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Abstract. This paper examines the effectiveness of a recent method
based on Kreiss’s constant minimization for designing output-feedback
compensators to control instabilities in a laminar plane Poiseuille flow.
The flow dynamics are highly non-normal, subsequently small distur-
bances may be substantially amplified and reach large transient values
that induce nonlinearities and lead to turbulence, even though such per-
turbations should eventually decay in a linear flow model. The maximum
transient energy growth and the Kreiss constant both convey informa-
tion regarding this transient behaviour. A Kreiss-constant-minimizing
controller is obtained and its effectiveness for the plane Poiseuille flow
control problem is demonstrated.

Keywords: Flow Control · Poiseuille Flow · Kreiss Constant · Transient
Energy Growth.

1 Introduction

Although Hagen first mentioned flows stability in 1839 and demonstrated it ex-
perimentally in 1854, assessing hydrodynamic stability is still recognised as one
of the most challenging problems to solve [5]. The transition from laminar to
turbulent flow is not fully understood yet but appears to be related to the pres-
ence of kinetic energy disturbances and their large transient amplification. In the
classical approach, the fluid flow dynamics is linearised about the laminar solu-
tion and stability assessed by investigating unstable eigenvalues in the linearised
problem. However, this stability criterion may apply only for state-trajectories
contained in a small neighbourhood of the laminar solution, and unfortunately,
many fluid flow dynamics happen to be highly non-normal. Hence, small per-
turbations may grow large by a linear mechanism until they are swept away
by non-linearities that lead to turbulence, even though such perturbations were
expected to decay according to the linear model [14]. As a consequence, predic-
tions made using eigenvalues analysis fail to match most experiments, notably
for flows driven by shear forces such as the Couette flow or the laminar plane
Poiseuille flow. Eigenvalues analysis for the latter predicts a critical Reynolds
number R = 5772 at which stability should first occur [10], but the transition to
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turbulence is observed experimentally at Reynolds numbers as low as R ≈ 1000
[4].

This gap between theoretical predictions and experimental results has lead
to the development of new approaches for assessing stability. One of those, based
on the premise that a flow is unstable only if the energy of the disturbance in-
creases with time, introduces the maximum transient energy growth. This quan-
tity conveys the transient amplification behaviour of flows and has proved to be
a suitable performance criterion for flows control, and notably for the problem
of controlling plane Poiseuille flow. This problem has already drawn consider-
able attention as reflected in the numerous controller design methods proposed.
For instance, [3, 12] and [9] investigates optimal linear quadratic methods and
use the maximum transient energy growth in the analysis of the design but not
explicitly in the design formulation. A state feedback control that minimizes an
upper bound on the maximum transient energy growth has been applied for
plane Poiseuille flow [16], but the approach is conservative and state feedback
is not available for fluid flow systems. This leads to model-order reduction ap-
proches [6]. The maximum transient energy growth output minimization problem
problem can be solved by a Q-parametrization [15], but the method is too com-
putationally expensive for the Poiseuille flow problem and results in extremely
high order controllers. Another approach based on the method of inequalities
has also been proposed in [8] but is again very computationally expensive and
suffers from local minima.

However, a new approach based on the minimization of the Kreiss constant
for the design of the minimizing transient growth compensator has recently been
proposed [2] with better results than the previously mentioned methods on a
numerical case study. This method is also a suitable candidate to deal with
larger order problems. Here we assess the effectivness of the method to control a
linearised model of plane Poiseuille Flow. Section 2 defines the maximum tran-
sient energy growth and presents its implication for control. The Kreiss constant
design method and the linear plane Poiseuille flow problem are introduced in
Sections 3 and 4, respectively. The design results are given in Section 5. Finally,
comments and conclusions are provided.

2 Transient Energy Growth

Consider the asymptotically stable linear time-invariant system described by the
following Cauchy Problem:

{
ẋ(t) = Ax(t)

x(0) = x0

(1)

where A ∈ Rn×n and x0 ∈ Rn. The continuous solution for this problem is given
by:

x : R+ −→ Rn

t 7−→ etA x0
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The transient energy growth E(t) corresponds to the square of the maximum
amplification of a system at time t to all possible initial condition:

E(t) := max
∥W x0∥=1

∥W x(t)∥2 = max
∥∥etA

∥∥2 (2)

where W > 0 is a constant weighting matrix. In order to obtain information
about the maximum amplification of a system to all possible initial conditions
at all times, the maximum transient energy growth Ê is introduced:

Ê := sup
t≥0

E(t), (3)

This definition can be extented to closed-loop systems: consider a linear time-
invariant plant transfer function G with state space:

G(s) :

{
ẋ(t) = Ax(t) +Bu(t)

y(t) = Cx(t)
(4)

where A ∈ Rn×n, B ∈ Rn×p, C ∈ Rm×n and y(t) ∈ Rm. The plant G is
connected to the dynamical output-feedback controller K:

K(s) :

{
ẋk(t) = Ak xk(t) +Bk y(t)

u(t) = Ck xk(t) +Dk y(t)
(5)

where Ak ∈ Rnk×nk , Bk ∈ Rnk×m, Ck ∈ Rp×nk , Dk ∈ Rp×m and xk(t) ∈ Rn
k .

The closed loop system is now given by:
{
ẋcl(t) = Acl xcl(t)

xcl(0) = xcl 0

(6)

where

Acl =

[
A+BDkC BCk

BkC Ak

]
, xcl(t) =

[
x(t)
xk(t)

]
and xcl 0 =

[
x0

xk 0

]

Since only the maximum transient energy growth associated with the plant
state needs to be minimised, the transient energy in the controller states is irrel-
evant to the problem under consideration. Therefore, the matrix J is introduced
for isolating the components of xcl(t) associated to the state of G. The max-
imum transient energy growth of the closed loop system, concentrated on the
plant state trajectories x(t) is denoted Ê(Acl) and is defined as follows:

Ê(Acl) := sup
t≥0

∥JT etAclJ∥2 (7)

where J := [In,0]
T
.

The measure Ê is used as a performance criterion for the controller K in its
process of minimising the transient amplification of the plant G.
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3 Plane Poiseuille Flow

Plane Poiseuille flow is steady unidirectional flow between two stationary infinite
planes, driven by an externally imposed pressure gradient. Furthermore, no-slip
conditions on both bounding planes are assumed. An overview of how a finite
state representation for the flow can be derived is presented here, but a more
comprehensive description of this derivation can be found in [7]. Consider the
Navier-Stokes equations associated to an incompressible steady base flow:

∂Vb

∂t
+ (Vb · ∇)Vb = −1

ρ
∇Pb +

µ

ρ
∇2Vb (8)

where Vb is velocity, Pb pressure, ρ is density and µ is viscosity. Because the fluid
is assumed to be incompressible and without no sources and sinks, the continuity
equation is given by:

ρ∇ ·Vb = 0 (9)

The velocity distribution in the fluid has a parabolic streamwise velocity profile
with a maximum velocity on the centerline as shown in Fig.1. If small transient
flow perturbations v, p are assumed in the flow, the Navier-Stokes equations
can be linearized and converted to a control-theoretic model using a numerical
discretization scheme. The linearized non-dimensional Navier-Stokes equations
are thus given by:

∂v

∂t
+ (Vb · ∇)v + (v · ∇)(Vb + v) = −∇p+

1

R
∇2v

∇ · v = 0
(10)

where R is the dimensionless Reynolds number. Since the state representation of
the flow can be obtained using fluid flow field velocity, pressure, and wall shear
stresses measurements, and, because the flow can be influenced by manipulations
of the conditions on the boundaries (using injection and suction of fluid at the
walls as shown for instance in Fig. 1), it is feasible to perform an active feedback
control of the evolution of transition in order to prevent perturbations from
growing and forming a self-sustaining turbulent flow.

In order to use standard finite-dimension control methods, the equations in
(10) are approximated by the following finite-dimension linear time invariant
system. {

ẋ = A(α, β,R)x+B(α, β,R)u

y = C(α, β,R)x
(11)

where the terms α and β are the streamwise and spanwise wave numbers which
characterize the spanwise and streamwise boundary conditions. The detailed
derivation can be found in [7].

The test case under consideration takes α = 50 and β = 52.044 for R =
55000. According to [8], this test case is linearly stable but has the largest tran-
sient energy over all unit initial conditions and time and wave-number pairs
(α, β), and represents the very earliest stages of the transition to turbulence.
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Fig. 1: Plane Poiseuille Flow Control System

4 Transient Energy Minimization Using Kreiss Constant
Feedback Control

Consider the asymptotically stable linear time-invariant system (1). The Kreiss
constant K(A) of the matrix A is defined as:

K(A) := max
Re(s)>0

∥(sIn −A)−1∥, (12)

The importance of this quantity is revealed by its involvement in the bound for√
Ê provided by the Kreiss Theorem (see [13], page 183):

K(A) ≤
√
Ê ≤ e · n · (A). (13)

where n = dimA and e is Euler’s number. Consequently the Kreiss constant is a
derived performance criterion for the minimisation of the transient amplification
of systems.

A recent method [2] shows that feedback control can be employed to make
the Kreiss constant in closed loop significantly smaller. The method takes ad-
vantage of the re-expression of the Kreiss constant as a well-known and very
convenient H∞-performance analysis program. Consider the closed-loop system
(6). Similarly to how the maximum transient energy growth has been extended to
closed-loop systems, [2] introduces the Kreiss constant K(Acl) of the closed-loop
system concentrated on the plant state trajectories:

K(Acl) := max
Re(s)>0

∥∥∥JT (sI−Acl)
−1

J
∥∥∥ (14)

Using the re-expression proposed in [2]:

K(Acl) = max
δ∈[−1,1]

∥Ta
w z(δ)∥∞ = max

δ∈[−1,1]
∥δ · I ⋆Pa ⋆Ka∥∞ (15)
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where the worst-caseH∞-norm ofTa
w z(δ) := δ·I⋆Pa⋆Ka needs to be determined

over parametric uncertainties δ. In order to define explicitly the plant Pa, the
augmented system, given by matrices Aa, Ba, Ca and the augmented state
vector xa := xcl is introduced. The state representation of the augmented system
verify Acl = Aa +BaKaCa, which implies that:

Aa :=

[
A 0
0 0nk

]
, Ba :=

[
0 B
Ink

0

]
, Ca :=

[
0 Ink

C 0

]
, Ka :=

[
Ak Bk

Ck Dk

]

The plant Pa(s) can then be defined as:

Pa(s) :





ẋa = (Aa − In+nk
)xa +

√
2 · wδ + Jw +Ba u

zδ = −
√
2 ·Aa xa − wδ −

√
2 ·Ba u

z = JT xa

y = Ca xa

(16)

Pa(s) represents the transfer function between (wδ, w, u) and ( zδ, z, y) and is
in an upper Linear Fractional Transform (LFT) with the block wδ = δ ·I zδ, and
a lower LFT with the control block u = Ka y. This is represented in Fig. 2, where
a gain matrix Q is introduced for simplifying the block diagram representation :

Q :=

[
−In

√
2 · In

−
√
2 · In In

]

As shown in the Kreiss theorem, synthesizing a controller that minimizes the
maximum transient energy growth can be achieved by synthesizing a controller

w J
+

+

∫
JT z

+
−

+
+

Aa

Q

Ka

Ba Ca

δ · I

ẋa
• ••

y u

wδ zδ

Pa(s)

Fig. 2: Block Diagram of Kreiss Constant Re-expression
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that minimize K(Acl). The latter problem is given by the following program:

min
Ka∈K

K(Acl(Ka))

⇐⇒ min
Ka∈K

max
δ∈[−1,1]

∥δ · I ⋆Pa ⋆Ka∥∞
(17)

where K is a set of controllers with prescribed structure. The program in (17)
involves several sources of non-differentiability including the H∞-norm and the
semi-infinite maximum over δ ∈ [−1, 1]. Solving this program is equivalent to
solving anH∞-parametric robust synthesis problem for the plant δ·I⋆Pa⋆Ka. An
algorithmic approach to tackle this problem, presented in Algorithm 1, has been
proposed in [1] and is used in [2]. In order to reduce the computational complexity
of the initial problem, Algorithm 1 reduces the large number of scenarios δ ∈
[−1, 1] to be considered by operating on a significantly smaller representative
set I ⊂ [−1, 1] that contains dynamically generated parameters associated with
problematic scenarios.

Algorithm 1: Parametric Robust Synthesis [2]

Step 1 Initialization:
Initialize the bad scenarios set as I = {0};

Step 2 Multi-Model Synthesis:
Given a finite set I ⊂ [−1, 1] of scenarios, perform a multi-model H∞
synthesis

h∗ = min
Ka∈K

max
δ∈I

∥δ · I ⋆Pa ⋆Ka∥∞

and obtain the multi-scenario controller K∗
a ∈ K ;

Step 3 Destabilization:
Compute the worst-case scenario δ∗ ∈ [−1, 1] by solving

α∗ = max
δ∈[−1,1]

α(δ · I ⋆Pa ⋆K∗
a)

If δ · I ⋆Pa ⋆K∗
a is unstable (α∗ ≥ 0), add δ∗ to the bad scenarios set I

and go back to Step 2. Otherwise (α∗ < 0) continue ;

Step 4 Degradation:
Compute the worst-case performance scenario δ∗ ∈ [−1, 1] by solving

h∗ = max
δ∈[−1,1]

∥δ · I ⋆Pa ⋆Ka∥∞

Step 5 Termination:
If h∗ < (1 + tol)h∗, thee degradation is only marginal so accept K∗

a and
continue to Step 6. Otherwise add δ∗ to the bad scenarios set I and go
back to Step 2 ;

Step 6 Certification:
Use a method to certify the final value h∗;
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5 Results

5.1 Open-loop

The transient energy E(t) of the linearized system with no wall transpiration

control is shown in Fig. 3. The maximum transient energy growth is Ê = 2873.97.

Fig. 3: Transient Energy for Open-loop System

5.2 Kreiss Constant Minimizing Controllers

Algorithm 1 is implemented using MATLAB, and the HINFSTRUCT facility used
for the H∞-synthesis in step 2. For the implementation of the global maxi-
mum search involved in both steps 3 and 4, the set [−1, 1] is discretized and
rough estimates of the local maxima are determined using the MATLAB func-
tion islocalmax. Precise estimates are then obtained from a bisection search
applied on intervals centred on each of the rough estimates. This approach is
more naive than the algorithmic solution proposed in [1], but still provides good
results and has the advantage of having a low computational burden while guar-
anteeing a fast convergence to the global maximum α∗ and h∗. However, the
gain in simplicity is at the expense of poor robustness of the algorithm, which
sometimes fails to stabilise the closed-loop system. A more comprehensive de-
scription of the implementation process of the algorithm and its limitations can
be found in [11].

The program has been tested for computing dynamic controllers of order 2,
3, 4 and 5. The results from the best controllers obtained for 10 restarts are
presented in Fig. 4. The explicit definition of thee controllers can be found in
[11], Appendix B.

A summary of the results is presented in Table 1. The results show a clear
relationship between the controller order and its effectiveness for minimising
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(a) Controller dimension 2 (b) Controller dimension 3

(c) Controller dimension 4 (d) Controller dimension 5

Fig. 4: Transient Energy for Closed-loop System

the maximum transient energy growth: the greater nk is, the lower Ê(Acl) gets.
These results exceed those found using competing methods since the best con-
troller (nk=5) reduces the open-loop maximum transient growth by two orders
of magnitude. For comparisons, the approach based on the method of inequal-
ities [8] obtained in the best case Ê = 2690.5 and the approach from [16] to

Ê = 825, our results are substantially better with Ê = 53.3. Nonetheless, an
unbiased comparison with those previous approaches is difficult since the order
of our controllers is significantly greater than the order of controllers found with
the competing methods. In particular note that the program returned controllers
with impracticable large control gains and low decay rates (see Fig. 4b).

6 Conclusion

In this paper, the design of controllers for plane Poiseuille flow using Kreiss
constant minimization has been performed. The best state feedback controller is
obtained for nk = 5 with a value of Ê = 53, 3. This is considerably lower than the
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Table 1: Summary of the Results.
Controller Order nk 2 3 4 5

Ê(Acl) 333.3 200.8 155.1 53.3
K(Acl) 122.49 122.61 122.92 124.35

best value obtained using competing methods. However, the controllers obtained
are high order and high gain, and although they lead to low maximum transient
energy growth, it is clear that those controllers do not necessarily produce prac-
tical control system designs. The aim is not necessarily to synthesise controllers
that meet all desired closed-loop specifications but to determine the minimum of
the maximum transient energy gain so that designers can judiciously establish
specifications for the controller, i.e. to establish a performance benchmark.

Moreover, Algorithm 1 is very sensitive to the algorithm parameter, particu-
larly to the size of the sampling interval involved in the discretization of [−1, 1]
in steps 3 and 4. Furthermore, since the starting point used for the optimisa-
tion process in step 2 is random and because our algorithm has no guarantee of
converging to the optimal solution, our results are hardly repeatable.

A particular difficulty with the implementation of the global maximum searches
in step 3 occurs when δ → −1. The value δ = −1 must be excluded from
the search, but the resulting half-open interval can cause numerical difficulties
which sometimes lead to the search missing destabilizing peaks and thus to a
non-stabilizing controller. A more comprehensive description of those limitations
is presented in [11]. Consequently, future investigations of new algorithmic ap-
proach for solving program in steps 3 and 4 are necessary to validate the kinds of
conclusions that can be drawn from this study for the plane Poiseuille flow. The
solutions proposed in [1, sections IV.A and IV.B] might be suitable candidates
for further research.
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