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Abstract: Traditional parametric system identification methods usually rely on apriori knowledge of the targeted system, which may
not always be available, especially for complex systems. Although neural networks (NNs) have been increasingly adopted in system iden-
tification, most studies have failed to derive interpretable parametric models for further analysis. In this paper, we propose a novel end-
to-end autoregressive with exogenous input (ARX) model identification framework using NNs. An order-wise neural network structure
is introduced and trained using a multitask learning approach to simultaneously identify both the model terms and coefficients of the
ARX model. Through testing with various neural network backbones and training data sizes in different scenarios, we empirically
demonstrate that the proposed framework can effectively identify an arbitrary stable ARX model with finite simulation training data.

This study opens up a new research opportunity for parametric system identification by harnessing the power of deep learning.
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1 Introduction

Parametric system identification, which is the process
to uncover the inherent dynamics of a system based on
the model built with the observed inputs and outputs
data, can be used to control, analyse, or design a com-
plex systemlll. For linear system identification, the
autoregressive with exogenous input (ARX) model is
widely adopted due to its transparency for causality ana-
lysis, pole-zero analysis, and spectrum analysis2l. The
derivation of an ARX model identification typically in-
volves two parts: 1) identification of the model order, and
2) estimation of the model coefficients. Various statistic-
al approaches have been proposed in the past few dec-
ades to identify ARX models. The parameters of an ARX
model are commonly estimated with ordinary least
squares offline for the linear time-invariant (LTI) system,
and recursive least squares, Kalman filter online for the
linear time-varying (LTV) system(>~7l. Then the model or-
der can be selected according to likelihood-based meth-
ods such as the Akaike information criterion (AIC), and
Bayesian information criterion (BIC)B. To avoid ex-
haustive searching and the tendency of overfitting, sparse
regression methods like the least absolute shrinkage and

Research Article

Manuscript received on April 3, 2024; accepted on August 10, 2024
Recommended by Associate Editor Huiyu Zhou

Colored figures are available in the online version at https://link.

springer.com/journal/11633
© The Author(s) 2025

selection operator (LASSO) and error reduction ratio-
based orthogonal forward regression (ERR-OFR) have
been proposed and widely adopted(2713. However, this
process usually relies on apriori knowledge of the tar-
geted system, which may not always be available and
sometimes are unlikely, especially for complex systems.

With the rapid increase of computing power, deep
learning has drawn more attention in the area of time
series modelling and system identification due to its less
reliance on prior knowledge and prominent universal ap-
proximation ability. Various neural network structures
such as the vanilla recurrent neural network (RNN), long
short-term memory (LSTM), gated recurrent unit (GRU)
and temporal convolutional neural network (TCN) have
been developed to learn the system input-output map-
pingl16-20], However, due to the complexity of the neural
network structure, it is difficult to carry out the causal-
ity analysis, pole-zero analysis, and spectrum analysis
based on a neural network model.

Although the majority of the research focuses on im-
proving the prediction accuracy of the model instead of
the model's interpretability, the derivation of parametric
mathematic models from neural networks has been in-
vestigated in some research. In [21], the system input-out-
put mapping can be learned by a single hidden feed-for-
ward neural network (FNN) or an output-feedback
(Jordan) RNN, and then the generalized frequency re-
sponse function (GFRF) has been derived through trun-
cated Volterra series expansion of the activation function.
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Similarly, in [22], the ARX model and linear transfer
function have been derived by approximating the activa-
tion function of multi-layer perceptron (MLP) with the
first two terms of Taylor series expansion to avoid nonlin-
earity. One limitation of this kind of method is that it is
almost impossible to obtain a parametric mathematic
model from neural networks with more complex struc-
tures that learn input-output mapping better, such as
LSTM, GRU and TCN, using a series of expansion.

On the other hand, neural networks have been adop-
ted to extract useful information from system inputs and
outputs in the process of learning input-output mapping,
which improves its interpretability. In [23], the Granger
causality between inputs and outputs has been detected
by spatial attention threshold and permutation import-
ance validation based on a depth-wise TCN which is
trained with system inputs and outputs. In [24], the
Granger causality has been derived by applying the group
LASSO, hierarchical LASSO and sparse group LASSO
penalty on the first hidden layer weights of the compon-
ent-wise MLP, RNN and LSTM. The maximum time
delay and specific time delay which reveal the system or-
der can only be detected with the component-wise MLP
since different time steps share the same weights in RNN
and LSTM. However, parametric mathematic models
have not been derived in this research, which makes it
impossible to carry out pole-zero analysis and spectrum
analysis.

In other studies, neural networks have been utilised to
determine the model order to facilitate the derivation of
parametric models. In [25], the residual convolutional
neural network (ResNet) has been trained to select the
autoregressive integrated moving average (ARIMA) mod-
el order based on a low-resolution image of the autocor-
relation function (ACF) and partial autocorrelation func-
tion (PACF) of the historical system output. In [26], the
ResNet has been trained to select the autoregressive mov-
ing average (ARMA) model order based on the fixed
length system output data directly instead of images. In
these studies, neural networks are pre-trained with simu-
lated data generated from systems under a selected max-
imum order with randomly generated parameters. After
training, the neural network can be applied directly to se-
lect the system order with unknown parameters.
However, the estimation of coefficients still relies on con-
ventional regression approaches. Furthermore, the sys-
tem with observable excitation (exogenous input) has not
been considered.

Using neural networks directly to model systems has
been widely used for predicting the system output, but
this approach usually lacks interpretability for further
analysis such as pole-zero analysis or spectrum analysis.
Such an analysis can be crucial in control and reverse en-
gineering. This paper is motivated by the lack of neural
network-based identification approaches for ARX models,
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which can estimate model terms and coefficients simul-
taneously without relying on detailed prior knowledge
about the studied system. With the training and valida-
tion data generated by simulation, a novel end-to-end
ARX model identification framework was proposed to
identify the ARX model of any linear stable SISO sys-
tems. In this framework, an order-wise neural network
structure is introduced and can be trained with a multi-
task learning approach so that both model terms and
coefficients of the ARX model can be identified in an end-
to-end manner. Finally, the framework is tested with
various ARX models. In testing, RNN and TCN are ad-
opted as backbones of proposed order-wise neural net-
works. Their performance is evaluated and compared in
different scenarios.

2 Methodology

The general ARX model representing a linear single-
input single-output (SISO) system is shown in (1).

Ty

V) =Y k=) + Y bulk— e (1)

where n, and n, are the maximum time delay of the
system output y and exogenous input u respectively; a;
and b; are the coefficients of the output and input delay
terms; e (k) is the white noise at the time k. According to
the poles and zeros of the underlying linear SISO system,
the output and input delay terms could be sparse. An
effective identification approach should be able to detect
correct delay terms and estimate proper coefficients even
when the signal-to-noise ratio (SNR) is low.

To identify the linear SISO system, the flowchart of
the proposed end-to-end ARX model identification frame-
work using neural networks is presented in Fig.1. It in-
cludes three main steps: producing training and valida-
tion data via simulation, training and fine-tuning neural
networks with simulated data, and deploying trained
neural networks to identify the ARX model from the in-
put and output data of linear SISO systems directly. The
performance of the proposed framework will be assessed
and compared in testing. The detail of each step will be
introduced in the following sections.

2.1 Data generation via simulation

This end-to-end ARX model identification framework
starts with data generation. The data used for training
and validation are generated from simulations. To ensure
the neural networks can be trained to identify the corres-
ponding ARX model of the actual system with simulated
data, the hypotheses of data generation are described as
follows:

Assumption 1. Let Y be an ARX function space of
simulated models in the training set. The bases of Y are



A. Dong et al. / End-to-end Identification of Autoregressive with Exogenous Input (ARX) Models Using Neural Networks 3

Estimate the Enumerate all
' maximum time combinations of
delay delay model terms

Identify the ARX

model with the
neural networks

‘ Test with various -
| ARX models

Deployment and testing

Randomly generate

Simulate all enumerated
models to generate 1
training and validation
data

- Neural 'ne':tworks :
' training !

|
i Training and validation

Fig.1 Flowchart of the end-to-end ARX model identification framework

{y(k_l)v"'7y(k_ﬁ;)7u(k)7"'7“(16_77;)}7 where
n, and 7, are estimated possible maximum time delays
of the input v and output y of an SISO system, respect-
ively. Any element in Y can be represented by the linear
combination of bases. Let y (k) be the corresponding
ARX model of the actual linear SISO system to be identi-
fied whose maximum time delay of the input and the out-
put are n, and n,. It is assumed that Vny, > n,,
g > Ny, JY =

{(y(k_1)7"' 7y(kj_ﬁ;)7u(k)a"'a
u(k —nu)) |k € N>o},
sty (k) €Y.

Assumption 2. The neural network model trained
from the simulation data consisting of a finite set of simu-
lated linear ARX models in Assumption 1 can be used to
identify an arbitrary stable linear ARX model with the
maximum time delays of n, and n,.

The first step of the simulation is to estimate the pos-
sible maximum time delay n, and n, of the input and
output of the system to be identified, then all combina-
tions of input and output delay terms should be enumer-
ated to produce Y. The number of enumerated ARX
model structure N. can be described as

Ty

Nezzic:ﬁcg;. (2)

i=1 j=1

For each enumerated model structure, n sets of coeffi-
cients are generated randomly with a uniform distribu-
tion, meanwhile, the stability condition requiring charac-
teristic roots to be inside the unit cycle is imposed. Then
the total number of models to be simulated N, will be

N,, = nN,. (3)

To generate simulated output data, a finite number of
time steps of observed input excitation of the system to
be identified will serve as the inputs for all simulated
models. Then both inputs and outputs of the simulated
models become the input features for the neural network.
The corresponding label for each pair of input and out-
put of a simulated ARX model is a vector. To create the
label vector, the first step is to generate a multi-hot vec-
tor where each bit of vector indicates whether a delay
term exists. The length of the label vector L can be ex-
pressed as

Ny = in + 71y, (4)

If a delay term exists, the bit that is one will be re-
placed by the corresponding coefficient. As a result, the
label vector can represent both model coefficients and
delay terms. The detail of the data generation is illus-
trated in Fig. 2.

In this work, the training, validation and test set are
generated separately following the steps described above,
so that the neural network is tested with ARX models
consisting of all combinations of delay terms with ran-
dom coefficients not shown in the training and validation
set. The training set contains 60% of the data, while the
validation set contains 20% of the data and the test set
contains 20% of the data.

2.2 Training and validation of the order-
wise neural networks

In this paper, an order-wise neural network structure
is proposed to identify each delay term and estimate the

corresponding coefficient independently, because learning
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Fig. 2 Detail of simulation data generation. The system to be identified is excited with an input frequency-rich signal U generating the
output Y;.. The first step of data generation is to estimate the possible maximum time delay 7, and 7y of the input and output of the
system to be identified. Then all combinations of input and output delay terms are enumerated to produce all possible ARX model
structure. For each model structure, n sets of coefficients are generated randomly with a uniform distribution. There are ny, + 7y, bits in
the label vectors. The existing delay terms in the model are represented by the non-zero bits in the corresponding labels. The specific
number in the non-zero bits are the corresponding coefficients of the existing delay terms. In simulation, input excitation of the system
to be identified will serve as the inputs for all simulated models. Then both inputs and outputs of the simulated models become the input

features for the neural network.

the combination of multiple temporal patterns of differ-
ent orders is difficult for a single neural network(26l. The
order-wise neural network structure is shown in Fig.3. To
identify a system with the possible maximum input and
output delay n, and n,, n, +n, separate neural net-
works backbones are concatenated together. Each neural
network is designed to identify the delay term and estim-
ate the corresponding coefficient based on the multi-task
learning strategy(2729. Based on the assumption that the
model delay terms and the related coefficient can be iden-
tified with the same learnt low-level features, these two
tasks share the same neural network backbone. Thus, the
loss function I,, of the n neural network is given by

ln = Wdn X ldn + Wpn X lpn (5)

@ Springer

where l4, and l,, are the loss functions of the delay term
identification and corresponding coefficients estimation,
respectively; wq, and wp, are the weights of the delay
term identification loss and corresponding coefficients
estimation loss, respectively.

Since multiple delay terms may exist at the same time
in an ARX model, the task of model term identification is
regarded as multi-label classification. The label vectors
containing coefficients information are required to be con-
verted back to the multi-hot vector for classification. In
this study, the binary cross entropy (BCE) loss is de-
ployed and can be expressed as

lan = —wn[Yan X10g0 (€ dn)+(1—yan) xXlog(1—0(x4n))] (6)



A. Dong et al. / End-to-end Identification of Autoregressive with Exogenous Input (ARX) Models Using Neural Networks 5

If not 0, If not ()
setto 1 setto 1

' MSE( 72) BCE(l,,)

Parameter Order

' MSE( ,]) BCE(Z

Parameter Order

‘ by ‘ Label
If not 0,
setto 1
MSE( ]m’) BCE(I‘,”) : - .L.oss. .. - .

Parameter Order

g

o

Order-wise
concatenation

Excitation input U and
simulated output Y,

Fig.3 Training process of the order-wise neural networks. The system excitation U and simulation output Y, are allocated in two
channels as the input of the neural network. There are 7y + ny backbones concatenated in the order-wise neural network (NN). Each
backbone identifies the delay term and corresponding coefficient independently. Each concatenated backbone receives the same input.
Each backbone is connected to two independent fully connected (FC) layers. The identified coefficient is the output of the first FC layer.
The second FC layer is connected to the sigmoid function to identify whether the delay term exists. In the label vector, if a model delay
term exists, its coefficient is located in the corresponding bit. Therefore, to train the NN to identify the existence of delay terms with the
binary cross entropy (BCE) loss, the bit that is not 0 should be converted back to 1, while the coefficient estimation can be trained with
the MSE loss directly. In this work, TCN and four types of modern RNNs including LSTM, Bi-LSTM, GRU and Bi-GRU are adopted as

concatenated backbones of the order-wise neural network separately.

where [, is the BCE loss between yq4, representing the n
bits of the multi-hot vector label and the n neural
network output x4,; o is the sigmoid function converting
Tqn into a value between 0 and 1; w, is the weight of
each class in the loss function and can be tuned to adjust
the imbalanced training set. Since the training data is
generated via simulation and always keep balanced, the
value of w,, is always set to 1.

The coefficients estimation is regarded as a regression
task. Each bit in the label vectors containing coefficients
information is regarded as the label for each neural net-
work. The mean square error (MSE) loss is adopted and
expressed as

-1 i (Yo~ i)’ (7)

i=1

where [,, is the MSE loss between the output of the
neural network ?pi and the corresponding label Y;; N
denotes the batch size. In training, the Adam optimizer is
selected to optimise the loss function. The training of the
order-wise neural networks with multi-task learning
strategy is outlined in algorithm 1.

Algorithm 1. Multi-task learning of order-wise neural
networks

Let 7y, n, be the possible maximum output and input

time delay of actual system.

Let 60, be all parameters of the n-th backbone of order-
wise neural networks, Vn € [1,7, + 7y].

Input: The input excitation U of the actual system and
the simulation output Y
Output: Label T = [a1,az2," -
senting the ARX model structure and corresponding
parameters, where T), is the n-th element in T.

s @iy b1, by ,bir] repre-

Initialize all parameters 6,
for the number of training iteration do
for n =1 to ny + n, do
Compute MSE loss [, with T, according to (7)
Binarize the label T'— T}
Compute BCE loss I, with T}, according to (6)
ln — Wan X lgn + Wpn X lpn
for each parameter ¥, € 6,, do
Compute all Vi, (J,)
Update ¥y < ¥n — Vi, (05)
end for
end for
end for
Ty + T
The concatenated backbone of the order-wise neural

return all parameters 0,, n =1,---

networks is designed to extract the temporal features of
the input time series for each order. As the backbone, re-
current neural networks (RNN) and temporal convolu-
tional neural networks (TCN), commonly used for time
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series modelling, are deployed and trained. The perform-
ance of these methods was then evaluated in testing.

Four order-wise neural networks consisting of modern
RNNs backbones including LSTM, bidirectional LSTM
(Bi-LSTM), GRU and bidirectional GRU (Bi-GRU) are
developed respectively in this study. The LSTM and
GRU are constructed with 2 hidden layers, and the Bi-
LSTM and Bi-GRU are constructed with 1 hidden layer.
Then, the output features of these RNNs pass through
fully connected FC layers for coefficient estimation and
delay term identification. The input windows of all RN-
Ns are set to 60 with 50% overlap. In training, the learn-
ing rate is set as 0.001 and weight decay is set as 0.0001.
It should be noted that the hyperparameters of these
models are tuned by the validation set.

In the order-wise neural networks with concatenated
TCN backbone, some modifications were made to im-
prove their performance for the tasks in this study. The
hyperparameters were tuned on the validation set to
achieve lower loss. For each TCN backbone, five tempor-
al blocks were constructed and connected as the residual
connection to avoid gradient vanishing. In each temporal
block, the dropout layer after the activation function was
abandoned. The parametric rectified linear unit (PReLU)
is used as the activation function. The output of TCNs is
flattened and passes through fully connected layers for
coefficient estimation and delay term identification. The
batch size for both RNN and TCN-based order-wise neur-
al networks is determined by the size of the training set.
For the training set generated from simple models con-
taining only single input and output delay terms, the
batch size is set as 128, while for the training set of the
multiple delay terms, the batch size is set as 8 192. The

Machine Intelligence Research

neural networks in this study were developed with the
deep learning framework PyTorch 1.11 and Python 3.8.
The GPU is NVIDIA Tesla A100 with 80 GB of graphic
memory.

2.3 Deployment and testing

After training and validation, the order-wise neural
networks can be deployed directly to identify the ARX
model of the linear SISO system. The detail of deploying
the order-wise neural networks is shown in Fig.4. To
identify the linear SISO system, the input features of the
order-wise neural networks are the sampled input excita-
tion U and output Y, of the system to be identified. The
input data length of neural networks during deployment
is identical to that during training. The outputs of the or-
der-wise neural networks are two vectors including the
vector of identified delay terms and the vector of identi-
fied coefficients. Finally, the vector representing the iden-
tified model can be derived by the element-wise product
of the identified coefficients vector and identified delay
terms vector.

To evaluate the performance of delay term identifica-
tion of the order-wise neural network with different back-
bones, this study uses the macro-average area under the
receiver operating characteristic curve (AUC) and accur-
acy, given by

T +ny
1
Macro — averagedAUC = ——— Z AUC;

Nu + Ny i=1

(®)

Identified model

[o]&foJof-]&fofofof~]

Identified coefficients | a, | a, | a | ah |

S
S

S
o

S
IN

Identified model terms

| : Element-wise
|0|1|0|0|...|1|0|0|o|..4| product

Order-wise
NN

Fig.4 Deployment of the order-wise neural networks. After training, the input of the neural network is the excitation U and the
output Y, of the system to be identified. The outputs of the order-wise neural networks are two vectors including the vector of identified
delay terms and the vector of identified coefficients. The identified model vector is derived by the element-wise product of the delay
terms vector and the coefficients vector. If a bit in the identified model vector is not 0, it indicates the existence of the corresponding

delay term, and the specific number is its coefficient.
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TP +TN 9)
TP+TN+ FP+ FN

Accuracy =

where TP = true positive; FFN = false negative; TN =
true negative; and F'P = false positive. The accuracy
measures whether the neural network accurately
identified all delay terms. On the other hand, since the
delay terms identification is regarded as multi-label
classification and the generated dataset is balanced in
terms of classes, the AUC of each delay term is calculated
independently and given equal weights. Consequently, the
macro-average AUC is used to evaluate the classification
of each delay term. To evaluate the performance of
coefficient estimation, root mean square error (RMSE) is
adopted and given by (10).

where a; and a; are the actual coefficients and estimated
coefficients of the output delay terms. b; and Bj are the
actual coefficients and estimated coefficients of the input
delay terms.

In testing, both RNN and TCN-based order-wise neur-
al networks were trained and tested in multiple scenarios
to determine the amount of data required for training a
proper model. Furthermore, the neural network which is
considered to be more suitable for the system identifica-
tion task should perform better with fewer training data
and low SNR. Two types of models are tested in this
study. The simple model containing the single input and
output delay terms shown in (11) is tested first.

y (k) = aiy (k — ) + bju (k — j) + e (k)
i €[1,ny],5€[0,n4],i,j €Z (11)

Then the robustness test for data with different SNR
levels is carried out based on the determined amount of
training data. Finally, a complicated model containing
multiple input and output delay terms shown in (12) is
tested.

Ny Ty

y(k) =Y aw (k=i + > bulk—i)+e(k). (12)

3 Results

3.1 Deployment and testing

3.1.1 The number of coefficient sets

First, the sensitivity tests for the amount of training
data required to identify simple ARX models with a
single input and output delay term are conducted. Since

the amount of training data depends on the number of
coefficient sets generated for each model structure and
the data length of the time series generated by each mod-
el, the first test was run with the length of the time series
fixed and the number of coefficient sets varied. As for the
testing model, the maximum time delays of both input
and output delay terms, 7, and 7n,, were set to 10, res-
ulting in a total of 100 model structure variations.

To generate the training set via simulation, for each
model structure, a certain number of coefficient sets are
generated from a uniform distribution, meanwhile, the
stability condition requiring characteristic roots to be in-
side the unit cycle is imposed. The number of coefficient
sets varies from 50 to 1000 and the length of the input
time series is set to 300, as shown in Table 1. In this
study, we have tested different data lengths and ob-
served that the accuracy of structure identification con-
verged after a data length of 300. Therefore, 300 is selec-
ted as the data length in this section considering its po-
tential for time-varying systems which requires the win-
dow size as small as possible to ensure high temporal res-
olution in tracking changes. Each model’s input time
series is identical and generated randomly with a uni-
form distribution to ensure that input time series are rich
in frequency. The testing set is generated separately fol-
lowing the steps described above so that the neural net-
work is tested with ARX models consisting of all combin-
ations of delay terms with random coefficients not shown
in the training set.

The trend of the accuracy of model term identifica-
tion is shown in Fig.5(a). It has been observed that with
the increase of the number of coefficient sets generated
for each model structure from 50 to 300, the accuracy of
all types of neural networks increased evidently and rap-
idly, and the accuracy converges after 500. As suggested
by Table 1, the macro-averaged AUC generally matches
the trend of accuracy, which indicates that the 500 coeffi-
cient sets generated for each model structure are roughly
sufficient to achieve an accuracy of >91% in the identific-
ation of model terms. After the convergence of accuracy,
both accuracy and macro-averaged AUC of RNN-based
neural networks are higher than those of TCN-based
neural networks indicating that the RNN-based neural
networks perform better in identifying the terms of
simple ARX models when the number of coefficient sets
in the training set is sufficient. It is also observed that
TCN-based neural networks have the best performance
while LSTM-based methods have the worst performance
when the number of coefficient sets is small.

For coefficient estimation, the results of which are
presented in Fig.5(b), the RMSE of estimated coeffi-
cients of all RNN-based neural networks decreases
sharply with the number of coefficient sets increasing
from 50 to 500. The value of RMSE also becomes stable
after 500. However, the RMSE of TCN-based neural net-
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Table 1 Performance of simple ARX model identification with a data length of 300 and various numbers of coefficient sets

Data length The number of coefficient sets Backbone types

Macro-averaged AUC Accuracy Coefficients estimation RMSE

2-layer GRU 0.905 0 0.603 0 0.064 3
Bi-GRU 0.9210 0.6910 0.069 6
300 50 2-layer LSTM 0.8250 0.256 0 0.097 2
Bi-LSTM 0.656 0 0.0190 0.156 6
TCN 0.9410 0.7310 0.102 5
2-layer GRU 0.9190 0.651 0 0.053 6
Bi-GRU 0.948 0 0.8070 0.033 8
300 100 2-layer LSTM 0.8290 0.2670 0.096 8
Bi-LSTM 0.776 0 0.1270 0.1129
TCN 0.9550 0.8020 0.0957
2-layer GRU 0.9890 0.956 0 0.0310
Bi-GRU 0.9880 0.9500 0.0311
300 300 2-layer LSTM 0.9880 0.9510 0.0300
Bi-LSTM 0.9840 0.9300 0.064 7
TCN 0.978 0 0.9030 0.099 5
2-layer GRU 0.9900 0.958 0 0.0290
Bi-GRU 0.9910 0.963 0 0.0259
300 500 2-layer LSTM 0.9920 0.9650 0.021 4
Bi-LSTM 0.989 0 0.9530 0.028 6
TCN 0.9810 0.9190 0.088 3
2-layer GRU 0.9910 0.961 0 0.023 9
Bi-GRU 0.9910 0.9620 0.0259
300 1000 2-layer LSTM 0.9910 0.961 0 0.0207
Bi-LSTM 0.9890 0.9540 0.0277
TCN 0.9810 0.9210 0.088 3
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Fig.5 The test results of different NN backbones with various numbers of coefficient sets. (a) Trend of the accuracy over the varying
number of coefficient sets; (b) Trend of the coefficients estimation RMSE over the varying number of coefficient sets. (Colored figures
are available in the online version at https://link.springer.com/journal/11633)

works does not decrease significantly as the number of
coefficient sets increases. After the convergence, the
RMSE of RNN-based neural networks is almost 4 times
lower than that of TCN-based neural networks indicat-

@ Springer

ing that the RNN-based neural networks perform better
in estimating the coefficient of simple ARX models with a
sufficient number of coefficient sets in the training set.
3.1.2 Datalength
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Based on the above result, it was determined that 500
coefficient sets generated for each model structure are rel-
atively sufficient. Therefore, the second sensitivity test for
simple ARX model identification was conducted with the
number of coefficient sets of 500 fixed and the length of
time series varied.

To generate the training data by simulation, the max-
imum time delays of both input and output delay terms
were still set to 10. A total of 500 coefficient sets were
generated randomly with a uniform distribution for each
model structure variation, meanwhile, the stability condi-
tion requiring characteristic roots to be inside the unit
cycle is imposed. Other parameters were set the same as
those in the above section. The length of the simulation
model input time series was set from 100 to 1000, as
shown in Table 2.

The trend of identification accuracy of delay terms is
shown in Fig.6(a). It has been observed that when the
length of the time series increases from 100 to 300, the
accuracy of all RNN-based neural networks increases
evidently, while the accuracy converges after 300. On the
other hand, although the accuracy of TCN-based neural

networks is already high at the beginning, the accuracy of
all RNN-based neural networks surpasses that of TCN-
based neural networks when their accuracy converges. It
can be observed from Table 2 that the trend of macro-av-
eraged AUC also matches the trend of accuracy, which
indicates that RNN-based models can generally outper-
form the TCN-based neural networks when the time
series length is sufficient, and a time series length of 300
is roughly adequate to obtain promising delay term iden-
tification results.

Fig.6(b) shows the result of coefficient estimation.
The RMSE values of 2-layer GRU and 2-layer LSTM are
already relatively small with a data length of 100, while
the RMSE values of the rest neural networks converge
after 300. After the convergence, the RMSE values of
RNN-based neural networks are still about 3 times lower
than that of TCN-based neural networks indicating that
the RNN-based neural networks work better in estimat-
ing the coefficient of simple ARX models with sufficient
time series length.

Compared to the effect of the increasing number of
coefficient sets, the increase in time series length has less

Table 2 Performance of simple ARX model identification with the number of coefficient sets of 500 and various data lengths

Data length The number of coefficient sets Backbone types Macro-averaged AUC Accuracy Coefficients estimation RMSE
2-layer GRU 0.9550 0.8420 0.018 2
Bi-GRU 0.9420 0.768 0 0.061 4
100 500 2-layer LSTM 0.9540 0.8410 0.0176
Bi-LSTM 0.8810 0.4820 0.0727
TCN 0.9810 0.916 0 0.106 5
2-layer GRU 0.954 0 0.8390 0.023 2
Bi-GRU 0.9880 0.9490 0.0237
200 500 2-layer LSTM 0.9620 0.8550 0.0205
Bi-LSTM 0.9450 0.6320 0.063 5
TCN 0.9850 0.9350 0.092 4
2-layer GRU 0.9900 0.958 0 0.0290
Bi-GRU 0.9910 0.963 0 0.0259
300 500 2-layer LSTM 0.9920 0.9650 0.021 4
Bi-LSTM 0.9890 0.9530 0.028 6
TCN 0.9810 0.9190 0.088 3
2-layer GRU 0.9910 0.9620 0.0235
Bi-GRU 0.9900 0.9620 0.0257
500 500 2-layer LSTM 0.9910 0.9620 0.020 2
Bi-LSTM 0.986 0 0.9530 0.0279
TCN 0.9830 0.9330 0.0770
2-layer GRU 0.9910 0.9630 0.0217
Bi-GRU 0.9930 0.9700 0.0200
1000 500 2-layer LSTM 0.9900 0.9590 0.020 5
Bi-LSTM 0.986 0 0.9400 0.0257
TCN 0.9850 0.9330 0.064 6
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influence on both delay terms identification and coeffi-
cient estimation. A time series with a length of 300 and
500 coefficient sets is sufficient to generate an adequate-
sized training set.
3.1.3 Additive white noise

Simple ARX models with different levels of additive
white noise were tested to evaluate the robustness of the
models. The maximum time delays of both input and out-
put delay terms were also set to 10. Based on the results
of the above tests, the training set size with 500 coeffi-
cient sets and a data length of 300 for each model were
adopted. Additive white noise with a signal-to-noise ratio
(SNR) ranging from 30dB to 10dB was generated and
applied to the system output in both training data and
test data to evaluate the robustness against the noise of
each neural network, the result of which is presented in

| — e ——
09} ¢ * ]
0.8} g
0.7 F 8
> L J
E 0.6
3 05F —s— 2-layer GRU | ]
< 04} —e— Bi-GRU 1
03 F —4— 2-layer LSTM | ]
ool —v— Bi-LSTM 1
’ —— TCN
0.1 F E
0 200 400 600 800 1 000
Data length
(a)

Machine Intelligence Research

Table 3. To evaluate the effect of noise level on the iden-
tification of delay terms, we further adopted the area un-
der the precision-recall curve (AUPR) to assess the per-
formance. Unlike the AUC, which measures a model's
ability to distinguish between positive and negative
samples, the AUPR evaluates the model's ability to de-
tect positive samples/30.,

It has been observed that the proposed neural net-
work-based framework generally works well to identify
the ARX model with a certain level of additive white
noise. As the SNR reduced, the accuracy of all neural net-
work backbones declined. The accuracy of 2-layer LSTM,
Bi-GRU and 2-layer LSTM is higher than those of Bi-
LSTM and TCN when the SNR is 30dB and 20dB. At
10dB, the accuracy of 2-layer GRU is significantly high-
er than other neural network backbones. The RMSE val-

0.16 —a— 2-layer GRU |7
7 014l —e— Bi-GRU ]
5 —a— 2-layer LSTM
g 012 —v— Bi-LSTM | ]
g 0.10 f —+— TCN i
2 0.08 F .
jf, 0.06 - .
2
£ 0.04 | ,
8
O 0.02} —3
0 200 400 600 800 1000
Data length
(b)

Fig. 6 The test results of different NN backbones with various data lengths. (a) Trend of the accuracy over the varying data length; (b)
Trend of the RMSE of coefficients estimation over the varying data length. (Colored figures are available in the online version at

https://link.springer.com/journal/11633)

Table 3 Performance of simple ARX model identification with additive white noise

SNR Model Macro-averaged AUC AUPR Accuracy Coefficients estimation RMSE
2-layer GRU 0.9470 0.9720 0.8020 0.060 8
Bi-GRU 0.9490 0.978 0 0.8040 0.045 8
30dB 2-layer LSTM 0.9490 0.9810 0.8070 0.041 2
Bi-LSTM 0.9350 0.9520 0.753 0 0.080 6
TCN 0.9270 0.9310 0.7190 0.0917
2-layer GRU 0.9210 0.9420 0.7210 0.0529
Bi-GRU 0.9290 0.9510 0.7410 0.0529
20dB 2-layer LSTM 0.9250 0.9670 0.7420 0.0480
Bi-LSTM 0.9150 0.9330 0.703 0 0.0539
TCN 0.904 0 0.8750 0.667 0 0.097 5
2-layer GRU 0.8550 0.6730 0.5370 0.0700
Bi-GRU 0.7930 0.326 0 0.2850 0.104 4
10dB 2-layer LSTM 0.8410 0.5370 0.476 0 0.080 0
Bi-LSTM 0.8110 0.2810 0.2220 0.092 7
TCN 0.8430 0.528 0 0.4730 0.104 4
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ues of coefficient estimation and the macro-averaged
AUC generally followed the same trend as the accuracy.
The AUC did not change much when the SNR decreased
to 10dB, indicating that the NN-based approach did not
misidentify many non-existing delay terms even with ex-
tremely low SNR. However, the AUPR decreased signific-
antly when the SNR dropped to 10dB, indicating that
the proposed NN-based approach is more likely to be un-
able to detect existing delay terms at extremely low SNR.
Generally, the proposed framework tends to detect a
sparser model structure under high levels of noise. Over-
all, the 2-layer GRU performs better in both model terms
identification and coefficients estimation when the SNR is
low.

3.2 Complicated model identification

According to the result of the simple model identifica-
tion, the increase of the time series length has less influ-
ence on both delay terms identification and coefficient es-
timation than the number of coefficient sets. Therefore, in
this section, the identification of complicated models with
multiple delay terms was tested with fixed data length
and a varied number of coefficient sets. For the complic-
ated testing model, the maximum time delays of both in-
put and output delay terms were set to 3, as shown in
(12).

To generate training data, the maximum time delays
of both input and output delay terms were set to 3, res-
ulting in a total of 49 model structure variations as de-
scribed in (2). For the complicated ARX model simula-
tion, the method to generate model input and coefficient
sets is the same as the simple model simulation. The data
length is fixed at 300. The number of coefficients changes

from 500 to 1500. The training set contains 60% of the
data, while the validation set contains 20% of the data
and the test set contains 20% of the data. The test res-
ults are shown in Table 4.

It has been observed that the proposed neural net-
work-based framework generally works well to identify
the complicated ARX model with multiple input-output
delay terms. When the number of coefficient sets ex-
ceeded 500, both the accuracy and the macro-average
AUC increased. In addition, the RMSE values of coeffi-
cient estimation continue to decrease. Therefore, as ex-
pected, complicated model identification requires a larger
amount of training data than simple model identification.
Compared with other types of neural network backbones,
the 2-layer GRU generally performed better in both mod-
el term identification and coefficient estimation. However,
compared with its performance of simple model identifica-
tion, the accuracy and macro-average AUC are lower
while the performance of coefficient estimation is better,
indicating that the complicated model identification with
multiple delay terms is more challenging.

3.3 Comparison with existing methods

We then evaluate the ARX model identification per-
formance by comparing the one-step ahead prediction
between the model derived from the proposed framework
and conventional AIC and BIC methods. A simulation
model is constructed to generate the data. The model is
described as follows:

y (k) = —0.709 x u (k — 9) —0.686 x y (k — 10)+e (k) (13)

where the additive white noise with SNR of 20dB is

Table4 Performance of complicated model identification multiple input-output delay terms with the maximum time delay 3

Data length The number of coefficient sets Model Macro-averaged AUC Accuracy Coefficients estimation RMSE
2-layer GRU 0.907 0 0.596 0 0.1204
Bi-GRU 0.908 0 0.6050 0.1149
300 500 2-layer LSTM 0.9050 0.5930 0.1145
Bi-LSTM 0.902 0 0.5890 0.1175
TCN 0.8320 0.3380 0.1924
2-layer GRU 0.9470 0.7470 0.0819
Bi-GRU 0.926 0 0.669 0 0.1010
300 1000 2-layer LSTM 0.9390 0.7110 0.086 6
Bi-LSTM 0.9200 0.634 0 0.1131
TCN 0.8490 0.3840 0.153 9
2-layer GRU 0.9530 0.7650 0.079 4
Bi-GRU 0.9170 0.628 0 0.0970
300 1500 2-layer LSTM 0.9410 0.7120 0.084 9
Bi-LSTM 0.9130 0.6220 0.107 2
TCN 0.865 0 0.386 0 0.146 6
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applied to the output. And 300 data points are generated
through simulation.

According to the results in Section 3.1.3, the three
best performing NN backbones under the SNR of 20dB
including the 2-layer GRU (GRU2L), bidirectional GRU
(BiGRU) and 2-layer LSTM (LSTM2L) are employed in
the experiment. After identification, all NN-based models
have derived exact sparse model terms as the ground
truth model in (13), while both AIC and BIC methods
identified with redundant delay terms of output from
y(k—1) to y(k—10). Fig.7 illustrates the one-step
ahead prediction performance comparison of the identi-
fied ARX models derived from AIC, BIC and proposed
neural network-based methods. The ground truth data
are depicted in grey and the predictions from five differ-
ent models derived from AIC, BIC, GRU2L, BiGRU and
LSTM2L methods are depicted in blue, orange, yellow,
purple and green, respectively. The goodness of fit for
each model's prediction is measured by the normalized
root mean square error (NRMSE). It has been observed
that all models closely track the actual test data, with
slight variations in NRMSE. The models derived from
GRU2L and BiGRU show the highest prediction accur-
acy, outperforming those derived from AIC and BIC
methods. This is likely due to the redundant delay terms
identified by AIC and BIC causing overfitting, especially
with noise. These results highlight the effectiveness of the
proposed NN-based framework in identifying both struc-
ture and parameters in the presence of noise.

1-step predicted response comparison

1.5
1LOf | |
0.5
=
= 0
= —
T
g 05 ‘
Test data (y1)
—1.0 /= AIC model: 83.18%
BIC model: 82.24%
1 GRU2L: 83.59%
157 BiGRU: 83.52%
LSTM2L: 82.52%

210 220 230 240 250 260 270 280 290 300
Time (s)

Fig. 7 The one-step ahead prediction performance comparison
of the identified ARX models derived from AIC, BIC and
proposed neural network-based method with simulation data.
Each model’s prediction is represented with a distinct colour.
The legend provides the goodness of fit for each model’ s
prediction, measured by the NRMSE. (Colored figures are
available in the online version at https://link.springer.com/
journal/11633)

4 Discussions

Despite the proposed end-to-end ARX model identific-
ation framework effectively identifying both delay terms
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and parameters with limited data length and relatively
low SNR, there are still some limitations. Due to the con-
straints of supervised learning, which is adopted in the
pretraining in this study, the training data and corres-
ponding labels must be generated from simulated models
that are enumerated under a certain maximum time
delay. This poses a significant challenge for enumerating
all model combinations in highly nonlinear systems, espe-
cially under high degrees of nonlinearity. With the devel-
opment of zero-shot learning3!l, which is able to categor-
ize unknown classes without training data covering all
circumstances, future studies could potentially extend to
nonlinear system identification using zero-shot learning.

On the other hand, since the proposed approach
achieves promising results with limited data length, it
provides the opportunity to identify time-varying sys-
tems based on a sliding window approach. As the system
is regarded as time-invariant within each sliding window,
the window size should be relatively small to ensure high
temporal resolution in tracking changesl!l. Therefore, the
ability of the identification method to effectively identify
the model structure and parameters with limited data
length is crucial for the sliding window approach. Future
studies will fully explore its potential to address time-
varying systems.

5 Conclusions

In this paper, a novel end-to-end ARX model identi-
fication framework was proposed to identify arbitrary lin-
ear stable SISO systems by order-wise neural networks
trained with finite simulation data. To be more specific,
the training data can be generated by simulating ARX
models consisting of all combinations of input and out-
put delay terms under the estimated maximum input and
output time delays of the system to be identified. Then
the proposed order-wise neural networks can be trained
to identify arbitrary stable linear ARX models under the
estimated maximum input and output time delays. For
the identification of simple ARX models, order-wise neur-
al networks with RNN backbones outperformed TCN-
backbone when the training data is sufficient. While the
TCN-based neural networks outperform the RNN-based
neural networks with a small training set characterised by
shorter data length. Furthermore, the RNN-based neural
networks also perform better with additive white noise.
For the identification of complicated ARX models, RNN-
based neural networks also perform better in both model
term identification and coefficient estimation. Compared
with the simple ARX model identification, the identifica-
tion of complicated ARX models is more challenging and
requires a larger training set. Overall, the proposed end-
to-end ARX model identification framework proves its
capability to identify ARX model terms and coefficients
simultaneously with finite simulation training data. This
study opens up a new research opportunity for paramet-
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ric system identification utilising the power of deep learn-
ing. A limitation of this work is that it is only able to
identify the stable LTI system. The future study will be
extended to nonlinear and time-varying systems.
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