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~SUMMARY =

The hyperbolic character of the differential

equation satisfied by the welocity potential in linearised

supersonic flow entails the presence of fractional

infinities in the fundamental solutions of the equation.

Difficulties arising from this faet can be overcome by

the introduction of Hadamard's 'finite part of an
infinite integral'. Togsther with the definition of
oertain countcrparts of the familiar vector operators
this leads to a natural development of the analogy
between incompressible flow and linearised supersonic
flow. In particular, formulae are derived for the
field of flow due to an arbitrary distribution of
supersonic sources and vortices.

Applications to Aerofoil theory, including
the calculation of the downwash in the wake of an

aerofoil, are given in a separate reportv,
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;i Introduction

It is well known that the elementary solution
of Laplace's equation in three dimensions - i.c., the
velocity potcntial of a source in Hydrodynamics, and
the potential of a gravitating particle in Newtonian
potential thecory - has a counterpart in the linearised
theory of supersonic flow, viz., the velocity potential
of the so-called 'supersonic source'. However, the
development of the analogy meets with obstacles which
are largely due to the fact that the wvelocity potential
of a supersonic source becomes infinite not only at the
actual origin of the source but also everywhere on the
Mach cone emanating from it. Thus, in trying to
evaluate the flow across a surface surrounding a
supersonic source, the resultant integral becomes infinite.
This and other difficulties can be overcome by the
introduction of the concept of the finite part of an
infinite integral, which was first defined by Hadamard
(ref.1l) in conneection with the solution of initial value
problems for hyperbolic partial differential equations.
A description of this concept is given in para.2 below,
and applications to problems concerning source and doublet-
distributiens under steady supersonic conditions will be
found in paras. 3 and 4.

The concept of a vortex in the linearised theory
of supersonic flow was first considered by Schli citing
(ref.2) who obtained the field of flow corresponding to a
'horseshoe vortex! by a synthesis of doublets.,
Schlichting's approach hkas been the subject of some
criticism as in certain respects the supersonic horseshoe-
vortex is different out of all recognition from its
subsonic counterpart. ~However, it is shown in para.5
below that more generally the field of flow due to en
arbitrary vorticity distribution, under steady supersonic
conditions can be calculated in strict analogy with the
method due to Stokes and Helmholtz in classical Hydrodynamics.
The results are in agreement with Schlichting's for the
particular case of a horseshoe vortex.

Applications to Aerofoil theory will be given in
a separate rsport.

24 The Finite Part of an Infinite Integral

Let D (x,y,2) %e an algebraic function of
three varisbles so that the equation D(X,y,z) =0
determines a surface = in three-dimensional space.

The surface & divides space into disconnected components
in which D(x,y,z) dis of constant sign; also,
D(X,y,z) will be supposed to change sign across any
ordinary point of ¥, .  Further let £(x,y,z) be a
real function defined in a certain region R such that

r i
f(:i_Ly,z) = 8 (X!yaz)*‘ﬁd (X,592) . D-n'/z'fgi(xﬂ'sz) Dﬁn/?flﬂ‘--u.o
e i +3-_ M
+ gk(x,y,z)D a+gk+l(x,y,z)l} i+...ﬂ,ngm(x,y,z)D S
senwell)
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where n is a positive odd integer, n = 2 k+1, k = 0,1,24.0,
and the functions g(X,¥,2), 8,(X,¥s2)s eee are either all
apnalytic everywhere except on‘g;, or at least have derivatives
of a sufficiently high order, which are bounded in the
neighbourhood of 2. At any rete it is assumed that the
analytic expressions for these functions may be different
for the differenﬁ'ﬁzn.

Given & small positive quentity € , we denote
by N(€) the set of all points s which satisfy an
inequality [s - sql<€ for at least éne point sy of Zl.
We denote the boundary of N(€) by B(€), and we Benote
by R(e) the region obtained by excluding from R all the
points of N(&). Furthermore, given a curve C, a surface
S, or a volume V in R, we denote by C(€), S(€), and
V(e) the subsets of G, S, and V respectively which are
obtained by the exclusion of the points of N(€).

The concept of the finite part *J of an
(finite or infinite) integral J - where J is any
line, surface, or volume integral of f on C, 8, or v
regpectively, e.g. :

ffdx,J fdxdy, [ fdxdydz,
C S e 4

where C, S, and V are cupposed to be bounded - will
now be defined as follows.

Given the formal expression for J, we denote
by J(€) the corresponding integral taken over C(€),
S(e)y, or V() only. Subject to the specified conditions
of regularity, J(€) will be finite and of the form
: -n/2+1 -5
J€) = ae Foeeotn, € +0(1)es.(2)

where O0(l), as usual, denotes a function which remains

finite as€ tends to 0. We then define * J by
o -n/2+L ' i

J e lim. (LT (e) - 8 & " aee - E

€ __1?0 (0] ak-l sae (3) .

As steted in the introduction, the concept of the
finite part of an infinite integral is due o Hadamard
(ref.l), whose definition, however, applies to a more
restricted type of integral only. Hadamard writes /E-
:'u(.ns‘beac% of our *J which is used by Courant and Hilbert

refed ).

It will be seen that if J 4is finite then ~J = J.
Also, the finite part of an (infinite) integral is
invarient with respect to a transformation of coordinates,
provided the Jacobian of the transformation does not vanish
on 2. In particular, if we arc dealing with the finite
parts of integrals involving vector quentities, the result
is independent of a rotation'of coordinates.

/There....



i

There will be no occasion for confusion if in
future we refer to the finite part of = (finite or
infinite) integral simply as ‘'a finite part'.

The finite parts of m-fold integrals in
n-dimensional space, n> 3, msn can be defined in a
strictly analogous manner. The rules valid for them
are,mutatis mutandis, the same as for finite parts in
three dimensions.

_The rules of calculation with finite parts,
such as the rules of addition, are the same as for
ordinary integrzls. Also, if f depends on & parameter A,
but D is fixed, then - provided the g functions are
sufficiently regular (e.g., if they are analytic in the
various EEn - it is not difficult to ghow that we may
differentiate under the sign of the integrael, e.g.,

%(z fd% = I%de sl Vo ol

Under similar conditions the finite part of
& multiple integral may be obtained by successive integration
(including the operation of taking the finite part) with
respect to the independent variables involved, taken in
any arbitrary order. Thus, with the appropriate limits
we have, for instance,

7 faxdyda = TCT(jffdx) dy) G o s DY

Mor: generally, we shall encounter cases where
D, and thercfore 2., depends algebraically on one or
more parametcrs. We are going to show (i) that even in
that case we may 'differentiate under the integral sign'
end (ii) that if = given integral, or finite part, involves
integration with respect to such parameters, as well as with
respect to onc or more of the space coordinates, we may
exchange the order of integration without affecting the
value of the integral.

To sce this, we increase the ordinary three
dimensions of space x, y, 2z, Wy the parameter or parameters
involved. Then in the augmented space, the surface D = 0
is again fixed, and in order to prove our assertions, it is
sufficient to show (i)’ that in order to find the derivative
of a finite part in n-dimensional space with respect to
any variable which is not involved in the integration,
we may differentiate under the sign of the integral, and
(ii)’that for any multiple integral in n-dimensional space,
l<mgn, we have

= o
f(jdxl) dX, e ax éffdxl dx2 dxm

taken over the appropriate regions. = It is clear that (ii)’
would proveé. (ii), by induetion.

4T
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We may reduce (i)’to (ii)¢! In faet, (i)’
states explicitly that

% “
l (RO = .bf
& Jex %y f 2L dm eendxy,
m m
and this will be proved if it can be shown that

=% = -4
jfdx- san OB = j af Xm eoe dxX l) dx +C,
1 Ml - D X M= m
: m

where the lower limit of the integral with respect to X

is arbitrary and C is independent of X.. o
Putting
: f
F = 3—-— ’
Dy
we have

e 1

il

% :
- ¢ 4-de:{ 3
o m

where f is the value of f for an arbitrary but definite
value of° x {for given Xygeeey Xy l) , and the J.ntegral is

taken with that partlcular value of as lower limit.
Now, assuming that (ii)’has been proved we have

%
f( JFdxm) dx b Xm-l =f(dexl s dxm_g.dxm
and; S0
dxl . 'I dxm—) dxm,

=
.,j(f-f) Al g 0t s
o o 3 m
e e g
f d ee 8 d = ] d - W f d '
j X Y f ( f %, X eee dxm_D dxm+j 8%
: dxm!

i‘eq’
and the last term is independent of X, 9 28 required.

£

To establish (ii)3, we heve to prove

j(ff dx)dx o m—l xjf dxl Fipe dxm i

e
Putting jf dxm = P, we see that (6) becomes

O F

= = a (7)
jSFdX_m Feoe dxm—l::.fﬁfaxdxl se e xm seenw

/takenes .o
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taken over a certain region R on the right hand gide
and over its boundary S on the left hand side
respectively. This is essentially the theorem of
Gauss (or Green) for higher spaces. Fer m <€ 3,

this theorem will be proved below for finite parts
(without relying on the results of the Present
discussion), and the proof for greuter m is quite
similar,

be calculated. Let D(x,y,z) be defined by D = y+2
and f (x,y,z) by
f(X,7,2) = 0. £ 2y (e
1Yy 5 s 57 Ler x2f3 (y-rzs, x>0
-E; -5 (y°+ = )]

fn important example of a finite part ;retll gav{g 3)

and -
(f(x,y,z) 0 It Tt Ty

elsewhere where O and /3 are arbitrary constants. We
find that all the eonditions laid down at tze beginning
of this parzgraph are satisfied in every region R not
including thg or%gi s Bhe surface X being given by the
cone X2 - ¢(y+z = Oy

I

o Fujé'ther, let the open surface S be given by
X =X, ¥y 42 < r° where o > 0 and r>%. S is a

- 2
circular arca including the circle x =, y2+z2 - ;}%——2— ’
on which f Dbecomes infinite of order 3/2. We are
going to evaluate %*J -—-"Tsfdydz

Given € >0, let S (€) be the points of S(€)
for which a2>62(y2+ 32)1 end S,(€) the complementary
set of S(€). Then f vanishes on Sy(€) and so

JE) =é(€)#dxdy = Sl(E) fdxdy .,.V/s;(é)fdxdy =fSl(E)fdxdy =

2 £9
J;l(a) K2y +2") | 372 B'E'J; N

where y=%_ P COs 0, 2 = %ﬁsme, and 7( is the
f

radius of the circle bounding Sl(e). It is easy to

deduce from thg definition of S(€) that (compare Fig.l)
1= 5= J1337). 2
We then obtzin

C2Tre | L "“:?: 2T S
J(€) = 2 [(]__F2)1/2]0 A

72 oe7 ™)
- %ﬁg‘_éim%@/rff)%g% ~1+0(€ %)} fende. ..
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xJ==d/ o xdyds b EEZEE skivvstD)
5 [X2_B2(y2+52)] E¥ 3 3

This result is of fundamental importance for
subsequent developments.

We shall also require extensions of the divergence
theorem of Gauss and Green and of the curl theorem of
Stokes to finite parts. Particular cases of the divergence
theorem are in fact proved and applied by Hadamerd in the
above mentioned book.

A function f will be called an admissible function
if it satisfics the conditions laid down at the beginning
of this paregraph. A vector function f will Wwe said to
be admissiblc if its components are admissible - and this is
independent of the system of coordinates. If all the first
derivatives of the components of f are admissible, then div
f also is admissible. We are going to show that under
these conditisns we have for any volume V bounded by a
surface S such as considered in the ordinary divergence

theorem,
% X
j-f-dé = f diVEdv .;I.'.l..‘llll...(g)
S v

By equation (1), the vector f = (fl fg, £ 1 2 .3

can be divided jnto two parts, F =gFlT F2, F3 ),and G =g 2 G, 9 G ),
f =F G, so that the 'ﬁi are firiite and coatiruous oa wh;ie the
G1 become infinite there. Then div F is either finite

and continuous everywhere in its domain of definitions or

it becomes infinite of order 2 on 2.. .F‘n.relrl-‘GhenfjQ div F dV
exists as an ordinary improper integral, andj% Fay'V

fdiv F dV. Since div f = div F<4div G, it I8 Therefore
A s i x

sufficient to show that

*, % s
f gdi- fdivgdv=0 aoo-n-looon.(lO)
v ;

Let 8f(€) be the product of (the set of points
common to) V and B(E). Then V(€ ) 4is bounded by
S€E)+s"(€), the sumset of S(6) and S’(€). Hence,
~applying the divergence theorem to the volume V(E€), ws

obtain
f _q_d_s_s_-p-f gdg:j div @ av
S(€) s’ E€) v(e)

/Or..‘.‘..’.
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G dS - div @ 4V = - 8 af so:lll
. J;(e)"' "‘-[I(e) S fs'(e) LR

Now] G df'_;_ is of the form
SE)

"('n/? 7 3) 1 %
S LAY T RED

where HE) 4is a function which tends to O as € tends to O,

and similarlU div G ds will be seen to be of the form
V() o i
- n - 2
] div ¢ AV = b € A e,zwrjdivgdez{(e)
V(e) © K v

where K() is a function which tends to O as € tends to O.

In other words f G ds andj div G 4V differ
% S(€) v(e)
fromj ‘G d8 and div G dV respectively only by vanishing

functions of & and by fractional infinities of € . Hence,
in order to prove (10% 1% 18, by (11)s sufficient to show
that
n/2 -%
[ _G_ §_"c e -t-lot-!w.c'-;- *L({E)"(lz)
s'E) k

where L(€) is a function which tends to O as € tends to O.
And (12) can be readily deduced from the fact that the
components of F satisfy conditions of the type indicated

by (L) In faot (1) shows that on 8’(€) Gl is of the type

4 -1 /2 -
G'L:-COE +.ob+ck€ . l.-o&ooo--o.ot.o(la)

where the C depend &n the parameters of S'(€), end similar
expressions hold for the other components of G.

Next, let f be a vector function of the same
description as before, and let J be an open surface

bounded by a curve C such as considered in the ord:s_nary
curl theorem., Under these conditions we are going to

show that
ES =
f £d£ = f Clﬁrlidg ..n-oco-.l.qt.(l‘g:)
C S

Splitting f into two parts F and G as before,
we first show that '

4 # .
f_q: d_{ = j curl _(."Ld'S_ .-oooko_coaa-oco(l5)o
G

S

Jh6tessee
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Let C’(e€) be the product set'of S and B(&).
Then $S(€) is bounded by C(&) 4+ C’(€) and so, applying
Stokes!' theorem to S(e&), we obtain

¢ daf | Gd£=j i 8 9B seasllB)s
fc(e)" -+f0,(&)__ ™ Sl e

In order to be able to deduce (15) from (16) we have
to show, similarly as in the proof of the divergence .theorem

that g :
=Tl -
Gal =c € Foeecd &+ HE) o0 (17)
c’(€) o k
whereelim L(e) = 0, and this follows from (1), as wefore.
~30

We still have to prove that

= -

j 2623\70111'1 E-d_s_ ........-.2........(18)
G S5

This is obvious, by Stokes' Theorem, if curl F
remains finite everywhere, and if curl F becomes infTnite
on 2. (in which case the right hand side’of (18) is an
ordinary improper integral), provided S has not got a
finite area in common with Ef. Assuming on the contrary
that S has a two dimensional subset S bounded by C din
common with %, , it is then sufficient to show that

% % '
f@.di =j wh B 3R aissuedvvannan e CAF)
o) B

Again, since curl F is an admissible vector, it
follows that F is of the form F = F; + F_  where the
components of  F  are finite and continfous on 2, an
the components &+ of P _ vanish on % (so thas F \e
remains bounded as & "< tends to O.) e
Hence

s . 2
LEaX = [ B ax.
G T L

'On the other hand by the definition of the finite part,

“ £
f curk F d§ = L curl El dS, and by Stokes' theorem
E

/TOI‘.-.-..
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for finite functions _(; F d4f _:f_ curl F ds
g TOREg T BT

- —

P X
and so uj Fal = u[ curl F d§, as required.

C S
Equations (19) is now established completely.

B First applications to ths linearised theory of steady
supersonlc ITlow

In this and the following section we are going
to discuss kolutlonu of the equation

8° ‘é+ﬂ+fa2 il e R

T y Z

in relation to the linearised theory of supersonic flow.
The following details are not intended as an exhaustive

introduction to that theory; their purpose merely is to
establish and explain the terminology used in the seguel.

Assume that the free stream velocity of the
given field of flow is parallel to the positive direction
of the xX-axis ahd is of magnitude U where U is greater

than the speed of sound:__@ﬁ_ .

.e
Celling the total velocity components in the direction of
the x, y, and z-axes, , u, v, and w respectively, and

assuming that uw is large compared with v and w,
and compared with its difference from U, we obtain, for
steady conditions, the linearised Eulerian equations

-1 0P =1 2 u
P Ox © x

.1 @p =y ©Ou
Dy o x _

1 0P aT AW S s s IR )
?T © 2z O x

where the terms of second order magnitude have been
neglected,

Under the same agsumptions, the equation of
continuity which, in full, is

Bl or. 2 (5 2242 B "‘BP} 0 4 4 (82)
Px Dy Dz a

# 19:&1-F? Py P Oz

/becomeseesss
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becomes, taking into account (21),

. B GBR IR s s lB%)

Ox Dy 7Pz
2
2 .
wheraf32 = M- 1= g -3, M= il being, the Mach number,
a a

Equation (21) is the linearised equation of continuity.
If, in addition, the flow is irrotational, then we have
ourl g= O, where ¢ = (u, v, w), i.e.,

’a W -_9_2___-0 ,au. P’DW = ?_i‘r_g_%: 000(24)

——— ] —— oy, S—

0y 9=z Pz Ox  Ox Oy

In that case, there exists a velocity potential
so that ¢ = - grad . Expressing u, v, w in terms of
in (23), we obtain (20).

Equation (22) expresses the fact that div 9’ = O

where the !'current vector! g’ is defined by g9’= P gq.

Since (23), which is the linearised version of (22 ),

indicates that div@( -3 Uy V, w'ﬂ = 0, it will be seen

that the corresponding flinearised current vector' is -%’=
Al =3 °u, v, w§ s where 2 ig now constant. Dividing g‘f by £

we obtain a feotor g¥ = ~32u, v, w) which will

be called the reduced current velocity, or short c-velocity

of the flow.  Thus, apart from the flow of ¢ across =

surface Sy Jy dS we are led to consider also the flow

of g’ across 3.7 1In order to distinguish between the

two types of flow, the flow of ¢’ will be called 'C - flow'.

It will be seen that the linearised equation of continuity

(23) is the differentia 1 expression of the fact that the

total e-flow aoross a closed surface vanishes.

It now becomes natural to introduce alongside the
conventional operators ¥V, grad, div, and 4 , the operators
Va/d,eradh/3, divh/3,Ah/3. (Read 'hyperbolic nabla
of index/3!', 'Hyperbolic gradient of index(3, etc. The
index /3 will normally be fixed throughout and may therefore
We somitted.) _The opex;%tors %h/?, will be defined by

N k- W

YV hf3 ==( (35 "ax ’ "‘:’y y @z), and gradh/g and divh(?;

as the two moces of this Operator which apply to scalars, and
e vectors in scglar multiplication respectively. The
operator Ahf is then defined by Ahg= div gradhA = divha3
grads Equation (20) may now be written :

An® = div gredh® = divh grad® =0 ......(25)
By the divergence theorem we have, for any function

which is sufficiently regular on and inside a closed surface
S Dbounding a volume V,

f gradn® dg =f. BaB a7 | sivecinsnenvenlO6)e
S v

/I.f_, voe e
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If, in addition, @ is a solution of (25) then

fgradh@d@: B i e s s e

S

However, if we replace ordinary integrals by
finite parts, then equation (26) holdg even when infinites
are involved provided gradh § and Hh® are admissible
functions with respect to a certain surface $. . Thus,
in that case i

=% P
j‘r gradh&ld§=/ BB B sevninses(2B)
S Vv
while (27). becomes
5 _
":O .iolltolocoo-tc.lt!.(29)

[ gradh % s
S

In the sequel, such sgrfa‘:o_es 'L— ill be frequen&; y
composed of cones of the form (x-—xa 2 -ﬁ glE@-B’O) +(z-z;\ j =0

We notice that if a function Y is admissible
with respect to a surface X and another function is
regular (or has derivatives of sufficiently high order)
s 2 , then the product $ is admissible. (The
product of two admissible funetions is not in general
admissible). We also notice that if a finite numser of
functions Ezrcj involved, admissible with respect to different
surfaces 3, \B/ , then they will all be admissible with respect
'tO(_Q e and the same swrfacg, viz,, the sum of th? %ifferent
% o AP gijven by the product of the functions D'#/ defining
the 2 ( 3

Let ‘i; be a function which is regular (or has
derivatives of a sufficiently high order) on and inside a
volume V Dbounded by a surface S, and Y a function which,
together with its first and second derivatives is admissible _
in V (with respect to some algebraic surface . ). Applying
(9) to £ =1F gradh § , we obtain

“ % 1
f Y gradh §d§ = f gradﬁffgradh@ dv-;-f-qrﬁ-h E av .(30)
S _ v v

of

and similarly

- i3 '.. . T %
j 3 gradifag = f grad § graan” Y dV‘tf andav
5 | v v

ewes(DL)

/NOWo--ooatcnln,
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Now gred Ygresn § - _(32211! ;h;v :§'+'§w gé
A * Y Y g z

= gradh ‘%f %rad .
Hence, subtracting (31) from (307, we bbTain

f(,q;gradhé - é gradh 7)[-”) dg = f(‘}i&l\év ﬁﬂhlﬂd’if 7
- v

PIRNE - 4|

This is the counterpart of Green's formula,
extenc;ed however to include finite parts (compare refs. 1
and 3).

4., Sourc. and doublet distributions in steady
supersonic flow

Elementary solutions of equations (20) L (25)
are the functions g (x, ¥y, z) defined by

o ~
@P(x,y,z) - \/@_xge _:,32 [(Y-yc)2+(““c>2__f for<X-)§>/32

[(y_yae (z.-zgﬂ A Xo (33)

and

§P<X!Ysz)

]

0 elsewhere

S

where P = (xo, Vor Zo) and & are arvitrary.+ _4?1; will

be said to ®e the velocity potential of z source of
strength ~ located (or, 'with origin') at P.

The actual velocity potential of a (weak) source travelling
at a velocity -U in a field of reference tr velling with
the source, is obtained by adding -Ux. to {? as given

oy (33). For reasons of simplioity ,@
as in (33) will be called a source for positive as well
as for negative o .

Similarly, a function p will be said to be

the velocity potential of a counter-source of strength
located at P if it.is given by

Y (x,y,2) = - = tor x_on /32.
T E e [

x(\xo . 54)

and
-IFP (Xy7:8) = 0 : elsewhere

/A.l!l'-
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A 'doublet' is obtained by differentiating §§ with
respect to length in any given direction, the &
differentiation being perforged relative to- the coordinates of P.
Thus the velocity potential @p of a doublet whose 'axis' is
parallel to the z-axis is given by

- "GJB‘?(Z"ZO)

§P(x'y’z) 3 2 m2 [ 2 5] 32
(6B 0+ ] |
for (X-XO*)Z >@2 [@r_ya 2_r (Z_zc)z and 1%
__ end . (35)
‘?P(x,y,Z) ol elsewhere

A 'cownter-doublct' is obtained by applying a similar operation
to Yp. An sstcrisk will be employed to indicate fundamental
solutions of unit strength (e.g.,<$ % Ve

It will be seen that the velocity potentials of sources,
counter-sources, doublets, etc., and all their derivatives arc
admissible functions in all regions excluding their
origins, the surface 5 being given by

: 2 A2 - 2 A

X=X —faf -— - = .

) A2 [0 (=] = ¢
Also, the potentials of sources and counter-sources tend to O
of order & as the affix tends to infinity in any direction
not asymptotic to ¥ , and similarly doublets end counter-
doublets tend to O of order 3%/2 under the same conditions.

The vecloeity potentizls due to line, surface, and
volume distributions in points outside the distributions are
obtained by ev:luating the integralsj(ﬁ'@% d ,['CE-"@ % ds,
chi’é dvV, where ® denotes the (variable) line surfzce or

volum: density, and ? X denotes the velocity potential

of a source of unit strength the coordinates of whose origin
coincide with the variable(s) of integration. For sufficiently
regular distribution functions & , (c.g., if O has continuous
bounded first derivatives) these integrals exist as ordinary
improper integials. For instsnce, for a surface distribution
we obtain

a” ds

). = f
f g D 2, % 2]
i B [ R
where ﬁ’is defined as a function of the parameters u, v, of

the surface S, given by x = YO (uyv), ey = Zo (u,v) and

s ewnani( 56 )

%(X:Ysz

the integral is taken ever those parts of the surface for which
oy al ¥ 2 e 2
X=X Vo= -— .
( (D >/‘3‘~ L( .Yc) ok ( zo‘} ] and }::) xo

./Dhe‘l.'.
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The position is different in the case of
line, surfacc, or volume distributions of doublets, since
the integrals corresponding to such distributions, viz.,

.[6 éx}‘ Qf, ij‘ éxP ds, and| ¢ @*P dv are :Lnl general

infinite. Thus, for a surface distribution of doublets
whose axes are all parallel to the z-axis we obtain

I' -3 (2=2 )y’ - s eeeess(3D)
QR GRRCeE]

which is, in general, infinite. However, providedd is
sufficiently regular, the finite part of the integral still
exists, and we may say that

“ ;jﬁ' @ *.45(curl)

is the potential due to a doublet distribution over 8,

(with similar lefinitions for potentials due to line or
volume distribution, . An alternative method which avoids
the use of the finite part and which has been uged by
Schlickting (ref.2) and others, is to consider first the
corresp nding integral for sources (egn.(36)) and then to
differentiat: with respect to (~z). Frem a physical point
of view this means that we calculate the potential due to

two infinitely near source distributions of opposite strength.
The final result is the same since, according to the rules
given in the preceding paragraph, finite parts can always

be differentiated under the sign of the integral. it de
precisely the possibility of carrying out all the necessary
operations directly, without fear (or certainty) of obtaining
méaningless symbols,which makes the finite part such a
convenient concept. It will be ssen that the alternative
method is applicable only when all the doublets have

parallel axes.

In order to define the potential due to a
volume distribution of sources (or of counter-sources) we
have, as in classical theory, to take recaurse to a limit
process, as the integpandd?@ tends to @ of the order I
on approaching the point for which the potential is calculated.
We therefore surround the point by a small sphere of radius €,
evaluate the integral exeluding the interior of the sphere,
and then let € tend to O. For finite € , the integrals in
question cxist as ordinary improper integrals, and the
limit exists, 2s € _tends to 0, since the volume of the sphere
tends to 0 as €3,

We are now gzoiag,to show that the c-flow -

defined as a finite part - across a closed surface surrounding
a source of strength @ is equal to 2 TTO%,

Messaoe
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We have to prove

* X
J=""'J gradh éP d§:2,ﬁ-0’ ..-..---a-.(38)
S

-

where ‘;‘P is defined by (33).

We may simplify the problem without loss
of generality by assuming x_ = Vo = 8. =0, Now let B8
be a small cylindrical Eurfg%e bou.ndedoby two planes x = +t o\
and by the cylinder yc4 2z¢= re where r> . Then
the integral of (35) vaniBhes everywhere on”™"S except in
the circular area belonging to the plane x =k . Hence
XJ reduces to

xJ » ol ﬁQdydz
fy2+ - [&2 -32(y% :42)]
and therefore *J = 2 T8 by (8)s This confirms the

theorem for the particular case of a circular cylinder.

Next, let S be an arbitrary surface
surrounding the source, then we may find a smell cylindrical
surface §° of the above description inside S d we only
have to show that 7’ gradh §p d8 = *({ gradn - pds.

S 4 '

Let V be the volume bounded by S and S Then by
the divergence theorem for finite parts, (9),

= =
J’ gradh@}, ag - 7 gradhé dg = j div gradhjéPdV
S _ s’ i

But
TR X .
j div gradh@P av = fﬁhé? dvV = 0, since (P satisfies
y v
2255 and V does not include the origin. This proves that
38) is:true generally.
- Similarly, we abtain for counter sources whose
potential'lFP is given by (34).

E
- f gradh‘FP dS:.—.-Q'iTﬁ' .ll.....‘...l.’(Bg)
S y
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More generally, if a surface S surrounds a
finite number of sources of strengths O’ superimposed
on an arbitrary field of flow which is regular inside S, then

x‘f gradn § as = 2T 207, savnnsasld0)
S

Ther:s is a similar'theorem for counter sources.
In fact, (40) follows immediately from (29) and (38).

We may also deduce, taking into account (i), at the
end of para. 2, that the c-flux across a surface surrounding
a doublet vanishes, and more generally that the flux across
a cloged surfazace is not affected by the superposition
of doublets cither inside it or outside.

Finully, it follows from (ii) at the end of para.2,
that (38) can also be applied to a continuous distribution of
sources insidc¢ a surface S, SO

= i
5 ( gradn ¢ ag = 2TW[o  seevveiieeneeena(4l)
.-‘_,'s

where j¥ is the total strength of the sources enclosed by S
- (and given as 2 line, surface, or volume distribution). The
same applies in the limit when the distribution is actually

bounded in parts by S.

Equation (41) shows that the finite part of an
infinite integral is more than an artificial analytical
concept, and that in certain cases it may have a definite
physical meaning. In fact, the product of density and
c=-flux, -p_('gradh@ dS is the linearised expression for

the total flux of matter whenever that expression exists, for
instence if § is given by & homogeneous volume distribution
of sources over the interior of a small sphere of radius

and centre P inside S, together with ~Ux correspo ndiag
to the free stream velocity. If & is the total strength
of the distribution, then according to (4l1), -£f gredhods§ =
2TM QP . Thug, 27 & is the rate at -

which matter is produced inside 8. Now let € tend to O,
while o° is kept constant. Then § tends to -Ux+ &
where SEP is the potential of a source of strength g P
located at P. But 0" having been kept constant, it

follows that the rate at which matter is produced inside

S, and hence, the rate at which matter crossss S5 1is

still 2fre&». And this, by (38), can be expressed by

'Pxf gradh ’ P dS = =g ff gradh (-U}c +§9 as,

so that the finite part is the natural generalisation of
an ordinary integral when the latter diverges.

/ApPlyinge s
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. Applying (41) to a small surface surrounding a
point P insid: a volume distribution of sources, we obtain

=

.,-f gradn@as = QWLG’dV
S

and transforming the left hand side by means of the divergence
theorem this becomes

X -
- j div gmdh@d\r = 217 [ dav
v v

Since this is true for an arbitrary small volume
containing P, we must have

Ah§ = div gradh@ = o 2'?1”5‘ ..ttot.lt.t(éz)

which is the counterpart of Poisson'!s. theorem in subsonic
theory. :

Conversely, given the differential equation (42)
over a certain region R, & particular solution of it is

éanc'éﬁPdv BN L R g o

The general golution, as is_sasily segn by
subtraction, then is @B: g"i)*P dV+ @ where %‘L is an
- 7

arbitrary solution of (25).

Given a surface distribution of sources, it can be
shown that the compo.ients of the gradient and therefore of the
hyperbolic gradient of the potential remain finite and
continuous on cither side of the surface 8. Also, §§ ’
and therefore its tangential derivatives, are continuous
across the surface.

In order to find the discontinuity of the normal
derivative across S, we apply (4l) to a small cylinder whose
bases are parsllel to the surface on either side of it, and
whose height is again small compared with its lateral
dimensions (Fiv.Q%. Ietting first the height of the gylinder

o]

tends to O we find that _f ygradh @ A4S -wfﬁ,gradh dg =
S '+_ T iD—

21 G dS where S’ denotes the portion of § inside the

S’ ~cylinder, and S% and §/denote the two bases of the
cylinder; respectively, &S, being the base whose outside normal
coincides with the outside normel of S. Letting S tend to O
round any given point on 3, we obtain, denoting by A, A+, V
the direction ovsines of S in the point in question, and
indicating by * +the derivatives of § on the two sides

respectively,
/(44)eees
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e -
o :Eg§-.21§ .Eﬂi...zﬁgf) Eéﬁz._‘ﬁii = 29T O
ﬂ( X+ 3}{- i —by.q- ‘By- * 2'1- FBZ" :
00.0.0(44)

In particular

if the distribution is in the
X - ¥y plane, we have =

/‘*"O,y :l,sothat

o) 7

lé- . 2% 18 s iiutannbathitea v e )
?&zT‘ Zme

Q’i

a result which is of considerable importance for the
caleulation of the wave drag of an asrofoll moving at
supersonic spozd at zerd incidence (refs. 4, 5, 6).

A similar rel-tion for the discontinuity of the potential
across a doublet distribution in the x y plane, and which
can be derived from (42), is fundamental in the supersonic
theory of flat acrofoils at incidence. :

These relations have hitherto been inferred DLy
analogy with incompressible theory and then proved ad hoc
in the particular cases required. The nced for a more
systematic development was pointed out in the introduction
0 refs He

Dividing (44) by &:;(?\ﬁﬂz FPEaye L oheain

the result that the discontinuvity of 3&2 in a dircetion Q-

r
4 ne
whose components (direction cosines) are-%éi ,%3 ,ié is
2TTg". And since the tangentiel derivatives of ¢ ere
fAN
continuous across the surface, it follows that the
G-

o/
e

[¥ !
discontinuity of %;j% must be the discontinuity of R
: ol
where n =(?U /M{Uj is normal to 8, multiplied sy

the cosine between n* and n’. Hence

af L3 . zTTg{-;fxzﬁSZ*/‘*z*""Q)fb o

Bn  dn

| 2% - 2 2

ag 29 =2~-_l———2;1' (48 - OB o7
o, . NEAGED

Equation (46) amends the statement in ref. 5 that
the discontinuity of the normal derivatives 1s always gava .
The particular case in which this statement was applied,
however, viz. (45), remains correct.

-

The chief use to which Hadamard puts his concept
of the finite part is related to the above applications
Wwut.is the outcome of a rather different approach.
Hodamard's purpose is the solution of Cauchy's initial
value problem for a very gensral class of hyperbolic partial
differential equations including (20) as a special case.

/‘:’fe.liit




We are going to develop Hadamard's result in respect of equation

(20), i.e._we are going to find esn expression for the value of &

solution of (20) inh a point_ P = (Xq, Jo, 2%o0) inside & closed

surface S; when the values ofé nd of & are known on S, where
vt s 1 ey

)
for every point of S5, the di...vion n' 18 defined as above., For
this particular cese, en equivelent formula had been derived

previously by Volterra.

Let"!r*P ve the velocity potentiasl of & counter source of
unit strength loceted at P; then the functumé’ 'P is admissible
ingide S, excluding only P, provided é ig regular inside S - and
this cen in fact be verified a posteriori.

Let us surround P by a suell surface S’ an apply equatlon
(32) to the volume V bounded by S + S'. Since 4£ih ﬁh‘ff » = 0
we obtain '

(&gradhl}rﬁ&) - \F*P gredh %)d_g =
S+ S!

or, taking the inward normal as the direction of a surface element
of S, and the outwerd normal as the direction of a surface element

of S
fs‘ (¢ eraan 5 - 'y srean §las = js geraan e - ¥

gradh@)d_s_ s s o RS

It can be shown that as gontructq to the point P, the
left hand side of (47) tends to 271'76 Xo, Yos %s). Thus

BHE(XO, Yor. Zo) ® i‘[’s({: gradh\}"""P -?Jf"’P gredh §Jd§ ceess(48)

Denoting by}l,;,i, V tie direction cosines of the normal to
dS, we have, for any scealar function ?,

raan Pag = (-A528Bv, 08+, ad s
For 8 = 1, this becomes gradh 5 a8 = ~ %_é“ ds, where n* =
3 o

(A: - -}) ). Hence, forﬁ =
Bﬁi&.(xo, Yos En) = fs (#r:."*

This is Hedamard's formule (58) (ref. 1, p.207) for
the epecial cage £ = 0, The direction n” is called by Hadamard

the transverssel direction to dS. Its

rf

8e _ i
22, f%{*‘) BB  ivsavenns i68)
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geometrical interpretation, due to Coulon is that it is
conjugate to the tangent plane to dS with respect to

e O R

6. Vorticity distributions in steady supersonic flow.

We now direct our attention to the study of
rotational motion.

_Given a field vector ¢ = (u, v, w) _we den%fe by
E, 1Z y § the components of curl g , =Q0W _ 9V
Dy Dz

* 2
7 = s 3 ] ’S %28 . The differential

Az I x 9x Oy
equation of thc system of vortex lines is %? %% %? as
i

usual, and the strength of a vortéx tube is defined as the
product of the cross section ¢ into the resultant vorticity

) 1
" (E . +7Zd +32) v and is the =same at all points of a
vortex, All thesc results end definitions are in fact quite
independent of whether the fluid is compressible or incompres—
sible, except that in the case of supersonic flow, it may be
necessary to consider the finite parts of integrals of the

type‘E g df end J; curl g dS in cases where the ordinary
integrals do not exist.

Applying the vector operator Wh in cross
multiplication to a veetor g = (u, v, w), we obtain a
vector which will be called curlh g (hyperbolic curl of g).

EPLecilly =

/ 2 .
ourin g <(20 21, Du piBx, g0y B (50
oy ' 2 Oz ox dx Qy

Dircct calculation shows that

2)

dth Curlh & = 0 .-.---o-oo-.-oo--ooo.-oco-otoa-oo(51)

and

[}

curl curlh g = gradh div g - div gradh g sesssesss (52,

A field vector will be called irrotational or
lam&llar, as usual, if cur = 0, and it will be called
hyperbolic solenoidal if divh g = O.

We are going to show that a vector g defined in
a region R and admissible in it can be represented as the
sum of three vectors, one irrotational, one hyperbolic
solenoidal, and one both irrotational end hyperbolic solenoidal.
More precisely, we are going to represent g as
= where
154+ 318

i = i = B aweias
divh 4 divh ¢ , ocurl a4 0 in (53)
/(54)..
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and
divh g =0, curl g =0 B B e (9H)
3 3

Ascuming that vectors as described in (53%) and
(54) have been found, we put _q_3 = g - gl g Then divh g3=

divh g - divh 'ql - divh q2 = 0, and curl 93 = curl g -
curl 9'1 - curl 9.2 = 0, so that 3_3 defined in that way

satisfies (55).

Putting 6 = —2-%,
funotion’?by f_—-?a’@xl) dav , so that&h§=-2ﬂ"5"
R

according to (42), i.e., An® - - qivh g, and so G == grad
satisfies (53). Thus : '

divh g in R, we determine a scalar

s

1 e '
grad J" difh g . ¢ , A ..(56)
& .

i
q . J—
1 2T

To find 4, » we shall assume that is given

as the hyperbolic curl of a vector g ={yd e '32 g,
g l(l’bcur"gl '}_i'_’-j adp—4

= curlh ¥ , and so (57) curl gq. =

divy - Tiv gradh ¥, by (52)'.'.'2 We now restrict

by The condition tha% div W= 0. Then we must hBve
div gradhl: - ocurl g =-curl g , by (54) and (57).,
p [P - 2

Akﬂyl = - § , AthQ_.-- | ,Ah‘\{fa = - E in R ..(58)

and this according to (42) is solved by

L Y $ = av W AT
i L2 (R gk EQ’}?QP
!3___ 1 . -
Y v R“S?Pd"

or
! =

W e *
_,'., 2‘_‘,1. L Ourlﬂ,@ Pdv ...-..-.t000(59)
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w35

Then = curlh ¥ satisfies (54), provided we
cen show that in “fact div'y =0, as assumed. And this
can be shown exactly as in e classical cownterpart
(ref. 7, para.l48), provided the integrand vanishes at
infinity or, in particular, if it venishes outside a finite
.region. This again will certainly be the gase if curl
vanishes for sufficiently small X, since g vanishes for
sufficiently large X,

: It is clear from the above construction that gl
determines the flow due to the source distribution

in R, while 32 represents the flow due to the vorticity
distribution. Given a three dimensional vorticity
distribution we then have in detail

- 44
g(xy}rrz) Ly —2—"&'_ CE: 7{:3

. i - x—xa —,6 y—yﬁ@_zj]

sansevesenes e )

dx dy dzo

(The expression on the right hand side is actually an ordinary
improper integral), whera R’ is the sub-domain of R

which satisfies G{-xcj )/32 Ky_ys)z_‘_ (-z}f] and X, <X
We then obtain for the components u, v, w, of (_1_2 = cu.rlh'i y
62 ;T dx, dy, dz i
i e s ] e e ;
2T h REL O)/Q - @g [Q{—Xaz -3 EKy-yxT {;z- zgﬂ] 3 /2

132 ,} [ dxo d_vo dzo
X S S w QC—XQS- Q’E—Z
o ﬂ[ﬁ A G2f] ] 7~
2 dx, dy, dz,

voow [@'3’5%“@“‘37][@—@2 £le-reaf]] >

T SR A SRR

This may be written
o av
ﬂgg— (-:'(‘_x Ou.rl 9) ? .o'..D.f.....-lltil'.(62)
Rl

where r = (x—xo, y-yo, z—zo, and s =[(X-Xc>2 -/32 (Y—Yga-i' .

(z-zj:] 5

The corresponding formula for incompressible flow is
F'Y

g = (g % otk ') Bl ..upesens (63)
2 Rr I‘3

/Theiiﬂﬁ.
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Thc discrepancy in sign is only apparent, since
asy, for instance, formula (8) shows, the sign of a finite
part does not follow the sign of the integrand, as for
ordinary dintegrals.,

We may now calculate the field of flow due to an
isolated re-entrant line vortex C. Replacing the volume
element dx dy dz in (60) byw,df, where dd, is the

o
element of length of C, and Q" its infinitesimal oross

section, and wrning w (g 2""72* SED %, we have

E o —= =& sy and so, since W¢g

df 0
is a constant K, and since d4Rf =(dx ¢ OF 4 dz) s (60)

O 0 (o] o
becomes

“ ag
K
= — 0 v (64
Yone - [ Po (64)

B? .
2 7 \§ 2
Ko -f3 Vv
/( x;) /3 Ky 7, -\ﬂ(z,-z:b]
where C’ consists of the segments of C which satisfy

L—-xo) >(_J, [(y-—ya*— z—zﬁ] and XDX_ .

If in partisular C consists of straight segments which
are parallel either to the x-axis or to the y-axis, then
(64) cen be integrated, since

dx ot X - X
- gcosh

Y = s e
3 ol 1 il /3 ( I=¥5)

= = = sin + coust

B = e O

sivsnnwmassns(65)

+ conste

Now let. C be a 'horseshoe vortex' of strength K,
eonsisting of the straight segments (xls X <oor Rt A

Z' = O) ( y -l, z{; = O\) and

X X = z =0 where x and y are
( lﬁ‘ OK’OO! ya y ’ ) & 1

given constants (Flg.2) . Using (65), we find that
”1113 = 0 always, and tyl ='11/ =0 for x(£ X9 while for x}:-LJ_,

-
P
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1 > 2 . > B
Ll 8 o cos |
it (3fy-y, ® & /3)/ (ywﬁzf o
T T T SR o ! SRS R 5 T Tt (66)

where the cosh T

are o0 be replaced by 0O when their
arguments are smaller than 1, respectively, and

) & . - & I+¥ "
‘LIU AP X \_Sin—L /3 ( J yl\’ « gin ]_/2( 1:)
. 2 2
2T /3 \/(X-Xﬁg -A° 2 \/(x- ~/3
.......... (67)
-l e P il
where the sin are replacedﬁugg or éL when their

arguments arc greater than 1, or smaller than <1,
respectively.

We now obtain g = (u,v,w) by taking the

2
hyperbalic curl of’?’:{ﬂfl ;*2 , 8) sy 50 that

U=V = w =0 for xrx while for XD Xy
e 2
oo K l (Y{ A) .
2 [’z_-x\ --[f 2 f(x-}ﬂ -—B (y-v ’TZQJ
(agr—t—y
e 7 '
[x—x’) o ) (-i-A° [ 5ifr 2._2]
{X ;s[\J
=K—-—- ) 2, )
277 (Y—-IY T ]‘K —Xif -[.‘sgp— N + 2 _{
_ o
(==

[ e [ef -p% 2 i)

*T e xa P [ G+
_ () )|y -3 i(w;ﬁ ez]
’E‘ i 5 "/”“?-] L(w\ +a°|[ @) -
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where, for given X, y, z, +the imaginary terms are omitted.
Except for the notation, squations %68) agree with the field
of flow round a horsewhoe vortex calculated by Schlichting
by an entirelydifferent method (ref.2)

Some¢ care is required when attempting to represent
a volume or surface distribution of vortices as a, combination
of line vortices. Thus, accerding to (68), the components
Wy ¥y ?? all vanish when'(xé Ys2) is outside both the

N | 2 . Gk :
cones (x XD /32[<ytyﬁ + 2 ] emanating from the tips
But it can bc shown that this is no longer the case if the
vorticity in the spanwisec segment is distributed over a finite
width A % However, even thenthe failure (which is due to
the discontinuity of ;g for line vortices) can occur only at
points beloniing to tHE® envelope of the cones of type

2 _r3efy " N
(X i x& ‘/5 1_;}-3’52 4z - E;):‘ =0 emanating from the
vortex lines which are supposed to generate the surface or

VOLUIME o

Applications to aerofoil theory are given in a
separate reyort (ref.8).
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FIG.I. Az

CALCULATION OF THE FIELD OF FLOW
OF A SUPERSONIC HORSESHOE VORTEX.




