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SULMARY

The field of flow due to a shock wave or
exnansion wave undergoes a considerable modification
in the neighbourhood of a rigid wall. It has been
suggested that the resulting propagation of the
disturbance upstream is largely due to the fact
that the main flow in the boundary layer is sub-
sonic., Simple models were produced by Howarth,
and Tsien and Finston, to test this suggestion,
assuming the co-existence of layers of uniform
supersonic and subsonic main stream velocities.

The analysis developed in the present naper is de-
signed to cope with any arbitrary continuous
velocity profile which varies from zero at the
wall to a constant supersonic velocity in the main
stream., Numerical examples are calculated and it
is concluded that a simple inviscid theory is in-
capable of giving an adequate theoretical account
of the phenomenon. The analysis includes a
detailed discussion of the process of continuous
wave reflection in a supersonic shear layer.
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1. Introduction and Discussion of Results.

It has been known for some time that the
field of flow due to a shock wave or expansion wave
undergoes a considerable modification in the neigh-
bourhood of a solid wall, in addition to the actual
reflection at the wall. A characteristic feature
of the process is that as the wave impninges on the
wall the disturbance is oropagated upstream in the
boundary layer (sec Ref. 1 for detailed experimental
evidence). To construct a simple theoretical model
of this effect; Howarth (Ref. 2) considered thse
nropagation of small disturbances in a uniform
supersonic stream bounded by a parallel uniform
subsonic stream. Since no linear dimension 1is
associated with the main field of flow it is diffi-
cult to compare the scale of the effect calculated
in this way with the scale of the exvperimental
phenomenon. The model was improved by Tsien and
Finston (Ref. 3) who considered the propagation of
a disturbance in a uniform supersonic stream bounded
on one side by a subsonic stream which in turn is
bounded by a rigid wall. In the present paper we
attempt to make our basic assumptions even more
realistic by assuming that the main stream velocity
varies continuously from O at the wall up to a
supersonic speed at some distance from the wall.

The case of a continuously varying main stream
velocity profile in a purely supérsonic region
which is bounded on one side by a wall, has been
considered by Liepmann and his associates (Ref. 4).
The simplifying assumptions of linearisation stc.,
made in the present work, are basically the same

as in the earlier papers mentioned, more particular-
1y in Ref. L, e€xcept that our method permits us to
take into account the wave reflection in the super-
sonic region completely, whereas the treatment in

Ref. L4 is only approximate.

A completely different avproach has been
used by Lees (Ref. 5). It is based on detailed

semi-empirical assumptions on the nature of the

flow in the boundary layer.

/Numerical ....
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Numerical exampnles have been calculated
for a typical laminar velocity profile. Figs. 3
and L show the total reflected disturbance due to
a simple incident compression (or expansion) wave
at Mach numbers 1.25 and 1.75 respectively. It
Will be seen that the disturbance is propagated
upstream only a few multiples of the thickness of
the boundary layer. On the other hand experimental
evidence (Ref. 1) shows that the resulting dis-
turbances may be clearly distinguishable at points
which are fifty or sixty times the boundary layer
thickness upstream of the incoming wave, In
trying to account for the discrepancy we note
that the basic assumptions of our analysis may be
inadequate in three respects, (i) they neglect
viscosity, (ii) they neglect vorticity, and (iii)
they involve linearisation. By an extension of
the present method it may be possible to include
viscosity and vorticity while still accepting the
linearisation of the problem. There appears to
be some justification for outting our result on
record, although with some diffidence, since it
is at variance with the conclusion reasched by
Tsien and Finston in Ref. 3.

I am indebted to Mr. A.D. Young for a
number of valuable discussions on the subject of
the present paper; and to Dr. S. Kirkby and iir.
A,W. Babister for assistance in the calculation
of the numerical examples.

/2. Basic ....



24 Basic Analysis.

We consider two-dimensional flow in a semi-
infinite expanse of fluid bounded by a wall which is
parallel to the x - axis, at y = ¥ The main
stream, supposed (approximately) parallel to the
X - axis, will be assumed to be given by a function
vV = Viy), Y2Y,. where V(y) is continuous and
differentiable, and vanishes at the wall. Also,
V(y) shall be constant for sufficiently large ¥,

V(y) =V, for yxy_, say. We write M(y) = V(y)/a
for the local main stream Mach number, where a = a(y)
is the velocity of sound anpropriate to that ordinates
a(y) = aOL4VO for yzzyo. It is irrelevant to the
subsequent analysis whether or not we assume as a
further simplification that a 1is constant through-

out the medium.

Let u,v be the velocity components of a
small, steady disturbance imposed on the main stream.
With the usual approximations we obtain the linearised

equation of continuity,
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WWe shall assume that the vorticity associated with

the disturbance can be neglected;%% - %% = Oy [see

ref, L4, p.22) so that the_gotion nossesses a velo-
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By (1); @ satisfies the equation
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Particular solutions of (2) are obtained by assuming

that #(x,y) is of the form @F(x,y) = £(y) cos (kx + ¢),

where k and ¢ are arbitrary. Substitution in (2)

yields the following ordinary differential equation

for £y},

-~
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kK- AIEF) + =% = O, Lk «-winy wirs ies
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Then yé*yo’}%): MY -1 = M, =3,

where M = Vo/ao, so that a fundamental set of solu-
tionshgi (3)*%§mgiven by cos kqo(y—yo)gsin kﬂo(y—XQSWMEe

A, = fgo - Mgiw % More generally we write T (y)
as a power series of the parameter k
{,_l'f:'j
.::-:r*%- n
T(y) = e £ _(y)k b ek e s TS
() = g5 £, () (%)

/where....



where the fn(y) are independent of k. Substituting
this, and the corresponding series for " (y) in (3),
we obtain

(k“
n+2

i AP 7K + 2
0

Comparison of coefficients of equal ovowers
of k then yields

"
r, ¥) =0 %

it
f‘1 (Sr):O ‘i’;.-ll.llﬂlll....l(-

@) + A, @) = 0, n=2y

To obtain a continuation of the solution
=i | il > o e T i : e
cos &Hoﬁy-yo) in the region y_»y=zy, (i.e. a solu

tion which passes continuously into cos RQO(Y—TO),

while its first derivative passes continuously into
|
lcos kq (V=¥ )j = - k@o sin kBO(y—yo), we put
b
B} = 1 f
f.](}T):O l;-
| £, = -7 ar (T NG, G art ne 2. (@)
A7) = _i v \ x ¥y nwo \7 yv", n= e 7
Wy g

The set of functions fn(y) defined in this
way, clearly satisfies (6) The corresponding power
30
series f(y) = i; f (V) represents an even func-
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ot To discuss 1tc convergence let L be a positive
upper hound ofl;a(y){. Then
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and in general
£y, W)= {ydyéy‘ "L, (y")ay"}
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w}o wyo {iee Xk
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This shows that f— fn(y)k

and complex) k, and therefore represents an integral

n
converges for all (real

function of k, for all YyZy,.. This function will

be denoted by C(ysk). We have C(%fk) = A trom (7)s
and O”(xfk) = 0, where the dash indicates differen-
tiation with respect to y. It follows that, for
JYZY s C(ysk) = cos k’%o(y-yo)9 as required.
Similarly, if we define the set of functions fn(y) by

)

fO(Y) =0 ;
f’i (Y) = qo(‘f"‘yo) E}Il’liill (8)
g ( fy it i i . 3*
r (¥) = N A", p(TMay" , nz 2
PR o

then the function
A

a ol ) = 2:
is an odd integral function of k for all yzy, such
that S (y:;k) = sin kﬂo(y—yo) for Y2, Suitable

bounds for the functions fn(y) now are

. }y-y il2n+“l
{f2n+ﬁ(y}jﬁ'goLl e
(2n+1)¢
Pot Do Dy A 24 asasies C(y:k) and S(ys;x) form a

set of independent solutions of the differential
equation (3). Particular 'normal' solutions of (2)
are given by

C(y:k) ! fcos kx

S(y3k) | lgin kx B R R sl s
and we note that in the region yxy, these solutions
reduce to

Z

;cos kx

[}
i

cos k%o(y-yo)é
sin kﬂo(y—yo)j {sin kx RPN S SNSRI (i 4 1

respectively.

In the sequcl, A (y)s, which equals -1 at
the wall, and equals hozyo for Y2 will be assumed
to be an increasing function of y. There is then
Jjust one distinct value of y, y=ys; says Tor which
E(VS} = 0, corresponding to the sonic line. For
convenience we shall refer to the region yf:yo briefly
as the 'supersonic region' while Vo2 y;:ys and
Y52V =Y, will be termed 'transonic’ and 'subsonic'

respectively. Ve may assume that yj = 0,
L6

/A disturbance .....



o

A disturbance travelling towards the wall
in the supersonic region may be expressed in the

form @ = F(x+8y). Subject to suitable restrictions

on the behaviour of the function for numerically

large values of the argument this may be written as

a Fourier integral

F(x+ﬂoyj :;? (Px)+ i@ (k)) (cos k(x+%0y)—isin k(x+ﬂoy))dk

u’l_jﬁa
...I.l..!..lli.(j“l)

where P (k) and Q(k) are real functions of k, even

and odd; respectively.

Re-writing (11) in the form

£ G
i -ikx
F(X+ﬂoy) =! (P(k)+i2(k)) (cos kB y-isin kﬂoy)e dk

we see from (9) and (10) that F(X+Roy) is the function

to which
Ly

{ 3
* ! . . . -ikx
FP(x,y) = | (Pk)+1Q(k))(C(ysk)-iS(y;k))e dk, F2¥,
f
..J_r(.;\q" LI T D I D D D I I D D I (12)
reduces for y»y_ = O. Fx(xyy) is real since

0
C(ysk) and S(ysk) are even and odd functions of k,

respectively.

Similarly the function

4
e ]

6% (x,7) =1 (R(<)+18(k)) (C(yik)+i8 (¥3k))e " ak ... (13)

R(k) even, S(k) odd,
reduces to

’ ikf ~ikx
G*(x,¥) =4 (R(x)+iS (k))e "o o dk
W0
AL :
-ik (x-R ¥
= R(k) + is(k)e ( o )dk & G(X-Boy)
-0
for y»y_ = 0, i.e. in the supersonic region it

renresents a disturbance travelling away from the
wall.

The velocity components in a direction

normal to the wall in the two cases are given by

£ 00 i
35 =] )+ (€ (75k)-18" (7ik))e @k o.uue. (14)

= o
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.,-'.-)".,'_'1
an¥* -ikx
35 =] RE)+isE)) (€' (v3k)+18' (75k))e
o0
respectively, where the dash denotes differentiation

with respect to y.

Let .

F(x,5) = Fx(x,y) + G*(Xpy)..........

be the velocity potential of a field of flow in the
region under consideration. To satisfy the con-
dition of zero normal velocity at the wall we must

have

2k
= 4

or, by (14) and (15)

“L(P (&)+1Q(k)) (C' (v, 5k)-18" (v, 5k) )+ (R (k)+iS (k))
T 1 —ikx

(C'(ywék)+i3'(ngk)}le gt = €, Por all =,

This yields the condition

J

(P(k)+ia(k)}(c*(yw;k)-is*(yw;k\)+(ﬁ(k)+ia(k))

(G‘(yw;k)+18'(yw;k)): e i e A
Assume now that the incoming wave F(x+€oy} is
specifiied in the supersonic region. This deter-
mines P(k) and (Q(k). It follows that if the
potential of the total disturbance can be written
as in (16), ® (k) and S(k) must satisfy (17) so that

these functions are given by

] : ' (v, 5k) =18 (v 3k) '
R(k)+is (k)= - . . (Pl +10 () Yon s v oo os (18)

C' (v, sk)+1i8" (¥, 5k)

Since C(¥3k) and S(y3k) are independent
solutions of the second order differential equation
(3), their derivatives cannot vanish simultaneously.
It follows that the right-hand side of (18) remains
finite for all resl k. It will be seen that the
real part of the right-hand side of (18) is an even
funetion of k;, while its imaginary part is odd, as

reguired.



The above formulae enable us to determine
a solution corresponding to any incoming wave
F(x+qoy} snecified in the supersonic region. How-
ever, our argument so far has not established that
we have obtained the physically correct result ex-
nressing the evolution of the incident wave as it
travels through the transonic into the subsonic
layer and is reflected at the wall. To elucidate
this somewhat subtle distinction we may point out
that equation (12) which defines our incoming wave
(a disturbance travelling towards the wall) in the
supersonic region does not in general reprecsent an
incoming wave in the transonic region. Thus to
ensure that we obtain the physically correct answer
we shall trace the gradual evolution of the distur-
bance on passing through the various layers. In
actual fact we shall find that the final result
agrees with that obtained by the simple analysis
which was given above. However, apart from being
necessary as a matter of principnle; the following
considerations also help to throw light on the

physical mechanism of the phenomenon.

3. Reflection in the Transonic Region.

In a region of uniform supersonic flow,
i.e. in our case for y:hyo = 0, any perturbation
velocity potential can be written in the form
?(X+Qoy) + G(X—Qoy}, so that the incoming and
outgoing disturbances which constitute the field

of flow correspond simply to the first and second

term of that expression, respectively. The posi-
tion in a region of variable supersonic stream
velocity is less simple. Writing 8(y) ZH;K(Y)
in (2) for A(y) =0, the equation becomes
B A2
~g* —-% + 2L -0 il (19)
Ax 3y

The characteristic curves (Mach lines)

of this equation are given by
ad 2

B @55 = an" = 0,
or Fig. 1)

Mo
J

2% =+ B8(y) x = * {aly)dy + const.... (20)
1 \'\, 7

we

BB 5 e
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An 'incoming wave' now is a disturbance
whose fronte, or potential lines of discontinuity
are the Mach lines.

X = _}qﬂ(y)dy + const, RSN R S e e

€.g., the line 1'PQ in Fig. 1, while an outgoing wave
is a disturbance whose potential lines of discon-
tinuity are the lines

Xz[r_{(y)dy+const. w ey e (B2)

More precisely, the analytical expression
for an incoming wave must be such that a distur-
bance, or modification of initial wvalues at a point
R downstream of one of the Mach lines (21) does
not affect conditions at a point uonstream of PQ.
e.g. the point B. Since B is now variable we are
no longer in a position to renresent the two types
of waves simoly by functions F(x+8y) and G(x-3y)
resnectively. Nevertheless it is still possible
to associate distinct disturbances with the two
families of Mach lines in the following way.

Given any solution g (x,y) of the
differential equation (19) we put

g B
£, (xoy) = (3 2+ 20
1 g L I I LI T A (23)
o Y = L 08 | 22
£, (x,y) = #(2 3£ - 28
so that
3 1 :
7\% = g(fy + 1)
A op
ay T T4 T os2t
Then
a1 4 1 ok 4 ;_;_(Qazgaf 2 3°¢ 143 8 1 )2@ )
3x. " B§ By = 3X2 XY oxdy 8 dy 8% B %yz
__1 a8
.7 2B dy ox !
or
1T At
RO s T 143 .
—TI..}E - a ‘—‘a__‘)r — — 2{3:2 d:‘?' (f1+f2)'l...'lﬁliﬂ (2&)

LEHE s




and similarly

L e TR R e
X B By 2@2 dy 1 2

Denoting by D1/Dx, DE/DX differentiation
along the families of Mach lines (21) and (22)
respectively, we have

D

L @R e 2
Dx ~ 2x dx 3y =~ 9x B 3y
and similarly
‘3.3 i3
DE - A% R Ay
(24) may then be written as
By
1 1
55— = - 2 dy (f + fe) ....... e v« (25)
i
ots
Bx = 2 dy (£, + £5)

An equivalent set of equations is

ABT o

179 1 dBf
-Whﬁa—y'(f,i‘i‘fz) lo..l..-.ov.alual(26)
i = s OB (s + £,

Dy — 28 dy 1 2T

If B8 is a constant, then the right-hand sides of

(25) and (26) vanish so that the functions fj(x,y),
and fz(x,y) are constant along their respective

Mach lines. Also in that case @ (x,y)=F (x+By)+G (x-By)
so that

f, = (B %g+ %%): B BN Vi e winpnpin s wsnos VB P )

5.4
(a 22 _ ag) AG' (x-Ry)

Lg = X ~ oy

2

o

Thus, f1(x,y) and f,(x,y) are associated
with the incoming and outgoing waves respectively,
and the two disturbances do not interact. ilore
generally, if 8 is variable we may still regard
fq(x,y) and fz(x,y) as the incoming and outgoing
waves respectively, but there is now a gradual
interaction between the two disturbances as indi-
cated by the right-hand sides of (25) and (26).

iy .




Thus, assume that an incoming disturbance

fﬂ(x,y? is specified for some Y=Y 4 fﬁ(xyy):fo(x\,
say, and that we wish to calculate its variation as
it travels towards Y=¥os ¥p¢ ¥4 &S well as the
variation of the disturbance f2(x3y) which is built
up from f1(x,y) by gradual reflection within the
layer Y427 2¥ 5. It follows from this definition
of fz(x,y} that it does not include any disturbance
which nenetrates into the layer across ¥=Vs along
the second family of characteristics, (22); so0 that
fE (Xsyg)

11

0. The two boundary cgnditions
£, (x554) = fo(x)s fz(x,yz) = 0 o RO e + w bl DD

together with the set of differential equations (24)
then determine fg(x,y) and f2(x,y) for the region

=y e e, TR g 371 ool y‘f/_\'

However, the above analysis is inconclusivs
because we have not shown as yet that the function
fﬂ(x,y) obtained in this way satisfies the crucial
test for an 'incoming wave'!: we have not established
that a modification of EO[X) at a point R downstream
of any given Mach line PQ of the family (21) does
not affect conditions at any point 5 upstream of PO
(Fig. 1). The rigorous proof of this fact is ad-

Jjourned to section 5.

Coming back to the particular case under
consideration, we identify Y4 with yo = By and Vo =
in the limit - with the sonic line y. e assume
that the incoming wave is given by (11) in the
supersonic region and we write the velocity potential
of the motion in the transonic region which is due
to the Jjoint effect of the incoming wave and of the

gradually developing reflected wave in the form

e /'{:?'u
T ) = | {2, 6) i)+ 2y00) 83K+ (@, (0)C (r3K)

~ikx ~
+ Q, (k)8 y;k))]e BE 5us vivies vn (29 )

%1(ng} does not include the disturbances
originating from the evolution of the wave in the
subsonic region or from the reflcction at the wall.
The first boundary condition in (28) yields, taking

into account (11)

V5 R ) R



or
hx,, ' we e
%E [7ikGO(P1(k)+iQ1(k))+kﬂo(Pg(k‘+iQ2(k)l}e &
-0

P :
/ . ~1kx
= B, | -ik(P(k)TiQ (k) )e dk

since Bly) = 8, clox) = 1, C'(03k) = 0 SlOk) = O,

We therefore obtain as a first condition
for the four coefficients P, (k), P,(k), Q, (k), Q, (k)
(P1(k)-Qz(k)}+i(P2(k}+Q¢(k)):Z(P(k)+iQ(k)) .......... . (31)

The second boundary condition in (28) is,
in terms of the functionﬁ§1(xpy)

P e il 4
Coad A
£, (%,5,) = %—% Eg% - i%i % i s e s g (32)
= y-y=y2

In the limit as Yo tends to ¥4 R (y) tends
to 0, and so

y i L .
Q%) U T SR TR S vua s eor 35}
Y=Y

This is the same boundary conditions as
would be obtained at a wall, so that if we could
place a rigid wall along the sonic linej@1 (%57 )
would represent the total perturbation potential.

The Fourier integral expression for (33)

Jl(P1(k)C‘(ys;k)+92(k)8'(yssk))+ i(Q, &)C' (y k)
+Q2(k)8'(ys§k)j]euikxdk = Up
so that

(91(k}C'(YS;k)+P2(k)S'(ys;k))+i(Q1(k)C*(yS;k)
+Q, ()8! (Y 5k)) = 00 vunnvnnnnn. I

e may re-write (31) and (34) in the form

(11-,| + Q) & (P + in) = 2(Pk) + iQ(k))

C' (yg3k) (P, +1Q,) + 8' (¥,3k) (P, +1Q,) = O..... v sainnnd LBDE
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The determinant of this system is
S'(ys;k) o~ iC'(yS;k), which cannot vanish for real k.
Hence
| 5" (73%)
P, (k)+iQ, (k) = 2 (P (k)+iQ (k))
1 1 i o1~ Y W
8' (Vg3k)-1C' (ysk)

censin (35)Y
C' (¥ k)

(x
8! (745k)-1C' (745k)

o
N
=8
g
+
|_l.
&
.
=y
N
S

P, (k)+iQ, (k) =-2

Since Pq(k), Pg(k), Q1(k)9 Qz(k) are real
functions of k; they are determined by (36). How-
ever,€j1(x,y) can also be expressed directly in terms
of P1+1Q1 and P2+1Q2s

o O
5 e i 2, o e o iR
_LJ(X9Y) _} (P1(k) 1Q1(k)C(y,k,+(P2(k)+1%2(k)8(ysk)58 dk
- ik
i 5 (7 _5k)0(73K)=0" (v 5%)8 (73K
s ] 8' (y_sk)C(yik)-C' (y_sk)S(¥ik —ikx
P, y) = 2 < = (P(k)+iQ (ke dk
(5] . = | B »
L ' (¥ g3k)-1C' (v45k
!c!.ll.ll.lll’.ll‘l(}?)
It follows from the construction of (37);
that if the incoming wave has a sharp front, e.g. if
it vanishes upstream of the Mach line NP in the super-
sonic region (Fig. 1) then‘b (x,y) vanishes upstream
of the Mach line PQ which is the continuation of NP
in the transonic region.
In the supersonic region,%§1(xpy) as given
by (37) should represent the incoming wave (11)
together with the outgoing wave which is built up
through gradual reflection in the transonic layer.
It may serve as a check on our calculations to show
that the difference betweenf§1(x9y] and F(X+Boy)
does in fact represent an outgoing wave for y~ 0.
e have, for y>>»0
%5 r y sk )cos k8 y- -C' (y4sk)sin kBy
(x,3)-F (x+83)= —E
1 S!(. ) 10 ( 'k)
o wsen ysy-- = ‘VSS
1 -ikx
~(cos kA3 J~1isin ﬁqoyﬁi( (k)+iq (k) e dk
\ e
S' (73k)+1C" (v 5k) :
% (P (k)+iQ (x))
awys;m -10" (y 3k)
Al ( -1l

cos k?y+ isin kfyle dk

/Comparison .....
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Comparison with (13) shows that this is
an outgoing wave, as required.

L. Reflection at the Wall.

We now come to the consideration of the
subsonic region;, Y2 2T The characteristic
curves being now complex, there are no physical
lines along which a disturbance is propagated.
Thus, we only have to ensure that the potential,
together with its derivatives is continuous across
the sonic line, and that the normal velocity va-

nishes at the wall. For this purpose we write
Dix,y) {i (x,y) + di’ (%55)
whbrefg (x;57) is given by (29) and (37), and?} :¥)

is a solutlon of (2) which, when continued through
the transonic into the supersonic region, finally

yields an outgoing wave. It follows that’%&(x,y)
is of the form

% )
§2 (x,¥) :f (R (k)+18 (k) (C (v35K)*18 (vsk) ek ..... (38)
- s

The boundary condition at the wall is Q—é? +

55 1 Fp)

j (Py (&)+1Q, (K)C' (7,5 )+ (P, (k)+1Q, (k))S' (v, 3k)+ (R (k)+i8 (k})
£ &

-ikx

1l

3

C'(ngk)+iS'(yW;k))e
so that R(k)+iS(k) is given by

(Py (k) +1Q, (k))C' (y,5k )+ (P, (k) +iQ, (k) )S' (v,,5k )+ (R (k) +18 (k) )

(C' (v, 5k)+i8' (v,5k)) = O,

¥ s
Reyets ) = 21 B0 Byi0)-0 008" e 10
ta’(y sk)-iC' (¥ ,k\}LSf(y k)—lC (w’klt
s (39)
Hence N
%; f%'(y §3k)C(y5k)-C' (v,3k)S (v3k)
txsy =

W

r

1.. 8' (y45k)-iC! (¥ 45k)
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1

B! gik)-10" vk )]B' k) -ic' k)] |

8" g0 (3, 5%)-0" (v43%)8" (v,3k J[C (73%) +18 (35% )]
: . , : |

|
L |
A

+

-1
P @)+iq k) )e  dk
f__é?»ﬂ
8' (v,5k)C(y;k)-C' (y_3k)S (y35k) ~1K
= %) il " (P(x)+i0(x))e "
Y00 S‘(ngk)"iof(yw;k)
o

SO - - o —ikx
‘j(P(k;+1Q(K})(b(Y§k}_1&(Y;K))e di -
-~

iy

(o (ngk)-isf (Vg 3%) _ _ . o=1kx
s : (Pk)+iQ (K))C(¥ysk)+iS (y3k e  dk
JC' (y,sk)+i8" (v 5k)

-

This shows that %(X,y) can be written as

Y

the sum of the two functions #* (x,y) and ;*(x,y)

as given by (12), (13) and (18), The same formula
for the total perturbation potential still applies
in the transonic region and in the supersonic region;
propagation upstream being no longer inadmissible
owing to the effect of the subsonic layer. llore
particularly, the disturbance produced by reflection
at the wall is given by (38) also in the transonic
and supersonic regions. It will be secn that (38)
does not in general represent a pure outgoing wave

in the transonic region; since it accounts also for
the 'incoming waves' which are obtained from the

wave reflected at the wall by subsequent reflection
in the transonic layer. However, a further analysis

of this process will not be necessary.

We have obtained the same final result as
provided by the simple analysis of section 2. The
same formulae still apply if we place the wall in
the (uniform) supersonic region. But the fact that
(12)s; (13) and (18) do not vprovide the correct
answer when the wall is placed in the transonic
region may serve as a sufficient indication that

a more detailed analysis was not out of placs.

B A Two~line Bound ry Value Problem.

e still have to settle the question men-
tioned towards the end of section 3. ¥or this
purpose we shall study the following problem from

a purely mathematical point of view.
/Consider.., ...
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Consider the system of differential

egquations
%f1 af1
5% t ¢ )5 = 84 )y () +a,, W)E (x,y){
Vit b L)
Lo af, . {
== v e (T = a21(y)f1(x,y)+a22(y)f2(x,y3

where 01 (Y)S‘ 02 (Y).? 8.11(3')9 312(37)3 321 (y)! ’—'122(}7)9 are
continuous functions of y in an interval V4292V

such that 01(y}¢:o, cg(y)krO throughout. The
characteristic curves of the system are

o o X = ? d + const . 1

ax 1) J 5;%57 coveenes (41)
and

dy _ = .

== = cgky) X ﬁj o T FSOREES 5w b 8 ere LRED

Assume that fﬂ(x,y) is specified for
T=Y 4 f’1(x9y1)=F(x)B and that fz(xpy) is speci-
fied for y=y,; fg(x,yz):G(x), —oocX<on, such that
both F(x) and G(x) vanish for sufficiently small
x;, F(x) = G(x) = 0 for x£Lx_, say.

Let P be any point in the region R de-
fined by -wsdX<€o, Y, 2 Y2V . Through P draw
the two characteristics £, and-ﬂé belonging to the
families (41) and (42), respectively (Fig. 2).
These characteristics meet the straight lines
¥=¥4 and ¥=¥o in points X=X, and X=Xp s respectively.
e propose to show that subject to certain condi-
tions of regularity the given problem possesses
a solution f1(x,y), fg(x,y). Furthermore, we
shall show that the value of fj(x,y) and fg(x,y)
at P is determined completely and uniquely by the
values of F(x) for x£x, and of G(x) for X% X,.

We may replace (40) by

i
é“: . . L B L L L] L ] .I' . LN (u3)
D.f _
ofp

DX a5y fy + 85505 J

I

where Dﬂ/Dx and Dg/DX denote differentiation along

FENE BWD e w v
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the two characteristics through any given point,
similarly as in equation (25). These equations g

in turn are equivalent to

.4 . i

g - |
£,005) = £y (xa5)+] [244 GO (Esn)+ay, (0D, (Esn)) ag

}X1 |

£11%

4 i rl_." . k*’-:-‘--]-)'
f2 (Xﬁy) = f2 (X29y2)+§ ‘5‘8_2_1 ("")f’1 (E,r‘)+a22 (1—‘)f2 (;"i‘)}: dE

%

2

where the integrals on the right-hand side are taken
along the characteristics of the first and second
family, (41) and (42) respectively. x and y are
co-ordinates of any point P in R, and X, and X, are

defined as in Pig. 2.

(4ly) suggests a method of successive

approximation, e define fq(xyy) and f2(x3y) in
the region R as any set of functions which satisfy
the specified boundary conditions;, €.g.

f190(X9'Y) % F(.Xjfyﬁ) fgso(X3Y) i {}(ngyz)--c----- (}45>

so that f (%7 )=L (Xx,5)=0 for x£x _, Next we
2 [ 250 0
define sequences of functions fﬁ,n(x’y)’ fp_’n(};gy)9

n=1,2..,.., successively by

-

SO

Ly n &) = f19n—1(ﬁ’¥)+in?11(”)f1,n~1(59ﬁ)+312(”>5
5 X1 m{ . ;
Y1 ar |
f2;n—1(:’*)idg \
?-‘X‘ L ‘;I'" ()—1-6)
. # VT Elt r :I
£y, n®sy) = fzynyq(xg,%i} (201 ()Fy g Esmdvapy (1) |
X i
i 1 |
f2,11-'1 (?Prg)_} az J

where the integrals are again taken along (41) and
(42) respectively.

We pronose to show that the sequences

qun(xsy)s f2,n(x’y) converge at all points of R.
Let
A = vj,?aﬁhv3(§a11(y}ggfa12(y)[9ia21(YJisiaQE(y)t)P

and let M be a common bound to [F(E)] and |G (&) |

for ¥ smaller than some arbitrarily large value X,

LB oo b
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£%X. Denoting by 4, . (x,¥), 4, ,(x;y) the
differences

H(KSy) g fl] ’n(XSY) = f‘l,n—‘l (XSZ‘JT)
dE,n(X’y) - fz,n(x’y) = f29n-1(x’y)

we then obtain

-

eX.
dq .4 (XEY) =} é 8—11 (Tl)fag so(-9‘":)*‘312(’"1):6230(59“)} d&

cos oo (U7)

‘:w
P
ECCO
-—-.f"*"’m..,.._,_ »

WX "
d:‘.,’] (ng) :j‘ Lag'] (Ti)fﬂi ’O(E9rl)+8'22 (Q)nyO(Esr’)_}dj
X

where the integral on the right-hand side is taken
along the respective characteristics, as before.
But Jf, O(x,y\‘hiﬁ‘(x )I“:- M for x%X, since Xy X5
and similarly [ £, o@3)=16(x x, ) £ W

Hence

X i
'd'l 51 (X’y),: J [8'11 { i)f1 90(E;ﬁ)+a12(""3)f290(€9¥|)‘j ate
4y
P .
< 2AN) dx< 2AM (x_xo) 5
ij

and similarly

!dg - (x,y)}f-. 2A (X-XO),

Also for n22 2,

-t

x ;
n(XSY) :F {‘811 (ri)d.l gl’l--'i (Eﬂn)+a12 ({=)d2,n-‘] (E_-.S"'_;l! df

A4
IR TG o R I RO
8, “J[QW"* P L R R R R
X
ﬁ
and so we obtain successively
2 2
X=X x-x |
fa, ,G7)] e (28)%u i . T PRPL T
1 . - ¢_92 2
ok
el
[x KX '
ja, gl & e 0 ——— i S fr,r i & 2) o B
Tan 0 ? X!
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e conclude in the usual way (compare
n 1 % i =
Refs. 6,7) that the series E:d1gnf gwdzgn

uniformly in any bounded sub-region of Iy, and hence

converge

that the sequences f1,n(x,y) and fzyn(xpy) converge
to functions f1(x,y) and fg(x,y) which satisfy (43)
as well as the boundary conditions fj(x,y1) = F(x),
£, (Xx,5,) = G(x). If we assume moreover that F(x)

and G(x) are differentiable;, then we may show that

the functions af1/ax, af2/ax9 afﬁ/ﬁy, afz/?y exist

so that D1f1/Dx and szg/Dx may be replaced by

Af, ot , it af,
s ¥ cﬁ(y) 57 and  ex= ¥ cz(y) ~§§
respectively. It follows that fﬂ(xgy) and fg(xyy)
satisfy (L4O). "e may also show, by the procedure
adopted for ordinary differentiasl equations, that
the solution is unigue. It follows from the con-
struction that the values of fj(xyy) and fg(x,y)
at any given point P involve only the values of
F(x) for x£x,, and of G(x) for XE X,

The above theory can be applied directly
to the case discussed in Section 3 only so long
as Yo > ¥g» since the coefficients of (24) become
inf'inite for y = ys. However, the boundary con-
dition remains determinate as y2m}ys and we there-
fore conclude, subject to the limitations of
linearigsed theory, that (33) is the correct boundary
condition for Jp = Vg

6. General Properties of the Solution.

The incoming wave in the supersonic
region is given in the form of a function of one
variable, F(x+ﬂoy) = F(z), say, while the out-
going wave is expressed as G(X-Boy) = G(z).

And by (11)s, (13) and (18) if

fjam -ikz
F(z) = (P&k) + iQ(k))e O s e it e e (48)
J-ao
then
S C'(y,sk)-i8"' (¥ _sk) -ik
G(z) = - f (P (k)+12 (k)) e e (49)

C' (v, 5k)+18" (v, 5%)

/e maY.....




Wie may use the linearised version of Bernoulli's
equation

s seeae Y v ¥ s s ey AB0)

A
Ax
to find the pressure increment p due to any
perturbation potentia11§ in the supersonic region.
Its a@pplicability in the region of variable main
stream velocity is doubtful. The form of (50)
hows that if the preséure increment Py due to
incoming wave is given by pi/?ovo — F(X-Boy) where
F(z) is defined by (48) then the pressure increment
D, due to the resulting outgoing wave is given by

pr/?ovo = G(X-Goy), where G(z) is defined by (49).

It was mentioned earlier that our
analysis should still yield the (theoretically)
correct answer if the wall is placed in the
supersonic region so that 8 is constant, B = Ro’
for all IR It may serve as a check on our
calculations to show that this is indesd the case.

e now have C(ysk) = cos k@oyg
S(y;k) = sin kA _y,and so

1l

k8, (sin k8 y_ % icos k8 y_)

Cl(ngk)i iS‘(yW;k) o%w

S s + jiai f .
= T 1k80(cos kﬁoyw + isin k%oyw)

Hence ;
- C' (y,5k)-18" (¥,5k) ~21ikB ¥, »
C' (¥,,5k)+18" (v, 3k)

= e

so that (49) becomes, for a given function F(z)

%]

-2ik8 i B

¢lz) = PERINGE)Je " oW T8
bt ? 4 ]

g -1 28
={ (P(k)+iQ(k))e 1E e oyw) ak

i.l-—m

= R (Z o gqoyw)

and this is the correct answer.

/COMIBE oo pioiee



-22-

Coming back to the general case we may
use Fourier's integral theorem to express G(z)

directly in terms of F(z). Inverting (48) we obtain
e ikt
P(c) + 1Q(k) = 5= P(t)e @b suvrvnreeinnnns e (51)
J-00
Substitution in (49) then yields
Fite
G g sk)-idt (7 k) [7° i \
14 W W | ik (t~-2
G(z)= - gg; dk | F(t)e At (520

C?(ywsk)+1o (y gk) e
R

e shall now deduce the feollowing general princinle.

G(z) is the total reflected wave for a
specified incoming wave F(z) as given by (L49); then
Gx(z) = F(-z) is the reflected wave corresponding to

an incoming wave F* (z) = G(-2z).

In fact by (52)

% 1 {G'(yw;k)'ist(yw;k) }ﬁ
S . ok
; C‘(ngk)+18‘(yw;k)

Yo

o L0

Lt

et (vy5k)-18" (v 5k) g ik (t-2
i | o dkl G(~-t)e ( )dt.
Ju gz

O (7, 3k)+18" (7, 5%)

Pusttineg o = <ty & = —zy—ﬁ = <k, we obtain

# Cap =
. s [ o i . !L\ f‘ &t‘!
5 R y fC‘(yWFE) iS (ywvﬂz = . -if{z-1)
¢ (-z)= - 5% i . dt | G(t)e T
/u (ywy€)+1o (yq,ﬂ) e
Y e 0O
;'F- £y ) s :
1 ‘C'(ngéj+is (ywyﬁ) f LE(T"é)
= | = al G(t)e T
E 01 (y'&;;u{:‘) ls? (::f s’f") -t
IJ‘. o
. T T e (53)
On the other hand, by the inversion of (49)
: " . y 4 e TR
C' (v, 5k)-18" (¥, 5k) Gd o Akt
(P(k)+i0(k)) , = G(t)e at
C’(Yw§k)+15'(yw5k) G




and so, by (QB)

;C (ywsk)-i-lS' (ywsk) FC-'-'!J- ik (t..-z)

1
N)x—ﬁc %)S"k%iﬂme B s (5lE)
j V9. J L (.yw'i‘ ) ‘ij_m
V- oo
Comparing (53) and (54) we find o* (z) = F(-2), a8
asserted. The above principle shows that while a

sharp front, such as presented by a pure compression
is smoothed out by the subsonic layer, the opposite

effect is equally likely - at least in theory. In

reality the conclusion is modified by the interven-

tion of viscosity effects etc., which are neglected

in our theory.

Another general relation between the

incoming and the outgoing wave is

f'.! X f LR

T i 2 { i 2
| P (2)]” az = {[6(2)]" az ey e R
"‘..- Fiy ]

15 Eondt . by applying Parseval's formula
to (48) we obtain

PRt

\j[F( )J s"[7[‘3(.1~:\+1H(1t); dk.
Also, by applying the same formula to (49) -
VO
C! (5% )-18" (7,3k) 2

Lg-(z)'} I[P(k)+1 20— AT ak

- &0 I
a.-gi'xo‘ 2
‘] lp () +i0 ()} ax,
_p)(}
_ k)-18' (v, k)
51nce{ ! = 1, for all real k.

f - el .
C (ngk)-i-lo (ngk}
This proves our assertion.

e conclude this discussion of some of
the mathematical features with the calculation of
the variation of a discontinuity in the incoming

wave along the Mach lines of the transonic region.

Thus assume that the function
f1(x,y) = BF' (x + By)s which represents the in-
coming wave in the supersonic region, possesses
a discontinuity of magnitude j = jo along the
Mach 1line NP. Let PQ be the continuation of

/NP 8CroS8.ceos s
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NP across the transonic region. Tiriting down the
first equaticn of (26) at points just downstream
of NPQ, and at points just upstream of NPQ and
subtracting, we obtain the fellowing equation for
the variation of the discontinuity j along NPQ.

D43 148 . :
-W ='2-§?;J:'J olSllalG'!'l..ll!".’(:)6)

Regarding j, which is defined on NPG, as
a function of y we may integrete with resnect to ¥y
and obtain

3 (y) = const. JﬁYy)-

oince 3 = in the supsrsonic region where A8 = %Op

Jo
we therefore have

i) _fa)
i a

ST RS
Jo 0

Equation (57) shows that any initial discontinuity
is diffused completely by the time it reaches the
_ponic line (where R(y) = 0). This is consistent

with the results provided by mors exact theories.

e Numerical Examples.

The exact evaluation of (L9) or (52) for

5
given F(z) appears to be, generally speaking,

impossible. However;, it can be shown that subject
to the condition
o LR
’P(k) + iﬁaﬂi)]dk & BEY e vy id A s s
- {0

legitimate aporoximations to (49) are obtained by
replacing the functions C(y3;k), S{ysk) on the
right-hand side by their partial sums of specified
order, as given by (L), (7) #2nd (8). {f moreover
P(k)+iQ (k) is a rational function of % then the
resulting integral can be evaluated by the calculus
of residues. A function F(z) such that P(k)+iQ (k)

satisfies all the requisite conditions is given by

-

0 Tor zéizo
F(z)= e‘?‘{(zmzo) for 2 &£ B L%,
iz o] |

for &5 Z

/Where,. ...,
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where zod;219 and ¥ > 0. If we let z, tend to wo

while keeping zZ, constant, we obtain an incoming
wave of the type considered by Tsien and Finston

F(z) =.§r0 for z< z4
-¥(z-2_)
L€ o for 27

and if furthermore we let ¥ tend to O, then we
obtain a step function
Fie) = §O PG Ies el e (60)
[ 1 for z;>zoJ
which corresponds to a simple compression or
exnansion wave. ;

Numerical calculations were carried out
for the case of a sigpple incoming wave as given by
(60) and for a typical laminar velocity profile
snecified by

Il

V(y) Vo for y»0
ll..l'l..l‘..l§(61)

Vi) = vV cos gg for 02 ¥y > ¥,

W

The functions C(ysk) and S(y;k) were approximated
by their geventh partial sums, Figs. 3 and L show
the total pressure incrementp at the 'outer edge'
of the boundary layer;, i.e. for ¥ = 0s at a
distance ijl from the wall, The abscissae are

measured in multiples of lywl.

The effect of an incoming wave concen-
trated at the origin can be calculated by
differentiating the curves in Figs. 3% and 4L, and
approximate numerical results for other incoming
waves may then be obtained by integration.

However all the numerical results appear to be
inadeguate as shown by the discussion in Section 1

above,

R 0 1 o T
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