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Abstract

A high-order Discontinuous Galerkin (DG) method is formulated and implemented
on the Cranfield University’s 3D unstructured Finite Volume Method (FVM) code
(UCNS3D), for both linear and non-linear hyperbolic conservation laws and for test-
cases which exhibit both smooth and discontinuous solutions . As both DG and FVM
are developed on the same solver platform, this enables the use of any procedures
which are common to both the methods, thus, ensuring the closest possible compari-
son.

The initial part of the thesis details the basic concepts and derivation of the discon-
tinuous Galerkin method in the 1D space for the advection equation, which is then
extended to the 3D space for a hyperbolic system.

Prior to comparing the FVM and DG methods, the DG method implementation is
verified . The verification is a combination of a theoretical and numerical approach
which endeavours to minimize any potential programming errors.

Following the verification of the DG method, the FVM and DG methods are compared
for numerous flows: the linear advection equation and Euler equations, sufficiently
smooth testcases, and testcases which require a limiter to suppress Gibb’s oscillations.
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F,G,H - Conservative flux
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F - Vector of conservative fluxes
F - Vector of numerical fluxes
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Le,L - Error norms
Ly - Right-hand side of weak formulation
M - Mass matrix
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n - Outward unit normal
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g - Flux limiter function at quadrature point j

ABBREVIATIONS

CFL - Courant-Friedrichs-Lewy Number

DG - Discontinuous Galerkin

DG2 - 2nd Order Discontinuous Galerkin

DG3 - 3rd Order Discontinuous Galerkin
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CHAPTER 1

Introduction

1.1 Motivation

With the advances in computing technology, with Gordon Moore predicting the num-
ber of transistors on a CPU will double every 2 years (Figure 1.2), something which
has been observed in practice, and the dropping cost of computers, the benefits of using
simulation based research has been becoming more attractive. Figure 1.1 shows the
rapid increase in the computing power over an 8 year period, at present (June 2013) the
world’s fastest supercomputer, Tianhe-2, at the National University of Defence Tech-
nology in China, achieved a performance of 33.86 Petaflops. When compared with
8 years prior, the fastest supercomputer in the world, BlueGene/L, achieved a perfor-
mance of 101.4 Teraflops, representing an increase of approximately 300 times the
computing power. This increase in computing power has made it possible to conduct
in depth research in computationally demanding areas, some of the areas in which
modelling and simulation have become an indispensable tool, including: molecular
dynamics, fluids dynamics, solid mechanics and nuclear weapons testing.

Floating point operations (FLOPS) reached by the world's
supercomputers
60000

50000 /
40000 /
30000

20000

TeraFLOPS

10000

(U T 1
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Figure 1.1: Trend in supercomputer performance over 8 years
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Inevitably the increase in power and the decline in cost of computing hardware has pop-
ularised scientific modelling. Although another aspect of scientific modelling has to be
consider - numerical methods. Numerical methods can be viewed as the foundation of
scientific computing, upon which the accuracy, speed of execution and other aspects of
the simulation rest. To date, many numerical methods have been proposed, with each
one displaying particular strengths and weaknesses. Concentrating on Computational
Fluid Dynamics (CFD), the Finite Volume Method (FVM) is seen as the numerical
method of choice. FVM has been used extensively in academia and industry, and the
majority of commercial off-the-shelf solvers (including Fluent and STAR-CCM+) and
the open source project OpenFOAM utilise this method.

As will be shown in the proceeding chapters, within the framework of FVM high-
resolution methods have been developed, which have demonstrated the simulation of
complicated flows such as turbulence and multiphase flows. However, the greatest
drawback of FVM is the disproportionately large stencils required to extend the order
of accuracy in 3D, which is subsequently made more difficult on an unstructured grid.
To overcome this problem researchers have developed different methods or modified
existing ones. Since its development 20 years ago the Discontinuous Galerkin (DG)
method has become very popular with researchers, which retains the positive aspects
other numerical methods but the circumvention of their drawbacks (Table 1.1).

Table 1.1: Comparison of numerical methods, replicated from[28]

Complex h/p Explicit Conservation  Elliptic
geometries adaptivity  form law problems
FDM X v v v v
FVM v X v v )
FEM v v X ) v
DG v v v v )

v’ - the method has been succesfully applied or is naturally suited for this particular
feature

(V) - the method can be applied with some modification, but it is not a natural choice
X - the method is very difficult or impossible to apply to such problems

FVM and DG share common features which makes the comparison and implementa-
tion of both methods on a single solver platform possible. Thus, this poses the natural
question: is the DG method better, worse or comparable in accuracy, speed of execu-
tion and implementation to the more established and widely used FVM?

1.2 Numerical Methods

Initially, the techniques developed in CFD were done with respect to the Finite Dif-
ference Method (FDM)[72]. However, this technique lost favour with the CFD com-
munity when it became apparent that FDM could not easily be applied to irregular
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grids, namely unstructured grids. Another issue was the inability of FDM to pre-
serve the conservative nature of the governing equations[43]. This has not hampered
the use of FDM though, with three-dimensional simulations being carried out which
show excellent shock-capturing abilities[53], and the development of high-resolution
methods[60].

The need for unstructured grids is necessitated by the complicated geometries asso-
ciated with the simulation of complex problems. The issue of unstructured grids is
overcome by the use of the FVM and the Finite Element Method(FEM). In the Finite
Element Method (FEM), the use of a large stencil is eliminated and the accuracy is
governed by the polynomial approximation which is determined within the element.
In the case of a compressible flows, the particular type of FEM which is used is the
Streamline Upwind Petrov-Galerkin Method (SUPG) proposed by Brooks and Hughes
[6]. In SUPG a perturbation term is added to the weighting function of the standard
Galerkin formulation, the purpose of which is to minimise the artificial diffusion in the
flow direction[65]. If explicit time discretisation is used then a couple systems has to
be solved at each time-step, this is because the DOF are shared between the elements.

1.2.1 Finite Volume Method

The Finite Volume Method (FVM) become extremely popular in the development and
use of CFD because of its ability to handle unstructured grids (something which is
difficult to do with FDM as mentioned previously). As a result many innovations in
CFD have been developed in the context of FVM, or with FVM in mind. As there
exists a discontinuity (mathematically speaking) between the cells a Riemann problem
usually has to be solved between each cell face, which gives the FVM the ability to ef-
fectively model shocks[17, 38]. Alternatively, Jameson, Schmidt and Turkel developed
the JST or Jameson scheme [30] which resolves the flux integral without the need for
a Riemann solver.

Godunov’s method of solving PDEs by assuming the conserved variables as piece-
wise constant values made it possible to solve hyperbolic conservation laws on un-
structured grids, although this method is Ist order accurate it laid the foundations for
further higher-order attempts. The first high-order attempt for FVM was made by Van
Leer[39] - the Monotone Upstream-centred schemes for Conservation Laws (MUSCL)
- in which the MUSCL scheme is 2nd order in both space and time'.

The idea behind the MUSCL scheme was to replace the piecewise constant of Go-
dunov’s method by a piecewise linear approximations and limit the slope of the linear
approximation so that they don’t exhibit oscillations. The MUSCL scheme has been
extended to 3rd order accuracy[15] and Sth order accuracy[63]. The MUSCL scheme
is part of a wider class of schemes called total variation diminishing (TVD), a concept
proposed by Harten[26]. TVD schemes ensures, as time increases, the total variation

'Tt has been noticed that Kolgan, may have successfully developed the first TVD scheme in the
context of FDM[37]
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of the reconstructed data is either equal to, or diminishes with respect to the initial
data. TVD schemes have been proven to be monotonicity preserving, and as a result
no oscillations are introduced into the method for high orders of accuracy. The idea of
TVD is not unique to FVM, and is a property of a numerical method, therefore, other
numerical methods can be TVD. The central idea of a TVD scheme is a limiter which
suppresses oscillations, there are a variety of limiters available[64], unfortunately, there
is no way of knowing beforehand which limiter will provide the best resolution. TVD
schemes can introduce too much numerical diffusion into the problem, and become un-
reliable for problems which have flow structures which require a large amount of time
to develop[49]. To further add to the woes of excessive numerical diffusion of the TVD
scheme, Goodman and LeVeque[22] proved that any TVD method in 2D or 3D are at
most 1st order accurate’. However, in practice TVD schemes have been successfully
applied to 2D or 3D problems. A review of TVD methods is given in[68].

A further class of methods have been developed which improve on the TVD schemes,
the Essentially Non-Oscillatory (ENO) of Harten, Engquist, Osher and Chakravarthy
[27] and Weighted Essentially Non-Oscillatory (WENO) schemes due to Lui,Osher
and Chan[46]. ENO scheme operate on the concept of choosing the smoothest possible
stencil, given r possible stencils. The chosen stencil are then used to construct the
reconstruction polynomial. The WENO approach modifies the ENO scheme by using
a convex combination of all the possible stencils. It is vital to remember that (W)ENO
schemes are not TVD, they will introduce bounded oscillations into the problem[38],
however, these will decrease as the grid is refined[7]

The TVD and (W)ENO are collectively known as high resolution methods,and the li-
brary of problems to which high resolution methods have been applied is extensive,
including: incompressible flows, compressible flows, hypersonic flows and magento-
hydrodynamics [7, 17, 32, 35], to name but a few.

Unfortunately, to increase the accuracy of FVM in 3D the stencil has to be extended to
such an extent that it becomes disproportionately large. Unlike in 1D where the stencil
increases at a linear rate with respect to reconstruction polynomial, in 2D and 3D the
increase in the stencil size is proportional to 7? and r° respectively. For the stencil(in
3D), the number of points of the stencil is:

K:é(r+1)(r+2)(r+3)—l

Where K is the minimum number of elements comprising a single stencil, and r is the
order of the reconstruction polynomial. Therefore a single 3rd order(P,) stencil in 3D
requires a minimum of 9 elements. In addition, for high-order schemes more than one
Riemann problem is solved per face, therefore, more than one stencil reconstruction
is required. It has been noted by[52] that for robustness to use between 50-100%
more elements. In[18] total of M ~ 2K stencils were employed for a central stencil
reconstruction.

2except for in trivial cases
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1.2.2 Discontinuous Galerkin

A relatively new method to gain attention within the computational physics’ com-
munity is Runge-Kuuta Discontinuous Galerkin (RKDG). The spatial discretisation
is preformed using Discontinuous Galerkin - closely resembling a Galerkin method
which is extensively used in Finite Element Methods (FEM). The temporal discreti-
sation is preformed using a Runge-Kutta method. The RKDG method encompasses
many useful properties, the ability to model discontinuities which are characteristics
features of compressible flows, whilst retaining a very high order of accuracy. Due to
the aforementioned advantages, there has been an increasing interest in the application
of RKDG over the last two decades.

The genesis of RKDG can be traced back to Reed and Hill[57], who in their 1973 paper
discretised the domain using DG to solve a steady-state neutron-transport equation. It
is vital to note the equation solved by Reed and Hill did not require a time-stepping
method. LeSaint and Raviart carried out the first analysis of Reed and Hill’s method
and proved the rate of convergence for Reed and Hill’s investigation. Numerous au-
thors contributed to the early theoretical development of DG, and a brief history is
given in [2].

Since the publication of Reed and Hill’s seminal paper, extensive research has been
carried out on further developing DG. The natural direction is the application to the
class of non-linear hyperbolic systems, which requires that a time-stepping algorithm
be introduced. Chavent and salzano[8] used a forward Euler method to march in time,
but this had poor stability properties; it is stable for very restrictive CFL numbers. The
restriction upon the CFL number would make it a restrictive condition for hyperbolic
problems[2], because the CFL number is of the order of the the square-root of the grid
size, which is very impractical.

The first steps towards developing a method which overcame the time-stepping prob-
lems were taken by Cockburn and Shu, who used a TVB Runge-Kutta devised by Shu
and Osher[61]. The method subsequently became known as Runge-Kutta Discontinu-
ous Galerkin (RKDG), which has since been applied extensively. Although the Runge-
Kutta method has remained popular, alternative methods are being investigated. Qui
et.al[55] developed a Lax-Wendroff type method for Discontinuous Galerkin which
is more compact than the existing Runge-Kutta method. Unfortunately, the Lax-
Wendroff method is more complicated to program than the popular TVD Runge-Kutta
method for multidimensional cases.

In [10], Cockburn and Shu investigated a 1D single component scalar equation, which
was extended to a 1D multicomponent scalar problem[9]. Continued work by Cock-
burn and Shu was focused on establishing a multidimensional RKDG theory[12], and
an RKDG theory for convection-dominated problems[11]. Furthermore, articles have
been written to give a wider audience introduction to the RKDG method[79]

The success of Discontinuous Galerkin can be illustrated by the areas to which it has
been applied: Magnetohydrodynamics[14, 71], Plasma physics[42], Fluid mechanics[4,
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36, 44] and Solid mechanics[66].

The greatest challenge faced in extending DG to higher dimensions is the limiter,
which is required to suppress the oscillations which occur as a result of Godunov’s
theorem. Cockburn and Shu[13] stated that the development of a limiter in multidi-
mensions is a difficult task. However, recent progress has been made in developing
limiters, although these are applicable for 2D problems[70].

It has also been noted that the choice of basis function plays no part in the accuracy of
the algorithm [76]. The choice of basis functions can be demarcated into orthogonal
and non-orthogonal basis functions. Orthogonal basis functions result in a diagonal
mass matrix, which is trivial to invert. If a non-orthogonal basis function is chosen,
then a method for inverting the mass matrix is required.

A novel approach to defining a set of basis functions is to carry out transformations
to the collapsed coordinate space. This method maps the reference hexahedron to the
reference tetrahedron, and is also applicable to grids constructed of prism and pyra-
mids; making it possible to define DG for a hybrid grid[45]. A DG method involving
basis functions defined using a collapsed coordinate transformation have been applied
to 3D problems[16]. With this DG approach, two transformations are required: the first
transformation maps the physical tetrahedron to the reference tetrahedron and the sec-
ond transformation maps the reference tetrahedron to the reference hexahedron. The
benefit of a collapsed Cartesian coordinate system, is that 1D quadratures methods
and wrapped tensors(basis functions) can be applied to multidimensional domains[33]

Researchers have also investigated the application of high-resolution methods to DG.
Most notably is the application of Weighted Essentially Non-Oscillatory (WENO) lim-
iters, which has been done for both 2D problems, for both structured and unstructured
grids[54, 76], and for 3D problems[47].

1.3 Objectives of the thesis

Finite volume method (FVM) represents, arguably, the most ubiquitous discretisation
approach in the engineering computational fluid dynamics community. However, Dis-
continuous Galerkin has, as mentioned previously, been applied to a variety of flows
and is becoming equally widespread, due to a combination of the DG method’s ability
to model hyperbolic PDE flows on unstructured grids and a fixed direct side stencil ap-
proach, thus combining the beneficial properties of FVM in relation to the resolution
of discontinuities and sharp gradients, and increasing the spatial accuracy using a FEM
approach.

It is evident there is a similarity between the two methods, and this is substantiated by
the fact that 1st order accurate DG is identical to the 1st order accurate FVM.

The methods obviously differ when the order of accuracy is greater than 1st order.
Firstly, the solution reconstruction is different. In FVM the need to construct a larger
stencil, based on the neighbours of neighbours is required. However, the DG method is
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more localised requiring the same stencil as the 1st order method (only the direct side
neighbours), but an increase in the number of degrees of freedom and the inclusion of
a volume quadrature.

Although it is possible to obtain a discretisation of the same order of grid convergence
with both methods, the properties of the asymptotic convergence range, and hence the
actual order of accuracy demonstrated through the simulations differs. In this thesis we
explore the similarities and differences between the Finite Volume and Discontinuous
Galerkin solutions of the same order of grid convergence, within the context of the
same CFD solver. The latter ensures that the manipulations of geometrical data are
performed in the same way, the integrals are solved using the same quadrature points
and the resolution of the discontinuity is obtained through the same Riemann solver -
enabling a direct comparison of discretisation efficiency.

The majority of comparative studies of DG have been conducted in 1D and 2D and
these have been done for a variety of problems, and to a variety of numerical methods.
[60] compared FDM-WENO, FVM-WENO and DG-TVB in 2D for hyperbolic prob-
lems with strong shocks, the author showed that each method had particular strengths
and weaknesses, in particular the lack of robustness of the (DG) TVB limiter when
compared to WENO, and the ideal use of the DG method for problems with smooth
solutions. [29] studied the comparison of high-order methods for oceanic applications
in 2D, the DG method performed with relative efficiency when compared to the other
numerical methods. Similarly [51] compared DG with FVM, but for a inviscid and
viscous problems in 2D on a Cartesian grid upto 4th order. This comparison like the
previous comparison, showed the effectiveness of using DG methods, especially for
smooth solutions. [14] conducted a 3D study of DG, however, this was done for a
structured hexahedral grid (not for tetrahedral cells we are considering in this thesis),
and the study compared the DG method to the FDM (not to the FVM we are consider-
ing in this thesis) - it was shown like the previous study that the DG method performed
better than the FDM. [74] conducted a 1D study on the DG method compared to the
spectral finite volume method for the simple advection eqation, it was shown that the
DG required a smaller CFL number for stability but produced an error which was also
smaller. In [75] a 2D comparative study was conducted on an unstructured grids for
problems which required limiting, for DG a TVB limiter was utilised whereas for FVM
a WENO method was used - It was shown that the FVM-WENO approach produced a
high error and was slower than the DG-TVB approach. From these comparative stud-
ies between DG and other numerical methods, the general conclusion states that the
DG method performs well for smooth solutions, and when a TVB limiter is utilised
performs well for discontinuous solutions too, although the size of the CFL number
for DG is very restrictive.

To make the comparison unbiased as possible, a number of simplifications are applied.
Firstly, an almost uniform smooth tetrahedral mesh is selected for the testcases in or-
der to underline the observed differences in convergence. Secondly, the comparison
is restricted to schemes of up to 3rd order of accuracy in order to evaluate the sce-
nario corresponding to the majority of commercially available engineering FVM CFD
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solvers. Finally, none of the aforementioned DG and FVM comparisons used an iden-
tical limiter for discontinuous solutions - in this thesis we will use a Barth-Jespersen
limiter which is applied identically to both DG and FVM, unlike the TVB and WENO
limiters, thus keeping the comparison as close as possible.

The objectives of this thesis can be summarised as following:

1) For a comparative study of FVM and DG in 3D the order of grid convergence is
a vital indicator of the spatial accuracy of the method. This will be analysed for scalar
testcases and a systems testcase (Euler equations) for problems which are sufficiently
smooth ( for example a sine wave on a fine mesh), thus not requiring a limiter function.
From this study an convergence to the nominal order of accuracy is expected.

2) It has been observed that TVD limiters, which are routinely applied when there is
chance of Gibb’s oscillations forming, degrade the convergence of a numerical scheme,
especially in the smooth region of a flow. An identical limiter is sought for both FVM
and DG, to keep the comparison as close as possible, which is applied to a smooth
problem to observe the degradation of the convergence.

3) In addition to the application of the TVD limiter to smooth problems, the limiter
is applied to problems where the inclusion of a limiter to suppress oscillations, (which
at times can cause the CFD solver to crash or produce non-physical results such as
negative density ) is necessary .

4) Another pertinent observation is the computational time of the numerical methods,
this is an important component of any numerical method, especially in CFD where
simulations can require a large amount of time to converge.

Both the methods are implemented on the same solver platform, thus giving the possi-
bility to reuse shared features of the method, resulting in identical computational and
discretisation round-off errors when possible .

1.3.1 Structure of the thesis

1) - The initial part of the thesis establishes the theory of the Discontinuous Galerkin
method. The theory is firstly proposed in the 1D case, identifying the main areas of the
method, this is then extended to multidimensions. The theory includes the choice of
basis functions and modification required for them to be used on the FVM solver, the
evaluation of the integrals, the initialisaiton of DG and the limiter required to suppress
oscillations.

2) - The advection and Euler equations are solved for a constant initial condition. This
is particularly important for verifying the derivatives of the basis functions and the vol-
ume quadratures(which are only present in high-order DG)
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3) - The linear advection equation with initial conditions sin(2rx)sin(2ry)sin(2nz),
sin(4nx)sin(4ry)sin(4nz), sin(6brrx)sin(6my)sin(brz) are solved on four grids of increas-
ing grid points to establish a convergence analysis. The CFL number is also altered to
observe the effect of stability and convergence of the FVM and DG method.

4) A manufactured method of solution is applied to the Euler equations for a suffi-
ciently smooth density profile, which possess an analytical solution, therefore making
it possible to conduct a nominal order of accuracy study.

5) Having verified the DG method using the advection equation and Euler equations,
it is possible to investigate testcases where it is difficult to evaluate a nominal order of
accuracy. These are testcases which involve a TVD limiter, which degrades the con-
vergence of the scheme. In the first instance, to test the robustness of the DG solver, an
implosion of a sphere of gas is investigated. The purpose of the implosion testcase is
not to act as a comparison between the DG and FVM, as an analytical solution is very
difficult to derive.

6) - The successful demonstration of the DG solver to handle the modelling of the
shock collisions in the implosion testcase using a TVD limiter allows the DG solver
to be applied to other testcase where a limiter is necessary. Sod’s shocktube case is
investigated on a rectangular domain, the flow exhibits all three wave solutions for an
hyperbolic PDE. DG and FVM are applied to this testcase, this is the first comparative
testcase involving a limiter which is applied to a shock problem, in this thesis. For the
sake of completeness of the comparison, an identical limiter is utilised(the only such
limiter on an unstructured grid) the Barth-Jespersen limiter.

7) - To investigate the comparison of FVM and DG with respect to an analytical solu-
tion in a 3D setting, an explosion testcase is chosen. A sphere of gas of high pressure
at the centre of cubic domain surrounded by a gas of low pressure. This can be viewed
as a 3D extension of the shocktube problem.

8) The results from the testcases (2-7) are discussed and a conclusion is presented
at the end of the thesis.

1.4 Publication

Published

A.F. Antoniadis, K.H.Igbal, E.Shapiro, N.Asproulis and D.Drikakis. Comparison of
High-Order Finite Volume and Discontinuous Galerkin Methods on 3D Unstructured
Grids, ICNAAM 2011



CHAPTER 2

Discontinuous Galerkin

2.1 1D Discontinuous Galerkin

The 1D Discontinuous Galerkin method for hyperbolic problems represents the main
constituents of the method, and therefore is an ideal starting point before extending
the discussion to the multidimensional case. In the 1D discussion we present the main
components of the method: Evaluation of the integrals using a quadrature method, the
basis functions and the associated orthogonality, and the Runge-Kutta method. Firstly,
the hyperbolic PDE is cast into a conservation form (eq: 2.1.1).

F
6U+<9 (U):

— 0 2.1.1
ot Ox ( )

Where the F(U) is the flux of the conserved variables and U is the vector of conserved
variables. In the case of the scalar problem and Euler equations' in the 1D these would
be, respectively:

FU)=C.U
ou
FO) =| p+pu’ ]
u(E + p)

The Conservation law (eq: 2.1.1) is cast into the weak form by multiplying by some
function g(x), and integrating over the domain interval Q = [x;_;2, Xj.1)2].

fa—Uq(x)dQ+qu(x)dQ:0 (2.1.2)
Q ot Q ox

The Galerkin formulation is based upon setting the basis function in the weak formu-
lation (eq: 2.1.2) equal to the test function, where ¢(x) is a basis function.

'Please consult the Appendix for a review of the Euler equations
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¢(x) = q(x)

Thus the weak form becomes

fa—U¢(x)dQ+fM¢(x)dQ:O (2.1.3)
O ot O ox

The conserved variables U are replaced with the approximate solution U, (eq: 2.1.4)

Np-1

U= ) i) (2.1.4)

=0

From which we get the weak form in terms of the Degrees Of Freedom (DOF)

ou, OF(U,)
N B(X)dQ + R

d(x)dQ =0 (2.1.5)

Where ii; are the DOF - the [ subscripts denote the order of the polynomial. The number
of DOF per conserved variable in 1D is directly proportional to the order of the scheme
i.e. a 1st order scheme has 1 DOF per conserved variable, a 2"¢ scheme has 2 DOF per
conserved variable , a 3" order has 3 DOF per conserved variable and so forth.

The choice of the basis functions is ambiguous, and has no effect on the overall results
of the DG method[12]. Both Orthogonal and non-Orthogonal basis functions have
been used. In this thesis we use the orthogonal Jacobi polynomials, Pf’ﬂ . In 1D we use
the Legendre polynomials which are a generalisation of the Jacobi polynomials (by
setting the @ = 8 = 0), P?’O, therefore, the basis function become the

¢ = PO

The Legendre polynomials for upto 6th Order (n < 5) accuracy are presented in ta-
ble: 2.1 and fig: 2.1.

Table 2.1: Legendre polynomials for n< 5

Order (1) P’
0 1
1 X
2 162 -1
3 %(5)(3 - 3x)
4 £(35x* = 30x7 + 3)
5 +(63x° = 70x* + 15x)
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Figure 2.1: Legendre Polynomials for n<5

The weak formulation in terms of DOF in its current form is not ideal for computation
because of the partial derivative. To continue with the derivation of the 1D DG method,
we apply the divergence theorem to the integral containing the conservative flux vector
F(U) (eq: 2.1.5), from which we retrieve the following PDE.

oU d
h¢( )dQ — fg ¢§;X))F(Uh)d£2+[F(Uh)]ﬂﬁ (2.1.6)

Q

Now the integral containing the conservative flux vector has been separated into two
parts. Firstly we have an integral containing the conservative flux vector

de(&(x))
fg —F(U)dQ

This is now in terms of an ordinary derivative and not a partial derivative and is some-
times referred to as the volume integral as it encompasses the entire volume of the el-
ement. The volume integral is solved by a Gaussian quadrature method, buy mapping
the integral from the physical space x to the reference space & using the transformation

2(x — x;)

&= A

thus transforming the integral to the space [-1,1] it possible to use the Gaussian quadra-
ture methods.

[ a0 - 2 f U
Q
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The second part is called the numerical flux integral, where the conservative flux F is
replaced by a numerical flux F
- i+1/2
U
Although in the case of 1D DG it is merely at the end points of the line element (
Q = [xi-1/2, Xis+1/2]). The numerical flux is the only means by which elements can
communicate with one another, due to the discontinuity between them. Such prob-
lems, where a discontinuity separates piecewise data is called a Riemann problem.

For a simple advection problem we are considering in this chapter, a simple upwind
Godunov flux will suffice. A comprehensive overview of which can be found in[68].

In the 2D and 3D cases a integral would have to be solved. The dimensions of the
numerical flux integral is one less than the dimension of the space we are working in
i.e in 3D space the numerical flux integral is a 2D integral.

To change the partial derivative to an ordinary derivative in the temporal integral we
expand the approximate solution U, thus completing the transition from the partial
differential form of the weak formulation to the semi-discrete form. Such that the
Runga-Kutta method can be used to solve the semi-discrete form.

Np-1

ou, 0 N
L;ﬁ@m=LEwammmmwﬂ

1=0
As the degree of freedom is only time-dependent it can be factored out of the integral
d.
240 | (X)) (£(x))dQ
t Q

the Legendre polynomials are orthogonal in the space [—-1, 1], which will become our
reference space. Therefore transforming this integral to the reference space

d
szqf@@%@ﬂz
t Q

where J is the Jacobian of the transformation. the basis functions are orthogonal, and
the orthogonality property applies, namely

L¢l(f)¢m(§) = Oy

where 6}, is the Kronecker delta and ¢; is the norm

and the temporal integral becomes

d
J.Maﬁl(t)
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where M is the diagonal matrix of the norms of the basis functions ( this is often called
the mass matrix).

a 0 0 0 0
00 a, 0 0 0O O
0 0 aa 0 0 O

M= 0 0 a3 0
0 0 0 0 0
0 0 0 0 AaNp-1

the inversion of the diagonal mass matrix is a trivial process, and is simply

1/ay O 0 0 0

0 1/a, O 0 0 0
] 0 0 1/aa O 0 0
Mo=1 0 0 1/az 0 ;
0 0 0 o . 0
0 0 0 0 1/aNp—l
The final form (semi-discrete)
is
d., 1 dp(£(x)) i+1/2
S = M7 fg < 2R - FUDI ) (2.1.7)

This semi discrete form is solved using a Runge-Kutta method?.

2.2 1D Testcase

To demonstrate the 1D DG method, an advection equation is solved with initial condi-
tion
Uy = sin(2rx)

This is solved for upto 6th order spatial accuracy (ps) on 3 grids with elements (Ng =
20,40, 80), on a spatial domain [0, 1]. Periodic boundary conditions are specified at
the beginning and end of the domain (at O and 1), and the advection velocity is set
to C, = 1, therefore the time it takes for one period on the specified domain and
advection velocity with the above IC is T = 1. The order of the Runge-Kutta method
(the temporal order) is set equal to the order spatial accuracy. So for 1st order accuracy
(Py) we use a 1st order Runge-Kutta method (Euler’s method), for 2nd order accuracy
(P;) a 2nd order method Runge-Kutta is used, and so forth. The size of the CFL

number is dictated by[2]

1
CFL=—— 2.2.1
2l +1 ( )

ZPlease consult the appendix for an overview of Runge-Kutta methods
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The results of the convergence study is tabled in (Table: 2.2) which shows the nominal
order of accuracy (L. and L;). Ly is the maximum error of the error between the
analytical solution (Uy,,;) and the numerical solution U, and L, is the defined as

Table 2.2: 1D DG numerical convergence rates for linear advection at T=1 for IC

Up = sin(2rx). CFL = 21% and Runge-Kutta order equals spatial order

1* order

Ng L L, O,. Oy

20 1.35E-1 1.06E-1 - -

40 6.80E-2  5.30E-2 0.99 1.00

80 3.39E-2  2.630E-1 1.01 1.00
2" order

Ng L. L O.. Oy

20 1.47E-2  1.63E-2 - -

40 4.01E-3 4.04E-3 1.87 2.01

80 1.05E-3  1.00E-3 193 2.00
34 order

No L. L, 0. Oy

20 3.67E-4 1.78E-4 - -

40 4.63E-5 2.20E-5 299 3.02

80 5.83E-6 2.73E-6 299 3.01
4™ order

Ng L L, O,. Oy

20 7.19E-6  3.27E-6 - -

40 4.55E-7 2.04E-7 3.98 4.00

80 2.85E-8 1.28E-8 4.00 4.00
5" order

Ng L L, O,. Oy

20 1.15E-7 4.73E-8 - -

40 3.54E-9 146E-9 502 5.02

80 1.10E-10 4.56E-11 5.00 5.00
6™ order

Ng L L O.. Oy

20 1.43E-9  6.02E-10 - -

40 2.25E-11 9.41E-12 599 6.00

80 3.51E-13 1.82E-13 6.00 5.69

The results for the testcase are illustrated in Figure 2.2, Figure 2.2, which show the
convergence to the nominal order of accuracy.
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Figure 2.2: 1D DG L0 convergence for linear advection (upto 6”* order) at T=1 for IC
Uy = sin(2rx)
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Figure 2.3: 1D DG L1 convergence for linear advection (upto 6/ order) at T=1 for IC
Uy = sin(2rx)
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Given the very restrictive condition employed in the above problem: that the order of
accuracy of the Runge-Kutta method equals the spatial order of accuracy, for example
a 6th order Runge-Kutta was used for 6th order spatial accuracy (Ps), a natural ques-
tion would be to ask if using a maximum of a 4th order Runge-Kutta would effect the
convergence of method as witnessed in table: 2.2? Clearly in a 3D setting a 6th order
Runge-Kutta would be infeasible due to the high-storage costs. Employing a maximum
4th order Runge-Kutta method in the following study, we investigate the convergence
rates for upto 6th Order spatial accuracy (Ps),using the data provided in [13], which
gives the CFL numbers for combination of the order of the RK and DG methods. The
Ist order (RK1) and 2nd order (RK2) Runge-Kutta methods are only applicable to 1st
and 2nd order spatial accuracy as stated in[13], and therefore will not be considered.

2nd Order spatial accuracy (P;) The approximation for the maximum CFL num-
ber for RK?2 is 0.333" given by eq: 2.2 which is used for RK2 accuracy. Increasing
the RK order to 3rd and 4th order we observed the following trends in the nominal
order of accuracy, the maximum CFL which could be used with for P;-RK3 was 0.409
Table: 2.3,and P;-RK4 was 0.464 (Table: 2.4)

Table 2.3: Py, RK3 for CFL = 0.409
Ng L., L, O., Oy
20 1.01E-2 8.41E-3 - -
40 2.94E-3 194E-3 211 1.78
80 790E-4 4.67E-4 2.066 1.90

Table 2.4: Py, RK4 for CFL = 0.464
NG Loo L] OLoo OL1
20 1.11E-2 8.49E-3 - -
40 3.30E-3 2.13E-3 1.74 2.00
80 8.61E-4 5.10E-4 194 2.06

3nd Order spatial accuracy (P,) The approximation for the maximum CFL number
for RK3 is 0.2 given by eq: 2.2. Increasing the RK order to 4th Order we observed the
following trends in the nominal order of accuracy, the maximum CFL which could be
used with for P,-RK4 was 0.235 table: 2.5

Table 2.5: P,, RK4 for CFL = 0.235
No | Lo L, O.. O,
20 | 3.66E-4 157E-4 - -
40 |  4.61E-5 1.96E-5 2.99 3.00
80 | 5.78E-6 245E-6 3.00 3.00

4th Order spatial accuracy (P;) The approximation for the maximum CFL number
for RK4 is 0.142 given by eq: 2.2. Decreasing the RK order to RK = 3 we observed
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the following trends in the nominal order of accuracy, the maximum CFL which could
be used with for P;-RK3 was 0.130 table: 2.6

Table 2.6: P3, RK3 for CFL = 0.130

NG Lo Ly OLOQ OLl
20 2.50E-4 251E-5 - -

40 2.68E-5 3.14E-6 322 299
80 3.07E-6 3.94E-7 3.13 2.99

Sth Order spatial accuracy (P,) The approximation for the maximum CFL number
for RKS is 0.111" given by eq: 2.2. Decreasing the RK order to 3rd and 4th order we
observed the following trends in the nominal order of accuracy, the maximum CFL
which could be used with for P,-RK?3 was 0.089 table: 2.7,and P,-RK4 was 0.1 ta-
ble: 2.8

Table 2.7: P;, RK3 for CFL = 0.089

No| Le L, O.. O,
20 5.73E-6 8.04E-6 - -
40 7.15E-7 1.01E-6 3.00 3.00
80 8.94E-8 1.26E-7 3.006 3.00
Table 2.8: P;, RK4 for CFL = 0.1
No | Le L O.. Oy
20 1.65E-7 7.57E-8 - -
40 6.73E-9 450E-9 4.62 4.07
80 3.10E-10 2.81E-10 4.44 4.00

6th Order spatial accuracy (Ps) The approximation for the maximum CFL number
for RK6 is 0.0909" given by eq: 2.2. Decreasing the RK order to 3rd and 4th order
we observed the following trends in the nominal order of accuracy, the maximum CFL
which could be used with for Ps-RK3 was 0.066 table: 2.9,and Ps-RK4 was 0.073
table: 2.10

Table 2.9: P5, RK3 for CFL = 0.066

No | Lw L 0. O
20| 233E-6 329E6 - -

40 | 2.92E-7 4.12E-7 3.00 3.00
80 | 3.65E-8 5.16B-8 3.006 3.00
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Table 2.10: Ps, RK4 for CFL = 0.073
NG Loo Ll OL OL]
20 1.47E-8  2.04E-8 - -
40 9.07E-10 1.28E-9 4.02 4.00
80 5.66E-11 8.00E-11 4.00 4.00

00

2.3 Summary of 1D method

The 1D Discontinuous Galerkin method was derived for a hyperbolic problem, which
is demonstrated in the context of the the linear advection equation. Given the start-
ing point of the derivation is a hyperbolic conservation law, the application of the 1D
DG method to other hyperbolic PDEs will not require changing significant parts of the
derivation.

The application of the 1D DG method to the linear advection equation for upto 6th
order spatial accuracy (Ps) yielded the expected nominal order of convergence, when
the order of accuracy of the Runge-Kutta method was equal to the spatial order of ac-
curacy. However, if the order of accuracy of the Runge-Kutta method was less than
the spatial order of accuracy then the nominal order of convergence is at most the or-
der of the Runge-Kutta method. For example, the table: 2.7, 2.8 show the order of
convergence when a Sth order method (P,4) uses Runge-Kutta methods of 4th and 3rd
order respectively, then the nominal order of convergence is equal to the order of the
Runge-Kutta method.



2.4 Nodal Basis functions 21

2.4 Nodal Basis functions

As was mentioned in [13], the choice of basis functions contributes little to the accu-
racy of the DG method. As aresult both orthogonal[20, 45] and non-non-orthogonal[11-
13] basis functions have been used. Apart from being orthogonal and non-orthogonal,
basis functions can be modal and nodal. In this thesis we use the modal type basis
function, with increasing order of accuracy, higher order polynomials are included in
the approximation which are hierarchical in nature, this means that ¢o, ¢, ... ¢y, are
included along with the ¢y, basis functions in N, — 1 order approximation. This is
illustrated in Figure 2.1. Unlike the FVM method, the DG method has more than one
degree of freedom per variable for high-order accuracies. These degree of freedom
are then reconstructed at the quadratures points for flux evaluation, and the centroid
of the element for the final solution. The alternative to the modal basis functions are
the nodal basis functions, which apart from increasing the mode of the polynomial,
increase the nodes on which to evaluate the degrees of freedom. Nodal basis func-
tions are not hierarchical meaning the basis functions for an N, — 1 accuracy cannot be
constructed from the @o, @1 . .. ¢y, > basis functions. Also, the reconstruction of the ap-
proximate solution is different. With the modal expansion, the position of the degrees
of freedom i, in the reference domain is not important, however in the nodal expansion
this is important as a particular node corresponds to a particular basis function, hence
information about the position of the degree of freedom is stored in the solution array.

Np-1

Z i () (x) Modal Expansion

=0

Np-1

U(x) = ) iylx,06(x)  Nodal Expansion
1=0

Un(x, 1)

To derive the basis functions for a general 1D domain we start with a representation of
the approximate solution using a polynomial expansion

Uh(f, ) = ap+ alfl + azfz +azé; + ... (241)

Our aim is to establish the values of the unknown coefficient a;. Assuming a reference
domain of [0, 1], although we could have worked in a physical domain or a reference
domain of [—1,1]. To illustrate how to construct a 2nd order set of coefficients we
specify the approximate solution at end points 0 and 1 (any two points in the domain
could have been chosen). At these points &1, = 0, 1 we get the following combinations

Uh(O,t) = ayp=dag = U()
U(l,t) = ap+a = a =Uyl,1)-Uyl,1)

Substituting the values of the coefficients g; in the the polynomial expansion(equation
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2.4.1) (for 2nd order expansion), and using the notation

Un(0,1) = iy
Uy(l,1) = @y

We obtain the following by substituting in equation 2.4.1

Un&,1) = ap+ai&
Uné. 0 fig + (it — itg)éy

rearranging there equations in terms of the degrees of freedom i,

Un(&. 1)
Un(&.1)

io(1 = &) + iné
oty + 16,

where the nodal basis functions in 2nd order (linear) approximation are given by

b = £-1
b = ¢

Nodal basis functions can be derived for nth order accuracy - the number of basis
functions (hence the number of nodes on the element) is proportional to the order of
accuracy, therefore, 3rd order accuracy has three nodes and thus three basis functions.
Figure 2.4, gives the illustration of the basis functions upto 4th order accuracy in the
[0, 1] domain, unlike the modal basis functions the nodal basis functions differ for
each order of accuracy and we cannot use the 2nd order basis functions in a 3rd order
approximate, as a result new 3rd order basis functions have to derived. An alterna-
tive to defining the basis functions using the above method is to use the Lagrangian

polynomials
X — é:]
6 =
: D & =&
1#]

An in depth study of Nodal discontinuous Galerkin methods is given by[28].
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Basis function for constant combination Basis functions for linear combination

2 T T 1
l [—*]] o
16 b 0.8
IO
14F b 0.7 b
Il
1.2f b 0.6
- 1 — 05
0.8 b 04
0.6 b 0.3
04 b 0.2
0.2f b 0.1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
13 13
(a) 1st Order (b) 2nd Order
Basis functions for quadratic combination Basis functions for cubic combination
12 T T T T T 12 T T T T T

(¢) 3rd Order (d) 4th Order

Figure 2.4: 1D nodal basis functions defined in the reference space [0,1] for upto 4th order
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2.5 3D Discontinuous Galerkin

A multidimensional hyperbolic conservation law is defined as

ou
— +VFU)=0
5~ VFO)

equally, by expanding the divergence operator, the hyperbolic conservation can be writ-

enas ou o0 0 0
—+ —F — —HWU)=0
o +6x (U)+6yG(U)+6z (U)

where F is the flux vector defined as (F(U), G(U), H(U)), and U is the conserved vari-
ables.

For the scalar advection case the conserved variable is

U= )T

with the fluxes F for the scalar advection being

F=Ciu G=Cyu H=C.u

C,,C,, C; are the advection velocities in the x,y, z directions respectively.

For the three dimensional Euler equation the conserved variables are?

U = (p, pu, pv, pw, E)"

As there are six unknowns and fives equations: pressure, density, the three velocity
components and Energy. Therefore, the Euler equations are closed using an equation
of state.

2.6 Weak Formulation

The starting point of the DG formulation is the derivation of the weak formulation,
this is achieved by multiplying the conservation law by a test function g(x,y, z) and
integrating over an element Q

ou oF 0G OH
f ——q(x,y,2)dQ + f (— + =+ —)q(x, v,2)dQ = 0 2.6.1)
Q (9t Q aX ay (9Z

the second integral in the above formulation is integrated by parts using the Green-
Gauss theorem, resulting in the following form.

f Z—qu(x, v,2)dQ — f(F, G,H).Vq(x,y,7)dQ + (F,G,H).h.q(x,y,2)d0oQ =0
Q Q 90
(2.6.2)

3The fluxes for the Euler equations have been included in the appendix.
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For the galerkin formulation the test function q(x,y,z) is replaced with the basis func-
tion

CI(X’ Y, Z) = ¢l(€:(x)’ U(X)’ ((X))

and replacing the conserved variable U with the approximate solution U,

Np-1
Uy = Z u(DPI(£(x), n(x), £(X)) (2.6.3)

the terms (F, G, H).h in the surface integral are replaced with the numerical fluxes
F,G,H, where ¥, = (F,,, G, H,) = (F(U,),G(U,), H(U,)). The choice for the numer-
ical flux will be discussed in the proceeding sections.

f —‘95 b i E(x), 1(x), {(X))dQ
Q t
. fg (F s Grs Hy)- ViE®), (%), £(x))d2

+ ﬁ (Fi Gie Hi)gu(E(x), (), £(0))dS = 0 (2.6.4)
with F, = (Fy, Gy, Hy) = (F(Uy), G(Uy), H(Up)).

Equation (2.6.4) is referred to as the weak Galerkin formulation. This equation is
not useful in its current form and has to be reduced to an ODE (Ordinary Differential
Equation) to be more computational friendly. Firstly, the weak formulation is altered to
reflect the type of element that is being considered. As we are considering only tetra-
hedrons, we change the surface integral to sum over all four faces. For other elements
the surface integral has to changed respectively; six faces for hexahedrons, and fives
faces for prism and pyramids. Another complicating factor is the shape of the face, in
the tetrahedron all four faces are triangles. Whilst an hexahedron is constructed of 6
rectangles, and prisms and pyramids are a mixture of both rectangles and triangles.

oU
f a—hcbz(f(X), n(x), £(x))dQ
o Ot

- fQ (Fn, Gpy Hp).Vi(£(x), 1(X), £(x))d 2

4
+ | B G B0, m(x), £())dS = 0 (2.6.5)

ecoQ V¢

To complete the derivation of the ODE from the weak form (2.6.5) we exploit the
approximate solution U, in the first integral.
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ou,
f o BEX). 1(X).{(x))d
Q Ot
Np-1

0
_ f (D w0010, 100, £09) (€0, 10, L)

01\ 4

o
_ diu(®) fg BUEX), 11(X), LN G(EX), N(X), {(X))dQ

dt

the weak Galerkin form has now been reduced to an ODE, and can be solved using a
time-stepping algorithm.
diy(t)
dt

fg Gi(§(x), 1(x), LX) (£(X), 1(X), £(x))dQ

Mass matrix

- fQ(Fh, G, Hy) Vi(£(X), n(X), £(x))d 2

Volume integral

4
+ D | Fn G H)giE®0,1(x), £(x))dS = 0 (2.6.6)

ecoQ V¢

Surface integral
Equation(2.6.6) can be written in the concise form.
diy(1)
dt

Where L, is the right hand consisting of the volume and surface integral.

M

= Ly (£(x), n(x), £(x))

4
Ly = fg (Fi» Gy Hy) ViEX), n(x), (DA = > | (Fi, G, H)gi(E(x), (%), £(x))dS

ecoQ V¢

and M is the diagonal mass matrix.

M = fg Pi(£(X), N(X), {(X))Pm(£(X), N(X), £(X))d Q2

Although the ODE form of the DG formulation has been established, there still remains
unanswered questions. The main ones being:

1. The choice of the basis functions
2. The choice of the numerical flux
3. The method for solving the ODE

4. The method for evaluating the integrals

These points will be addressed in the proceeding sections.



2.7 Basis functions 27

2.7 Basis functions

In the study of continuous and discontinuous finite element methods there are two
types of basis functions that can be utilised - non-hierarchical and hierarchical. Let us
consider the non-hierarchical basis functions, which have to obey the following two
properties[41].

1) The basis function ¢, is defined at a node i on element x; and O everywhere else
on the element

2) The basis function can only take non-zero values on the element being consid-
ered, and is zero on the elements not being considered.

_ #0 ifXjEQj
¢("f)‘{:o ifx, ¢Q,

There is an extensive list of non-hierarchical basis functions for various elements in
multidimensional [78], and these have been widely used in the continuous finite ele-
ment method and also in three-dimensional discontinuous Galerkin.

The other category of basis function as mentioned above is of the hierarchical type.
These basis functions only obey the second property i.e the basis function is only non-
zero on the element being considered. The hierarchical basis functions are so named
because the basis functions used in the P;.; scheme contain the basis functions used in
the P, scheme. For example, a 3D tetrahedral requires 4 degrees of freedom and hence
4 basis functions for the P and, 10 degrees of freedom and basis functions for the P,
case. The basis functions used in the P, case form the first 4 basis functions of the P,
in mathematical notation this can be represented as

{ddo C i} C -+ TP}k

This can also be viewed as the set of Py basis functions are contained with the set of P;
basis functions; the set of P; basis are contained with the set of P, basis and so forth.

Another feature of the basis functions to address is the orthogonality. Both hierarchical
and non-hierarchical basis functions can be constructed to become a set of orthogonal
basis functions, this is achieved by using the Gram-Schmidt method. The orthogonality
of the basis functions will result in a diagonal mass matrix M, which is trivial to invert.

The basis functions can be derived in either the physical space € [12, 76] or the refer-
ence space Q) [20, 33, 73]. As the reference element is fixed, it easier to derive the basis
functions in the reference space. To construction the basis functions in the reference
space we simply map the element in the physical space to the reference triangle, and
carry out all operations in the reference space. In the proceeding chapter we will show
how this is achieved.
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2.7.1 Basis function in Q-space

A

In the Q-space, where the physical tetrahedron has been transformed into the the stan-
dard tetrahedron in the [0,1] space, and the integration of the inner product is performed
in this space.

To derive the orthogonal hierarchical basis function firstly consider the set B of mono-
mial polynomials

B={bli=1,2...,Np} ={&,1,{,&n,é¢, ..}
From which we want to construct a set of orthogonal basis functions G,
G={gli=1,2...,Np}
by applying the Gram-Schmidt method to the set of monomials B, we get
- bi = Vi1 (bis 818k
b by~ i (b giys

8

If the upper limit is less than the lower limit then the summation is taken to be zero.
The monomials can be written in the general form

by = £20 0 750

therefore the inner product becomes

1 1-¢ 1-é-
(bi, by = f f f "(-f““’n”‘”f@).(f“<"’rf<">é‘“">)dfdnd4
0 0 0

which can be written simply (by collecting the &, i, { terms)

1 1-¢ 1-é-—n
(bisby) = fo fo fo (& {dédnde @.7.1)

where
m = a(i) + a(k); n=p>0)+pBk);, [=033i)+ k)

the general solution for the inner product (2.7.1) can be established by repetitively
using the binomial theorem, and the resulting answer is a set of orthogonal basis func-
tions in terms of the Jacobi polynomials[28].

The Basis functions for the fours euclidean solids, which generally form the construc-
tion of an unstructured mesh[59].

Tetrahedral expansion:

Gpgr(&1:2,E3) = s @OW ), (10, (13)
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where

2 Ay = 2 = 26

-3 < > 1= ) 2 — -
1-&-6& 1-& 1 -¢&

now the tetrahedron basis function is defined in terms of the collapsed coordinates 7,

which are functions of the local space coordinates £. The basis functions above are
defined in terms of Jacobi polynomials P;‘:"B (2)

m L =-1+28

~ - 1 _ p

7c 1 —z\P™ 2p+2g+2,0
U@ =(—=) P

when the parameters @ = 8 = 0 then the Jacobi polynomials Pg’ﬁ become the Legendre
polynomials
PiP(2) = PY°(2) = Ly(2)

and the use of the Legendre polynomials orthogonality property is made

1
2
f 1 Pi(2)P,(2)dz = T 151m

the orthogonality property of the Jacobi polynomials is

208 T(U+a+BT(+a+B+1)

1
1-2)°(1 + 2P PP (2)PLP(2)dz = Om
[1( "1+ 2 PP, @)z 20+a+B+1 n'm+a+p+1) :

In the basis functions mentioned above the 8 parameter of the Jacobi polynomials is
zero, and therefore the orthogonality property reduces to

a+1

_— 2.7.2
21+a+15"” (2.7.2)

1
f (1 -2 PP (2)dz =
-1
Where (1 — z) is the weighting function, if we set @ = 0 we retrieve the orthogonality
property for the Legendre polynomals used in the 1D setting.
NOTE
The basis functions given in journals such as[20, 59] and the book[33] collapse the
coordinates of the reference hexahedron in a manner in which the reference pyramid,
prism and tetrahedron are defined in the [—1, 1] space. However, the above collapsed
coordinates 7y, 171, 172, 73 have been modifed such that the reference hexahedron is de-
fined in the [0, 1] space, and as a result the collapsing of the coordinates will lead to
the reference pyramid, prism and tetrahedron being defined in the [0, 1] space. As a
consequence of altering the reference space, the quadrature integration of the integrals
is also effected. The quadrature method mentioned in [33] is reliant upon the radau
and Labatto points which are defined in the [—1, 1] space, these can be evaluated to a
n™ order of accuracy using the software R, with the package rJacobi. For the evalua-
tion of the basis functions in the [0, 1] space the simplex points are used - this will be
discussed in the proceeding section.
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2.8 Initialisation of RKDG method

Let the initial condition be defined in the physical space ) as

U(x,y,z,0) = Up(x,y,2)

replacing the left-hand side with the approximate solution

Uh(xay7 Z, O) = UO(x’y, Z) (281)
where, as previously defined
Np-1
Uy = Z in(D)¢1(£(x), 1(x), £(x)) (2.8.2)
1=0

Casting this into the weak form, by multiplying equation (2.8.1) by the test function
and integrating over the element of the domain.

fQ Un(x, s 2 00 (€0, (%), {(X))dQ = fQ Uo(x, v, DA(ER), 13, CR)AQ. (2.83)

substituting (2.8.2) into (2.8.3) i.e the definition of U, (the approximate solution)

Np-1

fg () 0 Ex), 1), 200 g0, 730, £

=0

= fg Uo(x, y, DPi(€1(X), £2(X), £5(X))dQ
factoring out the degree of freedom,
i1(0). fg GUEX), (%), £(X)).$m(EX), 7(X), £(X))dQ (2.8.4)
= fQ Uo(x, y, DiEX), 7(X), £(X))dQ
where the integral on the left hand side of (2.8.4) is the mass matrix

M = fg Pr(€(x), 1(X), £(X)).¢m(£(X), N(X), {(X))dQ2

This integral is evaluated in the reference space Q (the space in which the basis func-
tions are defined).

M=J. fg &1, (e, D (28.5)
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where J is the Jacobian of the transformation. As the Jacobian is constant the orthog-
onality of the mass matrix will be preserved in the reference space[21]. The Basis
functions, as we have already mentioned, are orthogonal in the reference space. There-
fore the mass matrix (2.8.5) can be written as

M = J.a,

where ¢, is the norms®*.

Similarly the right hand of side is evaluated in the reference space, which becomes

] fg Uo((é, 1, O ¥(Ea 1, O, 2601, )61, )2

Finally the initialisation becomes

1 A
0(0) = —LUo(X(& 1,0), (&1, 8), 26,1, ))-4i(&, 1, £)dQ2

ap

2.9 Evaluation of the Integrals

In the previous section it was shown that in the semi-discrete derivation of the dis-
continuous Galerkin method, the need to evaluate integrals arise. These are most of-
ten carried out using quadrature methods, this process is called numerical integration.
Numerical integration makes it possible to evaluate complicated integrals, which may
not posses an analytical answer. Performing integration on elements with orthogonal
edges: a straight line in 1-D, a square in 2-D and a cube in 3-D is a trivial it is merely
the tensor product of the Gauss-Legendre quadrature method.

However, it is more complicated for simplexes such as triangles and tetrahedrons.
Hammer et.al [25] made the first attempt to perform numerical integration on a sim-
plex, and these were extended by Dunavant[19] and Zienkiewicz[77] for triangles and
by Jinyun[31] and Keast[34] for tetrahedrons. Although these methods provide a use-
ful way of evaluating the integral, they are limited. The highest order of accuracy
available for numerical integration on a tetrahedron is 8[34]. As the order of accuracy
of the DG method is effected by the order of the quadrature method it is envisaged that
the aforementioned choice of quadrature points may limit the order to which we can
extend the DG method.

To circumvent this problem the numerical integration proposed by Karniadakis and
Sherwin[33] coupled with the quadrature points provided by the R numerical software
(with the package rJacobi) give us the method of possible derivation of a DG method
for an arbitrary high order of accuracy.

“the norms of the basis functions are listed in the appendix
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Table 2.11: Gaussian quadrature points and weights for triangle in [0, 11> space from [19]

Order

3

n

w

1

0.333333333333333

0.333333333333333

1.000000000000000

2

0.666666666666667
0.166666666666667
0.166666666666667

0.166666666666667
0.166666666666667
0.666666666666667

0.333333333333333
0.333333333333333
0.336666663333333

0.333333333333333
0.600000000000000
0.200000000000000
0.200000000000000

0.333333333333333
0.200000000000000
0.600000000000000
0.200000000000000

-0.56250000000000
0.52083333333333
0.52083333333333
0.52083333333333

0.816847572980459
0.091576213509771
0.091576213509771
0.108103018168070
0.445948490915965
0.445948490915965

0.091576213509771
0.816847572980459
0.091576213509771
0.445948490915965
0.108103018168070
0.445948490915965

0.109951743655322
0.109951743655322
0.109951743655322
0.223381589678011
0.223381589678011
0.223381589678011

0.333333333333333
0.797426985353087
0.101386507323456
0.101386507323456
0.059715871789769
0.470142064105115
0.470142064105115

0.333333333333333
0.101386507323456
0.797426985353087
0.101386507323456
0.470142064105115
0.059715871789769
0.470142064105115

0.225000000000000
0.125939180544827
0.125939180544827
0.125939180544827
0.132394152788506
0.132394152788506
0.132394152788506

0.501426509658179
0.249286745170910
0.249286745170910
0.873821971016996
0.063089014491502
0.063089014491502
0.310352451033784
0.310352451033784
0.053145049844817
0.053145049844817
0.636502499121399
0.636502499121399

0.249286745170910
0.501426509658179
0.249286745170910
0.063089014491502
0.873821971016996
0.063089014491502
0.053145049844817
0.636502499121399
0.636502499121399
0.310352451033784
0.310352451033784
0.053145049844817

0.116786275726379
0.116786275726379
0.116786275726379
0.050844906370207
0.050844906370207
0.050844906370207
0.082851075618374
0.082851075618374
0.082851075618374
0.082851075618374
0.082851075618374
0.082851075618374

In this thesis we limit the order of accuracy to 2nd order, therefore, the simplex points
of [19, 34] will suffice. The quadrature points are defined in the reference space, and
points are mapped to the physical space, this is illustrated by figure ( 2.5)
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Table 2.12: Gaussian quadrature points and weights for Tetrahedron in [0, 1]* space from [34]

Order

3

n

¢

w

1

0.25000000000000

0.25000000000000

0.25000000000000

1.00000000000000

2

0.25000000000000
0.50000000000000
0.16666666666667
0.16666666666667
0.16666666666667

0.25000000000000
0.16666666666667
0.16666666666667
0.16666666666667
0.50000000000000

0.25000000000000
0.16666666666667
0.16666666666667
0.50000000000000
0.16666666666667

-0.8000000000000
0.4500000000000
0.4500000000000
0.4500000000000
0.4500000000000

0.56843058419684
0.14385647193439
0.14385647193439
0.14385647193439
0.00000000000000
0.50000000000000
0.50000000000000
0.50000000000000
0.00000000000000
0.00000000000000

0.14385647193439
0.14385647193439
0.14385647193439
0.56843058419684
0.50000000000000
0.00000000000000
0.50000000000000
0.00000000000000
0.50000000000000
0.00000000000000

0.14385647193439
0.14385647193439
0.56843058419684
0.14385647193439
0.50000000000000
0.50000000000000
0.00000000000000
0.00000000000000
0.00000000000000
0.50000000000000

0.21776506988041
0.21776506988041
0.21776506988041
0.21776506988041
0.02148995341306
0.02148995341306
0.02148995341306
0.02148995341306
0.02148995341306
0.02148995341306

0.25000000000000
0.78571428571429
0.07142857142857
0.07142857142857
0.07142857142857
0.10059642383320
0.39940357616680
0.39940357616680
0.39940357616680
0.10059642383320
0.10059642383320

0.25000000000000
0.07142857142857
0.07142857142857
0.07142857142857
0.78571428571429
0.39940357616680
0.10059642383320
0.39940357616680
0.10059642383320
0.39940357616680
0.10059642383320

0.25000000000000
0.07142857142857
0.07142857142857
0.78571428571429
0.07142857142857
0.39940357616680
0.39940357616680
0.10059642383320
0.10059642383320
0.10059642383320
0.39940357616680

-0.07893333333331
0.045733333333333
0.045733333333333
0.045733333333333
0.045733333333333
0.149333333333333
0.149333333333333
0.149333333333333
0.149333333333333
0.149333333333333
0.149333333333333

0.25000000000000
0.00000000000000
0.33333333333333
0.33333333333333
0.33333333333333
0.72727272727272
0.09090909090909
0.09090909090909
0.09090909090909
0.43344984642634
0.06655015357366
0.06655015357366
0.06655015357366
0.43344984642634
0.43344984642634

0.25000000000000
0.33333333333333
0.33333333333333
0.33333333333333
0.00000000000000
0.09090909090909
0.09090909090909
0.09090909090909
0.72727272727272
0.06655015357366
0.43344984642634
0.06655015357366
0.43344984642634
0.06655015357366
0.43344984642634

0.25000000000000
0.33333333333333
0.33333333333333
0.00000000000000
0.33333333333333
0.09090909090909
0.09090909090909
0.72727272727272
0.09090909090909
0.06655015357366
0.06655015357366
0.43344984642634
0.43344984642634
0.43344984642634
0.06655015357366

0.18170206858254
0.03616071428571
0.03616071428571
0.03616071428571
0.03616071428571
0.06987149451617
0.06987149451617
0.06987149451617
0.06987149451617
0.06569484936832
0.06569484936832
0.06569484936832
0.06569484936832
0.06569484936832
0.06569484936832
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Figure 2.5: Transformation between the physical and reference space
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Surface Integral

The surface integral, S ;, is defined as
S, = f UL, Ugan).gy(&) (x,3,2), 1y (%, ¥, 2), £ (x,y,2))dS
oQ
and the transformation of some point &5, nf, from the reference space to the physical
space for a triangle is given by:
X&)
V&)
&)

X+ (=X )fi + (3 — Xl)ﬂf, (2.9.1)
i+ 2 =yDE, + 03 =y,
21 + (22— 20)€) + (3 — 20,

To evaluate the surface integrals we map the quadrature points fg , nf, from the reference
triangle to the physical triangle, thus, the surface integral therefore becomes

Si=1Js. f RGO R AT H O R AN AR AR

where x3 (&5, 17), y5 (€517, 25, (€5, 175) are calculated using(2.9.1), and Js is the Jaco-
bian of the transformation for a triangle.

The quadrature approximation is given by the following expression, where |S| is the
surface area of the physical triangle and w; is weight associated with the quadrature
points. The surface area |S| arises as a consequence of the type of the quadrature
method. In the methods mentioned previously [19, 34], the quadrature approximation
has to be multiplied by the area of the reference element. In this case the reference
triangle is 1 this results in the well-known expression |S| = %J s . the area of the

triangular surface in the physical space.
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J
S~ ISl Z ﬁ¢l(§f} (xf'p’yf'p’ pr)’ ng(xﬁp’yip’ ng)’ ég(xgp’yﬁp’ Z?P)'Wj
=1

@ Quadrature Points

Figure 2.6: Evaluation of Riemann solver on face of tetrahedron

Volume Integral

The volume integral, V; is defined as

v, = f (F. G, H).V.$(€¥ (x,7,2), 1 (x,7,2). £} (x, 3, 2)d Q2 (2.9.2)
Q

or with the grad term expanded

_ 9 9 9\ 4 v v
Vi = fg (F,G, H)-( o By’ az)-rﬁz(f,,(x,y, 21, (%, ,2), £, (X, y,2))dQ (2.9.3)

We can expand this integral further into three distinct integrals, one for each conserva-
tive flux F,G, H

)

Vi = LFE@@X (6,3, 20,7 (4,3, 2, £y (3, 9, 2))dQ
9

VIG = fQGa—y@(fX(x, ¥, 2), ng(x,y, 2), é*;/(x’ y, 2)dQ
P

Vi = LH'a_z¢l(§X (X, 7, 2), 1, (%, ¥, 2), & (%, 7, 2))dQ

The evaluation of all three integrals is identical, for brevity we will show the method for
the F conservative flux integral, and the method is the same for the integrals involving
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the G and H conservative fluxes. The above expression for the volume quadrature is
evaluated in the same way as the surface integral, however, there is no need to derive
a transformation similar to (2.9.1). We know the basis functions have been mapped
from the physical space to the reference space using the transformation y,. and the
quadrature points are mapped from the reference space to the physical space using
X~ This can summarised as:

-1
Xxf(Xxf) = 6
this means the basis functions are evaluated using the quadrature points £,,7),Z, in
the reference space with no need to map them to the physical space.

The final expression is given as (for the F' conservative flux integral)

F _ a¢(§’ 1, g)% a¢(§’ . {)% 6¢(§, 1, g)% A
Vi = Jv.fQ.F.( 9% ox + o ox + A 6x)dQ (2.9.4)

where Jy. is the Jacobian of the transformation and w; is weight associated with the
quadrature points. %, Z_Z’ g—i are the result of the chain rule used to define the integral in
the reference space - these expressions can be derived by inverting the Jacobian’. Sim-
ilar to the quadrature method for the surface integral, this quadrature method requires
multiplication by the volume of the reference element, in this case % This yields the

well-known expression |V| = éJ v : the volume of the tetrahedron in the physical space.

L 0eE Ly L) o 08EL LT ) o 08(EY L) o
F Jp’ tjp’ 2 Jp el Jp’ tjp’ 2 Jp - Jp’ tjp’ 2 Jp s )
Vi = IV ) & oxt T e T oV

the volume quadratures for the G, H conservative fluxes are calculated in an identical
fashion.

Voo~ vl Z’: G (8¢( i Wips i) 06 N 0P My £3) I . A( jv,,,nf,,,éjv,,)a_g)w‘
1 =1 ' 3 dy on Oy o ay’
Vi~ Zjl H(ﬁqb(fjv,,,nfp,g“jvp)a_g . 0G0y £3) I . 6¢(§,~Vp,n,yp,{jv,,)%)w
' o o¢ 0z on 0z ¢ oz

SPlease consult the appendix
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2.10 Riemann Solvers For The Euler Equations

The Euler equations are a systems of non-linear conservation laws, and can be written
as:

U OF G oH
ot 0x oOx 0x
where (F, G, H are the conservative flux, and U is the vector of conserved variables.
The Riemann problem consists of the hyperbolic conservation form of the Euler equa-
tions (2.10.1) with the following initial conditions

0 (2.10.1)

U, ifx<0
Uex,0) = U = { Uy ifx>0

There arises an important (unknown) region between the extreme left and right char-
acteristic waves for the Riemann solution to the Euler equation called the Star region.
The primitive variables within region are denoted by a * subscript.

The solution to the above problem yields three different types of waves: Shocks, con-
tact discontinuity and rarefaction waves. The middle wave is always a contact discon-
tinuity, and the left and right waves can be either rarefaction or shock waves.

Rarefaction

A rarefaction or an expansion wave, is a type of smooth wave across which all the
flow variables change, in particular the pressure of the pressure and density decrease.
The wave speed u — a and u + a increase monotonically from left to right. Rarefaction
waves are always composed of acoustic waves - entropy waves do not create rarefac-
tion waves. The last characteristic in the region of the high pressure is called the head,
and the last characteristic in the region of the low pressure is called the ail .

Shock waves

A Shock wave or a compression wave is a type of discontinuous wave. Like the rarefac-
tion wave the flow variables across the shock wave change, in particular the pressure
and density increase. The wave speeds u — a and u + a decrease monotonically from
left to right. Unlike the characteristics of the rarefaction wave, which diverge, the char-
acteristics of the compression wave converge forming a shock wave. A shock wave is
type of jump discontinuity and are governed by the Rankine-Hugoniot condition®.

contact discontinuity

In complete contrast to the rarefaction and shock waves, who’s characteristics must
either diverge or converge. The characteristics of a contact discontinuity are parallel
to each other. As a result of this, the velocity and pressure don’t change across a con-
tact discontinuity, and the contact discontinuities move with the fluid. However, the

This will be discussed in the proceeding section
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density and anything which is dependent upon the density does. As there is a pressure
equilibrium, no gas will flow across a contact discontinuity. Like the Shock wave, the
contact discontinuity must obey the Rankine-Hugoniot condition and the entropy may
change.

Figure 2.7: 1-D wave structure of the Euler equations (replicated from [68])
At

Rarefaction Contact Shock
/
left data // Right data
U /
L b Up
0 X

This method can be applied in multi-dimensions, by applying it in each direction sep-
arately. Below we given an example of the three-dimensional split, and for this partic-
ular case (the x direction) the u velocity is unknown in the star region.

Figure 2.8: x direction for the three dimensional split of the Euler equations(replicated from

[68])
t
/ Star Region
_ U | Px \ u+a
(u_-a) (1) w+a)
/
P I Py
/
93 / Vr Pr
Pr w, // Wi ,
u, / R
v, / Vr
WL // We
P ! Pr
0 X

Writing the Euler equations (2.10.1) in a quasi-linear form

A% A% oW oW
— +AW)— + B(W)— + C(W)— =0 (2.10.2)
ot Ox ay 0z
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we can obtain the eigenvalues A; associated with the 5 conserved variables (character-
istic variables) for the matrix” A(W) as

Ai=u—a, LHL=4L=A4=u Ads=u+a

to obtain the eigenvalues for the B(W) and C(W) matrices we merely replace the u
velocity vector with v, w respectively. We can also deduce the corresponding eigen-
vectors K’ which correspond to the 3 types of waves. K>** are contact discontinuities,
and K! and K° are either rarefaction or shock waves. The quasi-linear form of the Eu-
ler equation allows us to further analyse the properties of the waves. It can be shown
that the Pressure and velocity across as contact discontinuity are constant, it is only
the density that changes. In a similar analysis of the rarefaction and shock wave all
the primitive variables change. However, the rarefaction is a smooth expansion wave
which is bounded by two characteristics called the head and tail, and the shock is
a compression wave and the characteristic converge. The central wave is always a
contact discontinuity, which leaves the possibilities of the rarefaction and shock wave
being either left or right waves.

With this information it possible to construct a Riemann solver which is a able to
establishing the right side flux.

2.10.1 HLLC Riemann solver

The HLLC solver is an approximate Riemann solver, and is an improvement of the
HLL Riemann solver proposed by Harten, Lax Van Leer(1983). The HLL Riemann
solver has many appealing features; it is entropy satisfying without the need for an
entropy fix, and is relatively simple to program. Unfortunately, due to the single inter-
mediate state of the HLL solvers it is too diffusive and result in the excessive smearing
of the contact waves. To overcome this issue the HLL Riemann solver was modified
by Toro et.al to account for the lack of the contact wave, and this modified version was
called the HLLC Riemann solver, where the C in HLLC stands for contact.

In the HLLC Riemann solver, the intermediate region is split into two sections.

the star region (intermediate region) is approximated by two waves which account for
the contact wave. The HLLC has been widely used in multidimensional problems, and
has been seen to been a reliable and robust Riemann solver.

The wave diagram of the solution is defined by four constant states split, separated by
three waves. The wave solutions of the Euler equation consist of one contact wave,
and two acoustic wave, which can be either shocks or expansion fans[58]

The four states of the Euler equation, moving from left to right, are U, U,,, U.g, Uk,
where the * subscript represents the two intermediate states, these are sometimes called
the star regions, and unlike the HLL solver the HLLC has two star regions. The corre-
sponding waves have speed S, the speed of the left acoustic wave,S . the speed of the

A, B and C are defined in the appendix
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contact wave, and Sy the speed of the right acoustic wave.

The first step is to calculate the speed of the left (S 1), right(S z) and the middle wave(S .
- which is always a contact wave). This is given by

Se=ur—qrar; S.=U,; Sgr=ugr—qrag

where
1 if p. < pr

9L = o\
[1 + %(#)] if p. > pr
The expression for g is obtained by simply replacing L with R. In the above expres-

sion the value of the pressure in the star region, p., is required. This can calculated
using a wave speed or pressure-based estimation.

Next we calculate the state variables U g .. calculating U, and Uy is simple. However,
to calculate the state variables in the star region, we use

1
S
St-Us V.
U = pu 32 9) L
L=Pg, _5. Wi
E, PL
_p—LL+(S*—UL)[S*+M]-

once again, to calculate the right star region value, we replace the L, with an R. Now
that we have the estimation for the speed of the waves, and established the values
of the state variables in all the regions it is possible to calculate the fluxes using the
expression below.

F(Up) ifS, >0
H _ FU)+S, (U, —-Up) ifS; <0<8S.
HELC T P(UQ) + Sp(Uoag — Up)  ifS. <0< Sy

F(UpL) ifSp<0

Grid Alignment of the conserved variables

Unlike the sturctured grid where the conserved variables are aligned with the outward
normals of the face i = (7, i, 71;), on an unstructured grid this is not the case. As a
result the vector of conserved variables U have to be aligned with the normals of the
face. To derive the vector of conserved variables which are multiple by the rotational
matrix T
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1 0 0 0

0 cosOsing sinfsing cosO
T=]10 —sinf cosO 0

0 cosOcosp sinfcos¢p —sing

0 0 0 0 1

Thus, we get the vector of conserved variables aligned with the outward normal on a
face of the tetrahedron.

S o oo

U=T.U

Where the subscript k refers to the row of the rotational matix T. The inverse of the
rotational matrix is

1 0 0 0 0
0 cosOsing —sinf cosOcos¢p 0O
T!=|0 —sinfsing cosd sinbcosp 0
0 cosf 0 —sing 0
0 0 0 0 1

After calculating the conserved variable in the rotated cooridnate system (x’ ,y’,z") we
can rotate back to the coordinate system we orginally defined the conserved variables
in (x,y,2) by

Fﬁ = Fkl’l}k + GAkl’l;k + ﬁkn;k = TZIF(T](U)

Figure 2.9 illustrates the rotation of the coordinate system. The red axis (x" ,y’,z")
denote the coordinate axes for the system which points in the outward normal of face,
whereas (x,y, z) is the cooridnate which is not alligned with the outward normal. L,R
refer to the left and right hand side of the face.

z
Z, @

_ 7 normal )
- X

©) ,

y

Figure 2.9: Rotation of the coordinate system to align with the outward normals
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2.11 Runge-Kutta method

To solve the semi-discrete form the most popular approach is the Runge-Kutta method,
which is used to progress the solution through time. The TVD Runge-Kutta scheme
developed by Shu and Osher[61] can theoretically achieve a k™ order of accuracy.
However, due to memory storage issues upto fourth order schemes are generally used.
The CFL(Courant-Friedrichs-Lewy) number is used to calculate the size of a permis-
sible time step At. It is important the size of the timestep is not too large as this would
render the numerical scheme unstable.

For discontinuous Galerkin the following equation provides a good approximation for
the CFL number

1
CFL=— k=0,1,.P
2k +1

from which we can derive the size of the timestep Az. For the 1D linear advection

equation this is given by
_ CFLAx

C
where C is the advection velocity, and Ax is the size of the cell. For the Euler equations
on an unstructured grid, the size of the time step is calculated using a similar approach.

At

3 CFL.Ax

max|A?|

The maximum value of the eigenvalue A” is given by max(u, v, w) + a, where a is the
speed of sound. To balance the dimensions of the above equation, we have to determine
a 1D parametre for the size of a 3D element. The most natural choice is to determine a
radius. To do this we inscribe the element inside a sphere, and calculate the radius of
the sphere[28].

Cockburn and Shu[13] document the CFL numbers for the increasing order of spatial
accuracy for increasing order of the temporal accuracy. From there studies it has been
shown it is possible to construct very high-order methods (upto 9" order) which can
be solved by either 3" or 4" order Runge-Kutta methods.

The 2nd and 3rd order TVD Runge-Kutta method as given in[24] will be used through-
out this thesis.

Although the Runge-Kutta method is the most prevalent of all the time integration
methods, researchers have experimented with other method including the Lax-Wandroff[55].
Unfortunately this method is more complicated to program than then the Runge-Kutta
method.
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2.12 Limiting methods for high-order methods

Arguably one of the most important theorems in the work of modelling and simulation
is that of Godunov, which[38] describes as:

Linear monotonicity-preserving methods are first order accurate at best

Simply put, this means that unlimited high-order schemes (2" order and greater) which
try to model flows which posses discontinuities or shocks will be characterised by the
following effects.

e Away from the discontinuity the first order accuracy starts to diminish.
o At the discontinuity the convergence of the solution is destroyed.

e The scheme will exhibit oscillations at the discontinuity which are known as the
Gibbs Oscillations.

these are collectively known as the Gibbs phenomenon, an in depth analysis can be
found in[23].

To counter the problem posed as a result of the Godunov’s theorem, many meth-
ods have been developed, including artificial viscosity methods, TVD methods and
(W)ENO methods, which are part of the larger class of methods called high-resolution
schemes - these are categorised by the following properties:

e At least 2" order accuracy in the smooth region of the flow

e Free from Gibbs Oscillations at the discontinuity

A popular way of implementing high-resolution schemes work is by dropping the nu-
merical scheme to 1% order accuracy at the discontinuity to avoid the Gibb’s oscilla-
tions, and retain the higher orders of accuracy in the smooth regions where the Gibbs
oscillations do not occur. This process is carried out by slope limiters or flux limiters,
both aim to detect cells which may cause the development of these oscillations, and
thus drop the order of accuracy to 1* order if there is a steep gradient. The MUSCL
type schemes which are sometimes known as reconstruction-evolution methods rely
upon the slope limiter approach, whereby the slopes of the reconstructed values are
restricted to be within the cell averages. A historical overview is given in[40], with
analysis and introduction to the above method given in[17].

In the context of discontinuous Galekrin the first slope limiter was developed by Cock-
burn and Shu[10] for a 1D case, which was extended and applied to a 2D case, for
both structured and unstructured domains[12]. A 3D limiter inspired by the afore-
mentioned limiter developed by Cockburn and Shu was developed and applied in[58]
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upto 3" order accuracy. The limiter of CockBurn and Shu is Total-Variation Bounded
(TVB) and is at most 3" order accurate.

Alternative approaches to the design of limiters for DG have been proposed by Qiu
and Shu[54] who developed a limiter on structured grids using a WENO approach,
this method was extended to unstructured meshes byZhu et.al[76] for 2D domains.
A 3D polynomial type Hermite-WENO limiter has also been constructed[47]. The
WENO approach to limiting is diffcult and computational expension, especially in
high-dimensions. It introduces back into the development of DG what DG was meant
to eradicate, namely the need for large stencils.

In this thesis we will be utilising a TVD limiter which is the common to both FVM
and DG, namely the Barth — Jespersen. The concept of total variation diminishing
TVD was introduced by Harten[26], the fundamental idea behind the TVD approach
is to ensure that maxima are non-increasing, minima non-decreasing and no new local
extrema is formed. The total variation of a function for discrete cases is defined as

TV() = > i = 1

Assuming the current and previous time levels n + 1 and n, respectively, then the TVD
must obey the following property

TV < TV(u") (2.12.1)

TVD limiters are non linear functions which circumvent the Godunov theorem, which
applies only to linear schemes. As a consequence, for flows which exhibit shocks,
the application of a non-linear which ensures the TVD property(2.12.1) prevents the
introduction of the Gibb’s oscillations.

2.12.1 Barth-Jespersen Limiter

The above limiters mentioned for DG are difficult to implement in 3D. Probably one of
the most robust type of limiters is proposed by Barth and Jespersen[3] on unstructured
grids. It is simpler to implement than the DG limiters mentioned previously, but more
importantly guarantees the consistency required to conduct a comparison between the
FVM and DG methods. For 2nd order accuracy the Barth-Jespersen limiter for FVM
and DG are implemented in a similar manner; information from only the direct side
neighbours is required . For 3rd order accuracy FVM requires the derivation of higher
order derivatives for the reconstruction expansion[48].

The Barth-Jespersen limiter is based on the principle of restricting the reconstructed
solution Uj(x;) at each quadrature point j between the maximum and minimum cell
averages of the neighbouring cells. For each cell there are 4 neighbours and the cell
we consider, therefore, 5 elements in total(Figure 2.12.1).
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K is the cell upon which we enforcing the limiting and K = 1,4 are the neighbouring
cells. then we establish the maximum and minimum

U™ = max(Ug|VK = 0,4)
U™ = min(UgIVK = 0,4)

Where the cell averages are given by

1
UK:_fUth:ﬁOK for K:0,4
IVl Ja

Where ok is the 1st order degree of freedom in element K. We require the recon-
structed solution to be between,

Umin < Uh(-xj) < Umax

To ensure the monotonicity preserving aspect of the limiter. If this inequality is vio-
lated then it is assumed a steep gradient is present in the solution, and the solution is
limited.

The Barth-Jespersen method works upon the approach of finding the largest possible
Y at the quadrature points j such that local extrema are prevented from forming.

The limiting procedure can summerised in the following three steps

1. Find the largest negative (U™" — Uy) and positive gradients (U™ — U,) with
respect to the target element K, and the direct side neighbour elements K3 4.
Where U™" and U™ are the minimum and maximum cell averages of any of
the neighbouring elements.

2. Calculate the reconstuction values at the quadratures points on the faces of the
target element Kj.

Np-1
Up= ) i), n(x), {(%))

3. Based upon the previous two steps we can calculate the value of ;.

min(1, Z==Yoy if U(x;) - Uy > 0

U(xj)-Uo
_ . gmin_gj, .
v =19 min(1, U(x,-)—U%) if Ux;)— Uy <0
1 otherwise

Y = min(y,)
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Once the value of i; has been obtained at each quadrature point we can apply this to
obtain an updated reconstruction. Where ¢, are the basis functions for the correspond-
ing degrees of freedom.

Uy =ty + Yl + itrgy + i13¢3]

As we can see from the definition of i if ; = 1 then we obtained the original unlim-
ited value on the face.

Figure 2.10: Target element and neighbours for limiting method 3D



CHAPTER 3

Validation of the DG Solver

The size and complexity of the three-dimensional discontinuous Galerkin code requires
that a number of test cases be conducted in order to ensure the chances of accumulating
erroneous procedures is minimised.

The basis functions are required in the evaluation of the initialisation of the flow,
the surface fluxes, and the reconstruction of the solution back to the physical space.
Whereas the partial derivatives of the basis functions are required in the volume fluxes.
Therefore, it is essential that the basis functions and partial derivatives of the basis
functions are evaluated properly. The Basis functions are evaluated using both the
surface and volume quadrature points, hence, it is just as important to validate the
quadrature points.

As will be shown, the simulation of the constant initial condition C validates the most
aspects of the code, and is important in the context of the discontinuous Galerkin
method.

3.1 Validation of the basis functions and norms

Orthogonal basis functions are used in the discontinuous Galerkin, which results in a
diagonal mass matrix which can be pre-processed before the start of the simulation.

Orthogonal basis functions, or to be more precise orthogonal polynomials obey the
following result

f GpPgdQ = a6y
where the Kronecker delta 6, is:
ifp=gq

ifp#gqg
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which translate into a diagonal mass matrix

is given by the formula

(11,1 0 O ()
0 arn 0 0
fomans| =
. . . Ap-1.n-1 0
o 0 0 O 0 A

We can validate the basis functions by writing a double loop such that the first loop is
carried out over the basis functions p and the second loop is carried out over g. When
p = ¢ then a non-zero answer should be returned, and subsequently when p # ¢ an
answer of zero should be returned. If this procedure is carried out using a quadrature
method, then in part it also validates the volume quadrature points too.

Validating the norms using a quadrature approximation, this becomes
1 <
f $phdQ = <. DB i 2By v 2 )
Jj=0

dop =1,NP (p basis functions)
do g = 1,NP (q basis functions)
a(p,q) =0.0 (initialising loop)
do j =1,] (loop over the quadrature points)
a(p,a) = a(p,q) + Basis(x(j),y(3),z(3),p)*Basis(x(j),y(3),z(G),)*w(i)

end do
end do

a(p) = a(p)/6.0

end do

The norms for the basis functions up to the 2" order of accuracy are given in the
appendix.
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3.2 Validation of quadrature points

3.2.1 Surface Quadrature

The surface quadrature points where validated using the testcase defined in[56]. Whereby
the order of the quadrature method, hence the number of quadratures points on the tri-
angle is increased. This test

1 1-x
f Vx+ydxdy =04
0o Jo

Is performed on a unit reference tetrahedron with dimensions [0, 1]%, therefore, no
transformation is required to the reference element and only the quadrature points are
being tested.

o
o
o o
(a) 1st Order (b) 2nd Order
o
o
o o
o
o o
o o o
(c) 3rd Order (d) 4rd Order

Figure 3.1: Example of distribution of quadrature points on reference triangle [0, 1] for upto
4th order accuracy
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In Figure 3.1 the distribution of quadrature points is illustrated for increasing order of
accuracy. The quadrature points are calculated in[19], and are stated in the appendix.

Figure 3.2: Validation of the Surface Quadrature points

Analytical Solution
—%— Numerical Solution
0.408]
3 0.406
(o))
Q
E
S 0.404}
5]
=
[%2]
c
< 0.402}
0.4 *
0.398 ! ! ; ;
1 2 3 4 5 6

Order of quadrature

Table 3.1: Results for Surface quadrature validation Testcase
’ Order \ Answer \ Absolute error ‘
1 0.408248 8.2483E-3
0.402369 2.3689E-3
0.400910 9.0979E-4
0.400078 7.8439E-5
0.400053 5.17431E-5
0.400039 3.92430E-5

QN DN B WD

Figure 3.2 shows the convergence of the numerical solution to the analytical solution
with increasing quadrature order. An absolute error is given in Table 3.1.

3.2.2 Volume Quadrature

The volume quadrature points are validated using the testcase defined in[50].

1 1-x 1—x—y
f f VX +y+ zdxdydz = 0.142857142
0 Jo 0

A similar approach for the analysis of the triangle quadrature points is used for the
tetrahedron. The above testcase is solved for increased quadrature points on a unit
reference tetrahedron in [0, 1]°.
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o
(a) 1st Order (b) 2nd Order
[
[
[
[
o
®
@
o [
()
()
(c) 3rd Order (d) 4rd Order

Figure 3.3: Example of distribution of quadrature points on reference tetrahedron [0, 1]° for
upto 4th order accuracy

In Figure 3.3 the distribution of quadrature points on a unit tetrahedron is illustrated.
The quadrature points are calculated in[34]
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Figure 3.4: Validation of the Volume Quadrature points
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Table 3.2: Results for Volume quadrature validation Testcase

’ Order \ Answer \ Absolute error ‘
1 0.1443376 0.001480455
2 0.1429589 0.00010174513
3 0.1429328 | 0.000075608492
4 0.1428471 | 0.000010088086
5 0.1428669 | 0.0000097751617
6 0.1428542 | 0.0000029802322
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3.3 Validation of high-order surface and volume fluxes

Consider the constant initial condition C
Uo(x,y,2) =C
then the following theory can be postulated

Theorem 1 If Uy(x,y,z) = C then the first-order degree of freedom is iiy = C.
Subsequently, the higher-order degrees of freedom are it; =0, ¥ [ =1,2,..Np

Proof

Initialisation of the first-order degree of freedom

The first-order initialisation of the constant initial condition C is:
1 N
120 = a_ f C.¢0(.X, Yy, Z)dQ
0

this can be simplified to
in = 6C [ Lnty. 20

where ay = é. The 1 multiplying the basis function has been left in purposefully. The
first-order basis function is 1, therefore, the integral is the first entry of the mass matrix

ie .
1.1dQ = -
[ raa=g

which gives the area of the reference tetrahedron. The initialisation integral becomes

1
ity = 6.C.8 =C

This proves that the first-order degree of freedom will give the constant initial condi-
tion C

Initialisation of the higher-order degrees of freedom

For the higher-order basis functions

1 A
ﬁl = ;fc'(pl(xayaz)dg
l

where 1=1,NP

factorsing out the constant C, this integral becomes

C N
iy = a—fl-fﬁl(X,y,Z)dQ
!
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the 1 here is merely the first basis function, therefore, this can be written as

. C A
u = a_f¢0(xayaz)'¢l(x’yaz)dg
1

as the basis functions are orthogonal i.e

f¢p¢qdﬁ = apfiépq

this results in
iy =0l=1,NP

In summary, the set of degrees of freedom for the constant initial condition C is
{C,0,0,..0,|VI=0,NP}

O

Now that it has been proved that for the initial condition C,the high-order degrees
of freedom are 0, we can employ this fact to validate the surface and volume quadra-
tures for higher-orders of accuracy. The reconstruction of the solution at the quadrature

points is given by
Np

Up= ) up(&n,0)

I=1
this reduces the reconstruction for the initial condition C to:
U,=C

recalling the discontinuous Galerkin formulation

dy, 1 :

! .

e _(f V(b(f’ n, g)F(Uh) - Z f H(UL’ U}If,l’l)(]ﬁ(f, n, g))

dt ai\Jo =1 Y 0Q
setting the advection velocity C, = Cy, = C, = 1, then the reconstruction of the solution
for the volume quadrature is F(U;,) = C. Similarly, the reconstruction of the left and
right state for the numerical flux H is U} = Uy = C. A well known property of the

numerical flux H(U}, Uy, #) = U} or equally H(UR, UR, ity = U}, resulting in the in
H(UE, U}’f, n) = C. This reduces the Right-hand side of the Discontinuous Galerkin

formulation to A
C
- V. s Ifs - s [
([ voeno 2 ] oeno)

Inside the Parentheses the integrals form the well known divergence theorem, with the
volume integral being equal to the surface integral.

4
[voeno=Y [ seno
m=1

0Q
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or

4
V.o, n, o) — ,0,0)=0
fg B(E,71,0) ; | 9En0)

As aresult, for the constant initial condition C, the right-hand side is zero. This process
also validates the derivatives of the basis functions.

3.4 Summary of validation procedure

In this chapter it has been shown how to validate the Discontinuous Galerkin formula-
tion

e The basis functions and norms of the basis functions are validated by the con-
struction of a stand-alone procedure which loops over all the basis functions to
construct the mass matrix. A diagonal mass matrix should be expected, with
non-zero entries on the diagonal only, and zero entries everywhere else.

e The quadrature points for both the surface and volume quadratures are validated
using a stand-alone procedure, which solves the problems identified by Rathod
et.al, and convergence to the analytical solution is expected with increased order
of accuracy of the quadrature points.

e For high-orders of accuracy, there is a contribution from the volume quadra-
tures. To validate both the surface and volume quadratures at orders of accuracy
greater than 1, a constant initial condition is used which results in the divergence
theorem on the right-hand side , and therefore the right-hand side is zero should
be zero. As the basis function have been validated, the partial derivatives in the
volume quadrature will also be validated.



CHAPTER 4

3D testcases

In this chapter testcases are analysed for the robustness and accuracy of the 3D discon-
tinuous Galerkin method against the Finite Volume Method for upto 3rd order spatial
accuracy without a limiter and 2nd order spatial accuracy when a Barth-Jespersen TVD
limiter is applied. A comparison is drawn between the L, L, errors and the subsequent
convergence to the nominal order of accuracy.

The first set of testcases concentrate on the advection equation with initial conditions
which are sufficiently smooth, hence we do not expect Gibb’s oscillations to form, and
there is no need for a limiter. The initial conditions are: sin(27x)sin(2ry)sin(2nz),
sin(4nx)sin(4ry)sin(4nz), sin(brx)sin(brry)sin(6rrz). These initial conditions ensures
that flow is truly three dimensional, and also, as the advection equation can be analyti-
cally solved, an error analysis can be conducted with regards to an analytical solution.
Although, the aforementioned testcases do not require a limiter to achieve the desired
order of convergence, a separate set of testcases will investigate the effect of a Barth-
Jespersen TVD limiter applied to the above initial conditions, this is to assess the effect
of a limiter on a sufficiently smooth profile.

Extending the single component hyperbolic case (advection equation) to the systems
case (Euler equations), a Method of Manufactured Solutions (MMS) is used. This
ensures the Euler equations can be analytically solved and also that the solution does
not produce any oscillations, hence ensuring a convergence study can be conducted.

Another area of importance is the use of the TVD Runge-Kutta method as opposed
to the non-TVD classical Runge-Kutta methods. A discontinuous initial condition is
chosen for the advection equation and the errors of the DG2 method are compared
when a TVD and non-TVD Runge-Kutta methods are are used.

Further to the smooth testcases mentioned above, and the advection equation with a
discontinuous initial condition, the FVM and DG methods are applied to the Euler
equations for flows which exhibit discontinuous solutions, namely the Sod’s shock-
tube case and the implosion and explosion testcases. The implosion case is used as a
verification testcase, because of the merging of the shockwaves during the implosion
part of the simulation and the subsequent explosion - this is an excellent testcase for
the robustness of the solver.
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4.1 Smooth Testcases

4.1.1 Linear Advection Equation

The linear advection equation, which is the simplest type of hyperbolic conservation

law:
ou B ou ou oUu

—=C,—+C,—+C,—
ot 0x Y Oy 0z
With the advection velocities setto C, = C, = C, =1

The flow is initialised using a triple sine wave for three different initial conditions
Uo=U(x,y,z,0) = sin(W,nx)sin(W,ry)sin(W,nz)

For the wavenumbers W, = 2,4, 6 with periodic boundary conditions enforced in all
directions, and the domain size is [0, 1]°.

This problem is solved on four grids (Table 4.1), and the L, and L, errors are cal-
culated in order to determine the nominal order of accuracy. The simulation is run for
T = 1 coupled with the periodic boundary conditions, this ensures the sine wave initial
profile completes one period, returning to the origin of the simulation.

Table 4.1: Grid information for advection equation testcases

Ng Ng 2" order: Npor | 3™ order: Npor
Grid1l | 5x5x5 662 2648 6620
Grid2 | 10x 10x 10 | 5957 23828 59570
Grid 3 | 20x 20 x 20 | 40398 161592 403980
Grid4 | 40 x40x40 | 193836 | 775344 1938360

Table 4.1, also shows the total number of degrees of freedom (Npor) for the 2nd and
3rd order DG method, along with the Number of grid points (Ng) and number of el-
ements (Ng). For 1st order DG, Npor is the same as the number of elements. And
for FVM, the Npor does not change as the order of accuracy increases - FVM has one
degree of freedom per element per variable.

The order of the temporal accuracy and CFL number with respect to the spatial accu-
racy is set according to the findings of[12],these have been replicated and are available
in the appendix. For 2nd order accuracy, we use a 2nd order Runge-Kutta method, for
3rd order a 3rd order Runge-kutta method, the CFL number was approximated using

the condition .

CFL =~
21+ 1

Where [ is the order of the polynomial.
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Initial Condition: Sin(27x)Sin(27y)Sin(27z)

Tables 4.2, 4.3 give the L, and L, errors for the advection equation which was ini-

tialised with the condition
Uy =U(x,y,7,0) = sin(2Qnx)sin(2ry)sin(2nz)

This was simulation was run for T=1 physical time

Table 4.2: Numerical Convergence Rates for FVM and DG for linear advection case at time

T=1 with IC Sin(27x)Sin(27y)Sin(2zz) for P; with CFL=0.3

FVM DG
Ng | Tetrahedrons | L L, O, O, |L L, O, Oy
5 662 | 8.50E-1 2.03E-1 5.90E-1 1.56E-1
10 5957 | 2.40E-1 4.94E-2 1.73 193 | 1.59E-1 3.34E-2 1.79 2.11
20 40398 | 7.14E-2 1.27E-2 190 2.13 | 3.84E-2 7.23E-3 2.23 240
40 193836 | 2.48E-2 4.34E-3 2.02 2.05 | 1.36E-2 245E-3 199 2.07

Table 4.3: Numerical Convergence Rates for FVM and DG for linear advection case at time

T=1 with IC Sin(27rx)Sin(2ry)Sin(2nz) for P, with CFL=0.2

FVM DG
Ng | Tetrahedrons | L L, O, O, |L L, O, O
5 662 | 791E-1 2.05E-1 3.03E-1 7.04E-2
10 5957 | 1.28E-1 3.40E-2 2.48 245 | 4.20E-2 9.69E-3 2.69 271
20 40398 | 2.15E-2 5.04E-3 2.80 299 | 6.93E-3 1.32E-3 2.83 3.12
40 193836 | 4.38E-3 1.08E-3 3.05 294 | 1.47E-3 2.71E-4 296 3.03

A comparative illustration is given in Figure 4.1, this shows the superiority of the DG3

method as opposed to the 2nd order methods.

log10(L0)
= .
o s
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o ¥
T

735:\\\\l\\\\l\\\\l\\\\l\\\\l\\\\l\\\\l 747\\\\I\\\\I\\\\I\\\\I\\\\I\\\\I\\\\I
- -45 -4 35 E 2. 4.5 -4 35 -3 25
log10(1/NE) log10(1/NE)

(a) LO error 2nd and 3rd order (b) L1 error 2nd and 3rd order

Figure 4.1: Comparison of Ly and L errors for FVM and DG, with initial conditions
Sin(27rx)Sin(2ry)Sin(2nz) at T=1
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Figure 4.2 illustrates the comparative convergence of the testcase for Ly and L; for
2nd order and 3rd order accuracies, this makes it easier to notice both the linear con-
vergence as 1s expected in the logarithmic scale for the nominal order of accuracy and
also the superiority of the DG method for both 2nd and 3rd order accuracies.
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Figure 4.2: Ly and L errors for FVM and DG with initial conditions
Sin(27rx)Sin(2ry)Sin(2nz) at T=1

Taking a cut of the sin(2rx)sin(2ry)sin(2nz) isosurfaces at 7 = 1 at positions z = 0.25
and y = 0.25 we can extract the sine wave propagating in the x direction, which we
have termed f(x) = sin(2nx). Equally extracting f(y) = sin(2ny) or f(z) = sin(2nz)
would have yielded the sine wave propagating in the y and z directions respectively.
A graphical illustration of f(x) is given in Figure 4.3 for the four grids used in this
testcase(Table 4.1).
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Initial Condition: Sin(47x)Sin(47y)Sin(47z)

Tables 4.4, 4.5 give the L, and L, errors for the advection equation which was ini-

tialised with the condition

Uy =U(x,y,z,0) = sin(4nx)sin(4ny)sin(4nz)

This was simulation was run for T=1 physical time

Table 4.4: Numerical Convergence Rates for FVM and DG for linear advection case at time
t=1 with IC Sin(4rx) for Py with CFL =0.3

FVM DG
Ng | Tetrahedrons | L L, O, O, | L L, O, Oy,
5 662 | 9.00E-1 7.87E-1 7.57E-1 2.72E-1
10 5957 | 5.25E-1 343E-1 0.7 1.1 | 2.82E-1 1.62E-1 13 0.7
20 40398 | 2.46E-1 1.57E-1 12 1.2 | 9.60E-2 5.74E-2 1.7 1.6
40 193836 | 1.11E-1 7.23E-2 15 15 |3.67E-2 223E-2 18 1.8

Table 4.5: Numerical Convergence Rates for FVM and DG for linear advection case at time
t=1 with IC Sin(47x) for P, with CFL =0.2

FVM DG
Ng | Tetrahedrons | L L, O, O | L L, O, O
5 662 | 7.77E-1 1.88E-1 6.48E-1 1.55E-1
10 5957 | 3.14E-1 6.13E-2 1.2 1.5 | 1.75E-1 4.32E-2 1.8 1.7
20 40398 | 9.72E-2 1.84E-2 1.8 1.9 | 346E-2 1.19E-2 2.5 2.0
40 193836 | 3.10E-2 5.96E-3 2.2 2.2 | 823E-3 2.83E-3 27 28

A comparative illustration is given in Figure 4.4, this shows the superiority of the DG3
method as opposed to the 2nd order methods.
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Figure 4.4: Comparison of Ly and L errors for FVM and DG, with initial conditions

Log10(L1)

05

—f&— FMV3 - =
DG3 -
-y .
_— g
& = -
— —
o -
= -3

4.5 -4 35
log10(1/NE)

(b) L1 error 2nd and 3rd order

Sin(27rx)Sin(2ry)Sin(2nz) at T=1



4.1 Smooth Testcases 62

Figure 4.5 illustrates the comparative convergence of the testcase for Ly and L; for
2nd order and 3rd order accuracies. The linear convergence on a logarithmic becomes
evident in the latter stages of the graph i.e when the mesh is refined. Once again,
like in the previous testcase, the DG method displays both a smaller error and a faster
convergence to the nominal order of accuracy.
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Figure 4.5: L and L, errors for FVM and DG with initial conditions Sin(47x)

Taking a cut of the sin(4nx)sin(4ry)sin(4nz) isosurfaces at T = 1 at positions z = 0.125
and y = 0.125 we can extract the sine wave propagating in the x direction, which we
have termed f(x) = sin(4nx). Equally extracting f(y) = sin(4ny) or f(z) = sin(4nz)
would have yielded the sine wave propagating in the y and z directions respectively.
A graphical illustration of f(x) is given in Figure 4.6 for the four grids used in this
testcase(Table 4.1).
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Initial Condition: Sin(67x)Sin(67y)Sin(67z)

Tables 4.6, 4.7 give the L, and L, errors for the advection equation which was ini-
tialised with the condition

Uy =U(x,y,z,0) = sin(brx)sin(bry)sin(6mrz)

This was simulation was run for T=1 physical time

Table 4.6: Numerical Convergence Rates for FVM and DG for linear advection case at time
t=1 with IC Sin(67rx) for P; with CFL=0.3

FVM DG
Ng | Tetrahedrons | L L, O, Oy | L L, O, Oy
5 662 | 9.20E-1 3.43E-1 8.65E-1 3.65E-1
10 5957 | 7.30E-1 2.69E-1 0.3 0.3 | 3.86E-1 2.07E-1 1.1 0.8
20 40398 | 5.44E-1 1.45E-1 045 1.0 | 1.65E-1 8.60E-2 13 14
40 193836 | 3.20E-1 8.01E-2 1.0 1.1 |7.32E-2 164E-2 1.6 1.6

Table 4.7: Numerical Convergence Rates for FVM and DG for linear advection case at time
t=1 with IC Sin(6rx) for P, with CFL=0.2

FVM DG
Ng | Tetrahedrons | L L, O, O | L L, O, O
5 662 | 7.44E-1 3.50E-1 6.87E-1 3.67E-1
10 5957 | 3.74E-1 2.07E-1 09 0.7 | 2.34E-1 1.14E-1 15 1.6
20 40398 | 1.64E-1 1.07E-1 1.3 1.0 | 6.65E-2 224E-2 20 25
40 193836 | 6.88E-2 4.68E-2 1.7 1.6 | 2.05E-2 5.32E-3 23 27

A comparative illustration is given in Figure 4.7, this shows the superiority of the DG3
method as opposed to the 2nd order methods.

Figure 4.7: Comparison of Ly and L errors for FVM and DG, with initial conditions
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Figure 4.8 illustrates the comparative convergence of the testcase for Ly and L, for 2nd
order and 3rd order accuracies. Similar to the previous testcases for the linear advec-
tion equation, the linear convergence on a logarithmic becomes evident. Furthermore,
the DG method displays both a smaller error and a faster convergence to the nominal
order of accuracy than the FVM method.
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Figure 4.8: Ly and L, errors for FVM and DG with initial conditions Sin(67x)

Taking a cut of the sin(6mx)sin(6my)sin(bnz) isosurfaces at T = 1 at positions z =
0.0625 and y = 0.0625 we can extract the sine wave propagating in the x direc-
tion, which we have termed f(x) = sin(6zx). Equally extracting f(y) = sin(6my)
or f(z) = sin(6bmrz) would have yielded the sine wave propagating in the y and z direc-
tions respectively. A graphical illustration of f(x) is given in Figure 4.9 for the four
grids used in this testcase(Table 4.1). It is apparent from these graphs that the FVM
has relatively poor resolution when compared to the DG method.
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The time taken for the above simulations is given below, an average from the test-

cases for the three initial conditions was taken for physical time T=1 for the four
grids(Table 4.1).

Table 4.8: Computational time for linear advection equation for FVM2 and DG2

Ng | FVYM2 DG2
5x5x5 | 7sec 26sec
10x 10x 10 | 89sec 452sec
20x20x 20 | 139sec 3549sec
40 x40 x 40 | 14277sec | 33279sec
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Table 4.9: Computational time for linear advection equation for FVM3 and DG3
Ng | FVYM3 DG3
5x5x5 | 34sec 307sec
10x 10x 10 | 711sec 5500sec
20x20x 20 | 11502sec | 85019sec
40 x 40 x 40 | 105242sec | 789315sec

FVM clearly requires less computational time than the DG method, for the 2nd order
methods (Table 4.8) FVM is approximately 2 times faster than DG and for 3rd order
methods (Table 4.9) FVM is approximately 7 times faster than the DG method.
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4.1.2 Euler Equations

The Euler Equations'
ou OF
ou | U) N oG (U) N 0H(U) _0
ot 0x ay 0z
With the initial conditions
+y+
(0. v, P)(,3,2,0) = (0 2sin( 3 5) 11,1, 1)

Are solved on four grids (Table 4.10) for 2nd and 3rd order accuracy. The above
problem has an analytical solution which makes it possible to compare against the
numerical solution and establish the Ly and L, errors, thus the nominal order of accu-
racy. The domain size is [—3, 3]® and periodic boundary conditions are enforced in all
directions.

Table 4.10: Grid information for Euler equation testcase

Ng Ng 2" order: Npor | 3" order: Npor
Grid1 | 5x5x5 1908 7632 19080
Grid2 | 10x10x 10 | 9924 39696 99240
Grid3 | 20x20x20 | 70103 280412 701030
Grid4 | 40x40x40 | 472971 | 1891884 4729710

Table 4.10, also shows the total number of degrees of freedom (Npor) for the 2nd
and 3rd order DG method, along with the Number of grid points (Ng) and number of
elements (Ng). For 1st order DG, Npor is the same as the number of elements. And
for FVM, the Npor does not change as the order of accuracy increases - FVM has one
degree of freedom per element per variable.

The order of the temporal accuracy and CFL number with respect to the spatial accu-
racy is set according to the findings of[ 12],these have been replicated and are available
in the appendix. For 2nd order accuracy, we use a 2nd order Runge-Kutta method, for
3rd order a 3rd order Runge-kutta method, the CFL number was approximated using

the condition {

FL =~
¢ 21+ 1

Where [ is the order of the polynomial.

IPlease consult the appendix for definition of F ,G ,H and U
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Table 4.11: Numerical Convergence Rates for FVM and DG for the Euler case for p at T=1
for P; with CFL=0.3

FVM DG
Ng | Tetrahedrons | L L, O, O | L L, O, Oy,
5 1,908 | 1.26E-01 2.21E-02 7.59E-02 3.07E-02
10 9,924 | 5.84E-02 7.68E-03 14 1.9 | 3.04E-02 9.83E-03 1.7 23
20 70,103 | 1.97E-02 2.31E-03 1.7 1.8 | 1.01E-02 260E-03 1.7 1.9
40 472971 | 438E-03 7.24E-04 2.3 1.8 | 2.80E-03 7.01E-04 2.0 2.0
Table 4.12: Numerical Convergence Rates for FVM and DG for the Euler case for p at T=1
for P, with CFL=0.2
FVM DG
Ng | Tetrahedrons | L L, O, O | L L, O, O
5 1908 | 6.90E-02 3.59E-02 4.66E-02 2.27E-02
10 9924 | 1.59E-02 8.69E-03 2.7 2.5 | 1.01E-02 5.92E-03 2.8 24
20 70103 | 2.47E-03 1.42E-03 29 2.8 | 1.40E-03 9.10E-04 3.0 29
40 472971 | 3.88E-04 2.20E-04 29 29 |2.18E-04 1.29E-04 29 3.1
N b es s
: i =
S 3 Sap o

T R
-3.5 -3

-5 -4.5 -4 -5 -4.5 -4
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(a) LO error 2nd and 3rd order (b) L1 error 2nd and 3rd order

Figure 4.10: Comparison of Ly and L; errors for FVM and DG, for Euler Equations with
smooth initial conditions at T=1

The Ly and L; error (Table 4.11 and Table 4.12 ) for the P, and P, approximations
show a convergence to the nominal order of accuracy. Plotting this L, and L, error on
a logarithmic scale, shows the linear convergence to the nominal order of accuracy for
increasing number of elements (Figure 4.10).
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4.2 Barth-Jespersen Limiter

The smooth problems mentioned in the previous section did not require a limiter, be-
cause as illustrated by the profiles of the sinewaves of different wavenumbers there
was no Gibb’s oscillations that were present. Furthermore, the FVM and DG methods
for 2nd and 3rd order accuracies converged to the nominal order of accuracy for the
sin(2nx)sin(2ry)sin(2nz) initial condition, and the DG3 method showed convergence
even in the more demanding testcases with initial conditions sin(4rx)sin(4ny)sin(4nz),
sin(6mrx)sin(6mry)sin(6rrz). In this section we will apply the Barth-Jespersen limiter to
the three testcases we investigated in the previous section. We know from previous
investigations that a TVD limiter like the Barth-Jespersen will degrade the resolution
convergence of the solutions to the nominal order of accuracy in the smooth regions.
Our aim in this section is to compare the effect of the Barth-Jespersen limiter on the
FVM2 and DG2.

Initial Condition: Sin(27x)Sin(27y)Sin(27z)

Table 4.13: Numerical Convergence Rates for TVD-FVM and TVD-DG for linear advection
case at time T=1 with IC Sin(27x)Sin(27y)Sin(27z) for P; with CFL=0.3

FVM DG
N, G Tetrahedrons L() L 1 o Lo o L L() L 1 0] Lo OL1
5 662 | 9.98E-1 7.45E-1 9.54E-1 6.95E-1
10 5957 | 7.87E-1 6.28E-1 0.32 0.233 | 7.67E-1 5.63E-1 0.30 0.29
20 40398 | 5.79E-1 4.57E-1 048 0.50 | 543E-1 4.19E-1 0.54 0.46
40 193836 | 3.27E-1 2.56E-1 1.09 1.11 | 3.02E-1 2.23E-1 1.12 1.20

Table 4.13 shows the convergence of the FVM2-TVD and DG2-TVD, as is evident
when compared to Table 4.2 for FVM2 and DG2 (without the use of a Barth-Jespersen
limiter) the error is greater with the use of the limiter. The convergence to the nominal
order of accuracy has also been degraded. The convergence and error of the FVM and
DG method is similar when a Barth-Jespersen limiter is applied (Table 4.12). Similar
to the unlimited case we take a cut of the isosurfaces of sin(2rx)sin(2ny)sin(2nz) at
points z = 0.25 and y = 0.25 to extract the sine wave propogating in the x-direction
which is termed f(x) = sin2nx. Table 4.2 shows the profile of the FVM2-TVD and
DG2-TVD sine waves propogating in the x-direction at T=1, and compare this to the
Ist order approximation and analytical solution. Even with the Barth-Jespersen limiter
degrading the resolution of the 2nd order FVM and DG approximation, they are still
produce a better resolution than the 1st order approximation.
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Initial Condition: Sin(47x)Sin(47y)Sin(47z)

Table 4.14: Numerical Convergence Rates for TVD-FVM and TVD-DG for linear advection
case at time T=1 with IC Sin(47x)Sin(4ny)Sin(4nz) for P; with CFL=0.3

FVM DG
N, G Tetrahedrons L() L 1 o Lo o L LO L 1 0] Lo (@) L
5 662 | 1.02 8.72E-1 9.84E-1 7.72E-1
10 5957 | 8.49E-1 7.04E-1 0.25 0.29 | 7.83E-1 6.35E-1 0.31 0.27
20 40398 | 6.49E-1 5.23E-1 042 047 | 5.78E-1 4.62E-1 0.48 0.50
40 193836 | 4.26E-1 3.30E-1 0.80 0.88 | 3.42E-1 2.57E-1 1.00 1.12

Table 4.13 shows the convergence of the FVM2-TVD and DG2-TVD, as is evident
when compared to Table 4.2 for FVM2 and DG2 (without the use of a Barth-Jespersen
limiter) the error is greater with the use of the limiter. The convergence to the nominal
order of accuracy has also been degraded. The convergence and error of the FVM and
DG method is similar when a Barth-Jespersen limiter is applied (Table 4.12). Similar
to the unlimited case we take a cut of the isosurfaces of sin(2nx)sin(2ny)sin(2nz) at
points z = 0.25 and y = 0.25 to extract the sine wave propogating in the x-direction
which is termed f(x) = sin2nx. Table 4.2 shows the profile of the FVM2-TVD and
DG2-TVD sine waves propogating in the x-direction at T=1, and compare this to the
Ist order approximation and analytical solution. Even with the Barth-Jespersen limiter
degrading the resolution of the 2nd order FVM and DG approximation, they are still
produce a better resolution than the 1st order approximation.

1st Order
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0.8 :_ ANALYTICAL
06
0.4 /ga
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Figure 4.13: Comparison of FVM2-TVD and DG2-TVD for profile f(x) = S in(4rx)
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Figure 4.14: 2nd order Comparison of Ly and L; errors for FVM-TVD and DG-TVD, with
smooth initial condition Sin(47x)Sin(4ry)Sin(4nz) at T=1

Initial Condition: Sin(67x)Sin(67y)Sin(67z)

Table 4.15: Numerical Convergence Rates for TVD-FVM and TVD-DG for linear advection
case at time T=1 with IC Sin(6sx)Sin(67ry)Sin(6srz) for P; with CFL=0.3

FVM DG
Ng | Tetrahedrons | L L, O, O, |L L, O, O
5 662 | 1.09 8.93E-1 1.01 8.75E-1
10 5957 | 898E-1 7.24E-1 0.27 0.29 | 8.36E-1 6.93E-2 0.26 0.32
20 40398 | 7.13E-1 5.87E-1 0.36 0.33 | 6.47E-1 5.21E-2 040 045
40 193836 | 5.23E-1 4.15E-1 0.59 0.66 | 3.89E-1 2.93E-2 0.92 1.10

Table 4.13 shows the convergence of the FVM2-TVD and DG2-TVD, as is evident
when compared to Table 4.2 for FVM2 and DG2 (without the use of a Barth-Jespersen
limiter) the error is greater with the use of the limiter. The convergence to the nominal
order of accuracy has also been degraded. The convergence and error of the FVM and
DG method is similar when a Barth-Jespersen limiter is applied (Table 4.12). Similar
to the unlimited case we take a cut of the isosurfaces of sin(2nx)sin(2ny)sin(2nz) at
points z = 0.25 and y = 0.25 to extract the sine wave propogating in the x-direction
which is termed f(x) = sin2nx. Table 4.2 shows the profile of the FVM2-TVD and
DG2-TVD sine waves propogating in the x-direction at T=1, and compare this to the
1st order approximation and analytical solution. Even with the Barth-Jespersen limiter
degrading the resolution of the 2nd order FVM and DG approximation, they are still
produce a better resolution than the 1st order approximation.
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Euler Equations

Similar to the Analysis for the Euler Equation conducted in the previous chapter we
solve the Euler equations on four grids (Table 4.10) for 2nd and order accuracy with
a Barth-Jespersen limiter for the finite volume method and Discontinuous Galerkin
method, FVM2-TVD and DG2-TVD respectively. The above problem has an analyt-
ical solution which makes it possible to compare against the numerical solution and
establish the Ly and L; errors, thus the nominal order of accuracy. The domain size is
[-3, 3] and periodic boundary conditions are enforced in all directions. The order of
the temporal accuracy and CFL number with respect to the spatial accuracy is set at
2nd order Runge-Kutta method with CFL=0.3

Table 4.16: Numerical Convergence Rates for FVM and DG for the Euler case for p at T=1
for P; with CFL=0.3

FVM DG
Ng | Tetrahedrons | L L, O, O | L L, O, Oy
5 1908 | 4.26E-01 3.16E-01 4.12E-01 2.78E-01
10 9924 | 3.02E-01 2.26E-01 0.6 0.6 | 297E-01 1.78E-01 0.6 0.8
20 70103 | 1.58E-01 1.11E-01 1.0 1.1 | 1.53E-01 &8.17E-02 10 1.2
40 472971 | 8.00E-02 5.22E-02 1.1 1.2 | 7.34E-02 3.58E-02 1.2 1.3

Table 4.16 shows the error and nominal order of accuracy for the L, and L, errors for
FVM2-TVD and DG2-TVD, this shows the denigration of convergence to the nominal
order of accuracy and increase in error when compared to Table 4.11 when a Barth-
Jespersen limiter is applied to a smooth solution.
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Figure 4.17: Ly and L errors for FVM-TVD and DG-TVD, for Euler Equations with smooth
initial conditions at T=1 (RK=2 CFL=0.3)

Table 4.17 shows the near comparison for the L error, and the non-linear nature of the
convergence.



4.3 Discontinuous Testcases 76

4.3 Discontinuous Testcases

4.3.1 Shock tubecase

The Sod shock tube case was proposed by Gary Sod[62]. This can also be viewed as
a Riemann problem, as there is a discontinuity separating different states either side
of the discontinuity. A diaphragm separating the gases which in this particular case is
located at the centre of the domain (x = 0) is broken allowing the movement of the
gases. Initially the gases either side of the diaphragm are at rest, therefore u = v =
w = 0. However, the pressures and densities of the gases are different, therefore, the
flow movement is initiated using a pressure gradient. Strictly speaking this shock tube
problem is 1D, however, it forms an important first port-of-call for testing a solver’s
ability to successfully capture shock waves. Outflow boundary conditions were applied
at x = 0 and x = 1. As there is no variation in the y and z directions of the flow we
are free to apply any boundary condition we want at the y and z boundaries - in this
particular case we applied wall conditions, although applying periodic conditions could
have been applied. A TVD Barth-Jespersen limiter was applied to the linear forms
of the 2nd order FVM and DG methods. A 2nd order Runge-Kutta Time-stepping
was employed with CFL = 0.3. This shocktube problem was solved on four grids
(Table 4.17) to conduct a grid convergence study.

Table 4.17: Grid information for Sod’s shocktube
’ Number of gridpoints \ elements

Ng =10 10645 tetrahedrons
Ng =15 22607 tetrahedrons
Ng =25 124184 tetrahedrons
Ng =50 464274 tetrahedrons

The wave structure of the Sod shocktube problem comprises of a left travelling rarefac-
tion, a contact discontinuity travelling to the right and a right travelling shock wave as
illustrated in Figure 4.18.

Rarefaction Contact Shock

D\~

left data , / Right data

UL /! U,

0 X

Figure 4.18: Wave structure for the Sod shock tube case
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The grid used in the simulation has the dimension [0, 1], x [0, 1], x [0,0.5],, and the
initial conditions are

_[,000,1) ifx <0
(p’”’v’w’p)(x’y’z’o)'{ (0.125,0,0,0,0.1) if x>0

After T=0.2 for the 50x50x50 grid, the Sod’s shocktube case produces the isocontours
Figure 4.19.

(a) Density

(c) Pressure (d) Internal Energy

Figure 4.19: DG2-TVD isocontours of Sod shocktube case at T=0.2

Firstly a comparison between a 1st order method and the DG2-TVD method was con-
ducted. Extracting the radial solutions from the isocontours at the plane of x = 0.5,y =
0.5 . The results for DG2-TVD were compared to the Ist order solution Figure 4.20,
Figure 4.21, which shows an improvement over the 1st order results, but not consider-
ably, this is in line with theorem that TVD methods in mutlidimensions are at most 1st
order accurate, hence the poor resolution.
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Figure 4.20: Comparison of 1st order and DG2 accuracy for Sod shock tube case at t=0.2

055
1st Order
DG2
osk Analytical
045
>
» 041
2
5
]
035
03
025
I INENEE IVEVENE IVEVENAE SVRNANAE IVRNAVAE IAAATE A
0.45 05 0.55 0.6 0.65 0.7 0.75
X
(a) Density
L 1st Order
DG2
Losk Analytical
e
@ S
2095 \\
&
£ \
o o\
- \
0.9 : \\
085 Aﬂ\\
\
a
\
08| A\
L L L L L L L
0.05 0.1 0.15 0.2 0.25 03 0.35
X

Figure 4.21: Zoomed in 1st order and DG?2 accuracy for Sod shock tube case at t=0.2

(c) Pressure

1st Order
DG2

Analytical

Internal Energy

N N I RN AN R
035 04 045 05 055 06 065
X

(b) Velocity

DG2

1st Order

Analytical

(d) Internal Energy



4.3 Discontinuous Testcases

79

The convergence study was conducted in 1D, the data for which was extracted from
the contours( 4.20) at x = 0.5 and y = 0.5, the resulting radial comparison between the
FVM2-TVD and DG2-TVD and the analytical solution is illustrated in Figure 4.22.
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Figure 4.22: Comparison of FVM and DG for Sod shock tube case

100 data points were extracted from the contours, for both FVM and DG, and the
results were compared to the analytical solution to establish the nominal order of ac-
curacy. The resulting tables ( 4.18, 4.19, 4.20, 4.21) show the errors for both FVM and
DG for the four grids, and the resulting nominal order of accuracy.
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Table 4.18: Numerical Convergence Rates of FVM and DG for p of Sod’s shock tube case

FVM DG
NG L() L1 OLO OL] L() L1 OLO OL]
10 | 1.15E-01 3.40E-02 - - 1.13E-01 3.54E-02 - -
15 | 1.10E-01 3.02E-02 8.67E-02 2.32E-01 | 1.10E-01 2.95E-02 5.24E-02 3.56E-01
25 | 1.07E-01 2.44E-02 5.12E-02 3.84E-01 | 1.06E-01 2.38E-02 5.60E-02 3.85E-01
50 | 1.03E-01 1.58E-02 7.65E-02 9.71E-01 | 1.02E-01 1.54E-02 8.20E-02 9.75E-01
Table 4.19: Numerical Convergence Rates of FVM and DG for u of Sod’s shock tube case
FVM DG
Ng | Ly L, Oy, Oy, Ly L, Oy, Oy,
10 | 5.25E-01 6.78E-02 - - 5.23E-01 6.54E-02 - -
15 | 4.55E-01 5.77E-02 2.79E-01 3.15E-01 | 4.53E-01 5.51E-02 2.80E-01 3.34E-01
25 | 3.87E-01 4.54E-02 2.90E-01 4.28E-01 | 3.82E-01 4.10E-02 3.05E-01 5.29E-01
50 | 3.11E-01 2.73E-02 4.91E-01 1.14 3.06E-01 2.40E-02 4.98E-01 1.20
Table 4.20: Numerical Convergence Rates of FVM and DG for p of Sod’s shock tube case
FVM DG
NG LO L1 OLo OL| Lo L1 OLO OLI
10 | 1.53E-01 347E-02 - - 1.54E-01 3.39E-02 - -
15 | 1.49E-01 291E-02 5.21E-02 3.41E-01 | 1.50E-01 2.88E-02 5.00E-02 3.21E-0l
25 | 1.43E-01 2.39E-02 7.62E-02 3.54E-01 | 1.42E-01 2.24E-02 1.01E-01 4.48E-01
50 | 1.28E-01 1.45E-02 242E-01 1.12 1.26E-01 1.39E-02 2.64E-01 1.07
Table 4.21: Numerical Convergence Rates of FVM and DG for /E of Sod’s shock tube case
FVM DG
NG LO L1 OLO OL] Lo Ll OLo OL]
10 | 6.13E-01 1.82E-01 - - 6.17E-01 1.77E-01 - -
15 | 5.88E-01 1.68E-01 7.97E-02 1.56E-01 | 5.87E-01 1.65E-01 9.82E-02 1.37E-01
25 | 5.36E-01 1.39E-01 1.67E-01 3.39E-01 | 5.33E-01 1.35E-01 1.73E-01 3.59E-01
50 | 4.87E-01 9.98E-02 2.14E-01 7.40E-01 | 4.86E-01 9.94E-02 2.07E-01 6.84E-01

The Ly and L, errors can be illustrated on a logarithm scale in figures ( 4.23, 4.24),
where the gradient represents the nominal order of accuracy.



4.3 Discontinuous Testcases

81

Log( LO error)

Log(LO error)

214 05
[ | —=— Fvm2 5 Fvm2
216 - 06F | — 95— DG2
218 07F
22 ’é‘ 0.8 s
r o B
222 S -09 g
[ § r
224 S 1
226 11
228} a2F
NI ENETENETI VRV EYRVETENES SYRTEETEN VAR SR | :\\\\lwwwwlwwwwlww\\l\\\\l\\\\l\\\\l
232 13 -12 11 -10 9 -8 7 137 -13 12 11 -10 9 -8 7
log(1/ # elements) log(1/ # elements)
(a) Density (b) Velocity
18 045
I —B— FVM2 E
185} —4—— DG2 05
19F 055
[ ‘9‘ [
[ @ N
195 S 06
N 3 N
N g N
N S N
2 -0.65 |-
205 ’ 07k
r d r
ol b b b b . Lo o b b b b b b
2112 13 12 11 -10 9 8 7 07512 13 12 11 10 9 8 7
Log(1/# elements) log(1/ # elements)
(c) Pressure (d) Internal Energy

Figure 4.23: Comparison of LO error for FVM and DG for Sod’s shocktube case
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Figure 4.24: Comparison of L1 error for FVM and DG for Sod’s shocktube case
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4.4 Implosion

The implosion test case is conducted on a grid of size [0, 2], which is discretised with
a total 455675 tetrahedrons. Outflow conditions are imposed in all directions. The
initial conditions consist of two regions: a low density sphere of radius 0.4 surrounded
by a higher density region - initiating an implosion. The Euler equations are solved
with the following initial conditions

~{(1,0,0,0,1) ifr>04
(., v, w. ). 3. 2,0) = { (0.125,0,0,0,0.1) if r < 0.4

where r* = x> +y* + 22

The implosion process arises in a variety of important physical problems, including
thermonuclear weapons and type Il supernovas. However, this implosion test case is
used to demonstrate the robustness of the solver rather than a detailed analysis. Un-
like the analogous explosion test case, where discontinuities are moving away, in the
implosion test case the discontinuities are moving towards each other. As a result
the discontinuities collide with one another, until an explosion occurs. A 2nd order
DG method with 2nd order Runge-Kautta is used with CFL=0.3, and a Barth-Jespersen
TVD limiter is used to suppress the Gibb’s oscillations. The purpose of this testcase
is not to conduct a comparison with the FVM2-TVD method as the analytical solution
for implosion does not exist for 1D radial solution. Moreover this study is intended
to test the robustness of the DG solver; it is a form of verification. The development
of the density profile in 3D upto T=0.4 for the implosion is given in Figure 4.25, the
same profile from a 2D prospective is given in Figure 4.26.
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4.5 Explosion

The Explosion test case was conducted on a grid of [0, 2]*, Outflow conditions were
imposed in all directions. The initial conditions consist of two regions: a high density
sphere of radius 0.4 surrounded by a lower density region - initiating an explosion. The
Euler equations are solved with the following initial conditions

_((1,0,0,0,1) ifr <04
(o, u, v, w, p)(x,,2,0) = { (0.125,0,0,0,0.1) if r > 0.4

where ? = x> +y* + 72

A 2" order FVM and DG method with 2nd order Runge-Kutta, CFL=0.2 are used,
and a Barth-Jespersen TVD limiter is used to suppress the Gibb’s oscillations. The
solution to the problem consists of the spherical shock wave and contact wave prop-
agating away from the centre of the explosion and conversely a smooth rarefaction
travelling towards the centre. The Explosion test case can be viewed as analogous to
the 1D shock tube problem in multidimensions. Figure 4.27 shows the cross section
of the explosion at T=0.25 along the plane z = 1.

Figure 4.27: Cross-Section of the 40x40x40 Mesh at T=0.25 for DG2-TVD
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Figure 4.28: Radial distribution of the explosion test case at T=0.25 for FVM2-TVD and
DG2-TVD

The radial distribution of the explosion, taken at the plane y = 1,z = 1 prorogating
in the x-direction shows comparison between the FVM and DG methods for the 2nd
order methods with a TVD limiter, this is also compared with 1st order method, and
shows a marked improvement in the resolution(Figure 4.28). The degradation of the
smooth region of the radial solution in, notably, the centre of the density, pressure and
internal energy is a result of a standing wave type phenomena, whereby the resolution
of the solution is effected by the TVD limiter. A similar radial solution profile was
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attained by[67], albeit with a far superior ADER scheme with a courser mesh.
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1= 26 =

Figure 4.29: ADER- 3rd order for 25x25x25

The spherical shockwave which is a characteristic feature of the explosion testcase is
also visible in the Density and Internal energy profile(Figure 4.30, Figure 4.31) which
is prorogating in all directions as would be expected.
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Figure 4.30: Density profile for the Explosion at T=0.25 for DG2-TVD
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Figure 4.31: Internal Energy profile for the Explosion at T=0.25 for DG2-TVD

The convergence study was not conducted for this test case, as it was envisaged the
results would not yield any meaningful insight into the convergence of either methods.
The number of grid points and nodes needs to be increased so that the resolution is
improved and the convergence can be assumed to be in the asymptotic region. In[69]
the same 2nd Order FVM-TVD scheme was applied to the explosion problem, and a
marked improvement in the resolution is noticeable(Figure 4.32); the spherical shock
wave becomes more obvious.

Figure 4.32: TVD-2 for 1.5 million cells [69]
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4.6 Conclusion of the testcases

4.6.1 Smooth solutions

Linear Advection equation:

The linear advection equation was solved on four grids for three Initial conditions for
the FVM and DG methods for 2nd and 3rd order spatial accuracy for T=1 physical
time. For IC=sin(2nx)sin(2ry)sin(2nz) both FVM and DG converged to the nominal
order accuracy with the DG method producing lower L, and L, errors. The DG method
was produced error which was 1.7 - 4 times less than FVM for the finest mesh. For in-
creasing wavenumber W, = 4, 6 i.e for the initial conditions sin(4nx)sin(4ny)sin(4nz)
and sin(6mx)sin(6mry)sin(6rrz) the DG method produced a better resolution than FVM,
both methods converged slower to the nominal order of accuracy than they did for the
sin(2nx)sin(2my)sin(2nz) initial condition, with the convergence becoming slower for
increasing wavenumber. However, the DG method was effected less by the increasing
wavenumber. For example for the initial conditions sin(6mrx)sin(6ry)sin(6zz) the DG
method was able to produce a very good resolution, as demonstrated by the comparison
of the prorogation of the sin(6mrx) wave in the x direction, and the L; error for DG was
8 times less than FVM for the finest grid. With the inclusion of the Barth-Jespersen
TVD limiter, the resolution and convergence of both methods was severely effected,
with neither FVM or DG attaining the nominal order of accuracy, as was expected.
However, the DG method produced a lower error and better resolution than FVM.

Euler equations:

The Euler equations were solved using a method of manufactured solutions, which
yields an analytical solutions for purposes for validation, on four grids for 2nd and 3rd
order spatial accuracy for T=1 physical time. Similar to the linear advection equation
this testcase for the Euler equations produces a similar comparison between FVM and
DG with the DG method producing lower error for both Ly and L, errors. With the
inclusion of the Barth-Jespersen TVD limiter the convergence to the nominal order of
accuracy is degraded.

4.6.2 Discontinuous solutions

Sod’s shocktube:

The Sod’s shocktube case was solved on four grids for 2nd order accuracy with the in-
clusion of a Barth-Jespersen limiter. Using the FVM and DG methods without a limiter
resulted in a unstable scheme producing negative density and causing the simulation to
terminate. The TVD limiter we use in this thesis is only applicable to 2nd order spatial
accuracy. Firstly the DG2 method with TVD limiter was compared to the 1st order
accurate scheme; the DG2-TVD showed an improvement in the resolution. Although
as proved by [22] TVD schemes are at most Ist order accurate in multidimensions,
hence the lack of massive improvement in resolution. To verify the convergence of the
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DG2-TVD, a comparison was sought with the FVM2-TVD scheme. This comparison
investigated the ability of both method to handle the wave solutions of the Riemann
problem. Both methods demonstrated relatively good approximation with respect to
the analytical solution. The DG method was slightly better: it produced a smaller L
and L, error and converged faster, however, the convergence to the nominal order of
accuracy was not attained.

Implosion testcase: The implosion testcase was conducted as a verfication problem
due to the demanding nature of the physical solution of the problem. The test was
allowed to run for T=0.4, which is sufficient time for the shockwaves of the implosion
to converge to a singularity and then to result in a an subsequent explosion. The DG2-
TVD method was robust enough to replicate the implosion testcase. No comparison
was sought for the testcase, due to the lack of an analytical solution.

Explosion testcase: The explosion testcase can be viewed as a 3D extension of Sod’s
shocktube, with the radial solution propogating in all three directions. The explosion
testcase was solved on a fine mesh and yield a radial solution for both FVM and DG
which was similar. A convergence study was not conducted due to the sub-standard
resolution achieved by the TVD methods. This can be overcome by increasing by
number of elements as demonstrated by work carried out by another author, although
this is not possible on the current computer due to the limitations of the memory.




CHAPTER S

Conclusion

The Discontinuous Galerkin method for 2nd and 3rd order spatial accuracy (DG2 and
DG?3) for smooth problems and 2nd order accuracy TVD scheme (DG2-TVD) for prob-
lem with discontinuities, along with 2nd and 3rd order temporal accuracy was imple-
mented on the Cranfield University’s Finite volume Method solver. The DG method
was tested against problems which required no limiter and problems where the use of
a limiter is essential to suppress oscillations which may render a numerical scheme
unstable.

For the linear advection equation with smooth sine wave type initial conditions, the DG
method showed it’s superiority, it had a lower Ly, L, error than FVM and converged to
the nominal order of accuracy. Whereas FVM showed slower convergence when the
wavenumber of the sine wave was increased. Similarly the DG scheme for method of
manufactured solutions for the Euler equations produced a lower error than FVM.

With the inclusion of the Barth-Jespersen TVD limiter the convergence of both the
FVM and DG method was effected. For these so-called discontinuous testcases it was
observed that there is very little improvement in the error between the FVM and DG
method, and also between 1st order accuracy, this is due to[22]. And similarly there is
not an increase in the convergence rate to the nominal order of accuracy between the
two methods, as opposed to the smooth solutions problems especially for wavenum-
bers W, = 4,6, where we did observe a significant difference in the error and the
convergence rate.

The CPU time comparison between the methods revealed that the FVM method is
faster than the DG method. The major contributing factor to this is the evaluation of
the volume quadratures in the DG method, which is absent in the FVM method.

From a practical prospective i.e the development of an inviscid compressible unsteady
solver on an unstructured domain; if one is interested in the development of a new
solver, written from ’scratch’, then the DG method would serve as an ideal alterna-
tive to the FVM solver. The coding aspect of the development is far-less complicated
on a unstructured domain for the DG method. For the FVM method, the necessity to
increase the stencil as the order of accuracy increases becomes difficult on an unstruc-
tured mesh, something which is not required in the DG method. Furthermore, when
one is interested in the implementation of a MPI methodology then it is far-more easier
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to do for a DG method than the FVM method.

In summary the DG method has proved to more accurate than the FVM method for
smooth problems, this is in part due to the greater number of degrees of freedom that
DG has over FVM, whereas for problem with shocks, only slightly better than the
FVM method. The DG method is approximately eight times slower for a 3rd order
method.

5.1 Future work

Having developed the compressible inviscid solver for an unstructured domain com-
posed entirely of tetrahedon elements we can take this work forward and implement
the next stage of development.

Hybrid grids

It is possible to extend the 3D DG method to hybrid grids consisting of: tetrahedrons,
pyramids, prism and hexhedrons for the initialisation and volume integrals of the algo-
rithm and square and triangles for the evaluation of the surface integrals. This would
require the need of specific basis functions corresponding to the shape type, and there-
fore the need for corresponding quadrature points to solve the integrals. The basis
functions are constructed using the same collapsed coordinate method which we used
in this thesis. During the collapsed coordinate method, the coordinates of the hexahe-
dron are collapsed to form to a prism, in turn the coordinates of the prism are collapsed
to form a pyramid and finally the coordinates of the pyramid are collapsed to form
a tetrahdron[59]. The quadrature points for the integrals are constructed in a simi-
lar fashion, whereby the gaussian quadrature points required to solve a function on a
hexahedron domain is simply the tensor product in the x,y, z directions. Reusing the
approach we used to construct the basis functions for different shapes we can construct
quadrature points which correspond to these basis functions [33].

Viscous terms

For certain problems the use of an inviscid solver does not produce the desired re-
sults. One of the most notable of which (amongst many others) is the flow over a flat
plate, where there is a formation of a boundary layer. To extend the solver developed
in this thesis to handle the viscous terms we need to extend the work to discretise the
Navier-Stoke equations. It is vital, though, that before the Navier-Stokes equations are
discretised, that the code has the ability to handle hybrid meshes in particular hexa-
hedron and prism elements. Hexahedron and Prism elements are required within the
boundary layer of the flow to accommodate the viscous stress terms which need to be
perpendicular to the boundary wall. The initial step in the discretising process requires
replace the gradient of the vector of the conserved variables with a vector of unknown
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variables ® thus reducing the original set of equations to a new set of equations which
contain only first-order terms. There are many approaches to tackling to the second-
order terms and the Navier-Stokes equations, which differ on the choice of the fluxes
® and the approximate solutions U,[4, 5, 11]. Each of one of these methods have par-
ticular drawbacks and advantages which is discussed in the work by Arnold et.al [1]

WENO limiters

A TVD scheme is widely known to be very dissipative, and for problems which require
a large amount of time to develop can be impractical. To overcome this problem the
class of WENO methods developed for the FDM and FVM method have been extended
to the DG method. Unfortunately, the WENO method for DG no longer preserves the
fixed-stencil as the order of accuracy increases, which is something that has been ar-
gued as positive feature of the method. However, the results accumulated from the
catalogue of work coupling DG-WENO are more superior than those achieved from
the DG-TVD methods.
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CHAPTER A

Euler Equations

The compressible Euler equations describe the motion of fluids with variable density,
without the effects of viscosity, heat conduction and body forces. Even with the exclu-
sion of the pre-mentioned physical effects the Euler equations can provide sufficiently
reasonable approximations for certain phenomena. For example, a good approxima-
tion for the lift generated on an airfoil with a low-angle of attack can be obtained from
the Euler equations. However, for certain situations the use of the Euler equations may
not provide the desired results, a well known case being the growth of a boundary
layer on a thin plate. The boundary layer contains most of the viscosity of the fluid,
therefore, not addressing the viscosity in the governing equations leads to inadequate
results.

The Euler equations are a system of non-linear hyperbolic equations, and as result have
wave-type solutions.

The three dimensional case consists of 6 primitive variables

in conservation form

oU
— +VFU)=0
5 T VEU)

or
au N O0F(U) N 0G(U) N 0H(U) _
ot Ox dy 0z

the vector of conserved variables are

0

pu

oW
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and the conservative fluxes are:

ou pv ow
p + pu? puy puw
FU) = puv , GU)=| p+pv* |, HU) = PVW
ouw oYW p +pw?
u(E + p) WE + p) w(E + p)
Variable Definition
ol Density
u velocity component
v velocity component
w velocity component
p pressure

Table A.1: Primitive variables of the Euler equations

The system consists of five equations and six unknowns, and thus requires closing.
This is done using an equation of state, with one of the most common being the ideal
gas law

p=ply—De
and the energy is given by
L
E =p(zul” +e)
2
where vy is the gas constant, and e is the internal energy. The five equations represent
the conservation of mass, momentum and energy.

The Euler equations can be written in a quasi-linear form i.e as a system of primitive
variables

W, = AW)W, + BW)W, + C(W)W,

Where W is the vector of primitive variable, as defined in table (A.1). The matrices
A(W), B(W) and C(W) are defined as follows:

AW) =

S o oo =T
SO s
o T OO O

0
l/p
0
0
u

oo T OO0

S

0
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v po 0 0 0
Ov 0 O O
BW)={0 0 v 0 1/p
00 0 v O
0 0 pa> 0 v
w p 0 0 0
Ow O O 0
CW)=[{ 0 0 w O 0
000 w 1/p
0 0 0 pa> w

The primitive form of the Euler equations are quite useful in the analysis of the Rie-
mann problem, in particular we can establish the eigenvalues and eigenvectors from

the primitive form.



CHAPTER I}

Basis Functions

The Basis functions are based upon the orthogonal Jacobi polynomials. The basis func-

tions are defined in the reference space, and based upon the concept of the collapsed
coordinate method

where the Jacobi polynomials are defined as
Vi@ = P

1 - 14
vh () = (Tz) P19

¢ 1 —z\P™ 2p+2q+2.0
V@ = () P
the basis functions for the tetrahedron are defined using the principle functions as

01610 = Ui Ty = (g = 11+ 2¢)

Basis Functions

\ (]
1

[

1

2|26 +n+0—-1
3| -14+¢+3n
4 -1+4¢

Table B.1: Basis functions

MR

96 | 9 | oL
1] 0 0 0
2| 2 1 1
310 3 1
410 0 4

Table B.2: Partial derivatives of the Basis functions
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From the basis functions it is possible to derive the norms. The basis functions are
orthogonal ,therefore, the mass matrix MF are diagonal, and the norms are the diagonal
in the mass matrix. The mass matrix is given for upto 4" order accuracy.

The mass matrix for the P° (1% order case) is

The mass matrix for the P! (2" order case) is

M' =

o O ool
o

oB~o o

S0 o o



CHAPTER C

Derivation of the metrics

The metrics are used in the derivation of the volume quadratures, in particular when
the integral is mapped to the reference space.

= x (= x)E+ (s = x)p” + (g — x))EP
Yoo = i+ 0= yDE + s —yon’ + (s —yZ”
= a+@-2)E + (@G-’ + (-l (C.0.1)

the partial derivatives notation will be defined as follows (for clarity we drop the p
superscript),

0x 0x

a_f = X, 6_77 = Xy, etc. (COZ)
for the volume quadratures we want to establish the relationships

0 43

—= =&, ==&, tc. C.0.3

to do this, we exploit the following relationship between the matrices
Xe Xy X f x f y f Z 1 00
Ye Yo V¢ ne ny 1n: |=[0 10
e Ly L gx gy {z 001

we know the left matrix, which can be established from taking the partial derivatives
of (C.0.1). We invert this matrix to get

-1
& & & Xe Xy Xg 1 00
Nx Ty Nz |=1 Ye Yp Y¢ 010
v gy & &g 2y 2y 0 01
Again, for clarity we can remove the identity matrix to get
-1
& & & X Xp Xz
Ne My Nz |=| Ye Yy Ve
& &y e Znp 2y

Finally to establish the partial derivatives (C.0.3) we invert the 3 X 3 matrix of the
partial derivatives of (C.0.2).
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1
£ = j(ynZ:—ZnY:)

1
& = _j(xnzé_znx{)

1
& = j(an{—yﬂxé)

1
Ne = —j(yslz = ZeY¢)
1
ny = 7(96514 — Z¢eXg)
1
n. = —j(xg)’g — YeXy)

1
e = j(Y§Zn_ynZ§)
1
{ = —7(X§Zn—XnZ§)

1
& = j(xf)’n_xnyf)

the term J is the Jacobian given by the following expression

J = Xe(nze — 2ye) = Ye(yzy — 2yXg) + 26Xy = YyXe)



CHAPTER D

Runge-Kutta Methods

A m™ order Explicit Runge-Kutta method is given by

M
X+1 =X, t+ AZZ cik;

i=1

where
ky = f(tna X,) (D.0.1)
k2 = f(tn + a’2h’ X, + AtﬁZlkl (tna Xn))
ky = f(t,+ aszh,x, + At(Bs1ki(ty, X,) + Baoka(tn, X))
m—1
ko =+ @b, X, + ALY Bujk))
=1
where At is the time interval 1,_; — ¢,

the Runge-Kutta coeflicients c;, @, 5,,j can be summarised in the Butcher’s tableau
table: D.1

Table D.1: General form of the Butcher tableau

0
@ | B2
@ | B3 Bn
A ,Bml IBmZ e ee ﬁmm—l
Cl C2 ce “ o Cm_l Cm

The Butcher tableau for the coefficients of the non-TVD Runge-Kutta method are given
below for up to 6th order accuracy(tables: D.2 - D.7).
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13
2/3
13
12
12

Table D.2: Butcher tableau for 1st order Runge-Kutta (Euler Method)

0
1
Table D.3: Butcher tableau for 2nd order Runge-Kutta
0
12 |1/2
0 1

Table D.4: Butcher tableau for 3rd order Runge-Kutta

0|0

172|172

1.1 0 1
| 1/6 2/3 1/6

Table D.5: Butcher tableau for 4th order Runge-Kutta
0
12 | 1/2
17210 1/2
110 0 1
1/6 1/3 1/3 1/6

Table D.6: Butcher tableau for 5th order Runge-Kutta
0

1/4 | 1/4

14 1/8 18

120 -12 1

34 13/16 0 0 9/16

1| -3/7 2/7 12/7 -12/7 8/7

7/90 0 32/90 12/90 32/90 7/90

Table D.7: Butcher tableau for 6th order Runge-Kutta

1/3

0 2/3

1/12 3 -1/12

-1/16  18/16  -3/16  -6/16

0 9/8 -3/8 -6/8 1/2

9/44 -36/44 63/44  T72/44  64/44 0
11/120 0O 81/120 81/120 -32/120 -32/120

11/120
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The TVD Runge-Kutta methods for 2nd and 3rd order accuracy are given below (equa-
tions D, D), these are given in their full form, because tabling the method in a Butcher
tableau is not possible. The x,, at each stage of the non-TVD Runge-Kutta method is
unitary, however, in the TVD Runge-Kutta method a coefficient has to multiple the x,,.
Where Ly, is the right-hand side of the ODE.

u' =+ AL ()
1 1 1
un+1 — Euo + Eul + EAth(ul) (DOZ)
u' = u + AL, ()
= §u0+lul+lAILh(ul)
4 4 4
1 2 2
U= Zu0 + 20+ AL D) (D.0.3)

3 3 3



