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Abstract

The life cycle of an aeronautical product is characterised by an increasing design

certainty and a decreasing in design freedom over time. The uncertainty in the design

and in the manufacturing process may be quantified to assess its impact on the aircraft

performance and on the likelihood of meeting the performance requirements, given

the design margins and constraints. One of the major challenges in this process is

the so-called curse of dimensionality, where the associated computational cost grows

exponentially as a function of the number of random variables and intractable integrals.

This challenge is addressed by exploring how recent advances in numerical methods

and in machine learning might be used in uncertainty quantification and in robust

optimisation.

This work investigates how to solve the following industrially relevant aeronautical

problem: How to perform the robust optimisation of wing twist (jig shape) to balance

aerodynamic performance and risk of exceeding the design loads margins in the presence

of structural uncertainties? To address this problem, this thesis presents theoretical

and algorithmic advances in probabilistic regression, uncertainty quantification and

Bayesian optimisation, demonstrating and expanding its engineering applications. The

primary aim is to formulate and solve the robust optimisation challenge using Gaussian

processes and Bayesian optimisation of a wing subject to structural uncertainties and

design load constraints. The problem is formulated as the evaluation of the impact

of the wing jig shape twist angles, bending and torsional stiffness uncertainties on

the overall lift-to-drag ratio, shear, moment and torque loads across the wingspan

for different load cases and considering design load constraints. As secondary aim,

a variational approach for inference is investigated since the required mathematical

machinery is rarely tractable. It is concluded that probabilistic methods greatly expand

the ability to learn and infer from data yielded by highly complex simulations.
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Chapter 1

Introduction

1.1 Background and Motivation

Modern engineering design and analysis relies on optimisation as a concept and as a

method. The word optimisation has its origins in the Latin word optimus, which means

“best” or “very good”1. Etymologically, it is connected to a family of words which include

optio, ōnis (choice, option) and opus, ĕris (work), and it is the superlative of bonus

(good), clearly conveying the underlying idea of “the best amongst the choices”2. As a

concept, the term optimisation is often used to mean “improvement”. Mathematically,

however, the term optimisation has a precise meaning: the process of finding the

best possible solution by changing the control variables, usually subject to constraints.

Interesting enough, and authentic to its etymological roots, the process of optimisation

can be applied in all domains where decisions are a constituent part of the problem.

Given this broad range of applicability, it is natural that there are different types of

optimisation classified according to its problem formulation, its objective and constraint

functions characteristics [2].

The adoption of optimisation in the design and analysis of engineering systems and

product life cycles has the benefit of accelerating the design cycle and obtaining better

performance and results. To appreciate the benefits of optimisation in engineering design
1P. G. W. Glare, Oxford latin dictionary. 1982
2Alfred Ernout and Antoine Meillet, Dictionnaire étymologique de la langue latine: histoire des

mots. 1951
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Chapter 1. Introduction

and analysis, one may consider the conventional engineering design and analysis process.

In this conventional way, the first step is to gather requirements and specifications,

which can come from a variety of sources. Based on these requirements, a number

of design proposals are evaluated using simplified models and engineering intuition.

This phase is referred as conceptual design phase. The next phase is the preliminary

design phase. The goal of the preliminary design phase is to evaluate the design and

its subsystems in a more refined way. Usually, after the preliminary design phase the

product is “frozen”, that is, changes are not welcomed since they equate to additional

costs and rework. It is important to notice, that all these different design phases require

lots of design interactions. The advantage of design and analysis optimisation is that

for a given well-posed optimisation problem, it is possible to perform the iterative

design cycle in a mathematical way, seeking an optimal set of controlled variables

giving a certain set of requirements [2].

Optimisation is also the core of data-driven machine learning methods. The

discipline of machine learning has changed the industrial and scientific landscape

and is considered a pillar of the so-called fourth Industrial Revolution [3]. The data-

driven aspect of machine learning is intended not to supplant, but to complement the

theoretical, experimental and numerical modes of scientific inquiry and engineering.

Many of these methods are characterised by its ability to handle high-dimensionality

and by its improvement with higher volumes of data, showing a great potential to

solve optimisation problem in aeronautical design and high-value manufacturing. The

aerospace industry is particularly heavily dependent on high-dimensional data during

each phase of the product life cycle. This fact makes aerospace as a promising field for

the development and application of machine learning and data-driven technologies.

The current trend of data-driven models for aircraft design and maintenance is

triggering a digital transformation, in which it becomes feasible to create a digital

representation of the entire product life cycle that, in principle, allows several improve-

ments to the design and manufacturing, while fostering cost reduction. Historically,

optimisation methods have enabled the design of aircraft and manufacturing through

2



Chapter 1. Introduction

physics-based simulations that resulted in substantial cost savings to the original

equipment manufacturers (OEM) and in the Fourth Industrial Revolution they are

going to play an even bigger role in the product life cycle.

Machine learning potentially can positively impact and support all the life cycle

phases of the development and commercialisation of an aeronautical product [4]. The

product development can certainly benefit from the high volume of quality data yielded

by complex and expensive computer simulations. Machine learning can also support the

production phase by improving the automation and safety of the manufacturing process

through the harnessing of data to improve the process control. Thus, expanding the

overall manufacturing capabilities. The widespread adoption of machine learning and

its regulatory acceptance is going to revolutionise how systems are designed and provide

new capabilities in human–machine interaction such as advanced design interfaces,

interactive visualisations, and improved natural language interactions [4].

There are several challenges that need to be addressed before a fully fledged in-

tegration of data science and machine learning can be realised. In the aerospace

industry, customers are varied and heavily dependent on expensive certification pro-

cedures required by the regulatory authorities. Essentially, due to the safety-critical

aspect of aerospace engineering, data-driven models must be certifiable, verifiable and

generalise beyond the training data. They also must be interpretable and explainable

by humans [5]. For this reason, the aerospace industry is going to require a level of

robustness and safety that is typically not required in other industries [6]. Despite

these challenges, particularly related to the future regulatory framework, the benefits

of the application of machine learning have been already demonstrated in a number of

applications [4].

Industrial applications of optimisation are always subject to uncertainties that

cannot be fully captured in physics simulations. It is essential when investigating

a problem to understand the role that the uncertainties involved play in the input

parameters and in the output results. The source of uncertainties are normally classified

into two categories, namely, aleatoric and epistemic uncertainties [7]. The aleatoric

3



Chapter 1. Introduction

uncertainties are the uncertainties which cannot be reduced because one simply does

not have control over them. The epistemic uncertainties are uncertainties which could

be reduced by more accurate measurements and better modelling of the physics. The

distinction is not sharp because it depends on the problem setting and on subjective

judgement. However, for many analysis or designs, these uncertainties can either be

included in the design as a factor of safety or as design margin. Thus, if the goal is

to optimise a design or a high-value manufacturing process, it is of great benefit to

include uncertainties and design margins as part of the problem formulation. This fact

is particularly important to high-value manufacturing problems, where due to the strict

tolerance margins required for aerospace manufacturing, the applications are often

formulated as a constrained optimisation problem involving tightly coupled disciplines

with the need to quantify the uncertainties involved.

There are a multitude of frameworks for quantifying uncertainties, with perhaps

the most widely known of these being the theory of probability. In this thesis, the

Bayesian paradigm is adopted. Its foundational text is Probability Theory: The Logic

of Science by Jaynes [8]. An illuminating review of this important text is given by

Robert et al. [9]. Classically, probabilities are interpreted as statistical frequencies

of the outcome of experiments. This representation in terms of frequencies presents

conceptual difficulties in problems where the associated events are not repeatable. In

such cases, it is desirable to have a mathematical apparatus that allows a “degree of

belief” interpretation.

On the other hand, in the Bayesian point of view both types of uncertainty are

represented in a way that does not depend on the problem setting. Normally, the

uncertainties are mathematically represented by random variables and associated with

a particular probability distribution. They can be taken into account in a problem by

assumption or by inference. By assumption means that the probability distributions are

assigned to the parameters relying on experience and expert judgement. On the other

hand, by inference usually means that the probability distributions are reconstructed

using measurements of the interesting quantities (IQs).

4



Chapter 1. Introduction

1.2 Industrial Problem Statement

The industrial problem consists of optimising the wing “jig shape”3, in the presence

of structural uncertainties, to balance the expected improvement on aerodynamic

performance against the risk of exceeding the design loads margins constraints. As it is

known from flight physics, the effect of the wing jig twist has opposing impacts on the

confidence of achieving the aeroperformance and on the design margin constraints [10].

This problem originated in the aeronautical industry, where every aircraft design

programme is unique in terms of programme schedule. For such cases, the timing of

the design freeze of the tooling is very important, because it can have a huge impact

in the programme lead times. In manufacturing and supply chain management, the

term lead time is defined as the latency between the initiation and completion of a

process [11]. The tooling required for wing manufacturing is very expensive and must

be specifically designed for each aircraft product requirements that are dependent on

the selected design margins. An example of the tooling required for building the wing

at the right angle in the fuselage is shown in figure 1.1. In particular, there are two

different scenarios related to the setting of the design margins and the fixing of long

lead time tooling design for the wing “jig shape”. In the first scenario, the tooling is

frozen prior to the setting of the design load margins. This scenario is often the case

for long lead time items. In the second scenario, the tooling is frozen after the setting

of the design load margins.

This thesis presupposes the second scenario where the tooling is still to be fixed

and therefore there is an opportunity to account for uncertainties through a robust late

optimisation during the final setting of the tooling, as in figure 1.2. In this scenario, the

design has matured since the design margins have been set resulting in a change in the

uncertainties, usually a reduction. In this case, the wing structural uncertainties due to

the “incomplete” analysis and the incorporation of all the detailed design considerations

and constraints still exist. However, there is the advantage that the application of

design margins de-couples the multidisciplinary feedback aspects of the structural
3Unload and as-built shape.
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Figure 1.1: The process of wing assembly

impacts and sizing. These multidisciplinary feedback aspects are replaced by design

loads margins constraints. Thus, the problem is simplified and amenable to analysis.

Figure 1.2: The two possible scenarios for setting the tooling

As a general rule, a knowledge of structural design methods and an understanding

of load paths are essential to the progress of an aircraft programme. The load paths

are the result of external applied loads, which must be determined with precision and

accuracy. The detailed structural sizing requires an estimation of load paths. Generally

a loading system may be simplified to a combination of up to four load types: axial

load, shear force, bending moment, and torsion. These forces produce corresponding

internal force systems, as illustrated by figure 1.3.

6



Chapter 1. Introduction

Figure 1.3: Shear, Moment and Torsion unravelled by the Principle of Virtual Work [1]

In figure 1.3, the shear force, S, acts on the member section to produce a distribution

of vertical shear stress that depends upon the geometry of the cross-section. The bending

moment, M , acts on the member section to produces a distribution of direct stress, σ,

through the depth of the member cross-section and the torque, T .

The prediction of loads is a major programme driver and as its uncertainty decreases,

it is still possible to take it into account and obtain an aerodynamic improvement. It

is estimated that ten percent of the engineering hours spent on a new airframe design

project are chargeable directly to the obtaining of design loads [12]. Therefore, the

prediction of loads is extremely important and relevant in all programme phases.

The calculation of flight loads is computationally expensive and time-consuming,

requiring different models and strategies, along with programme management tasks.

Traditionally, the sizing process starts with hand calculations and first-principled

approaches detailed in structural handbooks and progress to computational meth-

ods capable of very detailed analysis. Such analysis are performed using commercial

finite-element method (FEM), for structural analysis, and computational fluid dynam-

ics method (CFD), for aerodynamic load analysis. This engineering cycle featuring
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FEM-CFD analysis usually generates the necessity of extensive re-work in the air-

craft definition. As the programme moves forward re-working costs tend to become

prohibitive. Therefore, recently there has been a context for methods that are able

to make decisions under uncertainty earlier in the programme. This robust decision

capability coupled with surrogate modelling brings many advantages, since it provides

a reduction in the associated uncertainties and allows one to avoid the computational

and time-consuming tasks related to more computational expensive methods such as

FEM-CFD.

The very powerful analysis methods of FEM and CFD are often seen as expensive

methods, because of the amount of computational resources they require. For many

tasks, such as uncertainty quantification, where is necessary to repeat the same calcu-

lation many times, the traditional methods of FEM and CFD are often prohibitive.

Many of these tools are commercial packages and therefore not amenable to intrusive

uncertainty quantification approaches, which require direct access to the source-code

of the modelling package. One possible solution is to employ surrogate models that

can leverage the availability of machine learning methods and use it for uncertainty

quantification and robust optimisation.

Surrogate methods allow one to capture input-output relations from a variety of

sources and build it in a “black-box” model. This model can be abstractly expressed as

simple as:

y = f̂(x) (1.1)

where x is the input, y is the output and the ordered pair {x,y} ∈ Rd, d being the

number of dimensions. Although surrogates are intended to “mimic” the input-output

pair behaviour of a physical or computational experiment, it is rarely possible to obtain

a complete replacement of the engineering process of interest. Thus, there will be

always an error associated with the prediction performed by the surrogate. This is

referred as predictive uncertainty in the specialised literature[9]. Mathematically, one
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can write for a given surrogate:

f(x) = f̂(x) + ϵ (1.2)

where ϵ is the error (or residual) between the surrogate and the physical or compu-

tational experiment at x. As later chapters show, Gaussian Processes (GP) have

mathematical properties that makes them particularly useful for the applications of

uncertainty quantification and robust optimisation.

As it was mentioned in the previous section, the recent advances in machine learning

can be leveraged to tackle engineering problems that require advanced uncertainty

quantification and robust optimisation methods. Thus, this thesis adopts the data-

driven engineering method approach to solve the robust optimisation challenge provided

by Airbus UK. A quick overview of the dataset provided and the features involved

is shown in figure 1.4. In section 3.6 of chapter 3, the complete problem formulation

along with all its related mathematical statements is presented.

Figure 1.4: Overview of the Dataset

1.3 Research Question and Thesis Contributions

This dissertation is motivated by the need to apply uncertainty quantification and

robust optimisation to an industrially relevant problem in the aerospace industry. Thus,
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this work is intended to answer the following research question:

How to perform the robust optimisation of wing twist (jig shape) to balance

aerodynamic performance and risk of exceeding the design loads margins

in the presence of structural uncertainties?

The contributions of this dissertation are mostly related to the application of state-of-

the-art probabilistic machine learning tools, i.e, robust emulators and optimisation under

the presence of uncertainties to an industrially relevant problem of wing optimisation.

These contributions are summarised as follows:

1. Assessment of the impact and comparison of several robust emulators and Bayesian

Optimisation techniques on the robust optimisation a wing subject to structural

uncertainties and design load constraints. The problem is formulated as having

the wing jig twist as design variables and the bending and the torsional stiffnesses

as uncertainty parameters, which varies according to manoeuvre and gust loads

given as a function of the aircraft lift coefficient.

2. Investigation of variational approaches for Gaussian Processes. In particular,

fully independent training conditional (FITC) as alternatives to the standard

Markovian methods. This contribution is motivated by the necessity of scaling

uncertainty quantification and robust optimisation methods for higher volumes of

data, as prescribed by the fourth Industrial Revolution and digital transformation

paradigm.

3. Investigation of the synergies and inter-dependencies of a number of design

parameters, such as the wing sectional twist, bending and torsional stiffnesses on

the overall aircraft lift-to-drag ratio and on the propagation of structural design

uncertainties effects on shear, moment and torque loads across the wingspan of

different load cases.

4. A Bayesian decision-making framework and toolbox directly applicable to aerospace

engineering, in particular, to novel aircraft designs where often the technology em-

ployed is not mature enough. This Bayesian frameworks replaces values, variables
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and parameters by probability distributions, allowing early uncertainty associated

with early stages of a project or uncertainty related to novel technologies to be

assessed in the conceptual stage along with potential trade-offs assessments to be

made.

1.4 Aims and Objectives

The inherent uncertainty in the aircraft design process is usually accounted in

the design margins. This practice helps to avoid costly design iterations. A dataset

containing representative data of this process was provided by Airbus UK. Briefly,

this dataset comprises lift-to-drag improvement (sometimes called aeroperformance

in the industrial jargon) and design load data for several aircraft flight conditions. A

detailed description of this dataset is given in section 3.6 of the chapter 3. Based on this

dataset, the overall aim of this research consists of optimising the wing jig shape in the

presence of uncertainties in the wing structural stiffness, to balance the aerodynamic

performance against the risks of exceeding the design loads margins constraints.

The above-mentioned aim is achieved through four steps. The first step is to survey

the scientific literature in aerospace engineering and computer science, in order to

understand which probabilistic paradigm and set of methods are best applicable to the

robust optimisation problem. The second step is to formulate in a mathematical way

the robust optimisation problem based on the parameters contained in the dataset.

The third step is to use this dataset to train and validate computational surrogates

that accurately model the relations between the input and the output data contained

in the dataset. These surrogates must also be robust, in the sense that they are able to

output results with its uncertainties quantified. Thus, taking into account the inherent

uncertainties in the design process. The fourth and last step is to perform the robust

optimisation and understand the sensitivities of the lift-to-drag expected improvement

to the input parameters, representing different scenarios in regards to the structural

uncertainties and the design load margins constraints. Therefore, the formal objectives

of this work are stated as follows:
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1. To survey probabilistic regression, uncertainty quantification and robust optimi-

sation methods.

2. To formulate, to solve and to validate the robust optimisation problem and -

through discussions with Airbus - align the research work with the industrial

needs and constraints.

3. To understand the problem sensitivity to the input parameters within the robust

optimisation in relation to the structural uncertainties and design load constraints.

4. To develop a way to visualise the analysis with the intent of enabling engineers

to make a design decisions in a risk/confidence4 framework.

1.5 Thesis Outline

This thesis is organised in seven chapters. Chapter 2 aim is twofold. First, to

conduct a detailed literature survey identifying the state- of-the-art of uncertainty

quantification and Bayesian (robust optimisation) methods. Second, to present the

theoretical directions that guided the research work documented in this dissertation.

This survey examines the most up-to-date contributions to the field and identifies the

gaps in the current knowledge. In the last section of this chapter, the place where this

research fits in the knowledge is restated in the context of aeronautical applications of

uncertainty quantification and robust optimisation.

Chapter 3 introduces the fundamentals of probabilistic modelling under the Bayesian

paradigm. The central concepts that underlie all the mathematical methods presented

in this thesis are thoroughly explained in this chapter, avoiding tedious repetition in

latter chapters. Special attention is given to the general presentation of the concept of

variational inference in the light of the recent research progress. Based on this knowledge,

the robust optimisation problem introduced in this first chapter is formulated in its

mathematical terms.
4This is achieved by using probabilistic methods
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Chapter 4 investigates the efficiencies the trade-offs and the limitations of different

robust emulators that were identified in the literature review of the previous chapter.

The word “robust” means, in our usage, both reliable and subject to uncertainties. A

subset of surrogate models called Gaussian processes is investigated. These robust

emulators are bench-marked using numerical experiments on canonical examples. The

performance benefits and kernel design trends for the former are investigated and

compared for single-output Gaussian processes. Additionally, chapter 4 also provides

an overall and practical discussion of the cross-validation procedures and the validation

methodology employed with the robust emulator evaluations performed in this work.

Chapter 5 introduces sparse Gaussian processes and explains the concept of vari-

ational inference (VI). A single scheme of VI approximation is introduced, i.e, fully

Independent Training Conditional (FITC), with the goal of generating sparse Gaussian

processes. These methods are used to build robust sparse emulators capable of evaluate

the shear, moment and torque loads across the wingspan.

In the Chapter 6, based on the previous chapters, the problem that motivated

this thesis - the robust aerostructural optimisation of a wing considering structural

uncertainties and design load margins constraints is reformulated, solved and visualised.

Firstly, this chapter presents the concepts, terminology and notation associated with

Bayesian Optimisation, as well as the general Bayesian optimisation algorithm. The

performance of a Bayesian algorithm is dependent not only in the nature of the problem

being investigated, but in the acquisition function used as well. Therefore, in this

chapter we examine the Bayesian Optimisation procedure with following acquisition

functions: a) Entropy Search, b) Expected Improvement, c) Negative Lower Confidence

Bound and d) Probability of Improvement. Lastly, questions related to sensitivity

analysis are comprehensively discussed and ways to improve robust optimisation are

pointed out.

Finally, Chapter 7 summarises the conclusions draw throughout this work and

highlights directions for future developments.
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1.6 Appendices

The appendices contains the material destined to supplement the main text and some

theoretical and practical aspects related to this research. Appendix A.1 complements

the text by giving some mathematical definitions that are used through out this work.

The Gaussian Process Latent Variable Model is presented as a proof of concept for

its use in aerospace engineering in the appendix A.2 for the visualisation of the high-

dimensional data. Appendix A.3 explains how the methods used in this thesis may

be used as the backbone of a probabilistic (Bayesian) engineering framework that is

suitable for the decision-making and early conceptual design process of a novel aircraft.

This framework is mathematically introduced and its current limitations are highlighted

and directions for further improvements are given. Appendix A.4 documents the use

of software engineering the development of the UQOPT code, featuring the methods

presented in this thesis.
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Chapter 2

Literature Review on Uncertainty

Quantification and Robust

Optimisation

The most relevant contributions to the state-of-the-art of uncertainty quantification

and robust optimisation and its applications in aerospace are reviewed in this chapter.

The emphasis is given on a concise and self-contained overview of different types of

methods used for uncertainty quantification and robust optimisation compatible with

the Bayesian paradigm. This chapter assumes familiarity with basic statistical concepts

such as expected value E, variance σ, probability distribution functions (PDFs) and

cumulative distribution functions (CDFs). Detailed explanations of these concepts

are presented in the appendix A.1, if needed. The sections are structured in a way

compatible with the engineering Bayesian framework described in section A.3 and in

the rational underlying the code structure described in section A.4.

This chapter is organised as follows. In section 2.1, the different approaches to

the robust optimisation problem are surveyed and the general approach to robust

optimisation in aerospace and of a wing under structural and material uncertainties

is reviewed in the light of published scientific literature. In section 2.2, a machine

learning method (Gaussian process) suited for uncertainty quantification is reviewed
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under the title “Gaussian process for machine learning”. These are the main tech-

niques used to create emulators (surrogate models) that enable probabilistic modelling,

uncertainty quantification and Bayesian optimisation to be carried out. Section 2.3

presents a Bayesian optimisation technique that is applicable to a broad variety of

engineering problems. This presentation focuses on the basic problem formulation and

its mathematical solutions. Under section 2.4, methods that may be labelled when

taken together as uncertainty quantification & management (UQ&M) are reviewed.

These methods include dimension reduction, Monte Carlo methods, copula theory,

sensitivity analysis and uncertainty propagation. Discussion about the advantages and

disadvantages of each method along with its application context are dealt with on later

chapters. The currents gaps in the knowledge that are required for new fields such

as digital-twins, model-based systems engineering, set-based concurrent engineering,

model-based machine learning, automatic machine and probabilistic programming are

discussed in section 2.5. Finally, this chapter ends with a summary of the research

choices that guided this research and are discussed in the next chapters.
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2.1 Introduction to Robust Optimisation

Uncertainty is ubiquitous in engineering design and analysis. Not only uncertainty

is present on any measurements, but also in some types of assumptions that engineering

models rely on. Manufacturing processes and the aging of any system introduce

deviations from the specifications and the operating conditions always vary from the

nominal ones. Moreover, some parameters are inherently unstable and many physical

phenomena, such as turbulence, are physical instabilities [13]. Hence, in general, any

system will be affected by a wide range of uncertainties. Under this perspective, one

can adopt uncertainty metrics that are often referred as interesting quantities (IQ) to

quantify the system’s response to uncertain design variables and parameters. In such

cases, performing an optimisation with deterministic inputs often results in sub-optimal

performance. A more suitable approach that often leads to optimal results is to include

random parameters in the design and in the control variables of the optimisation

problem.

Engineering optimisation often distinguishes between a robust design and a reliable

one. A system or design is robust when the parameters of engineering interest are

not sensitive to the inherent variability of the parameters. It is reliable when it is less

prone to violating a constraint when accounting for variability [2]. In this work, these

two concepts are dealt with under the umbrella term of robust optimisation.

Robust optimisation is defined as a field of optimisation theory that seeks to find

an optimal solution given the assumptions, in which a measure of robustness is sought

against uncertainty in its mathematical formulation. In practical engineering, the

robust optimisation approach is favoured when solving problems where robustness and

reliability are deemed more significant than nominal result values or metrics. The

advent of state-of-the-art machine learning algorithms and the increase in computational

power has sparked an interest in leveraging machine learning techniques for the purpose

of robust optimisation. Thus, taking robustness into account is a strong a design trend

and a rich field of research in both engineering optimisation and machine learning.

In a robust optimisation, the robustness of the objective function reduces the
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sensitivity to the uncertainties in the performance of a given system, while the robustness

of the constraint function is determined by the feasibility condition that guarantees that

the solution with its uncertainties lies in the feasible region [14]. Previous studies [14–20]

have used aerospace applications to evaluate robust optimisation methods. Generally,

robust optimisation methods find an optimum by constructing a robust counterpart to

the original objective function. The robust counterpart function can be formulated

based on different philosophies and therefore may result in different categories of robust

optima.

2.2 Gaussian Process for Machine Learning

Machine learning has been used with success in a variety of problem of several

domains [21–27]. Technological domains of interest where machine learning plays

an important role are image classification, object identification and tracking, motion

planning, anomaly detection and control, and natural language processing. As machine

learning methods have improved in their capability and scope, ML has became a way

with extremely good potential for the use in the aerospace industry, both in analysis and

in design [4]. This potential is measured in terms of execution time, speed, robustness,

deployment time and the amount of “human engineering” required [4].

Machine learning algorithms can often be categorised in three types: unsupervised,

supervised and reinforcement algorithms [28]. Unsupervised learning algorithms work

with a fixed dataset that contains many features and learn useful properties of the

dataset structure. On the other hand, supervised learning algorithms also work with

a fixed dataset containing features, but each outcome is associated with a label or a

target. Reinforcement learning algorithms interact with an environment in a way that

there is a feedback loop between the learning system and its outcome. Based on this

classification, probabilistic regression fits the category of a supervised learning problem.

Gaussian processes (GP) are a family of Bayesian models that characterise distribu-

tions of functions [29]. Gaussian processes are attractive regression models because

of their Bayesian formulation, which allows the uncertainty quantification in the pre-
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dictions (or outputs). The uncertainty to be quantified may be the result of both

intrinsic noise and/or errors in the parameter estimation procedure used in the problem.

Gaussian process regression is non-parametric and hence can model essentially arbitrary

functions of the input points. Gaussian processes are defined by two parameters: the

mean function and the covariance function. The covariance function is a mathematical

kernel [29]. A positive-definite kernel is a generalisation of a positive-definite function

or a positive-definite matrix, that arise in diverse parts of mathematics [30]. Kernel

methods operate in a high-dimensional, implicit without ever computing the coordi-

nates of the data in that space, but rather by simply computing the inner products

between the images of all pairs of data in the feature space. This operation is often

computationally cheaper than the explicit computation of the coordinates and it is

often referred to as the kernel trick [30]. By selecting an appropriate kernel, the GP

regression model may take advantage of structure in the data for better accuracy and

faster computation. In the next subsections important topics as how the different

formulations work out the hyper-parameters are intentionally omitted in the sake of

brevity.

2.2.1 Single-Output Gaussian Process

There are several ways to interpret a Gaussian process [29]. In this work, a Gaussian

process is understood as a distribution over functions. In this perspective, the Gaussian

process is entirely described by its mean function, µ , and covariance function k. A GP

prior consists of the mean and the covariance function. Thus, the GP prior defines that

for any collection of n inputs x = (x1, . . . ,xn)
T , the corresponding function values

f = (f(x1), . . . , f(xn))
T ∈ Rn (2.1)

follow a multivariate Normal distribution

f ∼ N (µ,k) (2.2)
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Usually, the mean is taken as zero. Thus, a zero-mean Gaussian process prior on

latent function f(x) ∈ R and its covariance function k(x,x′) of a stochastic process

f(x) are defined as

f(x) ∼ GP(0, k(x,x′)) (2.3)

The covariance function is also referred as kernel. The kernel matrix encoding the

function covariances is denoted by k = (k(xi,xj))
n
i,j=1 ∈ Rn×n. A key property of GPs

is that output predictions f(x) and f(x′) correlate according to the similarity of the

inputs x and x′ as defined by the kernel k(x,x′) ∈ R. Thus, the modelling capacity is

determined by the chosen kernel.

Gaussian processes can be developed to accommodate several applications, since it

is a mathematical concept that can be used for classification and regression supervised

problems. GP also possess several extensions that broadens its capability. Among many

interesting extensions to the standard Gaussian process as defined by the fundamental

reference (Gaussian process for machine learning [29]), there are four of particular

importance to this research: Detecting and quantifying periodicity of a function,

optimisation of GPs training using an exploration-exploitation trade-off, multi-fidelity

capability and GPU acceleration of GP training.

According to Durande [31], GP can be used to tackle the problem of detecting

and quantifying the periodicity component of a function that is being queried under

noise, forming up a limited number of input/output pairs. In their work, the authors

introduced a novel decomposition of the covariance function as the sum of periodic

and aperiodic kernels. This decomposition allows for the creation of sub-models which

capture the periodic nature of the signal and its complement. A somewhat similar

application in active learning and sensing was done by Ling [32], in which he used

a Gaussian Process framework endowed with a general class of Lipschitz continuous

reward functions and Bayesian optimisation criteria, allowing the optimisation of GP

training using an exploration-exploitation trade-off [33].

In many engineering applications, it is necessary to evaluate an expensive black

box function f . However, in many cases, it is possible to utilise cheap approximations

20



Chapter 2. Literature Review on Uncertainty Quantification and Robust Optimisation

of f via computer simulation or through surrogates. This process is refereed in the

literature as multi-fidelity. Kandasamy [34] proposes an approximation to eliminate

low function value regions cheaply and use the expensive evaluations of f in a small but

promising region and speedily identify the optimum. Gaussian process regression can

also be utilised in exploration and exploitation. Lastly, in order to increase the speed

of computations, Dai [35] developed a formulation for Gaussian Process Models that

allows parallelisation and GPU acceleration by exploiting the modular computational

structure in a Gaussian process to develop the parallelisation scheme.

2.2.2 Multi-output Gaussian Processes

Multi-output regression problems have extensively arisen in modern engineering

community. Gaussian processes are usually parameterised in terms of their covariance

functions which makes it difficult to deal with multiple outputs, since ensuring that

the covariance matrix is positive-definite in multi-output regressions is problematic.

However, there are several ways to construct a multi-output Gaussian process. The

simplest and most intuitive way is to assume two independent Gaussian processes. The

first one can be written as

f1(x) ∼ GP(0, k1(x, x′)) (2.4)

D1 = {(xi,1, y1(xi,2 + σ2
1I))|i = 1, . . . , N1} (2.5)

y1 ∼ N(0, k1 + σ2
1I) (2.6)

For the second Gaussian process,

f2(x) ∼ GP(0, k2(x, x′)) (2.7)

D2 = {(xi,2, y2(xi,2 + σ2
2I))|i = 1, . . . , N2} (2.8)

y2 ∼ N(0, k2 + σ2
2I) (2.9)
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One can then combine the two Gaussian process in the following form

y1
y2

 ∼ N


0
0

 ,
k1 0

0 k2

+

σ2
1 0

0 σ2
2I


 (2.10)

y = 0+ kf,f +Σ (2.11)

Another way to formulate the covariance function for multi-output purposes is to

assume that the covariance function is the result between of the multiplication of the

covariances of different outputs. Vargas-Guzmán [36] used this idea, called coregional-

ization, to demonstrate its use in the more general case of non-orthogonality, which

produces additional terms including cross-covariance in nested structures. Wilson [37]

introduced an interesting regression framework called Gaussian process regression

network (GPRN), that combines the Bayesian neural networks with Gaussian pro-

cesses, allowing input dependent signal and noise correlations between multiple output

variables, input dependent length-scales and amplitudes, and heavy-tailed predictive

distributions. Wilson [37] also demonstrated substantially improved performance over

eight popular multiple output (multi-task) Gaussian process models.

2.2.3 Multi-task Gaussian Processes

Multi-task learning (MTL) is a sub-discipline of machine learning where many

learning tasks are executed simultaneously, with the benefit of exploiting the known

commonalities between tasks. In the context of machine learning regression using

Gaussian processes, the training model learns a covariance function on input-dependence

features and a covariance matrix over tasks [38]. Multi-task learning can be used for

learning a low-dimensional representation which is shared across a set of multiple related

tasks. Argyriou [39] showed that this problem is equivalent to a convex optimisation

problem. Peltonen et al. [40] investigated the problem of sub-task learning, which

is a multi-task learning problem where the goal is to learn a good classifier for a

task by exploiting supplementary data and with few training samples. In their work,
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they showed that the problem can be solved by careful mixture modelling and their

formulation can be used with variational approximation which makes it more suitable

for high-dimensional data.

Multi-task learning is inherently a multi-objective problem because different tasks

may conflict, necessitating a trade-off. Bonilla [41] describes two ways of achieving

this using Gaussian process predictors. In the first method, the data from all tasks

is combined into one dataset, making use of the task-specific features. In the second

method, specific predictors are trained for each reference task, and then their predictions

are combined using a gating network.

A multi-task Gaussian process model can be constructed as follows [38]. Let x be a

set of n inputs x1, . . . ,xn. Let y be the output vector of responses for M tasks, such

as:

y = (y11, . . . , yn1, . . . , y12, . . . , yn2 . . . , y1M , . . . , ynM)⊤ (2.12)

where yil is the response for the lth task on the ith input xi. Given a set of observations

yo ∈ y, the goal for this model is to predict some of the unobserved response-values

yu at some input locations for certain tasks. Following Bonilla [38], the problem is

approached by placing a Gaussian process prior over the latent functions fl, directly

inducing correlations between the tasks. Assuming that the Gaussian processes have

zero mean

⟨fl(x)fk (x′)⟩ = kf
lkk

x (x,x′) yil ∼ N
(
fl (xi) , σ

2
l

)
, (2.13)

where kf is a positive semi-definite matrix that models the similarities between tasks.

kx is a covariance function over inputs, and σ2
l is the noise variance for the lth task.

In many engineering and scientific applications, there is the need to optimise a

multi-task model. However, it’s often the case that the computations for this type of

optimisation becomes prohibitive. Moss [42] proposed a novel multi-task version of the

acquisition functions known as entropy search that is scalable and efficient, allowing

multi-task Bayesian optimisation to be deployed in problems with rich parameter and

fidelity spaces. In the work by Sener [43], the problem of multi-task learning was
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restated as a multi-objective optimisation problem, with the goal of finding a Pareto

optimal solution. The authors introduced an upper bound for the multi-objective

loss and demonstrated that it can be optimised efficiently under realistic assumptions.

Often it is interesting to consider whether it is possible to transfer the knowledge gained

from previous optimisation to new tasks in order to find optimal hyper-parameter

settings more efficiently. An approach to this problem was made by Swersky [44] in

the context of multi-task Bayesian optimisation.

2.2.4 Deep Gaussian Processes

Deep Gaussian processes were introduced by Damianou and Lawrence [45] and they

consist of a deep belief network that is based on Gaussian process mappings. Thus, a

single layered deep Gaussian process is equivalent to a standard Gaussian process. Deep

Gaussian processes provide a flexible approach to probabilistic modelling of data using

either supervised or unsupervised learning. In a deep Gaussian process architecture

featuring several layers the generative process takes the form [45]:

ynd = fY
d (xn) + ϵYnd, d = 1, . . . , D, xn ∈ RQ

xnq = fX
q (zn) + ϵXnq, q = 1, . . . , Q, zn ∈ RQz

(2.14)

and the intermediate node is involved in two Gaussian processes, fY and fX , playing

the role of an input and an output respectively:

fY ∼ GP
(
0, kY (X,X)

)
(2.15)

fX ∼ GP
(
0, kX(Z,Z)

)
(2.16)

Naturally, this structure may be extended vertically or horizontally, as deep networks

do. For tractable inference approximations to the marginal likelihood of the model

must be made. The original approach to approximate inference in these models used

variational compression to allow for approximate variational marginalisation of the

hidden variables leading to a lower bound on the marginal likelihood of the model
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Damianou and Lawrence [45], 2013. In Hensman et al. [46] the authors extended

this idea with a nested variational compression. The resulting lower bound on the

likelihood can be easily parallelised or adapted for stochastic variational inference.

Dai [47] developed a scalable deep non-parametric generative model by augmenting deep

Gaussian processes with a recognition model. Inference is performed in a novel scalable

variational framework where the variational posterior distributions are reparametrised

through a multilayer perceptron. The key aspect of this reformulation is that it

prevents the proliferation of variational parameters which otherwise grow linearly in

proportion to the sample size. Deep Gaussian processes boost performance by modelling

networks of GP nodes [48, 49] or by mapping inputs through multiple Gaussian process’

layers [45, 50]. While more flexible and powerful than standard GPs, deep Gaussian

processes result in degenerate models if the individual GP layers are not invertible,

which limits their potential [51].

2.3 Robust Optimisation in the Bayesian Paradigm

Bayesian optimisation (BO) is very useful in optimisation problems involving un-

known black-box functions that are expensive to evaluate. These problems arise in

different scientific and engineering fields such as aerospace, robotics, drug discovery,

machine learning and artificial intelligence [52]. The nature of these problems often

requires that the optimisation is performed under a limited budget of time and com-

putational power. In such problems, the goal generally is to optimise an expensive,

black-box objective function f , such that f : X → R. Formally, one can write:

arg max
x∈X

f(x) (2.17)

where the domain is X ⊆ Rd and d the dimensions.

Bayesian Optimisation consists of two blocks of functionality. The first is a Bayesian

probabilistic model for modelling the objective function. Usually, this is a Gaussian

process (refer to section 2.2). The second is an acquisition function, normally denoted
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by α for deciding where to sample after an iteration. A common approach is to

initially evaluate the domain, X , using a space-filling experimental design, such as

Latin Hypercube Square (LHS). This evaluation will be fed into the Bayesian statistical

(or probabilistic) model, which provides a Bayesian posterior probability distribution

that infers potential values for f(x) at the point x.

The so-called Bayesian update happens at each iteration, where the posterior

distribution is updated at each new point observed. The acquisition function, in turn,

computes based on the present posterior distribution over f , the value that would be

generated by the query of the objective function at this new point x. The flowchart 2.1

gives an overview of a typical optimisation procedure using Bayesian Optimisation and

the algorithm 2.1 represents this procedure in an algorithmic way.

Figure 2.1: Bayesian optimisation represented as a UML flowchart
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Algorithm 2.1: Bayesian Optimisation Algorithm
1 for n = 1, 2, . . . do
2 Select new xn+1 by optimizing acquisition function α

xn+1 = argmax
x

α (x;Dn)

3 Query objective function to obtain yn+1

4 Augment data Dn+1 = {Dn, (xn+1, yn+1)}
5 Update statistical model

2.3.1 Statistical Model - Gaussian Process

As previously said, the statistical model employed by the Bayesian optimiser is

usually a Gaussian process. This model translates the information gained by the

previous observations on the domain of the function by computing the posterior over

the objective function conditioned over the data. Every time the function is evaluated

(or queried), the posterior is re-computed or updated. Let Dn ← {(x1, y1) . . . (xn, yn)}

be the initial set of noisy observation or data samples of the objective function f . The

vector notation here is used for indicating that a new point x is high-dimensional. The

posterior of the function f on the observed data Dn is also Gaussian, that is,

f(x) | Dn ∼ N
(
µn(x), σ

2
n(x)

)
(2.18)

where the mean µn(x) and covariance σ2
n(x) are given as follows:

µn(x) = µ(x) + kT
(
k(xi, xj) + η2In

)−1
Y (2.19)

σ2
n(x) = k(x,xi)− kT

(
k(xi, xj) + η2In

)−1
k (2.20)

The vector of observations is y. The matrix k is ki,j = k (xi,xj) i, j ∈ {1, . . . , n}.

There are many possible choices for the covariance kernel, each kernel is designed to

encode a property such as smoothness [29]. Common choices are the square exponential

kernel or Matérn kernel [29].
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2.3.2 Acquisition Function

As mentioned, the acquisition function is the component of a Bayesian Optimiser

responsible for utilising the information from previously observed data to navigate

through the domain. It is often denoted by α. Acquisition functions are used to

measure the chances of finding a maximiser of the objective function, f , in the entire

domain, X . Thus, at each iteration of the Bayesian optimiser the function f is queried

at that maximiser candidate. Common choices of acquisition function are the Expected

Improvement (EI) [53] and the Upper Confidence Bound (UCB) [54], these are defined

respectively as follows. The expected improvement may be written as a closed-form

expression:

EI(x) = σ(x)(z(x)Φ(z(x)) + ϕ(z(x)))

with z(x) ≡ t− µ(x)
σ(x)

,
(2.21)

where µ(x) is the predictive mean at x, σ2(x) is the predictive variance at x,Φ(·) is

the standard normal cumulative distribution function (CDF), and ϕ(·) is the standard

normal probability distribution function (PDF). This function is differentiable and fast

to compute, and can therefore be maximised with a standard gradient-based optimiser.

The upper confidence Bound is defined as follows:

an(x)← µn(x) + β1/2σn(x) (2.22)

In UCB, the hyper-parameter that controls the trade-off between exploitation and

exploration of the domain, X is denoted by β.

The acquisition function computes samples from the domain X of the objective

function, f thereby providing information within an uncertainty about how close to

optimal the optimiser is. This maximisation is often performed using methods such as

L-BFGS [55].
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2.3.3 Extensions to Bayesian Optimisation

Previous content presented the standard Bayesian optimisation strategy. However,

for a number of important applications the standard approach is not sufficient. An

important extension is the capability of handling multiple objectives and constraint

functions, when these functions are assumed to be smooth, non-linear and expensive to

evaluate, as it is normally the case in complex industrial design optimisations. Many

multi-objective problems are handled with an acquisition function named expected

hypervolume improvement (EHI).

Yang et al. (2019) [56] proposed expected hypervolume improvement gradient

(EHVIG) as a new criterion. EHVIG enables gradient ascent methods to be used in

multi-objetive Bayesian global optimisation that reduces the computational burden.

Feliot et al. (2017) [57] addressed the problem of multi-objective Bayesian optimisation

by using an extended domination rule to handle both the objectives and the constraints

in an unified way. Many problems could also benefit of preference-order constraints,

where the analyst is able to select which objective is preferential among a set of choices.

Abdolshah et al. (2019) [58] addressed this problem and presented a multi-objective

Bayesian optimisation algorithm that allows the user to express preference-order

constraints on the objectives of the type “objective A is more important than objective

B”.

The applications of Bayesian optimisation are vast and the amount of flight physics

data captured by the aeronautical industry is immense. However, while BO is capable

of performing very well in low dimensional problems (less than 20 parameters), scaling

it to higher dimensional spaces is not a trivial task. A very comprehensive review of

possible directions in this field is provided by Malu et al.(2021) [59]. Other excellent

introductions and surveys on Bayesian Optimisation in general are Frazier (2018) [52],

Shahriari et al. (2016) [60], Brochu et al. (2009) [61] and Frazier and Wang (2016) [62].
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2.4 Uncertainty Quantification and Management

Uncertainty Quantification (UQ) is the rational process of determining quantitatively

the uncertainties associated with predictions of a given model or real-world system.

UQ is constructed from concepts and techniques originating from mathematics (mainly

functional analysis and measure theory [63]), engineering, computational mechanics,

probability theory and statistics. In the context of UQ, the uncertain parameters that

cannot be assigned with deterministic values are called interesting quantities (IQ).

A typical UQ problem involves one or many mathematical models of a given process,

which are subject to uncertainty over the parameters. These uncertainties are dealt

with probabilistically via random variables (see section A.1.3). UQ can be defined as:

Uncertainty quantification (UQ) studies all sources of error and uncer-

tainty, including the following: systematic and stochastic measurement

error; ignorance; limitations of theoretical models; limitations of numerical

representations of those models; limitations of the accuracy and reliability

of computations, approximations, and algorithms; and human error [64].

The execution of UQ for a given problem often encompasses the use of different

mathematical techniques and tasks such as parameter screening, construction and

validation of surrogate models, quantitative assessment of model output uncertainties

and sensitivities, model calibration and assessment of their posterior uncertainties.

Some of these tasks are dependent on expert judgement and on the circumstances.

Therefore, it is common to denote this field by the more encompassing name of

uncertainty quantification and management (UQ & M).

The common sources of uncertainty associated with simulation models are uncer-

tainties in the model parameters (design variables, initial and boundary conditions),

uncertainties in the experimental data used to train the models or uncertainties in the

mathematical form of the models. In order to take into account systematically all these

uncertainties. Usually, a UQ & M study consists of the following steps: a) Uncertain

sources identification, characterising the probability distributions or its ranges, b)
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Propagate these uncertainties through the model, and c) Analyse the impact of these

uncertain sources on the variability of the IQs. To illustrate the type of problems that

UQ deals with. Assuming a function y = f(x), the following classification is proposed:

• The forward propagation or push-forward problem. Suppose that the

uncertainty about the inputs of f can be summarised in a probability distribution

µ on X . Given this, determine the induced probability distribution f ⋆ µ on the

output space Y .

• The reliability of certification problem: Suppose that some set Yfail ≤ Y is

identified as a “failure set”. Given appropriate information about the input x and

forward process f determine the failure probability.

• The prediction problem: Duality to the reliability problem, given a maximum

acceptable probability of error ϵ > 0, find a set Yϵ ⊆ Y , such that

P [f(x) ∈ yϵ ≥ 1− ϵ] (2.23)

• The inverse problem: An inverse problem, such as state estimation (often for

a quantity that is changing in time) or parameter identification (usually for a

quantity that is not changing, or is non-physical model parameter). Given some

observations of the output, Y , which may be corrupted or unreliable in some way,

attempt to determine the corresponding inputs X such that f(X) = Y .

• The model reduction or model calibration problem: Construct another

function fh (perhaps a numerical model with certain numerical parameters to be

calibrated, or one involving far fewer input or output variables) such that fh ≈ f

in an appropriate sense. Quantifying the accuracy of the approximation may

itself be a certification or prediction problem

• The coupled or system UQ problem: Sometimes a UQ problem consists

of several of these problems coupled together: For example, one might have to

solve an inverse problem to produce or improve some model parameters, and then
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use those parameters to propagate some other uncertainties forwards, and hence

produce a prediction that can be used for decision support in some certification

problem.

UQ has been used with success in several aeronautical disciplines such as in multi-

disciplinary design optimisation [65–70], expert systems [71, 72], in computational fluid

dynamics [72–75], in multifidelity [76–79], in multi-level [80], in multiphysics simulations

[81], aeroelasticity [82–84], hypersonics [85–87], in structural analysis and design [88–

93], in model-based systems engineering [94, 95], in astrodynamics [96], in conceptual

and decision-based design [97–102], in optimal control [103], in manufacturing [104].

Roy [105] presents a framework for verification, validation in scientific computing UQ

has also been used in parametric modelling [106], in model-calibration [107], and

System identification [108]. Additionally, UQ has been used in technology portfolio

selection with satisfying results [109]. Numerical methods such as decomposition was

used by Amaral [110] and Owhadi [111]. UQ software solutions suitable for industrial

usage include Sequoia [112] and OpenTURNS [113].

2.4.1 Dimension Reduction

Principal component analysis (PCA) is a mainstay of modern data analysis [114].

PCA is used to tackle the problem of multi-collinearity – when inputs are correlated

with other inputs. Principal component analysis (PCA), also known as proper or-

thogonal decomposition (POD), is currently one of the prevailing Reduced Order

Modelling (ROM) techniques for aerodynamic data analysis. For example, the results

found by Omiya and Rinoie [115] indicated that PCA would be a useful method to

comprehend the relationships among design parameters for the aircraft conceptual

designers. Interesting applications of PCA include crashworthiness optimisation [116],

aerodynamic data reconstruction [117], multidisciplinary design optimisation of air

propulsion components [118] and evaluation of flight parameters during approach and

landing phases [119].

An important variation of the PCA method is the probabilistic principal component
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analysis (PPCA) [117, 120, 121]. Tipping [120] demonstrated the advantages conveyed

by the probabilistic approach to PCA. Specifically, he showed how the principal axes

of a set of observed data vectors may be determined through maximum-likelihood

estimation of parameters in a latent variable model considering the properties of the

associated likelihood function.

2.4.2 Monte Carlo Methods

Monte Carlo methods (MCM) are a class of computational algorithms centred on the

idea of repeated random sampling in order to obtain numerical results. The fundamental

concept is the use of randomness to solve problems that in principle are formulated as

deterministic. MCM are generally used in three types of problems: sampling from a

probability distribution, numerical integration and optimisation problems.

In the aeronautical industry, MCM are used extensively in reliability estimation and,

more recently, in uncertainty quantification [122]. The MCM has many advantages over

conventional methods for the estimation of the uncertainties in the outputs of a complex

system. For example, Monte Carlo simulation has the ability to take account of partial

correlated measurement input uncertainties. For correlated input measurements, the

probability distribution of the result could be biased or skewed, which are properties

that cannot be revealed using conventional methods. The Monte Carlo method is

relatively simple to implement. However, the increased demands of uncertainty based

design, analysis, and optimisation in aerospace motivate the application of advanced

Monte Carlo methods with wide adaptability and high accuracy.

A typical aerospace problem is the uncertainty quantification of defects in composite

structures. Butler [123] approached this problem using a multilevel Monte Carlo

methodology to quantify the structural performance of a composite wing skin panel

with three types of random manufacturing defects (ply-angle perturbations and two

classes of localised fibre waviness), achieving computational gains. Sobol [124] has

developed global sensitivity indices (see item 2.4.4) for Monte Carlo (or quasi-Monte

Carlo) estimates for nonlinear mathematical models.
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Hu [125] reviews the use of Monte Carlo methods in uncertainty-based design

optimization for aerospace vehicles. Their paper presents a comprehensive review

of typical improved Monte Carlo methods and summarizes their characteristics to

aid the uncertainty based multidisciplinary design optimization. A comprehensive

reference of Monte Carlo and quasi-Monte Carlo sampling is the book by Lemiuex [126].

Corbetta [127] proposed a a fast Monte Carlo method to solve differential equations

utilized in model-based prognostics prognostic and used it in cracked structures under

fatigue loading. Peherstorfer [128] applied the multi-fidelity Monte Carlo method to a

coupled aero-structural analysis of a wing and a flutter problem with a high aspect

ratio wing.

2.4.3 Copula Theory

Copulae are tools for modelling dependence of several random variables. The

term copula was first used in the work of Sklar [129] and is derived from the latin

word copulare, to connect or to join. The main purpose of copulae is to describe

the interrelation of several random variables. Copulae enable us to model marginal

distributions and the dependence structure separately. Formally, a copula is defined as:

Definition 1 (Copula). A d-dimensional copula is a multivariate distribution function

C with standard uniform marginal distributions.

Theorem 1 makes copulae excellent tools for modelling flexibility since any multi-

variate distribution input can serve as a copula.

Theorem 1 (Sklar, 1959). Let H be a joint distribution function with margins

F1, . . . , Fd. Then there exists a copula C : [0, 1]d → [0, 1] such that

H(x1, . . . , xd) = C(F1(x1), . . . , Fd(xd)) (2.24)

Copulae applications include parameter estimation, model selection and model

evaluation. In the aeronautical and aerospace literature, copulae have been used in
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the probabilistic fatigue evaluation of wind turbines [130]. Copula theory can also be

used in conjunction with the inversion method to mitigate both of these concerns while

improving the accuracy of probabilistic assessments and enabling decision makers to

better represent the uncertainty associated with the problem at hand [131].

The high degree of complexity and uncertainty associated with aerospace engi-

neering applications have driven systems analysts toward the use of probabilistic and

statistical analysis tools in order to understand and design for that uncertainty [132].

Common themes in aerospace applications of probabilistic theory include the assumed

independence of random variables and the arbitrary or unjustified use of certain proba-

bility distributions to represent random variables [132]. These incorrect assumptions

are often unintentionally used in systems analysis and can lead to inaccuracies in uncer-

tainty quantification, poor decision making, and flawed designs. In several applications,

empirical evidence showed that multi-normal distributions are not entirely satisfactory

to represent the parameters in a problem [133]. For example, empirical margins dis-

tributions can be skewed and heavy-tailed, which are not possible to represent as a

multi-normal distribution.

2.4.4 Sensitivity Analysis

Sensitivity analysis is the systematic study of how model inputs (and/or parameters,

initial and boundary conditions) affect key model outputs. A sensitivity study is usually

complicated by a number of factors, such as the dimensionality of the input space

and the complexity of computational model. Challenges in sensitivity analysis include

dealing with these factors while addressing the needs of the application. It is quite

common that uncertainty quantification and sensitivity analyses run in tandem. A

very good reference for beginners in sensitivity analysis is Global Sensitivity Analysis:

The Primer [134].

There are a number of ways to compute sensitivity indexes. These indices are used

for estimating the influence of individual variables or groups of variables on the model

output. The canonical way is to compute global sensitivity indices using Monte Carlo

35



Chapter 2. Literature Review on Uncertainty Quantification and Robust Optimisation

methods, some of which can be used for complex mathematical models in a efficient way.

However, some mathematical models demand faster approaches. In this case, usually

Sobol Indices are used [135]. The Sobol indices method [135, 136] assumes a model

given by a function f(x1, . . . , xn) defined in the unit hypercube Hn with Lebesque

measure dx = dx1, . . . , dxn. Sobol [136] showed that if the function is square integrable,

then global sensitivity indices provide adequate estimates for the influence of individual

factors xi or groups of such factors. Kucherenko [137] proposes a derivative-based

global sensitivity measure and shows its link with Sobol sensitivity indices.

The variance-based method of global sensitivity indices based on Sobol’s sensitivity

indices became very popular among practitioners due to its easiness of interpretation.

However, as Kucherenko [138] points out, for complex practical problems computation

of Sobol indices generally requires a large number of evaluations to achieve convergence.

Therefore, Kucherenko [139] proposed four different direct formulas for computing

Sobol’s main effect sensitivity indices, that are evaluated using Monte Carlo (MC) and

Quasi Monte Carlo (QMC) techniques, and compared it with an another approach

called the “double loop reordering” (DLR) approach. The latter showed superior

performance [138]. There are many other methods comparable to Sobol indexes [137,

139–141].

Saltelli [142] deals with computations of sensitivity indices in sensitivity analysis.

Given a mathematical or computational model y = f(x1, x2, . . . , xk), where the input

factors xi’s are uncorrelated with one another, one can see y as the realization of a

stochastic process obtained by sampling each of the xi from its marginal distribution.

In particular, Bergonovo [140] introduced a global sensitivity indicator which captures

the influence of input uncertainty on the entire output distribution with moment

independence. This is useful because Bergonovo indexes can also be defined in the

presence of correlations among the parameters. A method for the estimation of main

effects in global sensitivity analysis that applies to non-linear and non-additive models

was developed by Tarantola [141].

Sensitivity analysis has been used in aeronautical and aerospace applications with
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considerable success. The majority of the works employs several probabilistic sampling

procedures, allowing the sensitivity analysis/uncertainty quantification calculations to

take into account both aleatory and epistemic uncertainties. For example, Strand [143]

uses sensitivity analysis for direct simulation Monte Carlo (DSMC) simulations of

high-temperature air chemistry. A similar approach is employed by Burt [144], in their

work the authors used a novel uncertainty quantification technique combining sampling

sensitivity analysis with Latin hypercube sampling with surrogate models in order

to investigate the shock and shock wave/boundary-layer interaction phenomena of a

representative hypersonic double-cone flow. A validation assessment of a hypersonic

double-cone flow simulation using uncertainty quantification, sensitivity analysis, and

validation metric was performed by Kieweg [145], showing good agreement between the

continuum CFD simulations and experiments. Decarlo [146] proposed a method for

computing sensitivity indices for coupled time-depend analysis and observed that model

errors and parameter correlations control the sensitivity estimates until coupling effects

become dominant. Tryoen [147] used a stochastic spectral framework to perform a

sensitivity analysis when investigating the impact of uncertain input data on stagnation-

point measurements, in order to rebuild free-stream conditions for the trajectory of a

re-entry vehicle.

2.4.5 Uncertainty Propagation

Polynomial chaos expansion has been used extensively in the aeronautic literature

for uncertainty propagation. In computational fluid mechanics [148–151], in structural

analysis [152], in the uncertainty quantification of airfoil icing [153], nonlinear estimation

of hypersonic flight [154], in the on linear propagation of orbit uncertainty [155],

optimal control [156], trajectory optimization [157], robust optimization of multi-physics

problems [158], multi-fidelity aerodynamic design optimization through surrogate

models [159, 160], reliability-based design [161] and in Gaussian processes to investigate

uncertainty associated with off-design conditions [162].

The polynomial chaos expansion of a function y = f(u(x)), where x is the design
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variables vector, u is the uncertainty vector represented by random variables and y

is the output/response/quantity of interest vector. Mathematically, the nth-order

polynomial chaos expansion of this function, y = f(u(x)), is

Y (x,u) = a0H0

+
∞∑

i1=1

a1H1(uii(x))

+
∞∑

i1=1

i1∑
i2=1

ai1i2H2(ui1(x), (ui2(x)))

+
∞∑

i1=1

i1∑
i2=1

i2∑
i3=1

ai1i2i3H3(ui1(x), ui2(x)ui3(x))

+ . . .

(2.25)

Dodson and Parks [148] in conjunction with computational fluid dynamics to

quantify the effects of uncertainty in the computational aerodynamic design process of

problem of maximising the lift-to-drag ratio of a two-dimensional airfoil while minimising

its sensitivity to uncertainty in the leading-edge thickness. When comparing with a

non-robust airfoil, their results also indicate that the inherent geometric uncertainty

could degrade the on-design as well as the off-design performance of the airfoil, and

concluded that the global optimum for some design problems is unreachable without

accounting for uncertainty. Sparse polynomial chaos expansions have been used by

Abraham et al. [163] to quantify the uncertainties in the industrial turbo-machinery

design in the presence of many geometrical and operational uncertainties. They showed

that the sparse polynomial chaos method achieves faster convergence in comparison

with the collocation method.

Uncertainty quantification is classified in intrusive and non-intrusive [63]. An

example of non-intrusive uncertainty quantification using polynomial chaos is the work

done by Hosder and Walters [164] where the authors examine uncertainty quantification

in computational fluid dynamics (CFD) with non-intrusive polynomial chaos (NIPC)

methods which require no modification to the existing deterministic models. Sparse
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polynomial chaos expansions has also being used in the investigation the post-manoeuvre

collision probability estimation [165]. Ghisu et al. [166] developed a nonintrusive

polynomial chaos formulation in which the standard orthogonal polynomials from the

Askey scheme are replaced by a set of orthonormal polynomials calculated relative to

the specific probability density function. Oladyshkin [167] developed a technique that

generalises chaos expansion techniques towards arbitrary distributions with arbitrary

probability measures, which can be either discrete, continuous, or discretised continuous

and can be specified either analytically (as probability density/cumulative distribution

functions).

2.5 Digital Transformation in the Aerospace Industry

The recent progress in data science and engineering has been possible due to the

unprecedented advances in high performance computation, improvements in sensing

and data storage technology and the development of novel algorithms. This has led to

the creation of several open-source ecosystems and the availability of open-source code

and benchmark problems. Under these circumstances, many projects are currently

being undertaken to foster a digital transformation of the aerospace industry.

The rapid transformation and digitalisation of the aerospace industry is driven by

the possibilities of capitalising on machine learning and big data technology. Aerospace

engineering is by nature a data-intensive field that relies on powerful computations to

solve a myriad of problems, in particular, optimisation problems. In addition to that,

all stages in aerospace manufacturing can benefit of data-intensive approaches for the

purpose of uncertainty quantification which fits well traditional quality engineering

paradigms such as six sigma [168] and design for six sigma (DfSS) [169].

In the next sections, some concepts and technologies that are essential to digital

engineering such as digital-twins and model-based machine learning are surveyed in

the context of their use in data-driven engineering. Incidentally, these ideas are the

motivators for the engineering Bayesian framework presented in section A.3.
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2.5.1 Digital-Twins

The aim of a digital-twin technology or product is to create a virtual copy of the

product of interest from the very first moment that the product idea materialises.

The virtual copy reflects the real one by using all of the available data [170]. This

idea originated in the context of product life cycle management (PLM) and was first

introduced by Grieves in 2002 [171]. However, the idea has been used since the 1960s

in the Apollo 13 project and others.

The digital-twin concept is a digital technology that promises to improve the

understanding, learning and reasoning from the real-time product data. In the recent

years, thanks to the rapid change towards the digital transformation [172], the feasibility

of a digital thread is certain. Digital thread is a data-driven architecture that links

together information generated across the product life cycle and is envisioned to be the

primary or authoritative data and communication platform for a company’s products

at any instance of time. Thus, the digital thread is the means by which digital-twinning

can be achieved.

Modern aerospace engineering design depends on computational models, however,

the insights gathered from such models are only reliable as far as the model is an

accurate representation of the underlying physical system. Two identical systems that

share the same design parameters may have different operational histories that will

cause differences, for instance, in material properties [173]. The use of a single static

model to account for such differences may consist in a limitation when the history of a

particular system is the main interest. The digital-twin paradigm aims to overcome

this limitation by providing an authoritative digital model tailored to each unique

system [174].

The realisation of a digital-twin is dependent on high-fidelity physical models that

control the life of a vehicle. The digital-twin concept may integrate these high-fidelity

simulations with on-board health management and monitoring system. Based on

this, it is possible to track in much more detail the history of the vehicle including

its maintenance services and configuration changes [175]. The data can be used for
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purposes of fleet monitoring, enabling significant gains in safety and reliability. This

knowledge can then be used in future design tasks for a complete understanding of

the physical processes related to degradation of the materials, structures, and systems

that control the vehicle life cycle. This will allow to move away from “factors-of-safety”

heuristics in some circumstances, offering benefits in performance and cost reduction.

Moreover, this technology may be the basis for models and methodologies forming the

backbone of future certification and life cycle sustainability practices. While a fully-

matured digital-twin is yet to be seen, there are already engineering applications that

leverage reduced-order models such as Kapteyn et al. [176], collaborative design [177],

structural health management [175], digital thread with an authoritative truth source

(ATS) [174], aircraft failure detection and correction [178], rocket design [179] and fleet

management [180].

2.5.2 Model-Based Systems Engineering

System Engineering is, according to Eisner [181], an iterative process of top-down

synthesis, development, and operation of a real-world system that satisfies, in a

near optimal manner, the full range of requirements for the system. By the same

token, model-based systems engineering (MBSE) is defined by Blanchard [182] as the

formalised application of graphical modelling to support system engineering activities

beginning in the conceptual design and covering the entire life cycle. MBSE must be

contrasted with the traditional system engineering approach where system engineering

tasks as requirements capturing and analysis, design, validation and verification are

conducted in a textual-based way. The use of MBSE supports and enhances the system

engineering tasks in a project with the following benefits [182]:

• Improved communication among development stakeholders,

• Increased ability to manage complexity,

• Improved analysis of the impact of changes and

• Enhanced knowledge capture and reuse of information
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Douglass [183] incorporated the use of the agile philosophy developed in the context of

software engineering to system engineering to create the agile model-based systems

engineering philosophy. The primary goal of such philosophy is to develop requirements

that can drive the integrated product development teams (IPDTs) while enabling

follow-on systems development by the use of verifiable models.

Krupa [184] adapted AMBSE to aircraft design, resulting in an incremental and

spiral life cycle (figure 2.2), that is well suited for a digital transformation or digital

engineering development strategy along with the digital-twin concept (see 2.5.1). The

project initiates by the capturing of stakeholder requirements and by decomposing the

expected functionality through a systems engineering functional analysis. Requirements

analysis is performed after the functional analysis process. Then, it is possible to

define the logical architecture, which is done by establishing a hierarchy within the

system and by allocating requirements to its corresponding functions. Based on the

logical architecture, initial architectures are proposed. These are analysed and new

candidate architectures are synthesised in order to fit the desired functionality and its

requirements. The candidate architectures are evaluated with figures of merit (FoMs)

or against technical performance measures (TPMs), and the best one is selected. The

proposed architecture is validated accordingly, and the overall system is verified. The

cycle proceeds in a spiral way, meaning that each subsystem and its components, if

necessary, are developed in the same incremental way. The process is iterative, and at

each cycle requirements, functionality and system elements are continually updated to

reflect the newly available information.

2.5.3 Set-Based Concurrent Engineering

Set-based concurrent engineering (SBCE) is described by Sobek [185] as an engineer-

ing design philosophy where engineers are “reasoning, developing, and communicating

about sets of solutions in parallel independently”. This definition, albeit informal,

links concurrent engineering (CE) to set-based design (SBD), which some authors

distinguish [186].
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Figure 2.2: Agile System Engineering process for aircraft conceptual design

Concurrent Engineering (CE) is a systematic approach to the integrated, concurrent

design of products and their related processes, including manufacturing and support.

This approach is intended to cause the developers from the very outset to consider all

elements of the product life cycle, from conception to disposal, including quality, cost,

schedule, and user requirements [187]. Its essence is the simultaneous (or concurrent)

execution of design processes with the design of downstream processes. The intent of

concurrent engineering has been to increase the influence of downstream groups on

upstream design decisions and to improve the quality of critical early design decisions.

Set-based concurrent engineering (SBCE) originated from the Toyota Product

Development System (TPDS). SBCE takes advantage of parallel evaluation of multiple

configurations in the early stages of design by using sets of possible solutions [188].

The SBCE process consists in the mapping of the design space and feasible regions,

concurrently designing different alternative systems or candidate architectures. The

concept of sets allows these candidate architectures or systems to be developed in a

fully functional way across all discipline, identifying possible overlaps. Then as detail

level design considerations increase the sets are narrowed down, with the consensus of
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all IPDTs.

In set-based concurrent engineering, it is straightforward to generate configurations

for systems that can be described by discrete design parameters such as subsystems or

components. The initial step is to tabulate the identified design system parameters

along with their possible options. These parameters are recombined for each new

alternative configuration and evaluated according to a predefined set of performance

metrics. The configurations that do not satisfy the design requirements are discarded

and the remaining ones are stored for future use. This process continues until a desirable

configuration emerges.

The conventional engineering design method is iterative and traditionally follows

the classical V-model [182]. In the scope of set-based design, the conventional design

approach may be referred collectively as a “point-based’ method’, where a small

number of configurations and alternatives are evaluated in the conceptual design phase.

After the conceptual design phase, the subsystems are developed in the preliminary

design. The design is frozen and detail design work continues. Often this design

process leads to the paradoxical situation of needing to establish requirements early.

However, these requirements are very likely to change at each cycle of iteration. The

adoption of set-based concepts in a engineering design or analysis in an aeronautical

project can fundamentally change the manner in which engineers interact and the way

that novel aircraft products are designed. However, the flexibility brought by SBCE

adds uncertainty and organisation pressure in the process, since the consideration of

multiple options may yield a delay in the design pipeline unless the narrowing is done

aggressively [189].

2.5.4 Model-Based Machine Learning

In the last decade, machine learning technology has had a tremendous progress

and thousands algorithms have been created. However, this rapid progress creates

issues in knowledge management, since it is very difficult to keep in pace with the

state-of-art technology. The practitioner’s choices are often limited by his familiarity
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with a given technology or algorithm. Model-based machine learning (MBML) is a

potential solution to this issue, that brings the promise of allowing a fast transition to

novel algorithms, by changing the focus from the algorithm itself to the assumptions

underlying or chosen for a given problem. The goal of MBML is often stated as: “to

provide a single development framework which supports the creation of a wide range

of bespoke models” [190]. MBML can be accomplish through the convergence of three

main ideas: the Bayesian paradigm (see appendix A.3), the use of factor graphs (see

Figure 2.3), and the application of rapid approximate inference algorithms. The core

idea of MBML is that all the assumptions about the problem domain are made explicit

in the form of a model and that by decoupling the model from the inference it is possible

to apply the same inference method to a wide variety of models. Bishop [190] cites

examples of software frameworks that implement the model-based machine learning

philosophy such as Church [191] and Stan [192].

There are many potential benefits in the adoption of a model-based philosophy to

machine learning. Since MBML separates the model from the inference process, it

allows the seamless development of several models using the same or different inference

algorithms to learn the model parameters. Thus, it is possible to quickly compare

several alternative models and select the model that better fits the observed data. The

Bayesian paradigm has been detailed in chapter 2, the next sections detail the other

two cornerstone of MBML: Factor graphs and probabilistic programming.

A probabilistic graphical model (PGM) or structured probabilistic model or simple

graphical model is a probabilistic model for which a graph expresses the conditional

dependence structure between random variables. A particular type of PGM is the

factor graph which consists of circular nodes representing random variables, square

nodes for the conditional probability distributions (factors), and vertices for conditional

dependencies between nodes (figure 2.3).

The purpose of a factor graph is to model the joint distribution of a set of random

variables, acting as a general framework for probabilistic modelling in MBML. In

factor graphs, the latent parameters are taken as random variables. Their probability
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Figure 2.3: A factor graph representation

distributions are learned using Bayesian inference algorithms represented in the graph.

In this way, the process of inference or learning is simply the product of factors over a

subset of variables in the graph. This allows for easy implementation of local message-

passing algorithms. The joint probability P (µ,x) over the whole model in figure 2.3 is

factorised as:

P (µ,x) = P (µ) ∗ P (x|µ) (2.26)

Where µ is the model parameter and x are the set of observed variables.

2.5.5 Automatic Machine Learning

The necessity of readily deployable machine learning models has given rise to a

discipline called automated machine learning (AutoML) [193]. In a typical use case of

a machine learning application or system, not equipped with any sort of AutoML, the

engineer or practitioner must perform a series of tasks to set up, configure, check and

test the model. However, each of these tasks may require close human intervention. For

example, the dataset used for training the models may be not structured in a way that is

ready to be used by a machine learning algorithm. In order to make the data amenable

for machine learning, an experienced user may have to perform the time-consuming

and difficult tasks of data pre-processing, feature engineering, feature extraction, and

feature selection methods. After these steps, the engineer must then perform algorithm

selection and hyper-parameter optimisation to maximise the predictive performance of

their model. Each of these steps may be challenging, resulting in significant hurdles to

the use of machine learning.

According to Hutter [193], the goal of AutoML is to automate all aspects of the

entire machine learning and analysis pipeline. The entire machine learning pipeline
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for most applications includes automating data collection and experiment design;

automating data cleanup and missing data imputation; automating feature selection and

transformation; automating model discovery, criticism, and explanation; automating

the allocation of computational resources; automating hyper-parameter optimization;

automating inference; and automating model monitoring and anomaly detection. In

particular, the hyper-parameters of a machine learning system are a rich field for

AutoML since there are information-theoretic concepts that make the optimisation

of hyper-parameters amenable to efficient optimisation. Thus, by leveraging these

concepts AutoML is capable of automatically set these hyper-parameters to optimise

performance. Automated hyper-parameter optimisation (AHPO) has several important

uses. Hyper-parameter optimization (HPO) can be used to adapt general-purpose

pipelines to specific application domains [193]. The problem of HPO was identified

early in machine learning history, since different hyper-parameter configurations lead to

different performance in different datasets. HPO can be used to adapt general-purpose

pipelines to specific application domains [193].

A more detailed explanation of AutoML is beyond the scope of this section. However,

it is worth mentioning that many advancements related to the realisation of an effective

AutoML system requires the use of surrogate models (Gaussian Processes and Bayesian

networks) and Bayesian optimisation methods. Therefore, one can say that the progress

of AutoML will directly impact the simulation and optimisation of novel aeronautical

systems.

2.5.6 Probabilistic Programming

Probabilistic programming (PP) is a programming paradigm which aims to create

systems that are capable of making decisions in face of uncertainty. In this paradigm the

inference for probabilistic models are performed automatically. As such, it is proposed

to better integrate probabilistic modelling with programming. PP is dedicated to the

development of programming languages that allow the denotation of inference problems

and their solution [194], while automating the tedious and troublesome derivation and
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computation of gradients for optimisation.

The automation of inference achieved with probabilistic programming can be broadly

applied to the entire tool-chain of Bayesian or probabilistic machine learning, allowing a

rapid exploration of deep learning and big data regression, offering a great potential for

the realisation of digital engineering of aircraft [194]. There are currently a very large

number of PP languages such as: Turing [195], Pyro [196], Birch [197], and STAN [198]

to mention a few.

2.6 Summary of Research Choices

This chapter presented an overview of the state-of-the-art of uncertainty quantifica-

tion and robust optimisation methods. In chapter 1, section 1.2, the robust optimisation

challenge provided by Airbus UK was presented. Although, many advances were ob-

tained in the recent years in the fields of data science and machine learning, the

methods still need to be assimilated by aeronautical researchers and engineers and

aligned with current industrial practices. In particular, a better general understanding

of how to build probabilistic models is beneficial and potentially has many applications

in aeronautics. This, in turn, allows one to develop industrial probabilistic models that

use surrogates models to speed-up time-consuming computations. Hence, a myriad of

difficult problems can be approached, extending the current engineering capability. In

addition, attention needs to be devoted to the important field of probabilistic regression.

As the digital transformation trend continues, scalability issues of data and methods will

arise. Hence, it is necessary to extend the current knowledge of Gaussian processes in

the aeronautical realm [199] by exploring different formulations of Gaussian process in

regards to its performance and applicability. Gaussian processes are particularly useful

for aeronautical applications as opposed to alternative machine learning formulations,

because continuous systems as physical models tend to possess a Gaussian distribution,

as data becomes increasingly available. This known behaviour of natural phenomena

can be used as an advantage and is mathematically guarantee by the central limit

theorem (see appendix A.1, section A.1.4, for a formal definition).
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The important problem of scalability of Gaussian processes must be investigated.

In particular, variational inference (VI) approaches that are likely to provide a cheaper

and scalable alternative to time-consuming and resource expensively Monte Carlo

approximations. Naturally, considerations of this sort lead to investigations in applied

high-performance computing (HPC) and Big Data. However, this is outside of the

immediate scope of this thesis. A promising alternative to the standard Gaussian

process in relation to its scalability is the sparse formulation for Gaussian process.

Thus, variational approaches of sparse Gaussian formulations must be investigated and

compared with the standard formulation, in order to direct future research goals and

industrial applications.

Many researchers have approached robust optimisation in the past by adopting

frequentist approaches that seek to construct a surrogate that outputs the mean and

the variance of a physical process or experiment, such as polynomial chaos [152] and

spectral tensor-train decomposition [200]. However, this approach is not suitable for all

classes of robust optimisation problems. The challenge provided by Airbus, for example,

assumes that the simulation is a black-box and that the only way to understand its

behaviour is to train a surrogate model under this assumption. A more appropriate

paradigm for this application is the Bayesian approach, where the previous knowledge

is stated by means of a prior function and the state of knowledge is described by a

“degree of belief” instead. This, in turn, allows the creation of multi-level probabilistic

models that are able to compute the solution in terms of a posterior distribution, which

is parameterised by its mean and variance. In case, one can say that the uncertainty

propagation was built-in in the problem and no external method is needed. Therefore,

the Bayesian approach is selected for performing robust optimisation in this research.

Lastly, the application of uncertainty quantification and robust optimisation is

framed under the digital transformation ideal to propose a way by which these methods

can be integrated in aeronautical design and analysis. Thus, this thesis aims to

extend the current applied aerospace knowledge on uncertainty quantification, robust

optimisation and digital transformation by addressing the contributions discussed in
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chapter 1, section 1.3.
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Chapter 3

Probabilistic Modelling in the

Bayesian Paradigm

This chapter introduces the fundamental modelling technique used in this work. This

technique is probabilistic modelling in the Bayesian paradigm. Section 3.1 explains

in an intuitive way the fundamental characteristics of the Bayesian paradigm and

contrasts it with the more-usual frequentist approach. Section 3.2 further develops this

theme and details the mathematical framework that allows one to think about “degrees

of belief” when doing probabilistic modelling, as opposed to the frequentist approach.

The section 3.3 details the inference engines used for Bayesian inference, explaining

the difference between them. Section 3.4 expands the previous section discussion to

the engineering context and sets its use in the context of engineering validation and

verification (V&V). The important topic of how one checks a model either by comparing

with data or other models is discussed in section 3.5. Based on the previous sections,

in section 3.6, the robust optimisation problem is formulated in mathematical terms

and a procedure to convert a deterministic problem into a probabilistic one is proposed.

Finally, section 3.7 of this chapter, summarises the insights and conclusions of this

chapter.
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3.1 Introduction to Bayesian Paradigm

The basic insight of this work can be traced to Aristotle, in whose physics the ideal

of a scientific study of nature is first formulated. The insight is that the human mind is

capable of transcending the limitations of sense by reasoning from the clearly perceived

appearances of things to their hidden, but intelligible underlying causes. In order to do

that, one must reason by analogy (kat’ analogian) and settle for a type of proportionate

understanding1. Bayesian analysis provides a way to do just that, to discover through

inference relevant information and process it logically. Albeit, the modelling proposed

in our work is designed to achieve a practical result, i.e, a quantitative prediction, and

not an epistemic modelling, it has commonalities with it.

The main motivation is to use the models for several distinct purposes such as

making predictions, designing inquiry and extracting information from data. For this

purpose, it is assumed the existence of causal relations underlying the phenomenon

or system of interest, and based on it, one can develop mathematical models with

prediction capabilities. Models are abstractions of reality that often start as very

high-level representations addressing a particular set of needs that progressively evolve

as knowledge is gained.

Many models have closed-form solutions that enable a fast analytic evaluation. With

this perspective, a model can be redefined as the map between the input parameters

and the output interesting quantities (IQs), despite the fact that the full problem might

need to be computed in order to retrieve the IQs. This map does not always need

to be known analytically, but in general, one needs to be able to drive/measure the

input, evaluate the model and measure the output, which are the minimum requirement

for experiments. These models, as well as their inputs, may very well depend on the

parameters p, which affect their outputs. In order to have any predictive capability,

models need to be evaluated, associating a particular input to a particular output. In its

simplest form, the model takes the form of a mathematical mapping, y = f(x(p)), that

describes the relation between input(s) and output(s). Once the model, its parameters
1Aristotle, Physics, Book I, chap. 7, 191a8
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and IQs are defined, several kinds of analyses can be performed, not necessarily in

any specific order. This particularity allows us to talk about a Bayesian optimisation

framework that is implemented under the form of a numerical toolbox.

Several problems of engineering interest require an understanding of the uncertainties

involved. This understanding answers questions related to the role that uncertainties

play in the results of the problem under investigation. The source of uncertainties are

normally classified into two categories, namely, aleatoric and epistemic uncertainties [29].

The aleatoric uncertainties are the uncertainties which cannot be reduced because we

do not have control on them. The epistemic uncertainties are uncertainties which could

be reduced by more accurate measurements and better modelling of the physics. The

distinction is not sharp because it depends on the problem setting and on subjective

judgement.

In the Bayesian point of view both types of uncertainty are represented in a

way that does not depends on the problem setting. Normally, the uncertainties are

mathematically represented by random variables and associated with a particular

probability distribution. They can be taken into account in three ways. By assumption,

where probability distributions are assigned to the parameters relying on experience

and wisdom. By measurement, in which extensive measurements of the parameters are

carried out and probability distributions are fitted to these experiments, and, lastly, by

inference, the probability distributions are reconstructed using measurements of the

IQs.

The probabilistic modelling consists of two basic frames. The first one is the reality

itself or environment in which one expects to deploy the model. The second one is the

self-contained logical frame of the probabilistic modelling, namely, the model. When

the model one possess is an accurate description of the deployment environment, it

is relatively safe to say that the model perform well in the real world as well. The

reason is that Bayesian learning is arguable optimal in the model. Bayesian model

allows Bayesian inference, by using a learning mechanics that passes back and forth

between these two frames. This approach provides a data-based quantitative ranking
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of hypothesis, given the assumption, that guarantees the best possible answer on the

model perspective based on the quality of the information fed into it.

In order to employ Bayesian methods, the problem formulation must have passed

beyond the initial, often exploratory phase. The sample space, the hypothesis space,

the prior probability distributions, the sampling distribution and, more importantly,

the model must all have been chosen and defined. However, it is also possible under

the Bayesian paradigm to realise inferences for problems where not all components

are known or have been defined. In this case, information-theoretic concepts such as

maximum entropy can be used. One reason that statistical models usually correspond

to many different detailed process models is because they rely upon distributions like

the normal, binomial, Poisson, and others. These concepts are justified on the basis that

many natural phenomena are governed by maximum entropy distributions. Therefore,

one can utilise for a particular problem, additional theoretical concepts to fill in the

unknown data, complementing the lack of information, to infer useful results.

3.2 Bayesian Probabilistic Modelling

The aim of this section is to present an up-to-date overview of the principles used

for probability modelling from a data-centric perspective in a Bayesian way and to

fix the notation used in later chapters. The fundamental and tacit assumption of

statistical analysis, that is kept in Bayesian probabilistic modelling, is the assumption

of exchangeability. This assumption affirms that the n values yi are exchangeable, i.e,

the values yi may represent uncertainty as a joint probability distribution p(y1, . . . , yn)

which is invariant to permutations of the indexes.

3.2.1 Bayesian Data Analysis

The process of Bayesian analysis consists generally speaking in the solution of

three different, but interrelated fundamental problems. The first problem is how

to set up the full probability model, that is, a joint probability distribution for all
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the interesting quantities in the problem. This model must be consistent with the

underlying physical assumptions and to the data collection process. The second problem

is how to condition on the observed data and how to compute the posterior through

a process called Bayesian inference. The third and last problem in Bayesian Data

Analysis is how to evaluate the fit of the model and the posterior distribution. Based

on it, one can study its sensitivity under different scenarios and draw conclusions. If

the model does not satisfy any of the criteria and the requirements, one can alter or

expand the model. In summary, Bayesian Data Analysis consists of three steps: a) the

setting of a joint probability distribution (modelling problem), b) the computation of

the posterior (inference problem), c) the evaluation of the model fitness (validation

problem).

3.2.2 Probabilistic Modelling

The probabilistic modelling process is iterative [201] and allow us to model uncer-

tainty using random variables and probability distributions. In engineering, mathe-

matical models are employed to make predictions based on assumptions about the

problem of interest. Hence, Newtonian mechanics maybe used to predict the motion

of an object, giving precise results. Normally, one does not need to represent the

uncertainty associated with such results. However, there are problems and scenarios

that can benefit from a probabilistic representation, since probability distributions are

a natural way to represent uncertainty.

Given the state of knowledge required to fully characterise a probabilistic prediction

is called likelihood. The epistemic limit of a probabilistic model may be estimated from

the uncertainty associated with its likelihood. In the example used in the previous

paragraph, by analogy, the limit of the model would be the limit of the theoretical

framework of Newtonian mechanics when compared with relativistic mechanics in a

problem involving fast particles.

In Bayesian probabilistic modelling, the prior distribution represents the uncertainty

associated with the latent variables or parameters (noted by θ) in the model before
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the observation of data. Related to the prior distribution is the posterior distribution.

The posterior distribution represents the probability distribution of the parameters

taken into account, what as “learned” or “infered” from the observed data. The process

of computing the posterior distribution using the data and the likelihood to update

the prior distribution is called Bayesian inference. Hence, one can say that the basic

building blocks o Bayesian data analysis are the problem assumptions, the prior, the

likelihood that are used to create a joint probability distribution over the parameters

and data that the model is based on. Mathematically, the conditioning (i.e, the training

with the dataset) on the known value of the data y, yields the posterior distribution.

Bayesian inference, that is, to draw Bayesian statistical conclusions about a pa-

rameter θ, or unobserved data ŷ, are made in terms of probability statements. These

probability statements are conditional (i.e, they depend upon) on the observed value

of y, and in our notation are written simply as p(θ | y) or p(ŷ | y). In order to make

probability statements about θ given y, we must begin with a model providing a joint

probability distribution for θ and y. The joint probability distribution function can

be written as a product of two distributions that are often referred to as the prior

distribution p(θ) and the sampling distribution p(y | θ), respectively:

joint probability distribution

for θ and y
=

prior distribution

p(θ)
×

sampling distribution

p(y | θ)
(3.1)

In the equation 3.1 the prior distribution reflects the variability one wants to assign

to the input and parameters, while the sampling distribution reflects the uncertainty

associated with the model itself. In mathematical terms,

p(θ,y) = p(θ)p(y | θ) (3.2)

The posterior distribution is calculated using the Bayes rule:

p(x | y, θ) = p(y | x, θ)p(x | θ)
p(y|θ)

(3.3)
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In the equation above, x denotes the latent variables or parameters, the joint probability

distribution of the model θ is the term p(x,y | θ), the likelihood is the term p(y | x, θ)

and the prior is p(x | θ). Hence, the posterior models our knowledge along with its

uncertainty about the correct parameters for the model θ. The previous expression

can be computed as an integral, which often is a hindrance for complex multi-level

Bayesian models, since such integrals are mathematically intractable. The next section

presents some inference engines that were developed with the goal of mitigating this

issue.
p(y | x, θ)p(x | θ)

p(y|θ)
=

p(x | w, θ)p(x | θ)∫
p(y | x, θ)p(x | θ)dx

(3.4)

3.2.3 Marginal Likelihoods

The term p(y | θ) in equation 3.3 is called marginal likelihood and has properties

that allows one to capture the model complexity. This is interesting because when

comparing different possible models for the same problem, it makes possible to treat

the correct model as an unobserved variable that can be inferred from data using

the Bayes’ theorem. Hence, the same mechanism used for model inference is used for

parameter inference, giving additional flexibility to Bayesian data analysis. In Bayesian

probabilistic modelling, there is no clear theoretical distinction between the parameters

and the model, since both are modelled by random variables that given data can be

themselves inferred. It is this fact that gives the Bayesian paradigm an advantage when

building hierarchical models, because a single model and its parameters may consists

of several models and their parameters, while the computations are realised with the

same process or mechanism.

The first problem in Bayesian probabilistic modelling is to compute the posterior

distribution, which is done by the Bayes’ theorem as explained in the previous section.

A second problem is how to make predictions, considering uncertainty. This can be

done using the basic rules of probability, which leads to the following mathematical
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result, known as the posterior predictive distribution:

p(y∗ | y) =
∫
p(y∗ | x, θ)p(x | y, θ)p(θ | y) dxdθ (3.5)

Following [29], one can postulate a loss function for each pair of output y∗ and a action

A. Then, minimise the expectancy of the posterior predictive distribution:

Aopt = min
∫
L(y∗,A)p(y∗ | y)dy∗ (3.6)

The most significant term in equation 3.6 is p(y∗ | y), the predicted distribution,

which is obtained from the marginal likelihood, yielding

p(y∗,y) =

∫
p(y∗ | x, θ)p(y | x, θ)p(x | θ)p(x | θ)p(θ)dxdθ (3.7)

This result may be normalised by dividing the expression by p(y), which in turn

corresponds to the prior

p(y∗ | y) = p(y∗,y)

p(y)
(3.8)

Hence, one can conclude that Bayesian inference does not depend on an arbitrary

choice and is invariant. Moreover, the effects can be placed in either the prior or the

likelihood without affecting the outcome. What is important thus are the effects placed

on the data distribution. The distinction between prior and likelihood is important

because it is convenient, since conventional Independence makes more intuitive to

assign structure to the data. The following discussion on hierarchical models intend to

make this point clearer.

3.2.4 Bayesian Hierarchical Models

A Bayesian hierarchical model is a probabilistic model that is written in several

hierarchical levels (sub-model) and capable of computing the posterior distribution

using the Bayesian method. As an example, one can assume there is a random variable

y, that was a Gaussian distribution with a parameter θ, which consists in a mean ϕ
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and a variance σ. Assume also that the parameter θ has a Gaussian distribution with

mean µ and variance ψ. In addition to that, assume that µ follows a standard Gaussian

distribution N (0, 1). The parameter µ is called a hyper-parameter and the standard

Gaussian distribution, N (0, 1), is called a hyper-prior. That is:

y | ϕ ∼ N (ψ, σ) (3.9)

ϕ | µ ∼ N (µ, ψ) (3.10)

µ ∼ N (0, 1) (3.11)

This simple example can be generalised as follows. In hierarchical models, ϕ is not known

and the prior distribution is p(θ). The appropriate Bayesian posterior distribution is of

the vector (ϕ, θ). The joint prior distribution is

p(ϕ, θ) = p(ϕ)p(θ | ϕ), (3.12)

and the joint posterior distribution is

p(ϕ, θ | y) ∝ p(ϕ, θ)p(y | ϕ, θ)

= p(ϕ, θ)p(y | θ)
(3.13)

The data distribution, p(y | ϕ, θ), depends only on θ; the hyper-parameters ϕ affect y

only through θ.

3.2.5 Surrogates, Emulators and Reduced-Order Models

Engineering approximation methods and its use in optimisation originated in the

1970s [202]. These models are known under a myriad of different names such as

response surfaces, kriging, splines, among others and are often tailored to suit a specific

application. The general name is “surrogate” model. In this thesis and in the published

literature the names surrogate model, emulators and reduced-order models are often
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used interchangeably. However, for the sake of organisation and “economy” of thought2,

it is convenient to adopt a system of classification.

Eldred et al. [203] introduces a classification of surrogates that consists in three

different classes: data-fit models, reduced-order models, and hierarchical models.

Data-fit models are mathematical approximations of non-physics-type which involves

interpolation or regression of a set of data. These surrogates are characterised by

the number of data points they use and parameters related to their mathematical

formulation. Examples of data-fit models are polynomial response surfaces, kriging,

neural networks, radial basis functions, splines and Gaussian processes.

Another different type of surrogate model is the hierarchy type of model, which is

also known as multi-fidelity, variable fidelity or variable complexity model. A hierarchy

model (not to be confused with the Bayesian hierarchy model in the previous subsection)

is a physics-based model of lower-fidelity, that is used as a surrogate in place of the

high-fidelity model that is often the model used in computer simulations. The last

type in this criteria is the reduced-order model which can be considered as part of the

hierarchy model as well. Reduced-order model are based on numerical simplifications

of the physics model and often employ numerical mathematical techniques that reduce

the computational cost of evaluation. Examples of reduced-order modelling techniques

are proper orthogonal decomposition [204] in CFD.

Bayesian probabilistic modelling allows the modeller to investigate the relations

among two or more observable parameters, that is to say, how does the outcome quantity,

y, vary as a function of a vector of quantities x? In Bayesian probabilistic terms, this

question translates to what is the conditional distribution of y given x taken as

p(y | θ,x) under a model in which the n observation (x,y)i are exchangeable?

To investigate the probabilistic relation between a pair of input-output, it is

necessary to employ regression models that must satisfy at least three goals [205]:

1) understanding the behaviour of y, given x, 2) predicting y, given x, for future

observations and 3) predicting how y would change if x were changed in a specified
2Mach, Ernst. “The economical nature of physical inquiry." Popular scientific lectures (1882):

186-213.

60



Chapter 3. Probabilistic Modelling in the Bayesian Paradigm

way. The complete Bayesian regression model consists of a distribution for x, p(x | ψ)

indexed by a vector of parameters ψ. Thus, it has a joint likelihood, p(x,y | ψ, θ) and

prior distribution, p(ψ, θ). In a Bayesian regression, the distribution of x does not

necessarily give information about the conditional distribution of y given x, i.e, it does

not assume that prior independence of the parameters θ determines p(y | x, θ). Also,

it does not assume that the parameters ψ determines p(x | ψ) either. Thus, from a

Bayesian perspective, the fundamental characteristic that defines a “regression model”

is that it ignores the information yielded by x about (ψ, θ). This fact may be explained

as follows. Let the parameters ψ and θ be independent in their prior distribution.

Mathematically, one can write:

p(ψ, θ) = p(ψ)p(θ) (3.14)

The factors of the posterior distribution are

p(ψ, θ | x,y) = p(ψ | x)p(θ | x,y) (3.15)

the second factor can be analysed by a standard regression model without loss of

information:

p(θ | x, y) ∝ p(θ)p(y | x, θ) (3.16)

When the parameters x are chosen, for instance, by expert judgement or design of

experiments their probability distributions p(x) are known, and there are no parameters

ψ. Thus, a practical advantage of using this regression model is that it makes easier to

specify a realistic conditional distribution of one variable among others than a joint

distribution on all the parameters.

3.3 Bayesian Inference Engines

This section is intended to give an overview of the possible mechanisms underlying

the Bayesian computation of the posterior distribution. This knowledge is important
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because for many decades Bayesian methods were hindered because of computational

issues, even if conceptually speaking they are vastly superior to mainstream statistics

based on the frequentist approach. Bayesian inference engines may be broadly classified

into two classes: Non-Markovian and Markovian methods. Non-Markovian methods

are grid computing [206], quadratic methods [207] and variational inference [208, 209].

Markovian methods are Markov Chain Monte Carlo [210], Gibbs sampling [211], random

walk Metropolis [212], Metropolis-Hastings [213], Hamiltonian Monte Carlo [214] and

sequential Monte Carlo [215].

The standard theoretical approach is the Markov chain simulation (MCS) and

nowadays its usefulness in engineering lies in its conceptual value. For high-dimensional

problems where the curse of dimensionality plays a significant role, MCS is not

efficient [205]. A better alternative in terms of efficiency is the Hamiltonian Monte

Carlo algorithm (HMC). However, in the era of big data, HMC does not scale well

with higher dimensions. This has led the research and implementation of variational

inference (VI) methods.

Non-Markovian methods may provide under very specific circumstance a fast

and accurate enough approximation to the posterior. The most direct approach to

approximate the posterior is called grid computing, which consists of a brute-force

approach to compute the prior and the likelihood point-wise. A second method is

the quadratic approximation (also known as the Laplace method), which consists of

approximating the posterior, p(x), with a normal distribution, q(x). The Laplace

method has two steps. The first one is to compute mode of the posterior distribution,

i.e, E [q(x)]. The second step is to compute the Hessian matrix, that is, the standard

deviation of q(x). The first step is usually numerically straightforward, while the

second step requires more caution. This is the case because the computation of the

standard deviation of q(x) requires the evaluation of the curvature at the mode/mean

of q(x). Mathematically, this operation requires the inversion of the square-root of the

Hessian matrix3. The last non-Markovian method to be covered in this section is the
3A Hessian matrix is the matrix of the second derivative of a function. The inverse corresponds to

the the covariance matrix.
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variational inference, which is presented next.

3.3.1 Variational Inference

Variational inference is the most powerful non-Markovian method. The majority

of Bayesian data analysis is currently done using Markovian methods (see the next

section), however these methods can be too slow for some classes of problems and

perhaps are not sufficiently scalable. In this case, one alternative is to employ variation

methods.

The fundamental idea underlying variational methods is to approximate the posterior

distribution using less expensive and simpler probability distributions. This approach

is, in principle, similar to the Laplace method mentioned above, but in the case

of variational methods, it is done in a more elaborate way. In VI, the posterior

approximate distribution is computed by solving an optimisation problem using a

mathematical measure of closeness as objective function. There are many possible

measures of closeness [208, 216]. Many variational inference formulations favour

information-theoretic measures, such as Kullback-Leibler (KL) divergence A.1.5. The

KL divergence can be computed as:

DKL(q(θ)∥p(θ | y)) =
∫
q(θ) log

q(θ)

p(θ | y)
d(θ) (3.17)

The less complex distribution used to approximate the posterior, θ | y, alluded above

is denoted by q. This distribution is called variational distribution. By optimising its

parameters (called variational parameters), one can find the parameters that make q

as close as possible to the posterior distribution. The expression 3.17 shows that it

is not possible to use the posterior, since it is an unknown distribution. Thus, it is

necessary to execute some algebra steps to unravel a mathematical expression that

can be computed and coded. The first step is to expand the term of the conditional
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distribution with its definition

DKL(q(θ)∥p(θ | y)) =
∫
q(θ) log

q(θ)
p(θ,y)
p(y)

d(θ) (3.18)

then rearranging the terms, one gets

=

∫
q(θ) log

q(θ)

p(θ, y)
p(y)d(θ) (3.19)

the logarithmic properties allows one to write

=

∫
q(θ)

(
log

q(θ)

p(θ, y)
+ log p(y)

)
d(θ) (3.20)

Rearranging the above equation, one gets

=

∫
q(θ) log

q(θ)

p(θ, y)
d(θ) +

∫
q(θ) log p(y)d(θ) (3.21)

The integral of q(θ) is 1 and we can move log p(y) out of the integral, then we get:

=

∫
q(θ) log

q(θ)

p(θ, y)
d(θ) + log p(y) (3.22)

And using the properties of the logarithm:

DKL(q(θ)∥p(θ | y)) = −
∫
q(θ) log

p(θ, y)

q(θ)
d(θ)︸ ︷︷ ︸

evidence lower bound (ELBO)

+ log p(y)) (3.23)

Hence, the marginal likelihood is always equal or larger than the evidence lower bound

(ELBO), because DKL ≥ 0, then log p(y) ≥ ELBO. Thus, minimising the Kullback-

Leibler divergence is equivalent to maximising the ELBO. This maximisation of the

evidence lower bound translates mathematically to the approximation of q(θ) as close

as possible to the posterior, p(θ | y). Note also that the term log p(y) is a constant.

The variational approximation happens when q(·) is selected. Theoretically, q(·) can

be any distribution. This fact is leveraged by assuming that the high-dimensional
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posterior can be written by independent one-dimensional probabilistic distributions.

This is known as the mean-field approximation. This is written as follows

q(θ) =
∏
j

qj (θj) (3.24)

The qj distributions normally are chosen to be from the exponential distribution class.

The exponential family includes many of the distributions such as normal, exponential,

beta, Dirichlet, gamma, Poisson, categorical, and Bernoulli (see appendix A.1.2 for

a description of this distribution). Having restated the Bayesian inference as an

optimisation problem, it is possible to solve it using the available optimisation methods

in order to maximise the ELBO.

3.3.2 Hamiltonian Monte Carlo

Hamiltonian Monte Carlo (HMC) also called Hybrid Monte Carlo [217] is a Marko-

vian method that combines the Markov Chain Monte Carlo method with powerful

insights of molecular dynamics [214]. Neal [218] introduced HMC in Bayesian statistics

and machine learning. For a comprehensive and detailed explanation of HMC, the

reader is referred to [219] and Betancourt’s paper [214].

In order to understand HMC, one must understand the basics of molecular dynamics

and its fundamental insights related to Hamiltonian dynamics. Hamiltonian dynamics is

based on few but powerful ideas. Assume that q and p are generalised coordinates [220]

denoting a physical object’s position and momentum, respectively. The action or

Hamiltonian of the object is

H(q, p) = U(q) +K(p) (3.25)

In the above, equation U , is the potential energy and K is the kinetic energy. The

object’s movement changes through time and is described by the follow system of
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differential equations (Hamilton’s equations)

dqi
dt

=
∂H

∂pi
dpi
dt

= −∂H
∂qi

(3.26)

By the conservation of energy and above equations, it is known that an increase

in potential energy decreases the kinetic energy. Thus, the rate of change of the

Hamiltonian is

dH

dt
=

d∑
i=1

[
dqi
dt

∂H

∂qi
+
dpi
dt

∂H

∂pi

]
=

d∑
i=1

[
∂H

∂pi

∂H

∂qi
+
∂H

∂qi

∂H

∂pi

]
= 0. (3.27)

The d in the summation symbol represents the dimension of the space.

Numerical Solution to Hamiltonian Dynamics

It is not possible to solve a problem involving Hamiltonian Dynamics analytically,

except for a number of simple problems. Hence, it is necessary to employ numerical

techniques that discretise the domain, allowing the numerical solution of the differential

equations given some step size ϵ. The most common numerical method is the leapfrog

method [221], which tends to perform better than the Euler’s method [222] and is

relatively easy to implement. The leapfrog method first starts with a ϵ
2

step p. This

initial step is then used to update q and p, according to the following update equations

pi(t+ ε/2) = pi(t)− (ε/2)
∂U

∂qi
(q(t)) (3.28)

qi(t+ ε) = qi(t) + ε
pi(t+ ε/2)

mi

(3.29)

pi(t+ ε) = pi(t+ ε/2)− (ε/2)
∂U

∂qi
(q(t+ ε)) (3.30)

The leapfrog method of integration has two interesting properties: time reversibility

and the sympletic property. The time reversibility property simply means that a n-step

forward integration followed by n-step backward integration yield the same starting
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position. The sympletic property means that the method takes advantage of phase

space conserving properties. These properties guarantee that this method diverges less

quickly than the Euler’s method.

Markov Chain Monte Carlo using Hamiltonian dynamics

The fundamental idea of the Hamiltonian Monte Carlo is to utilise the mathematical

modelling of Hamiltonian dynamics to generate proposals of points as required by the

Markov Chain Monte Carlo method. This is done by the use of momentum variables

that are introduced as part of auxiliary probability distributions. This auxiliary

probability distribution accepts a marginal distribution as part of its target distribution.

Let p(q) ∝ π(q)L(q | D) be the target distribution, that is, the posterior of given

prior π and dataset D. Here, q denotes the variables of interest. Then the auxiliary

probability distribution is defined as

P (q, p) = P (q) exp(−K(p))

=
1

Z
exp(−U(q)/T ) exp(−K(p))

(3.31)

U(q) = − log[π(q)L(q | D)] (3.32)

K(p) =
d∑

i=1

p2i
2mi

(3.33)

It is assumed that the momentum variables are independent Gaussian distributions.

The goal is to sample from p(q, p), since p is independent of q and is numerically

tractable, it is possible to update it.

The update of the variable q is done with Metropolis-Hastings equipped with a

Hamiltonian mechanism of proposal. The initial propose for (q∗, p∗) is done using

the leapfrog method. Since the proposal of the Metropolis-Hasting is symmetric, its

ratio is the ratio between the probability distribution of the new and the old points.
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Mathematically, this has the form

A (q∗, p∗) =
P (q∗, p∗)Q (q, p | q∗, p∗)
P (q, p)Q (q∗, p∗ | q, p)

=
P (q∗, p∗)

P (q, p)
= exp (−H (q∗, p∗) +H(q, p))

(3.34)

Hence, jointly samples of both p and q are realised. The method described can

be presented in form of the algorithm 3.1. A very powerful Bayesian inference is

STAN [192], which is equipped with a No-U-Turn sampler [223], which eliminates some

of the steps in computing the target distribution, dramatically improving its efficiency.

Algorithm 3.1: Monte Carlo Hamiltonian Algorithm
1 Randomly select a location θ0 from a initial probability distribution;
2 for t = 1, . . . , T do
3 Generate a random initial momentum from a probability distribution:

m ∼ N (µ,Σ) (3.35)

4 Use the leapfrog integrator to solve for the path of a sledge moving over
NLP space for a time period T ;

5 Record the momentum of the sledge m′ and its position in parameter space
θt+1, after time T has elapsed;

6 Compute

r =
p(x | θt+1) · p(θt+1)

p(x | θt) · p(θt)
× q(m′)

q(m)
(3.36)

7 Generate u ∼ U(0, 1);
8 if r > u;
9 move to θt+1;

10 else;
11 remain at θt

3.4 Validation and Verification

In engineering, there is a distinction between validation and verification that is

important to have in mind when working with data-driven engineering methods such

as Bayesian probabilistic modelling. Verification is the process of checking that the

solution or product achieves its goal without any issues, i.e, it verifies whether the

developed product fullfills the requirements that one have. Thus, one may say that

verification is the process that answers the question: is the solution or the product
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correct? On the other hand, validation is the process of checking whether the solution

or product satisfies the high level requirements. It answers the question: is the solution

or product under development the right one?

As previously mentioned, the construction of a probabilistic model is a iterative

process in which different models may be created and compared. Often, this process is

automatically performed by the computer, however, it is enlightening to understand

how the predictive accuracy may be computed and which steps are the next for

improvements, as well as correcting for the bias in evaluating the models prediction of

the data used to fit it. In this section, the conventional measures of predictive accuracy

such as mean squared error, probabilistic prediction, log-likelihood, predictive accuracy

for single data points, expected log predictive density for new data points (ELPD) and

expected log point-wise predictive density for a new dataset (ELPPD).

3.4.1 Measures of Predictive Error

Point Prediction

In point prediction a single value is considered as a prediction of the unknown future

outcome or observation. The measures of predictive accuracy for point prediction are

called scoring functions. The most common metric of predictive accuracy used in point

prediction is the mean squared error, that is defined as:

1

n

n∑
i=1

(yi − E (yi | θ))2 (3.37)

Sometimes it is useful to have a weighted version of the mean squared error when a

single variable is more important than the others. The weighted version of the mean

squared error is
1

n

n∑
i=1

(yi − E (yi | θ))2 / var (yi | θ) (3.38)

The mean squared error is very useful despite its simplicity because it is easy to

compute and to interpret. However, it is not very appropriate for models that deviate

from the normal or Gaussian distribution. for such cases, it is more useful to recur to
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probabilistic prediction metrics.

Probabilistic Prediction - Log-likelihood

The aim of probabilistic prediction is to describe the inferences on ŷ taking the full

uncertainties over ŷ into account. The most common scoring rules for probabilistic

prediction are zero-one scores, quadratic and logarithmic. Scoring rules for prediction

must have the local and proper properties. The logarithmic scoring rule is local and

proper scoring rule because of its affine transformation and thus is commonly used for

evaluating probabilistic predictions. Being proper in the mathematical sense translates

as being a “accurate” metric, while the property of locality means that the predictions

deemed “incorrect” or inaccurate may incur more penalties than the others.

3.4.2 Log-Likelihood

The logarithmic scoring rule is known as log-likelihood or log predictive distribution

(also called log predictive density) is given by log p(y | θ). In models consisting of

Gaussian distribution with constant variance4, the log-likelihood is proportional to the

mean squared error. The log-likelihood is important in statistical modelling because it

is connected to the Kullback-Leibler information-theoretic metric (see A.1.5). In large

sample sizes, the model with the lowest Kullback-Leibler information have the highest

posterior probability. Hence, it makes sense to use the expected log-likelihood as a

metric of the model fit.

Predictive Accuracy for Single Data Points

The out-of-sample predictive performance [205] is the ideal metric for measuring

the model’s fit in a true data-generating process5. The out-of-sample predictive fit for

a new data point ỹi using log-likelihood based score is defined as,

log ppost (ỹi) = log Epost (p (ỹi | θ)) = log

∫
p (ỹi | θ) ppost (θ)dθ (3.39)

4In statistics, models featuring non-constant residual variance are called heterosdastic models.
5This is referred as external validation, refer to section 3.5.
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In the notation above, θ, denotes the true model; y is the observed data; The distribution

of a a single realisation, y, of the dataset is represented by f(y). The future data or

an alternative dataset is represented by the term ỹ. The term ppost (ỹi) denotes the

predictive density for ỹi induced by the posterior distribution ppost (θ). The terms ppost

and Epost are used to denote any probability or expectation that averages over the

posterior distribution of θ.

Averaging Over the Distribution of Future Data

As mentioned, the future data represented by the term ỹi in equation 3.39 is not

known. Hence, the expected out-of-sample log predictive density (ELPD) (or expected

out-of-sample log-likelihood) is used. The expected out-of-sample log predictive density

for a new data point is defined as follows:

ELPD = Expected log predictive density for a new data point

= Ef (log ppost (ỹi)) =

∫
(log ppost (ỹi)) f (ỹi) dỹ

(3.40)

When evaluating the model, it is possible to compute the term, ppost, however, in

general, it is not possible to know the data distribution f . Thus, in order to preserve

the comparability property within the given dataset, one defines a metric of predictive

accuracy for the n data points taken one at a time:

ELPPD = Expected log pointwise predictive density for a new dataset

=
n∑

i=1

Ef (log ppost (ỹi))
(3.41)

In this case, there must be a division of the data y into individual data points yi.

Usually, for computational experiments generated by design of experiments (DOE), each

doe point correspond to a discrete ordered pair (x,y), which makes this data division

for ELPPD quite natural. It is interesting to note that there is no difference between

joint or point-wise prediction given a point estimate for models with independent data
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parameters. Thus,

p(ỹ | θ̂) =
n∏

i=1

p
(
ỹi | θ̂

)
(3.42)

Nevertheless, one advantage of using a point-wise metric instead of the joint posterior

predictive distribution, ppost(ỹ) is the link between the point-wise calculation to cross-

validation, allowing general approaches to the calculation of the out-of-sample fit using

available data.

Evaluating Predictive Accuracy for a Fitted Model

The parameter θ is unknown in practice, thus one cannot compute log predictive

density, log p(y | θ). Hence, it is more useful to work with the posterior distribution,

ppost (θ) = p(θ | y), and compute the predictive accuracy of the trained model to the

data by

LPPD = log point-wise predictive density

= log
n∏

i=1

ppost (yi) =
n∑

i=1

log

∫
p (yi | θ) ppost (θ)dθ

(3.43)

The computation of this predictive density is done by evaluating the expectation

using realisations from ppost (θ), which corresponds to querying the model to compute

the posterior simulations, as follow:

computed LPPD = computed log pointwise predictive density

=
n∑

i=1

log

(
1

S

S∑
s=1

p (yi | θs)

) (3.44)

where θs, s = 1, . . . , S; It is typically assumed that the number of simulation queries S

is large enough to fully capture the posterior distribution. Thus, in the literature, the

theoretical value of the LPPD (3.43) and the computation 3.44 are used interchangeably

as the log point-wise predictive density or LPPD of the data. The LPPD of observed

data y is an overestimate of the ELPPD for future data [205]. Hence the plan is to

start with equation 3.44 and then apply some sort of bias correction to get a reasonable
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estimate of equation 3.43.

3.5 Model Checking

Previous sections 3.2, 3.3 and 3.4 addressed the first two steps of a Bayesian

analysis: the creation of a suitable probability model and the computation of the

posterior distribution of all outputs of interest. It follows that there is a necessity of

checking the accuracy of the assumptions to the best of the modeller’s knowledge, which

usually includes checking it against the dataset. This step is often referred as model

checking6. This section introduces the concepts necessary to perform a comprehensive

model checking generally enough to be used with the majority of probability models.

After the theoretical exposition, a summary of the model checking procedure to quickly

aid the modeller is given in the end of this section.

Model checking is essential to probabilistic modelling and it forms one of the pillars

of probabilistic modelling [205]. The Bayesian inference complete process, from prior

to posterior is executed based on the assumptions of the probabilistic model. If the

assumptions are weak, this prior-to-posterior inference may yield misleading results.

An acceptable Bayesian analysis must include some check of accuracy or adequacy

of the fit of the model to the data, increasing the plausibility of the model for its

purposes. In technical terms, often this is discussed as a problem of sensitivity to the

prior distribution, however, this care must be extended to the likelihood model too.

In common technical usage, the term “probabilistic model” consists of the sampling

distribution, the prior distribution the explanatory variables or parameters and the

hierarchical structure when available.

In probabilistic modelling, it is possible to build based on the same dataset more

than one model that can provide reasonable adequate fit to the data. This begs the

question: given more than one model, which one is the best for the current purposes?

Other models may differ substantially from the present model in the prior specification,
6Some design methodologies such as agile model-based systems engineering [183, 184] encompasses

this step as an essential part of the design cycle.
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the sampling distribution, or in what information is included as the model’s parameters.

It is possible that the present model provides an adequate fit to the data, but that

posterior inferences differ under plausible alternative models. One possible way of

answering this question in an engineering context is to perform a sensitivity analysis

(SA). The basic question of a sensitivity analysis is: how much do posterior inferences

change when other reasonable models are used? In Chapter 6, section 6.4, a sensitivity

analysis is presented in the context of the robust optimisation problem investigated in

this thesis.

In engineering it is important to have measures on accuracy so different models

can be compared and the suitability of each model assessed. However, it is equally

important to be capable of checking the model using simpler techniques as well. This

step is important, because in any applied problem, there is information that is not

formally included at the first iterations, either in the prior distribution or the likelihood.

Checks are important because they may suggest if additional information is needed,

suggesting the creation of a more accurate model for the parameters or even the data

collection process [205].

The first way that a model can be checked is by comparing its results with the

experiments. In the context of probabilistic modelling this is referred to as external

validation. In the aeronautical context, this would be equivalent to make future

predictions about shear, moment, and torque loads, for example, and comparing with

real data captured by sensors and instrumentation in test flight. In this case, the model

will be deemed “correct”, if the posterior means are correct on average and 50% intervals

contain the true values. The results in this case as referred as posterior predictive

checking, which use global summaries to check the joint posterior predictive distribution

p(ỹ | y), in the case of a high-dimensional model. The posterior predictive checking

is a self-consistency check in which the fit of a model to data is checked by sampling

values from the joint predictive distribution of the probabilistic model and comparing

these samples to the observed data. If there are any systematic difference between the

posterior and the collected data, the model fails. Hence, it is useful to examine the
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results by inspecting graphical comparisons of the data to summaries from the posterior

predictive simulation together with a measure of its statistical significance [205].

3.5.1 Graphical Posterior Predictive Check

The easiest way to check graphically the predictive posterior is, as expected, to

plot together the predicted results with the actual data, in the context of probabilistic

modelling this is refereed as direct data display. However, in many cases, where

hyper-dimensionality and multilevel modelling plays an important role it is not feasible

to make direct data displays to check the model. In such cases, the principles of

quantitative visualisation ([224]) and exploratory data analysis (EDA) hold. A key

principle of EDA is to exploit regular structure to display data more effectively [225].

In multilevel modelling, the model checking task allows one to compare batches of

parameters to their reference distribution, because of its hierarchical structure. In this

case, the replications correspond to new draws of a batch of parameters.

Another graphical way to check the fit of a probability model is to use residual

plots [205]. Bayesian residuals are linear and nonlinear regression models, which are

the core tools of applied statistics, are characterised by a function g(x, θ) = E(y | x, θ),

where x is a vector of predictors. Then, given the unknown parameters θ and the

predictors xi for a data point yi, the predicted value is g (xi, θ) and the residual is

yi = g (xi, θ). This is sometimes called a “realized” residual in contrast to the classical

or estimated residual, yi = g (xi, θ
′), which is based on a point estimate θ′ of the

parameters. A Bayesian residual graph plots a single realisation of the residuals

based on a single random draw of θ. Classical residual plots can be thought of as

approximations to the Bayesian version, ignoring posterior uncertainty in θ.

3.5.2 Marginal Posterior Predictive Checks

Marginal predictive checks are another approach to compute the probability dis-

tribution for each marginal prediction p(ỹi | y) and compare these distributions to

the data in order to find any discrepancies. for each marginal posterior predictive
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distribution, the tail-area probability for an ordered data can be computed in terms of

a p-value as follows

pi = Pr (T (yrepi ) ≤ T (yi) | y) (3.45)

for ordered data we can compute a “mid” p-value,

pi = Pr (yrepi < yi | y) +
1

2
Pr (yrepi = yi | y) (3.46)

Another related approach is to use cross-validation predictive distributions to replace

predictive distributions. Thus, for each data point comparing to the inference given all

the other data:

pi = Pr (yrepi ≤ yi | y−i) (3.47)

where y−1 contains all other data except yi. Cross-validation requires additional

computation and is explained in the next section that deals with model validation. If

the marginal posterior p-values concentrate near 0 and 1 , the data are overdispersed

compared to the model and if the p-values concentrate near 0.5 the data are under-

dispersed compared to the model. A summary intended to aid model checking tasks is

contained in box that follows.
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Model Checking

• Check the model by external validation

• Perform Posterior predictive checking

• Perform Marginal predictive checks

• Perform Sensitivity Analysis

• Graphical posterior predictive checks

– Direct data display

– Displaying summary statistics or inferences

– Residual plots and binned residual plots

• Check using Measures of predictive accuracy

– Predictive point estimation

– Mean squared error

– Log predictive density or log-likelihood

– Out-of-sample predictive fit for a new data point y⋆i

– Expected log predictive density for a new data point

– Expected log predictive density for a new dataset

– Expected log predictive density, given θ⋆

– Log pointwise predictive density (lppd)

– Computed log pointwise predictive density (computed lppd)

3.6 Formulation of the Robust Optimisation Problem

This section describes the process of the robust optimisation problem formulation.

This problem was initially considered one of the challenges of the robust optimisation

problem, because of the way the dataset was structured. A simple eight step heuristic

procedure is designed to guide the formulation of robust optimisation problems, where

the dataset structure may seen elusive at first. By following this eight step procedure,

any problem can be formulated with great ease. This is important for industrial

alignment, since most industries give preference to straightforward procedures that can
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be part of the internal industrial documentation flow. The heuristic proposed in this

section can also be used to convert deterministic problems into probabilistic ones and

is central to the Model-based Bayesian framework proposed in appendix A.3.

The dataset provided by Airbus is intended to provide a realistic use case to

evaluate the performance of robust, multidisciplinary optimisation techniques. For

confidentiality reasons the data supplied in this dataset has been normalised according

to a variety of metrics. Although the trends in the data are representative of reality,

the values themselves are not. The data is packaged in Matlab structures within a .mat

file. There are two structures: aero, for the aero performance data, and loads, for the

loads response data. In the loads response data, the last Design of experiment (DOE)

point (DOE 201) is the baseline, unmodified aircraft, while in the aero data, the first

DOE point (DOE 1) is the baseline, unmodified aircraft. In addition, in the aero data,

DOE 2 and DOE 3 are cases with zero stiffness changes and maximum twist-on and

twist-off respectively. As a brief overview, the dataset is showed again in the figure 3.1.

Figure 3.1: Overview of the Dataset

The next set of tables and figures gives more detailed information on the dataset

used in this thesis. The first thing to notice is the location of the wingstations where

the loads are calculated. For the purposes of this thesis, the loads over the winglet and

the horizontal tail are not required. This is shown in table 3.1.
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Locations Description

wing right spanwise stations along the right wing
winglet right spanwise stations along the right winglet
horizontal tail right spanwise stations along the right horizontal tail

Table 3.1: Locations of the wingstations contained in the dataset

Figure 3.2 shows the axis system to which the interesting quantities (IQ) refer.

Figure 3.2: Aircraft Axis System

The loads investigated are the shear, the moment and the torque, as shown in

table 3.2. The local lift coefficients along the wingspan are not necessary for the purpose

of this investigation. Figure 3.3 shows the two wing twist jig shape locations that are

referred as θ1 and θ2 along this work.
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Figure 3.3: Twist angles at two span-wise locations

Loads Types Description

shear vertical shear force, positive upwards (TZC)
moment bending moment along the aircraft longitudinal (fuselage) axis
torque torque along the lateral (spanwise) axis, positive pitch up (MYC)
cl coefficient of lift value, positive upwards (TZC)

Table 3.2: Types of loads contained in the dataset

Table 3.3 describes the aerodynamic dataset. The calculations were done by Airbus

for 53 design of experiment points (DOE). The twist was calculated for 32 stations

along the wing at 23 lift coefficients that corresponds to different points in the flight

envelope, see figure 3.4. The structural stiffnesses are divided in two groups: bending

and torsional stiffnesses. These were calculated at 44 locations. The parameter .LD

corresponds to ∆L/D, the difference in L/D between different DOE points.

1 2

6 loiter

7 descent

5 cruise

4 climb

3
8

9
fly to alternate
and descend

taxi
engine start and warmup

take-off
landing, taxi, shutdown

Figure 3.4: Typical Mission Profile
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Aero Description

.twist A 32× 53 array describing the change in jig twist applied at different
stations along the wing (described by aero.Bays_Twist), where the
rows are different stations, and the columns are different DOE points.

.EI A 44 × 53 array describing the percent change in wing bending
stiffness applied at different stations along the wing (described by
aero.Bays_EIGJ), where the rows are different stations, and the
columns are different DOE points.

.GJ A 44 × 53 array describing the percent change in wing torsional
stiffness applied at different stations along the wing (described by
aero.Bays_EIGJ), where the rows are different stations, and the
columns are different DOE points.

.LD A 23×53 array describing the difference in L/D between the different
DOE points and the baseline aircraft across different CL values. The
rows correspond to different CL values across the polar, while the
columns correspond to the different DOE points.

.Cl A 23× 1 vector describing the CL values at which the L/D results
in aero.LD are calculated. CL = 1 corresponds to the design cruise
point CL.

.Bays_EIGJ A 44× 1 vector describing the normalized spanwise locations where
the stiffness changes are applied on the wing.

.Bays_Twist A 32× 1 vector describing the normalized spanwise locations where
the twist changes are applied on the wing.

.DOE A 10×53 vector where the rows represent the different design variables
as in loads.DOE. The twist values are extracted from aero.twist at
η = 0.5830 and η = 1, while the stiffness values are extracted from
aero.EI and aero.GJ

Table 3.3: Aerodynamic performance improvement values contained in the dataset

Table 3.4 shows how the loads dataset is structured. The data was calculated for

200 design of experiment points, in addition to the initial baseline (the first DOE). The

loads are divided in two groups: gust and maneuver loads. They correspond to push

over, pull up, roll, discrete gust, continuous turbulence load conditions for different

operating conditions, including Mach, altitude, aircraft mass and thrust.

The loads data was generated using Airbus’ certification standard simulation tools

for a range of typical gust and manoeuvre cases. The loads cases provided occur

across a variety of aircraft mass cases as well as different Mach and altitude points.

They include discrete gust, continuous turbulence, as well as a number of different

manoeuvres. The provided cases do not represent the actual design load cases but are

sufficiently representative of the cases used to size the baseline aircraft for the purposes
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Loads Types Description

.ManData or .GustData manoeuver/gust cases data

.CASE{i} data for Case Type i (push over, pull up, roll, discrete
gust, continuous turbulence)

.CASEID{j} data for subcase j (different operating conditions, includ-
ing Mach, altitude, aircraft mass, thrust)

.{IQ_COMPONENT} The component on the aircraft this set of IQ values ap-
plies to. Possible values are: wing_right, winglet, right,
wing_aero_right, wing_aero_left, horizontal_tail_right.

.IQ_TYPE The type of force the IQ describes (Example: shear, mo-
ment, torque, long, lat, vert). This is an n× 201 matrix,
where the rows correspond to different stations on the
IQ_COMPONENT and the columns correspond to differ-
ent DOE points.

.DOE The structure summarising the input parameters for each
DOE point (the design variations). The first two rows rep-
resent inboard and outboard twist, and the last eight rows
represent percent changes in EI (inboard to outboard)
and GJ (inboard to outboard)

.DOE_desc A cell array corresponding to the labels for the different
design variables in the DOE array

Table 3.4: Loads contained in the dataset

of the academic study. The precise cases which define the aircraft envelope may change

depending on the wing stiffness and twist, for the purpose of this dataset they are

considered constant as the changes would be minor. These loads cases represent those

which produce the envelope shear, moment and torque values at different locations

on the wing. These are not necessarily the highest stresses in the structure; however,

this information is sufficient for the robust optimisation use case presented. The DOE

simulations included 23 gust cases with 4 different gust types, 17 mass cases, 6 Mach

numbers, 2 thrust settings, and 8 altitudes. This includes both continuous turbulence

as well as discrete gusts. The DOE simulations included 21 different steady manoeuvre

cases across the flight envelope (range of Mach / altitudes). The figure 3.5 in the next

page shows a tree overview of the dataset used.

The number of DOEs for the load data and for the aeroperformance data are

different (201 for the load dataset and 53 for the aeroperformance dataset), however,

both datasets share the same parameters, i.e, the wing twist angles, θ1, θ2, at two
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locations, at the wing root and at the wing tip; the bending stiffenesses, EI1, EI2, EI3,

EI4, at four locations at the wingspan; the torsional stiffenesses, GJ1, GJ2, GJ3 and

GJ4, at four locations at the wingspan. The aeroperformance contain ∆(L/D) values

for the overall aircraft as the output values, while the loads dataset contain values for

the shear, moment and torque values across the wingspan.
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Figure 3.5: Tree overview of the dataset
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As mentioned the structure of the dataset may be initially difficult to grasp, thus the

robust optimisation problem formulation is not straightforward as expected. However,

by following a simple eight step procedure the models for aerodynamic improvement

and loads estimation may be formulated. This section does not attempt to describe

the mathematics underlying such models, since they are the presented in chapters 4, 5

and chapter 6.

Step 1 - Identify the Model Variables

The first step in the heuristics proposed is to identify the model variables or

parameters. These are divided for convenience into optimisation parameters or control

variables, uncertainty parameters and operational parameters. Operational parameters

account for the changes in the mission or operational envelope, such as the different

load cases correspondent to different flight conditions.

(a) Identify the optimisation parameters: wing “Jig Shape” twist θ1, θ2.

(b) Identify the uncertainty parameters: EI1, EI2, EI3, EI4, GJ1, GJ2, GJ3 and

GJ4.

(c) Identify the operational parameters: the design load case, λ.

Step 2 - Construct the Required Surrogate Models/Emulators

In order to formulate the necessary surrogates, it is convenient to identify the differ-

ent disciplines involved in the problem. The different dataset shares DOE parameters

which makes it possible to “couple” them. However, each model is associated with

different DOEs. Although, these models share the same parameters, as required by the

problem formulation, the outputs naturally are different.

(a) Identify the disciplines: aeroperformance and design loads.

(b) Identify the operational parameters: for a given CL (e.g, CL = 1), we have a

certain aerodynamic efficiency ∆(L/D).
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(c) Identify the number of training DOEs for each discipline:

Aeroperformance model DOEs: 1− 50

Design loads model DOEs: 1− 150

(d) Identify the model input variables:

Aeroperformance model input variables: θ1, θ2, EI1, EI2, EI3, EI4, GJ1, GJ2,

GJ3 and GJ4.

Design loads model input variables: θ1, θ2, EI1, EI2, EI3, EI4, GJ1, GJ2, GJ3

and GJ4.

(e) Identify the model output variables:

Aeroperformance model: ∆(L/D)

Design loads model: Shear force, moment and torque

Step 3 - Write the Functional Formulation of the Models

Based on the previous steps, it is possible to write in functional notation, the inputs

and the outputs for the two models involved: the aeroperformance model that outputs

the expected aerodynamic improvement ∆ L
D

and the shear, moment and torque loads

across the wingspan. Since the SMT model is the union of the shear (S), the moment

(M) and the torque (T ) models, it is noted in bold to highlight it is vectorial output.

(a) Aeroperformance model:

∆(L/D) =Maero(θ1, θ2, EI1, EI2, EI3, EI4, GJ1, GJ2, GJ3, GJ4) (3.48)

(b) Design loads model:

SMT =Mloads(θ1, θ2, EI1, EI2, EI3, EI4, GJ1, GJ2, GJ3, GJ4) (3.49)
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Step 4 - Assign Probability Distributions (uncertainties) to the Models

It is assumed that all the parameters are described by a normal or Gaussian

distribution. This is because according to the central limit theorem any natural

phenomena uncertain variable tends in the limit to the Gaussian distribution. As it is

usual, the mean is chosen to be centred or null.

θ1 ∼ N (0, σ) EI1 ∼ N (0, σ) GJ1 ∼ N (0, σ) (3.50)

θ2 ∼ N (0, σ) EI2 ∼ N (0, σ) GJ1 ∼ N (0, σ) (3.51)

EI3 ∼ N (0, σ) GJ1 ∼ N (0, σ) (3.52)

EI4 ∼ N (0, σ) GJ1 ∼ N (0, σ) (3.53)

Step 5 - Define the Objective and the Constraint Functions

According to the Airbus delivery note, we have the following constraint for the

objective function:

0.01 < ∆(L/D) < 0.04 (3.54)

Therefore, our objective function f is:

f : (∆L/D) (3.55)

Step 6 - Define the Constraint Functions

The constraint functions are the SMT loads.

g : SMT (3.56)

SMT stands for Shear, Moment and Torque forces.
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Step 7 - Apply/check the Design Margins to the Design Loads

It is interesting from an engineering point of the view that the design load variables

are set in advance. The design load margin can be represented as a linear variation

with wing span from a value of “x%” at the root to “y%” at the tip as figure 3.6 shows.

These margins percentage on the design loads are applied to the “baseline” aircraft

model and for initial studies the loads margin can be applied to the shear, moment

and torque loads data

Figure 3.6: Design load margins

β =
tip%− root%
wing_stations

(3.57)

Thus, for example, root% = 0.625% and tip% - 2.5%.

β =
2.5%− 0.625%

62
= 0.030242 (3.58)

In this thesis, the design load margin was converted into an algebraic parameter

β (see equation 3.62) that is multiplied by the lower and upper bounds of the shear,

moment and torque constrains, that are evaluated by the surrogate models. The

derivation of this parameters is as follows.

Let r be the margin at the root in % , t the margin at the tip, s is the number of

wingstations (62) and j a dummy index. Starting off from the fact that the SMT loads
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are calculated at 62 locations and observing figure 3.6, the diagram in figure 3.7 is

made. The subscript indicates the type of load and the wingstation where it is applied.

Assuming that the margin linearly increases from the root to the tip, one arrives to

equation 3.60.

Design load margin (%)

θroot

tip

(tip - root)%

Wing stations1

β

2

2β

3

3β

4

. . . (j − 1)β . . .

j 61

61β

62

Figure 3.7: Design load margin versus wing stations

βshear1 = rshear

βshear2 = rshear + β

βshear3 = rshear + 2 · β
... =

...

βshear(j−1)
= rshear + (j − 1) · β

... =
...

βshear62 = rshear + (62− 1) · β

(3.59)

βshear(j−1)
= βmoment(j−1)

= βtorque(j−1)
= r + (j − 1) · β (3.60)

A simple trigonometry yields the value of the beta parameter in terms of root and

tip margin in percentage, as follows
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β = sin(θ) =
(t− r)
s

(3.61)

Since it is necessary to use this beta parameter in each wingstation, the above

expressions can be conveniently written as

∣∣∣βshear(j−1)

∣∣∣ = ∣∣∣βmoment (j−1)

∣∣∣ = ∣∣∣βtorque(j−1)

∣∣∣ = ∣∣∣∣r + (j − 1) · (t− r)
s

∣∣∣∣
=

∣∣∣∣r · s+ (j − 1) · (t− r)
s

∣∣∣∣
=

∣∣∣∣r · s+ j · t+ j · r − t+ r

s

∣∣∣∣
=

∣∣∣∣r(s+ j + 1) + t · (j − 1)

s

∣∣∣∣ (3.62)

Thus, its application in the lower and upper bound of the constraints used in the
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SMT load models are

(1− βshear1) · S1 < S1 < (1 + βshear1) · S1

...

(1− βsheari) · Si < Si < (1 + βsheari) · Si (3.63)

...

(1− βshear62) · S62 < S62 < (1 + βshear62) · S62

(1− βmoment1) ·M1 < M1 < (1 + βmoment1) ·M1

...

(1− βmomenti) ·Mi < Mi < (1 + βmomenti) ·Mi (3.64)

...

(1− βmoment62) ·M62 < M62 < (1 + βmoment62) ·M62

(1− βtorque1) · T1 < T1 < (1 + βtorque1) · T1
...

(1− βtorquei) · Ti < Ti < (1 + βtorquei) · Ti (3.65)

...

(1− βtorque62) · T62 < T62 < (1 + βtorque62) · T62

Step 8 - Write the Complete Optimisation Formulation

The aeroperformance dataset provided by Airbus contains a 23×53 array describing

the difference in L/D, that is ∆(L/D), between different DOE points and the baseline

aircraft across different CL values. It is important to notice that the ∆(L/D) and the

CL values are for the entire aircraft and not for the wingsections, see table 3.3. In this

work, the optimisation was performed for the design cruise point CL which equals to 1.

Therefore, the objective function can be chosen as equation 3.67. For a specific CL,
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there is a certain aerodynamic improvement, ∆(L/D), and a set of shear, moment and

torque loads, these are given by two numerical models, respectively:

For the models at a given CL as:

∆(L/D) =Maero(θ̄1, θ̄2, EI1, EI2, EI3, EI4, GJ1, GJ2, GJ3, GJ4, CL)

SMT =Mloads(θ̄1, θ̄2, EI1, EI2, EI3, EI4, GJ1, GJ2, GJ3, GJ4, λ)

(3.66)

Find

x∗ = argmax f : ∆
L

D
(CL) (3.67)

With respect to: θ̄1 and θ̄2

Subject to:

g1 : [1− βmin
ij ]⊤ · S < S < [1 + βmax

ij ]⊤ · S

g2 : [1− βmin
ij ]⊤ ·M < M < [1 + βmax

ij ]⊤ ·M

g3 : [1− βmin
ij ]⊤ ·T < T < [1 + βmax

ij ]⊤ ·T

(3.68)

The steps that comprise the heuristic procedure are summarised in the following

box.

Steps to Problem formulation

Step 1. Identify the Model Variables

Step 2. Construct the Required Surrogate Models/Emulators

Step 3. Write the Functional Formulation of the Models

Step 4. Assign Probability Distributions (uncertainties) to the Models

Step 5. Define the Objective and the Constraint Functions

Step 6. Define the Constraint Functions

Step 7. Apply/check the Design Margins to the Design Loads

Step 8. Write the Complete Optimisation Formulation
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3.7 Summary and Conclusions

This chapter introduced the fundamental Bayesian concepts that underpins the

probabilistic modelling under the Bayesian paradigm of an industrially relevant problem.

Intuitively, Bayesian probabilistic modelling allows one to reason about a problem in

terms of “degree of belief”, which is often contrasted to the frequentist approach, that

takes each outcome as the realisation of a chance experiment. Thus, as it was shown

in this chapter the Bayesian approach offers a more intuitive approach that can be

applied recursively through the use of hierarchical Bayesian modelling.

A Bayesian probabilistic model is built iteratively by model comparison and checking

different models using a variety of metrics presented in this chapter. After the model is

synthesised, the next step is to compute the posterior. The posterior distribution is the

probability distribution that corresponds to the degree of belief of the outcome yield

by the probabilistic model. Often, it is important to generate predictions for new input

points. In this case, the probability distribution is called predictive probability distribu-

tion. The computation of the posterior requires an understanding of Bayesian inference

engines. In this chapter, the most important concepts and useful Bayesian inference

engines Hamiltonian Monte Carlo and variational inference are briefly explained.

Finally, based on the concepts presented in the chapter, the robust optimisation

problem is formulated. As discussed in the chapter, this is by no means at first a

trivial problem, because the dataset structure tends to generate some level of confusion

during the formulation. Nevertheless, the eight step heuristics presented allows one

to convert a deterministic problem into a probabilistic one and is simple enough to

be understood and adopted by the industry. Latter chapters discuss how the robust

optimisation problem formulated in this section is investigated and solved numerically.

93



Chapter 4

Flight Loads Evaluation Using

Gaussian Process Emulators

The aim of this chapter is to solve the probabilistic regression problem referred to

in the mathematical problem formulation (section 3.6). The first section 4.1 presents

the basic concepts related to the use of regression in engineering and reviews relevant

literature. Section 4.2 introduces in detail the standard version of the main tool used in

this work to build surrogate models - the Gaussian process. Later chapters present the

sparse formulation which offers a scalable alternative to the standard Gaussian process

formulation. Although, the main approach to the robust optimisation problem is the

data-driven one, section 4.3 details how different loads and load cases are simulated

in aeronautical engineering and the overall role it plays in engineering design. In

section 4.4, the detailed construction of the robust emulators used to model the flight

loads are validated and the results are discussed in the light of the Gaussian process

theory. Finally, section 4.5, the main points of the chapter are recapitulated and the

conclusions presented.
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4.1 Introduction

Many machine learning problems that can be reduced to a regression require

learning or training of models. This learning can be stated as a problem of learning

the mapping itself of the space of the inputs, X , to the space of outputs, Y. In the

Bayesian framework, this mapping is modelled by random variables, that represent the

current degree of knowledge. The degree of knowledge is represented as a probability

distribution. In this section the aim is to restate the concepts of the previous chapter in

the context of Gaussian processes, which form the cornerstone of this work. Gaussian

processes (GPs) represent a class of functional probability distributions that model

the degree of belief on the prior and posterior over mathematical mappings [29]. In

Bayesian data analysis, the procedure is always to start by defining a prior distribution

that represents the prior belief and by Bayesian update the information contained in

the observed data is taken into account using the Bayes’ rule.

In this introductory section, the goal is to review the fundamental mathematical

apparatus and concepts that are required for the manipulation of Gaussian processes

priors and posteriors. The literature of Gaussian processes and machine learning in

general is very vast and progressing very fast. Therefore, this introduction does not

have the intent of being comprehensive. However, the main concepts to understand the

latter sections are presented and, in this sense, this section is self-contained. Rasmussen

and Williams [29] wrote a book called Gaussian process for machine learning that is

the standard reference in Gaussian processes. The theoretical connections between

Gaussian processes and stochastic processes are the basis for the work done in this

thesis. However, to understand it completely it is necessary to use measure theory.

Therefore, this section also has the goal of connecting Gaussian processes to stochastic

processes without the mathematical machinery of measure theory, thus making it more

accessible to engineers.

The starting point to understand Gaussian processes in the context of Bayesian

inference is the mechanism of placing prior distributions on the mathematical mapping.

As it is known, functions can be written as a sum of basis functions. Basis functions
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are formed up by the sum of M different functions, ϕ, multiplied by a coefficient am.

Mathematically,

f(x) =
M∑

m=1

amϕm(x) (4.1)

The technical term “learning” in machine learning means that a method or algorithm

is able to select a combination of weights or coefficients am, in such way that the

behaviour of the original function or phenomenon of interest is completely modelled. In

this case, one can say that the resulting function fits the data. The notation to be used

is described now. The input space is denoted by x ∈ X ⊂ Rn, where n is the number

of dimensions. The outputs y ∈ Y ⊂ Rd, where d is the number of output dimensions.

These dimensions n and d not necessarily needs to be the same. The collection of the

evaluations of the basis functions for the input x in a vector ϕ(x) and the inputs X

are elements of the matrix Φ(X ). The predictions at the points x∗, resulting in the

functional vector of evaluations f(X ∗). The collection of N input vectors {xn}Nn=1 are

elements of a matrix x ∈ RN×d. The vector of observations or outcome are denoted

by f(y). The vector notation is used for y because computationally each probability

distribution is a set of a number of samples that taken together form the probability

distribution.

4.1.1 The Bayesian Prior

Assuming that functions can be represented in terms of basis functions, one can

define a distribution over functions. This is done by placing a prior over the coefficients

of equation 4.1. Thus, it is possible to understand the weights over the coefficients,

{ai}, or the basis function itself as a random variable. In this case, by the Bayes’s rule

it is possible to compute its posterior. Assuming an independent Gaussian distribution

for the coefficients of the basis functions, one can write mathematically,

p(a) = N
(
a; 0, σ2

aI
)

(4.2)

The properties of the prior distribution must match the properties of the prior
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beliefs over the functions of interest. One can adjust theoretically, the properties of

the functions by “calibrating” the basis functions of p(w). The required manipulations

involving random variables representing probability distributions over the basis func-

tions coefficients require measure theory, as mentioned. This is because the random

variables, in this case, are in the space of functions. Nevertheless, all the mathematical

manipulations have the goal of giving a very rigorous guarantee that manipulating

probability distributions on the basis function weights of coefficients is the same as

manipulating these distributions over functions. Thus, the selection of a larger variance

σa for the coefficients yields higher probability on functions with large values.

This approach has limits as expected. For example, the use of finite number of

basis functions limits the types of functions that can be modelled. Thus, the choice of

n finite basis functions, which can be specified arbitrarily, restrict the functions that

can be used as the prior. Functions that cannot be prior also cannot be part of the

posterior. Therefore, in such case, the mapping is not possible. Hence, it is important

that there are mathematical guarantees which ensure that the prior is flexible enough to

contain functions that are capable of representing the functions of engineering interest.

4.1.2 The Bayesian Posterior

As mentioned in the previous chapters, the Bayesian posterior is the result of

Bayesian inference. Based on the discussion related to the prior, it follows that the

posterior also contains weights that are adjusted after the method observes the data.

A simple assumption that is very useful in engineering is to assume that the required

function is affected by Gaussian noise. In such case, the likelihood for the function and

its coefficients has the following form

(yn | f (xn)) = N
(
yn; f (xn) , σ

2
)

(4.3)

p (yn | w, xn) = N

(
ym;

∑
m

wmϕm (xn) , σ
2

)
(4.4)

The Bayesian inference is executed by using the Bayes’ rule, which yields the
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posterior, as follows

p(a | y) =
∏

n p (yn | a, xn) p(a)
p(y)

(4.5)

To give a complete Bayesian solution to the Bayesian learning problem, it is

necessary to find expressions for the properties of the prior and the likelihood as well.

Thus, all the parameters that describe a particular model in this discussion may be

included in the parameter θ, which is called hyper-parameter. These parameters are

the variance of the functions σa, the noise σ and the number of basis functions n.

The hyper-parameters themselves can be inferred using the Bayes’ rule along with the

marginal likelihood:

p(θ | y) = p(y | θ)p(θ)
p(y)

(4.6)

In order to make predictions using the equation 4.6 above, it is necessary to integrate

over both the hyper-parameter θ and the coefficients a. In practice, it is usual to

adopt a single θ to carry on the necessary computations. According to Rasmussen

and Williams [29], this is justified in the case of few hyper-parameters, where the θ

posterior is dominated by the marginal likelihood p(y | θ). In this case, it is possible

to approximate the posterior p(θ | y) using a delta function, which also simplifies the

prediction capability of the model, since the problem is reduced to a single integral

over the Gaussian distribution, w. Mathematically, this translates as follows

p(θ | y) ∼ δ(θ − θ̂) (4.7)

θ̂ = argmax
θ

p(y | θ) (4.8)

Equations 4.7 and 4.8 yields

∫
p(y∗ | a)p(a | y, θ)p(θ | y)dθda (4.9)

that is,

≈
∫
p(y∗ | a)p(a | y, θ̂)da (4.10)
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Functional Bayesian Inference

As discussed, the main insight for measure theory is that a distribution over

function basis coefficients imply a distribution over functions. Thus, one can perform

the Bayesian inference on the coefficients themselves and this translates to an inference

over the functions. The main goal of Bayesian inference is the posterior for new

prediction points. It is also possible to compute the marginal likelihood by considering

a joint distribution of function evaluations. Starting with the relationship between

f(x) and a, one can obtain the prior and the joint distribution with the points that

form the likelihood. Mathematically, this is

f(x) =


f(x1)

...

f(xn)

 =


f(a⊤ϕ(x1))

...

a⊤ϕ(xn)

 = Φ(x)a (4.11)

The joint distribution of the function points x is computed by an integration

procedure:

p(f(x)) =

∫
p(f(x) | a)p(a)da = N (f(x),µ, kff ) (4.12)

The mean and covariance of the probability distribution in equation 4.12 are given by:

µ = Φ(x)Ea[a] = 0 (4.13)

kff = cova[Φ(X)a] = Φ(X)Ea

[
aa⊤

]
Φ(X)⊤ (4.14)

= σ2
aΦ(X)Φ(X)⊤ (4.15)

The matrix created out of the inner product basis pairs is designated by Φ(X)Φ(X)⊤

and the vectors of evaluation are ϕ(x). The covariance function, k, must always be

positive-definite and thus it is a kernel function [226]. The kernel function [29] is
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written as

k (xi,xj) =
[
Φ(X)Φ(X)⊤

]
ij
= ϕ (xi)

⊤ ϕ (xj) =
B∑
b=1

ϕb (xi)ϕb (xj) (4.16)

Posterior Predictive Distribution

The posterior predictive distribution can be computed for a new point by considering

the the joint prior for function values of the inputs observed, since the prior used

is mathematically equivalent to the prior that refers to the coefficients of the basis

function. Thus, one have

p (f(x), f (x∗) | y) = p(y | f(x))p (f(x), f (x∗))

p(y)
= p(f(x) | y)p (f (x∗) | f(x))

(4.17)

4.2 Gaussian Processes

Having introduced the basic insights that allow Bayesian inference to be applied

to functional representations, in this section, the focus is on Gaussian process (GP).

GP is a collection of random variables in which the joint distribution of any finite

subset of its variables is a Gaussian distribution. Essentially, GPs are Gaussian

distribution with infinite dimensions. In this sense, GPs can be seen as a generalisation

of Gaussian distributions with infinite dimensions. Gaussian processes have interesting

analytical properties derived from the properties of the Gaussian distribution, such as

having closed-form solutions to the common operations of summation, conditioning

and marginalisation [29]. Let X be a dataset where each feature has a mean µ and

covariance Σ, one can write the marginals as following

X =

X1

X2

 , µ =

µ1

µ2

 ,Σ =

Σ11 Σ12

Σ21 Σ22

 (4.18)
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p(X1) = N (X1 | µ1,Σ11) (4.19)

p(X2) = N (X2 | µ2,Σ22) (4.20)

the conditionals are defined as

p(X1 | X2) = N (X1 | µ1|2,Σ1|2) (4.21)

µ1|2 = µ1 + Σ12Σ
−1
22 (X2 − µ2) (4.22)

Σ1|2 = Σ11 − Σ12Σ
−1
22 Σ21 (4.23)

An advantage that Gaussian processes have over deep neural networks is the fact that

a GP is non-parametric by definition. GPs work by marginalising the entire function

space in order to obtain its predictions. This also has the benefit that one does not

need to make decisions about the Gaussian process inner working regarding the model

complexity. The marginalisation process also has on analogous effect to the Occam’s

razor, thus preventing overfitting. The Gaussian property of Maximum Entropy also

apply to the Gaussian process given a dataset mean and variance. Therefore, the GP

can model distributions in the most informative way. Gaussian processes also have

an interesting property in regards with its relation with Perceptrons. Perceptrons are

often deemed to be universal approximators to any mathematical function, given a

sufficient amount of data [190]. In regards to accuracy performance, the Central Limit

Theorem guarantees that any dataset’s mean follows a Gaussian distribution as the

number of samples from the distribution increases.

Gaussian processes may also be defined as a probabilistic mapping from an input

space to an output space. Formally, one can say that a function f maps an input space

x to an output space y, along with an uncertain or Gaussian noise term ϵ.

y = f(x) + ϵ, ϵ ∼ N (0, β−1I) (4.24)

The fact that GPs assume a distribution over the functions f can be contrasted with
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the Maximum A Posteriori (MAP) is used to estimate the function parameters in a non-

probabilistic approach, where f has a parametric form instead. In Gaussian processes,

the function values are called latent variables. The GP predictions marginalise over

the entire functions space, where the distribution over the functions is parameterised

by the mean and covariance matrix. The covariance is computed as a kernel function

k. The relevant mathematical equations are as follows

f | x ∼ GP(µ(x), k(x,x)) (4.25)

µ(x) = E[f(x)] (4.26)

k(x,x) = E[(f(x)− µ(x)) (f(x)− µ(x))] (4.27)

The distribution y conditioned on the input x is computed as

p(y | f) = N(f, β−1I) (4.28)

p(y | x) =
∫
p(y | f)p(f | x)df (4.29)

The integral equation above, a marginalisation corresponds to the likelihood of the

dataset. The procedure of marginalisation is used to fit the hyper-parameters involved

in the Gaussian procedure formulation by maximising the training set likelihood. The

goal of Gaussian process in engineering is not only to replicate the data contained

in the training dataset, but to produce new predictions for new data inputs, while

considering a joint distribution over the function input values of x. These new input

values and its predictions are denoted by ∗.

 f

f∗

 ∼ N
0,

 k(x,x) k (x,x∗)

k (x∗,x) k (x∗,x∗)


 (4.30)

The output, that is, the posterior distribution of f ∗∗ is obtained by conditioning x∗, x
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and y as follows

p (f∗ | x∗,x,y) =
1

p(y)

∫
p(y | f)p (f , f∗) df (4.31)

p (f∗ | x∗,x,y) ∼ N
(
k (x∗,x) k(x,x)

−1f (4.32)

k (x∗,x∗)− k (x∗,x) k(x,x)
−1k (x,x∗)

)
(4.33)

The term that represents the mean of the predictive distribution represents the weighted

average of the training set output. The kernel matrices assign higher weights to data

points close to the test samples in feature space. The variance has two components.

The first one equates to the prior variance from the testing data. The second component

is the variance induced by the training data. The subtraction of these two terms yields

the initial test data variance reduced by the training data’s information.

4.2.1 Kernel Function

A Gaussian process has theoretically infinite dimensions. This fact makes infeasible

to define a covariance matrix for a Gaussian process, as it is commonly done for

conventional Gaussian distributions. For this reason, GPs rely on mathematical objects

called kernel functions to define a special covariance matrix that allows a compact

representation of the kernel matrix.

Kernel functions are defined mathematically as dot products between data points in

a high-dimensional manifold without mapping these data points to a manifold explicitly.

The Gaussian process takes a kernel function and enforces as a property of positive

semi-definiteness, transforming the Gaussian process kernel function into a positive

semi-definite matrix. In this way, Gaussian processes are able to effectively measure

data similarity while providing useful metrics for its fitness efficiency.

There are many kernel functions with different properties and formulations in

the kernel literature. It is relatively easy to define new kernel functions that suits

a particular task. The standard reference [29] in the Gaussian literature contains a

detailed presentation on different kernels. In this section, the squared exponential
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kernel and the automatic relevance detection (ARD) kernel functions are covered with

the purpose of presenting more details on how Gaussian processes work.

The squared exponential kernel [29] is defined by two parameters: the length

scale l, and the variance scale σ. In practical terms, the length scale determines the

minimum distance between a pair of (high-dimensional) data points needed in order

to be correlated. The variance scale parameter models the variance induced from the

data points. The exponential form of this kernel allows some computational advantages

in terms of speed [29]. Mathematically, this kernel is defined as follows, for a pair of

inputs x,x′ ∈ Rn

k(x,x′) = σ2exp

(
− 1

2l2

n∑
j=1

(xj − x′j)2
)

(4.34)

The automatic relevance detection (ARD) kernel has setting parameters for each

dimension of the n-dimensional input space. This kernel resembles a weighted kernel.

Mathematically, the automatic relevance detection kernel is defined for a pair x,x′ ∈ Rn

as

k(x,x′) = σ2exp

(
−1

2

n∑
j=1

wj(xj − x′j)2
)

(4.35)

These weight parameters may be defined manually and are used to scale down

specific features or increase the relevance of the ones deemed important in a given task

or application. However, in practice, this approach is not recommended, since usually it

is not known in advance what are the really important features in the training dataset.

Fortunately, there are two principled approaches to select the function parameters.

These are the maximum a posteriori (MAP) and the Bayesian approach.

The MAP approach works on the log probability of the log p(Y / X) conditional

term associated to a dataset. By computing the log probability derivative with respect

to the kernel parameters, the optimal parameters are obtained. For bigger datasets, it

is necessary to employ gradient descent to calculate the parameters. In mathematical
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terms,

log p(f | X) = −1

2
f⊤K−1f − 1

2
log |K| − n

2
log 2π (4.36)

log p(y | X) = −1

2
y⊤ (K + σ2

nI
)−1

y − 1

2
log
∣∣K + σ2

nI
∣∣− n

2
log 2π (4.37)

A common limitation of MAP is that this approach may lead to suboptimal conditioning,

depending on the dataset size and the kernel function employed. This issue may be

mitigated by the Bayesian approach. The Bayesian approach consists of defining a prior

distribution over the kernel parameters to compute the posterior parameter distribution

conditioned on the training dataset. The Bayesian approach is often used in conjunction

with sampling methods to determine the parameter distributions. However, for many

problems, these sampling methods have limitations and expensive computational costs.

4.2.2 Limitation of Standard GPs

The “standard” Gaussian process formulation without any additional feature has a

few limitations. In general, these limitations are enumerated as: 1) its computational

cost, 2) storage cost and 3) Hierarchical feature extraction. The computational cost

of a Gaussian process originates in the process of inverting the kernel matrix that is

necessary to infer the predictive distribution. Specifically, the computational cost of

intervening a kernel matrix of size n × n, where n is the number of points that the

training dataset contains takes O(n3) computation time. The predictive distribution’s

mean and variance of a new point takes O(n) and O(n2), respectively.

An important technical consideration to make is related to the computational

storage cost of Gaussian Processes. For a Gaussian process the storage cost is O(n2).

Depending on the nature of the problem to be modelled, the required size of the entire

training dataset’s storage will be prohibitive, limiting the scalability of the method.

This is certainly the case for the current trend of digital-twinning [172], where training

set is supposed to increase as a function of the system’s operating time.

The standard formulation of a Gaussian Process lacks in the kernel functions the

capability of hierarchical feature extraction to calculate the similitude of data point
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pairs. This feature is necessary when one is interested in taking into account the

dependence in the input parameters, for instance. In such cases, deep learning seems

to a promising machine learning method, since DL models contain feature extraction

features embedded in its mathematical formulation. However, this feature must still

work in the Bayesian paradigm, in order to preserve GP’s advantages.

4.2.3 Gaussian Process Requirements

It is important to define some requirements for Gaussian process engineering

approximations. The Gaussian process and its alternative formulations must retain the

advantages of the Bayesian paradigm, which was discussed in chapter 3, along with the

non parametric GPs. The advantages of Bayesian methods may be kept by separating

the contributions of the prior and the approximation utilised by the Gaussian process.

In this case, one can use marginal likelihoods for model comparison to develop new

models. Although this operation is embedded in the computational implementation

of the Gaussian process. GP are interesting to engineering applications, if they can

satisfy the following requirements.

• It is necessary that they are capable of providing a distance to the exact solution.

• They must be capable under infinite computational resources to recover the best

as possible the phenomenon to which it is intended to be modelled.

• Provide error bars that shows the quantified uncertainty.

4.3 Flight Physics

In this section, the basic concepts of flight physics are reviewed with the goal of

contextualise the robust optimisation problem in aeronautical engineering. Flight

physics is an umbrella term used in the industry to denote the primary disciplines and

technologies concerned with aeronautics, i.e, aerodynamics, propulsion, performance,

stability and control and its applications to aircraft flight. For this reason, the equations
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of flight motion are presented without derivation and based on it the topic of flight

loads is introduced. On it, manoeuvre and gust loads are discussed.

The tasks of design and development of an aircraft require multidisciplinary analyses.

The design process needs a knowledge of the loads and aeroelastic response since

these are the main drivers of the sizing process during all development phases. The

external and internal loads have a strong impact upon structural design, aerodynamic

characteristics, flight control system and control surface design, weight and performance.

In this regard, the development of methods that provide fast, but accurate, prediction

of loads will enable a quicker determination of the critical loads cases and also permit

more design configurations to be considered.

Of particular interest is the identification of those flight loads that lead to the most

extreme stress levels for a specific design. This aim is achieved by applying a large

number of loads cases due to dynamic gusts and manoeuvres to detailed aeroelastic

models for a range of different Interesting Quantities (IQs) e.g. bending moments,

shear forces, etc. These calculations are very complex and requires a tool-set of coupled

finite element method (FEM) and computational fluid dynamics (CFD). This coupled

simulation however has its limits. The most obvious is the large number of conditions

for which the aircraft must studied. An estimation of the number of conditions for

a typical large civil aircraft is shown in table 4.1. One possible solution to the large

Parameters Number of Points

Flight points (altitude and speed) 50
Mass cases (loaded weight and weight distribution) 100
Control surface configurations 10
Manoeuvres and gusts 50
Control laws 4
Total number of cases required 108

Table 4.1: Estimate of number of load cases required [227]

number of simulations required may be the use of simpler physical models. However,

for large aircraft manufacturers this is not an option, since these companies need

to exploit the design space as much as they can in order to stay competitive in the

markets. The flight loads calculation is so critical to the design and the safety of
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an aircraft that even a conventional design demands approximately 100 thousand

hours of simulations [227]. It is important to note that despite all the sophisticated

computational engineering tools employed in a large civil aircraft programme expert

judgement is still a big part of the critical load identification process. Furthermore,

these analyses have to be repeated every time that there is an update in the aircraft

structure. Within the modern civil airframe industry, each of these loads calculation

cycles takes a considerable time. Previous work investigated the use of several surrogate

models and optimisation methods for fast and efficient prediction of the worst case

gust loads for each IQ [227]. It has been shown that savings in computational time can

be made without sacrificing accuracy.

4.3.1 Equations of Motion During Flight

The equations of motion for an aircraft may be written in the general vector form

as follows:
dx(t)

dt
≜ x(t) = f [x(t),u(t),w(t), t] (4.38)

where f is the n-dimensional vector function that corresponds to the variables of motion

x, controls u, disturbances w, and time t on the state vector’s rate of change dx/dt.

Assuming flat-earth and symmetric-aircraft the following vectorial function of equation

4.38 represents the 12 equations of motion:

u̇ =
X

m
+ gx + r · v − q · w (4.39)

v̇ =
Y

m
+ gy − r · u+ p · w (4.40)

ẇ =
Z

m
+ gz + q · u− p · v (4.41)

ϕ̇ = p+ (q sinϕ+ r cosϕ) tan θ (4.42)
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ṗ =
(Izz · L+ Ixx ·N − {Ixz(Iyy − Ixx − Izz)p+ [I2xx + Izz(Izz − Iyy)] r}q)

(IxxIzz − I2xx)
(4.43)

q̇ =
[M − (Ixx − Izzpṙ − Ixz (p2 − r2))]

Iyy
(4.44)

ṙ =
(Ixz · L+ Ixx ·N + {Ixz(Iyy − Ixx − Izz)r + [I2xz + Izz(Izz − Iyy)] r}q)

IxxIzz − I2xz
(4.45)

ẋI = (cos θ cosψ)u+ (− cosϕ sinψ + sinϕ cosψ)v + (sinϕ sinψ + cosϕ sin θ cosψ)w

(4.46)

ẏI = (cos θ cosψ)u+(− cosϕ sinψ+sinψ sin θ cosψ)v+(− sinψ cosψ+cosψ sin θ sinψ)w

(4.47)

żI = (− sin θ)u+ (sinϕ cos θ)v + (cosϕ cos θ)w (4.48)

ϕ̇ = p+ (q sinϕ+ r cosϕ) tan θ (4.49)

θ̇ = q · cosϕ− r · sinϕ (4.50)

ψ̇ = (q · sinϕ+ r · cosϕ) sec θ (4.51)

In the above equations, the components of the gravity force g are related as follows


gx

gy

gz

 =


−g sin θ

g sinϕ cos θ

g cosϕ cos θ

 (4.52)

The applied forces (X, Y, Z) and moments (L,M,N) are functions of airspeed and

aerodynamic angles, they are mathematically described by the following equations


VA

βA

αA

 =


√
u2A + ν2A + w2

A

sin−1( νA
VA

)

tan−1(wA

uA
)

 (4.53)
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The velocity components for a body axis relative to the air must account for the wind

field 
ua

νa

wa

 =


u

v

w

−HB
1 w (4.54)

X = CX q̄S + Tx (4.55)

Y = CY q̄S + Ty (4.56)

Z = CZ q̄S + Tz (4.57)

L = Clq̄Sb+MTx (4.58)

M = Cmq̄Sc̄+MTy (4.59)

N = Cnq̄Sb+MTz (4.60)

Remembering that the dynamics pressure is given by

q̄ =
ρ(z)V 2

A

2
(4.61)

The air density ρ(z) is a function of altitude and the Mach number is given by

M =
VA
a(z)

(4.62)

Where the speed of sound a(z) is a function of altitude. The previous equations apply

to all aircraft. The models of each type of aircraft characterise different mathematical

expressions for inertial, aerodynamic, and thrust effects.

4.3.2 Flight Loads

Having introduced the importance of flight load evaluation in an aircraft development

program and the flight dynamics model, in this section the goal is to further detail the

concept of flight loads.
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Flight loads analysis is an important engineering activity. It has a decisive role

from the initial conceptual design until decommissioning. Usually, in the conceptual

design the common practice is to use analytical methods or statistical ones to rapidly

evaluate the potential loads that drives the design. These tools often depend on

parametric studies [228] and although they provide fast evaluations they do not capture

the underlying physics. Thus, in some cases, they are not accurate as they need to be.

Often this is translated to additional costs and rework in case it is latter detected that

the structure was under or oversized.

A correct load estimation in aircraft design results an appropriate structural design

where its weight is minimised. There are few papers or books available that details

methods for load estimation and most of the OEM produces and documents its own

methods. Niu [229] offers a good presentation of fundamental load analysis methods

and how loads interface with different departments in an aircraft design project. Also,

Lomax [230] presents methods for load estimation that are based on regulations such

as FAR part 25 and CS-25.

To understand how the loads affect the aircraft development programme on a high-

level perspective, without entering the realm of structural design and aeroelasticity, one

can take a basic flight physics approach. As it is known, an aircraft performing a turn

is subject to a higher load than in a straight cruise flight. Other types of manoeuvres

such as during an aborted landing or during an emergency may subject the aircraft to

an even higher load

Higher loads may be also the result of turbulence that affect the aircraft in the form

of horizontal or vertical gusts. The parameter used in flight physics to quantify the

general load that the aircraft is subject is called load factor [228]. Its mathematical

expression is simply

n = L/W (4.63)

Even in free flight, the load factor depends on the aircraft configuration (for example,

wing flap and landing gear position) and the distribution of useful load such as fuel,

cargo, equipment and passengers.
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Maneuver Loads

The effect of maneuver loads on an aircraft may be quantified by a diagram called

the load factor diagram. This diagram consists of several segments that correspond to

a specific phase in the aircraft flight envelope. Thus, one can say that the load factor

forms up the loading enveloped for which an aeronautical structure must be designed.

The manoeuvre loads are the result of a change in the condition of the level flight,

usually in the form of an increase in the wing incidence angle relative to the horizontal

cruise flight vector, where the condition is normally

W = L = CL
1

2
ρV 2 (4.64)

If the aircraft lift coefficient, CL, increases by ∆CL during a symmetric manoeuvre at

a constant speed, the lift is given by

L′ = (CL +∆CL)
1

2
ρV 2S (4.65)

Thus, the load factor increases to

n =
L′

W
= 1 +

∆CL

CL

(4.66)

Inspecting the equation 4.38 and its components, it is concluded that in a motion

normal to the flight path, considering αT = 0, the aircraft is subject to a vertical force

that has a magnitude of
W

g
V
dγ

dt
=
W

g
an = L′ −W (4.67)

This motion yields a vertical acceleration that is normal to the flight path

an
g

=
L′

W
− 1 =

∆CL

CL

= n− 1 (4.68)

Thus the aircraft flies a curved path in which its airspeed tends to decrease against an

increased flight path angle and increased drag. If this condition is too extreme, the
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aircraft stalls. In this case, the load factor, n is

nmax =
Lmax

W
=
CLmax

1
2
ρV 2S

W
=
CLmaxρslV

2
eq

2W/S
(4.69)

Gust Loads

The same flight physics basic analysis can be done for the gust loads. An aircraft

in steady flight may fly through a thunderstorm and experience a strong turbulence.

In a turbulence, the aircraft is normally subject to upward and downward currents of

air. These currents are known as gusts. Gusts can cause sudden changes in the speed,

in the lift generated by the wings and by the tail and change the angle of attack of the

aircraft, giving rise to fluctuating loads on the aircraft. In addition to that, it is known

that gusts affect the lifespan of the aircraft structure as this is limited by damage due

to structural fatigue.

Gusts are a stochastic phenomena. However, during the initial steps of sizing gusts

may be modelled with a very simple analytical model that assumes a sharp-edged

vertical gust with speed U that increases the angle of attack by ∆α ≈ (U/V ), without

changing the airspeed. In this case, the lift coefficient is increased by

∆CL =
dCL

dα
∆α =

dCL

dα

U

V
(4.70)

In this case, the load factor [228] is

n = 1 +
dCL

dα

ρUV

2W/S
(4.71)

A more realistic model for the gust is not sharp-edged, but one where the aircraft

moves with the displacement of the air mass, relieving the gust load.

The correction factor Kg is used to quantify this effect and its order of magnitude

is between 0.7 and 0.9, depending on the aircraft [228]. The speed in U and V in the

equations 4.54 and 4.39 are written as an EAS, yielding in a simple flight dynamics
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model the follow load factor

n = 1 +Kg
dCL

dα

ρslUeVeq
2W/S

(4.72)

The component ue is positive for an upward gust and negative for a downward gust.

Equation 4.72 shows that the load factor increases, for a given speed ue as the wing

loading is lower and the EAS is higher. Thus, one can conclude that in order to reduce

the loads on the structure and improving the level of flight comfort, it is undesirable to

fly with a low wing loading at low altitude and high speed. Normally, the aircraft is

more affected by gusts when it has a high-lift gradient dCL/dα.

4.4 Results and Discussion

As it was discussed in previous sections, the knowledge of flight physics, aeroelastic

modelling and flight loads are an important phase of aircraft structural sizing. The

forces applied to the aircraft during flight (equations 4.55 to 4.60). These forces when

applied to the aircraft structure during flight results in internal stresses, that must be

within an allowable value for safe and reliably operation. Thus, the structure must

be designed considering such stresses. These stresses however are a function of the

external forces acting on the aircraft, which are a function of a specific design load case

and aircraft geometry.

Since the aircraft structure is flexible, such forces are also a function of the aircraft

structure. This “paradox” is a problem for aeronautical engineers, because to know the

sizing allowable for the structure to be designed, it is necessary to know the maximum

stresses and other parameters. But, in order to known these parameters, the structure

must be sized and defined. Since maximum performance is sought, recently the insight

that it is possible to take this structural uncertainty into account through the use of

random variables was adopted by the industry.

The application of random variables in aeroelastic computer simulations it is a very

challenging task since it requires huge computational effort and parametrisation of the
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aircraft structure. Thus, there is an opportunity to employ surrogate models that are

able to replicate the results from physical simulations at a much cheaper computational

cost.

4.4.1 Problem Description

To solve this problem, it is first necessary to formalise the engineering use case of

load estimation. The external aircraft flight loads can be considered a function of a

given aircraft design and a number of parameters defining a load case. A load case can

be interpreted as a set of parameters defining a particular aerodynamic manoeuvre or

a gust, which results in a force being applied to the airframe.

A computational model for flight loads can be abstracted as a black box which

accepts two vectors, x and λ, describing a given aircraft design and load case, respec-

tively, and returns a vector, y, of corresponding forces and moments at locations of

interest on the airframe, which it is referred as interesting quantities (IQs).

y = h(x, λ) (4.73)

Both x and λ are constrained to take values from permissible sets, X and Λ. These

sets contain all feasible combinations of individual design and load case parameters,

respectively.

The bending and torsional stiffness parameters are variables that are “abstracted”

from the complete aircraft definition and used as proxies for the entire aircraft structure

at a given point of the project. Chapter 1 presents the two scenarios that occur in

aircraft programmes. The method used here can be applied to both scenarios, but

it is intended to be a representative case of the use in the scenario where there is an

opportunity to perform a “late optimisation”. That is when the structure is already

defined, but it is possible to set the fixing tooling in a way that will give a small

increment in the expected aerodynamic performance. Thus, the objective function

when evaluated outputs the expected aerodynamic improvement, ∆(L/D). Thus, the
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stiffness parameters used represent a small percentage deviation from the baseline

which is referred as design of experiment (DOE) number 0. In practice, it is not the

external forces, y, but internal forces that are responsible for constraining the design

of the structure. The process by which external forces y are mapped to internal force

t may also be considered as a black box t = g(y). Thus, this problem is translated

to a problem of training and evaluating the loads using Gaussian process, which were

described in the previous sections of this chapter. For the models at a given CL as:

SMT = GP loads(θ1, θ2, EI1, EI2, EI3, EI4, GJ1, GJ2, GJ3, GJ4, λ) (4.74)

SMT = S ∪ M ∪ T (4.75)

and GP loads = GPshear ∪ GPmoment ∪ GP torque (4.76)

In this section, the random variable, i.e, a variable that is a probability distribution

defined by a mean µ and σ is denoted by a bar (̄.) Equation 5.24 shows that the SMT

model is in fact the union of different Gaussian processes model, which are themselves

also a union of an specific Gaussian process that models the load applied to one of the

62 wingstations that parametrise the wing. The input parameters are described the in

table 4.2.

Input variables Description

θ1 twist angle at wing twist jig-shape station 1
θ2 twist angle at wing twist jig-shape station 2
EI1 bending stiffness at position 1
EI2 bending stiffness at position 2
EI3 bending stiffness at position 3
EI4 bending stiffness at position 4
GJ1 torsional stiffness at position 1
GJ2 torsional stiffness at position 2
GJ3 torsional stiffness at position 3
GJ4 torsional stiffness at position 4
λ load case variable

Table 4.2: Input parameters of the surrogate model

116



Chapter 4. Flight Loads Evaluation Using Gaussian Process Emulators

4.4.2 Design of Experiments

The dataset provided by Airbus was generated using a optimised latin hypercube

square (OLHS) design to sample the input space in a coupled FEM-CFD simulation

using internal proprietary tools of Airbus. However, it is convenient to present this

step as part of the analysis.

One may assume that S ≜ {x1, . . .xs} is a collection of s sample points generated

via an OLHS. The function fi(x) may be evaluated for the set of sample points S that

corresponds to each of the kc load case functions. Since fi returns a vector, ti. For a

given x, a matrix of responses Ti is obtained for each of the kc load case functions, as

follows:

Ti ≜


ti,1
...

ti,s

 ≜


fi (x1)

...

fi (xs)

 (4.77)

Ti has m columns, m being equal to the number of IQs under consideration, and s

rows, corresponding to the number of points in the OLHS.

4.4.3 Dimensional Reduction

Before training the Gaussian process models and evaluate the loads, it is necessary

to investigate how the different input parameters are to be handled, since one can also

build multi-output Gaussian processes instead of an union of single-output Gaussian

processes. In this work, a dimension reduction step was performed on the space of

loads. This is done to avoid predicting all the forces in all the locations. The tool

that accomplishes this is called principal component analysis [114] to transform the

data into independent components. The advantage of using PCA is that principal

component analysis preserves the correlations in the outputs. It has the advantage as

well of reducing the number of models required. In addition to that, the new basis is

by definition independent.
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Principal Component Analysis

For the reasons previously described it is necessary to use the dimension reduction

method known as principal component analysis. The PCA method is widely popular

in data analysis and used in many different contexts [114, 231]. In this section, the

treatment used is the one given by Loxham [199]. Principal component analysis is

done using a singular value decomposition (SVD). SVD is a tool used in linear algebra

to factor a real or complex matrix and it has connections with polar decomposition.

In PCA, the principal components of the matrix that contain the data has the size

m× s. Along with it, one must denote T as the the eigenvectors. The covariance of

the sample is C. This term is defined as follows

C = T⊤T/(s− 1) (4.78)

C being a covariance matrix, it must be by definition symmetrical and positive

semi-definite. From linear algebra, it is known that these matrices allow the operation

of diagonalisation:

C = V · diag(λ) ·V⊤ (4.79)

Here V denotes a columnwise eigenvectors matrix of size m × m. The diagonal

operator, diag(λ), is a diagonal m×m matrix of eigenvalues. Hence, the singular value

decomposition T is as follows

T = USV⊤ (4.80)

The term U is an unitary matrix (i.e. UU⊤ = U⊤U = I ) The term S denotes the

diagonal matrix of singular values. Inserting the equation 4.80 into 4.78 yields:

C = V SU⊤ ·USV ⊤

(s− 1)
(4.81)
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which by equation 4.79 implies:

C = V
S2

s− 1
V⊤ (4.82)

yielding the following relationship between the singular values, S, and eigenvalues of

the sample covariance matrix, λ :

λ = diag(S)/(s− 1) (4.83)

The dimension reduction happens when by the PCA method it is necessary to choose

which eigenvectors shall be retained. Normally, the first l eigenvalues in descending

order are the primary eigenvalues to be kept. The other eigenvectors are collected into a

matrix P of size m×p. The PCA operations correspond to a rotation or transformation

of points. This is a connection with polar decomposition and one of the reasons for the

success of PCA. This operation can be used to transform a collection of points in the

original space onto the PCA basis, by a dot product operation. In mathematical terms,

Q∗ = T∗P (4.84)

Principal component analysis is often seen in many application as a method that allows

the identification of the directions of maximum variation in a dataset. As Loxham [199]

points out PCA is sensitive to the scaling of the data. Thus, without scaling there is a

tendency for the output of PCA to be biased. One common way to correct this issue is

to scale the columns of the dataset first.

Assume that ti is the ith column of T. One possible way to scale this data is to

simply subtract the sample mean of the column and divide it by the standard deviation

of the column.
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4.4.4 Evaluation of Manoeuvre and Gust Loads using Gaussian

Process Surrogate Models

As mentioned in the chapter 1, Airbus UK provided a dataset in which the values

are normalised using a “password” of coefficients to protect industrial information.

While this is understandable from an industrial perspective, it removes the opportunity

for investigating the loads using engineering judgement. Thus, the approach taken here

was the data-driven one, where the concern is on the results and how well does the

underlying model replicated the dataset.

Since all the input parameters (θ1, θ2, EI1, EI2, EI3, EI4, GJ1, GJ2, GJ3, GJ4)

are probability distributions, one can generate many draws as one wants. Thus, it is

impractical to plot all the loads that may affect an aircraft. However, relying on just

data analysis metrics is not sufficient for engineers. A common solution is therefore

to describe the parameters by their mean and variance. However, it was found out

that even when the mean and the variance are the same (see figure 4.1), very different

results may be observed in the case there is correlation between the parameters or

the parameters are independent, as it was show [227, 232]. A large component of

the present work was the assimilation and coding of the tools described in this thesis.

For load evaluation, a Gaussian process based on the theoretical considerations of

section 4.1 and 4.2 can be condensed into the algorithm 4.1. This algorithm based

Algorithm 4.1: Gaussian Process Regression Algorithm
Input: x (inputs), y (output), µ∗(f ∗) (covariance function), σ2

n (noise level),
x∗

Output: µ∗ (mean), σ∗ (variance) log p(y | x) (log marginal likelihood)
1 L← cholesky(k + σ2

nI);
2 α← L⊤ \(L\y);
3 f ∗ ← k⊤

∗ α ;
4 v ← L\k∗;
5 µ∗(f ∗)← k(x∗ x∗)− v⊤v;
6 log p(y | x)← −1

2
y⊤α−

∑
i logLii − n

2
log 2π

on conventional Gaussian process performed reasonably well in small sized datasets.

Nevertheless, this initial modelling was useful to demonstrate the correlation between
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Figure 4.1: Boxplot of the model parameters

parameters have great influence on the design. One of the ways to assign a correlation

between probabilistic variables is to use a Gaussian Copula. Let y⃗ be the flight loads

black-box model and let X be the Gaussian Copula

Y ∼ f(x⃗, λ⃗) (4.85)

X ∼ C(F1, . . . , Fn) (4.86)

Where x is the design variable vector; λ is the load case vector; y is the output vector

loads; F1, . . . , Fn are the design uncertainties and C is the correlation structure between

F1, . . . , Fn. In addition to that, this correlation (often represented as figure 4.2) in

a industrial setting has to be created out of expertise knowledge which has lots of

subjectivity into it.

By inspecting figure 4.3, one can notice how different the loads are despite both vari-

ables having the same statistical metrics. The results are shown as force envelopes [233]

which are plotted for the correlated variables and also for the independent variables.
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Figure 4.3: Independent parameters versus correlated parameters through the use of a
Gaussian copula.

Each force envelope contain two lines, an lower and an upper one. The cross in each dot

represents the variance estimated. The coloured area corresponds to the 95% confidence

interval that is calculated taking the mean value of the lower and upper limit as the

baseline. This result has important consequences for the use of probabilistic surrogate

models in aeronautics. It is important to highlight that the correlation matrix used

in this case may not be realistic, due to the difficulties in calculating or estimating

the correlation between different parts of a wing structure. Nevertheless, it proves the

point that the results might differ a lot, despite the same statistical metrics.
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4.4.5 Analysis and Limitations

The conventional or standard Gaussian process formulation is a very powerful one

to build probabilistic surrogate models at cheap computational cost. It has theoretical

properties that allows one to evaluate how good its fit is and whether is capable

in theory to model very complex physical phenomena. Another huge advantage of

Gaussian process is its compatibility with Bayesian probabilistic modelling as it was

show in sections 4.1 and 4.2. Moreover, it naturally provides the solution with errors

bars that shows the quantified uncertainty.

The main limitations of the conventional Gaussian process is that its numerical

capability is constrained by computational speed and memory. In the code developed

during this research, a number of difficulties related to memory management had to

be solved with partial success. However, it is important to notice that some of the

memory issues detected may be connected to the number of python overheads which

must be attributed to the programmer and not to the method. On the other hand,

many authors [35, 234] were motivated by the standard Gaussian process limitations

to develop new ways of improving its efficiency. This is useful for new technologies in

aeronautics such as digital-twin. Digital-twin is supposed to rely on surrogate models

to build huge models that are intended to replicate the physical performance of an

entire aircraft or machine.

4.5 Summary and Conclusions

This chapter introduced Gaussian process for machine learning as a tool for proba-

bilistic regression in the Bayesian framework. The primary concepts that led to the

formulation of a GP were reviewed and used to demonstrate how the Bayesian posterior

can be computed for a probabilistic model made out of Gaussian processes. Next, the

main requirements for an engineering surrogate were given. This chapter also reviewed

the concepts of flight physics and without entering into flight dynamics some of the

ideas of why gust and manoeuvre loads are important in an aircraft programme were
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discussed.

The number of load cases necessary to be evaluated in an aircraft programme

motivates the use of GP for modelling load cases. The basic steps to build a probabilistic

model capable of performing this load evaluation were covered. An important result

was found, i.e, that for a given problem where all the parameter have same statistical

metrics very different results may be obtained depending on the correlation matrix. In

addition to that, it was discussed that it is not a trivial task to select or compute a

correlation matrix. Thus, a designer or engineer must rely on expert judgement which

is prone to bias.
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Chapter 5

Flight Loads Evaluation Using Sparse

Gaussian Process Emulators

The aim of this chapter is to investigate the use of sparse Gaussian process emulators

in the modelling of the flight loads and compare it with standard Gaussian processes.

To do so, in section 5.1, a brief introduction to the context and motivation for sparse

formulation is given. Next, in section 5.2, all the mathematical machinery of this

chapter are used to solve the probabilistic regression problem using sparse Gaussian

processes and a comparison with alternative formulations is made. in section 5.3 the

results obtained are discussed. Finally, in section 5.4, the main results and conclusions

of this chapter are summarised.
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5.1 Introduction

Gaussian processes (GPs) may be used as regression models that are relatively easy

to implement. They are also flexible and capable of producing fully-fledged probability

models that suit many applications. However, GPs have many limitations in terms of

computational resources and memory limitations. For a conventional Gaussian process,

the computational requirements in computing capability grow cubically, while the

memory grows with the square of the number of training points, n. This fact limits

the use of GPs to problems that do not require large number of training points. Many

authors have attempted to circumvent these limitations with sparse approximations.

The use of sparse approximations in Gaussian processes are implemented exactly in

a subset of the latent variables. The remaining variables however are approximated,

yielding a computationally less expensive format [29].

In this chapter, the goal is to remedy the computational issues identified in chapter 4.

It starts by giving a somewhat unified view of sparse approximations that are useful to

Gaussian process regression. The intent here is to provide a path for future aeronautical

research by exploring somewhat “exotic” formulations of Gaussian process that require

less computational resources. Although the aeronautical industry has access to powerful

computational resources, there are number of new technologies and methods that require

more scalable tools. In particular, the concept of digital-twins, which was covered in

chapter 2.

The computational and storage limitation of the standard Gaussian process prevent

widespread use in several applications. The main problem in Gaussian process lies in

the inversion of the covariance matrix (see the algorithm 4.2, in chapter 4). Sparse

methods address this problem by introducing sparsity, which reduce the matrix size

that needs to be inverted. A comprehensive survey of sparse Gaussian processes is given

by Liu et al. [235]. In the literature, there are a number ways to introduce sparsity

in Gaussian Processing in order to address the issues and limitations pointed out in

chapter 4. These are: the Nystrom, the inducing points approach, the variational

inducing points and, lastly, the stochastic gradient descent based variational inducing
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points.

5.2 Sparse Gaussian Process Approximations

Gaussian processes have many interesting properties, which makes them excellent

tools as surrogate models, however for medium sized datasets, it is not unusual that

they lead to computationally intractable integrals, despite the fact that the marginal

likelihood, posterior, predictive and the prior are Gaussian distributions and hence

tractable. These distributions in Gaussian processes may also become computationally

intractable since the derivatives contain mathematical matrix operations that have

grows cubically, O (n3), where n is the number of observations in the GP.

To fix this computational issue, many authors developed low-rank approximations

to the the complete Gaussian process avoiding the operations that have a computational

cost of O (N3). In the majority of cases, the basic insight is to approximate the term

Kff by a rank M < N matrix. The resulting matrix often has the computational cost

of O (NM2). These methods may be understood as a mathematical learning that

focus on a small number of (M) quantities that are considered very informative of the

Gaussian process posterior. This shows that the GP can be approximated like this [29].

The following subsections present different ways that were proposed to approximate

GP.

5.2.1 Inducing Point Approximations

One of the ways to approximate the Gaussian process is by inducing point ap-

proximations. In this approach, the n quantities that must be learned are function

values. These values are called inducing outputs and they are located at specific input

locations that are called inducing inputs. This approach contrasts with the coefficients

of the basis functions explained in the previous chapter. The insight that makes this

approximation possible is to reduce the number of input data points x to the GP from

n to m, where m < n. The set of m points are called inducing points. Reducing the
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number of input data points leads to a smaller covariance matrix K, with the potential

to reduce the computational complexity from O(n3) to O(nm2). This reduction in

computational complexity translates into a faster training and querying. Thus, this

approximation method seeks to discover which n inputs and constrained outputs (by

the GP prior) yield the most fit posterior to the true GP posterior.

5.2.2 Nystrom Approximation

The Nystrom approximation developed by Williams and Seeger [236] has the aim

of reducing the inversion cost of the covariance matrix in a Gaussian process. This

approximation consists of a procedure to generate a low rank approximation that is

suitable to any kernel matrix. This approach works by selecting m data points with

m ≤ n from the training set. This low rank approximation k̃ to the kernel matrix is

defined as follows

k̃ = kn,mk
−1
m,mkm,n (5.1)

where kn,m represents the kernel matrix associated with the n and m data-points in

the training dataset and the selected subset, respectively. Since the approximation

needs the inversion of only an mm matrix, the computation cost reduces from O(n3)

to O(m3). This approximation however presupposes that the data comes from a

low-rank manifold1, which requires that the data dimension is d < n. In this case,

the low rank approximation guarantees that there is not information loss. Although,

the selected m data-points influence the approximation. In this formulation, there is

still the possibility that some data-points will yield a low-fidelity approximation even

when the data is from a low dimensional manifold. However, since most datasets have

more datapoints than the number of features, this method is still applicable to most

cases. The selection of data points is essential to the performance of the Nystrom

approximation. In their work, Williams and Seeger used a random subset of m data

points in their approach [236] and reported that data selection process limited the
1A low-rank manifold is the set of m × n rank d, where m, n and d < min(m,n) are positive

integers. This low-rank manifold may be informally understood as the space of covariance matrices
that a given functional prediction relies on.
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performance of the method. This issue of the subset selection was addressed by Snelson

and Ghahramani [237] by the introduction of pseudo data, which means reformulating

the subset as part of the model parameters.

5.2.3 Pseudo Points Approach

The pseudo points gets its name because it does not necessarily correspond to

any data point in the dataset. Rather the pseudo data is assumed to be synthetic.

The pseudo points are computed using the maximum likelihood, which requires an

appropriate way to parameterise the Gaussian process. The work by Snelson and

Ghahramani [237] introduced a distribution over the pseudo points and considered a

joint distribution over latent representations of data from the training, testing and,

pseudo points given by f , f ∗ and m. The marginalisation of the pseudo points to

obtain the posterior distribution is as follows

p(y | x,m) = N
(
y | knmk−1

mmm,Λ+ σ2I
)

(5.2)

Λ = diag(λ) (5.3)

λn = knn − k⊤mnk
−1
mmkmn (5.4)

p (f∗,f) =

∫
p (f∗,f ,m) dm =

∫
p (f∗,f |m) p(m)dm (5.5)

p(m) = N (0, km,m) (5.6)

The use of the maximum likelihood to determine the pseudo points distribution has

one disadvantage - it has the risk of overfitting. Ideally it it would be better to use a

Bayesian approach to compute compute these pseudo points distribution conditioned in

the training data set. This approach however is not feasible and it becomes intractable

to analytical solutions of the pseudo points. The joint p(f∗,f) distribution of the

pseudo points approach can be written as follows

p (f ∗,f) =

∫
p (f ∗, |m) p(f |m)p(m)dm (5.7)
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5.2.4 Variational Inducing Points

The assumption underlying this joint distribution limits the information a Gaussian

process obtains from the information that the GP gets from the training set to be

induced only through the pseudo set, which are referred as inducing inputs. The

idea of treating the pseudo points as hyperparameters associating a prior over them

was introduced by Snelson and Ghahramani [237]. However, when compared to the

standard or default Gaussian process formulation, it resulted in an inaccurate posterior,

because of the kernel approximation. This issue was approached by Titsias [209]

using a variational approach. The variational approach establishes a lower optimisable

bound to determine the inducing inputs and the kernel hyper-parameters, resulting

in a tractable computation for the predictive distribution. The choice of the number

of latent variables is made through the pseudo points method developed by Titsias

and Lawrence [238] and explained in section 5.2.3, which works by cancelling out the

intractable terms in the variational bound. The bound, F , after this optimisation is:

FV = log
[
N (Y + 0,σ2I +Qnπ)

]
− 1

2σ2
Tr(K̂) (5.8)

Qnπ = knmk
−1
mmkmn (5.9)

k̃ ̸= knn = knmk
−1
mmkmn (5.10)

5.2.5 Stochastic Gradient Descent

This approach however lacked the factorisation term that is necessary for using

an stochastic gradient descent algorithm, which scales well to large datasets while

retaining the reduced model complexity of O(m3). Hensman et al. [239] improved

on this by developing a new bound that could be optimised with stochastic gradient

descent, as follows

FV =
n∑

i=1

{
logN

(
yi | K⊤

i K
−1
mmv, β

−1
)
−1

2
βk̃i,i −

1

2
tr (SΛi)

}
−KL(q(u)∥p(u))

(5.11)
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q(u) = N (u | v,S) (5.12)

Λ = βK−1
mmkik

⊤
i K

−1
mm (5.13)

Where u is the set of feature space representations of the inducing points and ki is the

ith column of kmn. A good reference that surveys sparse Gaussian process is Liu et

al. [235].

5.2.6 Likelihood Approximations

Another way to approximate a Gaussian process is by approximating its likelihood.

Snelson and Ghahramani [240] presented a inducing point approximations based on

approximations to the likelihood. In their approach the focus is on obtaining the

posterior made out n inducing points. These points are chosen with the goal of

speeding up the predictions. This is done by drawing from the posterior over the latent

function at some of the marginal likelihoods, which are determined by the inputs.

p(f(x) | y,x) = p(y | f(x),x)p(f(x))
p(y | x)

(5.14)

The marginalisation over f(x) gives the likelihood p(y), which in turn gives the

likelihood and posterior, as follows:

p(y | u,x) =
∫ ∏

i

p (yi | fi) p(f | u,x, x)df

= N
(
y;KfuK

−1
uuu, Kff −KfuK

−1
uuKuf + σ2I

) (5.15)

p(u | y,x) = N
(
u;Kuf

(
Kff + σ2

)−1
y, Kuu −Kuf

(
Kff + σ2I

)−1
Kfu

)
(5.16)

To obtain a first approximation in the likelihood, it is necessary to factor over each

observation. This approximated likelihood may be denoted by q(y | u)

q(y | u,x) = N
(
y;Kfuk

−1
uuu, diag[Σ] + σ2I

)
. (5.17)
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By using the so-called Woodbury identity [237], the inversion of the n× n matrix is

avoided. Thus, the computational cost is decreased.

5.3 Results and Discussion

This chapter has the goal of evaluating the entire spectrum of load cases using cheap,

but powerful surrogate models of the Gaussian process family. The previous section

introduced the topic of sparse approximation, which tend to improve the computational

capability of the conventional Gaussian process. As it was mentioned in the previous

chapter. The Gaussian process modelling using conventional (non-sparse) was made,

many computational issues, specially related to memory were encountered. During the

modelling using conventional (non-sparse) Gaussian process many computational issues,

specially, related to memory use were encountered. Possibly, such issues would not

affect a more powerful industrial machine. Nevertheless, the study and investigation

of computationally cheaper posterior approximations that maintain accuracy are very

desirable in engineering.

The standard Gaussian process showed in the previous chapter was extensively

modified to accommodate the so-called fully independent training conditional ap-

proximation (FITC). This approximation is designed to match the variances of the

conditional. However this is done with a certain flexibility between the training points,

in a way that the training points preserve some independence that is designed to reduce

the computational tractability [240]. The expression for the conditional in the FITC

approximation is given by equations 5.19.

pFITC(y | u) = N
(
f ; kfuk

−1
uuu, diag [Kff − qff ] + σ2I

)
(5.18)

q(f | u) = N
(
f ; kfuk

−1
uuu, diag [kff − qff ]

)
(5.19)

The posterior over u, the set of feature space representation, can be considered as an
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exact inference in a modified Gaussian process equipped with a kernel k̃:

k̃ (x,x′) =


k (x,x′) , if x = x′.

k(x, Z)k(Z,Z)−1k(Z,x) = kf(x)uK
−1
uukuf(x), otherwise

(5.20)

In the fully independent training conditional approximation, one can choose the

testing (f ∗ |) and the training conditional f to be exactly the same. Thus training and

prediction are connected to the kernel exact inference. FITC is limited in the sense

that its kernel mean has only n degrees of freedom. However, it has also the advantage

that the inducing points could be chosen using gradient based optimisation on FITC’s

marginal likelihood.

pFITC (y) = N
(
y; 0, qff + diag [Kff − qff ] + σ2I

)
(5.21)

In FITC, the exact solution is reconstructed in case of Z = x. When the inducing

points are optimised in a FITC approximation there is a tendency for this approximation

to deviate from the Gaussian process model. A major drawback is that it is not possible

with this approximation to assess its closeness to the exact solution. However, FITC is

still capable of providing the quantification of uncertainties.

An important field of further research is the application of iterative matrix inversion

methods to improve the speed and reduce the computational cost of inverting the

covariance matrix, which is central to any Gaussian process. This class of numerical

methods are designed to improve a numerical approximation to the inverse of a matrix

by the method of successive iterations. In principle, as long as these methods are

designed for positive-definite squared matrices, there should be gains in performance.

This is a strict requirement that must be obeyed because the covariance matrix in

Gaussian process is a positive define kernel. This type of kernel is key to GP because it

allows the intuitive idea of “similarity of patterns” to be mathematically encapsulated

in a positive define kernel. Such a positive definite kernel is able to reproduce a kernel
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Hilbert space2, which allows the use of the tools of functional analysis, which is the

basis for Gaussian process. Thus, any method iterative matrix inversion applicable

to squared positive-definite matrices may potentially improve the performance and

perform better.

5.3.1 Analysis and Limitations

Having explained the sparse approximation used, its application in load evaluation

may be analysed. It is important to note that the dataset that Airbus UK has provided

has the cases numbered, but not identified. Therefore, it is not possible to apply any

engineering judgement to evaluate whether the load distributions match reality or do

not. The sole guide of correctness is the data-driven approach used during the building

of the models that depends on the concepts explained in chapter 3. Thus, the following

model of shear, moment and torque for 21 cases of manoeuvre and 25 cases of gust is

completely evaluated for the baseline configuration.

SMT = GP loads(θ1, θ2, EI1, EI2, EI3, EI4, GJ1, GJ2, GJ3, GJ4, λ) (5.22)

SMT = S ∪ M ∪ T (5.23)

and GP loads = GPshear ∪ GPmoment ∪ GP torque (5.24)

In order to understand the results plotted in the next figures, it is important to note

that area contained between the two lines corresponds to the structural engineering

concept of “force envelope distribution” [233]. The force envelope distribution is the

visual representation of the maximum (upper design margin) and minimum force values

(lower design margin) that were probabilistic inferred during the calculation. The

minimum and the maximum force corresponds to the two points at each wing-station,

respectively. The shear, the moment and the torque envelope are thus shown in the
2In functional analysis, a reproducing kernel Hilbert space (RKHS) [241] is a Hilbert space of

functions in which point evaluation is a continuous linear functional. This means that two functions f
and g in the RKHS are close in norm, that is, ||f − g|| is small, then f and g are also point-wise close,
that is to say ||f(x)− g(x)|| is small for all x.
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figures, along with the uncertainty quantified for the upper and the lower design margin,

which are represented by the bars in each point. Having these two points, it is possible

to calculate a mean value and from this mean value we can estimate the 95% confidence

interval to which the gray area corresponds.

The first observation one can make for the group of load cases in figures 5.1 and 5.2

is that when taken together it seems that the surrogate models where able to capture

a myriad of flight physics conditions. The magnitude of the shear stress for manoeuvre

loads from 1 to 13 are positive. This is consistent with the sign convention showed

in chapter 3. Some “loads envelopes” are quite small, while others have large area,

indicating that on this load case there are many possibilities that can happen. Regarding

the quantified uncertainty, the smaller the bars, the less uncertainty associated. This

probably means that these are load cases associated with more “conventional” flight

conditions. The shear on load case 15 of the manoeuvre has an inflection point and

the uncertainty on each point is very large. Load cases 9, 14, 15, 18, 19 and 20 shows

interesting patterns and negative values.

Figures 5.3 and 5.4 shows the moment at manoeuvre conditions for 21 cases. All

the 21 cases have negative magnitude. Case 9 to 13 have very small confidence of

interval and the uncertainty is small when compared to other cases such as case 14

and 15. Again, this seems to be compatible to what is known of flight physics for an

aircraft. The torque load cases in 5.5 and 5.6 follow a pattern similar to the moment,

which is physically sensible.

It is interesting to note that all gust load cases in figures 5.7, 5.8, 5.9, 5.10, 5.11

and 5.12 have very interesting envelopes that are very large when compared with

the manoeuvre load cases. It is also possible to conclude that the gust conditions

experienced by the tip of the wing are less varied than in other segments of the wing.

5.4 Summary and Conclusions

In this chapter, the concept of sparse Gaussian processes was presented. Different

schemes of approximation were surveyed. It was highlighted that for conventional
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Gaussian processes, the computational requirements grow cubically, while the memory

grows with the square of the number of training points, n. Thus, sparse approximations

seek to solve this issue. They can be grouped into inducing point approximations, the

Nystrom approximation, pseudo data approach. variational inducing points, stochastic

gradient descent and likelihood approximations. All these approximations attempt to

reduce the computational cost by approximating the posterior computation in a less

expensive way.

Although the identification of the load cases were not disclosed by Airbus, it was

possible to verify that the surrogate models are capable of capturing a variety of

conditions and phenomena. Moreover, despite the drawbacks of the FITC sparse

formulation adopted, it can be concluded that they are superior in performance to

the conventional Gaussian process. Thus, in future endeavours of aircraft engineering,

specially for novel configurations, such approximations might offer a great extend in

capability. Moreover, novel technologies such as digital-twin and the introduction of

machine learning methods in aircraft certification are going to offer more opportunities

to the employment of special Gaussian processes that are capable of more predictive

power without sacrificing the performance.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

(m) (n) (o)

Figure 5.1: Calculated shear loads for 21 maneuver cases along the wingspan using
sparse GP approximation
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(p) (q) (r)

(s) (t) (u)

Figure 5.2: Calculated shear loads for 21 maneuver cases using sparse GP approximation
continued
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

(m) (n) (o)

Figure 5.3: Calculated moment loads for 21 maneuver cases along the wingspan using
sparse GP approximation
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(p) (q) (r)

(s) (t) (u)

Figure 5.4: Calculated moment loads for 21 maneuver cases using sparse GP approxi-
mation along the wingspan continued
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

(m) (n) (o)

Figure 5.5: Calculated torque loads for 21 maneuver cases using sparse GP approxima-
tion along the wingspan
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(p) (q) (r)

(s) (t) (u)

(v)

Figure 5.6: Calculated torque loads for 21 maneuver cases using sparse GP approxima-
tion along the wingspan continued
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

(m) (n) (o)

Figure 5.7: Calculated shear loads for 25 gust cases using sparse GP approximation
along the wingspan continued
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j)

Figure 5.8: Calculated shear loads for 25 gust cases using sparse GP approximation
along the wingspan continued
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

(m) (n) (o)

Figure 5.9: Calculated moment loads for 25 gust cases using sparse GP approximation
along the wingspan
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j)

Figure 5.10: Calculated moment loads for 25 gust cases using sparse GP approximation
along the wingspan continued
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

(m) (n) (o)

Figure 5.11: Calculated torque loads for 25 gust cases using sparse GP approximation
along the wingspan
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j)

Figure 5.12: Calculated torque loads for 25 gust cases using sparse GP approximation
along the wingspan continued
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Chapter 6

Robust Aerostructural Optimisation

for Improved Lift-to-Drag under

Design Load Margin Constraints

The final chapter of this thesis subsumes the previous chapters and a complete

optimisation solution involving the structural uncertainties and the design load con-

straints of the problem that motivated this thesis is presented. Section 6.1 discusses in

more detail the context and challenges of the problem. Section 6.2 introduces the basic

theory of Bayesian optimisation. Next, section 6.3 presents the complete formulation

and algorithm of Bayesian optimisation with multiple constraints. Section 6.4 presents

methods of sensitivity analysis that can be used to investigate how the outputs vary in

terms of the inputs. Based on the previous theoretical analysis and experiments, the

results of the robust optimisation for aeroperformance under constraint loads problem

are presented and discussed in section 6.5. Finally, in section 6.6, the main points are

restated along with the final conclusions.
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6.1 Introduction

In this chapter, the goal is to use all the knowledge contained in the previous

chapters to develop a powerful optimiser that can be used to perform the “optimisation

under uncertainties” in an aircraft programme, where the sizing of the aircraft is in an

advanced state, but there is still an opportunity to seek some gains in performance by

choosing an adequate tooling.

In accordance to previous chapters, the family of optimisers selected for this task is

the Bayesian one. This is not only to keep all the tools compatible with the Bayesian

paradigm, but also because Bayesian optimisation has unique attributes. Bayesian

Optimisation (BO) is a method of optimising expensive objective functions. These

objective functions are often the result of systems or problems involving distributed

design choices [60]. This versatility allows BO to be applied in a variety of products

and different fields. The end-products of the optimisation often comprises several

configuration parameters that require fine tuning, such as recommendation systems,

medical analysis tools, speech recognizers, real-time physics engines and self-driving

cars [60].

The problems that Bayesian optimisation is able to tackle may involve unusual

search spaces containing categorical, conditional, combinatorial or even causal inputs.

Additionally, it is assumed that the function f is a black-box function that has no

simple analytical form, but can be evaluated at any arbitrary query point x in the

domain. This evaluation yields stochastic (noise-corrupted or uncertain) outputs y ∈ R

that when taken as an expectancy results in E[y | f(x)] = f(x). Thus, Bayesian

optimisation offers great promises for both probabilistic modelling and also engineering

design.

6.2 Bayesian Optimisation

Bayesian Optimisation can be defined mathematically as the following problem.

The goal is to find a global maximiser (or minimiser) of an unknown objective function
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f :

x⋆ = argmax
x∈X

f(x) (6.1)

where X is the design space of interest. In global optimisation, X is often taken as a

compact subset of Rn, but it does not need to be restricted to that.

To perform a Bayesian Optimisation (BO) one needs to build a model that is often

referred to as a surrogate model or emulator. This model will be queried (or updated)

at each Bayesian iteration driving in this way the optimiser decisions. By observing

the Bayesian optimisation formulation in 6.1 one can notice that in the context of both

knowledge representation [242] and model-based machine learning [190], BO can be

considered a sequential model-based approach to problem solving [243] (see section

2.5.4 of chapter 2 for details).

Bayesian Optimisation in its simplest setting has three components: a surrogate

model, an objective function and an acquisition function. The optimiser queries the

objective function (often a surrogate model too) and builds its own surrogate model

for the objective function, f . An usual choice for this surrogate is Gaussian Process

regression (see section 4.2). Through the use of an acquisition function, the optimiser

is able to decide where to sample next. The purpose of the acquisition function, α,

is to evaluate the utility (or loss function) of candidate points for the next query of

f . In this way, the next query, xn+1 is chosen by maximising αn, where the index n

represents the optimiser iteration.

The choice of a Gaussian Process as the surrogate model implies that we can

prescribe a prior belief (see section 4.1) over the objective function parameters. Then,

via Bayesian posterior updating, at each iteration the optimiser will refine its model as

more data are observed. The Bayesian posterior represents our updated beliefs, after

the given data has been observed, on the likely objective function being optimised.

This probabilistic model allows the acquisition functions αn : X 7→ R to be sequentially

evaluated while leveraging the uncertainty in the posterior to guide the exploration. In

mathematical terms, given a dataset D and a likelihood model p(D | w), the posterior
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distribution p(w | D) is inferred using the Bayes’ rule:

p(w | D) = p(D | w)p(w)

p(D)
(6.2)

This posterior represents our updated beliefs about w after observing data D. The

denominator p(D) is the marginal likelihood, or evidence, and is usually computationally

intractable. The simplest Bayesian algorithm featuring its essential ingredients - an

acquisition and an objective function can be written the following algorithm 6.1:

Algorithm 6.1: Bayesian Optimisation Algorithm
Output: optimum xi

1 Place a Bayesian Gaussian Process prior on f
2 Observe f at n0 > 0 points
3 Set n = n0 and Dn = {(x1, y1), . . . , (xn, yn)}
4 for n = 1, 2, . . . , N do
5 Compute the posterior f | Dn using:

p(f |Dn) =
p(Dn | f)p(Dn)

p(Dn)
(Bayes Theorem) (6.3)

6 Compute the acquisition function αx based on the posterior.
7 Compute

xn+1 = arg max
x∈X

αn(x) (6.4)

8 Observe
yn+1 = f(xn+1) + ϵn+1 (where ϵ ∼ N (0, η2)) (6.5)

9

Dn+1 = Dn ∪ {(xn+1, yn+1)} (6.6)

Increment n
10 Return the point with the largest yi

The goal of the next section is to explain the acquisition functions used in this

research, without the complex mathematical machinery found in the specialised litera-

ture.

6.3 Acquisition Functions

As it was mentioned, Bayesian optimisation has fundamentally three components,

acquisitions functions being on them. In this work, any acquisition function is denoted
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by the Greek letter α. Acquisition functions have the purpose of informing and

deciding where the optimiser is going to sample next. Many acquisition functions are

first-principled meaning that they are derived from first principles such as information-

theoretic results such as entropy. The choice of an acquisition function is still somewhat

based on experiences. Yet, there are few theoretical guarantees that tell one which

acquisition function may perform better in a given problem. Thus, the selection of

an acquisition functions is still based on trial and error, test and comparison. Several

acquisition functions of engineering interests are presented in detail next, along with

its algorithm. In this way, the reader is able to get a brief overview of the different

acquisition functions without the need to access the Bayesian optimisation literature,

which at the present moment, is a bit arcane.

6.3.1 Expected Improvement

The first acquisition function that was derived and it is the first one a beginner is

likely to encounter is the expected improvement (EI) acquisition function. It was first

derived by Mockus [244]. EI computes the expected improvement for a given input over

the current best observed value. This acquisition function encourages both exploitation

and exploration because it is large for inputs with a low predictive mean (exploitation)

and/or a high predictive variance (exploration). If one’s goal is to evaluate an objective

function f at x, the expected improvement acquisition function is defined by

αEI = EI(x) = E [(t− y)+] =
∫ ∞

−∞
(t− y)+p(y | x)dy (6.7)

Considering that the model that learns (in machine learning sense) is a Gaussian

process, the predictive posterior distribution is a Gaussian. In this case, because of

Gaussian properties, the expected improvement has an analytical form:

EI(x) = σ(x)(z(x)Φ(z(x)) + ϕ(z(x))) (6.8)
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In the above expression at equation 6.8, the term z(x) equals t−µ(x)
σ(x)

. The predictive

mean is given by µ(x) at x, likewise the predictive variance is σ2(x) at x. Φ(·) is the

standard normal cumulative distribution function (CDF), and ϕ(·) is the standard

normal probability distribution function(PDF). This function is differentiable and fast

to compute, hence it may be maximised with a standard gradient-based optimiser. It

is easier to understand the expected improvement acquisition function by its algorithm,

such as shown in algorithm 6.2.

Algorithm 6.2: Expected Improvement
Data: Write here the required data
Result: Xt, Yt

1 Generate initial set of k points xk = (x(1), . . . , x(k));
2 Evaluate initial points yk = (y(1) = f(x(1)), . . . , y(k) = f(x(k)));
3 Set Xk , Yk to the subsequence of non-dominated solutions among Xk, Yk;
4 t← k;
5 while t < tmax do
6 Update the Gaussian model based on xt, yt;
7 t← t+ 1;
8 Choose

x(t) ∈ arg min
x∈X

EI(x,Yt) (6.9)

y(t) = f(xt) (6.10)

Xt = Xt−1 ◦ x(t) (6.11)

Yt = Yt−1 ◦ y(t) (6.12)

Set Xt, Yt to the sequence of non-dominated solutions among Xt, Yt;

9 return Xnd
t , Y nd

t

6.3.2 Probability of Improvement

The acquisition function known as probability of improvement seeks to compute

the probability of improvement for a given input point over the currently best observed

function value. Basically it puts a prior of over the results yielded by expected

improvement acquisition function. Its inner workings are shown in algorithm 6.3.

αPI(x) = EI(x) Pr(C(x)) (6.13)
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= EI(x)
K∏
k=1

Pr (Ck(x)) (6.14)

Algorithm 6.3: Probability Of Improvement
Data: D, Gaussian process prior, GP(0, k)
Result: Write here the expected result

1 for t = 1, . . . , T do
2 Choose

xt = argmax
x∈D

EI(x)
K∏
k=1

Pr (Ck(x)) (6.15)

3 Sample
yt = f(xt) + ϵt (6.16)

Perform Bayesian update to obtain µt and σt;

6.3.3 Negative Lower Confidence Bound

The last acquisition function presented in this section is the negative lower confidence

bound. This acquisition function is equivalent to the upper confidence bound, but

instead of maximising one would be minimising. Both acquisition functions work by

computing a lower/upper confidence bound for a given input. By inspection of the

equation 6.17, it is possible to notice that this acquisition function simply adds a

squared coefficient multiplying the variance. The lower confidence bound algorithm is

shown in 6.4.

αLCB(x) = µt−1(x) +
√
βtσt−1(x) (6.17)

In the next section, a common and well understood technique of sensitivity analysis

is presented. In this work, this technique is used to understand how the different

parameters related to one another and affect the models output.
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Algorithm 6.4: Negative Lower Confidence Bound
Data: D, Gaussian process prior, GP(0, k)
Result: Write here the expected result

1 for t = 1, . . . , T do
2 Choose

xt = argmax
x∈D

− α(x) = µt−1(x) +
√
βtσt−1(x) (6.18)

Sample
yt = f(xt) + ϵt (6.19)

Perform Bayesian update to obtain µt and σt;

6.4 Sensitivity Analysis

In this section, the goal is to present Sobol’s indices as a tool of global sensitivity

analysis. Sobol’s indices is a variance-based method that is already accepted by

the industry and considered robust and general. Sobol’s indices also work well with

surrogate models [136]. In this discussion, the system of interest (a surrogate) is

analised from a probabilistic perspective. In this way, the model input is treated as a

random vector x that is characterized by a joint probability density function (PDF) fx

with support Ix. Hence, this stochastic model may be represented as

y = M̂(x) (6.20)

This model has a joint probability distribution functionfy that is not known before the

propagation of uncertainties. For simplicity it is assumed that the interesting quantity

(IQ) is a scalar value and that the input parameters are composed by independent

and identically distributed (iid) uniform parameters, xi, in the interval [0, 1], the

Hoeffding-Sobol decomposition [245] is given by

y =M0 +
n∑

i=1

Mi (xi) +
∑

1≤i<j≤n

Mij (xi, xj) + . . .+M1...m (xi, . . . , xn) (6.21)

where

M0 = E[y] (6.22)
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Mi (xi) = E [y | Xi]−M0 (6.23)

Mij (xi, xj) = E [y | xi, xj]−M0 −Mi −Mj, (6.24)

This term M0 is the mean value. The terms of increasing order are conditional

expectations that are defined in a recursive way characterising an unique orthogonal

decomposition of the model response [124]. Thus, it is possible to decompose the total

variance of the response as follows

Var(y) =
∑
u

Var (Mu (xu)) (6.25)

where Var (Mu (Xu)) expresses the conditional variance for the sub-vector Xu, con-

taining the variables which indices are indicated by the subset u. The total variance

itself is given by

Su =
Var (Mu (Xu))

Var(Y )
(6.26)

As a result of this equation it is possible to verify that, for u ⊂ {1, . . . , n},u ̸= ∅,

∑
u

Su =
n∑

i=1

Si +
∑

1≤i<j≤n

Sij + . . .+ S1...m = 1 (6.27)

that is, by construction the sum of all the Sobol’ indices must be equal to the unit.

The terms

Si =
Var (Mi (Xi))

Var(Y )
, i = 1, · · · , n (6.28)

are called the first order Sobol’ indices for the single variable Xi and denote the

individual effect of Xi for the total model variate. Similarly,

Sij =
Var (Mij (Xij))

Var(Y )
, 1 ≤ i < j ≤ n (6.29)

are the second-order indices that contemplate the effect of the interaction between the

variables Xi and Xj. To measure the full contribution of the i-th random variable Xi

for the total variance either by its single effect or by its interaction with others, one
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can use the total Sobol’ indices, which are defined by

ST
i =

∑
u⊂{1,...,n}

Su i = 1, · · · , n (6.30)

The algorithm 6.5 illustrates how Sobol indices may be implemented in a numerical

code.

Algorithm 6.5: Sobol indices
1 Create two sample matrices A and B.
2 Total number of model evaluations is 2M(1 + p). Estimate the Sobol indices.

The first-order Sobol indices are approximated by

Si ≈

1
M

∑M
j=1

[
f(A)jf

(
B

(i)
A

)
j
− f(A)jf(B)j

]
1

2M

∑2M
j=1 f(C)jf(C)j − E2[f(C)]

(6.31)

and the total Sobol indices are approximated by

ST i ≈

1
2M

∑M
j=1

[
f(A)j − f

(
A

(i)
B

)
j

]2
1

2M

∑2M
j=1 f(C)jf(C)j − E2[f(C)]

(6.32)

6.5 Results and Discussions

This section presents the robust optimisation problem based on the previous

investigations. The algorithm 6.6 proposed is a modification of the algorithm proposed

by Gelbart [246]. The main modification is a loop (Σ) that allows different load cases to

be considered and evaluated. The algorithm used for constrained Bayesian optimisation

is shown in figure 6.6. An arbitrary acquisition function is denoted by simply α, without

any subscript. The constrained acquisition function is denoted by αC . Mathematically,

the full form of this acquisition function after the integration of the Gaussian process

hyper-parameter is

aC(x) =

∫
α(x | θ)p(θ | D)p (C(x) | x,D′, ω) p (ω | D′) dθdω (6.33)
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In the case where the acquisition function αC is not defined for some reason and one

probabilistic constraint is violated, α can’t be computed. Then, only the term on the

right is calculated, thus

αC =

L∑
l

K∏
k=1

Pr(gk(x)) ≥ 0 (6.34)

If the constraint in equation 6.34 is violated in all wing stations and load cases, the

objective function is ignored. The optimiser will then try to satisfy the probabilistic

constraint until all the constraints are satisfied.

Algorithm 6.6: Constrained Bayesian Optimisation Algorithm
Output: optimum xi

1 Place a Bayesian Gaussian Process prior on f
2 Observe f at n0 > 0 points
3 Set n = n0 and Dn = {(x1, y1), . . . , (xn, yn)}
4 for n = 1, 2, . . . , N do
5 Compute the posterior f | Dn using:

p(f |Dn) =
p(Dn | f)p(Dn)

p(Dn)
(Bayes Theorem) (6.35)

Compute the acquisition function α(x) based on the posterior.
6 Let

αC(x) = α(x) Pr(C(x)) = α(x)

L∑
l

k∏
k=1

Pr (Ck(x)) (6.36)

7 Compute
xn+1 = arg max

x∈X
αn(x) (6.37)

8 Observe
yn+1 = f(xn+1) + ϵn+1 with ϵ ∼ N (0, η2) (6.38)

Dn+1 = Dn ∪ {(xn+1, yn+1)} (6.39)

9 Increment n

10 Return the point with the largest yi

6.5.1 Single-Objective Robust Optimisation for a Single CL

Finally, having presented the necessary tools, it is possible to present and solve the

complete robust optimisation problem. As stated in chapter 3, the robust optimisation
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problem that motivated this research can be stated as

For the models at a given CL as:

∆(L/D) = GPaero(θ̄1, θ̄2, EI1, EI2, EI3, EI4, GJ1, GJ2, GJ3, GJ4, CL) (6.40)

SMT = GP loads(θ̄1, θ̄2, EI1, EI2, EI3, EI4, GJ1, GJ2, GJ3, GJ4, λ) (6.41)

Find

x∗ = argmax f : ∆
L

D
(CL) (6.42)

With respect to: θ̄1 and θ̄2

Subject to:

g1 : [1− βmin
ij ]⊤ · S < S < [1 + βmax

ij ]⊤ · S (6.43)

g2 : [1− βmin
ij ]⊤ ·M < M < [1 + βmax

ij ]⊤ ·M (6.44)

g3 : [1− βmin
ij ]⊤ ·T < T < [1 + βmax

ij ]⊤ ·T (6.45)

It is important to note that the objective function is denoted by f , that is

f : ∆
L

D
(CL) (6.46)

The aerodynamic model is the following

∆(L/D) = GPaero(θ̄1, θ̄2, EI1, EI2, EI3, EI4, GJ1, GJ2, GJ3, GJ4, CL) (6.47)

6.5.2 Acquisition Functions

The optimisation was performed using the algorithm 6.7 for a number of acquisition

functions which include expected improvement, probability of improvement and nega-

tive lower confidence bound for 1000 iterations. The results are shown in figure 6.1.

The lower confidence bound (LCB) acquisition function performed very poorly and was

not capable of identifying any feasible region. This behaviour of the LCB acquisition

function is explained by the fact that LCB, as other acquisition functions, contain
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terms for explicit exploitation µ(x) and exploration σ(x), as equation 6.17 states. With

LCB, the exploitation vs. exploration trade-off is straightforward and easy to tune via

the parameter βt. This means that when βt is small, the Bayesian optimiser(BO) will

favour solutions that are expected to have high βt. On the contrary, when is large, BO

rewards the exploration of currently uncharted areas in the search space. For the robust

optimisation problem dealt in this work it was not possible to tune this parameter in a

sensible way. Thus, this acquisition function performed poorly. The expected improve-

ment and the probability of improvement acquisition functions, however, performed the

best and were able to reach the expected aerodynamic improvement of ∆(L/D) = 0.03.

Figure 6.1: Performance of acquisition functions

6.5.3 Sobol Indexes for Sensitivity Analysis

To investigate the synergy of the parameters as stated in the introduction, Sobol

indexes are employed to a point close to the optimal. Sobol indexes were computed

by the algorithm 6.5. The results are shown in figures 6.2 and 6.3. Figure 6.2 shows

that the most relevant parameters are the wing jig twist. This was already expected,

since the bending and torsional stiffness are engineering parameters set out arbitrary

by the engineer. The measure of the full contribution of random variable θ1 is given by
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figure 6.3. As it is possible to observe both Sobol indexes are somewhat similar. The

Figure 6.2: Sobol indexes

most relevant parameter is θ1 which corresponds to the wing twist angle at the root.

Figure 6.3: Sobol index total effects

6.5.4 Robust Optimisation

The robust optimisation final plot is shown in figure 6.4, where the colours are

intended to give a sense of depth in the 3D plot. The acquisition function chosen for
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this optimisation procedure was probability of improvement. The criteria adopted is

based on an inspection of figure 6.1, which shows the behaviour of different acquisition

function during 1000 iterations. Due to its poor performance, the lower confidence

bound was immediately rejected. The choice between probability of improvement

and expected improvement was based on the maximum value obtained during the

optimisation and in the number of “peaks”, which suggests that for this particular

problem the probability of improvement is capable of achieving higher values, more

frequently and with less iterations than expected improvement.

Figure 6.4: Robust optimisation of the wing aerostructural response using probability
of improvement acquisition function

It is possible to conclude that it is possible to achieve a aerodynamic improvement
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of ∆(L/D) = 0.03 in the lift coefficient for a baseline configuration taking into account

manoeuvre and gust loads with design load margin constraints of 2% on the root and 1%

on the tip. As one can observe, the more aerodynamic improvement expected the less

risk in achieving it in the configuration studied. Figure 6.5 demonstrates the iterations

Figure 6.5: Points that violated the design load constraints

where the design load constraints were violated for the baseline case investigated. The

code is able to print out in which wing stations the load was excessive. Normally,

the violation happens at just one wing-station. In this cases, the optimiser is able to

calibrate and compensate for points nearby that satisfy the constraints. Interesting

enough, the optimiser can be thought as working over a surface that is the result of the

latin hypercube experimental design that is used to feed the optimiser with information

about the design space, before the first iteration of the optimiser. Each point correspond

to a quantity that is a tuple ∆L/D, θ1, θ2 with its uncertainties quantified. Thus, it is

necessary to observe figures 6.6 and 6.7 to inspect the uncertainties.
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Figure 6.6: θ1 versus ∆(L/D)

Figure 6.7: θ2 versus ∆(L/D)
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6.5.5 Advantages and Limitations of the Developed Framework

As it was stated in earlier chapters, robust optimisation is a branch of optimisation

theory that attempts to find an optimum robust solution, rather than a nominal one.

In current practice, one may consider to use a robust optimisation approach when

solving problems where robustness and reliability are more important than nominal

values. This usually happens when it is not possible or practical to have an analytical

mathematical expression or model that gives robustness and reliability metrics with

confidence. In such cases, it is not recommended to perform a robust optimisation with

a deterministic setting.

There are engineering problems where the uncertainty is presented in the assump-

tions of the engineering model. This is common in problems involving quasi-random

operating conditions, manufacturing processes and materials aging which introduce

deviations from the specifications and the operating conditions. For such problems, it is

more suitable to approach these problems by including random parameters representing

the known uncertainty in the design and in the control variables of the optimisation

problem.

An advantage of the adoption of Bayesian methods versus the current practice

(deterministic) is the capability to include uncertainties that are presented in the engi-

neering problem as “degrees of belief”. Usually, Bayesian robust optimisation methods

require the construction of a robust counterpart to an optimisation problem formulated

in a deterministic way. Thus, one can say that both methods are complementary to

each other and are designed to solve slightly different problems. Another advantage of

Bayesian methods is the fact that they are capable of given the nominal parameters as

well, for situations, where the statistical mean can be taken as such.

One of the limitations of the developed Bayesian robust optimisation framework

developed is the number of objective functions it can work it. Currently, it can

work with two objective functions only. Another limitation is the number

of design variables which is also two. The reason for these limitations in the

number of design variables lies in the Gaussian process that the optimiser uses which
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does not converge when more design variables are used. It is important to highlight

that these are limitations related to coding and not, in principle, to the method. The

kernel of Gaussian processes tend to be extremely reliable and work well in the current

implementation with at least 30 dimensions. The biggest limitation lies in the memory

because each model stored in the computer takes approximately 62 Mb.

6.6 Summary and Conclusions

In this chapter, the investigation on the robust optimisation problem was concluded.

The topic of Bayesian optimisation was presented. The results obtained in the previous

chapters were used to develop a solution that is capable of optimising the baseline

configuration and achieving an improvement of ∆(L/D) = 0.03 in the lift coefficient

for a baseline configuration taking into account manoeuvre and gust loads with design

load margin constraints of 2% on the root and 1% on the tip.
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7.1 Conclusions

In this thesis, different formulations of Gaussian processes and their applications in

uncertainty quantification and robust optimisation were investigated with the goal of

answering the problem set out in chapter 1:

How to perform the robust optimisation of wing twist (jig shape) to balance

aerodynamic performance and risk of exceeding the design loads margins

in the presence of structural uncertainties? (Chapter 6)

In order to properly address the robust optimisation problem with all the necessary

rigour, the research was presented in five chapters, which answers five questions:

• What is the state-of-art of uncertainty quantification and robust optimisation

methods? (Chapter 2)

• How can one formulate the robust optimisation problem using Bayesian proba-

bilistic modelling (Chapter 3)

• How can one rapidly evaluate flight loads, allowing uncertainty quantification

and robust optimisation? (Chapter 4)

• How can one rapidly and scalably evaluate flight loads, allowing uncertainty

quantification and robust optimisation? (Chapter 5)

Chapter 2 presented an overview of the state-of-the-art of uncertainty quantification

and robust optimisation methods. In particular, the chapter focuses on methods that

are compatible with the Bayesian paradigm, such as Gaussian process, multi-task

Gaussian process and deep Gaussian processes. The Bayesian approach, where the

previous knowledge is stated by means of a prior function and the state of knowledge

is described by a “degree of belief” instead. This, in turn, allows the creation of

multi-level probabilistic models that are able to compute the solution in terms of a

posterior distribution, which is parameterised by its mean and variance. Another field

that requires particular attention is digital transformation. Gaussian processes are
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particularly useful for aeronautical applications as opposed to alternative machine

learning formulations, because continuous systems as physical models tend to possess a

Gaussian distribution, as data becomes increasingly available. It was concluded that

a better general understanding of how to build probabilistic models is beneficial and

potentially has many applications in aeronautics. This, in turn, allows one to develop

industrial probabilistic models that use surrogates models to speed-up time-consuming

computations. Hence, a myriad of difficult problems can be approached, extending the

current engineering capability. Thus, the first objective set out in the introduction of

survey the probabilistic regression, uncertainty quantification and robust optimisation

methods was concluded.

In chapter 3, it was shown that the Bayesian approach offers a more intuitive

approach that can be applied recursively through the use of hierarchical Bayesian

modelling, when contrasted to the frequentist (non-Bayesian) approach. Based on the

concepts presented in the chapter, the robust optimisation problem was formulated.

As discussed in the chapter, this is by no means a trivial problem, because the dataset

structure tends to generate some level of confusion during the formulation. Nevertheless,

the seven step heuristics presented allows one to convert a deterministic problem into a

probabilistic one and is simple enough to be understood and adopted by the industry.

Thus, the second objective set out in the introduction was concluded.

In chapter 4 the use of Gaussian processes as surrogate models for the robust

optimisation problem set out in the introduction for a variety of manoeuvre and

gust loads was documented. This chapter also documents the necessity of employing

such models in an aircraft programme. In particular, its application in flight physics

activities. The models developed are capable of modelling the flight loads with a high

degree of accuracy for the interesting quantities with quantified uncertainties. It was

also shown that correlated parameters versus uncorrelated ones yield different results

despite the same statistics metrics.

In chapter 5, the concept and use of sparse Gaussian process was presented. The

common approximations were surveyed. It was highlighted that for conventional
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Gaussian processes, the computational requirements grow cubically, while the memory

grows with the square of the number of training points, n. Hence, the importance of

sparse approximations which seek to solve this issue. Although the identification of the

load cases were not disclosed by Airbus, it was possible to verify that the surrogate

models are capable of capturing a variety of conditions and phenomena. Moreover,

despite the drawbacks of the FITC sparse formulation adopted, it can be concluded

that they are superior in performance to the conventional Gaussian process. Thus,

in future endeavours of aircraft engineering, specially for novel configurations, such

approximations might offer a great extend in capability. Moreover, novel technologies

such as digital-twin and the introduction of machine learning methods in aircraft

certification are going to offer more opportunities to the employment of special Gaussian

processes that are capable of more predictive power without sacrificing the performance.

Finally, in chapter 6 the results of previous chapter were used to completely solve

the robust optimisation problem. It was possible to understand the synergies and

inter-dependencies of a number of design parameters, such as the wing sectional twist,

bending- and torsional stiffnesses on the overall aircraft lift-to-drag ratio using Sobol

indexes. Moreover, the results obtained in the previous chapters were used to develop

a solution that is capable of optimising the baseline configuration and achieving an

improvement of ∆(L/D) = 0.03, in the lift coefficient for a baseline configuration

taking into account manoeuvre and gust loads with design load margin constraints of

2% on the root and 1% on the tip

7.2 Recommendations for Future Work

The aim of this section is to provide future research directions based on the issues

addressed throughout the thesis and point out future possible directions in the context

of the so-called Digital Transformation.

It is recognised that despite the advances in Gaussian Process, in particular, in

sparse approximations and scalable methods, the GP models are in computational

disadvantage when compared to neural networks. This disadvantage results from the
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necessity in all Gaussian processes of inverting a matrix, which is usually accomplished

by Cholesky decomposition. Therefore, it is necessary to investigate the consequences

of more efficient matrix inversion algorithms in the inference procedure used by GPs

and its implications for its use in engineering. An important alternative to Gaussian

process as emulators are neural networks. However, the applications in aerospace

engineering are limited due to the fact that most neural networks operate on the black-

box assumption. This issue may be mitigated using a physically informed convolutional

neural network [247, 248]. This type of convolutional network is powerful enough to

model complex systems with the advantage that they are not completely disassociated

from the physical system which it intends to model. Another advantage that is worth

mentioning is its flexibility, which is enough to model the dependence between input

parameters and output parameters.

One very interesting application of Gaussian process that has research merit for

aeronautics is the Gaussian process latent variable model (GPLVM). GPLVMs are useful

for high-dimensional data problems in which the goal is to learn the low dimensional

underlying patterns from observations. GPLVMS combine characteristics of a Gaussian

process with a latent variable model (LVM). A LVM is a statistical model that relates

a set of variable to a set of latent variables by assuming that the responses (or output)

is controlled by them. Thus, these latent variables can be considered as functional

noise-free version of the observed variables. GPLVM models the functional variables

by a GP trained with low dimensional latent variables. In this way, the inference of

the latent variables is possible from data. A quick overview of the mathematics behind

a GPVLM is contained in the appendix ?? and a comprehensive review of GPLVMs is

provided by Li and Chen [249].

Future research may also focus on investigating few-shot learning (FSL). Few-shot

(or low-shot) learning (LSL) is a machine learning method designed to work with

training datasets that contain limited information. This does not only reduces the

data collection effort, but also reduces computational costs. Normally, ML algorithms

improve their predictive performance with higher volumes of data. FS methods may
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be useful in aeronautical design and high-value manufacturing, especially when applied

to novel experimental configurations where the data is sparse.

A very interesting idea and potential field for future research is causal Bayesian

optimisation, i.e, the seeking global optimal solutions of a problem where a causal

model is available. In causal optimisation problems, a sequence of interventions may

be performed according to the causal relations stored in a causal graph. This method

is very rich in applications, such as operational research, drug discovery, biology, but it

is particularly important in aeronautics, where usually the causal relations are widely

known given the maturity of the field and the knowledge of physical equations that

govern the flight. Causal Bayesian optimisation take advantage of such structure to

improve the optimisation process in terms of accuracy and computational cost and is

based on the do-calculus developed by Pearl [250]. The do-calculus is a effective way to

perform interventions in probabilistic model given that causal information is available.

Thus, Causal Bayesian optimisation balances the two classical trade-offs of conventional

optimisation, the exploration and exploitation, with observation-intervention, which is

operationalise through do-calculus. figure 7.1 shows a potential causal graph for the

problem treated in this thesis.

(a) (b)

Figure 7.1: Causal information stored in a graph data structure

In figure 7.1, a causal Bayesian optimiser would try to reach the global optimum

by firstly performing a sequence function queries, where all variables are manipulated.
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This manipulation happens in the sense of a probabilistic intervention in the sense set

by Pearl [251], which effectively does not break the statistical/probabilistic dependency,

resulting from the causal dependency, that exists among θ1, θ2 and EI1, EI2, EI3, EI4

and GJ1, GJ2, GJ3, GJ4. In causal Bayesian optimisation depending on the causal

relationships between variables, the intervention on a subgroup of the graph may lead

to better results and faster convergence to the optimum solution.

This work has focused on one sensitivity analysis method - Sobol indexes. How-

ever, further research should investigate other methods such as and Fourier amplitude

sensitivity testing, delta moment independent measures, derivative-based global sen-

sitivity measure and high dimensional model representation. These methods should

be compared especially in terms of their scalability and their capability to support

digital-twin technologies.

A very rich field for future research is the Model-Based Bayesian Engineering

framework presented in the appendix. It subsumes the previous chapters into a model-

based scheme designed to interconnect system-level parameters with subsystem. This

Bayesian framework even with its limitations is a potential candidate that is needed to

move to robust and scalable digital twin representation. The employment of directed

multi-graphs equipped with a compositional relation provides an alternative formulation

to the probabilistic graph factor model suggested for the synthesis of a digital-twin.

As an abstraction layer of the real yet-to-be-materialised system, it consists of a set

of mathematical expressions and operations written in a graph-theoretical way that

allows compositional relations. This may be used to model the subsystems as a set of

coupled dynamical systems within a system, that evolves over time-steps or iterations.

However, currently, the adoption of directed multi-graphs embedded in a tree data

structure to model the system-subsystem interaction raises many questions and opens

several paths for further investigation. The underlying formal background of this frame-

work corresponds to a hierarchical (or multi-level) joint probability distribution that

allows one to draw from well-established methods and techniques in Bayesian analysis.

Ideally, this includes the capability of performing sampling, design of experiments,
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uncertainty propagation, dimension reduction, sensitivity analysis and high-dimensional

visualisation. Another aspect of such framework that should be investigated is its

capability of working with surrogates or emulators based on different libraries. Ideally,

this should not be an issue since the framework operates based on input-output relation.

However, different size of data may result in difficulties during the coupling, which may

be approached using data fusion methods. To further improve the framework, different

algorithms may be proposed that can exploit the intrinsic structure and pattern in

each system and its subsystems, for instance, in aerospace systems. This structure

may benefit from a myriad of theorems, results, and techniques in the field of network

theory and optimisation. Moreover, the surrogate models or emulators employed in the

framework to guarantee the capability of uncertainty quantification and management

can be expanded to include different techniques, for instance, state machines. In

effect, such addition would connect the proposed Bayesian engineering framework with

cyber-physical systems, a step towards an executable model within the and digital twin

technology.

A carefully designed engineering framework that operates under the Bayesian

paradigm potentially is a key-enabler for the synthesis and simplification of a variety

of technologies being developed. Normally, it is accepted that highly complex systems

tend to correlate with higher maintenance and development costs, which may be even

prohibitive from different perspectives, such as managerial and engineering ones. Thus,

one can safely affirm that progress in engineering and science may also happen in the

opposite direction – by simplification. Therefore, the investigation of frameworks that

subsume and incorporate several concepts and methods in its mathematical formulation

is highly desirable. Moreover, this is the key to avoid the huge risks associated with

gigantic computational frameworks being currently developed. Such computational

frameworks compensate the lack of underlying mathematical assumptions with software

and tools coupling, hugely increasing the risks associated with managerial and software

integration challenges.

Another research direction that this work has identified is the possibility of de-
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veloping executable models. An executable model, by definition, is a model that

can be run, tested, debugged and measured for performance. Thus, an executable

model is a key-enabler technology for model-driven architecture (MDA). The Bayesian

framework built on the thesis content is a step towards MDA, since it has the potential

of connecting system-level mathematical expressions with subsystem-level. However,

this is preliminary work, and a number of questions remain without a clear answer.

One of these questions is how can we associate each system and subsystem with a

graphical language such as UML and SysML. The answer must be in the form of an

metamodel description defining the logical rules that effectively extend the UML/SysML

metamodel as defined by the Object Management Group (OMG) and a compiler that

reads the model and produces an executable verifiable model based on it.

The cyber-physical system above mentioned as a potential extension of the ideas

contained in this thesis and the proposed framework would have the additional feature of

combining multi-domain and multi-physics capabilities in a relatively lighter framework

than the approach of gigantic frameworks currently being undertaken. This is due to

the fact that it would such framework must operate on the premise of mathematical

primitives, in which all the complexity is built upon. This approach contrasts with

the tendency of building bigger software systems in large-scale projects involving

several stakeholders that are prone to too many project and management issues.

Further expected advancements in digital-twin technology converges with the executable

modelling and graphical description language path delineated. Since the proposed

technology is idealised to be used in collaborative tasks, issues and problems in project

management and its application in engineering design must be taken as well. In

addition to that, there are a number of information technology (IT) issues that cannot

be overlooked. For instance, such framework may be part of an client-server application

where a master model containing all the different models and version control is located

in the main server and each stakeholder corresponds to a client. This is also may be

used with the idea of AMBSE as reviewed in the chapter 2. On it different designs

may be developed, verified and tested and frequent computational checks and data
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may be gathered to monitor the project progress along with the uncertainty associated

with each process, allowing better in-run allocation of resources and time. As a

consequence, complex tasks such as technology portfolio allocation and optimisation

may be performed under a distributed risk basis.

Regarding future research directions in the application and widespread adoption

of machine learning methods in aeronautics, such as the ones used in this thesis, the

following recommendations for future research are made. These recommendations

for future research cover datasets, improvement of accuracy and robustness of ML

applications to aerospace, safety assurance in design/analysis, runtime assurance,

ML/AI Interpretability, and the use of ML in Safety-Critical Applications. The need is

urgent as Al/ML technologies are rapidly being deployed in other applications, driving

down the cost of implementations and increasing the confidence in these technologies.

Traditional aerospace industry stakeholders are eager to reap the potential benefits

of ML, such as design-oriented MBSE and its companion Digital-Twins, while new

applications such as hybrid/electric aircraft, unmanned systems and urban mobility are

driving the desire to transition these technologies from other domains into aerospace.

The main work of this thesis adopts a data-driven approach to robust optimisation

of a relevant industrial problem in the aeronautical industry. In the paradigm of the

fourth industrial revolution, the data set is expected to be a signification part of the

requirements specification and in some cases even being the requirements itself. Very

often, too many efforts are necessary in the process of data cleansing, a fact that not

only is time-consuming but prone to many errors. Thus, a very important direction

of research concerns the methods and ways to process datasets among stakeholders

in collaborative projects, where the dataset must be consistent with the requirements.

These requirements must refer data types, expected ranges, format and structure. This

is a step necessary to any model-based engineering project supported by future digital

twin solutions and must not be overlook. Thus, dataset management and curation in

aeronautical projects is a crucial area for research. Much can be gained by incorporating

principles of software engineering, DevOps and continuous improvement and integration
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approach to improve the data handling.
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A.1 Mathematical Background

A.1.1 Means and variances of conditional distributions

The mean µ and the variance σ of a random variable u can be expressed as the

conditional mean and variance given a related quantity v [205]. The mean of the

random variable u may be obtained by the average of the conditional mean over the

marginal distribution of v, that is

E(u) = E(E(u | v)) (A.1)

where the inner expectation averages over u, conditional on v, and the outer expectation

averages over v. The equation A.1 can be derived by writing the expectation of the

joint distribution of u and v and refactoring:

E(u) =
∫∫

up(u, v)dudv =

∫∫
up(u | v)dup(v)dv =

∫
E(u | v)p(v)dv (A.2)

The resulting variance has two terms, the mean of the conditional variance and the

variance of the conditional mean, respectively:

var(u) = E(var(u | v)) + var(E(u | v)) (A.3)

This result can be derived by expanding the terms on the right side of equation A.3:

E(var(u | v)) + var(E(u | v)) = E
(
E
(
u2 | v

)
− (E(u | v))2

)
+ E

(
(E(u | v))2

)
− (E(E(u | v)))2

= E
(
u2
)
− E

(
(E(u | v))2

)
+ E

(
(E(u | v))2

)
− (E(u))2

= E
(
u2
)
− (E(u))2

= var(u)

(A.4)

The expressions A.2 and A.3 also hold if u is a vector, in the case where E(u) is a
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vector and var(u) is a matrix.

A.1.2 Continuous distributions

The table A.1 introduce the notation, the probability density functions, the pa-

rameters, the means, modes and standard deviations for some analytical probability

distributions. These are useful because realistic distributions for complex multivariate

models containing hierarchical and mixture models may be constructed using these

probability functions as building blocks.

Distribution Notation Parameters

Uniform θ ∼ U(α, β)
p(θ) = U(θ | α, β) boundaries α, β with β > α

Normal θ ∼ N (µ, σ2)
p(θ) = N (θ | µ, σ2)

location µ, scale σ > 0

Lognormal θ ∼ lognormal(µ, σ2)
p(θ) = lognormal(θ, µ, σ2)

location µ, log-scale σ > 0

Multivariate normal
θ ∼ N (µ,Σ)
p(θ) = N (θ | µ,Σ)
(implicit dimension d)

symmetric, positive definite, d× d variance matrix Σ

Table A.1: Continuous probability distributions

A.1.3 Random variables

A random variable is a mathematical quantity that can take any arbitrary value

from a given set of values. Normally, in the Bayesian paradigm, a random variable is

used to model a “degree of belief”. In this way, one can say that a particular random

variables is distributed according to a probability distribution function. For instance,

for a continuous random variable x to be normal or Gaussian it must have a probability

distribution function of the form

fx(x) =
1√
2πσ

e−(x−µ)2/2σ2

(A.5)

where µ and σ are two scalar parameters characterising the Gaussian probability

distribution function, with σ assumed non-negative.
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A.1.4 Central Limit Theorem

The central limit theorem is a very important result in probability theory and in

Bayesian methods. This theorem states that when independent random variables are

summed up their sum tends toward the normal distribution, even in the case where

these independent variables are not normally distributed themselves. This implies

that statistical methods that work for normal distributions can be applicable to many

problems involving other types of distributions. Formally, it may be stated as follows:

If x1,x2,xn are random samples drawn from a population with mean µ and variance

σ2, and if x̄n is the sample mean of the first n samples, then the limit of the resulting

distribution, Z, is

lim
n→∞

(
x̄n − µ
σx̄

)
(A.6)

where σx̄ = σ√
n

is a standard normal distribution.

A.1.5 Kullback-Leibler (KL) divergence

The Kullback-Leibler (KL) divergence is a mathematical way of measuring the

matching between two probability distributions information theoretic terms Gibbs and

Su [252]. In Bayesian statistics, this is very useful because it allows us to measure how

close to the true distribution an approximation distribution really is. Mathematically,

the KL divergence is given by

DKL(p||q) =
N∑
i=1

p(xi) log

(
p(xi)

q(xi)

)
(A.7)

In the equation A.1.5, q(x) is the approximated distribution and p(x) is the true

distribution. Thus, one can say that the KL divergence measures how close a given

arbitrary distribution is to the true distribution. If they match, the result will be null,

i.e, DKL(p||q) = 0.
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A.2 Gaussian Process Latent Variable Model

Gaussian process latent variable models (GPLVM) may be understood as a variant

of Gaussian processes that can be trained in a supervised manner [253, 254]. GPLVMs

assume that the feature space is a latent space with an unknown data distribution that

is learned during the training phase. They can also be seen as a probabilistic variant

of principal component analysis (PCA) as shown by Lawrence[253, 254]. However, if

the function space is defined as non-linear space by a kernel function, the GPLVM

model can be interpreted as a probabilistic non-linear PCA. In this case, it is assumed

a standard Gaussian prior over the input space, that maximizes the log probability of

the dataset p(y |X, θ) with respect to the input data likelihood X.

The non-linearities associated with the kernel function makes the Latin space

distribution intractable that is they can’t be computed analytically. In this case,

however, Lawrence[253, 254] demonstrated that this latent space distribution can be

estimated using the expectation-maximisation algorithm, which returns the mode of

the data distribution. Gaussian Process latent variable models are also useful for

reconstructing input, which is useful it should be used in denoising tasks. GPLVMs

assume access to the full kernel matrix this means starring the entire training data

set and therefore presuppose the inversion of a full-kernel n × n matrix. However,

Lawrence[255] demonstrated that many sparse Gaussian approaches are compatible

with Gaussian process latent variable models.

The adoption of a sparse approach to Gaussian process latent variable models yields

a Maximum A Posteriori estimate of the latent space, which is prone to overfitting

of the training dataset. This overfitting issue is approached by proposing a Bayesian

approach [238]. This Bayesian approach consists at using a variational approach instead

of a Maximum A Posteriori solution to the latent space. This however introduces

intractabilities. The application of the pseudo points method by developed by Titsias
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and Lawrence [209] for GPLVMs, yields the following optimisation bound:

F(q) ≥ log

(∫
e
⟨logN(yd|αd,β

−1I)⟩
q(X)

p(md)dmd

)
(A.8)

− β

2
Tr
(
⟨Knn⟩q(X)

)
+
β

2
Tr
(
K−1

mm ⟨KmnKnm⟩q(X)

)
(A.9)

Here, q is the variational distribution over pseudo points m and α = KnmK
−1
mmm. The

subscript d is used to denote each dimension of the features. Algorithm A.1 shows how

GP-LVM works.

Algorithm A.1: Modelling with a GP-LVM
Data: A size for the active set d, a number of iterations T

1 Initialise X through PCA;
2 for T iterations do
3 Select a new active set using the IVM algorithm;
4 Optimise with respect to the parameter of K using scaled conjugate

gradients;
5 Select a new active set;
6 for Each point not in active set, j, do
7 Optimise with respect to xj using scaled conjugate gradients;
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A.3 Model-based Bayesian Framework and Graph-

based Optimisation

A.3.1 Introduction

In this section, the discussed probabilistic methods are generalise into a Model-Based

framework that allows Uncertainty Quantification and Robust Optimisation of a system

and its subsystems. Much of this work relates to digital twins and model-based systems

engineering. In this section a combination of Bayesian methods and a Model-based

framework that can be directly applied to engineering design is proposed. The aim

is to demonstrate how system methods may be used coupled to model-based systems

engineering and a design methodology to solve a complex multi-domain uncertainty

engineering problem.

A.3.2 Bayesian Engineering framework

Interesting
Quantities 

y1

y2

Model M

Design Analysis

Bayesian Optimiser

Bayesian Optimisation

Optimal design/process
Design 

variables

Uncertain
 variables

Objectives &
constraints

Design
constraints

Define
PDFs

x1

x2

x3

Initial design/process (s)

UQ & M
Sampling Methods
Design of Experiments
Uncertainty Propagation
Dimension Reduction
Sensitivity Analysis

Figure A.1: The proposed Engineering Bayesian framework

The aim is to demonstrate how previous chapters’ methods may be used coupled

to model-based systems engineering and a design methodology to solve a complex

multi-domain uncertainty engineering problem. To achieve this aim, it is interesting to

start with some assumptions.
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A.3.3 Assumptions

The entire framework as it is now may be stated as five ad hoc propositions:

1. The hierarchical system structure (or product structure) can be modelled as a

tree data structure.

2. A subsystem can be represented mathematically as a directed multi-graph.

3. A hierarchical (or multi-level) Bayesian model may be modelled as a directed

multigraph (see [256]) for demonstration.

4. A directed multigraph representing mathematically a subsystem can be embedded

on the node of a tree data structure.

5. The directed multigraph is equipped with a compositional (functional) relation-

ship.

For decomposable models, the multigraph can be used directly to factor the joint

distribution of the contingency table in terms of the generators of the model. In

particular, let M be the multigraph of a decomposable generating class, and let T be

any maximum spanning tree with set V (T ) of vertices and set B(T ) of branches. Then,

the joint distribution of a hierarchical model is

p (θ1, . . . , θJ) =

∫ J∏
j=1

[
N
(
θj | µ, τ 2

)]
p(µ, τ)d(µ, τ) (A.10)

where p (θ1, . . . , θJ) represents the probability associated with level θ1 of the first

factor, level θ2 of the second factor and level θJ of the Jth factor.

A preliminary sketch of how a Bayesian framework operating with multigraphs can

be constructed and applied is shown in figure A.2. The idea is to find a way to realise

sizing and optimisation on system-level and on subsystem-level as well.
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A.3.4 Notation

To differentiate between system and subsystem level description, the capital superscript is used in a given variable to denote a

system-level variable. To denote a subsystem, a lower case letter is used instead. Random variables are denoted by ~and emulators or

surrogates are denoted by ~.

Figure A.2: Directed multi-graph used to model a Bayesian hierarchical system
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A.3.5 Problem Solving Environment

An attempt to illustrate the possibility of an IDE that operates under the Bayesian paradigm is shown in figure A.3.

Figure A.3: Problem solving Environment
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A.3.6 Limitations

The present framework is still on a draft level. Despite its simplicity there are

a number of notions that require a deep mathematical exploration. For instance,

despite the use of multigraph, the weights in the arrows are functions. Therefore, they

represent compositional relationships that put this framework outside the realm of

graph theory. It is necessary instead to use Category theory to understand and develop

its mathematical relations.

A.3.7 Further Work

This Bayesian framework is still a proof of concept that requires extensive develop-

ment. However, it seems very promising because of its foundational ideas
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A.4 Software Engineering of the UQOPT Code

The aim of this section is to give a brief overview of some of the activities related

to software engineering that helps the development of in-house research codes. Thus,

the focus is in the object-oriented analysis and the design process adopted based on

the literature survey presented in chapter 2.

Many different notations for object-oriented designs were proposed in the 1980s and

1990s. One of the most successful notation is the Unified Modelling Language (UML),

which integrates many of the proposed notations into a single one. UML can describe

different models produced during an object-oriented analysis and design. This feature

made UML a de facto standard for object-oriented modelling. In UML, there are nine

standard diagrams to represent a particular “view” of the system or software to be

designed. They are divided in two major groups: static and dynamic view. The static

view which comprises the use case, class, object, component, deployment diagrams.

The dynamic view comprises the sequence, collaboration, state chart and the activity

diagrams.

The process of object-oriented modelling is complex and a detailed description

of the process is beyond the scope. The reader is referred to Fowler [257]. In this

section, however, it is presented the activity diagram representing a dynamic view of

the system and the class diagrams representing the static view. Activity diagrams

show the dependencies and are often used during the requirements gathering of the

process. They help in identifying use cases of a system and operations involved in

the realisation of a use case and can be attached to any model element to model its

dynamic behaviour. An example of activity diagram is show in figure A.4.

The activity diagram in figure A.4 shows how different operations are sequenced.

Based on it, one may infer an “analysis class”. An analysis class abstracts one or

more classes and are used to focus on handling functional requirements and defining

responsibilities. The structure of the code based on an analysis class is shown in figure

A.5. Thus, by referring to these diagrams, one is able to decompose each class in figure

A.5 into more specific classes that reflect the tools and techniques surveyed in the
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Figure A.4: UML activity diagram describing the main use case

literature review of chapter 2. The result (simplified) is shown in figures A.6, A.7, A.8

and A.9.
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class diagram metaclass Analysis

class Numerics

class UncertaintyQuantification

class BayesianOptimisation

class Probabilistic Regression

class Analysis

Figure A.5: UML class diagram showing the code structure

class diagram ProbabilisticRegression

class ProbabilisticRegression

class ScalableGaussianProcess

class DeepGaussianProcess

class SparseGaussianProcess

class MultiTaskGaussianProcess

class MultiOutputGaussianProcess

class SingleOutputGaussianProcess

Figure A.6: UML class diagram showing the Probabilistic Regression class

class diagram BayesianOptimisation

class ExpectedImprovement

class ProbabilityOfImprovement

class BayesianOptimisation

class BayesianNumerics

class NegativeLowerBoundConfidence

Figure A.7: UML class diagram for the Bayesian Optimisation class
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class Sampling

class UncertaintyPropagation

class DesignOfExperiments

class SensitivityAnalysys

class DimensionReduction

class diagram UncertaintyQuantif ication

class UncertaintyQuantification

Figure A.8: UML class diagram for the Uncertainty Quantification class

class diagram SensitivityAnalysis

class DGSM

class DeltaMoment

class FAST

class FractionalFactorial

class SobolIndexes

class MorrisMethod

class SensitivityAnalysis

Figure A.9: UML class diagram for the Sensitivity Analysis class
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Finally, the directory structure for the code is shown in figure A.10, as an example

of how to organise a research code that is capable of performing data-driven analysis

in an Jupyter Notebook or Jupyter Lab environment.

uqopt-dev
docs ← A default Sphinx project
datasets

raw ← The original, immutable data dump
models ← Code to train models and then use trained models to make
predictions
notebooks ← Jupyter notebooks
references ← Data dictionaries, manuals, and all other explanatory
materials
reports ← Generated analysis as HTML, PDF, LaTeX, etc
tests ← files for test-driven environment
uqopt ← source code for use in this project

analysis ← general analysis classes
benchmarks ← benchmark problems
bo ← Bayesian optimisation classes
pr ← probabilistic regression classes
plots ← code snippets for plotting
uqm ← uncertainty quantification and management classes
sa ← sensitivity analysis classes
utils ← utility and numerical classes

Figure A.10: Directory structure for the UQOPT code
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