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SUIQIARY

This report discusses the effects of the existence of a
small, but finite, molecular mean-free-path on the steady air flow
in the laminar boundary layer. The boundary conditions at the
exposed surface are modified by the existence of a slip velocity
and temperature-jump between the air and the surface, and a theory
of first-order approximation 1s developed to account for the con-
sequent modification to the shear stress and heat flux to the
surface. The correction is obtained as a gquantity of the order
of’ (1/3#5) compared with the uncorrected values of the shear
stress and heat flux derived from the usual assumption of continuum
flow ﬂ%x being the local Reynolds number). The results are
applicable to a wide range of external flow conditions, but are
inapplicable to the internal conditions of the flow near the

origin of the boundary layer.

In particular, it is found that, in the absence of an
external pressure gradient, the correction to the local skin
friction coefficient is zero; and if, as well, the surface
temperature is uniform, then the heat transfer coefficient (kH) is

reduced by an amount Cﬂ/ﬁﬂx).

In numerical work the results of this paper will be
found significant if the loeal Reynolds number is between aboutb
102 and 104 but they can be used as a cruder approximation dovm
to about Rx &

A sumpry of the relevant physical theory of non-uniform
gases, and a comparison with other theoretical discussions of the

vroblem of bowndary layer slip flow, is included,
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layer at (x,y) if there is no slip of the air at
the surface (y=0) where the gas tenperature at a
distance x from the nose is T(x).

maximum value of Me,

characteristic dimension of surface length
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rate of heat flux

Py uaL/pa , surfacs Reynolds number

Py ua:q/ua , local Reynolds nuuber
surface area element

Sutherland's constant, in umT3/2/(T+S)

gas static temperature

surface temperature for zero heat transfer (the thermometer

temperature)

velocity characteristic of that of free streanm
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v'j“.’P/p, the speed of sound

'persistance factor' (the definition by equation (4.15)

is assumed),

'rs/v_’;-pa ui, the local skin friction coefficient
gas specific heat at constant pressure

' X ! 3 . volume
the 'momentum transfer coefficient'
gas thermal conductivity
Q /20, ui , the local heat transfer coefficient
molecular mass
distance measured normel to surface
gas static pressure
gas mean speed
defined in equation (4. 25)
r{0,0), the temperature reccvery factor
dePined in equations (IV.14) and (IV.15) of Appendix IV
surface radius of curvature
%/ T

power of s in expension of (TW - T*h) /T

E 7 a

surface slip speed
velocity components relative to swrface along (x,y) axes

velocity components relative to plane of zero-slip,

along (x',y') axes
mean molocular speed

system of orthogonal coordinates measured along and
perpendicular to surface, with origin at nose of
surface

system of orthogonal coordinates measured salong and
perpendicular to plane of no-slip

]
Cp = Sp
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defined by equation (IV.16) of Appendix IV
defined in equation (4 32)

the accommodation coefficient

a finite mumber
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Subscript:

c;/bv’ the ratio of the gas specific heats
length characteristic of boundary layer thickness
the boundary layer displacement thickness

= .
value of s where c_ exceeds the maximum value of ¢

i
the 'coefficient of slip' (see equation (I.7) of
Appendix I)

3

y/5, and defined more precisely in equation (IV.8) of
Appendix IV

T/Ta
the gas mean free path at the surface

the gas coefficient of viscosity

(g ) /L

arbitrarily chosen values of x and x', respectively
the gas density (= Nm)

pcp/k, the Prandtl Number

shear stress

, d_ g0
a(u/ua} £= "ﬁﬁ(?):]

non—dimensional stream function defined in equation
(IV.3) of Appendix IV

assumnsd a constant

=3

i
d!’_i:l ?

' refers to conditions in gas in the free stream
s! refers to conditions at the surface in the gas
'w! refers to conditions on the surface

'2' refers to conditions at the plane of no-slip
¥ ==~ 2(x))

"B Y refers to conditions i

B8

gas outside boundary

layer.

An asterisk denotes the value of a property derived

on the assumption of continuum-flow (de0s assuming.ﬁ = 0),

A prime is used to denote differentiation of a

function with respect to its argument.



1. Introduction

The first outward manifestation of 'high-altitude effects’
upon the structwre of the boundary layer over a body is generally
to be found in the occurrence of a certain velocity of slip of the
air at the surface of the body. It is an established fact that
a viscous gas tends to adhere to any moving surface with which it
is in contact: 1if the gas is regarded as a continuum then the
assunption of 'mero slip' can be accepted. It is this tendency
to drag the air along with it which causes near a moving surface
the appsarance of a boundary layer of air, and within the boundary

layer the viscous stresses are Importent.

If the gas is recgardéd, not as a homogenecus medium
(i.e, as a continuum), but as an aggregation of molecules, this
concept of 'zero-slip' breaks down, since the gas cannot be said to
be continuously in contact with the suwrface. Likewise, the tem-
perature of the gas at the wall is not necessarily that of the wall
itself -~ there is a 'temperature jurp'. The properties of
individual molecules striking the surface are their properties
derived from their previous collision, within the main bulk of the
gas, In simplified terms, we might conceive that the molecules
possess the same properties within a distance of one mean free
path from the swTace, The implications of this concept are
generally unimportant for gases at ordinary temperature and
pressures since the free path is very short. However, in the
rarified air at high altitudes of flight, the occurrence of a slip
velocity at the surface cannot be overlooked, as the mean free path
may be appreciable compared with the boundary layer thickness.

Bven at low altitudes, it might be expected that the
effects would not be negligible near the origin of the boundary
layer, where the thiclmess of the layer becomes very small,-

This discussion concerans the correction to be applied to
the estimated steady rate of heat transfer and skin friction to a
two-dimensional surface, on the assumption that the mean free
path is small compared with the dimensions of the boundary layer,
but not negligible.

e shall first briefly state the physical laws governing
the value of the slip velocity and the temperature jump at a
surface - a more general discussion of the physics being given in
the Appendix, for the benefit of those who may be unaware of the
approximations involved; and then we shall attempt to find how
far these laws - which were derived for simple shearing motion

and one~-dimenticnal comwection of heat in a fluvid at rest - may

/be applicable ...
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be applicable to the flow in the boundary layer., After some
modification, these laws are shown to give a new set of boundary
conditions at the swrface within the boundary layer, valid if the
nean free path is small, so that all we have is a first approxi-
mation, It should be noted that if the mean free path is not
small but commensurate with the boundary layer thiakness, not only
do these results break dovm, but also other assumptions inherent

in the formation of the boundary layer equations become invalid.

e shall then show how these modifications to the
boundary conditions affect the solution of the boundary layer
equations. In doing so we need only assume that the flow is
laminar near the surface, and we do not need to construct the
solution of the equations; instead we relate it to other known
solutions. These general results are then applied to some
particular solutions for the laminar boundary layer, in a way which
enables us to make certain quentitative deductions. A completely
general set of results cannot be obtained, because of the difficulty
of accounting precisely for the effect of the surface tempefature
Jump. However, the results given cover a wide range of problems,

and a comparison with other theoretical results is included,

5, The Results of the Kinetic Theory of Gases

As is shown in the Appendix, based on the theories
expanded in refs, 1 and 2, in a one-dimensional shearing motion
with a gas velocity q parallel to a fixed wall, physical theory
leads one to expect that at the wall the molecules will possess a

certain 'slip velocity'

u, = 2c (2%2) %%.h vl

relative to the wall, and are not (as is usually assuned) brought

to rest thereon. Tn this expression f is a factor called the
"momentum trensfer coefficient' which must be found from experiment,
dq/dn 1is the velocity gradient in the gas normal to the wall
(meaned with respect to time), and A is the mean free path of

the molecules. The factor ¢ is sometimes called the 'persistence
factor! and in fact (c)A) may be related to the usual definition

of viscosity

Boo= CO:\-T)\ ...-.-...-..(2-2)

/where .o



where p is the gas density, and v 1is the mean molecular speed.

Similarly if heat energy is being transported one-
dimensionally through a gas at rest %o a wall, there will be a
difference in the mean temperature of the molecules at the surface
(TS) and that of the wall itself (Tw) ¢ this is a 'temperature

junp'! which is usually neglected and is found to be equal to

Bl @ % = 2-07? %7& EIPPRCIRI. X &
where a is called the 'accommodation ccefficient', o is the
Prandtl number (cpu/k), and ¥ is the ratio of the gas specific
heats (cp/qv). The temperature gradient (dT/dn) normal to
the wall is assumed to have a constant mean value within the gas,
as - in the statement of (2.1) - was the velocity gradient. In
fact, it is only necessary that these restrictions apply within
distances of the order of A from the surface. At such distances
from a surface of a boundary layer very similar conditions exist,

as will now be shown.

3, Application to the Flow within the Boundary Layer

Taking exes normal to, and parallel with, a plane wall,
the two-dimensionel equations which govern the motion of a com-

pressible boundary layer on this wall are: that of continuity:

_,Lo__l alev) | o reoetots B St T

those of conservation of momentuns

ou oV 9 ou
pu"é';c'-l- pV'_J“'z [‘;}Ec"i"ég; 8 -'}/) eoao.a.«c-.!(jez)
9
0= 'é'?_‘ -gnaa-sc-oor(}-})

and finally that of conservat:zon of energy, which may be writien

as

m

5_ BT &) ar du A
cpp (U. i v ay_ = "a';r' kUy o u(ay)‘l".l%& o-o--.(3.}+)

The symbols used here will be found defined in the list at the
beginning of this repont,

/Thase e
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These equations are obtained using the usual approxi-
mation that quantities of the order of (6 2/Lg) are negligible in
comparison with unity -~ where 6 and 1L are quantities
representative of the boundary layer thickness and surface length
respectively; and that the non-linsar terms in viscosity and
conductivity may be ignored -~ an assumption which involves the
neglect of terms of the order (uU/pli) compared with unity, As
is well-known, both these assumptions are justifiable if R, the
Reynolds numbey;, is large, and imply the neglect of terms of the
order (1/R) or (Mz/'R) compared with unity, = Here we shall
regard M as a quantity of order u.nityE, so that in either case
it is necessary only to regard R as large compared with unity .
to justify the assumptions: the modifications otherwise imposed,
if M is very small or very large, are discussed in refs. 3 and

l, but are unimportant to the principles we wish to establish here.

Again, if the wall is curved and we measure X and ¥y
along and perpendicular to the curved surface, then the
equations (3.1) = (3.4) still apply if we also neglect terms of
the order of (5/50) compared with unity, where ;c indicates

the mean radius of curvatwe of the swface.

In the light of these approximations it is therefore

pertinent bo engudvs if, say, Vhe ocowrrence of a velocity of
slip at the swface has any significance within the accuracy of
the usual approximations. e have seen, in fact, from (2.1)
that ug is a quantity of the order of A X velocity gradient
normal to the surface: in the boundary layer at the surface, the

normal velocity gradient is in fact a quantity of the order of

u&/ﬁ , the suffix 'a' denoting free stream conditions., Hence
n .
“E = O{'?-‘\-‘ ..’l‘.l'....(le)
u Oy

a

From (2.2), since vV is comensurate with the speed of sound,

A= o) = o(f) ATDRRETIINE Y

whereas, as already noted

5 o 0(1%) okt T e )

fa80 that sese

£ The statement that M = O('\) here asserted does not of course

preciude the condition that M <<1.
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so that in (3.5)
us 1
..11_ = O(—-:) 'll.lcilll..(j.g)
a

In general, the value of u derived from the equations of the
boundary layer has an inaccuracy of the order of (ua/R-), so that
it follows that, from (3.6), wu, is certainly significantly
different from zero within the accuracy of the approximations.

Accordingly, we may usc the boundary condition u = u, at the

surfece, instead of the usual condition of no-slip, without other
wise correcting the boundary layer equations: similarly we may
include the effect of the temperature jump, However, plainly it
is impossible to do more than consider the firast-order effects of
these new boundary conditions, as second-order effects would not
increase the accuracy of the solution simply because there are

other comparable effects which are meglected as well,

To establish whether the results of the physical theory
(given in para. 2) are relevant to conditions near the surface in
the boundary layer, we note immediately that the variation of, for
instance, the velocity gradient in the boundary layer has an
insignificant effect upon the value of the slip velocity, since
such variations in the flow will introduce terms of corrcetion to
the expression (2.1) depending on (N/0): Le. the proportionate
variation in the properties within distances of the order of the
mean free path., From (3.5) and (3.8), the valus of (us/ua) is
evidently a small quantity of the magnitude 1 /B, and so such
corrections will only affect the estimation of its value by mag-
nitudes of the order of (1/R): within the accuracy of the boundary
layer assumptions, such magnitudes are negligible, Hence, we may
show that (2.1) is applicable to the conditions within the boundary
layer if we put:

2-f) fou
us=2c -?-") (E-};)SF‘ ...-..-.--.4(3.9)

I the formulation of (2.3) veriations in, for example, the tem-
perature gradient, have been neglected, but this is likewise
justifiable within the limits of our approximations: however, no
sccount has so far been taken of the mean kinetic energy of the
gas rclative to the wall. The kinetic energy of the gas near
the wall is a quentity of the order 5 ui per unit mass, whereas
its excess heat energy is of the order c (Ts - ’i‘w): the ratio
of these two quantities is, from (2.1) and (2.3)
2

il fo, @, ~8) ¥ K%%)h / °p (%%)

-

i

/The value .o
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The value of the velocity gradient is a mapnitude of the order
(ua/&), and the value of the temperature gradient is in general
of order (Ta/6 )5 so that the mean kinctic energy is a small
fraction of the difference between the heat energy of the
incident molecules and the wall (since uf/ep T = (p-1)4% 4s in
general of order wunity), the fraction be;ng a ;uéntity of the
magnitude (A/8).  Similarly the rate at which work is done on
the wall by the shearing stress is small compared with the rate
of heat flux i.e.

s @ @) () o

Thus the consideration of mean kinetic energy as well as of heat
encrgy will not affect the formulation of the expression for the
temperature jump, except in second order terms, which are
negligible to the order of approximation used here; so that we
may write (2.3) es the condition governing the temperature jump
at the surface in the boundary leyer;

- n,s B S(5) (£)) o s )

Noew suppose that we may express the veriation of any
property (G) within the boundary layer near a point x = E‘o on
the swface (y=0) by a series:

Glo,y) = G(E,0) + (& )6, (E_,0) + 6, (E40) + vus

Put (x-—if )/L = and y/6 =m : then derivatives with respect
ok anc'l n are; in gcneral cormensurate if (a.s is assumed)
the quantity &/L = 0(1/R9) is small. Further let us consider
the variaticn of the properiies within distances of the order of
a mean free path from the point of the surface (E,D,O): suppose
that X-E = A, y=PA, where A and B are finite. Then

4

A
elr,y) = 6(E,0) + 4 () 6, 6,0 + 8 (F) 6 ¢,0 + ...

Thus within the accuracy of the solution, neglecting terms

of order (1/R) compared with those of arder unity,

It

G(éo-‘-ﬂf}\,ﬂh) G(Q O) + Ea( )G- (yo,o) nosooca.(3u11)
For example,

u(’zo‘*ﬂh;ﬁ-"\'\) --000-01(5012)

e (B)]

“ g
0

Jend from ..,
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and from (3,9) in (3.12)

u('go-s-AP\,B)\) =120 (g%f-)+f;—| h(% sesaes 1593
— - s

X"—"-rz_‘;

(0]

It follows that u=0 if

y=eA =-2 (BN =g sy i Gota)

The length &, often termed the 'coefficient of slip',
may therefore be envisaged as the distance below the surface where
the mean velocity of the gas would be reduced to rest relative to
the true surface. This apparsnt depression of the planc of 'zero
slip! will in fact vary with s = x/L, as the mean free path will
be related to the local gas temperature and the local wall tem-
perature. However this variation is small, and in fact negligible
over distances along the surface of the order A, as demonstrated
by (3.13).

At this plane of 'zero slip', the gas temperature is,
from (3.11),

S e
& g " leghh-2) = 160 - £ (),

X=F
2

or, using (3.10) and (3.14),

(Tg 1) L{:E = ot [{531) (?;(c;) ! (2;f} E\(_SST;)S] : (3.15)

I X=l
o

and evidently at the plane of zero slip, the gas temperature is

different from the wall temperature.

Again at the plane of zero slip, the normal mass flow

7 PUS
(DV)E‘ = (pv)S§ + Ok SLS )
X%o m;o
~d(p_u )
since, by (3.1), _3;(5_;_17)_ at y=0 is equal to ——-a-fc-—é -

But there can be no flow into the swrface at y=0, and so from

(3.5) and (3.6),

0 o S 2
ﬂéxo(f&-ﬁ) =o(€‘f) =0(

Pala v pa.uaL

2 ) s v ih 46)

=
A
n

v i
Now (v/ u.a) is in general of order 1/R® in the boundary layer

and so its value at the plane of 'no-slip' is zero, within the

Jassumed ..,
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assumed accuracy. Hence, at the plane of 'no-slip' the gas is

sensibly at rest relative to the surface.

The concept of a plane of 'zero slip' has of course no
physical significance, as the flow does not exist below the true
surface; however it is justifiable as a mathematical notion,
based on an analytic continvation of the variation of the mean
gas veloelty deduced from the solution of the equations, and it
is a notion which is a convenient one as it enables us to suggest
a method of solution of the boundary layer equations in the
condition of slip-~flow. This method will be explained in the

next paragraph,

Before erbarking on these arguments, one fundamental
point about this method of solution needs clarification. In
equation (3.11), the property G is arbitrary: it nisht be the
velocity wu, say, or the shear stress, which involves %% a Ye&t,
if" 1t refers to the wvelecity wu, then as in (3.12) we assume that
within distances of the order A from the surface the velocity
varies linearly with distance: this implies that (with constant
viscosity) the shear stress is ccnstant over this distance.” It
is apparently, therefore, incompatible to proceed as we shall do,
to calculate the change in shear stress by the use of equation
(3.11), However, there is no incompatability., To illustrate
this, let us consider a simple exam,ple.E As a first approxima-
tion, equation (3.11) tells us that the shear stress varies
linearly with distance close to the surface: assuming say that
the viscosity is constant, then this admittedly implies a quadratic
distribution of wvelocity, Ve have, however, that the shear stress

et the true surface at a distance & from the surface of no-slip

is
"2
Ty = Ty + u%’(g-%\}
\ &/,
fa2 '
Now, u _"% at the swurface of no-slip is equal to the pressure

gradient ggong the surface %ﬁ (frqm the equation of motion of
the boundary layer), Thus the change in the shear stress between

the true surface and the apparent no-sglip surface is
g L
Ty = iy & T

which is a result we shall later derive again. To evaluate this
difference we need to know & a first approximation to £ may
be obtained, as in equetion (3.14) by assuming a linear variation

in velceity; thus even if we make the more acceptable assumption

o 8 e /Ofa aa:‘.
E The author is indebted to Mr. G.M, Lilley for suggesting this,
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of a quadratic variation in velocity, we find.that:
), (a
=u, + .4 (Ey) 2 )
2
i.e. from (3.9), since u, = 0, (6u/a'<‘,r)y , and (azu/ay‘)é.am constant

oa (2;7;.?.) (%)s;\ %0 (2nf) (au) e (i%)é A=¢ ’(2}; o«:(a;)g
f.8, £

o P o D (5 8)- ]

i

The first-order approximation to & is adequate, and there is
therefore no incompatability in making the assumption of a linear
variation in velocity which leads to this approximation. This

assumption is sufficient to yield &.

L4, The solution of the Boundary layer Equations in Slip Flow

L.1. General Conclusions

Suppose we now introduce a system of orthogonal
coordinates (x',y'), with the lines y' = constant lying parallel
to the plane of 'nec-slip! (y = - r';,’(x)), and y' = O corresponding
to the plane of 'no-slip!. The curvature of the lines y' = const.
is then simply proportional to (d {;/dx ) singe % is a small
length, of the order A : their radius of curvature is thus a

magnitude

|

I'c:

o(1)

so that 5/1*0 is of the order (6;\/112) i.e. of the order 1/1'-13’/2.
Hence, in the light of the remarks which we made at the begimning
of the last section, it follows that if we neglect terms of order
(1/R) compared with unity, we may write down the equations governing
the flow within the boundary layer as

3 (pu? 3 (ov!

) Lol Lo oo 4
Qu’ ot du’

Pu’ S ! * PV ay! """'axr +ay1 (IJ- ay.) ....“.(h.az)
QE:: - O uolla.--aaca(ll-l-as)
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2
aT dT dp . 3 a7 du'
s bl B O LA i Ro B
©pP ( oxt TV ayQ wEr t ek ay') g (ay')

aressenssann (A—II{-)

where u' and v' are the velocity components parallel to the x!
and y' axes., Except for the substitution of primed symbols, these

are identical with equations (3.1) - (3.4).

Now, if - as is usual - the equations (3.1) - (3.4) are
solved subject to the condition of no-slip at the true surface,

the boundary conditions to be imposed are:

n
I

wsvy=sl and T Tw at y=0

¢a|aanua-ooa(£'|~o5)

u

ug and T Ty gt ¥y =07

the boundary conditions and the solution bring valid only for

x 3 0 where x=0 corresponds with the point of origin of the
boundary layer., Yet, if we allow the existence of a slip-velocity
and introduce the new (x',y') axes, these have been chosen so that
the corresponding boundary conditions are:

11'=v! =O, T=Tz’ aty’ ="Q|_ I'Onlll...ll(l-juéa-)
since from (3.16) we found that the gas is at rest relative to the

surface at the plane of no-slip. At y = o©, corresponding to
the condition u = 1w , we have that

U = u' + v! %)//J}‘l - (%)2

But (az/ax) = 0(A/L) = 0(1/R), from (3.6): so that within the
approximations of the solution, u' = us at y =00, which is
also the condition at y' =o@. Hence we also have that

'L‘l':ué, T:T& a.t y'=6¥} qoao‘li-locl()-{-osb)
Without loss in generality, we may assert that these conditions

are valid for x'> O,

Comparing the equations (4.6) with those of (4.5), it
follows that the boundary conditions, as well as the actual
equations, are similar; whence we derive the following important
result.

To the order of approximation implicit in the assumption
of the usual boundary layer equations, in slip-flow the conditions
at a point (x',y’),-—r(%i‘erred to axes parallel and perpendicular to

the plens of no-slip (y' =0, or y = - Z(x)), - are identical with

/those in ...
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those in the. boundary layer over the same swrface at a point

(x,y), = referred to axes parallel and perpendicular to the surface
(y=0) where a condition of no-slip applies; - except that, in the
former problem, the temperature of the gas at the plane of no-slip
is different from that in the latter problem, where the temperature
of the gas at the surface is that of the wall (i.e. there is no

temperature jump).

Let us attempt to formulate this condition mathematically.
Suppose we denote by q i:}:,y,T(x)] a property at the point (x,y)
in a flow without slip referred to axes parallel and perpendicular
to the surface (y=0) where the gas temperature is T(x), and x=0
is the origin of the plate; and by G [x,y,T(x] the same property
at the point (x,y) if the air is slipping at the surface, where the
wall temperature is T(x). ped

How, in our notation, a point on the plane of no-slip

y =0, x':gé , corresponds to the point y = - ;(go), and x:go .

where
N
ol o e
1 i g:é o b= 20
0 ® .\;[‘i +(dx)]dx““°oF+O(L2)]

i.e. where g; = go , to the appropriate order of approximation,

i

Hence, the conclusion already stated implies that

4 i N &
G Li{s_ YTy (Kli =G

:x,y + Zlxl, Tg(x):i Miehusompngn ;<o

In particular, the value of properties on the surface where y=0,

are given by

¢ [x0,7 &) =c* [;x,z(x), 7, (x)]
¢* {%,0,T (x)] + )65 Ec,o,rfw(xﬂ

.Il'..!ll.ll()"-lg)
using the results of (3.11), It will be noticed that in the

small correction term rultiplied with &Z(x) it is immaterial, to

i

the order of approximation valid, whether the quantity G; is
that derived for a gas surface temperature of Tw or Tz_,' s Since

the difference is small.

However, it is the difference between these two
quantities which significently affects the vaiue of the first
term on the righthand side of (4,8). We require to find the

difference

AG = GE{,O,TW(::)] - g x,O,TW(xH

/and 0 e..
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and to do so, we evidently need to find the difference between
o* l-x,o T and G® [o J Ve may vequire a knowledge of
the f‘omcr quantity = since “this is the value of the property
derived foar a continuun flow with zero surface slip and tempera-
ture jumps but this is of no value in finding the latter, since
(TW - Té) varies with x.

This mey be seen from equation (3.15), which gives the
value of (TZ:’, o Tw)' Only in the condition of zero heat-trans-
fer, ((—?%) = 0, dis the effect of this change in temperature ecasily

s

accounted for, since then the tempeyature jump is zero, For
other conditions, it is not easy exactly to calculate the differ-
ence between G* I— 0, Tz,l' and G* [x,O T_l Take, for example,
the case of a flat plate with a uniform surface temperature,

T, = const.i  then A does not change with x, but (%r';n-)s, and

so also (TZ; - T ), varies in general as 1A%, and there is no
general solution far the flow over a flat plate with a terperature

I‘J

distribution T, =T + Bx ~ (where B is a constant)except at

incompressible speeds of flow,

Fortunately, the conditions of zero heat transfer and
low Mach murber, are both important ones; and the effec’t of the
temperature jump may otherwise be assessed in the particular
condition in which the shear stress is independent of the
temperature distribution: this is so in a compressible flow
without a pressure gradient if the viscosity varies in proportion
to the absolute temperature. Although this latter is a condition
not exactly satisfied it does give an adequate approximation to
the rate of heat transfer, and presumably also to the effect of
the tenperature-jump, over a flat plate, provided the lach
mumber is not too high,

L,2, The Solution for Zero Heat-Transfer

If there is no heat transfer to the surface
_g_ﬁl) & 0 'liaooaalino(zl-ag)
Y. 3
and so from (3.15)3

T =T .llc..ouolﬁ‘(‘h‘l1o)

/Hence, oe.
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Hence, equé.‘tion (4. 8) nay be written as
I w [ kY -
x,O,TW(xﬂ =G E:,O,Tw(x_)j + &(x) Gy E,O,Tw(xﬂ sxn e ¥%)
Consider now the shear stress in slip flows

o ou

Y

Putting G = 1, we may in (4.11) irmediately reclate 5 to 'c:

(i.e. the shear stress at the wall, calculated for the same

conditions with no slip at the suwrface.) In fact:

s

&
oy = e 2t (2 it e

But from (3.2), if the condition of no-slip is imposed, at the
wall

or® ap
(aysﬂa-}c .o--.c.oo-on(li-o‘lj)
so that
W N
A“s Ry ® &5
In terms of the local slin friction coefficient, o, = 'rs/%paui ?

using the value of £ given in (3.‘11;.),

3 .
Aoy = Cp = .«_;; = 2¢ (%f) %(Ef) insamnisenss e th)

Now A is the mean free path of the molecules at the wall, where

the gas temperature is Tw = Tth; and so from (2. 2),

b = parps ua |
C)\ = ils/PBvs i ”a/psva_ - ng‘[‘:(p ‘-; )""“"““ (11-015)
aa

bccause*, within the accuracy of the kinetic 'bheorf?, of gases

v
& The implication is here that we treat pecT?, which would seem

to preclude the consideration of other conditions of the temperature
variation of viscosity which we afterwards introduce. The point,
however, is that the variation of p cannot be accurately described
by (2.2): in Sutherland's treatment of the problem, for instance,
(see ref.1, §90),

S - =
(’1 + Ts)ps = e, PV ATy

where ¢, has at least a value close to that of ¢, and S is
Sutherland's constant, Sutherland's formula is knowm to give a
more accurate description of cobserved data, and from it we deduce

a5 wt B e )p_afé(_ff.%_)
15U "0/ e T, \p%e

which, apart from a difference in the constant of proportilon, is

the same as (4.15). Thus we shall regerd (4.15) as definitive, in
preference to (2.2), whatever the variation of p with temperature,

as it displays the essential fact that Ecx\) varies inversely with
dersitv: the constant of proporticn in (4.15) may in fact be in exrvor.
T2 (1.15) is acswmed, then, to be a definition, ths essumptions implicit

: f i 3 2 i @
in itz Jestificentions ere fomaberial,

Lo 1§42
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N o 1/p and so pox v.  The mean molecular speed is

- 2D MQW .
v o= QU/}TE & 2 ""Y a ............(-’-;..16)

so that,
e i 1) R Py ol
gn \/ £ 8 a /yx MU “s Fa
L - 8 T (anL) J 8 ﬁ 'i‘"' ‘.'Pis" ot-o(h—l"?)

Thus, fronm (4e17) in (4o14), since TS = T‘bh’

Do = o ‘/E i Paltn ="
Y R E 2 R pg T \ ds
: (4.18)

or R

Tof-+
HJO
|
,.-—-2“"*
1
\-.._,
/"\
iﬁ
d-
:r
f‘_'"“'-..
\\....,...-/
Vi
as l Er\)
\“‘-":'ul_k
—

In particular, we see that if the surface pressure gradient is
zero then slipping has no effect on the sikin friction; the
correction in the presence of a velocity gradient becomes most

important at high Mach number.

Similarly, if

a7
- (%)

is the rate of heat fiux in the gas through the boundary layer,

“l

e, = 9% + 2k (ay = 0 RPVURPRRAITY | 3

S 3

since, from (4.9), there is no heat flux into the wall, From

(3.4)

~

Gl \ & i
(Sﬁ%sz_ps (%yus crenssneonn it

so that in (4.19), from (4.20), if HQ =Q_ - Q; , then

2
AQ::“Q,::“‘Hsz (g_-;_l :_5_ (T:)z nc-:--aoae(l’-I-92'1)
3

s

In terms of the local heat transfer coefficient, ICH Q /%-pa "
using (3.14)

it

of) 8

by === -0 (3F) 8

or from (4.17), if us/lla = (TS/Ta)w,
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This expression shows that the heat transfer is zero when in fact
the uncorrected value of the heat transfer coefficient is positive:
i.e. for small rates of heat transfer, the effect of surface slip
is to reduce the rate of heat transfer, most particularly at high
Mach number, The effect is quite independent of the surface

pressure gradient.

Finally, we note that the displacement thickness of
the boundary layer is reduced, by slipping, by the distance ¢,

i.e.
50 oa o
r| Gees | (| (o) e
a & a
o -Z -Z
s o =
e ) g
= 87 =l &- (u)dj
5 =A%,

But for =4<y<0, (u,/’ua) is of order (A/5) so that

s, = b, -8 =-% 1+o(§)]

or, correct to the first order of approximation:

D
5, 568 «%=b)~ 20 ( )?‘\
Thus, from (4.17),
o s () X
A ‘f R
Fo os (4o 23)

i ) 2 (2;)/” (2

—

l

or i}

b'l_\o"

4«3, The Correction in the Presence of Heat Transfer

As already remarked, the solution of the problem of the
effects of surface slip and temperature Jump on the flow of the

boundary layer, with heat transfer to the surface,is more complicated.

/This is +..
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This is because in the amalogy with the no-slip flow about a
surface depressed below the true surface, the temperature at this
swrface of no~slip is not simply the wall temperature, but differs
from it by a certain amount (varying with x) as determined from
equation (3.15).

The study of this problem involves the solution of the
boundary layer equations of no-slip flow about a surface with
varying surface temperature, and this problem only becomes
tractible if some simplifying assumptions are introduced. Such
additional assumptions are detailed below: even so, the results
(which are also stated and discussed below) are a little involved,

and their derivation is relagatcd to the Appendices II-IV,

4.31, The Solution for Heat Transfer in the Incompressible
Boundary Layer

The term 'incompressible' appliecd to a boundary layer
with heat transfer is rather inappropriate, but we mean by it the
conditions cbtaining if the Mach number of flight is small, s
we further make the assumption that the change in temperature

across the boundary layer is small, then the energy egquation (3.4)

becomes
ugz”.@z_(_z_)a_"’z (1 22)
a a — c 2 & &8 888 B WP
X Y Pp oy

where w,v are sensibly the velocities in the layer if the
temperature is everywhere constant, and (55—) may be treated as
P

a constant., = An approximate integration of this equation has
baen suggested in ref., 5 by Fage and Falkmer for the conditions
in which

T + th
a

H
n

e SIS T |
:

and U = Cx _j

That is, with a power law variation for the wall temperature and
surfsce pressure. Following the method of this reference, it is
possible to deduce the correction in slip flow for these same
conditions, on the basis of the amalogy we have already formulated
here. This is done in Appendix IT, The result obtained is that
the changesin the Nusselt Number or skin friction coefficient

(i.e. the velues of /AA(u) = Nu - Nuf, or zﬁlﬁi =l - kﬁt)

/are given ...
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are given by the relation (IT.6) of that Apperdix, which is

o it = | bl ¥ %
a2 [ a(zt-) ) ()] (&)

(ra®) ko
[.o
P PR :
:{(—ﬁ) Lg%l JB  ceeniennn (426)

|1

vhere T is a function, shown graphically in fig., 2. The factor

f2r) (2-[-[.\_ E-f)

i
\'f—:—"l} oo £

accounts for the difference between the temperature at the
apparent surface of no-slip (‘I‘g) and that of the wall (Tw)‘ If 4%
is zero, then Tg = Tw , and there is no correction required to
Nu or k‘H for slip effects. In fact, it appears to be positivle
(see para. Jody) s On the other hand the sign of the correction
also depends on Nu® and F(X): F(X) is only positive for

X>~ %, in which range it is shown in fig. 2, Thus we may make

certain qualitative deductions fiom equation (4. 26).

() In particular, if the wall temperature and the velocity
outside the boumdary leyer are constant (r =t =0), then it
follows from (4.26) and fig. 2 that the correction due to the
temperature~junp is zero. his is an important result as it is

the condition most nearly realised in practical exemples.

(b) TIf the wall temperature is constant, but the velocity
outside the boundary layer increases =0 r> 0), the correction
to Nusselt mmber is negative, implying a reduction in the heat
transferred to or from the body. On the other hand, if the
veloelty decreases (r € 0), the correction is positive, implying

the opposite conditions.

() Again, if the velocity cutside the boundary layer is
constant (r = 0), but the temperature decreases away fran the nose
along the surface, the correction to the heat transfer coefficient
(1.e. bkﬂ) is negative, implying an incremental heat transfer
from the body to the air. If the temperature increases aft of
the nose, the correction has the opposite sign, and there is either
an increase in the heat transfer to the body or a decrease in that

transferred to the air.

432, An Extension to the Compressible Boundary

Mo deel satisfactorily with the same kind of problem

in compressible flow, (i.e, withcut introducing any assunption

/88 B0 ...
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as to the magnitude of M), it is necessary first to impose the

condition that the flow is isobaric, i.e.

a
a:% =O! p6 =pa c-l-.s.oano-(}-i-az’?)

so that it is no longer possible as before to ascertain the inter-
action of changes in pressure and wall temperature as in incom~
pressible flow. Further, we must assume constant specific heats
and Prandt]l number, and following the method of ref. 6 we deal with
the flow properties if the viscosity varies linearly with

temperature: i.e.

W =7 .-.---......()4-.28)

in our previous notation. The argument is detailed in Appendix
ITI, As a particular result of the above assumptions, it follows
that the sheer stress distribution is independent of the temperature
distribution, so that its correction for slip is identical with
that derived previously in para. 4.?2. Then because of (4, 27)

above,
& 0,66
Acf ) O’ and. Cf=cf -—-';'%‘_""t ..o.--n--e-a(1|-029)
g
If the wall temperature is expressed as a power series
in X%
W = t 0
T'U' = T'Lh + Ta ‘{_E""'Bts cau--clc-lol(‘!k})

where T;h is the thermometer temperature in no-slip flow, it is
shown in Appendix IIT that the correction to the heat transfer

coefficient is given by

oy () sl (@) (2)- ()] B

5 s tmDna . ek i)

where @i is a factor depending upon the temperature distribution
of equation (4.30), and is given by

. . 10
VI 50 % (1)B,s %] (1 32)
= J/[‘ﬁ’”t ]

Hence F is approximately the same function as iz shown in fig. 2;

§ =;L§F(t-r:§->m)ats‘°"*
a——— Lh _t _';

the difference arises only because of the approximations introduced

in ref. 5 (from which the values of F were calculated)which were

/not introduced ...
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not introduced in ref. 6 (from which the above result was derived).

The first term (depending on cff) in {4.31) represents
the effect of slip on the heat transfer, and the second (involving
the accommodation factor a) represents the effect of the temperature-

Junp,

If Iy =0, then k; is small, and (4.31) is in agree-~
ment with the equation (4, 22) already derived for this condition
(if we put P, = By and » =1, as given by equations (4.27) and
(4.28)).

Ir M is small, (< ¥u®) 1 o quentity of order (1)
and so is large compared with (? cf ) which is of order unity.
Thus in this so called 'incompressible flow' condition, the latter
term may be neglected, and from (4 31)

B[ @ -] 1) [

Noticing that for a temperature distribution of the type

- *
™ +mT B, s :Ta(1+}3_bo

%
TW i oY & -t )

i M =0,

then from (4. 32)
¢ = P-L) /FG)

Tt will be seen that the new result is quite compatible with that
of (4. 26) previously cbtained for the incompressible flow condition,
if p, =B (end so r = 0).

If the surface temperature is uniform (whatever the Mach
muwber), in (4.32) we bave that t =0, and since P(-5) =0 it
also follows that §:= 0, Thus, for T_ = const, using (4 24)

2 i
3 / 1 b
3 Oy f2ofy o w2 _ _0.33 (M
R &1{1{ = -—‘JL?ii—- (2 f) (R Cf) = S (R'-'l'i_') -oca.'.ncc(}-{--l}})

which is an important relation, since in most applications the

temperature of the wall at least does not greatly vary.

Tf it were to vary we should have, in accordance with
(4.%1), to add an increment to ﬁth , which (as in the previously
discussed condition of incompressible flow) is positive or negative,

according to whether the wall temperature is (in general) either
In the usual flight condition

go that the correction

increasing or decreasing downstream.
the skin temperature is highest ncar the nose,
(h.33) would slightly underestimate the reduction in the heat

/transfer ...
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transfer to the skin resulting from considerations of the finite
molecular free path.

Because we can construct the correction to the heat
transfer coefficient resulting with a given skin temperature
distribution, it should be possible to solve the inverse problem
and in particular to establish the correct value of Tth’ the
thermometer temperature, (i.e. the temperature of the wall in the
condition of zero heat-transfer). It would be expected that
this value would differ only little from its value T:h in no-
slip flow. THowever, as is fully discussed in the Appendices III
and IV, this condition involves a singularity in the mathematical
solution, and the lmovm boundary conditions do not provide us
with the information necessary to determine the precise difference
between T, —end T:h. However, it is found that the 'equilibrium'
condition of zero heat transfer can only be reached in slip flow
af'ter heat has been lost from the boundary laysr to the extermal
flow; or, in other words, the thermal layer then extends outside
the velocity layer. lore precisely, whereas in no-slip flow the
temperature decreasss exponentially as the square of the distance
from the swurface, in slip flow (in the condition of zero-heat
transfer) it decreases merely inversely with this distance. The
physical interpretation of this result is obscure: it would
suggest that the equilibrium condition would not be reached as
quickly in the presence of slip as otherwise, because an infinite
flux of heat from the houndary layer to the air is mecessary to
attain this condition. On the other hand, our approximations
may not be adequate for the treatment of this particular condition,
the true value of Tth being dependent on conditions near the

' noge where our theory breaks down.

4ol The Accommodation & lMomentum Transfer Coefficients

The numerical evalustion of the corrections to be
applied to the skin friction and heat transfer coefficients
dﬂpendﬁ on o knowledge of the coefficients a and fF.
Insufficient experimental information exists to make more than

a rough approximation to these values.
Leboratory tests suggest the following results for' the
valuc of the accommodation coefficient:

(i) o dincreases with the molecular weight of the gas
(e.g. from 0.2 for H, up o 0.8 for N, or 0, on a platinm

surface)

AL
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(i:'r_) o increases with surface temperature (e.g. for H2
on P, from 0.2 to 0.5 as the temperature is raised to 1000°C from

room temperature)

(i4i) o depends on the surface finish or quality (e.g. a
rises from 0.3 -~ 0.4 up to 0.7 - 0,9 if a platimum surface is
blackened with platinum blac}:)

(iv) o depends on the age and history of the solid boundary
(e.g. although o is recorded as 0.2 when a fresh gas-{ilmed
surface is tested, the volue o = 0.8 is obtained for an old, but

otherwise similar, specimen surface).

(v) o depends upon the material of the solid surface, The
following values are taoken from ref. 7 and refer to air on}

cast iron, polished a = 0.87 - 0,93
machined a = 0,87 - 0,86
etched a = 0.89 -~ 0,96
aluminium, polished a = 0.87 = 0,95
machined g = 0,95 < 0,97

Results for the value of f, +he momentun transfer
coefficient, display similar trends, and in every case where a
comperison is possible, it is found that f is significantly
larger than ¢, though likewise it has never been found to exceed

wnity: (e.g. for hydrogen on glass o = 0.36 but f = 0.89).

All this evidence suggests that for anything other than
fresh, clean, cold 'laboratory specimens' the value of o is at
least 0.7 and such a figure corresponds only to the results of
tests using light gases, On the kind of manufactured surface
which an aircraft might possess, in the presence of air possibly
supplying heat to it, we might therefore expect that o would be
between 0.9 and 1.0, and that f would be virtually unity.

The value of o 1s also required to evaluate the
corrections, and we have that o = % ;Y= -;- s Tor air, (approx. ),
It occurs in combination with o and ¥ as the expression

(9

which, for air, has the value 1.75 if o« = 0.95. We would there-
fore be safe in assuming that

rZﬂ( D, E-f‘.]
_i_jY+‘l o o‘) ol . __E > 0.

and it follows that, from (3.15), in the presence of heat transfer
to the wall, the value of T, (the temperature of the air at the

/vlane of ...
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plane of 'no-slip' below the true surface) exceeds the wall tem-
perature, as also does the temperature of the air at the wall.

4.5. Limitations and Applicability of Solutions

In the preceding paragraphs we have obtained precise
expressions for the corrections to be applied to kg and c; for
the compressible boundary layer with no heat transfer; the case
of the compressible boundary layer with heat transfer but without
a surface pressure gradient is also considered, subject to the
assunptions that the Prandtl Number is unity and that the viscosity
is proportional to the absolute temperature. The last mentioned
assumptions are not essential, as we have seen, only if M = 0,
but they are probably sufficiently accurate for most conditions

encountered in subsoniec flow.

We have not.been able to derive the corrections to be
applied in the condition of heat transfer at high Mach number;
nor have we been able to deal with the condition of heat transfer
in the presence of a surface pressure gradient, except for the
condition that M = 0.

Presunably some of these problems could be solved by
introducing approximations, but this will not be attempted here.
The difficulty lies in the variation of the temperature-jump along
the surface: the assumption of a mean constant temperature jJump
is unsatisfactory, as we have seen that the form of the correction
to be evaluated depends critically on the form of the variation of

tenperature~jump.

However, we have considered a fairly wide range of
conditions and it is importent at this stage to examine the
applicability of the solutions. The corrections we have evaluated
do not enable us to determine either the total skin friction or
the total heat flux to the swrface. This point may best be
understood by considering the correction to the rate of heat
transfer. It is made up of two terms, in generals <‘he first
depending on the effects of slip, which varies as (c;)z, and the
second on the effects of the temperature-junp varying as (k;)z.
The first term (if not the second, also) varies as 1/x, so that
althouch it is in general small, it is not so,near the origin of
the boundary layer. In fact as x—0, the correction exceeds
the value of the uncorrected heat transfer coefficient, This is
plainly a contravention of our initial assumptions that the

correction due to slip is small, and it arises because the boundary

/layer equations ...
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layer equations are no longer valid near the origin of the layer.
An examination of the correction terms shows them to be of order
»MQKRK compared with the uncorrected values, and evidently they
are not small (as assumed) if R, becomes a magnitude of order
Hz. Tn such a condition the approximations involved by our
analysis become invalid.,  Strictly, then, our results apply only

5 o

2 =
R S>> i.€. %)}% !
L oe.lc.-aocoa(l{-IBlF)
p'.a_ua, w e P ]
o 5 l.ee ESDUF

The restriction is unimportant in relation to the
values of the rate of heat flux, since usually such values are not
needed near the origin of the boundary layer, and the lccal rate
of heat transfer dovmstream of the nose is a quantity which has

greater significance in boundary layer theory.

However, the local rate of shear stress is rarely a
criterion of much significance: the total skin friction force is
the property which is required to be knowm, and in this connection
the present analysis is of little help. Even if downstream the
correction to the local shear stress is zero - as is the case, as
we have seen, if the pressure gradient is zero = we may not infer
that this is also true ncar the noses in fact, certainly the
shear stress must be finite near the nose, since the momentum
carried to the surface by the impinging molecules must be finite.
On the lines of the kinetic theory of gases, the number of
impinging molecules may be calculated as %;N ¥ (in the notation
of Appendix I) and each carries at nost a sideways momentum mU,
where U is some velocity which will be commensurate with that
of the surface relative to the air. The maximum transfer of

momentum is thus

- T
I;NVmU

|
Fl-=
%
<1
s
it
&1

or in other words,

(cf)max

(=]

L
a 2 K
O(pauav\) a9 (M) af R

Henecs, if e, is the total skin friction and c; is its value
uncorrected for slip effects
(o4

T t]

G = G < | [Opdpy ~ 95|

o
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if c; = (ep) ., 86 s =6, But in general we find that, in the
abgence of a pressure gradient, R cf = CR cf)s : where

CRJ f,) has a finite constant value glven.by equation (4. 29)
Hence, we calculate that

1 2
(5D F
K o (oS
and so
1 % - 2
IR- ( - Of)< i ) __ oo-on-o---oe(h"35)

Thus there will be a first order peﬁatxve correction term to Cf
:J1JM’/R i.e. one which is commnensurate with those we have been
investigating by the present discussion, - and such a correction
is due to the modification to the boundary layer flow near the

nose, and not at positions dovmstream,

Practically, then, the use of the results we have
derived here, to account for slip effects on the shear stress at
the surface dovmstream of the nose, will be to enable a check %o
be made of more approximate theories which may account. for the
changes near the nose as well as downstream. This we shall there-

fore attempt to do in the next paragraph.

The results for the correction to the heat transfer
coefficient are, on the other hand, more likely to be of some
practical value. In this comnection it is worthwhile noting
the conditions of flow likely to necessitate use of the correction.
Our correotlons are in general (for finite liach nuibers) of the
order of (1/R“ as alrecady noted: and we have also noticed
that there are other corrections, which we have neglected, of the
order of (1/R ). If then we arc satisfied with a mumerical
estimate accurate to within 1 per cent, the corrections would be
inappreciable if the local Reynolds number exceeded aboutb 104}
and inaccurate (within the stipulated margin) if the local
Feynolds number were below 102. On the other hand, if we were
satisfied with a wider assessment (with some 10 per cent margin
of error) then it would be legitimate to apply the corrections
dovn to Reynolds numbers of 10, In making these suggestions, it
must be remembered that there is a great danger in interpreting
magnitudes, which are assumed (mathematically) infinitesimal, as
numbers. The presence of a mumerical factor (of 0.1 or 10, say)
to be applied to such a magnitude would of course make no
difference to the theoretical reasons for neglecting or inecluding
it, but nevertheless would make a great difference to its numerical

importance in calculations.
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5. Comparison with Other Theoretical Results

The problem of slip flow in relation to the boundary
layer has so far attracted little at‘tention,EE In a short note,a
Schaaf has approached the problem of the effect of surface slip
on the skin friction of an incompressible boundary layer over a
semi-infinite flat plate using Raleigh's method -~ i.e. by con-
sidering the one-dimensional growth of a laminar layer with time,
The method is an elegant and simple one and yields a value of the
local skin friction coefficient Cos whicihh may be expressed as

the asymptotic series valid if R _>> %2,

1 i~ -}.:-"2 -t
E::c Cp = 0.66L | 1 -0.380_§—+ % MRy e . L |
. x =

This was shovm in ref. 9 which contains a generalisation of
Schaaf's results to compressible flow on the basis of the assump-
tions we made here in para. 4.32. _ Because there is no term in
the right hand side of (5.1) in \/?ﬂQ/‘ax , it is ovident that this
result is in agreement with the deductions we have made here, -
that there is no first-order effect of slip on the local rate of
skin friction. The term in (Mg/Rx) we would not £ind by the
method outlined in the present report as terms of such order are
the error terms in the original boundary layer equations. Having
in mind the fact that no account is taken of the non-linear terms
in viscosity in the equations of ref,8 as well, it is open to
doubt whether the resultsof this reference have any greater signif-
icance than those of this report. However, as is suggested in
ref. 9, the results might be a guide to the conditions existing
even if the assumptions are inaccurate, and it is noteworthy
that the answer obtained for the value of c, in free-molecule
flow (where RX*C<QM?) is only twice that developed more accurately
by Ashley in ref. 10. Henee the resuvlts do not appear to be too
inaccurate and may be applied to calculate the flow near the

origin of the boundary layer so as to give the value of

e u N° i
gf = 1,598 Li - 0.773 =+ 0.380 g+ ..:J (5.2)

RE

(%)

R

=

As noticed in para. 4.5, a first-order term in ) arises due

to the behaviour of the flow near x = O. No doubt inclusion

/of other

& A recent discussion12 of the effects of slip on the skin
friction on a flat plate in incompressible flow has included
the particular results of the present work: (a) that & cp = 0
to a first approximation, and (b) that there is a reduction in

the displacement thickness,



5=

of other terms in the equations of motion might enable a more
accurate answer to be obtained; but it must be admitted as un-
likely that any single solution on such lines could accurately
describe at the same time both types of free-molecule and contin-
uum flow, An approximate treatment must be undertaken, and

Schaaf''s results seem adequate,

The expression of (R%cf) in terms of powers of @b@éj
in equation (5.1), bears out the assertion, made originally in
ref, L, that it is this parameter which is the important criterion
of 'superaerodynamic' phenomena. This is also borne out by the
present results, as will b? seen from an examination of the
formulae for Rﬁcf and ngH in equations (4.18), (4.22), (4.26)
and (4.31). However, it will be observed that the coefficients
of the powers ofwﬁMng in these equations, whilst in general.
finite for M = 0, do in fact vary with Mach number, so that for
large values of I it may be some other parameter involving M
and R which is important. Thus, as shown in ref. 3, the
significant parameter for slip effects if M°>>1, is in fact,

Vii/R, However, this is not a very important difference.

The third-order Boltzmamm Equation has been used by
Schamberg7 to establish the effects of the inhomogeneity of the
air on the Couette fﬂxwdiand'by the inclusion of the non-linear
terms in viscosity and heat conduction, a much more accurate
treatment may be made than that attempted here. On the basis
of these results - which show the well-established decrease in
shear stress with slipping, - Schamberg suggests that there is
also a decrease in skin friction of a similar magnitude due to the
slipping of the flow in the boundary layer, On this basis he

suggests, in fact, that

c - 2

—i‘ =1 = 0,8'1 _EI-I* (0.66 + 0010 I‘:’I2) ;RH;_ -......(5-3)
Cp R; %

vwhich indieates a first-order reduction in o due to slip. This
result follows fran Schamberg's work, however, because he assumes
that the boundary layer thickness is unchanged: we have suggested
that the boundary layer thickness is actually reduced by slipping.

To emphasise this point we note that in a Couette
flow slipping at either of the two plates must produce a decrease
in the velocity gradient in the flow between them, and so also
a reduction in skin friction. However, in a boundary layer flow
there is no second surface apart from the wall: if we must
imagine it to have a Finite thickness (a concept we have not

elsewhere envisaged) then the results of this note suggest that,

/although ...
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£ i,e. a one-dimensional shear between parallel walls.
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although the air slips at the surface, the boundary layer thickness
is reduced (by a distance we have termed %), so that there is
not nccessarily a decrease in the velocity gradient across the
boundary layer. (Indeed, under certain circumstances we have

seen that there may even be an increase in skin friction).
Furthermore, to draw an analogy between Couette flow and boundaxry
layer flow, would also imply that there is slipping of the air at
the outside of the boundery layer which is plainly not so since
there is no shear between the 'oubside' of the boundary layer

and the external flow,

These points are important, not because in any way they
detract from Schamberg's remarkable paper, which has as its main
theme a different problem from the one discussed here, but because
it illustrates what is apparently a mistaken analogy, which one

is tempted to use in describing slip effects in a boundary layer.

The effect of slip flow on heat transfer has been
considered by Drake and Kane, | and herc although there is no
precise agreement with the present results, a decrease is
predicted in the rate of heat transfer due to the temperature
jump: however, as the results when applied to the continuum
regime (1i°/R < <1) yield a velue for the rate of heat transfer
which is four times as large as that derived from the usual
boundary layer theory, a numerical comparison with the results
of the present work could hardly be expected to provide more than
qualitative agreement. Like Schaaf's work on the shear stress,
this work sets out to include the fﬁll rance of flow conditions -

fron continuum to free-molecule flow.

6., Conclusions

(1) Ve have developed in this report a method of finding
the first-order effects of the existence of a small but finite
mean free-path of the air molecules on the local rate of shear
stress and heat transfer at a surface in the @resenoe of a laminar

boundary laycr.

(11) The results arc applicable to any type of two-dimensional
surface, but it should be noted that if the surface is curved,
error terms arise in the expression of the values of Cp and. kH
due to the surface curvature which are generally neglected in the
uswal treatment of the boundary layer theory, but which are in

Pact commensurate with the other corrections we derive here.

(1ii) The method adopted is %o express cp and k, as a
power series in the paraneter (1/33). The first term in this

/series is 4o
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series is the value usually found from boundary layer theory
assuming the air to be a continuous medium; +the second term in
the series is (if the surface is plane) the first-order effect
due to surface slip and temperature-jump, and is the term we
derive here. The third and higher terms denote the error in our
treatment: such terms can only accurately be derived if we relax
the approximations used by Prandtl to describe the equations of a
thin boundary layer, and if we include the non-linear terms in
viscosity and conductivity in the statement of the equations of

momentun and energy.

(iv) Due ‘o the singular behaviour of the propertics of the
boundary layer near its origin the assunptions implicit in the
construction of Prandtl's boundary layer equations (and in the
present analysis) do not apply at positions on the surface where
the local Reynolds number is no longer high. Thus ouwr results
are applicable only as corrections to the shear stress and heat
transfer downstream of the nose, This means that we cannot
estimate the total correction to the skin friction drag, and a
qualitative examination of the flow conditions near the origin
of the leading edge shows that, in this region, there is a
correction to be applied to the total intensity of skin friction
(as usually derived from boundary layer theory) which is
commenswrate with the total correction due to slip dowmstream of

the nose,

(v) In the practical applications of the knowledge oi the
heat transfer from a boundary layer, it is usually the local - as
distinet from the total - rate of heat flux which must be
evaluated, and the results we derive here are of use in estimating
this local value except at positions within a distance from the
nose camensurate with the molecular mean free path (see the

expressions (b.34)).

(vi) It is shown that, within the accuracy of our solution,
the expressions derived from the kinetic theory of gases for the
slip velocity of a gas (in a simple shearing motion) at a surface,
and the temperature-jump at a surface exposed to stationary gas
(through which heat is being conducted), are valid first-approxi-
mations to the slip velocity and temperature-jump at a surface
within a boundary layer.

(vii) The values of the slip velocity and temperature-junp
are expressed in terms of two coefficients (the coefficient of
momentun transfer, £, and the accormodation coefficient, «)
whose precise value mast be obtained from experiment. Some

further remarks on their values are given in para L.5.
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(viii) Given the corrected forms of the boundary conditions in
velocity and temperature at the surface, it is then shown that
the boundary layer equations yield a solution (correct to the
order of approximation used) which implies that the flow is the
sane as if, in place of the actual surface boundazy'coﬁditions,
the usual condition of no-slip were applied at a boundary slightly
below the true surface (see fig. 1). The boundary layer flow
over this apparent 'surface of no-slip' may be calculated by the
usual methods, and the conditions at the position corresponding
to that of the true surface are then the corrected surface
conditions. The depression of this surface of no-slip below

the true one is
% (2R G 2:,2)’3&3@_ i
e s . R T kpaTa R

and is evidently a distance of the order of the mean free path.

(ix) The exploitation of this method of analysis is compli-
cated by the fact that to account properly for the effect of
temperature-jump the temperature at the surface of no-slip, Tg ;
has to be different from that of the wall, Tw’ and this temperature
difference (T; - TW) varies along the surface since it is
dependent on the wall temperature gradient (as expressed in
equation (4.15)).

(x) The tempersture-jump is zero if there is no heat
ransfer, and then it is calculable that the reduction in the

local skin friction coefficient due to slip is
Aol o (2£) Ji= K (Paw) Tp
S = A7 e RN,/ o

In particular, this correction is zero if the pressure gradient
ng/ds = 0: since (in general) the pressure decreases over
acrodynamic surfaces backwards from the stagnation point, it
fPollows that slip usuelly provides a reduction in the shear stress

intensity.

(xi) For small rates of heat transfer the correction to the
local heat transfer coefficient, likewise, is due entirely to
the effects of surface slip. It is- given by

/_ b T 1=
2-f N 8 th g 2
;’.'lkH o on{ e} JoS -6-5- (E:) M(cf)

o y

vhere of is the uncorrected skin friction coefficient, and the

f
correction is essentially negative, denoting either a reduction
in the heat transfer to the skin, or an increase in that

transferred to ths 2ix,

/i) e
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(x1i) As a corrollary of this last result, it follows that
the true heat transfer rate is zero when the uncorrected value
is small, but positive, This would seem to indicate a reduction
in the value of the thermometer temperature: such a reduction is
shown to be dependent on the conditions existing near the nose,
and so it cannot be assessed by the present analysis. But it may
also be shown that the effects of slip in this condition imply a
transfer of heat to the flow outside the boundary layer. An
infinite heat flux is needed to attain this equilibrium condition,
so that we would infer that the slip effects, in practice, would
retard the development of an equilibrium state of zero heat
transfer.

(xiii) The effects of the temperature-jump on the rate of heat
transfer may be assessed for incompressible flow (M = 0): a
generalised form of equation (4.26) shows that if the surface

temperature is given by Tw where
x t 3
T _T'th=T :::I.';_aBt S) (3 ‘-‘-X/I)

then the correction to be applied to the uncorrected heat transfer

coefficient Gﬁ;) is given by
I @@ @ @)

where Nu® is the uncorrected Nusselt number; here @_ is a
function of s defined by

B[ e (@9 @) wet [t /[ @ t‘]

the value of r being defined by the assumption that the velocity
outside the boundary layer us o< ¥, and the function P being
shown in fig. 2. In particular, if the surface temperature is
wniform, it follows that

§ =z [y

and further if there is no surface pressure gradient (r = 0),
then ﬁ = O3 thus with no change in pressure or temperature

along the surface, the correction due to the temperature~junp

is zero, An increasing pressure downstream tends to increase the
transport of heat to or from the body: a decreasing pressure, to
reduce it. On the other hand, an increase of the surface
temperature along the surface implies a correction indicating a
transport of heat towards the body: and a decreasing temperature,

/a transport ...
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a transport of heat away from the body. Thus, in the condition
nost often met in practical examples - with heat transfer to the
wall, and the pressure and surface temperature decreasing down-
stream - the heat transfer to the body is reduced by the effects
of the temperature-jump.

(xiv) The problem of the corrections to be applied to the
conditions in the canpressible boundary layer has only been
ascertained exactly in the absence of a pressure gradient, and
assuning that the gas viscosity varies in proportion to the
absolute tenperature. Then it is found that the skin friction
intensity is unaffected by the temperature-jump, and as (for zero
pressure gradient) the correction due to slip is also zero (as
shown in (x)), it follows that the uncorrected value c; is also
accurate within the limits of the approximation used in this

amelysis: 1.6,

—

cp = o iU +0(2’1fi

The correction to the heat transfer coefficient (é}kH) is found
to be simply the algebraic sum of the corrections due to slip
(for zero heat transfer) and due to temperature- jump (in incom—
pressible flow) as given above in paragraphs (xi) and (xiii).
In particular, if the surface temperature is uniform the latter

correction is zero and (taking £ = 1)
o 1L
B = Mg 008
=

(xv) As a rough indication, the corrections mentioned above
are likely to be numerically important if the local Reymolds
nuber is between about 102 and 104. Tor a wider estimate the
corrections mey be applicable if the local Reynolds number is

rather lower, but greater than about 10.

(xvi) In refs. 8 and 9 an attempt has been made to estimate
the effects of slip on the structure of the boundary layer,
using the same assumptions as in the present report (and for
conditions as given in the last paragraph) but applying them by
Raleigh's method of solution. The result for the value of cg
is compatible with that stated in (xiv) aboves; the method
happens to be also applicable even near the leading-edge of the
surface, but it is doubtful whether there the solution has much
quantitative significance. The assumptions certainly do not
justify any further rigorous extension of the results beyond
those included in the present analysis. This matter is

discussed, at length, in para. 5 where a similar essay on the

/heat transfer ...
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heat transfer problem is noted.

(xvii) An alternative approach to the problem is by analogy
with the simple Couette flow between parallel plates. This is
exemplified in ref.7, but as is shown in para. 5, the analogy is
mistaken since in the Couette flow the depth of the disturbed
flow is fixed by the distance between the plates and slipping
must necessarily reduce the velocity gradient; however, in
boundary layer flow, there is no constraint of a second swrface
and the layer 'thickness' is actually decreased by slipping (by
the distance %) so thet there is not necessarily, as we have seen,

any reduction in the velocity gradient at the wall.

(xviii) PFurther work on the lines of the present analysis might
increase its applicability (to a more complete exanination of the
problem of compressible flow) or its accuracy (in the assessment
of higher-order effects) but the main need is for some method of
finding the true conditions of flow near the origin of the
boundary layer, since without this knowledge we cannot consider

the overall effects of the non-uniformity of the air flow.
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APPENDIX T:  THE PHYSICAL THEORY OF SLIP

AND THE TEIMPERATURE JUMP

Although the physical problems associated with the
concepts of viscosity and heat conduction as derived from the
kinetic theory of gases are fully dealt with in text-books (e. g.
refs. 1 end 2) it has been thought worthwhile here briefly to
restate the basic ideas, since they are fundemental to the treat-

ment used in the body of this note,

Te are concerned with the processes of heat conduction
and viscous traction within the gas and at a surface. e shall
first consider the latter problem - that of the mechanism of the
viscous forces - as an example of the mathematical formulation of

the ideas which lead to the concept of slip phenomena,

Considering the motion of a continuous gas, we may
define the viscosity of the mediun in relation to the shearing
camponent of the forces acting on one side of an element of
surface moving with the gas, Thus if 8S is a small surface
element noving with, and tangential to, a stream of gas flowing
everywhere in the same direction (i.e. a simple shear flow) then
we may define a coefficient of viscosity p, by writing the force

on the element

an !J.aaﬁn 55 ...llllll..l(Il1)

where (89/dn) is the velocity gradient in the gas in the
direction of the outward normal to the surface, Defined in this
nmanney, @ 1s found from experiment to be a quantity'dependent
only on the nature and state of the gas,

7e define the shear stress at the surface element as
t = lim (F/6S), i.e.
8820 -

0
< = HE% .ot-oao-c-lc(Il2)
and if there is no acceleration on the surface element the shear
stress on the two surfaces of the surface will be equal and

opposite, and.%% will be continuocus in the gas,

If the gas is assumed a discontinuous mediua - that
is, it is assumed constructed of molecules - then the shear
stress on a solid surface nmay be related to the transfer of
nonentun between the molecules and the surface. However,

although in a homogeneous flow we may define the shear stress

/inside the ...




-4 0-

inside the gas by (I.2), 2 similar concept is more difficult to
envisage in molecular flow in the absence of solid boundaries.
Suppose we consider the conditions at a plane drawn within such
a flow such that its tangent is parallel to, and the plane moves
with, the local mean stream velocity: we may, without loss of
generality, consider this plane to be at rest. Then over a
period of time, molecules will be passing through this plane,
carrying from one side to the other varying amounts of sideways
monmentumn, The mean momentun of all passing molecules is, in
fact, zero by definition, so that if from one side, due to the
variation in stream wvelocity, the entering molecules have on
average a certain positive momentum, then those entering from
the opposite side must carry, on average, an equal but opposite
momentun, There will be, as a result, a transfer of momentum
from one side of the plane to the other, which we may liken to
the existence of a shear stress on the plane. A comparison of
this with the definition of p allows us to interpret its
value in terms of molecular dimensions, and we find in fact that

Ll, = Cp;;\ --cono--.co.(In})

where v is the moan molecular speed, A the mean free path

and ¢ is a2 numerical constant.

The relation is in this forn since the momentun

brought up to the plane is proportional to

d
m g A

where mn 1is the molecular mass, and the molecules arrive with

a velocity characteristic of that at their point of previous
collision; whereas the nuuber crossing the plane is proportional
to Nv per unit area per unit time (N being the nwber of
molecules per unit volume). Since p = Nm, the result of

(I.3) follows by comparison with (I.2).

If we now consider the transfer of momentum to a
solid surface in a mean motion which is a simple shear, we note
that the impinging molecules bring up to the surface the same
momentum as that which is brought up to one side of a plane in
the interior of the gas. This is precisely h2lf the momentum
which is being transported, in a simple shearing motion, through
planes parallel to the swface within the gas. In order that
the momentun transfer should be continuous, it follows either
that the molecules leaving the swrface do so with their
tangential camponents of velocity just reversed, or else that
the molecules have a mean motion relative to the swface. The

/former ...
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former alternative is very unlikely, and we may generally assume
that, on striking the surface and thereafter departing, the mole~
cules give to it (on average) a certain fraction f of their
momentum, If the molecules have no mean motion relative to the
suwface, it would be necessary that f = 2; however £, generally
termed the 'momentum transfer coefficient’, is found to be usually
rather less than unity. Accordingly, we must envisage the
existence of a 'velocity of slip' of the mean motion of the mole-
cules of the gas at the wall.

Thus, the amount of momentum brought to the surface is

simply

1,98 Toan

P B an* I Nv m U
where u is the 'slip wvelocity' at the wall, since %N\?
represents the number of molecules incident per unit time on unit
area of surface., Vriting Nm = p, and equating the momentum
given up to the swface to that transmitted across parallel planes
in the gas, we find that

SRS S ... -
f(.‘{ BT pvus) =i APRVIRIETIRRRN. . (%,
Hence ug must have the value, using (L.3), of

N "2-f) 4q
u, = 2 Lf dn?\ cekenis tansatls)

We now define a 'ccefficient of slip'

L = TS A SO o sk

which may be envisaged as that distance below the surface where
the mean gas velocity would be reduced to rest relative to the
true swface., Prom (I.6) and (I.5), this apparent depression

of the plane of 'zero slip' is

Z = 2¢ \‘Q_f_f_ A ............(L?)

This treatment is due mainly to the original work of
Maxwell. Another approach to the subject is suggested by
Chapman and Cowlingz: s q, is the component of velocity
tangential to the plate of the molecules before striking, and
4y is its value after reflection, then the mean gas velocity
at the plate is simply %(qJ‘ + q2) since as many molecules must
reach the plate as leave it. If a fraction £ of all the

/molecules ...
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molecules reflect specularly, cerrying away the same sideways
momentum as they had hefore striking, and the remainder are

trapped in the swface and re-enter the gas with a random velocity -
so that they have on the average the same velocity'(qw) on

leaving as that of the plate - then

q, = (1—f)qH + fq_ .

But on the other hand, the impinging molecules have a sideways
momentum which is representative of that at a distance of the
order of magnitude of the mean free path from the plate, so that

we may put
o . - ah 54
oG =y + 5 oh @

where c¢ is called the 'persistance' factor. Hence the velocity
of slip is simply the difference between the velocity of the wall

and the mean gas velocity at the walll i.e.

Y+ 9% o(o) a
Uy = 9 - 2 v i ch Eﬁ

which is identical with (I.5). The relation of ¢ to its
previous definition in (I.3) does not follow from this analysis.

An exactly similar argument to that of Mexwell's may
be followed in interpreting the processes of heat conduction
within an inhomogeneous gas., If the gas acts as a continuum we

may define the heat flux as
Q = k's"‘" 00--0000‘000(108)
and Xk, the thermal conductivity may be interpreted as

k = ¥ cvp/c PR PREIPEg <\ M 5

where ¥/c is some constant. In a motion in which the heat
flux is a constant throughout the gas, we infer likewise that
there must be a temperature difference between the gas at the
surface and the surface itself, which we shall write as QPS «'P Y,

W
Knudsen defines an 'accomiodation coefficient':

a - 13." -£ ....-.|lll¢l(I.1O)

where Ei is the energy brought up to unit area per unit time
by the incident stream, Er that carried away by these molecules

/es they ...
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as they leave the wall after reflection from it, and Ew is the
energy that this latter siream would carry away with it if it
carried the same mean energy per molecule as does a stream issuing
from 2 gas in equilibrium at the wall temperature Tw 3 thed

eguating the heat flux through the gas with that into the surface

o —

1488  L.g8 - = x 3£
alzksE+roT 5o (TS TW)“!... k&

where v 1s the ratio of the specific heats of the gas; so that

g o= kY & {2y &
TE TW_ Y+1 o (CL d_n\ l.ﬂ.llll.lll(I.11)

/APPENDIX IT ...




sl

APPENDIX TI; THE SOLUTION FOR HEAT TRANSFER IN

THE TNCOMPRESSIBLE BOUNDARY TAYFR

The term 'incompressible'! is of limited validity if
applied to a boundary layer with heat transfer, since if there is
a change in temperature within the layer there must also be a
change in the density. However, if we apply the 'incompressible'
condition 1 = 0 to the erergy equation (3.4), it becomes

aT
P e, (u-é-;;+v-d-§: ay Qc Pv BRSIRSRr g | | e

the dissipation of energy and the rate of doing work against the
external pressure gradient being in this condition zero. If we
now assume that the change in temperature is sufficiently small

that we may linearise equation (I1.1), it adopts the more usual

formi:
oT
u‘é‘;’c"l'vu'y = ) ...l.l...!‘e(II.Z)

where u and v are sensibly the velocity components within the
layer 3f T = Ta.’ everywhere, and (k/pcp) may be treated as a
constant. Asg the equation is linecar we may superpose on the
temperature distribution obtained for the boundary layer in the
absence of a temperature Jjump, an additional term to account for
the effects of the jump (i.e. of the difference between conditions
for T, = Tw(:-:) and T = ng(x).)

One of the most general solutions of (II.Q) has been
obtained by Tage and Falkner5 ; they assumed that

I T+th
w g a

AR T T2 (o By

ox’

and ua

and by an approximate treatment they showed that the heat transfer

per unit area to the surface at a point x was of the form

’ 11/3 o A
- k(g) - _Eo‘f(x-+1 ) | F(;‘ET) k(@ -1T) (;—u-‘f;)z REPO . . £,

8

where o is the Prandtl number, F is a function shown in

fig. 2, and

PE:()—“(G )(
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Now, from (3.15), if (T -T ) dis small it follows that

P )
T, - Twh.wc(ay)sm_ Q
and since we may take Q = Q"" here, within the agcuracy of the
first-order approximations, using (IT.4)
r=-1

. B
-1 & [n02,61|< x

g

g R
Suppose we wish to find the value of Q* i x,O,_TZ(x)] o« This is
the value, then, of the rate of heat transfer at the wall (in

continum flow) if the wall temperature is

AR (TW—Ta)+ (T - 1)

g™ w
rw1
t i -
=Ta+Bx + B'x s S5aY.
Let us put
T - Ta 5 6)1 +G? s S84y
where G"l =0aty =, x>0, and @1 = th at y=0, x>0,
o i 8
&) 2
W =0aty=n¢, x20, and @‘2=B’x at y=0, x> 0O,

Since (II.2) is a lincar differential equation in T, both @1 and
(}_3,2 will obey the same equation, so that from (I1.3) and (IT.L4)

d Qv - ~1/3 U N —
1:( == |oPl)| F (;%] 1c th( = ’ E:,O,Tw(:c)]
and similarly
e 3
BO - *11/3 b B = t-i-'"'— pua\—'?
k (—--w- - |oPls)} P g%j)- J kB'x 3 ;)]

Hence

o a2,
g N oT s
&m0, @] = x(F), (55 ) ”‘( )

A 1

N el 1/3 , b oy E

- ron6] - o] P (EE -9 w2 (1)
tI"?"‘1

But (¢, -T ) =B'x ©, so that we can write
= L




- -1/3 o
0* [%0,7,&)] =q* [0, GJ] - [olen) ~ p(EL - %) k(T?S—TW)Cu_u%

..... r+1
— =
| £ -ﬁ_}:’_{") Tc‘;_ Tw T Y
i Q ix,0,T (}E)
=1+ g _3_;_} W ) Sl S
]__ (I‘-I-"l_

A sl i b s §

In (4.8), with Q =G, we have that

&£
1]

J

2 e
QY [%,0,7_(x)] = 1:(%)
— - ay

and so, from (II.B),

g I rl-I _) _; ' sl =
Q, =4q I;,o,mw(x)g = |1 F( ) Q" [50,7, (=) |
e =g 1 T+1
or if Q =k ¥ p, 113 , using (3.15) it follows that
{res ' e
” L red ) [ /2 & ) ( _ ‘2,_,1:-) ?\Qs k 1
= kH - kH = 2¢ 7 ___1:__‘) ('w-‘l ) ( f k(Tw-Ta)
\r-i-‘l,. “

Thus, from (4.17), since T,

i 5T IF Mao,

AT ‘gk‘H ‘v i ™ !
(I\Ei*i = kI‘I‘ it j?}' ;f‘ rj )f (F-t-_i)}

~r+1) ({L_n ( ):f
( (;) e saier AT 6)

vhere MNu™ = - Q™L/k (Tw - Ta) = - (%—) kH o RM"/';(-—WT;———EE) , is

the Nusselt mumber, It will be noticed from fig, 2 that since
it is found that

2y ?"“ & =5
r+1 @

in general (see para. 4.5), the sign of the correction to the
heat transfer depends on the values of r and .

/APPENDIX IIT ...
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APPENDIX ITT: AN EXTENSION TO 'THE COMPRESSIBLE

DOUNDARY TLAYER WITH HEAT TRANSFER

As noted in the text, the effect of the temperature
junp on the structure of the compressible boundary layer (i.e.
that existing for I #£ 0) cannot be accurately described, unless
several simplifying assumptions are made which restrict the
application of the results.

A set of conditions which considerably simplify the
analysis, has been suggested by Chapman and.Rubesin6. If we are

concerned with an isobaric flow in which

gle

= 0’ pa =pa .--ooanlc-o.(III-1)

such as that over a flat plate, in a gas having constant specific

heats, and so also constant Prandtl number; i.e.

de do da
) -

oy
ar toar

= O; llelall'}l..l(IIqu

o
a -

and if the gas viscosity varies linearly with the temperature, i.e.
UJ='1 ’ o-oanao-soot(IIIgB)

so that (pp) is & constant: then it may be shown that the sheer
stress, regarded as a function of the independent variables u and

X, is independent of the temperature distribution. Thus the

shear stress at the wall is uninfluenced by the temperature jump so that
the correction due to the existence of a non-zero mean free path

is precisely the same as that calculated in para. 4.2; or, by

virtue of the condition (III,1), from (4.18),

Hep = 0 R TRCESE 1  1io0 &

Chapman also shows that if the temperature of the wall is given

by =7
T ,;_‘:‘:B St ............(III.B)

4
T = T g 258

where T;h is the thermometer temperature uncorrected for slip

effects i.e. 5
u
@ a

T =T, * r (o) ——ch

where r(o) is the so~called 'recovery factor' which depends
only on ¢, and has the value 1 for unit Prandtl number:

then the rate of heat transfer, uncorrected for slip effects is




=L4=

; ([Paty <3 | '
Q. X,O,Tw(xﬂ = - ka Ta “zx (_thFG}‘,t) B 31: ceesvssranss (III36)

The function F(o,t) has been evaluated exactly by Chapman for
o= 0.72: a comparison with (II.4) shows that, according to the
approximations introduced by Fage and Fallmer,

1711/3
Fbﬂ)u[gf x F(t), approximately
1
and since 0f=0.662+/R’;c o.tolnoo--o.(IIIo7)

it follows that .
Flo,t) <= 0.693 ¢ 1/3 F(t) o e cabuks CEL, 8)

The two solutions should correspond since both cover the condition
of heat transfer in the absence of a pressure gradient at low Mach
mmber, In fact, the correspondence can be derived from inspec-
tion of the relevant differential cquations used in refs., 5 and 6.
A comparison of Chapman's values for o = 0.72 and those of Fage
and Falkner suggests an accuracy in the latter's treatment of come
2 per cent at t = 0; the error is zero for large values of £,
and for t = - 5. TFor our present purposes Fage and Falkner's
approximation should therefore be adequate.

- To estimate the effects of slipping and temperature jump
we need the value of (Tg - Tw) which from (3,15) and (4.17) is

-t |G ED-CONE § = ()

or since kapxT, we find that ﬁjﬁ = k—"’- , and since Q = k (

=

)

it follows that

: _ 2-oN _f2=E\N| N x M QL
[(Y""” ) ( 7 )_J\! 5 R 1{& Ta c-(III-g)

To a sufficient approximation we may herec put Q = Q*; so that
from (III.5), (III.6), and (IIL.9),

k" e (‘YM ( fzﬁf) F . "E%F(U’t) Byg®

8

.b

=]

= ‘B 'b 2=f 'Jt b ¥ _‘5 t-r?':
Tth+Ta’ I(w ( ) ( )] 3 F(U't)Btis g}

By enslogy with (IIL.5) and (III.6), it follows that



Q™ x,OTzs(x)J——kT j

(&0 () - () & s [riaong ]

In (4.8), if G =Q, it follows from (3.4) that

p*?
B

Q; Ex, 6,2 (x)]

8
so that

L]
Sl I

-

r 1 ~ -
Q EC,O,TW(X)_; = Q*if_c; O:TW(X)J -~ g :L"E"" T

e

2n§) (?-?zj

‘\
JT— M\ Flo, t-5) F(o‘,t)B o
.t

The value of £ mey be found from (3.14) and (4.17), so that
from (III.3) :

A I W
o e VB (Y)R

S

and hence in terms of the heat transfer coefficient,

b= (@B - (3 (39 (& - (&)

<7 Bs )
S
dft > P (0, t~5) Flo,t) -0

esssessev e (IIIa10)

This expression may be rewritten in a variety of forms. Ve note
that, using (IIL.6)

Q* 1
Fp 0 oli® R® t
and { (TI7.11)
& o g —
Q. L L | mm— t
NU.. = - =+ R° 2 F(Ur t)BtS -I I .z..f,...sB St i
k! @~ 2) £ W )

and so in (III.10), from (IIL.8)

R® Ak, = I—f%z !, “f\) e "') + ;@ﬂ} a_f; (2 f)JﬁkH Mu®

< i
%,

8 a0 B AR (III‘12)

/where ...
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-

it

The thermometer temperature (i.e. that reached by the
surface when the heat transfer becomes zero) will be modified by
slip effects. If we make kH =0, then ﬂkH = = k;l and so from
(111.7), (IT1.11) and (III.12) to a first order of approximation,
we have that

= r'd

oy 4 ! 1%
-, t—= _ Yo M_ /2-fN 1
- i - ‘,:.t._"_\F(o‘,'l:) B,s =0, 44§ ; -};— sz) . s (1T, 13)

Evidently, this equation is satisfied by a temperature
distribution given by taking * = - & but since F(o,~5) =0 it
follows that the value of

4 . .
M :‘BS-&‘2 o.co--ocltol(IIIo1‘,+)

is infinite to a first approximation. This is plainly incompatible
with the assumption that the effects of slip are small, and it is
pertinent to investigate the reasons why this incompatibility
arises, It is in fact accounted for by the fact that the solution
first outlined in ref. 5 which evaluates F(o,t) is, in fact,
indeterminate for t<0; the values implied in fig. 2 for Ft),
which is related approximately to Flo,t) by (1 E 8), are obtained
by making the assumption that the air temperature is that of the
free stream for all values of y £ O in the plane of the plane
leading edge (s = 0)., This point is brought out in Appendix IV
(in particular relation to the condition t = —3). If this
condition is not satisfied then the rate of heat transfer connected
with a given temperaturc distribution is unstipulated by the other
boundary conditions imposed, and the temperature decays to its
Trec-stream value far less rapidly away from the surface than does
the velocity - that is, the thermal layer extends far teyond the
velocity layer and the displacement thickness is infinite.

Such a condition may reasonably be assumed not to
exist, implying as it does a heating of the flow outside the
retarded boundary layer, and in the cese of a given temperature
distribution along the surface such an assumption leads to no
ancmoly. For although in the particular case that + = --l, the
local rate of heat transfer may as a result be in general zero,
the solution leads one to expect that a finite quantity of heat
is transferred and that the transfer takes place on the surface

/B.txzo eae
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at x = 0; the exact quantity depends on the magnitude of the
variation in surface temperature. In other words corresponding
to a given value of B in

1

o gy
Tw = Tth + B 8

there correspends a certain total rate of heat transfer, the
transfer taking place in the immediate vicinity of the nose. In
fact, this form of temperature distribution evidently corresponds
to a distribution of heat transfer which might be described by an
impulse function, but not by a simple inverse proportion to x,
such as is required to solve equation (III.13).

Evidently then to solve the inverse problem, that of
the surface temperature distribution required to give a rate of
heat transfer varying inversely to x, we must abandon the
assumption that leads to an infinite swrface temperature, and we
conclude that the thermal layer must extend beyond the wvelocity

layer.

To emphasise these remarks we may quote the following
result, which is calculated from the data in Appendix IV: the
temperature distribution at a distance y from the swurface
commensurate with the length IaJ:; is given in the condition of

zero heat transfer by

—-T UO.LE(Y—1)J (p—f I.-é 1{; !lll(III.15)

Pl

whereas in a flow with no surface slip

Tj$—T mconstx’exp(thX( )

k=0

and (u—ua) decays in a similar rapid manner,

The physical significance of the condition expressed
by (III.15) is perhaps small: the equilibrium condition of zero
heat transfer may only theoretically be reached if the surface
is a perfect reflector of heat and after the lapse of an infinite
time, However the fact that to achieve this condition, an
infinite transfer of heat must take place to the ambient air, -~
as we would infer from equation (ITI.15) - signifies that this
equilibrium condition is reached much more slowly in the presence
of slip. This conclusion follows as well from the known reduction
of the rate of heat transfer, for a given surface temperature, due

to slip effects,

Por this reason the precise determination of the

thernmoneter temperature in the presence of slip is of little

/importance. ...
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importance. It would be given by a relation of the form of
equation (III.14) where the value of B-; must be derived from
a knowledge of the thermometer temperature at some point near the
nose, where however the present method of analysis fails.

A description of the mathematical background to the
remerks made in connection with this problem is given in

Appendix IV,

/APPENDIX IV ...
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APPENDIX TV: A SOLUTION OF THE BOUNDARY TAYTR

EQUATIONS WITH ARBITRARY SURFACE TEMPERATURE

e shall here consider the problem of the solution of
the boundary layer equations, uncorrected for slip, subject to
the boundary conditions

o
it
=]
=+
o
®

arReB BN OO RN (N"‘)

i

L]
=]
)
=S
(]

Z ..f..........(Iv.z)

oT
eand Tork > knovm at y = O.j

The relevant equations of the boundary layer are (3.1) to (3.4,
and the physical conditions of the flow are described by equations
(4. 2?) and (1+. 28). The development of the consequent analysis
follows closely that made in ref. 6.

Equation (3.1) is satisfied identically by the
definition of a non-dimensional stream function % so that
77-,= O corresponds to y =0 and further that:

e
e a"‘r‘f) o BB, CE)%
’ = 0 dx

p 9 ¥.

wawe ke 3)

u=

If we introduce a new sct of independent variables ("?b,x) in
place of (x,y) we have that

Lo sobloe o 7
vy ‘J Mg ) ok
Pt U
a'a a $ PRl o A By
(
a—'l N 9_‘ oV d
axy ", Jp rLuL an}&’

Wil

Further we define the non-dimensional dependent variables s,{’
and 0, so that

S:}C/L, Qﬁ'=2(u,/ua), 9=T/T =p./}£ =p/¢§ ....o.......(IV.5)

Then, equations (3.2) and (3.4) become, using (IV.4) and (IV.5),

2—a‘g" = a?& (ﬁ ..o........o(IV.(S)

and

bB=2 % (0P e Fr e @)

38

/The first ...
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The first of these equations, the momentum equation (IV.6), is
independent of the temperature distribution, and hence its
solution is independent of Mach number. Its solution must
therefore be the well-known Blasius solution: so let us define

a new independent varisble m such that:

9« B chore §580) =% e reeres (T7.8)

3‘2

Thus @' is a function only of m, and since from (zv.8)

My n M calie o

s osd ' op 82"

it follows in (IV.6) that

grr + ggn =0 SR i sy )

where the primes denote differentiations with respect to m.

Now, from (IV.3) and (IV.5)

SUNC

so that y is infinite if ¥ is infinite as well as m. From
(IV,3) we also calculate that

N

" 4
dyf "-.:Sf;2 B'S&q -vuuol--l(Iv¢10)
s

o

m

Sy 1 g * 6 30
w - o . %s * 38
a R” & -

-1 ... @)

s 28

Thus the boundary conditions designated by (IVv.1) are that

gt =2 at n=o0
lIlI.l..".l(n‘r.12)

g = f'=0 at n=0

The integration of equation (IV.9) with the boundary conditions
given by (IV.12) yields the familiar Blasius solution.

Tn terms of the independent variables m and s, the
equation (IV.7) may be written

2

20 . of 20 _ ooghrs 2 o & (AP (@) eureee. (TV.13)
an2 (}ﬂ s .j.]..

A particular integral for 6 1is given by
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6 =1+ X515 r(o)
venae (Ivo'”-p)
e

. = a 5
where r(o"'q) = %j Lg’n (a)] o [g" (B)] iy dp da
o

n

This solution satisfics the conditions that

=1 at N'=p¢ i.e.T:Ta at y =po

6 =1+ Y4 r(5,0) at m=0 i.e. T =T} at y=0 > (IV.15)
8. =0 a8hn=0 i.e -@—0 at y=0
T] -— - . L] ay - y‘

and is evidently the temperature distribution existing if the heat

trensfer to the surface is zero. Ve now write

0 = 1 +312'-1M2 r(o,m) + & (s,m) SR s akRae)
and then in (4.18)

2
3= & Y
—-—&12+6f56n—20f55——as

= 0 .......-...-(IV.17)

From (IV.15) and (IV.16) it follows that to satisfy the boundary
conditions given by (IV.2) we must have

@-: 0 for L) =od caooolocc.c-(maﬁs)

The boundary condition at the swrface must be interpreted either

as

"
T =i =
th 1 Ls oT
(s.0) = W or (3 (s,0) = e = (k-- ceas (IV.19)
@ g e, ’ N e Ta R* oF /g

We ghall consider two problems, given by selecting either of the
two boundary conditions:

T, =T 1
. th = BS—E- -c-coac-co(i)
2
a
Iy _Q ;
(k ayS —5 ..ccou-clo(li)

If we solve (IV.17) by separation of verisbles, in either problem

we must put

®- s n) chasabEanani U0, 00)

/and then, «e»
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and then, in (IV.17),

N" + ofll' + off'N = O

or upon integration, since from (IV.15), exp (J\g dﬁ’]) =1/g"
y P L " Fgn () '
N(n) = N'(0) Eﬁ" (""‘)_]G @,, (al]—daa Sl i_%"—%ﬂ i B, 21)
Yo

the condition that N(22¢) = 0 as required by (IV.18), being
satisfied for any valus of N'(0) or N(0). It follows that
the boundary conditions given by (IV.18) and (IV.19) are insufficient.

The behaviour for large m must therefore be imvestigated
so that the uniqueness of the solution may be established. From
(Iv.9) end (IV.12)

ga-2n and @"A-A exp (~1’12) POr M seees (IV.22)

and from (IV.10)

i
2
T}-’\»‘R ---ounoca-o.(ﬂ.Z})

s=L
From (IV.21), using (IV,23) it follows that, for mM-soc

2

N(n) ~ 5 , 'N(O)- "l s kdnbrmie v oh)
20m @rl (0)-}0.
since from (IV.14) as m-— o0,
- 2 —om® i '
I‘(U.ﬂ)""% J ]ﬁ" (B)_] ap =2 % = Ceﬂ , % awenien U 25)
o]

it follows that from (IV.25), (IV.20) and (IV.2)4) in (IV.16) we
have that

T o o £ 7%
oos™n | g" (0)]7 &°

i

. 2 . | 2
B e A A B ©) & 10(0) =l B |e_cm (Tv, 26)

Thus, for y #0, and s —30, since N—s o0, from
(Iv.23) in (IV.26)

N'(Q)L

ik -o-.t-oo:ooo(IV-??)
20R"y

(6-1)

Tt thercfore appears that to specify the solution completely we

need one further condition

(1)  if the surface temperature distribution is known
(problen (1)) we must specify the gas temperature
for some finite value of y £0at s =0,

5
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(11) 4if the surface heat flux is known (problem (ii)) we
must specify the swface temperature for some value of
s #0aty =0, (This follows from equation IV.21)

In the first problem, we introduce the condition that
T=T for 8=0 and ¥y # 0: ‘thereby inferring that there can
be no transfer of heat to the air outside the boundary layer. As
a conseguence, N'(0) =0 fronm (IV.27) so that from (IV.19) and
(Iv.20) it will be seen that in this condition, i.e. with

o S dg

T

a

there is no transfer of heat to the body except at s = O,

On the other hand, in the second problem - i.e., with

(1:%?- =%
7

- the value of N'(O) is essentially non-zero, so that there is
an escape of heat into the air outside the boundary layer. At
the same time there is an arbitrary distribution of the wall
temperature, as described in the first problem above, and its
value must be stipulated at one point away from the nose (i.e.

for some 8 # 0).
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