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SUMMARY
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Quantitative measurements have been made of the time dependent normal
strecs distributions and torgues which are necessary to maintain a state of
torgion ing

(i) a =01id right circular cylinder of rubber,

(11) rubber contained between a cone and touching flat plate.

The measurements on the sgollid rubber cylinder, under quasi-elastic
conditions cannot be dessgeribed by the kinetic theory of elasticity. here

giderabl s i
cone and plate system but these results also suggest an inadequacy in the
ability of the kinetic theory to describe finite deformations in rubbers.
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stored elastic energy per unit volume
material parameters

strain invariants
extension or compression ratio
stresses normal to the plane ends of a cylinder

tangential shear stresses

isotroplc pressure

unit matrix

rectangular cartesian coordinates
spherical polar coordinates

defined by equation A.6

strain tensor, defined by equation A.L

angle of twist per unit length, of a right
circular cylinder

radii

semi-vertical angle of cone
angle of twist of cone

B/n

current time

past time

a function of J,, Jp and t-t’



M

average molecular weight of rubber network
chain

number of network chains per unit volume
rass

density

heat builld up

mechanical equivalent of heat
Boltzmanns constants

absolute temperature



1. Introduction

There are a large number of commercial materials which may be classified
under the general title 'rubbers'. Their common characteristic ig the
ability to support finite reversible strains. The elastic properties of
these materials are completely defined if the energy stored during an
isothermal elastic deformation can be described by an analytical function.

A previous Note (Hall, 1968) reviewed the various empirical forms of

the stored energy function W which have been proposed. In each case W
was a function of the strain invaeriants I; and Io. This was seen to be
at variance with the kinetic theory of elasticity which predicts that,
within certain strain limits, W is a function of I, only. Stress
relaxation measurements upon sheet rubber in a state of pure homogeneous
deformation suggested that BW/BIE was finite and the kinetic theory therefore
inadequate to describe this deformation.

description of the surface W (I;,Is) when W, I; and I, are mutually orthogonal
co-ordinate axes. The measurements on sheet rubber involved an examination
of the surface over a particular set of contour lines. These are defined

by the relationships between I; and I, which are imposed by the pure
homogeneous deformations examined.

A complete characterisation of the stored energy function involves the
©
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This Note describes measurements of the stress system needed to maintain
0lid cylinder of rubber in a state of torsion. The distribution of the
eg in a torsion system has a particularly direct relationghip to BW/aIE
and other mabterial parameters of the stored energy function along the contour
line Iy = I, of the surface W (I1,Is). It therefore allows a further and
critical examination of the theories of rubberlike elasticity.
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The stress distributions necessary to maintain a state of torsion in
rubber which is bonded between a cone and touching flat plate hag also been
considered.

2. The torsion of rubber

2.1 Torsion of a right circular‘cy%indgz

It has been shown by Rivliin (1948a, 1948b, 1956) that the surface
tractions necessary to malntain a right circular solid cylinder in a state
of torsion correspond to two sets of stress components, each acting only
over the plane ends of the cylinder. In addition to the distribution of
tangential surface tractions providing the twisting couple, a distribution
of normal surface tractions is required to maintain the cylinder at constant
length.

Let the cylinder be twisted so that each section perpendicular to the
axigs rotateg through an angle proportional to itsg distance from one end of
the cylinder. Then according to Rivlin



T, =Io=73+¥%%, Is=1 (2.1)

Since Is = 1 there is no volume change on deformation, and the complete
stress system can be expressed in terms of the derivatives of the stored
energy function W with respect to Iz and Io. The normal stress ty, at a
distance r From the axis of the cylinder of radius a, and the torsional
couple M, are given by,

r
oY oW
- - =4 L ;2_"2
5, = 2 fr ST, ar ~ 20%0% 31, (2.2)
a
and a
o) s N
o - [ oW oW
M = l‘;aﬂlfb/ r° (é’f; + a““f;) dr (2.3)

where ¥ is the angle of twist per unit length.

Tt can be seen that if the form of W i1g known then the stress system 1
uniquely determined.
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From (2.2) the normal stress on the axis of the cylinder is given by

8

o
/t = 22 [\r §E~ dr- (2.k)
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=0
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and therefore depends only on the material p@rameter T The normal stress
. oW .
at the edge of the cylinder depends only on,§f~ , and is given by,
2
- OW -
<§Z;\ = - 2¥Za® 312 (2.5)
- 2
The kinetic theory of elasticity expresses W in terms of I, only, and
:
oW . st as s
then ST = 0. Hence if under equilibrium conditions the normal stress at
2

the edge can be ghown to be finite, then the kinetic theory will have been
25 3 J

shown to be inadeguate to characterise this deformation.

From the kinetic theory W = Cp (I1-3) and substitution into (2.2) and
(2.3) gives

and

M = ﬂ\b'aA‘Cl (2'7)



and hence

(t > = - V2320, (2.8)

and
\‘zz)

If the Mooney form of the stored energy function is correct, W = C1(I1-3)
+ Co(Iz~3), (Mooney 1940, 196k4) and then

=
Y7z Y LCl(aa—rz) + eracg} (2.9)
and
M = 1¥a*(Cy+Cs) (2.10)
£ o 5 ‘
and hence ( © f) = - V2220, (2.11)
\ 2%y
7
and &;H%> = - 2V%a®Cy (2.12)
“ =g
The total normal force acting over the end plate is given by
a
r
N = b/ er ¢ dr (2.13)

For the Mooney function,

1=t
i
i

2.2 Torsion of a cone and plate sample
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, Suppose the rubber is bonded between a cone of semi-vertical angle
5 - n, and a touching flat plate which is perpendicular to the cone axis.
: l"

o

"ormed by twisting one end plate with respect to the

ar to the sample axis. Equations have been
developed (Appendix 1) to describe the two sets of surface tractions which
must be applied over the end late in order to maintain the sample 1n a state
of torsion, and the cone and plate in contact.

Let the rubber be

o
other in a plane 'evpend cul

If the composite specimen forms a cylinder of radiug a, then the torque
I l J 3

M required to twist the sample through an angle P is given by
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where & = B/n. TFurthermore t__, the normal stress at a distance r Tfrom
the sample axis, measured in tHé plane of the flat plate, 1s given by
W 3W ‘ 3 '
_ 2/ - W \ p a o W
b, = = 25\ 370 " ypo, v - 287 573 (2.16)
Z \V‘Ll ?/ r 12 .

hence

Q/

<GZZ>M - - 22 (2.27)

I
I=a 2

Q.

These equations are only accurate if the boundary of the rubber is &
svhere centred on the cone apex. Kowever the errors are small

boundary is cylindrical if 7 lg small.

The linear relationship between t ., and'&n': predicted by (2.16)
should be maintained for any analytl cal”form of the stored energy function
W(I,,I5) (Appendix 1). The graphical determina ation of the cor mlete normal
stress diStlib&ﬁTOP, from a linmited number of experimental points, i1s
therefore, in principle, much easier for a cone anﬁ plate system than a
parallel plate gystem.

3. Torsion equipment
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esicned to twist the lower plane surface of the
ndrical serple relative to the top surface. - Whilst
in the sample at its undeformed length. Bouipment has
sure the force system involved in the torsion.
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3,1 General details of the torsion Jig and sample
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;s which has been developed is shown dia”r“mmfulﬁalWy in
ample 8, in the form of a solid rubber cylinder of about

Fi . T

10 emg. in d 1.5 cme. in length, is bo nded during wvulcanisation

to two mild steel end plateg. Thig composite sample Is mounted on a
plaﬁform.? and held in position by a diametric key, and a mabching keywvay
in the bottom end plate C. _h end plate B is rigidly Ta etened to A, the
top plate of the Jjig, which in turn is fastened to the main body of th
apparabus The internal separation between the top plate of the jig and the

plar'orm.1“ equal to the length of the undeformed composibe sample.

The platform forms an integral wnit with a torque tube T which is
svpgo”ted by a get of taper roller bearlngs %, and aligmment of the sample

<t m

4 torgue tube axes 18 maintained by a ball race bea
o tbe gample is applied by hand via the torque e



rearbox G. This gearbox has a ratio of 225/1 and incorporates a lockin
o

device to hold the sample in any desired state of torsional deformation.

Calibration has established that the movement of the drive to the gearbox

may be used as an accurate indicator of the movement of the bottom plate.
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Tive 1 cm. diameter holes are cut through the top plate of the sample
and torsion jig. During torsion the rubber, if it was unrestrained, would
bulge into these holes. In practice restraints are applied to prevent
bulging, and the necessary normal forces are measured.

.2 Design problems of the jig and sample
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In designing the eguipment the initial problems were concerned with
deciding upon the overall sample dimensions.  The magnitude of the forces
involved in applying the required deformations could then be estimated, and
the torsion jig designed. Considerable attention wasg givenl to minimizing
sources of error that affect measurement of the applied stress system.

5.2.1 The sample

The limiting factor governing the overall diameter of the cample was
the size of the torque necessary to produce finite shear strains. Prelimin-
ary experiments had shown that a bond could be formed between a rubber
eylinder and metal end plates which would withstand shear strains of 100%
at the curved surface of the sample. The equipment wag designed to be
capable of applying a surface shear strain of 200%. At this strain level
occasional bond failure was observed, and on one occasion failure occurred
in the rubber itself. The maximum torgue required to vproduce a surface
shear strain of 200% was estimated using 2.10. The valve of C; and C2

- . oW W ) . .
were the maximum values oi‘gé* and ST2 Jetemined by simple elongation
Cay 2

measurements on a number of crosslinked gum rubbers. ( Appendix 2.2).

The calculations showed that a torque of about 3,500 kg.cme. would be needed
to apply the required deformation to a sample of 5 cms. radius. This was
considered to be a reasonable upper limit to the torque requirement in order
to minimize difficulities in designing the torsion jig.

The forces normal to the plane ends of the sample were to be determined
straining the rubber from bulging into the five circular holes diegposed
over the top mctal end plate. Tn choosing a suitable hole size account was
taken of two opposing requirements. The forces to be measured, and hence
the gensitiviby of measurement increased with increasing hole diameter.
Hovever, large hole diameters necegsarily involve large sample diame ters
since there are three requirements that the hole to sample ratio should be
kept small. These are:=-

1. The necessity to reduce interference between the holes.
5. The requirement that the average normal stress over the free rubber

surface should be equal to the normel stress at the position occupiled
by the centre of the hole.
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3, The tangential stresses required in torsion are not applied over the
rree rubber surface in the hole, which leads to a locel variation in
the state of pure torsion, and must be minimized.

wried oub to estimate the degree of
£

rie
hat would be caused by the normal

e

A preliminaxry experiment was ca
+riched bulging into the holes

unres
etresses. A natural rubber sample with bonded metal end plates was twisted
an

e
by hand using a crowbar inserted into the lower plate.

The sample was held by a rigid frame so that expanc ion under the action
of the normal Fforces was prevented. The rubber was allowed to bulge into .two
holes on the came diameter of the top plate, and equidistant from the sample
axis. The hole diametérs were 1.27 cms. and 0.95 cms. and the bulge
heighte were measured using a dial gauge vhich registered the digplacement
of a plunger resting on the free rubber surface. A counter balance syctem
was used to overcome the inertia of the plunger, and hence prevent errors in
measurement due to indentation of the plunger into the rubber. Extrapolation
of the experimentally determined linear relationship between bulge height
and V2 suggested that for a 200% suxrface shear strain the rubber would bulge
about 0.1 cme. into the 0.95 cme. dlameter hole.

The optl setribution of holes in the end plate was not determined
until the toresion jig had been built. Then the normal stress interference
was studied by measurin e unrestrained bulge heights for various arrangements
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mainteined constant and selected holes in the
curately machined plugs. The effect of closing

e meagured bulges in the remaining free holes was

size and arrangement chosen no interference wasg

g at different radial distances from the sample

sary to debtermine the normal stress distributlion.

of holes. The torsion
top plate were closed by
one or more holes upon th
eramined. With the hole 7
detected. At least five hol
axis were considered to b
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The errore involved in assuming that the average normal stress over the
free pubber surface in a hole is equal to the normal stress at the centre
of that hole have been estimated (Appendix 3).

The samnle length was chosen to be gbout 1.5 cms. If the samples are
too long then vis i ¢ state of cure
becauee of the inadequate rate of heat conduction into the rubber during
vuleanisation.
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Caleulations have been carried out on the effects of the temperature
rigse to be expected on deformation of the rubber. A large proportion of the
free energy of deformation is due to entropy changes, and, therefore, defor=-
astion ig accompanied by a heat interchange between the rubber and surroundings.
Caleulations showed (Appendix L) that these temperature changes are unlikely
to have a significant effect upon normal stress and torgue measuremrents.
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aile of the preparation o
n in Appendix 2.1.
e internal stiresse

the samples, and the recipes of the rubbers, &
.}

In cooling the samples to room temperature ther

The rubbers were valcanised at 150°C. De
T

m



set up in the rubber due to the differential thermal contractions of the
bonded rubber and metal end plates. Torsion and compression experiments
were carried out on rubber which was bonded during wvulcanisation at 150°C,
and on similar rubbers bonded to the end plates using a room temperature
curing adhesive (Eastman 910). The force systems measured for the two
types of deformations were independent of the method of bonding. The
effect of the internal stresses can therefore be ignored.

The bonds formed at room temperature between the end plates and rubber
vulcaniged with dicumyl peroxide were not able to support the chear strains
involved in torsion, and hence all samples were bonded during vulcanisation.

The torsion jig was also used to twist cone and plate samples. They
were of the same overall length as the parallel plate samples but with a
different distribution of holes over the flat end plate. It was necessary
to bond the rubber to the end plates at room temperature, otherwise the
differential thermal contractions would set up strains in the rubber comparable
to the applied torsional strains.

The details of the parallel plate, and cone and plate sampleg are
glven in figure 2.
3.2.2 The torsion jig

The eguipment must be rigid enough to stop the sample extending under
the maximum total normal force exerted by this sample. The torsion data
of Rivlin and Saunders (1951), obtained on a rubber similar to rubber No. 3,
suggests that the totel normal force exerted by a parallel vlate sample with
the dimensions shown in figure 2 will be about 100 kg. at 100% surface shear
strain.

The major source of axial movement is in the bearings. The sample is
completely supported by preloaded taper roller bearings which allow a movement
of 5.10 % cms. under a 100 kg. load (Manufacturers data). The dimensions

of the top plate of the torsion jig, and the sample platform and torgue tube,
are such that the total flexure zllowed by these units under the load is about
107% cms. The_total vertical movement under a 100 kg. load is therefore
limited to 6.10 % cme.

In assembling the Jjig careful alignment ensured that the platform remained
parallel to the top plate of the jig during rotation. The distance between
the top plate and platform remained constant to an accuracy between than 10 %
crie.  The normal forces measured as a function of the torsional strain, were
later found to be independent of the direction of rotation of the platform,
demonstrating the uniformity of motion of the platform under pressure (Section
L.2.1).

Measurements will underestimate the magnitude of the normel stress because
of the axial movement. The error at 100% surface shear strain can be
considered to be the stress needed to compress the 1.51 cm. long sample by
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6.107% cms, to restore it to its undeformed length. For this very small
strain it is adequate to calculate the compressive stress from Hookes law.

It is simple to show, that the initial Youngs modulus for a rubber described
by the Mooney stored energy function is 6(Cy+Cs). Now for a typical natural
rubber gum (C1+Cs) = 2 kg. cm. 2 (Rivlin and Saunders, 1951). The compressive
stress is then about 5 g.cm =. An error of 5 g.cm = at all radial distances
over the end plate, for a surface shear strain of 100h, (¥a = 1), is equivalent
to an error of 5 g.cm 2 in Cy, and 2.5 g.cm 2 in Cp (using (2.11) and (2.12)).
The values of C; and Cp determined by simple extension measurements are of

the order of 103 g.cm 2 and 10° g.cm 2 respectively. (For example, Ciferri
and Flory, 1959). The relative errors in C; and Cs due to axial movement,
will therefore be small. '

3.3 The force measuring equipment

It was necessary to design equipment which would deftermine the magnitude
of the forces needed to restrain bulging in the holes of the end plate when
the gample was twisted.

The maximum normal stress, for a given strain, acts on the axis of the
semple and is given by (2.11). The corresponding force acting over the area
of an 0.95 cm. diameter hole is about 7 kg. for a well vulcanised rubber with
a 200% surface shear strain. (Typically Cp ~ 2.5 kg.cm 2 Appendix 2.2).

The torsional couples to be measured are less than 3500 kg.cms.

3.3.1 The normal load dynamometers
A dynamometer assembly has been developed to measure the normal forces
(Figure 3).

The lightweight ('perspex') plunger A rests on the free rubber surface.
Vertical movement of A are transmitted through the ball B to the yoke C,
which is supported from the tube D by eix thin wires. The wires are in
tension and prevent lateral movement of the yoke. Vertical movements were
limited to less than 10 * cms., and are virtually frictionless over this
range.

A sensitive and stable position indicator, in the Torm of a Sogenique
concentric cylinder capacity transducer, is used to indicate the position of
the yoke C relative to the tube D.

The dynamometer is set up so that the position indicator reads zero
with the plunger A just resting on the free rubber surface at zero torsion.
Torsion of the cylinder then causes vertical movement of A, which is detected
by the transducer and reduced to zero by screwing down the micrometer head
F compressing the calibrated spring E against the yoke C. The forces applied
to C may then be obtained from the micrometer head reading. This force,
divided by the effective cross-sectional area of the dynamometer plunger, is
taken to be the value of the normel stress at the centre of that free surface.
The error involved in that assumption is estimated in Appendix 3.
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During the development stage an alternative system for the measurement
of normal stresses was Investigated., This consisted of restraining the
rubber bulges by a rigid plunger of transparent resin. The stresses were
then to be determined by photoelastic examination of the resin.  Although
in principle it had advantages over the dynamomeber system described,
calculations showed that 1t was not readily capable of yielding such a high
sensitivity. (Appendix 5).

3.3.2 ?he Torqge_tubg

The torgue required to deform the rubber sample may be measured by
determining the deformation of a high tensile steel torgue tube. TFour
resistance strain gauges are fixed to the tube surface with an epoxy resin
adhesive, and are arranged in a Wheatstones Bridge network so that the
balance of the bridge is affected only by torsional deformation.

Friction in the ball race bearing ig negligible compared with the
orque required to deform the rubber sample, and friction in the thrust
bearing does not affect the deformation of the torgue tube.

3.4 Calibration of the force measuring equipment
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Z4it.1 The normal load dynamometers

A chemical balance was modified so that a known load could be applied to
the dynamometer. The arrangement is shown in figure ka.

A rod J was fTastened above one arm of the balance, and counterbalanced
by weights added to the pan on the opposite amm. The dynamometer was
mouvnted rigidly above the balance so that the rod J just made contact with
the ball B. KXnown loads were applied to B, and hence the yoke C, by the
addition of weights to the appropriate pan. The yoke was maintained in its
original position by compression of the spring E with the micrometer head F,
the position being detected by the null deflection method using the trans-
ducer head reading against the load acting on the dynamometer at A is shown

in figure Ub.

No hysteresis was cbserved in loading and unloading the dynamometers
during calibration as long as sudden changes in the forces on the yoke
were kept below 10 grams.

The &ynam@ neters were sensitive to load changes of less than 1 gram
at all points on the calibration curve.

3.4.2 The effective area of the dynamometer plunger

A dynamometer measures the compressive force needed to maintain the
plunger A at the level of the undeformed free rubber surface. When this
compressive force is in equilibrium with the normael force in the rubber, then
some bulging of the rubber must still occur over the free annular surface
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between the plunger and the edge of the hole. Hence to calculate the
normal stress on the axis of the plunger, for a known normal load, 1t is
necesgary to know the effective area of the plunger.

A pure compression experiment was carried out on a natural rubber gum-
stock sample of the same dimensions as the torsion samples. Known compress-
ive stresses t were applied and the forces F needed to restrain bulging in
the centre hole of the top plate were measured (Figure he). The effective
area of the plunger, S, is defined as the ratio of F to t, and hence

S = 0.51 % 0.0L ., The actual plunger area was 0.495 cmg, and the hole
area 0.7L cm®, Tn ensure pure compression the end surfaces of the rubber
sample were lubricated with silicone fluid, and the compressive strain was

limited to. about 1%.

3.4.% The torque tube

- " W

The de?Oﬁmat;on of the *ovque tube was calibrated by ting the current
output Ffor the strain gauge network, using a Phillips A. Br;dve, type

PT1200/ 01, when known tovqueo were anﬂllﬂd to the tube. Lhe torgque tube
was twisted in both directions and both calibration curves are linear (figure -

ha).

C.uﬁ

The difference in gradie of the two curves is the result of a amall
asymmetry in the arrangement o“ the four strain gauges with respect to the
torgue tube axis. There was no hysteresis in the deformation. Thrust
loads several times larger then those experienced curing the experiments
had no effect upon the calibration.

k., Torgion Procedure and Ressulis

.--—.------.-...-.-.--u..—-—-..-—_——-..-.n

L1 EXﬁ@%WMfQUQW procedure

T -a-—-—..——.-—.—-—.-.——m-—-——

TE& sample wag mounted on the platform of the torsion n jig and clamped
to e top plate, which in turn was rigidly fastened to the main body of

Metal shims were inserted into the space between the top piate and the
main body in an attempt to hold the sample atb ite undeformed length. There
are congiderable difficulties in ensuring that the ca;pla Tits accurately
into the gap between the top plate and the supporting nlatform. If the gap
is too large then the dynamomebters will not vecord a normal load until the
ser hag extended under torvsion to fill the gap. In practice the shims

(\

rani

were such that the sample was maintained in a state of strain correspond ing
to an axial compression of 5.10 "4 ems. or a compresgion ratio A = 0.9999
for a 1.51 cm. sample. This compression was determined by measuring the
unresiricted bulge height in the centre hole of the camk_e end plabe.
Preliminary experiments had shown ti at an ay ial compression of 5. 107% cms.
corresponded to a bulge height of about 1077 cme.
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red energy funchion then the normal stress

: X
tzz an@ the total torgue M are given by

-
Tt =2 /)\2 -5j\ G+ i;f’} + 1?'2!1.}\-01(?‘ “) - 21’209; (lkl)

M = xyat kcl —§~>; (L.2)

‘_S

firet term in (h
tress measurenments au

of the Tfree rubber surface in the holes as the reference position. The
ffect of a compression M = 0.9998 upon t__ and M can be seen from (h.1)
and (k.2) to be negligible. 22

) is independent of V, and will not affect normal
caus {

e the dynamometer useg the position at ¥V =0

ﬂ)

wm
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k.1.1 Elastic Rubbers

wrface tractions appliecd to the parallel plate, and cone and plate
e measured for ruogefs which axhvolted very little time dependence
chanical proverties (rubber nos to 5).

Egual increments of torsional strain were imposed and after a fixed
time at each strain the normal force aL each hole and the total applied
torque wag measured. The complete strain cycle was exan mined with 2
minute bime intervals between the strain increment and load meagurenents,
and then repeated with 10 minute time intervals. At least 24 hours wag
allowed between cycles for the rebaxatLon of resgidual ctrc ges. The
residuval torque became zero legs than 4 houre after ¥ wa returned to zero.
Care was taken to ensure that there were no sudden chang in the force on
the dynamometers, and therelore, no hysteresls ex ﬂlQLuFd oy then. In any
one strain cycle the size of the dynamometers did not allow the forces at all
the holeg to be measured. Two cycles for each sample were necessary for

" e 1 - -
reagurenents ab the 5 holes.

T cample the unrestrained bulge
1t into the centre nole was deteﬁﬂined as a function of the torsional

5

cig
gtrai

Ambient temperatires were noted.

L.1.2 Time dependent rubbers
In order to examine stress relaxatlion effects parallsl D
were made from a Tully crosslinkzed bubyl rubber (rubber No. 7
tly crosslinked natural rubber ( wbber No. 6).

The butvl rubber exhibits stress relaxation av 0°C because of the broad
energy loss peak assoclated with 1t ransgition temperature. An
enclosure was built around the torsion Jig an 1led with melting ice in an
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tempt to allow measurement at 0°C.  Unfortunately dimensional instability
in each dynamometer, because of non-equilibrium temperatures, resulted in a
variable output from the sensitive displacement transducers wvhich made it
impossible to digeriminate variatlionsg due to stress relaxation.

Electrical heaters incovporate& in the enclosure allowed the butyl
rubber to be further examined at 25°C. At this temperature no stress
relaxation was observed.

The natural rubber No. 6 was examined at 19°C. A surface shezr strain
£ 1309 % was applied in 30 seconds, at a constant strain rate. This

fo metion was then maintained cor tant. The normal forces and torqe
wvere determined at intervals over a period of time. In order to measure
the normal forces at each of the 5 holes in the end plate it was necessaxy
to examine two samples because of the size of the dynamometers The same
sample could not be used twice because of the unknown effect of the strain
higtory. Each sample was prepared from the same rubber mix, and moulded
under identical conditions

4.2 Experimental results

G 08 o 5 o

L.2.1 Elastic Rubbers in the parallel plate system

- ] SO W S 0 o I O W O B SIS LG W D S0 WA WO S o IR QO W T s

The complebte results are given in Tables 1 and 2.

Sample No. 1 was twisted in both directions to check the uniformity
of the torsion Jig. The arithmetic mean and range of the normal loads are
quoted. At any one hole the normal load for a particular dirvection of twist
was congistently greater than, or equal to, the loads measured on twisting
in the opposite direction. However the corrvelation of greatest load with
particular twist suggest uniformity in the jig and indicate the degree of
reproducibility that can be attained.

There are no systematic deviations from linearity in the relationships
between the normal stress at a point and V¥ (Figures 5 to 10), but the
et

variation of torgue with ¥ exhibits the characteristic non-linearity
reported earlier by Rivlin and Saunders (1951). (Figures 11 to 13). For
clarity only the results obtained as the strain was increased are shown.
There are residual strains in the sample when ¥ ig returned to zero. These
strains become zero in a time about equal to the time taken Tor a complete
deformation cycle.

The normal stress distributions for surface shear strains of 1%0% ave
shown in Figures 14 and 15.
The normal stress ab the edge of the sample depends only on the derivative
oW .
STS of the stored energy function. An at
Claz
the distributions to the edge of the sample. If the rubbers can each be
characterised by a stored energy function of the same analytical form, then

<t

vl
empt has been made to extrapolate



the digtributions
of figures 16 and 17 suggest that at distances greater than about 3 c=s.

for each rubber will also have the same fom.

from the sample axis only a linear distribution can give a reagonable T

for all rubbers.

surface shear strain
strain part of the de

Hysteresis for each cycle ig estimated by cons idering the ratio of the
area enclosed by the normal stress - 2 loop to the area under tThe increasin
strain curve (Table 3).

: d
Hysteresis (%)
I, 2 minute time 10 nminute time
Rubber .
interval interval

No. 1 at 20°C 9

No. 2 at 19°C 8 6

No. % at 19°C i5 15

No. 4 at 18°C 1k 13

No. § at 20°C 17 1k

No. 7 at 25°C

Table 3 Hysteresis estimated from the normal strese measurem

ot ot ot ot s T S o o o 07 -

o e

ormal stress values taken from the
rmation cycle. (Figzures 16 and 17).

(@)

supported by the distributions obtained at 100%
n

decreasing

ents

- > o v Y oo " o Ao - W - - - - " S0 S [ S 4t A N A O B S

b

There is no resular variabion of hysteresis with radial j osition, and
o b

the mean hysteresis for all T

ive holes of each sample is slightly reduced

when the time intervel between a strain increment and stress meagurement is
increased from 2 minubteg to 10 minutes.

The ©
Thvratereaia
nygtereslis
for rubber No. 7

orque measurenents for all rubbers e*lio
. The va“*"*lon of torgue with ¥ over

2

1T
4
il

P

is ghown in Pigure 15.

t a small amount of
he complete strain cycle,

After carrving out measurements on rubbers 1 and L4 it was found necess

to reduce the maximum ghear

.,

strain involved because a natural rubber crose-

linked with 3% by weight of dicumyl peroxide fractured when twisted through

20°.

T can be seen from Figure 18 that there is a linea relationship
between the normal tress and the unrestrained bulge height measured in the
central hole oi the end plate of each sample. This substantiates the
conjecture of Rivlin (19 417). Because all the holes are of the same size,
the difference in the gradients of the straight lines is due onlv to the

n PR Nl

difference in the material proverties of each sample. Furth
ments made in all 5 holeg in the end n¢a+e of rubber No. 1 show that the

gradient is ind
were made at 2

en
ninute interva

endent of ra

&

ial position (Figure 19). All
g a*ter th qtraln increment.

more, measure

measurements

Fxamination

-
¥

¢
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The natural rubber samples were examined at temperatures between
18°c aad 20°C. The temperature varied by less than 1°C as measurements
were made on any one sample.

L.2.2. Elastic rubbers in the cone and plate system
R bber Nos. 1 and 7 were examined at 18°C. The loads were measured
10 minutes after each strain increment. The variation of normal stress

with sa, at different radial distances from the sample axis, is shown in
Figures 20a and 20b. Congiderable difficulty was experienced in obitaining
a satisfactory bond between the rubber and the metal end plates at room
temperature. Subsequent examination of the interface of the samples upon
which measurements were made ghowed geveral small areas of poor adhesion.
When these occurred in the vicinity of a hole through the end plate then
normal force measurements in that hole were discarded. These difficulties
may well account for the deviations from linearity, in arbitrary directions,
of the normal stress vs.s® graphs.

0.8 (expected from

s a function of In afr, for s
4
U

The normal stres L =
jonsghip) ie shown in figure 21.

g a
4,16 to be a linear rela

The variation of the torque with s, (Figure 22), ghows a non-linearity
of the type found for parallel plate samples. '

Although the resulbs obtained are of interest, the diificulties in

eparation and the lﬁC eaged effect of the errors inherent in the
completely offset the advantages of having a known analytical
normal stress dlstribution.

Hyoob
o o
H
w

k.2, ime dependent rubbers

-.-..—.-——..————...—-w.-———_——

The relaxation of normal stress in each of the 5
of rubber No. 6, is given in Table 4 and shown in Figure T
hear strain was maintained constant at 152%. Bguilibrium stress value
were not observed. *re s measurements in holes B, C, and E were made
on one sample and measurements in A and D were made on another sample prepared
in exactly the same way.

The varistion of torque with tinme (table L) is shown in Figure 2L.

ﬂo significance can be attached to the apparent approach to an egquilibrium

alue because zone drift is more likely to have occur“ed in the bridge
network which determined the magnitude of the torque. Previous observations
had chown the drift to be as much as 5% of the total torque reading for times
greater than 300 minutes. The torgue measurement g dld ot detect any
difference in the mechanical properties of the two samples which were
neceggary to complete measurements on any one rubber.

rJrs
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5. Analysis of the torsion results

. o - - S (- O > o ot T Y T S o U 00

5.1 Elastic Rubbers

) - OW
The first objective wag to examine x—. If is finite under
£ o N Lall a—Iz S’I—; i

equilibrium conditions then the Kinetic theory ie inadeguate to describe
the experimental results. '

Equation 2.2 states that the stress normal to the plane end surfaces
of the cylinder, at any general position 0 < r < a is dependent upon the

. ou oW oW
material parameters 511 and ST.* o1,

o

can be determined from the normal

stress abt r = a, the edge of the sample, but there are difficulties in the
extrapolation of a distribution of unknown form. The gtraight line extra-
polations of the normal stress digtributions showgsin Figures 14 to 17 have
W W .
been used to calculate the magnitude of . Ir is independent of
¢ orp  Mapy ie e

strain and denoted by the material constant A, then A can be calculated from

- = 8 ow . o
the normal stress at r = 0. The value of A and A _ for the different rubbers

. . 4 -~ =
are given in Table 5. =

The limited stress relaxation which occurs as the time between the
stpain incremente and stress measurements is increased from 2 minutes to
10 minutes, is reflected in the small reduction in A.  There is no correg=-

R 3 3 T‘ - . .
ponding systematic change 1n 3% . Furthermore, bscause there is a linear
2
relationghip between the normal stress tzz and ¥2 at all 5 holeg, a straight
W

line extrapolation of the distribution will necessarily give a value for T
which ig independent of strain. =

The observed linear relationship between t _ and Y2 for decreasing st
imiting case when the
oo
4

o

, ] . . z
helow the increasging strain results In "“the 1
ace tractions are reduced to zero there is still a
. oW . o . . .
therefore A and 55*-&eterm1ned from the increasing strain part of the cycle.
: 2
The time devnendence of the residual strain is reflected in the increaze in

OI, @& the time interval is Increased to 10 minutes.

S3%) ‘ .
The values of §%~ in Table 5 are finite. The range of possible errors
2

are indicative of the difficulties of extrapolation. It is important to

T,

. ; . . . W " . ..
notice that there is no reduction in == as the time interval is increased
2 s = Tend .Og 2 T P aaade]
to 10 minutes. Preliminary experiments had not detected further normal
stress relazation in time intervals up to & hours. It is reasonable to

T,
, o . .. oW X . e
suppose therefore that these values for T2 will not alter significantly
2

under true equilibrium conditions.



A number of stored energy functlong hove been examined in an attempt
to describe the experimental results. It has been seen (2.9) that the
Mooney stored energy function predicts a parabolic relationship between
tyy and r, and a linear relationship between the torque M and v (2.10).
The non-linearity between M and ¥ immediately exposes the inadequacy of
thie function to describe the results completely. The Mooney parameters
¢, and C» have been determined by obtaining the best fit between (2.9) and
the experimental resvlis, which are presented in Figures 25 to 28 with

X o . . .
EPZ/W_ as the ordinate, and a2-r® as the abscissa.
L

The straight line through each set of points was determined by the
least squares method.  According to (2.9) the gradient of each line is
(C; - Cp), and the intercept with the ordimate Is 2a2C,. The calculated
values of C, and Co are given in Table 6.

. . : o,
The values of Cz are lecsg than the corresponding valives of T4 in
2

Table 5. This is of course a conseguence of the curvature of the parabolic
distribution. Negative valuves of Cp are obtained for rubber nos. L and

-~

5. It is important to realise that, unlike 5%— in table Lk, C; and Cp are
2

influenced by the normal stress measurement at all 5 holes in the end plate.
Tramination of Figures 25 to o3 chowe that a positive Cp would have been
obtained for rubbers 4 and 5 if the normal stress on the axis had been
ignored. This is equivalent to assuming that the normel stress measured
at v = O Tor these rubbers 1s too high. However, figures 25 to 28 suggest
that the experimental points for all the rubbers may best be described by

P . 2 g . .
curves which are slightly concave to the a® - r™ axis. Then extrapolation
1.7

. . OW . .
to T = a would gilve a positive g%“ and the values of Co in table 6 are too

2
1low because of the inadequacy of the Mooney function.  Furthermore Cp
increages ag the time between stress measurements is increased to ten
minutes. This is at variance with the behaviour of Co determined from
i easurements. (Ciferri and Flory 1959). The Mooney

dietributions are shown in Figure 29 for rubber at 130%
g in, and compared with experimental points obbtained from

¢ at 10 minute intervals as the strain ie increased.

Tor a Mooney rubber the gradient of the torque - ¥ relationship is
nroportional to Cy + Co (2.10). The non-linearity of the experimental
results, Figures 11 to 13, suggest that Cp + Co ig strain dzpendent. The
gradients at small strain, and at ¥ = 0.256, (Va = 1.3), have been measured
and Cq + Cp evaluated. Table 7). There is a consideravle difference

between Gy + Cp determined from the torque, and from normal stress me asurement s

on the same rubber. This may be a. further illustration of the inadeguacy
of the Mooney function, or a consequence of errors in the torque, or nommal
ctress measurements. The eguipment has been Tully discussed in sgection 3.
o source of errors of this magnitude is known.

The empirical stored energy function proposed by Gent and Thomas 1958)
hag been cxamined.
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fe. W=y (1373) + Wadn 22 (5.1)

where Wy and Wy are constants and related to the Mooney parameters so that

Wy

it

Ci + p Cp
Wo = qCs , (5.2)

The constante p = 0.247 and q = 2.18 were chosen by Gent and Thomas so
that the predicted stress-strain relation in simple extension would give a
good it to experimental results over the range 1.15 < A < 1.7.

Substitution of (5.1) and (5.2) into the general expressions for the
normal stress and torque ((2.2) and (2.3)) and evaluation of the integrals,
gives

2.2
- y2(p2.52) o 205207
b= (Cy+pCoW2(rZ-a®) 253 (5.3)
and
a® 6 2o+
M = mya*(C1+pCs) + 2 ?wqca - 6 @gp -&n'w ; 5 (5.4)
and therefore on the axis of the sample
/
\pz) = = (CatpCe)ia® (5.5)
r=0
and at the edge of the sample
) 20C 0282 .
t = - SRt (5.6)
Z%/r:a - ¥=as+3
The normal stress function (5.3) is shown in figure 30, using the valves of
C, and Co 1n table 6. For positive values of Cp the compressive normal
stress on the axis is larger than the corresponding Mooney stress, since p
is positive. The normal stress at the edge is less than the corresponding

Mooney stress because ¥V2a® + 3 > q. The Gent-Thomas and Mooney normal
stress distributions must therefore cross over at some radial distance
from the axis which is dependent upon the strain. For small strains the
difference between the two distributions will be negligible. This is not
surprising because the logarithmic function in (5.1) can be expanded so
that

¥ The series expansion for ¥n (1+x), for - 1 < x € 1, is given by
3 4

x> X"
’ﬁn(l—l-x):X-'-—— “—'-Z‘*-i-.‘..

3
If 1+ x = Ip/3, then x = (Iz = 3)/3 vhere I < 6.

N
v



Wo 2
=Wy (I1-3) + 3 (12~5) 19 (I2-3)% + ... (5.7)
provided that I € 6. If the strain is small enough to neglect squares
and higher povers of I--3 then (5.7) is a function of the Mooney fomm,

Iz
W= C1(I1-3) + Ca(Ia -3).

The onset of non-linearity in Jhe experimental torque - ¥ results
(Figures 11 to 13%) occurs at about 100% surface chear strain C¢a =1).

n

ince the normal strese on the axis, which depends only on

0

i
I aw
. o1
nust be a decreasing function of strain above Va = 1. This is not at
variance with the linear relationship between % and ¥2 at the outer

linear function of V= up to ¥a = 1.3% (Figures 5 to 10), then

hole (r = L4.31 cms) in the top plate. The shea
ig about 110% when the surface shear strain is 130%.

Because the Mooney torgue function (2.10) is inadequate to describe the
small strain gradient of the exerrimental results, then a corresponding
inadequacy between (5.4) and the results is to be expected. The torque
predicted by (5.4) is a continuously non-linear function of V. he
nagnitude and direction of the deviation from linearity depends upon Ca,

p, and g. When p = 0.247 and ¢ = 2.18 then the deviabtion is in the correct

T Cz 1g posibive, and is a maximum when Cp is a maxinmum, i.e.
g.om @ (Taale 5). Tien the deviation at ¥ = 0.3 is 12 kg.cme.
£

~
.3 - . - - . OY‘T o
Hart-Smith (1968) proposed strain dependent Tunctions for 577, and
oW ... o s . A
= winich describe in a gqualitative manner the experlmental results of
I

ons.
i.e.

on_ G explicy (1,-5)2] oW _ Gka (5.8)

51, = eXplEi\Lly=D ’ 3T, Is =

Yy
vhere G, k; and kp are constants. G is egual to 5*“ at Iy = I = 3 and

represents the stiff 8 c ubver. Hart-Smith proposes kp =
0.00026 and kp = 1.2 to fit the strain variatior of
ov oW
<=z and STo
e i

cbserved by Rivliin and Saunders in their experiments on thin rubber sheets
in biaxial extension.

The normal stress t__ and torque M have been obtained by substituting

1 pd

(5.3) into (2.2) and (2.3), using I; = Is = 3 + ¥3r2,
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Then
Grt oonkse®  GGnks o VEa®+3
M o= - ex ata1) + - tn .
1= (e kabta®-1) v e = (5.9)
and
2
LT
, oGk W 2
= ov2 [‘ exp kU*rfa(r?) - - .10
- Y J Xp 2V ( ) .4;21.24‘9 (5 )
52
which reduces to
t o= §~T{/ erfip erfi p\\ 20k A °r” (5.11)
LI AN P2) - YA o
L\.l
where
D
1 i M
pr = k1 W2r?, pn = k7%, and erfi p =L/ exp p2ap  (5.11)
o
TMumerical tables of erfi p show that rfi p = p with less than 1% error
up 50 p = 0.16.7 (Jahnﬁe, Ende, Losch 1960).
Tf kq = 0.00026 then py = 0.02725 vhen Va = 1.3. Since pa < p, then
erfi py and erfi pp in (5.11) can be replaced by py and bz respectively,
and (5.11) becomes

o o] GL\.’D
b = y2(rPa?) L (5.12)
~

T aadd

N
Furthermore when ky << 1 then exp ki¥*a® - 1 = k¥™a”, and (5.9) becomes

. 2 ~ - 2.2
¥ vy 7
If &k, = 0.00026 then (5.12) and (5.13) are applicable.  Then the Hart-Smith

funection (f 8) offer no quanuaﬂes over the Gent-Thomas stored energy function
(5.1) for the description of toreion, because (5.12) and (5.13) are essentially
equ

ivalent to (5.3) and (5. h)

2

It iz eaey to see that erfi p - p for emall values of p by considering

the series expancion exp p© = 1 P2 + E: + If p is small

+ cens
rp 2

go that p° << 1, then erfi p =Lj 1dp = p.

0
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The constanﬁs kl and Xp can he determined from exverimental data.
\
. ov_ .
The variation of 5}“‘Wlth I, aﬂ045“~'WLta I-, was found by measurements
1

of (butyl) rubber

involving the pure homogeneous abxofmatloﬁ of thin sheets
ts have been replotted

Wo. 7. (Table 1 and Figure 4, Hall 1968). The result

o W 2 W - -1
in Figure 31 with axes {n 5T; and (I;-3)2, or Sr; end (I2)7*.  The
straight lines through the points were determined by the least squares
method. From the gradient of the lines k; = 0.001 and G ks = 0.235.
oW p -
When I; = 3 thenf%n.§f~ =4n G and therefore G = 1.54 kz.cm. @ and
1
ko = 0.153 When ky = 0.001 the inadequacies of the Gent-Thomas function
are repeaued.

An attempt was made to it the experimental ge«ul obtained on rubber
. 7 by uvsing the observed strain dependence of i.e. ko = O.lSZ&,
12

but altering G and kj.

»

G can be found by fitting (5.12) to the normal stress on the axis.
at r =20, t = -¥3% (5.14)

and by comparison with the :perlmental t__ = ¥2 relationship (Flru e 5),

¢ = 0.365 kg.cm. 2. A value of k; ca. 079 was obtained by fitting (5.9) %o

the experimental M - ¥ results (Figure 13) at ¥ = 0.1 and gnorlﬁg povers

of kj higher than k§. However, the strong deviation at (5.9) from linearity
is then such that M ¢a.3500 kg.cme. at ¥ = 0.3. Thig ig clearly untenable.

In all the foregoing stored energy functions, the values of the material
conctants chosgen to give a good fit between the predicted and experimental
normal. stress distributions give serious discrepancies between the predicted
and e“ﬂeri;e tal torque - ¥ relations, and vice versa. It ig not easy
%o reconcile the results with a partlcular form of stored energy function.

W(I,,I2) can be expressed without loss of generality as a pover series
in I; and Io

Tre  27\4 -
i.e. W = ‘; Apq(T1-3)"(I2-3)" where A = O (5.15)

If the Tirst three terms of the expansion are considered

W= Aro(I1-3) + Aor(Ta=3)+ Ar1(I1-3)(I2-3) (5.16)

5 )
\ oW . OW
If this function describes the torsion resulte then EEI and EE; change with
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strain at the same rate over the range 3 < Iy = Io< 5. This is not
supported by any expeviweﬂtalvﬁvidence. The third material parameter
allows an added criterion in the evaluation of the constantg Ay, A,

and As can be chosen to fit the normal stress at r = o and r = a, and the
initial gradient of the M - ¥ results. However, (5.16) then predicts

a torque which decreases too rapidly with strain. For example the predicted
deviation from linearity at ¥ = 0.2 for rubber No. 7 is 180 kg.cms.,

compared with the observed deviation of 25 kg.cms.

o

Excessive curvature in the M - ¥ relationship is similarly obtained

e
w2
1

W= A1(I3~3) + 2o(I2-3) + As(I-3)2 (5.17)

Further attempts to explain the results in terms of a particular stored
energy function have been unsuccessful.

5.2 Time dependent rubbers
Tsochronous normal stress distributions for rubber No. & have been
obtained by extracting data at constant time from the stress relaxation
curves of Figure 23. Rewresentative distributions obtalined after reva ation
times of 5, 500, 1000 and 1500 minutes, are chown in Figure 32 A

straight line extrapolation of each dl@t?ﬂoutlon allowed the normal stress

o
at the edge to be determined and hence 5—~ calculated (2.5). Assuning

oy
that ST T ie independent of strain then gw = A can be calculated Trom the
I

normal stress on the axis (2.4).

It is apparent that the normal stress axis decreases more rapil

the normal stresec at the edge. This ig claarly seen in Figure 35
\TT '

A and §E~ are plotted against a logarithmic time axie. The Mooney paraneters
tr

2

C, and C, for each isochronous distribution were ootained, as in section

1 from the straight line relationship between © /”? and a ~r2, and are
also plotted against time in Figure 33. It is 1n%ercsting to obgerve that
oW
Iz
about 65. g.cn

o

= Co, over the complete time range, and reduces to a conctant value of
-2

5

. after about 200 minutes, although A and C, are continuously
decreasing functions of time.

In an attempt to explain the stress relaxation in temmes of the time
dependence of the sgtored energy function, the constitubtive equation of state
developed by Kaye (1962) for an incompressible viscoelastic liquid has been
modified to describe a viscoelastic solid.

I an instantaneous torsional deformation is applied to an incompressible

viscoelastic liquid a time t = o, then according to Kaye (196;)
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Table 7. (Cy#Cp) determined from normel stress (n.s.) and sorque (t)
messurements for inereasing straine. The units of (Cy+Cz) are
B -2 -

ence hetween the two values of Ci1+Co for each rubber has
gainst a function of the rubber stiffness (Figure 35). The
ion was chosen to be C;+Co obtained from the M - ¥ results
rinute relaxabion time at a strain Ya = 1.3. Figure 35 suggests
serenancy will sappear for very lightly croselinked rubbers.
0 LY“?"lﬂ the vhenomena in terms of a stored energ function have

The total nowral force atins over the end vlates of a Mooney rudder
le ig dependent on Cl+ 2Cs. ( .14), and N is proportional to the axial
movenent in t supporti the camole. It iz therefore possible
that the disc { ero, and the
ok e of
underestima

. Summary and conclusiong

v . o ot 7 o s A O 2 S i

The analyvele of the resvive can ve summericed inbo four major groups.

1. end surfaces of circulsy
cylin ar relationshiz the normal
sire s in the range r a, to
deser tribvution for all the rubbers.
Extr or rubbers.which exhibit little
or n e value for g¥~‘ Curvature in

the torque-strain relaticn £ " the Mooney
stored encrgy function. g a he ent-Thonas
stored energy functions are essentially the same for gtrain range

M

encountered in torsion. Both functions
normal stress and the torque measuremente




retem by & particular stored energy function

£

n
623

complete eguilibrium stres
were unsuccessiul.

2. he advantages offered by the cone and plate egystem for the extra-

polation of the normal stress distribution were completely offset by

difficulties in sample preparation. Within these limitations however,

the normal sbress is a logarithmic function of the radius, in accordance

with theory, and the normal stress at the edge, and hence gﬂm, ig finite.
OIs

3. Stress relaxation measurements upon a lightly crosslinked natural

*
, R . . . ] . . OW
rubber In torsion show that there is an exponential reduction of — and

oy i . u . . o . . 91,
Ko LGL LALIDG Sk COX 1 V1 % 2 I 2) L UL W i
5:* with time, in accordance with a proposed energy function which fay be

congidered the viscoelastic equivalent of the Mooney elastic stored energy

e
.. N oW e s :
function, §§f~§educes to a finite constant value although the normal
1 Advyr
stress and 5%* are continuously decreasing.
1
Lk, Heat build up during torsion could be misinterpreted as a time dependent
Co term in the stress strain relationships. However conduction effects
ensurc that this contribution to a neasured Cz reduces almost to zero in a
time period less than the time scale of the experiments.
™ P b are . OV . " - ‘ . s
The Tinite value of 5}*’whlch was observed under guasi-elastic
b

P

&
=

conditiong, and as the limiting value of the time dependence of ST clearly
2

ports the hypothesis that the kinetic theory of elasticity is unable to
e fully the elastic behaviour of the rubber in a state of finite
supports previous evidence obtained on measurements of
ate of pure homogeneous deformation. (Hall, 1958).
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Major difficulties in the in

terpretation of the torsion results have
cceurred teecauvse of the discrepanci
n

T
ies in the values of Cq1+Cp determined from
the normal stress and torgue. In order to eliminate campletely the
poseibility of effects due to axial expansion of the sample, in future work,
the supporting bearing should have a different internal geometry, such as

a flat thrust bearing.

Photoelastic methods for the determination of the normal stress
distributions were considered, and rejected in favour of gpecially desi
dynamometers. It has been pointed out, however, that a polarimeter has
recently become available which, after modification, may be capable of a
rapid determination of the normal stress at a large number of positions
across the sgample end surface. This system merits further investigation.
It should be possible to determine the normal stress distribution very
accurately for & wide range of elastomers. Temperature effects and rubber-
filler gystene could be examined.
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The approach to the problem is that of Kaye {1962) who considered the
Fflow of a viecoelastic liquid between a rotating and a touching stationary
plate. Kaye developed relationships between the stress, and a strain
function which relates the deformation at the present time with that at
some past tinme. His equations have been modified to describe an incom=-
pressible elastic golid. These equations are only exact if the poundary
csurface of the rubber is a gphere centred on the cone apex. If the
houndary indrical then errors will be small if 1M is small
where the semi-vertical ang

3

(¢4

e

le of the cone is 1/2 - 17.

Tet the cartesian coordinate axis xs coincide with the sample axis
and the coordinate origin O be the cone apex. Then any point P(%q,%2,%3)
in the deformed material can be represented in spherical polar coordinates
(r, €, ¢) by the transform
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where S = B/1. The equation of ztate proposed by Kaye can be written for
an elastic material as:
S Ve ~ ~ s ~ 7 ~ ¢
o . |ou { - 6108 \ oW {1 b0 C}x;;é\ .
g,. =00,, =2 C.;"‘ 11:1‘1‘. - o«:) -5 g 5o a@\j (1»13)
L id (v \ J Sy Yo Lo \x*i 13 1 J

where i and j take the valuves 1, 2, or %3 =nd the repeated suffix © implies
summation. s+ ig the ebress tensor and 0d:: ig a hydrostatic strese.
e » Y R S _*U
I, and Io and the invariants of the straln tensor 6ij where
-~
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i i A )
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(s, ) and Iz = Get §. . (4.5)
ki hl 11: i3

POf

so that Il == Sn‘ Ig =

BE

The coordinates &, represent r, O and ¢ and the parameters L, are defined
by -

ax§ + axB + ax§ = h%dr® + n2a02 + n3a02 (A.6)
Then from (A.2), (A.4), (A.5) and (4.6)
I, = Iz =3+ 5%:in® and I = 1. (A.7)

Substituting (A.2) and (A.6) into (A.3) gives

(#r) -0 = 2| S _ &t
e nglugf;__%

(68) - o zg%; - é (1 + S‘SLW39>J
A ) a” . . )
(¢6) ~o =2 [EII%(MS“SM‘”‘@) - 55%;]
(é;)--«QSMn@ ( 5w> (A.8)
=z a]:l 5““' .
A
() = (x0) =

The components of the stress ten
coordinate notation. The equat
are ignored are (Love, 19LL).

or have been expressed in the usual polar

18
iong of motion when inertial and body forces

ot

r Sin & c¢

H

SRR . L] o) - (@) - (o) + (B)eo] = o

r L

3(10) 1 3(60) 1 aw) 1 [0 ,
Or T8 T Tsid S “Liw&)“(mﬂjcow.}'a@) - °
() | 1) 1 3(¢8) 1., A ,
or e * rs:rﬁ 6(§ ) e i_:}(r@) * 2(63 Jeotd | = 0 (4.9)
7
1t can be shown that (A.8) when inserted (A.9) are compatible vhen @ = ~.
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(1i) The conduction of heat frowm the o

i
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dost of the heat lost Trom the sample is by conduction into the metal
a small amount of heat logt by radiation over the curved
the equation describing heat flow is

-

I ¢ time t. K is the thermal conductivity of
he rubber and z iz the dircction parallel to the sample axis.

tain initial and boundary
nnerature sgcale with ambient

e
e as ze n ¢ t the cemple temperaturce is 97(0)
which is indepent of z. The mctal end plates are attached to the torsion
Jig and the masg of metal involved is such that the end plates can be

ey Y

IS
congidered to remain at the ambient (zero) temperature.

ing to Carslaw and Jaeger (1959) the sample temperature ab
any t;me 6T{t} i

<4 and x = = 6T(t) is represented grepically in Figure

Cany

*

o
N
1
Mt

where 8T(0 the average at time t = 0 and O7(0) > °o7(t).
87(%t) iz shown graphically

norinal stress 4i tion by photo-elastic methods

ot i o e b A R T B T S B R ot o

The measuiy

B )

abillty of neasuring
womatic fringe pattern

T aterial would be placed zo that it st
a slot made along a diamcter of the metal end pla

opped the rubber bulging into
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