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Abstract 11 

Bubble aeration has been widely applied in water/wastewater treatment, however its low 12 

gas utilization rate results in high energy consumption. Micro-nanobubble (MNB) is an 13 

emerging technology that has the potential to significantly increase gas utilisation due to 14 

their high relative surface area and high gas-liquid mass transfer efficiency. In this study, we 15 

demonstrate through calibrated models that MNB of an optimum bubble size can shrink and 16 

burst at or below the water surface enabling 1) all encapsulated gas to thoroughly dissolve in 17 

water, and 2) the bursting of nanobubbles to potentially generate free radicals. Through the 18 

understanding of MNB dimensional characteristics and bubble behaviour in water, a dynamic 19 

model that integrated force balance (i.e. buoyancy force, gravity, drag force, Basset force and 20 

virtual mass force), and mass transfer was developed to describe the rising velocity and 21 

radius variation of MNB along its upward trajectory. Unlike for conventional millimetre-sized 22 

bubbles, intensive gas dissolution of MNBs led to radius reduction for small bubbles, while a 23 

large initial radius triggers bubble swelling. The initial water depth was also crucial, where 24 

greater depth could drive the potential for bubble shrinkage so that they were more liable to 25 

contract. For example, the optimum bubble size of air (42-194 μm) and oxygen (127-470 μm) 26 

MNB that could achieve a complete gas transfer (100% gas utilisation) at certain water 27 

depths (0.5-10 m) were calculated. The modelling results of microbubble (10-530 μm) were 28 

well validated (R2>0.85) by the experimental data. However, the performance of nanobubble 29 

(<1 μm) aeration remained elusive due to a lack of experimental investigations. In this study, 30 

the proposed model and results can provide a new insight into understanding the bubble 31 
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dynamics in water and provide fundamental guidance for practitioners to upgrade the 32 

bubble aeration system. 33 

Keywords: Bubble dynamics; gas-liquid transfer; micro-nanobubble technology; water and 34 

wastewater treatment 35 

 36 

1. Introduction 37 

Bubble aeration has been widely applied in many areas for water and wastewater treatment, 38 

energy production, aquaculture and chemical engineering (Fan et al., 2021; Courtney et al., 39 

2021). Conventional millimetre-sized bubbles aeration offers effective mixing consequent but 40 

with limited oxygen transfer efficiency (6-10%), for example in activated sludge treatment 41 

plants (Zhang et al., 2020). Bubble size can significantly affect the gas-liquid mass transfer, 42 

where small bubbles are more efficient due to the increased gas/liquid contact area and 43 

extended bubble residency time in solutions. Therefore, micro-nanobubble (MNB) 44 

technology, with a reported oxygen transfer efficiency of 30–100% (Muroyama et al., 2013; 45 

Abadie et al., 2022), has recently been developed and utilised in biological, chemical and 46 

environmental applications (Azevedo et al., 2016; Temesgen et al., 2017).  47 

During conventional bubble aeration, large bubbles in the water will rise, swell, and collapse 48 

at the water surface, which results in low gas-liquid transfer efficiency. On the contrary, MNB 49 

may shrink and burst at or below the water surface due to the lower buoyancy and high gas 50 

transfer rate. However, the basic definition/categorisation of MNBs remains inconsistent. 51 

Takahashi et al. (2007) and Terasaka et al. (2011) labelled microbubbles or fine bubbles as 52 

tiny bubbles with sizes in the range of 10-50 or 10-60 μm, respectively. Agarwal et al. (2011) 53 

categorized bubbles under the size of 200 nm as nanobubbles. Seddon et al. (2012) reported 54 

that bulk nanobubbles were observed in solutions, with typical radii of curvature of 50-100 55 

nm. Zimmerman et al. (2011) defined nanobubbles as bubbles having sizes in the range of 1 56 

nm to 1 μm. In 2017, the published standard of ISO 20480-1:2017 defined a fine bubble 57 

(microbubble) as a bubble with a volume equivalent diameter of less than 100 μm and an 58 

ultrafine bubble (nanobubble) as a bubble with a diameter of fewer than 1 μm (ISO, 2017). In 59 

many cases, researchers lumped the microbubbles and nanobubbles together and called 60 

them ‘micro-nano bubbles’ without strict partition. In terms of real implementation, 61 
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practitioners need clear guidance in choosing the specific size of MNB for aeration. The 62 

application of bubbles with the optimum size can also avoid energy waste caused by the 63 

excessive pursuit of the production of ultrafine bubbles. 64 

Besides the characteristics of small bubble size and large specific surface area, MNBs also 65 

show various fascinating properties of the negatively charged surface and the capability of 66 

generating free radicals to promote pollutant removal (Takahashi et al., 2007). Therefore, 67 

MNBs have also been used to remediate hydrocarbon-contaminated soil (Agarwal et al., 68 

2016), reduce surface (membranes) fouling (Ghadimkhani et al., 2016), and remove 69 

micropollutants in wastewater (Li et al., 2009). Although the importance of free radical 70 

generation from the collapse of micro-nanobubbles has been questioned for the range of 71 

size bubbles (1-100 µm) typically seen for most microbubble generators (John et al., 2022a). 72 

For smaller bubbles with low nm scale (<200 nm), some studies have either directly 73 

monitored or indirectly demonstrated the function through experimental investigations 74 

(Tang et al., 2021). Takahashi et al. (2007) proposed a theory based on the accumulation of 75 

ions to explain radical generation from collapsing microbubbles. The shrinking of the bubble 76 

leads to the accumulation of ions near the interface, resulting in a rapid increase in the 77 

absolute value of the ζ potential (Takahashi, 2005). Then, the drastic environmental change 78 

caused by the extinction of the gas-water interface triggers radical generation via the 79 

dispersion of the elevated chemical potential that has accumulated around the interface 80 

(Takahashi, et al., 2012). Yasui et al. (2018b) claimed that the temperature and pressure 81 

inside a bubble increased to about 3000 K and 1-5 GPa, respectively, at the final moment of 82 

bubble dissolution due to the quasi-adiabatic compression. These extreme conditions thus 83 

led to another possible mechanistic route for hydroxyl radical generation. Therefore, 84 

delivering an appropriately sized bubble that can shrink at or below the water surface can 85 

not only achieve the completed gas utilisation during aeration but also generate activated 86 

oxidizers to boost the treatment. 87 

To obtain the perfect bubble size for aeration, it is important to understand the dynamics of 88 

the bubble rising in water, including the rising velocity and diameter change. Stoke's law, 89 

Davies and Taylor’s equation, or Hadmard-Rybczynski's equation (H-R equation) are the most 90 

commonly used models to estimate the terminal velocity of a single sphere bubble at a low 91 

Reynolds number (even approaches to zero) (Parkinson et al., 2008; Parmar et al., 2015; Liu 92 
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et al., 2016). These readily applied analytic formulas were developed to establish the 93 

relationship between the specific diameter of the bubble and the terminal velocity in ideal 94 

conditions (uniform motion), thus could not describe the dynamic changes. The 95 

Epstein-Plesset theory (Plesset and Satwindar, 1982) and models proposed by Yasui et al. 96 

(2018b) and Xue et al. (2022) describe the gas diffusion, heat transfer, and energy 97 

transformation over time for a dissolving bubble. However, these models do not consider the 98 

bubble rising in the liquid because their focus was on the bubble dynamics at the final 99 

dissolution stage when the rising velocity of a bubble with a diameter in the tens of 100 

nanometre range could be ignored. Hirai et al. (2015) also proposed a theoretical equation 101 

for the change of microbubble diameter, but it was assumed that the change rate was 102 

constant during the rising process, which disagreed with the conventional view that the rate 103 

of bubble shrinkage increases as bubbles rise (Yasui et al., 2016). Therefore, the development 104 

of the theory and an integrated dynamic model are urgently needed to determine the 105 

threshold diameter for the best MNB aeration. 106 

The study aims to develop and investigate a numerical model that can identify the optimum 107 

bubble size for the MNB aeration for thorough gas transfer and free radicals generation. We 108 

claim that only a bubble with a radius smaller than the threshold value can collapse below 109 

the water surface and achieve the best MNB aeration (Fig. 1a). The model considered both 110 

force balances (buoyancy force, gravity, drag force, Basset force, and virtual mass force) and 111 

mass transfer of a gas bubble rising in water. Additionally, the experimental data from the 112 

literature were collected to validate the model. Finally, the optimum bubble size of air and 113 

oxygen MNB at certain water depths (0.5-10 m) was calculated. The proposed model and 114 

results aim to provide a new insight to understand the bubble dynamics in water and 115 

fundamental guidance for practitioners to upgrade the bubble aeration system. 116 
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 117 

Fig. 1. The framework of the proposed model. (a) Only the bubbles with a radius smaller than the 118 

threshold value would collapse below the water surface, dissolve all gas inside the bubble and 119 

potentially generate free radicals. (b) The total net force that acts on the bubble determines the 120 

velocity and acceleration. (c) The variation of bubble radius depends on the initial radius, the 121 

difference in pressure and gas concentration inside and outside the bubble, and mass transfer 122 

coefficient. 123 

 124 

2. Materials and methods 125 

2.1. Model descriptions 126 

The model framework is shown in Fig. 1 which considers a single isolated gas bubble in water. 127 

There are five forces (Fig. 1b) that act on the bubble (Kulkarni and Joshi, 2005; Muhlbauer et 128 

al., 2019). The buoyancy ( bF ) is an upward force, while the gravity ( gF ), drag ( dF ), Basset 129 

( BF ) and virtual mass ( AF ) are the downward forces. Interactions between these forces are 130 

determined by gas density ( gρ ), surface tension (σ ), viscosity (µ ) and initial bubble size 131 

producing various effects on the rising trajectories and radius ( r ) variation. The variations of 132 

the inertial and viscous energy dissipation were considered to quantify the drag force. The 133 

bubble size and velocity at a specific time during the rising process were calculated as a 134 

function of bubble size, gas type and water depth. At a specific flow regime, the radius of the 135 

bubble that will shrink and precisely collapse at the water surface was determined as the 136 

corresponding threshold value. To simplify the bubble rising process, all analyses are 137 

implemented based upon the following commonly used assumptions (Kulkarni and Joshi, 138 

2005; Yasui et al., 2016; Xue et al., 2022): 1) The bubble remains spherical during the rising 139 

process; 2) The surrounding water is static; 3) The temperature inside the bubble remains 140 
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stable most of the time and only increases to about 3000 K at the final moment (in several 141 

picoseconds) of collapse; 4) Gas inside the bubble is ideal; 5) The initial rising velocity equals 142 

zero at time =0 st . 143 

2.1.1. Description of the bubble rising and trajectory 144 

According to Newton's Second Law, the balance of forces can be presented as Eq. (1): 145 

 +g g b d A B
dum F F F F F
dt

= + + +  (1) 146 

where gm  is the mass of the gas bubble; u  is the rising velocity of the bubble at a time t . 147 

All these forces are given as follows (Kulkarni and Joshi, 2005; Moreno-Casas and 148 

Bombardelli, 2016; Muhlbauer et al., 2019) 149 

 34
3g gF r gπ ρ= −  (2) 150 

 34
3b lF r gπ ρ=  (3) 151 

 2 21
2d l DF r u Cπ ρ= −  (4) 152 

 34
3A l m

duF r K
dt

π ρ= −  (5) 153 

 2

0

t

B B l
du dF K r
d t

τπρ µ
τ τ

= − ⋅
−∫  (6) 154 

where gρ  and lρ  are the densities of the gas and liquid, respectively; g  is the 155 

acceleration of gravity; τ  is a dummy integration variable; mK  is the virtual mass 156 

coefficient and is commonly set to 0.5 (Feng and Bolotnov, 2017); BK  is the Basset 157 

coefficient and equal to 6 (Chuang and Hibiki, 2017); DC  is a drag coefficient that is related 158 

to the Reynolds number ( 2urRe
µ

= ) and Eotvos number (
( )24 l g

O

r g
E

ρ ρ

σ

−
= ), where µ  is 159 

the viscosity of liquid and σ  is the surface tension of the liquid.  160 

 161 

The relationship between DC , OE  and Re  is shown in Eq. (7) (Darmana et al., 2009): 162 
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 ( )0 68716 48 8max min 1 0 15
3 4

O.
D

EC . Re , ,
Re Re Eo

  = +   +  
 (7) 163 

Combining Eq. (1)- (6), we get Eq. (8) illustrating the acceleration of the bubble: 164 

 
2

0

( ) 33
8 ( ) 4 ( )

tl g B l ll
D

g m l g m l g m l

g Kudu du dC
dt K r K r K d t

ρ ρ πρ µρ τ
ρ ρ ρ ρ π ρ ρ τ τ

−
= − − ⋅

+ + + −∫  (8) 165 

The bubble trajectory is thus predicted by solving Eq. (9): 166 

 
dz u
dt

=  (9) 167 

where z  is water depth (the distance from the bubble centre to the water surface). 168 

 169 

2.1.2. Description of the variation of bubble size 170 

While a bubble rises in the liquid, the gas in the bubble keeps dissolving during this process. 171 

The bubble size (radius) is a function of inner pressure, liquid pressure (depth under the 172 

water surface), surface tension and gas diffusion at the gas-liquid interface. Considering that 173 

the gas in the bubble is an ideal gas, the ideal gas state equation is applicable as follows: 174 

 
dP dV PV dnV P
dt dt n dt

+ = ⋅  (10) 175 

Then the time derivative of the bubble radius can be expressed in Eq. (11): 176 

 
1 1= ( )

3
dr r dn dP
dt n dt P dt

−  (11) 177 

where V  is the volume of the bubble; n  is the total number of moles of the gas inside the 178 

bubble; P  is the internal pressure of the bubble, and can be described by the Young-Laplace 179 

equation, 0
2

lP P gz
r
σρ= + + , where 0P  is the atmospheric pressure. 180 

Therefore, the variation of P  can be calculated as follow: 181 

 2

2
l

dP drgu
dt dtr

σρ= − ⋅  (12)  182 

For an individual bubble, the gas diffusion at the gas-liquid interface can be described in Eq. 183 

(13): 184 

  2
, ,4 ( )i

i a i s i
dn

r W C C
dt

π= −  (13) 185 

where in  is the number of moles inside a bubble for the gas species i  (i. e. nitrogen and 186 
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oxygen in the air); iW  is the mass transfer coefficient at the bubble surface for the gas 187 

species i ; ,a iC  is the concentration of the dissolved gas species i  in the surrounding 188 

fluid; ,s iC  is the concentration of the dissolved gas species i  on the bubble skin. 189 

The mass transfer coefficient iW  is considered to depend on the gas-to-liquid diffusivity, 190 

density, viscosity as well as how the transfer of gas from the bubble takes place (Miner et al., 191 

1986). Accordingly, the mass transfer coefficients, iW  are given by (Miner et al., 1986): 192 

1/3 2/3

2 0.15 cm
2

7.53 84.17 0.03 0.15 cm

0.31( ) ( ) 0.03 cm

i

i

l l i

i

D r
r

r D r
g

D

u

W

r

π

µ µ
ρ ρ

−


>


= < ≤

 ≤


 

      

 

         

    

 

                     (14) 193 

where iD  is the molecular diffusivity of the gas species i  (
2

9 21.90 10  m /sND −= × , 194 

2

9 22.50 10  m /sOD −= × ). 195 

The concentration of the dissolved gas species i  on the bubble skin ,s iC  is calculated by 196 

Henry’s law constant (Yasui et al., 2016): 197 

 
2

3

O
,

H

,

,

10 l s

H

i
s i

i

r
K

C
P

M
ρ

=  (15) 198 

where ,H iK  is Henry’s law constant of the gas species i  at the bubble wall; 
2H OM  is the 199 

molecular weight of H2O (=18 g/mol); ,s ir  is the molar ratio of the gas species i  inside the 200 

bubble, 
,

/
s i i tnr n= , in  is the instantaneous number of moles of the gas species i  and tn  201 

is the total number of moles inside a bubble (
2 2t O Nn n n+= ).  202 

Thus, during the bubble rising process, the oxygen utilization coefficient 
2Oj  can be 203 

calculated by the following equation: 204 

 2 2

2

2

,0 ,

,0

O O t
O

O

n n
j

n
−

=   (16) 205 

where 
2 ,0On  is the initial number of moles of oxygen inside the bubble; 

2 ,O tn  is the number 206 
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of moles of oxygen inside the bubble at time t. 207 

,H iK  is a function of temperature and can be calculated using the following equations (Yasui 208 

et al., 2016): 209 

 2,N
9

86.32129ln 58.190472 24.79808ln
10 /100 100

HK T
T

 
= − − 

 
 (17) 210 

 2,O
9

83.91236ln 55.017904 23.24323ln
10 /100 100

HK T
T

 
= − − 

 
   (18) 211 

where T  is the temperature in Kelvin. 212 

 213 

The concentration of the dissolved gas species i  in the surrounding ambient fluid ,a iC  is 214 

calculated by Eq. (18) 215 

 
2,

0
3

,
H O

10
a i i

l

H i

C P r
K M

ρ
=  (19) 216 

where ir  is the molar ratio of the gas species i  in the air (
2

0.79Nr = , 
2

0.21Or = ). 217 

 218 

Substituting Eq. (12) ~ (19) into Eq. (11), the final form of the derivative of bubble radius can 219 

be obtained in Eq. (20): 220 

 
2

, ,

0

3 ( )
=

3 3 4
i a i s i l

l

RTr W C C gurdr
dt rP r gz

ρ
ρ σ
− +

+ +
∑  (20) 221 

where R  is the universal gas constant ( 38.31 /( )Pa m mol K⋅ ⋅ ). Therefore, the velocity, 222 

trajectory and radius of the bubble at time t can be found from Eq. (8), (9) and (20). 223 

 224 

2.2. Model calculations 225 

The proposed model was programmed and computed by MATLAB 2020a. By inputting 226 

different parameters, such as water depth, initial bubble radius, gas type and liquid density, 227 

the bubble motion data under different scenarios are obtained, such as radius change, 228 

velocity and trajectory.  229 

 230 

2.2.1 Calculation of Basset force 231 

The Basset force, also called ‘history force’, is a kind of viscous force, which arises due to the 232 
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lagging boundary layer development with changing relative velocity (acceleration) of bodies 233 

(particles or bubbles) moving through a fluid (Barrio-Perotti et al., 2009; Moreno-Casas and 234 

Bombardelli, 2016). In this study, the size of the bubble is changing during bubble rising and 235 

the forces exerting on the bubble are not constant, thus the bubble velocity is variable, and 236 

the influence of Basset force should be considered. The integral of Basset force in Eq. (6) is a 237 

singular integral, and the integrand contains an unknown function to be solved. This feature 238 

and the nonlinearity of the equation make the theoretical analysis of differential equations 239 

more difficult (Daitche, 2013). Because the integrand in the Basset force expression has a 240 

singularity in the integration interval, it belongs to the generalized integral. According to the 241 

compound gradient formula, the calculation format for constructing the Basset force integral 242 

term is (Text S1 in supporting information shows the proof of Eq. 21): 243 

 
2

0
1

1 (0) ( ) ( )2 [ ( ) ( )]
2

nt

i

du d f f ih f t hh f t f t h h
d t t t ih h

τ
τ τ

−

=

− 
⋅ = + + + + − − − 

∑∫   (21) 244 

where /h t n=  is the integration step length, and its size is determined by the given 245 

calculation accuracy; ( )
t ih

duf ih
dt =

 =  
 

is the acceleration at time ih .  246 

 247 

Although the Basset force has been converted to a cumulative form, the model is still a 248 

hidden function containing the acceleration term, which is difficult to solve its analytical 249 

solution. This study employs a fourth-order Runge-Kutta method (Moreno-Casas and 250 

Bombardelli, 2016) to compute the numerical solution of the model. As a single-step method, 251 

fourth-order Runge-Kutta has high calculation accuracy, however, each step of this method 252 

needs to calculate four slopes of each differential equation and has a large amount of 253 

calculation. Thus, the multistep fourth order predictor-corrector (Adams-Bashforth-Moulton) 254 

method (Chang and Yen, 1998) is used as an alternative during the middle period of the 255 

calculation to ensure the accuracy of the differential equation and reduce the calculation 256 

time. Numerical iteration and concrete computational process are discussed in Text S2. 257 

 258 

2.2.2 Calculation of the threshold of bubble radius 259 

The tendency of bubble expansion or shrinkage is determined by Eq. (20). Eq. (20) can be 260 

rewritten as the sum of Eq. (22) and Eq. (23) 261 
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 , ,

0

3 ( )
( )

3 3 4
i a i s i

l

RTr W C C
f c

rP r gzρ σ
−

=
+ +
∑  (22) 262 

 
2

0

( )=
3 3 4

l

l

gur
g r

rP r gz
ρ

ρ σ+ +
 (23) 263 

where Eq. (22) indicates the influence of gas dissolution and Eq. (23) indicates the influence 264 

of bubble velocity. ( )f c  is negative because the concretion of dissolved gas in the bubble 265 

skin is more than that in the surrounding ambient fluid, while ( )g r  is positive. In other 266 

words, ( )f c  causes the bubble to shrink while ( )g r  leads the bubble to expand. If 267 

( ) ( )f c g r> , the bubble will shrink; otherwise, the bubble will swell and burst at the water 268 

surface. 269 

 270 

However, not all shrinking bubbles can collapse exactly at the water surface. The residence 271 

time of a bubble in water is controlled by two factors. One is the time that it takes for the 272 

bubble to move to the water surface ( mt ), and the other is the time required for the radius 273 

to change to zero ( st ). The former is influenced by Eq. (8), while the latter is impacted by Eq. 274 

(20). When a bubble precisely collapses at the water surface, the time from Eq. (8) should 275 

equal the time gained from Eq. (20). Put another way, when the initial radius is the threshold 276 

( cr ), the bubble precisely rises to the water surface at the moment the bubble collapses. If 277 

the initial radius is less than this threshold, the bubble will collapse under the water surface 278 

and potentially generate free radicals, whereas when the initial radius is more than the 279 

threshold, the bubble may still shrink but burst at the water surface. This threshold can thus 280 

be solved using an iterative method based on the comparison between mt  and st . 281 

 282 

2.3. Model validation and optimum bubble size calculation 283 

The bubble motion in the gas-liquid system has been explored extensively at lab scale 284 

(Duineveld, 1995; Parkinson et al. 2008; Azevedo et al., 2016; Pawliszak et al. 2019; Tanaka et 285 

al. 2020). Therefore, existing experimental data were collected to validate the proposed 286 

model. The results of the model were compared with available experimental data from these 287 

previous studies, including the terminal velocity, bubble size, and trajectory of bubbles with 288 

different initial radii (10-530 µm, see section 3.4). After validation, the model was applied to 289 
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analyse the bubble dynamics, mass transfer, and determine the threshold of bubble radius 290 

for MNB considering various factors (i.e. initial bubble radius, water depth and filled gas). The 291 

range of initial bubble radius was from 0 to 1 mm, the range of water depth was from 0.5 to 292 

10 m, and two bubble types (air bubble and oxygen bubble) were considered in the model. 293 

The liquid phase was pure water. 294 

3. Results and discussion 295 

3.1. Force balance and bubble motion in water 296 

The five forces, i.e. bF , gF , dF , BF , AF , and the bubble motion characteristics were 297 

calculated from Eq. (2-8) and presented in Fig. 2. During the rising process, the gravitational 298 

force was two orders of magnitude lower than the other forces and thus can be neglected, 299 

while the buoyancy force was nearly constant for both two bubble sizes (20 and 200 μm) at 300 

the selected water depth of 0.5 m. The virtual mass force was proportional to the bubble 301 

acceleration /du dt  and so its maximum value was at the beginning of the motion and 302 

declined to zero as the / 0du dt → . The drag force reached its final value as a result of the 303 

increased velocity. The Basset force initially increased and then decreased to zero as the 304 

/ 0du dt → . During the first moments of the bubble motion, the drag force was small due to 305 

the low velocity, where the virtual mass force and the Basset force act against the buoyancy 306 

force. When the bubble reaches terminal velocity, the virtual mass vanishes, and the Basset 307 

force remains constant at less than 1% of the buoyancy force. At this moment, the buoyancy 308 

force mainly overcomes the drag force, and they collectively dominate the bubble movement. 309 

For the larger bubble (200 μm), all forces are three orders of magnitude higher than that of 310 

the smaller bubble (20 μm), thus the net force exerted on the larger bubble is greater and 311 

the larger bubble moves upwards with a higher velocity. Moreover, the time required to 312 

reach the final velocity (15-20 ms) far exceeds the time (< 1 ms) required by a smaller bubble 313 

(20 μm). 314 



 

13 

 315 

Fig. 2. The hydrodynamic forces and bubble motion characteristics (velocity and acceleration) during 316 

rising process for air bubbles at initial water depth of 0.50 m. Two initial radiuses of the bubble were 317 

considered at 20 μm (a) and 200 μm (b). 318 

 319 

3.2. The dynamics of bubble radius, gas dissolution and inner pressure  320 

Whether the bubble expands or shrinks during the rising process depends on the values of 321 

functions described by Eq. (22) and Eq. (23). The bubble sizes of 20 and 200 μm at a water 322 

depth of 0.5 m were selected to present the modelling results. For the bubble with the initial 323 

radius of 20 μm, it shrinks and totally collapses in water after 54 s (Fig. 3a). The absolute 324 

value of ( )f c  is 2-3 orders of magnitude higher than ( )g r , indicating that gas dissolution 325 

has a greater impact on bubble radius (Fig. 3b). According to Eq. (23), ( )g r  is proportional 326 

to 2r  and thus is more sensitive to initial radius compared with ( )f c . When the initial 327 

radius increases from 20 to 200 μm, the value of ( )g r  increases by three orders of 328 

magnitude whereas ( )f c  maintains the same order of magnitude (Fig. 3e). In this case, the 329 
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( )g r  dominates causing the bubble to expand. These results infer that the gas dissolution 330 

results in radius reduction for small bubbles, while a large initial radius triggers bubble 331 

swelling. 332 

 333 

Fig. 3. Changes in bubble radius, the values of functions described by Eq. (20) and Eq. (21), the molar 334 

ratios of different gas components (N2 and O2) and the inner pressure of the bubble. (a)-(c): the small 335 

bubble with an initial radius of 20 μm. (d)-(f): the big bubble with an initial radius of 200 μm. The 336 

water depths for all scenarios are 0.5 m. 337 

 338 

The dissolution of N2 and O2 plays an essential role in radius variation during the bubble 339 

rising process. In the present model, the mass transfer coefficient iW  is a function of 340 

viscosity, gas molecular diffusivity and gas density. The iW  of each gas species were 341 

calculated according to Eq. (14), with values of 1.02×10-4 m/s for N2 and 1.22×10-4 m/s for O2. 342 

O2 has higher solubility than N2 and hence dissolved into the water faster. For a small bubble 343 

with an initial radius of 20 μm, the molar ratio of N2 inside the bubble almost remains 344 

constant in the early stage (about 0.79) and then increases sharply at the final stage (about 345 
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0.90 at t=53 s), while the ratio of O2 decreases from 0.21 to 0.10 (Fig. 3c). This result was 346 

consistent with previous research. For example, Yasui et al. (2016) suggested that only 347 

nitrogen molecules are present in the shrinking bubble in the final few nanoseconds. The 348 

bubble size changed along its rising path in response to both the mass transfer and the local 349 

hydrostatic pressure. The rate of change in the bubble radius was constant to begin with 350 

(-0.246 μm/s) but increased rapidly to -0.728 μm/s by the end (Fig. 3b). With decreasing 351 

bubble size, the specific surface area and pressure inside the bubble increases, thus the 352 

partial pressure of the dissolved gas component (the driving force for dissolution) increases 353 

and the gas dissolves easily.  354 

 355 

The results also indicate that the collapse of these shrinking bubbles creates a localised point 356 

which has an extremely high pressure (Fig. 3c). The inner pressure increased from 101.33 kPa 357 

to 250 kPa in 55 seconds, and then entered a sharp rising phase. As a consequence, ambient 358 

water molecules may be decomposed by shock wave emission to form reactive hydroxyl 359 

radicals (Agarwal et al., 2011; Tsuchida et al., 2022). This is of significance in the field of 360 

water and wastewater treatment as radicals with a high oxidising power are desired in 361 

decontamination or sterilization. For a larger bubble with an initial radius of 200 μm, it rises 362 

in water rapidly and expands with decreasing pressure. By this time, the molar ratios of N2 363 

and O2 inside the bubble have changed slightly (less than 1%) (Fig. 3f). This is because the 364 

inner pressure and ,s iC  of a big bubble is lower than that of a smaller bubble. In particular, 365 

the inner pressure of a small bubble is extremely high at the final stage due to the bubble 366 

shrinking, while it is close to atmospheric pressure for the expanded big bubble. 367 

Consequently, the gas diffusion at the gas-liquid interface for a big bubble was quite slow and 368 

the molar ratio (or concentration) of both gas species inside the bubble have only changed 369 

slightly. 370 

 371 

3.3. Uncertainties of the performances of nanobubbles 372 

The results show that small bubbles are prone to shrink and disappear in water due to the 373 

gas dissolution driven by the pressure difference (Figure 3). The high internal pressure and 374 

thermodynamic instability of ultrafine bubbles has been shown in many previous studies 375 

(Ohgaki et al., 2010; Lee et al., 2021; Xue et al., 2022). Nevertheless, the longevity of 376 
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nanobubbles has also been reported in various experimental observations and their life has 377 

been reported to be days to months (Liu et al., 2013; Nirmalkar et al., 2018; Jadhav et al., 378 

2021). This stability has been attributed to several possible mechanisms such as electrostatic 379 

repulsion, ion shielding, organic coatings, particle armouring, local oversaturation, and high 380 

internal density (Alheshibri et al., 2021; Soyluoglu et al., 2021; Sun et al., 2022). However, 381 

each mechanism can only explain part of the phenomena observed and may be inconsistent 382 

with many other phenomena. The dynamics of bulk nanobubbles thus remains partly 383 

unknown because of the limited development of detection tools for measuring these 384 

bubbles and the relevant theory for bubble properties at the nanoscale.  385 

 386 

In the present study, the modelling results showed that a bubble with an initial radius of 20 387 

μm shrank to become a 1 μm bubble after 53.07 seconds. By this time, more than 99.90% of 388 

oxygen had dissolved from the bubble and the rising velocity was quite slow (less than 3 μm 389 

per second). The time for the complete dissolution of oxygen from the 20-μm bubble (Fig. 3a) 390 

was 53.61 seconds. These results were in line with previous numerical simulations showing 391 

that the radius of any bubble passes the nanoscale during the complete dissolution of the 392 

bubble (Yasui et al., 2016; Xue et al., 2022). Though our result does not match the reported 393 

long lifetime of bulk nanobubbles, the model prediction is mainly intended to unravel the 394 

aeration and dissolution behaviour of MNBs in the middle and early period of aeration, 395 

especially when the initial bubble radius in engineering practice is usually in a range of tens 396 

to hundreds of micrometres. The period of bubble shrinking in the last tens or hundreds of 397 

microseconds has neither been proven or explained quantitatively and thus remains a 398 

problem in our understanding of bulk nanobubble behaviour (Yasui et al., 2018a; Sun et al., 399 

2022). 400 

 401 

3.4. Model validation  402 

The proposed model was verified using experimental data from previous studies (Table 1). In 403 

these previous works, a single air bubble was usually created in distilled water and the 404 

bubble behaviour was recorded by a high-speed camera to measure the rising velocity and 405 

radius of the bubble. All experiments have been carried out at constant temperature 406 

conditions. The predictions from the model presented here were compared with the 407 

experimental data using the same conditions. The terminal velocity, bubble size, and 408 
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trajectory of bubbles with different initial radii were compared. The comparisons between 409 

the predicted results from our model and the experimental measurements are shown in Fig. 410 

4. All theoretical predictions were very close to the experimental data (R2>0.85). It can be 411 

seen that the model was validated over a wide range of bubbling parameters (i. e. the initial 412 

radius ranges from 10 to 530 μm) and hence it can provide a good prediction of bubble size, 413 

trajectory and rising velocity for many different conditions. There was a small discrepancy for 414 

large bubbles (initial radius> 500μm in Fig. 4b). Here the theoretical overestimation can be 415 

attributed to the uncertainty in the bubble shape (i. e. deformation) since the experimental 416 

bubble size was calculated using a bubble contour method in this study (Duineveld, 1995). 417 

Notably, due to the lack of experimental data available for nanobubbles and the unsolved 418 

mechanisms (section 3.3), the modelling results for nanoscale bubbles requires further 419 

validation.  420 

Table 1 421 

Various operating parameters of the experimental bubble systems used to validate the model 422 

proposed in this research. 423 

References Liquid 
Depth of 

liquid (m) 

Gas 

type 

Initial radius 

(μm) 
Temperature 

Parkinson et al (2008) Pure water 0.40 N2 10-60 22.5 ± 1.5 ℃ 

Duineveld (1995) Pure water 0.50 Air 330-530 19.6 ± 0.2 ℃ 

Tanaka et al (2020) Pure water 0.50 Air 20 25 ± 1 ℃ 

Pawliszak et al (2019) Pure water 0.15 Air 167.5 22 ± 1 ℃ 

 424 
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 425 

Fig. 4. Comparisons between experimental data and modelling results. Terminal velocity of bubbles 426 

with different initial radius 10-60 μm (a) and 350-530 μm (b); (c) Change of bubble radius during 427 

rising process, therein water depth is 0.5 m and initial radius is 20 μm; (d) Bubble trajectory and local 428 

velocity, therein the initial water depth is 0.15 m and the initial radius is 167.5 μm. Terminal velocity 429 

denotes the velocity at the final stage of bubble rising, at this moment the variation of rising velocity 430 

in 1 s is less than 1%. 431 

3.5. Determination of the threshold of bubble radius 432 

Based upon the above analysis, we know that the change in bubble radius ( dr
dt

) depends on 433 

the balance between negative ( )f c  and positive ( )g r  forces which are influenced by the 434 

initial bubble size, the external pressure (water depth), and the encapsulated gas type. Fig. 5 435 

a-d shows the modelling results of the size changes along the rising path for air bubbles with 436 

different initial radii (20- 400 μm) at specific initial water depths (0.5- 10 m). It clearly shows 437 

that there exists a critical bubble radius for each scenario, below which the bubble will shrink, 438 

and above which the bubble will grow. The critical bubble radiuses are around 20-50, 50-100, 439 

100-150, and 150-200 μm, when it rises from 0.5, 1.0, 5.0, and 10.0 m deep water, 440 
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respectively. That is because greater initial water depth leads to a more negative ( )f c  and 441 

a less positive ( )g r , which makes the bubble contract more intensively.  442 

 443 

Fig. 5. The variation of radius along the rising path for air bubbles with different initial radii (50-400 444 

μm) at specific initial water depths. The initial water depth is set as 0.5 m (a), 1 m (b), 5m (c), and 10 445 

m (d). 446 

 447 

For example, the ( )f c  for a 200 μm bubble at 10 m water depth was about 4.82 times that 448 

at 1 m water depth, while the ( )g r  for the former was only half of that for the latter (Fig. 449 

6a). In other words, for a given bubble, it may swell in shallow water but contract in deep 450 

water. For example, when a bubble with a radius of 127 μm rises from different water depths, 451 

we can see that at 0.5 m water depth it will grow quickly in 15.5 s, grow slowly at 1.0 m (in 452 

30.9 s), shrink slowly at 3.0 m in 103.1 s, precisely collapse at the water surface at 5 m in 453 

369.1 s, and shrink quickly at 10.0 m in 194.0 s (Fig. 6b). Greater initial water depth thus 454 

drives the potential for high bubble shrinkage, and then raises the threshold of the critical 455 

bubble radius. 456 

 457 
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The oxygen utilization coefficient 
2Oj  for bubbles with different initial radii (1-1000 μm) at 458 

different initial water depths (0.5-10 m) was modelled from Eq. (13) and Eq. (16) (Fig. 6c and 459 

6d). For a specific water depth, while the bubble radius was smaller than a certain threshold, 460 

the coefficient 
2Oj  always equals 100%. For example, the inflection point (threshold) of the 461 

curve in Fig. 6c was 194 μm for initial water depth 10 m. A coefficient value of 100% means 462 

that the bubble has collapsed underwater and all the encapsulated gas inside the bubble has 463 

thoroughly dissolved in water achieving a complete phase transfer. As the bubble size 464 

becomes greater than the threshold, the 
2Oj  decreases with increasing radius and the 465 

greater the initial water depth is, the higher the 
2Oj  becomes for and given specific bubble 466 

size. 467 

 468 

 469 

Fig. 6. (a) The shrink and swell potential for a 200 μm bubble at different initial water depths (0.5-10 470 

m). (b) The final radius and position, and dissolution time for a 127 μm bubble at different initial 471 

water depths (0.5-10 m). (c) and (d) The oxygen utilization coefficient 
2Oj  for bubbles with 472 

different initial radii (1-1000 μm) at different initial water depths (0.5-10 m). 473 

 474 
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The above results demonstrate the radius variation tendency of the rising bubble. However, 475 

the exact threshold of the bubble radius for each scenario has not yet been obtained. A 476 

bubble that shrinks and precisely collapses at, or just below, the water surface ( m s=t t ) is the 477 

desired MNB in the present study. Based on the criteria, the thresholds of bubble radius for 478 

two gas species (O2 and N2) were determined (Fig. 7a). For air bubbles, the thresholds were 479 

42, 54, 96, 127, 157, and 194 μm for initial water depths of 0.5, 1.0, 5.0, and 10.0 m, 480 

respectively. For oxygen bubbles, the equivalent thresholds were 127, 164, 254, 350, 405, 481 

and 470 μm. The latter was about 58.72-67.07% higher than the former because the 482 

relatively higher solubility of O2 shortened the st  compared with N2. For a water depth of 483 

1m, an air bubble with a radius of 54 μm will shrink and precisely collapse at the water 484 

surface in 253.2 s. However, an oxygen bubble under the same condition will totally dissolve 485 

under water within 13.1 s and finally collapse at a water depth of 0.96 m. This collapse depth 486 

increases with increasing initial bubble size while the residence (shrinkage) time also displays 487 

a synchronously increasing tendency. The threshold for an oxygen bubble radius for the same 488 

water depth (1 m) was as high as 164 μm. Therefore, the more soluble the gas species, the 489 

larger the critical bubble radius will be. 490 

 491 
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 492 

Fig. 7. The threshold values for the critical bubble radius at different initial depths were calculated. 493 

The bubbles whose radii are no more than the threshold values can collapse below the water surface, 494 

and they are the desired bubbles for complete gas transfer and free radical generation. 495 

 496 

3.6. Bubble size selection and further implications 497 

Artificial bubbles are usually formed by dispersing the gas phase into the liquid phase in 498 

many different fields such as wastewater treatment, waste gas capture, biomass energy 499 

production, froth flotation, and stripping (Lyu et al., 2019; Fan et al., 2021; Liu et al., 2021). 500 

Mass transfer and reaction at the two-phase interface are heavily dependent on the bubble 501 

size. There are always two main obstacles in these systems. Firstly, large bubbles can quickly 502 

rise to the surface and escape from the bulk solution, so gas transfer to the liquid is limited, 503 

and the interfacial reaction is incomplete (Levitsky et al., 2022). Secondly, while many studies 504 

have paid close attention to the generation of MNBs due to their fascinating characteristics 505 

(Fan et al., 2021; John et al., 2022b), the generation of these MNBs is usually associated with 506 

high energy consumption (Zimmerman et al., 2011). Therefore, both generation of coarse 507 

bubbles and the excessive pursuit of going to smaller bubble scales is not an economic path. 508 
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However, there is reason to believe that many bubbling systems are not optimally designed 509 

and operated in order to obtain the desired bubble size. As has been demonstrated in the 510 

present study, the desired bubble size is case-dependent, which needs to account for the 511 

water depth and gas species. An energy-conscious strategy should be adopted whereby 512 

bubble contactors are designed such that they generate bubbles that have a slightly smaller 513 

diameter than the critical threshold size. In such cases, oxygen will thoroughly dissolve in the 514 

liquid to realize complete aeration (Fig. 7c) and the waste gas absorption will be more 515 

intensive and there will be no waste gas escape from the reactor (Fig. 7d). In addition, MNBs 516 

will dissolve CO2 faster and therefore increase algal growth for biofuels production (Fig. 7e) 517 

and the violent MNBs collapse leads to free radical generation which can be of significance 518 

for oxidation of a range of pollutants in water (Fig. 7f). Sufficiently small bubbles also display 519 

strong adhesion to mineral particles which can be useful for flotation and stripping (Fig. 7g).  520 

 521 

In the present study, we shed light on the hypothesis that the size of desired MNB for 522 

aeration can be determined by dimensional characteristics and bubble dynamics in a liquid 523 

medium. We proposed the radius thresholds of MNBs for specific water depths, and we 524 

expect that this will be a reference for bubbling system design and provide a framework for 525 

defining appropriate MNB characteristics. However, despite a number of recent studies, bulk 526 

MNBs are still an emerging field and speculation remains prevalent about their existence, 527 

stability, and mobility. In addition, both the conceptual and numerical models presented in 528 

this study have been simplified to improve their computability and practicability based upon 529 

a series of assumptions. Given the complexity of bubble motion in real water bodies or other 530 

liquid mediums, further study of the impacts of actual conditions on the radius thresholds is 531 

needed. The MNB dynamics may be influenced by coexisting dissolved organic matter, 532 

suspended particles (solid impurity), surfactant, gas supersaturation in surrounding liquid 533 

and the electrokinetic characterization of these substances. It is possible that the radius 534 

thresholds of MNBs in these cases would be different. Nevertheless, they are not discussed 535 

here since it would require more targeted research of its own. 536 

 537 

4. Conclusions 538 

The present study developed a model with revealed mechanisms for identifying the 539 
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optimum bubble size for MNB aeration through effective gas transfer and potential free 540 

radical generation. We proposed a smart bubbling strategy herein by generating bubbles 541 

with an optimum size: only bubbles with a radius smaller than the threshold value can 542 

collapse below the water surface and fulfil the purpose of the best MNB aeration. These 543 

targeted MNBs will thoroughly dissolve in water to achieve a complete gas transfer and 544 

potentially generate free radicals following bubble collapse to purify the surrounding water. 545 

A numerical model was successfully developed to describe the bubble motion and mass 546 

transfer during the rising process. The critical thresholds were 54 μm and 194 μm for air 547 

bubbles at initial water depths of 1.0 m and 10.0 m, respectively. The two corresponding 548 

thresholds for oxygen bubbles were 164 μm and 470 μm. Great initial water depth and 549 

soluble gas species drove the high shrinkage potential of bubbles such that the bubbles were 550 

more liable to contract. Overall, this study opens up a new prospect on the definition of MNB 551 

and provides useful guidance for bubbling system design to realize precise aeration using 552 

optimal bubble size. 553 
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Nomenclature 698 

gF  buoyancy force, N 699 

bF   gravity, N 700 

dF   drag force, N 701 

AF   virtual mass force, N 702 

BF  Basset force, N 703 

mg   mass of bubble, kg 704 

u  bubble velocity, m/s 705 

t  time, s 706 

T  temperature, K 707 

z  water depth, m 708 

r  bubble radius, m 709 

g  gravitational acceleration, m/s2  710 

DC  bubble drag coefficient, dimensionless 711 

Re  Reynolds number, dimensionless 712 

Eo  Eötvös number, dimensionless 713 

P  pressure inside bubble, Pa 714 

0P  ambient static pressure, Pa 715 

R  universal gas constant, Pa ⋅m3/(mol ⋅ K) 716 

iW  mass transfer coefficient of gas species i , m/s 717 

in  moles number of the gas species i  inside a bubble, mol 718 

tn  total number of moles inside a bubble, mol 719 

2 ,0On  initial number of moles of oxygen inside the bubble, mol 720 

2 ,O tn  number of moles of oxygen inside the bubble at the time t, mol 721 

,a iC  concentration of the gas species i  in the surrounding ambient fluid, mol/m3 722 

,s iC  concentration of the gas species i  inside the bubble, mol/m3 723 

iD  molecular diffusivity of the gas species i , m2/s 724 

,H iK  Henry’s law constant of the gas species i , Pa 725 
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ir  molar ratio of the gas species i  in the surrounding ambient fluid, dimensionless 726 

,s ir  molar ratio of the gas species i  inside the bubble, dimensionless 727 

2H OM  molecular weight of H2O, kg/mol 728 

2Oj  oxygen utilization coefficient, dimensionless 729 

gρ   gas density, kg/m3 730 

lρ   liquid density, kg/m3 731 

τ   dummy integration variable 732 

σ   surface tension of liquid, N/m 733 

µ   viscosity of liquid, N/m2 734 
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