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Abstract—In this paper, an online robust controller based on
a min-max reinforcement learning approach for linear systems
is discussed. Disturbances are represented by external signals
coupled with the control input which are assumed to be bounded
within a set of admissible disturbances. The proposed controller
implements a min-max approach which realizes a smooth transi-
tion between optimal and robust controllers. Lyapunov stability
theory is used to assess the stability and boundedness of the
min-max robust formulation. A neural reinforcement learning
architecture is used to obtain an approximation of the parameters
associated to the optimal cost. Simulations are carried out to
validate the proposed approach.

I. INTRODUCTION

In the last two decades, optimal/robust control problems
have been solved using different techniques [1]. Classic so-
Iutions use complete knowledge of the system dynamics to
compute off-line the optimal/robust controller, e.g., the linear
quadratic regulator (LQR) [2]-[4] also known as H> controller,
the H,, controller, and the hybrid Hs/H., controller (for
more details refer to [5]). These controllers are sensitive to
modelling uncertainties which directly affect the performance
of the closed-loop system.

One of the major issues in solving optimal/robust control
problems relies on the assumption that the exact mathematical
dynamic model is available [6]. To overcome this issue,
adaptive dynamic programming (ADP) [7] and reinforcement
learning (RL) [1], [8] methods have been used to compute
online the optimal/robust adaptive controller with and without
knowledge [9] of the complete system dynamics. The main
assumption, for model-based ADP-RL algorithms [10], [11]
is knowledge of the dynamics associated to the control input.
Model-free ADP-RL algorithms such as Q-learning [12]-[14]
offer an easy way to obtain the optimal/robust controller
without any knowledge of the system dynamics [15], [16].
Furthermore, RL for robust control solves an H,, control
problem [17] which finds the worst-case uncertainty that the
system can accept to maintain optimal performance. However,
most of the exogenous disturbances do not satisfy the H,
robust condition and therefore, the states of the systems are
ultimately uniformly bounded (UUB) [18].

The stability and convergence of neural RL methods have
been studied in previous works [19]-[21]. The results show
that the gradient update rule of the neural RL algorithm
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exhibits practical stability with exponential convergence under
Persistency of Excitation (PE) conditions [22], [23]. Other
studies, incorporate recurrent neural networks (RNN) as com-
pensation of the nonlinear dynamics such that the learning
time is improved and the control design is reduced to an
optimal linear control problem. However, this method requires
two steps: 1) identify the nonlinear dynamics using any RNN
structure and 2) obtain the optimal controller using a model-
based reinforcement learning algorithm [19]. Model-free RL
has been used to deal with perturbed systems using function
approximators [24], [25] (e.g., k-nearest neighbours, radial
basis functions). In these cases, an optimization problem with
constraints is solved. Nevertheless, the learning time increases
when the number of states and control inputs increases.

Learning from human expertise is becoming a trending topic
in different research communities due to its adaptability and
robustness to perform specific tasks, especially in video game
applications [26]. Human-behaviour learning has been used to
control nonlinear systems with known dynamics by solving a
Hamilton-Jacobi-Bellman equation. The algorithm uses differ-
ent cognitive models that emulate specific aspects of human
learning (e.g., memory [27], experience [28]-[30], curiosity,
the task [31]). The results show that the RL performance is
improved under new cognitive models and skills.

The open issue in the current-state-of-the-art is that ADP/RL
for robust control does not consider the real disturbance
in the design since they are based on a zero-sum-game.
To address this gap, we propose a min-max reinforcement
learning algorithm that incorporates the upper-bound of the
disturbance in the robust control design. Here, the worst-case
uncertainty generates a restricted Hamilton-Jacobi-Bellman
equation which is nonlinear. A neural RL architecture is used
to approximate its solution and compute a robust control policy
and the worst-case uncertainty.

II. PROBLEM DEFINITION
Consider the following perturbed linear system
#(t) = Az(t) + Blu(t) + w®)], 2(to) =z, (1)

where x € R™ defines the state vector, u € R™ is the control
input, w € R™ is an external disturbance that is coupled to the
control input, A € R™*™ and B € R™*™ define the known
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dynamics of the linear system, and xp € R™ is the initial
condition. The following assumption is considered

Assumption 2.1: The disturbance vector w(t) is bounded
within a set of admissible disturbances W C R™, i.e,
lw(t)|| < @, where W is a known upper bound of the external
disturbance.

In a standard zero-sum game formulation, the control ob-
jective is to optimize the following cost

J = / (£7Sz +u" Ru —~*w w)dr, Vo, u,w, (2)
t

where S = ST > 0 € R"*", R = R" > 0 € R™*xm™,
and v > 0 define the weight matrices of the cost. The optimal
cost is the one that satisfies the following zero-sum differential
game

J* = min max/ (z"Sz+u'Ru—~*w’ Ydr.  (3)
u w t
Solving this optimization problem requires the solution of
the following Hamilton-Jacobi-Bellman-Isaacs (HJBI) equa-
tion

H(z,u*,w*,VJ*) = VT J(Az + Bu* +w*]) +z' Sz
+U*TRU* _ ’)/2’1U*TU)* — 07

“)
where H(-) is the Hamiltonian and V.J* = %—f € R™ is the
partial derivative of the cost respect to x. A quadratic solution
for (3) is usually assumed, i.e, J* = x ' Pz for some kernel
matrix P = PT > 0 € R™*" that satisfies the following

Game Algebraic Riccati equation (GARE)
1
A"P+PA+S—-PBR 'B'TP+ ?PBBTP =0. (5

Then, the optimal control policy and worst-case uncertainty
is given by the H, solution

u*(t) = —R'BT Px(t) (6)
w*(t) = %BTPx(t). (7

RL/ADP algorithms are typically used to derive online
optimal/robust control policies through the interaction of the
system and the environment. Here, one of the main problems
arise by assuming that the real disturbance w(t) fulfils the
worst-case uncertainty w*. In other words, the value of the
worst-case uncertainty is based on the values of the proposed
matrices S, R, and ~. Hence, different weight matrices give
different worst-case uncertainties w* which do not necessarily
cover the real-world disturbance w. In this scenario, we need
to test different weight matrices to ensure the optimal control
(6) is capable to compensate the disturbance w. This procedure
is time-consuming and is not efficient.

A. Main Result

To deal with the problem of previous section, we take a
step back and work with a restricted H» problem instead of a

H, problem. The new cost (also known as value function) is
given by

Vi) = / " (udr, ®)

where {(x,u) : R® x U — R is the reward function which
has the following quadratic structure

&(z,u) = 'Sz +u' Ru, 9)

and U C R™ is a subset of admissible control policies. Notice
that in contrast to (2), this new formulation is constrained to
a set of admissible control policies and not the entire vector
space in R™. The Hamiltonian of the problem subject to (1)
and the value function (8) is

H(z,u,w,VV) =V'V(Az + Blu+ w]) + &(z,u), (10)

where VV = %—‘;. The optimal value function is defined by

oo

(" Sz +u' Ru)dr, (11)

V*(z) = min max
uelU weWw [,
which is the one that satisfies the following restricted
Hamilton-Jacobi-Bellman (RHJB) equation

H(z,u*,w*,VV*) = VTV*(Az + Blu* + w*])

+&(z,u*) = 0. (12)

The above min-max formulation defines a robustified ver-
sion of the HIB where the disturbances have been incorporated
into the solution.

Remark 2.2: The RHJIB equation in (12) differs from
the HJBI equation in (4). The main difference lies in the
optimization of the worst-case uncertainty [32], that is, the
HIJBI equation finds the optimal worst-case uncertainty w*
which guarantees that the closed-loop system trajectories have
an optimal performance. On the other hand, the RHIB adapts
the optimal controller to compensate the real uncertainty w
within the set of admissible disturbances W to ensure a
near-optimal and robust performance. Notice that, in general,
[w*[| < [lw] < @.

We need first to determine the worst-case uncertainty w* €
W under this constrained scenario. Considering only the terms
associated to w in (10), we obtain that

w* = argmax (VTV*Bw) = argmax <BTVV*, w> , (13)
weWw wew

where (-,-) defines the inner product that, in this case, cor-
responds to the standard dot product. The Cauchy-Schwarz
inequality is used in the right-hand side of (13) as

(BTVV*,w) < ||BTVV*|| |w]|

< ||BTVV*|w (14)

The inequality (14) is used to determine the worst-case
uncertainty w* by considering only the equality part. The
worst-case uncertainty w* is given by
. w
~IBTVVH

*

w BTVV*, (15)



Notice that we obtain a normalized worst-case uncertainty
in terms of the known upper bound w of the disturbance vector
w. We add +1 into the denominator of the above equation to
avoid any computational issue

o w
CIBTVVH| +1

w*

BTVV*. (16)
The robust control policy u* is obtained by differentiating
the Hamiltonian (10) with respect to u as

1
ut = —nglBTvv*. (17)
Substituting the worst-case uncertainty w* (16) and robust
control (17) in the RHIB equation (12) gives

1
V'V*Az — 1VTV*BR*BTVV* +x'Sz

w
W gTy*BBTVV* =0
BTV + 1

(18)
Notice that if we assume that the solution of the RHJIB is
quadratic, ie., V* = 2T Pz for some constant kernel matrix
P =PT >0 e R, then substituting in (18) yields the
restricted algebraic Riccati equation (RARE) given by

A"P+PA+S—PBR 'B'"P+7PBB"P=0, (19)

where T = m. Notice that the RARE (19) has
an equivalent structure to the GARE (5) where the constant
attenuation factor 1/+? is modified to a bound factor 7 which
adapts the value of the kernel matrix P and thus the robust
control policy u*.

In general, the solution of the RHIB equation cannot be
obtained in closed form due to the nonlinear form of (18). In
the following section, the solution of the RHIB equation is
discussed using reinforcement learning.

III. APPROXIMATE SOLUTION OF THE RHJB EQUATION

In this section, an approximate solution for the RHIB
equation is given using a neural reinforcement learning model.

Let the optimal value function (11) be equivalently approx-
imated [33] by

V*(z)=2"Px+ ¢ 0+ey, (20)

where Py = Py > 0 € R™*" is a positive definite kernel
matrix, ¢ = ¢(z) : R™ — RP is a vector of basis or activation
functions, § € R? denotes the weights of the neural network
and ey = ey(z) : R” — R is an approximation error.
On the one hand, the first element of the right-hand side of
the equality in (20) denotes a prior solution of the restricted
optimization problem. On the other hand, the second term is
designed to learn from interaction using a neural reinforcement
learning approximation. The combination of these terms helps
the design of a robust controller that is capable to stabilize
the linear system and compensate the external disturbance and
model uncertainties.

Considering a fixed policy u and disturbance w, the Hamil-
tonian in terms of the approximation satisfies

H(x,u,w, Py, Vo) =22 Py + 0" V¢) (Az + Blu + w])

+2'Sc+u'Ru=cepy 21
where ey = —V»s‘T/:z': is the residual error due to the approxi-
mation error. Therefore, the robust control policy is given by

ut = —%R*lBT (2Pyz + VT ¢0) (22)
and the worst-case uncertainty (16) is given by
w* = BT (2Pyz + VT ¢h). (23)

where 3 = B(z) = m. Substituting the worst-
case uncertainty (23), and the robust control policy (22) in the
Hamiltonian (21) gives the following RHJB equation
a' [P)A+ATPy+S— Py (BR'BT —48BB") Py| «
+0TV¢(A — BR'BTP,+48BBT P,
+9Tv¢( — 1BR'BT + BBBT)vTa;e — e,
(24)
For stability analysis purposes, consider an equivalent nota-
tion of V' ¢ = U= where ¥ € R"*7 is a matrix composed
of the values of 6 and the coefficients of V¢, = € R is
given by the unique functions of x in V¢. Then, the following
theorem establishes the uniform ultimate boundedness (UUB)
of the linear trajectories under the robust control policy (22)
and worst-case uncertainty (23).
Theorem 3.1: Consider the linear system (1) under the
robust control policy (22) and worst-case uncertainty (23). If
the Schur complement conditions

Mz >0
My — MoM; My >0,

:L. .

(25)
are satisfied with

M, =S+ P [(BR*BT — A1) +48B(1 - BA*)BT}PO
My, =28V "B(I —BAH)B' Py + %\IlTBR‘lBTPO

My =0T GBR*BT £ BB(I - BA~YHBT - Az)qf,

where A} = A] >0 € R™" Ay = A] >0 € R™™" are
known positive definite matrices and A~ = A;' + AL If
there exists a scalar k = Apin(Q) + p for a positive scalar p >
0, then the closed-loop trajectories are UUB with a practical
bound

_ el 5 _ [M

Proof 1: Consider the following Lyapunov function

My
M3

} e Rnta)x(n+q) (26)

V=a"Puxz+¢'0, (27)
which satisfies the Rayleigh condition
Amin (Po)[]|* <V < Amax(P)|2]* + 67, (28)



The above inequality means that the value function is
bounded by class-/C functions [34]. The time-derivative of V'
along the linear system trajectories (1) is

V =2"(Pp)A+ A" P —2PyBR'B" Py)x + 22" PyBw

—22"PyBR™'BTVT¢0 + 0" VéBw
+0'VpAr —

%GTV¢BR‘1BTV¢0. (29)

The Young’s inequality is applied in the terms associated to
the disturbance w as

V <a"(Pp)A+ATP —2P\BR™'BT Py)x + 0" VpAx
— 22" Py BRIBTVT¢0 — %QTVQSBR*BTW&
+ 2" PpMPox +w B TAT ' Bw + 0T VoAV T ¢h
+w'BTA; ' Bw
=2 (PhA+ AP —2PyBR™'B" Py + PoA 1 Py)x
+w BTA™ Buw + GTV¢><Ax —2BR'BT Pyx
- %BR*lBTvase + AzVT¢0). (30)

Substituting the RHIB (24) and worst-case uncertainty (16)
in (30) gives
V<—ey—al (S + Py(BR'BT — AP,
1
48P, B(I — ﬁA—l)BTPO) ET\I/T( BR'BT

¥ BB(I — BA~HBT — AQ) =

_=T (453(1 BAHYBT P, + BR’lBTP())x
: MQ} m —ep=-XTQX — ey
2 3 —

-l Ui
— Amin Q)X + llex |,

[wT» =17

€2y

where X = € R"t4. If we select a large enough
matrix S and appropriate matrices A; and A5 such as the
Schur complement conditions in Theorem 3.1 are satisfied,
then ( is positive definite. Furthermore, for a large enough S
it implies that 3 is small constant such that (I — SA™1) > 0.
The Lyapunov function candidate is negative definite if

lexll
)\min(Q) + P

then there exists a scalar k£ > 0 that ensures that X remains
within a bounded set .S, of radius y, i.e., || X|| < p and hence,
the trajectories are UUB. This completes the proof.

The weights 6 of the NN and the kernel matrix Py that pro-
vide the best approximation of (20) are unknown. Therefore,
the following value function approximation is used

szTﬁox+§T¢

X1 > =, (32)

(33)

where f € RP are the estimates of the neural weights 0, and
PO = PT > 0 € R"™ " is an estimate of the kernel matrix Py.
The design of the complete neural reinforcement learning is
discussed in the next section.

A. Neural Reinforcement Learning

One might think that the most effective method to calculate
(online) the kernel matrix P, is by means of a differential
Ricatti equation (DRE) of the form

Po+ATPy+ PyA+S—BBR'BTE =0. (34)

The DRE (34) does not contain information of the external
disturbance vector w. Therefore, the solution P, lacks of
robustness and adaptability, but serves to stabilize the model.

Remark 3.2: The DRE in (34) is in fact anAAlgebraic Ricatti
equation (ARE) because the kernel matrix P, is constant.

To solve the robustness problem of the DRE, let first rewrite
the right hand side of (33) in the next equivalent form

J:Tﬁoa: = vech(f’o)T(x ® x). (35)

where ® is symmetric Kronecker product and vech(P) is
the half-vectorization of matrix P. Now consider the neural
reinforcement learning element. Here, the value function (33)
is rewritten in terms of (35) as

V=vech(P) (z@z)+0 ¢=0"d (36)

-
n(n+1) .
where ® = [(m ® x)T,qST} € R~z 1P is the vector of

A . ~ SANT /\I— T n(n+1) .
basis functions and © = |vech(Fp) ' ,0 eR = 1P s

the vector of parameter estimates.

Remark 3.3: The elements of the basis function ¢ =
[p1,--+ ,#p] T must be different to the basis functions within
(x ® x) to avoid linear dependence.

The RHJB (24) in terms of the value function approximation
(36) gives as output a temporal difference (TD) error [11]
described by the next equality

éTV‘I)(AJ?—FB[U—‘er +2'Sz+u"Ru=46. (37)

The main goal of the neural reinforcement learning algo-
rithm is to minimize the squared of the TD error. The gradient-
descent rule proposed in [35] is used to compute the parameter
estimates as

0= —aﬁ <qT9+$TSx+uTRu>, (38)
where @ > 0 is the learning rate and ¢ = VfDSAa;+B[u+w] .

Convergence of the estimates is achieved under the ful-
filment of a persistency of excitation (PE) condition [22].
So, the robust decision making controller and the worst-case
uncertainty are given by

1

ut = —§R—1BTVT¢(?). (39)
ToTHA
w =g BV iI)@ . (40)
HBTVT@®H+1

The boundedness of the closed-loop trajectories of the
neural reinforcement learning is given in [11]. Here it is shown
that the parameters of the network converges exponentially to
a compact set v whose radius is proportional to the residual
error € as t — oQ.



IV. SIMULATION RESULTS

In this section, the effectiveness of the proposed min-
max reinforcement learning formulation is verified with the
following case study.

Consider the F16 aircraft plant used in [35]

& =Ax + B(u + w)

—1.01887 0.90506  —0.00215 0
= 0.82225 —1.07741 —0.17555| x+ |0| u
0 0 -1 1

+[0 0 1] 0.19sin(t).

In this paper, several weight matrices are tested until the
best performance is achieved. The final weight matrices are
set to § = 50I and R = 1. We compare three different
approaches: LQR, the synchronous neural RL (SNRL) [35],
and the proposed min-max RL (MMRL). Both the LQR
and SNRL are formulated in a Hs sense, that is, without
considering the worst-case uncertainty w* in the control design
to avoid biased results. The external disturbance w satisfies the
following bound |w| < 0.2 = @. The control objective is to
stabilize the aircraft’s dynamics at the origin.

The exact kernel solution Py of the LQR is

68.1705 55.1946 —1.3616
Py = |55.1946 68.3563 —1.6166
—1.3616 —1.6166 6.1815

Six basis functions ® = [22, 2179, 2173, 23, Tox3, 23] "

are considered in the SNRL. A sum of exponential weighted
sinusoidal functions with different frequencies is used as PE
signal to guarantee parameter estimates convergence. The
learning rate is set to v = 52 which is the one that obtains
better results without destabilizing the gradient algorithm. The
final kernel solution Py using the SNRL is

R 70.9717 52.5037 —1.391
Py = [52.5037 70.8515 —1.5779
—-1.391 —1.5779 6.1829

For the proposed MMRL, seven basis functions are used
P = [:17%, 1‘11’2,1711'37l‘%,IQIg,I%,taHh(ITI)]T . We use the
same learning rate and PE signal as in the SNRL. Fig. 1 shows
the parameter estimates convergence of the proposed MMRL.

—-
_@)2
6;
50 —6,
— 0
6
_(:)7
3000

100

0 1000 2000
Time (s)

Fig. 1. Parameter estimates convergence using the proposed MMRL

~ 61 16: 164 68.46 555  —2.105
Py= 362 ©1 365/ =] 555 68.7  —2.462],
16, 165 6 ~2105 —2.462 9.014

The parameters converge to the following values
and ©7 = 7.8. So, each control policy is given by

ULQR = —R_lBTPOx7
1 ~ . .
USNRL = —5[93551 + Osx9 + 20413)],

1 - N R
UMMRL = —5[@3.’1?1 + O5x9 + 2.’173(@6 + @7sech2(me))].

Fig. 2 shows the stabilization of the F16 states. Notice that
the LQR and SNRL have similar results where they attenuate
the effect of the external disturbance due to the selection of
matrix S. On the other hand, the proposed approach exhibits
more attenuation of the disturbance. To exhibit the robust
performance of the proposed approach, we test it under two
different scenarios. The first experiment uses w = 0 and
the second one uses a disturbance of w = 0.1cs; + 0.1s34,
where ¢, = cos(x) and s, = sin(z). Table I summarizes the
Euclidean norm ||z|| results of the last 45 seconds.

TABLE I
EUCLIDEAN NORM OF SYSTEM TRAJECTORIES WITH/WITHOUT
DISTURBANCES

LQR SNRL MMRL
w=0 T 0.002 0.002 0.0027

U 4.39e —4 | 4.52e —4 | 3.36e —4
w = 0.1(cst + s3¢) T 0.0125 0.0125 0.0061
u 0.0764 0.0764 0.0932

The obtained results are consistent with our claims. Here,
it is shown that the proposed approach can attenuate the
disturbances in a better way in comparison to standard Hs
controllers. However, as expected, the control input is greater
since the robust policy considers the worst-case uncertainty
w*. Equivalently, when there is no disturbance, the proposed
approach slightly degrades the optimal control performance
which can be regarded as a compromise in the transition
between robust and optimal control.

V. CONCLUSIONS

In this paper, the design of robust controllers for linear
systems is formulated in terms of a min-max reinforcement
learning approach. The proposed approach bridges the optimal
and robust control theories by restricting both the control
policy and worst-case uncertainty into admissible sets instead
of considering the whole vector space. A restricted HIB
equation is designed in a min-max form which facilitates
the incorporation of the external disturbances in the robust
control design. Lyapunov stability theory is used to assess
the stability and boundedness of the proposed formulation.
A neural reinforcement learning algorithm is used as the main
tool to estimate the optimal parameters’ values associated to
the optimal cost. The results show improvement in the dis-
turbance attenuation whilst maintaining a robust performance.



0.01
5 A~

=
ALA_A_AA / /\
A~ A A Ve 4

o AV

P _ N
A = — R — N

\/\ E— o))
-0.01 ——1z1; SNRL . |
1 MMRL 0.047
10 20 30 40 50 10 20
Time (s)

(a) State x1

30

Time (s)

(b) State x2

0.05
y
— o AAAAAAA
——; SNRL \/ \/
@, MMRL \/ \/ \/ _IJ LQR
——23 SNRL
-0.05 z3 MMRL
40 50 10 20 30 g U
Time (s)

(c) State 3

Fig. 2. Stabilization of the F16 states

This approach can be easily expanded to unknown dynamics
using an integral reinforcement learning formulation. Further
work will focus the extension of the approach for nonlinear
systems and time-varying systems.
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