al. [77] though not calculating the pressure diffusion term directly (it was inferred from
the forced balance of the turbulent kinetic energy equation), they stated that it is not
negligible, as it facilitates energy transfer from the shear layers of the wake to the outer
region.

The pressure-velocity gradient found to be significant in the regions−0.8≤ y/h≤ 0.5
and 0.9≤ y/h≤ 2. It seems that pressure diffusion redistributes energy, by spreading the
Reynolds stresses in space. More specific, it seems to transport turbulence away from the
two shear layers (regions with high mean strain), where it is produced, and toward those
locations with very low production rate (like the outer edges of the shear layers and the
centerline of the high velocity core). Furthermore, pressure diffusion found to predomi-
nate near the upper and lower wall of the channel. This last feature of the flow is consistent
with its inhomogeneous nature. It should also be noted that pressure diffusion responds to
the lateral gradient in turbulent kinetic energy associated with newly-generated turbulence
resulting from the production term.

In all streamwise locations M5 seems to agree reasonably well with W5, whereas M3
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found to deviate from its counterparts especially in the region of the shorter recirculation
zone, at x/h = 2. At this specific location the pressure diffusion term takes both positive
and negative values near the top and bottom wall, as well as near the free shear layer
areas. This feature is prominent in all high-resolution schemes examined in the present
study. Further downstream, at x/h = 5, pressure diffusion is more dominant at the near
wall regions, having almost zero magnitude at the centerline of the channel. This is rea-
sonable, as in the latter region the production term is well balanced by the dissipation and
convection terms, whereas at the former regions pressure-velocity gradient balances the
dissipation and the viscous diffusion terms (they are different in magnitude).

In the free shear layer close to the bottom wall (at x/h = 1) the lower Re seems to
exhibit larger peak values of pressure diffusion, with its absolute value being almost 2
times higher than that of the higher Re under investigation. At x/h = 2 pressure-velocity
correlation term seems to have a major contribution to the energy budget, especially at
the near wall region of the shorter reattachment. Thus, a significant amount of energy
is transferred from the shear layer region where turbulence production is high to regions
where production rate is relatively lower. This phenomenon has been observed in both
Reynolds numbers, indicating that the influence of Re number on the pressure diffusion
term at this streamwise location is not great (considering the fact that the magnitude of
the higher Reynolds number is 4 times larger than that of the lower one, with the cor-
responding flow viscosity values being 3.74× 10−3 and 9.35× 10−4 for Re = 104 and
Re = 4× 104, respectively). At x/h = 5, and particularly in the recirculation and shear
layer regions, its magnitude found to be comparatively smaller than production and dissi-
pation rate, however closer to the upper wall pressure diffusion is a considerable transport
term in the TKE budget.



5.3 TURBULENT KINETIC ENERGY BUDGET 167

y / h

Π
k

/(
U

b3
/h

)
x

10
3

-1 -0.5 0 0.5 1 1.5 2
-40

-30

-20

-10

0

10

20

30

40 3rd order MUSCL
5th order MUSCL
5th order WENO

Re = 104

Medium Grid

(a) Pressure Diffusion term at X = 1h for M3, M5
and W5.
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(b) Pressure Diffusion term at X = 1h for Re 10000
and 40000.
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(c) Pressure Diffusion term at X = 2h for M3, M5
and W5.
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(d) Pressure Diffusion term at X = 2h for Re 10000
and 40000.
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(e) Pressure Diffusion term at X = 5h for M3, M5
and W5.
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(f) Pressure Diffusion term at X = 5h for Re 10000
and 40000.

FIGURE 5.11: The Pressure Diffusion term for three different numerical schemes and two
Reynolds numbers at (a),(b) X = 1h, (c),(d) X = 2h and (e),(f) X = 5h downstream of the expansion
along the Y - axis.
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Turbulent Diffusion Term
The profile shape of turbulent diffusion term is similar to that of the pressure-velocity

correlation component, as shown in Figure 5.13. Both terms are responsible for transfer-
ring energy from higher to lower turbulence regions, and particularly from the free shear
layers to the near-wall region, as well as to the centerline of the high velocity core flow.
Transport peaks on the high-speed sides of the two free shear lines and decreases to zero
on the wall. It is also zero on both sides of the separated shear layers. For example,
at x/h = 2 turbulent diffusion term seems to decrease to zero at y/h ' 0.01,0.35 and at
y/h = 1.01,1.35 located close to the longer and shorter reattachment region, respectively.
The peaks detected near the upper wall are generally higher than that on the lower wall.
Similar flow behaviour was also observed at x/h = 1 immediately downstream of the ex-
pansion, as well as at x/h = 5 at lower intense level though. It is thus evident that turbulent
diffusion moves turbulent kinetic energy from high production rate regions towards the
wall, the outer region and the centerline of the channel.

The lateral diffusion term − ∂

∂y
1
2

(
υ
′u′2 +υ

′3 +υ
′w′2
)

found to be the dominant diffu-
sion mechanism in the calculations, being approximately two times larger than the stream-
wise turbulent diffusion term− ∂

∂x
1
2

(
u′3 +u′υ ′2 +u′w′2

)
throughout the sudden expansion

domain. The spanwise transport component appears to be approximately one order of
magnitude lesser than the lateral diffusion term, as shown in Figure 5.12.
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FIGURE 5.12: Streamwise, lateral and spanwise turbulent diffusion terms at x/h = 2 for the
M5 scheme.
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This observation is in excellent agreement with the results presented by Sideridis et
al. ([105], 2010). In their study only the streamwise and lateral transport components
were experimentally examined, with the lateral diffusion being the most dominant of the
two, due to the lateral differentiation of the triple products. Furthermore, Liu and Thomas
([77], 2004) found that for a zero-pressure gradient turbulent wake the dominant diffusion
mechanism is the lateral one, demonstrating that the streamwise turbulent diffusion is
negligible compared to its counterpart.

Since the streamwise and spanwise transport terms are not so significant, and the
major term that contributes to the turbulent diffusion is the lateral component, we expect
that the cross-stream integration should give the following:

∫
∞

−∞

[
− ∂

∂y
1
2
(
υ
′u′2 +υ

′3 +υ
′w′2
)]

dy = 0 (5.13)

In order to evaluate the accuracy of the calculation of the lateral diffusion term, a nu-
merical integration of its profile, as well as of the total turbulent diffusion profile shown
in Figure 5.12 was carried out across the wall-normal direction, and the result was in-
deed found to be zero in both cases (' 10−20 and ' 2.5×10−17 for the lateral and total
turbulent diffusion term, respectively).

The wall-normal distribution of turbulent diffusion profiles obtained at three stream-
wise locations downstream of the step channel, are shown in Figure 5.13. All the numeri-
cal schemes used, seems to be in a very good agreement with each other. Considering also
the fact that the measurement of turbulent diffusion term presupposes the calculation of
the triple correlation terms, u′lu

′
lu
′
k, which are very sensitive to small errors might present

in the calculation of the fluctuating velocities, this makes the present findings even more
remarkable. The transport mechanism found to be more significant in the region of the
shorter recirculation zone, at x/h = 2, with the ratio of the turbulent diffusion term to the
production term, T K/PK, being approximately 0.30, 0.47 and 0.41 for the M3, M5 and
W5, correspondingly. It should also be noted that these values are in a very good agree-
ment with those documented in the literature for a backward-facing step flow ([65, 73]).

The influence of the Reynolds number on the turbulent diffusion term is not significant
in most parts of the sudden expansion domain. A discernible discord was found at x/h =
1, in the region where the free shear layer emanates from the step edge of the lower wall
upstream of the expansion. In that specific location, the peak turbulent diffusion profile
at Re = 104 appears to be considerably lower than that at Re = 4× 104. This can be



5.3 TURBULENT KINETIC ENERGY BUDGET 170

explained by the fact that both streamwise normal velocity, u′u′ , and its triple correlation
term, u′u′u′ , found to exhibit larger magnitudes with increasing Re. Further downstream,
at x/h = 5, all the above effects and properties seem to weaken, with the transport term
having lower peak values in the free shear layer regions.
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(a) Turbulent Diffusion term at X = 1h for M3, M5
and W5.
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(b) Turbulent Diffusion term at X = 1h for Re 10000
and 40000.
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(c) Turbulent Diffusion term at X = 2h for M3, M5
and W5.

y / h

T
k

/(
U

b3
/h

)
x

10
3

-1 -0.5 0 0.5 1 1.5 2
-30

-20

-10

0

10

20

30 Re 104

Re 4 x 104

Medium Grid

MUSCL 5th LMNT

(d) Turbulent Diffusion term at X = 2h for Re 10000
and 40000.
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(e) Turbulent Diffusion term at X = 5h for M3, M5
and W5.
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(f) Turbulent Diffusion term at X = 5h for Re 10000
and 40000.

FIGURE 5.13: The Turbulent Diffusion term for three different numerical schemes and two
Reynolds numbers at (a),(b) X = 1h, (c),(d) X = 2h and (e),(f) X = 5h downstream of the expansion
along the Y - axis.
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Viscous Diffusion Term
The last term in the turbulent kinetic energy transport equation (see Equation (5.2))

accounts for the viscous diffusion. As previously mentioned, viscous diffusion is a domi-
nant term in the near-wall regions, balancing mainly the turbulence dissipation term which
in turn contributes negatively to the energy budget. On the other hand, in regions of high
turbulence production rate, it becomes considerably small compared to the other energy
budget terms. However, as shown in Figure 5.14, at x/h = 1 viscous diffusion term cannot
be considered as negligible, as its magnitude is much greater than zero. This last indicates
that viscous diffusion in conjunction with turbulent and pressure diffusion terms plays a
significant role in the redistribution of turbulent kinetic energy in separated and suddenly
expanded flows.

Further downstream, at the location where the measurement line crosses the shorter
recirculation zone, the viscous diffusion term turns out to be approximately zero in the
shear layer regions of the flow. Note that the scatter of the data for the viscous diffusion
term at x/h = 2 is likely either due to insufficient period for the time-averaging or due to
large truncation error stemmed from the finite difference scheme that is used to calculate
the second spatial derivative of the stresses ∂ 2u′u′

∂X2
k

. Generally, in this streamwise location,
and even further beyond that point, molecular diffusion is about an order of magnitude
smaller than any other term across the entire layer except near the upper and lower walls
of the main channel, where it becomes a significant producing term. It is also important
to point out that all terms decay with streamwise distance x except near the wall, where
both viscous diffusion and viscous dissipation are rapidly increased, while at the same
time balanced each other.

The viscous diffusion profiles across the wall-normal direction for the three high-
resolution schemes used, are represented in Figure 5.14. It is evident that all numerical
schemes agree reasonably well with each other, with W5 being slightly lower in the near-
wall regions than its counterparts. As far as the Reynolds numbers are concerned, it can
be said that in the regions of the free shear layers both viscous diffusion profiles seems
to match each other satisfactorily. However, close to the top and bottom wall higher peak
values found for Re = 4×104.
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(a) Viscous Diffusion term at X = 1h for M3, M5 and
W5.
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(b) Viscous Diffusion term at X = 1h for Re 10000
and 40000.
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(c) Viscous Diffusion term at X = 2h for M3, M5 and
W5.
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(d) Viscous Diffusion term at X = 2h for Re 10000
and 40000.
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(e) Viscous Diffusion term at X = 5h for M3, M5 and
W5.
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(f) Viscous Diffusion term at X = 5h for Re 10000
and 40000.

FIGURE 5.14: The Viscous Diffusion term for three different numerical schemes and two
Reynolds numbers at (a),(b) X = 1h, (c),(d) X = 2h and (e),(f) X = 5h downstream of the expansion
along the Y - axis.
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5.4 Summary

In this chapter, a comprehensive study on the budgets of the turbulent kinetic energy for
an incompressible flow was conducted. The influence of the channel expansion on the
energy budgets was investigated, while two different Re and three high-resolution high-
order schemes were employed aiming at shedding some light on the physics of turbulence
in suddenly-expanded flows. The six terms of the energy budget (i.e., convection, pro-
duction, dissipation, turbulent diffusion, velocity-pressure correlation, viscous diffusion)
were thoroughly examined, and its derivatives were approximated by means of a first- and
second-order central difference approach, applied on the entire computational domain.

Results revealed that the production term is the most dominant term at the high-
velocity core flow and the shear layer regions. The peak production rate is approximately
two times larger than the dissipation and convection term. The normal production term
was not included in the calculations of the total turbulence production, as its magnitude
was significantly lower than that of the shear production (i.e., the flow is shear dominated).
The same feature was addressed in [77] for a symmetric turbulent planar wake flow. It
was also found that the derivative of the transverse velocity with respect to the stream-
wise distance x is negligible compared to the rate of change of the streamwise velocity
with respect to y. However, both terms was used for the calculation of the turbulence
production.

The dissipation and convection terms contribute negatively to the turbulent kinetic
energy budget almost everywhere in the flow field. As far as the convection term is con-
cerned, it can be said that the streamwise convection, CKstr, is the most dominant term in
the region of the shorter recirculation zone, where the streamwise velocity contribution is
significant. The lateral convection, CKlat , dominates along the region of the larger vor-
tex, where the rate of change of the velocity with respect to the wall-normal direction is
very high. Dissipation is significant in the flow regions where turbulence production is
large (i.e., close to the shear layers formed downstream of the step edges of the channel).
Note that the lateral dissipation term is approximately one order of magnitude higher than
its counterparts. However, all the dissipation terms were included in the calculations,
as the elimination of one or both the other two terms would have introduced significant
numerical errors).

The turbulent diffusion term, as well as, the pressure-velocity correlations redistribute
energy from the free shear layers to both the outer regions toward the upper and lower wall
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and the centerline of the channel. As far as the turbulent diffusion is concerned, transport
peaks on the high-speed sides of the two free shear lines and decreases to zero on the wall.
The lateral diffusion term is the most dominant diffusion mechanism with its maximum
magnitude being about two times larger than the streamwise turbulent diffusion. Note
also that the spanwise turbulent diffusion is about one order of magnitude lesser than its
lateral counterpart. The velocity-pressure gradient is significant in the shear layer regions.
It is important to note that pressure-velocity correlations have a major contribution to the
energy budget in the near wall region of the shorter recirculation zone. Thus, a significant
amount of energy is transferred from the shear layer regions where turbulence production
is very high to regions where production rate is relatively lower. It was also observed that
close to the upper wall of the channel, the pressure diffusion is a considerable transport
term in the TKE budget.

Viscous diffusion is a dominant term in the near-wall regions, balancing mainly the
turbulence dissipation term, which in turn contributes negatively to the energy budget.
On the other hand, in regions of high turbulence production rate, it becomes considerably
small compared to the other energy budget terms. However, close to the channel step (i.e.,
at x/h = 1) viscous diffusion term cannot be considered as negligible, as its magnitude is
much greater than zero. This indicates that viscous diffusion in conjunction with turbu-
lent and pressure diffusion terms plays a significant role in the redistribution of turbulent
kinetic energy in separated and suddenly expanded flows.



6
Compressibility Effects

6.1 Introduction

In this chapter, a numerical simulation study is performed in order to investigate the in-
fluence of compressibility on a turbulent channel flow with sudden expansion. The ILES
method is used for simulating the compressible flow at Re = 10000 (based on the refer-
ence density ρre f , the step height of the channel h, and the inlet bulk velocity Ub) over
a planar sudden expansion configuration. The simulations were conducted by using a
5th-order MUSCL scheme proposed by Kim and Kim [67], in conjunction with LMNT
introduced by Thornber et al. [117]. The role of compressibility in the subsonic/transonic
flow regime is studied by simulating the flow at different Mach numbers (M = 0.1 and
M = 0.8). The main aim here is to shed some insight on modifications to separated and
reattached flow behaviour. For this purpose, the mean flow, the Reynolds stresses and the
turbulent kinetic energy are analysed. Moreover, the wall-pressure and the skin-friction
coefficients along the top and bottom wall of the channel are measured, to determine the
reattachment lengths of the primary and secondary vortices. Finally, calculations of the
turbulent kinetic energy budget are carried out in order to examine the behaviour of the

176
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shear layers (separation, growth rate and reattachment).
To the best of the author’s knowledge, neither experimental nor numerical studies for

compressible flow over the sudden expansion geometry have been undertaken in the past.
Previous studies on separated and suddenly-expanded flows were mainly focused on the
incompressible regime. Some of those studies related to the backward-facing step and
sudden expansion configuration were addressed in Chapter 1. In the present study the
same geometry as that used in preceding sections to investigate the turbulence behaviour
of a flow over a planar sudden expansion at low Mach number (M = 0.1) is utilised. Note
that the ratio of the main channel length to the inlet channel length is 3 (ER = D/d = 3),
whereas the aspect ratio is 5 (AR = w/h = 5). The streamwise length (L) is 84h including
an inlet section Li = 4h, where the step height h is taken as 1. Moreover, the total height
in the y-direction is 3h, while the spanwise extent is taken to be 5h. The co-ordinate
system along with the geometric characteristics of the sudden expansion geometry are
represented in Figure 4.1. This chapter is organised as follows: In Section 6.2, a grid con-
vergence study is performed in order to validate the numerical methodology used in the
simulations. The flow physics and the flow topology are discussed in Section 6.3, by cal-
culating the turbulent kinetic energy budget in several streamwise locations downstream
of the expansion. Finally, the most important findings of this study are summarised in
Section 6.4.

6.2 Convergence Study

The purpose of this section is to validate the numerical method used in the simulations by
means of three different grid meshes. The total number of grid points, the spatial incre-
ments in the three directions (x, y, z), as well as the grid-clustering approach employed in
the present study were discussed in Chapter 4. The total number of blocks used to run the
simulations in parallel mode were 13, 30 and 60 for the coarse (grid 1), medium (grid 2)
and fine grid (grid 3), respectively.

For all the grid meshes under investigation, the ratio of the distance of a wavelike
disturbance that travels in a time step to the grid size (CFL number) is taken equal to
1. This leads to an average time step ∆t1 ' 3.42 · 10−5, ∆t2 ' 2.27 · 10−5 and ∆t3 '
2.24 · 10−5 for grid 1, grid 2 and grid 3, respectively. Note, however, that in all the
simulations conducted in this study the computational time per time step is not uniform
(its values are very close to the average time step described above for the three different
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grids under study, though). The time required for a fluid particle to pass through the whole
computational domain, is given by L/U∞, where U∞ is the reference flow velocity and L

is the total length of the channel (including the inlet domain). The reference velocity is
given by the following relation:

Ure f = Ma

√
Pre f γ

ρre f
= 0.8

√
105×1.4

1
' 299.3

m
s

(6.1)

Thus, the non-dimensional time that is needed for the flow to traverse the physical domain
is

t =
L

Ure f
=

84
299.3

' 0.28

It is also important to mention that the inlet conditions for the calculations of a com-
pressible flow, in terms of the density and pressure, were different compared to those for
an incompressible flow discussed in Chapter 4. Thus, the isentropic relations were taken
into account for a flow at M = 0.8. According to them, the total-to-static ratios of density
and pressure can be written as follows.

ρ0

ρ
=
(

1+
γ−1

2
M2
)1/(γ−1)

= 1.351

p0

p
=
(

1+
γ−1

2
M2
)γ/(γ−1)

= 1.524

The corresponding energy equation is given by:

E0 =
p0

γ−1
+

1
2

ρ0
(
u2

0 +υ
2
0 +w2

0
)

The simulation is run for approximately 15 flow-trough-times (i.e.,' 4.2 non-dimensional
time) to reach a statistically steady state. The mean and fluctuating flow properties are
then computed for over 15 more flow-through times, and finally another 10 flow-through
times are used to compute the higher-order statistics (turbulent kinetic energy, skewness,
kurtosis).

The size of the mean reattachment vortices in the near wall regions of the channel is
used as a key measure for determining the accuracy of the sudden-expansion calculations.
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This parameter has been used in several studies dealing with separated and suddenly-
expanded flows so as to validate the numerical approach to the problem. A comprehensive
discussion on the reattachment lengths of these particular flows, found in the literature,
was addressed in Chapter 4. The size of the recirculation area is characterised by the
reattachment length, xR. The reattachment length is defined as the distance from the wall
(either the top or bottom wall of the channel, where recirculation vortices are formed) to
the point where the wall shear stress or the velocity gradient with respect to the transverse
direction are zero (τw = 0 or dU/dy = 0). The reattachment point can be easily identified
by means of the derivative dU/dy, which is defined as the change of the velocity in the
streamwise direction with respect to y at the wall. At the wall, separated flow will give a
negative dU/dy, whereas reattached flow has a positive dU/dy value. The location where
the derivative is zero defines the reattachment point of the flow.

The streamlines of the time-averaged flow field inside the sudden expansion configu-
ration for the three different grids are shown in Figure 6.1. It is noteworthy the fact that in
all the three cases the flow appeared to bend upwards forming two recirculation areas of
unequal size length in the near-wall region, with the shorter reattachment being close to
the top wall and the larger one close to the bottom wall of the channel. The high-velocity
core flow emanating from the step, keeps its trajectory several step heights downstream
before impinging to the upper wall of the channel, changing that way direction and ve-
locity magnitude (i.e., the streamwise velocity magnitude gradually decreases from the
free-stream value as the flow approaches the upper wall).

However, it can be said that the reattachment lengths of the primary and secondary
vortices are different among the three grid meshes used in the present study. It is evident
that the size of the shorter reattachment decreases in length with increasing grid reso-
lution. The opposite trend is observed for the larger recirculation zone, where its size
increases with increasing grid resolution. This last observation is also ascertained by the
evaluation of the locations where the mean streamwise velocity component 〈U〉 changes
sign. The results of the mean positions of primary separation (L1 and L2) and secondary
reattachment (L3 and L4) are presented in Table 6.1. As there is no experimental data to
compare with, the sizes of the recirculation zones are compared against those addressed in
Chapter 4 for an incompressible turbulent flow at M = 0.1 and Re = 104 (only the results
obtained by the fine grid are presented).

It is evident that the free-stream Mach number has a significant effect on the reattach-
ment locations of the two vortices in the near-wall region. Particularly, the reattachment
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location of the shorter recirculation zone is closer to the step for the lower Mach number.
However, this difference is not so substantial compared with that found for the reattach-
ment length of the larger recirculation vortex between the two test cases. To be more
specific, at M = 0.8 its length appears to be approximately 12.8% and 9.5% larger than
that at M = 0.1 for the numerical and experimental case [17], respectively. The corre-
sponding difference in terms of the length of the shorter reattachment is about 2.6% and
4.6%. The lengths of the secondary vortices are of about the same order of the step height
h. In Section 6.3, the physical origin of the variation in reattachment length with Mach
number will be addressed.
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FIGURE 6.1: Streamlines of the mean flow at the center plane of the channel (z/h = 2.5) for
three different grid meshes at Re = 104 and M = 0.8.
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TABLE 6.1: Reattachment lengths of three different grid meshes at M = 0.8 and Re = 104 for
the 5th-order MUSCL scheme.

Grid L1/h L2/h L3/h L4/h

Coarse 4.12 13.06 1.25 1.08

Medium 3.93 13.16 0.88 1.01

Fine 3.51 15.88 0.79 0.98

ILES - (M = 0.1) 3.42 13.85 0.51 0.93

The mean streamwise and transverse velocities at three different wall-normal locations
along the x−direction are shown in Figure 6.2. In the region of the shorter reattachment,
at y/h = 1.5, all the three grids agree reasonably well with each other. There is only
a small difference in grid 1, where the mean velocity profile (in both cases) is slightly
shifted downstream. This last observation can be explained by the fact that the reattach-
ment length of the shorter recirculation zone for grid 1 is larger compared to its counter-
parts, resulting in the reduction of the growth rate of the shear layer (see Table 6.1). In
the high-velocity core flow region at the centerline of the channel, the mean flow is well
resolved even with the lowest grid resolution. The curves of the mean velocity profiles
match very well with each other, which indicates that the solution in that specific region
has been successfully converged. The magnitude of the streamwise velocity component at
M = 0.8 is, in general, higher than that found at a lower Mach number. The physical dif-
ference between the two Mach numbers under investigation is obviously compressibility.
This argument is further supported in Figure 6.3, where the Favre averaged velocities for
different Mach numbers are plotted. It can be said, therefore, that as the Mach number in-
creases the averaged flow quantities can be significantly altered for the sudden expansion
geometry.

The mean velocity profiles in the region of the larger recirculation zone (y/h =−0.5)
are in fair agreement with each other. The maximum absolute value of the streamwise
velocity at x/h ' 6 is approximately the same among the three grid meshes (|Umax| '
0.25). However, a moderate discrepancy is observed between grid 3 and its counterparts
close to the reattachment location and beyond that point, as the magnitude of the backflow
for grid 3 remains high for a larger downstream distance.
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FIGURE 6.2: Time-averaged streamwise and transverse velocities along the x-axis (xy-plane)
at Re = 104 and M = 0.8.

The magnitude of the wall-normal velocity is negative immediately after the step, and
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close to the upstream wall in the streamwise range x/h' 0−1. Further downstream, the
mean transverse velocity takes values around zero, indicating that there is no significant
vertical variation in the region of the larger reattachment.
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FIGURE 6.3: Time-averaged streamwise and wall-normal velocity profiles for two different
flow regimes (M = 0.1 and M = 0.8) at y/h = 0.5 (centerline) using M5.

The rms velocity fluctuations (axial, u
′
, and transverse, υ

′
) measured in three different

locations in the xy-plane, are provided in Figure 6.4. It is known that in turbulent shear
flows the second-order turbulent statistics are harder to predict than the averaged flow
quantities (first-order statistics). For this reason, the numerical simulations were run for a
reasonable amount of time so as for the flow to reach a statistically steady state.

The results indicate that the mean flow is well resolved, as grid 2 is, in general, closer
to grid 3 than to grid 1. It is observed that the turbulence intensities exhibit a high tur-
bulence level immediately downstream of the expansion. This high-turbulence zone is
caused by the locally high mean-shear-rate in the region of the shear layers originating
from the step. The mean fluctuating velocities, then, take their maximum values in the
regions where the measurement lines cross the shear layers. This last feature is mostly
prominent in the region towards the shorter recirculation zone at approximately 4 step
heights downstream of the step. In these regions the flow exhibits the usual shear-flow
anisotropy, with the streamwise velocity component being considerably larger than the
transverse one.

The flow anisotropy was also observed in Chapter 4 for a turbulent incompressible
flow over the sudden expansion configuration. However, the difference here between the
two fluctuating velocity components is found to be much stronger. The flow anisotropy
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of the mean normal stresses
(〈

u
′
u
′
〉

,
〈

v
′
v
′
〉

,
〈

w
′
w
′
〉)

will be studied in the next section
by means of the Reynolds stress anisotropy, in an attempt to investigate the turbulence
behaviour in the shear-layer regions.

In Figure 6.5, the time-averaged Reynolds shear stress,−
〈

u
′
v
′
〉

, along with the turbu-
lent kinetic energy, k, are shown. In the region of the shorter reattachment the maximum
shear stress magnitude is observed at approximately 3.5h downstream of the step. At this
specific location the turbulent kinetic energy takes its maximum value, which is consis-
tent with the peak values detected there for the fluctuating velocity components u

′
and v

′
,

as shown in Figure 6.4. It is evident that grid 2 is in a very good agreement with grid
3, whereas grid 1 seems to underestimate both mean flow quantities. This last observa-
tion is mainly attributed to the poor mesh resolution provided by grid 1, resulting in the
underprediction of the r.m.s. velocities, which in turn leads to lower magnitudes of the
Reynolds shear stress and turbulent kinetic energy components.

The Reynolds shear stress in the region of the high-velocity core flow and that of the
larger reattachment turns out to be almost identical for the three grids examined. However,
this is not the case for the turbulent kinetic energy, where moderate variations of their peak
intensity in the centerline of the channel at about x/h' 4 were observed. Here again, grid
2 is much closer to grid 3 than to grid 1, which indicates that the solution is successfully
converged in that particular measurement line. It is also important to underline that Mach
0.1 has significantly lower turbulent kinetic energy for x/h' 4 compared to M = 0.8. For
example at this location (x/h = 4 and y/h = 0.5) Mach 0.8 has a peak value of ' 0.1,
whereas the peak for Mach 0.1 is only ' 0.06. This is, however, as expected, since the
turbulence intensities are much higher for the larger Mach number.

The contour lines of the shear stress, in Figure 6.6, reveal two large flow regions of
positive and negative

〈
u
′
v
′
〉

in the upper and lower parts of the channel, respectively. The
maximum absolute shear stress is observed in the region of the shorter reattachment close
to the upper wall of the channel and at approximately 3h downstream of the constriction.
On the other hand, turbulent kinetic energy contour lines show two high turbulence areas
in the location of the shear layers immediately after the step. The turbulent kinetic energy
magnitude appeared to be slightly higher across the upper shear layer. The same flow
feature was also observed in Chapter 4 for an incompressible turbulent flow at M = 0.1,
at considerably lower peak values, though. The increase in turbulent kinetic energy with
Mach number, implies that the separated shear layer goes into transition earlier and here-
upon grows faster as the free-stream Mach number is increased.



6.2 CONVERGENCE STUDY 186

x / h

<u
’ >

/U
b

X
10

2

0 4 8 12 16
0

8

16

24

32

40 Coarse Grid
Medium Grid
Fine Grid

Re = 104

MUSCL 5th

(a) U r.m.s. Velocity profile at Y = 1.5h

x / h

<v
’ >

/U
b

X
10

2

0 4 8 12 16
0

8

16

24

32

40 Coarse Grid
Medium Grid
Fine Grid

Re = 104

MUSCL 5th

(b) V r.m.s. Velocity profile at Y = 1.5h

x / h

<u
’ >

/U
b

X
10

2

0 4 8 12 16
0

8

16

24

32

40

Coarse Grid
Medium Grid
Fine Grid

Re = 104

MUSCL 5th

(c) U r.m.s. Velocity profile at Y = 0.5h

x / h

<v
’ >

/U
b

X
10

2

0 4 8 12 16
0

8

16

24

32

40
Coarse Grid
Medium Grid
Fine Grid

Re = 104

MUSCL 5th

(d) V r.m.s. Velocity profile at Y = 0.5h

x / h

<u
’ >

/U
b

X
10

2

0 4 8 12 16
0

8

16

24

32

40 Coarse Grid
Medium Grid
Fine Grid

Re = 104

MUSCL 5th

(e) U r.m.s. Velocity profile at Y = -0.5h

x / h

<v
’ >

/U
b

X
10

2

0 4 8 12 16
0

8

16

24

32

40 Coarse Grid
Medium Grid
Fine Grid

Re = 104

MUSCL 5th

(f) V r.m.s. Velocity profile at Y = -0.5h

FIGURE 6.4: Time-averaged streamwise and transverse r.m.s. velocities along the x-axis (xy-
plane) at Re = 104 and M = 0.8.
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FIGURE 6.5: Time-averaged Reynolds stresses and turbulent kinetic energy along the x-axis
(xy-plane) at Re = 104 and M = 0.8.
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Figure 6.7 shows the averaged wall pressure, CP, and wall skin-friction coefficient,
CF , along the upper and lower part of the wall up to 30 step heights downstream of the
step. It is taken as granted here that the high-velocity core flow originating from the
inlet channel upstream of the step bends upwards, forming two recirculation zones of
different size with the larger one taking place on the bottom wall and the shorter one
on the opposite wall of the channel. These two flow quantities are of great importance
when dealing with separated and reattached flows, as their values can determine the size
of the primary and secondary reattachment lengths along the lower and upper part of
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a sudden expansion geometry. The local wall pressure coefficient primarily decreases
toward a local minimum immediately after the step and beneath the core flow region of
the primary separation zones (i.e., near the location of the maximum backflow on each
wall). Besides, a significant negative value is observed at the upper wall, and particularly
in the range x/h ' 0− 3. Further downstream and on the lower part of the channel the
pressure gradually recovers, reaching a constant value.

On the other hand, along the upper-side wall, the pressure coefficient exhibits a local
maximum and a second local minimum at streamwise positions of about x/h ' 4.5 and
x/h ' 6.5, from the upper step, respectively. Note that the local pressure maximum on
the upper wall almost coincides with the reattachment length of the shorter recirculation
vortex. It can be also said that beyond x/h' 15, the curves collapse, which indicates that
the flow has recovered from the primarily shear layer instability.

As far as the wall-friction coefficient is concerned, the same peculiar behaviour as
that observed at M = 0.1 is evident, confirming further the existence of the two secondary
vortices at the corners of the wall. In the upper-wall region CF exhibits a global maximum
and a global minimum at x/h' 3 and x/h = 5.4, respectively. The most important finding
here is that the position where the wall skin friction coefficient changes sign, (CF = 0),
almost fits in with the reattachment location of the shorter vortex. To be more specific,
the curve corresponding to grid 3 is shifted upstream, crossing the zero line in an earlier
position than its counterparts (grid 2 follows and then grid 1). The reattachment lengths
of the three grids demonstrated in Table 6.1 are in excellent agreement with the lengths
arising from the wall skin-friction calculations. It was also observed that the maximum
absolute value of CF decreases in magnitude with increasing Mach number.
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FIGURE 6.7: Time-averaged pressure and skin friction coefficients along the upper and lower
channel wall at Re = 104 and M = 0.8.

6.3 Flow Physics

Further to the previous discussions about turbulent flow statistics (fluctuating velocities
and turbulent kinetic energy), in this section the evolution of the three normal stresses is
addressed in an attempt to shed some light on the flow structure in the sudden expansion
configuration. As already stated, the flow at the subsonic/transonic flow regime exhibit
significant anisotropic behaviour, with the velocity fluctuations in the streamwise direc-
tion being considerably higher than those in the wall-normal one. Besides, the flow found
to be more anisotropic with increasing Mach number, as the difference in magnitude be-
tween the streamwise and transverse velocity fluctuations is more intense at M = 0.8.
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Calculations of the time-averaged normal stresses, u′u′,v′v′,w′w′, at three measure-
ment lines along the x-axis have been performed, using two different Reynolds numbers,
as shown in Figure 6.8. The normal stresses were computed using the following formula:

〈
ρu
′
iu
′
i

〉
≡ 1

N

N

∑

n = 1

[ρ(ui−ui)2]

where ui = {u, v, w} is the instantaneous velocity vector.
The aim here is twofold: (a) to investigate the potential difference of the normal

stresses in terms of their magnitudes, and (b) to study the influence of Re on the nor-
mal stress profiles inside the recirculation areas. It can be clearly seen that the mean
streamwise normal stress, u′u′, is the largest component for all the measurement positions
examined. However, the streamwise evolution is similar for all the components. In the
region of the shorter vortex, all the stress components increase up to approximately one
step height before the reattachment, while further beyond that point a gradual reduction is
followed, as the shear layer starts to reattach. A rapid decay of the normal stresses takes
place in the recovery region up to x/h ' 8. Further downstream, their values turn out
to be almost constant. In that particular region, u′u′>v′v′>w′w′ for the case of Re = 104,
whereas at Re = 4 ·104 the spanwise normal stress component is slightly higher than the
transverse one with u′u′>w′w′>v′v′.

It is important to underline that the magnitudes of the normal stresses were found
to be larger for the smaller Re under investigation, in all the measurement locations. A
distinctly different evolution of the normal stresses was observed in the centerline of the
channel, where, in both Re, the spanwise stress component turns out to be higher than the
transverse one. The peak values of normal stresses in the high-velocity core flow region
exhibit some significant variation between the two Re, with a percentage difference up to
' 30%.

The structural changes of turbulence in shear flows are often studied by looking into
the Reynolds stress anisotropy. The Reynolds stress anisotropy tensor, bi j, which mea-
sures the departure of u′iu

′
j from isotropy (i.e., the complete lack of any directional pref-

erence), is given by the following expression:

bi j =
Ri j− 2

3kδi j

2k
=

Ri j

2k
− 1

3
δi j =

〈
ρu
′
iu
′
j

〉
〈
ρu′lu

′
l

〉 − 1
3

δi j (6.2)
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where Ri j represents the Reynolds stresses, k is the turbulent kinetic energy, and δi j is the
Kronecker delta given by:

δi j =


1, i f i = j

0, i f i , j

The turbulent kinetic energy can be written as follows:

k =
Rqq

2
=

1
2

〈
ρu
′
lu
′
l

〉
=

1
2

(〈
ρu
′
u
′
〉

+
〈

ρv
′
v
′
〉

+
〈

ρw
′
w
′
〉)

Thus the Reynolds stress anisotropy for the normal stresses can be obtained by:

buu = 〈Ruu〉−2
3 k

2k = ρu′u′

2k −
1
3

bvv = 〈Rvv〉−2
3 k

2k = ρv′v′

2k −
1
3

bww = 〈Rww〉−2
3 k

2k = ρw′w′

2k −
1
3

(6.3)

In Figure 6.9 the normal stress anisotropy at two streamwise locations (x/h = 2 and
x/h = 4), is shown. Note that two different Re were used in order to examine further
the influence of Re on the flow behaviour in the compressible regime. The anisotropy of
wall-normal, v′v′ , and spanwise, w′w′, stresses are larger in the near-wall region of the
larger recirculation zone. On the other hand, the streamwise stress, u′u′ , becomes sig-
nificant in the region close to the wall, in which the shorter reattachment is formed. In
the shear layer regions (i.e., at y/h = 0.2 and y/h = 1.2) the anisotropy in all three stress
components slightly increases with increasing Re. The maximum absolute values in the
backflow region of the shorter recirculation vortex 1.3 < y/h < 1.9 for buu, bvv and bww are
0.17, 0.25 and 0.21, respectively for Re = 104. The corresponding values for Re = 4 ·104

are 0.16, 0.21 and 0.19. Note also that the stress anisotropy tensor takes negative values
almost everywhere in the flow field.
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FIGURE 6.8: Streamwise evolution of mean normal stresses (u′u′,v′v′,w′w′) at three wall-
normal locations: (a),(b),(c) y = 1.5h, (d),(e),(f) y = 0.5h, and (g),(h),(i) y =−0.5h. Comparisons
between Re = 104 and Re = 4 ·104 at M = 0.8 are carried out.
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FIGURE 6.9: Anisotropy of normal stresses at (a),(c) x/h = 2 and (b),(d) x/h = 4 downstream
of the step for two different Reynolds numbers at Mach 0.8.

The difference observed in the growth rate of the normal stresses and correspondingly
in the growth rate of the turbulent kinetic energy can be explained by calculating the
turbulent kinetic energy budget. The transport equation for the turbulent kinetic energy
is derived by applying the Favre decomposition to the convective terms. The aim here
is to reduce the convective terms to the same form as in the incompressible case. The
Reynolds decomposition is applied to all the other terms involved in the turbulent kinetic
energy budget. The resulting equation based on the research study of Huang et al. [57]
for a compressible flow is as follows:

∂k
∂ t

=−Uk
∂k

∂Xk
−ρu′iu

′
k
∂U i

∂Xk
−

∂k′u′k
∂Xk

−ν
∂u′i
∂Xk

∂u′i
∂Xk
−

∂ p′u′i
∂Xi

+ν
∂ 2k
∂X2

k
(6.4)
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where k is the turbulent kinetic energy with k = 1
2ρu′iu

′
i, and k

′
represents the fluctuating

turbulent kinetic energy with k
′
= 1

2ρu
′
iu
′
i . The first term on the right-hand side of the

above equation represents the turbulence convection; the second, energy production; the
third, turbulent diffusion; the fourth, energy dissipation; the fifth, diffusion resulting from
velocity-pressure interaction and the last one the viscous diffusion.

The turbulent kinetic budget terms calculated in three different streamwise locations
along the wall-normal direction, are shown in Figure 6.10. These locations include the
following flow regions: (a) the region immediately after the step at x/h = 1, (b) the re-
circulation region corresponding to the shorter reattachment at x/h = 2, and (c) the recir-
culation region of the shorter reattachment and at the same time the backflow area of the
larger vortex at x/h = 5. Note that all the concerned terms are normalised by the cube of
the inlet bulk velocity over the characteristic length h, and then multiplied by 103. Fur-
thermore, the results presented here were obtained using the 5th-order MUSCL scheme at
Re = 4 ·104 and M = 0.8.

It can be said that at one step height downstream of the step the two most domi-
nant terms in the energy budget are the turbulence production and the energy dissipation
terms. The peak values of the aforementioned terms are found to be about the location
of the two shear layer regions emanated from the step edges of the upstream channel.
Considerable distribution to the energy budget is added by the turbulent diffusion and
velocity-pressure correlation terms, especially away from the shear layers and towards
the channel walls. Moreover, in the near-wall regions where the turbulence production
is negligible, the energy dissipation term seems to be balanced by the viscous diffusion.
Finally, the turbulence convection term contributes negatively to the energy budget. It is
evident that the turbulence production, the turbulence convection along with the velocity-
pressure interaction decrease in magnitude with increasing downstream distance. On the
other hand, energy dissipation, viscous diffusion and turbulent diffusion increase with
downstream distance. It is also important to underline that close to the reattachment loca-
tion, the turbulence convection starts to contribute positively to the energy budget. This
last phenomenon was also observed at the lower Mach number (M = 0.1). However, in
the incompressible flow regime this last feature is not so prominent as, in general, the con-
vection term remains negative throughout the computational domain. Most of the above
flow properties and effects seem to attenuate with distance, as the magnitudes of the en-
ergy budget terms reduce considerably. Nevertheless, at x/h = 5 the energy dissipation
and the viscous diffusion terms increase in magnitude close to the top and bottom wall of
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the channel, as shown in Figure 6.10(c).
A more comprehensive study of each individual energy budget component is presented

below, for two different flow regimes (M = 0.1 and M = 0.8) at Re = 4 ·104. Note that all
the calculations here were performed on grid 2, as the difference between grid 2 and grid
3 in terms of the mean flow statistics is not significant (the grid convergence study for the
case of Re = 4 ·104 is addressed in Appendix B).

The profiles of turbulent convection and production in three different downstream lo-
cations are presented in Figure 6.11. It can be clearly seen that the production increases
with increase in Mach number up to x/h = 2. At x/h = 5 both cases M = 0.1 and M = 0.8
have similar profiles with their values being considerably lower than those detected close
to the channel step. As the shear layers impinge on the top and bottom wall in the reattach-
ment region, the swirly structures break up, resulting that way in the decrease of turbulent
production. It is also evident that the rate at which turbulent production decreases at
M = 0.8 is much higher than that at the lower Mach number under investigation.

As shown in Figures 6.11(a), 6.11(c), 6.11(e), the influence of the Mach number on
the convection term is rather weak. It is evident that in both cases the convection term
contributes negatively to the turbulent kinetic energy budget, which means that energy is
removed from the mean flow and is diffused along the cross-stream direction. At x/h = 1,
convection peaks at the high-speed side of the shear layers originating from the step edges,
with the one closer to the shorter recirculation zone being higher than that located at the
opposite wall. Moreover, the two curves match quite well in all the three measurement
lines, with a small variation being detected at x/h = 2. Further downstream, the contribu-
tion of the convective term to the energy budget, in both cases, turns out to be low. It can
be also seen that at this particular location, turbulent convection becomes positive with its
magnitude being rather small along the wall-normal direction. Finally, in the near-wall
region the magnitude of the turbulent convection is zero.

The energy dissipation and the viscous diffusion terms at two different Mach numbers
are plotted in Figure 6.12. The peak values of the energy dissipation about the location of
the two shear layers (i.e., the same location where the peak values of turbulent production
were observed) found to be more than two times higher for the case of M = 0.8. This
is mainly attributed to the larger peak values of turbulence production detected in that
particular flow area for the larger Mach number. This last feature is present at x/h = 1
and x/h = 2, whereas farther downstream (at x/h = 5) the two curves collapse with their
magnitudes approaching zero.
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In the near-wall region, however, the opposite trend is observed. Specifically, the
magnitude of the energy dissipation increases close to the upper and lower wall with
increasing downstream distance. As far as the viscous diffusion term is concerned, it can
be clearly seen that its contribution to the turbulent kinetic energy budget of the flow is
almost negligible. However, immediately downstream of the step, its magnitude in the
region of the free shear layers cannot be considered as totally negligible. Furthermore,
in the near-wall region viscous diffusion has a dominant role as it balances the energy
dissipation. In that particular location its peak value increases with increasing streamwise
distance. Comparisons between M = 0.1 and M = 0.8 reveals that the influence of Mach
number on the viscous diffusion along the cross-stream direction is not substantial, apart
from the region close to the wall where the peak value of viscous diffusion at M = 0.8 is
considerably higher than that observed at lower Mach number.

Figure 6.13 shows the turbulent transport quantities of the energy budget, and particu-
larly the turbulent diffusion and the velocity-pressure correlation terms in the recirculation
and reattachment regions. It can be clearly seen that the wall-normal profiles of turbulent
diffusion have distinct crest and trough. The negative values at the bottom half of each
shear layer indicate that energy is subtracted from the region, and transferred to the near-
wall region, as well as to the top half of each shear layer. Comparisons of the profiles at
three different streamwise locations, shows that as the shear layer grows, the region over
which turbulent diffusion takes place widens in the wall-normal direction. Moreover, the
turbulent diffusion profiles of the two Mach numbers examined, exhibit similar trend with
their peak values at M = 0.8 being slightly higher than those at M = 0.1, as expected. It
is important also to underline that at the reattachment location (x/h = 5) of the shorter
recirculation vortex, the two turbulent diffusion profiles are in excellent agreement with
each other.

In Figure 6.13, the diffusion due to velocity-pressure interaction is also shown, in the
recirculation and reattachment regions. In turbulence modelling of compressible flows,
the velocity-pressure diffusion term is usually neglected [129]. However, in the present
study results revealed that the magnitude of the aforementioned term is comparable to
turbulent diffusion term, and therefore its omission can lead to significant modelling er-
rors. Pressure diffusion exhibits similar behaviour as that of turbulent diffusion, in the
sense that there is a change from negative diffusion to positive diffusion, particularly in
the region immediately downstream of the constriction and in the recirculation region (at
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x/h = 1 and x/h = 2). The effect of compressibility on the pressure diffusion term can-
not be considered as significant. Small variations occur mainly in the vortex core of the
shorter reattachment.
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FIGURE 6.10: Turbulent kinetic energy budget terms across the wall-normal direction at three
different streamwise locations downstream of the expansion: (a) x = 1h, (b) x = 2h, (c) x = 5h.
All budget terms are normalised by U3

b /h.
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FIGURE 6.11: Convection term and Production of turbulent kinetic energy at (a),(b) x/h = 1,
(c),(d) x/h = 2, (e),(f) x/h = 5 downstream of the step, for two different Mach number regimes
(M = 0.1 and M = 0.8) at Re = 4 ·104.
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FIGURE 6.12: Dissipation and Viscous Diffusion terms at (a),(b) x/h = 1, (c),(d) x/h = 2,
(e),(f) x/h = 5 downstream of the step, for two different Mach number regimes (M = 0.1 and
M = 0.8) at Re = 4 ·104.



6.3 FLOW PHYSICS 202

y / h

T
k

/(
U

b3
/h

)
x

10
3

-1 -0.5 0 0.5 1 1.5 2
-30

-20

-10

0

10

20

30
Mach 0.1
Mach 0.8

Medium Grid

MUSCL 5th

Re = 4 x 104

(a)

y / h

Π
k

/(
U

b3
/h

)
x

10
3

-1 -0.5 0 0.5 1 1.5 2
-40

-30

-20

-10

0

10

20

30

40
Mach 0.1
Mach 0.8

Medium Grid

MUSCL 5th

Re = 4 x 104

(b)

y / h

T
k

/(
U

b3
/h

)
x

10
3

-1 -0.5 0 0.5 1 1.5 2
-30

-20

-10

0

10

20

30
Mach 0.1
Mach 0.8

Medium Grid

MUSCL 5th

Re = 4 x 104

(c)

y / h

Π
k

/(
U

b3
/h

)
x

10
3

-1 -0.5 0 0.5 1 1.5 2
-40

-30

-20

-10

0

10

20

30

40
Mach 0.1
Mach 0.8

Medium Grid

MUSCL 5th

Re = 4 x 104

(d)

y / h

T
k

/(
U

b3
/h

)
x

10
3

-1 -0.5 0 0.5 1 1.5 2
-30

-20

-10

0

10

20

30
Mach 0.1
Mach 0.8

Medium Grid

MUSCL 5th

Re = 4 x 104

(e)

y / h

Π
k

/(
U

b3
/h

)
x

10
3

-1 -0.5 0 0.5 1 1.5 2
-40

-30

-20

-10

0

10

20

30

40
Mach 0.1
Mach 0.8

Medium Grid

MUSCL 5th

Re = 4 x 104

(f)

FIGURE 6.13: Turbulent Diffusion and Pressure Diffusion of k at (a),(b) x/h = 1, (c),(d) x/h =
2, (e),(f) x/h = 5 downstream of the step, for two different Mach number regimes (M = 0.1 and
M = 0.8) at Re = 4 ·104.
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6.4 Summary

In this chapter, an investigation has been carried out of a turbulent compressible flow over
a sudden expansion geometry in the framework of ILES. Comparisons of the numerical
results with experimental data were not possible, as no previous study on this particular
flow regime over the planar sudden expansion has been reported in the past. Nevertheless,
results obtained at M = 0.8 were compared against those found at a lower Mach number
(i.e., at M = 0.1 where the fluid can be assumed to be incompressible).

The results revealed that both averaged flow quantities and turbulent stresses are sen-
sitive to the Mach number. The normalised mean streamwise velocity found to be approx-
imately ∼ 10% higher in the high-velocity core flow region for the higher Mach number.
The difference in terms of the mean transverse velocity appeared to be less significant
(less than 5%). Furthermore, the mean reattachment lengths of the primary recirculation
zones increases with increase in Mach number. The length of the shorter vortex at M = 0.8
found to be of about the same length as that at lower Mach number. On the other hand,
the length of the larger recirculation area for the case of M = 0.8 is approximately 12%
longer. The increase in the mean reattachment length with compressibility implies that
the separated shear layer (particularly that of the larger vortex) is more stable or grows
less faster for higher Mach numbers. Note that this flow behaviour is similar to classical
free-shear layers, where compressibility reduces growth rate.

In addition, calculations of the turbulent kinetic energy budget were performed to
investigate the influence of compressibility on the budget terms. Turbulence production
along with energy dissipation are the most dominant terms in the energy budget. Both
terms found to significantly increase in magnitude with Mach number, thus resulting in
a faster growth of turbulent kinetic energy. Among the transport terms, only turbulent
diffusion and pressure diffusion appeared to contribute either positively or negatively to
the energy budget, along the cross-steam direction. Turbulent diffusion removes energy
from the mean flow, as it transports energy from the bottom half of each shear layer to
the near-wall region and to the upper half of the shear layers. On the other hand, the
magnitude of the viscous diffusion tends to zero in the free-shear layer region, whereas
it becomes large close to the upper and lower wall of the channel. Finally, turbulence
convection contributes negatively to the energy budget almost everywhere, apart from
regions close to reattachment location where it becomes positive towards the upper wall.



7
Conclusion

7.1 Conclusion of Study

In this PhD thesis, high-order high-resolution numerical methods were used in the frame-
work of Implicit Large Eddy Simulation (ILES), with aim at performing simulations of
a turbulent flow in a planar sudden expansion configuration. The aim of this work was
twofold: (a) to investigate, for the first time, ILES capability of capturing the flow physics
in regions with strong separation and reattachment and (b) to study the influence of dif-
ferent Reynolds and Mach numbers on the mean flow structures.

For that purpose three different numerical schemes were used including the 3rd or-
der MUSCL, the 5th order MUSCL and the 5th order WENO method, along with two
Reynolds numbers (Re = 10000 and Re = 40000). A novel low Mach number treatment
(LMNT) approach was applied to the reconstructed values obtained from the limiters of
the aforementioned schemes, in order to decrease the kinetic energy dissipation rate in-
troduced in the limit of zero Mach number. In addition, simulations in the incompressible
(Mach 0.1) and compressible (Mach 0.8) regime were performed to investigate further the
flow behaviour in suddenly-expanded flows.

204
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Synthetic turbulent boundary conditions (BCs) based on the digital filter (DF) genera-
tion technique were implemented on the CNS3D code and used throughout the numerical
simulations. They produce a velocity signal in three directions by matching ad hoc first-
and second-order moments, as well as lengths and time scales. The results indicated that
the inflow synthetic BCs are able to produce realistic flow conditions, as the profiles of
the mean and fluctuating velocity components match reasonably well both with direct
numerical simulation (DNS) and experimental data.

The grid convergence study of a turbulent flow over a planar sudden expansion with
expansion ratio ER = 3 and aspect ratio AR = 5 at Re = 104 revealed that the coarse
grid is not capable of resolving the mean flow structures in such flows. Thus, measure-
ments on first- and second-order statistics (in the streamwise and wall-normal direction)
showed large discrepancies between numerical and experimental results, for several step
heights downstream of the expansion. The flow was not well resolved there, due to the
grid clustering performed in the streamwise direction, resulting in a much more rare grid
resolution in that particular flow area. Considerably better results in terms of mean flow
quantities were obtained from the medium and fine grid meshes examined. Note also that
the same convergence study was carried out for a turbulent flow over a planar sudden
expansion configuration at Re = 4 ·104, using the same geometric properties with that at
the lower Re. Similar results were obtained, with the coarse grid being rather inadequate
of resolving the turbulent flow features.

A comprehensive study of the influence of the numerical schemes on the mean flow
quantities (Reynolds shear stresses, turbulent kinetic energy, r.m.s. velocities), as well
as on the reattachment lengths of the primary and secondary recirculation zones was un-
dertaken. Results indicated that as the order of accuracy increases from 3rd to 5th, the
time-averaged flow quantities are getting closer to the experimental data. Furthermore,
it was observed that MUSCL schemes in conjunction with LMNT result in the overpre-
diction of turbulence intensities, particularly in the regions of the recirculation vortices
about the upper and lower wall of the channel. The same trend was also found for the
WENO scheme at a lower intense level, though. It was made clear that W5 outperforms
over its counterparts (M3, M5) in terms of first- and second-order (mean) statistics, almost
everywhere in the flow field.

As previously mentioned, the effect of the Reynolds number on the mean flow prop-
erties was thoroughly investigated. Results on the mean flow paths, calculated by means
of stream tracers, revealed that the larger recirculation zone is substantially influenced by
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the different Re used, with its length turning out to be larger with increasing Re. On the
other hand, the size of the shorter reattachment, along with the lengths of the secondary
vortices formed about the corners of the channel walls, were not found to change dramati-
cally. Further investigation on the time-averaged flow quantities showed that although the
first-order statistics (i.e., streamwise and wall-normal velocity components) exhibit sim-
ilar behaviour for the two cases, the profiles of the higher-order statistics (i.e., Reynolds
shear stress, turbulent kinetic energy, turbulence intensity) are slightly affected by the in-
crease in Re. Particularly, higher peak values of fluctuating velocity and turbulent kinetic
energy were obtained at lower Re.

Turbulent kinetic energy budget measurements were conducted in a turbulent flow
with sudden expansion at Re = 104 and Re = 4 · 104. The main aim here was to shed
some light on the flow physics encountered in such flows, and provide insight for turbu-
lence modelling. Turbulence production appeared to be the most dominant term in the
energy budget, as far as the region of the free-shear layers is concerned, being balanced
by the energy dissipation term in that particular region. It was found that in some cases
(depending on the numerical scheme and the Re used in the simulations) the ratio of the
dissipation term to the production term approaches approximately the value of 0.6. In
the near-wall region the production term tends to zero, whereas the viscous diffusion and
the energy dissipation terms become more significant. The convection term contributes
negatively to the energy budget, almost everywhere in the flow field. Finally, turbulent
diffusion and pressure-velocity correlation terms (known also as the transport terms of the
energy budget) appeared to subtract energy from the mean flow and transfer it in regions
with low production rate towards the upper and lower wall of the channel.

Finally, the influence of compressibility on the mean values of a turbulent flow with a
sudden expansion was examined, using two different Mach numbers at Mach 0.1 and 0.8.
The grid independence study at Mach 0.8 revealed that the coarse grid can adequately re-
solve the mean flow values in terms of the first-order statistics (streamwise and transverse
velocity components). As previously stated, this was not the case for the same coarse grid
used to investigate the mean flow field in the incompressible regime. However, measure-
ments on high-order statistics showed that the coarse grid underestimates the turbulent
kinetic energy and the Reynolds shear stresses, considerably. It was also found that the
reattachment length of the larger recirculation zone increases with Mach number (i.e.,
about 13% larger at Mach 0.8), whereas the length of the shorter recirculation vortex re-
mains almost the same. Besides, the lengths of the secondary vortices do not appear to
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vary significantly with Mach number.

7.2 Future Considerations

Based on the conclusions of this study, further investigation on turbulent flows with a
sudden expansion needs to be undertaken, particularly in the three following fields:

1. Numerical analysis on separated and suddenly-expanded flows revealed that high-
order high-resolution schemes in conjunction with ILES can lead to an underdis-
sipative behaviour, particularly in flow regions with strong reversed motion. This
resulted to the overprediction of the turbulence intensity and consequently of the
turbulent kinetic energy, which in turn led to the underprediction of the primary
and secondary reattachment lengths of the recirculation vortices. Thus, care should
be taken to minimise the numerical error produced when high-resolution methods
are combined with ILES. Simulations can then be conducted using a wide range of
numerical methods extending from 2nd- to even 9th-order (MUSCL, WENO), with
aim at clarifying the underlying reasons of the aforementioned overprediction of
the high-order (mean) statistics.

2. Turbulent kinetic energy budget (TKEB) measurements showed that in the shear
layer regions, the ratio of the energy dissipation to the turbulence production is in
most cases less than 0.5. However, TKEB measurements on the backward-facing
step (BFS), in the past, revealed that the contribution of the energy dissipation to
the energy budget is much more prominent in this flow areas. Thus, numerical
simulations of a turbulent flow over a BFS configuration could be conducted, using
the same flow properties and boundary conditions, to investigate to what extent can
ILES successfully resolve the mean flow structures, in flows with separation and
reattachment of the shear layers. Comparisons between numerical and experimental
results could indicate whether the underestimation of energy dissipation is due to
the turbulence modelling, due to the numerical methods, or due to both of them.

3. The three-dimensionality of a turbulent flow in the sudden expansion configuration
should be thoroughly examined, by means of side walls (at the spanwise direction),
seeking to shed some insights into the effect of the walls on the coherent structures,
which are developing in wall-bounded flows.
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A
Appendix A

A.1 The Jacobian Matrix

In this appendix, the inviscid and viscous Jacobian matrices used for the linearisation of
either the Euler or the Navier-Stokes equations will be addressed. Consider the conserva-
tion form of the governing equations represented by the generic form, written below.

∂C
∂ t

+
∂F(C)

∂x
= 0 (A.1)

where

C =



u1

u2
...

um


, F(C) =



f1

f2
...

fm


(A.2)
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C is defined as the vector of the conserved variables and F =F(C) is the vector of fluxes.
Note that each of F components fi is a function of the components ui of C. The Jacobian
matrix then of the flux function F(C) can be written as follows.

A(C) =
∂F
∂C

=



∂ f1/∂u1 · · · ∂ f1/∂um

∂ f2/∂u1 · · · ∂ f2/∂um
...

...

∂ fm/∂u1 · · · ∂ fm/∂um


(A.3)

The entries of A(C) are partial derivatives of the components fi of flux vector F with
respect to the components ui of the conserved variables C. Note also that the conservation
laws of the form (A.1-A.2) can be written in quasi-linear form. This can be achieved by
applying the chain rule of differentiation to the second term of Equation (A.1).

∂F(C)
∂x

=
∂F
∂C

∂C
∂x

(A.4)

Thus Equation (A.1) can be also written as:

∂C
∂ t

+A(C)
∂C
∂x

= 0 (A.5)

Now consider the non-dimensional equations of fluid motion expressed in a flux vector
form as follows.

∂C
∂ t

+
∂Einv

∂ t
+

∂Finv

∂ t
+

∂Ginv

∂ t
=

∂Evis

∂ t
+

∂Fvis

∂ t
+

∂Gvis

∂ t
(A.6)

where
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C =



ρ

ρu

ρυ

ρw

ρet



Einv =



ρu

ρu2 + p

ρuυ

ρuw

(ρet + p)u


Evis =



0

τxx

τxy

τxz

uτxx +υτxy +wτxz−qx



Finv =



ρυ

ρυu

ρυ2 + p

ρυw

(ρet + p)υ


Fvis =



0

τyx

τyy

τyz

uτyx +υτyy +wτyz−qy



Ginv =



ρw

ρwu

ρwυ

ρw2 + p

(ρet + p)w


Gvis =



0

τzx

τzy

τzz

uτzx +υτzy +wτzz−qz



(A.7)

In CFD simulations the equations of motion are transformed from the physical space
(x,y,z) to the computational space (ξ ,η ,ζ ) by the following relation.

τ = t

ξ = ξ (t, x, y, z)
η = η(t, x, y, z)
ζ = ζ (t, x, y, z)

For the Cartesian coordinates, the chain rule of partial differentiation can be applied pro-
viding the expressions below.
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∂

∂ t = ∂

∂τ
+ξt

∂

∂ξ
+ηt

∂

∂η
+ζt

∂

∂ζ

∂

∂x = ξx
∂

∂ξ
+ηx

∂

∂η
+ζx

∂

∂ζ

∂

∂y = ξy
∂

∂ξ
+ηy

∂

∂η
+ζy

∂

∂ζ

∂

∂ z = ξz
∂

∂ξ
+ηz

∂

∂η
+ζz

∂

∂ζ

(A.8)

The derivatives of Equation (A.6) can be replaced by the derivatives of Equation (A.8).
Applying that to the LHS of Equation (A.6) leads to:

LHS = ∂C
∂τ

+ξt
∂C
∂ξ

+ηt
∂C
∂η

+ζt
∂C
∂ζ

+ξx
∂Einv

∂ξ
+

+ηx
∂Einv
∂η

+ζx
∂Einv

∂ζ
+ξy

∂Finv
∂ξ

+ηy
∂Finv
∂η

+

+ζy
∂Finv
∂ζ

+ξz
∂Ginv

∂ξ
+ηz

∂Ginv
∂η

+ζz
∂Ginv

∂ζ

(A.9)

However, the above equation is not in a conservative form, and to do so it needs to be
divided by the Jacobian coefficient J, followed by an addition of a combination of terms
which sums up to zero. The final equation expressed in a conservative form can be written
as:

∂C
∂τ

+
∂Einv

∂ξ
+

∂Finv

∂η
+

∂Ginv

∂ζ
=

∂Evis

∂ξ
+

∂Fvis

∂η
+

∂Gvis

∂ζ
(A.10)

where
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C = C
J

Einv = 1
J (ξtC+ξxEinv +ξyFinv +ξzGinv)

Finv = 1
J (ηtC+ηxEinv +ηyFinv +ηzGinv)

Ginv = 1
J (ζtC+ζxEinv +ζyFinv +ζzGinv)

Evis = 1
J (ξ Evis +ξyFvis +ξzGvis)

Fvis = 1
J (ηxEvis +ηyFvis +ηzGvis)

Gvis = 1
J (ζxEvis +ζyFvis +ζzGvis)

(A.11)

Note that J represents the Jacobian of transformation which is given by [32]:

J =
∂ (ξ , η , ζ )
∂ (x, y, z)

=
1

xξ

(
yηzζ − yζ zη

)
− xη

(
yξ zζ − yζ zξ

)
+ xζ

(
yξ zη − yηzξ

)
In order to numerically solve Equation (A.10), a linearisation process is applied, where

all the flux vectors are expressed in terms of the flux vector C. Thus for the inviscid flux
vector E one can write:

En+1 = En +
∂E
∂C
4C+O (∆τ)2 (A.12)

∂E
∂C is defined as the flux Jacobian matrix. The remaining inviscid Jacobian matrices are
∂F
∂C and ∂G

∂C . Correspondingly, the viscous Jacobian matrices are ∂Evis
∂C , ∂Fvis

∂C and ∂Gvis
∂C .

Since flux vectors C and E are 5× 1 vectors, each one of the Jacobian matrices will be
5×5 for problems in three dimensions. The inviscid Jacobian ∂E

∂C can then be written in
the following form:
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∂E
∂C =

∂(E1,E2,E3,E4,E5)
∂(C1,C2,C3,C4,C5)

=


∂E1
∂C1

· · · ∂E1
∂C5

...
...

∂E5
∂C1

· · · ∂E5
∂C5


(A.13)

The next step is to determine the elements of matrix A.13. This can be accomplished by
expressing the flux vectors E, F and G in terms of the components of vector C according
to:

E =



C2

C2
2

C1
+(γ−1)

[
C5− 1

2

(
C2

2
C1

+ C2
3

C1
+ C2

4
C1

)]
C2C3

C1

C2C4
C1

γC5− (γ−1)
2

[(
C2

2
C1

+ C2
3

C1
+ C2

4
C1

)]
C2
C1



(A.14)

F =



C3

C2C3
C1

C2
3

C1
+(γ−1)

[
C5− 1

2

(
C2

2
C1

+ C2
3

C1
+ C2

4
C1

)]
C3C4

C1

γC5− (γ−1)
2

[(
C2

2
C1

+ C2
3

C1
+ C2

4
C1

)]
C3
C1



(A.15)
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G =



C4

C2C4
C1

C3C4
C1

C2
4

C1
+(γ−1)

[
C5− 1

2

(
C2

2
C1

+ C2
3

C1
+ C2

4
C1

)]
γC5− (γ−1)

2

[(
C2

2
C1

+ C2
3

C1
+ C2

4
C1

)]
C4
C1



(A.16)

Note that C1 = ρ , C2 = ρu, C3 = ρυ , C4 = ρw and C5 = ρet . For instance, the first
element of matrix A.13 is determined by:

∂E1

∂C1
=

∂
{1

J [ξtC1 +ξxC2 +ξyC3 +ξzC4]
}

∂

{
C1
J

} = ξt

The remaining elements of the first row are:

∂E1
∂C2

= ξx , ∂E1
∂C3

= ξy , ∂E1
∂C4

= ξz , ∂E1
∂C5

= 0 (A.17)

The elements of the second, third, fourth and fifth row are calculated in a similar manner.
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Appendix B

B.1 Grid Convergence Study

In Chapter 6, numerical results were demonstrated of a compressible turbulent flow over
a sudden expansion geometry. The simulations were conducted using a high-resolution
method at two Reynolds numbers (Re = 4 ·104 and Re = 104) and at Mach number M =
0.8. A grid convergence study was undertaken at Re = 104, for that purpose, in order to
justify that the medium grid is adequate enough of successfully capturing the mean flow
properties. However, for the higher Re the same study was not addressed in that particular
Chapter. For the sake of consistency, therefore, a grid convergence study is carried out
and presented in this appendix. The same initial and boundary conditions along with the
same computational parameters were used in the study of the compressible turbulent flow
at Re = 4 ·104. Furthermore, as far as the the grid meshes are concerned, these are exactly
the same as those used for the smaller Re (in terms of the total number of points, grid
increments in the three directions, grid clustering, and the total number blocks used to
separate the computational domain).
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B.1.1 Mean flow paths
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FIGURE B.1: Streamlines of the mean flow at the center plane of the channel (z/h = 2.5) for
three different grid meshes at Re = 4 ·104 and M = 0.8.
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B.1.2 Time-averaged velocities
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(d) V Velocity profile at Y = 0.5h
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(e) U Velocity profile at Y = -0.5h
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FIGURE B.2: Time-averaged streamwise and transverse velocities along the x-axis (xy-plane)
at Re = 4 ·104 and M = 0.8.
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B.1.3 Time-averaged fluctuating velocities
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x / h
<v

’ >
/U

b
X

10
2

0 4 8 12 16
0

8

16

24

32

40 Coarse Grid
Medium Grid
Fine Grid

Re = 4 x 104

MUSCL 5th
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(c) U r.m.s. Velocity profile at Y = 0.5h
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(d) V r.m.s. Velocity profile at Y = 0.5h
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(e) U r.m.s. Velocity profile at Y = -0.5h
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FIGURE B.3: Time-averaged streamwise and transverse r.m.s. velocities along the x-axis (xy-
plane) at Re = 4 ·104 and M = 0.8.
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B.1.4 Mean Reynolds stresses and turbulent kinetic energy
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(b) Turbulent Kinetic Energy profile at Y = 1.5h
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(d) Turbulent Kinetic Energy profile at Y = 0.5h
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FIGURE B.4: Time-averaged Reynolds stresses and turbulent kinetic energy along the x-axis
(xy-plane) at Re = 4 ·104 and M = 0.8.
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B.1.5 Skewness and kurtosis
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(a) Skewness of U-Velocity at Y = 1.5h
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(b) Flatness of U-Velocity at Y = 1.5h
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(c) Skewness of U-Velocity at Y = 0.5h
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(d) Flatness of U-Velocity at Y = 0.5h
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(e) Skewness of U-Velocity at Y = -0.5h
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FIGURE B.5: Time-averaged Skewness and Flatness of the streamwise velocity U along the
x-axis (xy-plane) at Re = 4 ·104 and M = 0.8.
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(a) Skewness of V-Velocity at Y = 1.5h
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FIGURE B.6: Time-averaged Skewness and Flatness of the wall-normal velocity V along the
x-axis (xy-plane) at Re = 4 ·104 and M = 0.8.
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Appendix D

C.1 Non-Dimensionalisation

The non-dimensional counterpart of a flow variable denoted by the superscript (∗) is used
with aim at defining the non-dimensional Navier-Stokes equations which are necessary in
order to compute flow parameters. The first step is to define reference variables l, U and
ρ for the length, velocity and density, respectively. The resulting dimensionless variables
in the Navier-Stokes equations (assuming an incompressible flow)

∂u j
∂x j

= 0

∂ui
∂ t + ∂uiu j

∂x j
=− 1

ρ

∂ p
∂xi

+ν
∂ 2ui
∂x2

j

(C.1)

can be written as follows:
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x∗i = xi
l , u∗i = ui

U

t∗ = tU
l , p∗ = p

ρU2 , e∗ = e
U2

(C.2)

By replacing the variables ui, t and p in Equation (C.1) with their dimensionless counter-
parts found in Equation (C.2), the following expression is obtained:

∂u∗j
∂x∗j

= 0

∂u∗i
∂ t∗ +

∂u∗i u∗j
∂x∗j

=−∂ p∗
∂x∗i

+ ν

Ul
∂ 2u∗i

∂x∗j∂x∗j

(C.3)

The continuity equation in the above equation remains constant, however this is not the
case for the momentum equation where on its right hand side a dimensionless parameter
is formed. This parameter is known as the Reynolds number (Re) and is given by:

Re =
Ul
ν

The momentum equation can then be written as:

∂u∗i
∂ t∗

+
∂u∗i u∗j
∂x∗j

=−∂ p∗

∂x∗i
+

1
Re

∂ 2u∗i
∂x∗j∂x∗j

(C.4)

For the sake of simplicity, the superscript (∗) was omitted throughout the thesis presenta-
tion.
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