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SUMMARY 

A vortex shedding model is developed to predict the flow fields 

around turbine flowmeter blades. This model is used to simulate the 

flow separation and reattachment in the leading edge areas and the 

wake flows of the blades. Lewis's inverse blade design method is 

developed and quite successfully applied to simulate the displacement 

effect of the separation bubbles in the leading edge areas. 

A new method is introduced to apply the Kutta condition in 

unsteady flows around the blades wi th separation points on a blade 

surface or the flow with blade interaction. This method does not 

require a large amount of iterative calculation. 

A model is built up to predict the turbine flowmeter performance 

when the inlet flow conditions are known. The panel method is applied 

to predict the inlet flow conditions for the cases without inlet 

swirl. 

An experimental study of the flow inside a turbine flowmeter is 

carried out using Laser Doppler Anemometry(LDA) to measure the 

throughout velocity fields around a flowmeter at different flowrates 

and with different inlet swirls. A clear picture of the flow field is 

thus obtained. The measured resul ts are also used to validate the 

developed turbine flowmeter performance prediction model. 

The numerical prediction are tested with experimental results. The 

theoretical and experimental data agree with each other very well in 

the cases without inlet swirl and reasonably ",ell in other tested 

cases with inlet swirl. 
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CHAPTER 

ONE 

INI'RODUCTION 

The idea of the turbine flowmeter was first suggested by Robert 

Hooke that a small windmill might be used for measuring air velocity 

and a four vaned rotor was demonstrated tor this purpose. About one 

hundred years later, Gerun engineer Woltmannn. developed a propeller 

current-meter for water velocity measurement(Hutton, 1986). The modern 

turbine flowmeter was first introduced in U.S.A. for measuring liquJd 

tuel flow for rockets in 1930's and later tor aircraft applications. 

Following the development of design methods and bearing materials, the 

modern turbine flowmeter has achieved good·. rel1abili ty, good 

repeatablli ty. high accuracy. fast response, long Ufe and tolerance 

to dirt, aU at reasonable cost. Its digital output which is almost 

proportional to the flowrate makes flowrate measurements and now 

totalIzation fairly straight forward. Nowadays, turbine flowmeters are 

widely used in process and control. 

1.1 Meter Character1st1cs 

Turbine flowmeters have been accepted as a proven technology for 

flow measurement with high accuracy and repeatability. However, 

because a turbine flowmeter usually consists of one rotor supported 

by hydrodynamic journal or thrust bearings. the moving parts are 
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inherent in the design and any physical alteration of certain 

parameters causes the flowmeter performance to change. The main 

factors influencing the performance include the meter design 

parameters, inlet velocity profile. fluid properties. installation and 

the working environments. 

--- Flowmeter Parameters 

The performance of a turbine flowmeter varies with its design 

parameters. These parameters include rotor blade shape and the 

stagger angle, surface finish. tip clearance, shape of the hub head 

and flowmeter bearing. Through a correct combination of these 

parameters, special requirements of a flowmeter can be achieved. 

However. any changes in these parameters cause the flowmeter 

performance to change. 

The tip clearance (its shape and its size) contributes to the tip 

friction. By increasing the tip clearance, the inner part of the pipe 

wall boundary layer can be made to lie inside the tip clearance. so 

the rotor is subject to a more uniform velocity profile. Consequently 

the dependence of the flowmeter coefficient on the inlet velocity 

profile is decreased and the performance linearity can be improved. On 

the other hand. because the rotor only responds to the flow through 

it, some accuracy of the meter would be lost. 

The condition of the tlowmeter bearing is another major factor 

contributing to the linearity and repeatability of the turbine 

flowmeter. As the flow impinges on the rotor blade, a thrust load is 

developed which has to be borne by the bearing. In addition, the 

weight of the rotor is also supported by the bearing. When the meter 

is running at small flowrates, the bearing friction produces 

non-linear performance. For the gas turbine flowmeter, bearing 

friction produces its influence over a larger flowrate range. 

The flowmeter inlet velocity profile is very much dependent on the 

flowmeter hub head shape. Generally speaking, the hub nose influence 

is reduced as the length of the straight hub section before the rotor 

increases. 

--- Inl"et Velocity 

In most of the exi sting literature about turbine flowmeters, the 
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inlet velocity profile is assumed uniform. In order to maintain this 

requj rement, a long straight upstream pipe section with flow 

straighteners, a long straight hub section before the rotor and a high 

hub-to-tip ratio are needed. Even so, the boundary layer on pipe wall 

and flowmeter hub would still distort the inlet veloci ty profile. In 

practical uses of a turbine flowmeter. it is always dHficult to 

maintain the uniform inlet velocity condition. Additionally. the inlet 

velocity profile changes with the Reynolds number of the pipe flow. 

As the driving torque on the turbine flowmeter blades depends on the 

inlet velocity profile, the behaviour of· a turbine flowmeter also 

. changes with the pipe flow Reynolds number. 

--- Fluid Viscosity 

One of the disadvantages of the turbine flowmeter is its 

sensitivity to the metering fluid viscosity. Generally, the 

flowmeter's non-linear range increases progressively as the viacosity 

increases. However, the repeatability of the performance of ,the 

flowmeter is not affected as the viscosity changes. The influence of 

the viscosity is twofold. Firstly, the inlet velocity profile to the 

flowmeter changes with the viscosity. As the viscosity increases. the 

boundary layer displacement effect to the main flow becomes larger. 

the velocity distribution becomes more non-uniform'from the hub to the 

tip. Secondly. viscosity produces shear flows on the blade surfaces. 

hence a friction force or a retarding torque Is produced on the rotor. 

At the same time, the friction inside the bearing and the tip 

clearance also increase with the viscosity. These effects cOllbine to 

lower the rotor speed as viscosity increases. As pointed out by 

Salami, the actual effect of viscosity on flowmeter performance very 

much depends on the design of the turbine meter. Salami's experimental 

results show a 40% drop of meter coefficient in the Viscosity range 1 

- 400 centistoke for a tested flowmeter(Salami. 1981). It is also 

important to note that the viscosi ty 1s a temperature dependent 

parameter. While a turbine flowmeter is applied in temperature 

changing environments. the flowmeter performance becomes temperature 

dependent. 
'. 

- Swirl Flow 
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All turbine flowmeters are designed and calibrated under the 

condition of swirl free flow. If swirl does occur in the now. it 

causes a large change in the meter coefficient. Even if a flow 

straightener is installed before the flowmeter. the swirl cannot be 

diminished completely in most cases. As to the the influence of swirl. 

a most comprehensive study is conducted by Millington et al in 

NEL(1986). In their experiment. single bend and different combinations 

of double bends are adopted to generated swirl nows with different 

strengths. Several groups of commercial turbine flowmeters are 

examined at different distances from the swirl generator. The 

percentage of the meter factor change is small and never exceeds 0.5% 

for a single bend. Whereas the error for the double bend swirl is much 

bigger. The sign of the meter factor change depends on the sense of 

the swi r1. A posi ti ve change corresponds to the sw i rl wi th the same 

direction as the rotor rotation. a negative change for the swirl 

against the rotor rotation. 

1.2 Atm of This Study 

Even though the turbine flowmeter has been widely used in 

industry. because of the manufacturing variations. every flowmeter has 

to be calibrated in a laboratory before it can be used and it has to 

be recalibrated regularly during its life. These calibrations increase 

turbine flowmeter application cost. On the other hand. laboratory 

calibrations cannot cover all the flow conditions which would be 

encountered by flowmeters in their applications. When the applying 

condi tions are different from the laboratory ideal conditions, the 

measurement accuracy is doubtful. Aim to obtain an accurate turbine 

flowmeter performance curve under its real working conditions, 

numerical modelling is here adopted to achieve this objective. 

Apart from numerical modelling, a deep and wide understanding of 

the flow patterns inside the turbine flowmeter under various inlet 

flow conditions is obtained through an experimental study. The 

experimental results are also used to validate the numerical model. 
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CHAPTER 
~. 

TWO 

LITERATURE REVIEW 

2.1 Flow Inside a Turbine Flowmeter aotor 

The physJ cal laws, which govern the flow inside turbine 

flowmeters, are the conservation ot mass, momentum and energy. These 

equations. are 

Continui ty 

.... 
-- + v·(pV) .. 0 

at 

Momentum 

-+ 
at 

Energy 

... ... 
V·VV 

-Vp 
.. -- + 

p 

De aE 
... * P-=--vq+~ Dt at 

(2.1.1) 

(2.1.2) 

(2.1.3) 

here, aE/at is the rate of heat produced per unit volume by ~xternal 

agencies, vq is the rate of heat loss through conduction and ~* is the 
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energy dissipation function. 

To solve these equations. one more equation relating pressure to 

density and temperature should be introduced. 

As to the flow inside turbine flowmeters. the flow is assumed to 

be adiabatic, steady and incompressible; temperature keeps constant 

throughout a flowmeter. Viscous effects of the flow are restricted 

inside the boundary layers. The flow outside the boundary layers over 

blades, pipe wall and hub surfaces can be treated as an inviscid flow. 

The equations governing the flow outside these boundary layers are 

~ ~ -vp 
V·W· - +1 

p 

Ve .. 0 

(2.1.4) 

(2.1.~) 

(2.1.6) 

So the flow is governed by the Euler equations. 

From the energy equation,the Bernoulli 

It 1s 

p 
---- + ---- + ---- • constant 

p 2 at 

equation can be derived. 

(2.1.7) 

While a turbine flowmeter is running under ideal design 

condi tions. the flow is inviscid, the inlet flow to its rotor is 

uniform and swirl free, the friction inside the flowmeter bearing is 

also reduced to zero. Under these assumptions. the upstream and 

downstream velocities of the flowmeter rotor is in the axial direction 

and the flow inside the rotor is in an equilibrium state in radial 

direction. The equation is 

dp V z 
~ -----. ---

p dr r 

However, the ideal design conditions can never be totally 

satisfied in actual applications of turbine flowmeters. The inlet 

velocity profile to the rotor is not uniform dua to fluid Viscosity, 

frictions inside the bearing and the tip clearance always exist. All 

these effects cause the veloei ty field throughout the rotor to be 
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different from that under ideal conditions, the flow inside the rotor 

is three dimensional. Fortunately, the radial velocity component is 

always quite small apart from in the areas very close to the hub and 

the tip, so the actual flow inside a turbine flowmeter rotor can be 

simplified to two dimensional flows on cylindrical surfaces with 

reasonable accuracy. All those two dimensional flows are governed by 

two dimensional Euler equations. The solutions to these two 

dimensional cylindrical flows are the solutions to their corresponding 

two dimensional potential cascade flows. 

Two dimensional potential flow can be solved by a number of 

methods. Among them, conformal transformation, singularity method and 

finite element method have been successfully applied to the flow round 

airfoils. In recent years, great progress has been made in the 

application of finite difference and finite element techniques, but 

conformal transformation and singularity methods are still being used 

to solve some potential flow problems, especially for the flows around 

bodies with non-aerodynami c shapes. As to the flow around turbine 

flowmeter blades, the blades usually have the same rectangular shape, 

so flow separations occur at the sharp pOints on blade surfaces and 

wake flows would establish behind them. As pointed out by 

Strickland(1986), the most successful analytical treatments to date of 

the bluff body flows have involved the use of a vortex panel or vortex 

sheet representation of the body surface along with a discrete vortex 

representation of the wake. To simulate the flows around turbine 

flowmeter blades, the singularity method is adopted in this study. In 

this chapter, singularity methods and discrete vortex models for 

separated flow simulations are reviewed. Additionally, the methods for 

turbine flowmeter performance prediction are also included in this 

chapter. 

This method uses the linear property of the velocity potential 

function of singularities in a flow field. While there are a number of 

singularities inside a flow field, the total velocity potential at a 

point is the Sum ot the velocity potential ot those singularities at 
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this point(Karamcheti. 1966). It can written as 

n 

'" 2 ~i (2.2.1) 

i=1 

here ~i means the velocity potential of the ith singularity. 
And the velocity components in the flow field are 

n 

(2.2.2) 
ax '" 2 

i=1 

u = ---

·n 
a~ 

v= --
ay 

= 2 (2.2.3) 

i=1 ay 

For an individual singularity, Laplace's equation is satJsfied, 

I.e. 

(2.2.4) 

The linearity of the Laplace equation ensures the sum velocity 

potential of all these singularities also satisfies the Laplace 

equation, i.e. 

N 

v2 ~ = v l 2 ~i = 0 

1=1 

(2.2.5) 

Because Laplace's equation is automatically satisfied In the flow 

field with singularities, the flow problem becomes a boundary value 

problem. 

In the general case, several bodies are moving with respect to 

each other. The boundary condition on these bodies should be a known 

function of time and positions for a solution using singularity 

method. The boundary condition can be written as 

(2.2.6) 

Three boundary conditions are usually used(Versteeg, 1987). One is 

the Dirichlet boundary condition,i.e. zero slip velocity condition as 
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used by Lewis(1981), it can be written as 

The second is the Neumann boundary condition. 

normal velocity on the body surfaces to be zero as 

Mook(1985); i.e. 

a~(s,t) 

an 

here Vb(s,t) is the surface velocities of the bodJes. 

The last is a mixed boundary condition, i.e. 

~(s.t)· b.cs.t) S e B t 

and 

a~(s.t) 

se 8 2 
an 

with B .. Bl+B2 

(2.2.7) 

It requi res the 

used by Kim and 

(2.2.8) 

(2.2.9) 

(2.2.10) 

In two dimensional flows. the stream function also satisfies 

Laplace's equation, I.e. 

(2.2.11) 

So the stream function can be used Just as effectively as the 

velocity potential function in two dimensional flow simulations. 

Flow . analysis through singularity method requires exact 

satisfaction of the boundary condition on body surfaces. Usually, the 

body surfaces are divided into a number of elements and singularities 

are distributed on the elements. As a result of this discretization, 

a set of algebraic equations are obtained by enforcing the boundary 

condi tion on the elements. Solving these algebraic equations t the 

intensities of those discrete singularities can be obtained and 

consequently the flow field can be calculated. 

A model given by Kelloy was reviewed by Hess et al( 1966). This 

method is based on the integral equation of source distribution on a 

body surface. It can be used for flows around two or three dimensional 

bodies of arbi trat:y shape. To have an insight of the model, a uni t 

source at point s is considered. The velocity potential at point z 

induced by this unit source is written as 



10 

1 . ----- (2.2.13) 
d(z.s) 

where d(z,s) is the distance between these two points. 

While an arbitrary body is represented with distributed sources, 

the total velocity potential at point z due to all the sources on the 
body surface is 

q(s) 
---ds (2.2.14) 

d(z,s) 

Satisfying the boundary condition on the body surface, an equation 

is obtained by allowing the point z to approach a point on the body 

surface. The obtained equation Is 

a 1 
2wq(z) - II --- ( ) q(s)ds + ~~·~(z) • Vb(Z) 

an d(z,s) 
(2.2.15) 

By applying boundary condition at a number of points on the body 

surface, a set of linear algebraic equations are obtained about 

unknown source densities on the body surface. 

Vortices can also be employed to simulate potential flows around 

arbitrary body or bodies. In an inviscid flow, the velocity 

discontinuity from the stream velocity outside the body to zero on the 

body surface implies the existance of a vortex sheet between them. To 

simulate the flow around a body, the body surface is represented by a 

number of continuous vortex elements which separates the outer stream 

flow to the inner motionless flow. Consider a vortex element with 

vortici ty ,.ds at posi Uon 8, the velocity induced by this vortex 

element at position z in a two dimensional flow field is 

,,(s)ds 
V - u-1v .. ---- (2.2.16) 

21r1(S-Z) 

While the body Is represented by distributed vortex elements, the 

total induced velocity at position z due to all the vortex elements on 

the body surface 18 
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1 ,,(s) 
v = u-iv '"' --- II ------,ds 

27f 1 

(2.2.17) 
s-z 

In cascade flow, there are a infinite number of bodies spaced 

apart with pitch 5. If the cascade extends in the y direction, the 

velocity induced at position z by this cascade is 

V= 
1 -- II :r(s)coth[ ; (s-z)]ds 

251 
(2.2.18) 

The total velocity at posjtion z including the free stream flow is 

1 
V= ~ -iva:. + -- II :r(s)coth( ; (s-z)]ds 

2S1 
(2.2.19) 

A successful model using surface. vorticity to simulate single 

cascade flow was introduced by Martensen, this model was reviewed by 

Gostelow(1984). In the flow simulation, the vorticity distribution on 

a cascade surface is chosen so that the cascade surface is a 

streamline in the flow and the vorticity distribution is identical to 

the surface velocity. These conditions are satisfied by applying the 

boundary condition on the blade surface: zero normal velocity on the 

blade surface or zero tangential velocity just inside . the surface 

vortices. 

In the model, the positions of the vortices on the body surface 

are expressed as 

s=-f(>..') (2.2.20) 

As the point z approaches the blade surface, its position can also 

be expressed using the same function as for the surface vortices. i.e. 

z=f(>..) (2.2.21) 

WHh the normal velocity boundary condition, the obtained equation 

is 

2Im[V~f'(>..)]= J Im[K(>...>"')],,(>"')d>'" (2.2.22) 
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With the tangential velocity boundary condition. the obtained 

equation is 

(2.2.23) 

here the function K(~.~') is given as 

1 11 

K(~.~'). ---- f'(~) coth{-- [f(~')-f(~)]} (2.2.24) 
15 5 

Further analysing the flow. the position function f(~) is written 

as 

(2.2.25) 

substituting (2.2.25) into equation(2.2.23), the obtained equation 
Is 

(2.2.26) 

where 

1 n'(~)sinh{2; [m(~)-m(~')]}-m'(~)Sin{~"[n(~)-n(~')]} 
k(~t~') - -- -----------------------

211 211] S cosh{s_[m(~)-m(~')]-cos{S_[n(~)-n(~')} 

(2.2.27) 

Applying these equations to the divided body surface as shown in 

fig.2.1. the resulted algebraic equations are 

N 

V.(sm) + ~ K(Sm,Sn)1n~Sn· 0 

n-1 

m·l.2.3 ••.. (2.2.28) 

When the body contour Is smooth. the influence coefficients 

satisfy 

J k(~,~')ds -1 (2.2.29) 

Martensen synthesized the flow from a combination of three basic 
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flows as shown in fig.2.2. These three flows are: a flow with zero 

inlet angle and zero circulation, a flow with 90 degree inlet angle 

and zero circulation, and a flow with unit circulation. 

The equations governing these three basic flows are: 

{ a(x) - I k(x,x')a(x') dx' - 2m' (X) 

J a(~') d~' - 0 
(2.2.30) 

{ 
b(X) - I k(X,X')b(X')dx' - 2n' (~) 

J b(~t) dx' -0 
(2.2.31) 

( ~ex) - J k(x,x')~(x')dX'. 0 

I ~(x' )dx' - 1 
(2.2.32) 

aeX) is the solution to the flow with zero inlet angle and zero 

circulation; 

b(x) is the solution to the flow with 90 degree inlet angle and 

zero circulation; 

~(X) is the solution to the flow with unit circulation. 

The combination is controlled by the kinematic condition of the 

cascade flow. The synthesized result is 

veX) -

[ u=a(~) + 0.5 (v+~+v_~) b(~) + r ~(X)] 

~ m,(~)2 +n'(x)2 
(2.2.33) 

u~ is the x component of the velocity infinitely far upstream of 

the cascade; 

v+~,v_~ are the y components of the velocities infinitely upstream 

and downstream of the cascade. 

r is the circulation around the individual cascade blade. 

2.3 S.parat1on and Wak. S1.ulat1on. 

In the singularity method, the boundary value should be a 

continuous function of positions along body surfaces for a un1que 
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solution, so the body surfaces should have continuous smooth 

contours In the flow around a body wi th a sharp edge, the intini te 

curvature produces a discontinuity of the blade surface. In this kind 

of flow, Kutta-Joukowsky condition should be satisfied at the sharp 

point for a unique solution, this condition is named as the Kutta 

condition. Under the Kutta condition, continuous static pressure 

distribution is required at a sharp edge, i.e. 

PI -Pu (2.3.1) 

As the result of the velocity discontinuity at this sharp point, 

vortices may be shed into the flow. 

As pointed out by G1e81ng(1969), the intensity of the shed vortex 

is directly related to the velocity at the sharp edge point. The 

vortices in the wake must have been physically located on the body 

surface before being swept into flow as free vortices. While they are 

locating on the body surface, their vorticity intensities are equal to 

the velocity difference cross the boundary layers at the shedding 

points and their convective velocities are half the local velocities. 

In inviscid flow, the thickness of the boundary layer on the blade 

surface is infinitesimal, the shed vortices start from their 

separation points on the surface and their vorticities keep constant 

in their movement. 

In the potential flow around an airfoil with sharp trailIng edge 

as shown in fig.2.3, the Bernoulli equation can be applJed on the 

blade surface. The equation derived from the Bernoulli equation 

relates the blade circulation to the velocities at the trailing edge 

pOints as 

ar 1 
----- (Vu' -Vl') 

at 2 
(2.3.2) 

Equation(2.2.2) is given by Basu and Hancock(1978) and as well as 

Pol1ng(1986) . 

In unsteady flow, velocity discontinuity indicates a change of 

blade circulation. As a result ot this circulation change, vortices 

are shed from the trailing edge. 

Two vortex shedding models have been used" in the past I fixed 

nascent vortex position and variable nascent vortex pOSition. In the 
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fixed position model, the shed vortices go into the wake from a 

selected point( called velocity point) near the separation point. The 

velocity at this point is used to calculate the vortex shedding rate. 

The shedding rate is 

ar 
(2.3.3) 

at 

The selected shedding position of nascent vortices is interpreted 

as boundary layer edge at the separation point by Kiya and Arie(1977, 

1980). However. in accordance with the ·fluctuation of the separated 

shear flow, the thickness of the boundary layer at a separation point 

would oscillate in a certain range. The edge position of the shear 

layer at a separation point can not be predicted accurately due to the 

singularity. In the application of this model, the position of the 

selected point is decided on the basis of previous experience and 

trial calculations. 

In the calculation of the separated flow behind a flat plate at a 

very large incidence angle by Kiya et aI, the fixed point is called 

the velocity point. as shown in fig.2.4. The distance from the 

velocity point to the plate surface was examined in the range 6'/21 

=0.01--0.015. I is the plate semilength. In the computational trials, 

the simulation was found to be rather irregular for 0'/21 "0.01. A 

general satisfactory simulation was obtained for 6'/21 -0.015. 

The second model was used by Sarpkaya(1975) to simulate the flow 

around a circular cylinder. In this model, the vortex shedding rate is 

ar 
(2.3.4) 

at 

Ush is the average transportation velocity of the first four 

vortices from each shear layer at the separation point. 

The nascent vortex position is chosen to satisfy the Kutta 

condition and the no-slip boundary condition at the separation point. 

When this model is used to simulate the separated flow around a 

cylinder. the nascent vortex is placed at a point with distance 6' 

over the cylinder surface( with its image at the inverse pOint) at the 

separation pOint with a suitable time step. The position of the 

nascent vortex is 
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6' 
Zj = (1+ ) exp[i(v-9s ,j)] (2.3.5) 

R 

and 

6' 1 + If'jll(21t'Us ,j) 
1+ -- = (2.3.6) 

R 1 - If' j 1/,( 21t'Us ,j ) 

In the calculations, it is found that the position and circulation 

of the nascent vortices have a strong int luence on the predicted 

forces and pressures. Practically, the circulations ot" the shed 

vortices decays in time and space. In equ8tion(2.3.3), the vorticity 

of a nascent vortex depends on the selected velocity position. So it 

is important to chose a right starting position so as to obtain the 

correct amount of circulation reduction to simulate fluid viscosity. 

2.3.2 Vortex Shedding for Separation SimulationB 

Vortex shedding method can be used wi th either conformal 

transformation or the singularity method to simulate the separated 

fl ow around hodJ es. Conformal transformation is mainly used for the 

flows around bodies ot rectangular or circular shape. In the 

simulation of the flow around a circular cylinder by Sarpkaya and 

Schoaff(l979). the tlow is represented by a doublet located at the 

centre of the cylinder and vortices are shed into the flow from 

mobile separation points. To maintain the cylinder surface to be a 

streamline in the flow field, every vortex in the wake flow has its 

image vortex with the same strength at its inverse pOint inside the 

cylinder in this model. The complex potential of the flow field 1s 

R2 

w(z) • -V~ (z + --­
Z 

The vortex shedding rate Is 

R2 

[.n(z-zm) - fn(z- --:- )] 
zm 

(2.3.8) 
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(2.3.9) 

The positions of the nascent vortices are chosen so to satisfy the 

Kutta condition at the edge of the body. 

Convection of the vortices in the wake flow is governed by 

(2.3.10) 

Nagano et a1(1982) analyzed a two dimensional flow past a 

rectangular prism with height h and depth d using a combination of 

conformal mapping and the vortex shedding method. The rectangle is 

transformed to a circle and separated vortices are shed into the flow 

at fixed points near the image of the rectangle corner points. The 

positions of these points are based on a boundary layer estimation. 

The predicted lift and drag show the same trend as measured data, but 

it fails to predict the large increase of drag in the vicinity of 

d/h-O.62. 

Using the combination of conformal transformation with the 

vortex shedding model, the flow around airfoils can also be simulated. 

Poling et al( 1987) used Joukowski' s transformation to map the flow 

around an airfoil into a flow around a cylinder. Although the 

conformal mapping method can take the exact boundary condition into 

account, it is not always easy to transfer an arbitrary two 

dimensional body to a circle as pointed out by Kuwahara and 

Takami(1984). On the other hand, the use of conformal transformation 

for two dimensional flow requires a complicated rule to calculate the 

velocities in the physical p1ane(Sarpkaya, 1989). 

Compared wi th conformal transformations, the singularity method 

can be used more directly and generally for flow simulations, even can 

be extended for separated flows. A surface vorticity model 1s giv~n by 

Lewis(1981, 1983) to simulate flows around arbitrary two dimensional 

bodies. In this model, body surface 1s represented by panels of 

constant vorticity. Using the Dirichlet boundary condition, the 

governing equations of the flow are 
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- - 2 rkK' (Sm .sk) 
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] 

(2.3.11) 

for J1\" n 

for m :; n 
(2.3.12) 

Kesm•sn ) and K'(sm,sk) are the velocity influence coefficients of 

the vortices on a blade surface and inside the wake respectively. 

1 -(XJl\-Xn) (dy/ds)m+(Ym-Yn) (dx/ds)m 
K(sm.sn) = -- (2.3.13) 

For a body surface with curvature t the self induced influence 

velocity coefficient of an element is modified to 

1 Aem 
k(sm,sm) • - --- + ----- (2.3.14) 

2 411 

Using this method, the separated flow around a cylinder was 

predicted. The predicted surface pressure distribution upstream of the 

separation points 1s 1n good agreement with experimental data. 

In the singularity model, the boundary condition is only satisfied 

at a limited number of points on the body surface. Surface leakage due 

to the boundary condition approximation could cause some errors in the 

solution. One method to compensate for this disadvantage is to use 

velocity potential function or stream function on the body surface to 

calculate the velocity on every element instead of directly 

calculating the velocity at the control point. In this approximation, 

the average velocity on every element of the body surface satisfies 

the boundary condition. 

Sarpkaya and Ihrig(1986) used· the stream function in their 

simulation of impulsively started steady flows about rectangular 
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prisms. The predicted and measured normalized forces show reasonable 

agreement with respect to the frequency of oscillations, i.e., the 

Strouhal number Is correctly predicted. However. the amplitudes of the 

predicted forces are somewhat larger. 

Using the discrete vortex method to simulate separated flows 

around airfoils. several models have been proposed. Vezza et al(1985a) 

used the method to predict interaction between an airfoil and its 

wake. In the simUlation of a impulSively-started now and the flows 

around an oscillating blade, vortices are shed from the blade trailing 

edge. The vortex shedding rate is controlled by the Rutta condition at 

the trailing edge as equation (2.3.2) and one vortex is shed in to the 

wake flow in every time step. The vorticity of the nascent vortex is 

obtained using Kelvin's theorem, i.e. 

(2.3.15) 

The position of the nascent vortex is decided from the trailing 

edge flow. The nascent vortex leaves the blade trailing edge in the 

same direction as the local streamline and the distance of it from the 

trailing edge is equal to the convective distance in one time step. 

Because the nascent vortex intensity Is related to the trailing edge 

veloci ty, and this velocity is an unknown in the calculation, the 

solution is obtained iteratively. 

In the model proposed by Krammre(1982}. wake flow Is a 

combination of a steady and an unsteady part. The steady part Is 

simulated by two parallel rows of contrarotating point vortices lying 

behind the blade. These vortex rows start from a fixed point near the 

airfoil trailing edge and the strengths of the vortices are determined 

so as to produce the Reichardt velocity distribution along the wake 

central lIne between the two vortex rows. The velocity distribution in 

the wake centre is 

(2.3.16) 

here x is the distance from the blade trailing edge. 

The unsteady wake is taken into consideration by allowing 

vortices to shed from the trailing edges. Their vorticities are 

obtained using Thomsons'theorem of constant circulation rate with 

respect to time of the flow field. 
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Vezza et al(1985b) also develop a model for the flow around 

aerofoils with separation on blade surface. In this flow, the flow 

around an airfoil is divided into several regions by the separation 

lines from the separation points on the blade surface. A difference in 

the total energy exists on crossing the bound from one region into 

another. 

The obtained Kutta condition from the separated flow Is 

ar 
--- - ---- = ------ (2.3.17) 

2 2 at 

In the calculation, the separation point on the blade surface is 

given apriori. One vortex is shed from the separation point in every 

time step in the local separation line direction, this direction· is 

found through iterative calculation. 

Psarudakis used both vortices and sources to simulate wake flow. 

In the calculation, the meanline of an airfoil wake is assumed from 

the trailing edge and It is represented by consecutive line segments. 

The viscous wake displacement thickness effect is simulated by sources 

with an intensity of 

* q(s).d(Ue6 )/ds (2.3.18) 

The viscous curvature effect Is represented by vortex distributions 

with intensity ot 

(2.3.19) 

where K is the curvature of the mean wake streamline. 

Oliver(1982) proposed a double vortex sheet method for the viscous 

flow around an airfoil. This double vortex sheet method is a 

development of single vortex sheet which defines a potential function 

which can describe a flow with the same mass and momentum flux as the 

viscous flow. In this model, the two vortex sheets have equal strength 

and the transport veloc1 ty of the inner layer is one third of the 

outer layer transport velocity, their positions are decided by 

boundary layer consideration. This model allows the modelling of the 

integral properties of the viscous region and retains the advantages 

of potential flow. 
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2.4 Boundary Layer Calculation 

The discrete vortex method can also be used for boundary layer 

simulations(Chorin, 1978). The intensity of the created vortex sheets 

over body surface for boundary layer simulation per unit length is 

6 = £ . 
au 

- dy =ue 
ay 

(2.4.1) 

The motion of these vortices inside the boundary layer is 

described by boundary layer equations and approximated by following 

formulae 

xi(t+6t) ~ xi(t) +Uj6t 

Yl(t+6t) = Yl(t) +vi6t +nl 

where ni is the diffusion velocity, 

(2.4.2) 

The more widely used model to calculate the effect of the boundary 

layer is to simulate the displacement of the boundary layer to the 

main flow by adding a displacement thickness onto the blade surface. 

However,because of the huge computer time involved in the iterative 

calculation and the sensitivity of the Kutta condition to the growth 

of the boundary layer near the trailing edge, direct adding of 

di spl acement thi ckness has convergence d1ff1 cuI ty . To overcome thl s 

difficulty, sources are placed on the line elements which are used in 

the surface vorticity method for displacement slmulation(1975). The 

strength of these sources given by Lighthill(1958) are 

d(Ue6*) 

q =----
ds 

(2.4.3) 

In the simulation, the blade surface remains a streamline in the 

flow field. 

The displacement thickness of boundary layer can be calculated 

only when the boundary layer integral equation is combined with the 

equations of laminar and turbulent boundary layers. In the integral 

equation, the velocity at the boundary layer edge is required. In the 

first order approximation of boundary layer, the velocity on the blade 
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surface is used to approximate the velocity at boundary edge. 

The integral equation of the boundary layer wi th second order 

accuracy was introduced by East (1981 ). In this model, the inviscJd 

velocity on the blade surface is required instead of the velocity at 

the boundary layer edge. The resulted integral boundary equation is 

de e 
-- - H +2+Miw2

) ----=0 (2.4.4) 

ds Uiw ds 

where e and H are the boundary layer momentum thi ckness and shape 

parameter based on the velocity on the blade surface. 

To simUlate the displacement effect of the boundary layer in this 

model, a transpiration velocity (normal velocity) is enforced on the 

body surface. This velocity is given by 

PiwViw C ------ (2.4.5) 
ds 

Combining the integral equation with the entrainment equation and 

the lag-entrainment equation, Hastings(1987) et al used this model to 

predict the maximum lift on airfoil NACA 4412 with separated 

boundary layer. The predicted results are in good agreement with the 

experimental data. 

Using the. normal velocity concept, the aerodynamics of the 

parachute can be simulated by the discrete vortex method. The normal 

velocity given by Strickland(1986) Is a function of the pressure 

difference cross the parachute surface as 

--- to (2.4.6) 
v«> K 

where K is a flow coefficient based on the parachute porosity. 

Since the vortex method was first introduced by Rosenhead, many 

techniques have been proposed to improve the stability and reality of 
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the simulated results as reviewed by Leonard(1980). Owing to the 

increase in calculating speed and storage of modern computers, the 

discrete method has been applied to simulate complicated flows. During 

its applications. several vortex models have been commonly used. 

----- Point vort~x 

The point vortex method was first introduced by Rosenhead in 1931. 

In this model,. the movement of a free vortex sheet is approximated by 

a system of vortex elements. The vorticity on each vortex element is 

concentrated into a finite number of point vortices for s!mulation 

proposes. The velocity components induced by those point vortices are 

1 N 
(xrxj) rj 

1 Ui ,j • --
271 

j-1 Idi,jl2 

i"j 
(2.5·n 

N 
1 

2 
(YrYj) rj 

vi.j • 
Idi,jl2 211 1;3 

But 1n many cases, the motion of the involved vortices achieves a 

chaotic state. As given by Saflman and Baker(1979), some investigators 

tried to get rid of this irregular motion by increasing the number of 

the used vortices with decreased vortlcities, but too many Vortices 

can create even - more serious singular effects. Point vortex 

simulations cannot produce a reasonable simulation of some flows. 

----- Vortex cor~ 

It has been shown that the vortex chaotic motion in point vortex 

model is due to the velocity Singularities at the locations ot the 

point vortices and their vicinity. To avoid this problem, vortex 

bubble method is widely accepted. In this model, every vortex has a 

finite core over which its vorticity is distributed. Various 

distributions have been assumed. such as a Gaussian distribution, 

constant velocity distribution and constant vort1city distribution and 

so on. 



24 

Kuwahara and Takami(1973) proposed a vorticity distribution using 

the Navier-Stokes equation for a s tngle pOint vortex. r used in 

equation (2.5.1) is 

oz 

['::['o*{ 1- exp(--») (2.5.2) 
4vt 

where r 0 and 0 are starting vorti ci ty and core size 01' a vortex 

respectively. Due to diffusion, the core size increases with time is 

"I411t. 

Chorin(1973) introduced a linear vorticity distribution. Here r 

in equation (2.5.1) is: 

d>o 

d<o (2.5.3) 

Chorin(1973) also suggested a core with stream function as 

~ = { rlog(d)/2" 

r(d/o)/2" 

d > a 

d < a 
(2.5.4) 

Spalart et. al(1981) used a simple distribution which can get rid 

of the singular effect completely. r in the equation (2.5.1) 

is 

r .. ---- (2.5.5) 

Hence, the simulation accuracy is very much dependent on the used 

core size. Clement and Maull(1975) believe that the model of 

discrete vortex with core is justifiable and useful results can be 

obtained provided a fine balance is drawn between using a large number 

of vortices to represent the fine scale and a crude integration scheme 

to suppress the chaotic motion. There are several different opinions 

about the core size. Chorin(1973) takes 2"0 equal to the average 

distance t between the vortices along the boundary on which the 

vortices are created. On the other hand, Mil1nazzo and Saffman(1977) 

believe that 0 should be as small as possible and take 0 as 1/50. But 

Hald arid Prete(1978) suggest that 0 should be in order of tZ/'. Due to 

the variations of these parameters, i.e. vortex core size and 
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vorticity distribution over the core, the solution of this method 

depends on them to some extent. 

Panaras(1987) examined the vortex/airfoil interaction using both 

discrete point vortices and vortex with core when vortices pass by an 

airfo11. In the discrete method, a large vortex is approximated by 

four layers of vortices with small vorticity. In every layer. the 

vorticity is uniformly distributed over a number of finite cores. The 

pressure distribution along the blade surface is calculated using both 

models. When the vortex is far from blade surface, both methods give 

the same results. But when the vortex is close to the blade surface. 

the pressure pulse on the blade surface produced by the f ini te core 

method is significiently smaller and smoother than that by discrete 

point vortices. 

----- Vortex panel 

In the vortex panel model. a vortex sheet is divided into a number 

of straight or curved segments with polynomial vorticity distribution. 

The singularity effect is proportional to 1/d2 in the point vortex 

model. but drops to In(l/d) in the panel model near the panel ends. In 

first order panel simulation. straight segments are used and the 

distribution of vorticity is linear on every segment. In second order 

panel simulation. the curvature of a panel is considered and the 

second derivative of the singularity distribution along the panel is 

constant. The panels used for vortex sheet representation are chosen 

in such a way that the spatial discretization error is uniform along 

the sheet. The size of these panels depends on the curvature of the 

vortex sheet. A criterion given by Hoeijmakers(1983) for chosing the 

panel size is 

AS - min(Amax • rA9max ) (2.5.6) 

here ~ is the basic panel size. ~9max and r are the radian and the 

average radius of a panel. 

In a flow simulation. panels are orientated in the local velocity 

direction and there is no static pressure difference across them. 

---- Vortex-in-cell 

The vortex-in-cell ig a powerful method to decrease the computing 

time and reMove vortex singularities. In two dimensional flow. the 
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flow field is divided into meshes. The vorticity inside a mesh is 

allocated to its four corner points according to an area weight scheme 

as shown In flg.2.5 (Leonard, 1980). The allocated vorticitles are 

(2.5.7) 

where A is the area of the cell in which the nth vortex is resided and 

ri are the allocated vorticities at the mesh corner points. 

In two dimensional, incompressible and inviscid flow, the Poisson 

equation is 

V'" • -r (2.5.8) 

In the calculation, Poisson equation is expressed as 

a' a' 
( + )" i,j - - ri,j (2.5.9) 

a'x a'y 

When the vorticities at all the corner pOints are known, the 

stream function "i,j can be obtained by solving the above equation 

using finite difference techniques. And the velocity field can 

calculated using the following formulae 

Ui,j • 
2~J 

(2.5.10) 
"i+s,j - "l-s,j 

Vi,j • 
2~J 

where AI is the dimension of the meshes. 

An example of using Cloud-in-cell vortex mot hod is given by Graham 

and 8asuki(1984) simulating the unsteady flows through a cascade. The 

lift distortion caused by the wake flow from the upstram of the blades 

was computed. 

2.6 Turb1ne Flov.aeter Perfo~nce PredIct10n Rev1ev 

The main effects which influence a turbine flowmeter performance 

given by Furness(1982a, 1982b) are .' 
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(1) Flowmeter design parameters, 

(2) Bearing, 

(3) Fluid properties, such as viscosity and density, 

(4) Flowmeter working enviroments, such as temperature and 

pressure across the flowmeter: 

(5) Its installation. 

An accurate performance prediction of" a turbine t'lowmeter can be 

obtained only when all of those influences are carefully 

approximated. The most basic performance prediction can be obtained 

directly using the angular momentum approach. Although this prediction 

can give reasonable results, it cannot satisfy the accuracy 

requirement in modern industries, especially when a turbine flowmeter 

is running in conditions which are different from its design and 

calibration conditions. Many attempts have been made to obtain an 

accurate predictions of flowmeter performance under various applying 

condi tions. 

Lee and Karlby(1960) presented a model of turbine flowmeter 

performance in viscous flow. The model is restricted to steady, 

incompressible and viscous flows. Using two dimensional flow 

assumption. the tIow trom the hub to the tip is represented by the 

tlow on an average section. The radius of this average section is 

r .. ( (2.6.1) 
2 

By applying the angular momentum conservation law, the driving 

torque on the average section can be obtained. When the turbine 

flowmeter achieves its equilibrium state at certain tIowrate, the 

derived meter coefficient is 

--- ( 
tanlS Tb Tt 
--)-( )-( ) (2.6.2) 

Q 

If the mechanical friction inside flowmeter bearing is ignored and 

the rotor blade is assumed to be thin. smooth and aerodynamic. the 

viscous resistance to the rotor Is then mainly due to the blade torm 

drag and the secondary flow drag. The torm drag is a function of 
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Reynolds number and the secondary drag Is a function of flow velocity. 

The derived equation for the flowmeter coefficient thus becomes 

w tanfl 

Q 
= ------ - KtC S - KzCr 

rA 
(2.6.3) 

where C( and Cs are the blade surface skin friction coefficient and 

secondary flow friction coefficient. 

When the flowmeter is working at different flowrates. the flow 

inside the flowmeter is in a different state, different skin friction 

coefficients are needed to calculate the corresponding skin friction 

and secondary flow friction. Using this model t the hump section of a 

flowmeter calibration curve is predicted as the flow state on the 

blade surfaces changes from la.inar to turbulent. 

An experimental investigation was done by Jepson(1969) to examine 

the inlet velocity influence on the flowmeter performance. In thjs 

theory. the inlet flow profile is assumed to be axi- symmetric and the 

flowmeter bearing friction is ignored. The derived meter coefficient 

is 

r U 
n roz ( )2 r2dr 

rh Umax 
= (2.6.5) 

J:o( U t U 
AUm 2KA ) I'dI' )rldr 

U.ax rh Umax 

This formula shows that the meter coefficient is a constant for 

constant inlet velocity profile. 

In their experimental study t symmetric and asymmetric flows were 

induced in the flowmeter inlet by mounting axisymmetric and asymmetric 

orifices at the front of the flowmeter. The difference in the 

flowmeter coefficient is very significant among those tested cases. In 

actual applications of turbine flowmeters t bends and valves in the 

pipe line could create distortions to the inlet velocity profile. 

Consequently, changes can be caused in the flowmeter performance. 

An extensive investigation of the tip clearance influence on a 

turbine flowmeter performance was made by Hutton and Tan(Hutton, 

1982). In the model. the total flowrate through a flowmeter includes 
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the tlowrate through the rotor Qr and the tlowrate through the tip 

clearance Qc • Only the flowrate Qr contributes to the flowmeter 

performance and Qc-is a leakage tlowrate. The flowmeter coefficient is 

n n 
--.- (1 ---) (2.6.5) 

Q Qr Q 

Because the leakage flow varies with the metering flowrate. the 

flowmeter coefficient changes accordingly. However an empirical 

relation between the leakage flowrate and the total flowrate is found 
as 

-. 
Q 

k 
g--

Q 

where g and k are constants. 

(2.6.6) 

Combining equatjon(2.6.5) and equation(2.6.6). the flowmeter 

coefficient is written as 

n R k 
-- - ( p - -) ( 1- g - - ) (2.6.7) 

Q Q2 Q 

where P and R are functions of tlowmeter blade 11ft. drag 

coefficients. retarding torques and blade geometries. 

In equation(2.6.7). the performance of a flowmeter depends on the 

balance between Pk/Q and R(l-g)/Q2. The hump section of a tlowmeter 

calibration curve can be explained. The rising section of the 

calibration curve will only occur if the value of k is suffiCiently 

big compared with the retarding torque. This happens when the tip 

clearance is large. Also there is no rise section in the calibration 

curve 1n a flowmeter with a small tip clearance. 

5alam1(1984) built a model 1n which both blade wake flow and tip 

leakage flow were considered. The lift and drag coefficients of the 

turbine blades are here correlated from the data of a single flat 

plate. The lift coefficient is 

C. • 21rOC 

The drag coefficient is 

Cd/Cdo • 0.045«2 +0.104« +1 

(2.6.8) 

(2.6.9) 

The influence of the wake flow is apprOXimated by adopting finite 
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span wing theor-y. The wake flow causes a modification in the inlet 

attack angle to the blade. The lIodification is 

Ct 
t:Jt;x = ----- (2.6.10) 

F(AR,T) 

The leakage flow inside the rotor tip clearance causes a retaining 

lift at the blade tip. This leakage flow Vt is a function of tip 

clearance size, attack angle at the tip section and the resistance 

inside the tip clear-ance. The torque caused by the leakage flow is 

(2.6.11) 

Under these assullptions, the equation for the flowmeter 

performance can be derived. In the prediction, the tip leakage flow 

constant B is assumed to be constant for all flowrates, so the leakage 

flow only causes an overall rise and fall of the flowmeter calibration 

curve and no horizontal distortion is produced by the tip clearance. 

This model can be used for the flowmeter with inlet swirl providing 

the inlet velocity profile is known. 

Blows (1981) buil t a model based on aerodynamic considerations of 

the flowmeter blades. In this model, the assumptions of symmetric 

inlet flow, free swirl and no deviation of the flow leaving the blade 

trailing edge are made. Then order magnitude analysis is used to 

exalli ne all the 11 ft and drag forces on the rotor. The del' i ved 

flowlleter coefficient only depends on the driving torque and the 

retarding torques of the blade form drag and the bearing. The 

equation is 

(2.6.12) 

In this model. it is found that the tip clearance and the 

viscosity have a particular effect on the meter performance. From the 

predicted results, an overall rise and horizontal distortion of the 

performance curve are found as the tip clearance changes. Viscosity 

causes the rise section to be delayed and smoothed in flowmeter 

calibaration curve. These results general agree with the experimental 

data. The predicted results show that the performance of a meter 

hinges on the behaviour of blade lift force from the hub to the tip. 

Aim to present an analysis model for the meter coefficient under 

given flow conditions and meter geometry, Tsukamoto and Hutton(1985} 
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apply the angular momentum law to the blades in different radial 

positions. In this model, the flow deviation after the rotor is 

obtained froll the boundary theory given by Schlichting. Considering 

the frictions of journal bearing. surface disk , the tip clearance and 

hub surface, the equilibrium equation for the meter is 

(2.6.13) 

After numerical approximations of the driving and those retarding 

torques, a dimensionless meter coefficient equation is derived. The 

meter coefficient is a function of Reynolds nUllber, inlet flow 

condition and meter geometry. The predicted results are in agreement 

with experimental data, but this model is limited to helical 

flowmeters. 
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CHAPTER 

TRUE 

THE SINGULARITY METHOD 

3.1 Introduction 

Many investigators are currently doing research on the flow around 

blades or blade cascades. Although much progress has been made 1n this 

area, there are still many problems needed to be solved in the 

prediction of these flows. The Singularity method Is one of the 

methods for flow prediction and is especially popular in aerodynamic 

calculation. This method is powerful for modelling potential flow 

around arbitrary bodies and can also be used to simulate boundary 

layers and wake flows. Hess and Smlth(1966) have concluded that a 

variety of two- and three- dimensional flows can be simulated by this 

method, but most of their attention is given to the method of source 

simulation. Martensen (Gostelow, 1984) gives an extensive consideration 

of the vortex singularity method. Using the vortex method, good 

results are obtained by Wilkinson(1964). 

A numerical model is described in this chapter for finding the 

solutions to incompressible two dimensional potential flows around 

blades or cascades, the boundary layer and the wake flow are not 

involved in this chapter. Vortex panels are used in this model and the 

J(utta condition is applied to obtain a unique: solution to each of 

those flow problems. 
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To get a solution to a problem. the following information is 

required: 

(1) blade geometry 

(2) inlet flow condition 

(the magnitude and the direction of the free stream flow) 

(3) exit flow condition 

(3.1) the angle of the flow leaving the blade trailing edge 

or (3.2) the blade circulation 

or (3.3) the Kutta condition. 

Then the following results can be obtained: 

(1) velocity distribution around the blade. 

(2) pressure distribution around the blade. 

(3) lift and drag coefficient of the blade. 

(4) the blade Circulation if it is not specified initially. 

3.2 A1sorithlll 

The problem 1s to calculate the potential flow exterior to an 

arbitrary body R as given by following figure 

The fluid velocity at a point in the flow field is 

(3.2.1.1) 

where 

-+ 
V~ is the uniform free strea. flow. 
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VI is the velocity disturbance due to the body R. 

In potential flow. the Laplace equation holds. So 

(3.2.1.2) 

v2 • -0 (3.2.1.3) 

The Neumann boundary condition is used in this model. i.e. 

a • 
• Vb (3.2.1.4 

a n 

a'I 

- - Vb (3.2.1.5) 
as 

When the body is stationary. the normal velocity on the blade 

surface is zero, i.e. 

Vb - 0 (3.2.1.6) 

This is the solid boundary condition which states that there is no 

flow flux across the blade surface. 

As well as the boundary condition, the Kutta condition has to be 

applied to obtain a unique solution to the problem. In the followIngs, 

the flows around blades or cascades are concerned, the Kutta 

condition is expressed as 

(3.2.1.7) 

This equation calles froll the requirement of the stat! c pressure 

continuity around the trailing edge. Thus, the pressure coefficients 

at the points on both the upper and the lower surface at the blade 

trailing edge are equal. Equations from (3.2.1.5) and (3.2.1.7) 

together constitute a well posed problem for the solution to the 

potential flows around blades or cascades. 
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In order to get a solution to a potential flow around blades or 

blade cascades using the singularity method. the blade surface is 

divided into small straight elements and every element is represented 

by a vortex panel as shown in fig. 3.1. The control point of every 

panel is chosen at its centre. When the endpoints of every panel are 

located on the blade contour and the panels are straight. the control 

point is not exactly on the blade contour unless the local curvature 

of the blade. surface is zero as shown in fig.3.2. In the present 

1I0del. the trailing edge is a discontinuous point and this point is 

not chosen as a panel endpoint. the two endpoints of the panels on the 

upper and lower surfaces near the trailing edge are located very close 

to the trailing edge. so the discrete contour is slightly open at the 

trailing pOint instead of a completely closed polygon. Under this 

discretization. there are N nodes on the blade contour and only N-l 

control points are defined on the N-l panels. If the panel size is 

properly chosen. the control point on every panel should approach 

close enough to the blade surface. The discretization is restricted by 

the total number of the panels used to represent the blade contour and 

the minimum size of a panel. Too many panels means too many unknowns 

in the calculation. a huge amount of computing time is then necessary 

and strong Singular effects then exist between panels due to the small 

distances between them. However. the maximum size of a panel is also 

constrained by the suitability of the quasi-linear approximation to 

the continuous velocity distribution on the blade surface. Obviously. 

the accuracy of the method is sensitive to the size of the panel. so 

the resulted polygon lIust be an appropriate representation of the 

original blade contour. This can be achieved by using reasonably small 

panels in the region where the blade surface has large curvature so 

that the panels have a good representation to the original blade and 

the linear distribution i8 an accurate approxillation of the large 

gradient of the velocity. Large panels can be used in the regions with 

low curvature. 

The equations governing the flow around blades or cascades are 

obtained under the following conditions: (A) the boundary condition, 

equation (3.2.l.a) is satisfied at all the control points on the 

divided blade surfaces; (B) the Kutta condition. equatlon(3.2.1.7) is 

applied at every blade trailing edge. 
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In the flow field. the velocity at every point consists of the 

contributions from both the free stream flow and the vortices on the 

blade surfaces. The free stream flow is expressed as 

~ ~ ~ 
v~= u~ (cos «~ i + sin «~ j) (3.2.2.1) 

The normal component of the free stream flow at the i th control 

point on the blade surface is 

[ 

dy 
cos ex. (-) -

ds 

dx 
sin «~ (--) 

ds 
(3.2.2.2) 

here s is the coordinate along the blade surface from the trailing 

edge point on the upper side to the trailing edge point on the lower 

side. 

In a two dimensional potential flow. the velocity components at a 

point are 

a'f' 
u .. -

an 

V= 
as 

(3.2.2.3) 

Where 'I' is the total stream function at a point in the flow field. 

including the influence of both the free stream flow and the blade 

surfaces. Because the free stream influence has already been expressed 

in equation (3.2.2.2). the stream function used in the following 

discussion only consists of the contribution from the vortices on the 

blade surfaces. 

From equation (3.2.2.3). the normal velocity at a point on the ith 

panel induced by a vortex element on the Jth panel is 

'" (3.2.2.4) 
as 

where dJ denotes a vortex element on the jth panel. 

The average normal velocity on the ith panel induced by the vortex 

element is 
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Vi,Aj = (3.2.2.5) 
6si 

where ~sl = s1+1 - s1 

'Substituting equation(3.2.2.4) into 

average normal velocity becomes 

8i+l aTj ,Aj 
1 dSj 
Sj aSi 

Vj ,Aj '" 
68 1 

= 

equation (3.2.2.5), the 

(3.2.2.6) 

The total average normal velocity on the ith panel induced by the 

whole jth panel is 

(3.2.2.7) 

where j and j+1 are the node numbers of the jth vortex panel. 

Substituting equation (3.2.2.6) into equation (3.2.2.7) the 

obtained total normal velocity formula is 

1 
=-

'" (3.2.2.8) 

here Ei,j and Ei+l,j are the stream function values at the ith and 

the (j+l)th nodes by the whole jth panel. Thus 

£1+1,j C 

--- fnld]1 ds (3.2.2.9) 
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where 

Idtl = ~ (Xi+l-X)Z + (Yi+l _y)z 

The vortici ty distribution is assumed linear on each paneL so 

the vorticity distribution on the jth panel can be expressed as 

+ "j+1 ---- (3.2.2.10) 

where Lj Is the semilength of the jth panel, s is the coordinate from 

the central point of the panel in the direction from the jth node to 

the (j+l)th node, "j and )'j+l are the vortex strengths at the two 

nodes. 

substituting equation(3.2.2.10) into (3.2.2.9), the steam function 

Ei+l,j is 

1 

= (3.2.2.11) 

where Ai.j+s ,J indicates stream function coefficient at the ith node 

due to the vorticity associated with the vortex strength "j+l on the 
jth vortex panel. The formula of Ai,j+l,j is given in Appendix A. 

The strea. function Ei,J is deduced in the same manner as £i+l,J 

and the obtained formula is 

(3.2.2.12) 

substitutIng E1,J and £1+I,j into equatIon (2.2.2.8), the average 

normal velocity in the Ith panel induced by the j-th panel Is 

7j+1 + 

(3.2.2.13) 

Instead 'of using the local normal velocity at the control point as 

the boundary condition on each panel. the average normal velocity on 
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each panel is used in the present model. The total normal velocity on 

each panel on the bl ade surface induced by all the vortJ ces on the 

blade surfaces can be written as 

N 

Vi = 2 Ki,j ~J 
j=l 

(3.2.2.13) 

where Ki,J is the total normal velocity influence coefficient on the 

ith pane] due to the vorticity connected with the vortex strength ~. J. 
This vorticity is linearly distributed on the (j-l) th and the jth 

panels. The coefficients are 

1 < j <N 

= ---------------- j=l 

Ai+l,N,N-l -Ai,N,N-a 
j=N 

c __________________ __ 

(3.2.2.14) 

Applying equation(3.2.1.5) at the ith panel, the following 

equation is obtained 

N 

2 Kj,j 7i + Um{COS~ ( :!)i -sln~ ( d~s )i) = Vbi 

j=l 
(3.2.2.15) 

Rearranging the above equation, it becomes: 

N 

2 Ki,j *7j - Vbi - u. [cos~ (~)1 - sin~ (::)i] 

j"l 

.. RHSt (3.2.2.16) 

When the blade is moving, the RHS is 
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(3.2.2.17) 

where Ur is the blade velocity at the ith control point. 

In the two dimensional flows with rotor/stator interaction. the 

rotating speed of a blade Is Ur as shown In flg.3.3 • the RHS Is 

dy dx dx 
RHSi=- U..,[ cosa .. ( )i - sina.., >1] - Ur ( ) i 

ds ds ds 

(3.2.2.18) 

If the blade is oscillating about an axis as shown in fig.3.4 • 
the velocity of the ith control point is 

(3.2.2.19) 

-t 
where ri.o is the position vector from the axis of the rotation to the 

Ith control point. 

By applying equation(3.2.1.5) on each panel. N-l equations with N 

unknowns are obtained. so the solution to these equations is not 

unique. To define a unique solution. the Kutta condition is applied at 

the blade trailing edges in the calculation. 

3.3. Th~ Kutta Condition 

The Kutta condition requires that no infinite value appears at the 

blade trailing edge in the solutions of either flow velocity or 

pressure. In other words. the Kutta condition asks the blade to 

produce such a circulation that the flow leaves the trailing edge 

smoothly. In fact. there are several equivalent expressions for the 

Kutta condition. One expression for the blade with sharp trailing 

edge states that fluid cannot move around the sharp trailing edge. so 

the trailing point must be a stagnation point or the velocity at the 

upper surface trailing point is equal to that at the lower surface 

trailing edge. Another expression states a requirement for the static 

pressure continuity at the trailing edge. In steady flow. the 

trailing edge is taken to be a stagnation point for a blade with 

non-zero trailing edge angle and the streamline from the trailing edge 
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bisects the taneents from the upper and lower surfaces at the 

tralline edee. For a cusp traillne edee blade, in order to avoid 

pressure disconUnui ty at the trailine edee, the veloci Ues on the 

upper and lower surfaces at blade trailine edee should be equal. 

In potential flow, the Bernoulli equation is valid. So for the 

points on the upper and lower surfaces at the tra1l1ne edee, the 

Bernoulli equation 1s 

. 
U 2 u Pu a·u Ul z PI a·1 

+-+ --+-+ 
2 p at 2 p at 

(3.3.1) 
Since the Kutta condition requires staUc pressure continuity at 

the trailing edee 

(3.3.2) 

Substitutine equation(3.3.2) into (3.3.1), the obtained equation 

is arraneed as 

ar 
= .--- (3.3.3) 

2 at 

where r - .r.u 
In steady flow,there is no circulation chanee around the blades, 

1.e. 

ar 
--0 (3.3.4) 
at 

Therefore, the equation express1ne the Rutta condition for steady 

flow is 

(3.3.5) 

In steady flow, there is nocirculaUon change around a blade, so 

no wake flow is formed behind it. In unsteady flow, even for a cusped 

trailing edge blade, the velocity on upper and lower surfaces at the 

trailing edge are no longer equal. The equation (3.3.3) indicates a 

change 1n the blade circulation, so vortices are shed into the wake. 

The wake flow simulation is presented 1n the coming chapters. 
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3.3.1 A New Applying Method of the Kutta Condition 

In steady flow, the equations defined by the boundary condition 

and the Kutta condition are linear and their solution can be obtained 

directly. But for the unsteady flow, the Kutta condition is a 

nonlinear equation. Here, in order to present a general calculating 

method which can be used for both' steady and unsteady flows, the 

nonlinear Kutta condition is involved in the discussion. 

In an unsteady flow, the disadvantages is that the Kutta 

condi tion introduces a non":'l1near equation and it is difficu 1 t to 

combine this non-linear equation with the linear equations from the 

. boundary condition to get the potential solution. 

The direct method that can be used to solve this problem is 

iterative. Since a blade surface is represented by many vortices and 

several blades may be involved in the calculation, this method can be 

time consuming. 

In the method given by Maskell(Basu and Hancock, 1978), the flow 

is supposed to leave the blade parallel ,to either the upper or lower 

trailing edge surface depending on the sign of the shed vortex. When 

the shed vorticity is anti-clockwise, the flow leaves the trailing 

edge parallel to the lciwer trailing edge surface; whereas, the flow 

leaves the trailing edge parallel to the upper trailing edge surface 

when the shed vortex is clockwise. After the direction of the vortex 

leaving the trailing edge is known to be parallel to one blade surface 

at the trailing edge. the velocity on the other side is zero at the 

trailing edge for the blade with non-zero trailing edge angle, this 1s 

the extra equation needed to obtain a unique solution to 

equations(3.2.2.16). But it may be difficult to determine the exit 

flow direction in some cases. 

Another method is Martensen's method(Gostelow, 1984). In this 

method, the flow is spl1 t into three basic flows as reviewed in 

chapter 2. Those basic flows are the flow with zero inlet angle and 

zero circulation, the flow with 90 degree inlet angle and zero 

circulation, and the flow with 90 degree inlet angle and unit 

circulation. After the soluUonsto these basic flows are obtained. 

'these solutions are superimposed to obtain the solution to the 

original problem. Unfortunately, the Martensen method is mainly 
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designed for single cascade flow. 

Here. a new method is introduced to obtain the solution to 

unsteady flows. In this method. it is unnecessary to guess the exit 

flow condition in advance. The method can be easily applJed for the 

flows with a single blade or a single cascade and the flows with 

interaction among blades or cascades. For the convenience of 

presentation. the flow around two blades or two cascades is discussed. 

In potential flow, Laplace's equation governs the flow. so the 

flow can be split into several basic potential flows. The solution to 

the original problem is a linear combination of the solutions to these 

basic flows. In a flow around blades or cascades. the flow is split 

into four basic flows as presented in fig;3.5. These four flows are 

defined with four different trailing edge conditions. In each set of 

these basi c flows. an extra equation is supplied for each cascade or 

blade to obtain a unique solution. 

As for the basic flows. their solutions can be obtained very 

easily through the linear equations defined by the boundary condition 

and the trailing edge flow conditions. The correct combination of 

these basic flow solutions is controlled by the Kutta condition. 

For every basic flow. the boundary condition is 

2N 

2 Ki.j Yj - RHSi 
ja:1 

i .. 1.2, •.•• 2N-2 

(3.3.1.1) 

A linear combination of the equations governing the four basic 

flows gives 

2N 

2 Ki,j [kJ y(a)j + kz y(b)j + k' y(C)j + k4 y(d)j ) 

j-1 

i-1.2 •..•• 2N-2 

(3.3.1.2) 

where y(a}. 7 (b) • y(c) and y Cd) are the solutions to the four 

basic flows and ki . are combination factors. 

To find the solution to the original flow problem. four equations 

are needed to decide the four combination factors. The first equation 
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comes from the influence of the free stream flow. The total influence 

of the free stream flow expressed by the combination of these four 

basic flows should equal to its actual influence. This requires 

(3.3.1.3) 

On the other hand, the Kutta condition is satisfied by the 

original flow. So more equations can obtained by applying the Kutta 

condition to the trailing edge for each blade or cascade. 

On examining the four basic flows, only three of them are found to 

be independent( Appendix B). So only three of the four basic flows are 

necessary to obtain the solution to the problem and 

kl +kl +k3 = 1 (3.3.1.4) 

Therefore the combination factors can be decided uniquely by 

equation(3.3.1.4) and two equations from the Kutta condition. 

consequently a unique solution is obtained to the original problem. 

3.~.2 Solutions by the Nev Method 

Since only three basic flows are necessary to· decide the sol ution 

to the original flow problem, basic flow a, band c are chosen in the 

discussion. The vortex intensities at the nodes on the blade surface 

are 

j- 1,2, ...•. ,2N 

(3.3.2.1) 

where N pivotal points are located on each blade surface. 

The circulation around each blade is 

(3.3.2.2) 

The vortex intensities at the four trailing edge pOints of 

blades are 

)'1 a:k t )'l(a) + kZ)'l(b) + k')'l(C) 

)'N -kl)'N(a) + kZ)'N(b) + k')'N(c) 

)'N+l ak 1 7N+l(a) +k Z7N+l(b) + k'7N+l(C) 

)'zN • k1rzN(a) + kZ)'ZN(b) + k'7zN(c) 
(3.3.2.3) 

two 
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where 1,N,N+l,2N are four pivotal points at the two cascade or blade 

trailing edges. 

In the basic flow (8) 

>,,(a) _ 0 

"N+l (a) IE 0 

In basic flow (b) 

>'N(b) • 0 

"N+l(b).o 

In basic flow (c) 

>'l(C).O 

"'N(e) - 0 

(3.3.2.4) 

(3.3.2.5) 

(3.3.2.6) 

Substituting these vortex strengths into equation (3.3.2.3), the 

total vortex strengths at the trailing edge points are 

", • kz ",(b) 

>'N • kS>'N(a) + k 3"N(c) 

"N+l • k'>'N+s(C) 

>'2N - kS>'zN(a) + kZ"'N(b) 
(3.3.2.7) 

The Kutta condi tion is appl1ed to each blade or cascade. The 

obtained equations are 

U, ' - UN' • 
a rl 

2 (3.3.2.8) 
a t 

UN+t' - U2N' 
a r 2 - 2 (3.3.2.9) 
a t 

The circulations around blades or cascades ean be calculated 

using equation (3.3.2.2) and they are substituted into equations 

(3.3.2.8) and (3.3.2.9). the resulted equations are 



"1' -"N' .. ar 1 
2 

at 

a 
.. 2 

at 

a r2 
"N+,' -". 2N' .. 2 ---­

a t 
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(3.3.2.10) 

.. 2 -=-a_ 
at [ k1r,(a) + krr,(b) + k,r,(C) ] 

(3.3.2.11) 

Substituting "1')'N')'N+1 and )'2N in (3.3.2.7) into the equations 

(3.3.2.10) and (3.3.2.11), two equations about unknowns kl, x, and k' 

can be obtained. 

In the equations (3:3.1.4), (3.3.2.10) and (3.3.2.11), there are 

three unknowns, so kl,k, and k' can be determined. But two solutions 

can be obtained and only one of them is correct, the right choice is 

made by confirming there is no reverse flow on the blade surface at 

the trailing edge. 

In the steady flow around a single blade or cascade. the second 

blade or cascade is ignored, only basic flow{a) and flow (b) are then 

needed. The equation from the Kutta condition(3.3.5) Js 

Which implies 

", .. - "N 

From equation (3.3.2.7), 

trailing edge are 

'" .. x,-)', (b) 

"N .. kt*"N(a) 

(3.3.2.12) 

(3.3.2.13) 

the vortex strengths at the blade 

(3.3.2.14) 

SubsJtuting equation(3.3.2.14) into (3.3.2.13), the combination 

factor k' is 

",(b) 
(3.3.2.15) 
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In the unsteady flow around a single blade or cascade, the 

equation for one combination factor comes from the Kutta 

condition(3.3.3} and it is 

2 p*kl +q*kl +r ~O 

where 

p~ [y1(b}]Z - [YN(a)]z 

q= -2[Yl(b)J z - 2[rl(a)-rl(b}]/~t 

r= [Ys (b)]z -2[rl(b)-r(t-~t)]/~t 

The other combination factor is given by 

kz= l-kl 

(3.3.2.16) 

Using this method. no iterative calculation or guessing about the 

flow situation at the blade trailing edges is made, the Kutta 

condition is strictly satisfied in each blade or cascade. 

By solving the above linear equations, the vortex strength at the 

N nodes can be obtained. Because of the boundary condition on the 

blade surface, the velocity on the blade surface is equal to the 

intensity of the local vortex panel, i.e. 

(3.4.1.1) 

3.~.2 Pre •• ure Coefficient at Control Point. 

The pressure coefficient 1s defined as 

p 

By applying the Bernoull! equation, the pressure coefficient on 

the blade surface can be obtained. In steady flow, it is 
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(3.4.2.1) 

Por stationary blades in unsteady flow. the coefficient 1s 

U 2 a+ 
1 - ( )' --- (3.4.2.2) 

U ' OIl at 

In unsteady flow around a moving blade, the pressure coefficient 
is 

U Ur 
_ (-----)' + (-----)' 

2 
(3.4.2.3) 

UID Ual at 

3.4.3 L1ft Coefficient 

The 11ft force acting on a blade is an integration of the pressure 

around the blade contour. It Is 

U2 a+ 
L - i P ds - - ~ p (---- + ----) ds (3.4.3.1) 

2 at 

The lift coefficient using the chord as a characteristic length is 

defined as 

L c,- ------ (3.4.3.2) 

3.4.4 Veloc1ty at • Po1nt 1n the Flow Fjeld 

The velocity components at a point(x,y) outside the blade contours 

are calculated using the following formulae 

(3.4.4.1) 

(3.4.4.2) 
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3.5 Calculat10n of Ca.cade Flow. 

When a cascade flow is considered, where there are an infinite 

number of blades, the velocity influence coefficient must be modified 

to incorporate the mutual influence between the blades. 

In a cascade, the velocity components at a surface point (Xj ,Yj) 

induced by a vortex, located at (Xj'Yj) and with vorticity r and space 

S, are 

where 

Ui,j • 

Vi,j -

r 

25 

- sin[ 211 
5 

211 2-
cosh[--- (Xi-Xj)] - cos[ --- (Yi-Yj)] 

s s 

(3.5.1) 

(3.5.2) 

(3.5.3) 

The normal velocity component at the I-th control point due to 

the j-th pOint vortex on the cascade surface is 

dy dx 
• Ui,j (---- )1 - Vl,j (----)1 

ds ds 
(3.5.4) 

where Ul,j and Vi,j are the velocity components in x and y directions 

at the 1 th control point due to the jth point vortex according to 

equatlons(3.5.2) and (3.5.3). 

The normal velocity Influence coefficient Is 
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1 
271(XrX j) dx 

sinh (--)i +s1n 
S ds 

2S ] cos [ 

2"(YrYj) dy 
(--)i 

S ds 

i"'j 

(3.5.5) 

.... 

The velocity at the control point induced by the vortex panel 

itself is the same as for the vortex on a single blade surface. the 

normal velocity coefficient is also the same as that for the vortex 

on a single blade. 

Because the flow field is periodic in cascade flows. only one 

blade in a single cascade is needed to be concerned in the calculation 

with the cascade influence coefficients. The calculating procedure Is 

the same as that for a single blade. 

In the present method, the concerned blades are represented by 

vortex panels. Due to the difficulty in obtaining the mutual influence 

coefficient of vortex panels in a cascade. the influence coeft'icient 

of the jth cascade vortex panel at the ith panel is calculated using 

the following rule 

(3.5.7) 

Ki.jP is the influence coefficient on the ith panel due to the jth 

panel on the concerned single blade surface of the cascade. Its 

vorticity is linearly distributed along the panel. The coefficient 

can be calculated from equatlon(3.2.2.14): 

Ki ,jCP is the influence coefficient on the ith panel due to the 

sjmilarly positioned point vortices on the jth panel in each cascade 

blade. The point vortex is located at the midpoint of the jth panel 

and has the same vorticity as the vortex panel on each blade. The 

coefficient is calculated through equation(3.5.5). 

Ki,jPoint is the influence coefficient on the ith panel due to the 

point vortex located at the midpoint of the jth panel on the concerned 

single blade surface in the calculation. The normal velocity 

coefficient is calculated using the following equations. 
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1 

2.". 
(3.5.8) 

In the flow involving cascades with different spaces, the flow 

repea ts over several cascade spaces. I n order to make every bl ade 

surface to be a streamline. several blades have to be included in the 

calculation. The equations governing the flow become: 

(2.5.6) 

where Nb is the total number of blades in one period in which flow 

features repeat pitchwlse. The Kutta condition also has to be applied 

to the trailing edge ot every involved blade. 

3.6 Result. &nd Conclu.1on 

In this chapter. a numerical .ode] has been built for two 

dimensional potential flows around blades or cascades in both steady 

and unsteady states. A new method 18 introduced to apply the Kutta 

condition and some results are presented. In fig 3.6. the calculated 

pressure distribution on airfoil NACA A006 with zero incidence 1s 

compared with the exact solution given by Abbot et a1(1959). the 

agreement between them is very good. In fig 3.7. the pressure 

distribution on the same blade with 4 degree incidence is 

presented. 

. . 
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CHAPTER 

FOUR 

WAKE SIMULATIONS 

4.1 Wake Flow Simulation 

In the real flow around blades," vortices are shed into the flow 

from the separation points on the blade surfaces t hence wake flows 

exist. After reviewed the unsteady flows inside turbomachines, 

Platzer(1977) concludes that the wake from single stage can generate 

significant flow non-uniformity and unsteadiness. So an accurate 

potential model of the flow around blades should include the influence 

of the free stream flow. the potential interaction between blades and 

the wake flows as shown fig.4.1. The equations governing this flow 

are obtained by maintaining blade surfaces being streamlines under 

all these influences. The equations are 

Nv 

~j + 2 Kti,k ~k =: RHSi 

k=l 

Which can be rearranged as 

Nv 
'" RHSj - 2 Ktl.k ~k 

.. k=l 
i '" 1 • 2 t 3, ..• t (N-l) Nb 

(4.1.1) 

(4.1.2) 
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here Nv Is the total number of the vortices In the wake flow, Nb is 

the total number of the blades involved In the calculation and RHSi 

mean the same as in equation(3.2.2.16) 

In this model, the interaction between blades and their wake flows 

is simulated by the Interaction between the employed vortices. The 

simulation starts when the first vortex is shed and continues until a 

wake flow is fully established. During the process, the flow is 

unsteady due. to the developing wake flows. The result of the 

simulation is stable wake flows in a steady flow or a periodic wake 

flow in an unsteady flow. 

4.2 The Kutta Condition 

In the wake flow simulation, the Kutta condition is still needed 

to obtain a unique solution to the problem. In the case when flow 

separation happens either before the flow reaches the blade trailing 

edge or at the blade trailing edge, the Kutta condition is applied at 

the separation points. In the scheme shown 1n (1g.4.2, a and b, c and 

d are two pairs of points just beside two separation points on one 

blade surface and the separated flows divide the flow field around the 

blade into two regions. In both flow regions, the flows are sti 11 

invJscid potential flows and the blade surface remains a streamline. 

In region Rt, points band c are on the same streamline, applying 

the Bernoulli equation between band c gives 

-+-+-----+-+--- (4.2.1) 
2 at p 2 at 

or 

Ub2 a·b ----- ( -+- ) - (-+-) (4.2.2) 
p 2 at 2 at 

The Bernoulli equation can be applied to pOints a and d in 

region R2 in the same way. the obtained equation is 

U 2 a -+-+-----+-+---
2 at p 2 at p 

(4.2.3) 
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or 

Pa-Pd Ud2 a~d Ua2 a.a 
--- - ( - + - ) - (- + -) (4.2.4) 

p 2 n 2 n 

As summarized by Smith(1982,1986), the position of the line vortex 

1n the flow is located in such way that the total transverse force on 

each lengthwise element is zero. On the blade surface, because paints 

a and b are -both very close to the same separation point but on 

different side of the separated vortex sheet and there should be no 

static pressure difference across a vortex sheet, so 

(4.2.5) 

Points c and d are in the same situation as pojnts a and b, then 

From equations(4.2.5) and (4.2.6), the following equation can be 

obtained 

---. (4.2.7) 
p p 

Substi tuting equations (4.2.2) and (4.2.4) into equation (4.2.7), 

the result is 

UC2 a.c Ub2 a.b Ud2 a.d Ua2 
(- .... - )-(- +-) - (-+--) -(-+--) 

2 at 2 at 2 at 2 

Rearranging this equation, it becomes 

1 

2 

a(·a-·b+·c-·d) 
(Ub2 - Ua

2 + Ud2 - U( 2) • ------
at 

at 

(4.2.8) 

(4.2.9) 

Just behind a separation point, the velocity 1s zero on the blade 

surface. So 

Ua -0 and Ud-O 

The circulation around the blade is 

(4.2.10) 

So equatlon(4.2.9) can be written as 
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1 c)r 

(4.2.11) 
2 at 

This is the Kutta condition for the flow around a blade with two 

separation points. 

4.3 Vortex Shedding 

The wake simulation begins when the free stream flow is zero and 

the blades are stationary, so no circulation exists around the blades. 

Then the uniform free stream flow begins to be set up. When fluid 

moves around a blade surface with a sharp trailing edge, a flow with 

very high acceleration is produced at the trailing edge point at the 

first instant. Owing to the viscosity of the fluid, this flow cannot 

last for a long time. Instead vortices are shed from the sharp point, 

a velocity discontinuity across the separated vortex sheet appears and 

a circulation is produced around the blades at the same time. In some 

cases, due to fluid viscosity and adverse pressure gradient on the 

blade surface, the flow separates from the blade surface before 

reaching the trailing edge and vortices are shed from the separation 

point on the blade surface. 

In the flow around a blade with a cusp trailing edge and there is 

no separation before the flow reaches the blade trailing edge, the 

vortices are convected into the flow from both the upper and lower 

surfaces at blade trailing edge. In steady invtscid flow, equal and 

opposite vortices are shed into the wake at the trailing edge from the 

upper and the lower surface at the same time, they cancel each other 

immediately after they are shed and no wake can be established. For 

unsteady flow, the vortices shed over the upper and the lower surface 

do not always cancel each other and a wake can be formed as fig.4.3. 

As to the inviscid potential flow around a blade with a blunt 

trailing edge is concerned, the potential flow should follow the blade 

surface to a stagnation point in the blade trailing area "and the Kutta 

condi tion should be valid at this stagnation point. Even this is an 

accurate representation of the potential flow around the blade, large 

acceleration would cause the simulated flow to be far from the real 
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flow 1n the trailing edge area due to the large curvature of the local 

blade surface. In this potential approach. flow is assumed to separate 

from the blade surface at the sharp points and a wake flow is formed 

behind the blade as f1g.4.4. 
Accord1ng to Kelvin's theorem. the vorticity should be conserved 

in the inviscid flow subject to irrotational body forces. Therefore 

the change in the circulation around the blade satisfies the following 

equation 

a r arw 
- - (4.3.1) 

at at 

here r is the circulation around the blade and rw is the total 

circulation in the wake flow. 

To simulate the separated flows. vortex sheets are shed from the 

separation points. The vortex sheets are represented by vortex panels 

in the region near the separation points and point vortices in the 

region far from the separation points. In this calculation, one vortex 

panel is shed from each separation paint 1n each time step. 

Because the vortex sheet is shed into the flow contlnously tram 

every separation point. the vorticity on the vortex panels should be 

also continuously distributed. The intensity of the nascent vortex 

panel at the separation point must have the same intensity as the 

local surface vorticity, i.e. 

.,- "s (4.3.2) 

and the convective velocity of the nascent panel leaving the 

separation point is 

(4.3.3) 

where Us is the local velocity at the separation point on the blade 

surface. 

The circulation of the nascent vortex panel during a time step At 

is 

At 
Ar • j 0.5 Us2 dt (4.3.3) 

o 
'. 

When there are several separation points on a blade surface. the 

vorticlties of the nascent vortices from these separation points in 



one time step are 

At 
~i= f 0.5 Ys,i 2 dt 

o 
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(4.3.4) 

The positions of the nascent vortices in the wake flow are 

determined by the flows at the separation points. The nascent vortices 

should leave the separation points in the same direction as the local 

streamlines. The lengths of these nascent vortex panels arc the 

convective fluid displacement in the time step while they arc shed. 

The lengths are given by 

(4.3.5) 

The endpoint locations of the nascent panels in the wake flow are 

Xi .: xsi+ Ii cosa i 

] (4.3.6) 

Yi .. Ysi't- Ii sinai 

where a1 are the flow directions at the separation points. 

When a separation is at the trailing edge of an airfoil, the 

leaving angle of the flow is as discussed in Appendix C. But for the 

flow around a blade with blunt trailing edge. the separated flow Is in 

the local flow direction at the separation pOint. 
In this chapter. viscosity effect is not considered. so the shed 

vortices leave the blade at the separation pOints. As the matter of 

fact. a boundary layer always exists on the blade surface 1n the real 

flows, so these vortices are shed into the wake not exactly trom the 

separation points on the blade surface. but from the boundary layer at 

these points. In the calculation atter this chapter, the vortex sheet 

is shed into the wake at the gravJty centre of the approximated 

boundary layer vorticity profile at each separation point instead of 

at the separation points on the blade surface. 

4.4 Vortex Notion 

The motion of the vortices inside the wake is governed by 
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following equations 

1 (4.4.1) 

In the above formulae, u and v contain contributions from the free 

stream flow, the blades and the wake flow. Among those contributions. 

the convective velocity components produced by point vortices in the 

wake can be calculated using the following formulae, 

n 
dx \ 

u = ~ = - L rl 

v = dy 
dt 

1=1 

(4.4.2) 

These formulae are sIngular near the location of every point 

vortex. This can make the motion of some vortices erratic. In order to 

produce a smooth and regular velocity distributIon in the flow field, 

each vortex is supposed to possess a core over which its vorticity is 

spread. The core size and the vorticity distribution in the core can 

be chosen according to the physical properties of the simulated fluid 

and mathematical characteristics of the involved equations. From the 

mathematical point of view. the core size is decided so that the 

vortices cannot produce a strong singular effect in the velocity 

field. According to fluid properties, the wake flow is always in 

turbulent state. The separated vortex structure usually has an 

expanding core due to diffusion and a velocity defect is caused after 

the separation point. The core size also depends on the separated flow 

structure. From numerical experience, the recommended core size is 

about 0.5 percent of the blade dimension as used by Spalart et al. 

While the core size is chosen in the right range. a smooth flow field 

is produced and the solution to the problem is not sensitive to the 

core size and its vorticity distribution. So the right core size can 
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be found by computational trials. The used core size in the 

calculation is 0.5 percent of the blade chord. 

After vortices leave the separation points, the1r shape is 

continuously changJng in a real flow due to the turbulent mixing and 

diffusion. Hence the core size would become bigger and both its shape 

and vorticity distribution become irregular. In the present 

calculations, only the inviscid flow is considered, the vorticity of 

the vortices in the wake is kept constant and their core sizes are 

also assumed not to change during their motion. Within the core, it 1s 

assumed that the velocity induced by vortex itself is linearly 

distributed across the core like a forced vortex, the induced velocity 

reaches zero at the centre of the core and the maximum at its edge. 

The influence of a vortex in the region outside its core is assumed to 

be the same as for a point vortex at the core centre. 

4.' Pre •• ure Coefficient 

When the velocity field is known. Bernoulli's equation is used to 

calculate the pressure distribution on the blade surface. The pressure 

coefficient is defined as 

p 
Cp• -----

pUoo
2/2 

(4.5.1) 

By applying Bernoulli's equation, the pressure coefficient can be 

expressed as 

U Ur 2 dt 
_ 1 - (-)' + (-)'- ---

Uoo Uoo U.' dt 
(4.5.2) 

When the blade 1s stationary, Ur-O. 

In region Rl as shown in fi~.4.2, the pressure coefficient can be 

got using the above equation directly. 

In region R2, the Bernoulli equation can still be used between 

the points on the blade surface. Thus 

p 
-+ 

P 2 

U 2 a 
+-----+-+ 

at p 2 
(4.5.3) 

at 
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Because Ua=O, then 

p u2 

-=---------- (4.5.5) 
p p 2 at 

Therefore, the pressure coefficient inside the separated region R2 

is 

(4.5.6) 

Because points a and b are on the dift'crent side of the same 

separated vortex sheet, the pressures at these two points are equal, 

1. e. 

(4.5.7) 

substituting equation(4.5.7) !'into (4.5.6). the pressure 

coefficient at a pOint on the blade surface in the region R2 is 

u 2. )Z __ 

U 2 
110 

(4.5.8) 

Cp,b can be obtained by applying the Bernoulli equation in the 

region Rl. 

In the calculation of the pressure coefficient. the change rate of 

veloci ty potential is necessary. In the calculation of the veloc! ty 

potential. the contributions from the free stream flow. the blade and 

the wake flows are considered separately. As to the velocity potential 

at point p induced by vortices in the wake flow is concerned, because 

the vorticity of those vortices is assumed to be constant during their 

motion. the velocity potential induced by them is only a function of 

the relative positions between point P and these vortices. After the 

velocities of these vortices are known. the relative positions between 

them and point P become known functions ot time. The time derivative 

of the velocity potential at point P due to a vortex in the wake can 

be evaluated by the following formula given by Greitzer(1979) 

ax' ay' --- .. -+- (4.5.9) 
at ax' at ay' at . 
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where x' and y' are relative positions of point P with respect to the 

vortex in the wake. They are given by 

(4.5.10) 
Y '. Yp -Yi 

a~/ax' and a~/ay' are the velocity components in the x and y 

directions induced at point P by the vortex. For cascade flow, these 

velocity components are 

sln(21rY'/S) 
U O 

• - • - - ----------------

ax' 2S cosh(21rx'/S) -cos(2.y'/S) 

a~l r sinh(21rx'/S) 
vo. - • --- ----------------

ay' 25 cosh(21rx'/5)- cos(2.y'/5) 

(4.5.11) 

ax'/at and ay'/at are the relative velocity components in the x 

and y directions of point P relative to the vortex. They are given by 

ax' axp aXi 
• 

at at at 

- up -uvor,i (4.5.12) 

ay' ayp aYi 
• 

at at at 

• vp -vvor,i (4.5.13) 

When pOint P is stationary in the fixed coordinate system, then 

dx' ---a -
dt 

uvor .l 

dy' 

dt 
• -Vvor,i 

(4.5.14) 

so the change rate of the veloc! ty potential at point P due to a 

vortex in the wake flow iSI 
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a 4> i 
(4.5.15) 

a t 

In the wake flow, there may be a lot of vort1 ces. The total 

velocity potential induced by the wake flow is 

(4.5.16) 

And the change rate of the velocity potential is 

Nv 
-= 2 

1=1 

(4.5.17) 
at at 

The velocity potential of the free stream flow is 

4> = u ... x+v", y 

.u~[ cos«~ x +sin« ... y] (4.5.18) 

The change rate of the velocity potential at pojnt P caused by the 
free stream flow is 

a4> ax ay 
--- R U..,(cos«e ---- +sln«e ----) 
at at at 

(4.5.19) 

When calculating the velocity potential at point P induced by the 

vortices on the blade surfaces, it should be noted that not only the 

relative positions between them and point P are changing wj th time 

while the blades are moving, the strength of the vortices themselves 

are also changing due to the unsteady disturbances from the wake flows 

and the interaction between the involved blades. In that case, the 

velocity potential due to the vortices on the blade surfaces has to be 

differentiated with respect to time. The change rate of the velocity 

potential is: 

4>(t+At) - 4>(t) 

--- ---------------- (4.5.20) 
at At 
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here .(t+At) and .( t) are the velocity potentials at point P due to 

the vortices on the blade surfaces at time t+At and t respectively. 

The velocity potential induced at point P(x,y) by a cascade 

vortex with vorticity r at location[x(i),y(i)] in the y direction 

given by Lamb(1945) is 

r tr[x-x(i)] tr[y-y(1) ] 
.(j,i)· -- atan itanh(- ----- )cot('-----H 

2S s s 

(4.5.21) 

In order to reduce computing time, the calculation of velocity 

potential on the blade surface is further simplified. The velocity 

potential difference between any two points 1n the flow field is the 

integration of the velocity along any path between them, it can be 

written as 

N 

-2 (Ui AXi+Vj 6Yi) (4.5.22) 

i-1 

here the path between points a and b is divided into N elements for 

numerical integration, 6X and Ay are the lengths ot the i-th element 

1n x and y directions, ui and vi are the velocity components in the x 
and y directions at the element. 

In this calculation, because only the pressure on the blade 

surface is required, so only the velocity potential on blade surface 

needs to be determined. Through equation (4.5.22), the velocity 

potential on the blade surface can be obtained by integrating the 

veloc! ty along the blade surface from a point where the velocity 

potential is known. This starting point is taken as a reference 

point. The velocity potential at this reference point has to be 

calculated using equations(4.5.15), (4.5.19) and (4.5.20). When the 

veloci ty potential at the reference point is known, the velocity 

potential at any point on blade surface 1s obtained by integrating 

the velocity along blade surface from the reference point. Hence 



s1 
~i=~re+ J U(s.t)ds 

o 

Ni 
=~re+ l Uj(t)~Sj 

j=l 

* = ~re+~ i 
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(4.5.23) 

The velocity potential time derivative on the blade surface are 

= (4.5.24) 
at at at 

'.6 Th~ Far lIak~ Res10n 

After the first vortex is shed from the separation points. more 

and more vortices are continuously shed into the wake as the 

simulation develops. There would be a lot of vortices involved in the 

calculation before a stable result is achieved. Too many vortices in 

the wake could need huge computing time. To reduce the computing time. 

some approximations have to be made. Fortunately, as the vortices move 

away from the blade surface, the interaction between them and the 

blades decreases and tends to a constant. For the f low around a 

single blade or several blades, the influence of the vortices on the 

distant blade surfaces tends to zero. As to the vortices in the wake 

of a cascade are concerned, because the wake flow forms a cascade 

wake as well, the influence of those vortices on the blade cascade 

reaches a constant as they move away from the blades. The velocity 

induced In the calculating domain by these vortices in the far wake 

region can be approximated by the following formulae from 

equations(3.5.2) and (3.5.3) as 

u=O , (4.6.1) 

r 
va - --- (4.6.2) 

2S 
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When the axial distance between a separated vortex and the blade 

trailing edge is more than one cascade space. the maximum error caused 

by the above approximation is about 0.01% for an unit vortex. Since 

only the flow near the blade surface is of interest. So it is 

unnecessary to follow the exact movement of these vortices in the wake 

region far from the blade surface unless a very high accuracy is 

required. On the other hand. the flow field in the far wake region 

becomes uniform in the real flow as the unsteady wake flow decays 

away. The experimental results of Lakshminarayana and et a1(1982) show 

that the effects of a turbomachine blade wake nearly disappear beyond 

about a half-chord downstream of the trailing edge. The average 

veloci ty in the far wake region can be easily_ obtained through mass 

conservation law. 

In the calculations. the wake flow after the last downstream 

cascade is divided into three regions as shown in fig.4.5. One is the 

near region. The movement of the vortices in this region is governed 

exactly by equation(4.4.1). The flow is assumed to be uniform in the 

second region which Is just downstream of the near wake region. The 

velocity is fixed by the continuity equation. 

In cascade flow. the velocity components in the second region are 

(4.6.3) 
vfw .. ufw taotS 

In the flow around a single blade or several blades. flow velocity 

components are 

(4.6.4) 

The movement of the vortices in the second region is not exactly 

governed by equation (4.4.1) and the interference between the vortices 

inside this region is ignored. 

The third region is the downstream of the second region. It is 

called the far wake region. All the vortices moving into this region 

are merged together. The moving velocity of the merged vortex is the 

same as the vortices· in the second region. The vorticity of the merged 

vortex rfw is the sum of the vortici ties of all those vortices that 
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move into the fal' wake region and the influence of it on the flow 

field around the cascade is independent of its location in the far 

wake 

The size of these wake regions depends on required accuracy and 

availiable computing time. 

In cascade flow, the velocity components due to the vortices in 

far wake region can be calculated using the following formulae: 

u=O 
(4.6.5) 

rfw 
v=--

2S 

The velocity potential due to the vortices in the far wake region 

is from formula (4.5.15) as 

a~ 
-,.. UO 

at 

Substi tuting the equation (4.6.5) into 

potential time derivative becomes 

a~ rfw 
-=----

at 2S 

(4.6.6) 

(4.6.6). the velocity 

(4.6.7) 

rfw is the vorticity of the merged vortex in the far wake region. 

~.7 Computing Procedure 

The calculation starts when the blades are stationary and the flow 

is zero. This is registered as t.o. Afterward, the free stream flow 

and the motion of the blades are set up, vortices begin to shed from 

the separation points at the same time. As the calculation goes on. 

vortices are continuously shed from the separation points into the 

wake flow. The calculation continues until a stable solution is 

achieved. The procedure for wake simulation is: 

(1) An unsteady potential calculation is ~one with the starting 

vortex is shed at each separation point. 

(2) The nascent shed vortices in last step move to their new 
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position in one time step and the movement is governed by equation 

(4.4.1) 

(3) The moving blades go to a new position; 

(4) The RHSj of equation(4.1.2) under the influence of all the 

vortices in the wake flow and the blades in their new positions are 

calculated; 

(5) A new potential solution is obtained using the recalculated 

RHS. At the same time. new vortices are shed at these separation 

points. 

(6) The vortices which have already inside the wake flow move to 

their new positions in one time step; 

(7) the calculations are repeated from step (3) until a stable 

result is obtained. 

Usually. the result begins to become stable when the first shed 

vortex in the wake goes into the far wake region. 

4.8 Calculation Deta1ls 

4.8.1 Approxi .. t1on of The Nascent Vortex Panel 

At taO, the free stream flow is zero and the blade is stationary, 

blade circulation is also zero. After a time step At, the free 

stream velocity increases to U~ and a circulation Is developed around 

the blade. At the same time, the starting vortices are shed into the 

wake. Due to a lack of flow information at the separation points at 

the beginning. the positions and directions of the starting vortices 

can only be given approximately, so the solution of the first time 

step has to be found by iteration. To start the iteration, no 

separation is assumed on the blade surface, a potential solution is 

obtained. Then the starting vortices at the separation points are 

enforced according to the obtained flow conditions at these 

separation points from the first iteration. The starting vortices are 

represented by vortex panels t their lengths are their converting 

distances in the first time step, i.e. 

At 
Ii = J 0.5Us ,i dt 

o 
(4.8.1) 
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where i denotes the ith separation point on blade surface. 

Because the time step is qui te small, equation (4.7.1) can be 

approximated by 

(4.8.2) . 

The orientation of these panels are in the same direction as 

local streamlines. I f the flow is separated at a sharp point, the 

starting panel is put in the direction parallel to the local blade 

surface just before the separation pOint. One end of the each shed 

panel 1s at the separation point and the coordinate of the other end 

1s inside the wake flow at 

(4.8.3) 

where 9i are the local streamline directions. 

The flow with the influence of the modified starting vortices is 

recalculated. Hence another flow solution can be obtained. Modifying 

the starting vortex at every separation point after every iteration, 

the calculation is repeated until a convergent result is achieved. 

Then the calculation goes to the next time step. 

To start a new time step, the length of the nascent vortex panels 

obtained from equation(4.8.1) are approximated by 

1 
Ii • ---- [ Us,i(t) + U8,1(t+~t)] ~t 

4 
(4.8.4) 

The vorticity distribution on every panel is assumed linear, 

vortex intensity of the nascent panel at each separation point i8 

equal to the surface vorticity at the separation point and the vortex 

strength at the other end of the panel inside wake is put equal to the 

vortex strength at the separation point in the previous time step. 

The distribution 1s 

s 
)'1 • ( ) )'s,l(t+At) + ( -- o < S < 11 

(4.8.~) 

The length Ii of the nascent vortex panel at every separation 

point is a fUnction of the vortex strength at the separation point 8S 
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equation(4.8.4) and its direction is also a function of the velocity 

at the separation point when the separation doesn't occur at a sharp 

point on the blade surface. This mean~ the influence coefficients of 

the nascent vortex panels contain unknowns and are not linear 

functions, so the equation system obtained from equation(4.1.2) is not 

linear. In the simulation, because the time step is small, the flow at 

a separation point should not change very much In one time step, so 

the flow situation at the separation pOint in the previous time step 

can be used to approximate the length and direction of the nascent 

vortex panel quite accurately as 

~s,i(t+At) • ~s,l(t) 

and the panel length from equation (4.8.2) is' 

1 
Ii = - Us',i(t)· At 

2 

(4.8.6) 

(4.8.7) 

Now. the influence coefficient of ~s,i(t+At) is known and 

equations (4.1,2) become linear. After a solution is obtained, the 

accuracy of the approximation (4.8.6) has to be checked after every 

iteration. If the error is out of tolerance, the calculation has to be 

repeated with ~s,i(t+At) in equation(4.8.4) equalling to its value in 
previous iteration. 

In the near region behind a separation point, the separated vortex 

sheet is represented by vortex panels in this model. By using panels, 

the singular effect is reduced compared with the point vortices. In 

the panel model, the vorticity of each panel 1s constantly distributed 

along its length and the total vorticity keeps contant during its 

convection. The length of a panel in the wake keeps changing while it 

is carried away by the flow. The endpoint positions of each vortex 

panel in the wake flow are recorded from the moment when it is shed 

from a separation point. The positions of these ends are renewed in 

every time step during its movement using equation (4.4.1). The vortex 

panel always lies on the straight line between these two ends. 
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'.8.3 Vortex Spliting 

Because the calculating time step cannot be very small in the 

simulation, so the curved separated vortex sheet in the wake flow 

cannot be simulated exactly by straight vortex panels and point 

vortices, especially when the the wake flow Is being stretched by 

flow or encounters a blade. As pointed out by Bromilow and 

Clement(1982), the sheet may have to be rediscretised in some case to 

obtain an accurate representation. to the continuous vortex sheet 

during the simulation. On the other hand, the tendency of the 

distance between two vortices in the wake to increase in the numerical 

simulation suggests that the region contains the vortices which tend 

to become elongated in the actual flow. To simulate this effect, 

vortices are split into several smaller vortices when ever the 

distance between two successive shed point vortices or the length of 

a vortex panel is bigger than a certain value. In this calcula"tion, 

the critical distance for vortices or panels to be split is two core 

size. The created vortex through a split is put at the middle ot the 

two vortices giving birth to it. The vorticity of the new vortex is 

set at one third of the total vorticity of the original two vortices. 

The vorticities of the original vortices are reduced to two third of 

their original vorticity to keep the circulation constant as shown in 

fig.4.6. 

In the calculation, the result becomes stable only when the 

interaction between the wake flow and the blades tends to be stable. 

Usually. it takes long time to get a stable simulation, many vortices 

lIlay be involved in the wake sillluiation. In the calculation, the 

computing tillle is decreased by introducing group interaction. Having 

the same effact as the vortices in the tar wake region, it is obvious 

that the intluen~e of a vortex at a point tends to a constant when .-
the axial distance between them is large 1n cascade fLow. So, in the 

calculation of the induced velocities and velocity potential at one 
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point, all the vortices beyond a certain distance from this point are 

supposed to generate the same influence in terms of unit vorticity. 

The velocity components are 

u • 0 
(4.8.8) 

1 
v---

28 

The influence of these vortices in this approximation is 

represented by an equivalent vortex. The vorticity of the equivalent 

vortex re is just the total vorticity of all the vortices 1n this 

approximation. It is 

N 

re • 2 ['i (4.8.9) 

1-1 

The induced velocity components are 

u-o 
(4.8.10) 

re 
V· -

25 

It is important to remember that the vortices upstream of this 

point have opposite influence at the point as to the vortices in its 

downstream in this appoxlmation. In the calculations, the equivalent 

vortex is assumed downstream of the point, so the vorticity sign of 

the upstream vortices 1n this appoximation should be changed before it 

is added in equation (4.8.9). The group interaction 1s only a measure 

for reducing computing time. there is no new vortex formed 1n the 

simulated flow field. 

To reduce the total number of the vortices inside the simulation, 

.erging of the vortices in the wake flow 1s also allowed at the same 

time as vortex shedding. Vortex merging is assumed to happen only 

when the vortices are far from the blade surface and one vortex is 
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very close to another. During merging, the vorticity of the new vortex 

through the merging is the sum of the vortIci ties of the merged 

vortices and it is located at the vorticity centre between them. 

Merging is controlled by the required resolution. The magnitude of the 

leading term in the produced error because of the merging given by 

Spalart and Leonard(1981) is 

rirj I ZrZj I 

I ri+rjl d2 (4.8.11) 

where Zi,Zj are the positions of the two merged vortices and d is the 

average distance from the merged vortices to the blade surfaces. In 

the calculations. merging occurs only when two vortices go closer 

than half vortex core diameter and both of them are downstream of the 

last blade trailing edge more than 0.6 chord. The error in term of the 

induced velocity on the blade surface by the merging is about 10- 4 

U~/C. When vortices having opposite signs are merged under the above 

rul e, the local error is larger because of the small difference in 

their vorticities. 

Using merging. computing time can be redu~ed and the behaviour ot 

the flow field becomes much smoother as the strong singular effect 

between these merged vortices is reduced. 

When flow separates before the blade trailing edge or when one 

blade Is upstream ot another, there may be vortices moving along the 

blade surface. These vortices must be prevented from penetrating the 

blade surface during the simulation. In the calculation of flow around 

a moving blade, some vortices which are already very close to the 

blade surfaces can fall inside the blade contours after the blade 

moves to its new position or when these vortices are moving with the 

local velocity in one time step. To prevent this penetration, three 

measures are taken. The first is to decrease the time step in the 

simulation. Small time step introduces too many vortices in the 

calculation and makes the simUlation time consuming. 

l'he second is to reduce the moving time steps only for the 
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vortices near the blade surfaces. This· measure can force these 

vortices to move more accurately along the local streamljnes, and 

hence the chance of them going into the blade contours is decreased. 

While vortices are approaching the blade surface, the moving time 

steps of them are decided according to their moving speed. The extent 

to which a smaller moving time step is used is controlled by the 

available computing time. The smaller are the moving time steps of the 

vortices, the less is the chance that the vortices go into the blade 

contour, but the greater is the calculating time. In the calculations, 

the thickness of the region in which the smaller moving time step is 

used near the blade surface is ten percent of the blade chord(see 

f1g.4.8). The total number of moving steps of the vortices near blade 

surface in one simulation step Is 

(4.8.12) 

where V is the vortex velocity. The moving time step of the vortices 

near the blade surface is 

6t .. At/Nt (4.8.13) 

This ensures that no vortex near the blade surface can move more 

than one core distance in its one moving time step. 

Even though the second method can prevent the vortices from going 

too close to the blade surfaces in their movement, some vortices could 

still fall into the blade contours after the blades move to their new 

positions. The third measure to prevent vortices from gOing inside 

the blade contours is reflection of the vortices away from the blade 

surfaces if they still go very close to the blade surface under the 

above two measures as fig.4.7( as used by Vezza and Galbralth,1985b). 

In the calculations, the minimum allowed distance of a vortex from the 

blade surfaces is one core size. so reflection occurs only when the 

normal distance of a vortex from the blade surfaces is less than one 

core size. The thickness of the reflecting region at· Which reflection 

happens is given by following formula 

(4.8.14) 

here Ur is the speed of the blade and dret is the thickness of the 

reflecting region. 

The thickness dref keeps vortices from going inside the region 
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where the distance of a vortex from the blade surfaces could be less 

than one core size after blade moves to a new posi tion in one time 

step. However, this formula is suitable only for the front side of the 

moving blade. On the back side, the thir.kness of the reflecting region 

is 

dref = 0 (4.7.15) 

4.9 Results and Discussion 

In this chapter, a potential flow model is built up for 

calculating airfoil flows with separations. Using this model, the 

wake flows around oscUlating airfoils have been predi cted and the 

results are compared with some reference data. In fig.4.9 and 4.10, 

the simulated wake configurations of OSCillating airfoil NACA 23012 

are presented, very clear vorte~ streets are obtained in those cases. 

For airfoil NACA0012. the lift force is obtained for Sinusoidal 

oscillations about an axis 1/4 chord from its leading edge with zero 

mean oscillating angle and reduced frequency of wc/(2U~).O.4. From the 

results presented in fig.4.11, it can be seen that the wake flow does 

influence the airfoil characteractics very much. Due to the wake flow, 

the lift force is reduced and lift coefficient loop ot one complete 

oscillation becomes narrower than the results without wake. As shown 

in fig.4.12, the predicted results with wake flow and no boundary 

layer are quite similar in shape to the measured resul ts. but an 

overall lift rise is predicted. Using the integral boundary 

model(presented in paragraph 6.2.2), the predicted results with 

boundary layer and wake are closer to the experimental data. The 

difference between them may be due to fluid viscosity in the tested 

low Reynolds number flow given by Vezza et al and possible boundary 

layer separation on the blade surface during the oscillation. 



75 

CHAPTER 

FIVE 

THE FUN AROUND TURBINE FLINMETER BLADES 

'.1 Introduct1on 

In the last few chapters, a numerical model has been built up to 

simulate the potential flows around airfoils and the predicted results 

have been compared with some experimental and analytical data. In 

applying the model to predict the flow around turbine flowmeter 

blades. some special problems arise and have to be solved before the 

flowmeter performance can be accurately predicted. In the flows around 

turbine flowmeter blades. because the blade profiles are designed with 

a square shape for production reasons, tlow separation inevitably 

occurs at both leading and trailing corner points of the blades. These 

separated flows can cause a decrease of lift and an increase of drag 

on the blades. The leading edge separation occurs at the two corner 

points in the leading edge area and vortices are shed from the 

separation points. Usually when vortices pass by a blade, pressure 

distortion would be caused on the blade surface as measured by Favier 

et al(1985), Booth(1986) and Sugeng(1986). Fortunately, these 

separated leading edge flows around the turbine flowmeter blade 

usually reattach to the blade surface downstream of the separation 

pOints and form equilibrium separated bubbles. 'In the blade trailing 

edge area, vortices are shed into the flow from the blade trailing 
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edge sharp points and a wake flow is established behind the blade as 

fig.5.1. In this chapter, the built vortex shedding model is applied 

to the flows around the tested flowmeter blades to obtain their 

aerodynamic characterictics. 

Some research work has already been carried out to investigate the 

separated leading edge flows of flat plates. A flow vlsul1zation study 

conducted by Ota et a1 (198l) observed the leading edge separation and 

the reattachment flows around flat plates with different leading edge 

shapes in Reynolds number Reb between 40-- 2000. The reattachment 

point is decided by observing aluminium powder motion near the 

reattachment zone. From the experimental results, the leadin, edge 

flow separation and reattachment phenomena are placed in three 

classes. These are: 

(1) Laminar separation and laminar reattachment. This occurs in 

the flows with low Reynolds numbers. Here, the separated laminar 

shear flow reattaches to the plate surface in a laminar state and the 

reattachment length increases quickly as Reynolds number increases. 

(ii) Laminar separation and turbulent reattachment. Here, the 

separated laminar shear flow becomes turbulent before it reattaches to 

the plate surface. Before the flow reattaches to the flat surface, an 

undulated flow Is produced inside the separated flow. An increase in 

the Reynolds number accelerates the undulation and consequently causes 

a decrease in reattachment length. 

(iii) Turbulent separation and turbulent reattachment. In this 

kind of flow, the separated shear flow becomes turbulent immediately 

downstream of the separation point and reattaches to the plate surface 

in a turbulent state. The separated flow Is now almost independent of 

Reynolds, number, so the reattachment length shows little variation 

with Reynolds number. 

Prom experimental data, the reattachment length is found to be in 

a parabolic relation with Reynolds number Reb' The relation is 

expressed as 

here K and n are determined from experimental data. They are dIfferent 

for plates with dIfferent nose apex angles and Reynolds numbers. 



77 

In the experiment. the transition Reynolds number of the flow from 

laminar separation and laminar reattachment to laminar separatjon and 

turbulent reattachment is also determined. At the transition point, a 

distinct undulation of the separated shear layer is observed firstly 

near the reattachment point. An approximated relation between the 

transition Reynolds number and the plate nose shape is found as 

Retr • 120(b/lp )-S / 4 

where Ip is the half length of the flat plate nose. 
In Ota's experiment, all the data is obtained in viscous flow 

around a single flat plate and the flow incidence angle Is zero. The 

separations on the upper and lower surfaces are symmetric. 

In the two dimensional cascade flows simplified from the flowmeter 

rotor at different radial positions, because of the change of cascade 

stagger angle, nose shape, choI'd and space, the reattachment length 

must vary from the hub to the tip even under the same flowrate. Also 

when the flowmeter is running at different flowrates, its inlet 

veloci ty profile is changing and is not uniform, the leading edge 

separation and reattachment flows must change accordingly. 

The flows around these two dimensional cascades can be simulated 

using the built model. However the time step has to be very small to 

simulate the instantaneous development of the separated vortex flow. 

To simulate the leading edge separated flows, because the separated 

vortices are so close to the blade surface and are rapidly developing 

with time, the simu lation time step must be very small. A vortex 

shedding time step recommended by Nagano et al (1982) t'or leading edge 

flow simulation is 

Atlw • O.02b/UCill (5.1.1) 

In the trailing edge wake simulation, because the shed vortices 

are moving away from the blade surface and their in! luences on the 

flow around the blade are decreasing with time, so the time step can 

be longer compaI'ed with that in the leading edge flow simulation. The 

commonly used time step[KJya and Arie(1977), Basu and Hancock(1978), 

Katz(1981)] is 

Attw • (O.02--o.05)C/UCill (5.1.2) 
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Hence the leading edge simulation needs a much smaller time step 

than that in trailing edge wake simulation. When these two flows are 

included in a simulation at the same time. the leading edge simulating 

time step has to be used. There would be a lot of vortices involved in 

the calculation before stability is achieved. 

To reduce the computing time, the influence of the flow separations 

at the leading edge and the trailing edge are considered separately. 

Firstly, the. leading edge separation and reattachment flows are 

simulated with the wake flow at the same time only for several 

selected flow cases to determine the relation between the reattachment 

length and inlet flow conditions and blade geometries using the built 

model. When these relations are known. the reattachment length on any 

other flow case between those selected cases are obtained directly 

through linear interpolation. The displacement influence of the 

leading edge flow separation and reattachment is simulated by 

incl uding the leading separated bubble as an extra part of blade 

surface. To determine the separation bubble shape, the adopted 

boundary condition is that the streamwise pressure is constant in the 

separated region as assumed by Kadhim and Railly (1982) tor the 

calculation of the separated cascade flows. With this boundary 

condition and the reattachment length, the separation bubble shape is 

found through an inverse method given by R. I. Lewis. Then the flow 

around the modified body with wake flow can be simulated using the 

trailing edge simulation time step as given by formula (5.1.2). 

Consequentl y, the pressure and 1 i ft on the turbine blades can be 

obtained. Using this separate consideration ot the separated leading 

edge and the trailing edge flows, only a few leading edge flows are 

simulated with the leading edge simulation time step, so the computing 

time can be reduced and more reasonable results can be obtained. 

As far as the Reynolds number influence 1& concerned. only when 

the flow Reynolds number is quite small. a rapid change ot the 

reattachment length wi th Reynolds number i8 found by Ota et al. 

According to the measured results by Ota et al and Kottke et aI, there 

is only a small change 1n the leading edge reattachment length for the 

plates with a square leading edge whUe the Reynolds number is over 

200. In present calculations, the variations· in the reattachment 

length with Reynolds number i8 ignored when the Reynolds number Reb is 
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over 200. The aerodynamic characteristics of the blade when Reynolds 

number Reb is below 200 are obtained from the simulated results by 

interpolations. 

Using the established potential flow model to simulate the flow 

around a turbine flowmeter blade, the separation lines from the 

separation points on the blade surface divide the whole flow field 

around the blade into several regions as shown in fig.5.2. In any of 

these regions, the blade surface remains a streamline. 

Inside the regions, flows are still assumed to be potential and 

the Bernoulli equation can be used for the points on the blade 

surface. Applying the Bernoulli equation to region R4 between pOint 

1 and point 8 gives 

". 2 p, ~, ".' p, a~a 
+-+ • + + (5.2.1) 

2 p at 2 p at 

Rearranging the above equation, the resulted equation is 

p. - P, "a' a<ta ".2 a<tl 
• ( - + ) - ( + ) (5.2.2) 

p 2 at 2 at 

The Bernoulli equation can be applied to the other three regions 

in the same manner as to the region R4. thA obtained equations are 

in region R2 

P, - P, ",' at, '" ' at, 
• ( -+ ) - + ) (5.2.3) 

p 2 at 2 at 

in region Rl 

PI - P" "" ' at .. "1' at. 
• ( - + ) - ( + ) (5.2.4) 

p 2 at 2 at 
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in region R3 

P, - p .. ----a --- + ) - (+ (5.2.5) 
p 2 at 2 at 

Adding equations (5.2.2), (5.2.3), (5.2.4) and (5.2.5) together, 

the left and right hands of the resulting equation are 

(Ps-P,) +(P,-p.)+ (Ps-p.) + (P,-P.) 
LHS .. (5.2.6) 

p 

and 

)'e' at. )' I" at s 
RHS .. ( - + ) - ( + ) 

2 at 2 at 

)' " a;t, )' 3' at, 
+ ( -+ ) - ( + ) 

2 at 2 at 

)'. z at. )'5 z at! 
+ ( - + ) - ( + 

2 at 2 at 

)'.' at. )',' at, 
+ ( - + ) - ( + (5.2.7) 

2 at 2 at 

At every separation pOint. the static pressure on the two sides of 

the separated vortex sheet should be equal. Therefore, the following 

relationships apply 

point a PI • P, 
Point b P, .. p. 

point c Ps • p. 

point d P" .. p. 

subtituting these pressure relations into formula (5.2.6) gives 
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LHS =0 (5.2.8) 

After a flow separation on a blade surface. the velocity behind 

the separation point is zero. then 

point a 

point b 

point c 

point d 

", 
"3 
"6 
"8 

=0 

=0 

=0 

=0 

Substi tuting these veloel ties into 

rearranging the equation gives 

1 a 

equation (5.2.7) and 

(",'+".2_"5'-"7 2) '" -- ( ~1-~Z+~'-~4+~5-~6+~7-~a) 
2 at 

(5.2.9) 

The circulation around the blade is 

(5.2.10) 

Finally. the equation can be written as 

1 ar 
("2'+"4 2-"5'-"7 2) '" (5.2.11) 

2 at 

This equation is a form of the Kutta condition for the flow around 

a turbine flowmeter blade. Combining this equation with the equations 

obtained from the boundary condition on the blade surface. a unique 

solution is defined. 

Using the built potential simulation model. the following results 

are obtained. Tne simulated leading edge flows for flat plates with 

different leading edge shapes at zero incidence angle are shown in 
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fig.5.3. The simulated reattachment length for the flat plates with 

half apex angles of 300
• 600 and 90 0 are compared with Kottke I s 

experimental data at. the highest Reynolds number of 10000[Ota et 

al(1981)J. The comparison presented in fig.5.4 shows a good agreement 

between the simulated results and measured data. 

In the tested turbine flowmeter of this research. the blade 

stagger angle varies from 30 degrees to about 50 degrees from the hub 

to the. tip and the space/chord ratio of the cascades varies between 

0.52 to 0.8. Apart from· these cascade geometrical variations, the 

inlet velocity profile to the rotor changes with flowrate and is 

non-uniform from the hub to the tip. Consequently, the leading edge 

flows should be different at different radial positions and change 

with flowrate. In the results presented here, several representative 

leading edge separated flows are simulated and some conclusions are 

drawn from the results. 

The simulated results for the cascades at the rotor's hub, 

midspan and tip sections with zero incidence angle are presented in 

fig. 5.5. In the three simulations, the cascade stagger angle. space 

and chord corresponding to the hub, midspan and tip areas are given in 

following table. 

Table 5.1 Turbine Flowmeter Blade Geometries 

Radial Blade stagger Space Chord 
sections angle l3(deg) S(inch) C(lnch) 

Tip 49.16 1.2315 1.5445 
Midspan 40.85 0.9205 1.3352 
Hub 29.79 0.6095 1.1638 

The leading edge separation and reattachment regions are quite 

similar in these three cases on both upper and lower surfaces at zero 

incidence. Only a very small difference Is found in the bubble length 

on the upper surface due to the geometrical variations. It can be 

concluded from these results that the reattachment length difference 

caused by cascade geometrical changes from the hub to the tip in the 

tested flowmeter is so small that it can be ignored. Therefore, the 
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leading edge flow characteristics of the midspan section can be used 

as an approximated representative of the flows at different radial 

sections. When a large reattachment length differences between the 

tip and hub cascades exist in some flowmeters in the application of 

this model, the midspan cascade cannot be used as a representative of 

all the cascades between the hub and the tip, several cascades from 

different radial positions have to be considered. 

To find the influence of the inlet flow condition on the leading 

edge flow separation and reattachment of the tested flowmeter, an 

examination is conducted on the midspan cascade with several different 

incidence angles. For the results shown in fig.5.6, the incidence 

angle to the blade changes trom -8 degrees to 8 degrees. On the upper 

surface, when the incidence angle continuously increases from -8 to -4 

degrees, the ratio of the reattachment length to the half blade 

thickness increases from 4.6 to 6.15. However, if the incidence is 

further increased to 4 degrees, the ratio drops from 6.15 to 4.8 and 

remains constant when the incidence is further increased to over 4 

degrees. According to the characteristics of flow separation and 

reattachment given by Ota et al, the flow state at both separation 

point and reattachment point could be laminar while the incidence Is 

below -4 degrees. The flow state at the reattachment point becomes 

turbulent for the flows with incidence angle between -4 degrees and 4 

degrees, and the separated flow becomes turbulent very quickly after 

the separation point when the incidence exceeds 4 degrees. On the 

lower surface, as the incidence angle increases from negative to zero 

degree, the ratio stays at 4.6, so the flow state at both separation 

and reattachment points should be turbulent. The reattachment length 

begins to decrease and drops to zero when the incidence angle goes up 

to 8 degrees. Hence the flow state at both separation and 

reattachment points is laminar for the flows wi thin this incidence 

range and no separation occurs as incidence angle is further 

increased. 

To summarise the simulation results, the relation between the 

reattachment length and incidence angles for the midspan cascade of 

the tested turbine flowmeter rotor is presented in the following 

table. 
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TABLE 5.2 Simulated Relation Between the Leading Edge 

Reattachment Length Ir and the Incidence Angle 

for the Midspan Cascade 

*12 
8 
4 
o 

-4 
-8 

*-12 

upper surface 
'r/(B/2 ) 

4 
4 
4 
4.8 
6.15 
4.6 
3.05 

* indicates the derived results. 

lower surface 
'r /(B/2) 

o 
o 
4.3 
4.6 
4.6 
4.6 
4.6 

'.3 Nodific4tion of the B14des Le4d1ns Edse Contour 

In the model given by Roberts(1980) for the leading edge 

reattachment flow, the flow in the leading edge area is divided into 

two main regions by a streamline as shown in fig.5.7: (1) the 

recirculation bubble contained between the dividing streamline and the 

blade surface, (2) the free shear layer outside the recirculating 

bubble. These two regions can be further divided into parts upstream 

and downstream of a transit point. Upstream of the transit pOint, the 

free shear layer Is 1n a laminar state and 1s incapable of creating 

any significant diffusion. The static pressure is constant 1n this 

region. Downstream of the transit point, interaction between the 

recirculating flow and the outer shear flow is present and is able to 

cause enough energy diffused from the freestream fluid by entrainment 

to cause the flow reattachment. The interaction causes strong energy 

dissipation and consequently a rapid pressure drop from the transit 

point to the reattachment point. In Roberts's model, a constant energy 

dissipation and a linear velocity distribution is assumed between the 

transit point and the reattachment point. At the reattachment point, a 

turbulent boundary layer exists. 
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In the model presented here, the influence of the leading edge 

separated flow on the pressure distribution over the blade surface 1s 

calculated by modifying the blade contour in the SR region (separatJon 

and reattachment region) to simulate its displacement effect. To 

simulate this displacement effect, the streamline between the free 

shear layer and the recirculating region is taken as the modified 

blade surface. The modification is done under the assumption of a 

constant stre~mwise static pressure around the leading edge separation 

bubble(Kadhlm and Railly, 1982). To find the modified blade contour in 

the SR region, the inverse design method given by R.I. Lewis is 

adopted here. After the modification. the new blade contour forms a 

streamline in the flow field and the pressure is kept constant inside 

the SR region on the modified blade surface. 

In every calculated flow case around the flowmeter blades. the 

reattachment length is decided according to table 5.2. Because the 

influence of the wake flow on the reattachment length has already been 

included in the results presented in table 5.2, the wake effect is 

also included in the' 1nterpolated reattachment lengths. With the 

constant pressure assumption and the interpolated reattachment length, 

the accurate leading edge modification can be found. 

With inviscid potential flow assumption. the modified blade 

contour still forms a streamline in the flow field and the Bernoulli 

equation is valid for points on the modified blade contour. Given 

points a and b are two points on a streamline, the Bernoulli 

equation is 

ui 2 ,a 

2 

or 

Pi,a 
+ 

p 

a+i ,8 Ui,b2 Pi,b a+i.b 
+ • +-+-

at 2 p at 

Pi,a - Pi,b Ui,b'-ul,a' ------------..;.--+----
p 2 at 

(5.3.1) 

(5.3.2) 

When points a and b are both inside the SR region. then 
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Pi,a • Pi,b (5.3.3) 

In steady flow, substituting equation (5.3.3) into equat10n(5.3.1) 

gives the velocity relation as 

ui,a • ui,b (5.3.4) 

In viscous flow, the pressure on a blade surface is influenced by 

the boundary layer. The relation between the real pressure on a blade 

surface and the inviscid results given by Lock and Firman(1982) is 

(5.3.5) 

So the real pressure on the blade surface is 

(5.3.6) 

Using the assumption of' constant real pressure inside the SR 

region on the blade surface, the following equation is obtained 

(5.3.7) 
p 

In steady viscous flow, the obtained velocity relation using 

equations (5.3.2) and (5.3.7) 1s 

__ u_i,_a __ • [ 1+2Kb:(9b+6b:)] 1/2 

Ui,b 1+2K a (9a+6a ) 
(5.3.8) 

When the fluid becomes ideal, e and 6* are zero. then a constant 

velocity condition is obtained as equation(5.3.4) 

Inside the SR region. the free shear layer outside the 

recirculation bubble remains the same state as the separation point 

until the transit point as concluded by Roberts. Due to lack of 

imformation on the transit point. e and 0* are assumed to be constant 

over the SR region • .. 
K is the boundary layer displacement thickness curvature. It is 

d 20* .. 
I< • KW + --- (5.3.9) 

ds 2 

As the displacement thickness is constant. K* • KW} KW is the 



87 

curvature of the separation bubble inside the SR region. 

To determine the boundary layer state at the leading edge 

separation points. the flow is approximated to a stagnation flow as 

used by Nagano, Naito and Takata(1982). The boundary layer thickness 

given by Schlichting for a stagnation flow is 

o • 2.4 I ~ ~. a (5.3.10) 

here a is taken as the velocity gradient in the vicinity of the 

stagnation point, e and 0* are obtained through velocity profile 

integration as 

e • 0.1170 (5.3.11) 

and 

0* -0.2826 (5.3.12) 

In this boundary layer approximation. equation(5.3.8) can be used 

to determine the modified leading edge blade shapes in steady flows. 

However. no linear velocity relation between the pOints inside 

the SR region can be obtained from the Bernoulli equation in 

unsteady flows, this causes some difficulties in calculation. In this 

simulation. because of the adopted iterative procedures in the leading 

edge modiflcatlon(in paragraph 5.3.2), equation(5.3.8) can be used. 

When the reattachment length is known. the boundary condi tions 

controlling the blade modification are 

(a) inside SR region 

where m and n are any two points inside the SR region. 

(b) outside the SR region on the blade surface 

(5.3.13) 

(5.3.14) 

where m and n are any two pOints on the blade surface ontside the SR 

region. 
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Because the separation bubble shape 1s unknown, an iterative 

calculation has to be employed to determine the 8hape. Applying 

Lewis's method(1982), 

contour is: 

the precedure to obtain the modified blade 

(1) To start the calculation, an initial blade contour is chosen. 

Here, the original blade contour is chosen. Using the velocity 

relation (5.3 .• 4) or (5.3.13) in the SR region, the potential flow 

around this initial blad~ 1s obtained by solving the equations from 

the boundary condition on the blade surface and the Kutta condition. 

When the solution is obtained, the velocity components in the 

flow field can be calculated using the following formulae 

ui • Uco 

N 

Vi -Veo + 2 Bi,j Yj 

j-1 

(5.3.15) 

(5.3.16) 

Ai,J and Bi,J are the induced velocity influence coefficients in x 
and y direction respectively here. 

(1i) The streamline from the separation point is calculated. 

In the flow field, the elements on a streamline are located in the 

local velocity direction. The pos1tions of those points on a . 
streamline can be calculated using the following formulae 

xi.1 • Xi + As cosC«1) 

- Xi + As --..;.--- (5.3.17) 

Yj+1 • Yj + As sin (<<1) 

• Yi + As ------ (5.3.18) 
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here «1 is the local velocity vector and As is a selected length for 

finding the streamline. 

In inviscid flows. the streamline stemmed from a separation point 

on the blade surface must have.the same stream function value as the 

separation point. And because the separation point and the 

reattachment point are both on the same blade surface, so they must be 

on the same streamline, hence the separated streamline from the 

separation point must intersect the blade surface at the reattachment 

point. The calculated streamline and the blade surface outside the SR 

region form a new blade contour. 

In viscous flow. the streamline starts from the displacement 

boundary layer edge at the separation point~ With this starting point, 

the displacement of the free shear layer is included in this 

simulation. 

(iii) The modified new contour is used as a new initial blade 

surface. and the calculation is repeated from step (1) until the 

modified blade surface satisfies the required accuracy under the 

boundary conditions. Then the calculation is terminated and the 

required blade contour is obtained. 

During the modification, instead of using the new contour as the 

initial blade surface for the next iteration directly. relaxation is 

introduced. Thus the new y positions of the nodes on the 

contour are taken as 

blade 

Yi new • k* Yi old + (l-k)Yinew (5.3.19) 

where k is a relaxation factor. The used k Is 0.5. 

The x positions of the nodes on the blade contour are not changed 

during the iteration. 

'.3.2 

lIod1f1cation 

The separated leading edge and the trailing edge flows certainly 

influence each other during their development. However, neither of 

them is known In advance. The only known conditions are the 

reattachment length and that the pressure around the separation bubble 
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is constant. To obtain the accurate leading edge blade contour 

modifications, an iterative calculation 1s employed to take account 

of the influence of the trailing edge flows on the leading edge flows 

because they are considered separately. The calculating procedure is 

(1) Without the trailing edge wake flow, the first modification to 

the leading edge blade contour is obtained following the precedure 

given paragraph 5.3.1. The resulting blade contour is the first 

approximation to the separated leading edge flow. 

(2) With the modified blade contour, the trailing edge wake flow 

is simulated by the model described in chapter four. 

(3) Under the influence of the simulated trailing wake flow from 

step (2), the lead1ng edg'e modification is conducted again as step 

(l) . 

(4) The calculation is repeated from step (2) until an accurate 

and stable blade leading edge modified contour is obtained. 

In the above procedure, the leading edge modification at step (3) 

is conducted under the influence of the simulated stable wake flow 

from step (2), this is the reason why equation(5.3.8) can be used in 

the process. 

In cascade flow. the axial distance between the lead1ng edge and 

trailing edge flows is qulte large, and the influence between them is 

small. As shown in flg.5.9 and flg.5.10, after only the second 

modification, an quite accurate leading edge blade contour has already 

obtained. 

The modified leading edges of the flowmeter rotor blade with 

various blade geometries and incidence angles are presented in 

fig.5.11 and f1g.5.12. On comparing the modified blade contours and 

the separated vortex sheet trajectories in the leading edge flow 

simulations, the agreement is found to be very good between them. 

Because the separated vortex sheet should be on a streamline in the 

flow field. this means the displacement of the separated vortex 

bubbles to the external flow is are approximated correctly. 
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In equation(5. 3 .13) which governs the leading edge modification, 

the velocity relation at the points inside the 5R region Is a function 

of the local boundary thickness. Obviously, boundary layer thickness 

1s very much dependent on the Reynolds number Reb' From Ota's 

exper1mental results, the reattachment length shows only a small 

change with Reynolds numbers while Reb 1s over 200 for the plate with 

a square leading edge. This result suggests that the separated flow is 

in turbulent state in this flow range. In the various simulations of 

the flow around flowmeter blades, even the simulated results show the 

variation of the flow state at the reattachment point with the 

incidence angle, because the viscosity effect is not included in the 

present model, the reattachment length change with the Reynolds number 

cannot be predicted, so the reattachment length 1s assumed to be the 

same as the simulated inviscid results for all the cases with Reynolds 

number over 200. As shown 1n fig.5.12 to fig.5.14, the simulated 

separation bubbles change with the Reynolds numbers are presented. 

While Reynolds number 1s small, viscous effects are very strong, so 

the separated flow is restricted to a region near the blade surface. 

The separation bubble becomes bigger as Reynolds number increases. 

Corresponding to the separation bubble variations, the pressure 

distributions are also changed in the leading edge area. However the 

pressure distributions after flow reattachment are almost the same for 

the flows with different Reynolds numbers, these pressure 

characteristics are also found in Gaster's experimental results for 

turbomachine blades. 50 the separation bubble has little influence on 

its downstream pressure distribution. Theoretically, the pressure 

should be constant inside the 5R zone in the results presented here. 

Due to the very large bubble surface curvature 1n this region and the 

restricted minimum panel size, there is a pressure change near the 

separation points and the reattachment points in the simulated 

results. 

50 far, the modifications of the blade leading edges are obtained 
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to simulate the influence of the leading edge separation and 

reattachment on the aerodynamic characteristics of the flowmeter 

blades. To predict the performance of a flowmeter under various inlet 

conditions, it is necessary to obtain a complete aerodynamic 

characteristics of the flowmeter blades in different radial positions. 

In the tested flowmeter, due to the blade geometrical changes from the 

hub to the tip, their aerodynamic behavior is different. Using the 

developed model, The predicted results of the blades 1n different 

radial sections for various Reynolds numbers and flow incidence angles 

are presented here. 

In fig.5.15, the simulated trailing edge wake flows for the 

midspan section with incidence angle a degrees and -4 degrees are 

given. Clear wake configurations were formed behind the blade trailing 

edge in both cases. The time step used was 0.015. The fluctuation of 

Fy and Fx during the wake flow development 1s presented in fig.5.16 

and fig. 5 .17 for the case with -4 degrees incidence angle. At the 

beginning of the simulation, very large fluctuations exist in both 

lift and drag, and the forces tend to a constant as time goes by. 

However. due to the periodic vortex street. small fluctuations 1n both 

Fx and Fy remains. 

As concluded in paragraph 5.2.2. the reattachment length changes 

wi th the blade shape and the flow Reynolds number while Reb is over 

200 are ignored. The relation between the the reattachment length and 

the incidence angle is obtained from table 5.2. The Reynolds number 

Reb effect is included by applying equation (5.3.13) to determine the 

separation bubble shape. In fig.5.la and fig.5.19. the simulated lift 

and drag characteristics of the flowmeter blades from the hub to the 

tip are presented for a Reynolds number of 29500. Due to the blade 

variations from the hub to the tip. both the lift and the drai depend 

very sign!fi cantly on the radial posHions. In the hub section. the 

blade space 1s small. so both lift and drag forces are very much lower 

than that at the tip section. On every radial section. the lift and 

the drag on a blade are also changini with Reynolds numbers. From 

fig.5.20 to fig.5.24. the lift and drag force variation with Reynolds 

number for the hub and the tip sections is presented. Generally 

speaking. viscous effect decreases lift and increases drag. 
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CHAPTER 

SIX 

THE PREDICTION OF TURBINE FLDWIlETER PERFORJIANCE 

6.1 Performance Pred1ct1on Equat10n 

The equation for turbine flowmeter performance prediction is 

derived from the angular momentum theorem. It is 

(6.1.1) 

When a flowmeter is applied in the conditions of stable inlet flow 

and without any unsteady disturbances. all the torques acting on the 

rotor must balance each other all the time. so the rotor speed remains 

constant. The performance equation becomes 

However. when a flowmeter .is working in unsteady flow conditions, 

such as in the wakes flow from the rotor's upstream or in pulsating 

flows. Td becomes time-dependent, the rotational speed of the rotor 

then fluctuates accordingly. Equation(6.1~1) should be used for 

performance prediction In those flows. 

To predict the performance of a turbine flowmeter, all the torques 

on the rotor should be accurately ",odelled. In this chapter. models 

for all these torques are discussed and the performance of the tested 

turbine flowmeter Is predicted. 
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6.2 Dr1v1na Torgue 

When flow passes through a turbine flowmeter, Uft forces are 

produced on the rotor blades and these forces drive the rotor 

rotation. 

In a heUcal blade turbine flowmeter, under the assumption of a 

uniform inlet velocity profile, the rotor blade is designed to have 

the same incidence angle from the hub to the Up. Even so, the 

pressure distributions on the rotor blades still vary with radius due 

to the blade geometrical variations. On the other hand, the boundary 

layers on both the pipe wall and the flowmeter hub cause the flowmeter 

inlet velocity profile to be non-uniform. The flow near the pipe wall 

and the hub surface is slowed down, consequently the flow attack 

angles to the blade become negative in these regions and positive in 

the midspan region of the rotor. The blade blockage to the flow is 

also different at various radial positions, and the centrifugal effect 

is present when the circumferential velocity component is not zero. 

The centrifugal effect becomes especially important when there is 

swirl inside the inlet flow. To predict the flow around a turbine 

flowmeter rotor, its inlet velocity profile must be known. A numerical 
model is developed in this chapter to predict the flowmeter inlet 

velocity profiles for the flowmeter without inlet swirl. 

6.2.1 Inlet Veloc1ty Prof1le 

The flow inside a turbine flowmeter is actually a three dimensional 

flow, but the radial component is very 8mall except in the hub and tip 

areas and its effect 1s ignored here. The flow field inside the rotor 

i8 thus simplified into the flows on an infinite number of cylindrical 

surfaces from the hub to the tip. The flow on every cylindrical 

surface is in an equJlibrium state in the radial direction and is 

treated as a two dimensional cascade flow. 

Ideally, the inlet velocity profile for the 'flowmeter rotor 1s on 

the section where is free of the rotor's disturbance. Because there is 
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only limited space in the tested flowmeter between the hub head and 

the rotor in which the inlet flow is allowed to develop. the inlet 

sections of those simplified two dimensional flows has to be chosen 

inside this limited space. so the inlet section chosen in the 

calculation is the section with minimum combined disturbance from the 

hub head and the rotor. 

To calculate the inlet velocity profile. the flowmeter rotor is 

replaced with a hemi-oval ended cylinder having the same diameter as 

the hub. The result of this replacement is that the flow between the 

pipe and the hub becomes an axisymmetric annulus flow as shown in 

fjg.6.l and can be simulated by the singularity method. To calculate 

this annulus flow. both the pipe wall and the hub surface are 

represented by ring sources with constant intensity and the x axis is 

taken as the axis of the pipe. Flg.6.2 illustrates a unit source ring 

with radius r in the plane x-b. As given by Hess and Smith(1966). the 

velocity potential at point(x.y,O) due to the source ring is 

1 rd4> 
~.- -J"----

211' 0 d 

1 " rd4> 
• --J 

211' 0 
(6.2.1) 

The corresponding axial and radial velocity co.ponents are 

r " (x-b)d4> 
U - --- - ---- J ------------------------

ax 211' 0 [(x-b)z+rz+yZ-2yrcOs4>]'/z 
(6.2.2) 

r 
" 

(y-rcos4»d4> 
v"---J 

ay 211' 0 [(x-b)'+rz+y2-2yrcos4>]'/z 
(6.2.3) 

To obtain a potential flow solution to the problem. solid boundary 

condition is assumed on the pipe wall and the hub surface. these can 

be written as 

• N 

2 
j=l 

i=1.2,3, •.. N (6.2.4) 
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and the influence coefficients Ki,j are 

(6.2.5) 

From equations(6.2.2) and (6.2.3), Ui,j and Vi,j are 

~jASj , (xrxj)d$ 
Ui,j - 10 

[(Xj-xj)2+rj'+rj'-2rirjCOso]'/2 2" 
(6.2.6) 

rjASj 
" 

(ri-rjcoso)do 
Vi,j a 10 

(Xj-Xj)' tri'+rj'-2rjrjCOso]'/' 2" 
(6.2.7) 

To determine the mutual influence coeffJcients between ring 

sources, a Une segment, as shown in fig.6.3, is considered. The 

positions of points on this segment can be expressed as 

(S.2.8) 

The velocity potential at point P(x,y,O) induced by this Hne 

segment is obtained by subst! tut1ng Xj and Yj with a and b in 

~quations (6.2.6) and (6.2.7) and integrating the resulting equations 

with respect to I from -Asj/2 to ASJ/2. The integration is conducted 

using Simpson's integration rule. During the integration, every 

segment is subdivided into sub-elements. The recommended number of 

the subelements by Hess and Smith is 16ASj/dmln' where dmin is the 

distance of pOint P to the closer endpoint of the segment. 

However, the above integration cannot be used for calculating the 

velocity induced by a segment at its own control point. To calculate 

the self induced velocity, a line segment is divided into three parts 

as shown in fig.6.4. The velocity induced at the midpoint by parts A 
and B can still be calculated using equations(6.2.6) and (6.2.7). To 

calculate the contribution from the central part. equations(6,2,S) 

and (6,2.7) are expanded in powers of d/ro and integrated from Ja-d to' 

J-d I The formulae obtained for the self-induced velocity components 

are 
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sin~ d 1 d d 
(---) {l~ --- (---)[13 + 6sin2~.+6In(---)J) 

ro 144 ro 8ro 
u' ---

-1 d d 
v'- ---(---){[sin2~~ln(---») 

2w ro 8ro 

d 
+3In(-)]} 

8ro 

(6.2.9) 
1 d 

(---)Z[3cos2~-2s1n4~ 

48 ro 

(6.2.10) 

d is chosen by trial and error processes. The d SUiiested by Hess 

and Smith is 

d- O.08ro 

or 

(6.2.11) 

In the above calculation, the control point 1s assumed from the 

outset to lie on the element. The part of velocity aris1ni from the 

limiting process of d ~ 0 is not included, the components are 

u" • -sin~/2 
(6.2.12) 

v" - cos~/2 

So the total self-induced velocity coefficients for a rini source 

at its own control point are 

u • u(A)~ u(B) +u' +u" 

v • v(A). v(B) .v' +v" 

Because only a limited length of the pipe and the hub can be 

involved 'in the calculation and the solid boundary condition is 

satisfied in those area. the inlet tond! tion 18 controlled by the 

flowrate through the pipe and U. is taken as an unknown. The equation 

for tlowrate control is 

N 

i Kn.I,J qJ .~rpz U. • Q 
j-1 

where 

(6.2.14) 
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· 2 2.rkUk,j Ark 
k-l 
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(6.2.15) 

Using the equations from (6.2.4) and (6.2.14), the potential 

solution of the flow inside the flowmeter annulus can be calculated. 

In the actual flow, owing to the boundary layers on both the pipe 

and the hub surfaces, the velocity profile inside the annulus is very 

different from the potential flow profiles. The boundary layer on the 

pipe wall is fully developed at the front of the flowmeter rotor and 

the boundary layer on the hub surface develops from the nose of 

flowmeter hub head, these two boundary layers are considered 

separately in the calculation. 

The boundary layer on the flowmeter hub surface starts from the 

nose point of the hub and is assumed to be a thin layer up to the 

flowmeter rotor, it is calculated using the integral boundary layer 

theory. During the simulation of this boundary layer, the displacement 

of the pipe wall boundary layer is considered by adding the 

displacement flowrate to the flowrate Q in equation (6.2.14). 

The laminar boundary layer calculation 1s conducted using 

Thwaites(1949) method and Prandtl'& boundary layer equation. 

The momentum thickness,e, 1& calculated using 

• 8 2 -8 2 O.45v J U 5 d o· U6 e s 
e 0 

(6.2.2.1) 

where 8 i8 the blade surface length 8tarting from ,the hub nose point. 

An empirical relation given by Cebecl and Bradshaw(1977) 1s used 

to calculate the shape factor H. It is 



H = 2.61 - 3.75~ + 5.24~2 

0.0731 
== 2.088 + ----

where 

)..=­

v 

>.. + 0.14 

ds 
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for 0 < ).. < 0.1 

for -0.1 < >.. < 0 

(6.2.2.2) 

(6.2.2.3) 

The boundary layer displacement thickness, 6* , is 

6* = Ha (6.2.2.4) 

6.2.2.2 Boundary lay~r transition 

The transition of the boundary layer from a laminar state to a 

turbulent state is based on a modified Seby' correlation( Goulas'and 

Heritage, 1985). 

Instantaneous transition wi th no laminar separatj on bubble is 

- assumed when).. • 0.09 or Rea> Recrit. and 

[ 

).. + 0.09 ]2.62 
Recrit .. ----- + 10 

0.0106+0.036TI 
(6.2.2.5) 

1.2+0.7TI 

and Rea is the Reynolds number based on the boundary layer momentum 

thickness and TI is the turbulence level of the free stream flow. 

Immediately after transition. a is assuaed to be unchanged nnd H 

1s calculated from one of the following formulae 

(1) >.. > 0.0 or 

).. < 0 and Rea > 2500 

H= 1.754 - 0.0647 In (Rea) +0.001916 (In(Rea )1' 

(2) ).. < 0 and Rea < 2500 

H • 1.754 -0.0647In(Rea) + 0.001916 [In(Rea)]' 

+ [1.32-126>"(Rea)-0.732]-4 

(6.2.2.6) 

(6.2.2.7» 
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6.2.2.3 Turbulent boundary layer 

A successful integral method for turbulent boundary layer 

calculations was introduced by Head ( 1958, Head and Patel,1969). This 

method is based on entrainment rate. If 6(S) is the boundary layer 

thickness and Q(s) 1s the volume flow inside the boundary layer,then 

J 0
6(S) 

Q(s}= u(s}dy (6.2.2.8) 

The entrainment rate VE is the increasing rate of Q along the 

surface, L e. 

~ d f 6(s) 
VE C "" -- u(s)dy ds ds 0 

(6.2.2.9) 

Using the definition of displacement th1 ckness of the boundary 

layer, VE can be written as 

(6.2.2.10) 
ds 

or 

1 
-.-- .----- -G(Hl) 

ds 

so 

----- = Ue G(H1) (6.2.2.11) 
ds 

where 

H1= --- (6.2.2.12) 
e 

Functions Hand G are determined from experimental data. The 

correlation between H and HI used here is given by Kline et al(1981). 
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Introducing new parameters hand A. they are defined as 

and 

as 

H-1 
h--- (6.2.2.13) 

H 

A-- (6.2.2.14) 
6 

A relation between h and A is established from experimental data 

h 
--- • 1.5 + 0.179( 

A 
) + 0.32 ( ~ )' 

A 
(6.2.2.15) 

here Vt / A is an implicit function of Re* and A, It is 

1/A -2 
(6.2.2.16) -- . ----------

A 0.05+1n(kRe*)-ln(Vt/A) 

where k is the Von Karmen constant and Re* is Reynolds number ot the 

boundary layer displacement thickness. 

The dependence of h on displacement thickness Reynolds number is 

very weak, especially in the separated regjon. The relation between H 

and HI used by Goulas and Heritage(1985) is 

h - 1.5/\ (6.2.2.17) 

Using equation(6.2.2.17), an expression of H in terms of H1 can be 

obtained in form of 

H - H1-1 * ~ (H1-1)' -2H1 (6.2.2.18) 

The function G used here is developed by Bardina et a1(1981) and 

Ferziger et al (1982). This has been used successfully for diffuser 

flows and applied to the boundary layer on the blade surfaces by 

Goulas(1985). It is 

G -0.0083(1-A)-'·· (6.2.2.19) 

Ludwieg-Tillman(1949) gave a relation between local skin friction. 

boundary layer displacement thickness Reynolds number and shape 
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parameter H. This correlation 1s adopted 1n the present calculation. 

It 1s 

cf = 0.246 10 -0.678" Rea -0.268 (6.2.2.20) 

(6.2.2.21) 

v 

6.2.2.4 Representation of the boundary layer 

The are two simple approaches to represent the boundary 

displacement effect: the body modification method and the surface 

transpiration method. In the body modification method, The 

displacement thickness of the boundary layer is added to the solid 

surface directly and the inviscid flow around the modified body is 

used for approximating the boundary layer displacement around the 

original body. The disadvantage of this method is the large amount of 

computing time because the final displacement of the boundary layer is 

found through iteration. The solid surface has to be renewed and 

divided after every iteration and the influence matrix has to be 

updated at the same time. In the transpiration method. a transpiration 

velocity is enforced on the original body surface to produce the same 

displacement effect as the boundary layer. The transpiration velocity 

is updated after every iteration, but no solid surface modification Is 

necessary. so the influence coefficient matrix remains the same during 

the calculation. In the present calculation, the second method is 

adopted. 

The transpiration veloci ty V used for simulating the boundary 

layer displacement is gIven by Llghthi 11 (1958), it Is related to the 

change of displacement thickness along the body surface as 

deVe 6*) 
v -= ------ (6.2.2.22) 

ds 

This transpiration velocity is generated by the sources 

distributed on the same panels used for blade surface representation, 

the strength of the sources is given by 

q =V (6.2.2.23) 
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When these sources are introduced, a normal velocity is induced at 

every control point. The surface vortices then have to be modified to 

maintain the solid boundary condition under the Joint influence of 

both vortices and sources. 

When the boundary layer thickness on the flowmeter hub surface is 

known, the velocity profile is determined using the boundary layer 

theory. 

In the development of most boundary layer, the laminar boundary 

layer always becomes turbulent very quickly, so only the turbulent 

velocity profile is considered here. According to boundary layer 

theory[Moran( 1976), Schl1chting( 1960) J, the turbulent boundary layer 

consists of laminar sublayer. buffer layer. inner layer and outer 

layer. Different velocity profiles exist in those layers. 

To describe the velocity profiles inside ~he turbulent boundary layer. 

the friction velocity uT and y+ are introduced. They are defined by 

1 
TW 

uT-
p 

(6.2.2.24) 

and 

uT y 
y+ • (6.2.2.25) 

" 
In the laminar sublayer, because it is very thin, the velocity 1s 

assumed linear and satisfies following equation 

u 
-. y+ (6.2.2.26) 

u., 

Buffer layer is a tranSition layer between the sublayer and the 

inner layer. In the inner layer, the velocity distribution is supposed 

to satisfy 
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au u.,. 
--- • (6.2.2.27) 

ay 1 

here the mixing length 1 is a function of the distance from the wall 

surface. 1 t is 

(6.2.2.28) 

substituting the mixing length into equat10n(6.2.2.27), the 

obtained velocity profile is 

u 1 
--- • --- Iny+ +C (6.2.2.29) 

u.,. K 

where K and C are determined by experiment as K-0.4 and C-5.2. 

In the outer layer, Coles(Moran, 1976) gave a law as the wake 

based on experimental data as 

u 1 2 
_ - Iny· + C • - n(x) 8in2 [---] 

K K 26(x) 
(6.2.2.30) 

Equation (6.2.2.30) can be used for both the inner layer and the 

outer layers. When the boundary layer thickness on the hub surface is 

known, the velocity profile transits from linear distribution to log 

distribution directly without the buffer layer In present calculation 

and the profiles in the inner and the outer layers are determined from 

equatJon(6.2.2.30). 

The boundary layer on the pipe wall is 1n a fully developed 

turbulent state and totally determined from boundary layer theory. In 

the fully developed flow in smooth walled pipe, the wall friction 

coefficient in turbulent flow given by Nikuradse(fox, 1977) 18 

f • 0.0032+ 0.221/Reo.ZI1 

and the corresponding wall stress Is 

"'w • pu l l/8 

(6.2.2.31) 

(6.2.2.32) 
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Because the flow is inside an annulus, the Reynolds number and the 

velocity in equations (6.2.2.31) and (6.2.2.32) should be based on the 

pipe flow with the equivalent hydraulic diameter and the same flowrate 

as the annulus flow. 

Thus, the friction velocity· can be determined by substituting 

equations (6.2.2.31) and (6.2.2.32) into (6.2.2.24), and the velocity 

profile can be determined as well. 

Between the pipe wall boundary layer and the boundary layer on 

flowmeter hub surface, there is a region whi ch is influenced by both 

boundary layers and there is no direct velocity profile formula for 

this region. The velocity distribution here is obtained by a 

mathematical fi tUng between the edge of the hub surface boundary 

layer and a point inside the pipe wall boundary layer which is 

determined by maintaining the annulus flowrate. 

6.2.3 Dr1v1n& Torque 

The lift on a two dimensional cascade blade can be expressed as 

1 
L- - pUao

2C,C 
2 

(6.2.3.1) 

The flow field inside the rotor is simplified to two dimensional 

flows on an infinite number of cylindrical surfaces and the flow on 

each cylindrical surface is treated as a two dimensional cascade flow. 

The driving torque produced by the blades on individual section is 

dTd= Lr dr 

.. O. 5pV1s'C.Crdr (6.2.3.2) 

here Vis is the velocities on the flowmeter inlet section. 

The total driving torque on the rotor is an integration of all the 

cascade torques from the hub to the tip. It is given by 

(6.2.3.3) 

Among the cylindrical flows from the hub to the tip, only a finite 



106 

number of them are chosen as representatives and their solutions are 

found using the built numerical model. The solutions to the flows 

between those representative flows are interpolated from the simulated 

results. Using this approach. the total driving torque on the rotor 

can be calculated using the following formula 

N 

Td = 0. 5pNb lO.5(CiCliViS12ri+Ci-lCli_t ViSi_t2ri-s) Arj 

i=2 

(6.2.3.4) 

6.2.4 Friction on the Blade Surfaces 

In the model for the flows around the flowmeter blades. the 

separated leading edge flows and the wake flows of a blade 1s counted. 

but the boundary layer after the flow reattachment is not included. 

However. the simulated results show the dependence of the flow state 

at the reattachment point on the incidence . angle according the 

reattachment length behaviors. The boundary layers on the blade 

surfaces certainly have produced retarding torques on the rotor. 

Here. the friction produced by the boundary layers is deter.ined by 

the Reynolds number and the incidence angle. 

According to the experimental data given by Ota et al and Kottke 

et al. the transition Reb from a laminar reattachment to a turbulent 

reattachment for the plates wHh a square leading edge is between 

about 120 apd 200. In this calculation. The transition Reynolds number 

Reb is given 200. When Reb is below 200. the starting state of the 

boundary layer at the reattach.ent pOint is laminar. the friction 

coefficient is 

f c 1.328 (Re,)-o,s (6.2.4.1) 

When Reb is over 200. the state of the boundary layer at the 

reattachment point on the blade surfaces is mainly influenced by the 

incidence angle. The results in chapter 5 show: 

Woen ex > -4 0 on the upper surface and ex >4 0 on the lower surface. 

the starting state Is lamInar. f is calculate.d by equation(6.2.4.1) 
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When a~ _4 0 on the upper surface and a < 4° on the lower surface, 

the boundary layer state at the reattachment point becomes turbulent 

and the used friction coefficient is given by Schlichting as 

(6.2.4.2) 

6.3 T1p Clearance Frictlon 

An expression for the retarding torque produced by the fluid 

inside the tip clearance is given by Thompson and Grey(1973). It is 

where 

ft - 2/Ret 

-0. 016/Ret o. IS 

and 

6.4 Bearln, Fr1ct1on 

Ret < 1000 

Ret > 1000 

(6.3.1) 

Bearing friction 1s one of the major frictions influencing a 

flowmeter performance. In the tested flowmeter, the rotor is rotating 

on the shaft as fig.6.5. While the rotor is rotating, the flujd 

between the rotor shell and shaft surface forms a pressurized fluid 

fIlm. The friction Inside the bearing Is dependent on the thickness of 

this fluid film because this film determines the bearing lubrication 

state. However the thickness of the fluid fUm is a function of the 

rotor speed. 

In terms of physical bearing operation. three states of lubrication 

exist as described by Ryffel and Geronimo(1984). At small flowrates, 

the fluid film is very thin and it is not thick enough to prevent the 

solid surfaces from rubbing each while the rotor is running, this is 

the boundary lubrication state and mechanical friction exists inside 

the bearing in this state. The mechanical friction has 1 ts biggest 
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magnitude when the metering flowrate is very small and decreases to 

zero when the metering flowrate increases to such a value that a fully 

hydraulic lubrication is achieved inside the bearing. In the fully 

hydraulic lubrication state, the solid surfaces are totally separated 

by the fluid film. A mixed lubrication state exists between the 

boundary and the fully hydraulic lubrication states. The mechanical 

friction coefficient variation in the mixed lubrication state is 

supposed to be.linear from its maximum to zero in the fully hydraulic 

lubrication state. The fluid viscous friction inside the bearing thus 

changes with fluid film thickness. 

Inside the bearing of the tested flowmeter, the lubrication in 

section b is always in a hydraulic state due to the design(see 

fig.6.5a), only the lubrication state in sections a and c is changing 

wi th the metered flowrate. In the model presented here, friction 

equations for the three lubrication states are developed. 

6.4.1 Lubric4tion Friction. 

When the rotor speed is low and the fluid film is thinner than 

the total roughness of the two facing surfaces of the bearing, these 

two surfaces touch each directly during the rotor's rotation. The 

total roughness of the two facing bearing surfaces is 

(6.4.1) 

According to Barwell(1979) , the roughness of a milled steel 

surface ls 110~in. 

The maximum friction exists when the rotor is almost stationary. 

The mechanical friction coeffiCient given by Ryffel and Geromino in 

boundary lubrication is between 0.08 and 0.12. In this calculation. fo 

is given the value otO.l. 

While the rotor 1s rotating, a force is produced on the suspended 

rotor through the fluid film as shown 1n tig.6.6 [Barwell(1979). 

Massey(1989)]. The force components in those bearing sections are 

F.,.i • 
-uur,'j' 8j ----- (6.4.2) 
4 ~i' ~ (l-E l')' 
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Fn1 - ---------
'1 2 (l-E j 2 ) 2 

(6.4.3) 

1-a,b,c 

where 451 is the ecentricity ratio of the bearing gap{see fig.6.6), 

I.e. 

81 - ehl . (6.4.4) 

In the tested flowmeter, the total F'T and Fn of the tested 

flowmeter are 

(6.4.5) 

where 

Pj • i-a,b,c 

and 

(6.4.6) 

where 

Q1 - --------
'i 2 

j-a,b,c 

In the design of the flowmeter bearing, sections a and care 

symmetric about section b, so 

and 

The total force on the rotor through the fluid f1lm Is 
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(6.4.7) 

Radial aerodynamic forces acting on the rotor is balanced 

themselves in ideal design, the force produced by the fluid film on 

the rotor should balance its weight, i.e. 

F = W (6.4.8) 

For the bearing lubrication to be fully hydraulic, the minimum 

fluid film thickness jn sections a and c of the bearing must be at 

least equal to the surfaces roughness as given by equation(6.4.1). 

The corresponding ecentricities are 

and 

(6.4.9) 

This is the critical ecentricity with regarding to the lubrication 

state inside the bearing. when the eccentricity is smaller than EO'.~_ 

the bearing lubrication is in a fully hydraulic state. 

From equations (6.4.7) and (6.4.8). the rotating speed correspondjng 

to the critical ecentricity is 

w 
Wo • --------------------------------- (6.4.10) 

~ (Pa +Pb+ Pc)oZ + (Qa +Qb +Qc)oZ 

where subscript 0 indicates the value at the critical ecentricity. 

When the rotor speed is higher than wo , fully hydraulic 

lubrication is achieved inside the bearing and mechanical friction 

drops to zero. 
Before a fully hydraulic lubrication is achieved, mechanical 

friction is a function of ecentricity and is assumed to drop linearly 

from its maximum value to zero. At a given rotation speed, the 

corresponding ecentricity can be calculated using equations (6.4.7) 

and (6.4.8). Then the mechanical friction coefficient Is 

(6.4.11) 

The mechanical friction inside the bearing is 
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(6.4.12) 

6.4.2 Fluid Vi.cou. Friction 

The viscous frictions caused by the fluid ins1de the bearin2 

sections are 

(6.4.13) 

Because the gap in the bearing is very small. the flow in it is 

laminar and the shear stress in the lubrication fluid is 

(6.4.14) 

Ignoring the end effects on the shear stress and substi tutin2 

equatlon(6.4.14) to (6.4.13). the frictions inside the bearing become 

F~i' ~wr.·li I" d~i (6.4.15) 

here hi is the clearance between the bearing and 1ts house. It can be 

expressed as 

(6.4.16) 

substituting equation(6.4.16) into equation (6.4.15). the viscous 

frictions in the bearing are 

F~i • (6.4.17) 

The total fluid viscous friction in the bearing of the tested 

flowmeter 1s 

F~ - F~a + F~b +F~c 

Because 8j vary with the rotor speed, the viscous friction In the 
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bearing is a (unction of the rotor speed. 

The total friction torque in the bearing is 

(6.4.18) 

6.5 Viscous Friction on the Bub Surf.ces 

The boundary layers on the hub surfaces also produce frictions. 

When a flow passes through a turbine flowmeter, a shear layer is 

estabished on every hub surface, and the direction of the shear stress 

Js opposite to the relative velocity of the flow. The shear stress on 

the hub surface is 

oW 
.,.. Il- (6.5.1) 

ar 

This stress can be divided into axial and circumferential 

components and only the circumferential component produces a retarding 

torque. As given by Tsukamoto and Hutton(1985), the friction torque on 

surface AS is 

where 

fh • 1.328Reh- o • s Reh < 2.5 x10 s 

- O.074Reh-o • 2 Reh > 2.5 x 105 

Reh • whCh/v 

Ah -2wr.Jh-NbBhCh 

(6.5.2) 

The frictions on the other surfaces are appox1mated to the 

friction on a rotating disk with a radius rh and are calulated using 

the tormula given by Schlichting. The tormula is 

(6.5.3) 

where 

tdisc· 3.87 Redisk-o.• Redisc < 3XIO' 

- 0.145 Redlsk-o.2 Rediae> 3xl0' 
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6.6 Results .nd Discussions 

Using the panel method developed for annulus velocity prediction, 

the predicted potential inlet velocity pror11es of the flowmeter is 

presented in fig.6.7. It can be seen that the potential flow velocity 

profiles become tlat very quick after the hub nose section. However, 

due to the boundary layers on the annul us surfaces. the actual 

velocity profile is very much changed and depends on the tlowrate. The 

predicted velocity profiles with and without the boundary layers at 

section B (see fig.6.1) for tlowrates with annulus mean velocities of 

0.764m/s and 1.75m/s are presented ln flg.6.8. 

When the inlet velocity is known, the performance curve of a 

flowmeter with free swirl inlet condition can be predicted. To obtain 

the curve, the 11ft and drag characteristics of the flowmeter rotor 

blades in chapter 5 have to be used. 

The flowmeter coefficients tor any other tlowrates are obtained by 

iteration. The procedure is: 

(1) An initial rotor speed is given, 

(2) All the torques acting on the rotor under the initial speed are 

calculated using the models developed 1n this chapter, 

(3) Because there is no unsteady disturbance to the rotor. equation 

(6.1.2) is applied in the predict1on. Compar1ng the calculated driving 

torque and the total retarding torque, the 1ni Ual rotor speed is 

lowered when the driving torque is smaller and increased when the 

retarding torque 1s smaller. 

(4) The readjusted speed is used as a new initial speed and the 

calculation is repeated trom step (2). Iteration is terminated when 

equation(6.1.2) is satisfied to the desired accuracy. 

In f1g.6.9, the predicted flowmeter performance curve is presented. 

In the predicted results, there is only a small non-linear section 

1s found and the flowmeter coefficient is very stable for large 

flowrates. 

In fig.6.10, the effect of the tip clearance 1s given. The result 
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of the tip clearance change is a large flowmeter coefficient 

variation. As the clearance increases, the retarding torque produced 

by the flow inside the pipe boundary layer becomes smaller, so the 

flowmeter coefficient increases. 
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CHAPTER 

SEVEN 

UPERIIIENTAL STUDY 

1.1 Introduct1on 

Knowledge of the flow characteristcs inside turbine flowmeters is 

a pre-condition to improve their design and performance. In this 

chapter, an experiment was designed to measure the flow fields inside 

a turbine flowmeter under different inlet flow conditions and 

flowrates by the use of Laser Doppler Anemometry(LOA). The object1ves 

of this study are to produce a clear understanding of the flow fields 

ins1de the turbine flowmeter. The measurement results are used to 

validate the developed numerical models as well. 

LDA is a non-intrasive and fast response velocity measuring 

technique which measures the speed ot the small suspended particles 

inside the fluid. The principle of LOA can be found in Ourst(1981) and 

SME(1989). Because of its advantages, LOA is used widely for the 

measurements of turbulent flows and the flows inside machinery. There 

are two types of LOA. the forward scatter system and the backward 

scatter system. In the forward scatter system, the laser beams have to 

penetrate the test section and the doppler signals are picked up by a 

photomultiplier located on the side of the test section opposite to· 

that of the laser system. The backward scatter system 1s used on those 

occasions when the laser beams cannot penetrate ·the test section and 

the doppler signals have then to be received on the same side as the 

laser system. In its applications in turbomachinery, the backward 
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system is usually used to measure the flow inside blade passages as 

Dring et al(1982). A Backward scatter system was used in the present 

exper iment. 

- The flow inside the turbine flowmeter has axial, circumferential 

and radial components. Using the LDA system, the axial and 

circumferential components can be easily measured, but it is difficult 

to measure the radial component directly(Ferrelra,1988). However, the 

radial component is expected to be very small, so only the axial 

component u and circumferential component v were measured in this 

experiment. 

The experimental measurements were carried out in a specially 

designed rig to test the performance of a 4" turbine flowmeter. The 

layout of the rjg is shown in fig.7.1. It consisted of a pump, two 

sump tanks, a reference vortex flowmeter and a test section. Other 

assessories. such as a flow straightener. a bypass and valves. were 

bull t into the rig to condition and control the flow through the 

tested turbine flowmeter. 

The test section is shown in fig. 7.2. It consisted of a swirl 

generator. turbine flowmeter and a perspex box. The swirl generator 

was fixed onto the 4" pipe by four ,screws through the pipe wall. Four 

swirl generators were tested in the experiments. Their blade twist 

angles were 8, 4, -4 and -8 degrees respectively. Different swirls 

could be produced in the inlet flow of the flowmeter by use at these 

swirl generators. The turbine flowmeter section was specially designed 

as shown in f1g.7.3. It consisted of three parts. two aluminium 

flanges and a central perspex section. These three parts could be 

easily dismantled and assembled. The turbine flowmeter was located 

in the perspex pipe by sliding its three stator vanes along three 

channels in the perspex pipe and its circumferential position was also 

fixed by these channels. These three parts were assembled by four 

bol ts between the flanges. Before these bol ta were t1ghtened. the 
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perspex pipe with the flowmeter could be rotated about the pipe in 

relation to the two flanges. A perspex matching box was designed to 

improve the doppler signals quality. This box was tightly held on the 

aluminium pipe wall. but could be slighly rotated around the pipe axis 

for its circumferential position adjustment. Because the refractive 

index of water is quite close to that of perspex. the reflected light 

from the curved pipe surface was reduced by means of the surrounding 

water filled in the box. 

Throughout the measurement programme, the pipe wall and the 

matching box were polished every week with ICI perspex polish liquid 

and the water inside the test circuit was changed every week. When the 

water was being drained away, the rig pump was left running at the 

beginning to allow the nascent mud deposit on the inner pipe wall to 

be washed away. To reduce external influence on the measurement. the 

water temperature was controlled at 25. 2.4 °c using two heaters when 

the temperature was low and cold tap water when the temperature was 

high. 

LDA Syst~ 

The Laser Doppler Anemometry system used in the experiments is a 

back scatter system developed by Goulas(Goulas and Versteeg, 1985) 

which is capable of measuring one· velocity component In either a 

rotating or a stationary system at one time. A schematic diag-ram of 

the measurement system and a photog-raph of the optical system are 

shown in (ig.7.4 and tig.7.5. The used laser source was a LEXEL MODEL 

95 Argon ion laser operated at g-reen wavelength (514nm). When a beam 

is emitted from the source, it passes throug-h a g-roup of transmiting 

optics. a polarisation plate and a beam spl1 tter. The polarisation 

plate matches the laser and the beam splitter and the beam spl1 tter 

splits the incoming- laser beam into two parallel beams of 50mm 

distance and the same 1ntensity. These two parallel laser beams pass 

through a frequency shift system based on acoustic optic modulators( 

bragg cells). In each bragg cell. an acoustic wave 1s generated by a 

plezolectric transducer bonded at its end. This acoust1c wave perturbs 

the· refraction index of the material inside the bragg- cell and acts as 

a phase grating-. The setting angle of the bragg cell can be adjusted 
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continuously by means of a screw against a spring. By adjusting the 

angle of the bragg cell. +lst. -1st or Oth order diffracted beams can 

be optimised. The two parallel beams pass through different bragg 

cells and come out with different frequencies .. The resonant 

frequencies of the two used pizoelectric transducers are 37.6MHz and 

40 MHz respectively. Due to the low velocity in the test section. the 

used frequency difference between the two laser beams was chosen at 

2.4 MHz. Thereafter. the two beams pass through a beam steering module 

with the aid of which the distance between them can be slightly 

adjusted to ensure that they cross each other at their waists beyond 

the front convex-plane lens in order to form an optimised control 

volume. 

Inside the control volume. interference fringes are produced. 

When there are particles crossing these fringes, the light signals 

scattered from these particles give information of the local velocIty 

in the control volume. If the particle size is comparable to the 

fringe size and its density is sui table, the local velocity can be 

accurately measured. The particles used In the measurement are the 

natural particles suspended in tap water. 

The scattered signal from the focal point is received by a small 

high quality mirror behind the front lens and focused on the pinhole 

of a photomul tiplier(PM) by a set of plane-convex lenes. The PM is 

mounted on a platform which can be moved In three directions and 

rotated in a horizontal plane as shown in tig.7.5. Through adjustment 

of the PM position. the scattered doppler signal should be exactly 

focused at the cathode of the PM and thus amplified. The used PM has 

a 4ns response time and operates at 1200V voltage. The output of the 

PM is fed into a signal processing system. 

During the measurement, the control volume is moved to the 

required positions by the adjusting platform mechanism shown in 

fig.7.6. 

The used signal processing system consisted of a spectrum 

analyser(SA), a spectrum analyser controller(SAC). a sample and hold 

system, a circumferential positioning system and a microcomputer, as 
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shown in fig.7.7. The SA was supplied by Hewlett Packard. It has three 

inter-connected sections Le. 141T display. 8553B RF section and 8552A 

IF section. and works in the frequency domain. The working frequency 

range js defjned at the front panel by setting the central frequency 

and scan width on the RF section. When the PM output is fed to the 

spectrum analyser. the analyser's output is an inverse of the spike 

which occurs when there is coincidence in time between the laser 

doppler signal and the RF filter of the spectrum analyser. The scan 

frequency of the SA comes from the SAC. While the SAC is working. a 

O·-8V ramp is produced in every scan period and the detected laser 

burst is represented by the corresponding voltage 1n the D--8V ramp. 

Since the flow inside the turbine rotor is time dependent. an 

analogue output of the spectrum analyser related to time Is required 

and this is achieved using a c1rcu.ferential pos! tioning system. In 

this positioning system. an optic fibre is located In a hole on the 

pipe wall opposite the laser syste •. 1n the flowmeter rotor section. 

When the rotor Is rotating. the pulse output trom this libre indicates 

alignment of the turbine rotor Up wHh the optic fibre light beam. 

These pulses are fed into a ramp generator and trigger a O-SV ramp. 

The output vol tage val ue between 0 to 5V corresponds to one space 

between two blades. The analogue outputs of the position measurement 

system and the spectrum analyser are fed into a six- channel sample 

and hold system and recorded by the .1crocomputer at the same time. 

During experiments. while one laser beam was cut by a blade. very 

strong light was reflected back. Such a strong light could temporarily 

bUnd or even permanently damage the PM. In order to protect the PM 

from being blinded. a circuit was designed to switch off the PM before 

any of the laser beams was cut by a rotor blade. The theoretical 

switch-off time is the period which starts when one laser beam begins 

to be blocked by a rotor blade(positlon A) and finishes when the other 

beam is no longer blocked by the same blade(position B) as shown in 

fig.7.8. Hence no signal could be received while the blade was 

travelling from position A to B. However, the switch-off time had to 

be slightly longer than the theoretical period In case of flow 

pulsations. To trigger the switch-off circuit. the signal from the 

optic fibre was used and the switch off time was adjusted through a 

time-delay box. The actual switch-off time was adjusted by comparing 
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the optic fibre signals and the signals from the photomultipler(with 

the switch-off circuit dismounted). During this adjustment, an 

attenuation lens had to be located at the front of the photomultiplier 

to protect it. 

7.2.' Tested Turbine Flowmeter 

The turbine flowmeter tested in the experiments is a TV/4/1000 

helical turbine flowmeter provided by Hydrll UK Ltd. 

geometrical dimensions are as in table 7.1. 

Table 7.1 Turbine Flowmeter Dimensions 

Blade number Nb 
Blade thickness B(mm) 
Tip rad.tus rt(mm) 
Tip blade stagger angle ~t(deg) 
Tip clearance(mm) 
Hub radius rh(mm) 
Hub blade stagger angle /3h(deg) 
Rotor blade axial length '(mm) 
Pipe diameter rp(mm) 

7.2.5 Swirl Generators 

10 
1.25 

49.78 
49.16 

1.02 
24.64 
29.79 
25.65 
50.80 

The main 

Four swirl generators were deSigned for the use in the experiments. 

Each produced a different swirl in the turbine flowmeter inlet flow. 

The blades of these swirl generators were tWisted from a flat disc as 

shown in fig.7.9. The installation of a swirl generator is illustrated 

in fig. 7 .2. In the hub area of a swirl generator. there is a very 

small transition area in which the twist angle changes from 90 degrees 

to the required angle near the core. The twist angle Is defined as 

positive when it Is In the same direction as the rotor rotation and 

negative when it is in the opposite direction. The geometries of these 

swirl generators are given in table 7.2. 

Table 7.2 Swirl Generators Dimensions 

case B case C case D case E 

Blade number 10 10 10 10 
. Tip radius 48.7 48.7 48.7 48.7 

(mm) 
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Tip blade angle 4 8 -4 -8 
I3 g( degree) 

Tip blade Length 22.82 22.82 22.82 22.82 
(mm) 

Trans Radius: 21.53 21.53 21.53 21.53 
(mm) 

Core radius: 12.7 12.7 12.7 12.7 
(mm) 

7.2.6 Measured Stations 

The flow veloci ties in and near the flowmeter rotor was measured 

on 11 axial sections from the upstream of the rotor to its downstream 

as shown in fig.7.10 and at 8 radial positions on every axial section. 

the axial and radial positions of the measurement stations are shown 

in following tables. The axial positions given in the following tables 

are related to a upstream step cross section of the perspex pipe as 

shown in fig.7.3 and 7.10. The position of the reference section is 

determined using laser signals as described in Appendix 0.4.1.1. 

Table 7.3 Axial Positions of the Measured Cross Sections 

Station No Axial Position(mm) 

1 22 
2 26 
3 30 
4 34 
5 37 

39 ------ blade leading edge 
6 41 
7 46 
8 51 
9 57 

10 61 
64.6 ------ blade trailing edge 

11 68 

Table 7.4 Radial Measurement Positions on Each Cross Section 

Station No Radius r/Rp 
r(mm) 

A 47.48 0.934 
B 45.48 0.895 
C 42.82 0.843 
D 40.16 0.791 
E 37.50 0.738 
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G 
H 
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34.18 
30.85 
28.82 

0.672 
0.607 
0.567 

To validate the flowmeter performance prediction model. the inlet 

flow conditions are required. The axial position of the inlet section 

has to be decided from the measured resul ts (as discussed in next 

chapter). On this inlet section, the disturbance from the hub nose and 

the flowmeter rotor should be both sma] 1. The radial measurement 

stations on the inlet section are as given in table 7.5 . 
• 

Table 7.5 Radial Positions of the Measurement Stations 
(inlet velocity profile mea~urement) 

Station No Radius (mm) r/Rp 

a 47.49 0.935 
b 46.16 0.908 
c 44.82 0.882 
d 42.82 0.843 
e 40.82 0.804 
f 38.82 0.764 
g 36.82 0.725 
h 34.82 0.685 
i 32.82 0.646 
j 31.48 0.620 
k 30.15 0.594 
1 28.82 0.567 

7.3 Data Processing 

Experimental data are stored in the microcomputer in a set of 

three arrays. The first array stores the total number of the samples 

at each position, the second stores the sum of the velOCity samples at 

each position and the third stores the square sum of the velocity 

samples at each point. From those stored data, the velocity 

distribution in the blade passage can be obtained. 

On the inlet cross section, the flow is supposed to be 

axisymmetric. The mean velocity Is given by following expression 

N 

2 VI,j 

j=l 

(7.1) 

where subscript i indicates an individual velocity component and Ni Is 
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the total sample numbe~. 

The turbulent intensity is 

TIi :; (7.2) 

where 

(7.3) 

The flow field inside the turbine flowmeter rotor is considered to 

be a non-uniform flow. With the LOA system, the detected instantaneous 

doppler signals were put in correspondence with the signals from the 

position measurement system. The measured velocity is thus registered 

at 64 equally spaced points in each blade space. The data for every 

point were stored 1n three arrays, i.e. the total number of samples 

N(CI>j) i' the sum of velocity samples V(CI>j)i and th~ square of the 

velocity samples. The velocity and the turbulent intensity are 

calculated using the same equation as (7.1) and (7.2) with Ni replaced 

by N(CI>j)i and Vi replaced by v(CI>j)i' 

Examples of the measured axial velocity distributions between 

blades at radial section C from the upstream of the rotor (axial 

station No.4) to its downstream are presented in table 7.6 and 7.7. 

Looking over these tables, the regions 1n the flowmeter rotor where 

the velocity can be measured using the LOA system are clearly 

visualised. The zero velocity region corresponds to the region where 

strong reflected signals were produced as the beam were cut by a rotor 

blade. The photomultiplier was switched off during that time, so no 

doppler signal was detected. 

From the results. it can also be seen that there is not much 

variation in the velocity distributions between blades throughout the 

flowmeter rotor. The same kind of results were found at various 

flowrates and under different inlet flow conditions. Because of this, 

bnly the mean velocity inside the flowmeter rotor 1s of significance. 

The measurements are therefore processed according to the following 



OJ NOj 

1 52 
2 37 
3 43 
4 68 
5 46 
6 76 
7 62 
8 46 
9 53 

10 42 
11 57 
12 60 
13 37 
14 55 
15 65 
16 59 
17 57 
18 38 
19 62 
20 71 
21 70 
.22 " 37 
23 63 
24 62 
25 51 
26 43 
27 49 
28 50 
29 53 
30 48 
31 61 
32 55 
33 57 
34 54 
35 50 
36 49 
37 60 
38 42 
39 65 
40 45 
41 63 
42 59 
43 60 
44 57 
45 52 
46 48 
47 54 
48 57 
49 43 
50 59 
51 63 
52 57 
53 51 
54 53 
55 54 
56 49 
57 58 
58 29 
59 55 
60 49 
61 54 
62 46 
63 57 
64 55 
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Table 7.6 Measured Flow Field Between Blades 

(case A, radial section C, flowrate: 32.56m'/h) 

uo ' 
J 

Tl oj OJ NOj UOj Tl oj OJ NOj UOj TI Oj 

1.389 0.074 1 0 0.000 " . 0.000 1 0 0.000 0.000 
1.366 0.070 2 0 .0.000 0.000 2 0 0.000 0.000 
1 . 395 0.085 3 0 0.000 0.000 3 0 0.000 0.000 
1.3'7'7 0.085 4 3 1.471 0.068 4 0 0.000 0 . 000 
1.365 0.084 5 4 1.473 0.047 5 0 0.000 0.000 
1.364 0.087 6 20 1.497 0.059 6 0 0.000 0.000 
1.385 0.0'7'7 7 72 1.505 0 . 069 7 0 0.000 0.000 
1.375 0 . 088 8 67 1.492 0.085 8 0 0 . 000 0.000 
1.373 0.077 9 58 1.486 0.073 9 0 0.000 0.000 
1.384 0 . 078 10 60 1.476 0 . 098 10 0 0 . 000 0 . 000 
1.364 0.098 11 84 1 . 489 0.069 11 0 0.000 0 . 000 
1.386 0.078 12 '74 1.497 0.067 12 0 0 . 000 0 . 000 
1 . 396 0.066 13 52 1.506 o . 0'7'7 13 0 · 0.000 0 . 000 
1 . 351 0.095 14 68 1.493 0.086 14 0 0.000 0.000 
1.382 0 . 107 15 81 1.498 0.096 15 0 0.000 0.000 
1.386 0.083 16 89 1.470 0.074 16 0 0.000 0.000 
1 . 371 0.081 17 83 1.498 0.097 17 0 0.000 0.000 
1.389 0.089 18 54 1.483 0.079 18 0 0.000 0.000 
1.379 0.109 19 76 1.496 0.065 U 44 1.511 0 . 071 
1.363 0.086 20 73 1 . 488 0 . 088 20 83 1.520 0.078 
1.358 0.078 21 85 1.486 0.082 21 58 1.491 0.081 
1.396 0.121 22 69 1.471 0.094 22 55 1.490 0.075 
1.376 0.083 23 74 1.503 0.068 23 69 1 . 516 0.070 
1.368 0.101 24 70 1.476 0.082 24 70 1.506 0.070 
1.391 0.090 25 88 1.503 0.071 25 '77 1.505 0.090 
1.370 0.083 26 61 1.490 0.067 26 52 1.504 0.073 
1.393 0.079 27 76 1.484 o . 0'7'7 27 88 1.485 0.075 
1.361 0.090 28 74 1.482 0.081 28 79 1.5U 0.072 
1.373 0.074 29 62 1.469 0.082 29 71 1.497 0.086 
1.365 0.0'7'7 30 71 1.504 0.076 30 59 1.484 0.069 
1 . 394 0.088 31 '7'7 1.505 0.081 31 72 1.504 0.076 
1.395 0.096 32 82 1.4'7'7 0.075 32 63 1.514 0 . 060 
1.395 0.117 33 71 1 . 470 0.076 33 42 1.500 0.058 
1.370 0.091 34 68 1.489 0.067 34 85 1.518 0.064 
1.386 0.093 35 66 1.497 0.078 35 55 1.501 0.073 
1.371 0.084 36 81 1.479 0.0'74 36 74 1.505 0.083 
1.376 0.085 37 95 1.468 0.097 37 78 1.499 0.075 
1.425 0.086 38 49 1.478 0.079 38 66 1.486 0.066 
1.391 0.072 39 74 1.479 0.090 39 76 1.505 0.085 
1 . 394 0.075 40 82 1.491 0.081 40 71 1.500 0.090 
1.397 0.096 41 58 1.504 0.063 41 69 1.492 0.078 
1.384 0.083 42 74 1.511 0.069 42 53 1.492 0.079 
1.404 o. on 43 70 1.484 0 . 085 43 71 1.528 0.062 
1.386 0.075 44 76 1.467 0.069 44 70 1.518 0.072 
1.412 0.076 45 53 1.478 0.085 45 89 1 . 495 0.077 
1.409 0.066 46 67 1.473 0.076 46 60 1.504 0.065 
1.350 0.076 47 71 1.453 0.082 47 68 1.516 0.055 
1.379 0.085 48 63 1.510 0.089 48 78 1.507 0.090 
1.359 0.091 49 64 1.471 0.075 49 67 1.506 0.069 
1.388 0 . 105 50 62 1.488 0.080 50 59 1.519 0.075 
1.362 0.096 51 80 1.489 0.076 51 89 1.514 0.080 
1.386 0 . 101 52 75 1 . 454 0.081 52 73 1.513 0.060 
1.357 0.110 53 62 1.483 0.078 53 82 1.480 0.076 
1.398 0.100 54 93 1.490 0.061 54 52 1.511 0.068 
1.362 0.090 55 81 1.502 0.073 55 82 1.508 0.070 
1 . 418 0.069 56 58 1 . 494 0.086 56 62 1.507 0.064 
1.372 0.081 57 65 1.486 0.078 57 76 1.470 0.075 
1.412 0.064 58 34 1.476 0.076 58 51 1.489 0.094 
1.384 0.085 59 0 0.000 0.000 59 68 1.507 0.063 
1.395 0.081 60 0 0.000 0.000 60 63 1.487 0.086 
1.373 0.069 61 0 0.000 0.000 61 73 1.508 0.073 
1.361 0.083 62 0 0 . 000 0.000 62 65 1.485 0.073 
1.394 0.066 63 0 0.000 0.000 63 74 1.504 0.067 
1.377 0.080 64 0 0.000 0.000 64 86 1.499 . 0.071 

OJ NOj UO j 
Tl Oj 

1 81 1.529 0.067 
2 73 1.528 0.063 
3 69 1.526 0.076 
4 74 1.513 0 . 081 
5 80 1.498 0.065 
6 49 1.532 0.0'74 
7 83 1.521 0.088 
8 71 1.502 0.071 
9 66 1.507 0.098 

10 56 1.510 0 . 061 
11 73 1.513 0.0'74 
12 5 1.541 0 . 074 
13 0 0.000 0.000 
14 0 0 . 000 0 . 000 
15 0 0 . 000 0.000 
16 0 0.000 0.000 
17 0 0.000 0.000 
18 0 0.000 0.000 
U 0 0.000 0 . 000 
20 0 0 . 000 0.000 
21 0 0.000 0 . 000 
22 0 0.000 0.000 
23 0 0.000 0.000 
24 0 0.000 0.000 
25 0 0.000 0.000 
26 0 0.000 0 . 000 
27 0 0.000 0 . 000 
28 0 0.000 0 . 000 
29 0 0.000 0.000 
30 42 1 . 533 0.052 
31 62 1.536 0.066 
32 78 1.493 0.092 
33 43 1.531 0 . 072 
34 108 1.500 0 . 076 
35 78 1.505 0.081 
36 53 1.515 0.064 
37 81 1.511 0.080 
38 73 1 . 499 0.078 
39 61 1.514 0 . 079 
40 58 1.509 0.055 
41 78 1.517 0.064 
42 83 1.517 0 . 086 
43 53 1.506 0 . 093 
44 76 1.514 0 . 068 
45 89 1.507 0.068 
46 70 1.511 0 . 0'7'7 
47 64 1.515 0.051 
48 68 1.5U 0.062 
49 72 1.511 0.072 
50 63 1.510 0.078 
51 60 1.506 0.052 
52 65 1.505 0.088 
53 67 1.530 0.087 
54 65 1.548 0 . 063 
55 63 1.511 0.075 
56 72 1.536 0.082 
57 67 1.525 0.061 
58 62 1.498 0.067 
59 71 1.494 0.067 
60 80 1.513 0.059 
61 85 1.516 0.057 
62 56 1.519 0.082 
63 67 1.524 0.066 
64 71 1.539 0.052 



1 79 
2 55 
3 49 
4 67 
5 80 
6 53 
7 67 
8 71 
9 64 

10 48 
11 66 
12 SO 
13 77 
14 49 
15 67 
16 69 
17 73 
18 66 
19 59 
20 61 
21 56 
22 54 
23 84 
24 66 
25 77 
26 58 
27 74 
28 64 
29 33 
30 0 
31 0 
32 0 
33 0 
34 0 
35 0 
36 0 
37 0 
38 0 
39 0 
40 0 
.. 1 0 
.. 2 0 
.. 3 5 .... 61 
45 78 
46 74 
"7 "8 
.. 8 77 
4$1 '72 
50 65 
51 65 
52 60 
53 69 
5 .. 63 
55 57 
56 '73 
57 81 
58 82 
59 65 
60 56 
61 64 
62 63 
63 .. 5 
64 65 
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Table 7.7 Measured Flow Field Between Blades 

(case A. radial section C. flowrate: 32.56m'/h) 

1.534 0.070 1 75 1.513 0.076 1 61 1.505 0.089 
1.506 0.07" 2 58 1.491 0.062 2 75 1."99 0.068 
1.497 0.091 3 53 1."88 0.102 3 6 .. 1."76 0.096 
1.507 0.084 .. 58 1.484 0.084 4 70 1.508 0.078 
1.529 0.084 5 85 1.498 0.088 5 .. 9 1.536 0.069 
1.499 0.089 6 49 1.491 0.092 6 55 1.526 0 . 068 
1.524 0.078 7 53 1."94 0.071 7 60 1.503 0.07" 
1.520 0.082 8 72 1.517 0.069 8 67 1.528 0.071 
1 . "75 0 . 093 9 68 1.505 0.064 9 70 1.529 0.067 
1.494 0.092 10 55 1.511 0.080 10 66 1.523 0.087 
1 . 512 0.076 11 65 1.514 0.072 11 59 1.530 0.066 
1.531 0.067 12 69 1.492 0 . 084 12 60 1.518 0.067 
1.516 0.088 13 74 1."91 0.092 13 67 1.489 0.093 
1.536 0.053 14 61 1 . .516 0.068 14 50 1.517 0.072 
1.540 0.070 15 57 1.505 0.073 15 63 1.518 0 . 062 
1.500 0.070 16 70 1.508 0.060 16 76 1.497 0.071 
1.514 0.051 17 69 1.510 0.058 17 51 1 . "91 0.08" 
1.518 0.080 18 68 1.517 0.063 18 81 1.521 0.089 
1.518 0.067 19 52 1.530 0.070 19 55 1.515 0.058 
1.496 0.071 20 60 1.508 0.068 20 79 1.504 0.082 
1.511 0.061 21 67 1.482 0.083 21 65 1.502 0.072 
1.497 0.085 22 59 1.504 0.063 22 62 1.522 0 . 073 
1.511 0.074 23 55 1.528 0.077 23 49 1.514 0.07" 
1.527 0.054 24 83 1. .. 96 0.072 2 .. 70 1. .. 84 0.087 

1."79 0.100 25 66 1."71 0.09" 25 67 1.523 0.078 
1.534 0.080 26 60 1.516 0.070 26 60 1.520 0.076 
1.522 0.057 27 76 1.497 0.064 27 U 1.518 0.059 
1 . 508 0.068 28 80 1.528 0.076 28 71 1.525 0.072 
1.520 0 . 068 29 71 1.485 0 . 079 29 89 1.537 O.OU 
0.000 0.000 30 63 1.500 0.084 30 48 1.507 0.095 
0.000 0.000 31 71 1."87 0.085 31 70 1.512 0.092 
0.000 0.000 32 68 1.513 0 . 07" 32 50 1 . U7 0.082 
0.000 0.000 33 62 1.509 0.085 33 80 1.486 0.098 
0.000 0.000 34 62 1.506 0.072 3 .. 76 1.532 0.068 
0.000 0 . 000 35 78 1.496 0.090 35 81 1."98 0.079 
0.000 0.000 36 38 1.543 0.061 36 54 1.509 0.065 
0.000 0 . 000 37 72 1. .. 97 0.103 37 U 1.518 0 . 097 
0.000 0.000 38 78 1.U8 0.090 38 77 1.515 0.080 
0.000 0.000 39 43 1.486 0 . 084 39 77 1.501 0.080 
0.000 0.000 .. 0 0 0.000 0.000 .. 0 62 1.502 0.086 
0.000 0.000 41 0 0.000 0.000 41 64 1.532 0.056 
0.000 0.000 42 0 0.000 0 . 000 .. 2 87 1.520 0.085 
1.491 O.OU .. 3 0 0.000 0.000 .. 3 70 ~.535 0.080 
1.506 0.075 44 0 0.000 0.000 44 63 1.507 0.070 
1.514 0.073 .. 5 0 0.000 0.000 .. 5 23 1.546 0 . 051 
1.532 0.072 46 0 0.000 0.000 46 0 0.000 0.000 
1.503 0.089 .. 7 0 0.000 0.000 47 0 0.000 0 . 000 
1.521 0.073 48 0 0.000 0.000 .. 8 0 0.000 0.000 
1.500 0.084 . 451 o · 0.000 0.000 4$1 0 0.000 0.000 
1.520 0.083 50 0 0.000 0.000 50 0 0.000 0.000 
1."89 0.115 51 0 0.000 0.000 51 0 0.000 0.000 
1.542 0.071 52 0 0.000 0.000 52 0 0.000 0.000 
1.523 0 . 095 53 0 0.000 0.000 53 0 0.000 0.000 
1.504 0.0'71 54 53 1."91 0.083 54 0 0.000 0.000 
1.508 0.092 55 58 1."83 o. on 55 0 0.000 0.000 
1.511 0.065 56 U 1.493 0.101 56 0 0.000 0.000 
1.512 0.088 57 71 1.525 0.073 5'7 0 0.000 0.000 
1.508 0.088 58 U 1.541 0.079 58 0 0.000 0.000 
1.525 0.089 59 61 1.493 0.080 59 17 1.511 0.072 
1.523 0.091 60 63 1.521 0.086 60 55 1.529 .0.076 
1.510 0.060 61 62 1.498 0.067 61 65 1.507 0.070 
1.500 0.112 62 85 1."92 0.087 62 57 1.508 0.065 
1.525 0.061 63 75 1.517 0 . 073 63 7" 1.511 0.072 
1.500 0.073 6" 59 1.506 0.0" 6 .. .. 8 1 . 488 0.111 

1 55 1.447 0.108 
2 47 1 . 471 0.073 
3 58 1.469 0.104 
4 59 1.415 0 . 092 
5 58 1.427 0.117 
6 38 1 . 475 0.109 
7 55 1 . 425 0.106 
8 55 1.386 0.102 
9 48 1 . 453 0.086 

10 37 1.418 0.108 
11 .53 1.423 0.124 
12 59 1.457 0.100 
13 71 1."57 0.104 
14 37 1.445 0.075 
15 64 1.456 0.109 
16 48 1. .. 28 0.098 
17 58 . 1.455 0.102 
18 .. 5 1 . 468 0 . 074 
19 56 1.431 0.099 
20 62 1.452 0.093 
21 .55 1 . 442 0.091 
22 45 1.421 0.107 
23 54 1 . 449 0 . 109 
2 .. 61 1.440 0.119 
25 58 1 . "63 0 . 092 
26 60 1.432 0 . 095 
27 51 1.439 0.113 
28 52 1.419 0 . 099 
29 68 1 . 444 0 . 085 
30 40 1.378 0 . 136 
31 45 1.442 0 . 104 
32 50 1.460 0 . 106 
33 52 1.442 0.101 
34 70 1 . 422 0.111 
35 65 1.428 0.116 
36 .. 7 1.446 0.111 
37 57 1."36 0.112 
38 57 1 . "29 0.099 
39 67 1 . 419 0.118 
.. 0 35 1."89 0.068 
41 59 1.43" 0 . 101 
.. 2 66 1.415 0.109 
.. 3 68 1.429 0.099 
44 38 1."47 0.100 
.. 5 51 1.437 0 . 102 
46 U 1 . 435 0 . 095 
.. 7 46 1."55 0.121 
48 57 1 . 410 0.122 
U 6'7 1."53 0.088 
50 57 1 . "65 0.095 
51 56 1."05 0 . 127 
52 69 1.431 0.104 
53 .. 5 1."10 0.123 
5 .. 52 1 . "33 0.115 
55 53 1."30 0.123 
56 44 1."28 0.122 
57 60 1. .. 29 0.110 
58 49 1."41 0.127 
59 62 1."07 0.117 
60 .. 8 1."27 0.096 
61 36 1.468 0 . 076 
62 35 1."91 0.098 
63 26 1.415 0.151 
64 16 1."53 0.141 
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equations. 

~:. N(Oj)iVCOj)i 

VCOj)i - (7.4) 

L NCOj)i 

and 

:t NCOj)jTI(Oj)i 

TI(Oj)1 • (7.5) 

t NCOj)1 

1.4.1 Uncert.1nt1e. 1n CVP .nd RIA 

In any experimental system. uncertainties always exist 1n the 

measured variables. In this experiment. uncertainties not only exist 

in the LDA system and the data processing system, but also the test 

section and its integration with the LDA system, so the measured 

velocity has certain level of uncertainty. All the causes of 

uncertainties are discussed in appendix D . The uncertainties 1n the 

Control Volume Position(CVP) and the Half Intersection Angle(HIA) are 

presented here. 

The uncertainties in the CVP and the HIA can be calculated by 

applying error propagation theory into the calculation ot the CVP and 

the HIA. The results are presented in the following tables. 

Table 7.8 Uncertainties in Axial Velocity Measurement 

Point Ri 
(mm) 

A 47.48 

6Rj 
(mm) 

0.766 

6Xj 
(mm) 

0.604 

6Zi 
(mm) 

0.231 4.867 0.08 
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B 45.48 0.766 0.606 0.233 4.867 0.08 
C 42.82 0.767 0.608 0.236 4.867 0.08 
D 40.16 0.768 0.610 0.239 4.867 0.08 
E 37.50 0.770 0.612 0.242 4.867 0.08 
F 34.18 0.772 0.615 0.245 4.867 0.08 
G 30.85 0.775 0.617 0.249 4.867 0.08 
H 28.82 0.777 0.618 0.251 4.867 0.08 

Table 7.9 Uncertainties in Circumferential Velocity Measurement 

Point Ri 6Ri 6Xi 6Zj 9j 69i 
(mm) (mm) (mm) (mm) (0 ) (0) 

A 47.48 1.138 0.659 0.222 4.953 0.211 
B 45.48 1.135 0.659 0.223 4.950 0.212 
C 42.82 1.130 0.660 0.225 4.945 0.213 
D 40.16 1.126 0.660 0.228 4.940 0.213 
E 37.50 1.121 0.660 0.231 4.935 0.214 
F 34.18 1.116 0.660 0.234 4.928 0.215 
G 30.85 1.110 0.661 0.239 4.922 0.217 
H 28.82 1.107 0.661 0.241 4.919 0.217 

1.4.2 Uncerta1nt1es 1n La.er Con.t.nt 

The uncertainties in the measured velocity stem from the 

uncertainties of the HIA and the data processing system. 

The velocity measured by the LDA is 

(7.6) 

The laser constant of the system in air is 

K------ (7.7) 
28in(9) 

where ~ is the wavelength of the laser used in the laser system and 9 

is the halt intersection angle (HIA) of the two laser beams 1n the 

fluid. 

When the measurement is conducted in a liquid with refractive 

index nf. the wavelength of the laser beam in this liquid is 

).,t -na).,a!nf (7.8) 

so the laser constant becomes 

na~a 
K - (7.9) 

2nfsinGf 
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9a and 9f being the HIA in air and in the liquid respectively. 
Ignoring uncerta1nt1es in the laser wavelength and the 

refractive indices, the uncertainty of the laser constant is 

l>K .. ------ 69f (7.10) 
2sinsftan9f 

-- Axial velocity measurement 

In the axial .velocity measurements. the relation between 9f and 9a 
is 

(7.11) 

substituting equation(7.11) into equation (7.9). the laser 

constant becomes the same as the constant in air, i.e. 

~a 

K • (7.12) 
2s1n9a 

and its uncertainty is 

RoSa 
oK - (7.13) 

substituting the measured data in air (given in Appendix D) into 

the above equation, the laser constant is 

oK "0.0285 

The laser constant for axial velocity measurement 1s 

K= 2.279927 .0.0285 

----~Circumferent1al velocity measurements 

However, there is no direct relation between 9f and 9a as in 

equation(7.11) in circumferential velocity measurement due to the 

curvature of the pipe wall. The laser constant and 1 ts uncertainty 

should be calculated using equations (7.9) and (7.10). 

The uncertainty in the HIA inside the pipe changes with control 

volume positions. so the uncertainty 1n the laser constant for 

circumferential velocity measurement changes accordingly. The 

predicted laser constants and their uncertainties are presented in the 

following table. 
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Table 7.10 Laser Constant Uncertainties 
(circumferential measurement inside rotor) 

No. Radius K OK OK/K 
(mm) (%) 

A 47.48 2.2352 0.0950 4.249 
B 45.48 2.2366 0.0956 4.272 
C 42.48 2.2388 0.0962 4.297 
D 40.16 2.2411 0.0964 4.301 
E 37.50 2.2434 0.0970 4.326 
F 34.18 2.2465 0.0973 4.331 
G 30.85 2.2493 0.0980 4.357 
H 28.82 2.2506 0.0986 4.380 

The velocity measured by the LDA system is 

(7.14) 

and Its uncertainty is 

(7.15) 

To estimate the uncertainties 1n the measured velocity, (td-fs) is 

based on the mean velocity component tor every measurement, i.e. 

As given in Appendix D 

Ofs - 2.734x10-4MHz 

The uncertainties in the measured velocity are~ 

-- Axial velocities 

J( -2.279927 

OK - 0.0285 

6fdt- 0.0128 MHz 

- flowrate 1 

Q • 16.84 m'/h 

Um • 0.7569 mls 

6u - 0.03lm/. 

(7.16) 
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Q .. 30.87 m'/h 

Um - 1.3876 m/s 

ou • 0.034 m/a 

-- Circumferential velocity 

The uncertainties in the circumferential velocity measurements are 

different for qifferent radial positions. Using the maximum OK and K, 

and 

Ofdz .. 0.0116 MHz 

The possible errors in the measured circumferential velocities are 

- flowrate 1 

- flowrate 2 

Q • 16.84 m'/h 

6v • 0.026m/s 

Qz • 30.87 m'/h 

6v • 0.027 m/s 

The conducted experiments cover the following cases: 

- Case A without inlet swirl generator 

- Case B with swirl generator of +4 degree blade 

- Case C with swirl generator of +8 degree blade 

- Case D with swirl generator of -4 degree blade 

- Case B with swirl generator ot -8 degree blade 

angle 

angle 

angle 

angle 

The flow fields throughout the flowmeter rotor were measured in 

these five cases. In case A. the measurements were done at flowrates 

of 16.84m'/h and 30.87J11'/h • In the another four cases, measurement 

was only done at a flowrate ot 30.87m'/h. In each case, the 

performance curves of the tested flowmeter were also measured. The 

measured veloc! ty data were registered under three or four digital 

names. For example, BL04 indicates the results on axial station 4 in 
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test case B at the larger tlowrate and A04 indicates the profile in 

test case A on station 4 at the smaller flowrate. 

In all five cases, inlet velocity profiles(both axial 

clrcumferental components)were measured at six flowrates. 

flowrates were 11.23, 16.84, 22.46, 28.07. 33.68 and 39.30m'/h. 

and 

Those 
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CHAPTER 

EIGHT 

EXPERIMENTAL DATA ANALYSIS AND COMPARISON 

WITH NUMERICAL RESULTS 

Using the experimental rig described in chapter 7. the flow fields 

throughout the flowmeter rotor were measured at 11 axial stations as 

defined in fig.7.10 and table 7.3 in all five test cases. From the 

measured velocity profiles. a clear understanding of the flow inside 

the turbine flowmeter was obtained. Based on this experimental study, 

the major objective is to develop a numerical model which can predict 

turbine flowmeter performance in various working conditions. The 

experimental results are also used to validate the developed numerical 

models. 

In applying the numerical pertormance prediction model, the inlet 

flow conditions are needed. The inlet section position of the tested 

flowmeter, on which the combined disturbance from the flowmeter hub 

and the rotor was small, was determined tram the measured veloti ty 

profiles and the velocity protiles on this inlet section were 

measured at a number of tlowrates in each test case. In this chapter, 

the inlet velocity profiles predicted by the pa~el method is compared 

with the measured inlet protiles in case A. Using both predicted and 

measured inlet velocity profiles as the input data to the performance 
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prediction model. the flowmeter coeffj cients are cal culated and 

compared with the corresponding measured coefficients. 

8.2 Analysis oE the Experimental Data 

8.2.1 Developed Pipe Velocity ProEile 

Before measuring the flow profHes inside the turbine flowmeter. 

the fully developed velocity profile in the pipe cross section(without 

the turbine flowmeter) was measured to test the accuracy of the LDA 

system and check whether inlet swirl was produced by the experimental 

rig arrangement. 

In fully developed pipe flow. the velocity profile satisfies power 

law. 1. e. 

u r 
--- = (1- --- )n (8.1 ) 

Uc R 

At the tested flowrate 34.24m'/h. the Reynolds number is 

UmD o .1016x1.1 
Re - - -1.12xIOs 

V 10-6 

The relation given by Schlichting between the flow Reynolds number 

and the power law exponent n is 

Re 4xlO' 2.3xlO· l.lxlOs l.lxI0s 2xlO6 3.7xlO fi 

n 6 6.6 7 8.8 10 10 

At the measured flowrate. n is 7. 

A comparison between the measured and power law profiles is 

presented in fig.S.I. In this comparison, the measured axial velocity 

profile agrees with the power law profile very well. only small 

differences occur in the pipe wall area. In this area. the boundary 

layer influence becomes strong and LOA measurements are difficult due 

to the noise signals reflected from the pipe wall surface. 

The measured circumferential velocity components are presented in 

fig.8.2. These are almost. the same magnitude level as the system 

uncertainty given in paragraph 7.4.3. Hence the results show that no 
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obvious inlet swirl was generated by the arrangement of the 

experimental rig. 

8.2.2 Flow Field Throughout the Fl~eter Rotor 

The flow fields throughout the flowmeter rotor were measured 1n 

all five test cases. The measurement was conducted at flowrates of 

16. 84m 3/h and 30. 87m:3 /h in case A and the measurement was done onl y 

at f 1 owrate 30. 87m 3/h in cases B. C, D and E. Both axi al and 

circumferential velocity profiles were measured at 11 stations from 

the upstream of the rotor to the downstream of the rotor. The results 

are presented in fig.8.3 to fig.8.38. In' the presented results, the 

circumferential velocity component In the same direction as the rotor 

rotation is taken as positive and it is negative when it is in the 

direction opposite to the rotation. From these experimental results, 

the following conclusions can be drawn: 

--The circumferential variations In the axial velocity components 

at the measurement stations are found to be quite small apart from in 

the boundary layer regions near blade surfaces. However the 

measurements in those boundary layer regions are blocked by the blade 

1 tselt and there Is no obvious veloc! ty variation in the measurable 

area as presented 1n tables 7.6 and 7.7. The results presented In this 

chapter therefore only give the Circumferential mean velocities 

throughout the rotor. 

- Due to the existence of the flowmeter hub nose. the veloei ty 

profiles near the hub head are strongly disturbed and change very 

quickly in its viCinity. The results in fig.8.3 and fig.8.S at the 

smaller flowrate and fig.8.9 and fig.8.11 for the larger flowrate in 

case A show that the flow Is very much accelerated near hub surface. 

However, this influence decays very quick from station 1 to station 3 

and the velocity profiles become reasonably constant between station 3 

and station 4. Similar results are also found in other test cases. 

After station 4, the influence of the flowmeter rotor increases, the 

axial velocity profile begins to change accordingly. It can also be 

seen from fig.8.3 and fig.8.9 that the velocity ratio profiles at the 

same axial stations are different at different flowrates. In the hub 
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area, the velocity ratio at small flowrates is higher than that at 

larger flowrates. This is due to fl uid vi scosity as djscussed in 

detail later. 

- With a swirl generator upstream of the flowmeter, the measured 

veloci ty profiles are qui te different from the profiles in case A 

without an upstream swirl generator. With inlet swirl, the axial 

velocity profiles are more curved from the hub to the tip and the flow 

in the hub area is very much slowed down compared wi th the resul ts in 

case A. The reason for this Is briefly discussed in the inlet velocity 

analysis section later. In the test cases Band C, the velocity 

profiles at station 4 are still far from uniform, so the inlet flow 

conditions are quite different from the ideal flowmeter inlet 

condi tions. 

-As the flow goes into the rotor. the most significant effect 1s 

blade blockage. The flow Is accelerated at almost the same rate from 

the hub to the tip as soon as it enters the rotor. Theoretically, the 

blockage should be different at different radial positions. so the 

acceleration must also be different. The detected phenomenon may 

indicate a small radial velocity component in the leading edge area. 

However. there is no obvious change in the circumferential velocity 

components. only a slight change is detected at station 7. This change 
, 

may be due to the effect of the separated leading edge flow. 

--Inside the rotor. the flow continues to develop under the 

interaction with the blades and tends to become more uniform. The 

change in the leading edge area Is greater than the change in other 

areas. 

-- After the trailing edge, blade blockage disappears and the flow 

slows down. Due to the variations of the blockage from the hub to the 

tip, the decceleration In the tip area is smaller than that in the hub 

area. The variations fro. the hub to the tip are smaller in case A 

than they are in other test cases. For the flow with inlet SWirl. the 

flow in the hub area is deccelerated much more quickly than that in 

the t1 p area. 

-- After the blade trailing edge. a rapid circumferential velocity 

changes were detected due to the square shape of the trailing edge. To 
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examine the circumferential velocity after the trailing edge, the 

velocity at the trailing edge sharp points on both the upper and the 

lower surfaces are assumed equal and the conUnui ty and momentum 

equations can be applied to a flow element fixed at the blade trailing 

edge as shown in fig.8.39. 

The continuity equation gives 

(8.2) 

where ext and ex l are the flow angles before and after the trail ing 

edge. 

Due to the infinitely small thickness of the element, the momentum 

equation in the y direction gives 

(8.3) 

From equations (8.2) and (8.3), the flow angle after the blade 

trailing edge is found to be 

tanexz = --- tanex 1 

s 
= ---- tancx, (8.4) 

S-hl 

The circumferential flow angle change 1s directly linked to the 

blade blockage. From the hub to the tip, the rotor space is dIfferent, 

so the circumferential flow angle change is different. In the 

stationary coordinate, angle exz becomes more negative than angle ex l 

from equation(8.4). This analysis is in agreement with the measured 

circumferential velocity profiles after the blade trailing edge. 

8.2.3 Flow.eter Inlet Velocity Profiles 

To validate the numerical flowmeter prediction model, the inlet 

velocity has to be measured. In the tested flowmeter, there is only 

limited space to allow the inlet flow to develop between the flowmeter 

hub head and the rotor. There is therefore no fully developed inlet 

section to those simplified two dimensional flows of the tested 

flowmeter. 
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The inlet section pos! tion is chosen as the one on which the 

combined effect of the hub head and the rotor is at its minimum and it 

is determined according to the measured velocity profiles before the 

flowmeter rotor. However. there are some dHferences in the velocity 

development among the tested cases. In case A, because there is no 

induced inlet swirl, the detected circumferential velocity 1s mainly 

due to the disturbance from the rotor and the flowmeter hub, and the 

measurement uncertainty. The results in case A are used to determine 

the pOSition of the inlet section. It can be seen from figures 8.3 to 

8.6 and figures 8.9 to 8.12 that a strong hub head distortion exists 

before section 3 and the axial velocity has become reasonably constant 

between section 3 and station 4. The circumferential components at the 

stations are small and quite constant. The measured results show that 

the influence from the flowmeter rotor is weak at station 3. So the 

inlet section in all cases is chosen at section 3. On this section, 

the inlet axial and circumferential velocity components were measured 

in all five test cases at stx flowrates. 

----Inlet axial velocity component 

To validate the flowmeter performance prediction model, a complete 

inlet velocity profile is necessary. However, the velocity components 

at the points near both the pipe wall and the flowmeter hub can not be 

measured by LDA due to strong noise signals from either the pipe wall 

or the flowmeter hub surface, the veloctty prof tIe in these areas has 

to be obtained using the boundary theory given in chapter 6. Here, the 

total flowrate from the inlet velocity proflle( the measured profile 

combined with the predicted profiles inside boundary layers) is 

checked against the reference vortex flowmeter reading. By this 

comparison, not only is the measured data checked, but the profiles in 

the boundary layers are also comfirmed. The flowrate obtained from the 

axial velocity on the inlet section is the 1ntegration of the axial 

velocity over the inlet section, i.e. 

N-l 

Q- ~ 0.5(ui+ui+l)w(ri+s 2
- r i 2

) 

1-1 

(8.5) 

In the experimental rig, the flowrate through the tested flowmeter 
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1s measured by a calibrated vortex flowmeter with an accuracy within 

one percent. The flowrate given by the reference vortex flowmeter is 

Q • 3600f/K (m3/h) (8.6) 

where f is the frequency output of the vortex flowmeter and K is the 

vortex flowmeter coefficient given by flowmeter calibration. The used 

vortex flowmeter coefficient is 6412.78. 

The inlet axial velocity components, the integrated flowrates trom 

the inlet velocity profiles and the comparisons with the reference 

flowrates from the vortex flowmeter are presented in the following 

tables. 

Table 8.1 Inlet velocity and flowrate comparison(case A) 

Radius 

1.960· 
1.915* 
1.870 
1.817 
1.765 
1.686 
1.607 
1.528 
1.450 
1.371 
1.292 
1.240 
1.187 
1.135 
1.062-
0.989* 

M.FR. 
R.PR. 
ERROR 
(%) 

Q1 

0.382 
0.407 
0.433 
0.458 
0.471 
0.485 
0.514 
0.529 
0.543 
0.566 
0.584 
0.609 
0.622 
0.640 
0.598 
0.385 

10.895 
11.228 
2.96 

Q2 

0.571 
0.627 
0.669 
0.691 
0.714 
0.737 
0.756 
0.787 
0.802 
0.828 
0.849 
0.870 
0.909 
0.938 
0.865 
0.589 

16.332 
16.841 
3.02 

Q3 

0.747 
0.852 
0.909 
0.938 
0.957 
0.991 
1.029 
1.061 
1.082 
1.118 
1.152 
1.174 
1.211 
1.232 
1.121 
0.784 

21.989 
22.445 
2.03 

Q4 

0.919 
1.056 
1.131 
1.176 
1.212 
1.242 
1.276 
1.312 
1.335 
1.375 
1.445 
1.475 
1.505 
1.520 
1.376 
0.969 

27.397 
28.069 
2.46 

Q5 

1.097 
1.307 
1.435 
1.519 
1.572 
1.619 
1.656 
1.689 
1.720 
1.768 
1.807 
1.814 
1.825 
1.859 
1.704 
1.108 

34.554 
33.683 
2.59 

* indicates the predicted data inside the boundary layers 

Table 8.2 Inlet velocity and tlowrate comparison(case 

Radius Q1 Q2 Q3 Q4 Q5 

1.960· 0.382 0.566 0.752 0.924 1.109 
1.915* 0.460 0.657 0.918 1.118 1.393 
1.870 0.490 0.709 0.990 1.199 1.490 

8) 

Q6 

1.281 
1.529 
1.622 
1.643 
1.693 
1.740 
1.780 
1.834 
1.861 
1.926 
1.970 
1.999 
2.021 
2.057 
1.887 
1.353 

38.212 
39.297 
2.76 

Q6 

1.285 
1.595 
1.745 
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1.817 0.500 0.740 1.016 1.225 1.500 1.799 
1.765 0.525 0.759 1.048 1.260 1.550 1.816 
1.686 0.540 0.780 1.066 1.320 1.590 1.860 
1.607 0.545 0.803 1.103 1.360 1.620 1.880 
1.528 0.556 0.812 1.120 1.395 1.650 1.950 
1.450 0.580 0.822 1.130 1.411 1.700 1.970 
1.371 0.562 0.820 1.120 1.400 1.670 1.960 
1.292 0.555 0.815 1.100 1.389 1.660 1.960 
1.240 0.559 0.800 1.080 1.360 1.640 1.920 
1.187 0.550 0.790 1.050 1.330 1.590 1.880 
1.135 0.540 0.780 1.041 1.300 1.550 1.800 
1.062* 0.497" 0.720 0.967 1.178 1.402 1.574 
0.989* 0.a85 0.549 0.707 0.859 1.008 1.153 

M.FR. 11.126 16.217 22.179 27.433 33.092 38.675 
R.FR. 11.228 16.841 22.455 28.069 33.683 39.297 
ERROR 0.91 3.71 1.21 2.26 1.76 1.58 

(%) 

Table 8.3 Inlet velocity and tlowrate comparison(case C) 

Radius Q1 Q2 Qa Q4 Q5 Q6 

1.960* 0.382 0.574 0.760 0.929 1.100 1.286 
1. 915* 0.459 0.724 0.938 1.121 1.312 1.614 
1.870 0.490 0.785 1.040 1.228 1.450 1.750 
1.817 0.500 0.798 1.090 1.287 1.535 1.790 
1.765 0.518 0.807 1.095 1.324 1.560 1.840 
1.686 0.525 0.826 1.110 1.346 1.580 1.850 
1.607 0.531 0.836 1.140 1.360 1.630 1.900 
1.528 0.535 0.851 1.150 1.370 1.660 1.920 
1.450 0.540 0.847 1.150 1.400 1.670 1.940 
1.371 0.540 0.855 1.160 1.380 1.680 1.917 
1.292 0.535 0.840 1.130 1.370 1.650 1.880 
1.240 0.520 0.834 1.120 1.365 1.606 1.830 
1.187 0.510 0.809 1.060 1.320 1.560 1.808 
1.135 0.490 0.785 1.000 1.301 1.530 1.740 
1.062· 0.450 0.718 0.890 1.197 1.397 1.534 
0.989· 0.385 0.549 0.707 0.859 1.008 1.153 

M.FR. 10.732 16.983 22.272 27.629 32.876 38.223 
R.FR. 11.228 16.841 22.455 28.069 33.683 39.297 
ERROR 4.41 0.84 1.21 1.57 2.40 2.73 

(%) 

Table 8.4 Inlet velocity and flowrate comparison(case D) 

Radius Ql Q2 Q3 Q4 Q5 Q6 

1.960* 0.a82 0.569 0.746 0.926 1.104 1.281 
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1.915* 0.438 0.689 0.895 1.119 1.366 1.586 
1.870 0.470 0.740 0.954 1.210 1.469 1.724 
1.817 0.490 0.755 0.975 1.250 1.500 1.771 
1.765 0.504 0.770 1.018 1.290 1.560 1.800 
1.686 0.520 0.800 1.064 1.340 1.601 1.880 
1.607 0.540 0.830 1.075 1.368 1.650 1.930 
1.528 0.545 0.855 1.083 1.395 1.660 1.940 
1.450 0.555 0.865 1.099 1.387 1.670 1.927 
1.371 0.560 0.873 1.102 1.372 1.660 1.920 
1.292 0.546 0.860 1.088 1.360 1.650 1.900 
1.240 0.540 0.850 1.080 1.320 1.635 1.870 
1.187 0.520 0.830 1.050 1.300 1.620 1.830 
1.135 0.500 0.810 1.030 1.260 1.600 1.800 
1.062* 0.461 0.736 0.946 1.136 1.449 1.637 
0.989* 0.385 0.549 0.707 0.859 1.008 1.154 

M.FR. 10.783 16.848 21.738 27.313 33.181 38.443 
R.FR. 11.228 16.841 22.455 28.069 33.683 39.297 
ERROR 3.96 0.0 3.19 2.69 1.49 2.17 

(%) 

Table 8.5 ·Inlet velocity and flowrate comparlson(case E) 

RadiUS Q1 Q2 Q3 Q4 Q5 Q6 

1.960* 0.382 0.570 0.753 0.931 1.102 1.280 
1. 915* 0.432 0.687 0.927 1.131 1.352 1.581 
1.870 0.460 0.746 1.001 1.240 1.460 1.722 
1.817 0.475 0.770 1.030 1.300 1.502 1.780 
1.765 0.482 0.780 1.080 1.340 1.560 1.830 
1.686 0.500 0.798 1.110 1.380 i.600 1.880 
1.607 0.520 0.810 1.120 1.420 0.625 1.900 
1.528 0.532 0.824 1.140 1.430 1.660 1.940 
1.450 0.550 0.850 1.160 1.544 1.700 1.960 
1.371 0.554 0.860 1.180 1.450 1.720 1.970 
1.292 0.550 0.860 1.185 1.440 1.700 1.950 
1.240 0.545 0.840 1.160 1.430 1.680 1.920 
1.187 0.541 0.830 1.140 1.410 1.650 1.900 
1.135 0.521 0.810 1.100 1.370 1.610 1.870 
1.062* 0.472 0.732 0.973 1.216 1.440 1.681 
0.989* 0.385 0.549 0.707 0.859 1.008 1.153 

M.FR. 10.647 16.722 22.094 28.483 33.382 38.872 
R.FR. 11. 228 16.841 22.455 28.069 33.683 39.297 
ERROR 5.17 0.708 2.00 1.47 0.89 1.08 

(%) 

The differences between the integrated and the reference tlowrates 

are very small in most cases. The absolute differences are of the same 

magnitude level in all cases and the relative errors are always larger 
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at the small flowrates. 

The mean velocity in the tested turbine flowmeter is defined as 

Q 

Um • -----
,,( rp2-r h2 ) 

(8.7) 

The differences in the mean velocity as calculated from the 

integrated flowrate and as given by the vortex flowmeter are listed 

in the following table. 

Table 8.6 Inlet section mean velocity differences 

case A case B case C case D case E 

Ql 0.015 0.005 0.022 0.020 0.026 
Q2 0.023 0.028 0.001 0.002 0.005 
Q3 0.020 0.013 0.008 0.032 0.016 
Q4 0.031 0.028 0.020 0.034 0.019 
Q5 0.039 0.026 0.036 0.022 0.013 
Q6 0.048 0.028 0.048 0.038 0.019 

The above table shows that the differences in the mean velocity 

from the integrated and reference flowrates are almost of the same 

.level as predicted uncertainties in paragraph 7.4.3 and are therefore 

due to the uncertainties of the measurements. 

The measured axial inlet velocity profiles for case A are presented 

in f1g.8.40. The velocity ratio near the hub surface is quite high at 

small flowrates and drops with the increase of flowrate. The velocity 

variation near the pipe wall has just the opposite tendency. These 

profiles are thought mainly due to the nature of the fully developed 

pipe velocity profile before the flowmeter. 

The fully developed velocity profile for the pipe flow in a 

laminar state 1s 

u r 
-·1- (-)' (8.8) 

Uc R 

and the ratio of the central to the average velocity is 

--2. (8.9) 
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As Reynolds number increases( i.e. tlowrate increase), the profile 

tends to the power law as equation (8.1) and the ratio of central to 
the section average velocity becomes 

uc (2n+1)(n+1) 
-- - (8.10) 

Comparing equation(8.9) and (8.10), the ratio between the central 

and section average velocities at small flowrates is higher than that 

at large flowrates and the ratio continuously drops as flowrate 

increases. Because the central velocity has a strong direct influence 

on the velocity near the hub surface, so the velocity ratio on the hub 

surface at small flowrates is higher than that at large flowrates. The 

velocity profile becomes more flat as flowrate increases. 

It can be seen from figures 8.40 to 8.44 that the velocity near 

the hub in case A is higher than that in other test cases at the same 

flowrate. In the cases with swirl, the equations (8.1) and (8.7) are 

no longer val1d. It is obvious that the flow velocity on the swirl 

generator core surface is reduced to zero due to the non-slip boundary 

condition. so the existence of the generator core slows the pipe 

central flow before the flowmeter. Therefore the flowmeter inlet 

velocity near the hub surface is also decreased in all the cases with 

a swirl generator compared with case A. 

In all the test cases with swirl. the axial velocity ratio is 

higher at small flowrates and decreases as tlowrate increases 1n the 

hub area. This variation with Reynolds number is similar to the 

results detected in case A. This is also due to the pipe velocity 

profile before the flowmeter. Generally speaking, the inlet velocity 

becomes more uniform as flowrate increases. 

Among the cases with swirl, the velocity ratio profiles in cases B 

and D are more constant compared wi th cases C and E at all those 

examined tlowrates. 

---- Circumferential component 
The circumferential velocity profJles measured on the inlet 

section in the tested cases are shown from fig',8.45 to t1g.8.49. It 
can be seen from the results that only a small circumferential 

component 1s detected on the inlet section in case A. This component 
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may come from the flowmeter rotor influence because the inlet section 

1s not far from the rotor leading edge. However, it is very small and 

has almost the same magnitude level as the predicted measurement 

uncertainties. Hence the disturbance from both the rotor and the 

flowmeter hub head is small on the inlet section. 

When the swirl generator is installed, a quite large inlet 

circumferential component is detected. The measured resul ts are now 

compared with the predicted inviscid flow results. 

In inviscid flow, the circulation around any closed curve remains 

constant. The flow between the swirl generator and the flowmeter inlet 

section is axisymmetric, so the circulation around any Circular 

streamtube centred on the pipe axis should be constant when the 

viscosity is ignored. Also a circular streamtube from the swirl 

generator should still be circular on reaching the flowmeter inlet 

section. The flowrate around such a streamtube is constant for flow 

continui ty. 

Supposing a circular strearntube after the swirl generator has 

radius rg and circumferential velocity component uS' the circulation 

of the streamtube is 

(8.11) 

The corresponding circumferential velocity on the inlet section is 

u .--- (8.12) 
211r 

On the flowmeter inlet section, the radius of the corresponding 

streamtube radius r is determined by flow continuity. Just downstream 

of the swirl generator, the circumferential velocity component is 

determined by the angle of the swirl generator blades. It is 

(8.13) 

where u 8 is the twist angle of the swirl generator blades and Vg is 

the axial velocity component before the swirl generator blades which 

is obtained from the developed model for annulus flows in chapter 6. 

Thus the circumferential velocity component ·on the inlet section 

is 
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u = (8.14) 
r 

The predicted results by equation (8.14) are compared with the 

measured results in figures 8.50 to B.53. 

The comparison is conducted for cases B. C D and E at flowrates of 

22. 46m J Itt and 39. 30m 3/h. The agreement at the larger flowrate is 

better than that at the smaller flowrate. The reason is that 

equation(B.14) is only applicable in invisc:1d flows. At the larger 

flowrate. the Reynolds number is higher and the viscous effect is 

weaker, so the flow should be closer to ideal flow. The agreement in 

cases Band D are much better than that in cases C and E in which the 

swirl is strong. 

As to the measured circumferential veloei ty in the other tested 

cases, The velocity ratio is quite constant in cases Band 0 at the 

tested flowrates," but in cases C and E, relatively large velocity 

ratio variations with flowrate were detected in the hub area. This 

phenomenon could correspond to the similar axial velocity prot'ile 

variations as presented in figures 8.41 to 8.44. The nature of these 

velocity profiles suggests that the flow on the inlet section is still 

developing. 

8.3.1 Inlet Velocity Profile 

The panel model presented in chapter 6 was used to predict turbine 

flowmeter inlet velocity profiles In case A. In this model, the 

boundary layers on both the pipe and the flowmeter hub surfaces are 

considered. Comparison between the measured and the predicted velocity 

profiles at mean velocities of O.757m/s and 1.766m/s are presented in 

figures 8.54 and 8.55. The agreement at the larger flowrate is better 

than that at the smaller flowrate, especially near the hub surface. 

The reason is that the' boundary layers on the annulus surfaces are 

thinner at the larger flowrate. Generally speaking, the prediction 

gives reasonable accuracy. However, the boundary layer on the pipe 
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wall are not exactly calculated with the displacement influence from 

the flowmeter hub and the boundary layer on the surface in the 

present model. Also the boundary layer on the hub surface is assumed 

thin. so the model wouldn I t give very accurate answers at small 

flowrates. 

8.3.2 Feloc1ty P.tterns Ins1de the Flcw.eter Rotor 

The developed numerical model for the flow around the flowmeter 

blades is a two dimensional model, the predicted axial mean velocity 

is only changed by blade displacement in the two dimensional cascade 

flow on account of flow continuity. As mentioned before, the presented 

experimental results is the mean velocities between blades. Hence only 

the circumferential velocity profiles are compared here. 

The velocity triangle after the flowmeter rotor is as shown in 

fig.8.39, the absolute circumferential velocity is 

AV .wr -u tan" (8.15) 

Under ideal design conditions,i.e. uniform inlet velocity profile 

with frictionless flowmeter bearing and no inlet swirl. Av 1s zero. 

Then 

w tan" 
• (8.16) 

u r 

With the uniform inlet flow assumption, the designed blade angle " 

at radius r is 

tan15 tan15 0 
• (8.17) 

r ro 

where 15 0 is the blade angle in the reference section at radius roo 

Substituting equation(8.17) into (8.15). the circumferential 

velocity after the flowmeter rotor is 

Av • wr - ur tan15 o/ro 

(8.18) 

The circumferential velocity component is thus a function of the 

radius and the axial velocity component inside the rotor. 
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In ideal flows, when swirl exists in the inlet flow. because the 

inlet axial velocity profile is uniform. the Circumferential velocity 

profile is linearly distributed 1n the radial direction. 

In actual flows, the ideal design conditions are never completely 

satisfied. so circumferential velocity components always exist inside 

and after the flowmeter rotor. The flow near the pipe wall and the hub 

surface is slowed down. so the axial velocity profile is not uniform 

and the radial distribution of the circumferential component is be 

curved consequently. 

In the tested cases of the present experiment. the inlet axial 

velocity profile is not uniform and inlet swirl 1s present In several 

test cases. Also friction always exists' inside the flowmeter bearing 

and there is interaction between the rotor and the liquid, such as the 

leading edge separations and the boundary layers. Therefore the 

circumferential component profiles of them are expected to be 

different from equation(8.18). 

8.3.2.1 C.lcul.t1on of the C1rcumferent1.1 Velocity Component 

To predict the circumferential velocity • the inlet conditions are 

taken from the measured velocity profiles on the inlet section, so the 

non-uniform profile influence is included in the prediction. The 

measured rotor speed is also used in the determination of the in let 

condition. The rotor speed was affected by the bearing friction. so 

the bearing friction influence is indirectly considered as well. 

The flow inside the rotor 1s reduced to an intini te number of 

flows on cylindrical surfaces frOm the hub to the tip. On each radial 

section. the flow is two dimensional and the developed model can be 

applied to obtain the flow field. To get a complete flow field inside 

the rotor. the flow fields in a number of radial sections are 

predicted separately. 

Froll the measured inlet velocity and the flowmeter coefficjent, 

the inlet velocities and the angles relative to the coordinates fixed 

to the rotor can be obtained. In this chapter, comparisons of 

circumferential velocities in cases B, 0 and E are made. The relative 

inlet conditions at the radial' sections, on which the velOCity 

components are measured, are given in tables 8.7, 8.8 and 8.9. 



. 

147 

Table 8.7 Inlet Conditions of Case B 

Radial Station No: 1 2 3 4 5 6 7 8 

Measured Data 

Radius (mm) 28.82 30.85 34.18 37.50 40.16 42.82 45.48 47.28 
Slade Angle(deg.) 34.28 36.12 38.95 41.57 43.53 45.36 47.09 48.20 
Rotor Speed(rad/s) 6.06 6.06 6.06 6.06 6.06 6.06 6.06 6.06 
Axial Component(m/s) 1.39 1.45 1.50 1.51 1.47 1.42 1.35 1.31 
Cir. eomponent (m/s) 0.15 0.14 0.13 0.12 0.11 0.11 0.11 0.11 

Input Data for Numerical Prediction 

Flow Angle(deg) 34.33 35.52 38.11 40.93 44.11 47.01 50.29 52.25 
Inlet velocity (m/s) 1.69 1.78 1.90 2.00 2.04 2.08 2.11 2.14 

Table 8.8 Inlet Conditions of Case D 

Radial Station No: 

Measured Data 

Radius (mm) 
Slade Angle(deg.) 
Rotor Speed(rad/s) 
Axial Component (m/s) 
Cir. eomponent(m/s) 

1 2 3 4 5 6 7 8 

28.82 30.85 34.18 37.50 40.16 42.82 45.48 47.28 
34.28 36.12 38.95 41.57 43.53 45.36 47.09 48.20 

5.12 5.12 5.12 5.12 5.12 5.12 5.12 5.12 
1.39 1.43 1.48 1.49 1.48 1.44 1.37 1.31 

-0.12 -0.13 -0.12 -0.11 -0.10 -0.08 -0.08 -0.07 

tnput Data for Numerical Prediction 

Flow Angle (deg) 37.00 38.16 39.62 41.46 43.36 45.52 48.46 50.59 
Inlet velocity (m/s) 1.74 1.82 1.92 1.99 2.03 2.05 2.06 2.07 

Radial Station No: 

Measured Data 

Radius (mm) 
Blade Angle(deg.) 
Rotor Speed(rad/s) 
Axial Component(m/s) 
Cir. component (m/s) 

Table 8.9 Inlet Conditions of Case £ 

1 2 6 7 8 

28~82 30.85 34.18 37.50 40.16 42.82 45.48 47.28 
34.28 36.12 38.95 41.57 43.53 45.36 47.09 48.20 

4.74 4.74 4.74 4.74 4.74 4.74 4.74 4.74 
1.46 1.51 1.57 1.55 1.51 1.46 1.40 1.33 

-0.19 -0.21 -0.22 -0.20 -0.18 -0.15 -0.15 -0.13 

Input Data for Numerical Predietion 

Flow Angle(deg) 
Inlet velocity (m/a) 

35.77 36d 7S 38.17 40.26 42.36 44.29 47.02 49.23 
1.80 1.89 2.00 2.04 2.04 2.04 2.05 2.04 . 
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The procedure for the flow field prediction in each radial section 

is the same as that for the prediction of the lift and drag given in 

chapter 5. i.e. 

leading edge is modified 
without wake flow 

wake flow simulation with 
the modified leading edge 

leading edge remodification 
with the simulated wake flow 

Whether leading edge shape change 
is within the required accuracy? 

no 
yes 

Print out the predicted flow field 

8.3.2.2 Comparison 

The comparison of the circumferential velocity components In cases 

S, 0 and E are shown in figures 8.56 to 8.70. Generally speaking. The 

measured profiles are much flatter than the predi cted profiles. As 

predicted by equation(8.18), the circumferential velocity is large in 

the tip section, reduces to a minimum In the midspan area where the 

axial velocity is higher and increases again in the hub area where the 

axial velocity is slowed down by the boundary layer. The model also 

predicts the rapid circumferential velocl ty change after the blade 

trailing edge. 

In case D, the agreement between the predicted and measured 

profiles is quite good in most of the area and the trailing edge jump 

is also predicted as shown In fjgures 8.61 to 8.65. However, the 

agreement in case S is much worse than cases 0 and E. Several factors 
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could have contributed to this result. It can be seen from the inlet 

conditions given in tables 8.6 to 8.8 that the incidence angle in the 

tip area in case B is about 5 degrees but it is only 3 degrees in case 

D and 2 degrees in case E. Large incidence angle produces a large 

leading edge separation bubble. This could have contributed to the 

difference in case B. As concluded in 8.2.2, a small three dimensional 

flow may have developed in the leading edge area of the flowmeter 

rotor. This small three dimensional flow might have caused 

circumferential velocity redistribution In the rotor. On the other 

hand, the developed numerical model is only a potential model. Fluid 

viscosity effect is not considered in the simulation, but the 

viscosity could be strong in the boundary'layer areas. Additionally, 

the measurement uncertainties of the inlet conditions could have an 

influence on the compared results. 

8.3.3 Prediction of Fl~eter Perfor..ance 

Using the model presented in chapter 6, the performance of a 

turbine flowmeter can be predicted providing the inlet flow conditions 

are gi ven. The choi ce of the inlet section pos! tion for the tested 

flowmeter is based on the measured velocity profiles throughout the 

flowmeter rotor as described in paragraph 8.2.3. 

The panel model developed for inlet velocity profile prediction is 

only suitable for flows without inlet swirl. so the pure theoretical 

performance curve is obtained only for case A. Using the predicted 

velocity profiles. the predicted flowmeter performance curved is 

compared with the measured curve 1n fig.8.71. 

The flowmeter coefficients at the measured flowrates are also 

predicted using the measured inlet conditions. The predicted results 

are compared with the measured data in fjg.8.72. The flowmeter 

coefficients at those flowrates are given in the following table. 

Table 8.10 Flowmeter coefficient comparlson(Case A) 

Measured 
Data 

Ql 

1.741 

Q2 Q3 

1.833 1.857 

Q4 Q5 Q6 

1.866 1.886 1.881 
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Predicted 
Data 1.802 1.852 1.862 1.866 . 1. 872 1.871 

Absolute 
Difference 0.061 0.019 0.005 0.00 -0.014 -0.010 

Relative 
Difference 3.50 1.04 0.27 0.0 -0.75 -0.53 

(%) 

In the oth~r four cases, the flowmeter coefficients can only be 

predicted at those flowrates at which the inlet velocity profiles were 

measured as presented from table 8.2 to 8.8. The predicted performance 

curves are also compared with the measured data as shown in figures 

8.73 to 8.76. The differences in the predicted and measured flowmeter 

coefficients at the tested flowrates are given in following tables. 

Table 8.11 Flowmeter coefficient comparison(case B) 

Ql Q2 Q3 Q4 Q5 Q8 

Measured 
Data 1.983 2.021 2.020 2.022 2.031 2.022 

Predicted 
Data 2.018 2.067 2.041 2.051 2.058 2.036 

Absolute 
Difference 0.035 0.046 0.021 0.029 0.027 0.014 

Relative 
Difference 1.77 2.28 1.04 1.44 1.33 0.69 

(%) 

Table 8.12 Flowmeter coefficient comparison(c8se C) 

Ql Q2 Q3 Q4 Q5 Q6 

Measured 
Data 2.031 2.139 2.157 2.157 2.164 2.160 

Predicted 
Data 2.187 2.215 2.208 2.179 2.165 2.143 

Absolute 
Difference 0.156 0.076 0.051 0.022 0.001 -0.017 

Relative 
Dldderence 7.68 3.55 2.36 1.02 .0.05 -0.79 

(%) 
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Table 8.13 Flowmeter coefficient comparison(case D) 

Ql Q2 Q3 Q4 Q5 Q6 

Measured 
Data 1.588 1.681 1.694 1.713 1.714 1.713 

Predicted 
Data 1.684 1.725 1.742 1.749 1.756 1.753 

Absolute 
Difference 0.096 0.044 0.048 0.036 0.042 0.040 

Relative 
Difference 6.04 2.62 2.83 2.10 2.45 2.34 

(%) 

Table 8.14 Flowmeter coefficient comparison(ease E) 

Q1 Q2 Q3 Q4 Q5 Q6 

Measured 
Data 1.532 1.580 1.583 1.583 1.583 1.582 

Predicted 
Data 1.549 1.634 1.640 1.649 1.650 1.652 

Absolute 
Difference 0.017 0.054 0.057 0.062 0.067 0.070 

Relative 
Difference 1.11 3.42 3.60 3.92 4.23 4.42 

(%) 

It can be seen from the results that the predicted coefficients 

are quite accurate for the case without inlet swirl using the 

predicted inlet flow conditions. The difference here is below 1 

percent when the flowrate is bigger than lOm'/h, and large difference 

exists at small flowrates. At small flowrates, the flowmeter inlet 

axial velocity becomes more non-uniform and a larger incidence angle 

occurs 1n the hub and Up areas. Consequently a large leading edge 

separation occurs. Furthermore, the lubrication state inside the 

bearing changes to boundary state from the fully hydrauliC state at 

small flowrates. The linear mechanical friction ~hange assumed in this 

transition may have contributed to the difference. Also the predicted 

velocity profiles in the boundary layers, especially in the pipe wall 
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boundary layer, have limited accuracy at small flowrates. 

As to the predicted performance curves using the measured velocity 

profiles, case A shows the best agreement with the measured data 

among all the test cases. In case A, the predicted accuracy 1s w1thin 

1 percent from Q2 to Q6, this is in the linear operating range of the 

flowmeter. As explained in the inlet flow analysis. the swirl 

generator redistributes the flow at the front of the flowmeter, and 

the inlet velocity prof tIes are not as uniform as they are in case A. 

Consequently, the ditferences between the predicted and the measured 

data become bigger. In cases B, C and D, the absolute differences are 

almost of the same level. and the relative differences are small in 

case Band C and wi thin 3 percent from Q2 to Q6. The absol ute 

differences in case E are slightly increased in the linear range and 

the relative differences are below 4.23 percent. The non-uniform 

inlet velocity profile and the bearing friction are thought to be the 

main reasons for the differences between the compared results in 

cases B, C, D and E. 

In all cases. the agreement at small flowrates 1s poorer. Apart 

from the reasons of non-uniform inlet flow and bearing friction, it 

can be seen from the resul ts presented from table 8.1 to table 8.5 

that the relative errors of integrated flowrates in all five test 

cases at small flowrates are higher than that at large flowrates. 

These inlet velocity profile errors have surely contributed to the 

predicted performance. 
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CHAPTER 

NINE 

FINAL CONCWSIONS 

9.1 Introduct1on 

In this thesis, a vortex model is developed to simulate the flow 

fields around turbine flowmeter blades. In the model, a new method of 

applying the Kutta condition is introduced. To deal with the flow 

separations at the leading edge of the square shaped flowmeter blades, 

Lewis's blade design method is quite successfully applied to simulate 

the displacement effect of the leading edge separation bubbles. A 

numerical model is also developed to predict the performance of 

turbine flowmeters under various inlet conditions. An experimental 

study is conducted to investigate the flow fields throuihout the 

flowmeter rotor under different inlet tondi tions. The experimental 

results are also used to validate the developed numerical model. 

Some conclusions have already been drawn atter the results 

obtained in each chapter. In thJa chapter, general conclusions are 

given. including an assessment of the vortex model. the model tor 

flowmeter performance prediction and the experimental study. The 

tuture direction for theoretical and experimental work on turbine 

flowmeters are recommended. 
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9.2 Conclusions 

9.2.1 Flew Simulation 

--- Vortex model 

By using the newly introduced applying method of the Kutta 

condition, the flow around turbine flowmeter blades. whjch is unsteady 

dur ing the wake development. can be easily obtained avoiding long 

Herati ve cal cuI aUons. This method could be very useful for the 

simulation of unsteady flows between stator and rotor. This model is 

tested by applying it to a thin airfoil in steady flow at zero 

incidence without wake, the predicted pressure distribution agrees 

very well with the experimental data. It is also applied to the flows 

around oscillating airfoils. The simulated wake configurations show 

clear development of the wake flow. The predicted 11ft is compared 

with the experimental data as explained in chapter 4. 

--- Leading edge flow simulation 

The sharp leading edge has caused great difficulty in the 

accurate prediction of the flow around turbine flowmeter blades. 

Using the vortex model developed here, the leading edge flow 

separation and reattachment has been successfully simulated around 

both flat plates and the tested flowmeter blades as the results 

presented in chapter 5. The reattachment length of the separation 

bubble is found to depend on the leading edge shape and on the inlet 

flow incidence angle. In the simulation of the flows around the tested 

flowmeter blades, the simulated separation bubbles lengths show little 

variation with the blade geometrical Variations from the hub to the 

tip, but large variation with the flow incidence angle. The simulated 

reattachment length is in agreement with the characteristics of the 

leading edge flows classified by Ota et ale To calculate the influence 

of the leading edge separation on the 11ft and drag acting on the 

flowmeter blades, a new simple method is developed from the model 

proposed by Lewis for blade design using the constant static pressure 

boundary condition around the separation bubble. Using this model, the 

displacement effect of the leading edge separation bubble is quite 

accurately simulated for the flowmeter blades. 
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--- Lift and drag prediction 

Combining the wake simulation and the leading edge flow simulation 

models. the flow around turbine flowmeter blades can be calculated. In 

the calculations, the lift and drag characteristics of the flowmeter 

blades can be obtained. Generally speaking, the leading edge 

separation causes lift reduction and increased drag on the flowmeter 

blades. The change of the separation bubble with Reynolds number is 

included in the model by considering the shear flow outside the 

separation bubble. The resul ts gt ven In chapter S show that the 

separation bubbles are small and close to the blade surfaces due to 

the strong viscous effect for flows with small Reynolds numbers and 

they become larger when the Reynolds number is increased. The 

predicted shape of the separation bubbles Is changing with flow 

Reynolds number, though the reattachment length stays constant when 

Reb is over 200. The lift and drag tor the flows with Reb below 200 is 

obtained by linear interpolation from the obtained results. 

Flowmeter Perfor •• nce Pred1ct1on 

--- Inlet velocity profile 

The velocity prottles inside the annulus between the pipe wall and 

the hub surface change with Reynolds number and the hub geometry. For 

the tested flowmeter. when there is no swirl in the inlet flow. the 

inlet velocity profiles can be approximately predicted using the panel 

model presented in chapter 6. It can be seen from the inlet velocity 

comparison presented in chapter 8 that the panel model gives quite 

saUsfactory results. The agreement becomes better as the tlowrate 

increases. However, the boundary layer on the pi pe wall is not very 

accurately calculated with the presence ot the flowmeter. The boundary 

layer on the flowmeter hub surface 1s assumed thin. the prediction 

would not be very accurate at small Reynolds numbers. The developed 

panel method 1s only suitable for the cases without 1nlet swirl. 

--- Performance prediction 

The numerical model developed for flowmeter performance prediction 

1s quite successfully applied to the tested cases with or without 
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inlet swirl so long as the inlet velocity profile is known. 

In case A, a complete performance curve of the tested flowmeter is 

predicted and compared with the experimental results. Only one percent 

difference is present in the linear operating range. This agreement 

proves the accuracy of the prediction model. 

Using the performance prediction model, the performance changes 

with tip clearance are also predicted 1n case A. A performance curve 

shift 18 found by changing the tip clearance size. 

Using the measured inlet velocity profiles, the predicted 

flowmeter coefficients vary In the tested cases. In case B, C and D, 

relative accuracy is within 3.5 percent of the measured coefficients 

from flowrate Q2 to Q6, and within 4.23 percent in case E. Generally 

speaking, the predicting error increases as the flowrate becomes 

small. The following factors surely have contributed to this 

difference. 

(a) The boundary layers on the annul us surfaces. These make the 

flowmeter inlet veloci ty prof l1e non-uniform and cause large flow 

incidence angle in the boundary layer areas. Consequently, the leading 

edge separation bubble causes a reduction in lift force and an 

increase in drag. 

(b) Tip leakage flow. The tip leakage flow in the tip clearance 

distorts the pressure distribution in the tip area and then reduces 

the driving torque. 

(c) Bearing friction. At small flowrates, the pressurlsed flujd 

film inside the flowmeter bearing becomes very thin and the 

lubrication is in boundary state, the assumed linear change of the 

mechanical friction coefficient is only an approximation. 

(d) Lift coefficient. When flow Reb 1s below 200, the separation 

and reattachment flows become laminar separation and laminar 

reattachment, the reattachment length increases quickly as the 

Reynolds number decreases. The leading edge separation 1s then not 

accurately simulated and the interpolated blade characteristics must 

contain a certain level of errors. 

9.2.3 

From the measurement of the flow fields throughout the flowmeter 
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rotor. a clear understanding of the flow development inside the 

flowmeter is obtained and the results are also used to validate the 

numerical model. 

The pos i tion of the in] ct sect! on 1 s chosen to be that on whi ch 

the combined disturbance from both the flowmeter hub head and the 

flowmeter rotor is at its minimum. The measured velocity profiles on 

the inlet section are compared wi th the profiles predicted by the 

panel method in case A and are used for the flowmeter performance 

prediction in all the test cases at the tested flowrates. 

Throughout the flowmeter rotor. the interaction between the fluid 

and the flowmeter rotor could have caused a slight radiai flow. so 

that the axial veloel ty distributions are slightly different before 

and after the flowmeter rotor. Even so, the two dimensional assumption 

should be still quite accurate because the difference is quite small. 

The measured circumferential velocity profiles are much flatter 

compared with the predicted profiles. 

9.3 Future work 

-Vortex model 

The vortex model used 1n this research is an inv1scid potential 

flow model, both the vortex panels and the point vortices employed in 

this research work remain constant in both shape and vorticity after 

their shedding. As a matter of fact, they would decay In vorticity and 

change in shape in real flows due to Viscosity. The change 1n 

vortici ty and shape can be qui te important 1n the lift and drag 

simulations in some cases, so a vortex model with viscosJty 

consideration is required tor the higher accuracy of the predicted 

11ft and drag.· The introdUction of viscosity effect in the vortex 

model makes not only the predicted results more accurate at large 

flowrates, it also allow the developed model to be applied at small 

flowrates. 

--- Boundary layers 
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The boundary layer after the separation bubble on blade surface 

certainly increases the drag on the flowmeter blades, especially at 

small Reynolds numbers. To introduce the boundary layer on the blade 

surfaces. the difficulty is the accurate determination of the boundary 

layer parameters at the reattachment point. However, the inclusion of 

the boundary layers can improve the accuracy of the predicted blade 

lift and drag characteristics. 

---Inlet velocity profjle 

To obtain a turbine flowmeter performance curve using the 

performance prediction model, the inlet velocity profile is needed. In 

this research. a simple source ring model' is introduced to predict the 

inlet velocity profjles for flows without inlet swirl. Because 

turbine flowmeters may be applied in various situations with quite 

different inlet flow conditions. an inlet velocity predicting method 

for more general flow cond! tions is strongly suggested so that the 

flowmeter performance prediction model developed in this research can 

be extended to more general cases. 

--Tip clearance model 

It is clear that the tip clearance size directly influences the 

flowmeter performance. Because of the t1 p clearance, the pressure 

distribUtion on the rotor Up is distorted. The tip clearance model 

used in this research only considers the viscous resistance in the tip 

clearance. When the tip clearance is large. the change of lift caused 

by it would greatly effect the flowmeter performance. A more accurate 

tip clearance model is therefore necessary. 

-- Interaction between stator and rotor 

In many turbine flowmeters, there is an upstream stator. No doubt. 

this stator generates its influence on the meter performance. The 

direct interaction between the stator and the rotor and the 

interaction between the wake flow of the stator with the rotor exist. 

The development of the wake flow inside the rotor could be simulated 

using the wake model developed in this research. Consequently, its 

influence on the lift and drag could be obtained. The direct 

interaction between the stator and the rotor can be predicted by the 
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potential model presented in chapter 3. 

9.3.2 Experimental Invest18ation 

-- Leading edge flow 

Since the blade leading edge flow is very much dependent on the 

Reynolds number and has a great influence on the lift and the drag on 

the flowmeter blade. so it might contributes a lot to the nonlinearity 

of the flowmeter performance at small flowrates. Further investigation 

of the leading edge flow could help to improve the leading edge flow 

simulation. and hence the accuracy of the predicted 11ft and drag 

characteristics of the flowmeter blades at small flowrates. This may 

also help to improve the design of turbine flowmeters. 

--Trailing edge flow 

In the experiment. a jump in the circumferential velocity is 

detected at the blade trailing edge. Near the trailing edge. flow 

mixing must occur due to the separated flows t'rom both the upper 

surface and the lower surfaces. A good understanding of the trailing 

edge flow may help to design turbine flowmeters wHh good linearity 

and stability. 

---Upstream stator influence 

To examine the interaction between the rotor and stator. more 

accurate apparatuses are needed for measuring the instantaneous rotor 

speed corresponding to stator wake tlow. Then an optimised design of 

the upstream stator and a best choice of the distance between stator 

and rotor might be found.·· 
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FIC. 2.1 DISCRETIZATION OF TWO DIMENSIONAL CONTOUR 
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FIC.2.2 JlARTENSENS BASIC FLOWS 
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161 

~ --u .. 

FIG. 2.3 FLOW AT BLADE TRAILING EDGE 
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FIG. 2.4 KIYA ET AL SEPARATION MODEL 
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FIG. 2.5 AREA WEICHT SCHEME FOR VORTEX- IN-CELL METHOD 
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FIC. 3.1 POTENTIAL FLOW MODEL 
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FIG. 3.2 BLADE SURFACE ELEMENT CEOMETRY 
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FIC. 3.3 VELOCITY ON MOVINC BLADE SURFACE 
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FIC.3.4 VELOCITY ON OSCILLATINC BLADE SURFACE 
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Basic Flow a 

Basic Flow b 
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Basic Flow c 

Basic Flow d 
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FIG. 3.5 BASIC FLOWS 
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FIG 4.1 POTENTIAL FLOW SEPARATION weDEL 

FIG 4,2 R)TENTIAL SCHEME OF THE SEPARATED FLOW 
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FIG. 4.3 CUSP TRAILINC EDCE FLOW 

FIG. 4.4 BLUNT TRAILINC EDCE FLOW 
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1-- INITIAL VORTEX POSITION 

2-- ILLECAL VORTEX POSITION 

3--RELOCATED VORTEX POSITION 

REFLECTINC LA YER BOUND 

_T~1_ 13 _ 
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FIe. 4.7 VORTEX REFLACTION ON BLADE SURFACE 

SUBDIViDINC LA YER 

REFLECTINC LAYER 
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-- blade surface 

FIC. 4.8 VORTEX MOTION NEAR BLADE SURFACE 
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FIG. 4.9 WAKE VORTEX CONFICURA T/oN 

aO= 6SIN( 3.14t) 

FIC. 4.10 "AKE VORTEX CONFICURATION 

ace 6sin(6.2Sf) 
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Leading Edge 

Trailing Edge 

~~ 
~ 

FIG.S.1 FLOW AROUND A TURBINE FLOWMETER BLADE 

FIG.5.2 POTE/'{TIAL SCHEME OF THE FLOW AROUND A FLOWMETER BLADE 
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(a) Half Leading Edge Apex Angle(deg): 30.0 

J _" " , + 1 
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(b) Half Leading Edge Apex Angle(deg.): 60.0 

t ++ + . j 

(c) Half Leading Edge Apex Angle(deg.): 90.0 

FIG.5.3 SIMULATED FLAT PLATE LEADING EDGE SEPARATIONS 
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FIG.S.S SIMULATED LEADING EDGE FLOJYS AROUND FLOJYMETER BLADES 
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shear flow 

FIG.5.7 MODEL FOR THE SEPARATED LEADING EDGE FLOJY 
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(A) INCIDENCE A NCLE: -4 degree 

(8) INCIDENCE ANCLE: 8 degree 

FIC.5.15 SIMULATED WAKE CONFIGURATIONS FOR MIDSPAN BLADE 
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APPENDIX 

A 

DETERMINATION OF INFLUENCE COEFFICIENTS 

A.I Influence Coefficient. for. Point Vortex 

Considering a point vortex at position(x.y). the stream function 

due to this point vortex at an arbitrary point P(a.b) is 

r 
If' • --- In(d) (A.l.l) 

2 ." 

where d is the distance between point P and the pOint vortex. i.e. 

d. , (a-x)' + (b-x)' 

A.2 Influence Coeff1clent. for. Vortex P.nel 

As shown in fig.A.l. the kth vortex panel considered here is 

straight. It lies along the x coordinate axis and the midpoint is 

located at the origin point of the coordinate. The vortex intensity' 

along the panel is linearly distributed with intensity ~k and ~k+s at 

the kth and the (k+l )th node respectively. The' distribution can be 

written as 



N1=(1 - x/Lk)/2 

Nz=(l + x/Lk)/2 
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where Lk is the semilength of the kth panel. 

(A.2.1) 

(A.2.2) 

(A.2.3) 

The stream function induced by the panel at ith point P(a,b) is 

1 
1p a-

. L 
I Lk (N. ~k +N, ~k+l) tnldl dx 

- k 

- Ai,k,k*~k + Ai'k+l,k*~k+l 

where 

1 

Ai .k.k II: 

Lk Inldldx ILk Nt 
2" 

1 Lk 
Ai ,k+1,k ... IL Nz tnldldx 

- k 2" 

and 

Substituting formula(A.2.2) 

coefficient Ai,k,k Is 

into (A.2.5) , 

)In [ ~ (a-x)Z + b2 

1 
Lk 

I In[ (a-x)' + b'] dx .-
-Lk 

1 Lk 
I-Lk x In[Ca-x)' +b2J dx 

S"Lk 

1 1 
a- I. - I, 

S" S"Lk 

(A.2.4) 

(A.2.5) 

(A.2.6) 

the influence 

Jdx 

(A.2.7) 
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where 

2x(a-x) 
------------- dx 

L L a 2(x-a) 
;:: xln[ (a-x) Z +b Z ] I k - 21 k (1+ - -----

-Lk -Lk 2 (a-x)z+b2 
)dx 

( ~ )}ILk 
b -Lk 

(A.2.8) 

== 

1 
=a1 1 +-

2 

(A.2.9) 

substituting It and 12 into (A.2.7) • Al;k,k is 

1 
Ai k k- ---- [ (a+Lk)ln(d 1 ) -(a-Lk)ln(dz ) - 2Lk +b*J1] 

" 4." 

1 aZ-b2-LkZ ab 
[ (In(dt)-In(d z)) -a + ---- J1) (A.2.10) 

2Lk Lk 

where 

and 



a+Lk 
Jl= tan- 1 ( ) - tan- 1 

( 

Lk 
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a-Lk 
--) 

Ai.k+l.k is obtained in the same manner as Ai,k.k' It is 

1 
Ai k+l k= - [ (a+Lk)Rn(d.)-(a-Lk)Rn(dz ) - 2Lk +b*Jl] 

• • 471 

1 aZ-bZ-LkZ ab 
+--- ( (Rn(d.) -.fn(d 2 » -a + -- Jl) 

471 2Lk Lk 

(A.2.11) 

Expressions (or- the influence coefficients of a pane] at its own 

nodes are determined using limit processing techniques. 

At the node a=-Lk and b=O, the influence coefficients are 

(A.2.12) 

=- (A.2.13) 
4'11 

At the other node, a=Lk and b=O. the influence coefficients are 

Lk 
Ak+l,k.k= --- [1-2Rn( 2Lk)] 

471 
(A.2.14) 

(A.2.15) 

It can be seen from these formulae that the influence coefficients 

for a panel at an arbitary point depend only on their- r-elative 

position and the vorticity distribution on the panel. 

In calculations, vor-tex panels ar-e In ar-bitary post tions, so a 

coordinate transformation has to be done before the above influence 

coefficient (or-mulae can be used. For example to find the influence of 

the panel AD in fig.A.2, the coordinates XOY is transfered to X'O'Y' 

through a rotation and non-rotational movement. After the 

transformation, the position of the point P in the new coordinate 



system is 

a-(x-xcen)cOS9 +(Y-Ycen)sin9 

b--(x-xcen)sin9+(Y-Ycen)COS9 
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(A.2.16) 

(A.2.17) 

Here [xcen' Ycen] is the midpoint coordinates of the panel in XOV 

coordinate system. They are 

Xcen • (xa +xb)/2 

Ycen • (Ya +Yb)/2 

9 is the direction of the panel given ~y 

Yb - Ya 
tan(9) • -----

Xb - xa 

(A.2.18) 

(A.2.19) 

The vortex panel lies on the x' coordinate and the midpoint is at 

the origin of coordinate X'O'V'. In this new coordinate system, the 

coefficient formulae can be applied directly. 



k 

269 

Y 

k+l 

FIG A.1 LINEAR VORTEX PANEL 

y p 

FIG A.2 COORDINATE TRANSFORMATION' 

P(a,b) 

x 
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APPENDIX 

B 

DEPENDENCE BETWEEN THE BASIC FLOWS 

For the flow around a blade, the governing equations from the 

boundary condition are 

• RHSi .... N-l 

(B.l) 

Because the rank of the influence coefficient matrix Ki,j is N-l, 

only while one more equation is given, a unique solution to the flow 

can be obtained. In this calculation,the Kutta condition provides the 

extra equation. In the flow around two blades or cascades, the rank 

of the influence coefficient matrix becomes 2N-2 and the Kutta 

condition has to be applied to each blade or cascade. 

In order to obtain the solution to the flow around two blades or 

cascades, the homogeneous equations (B.l) are discussed first. The 

equations are 

2N 

2 Kj,j * ~j • 0 

j-l 

1-1,2", " 2N-2 (B.2) 

Because the rank of IKi,jl is 2N-2, equations (B.2) have an 
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infinite number of solutions. But all those solutions can be expressed 

as linear combinations of two independent solutions. Providing ~ia and 

~ib are two independent solutions to the homogenious equations (B.2). 

the solutions of this homogenlous equations can be expressed as 

(B.3) 

where kl and k2 are two constants. 
The solutiQn of the non-homogenious equations (B-1) can be 

written as 

(B.4) 

Where ~i 0 is a particular solution to the non-homogenious equations 

(B.1) . 
If ~11 and ~iz are two independent solutions of the corresponding 

non-homogeneous equations of equations (B.2) and 

Then 

"i I -

"i" • 

~jO _ ~j') 

~io - ~i') 

are the solutions of the homogeneous equations. 

(B.5) 

The solution of the non-homogeneous equations is written in the 

following form 

~i • ~ ~l. "n' ~n+t. ~'n. "' •..•• ~n-t. ~n+' •.••• ~'n-l~ 
(8.6) 

and 71°. ~it and ~i' are given solutions for basic flow a. band c 

respectively. These solutions are 

~i ° • ~ O. ~n (a). ~n+1 (a). O. ~,(a) •••• '~n-l (a) •. ~~u (a). 

~2n-l (a) J 

(B.7) 
~il. f O. ~n(b). O. ~2n(b). ~I(b)""'~n_l(b). ~n+2(b). 

~zn-t(b)~ 

(B.8) 

. ... 

. ... 
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)'j' .. i )'s(c), 0, "n+1(c), 0, )'3(C) ••••• )'n-'(c). )'n+'(C)' 

)'zn-l(C)t 

substituting )'l(a), "l(b) and "l(c) jnto (B.5) gives 

"j' .. "i o -)'i 1 

-)'1 (a) -"i (b) 

.. f 0, _)'n(a)-"n(b), )'n+l (a). -",n(b) •.••• 

and 

- "1 (a) -)' 1 ( c) 

(B.9) 

(B.I0) 

• i _",(c), "n(a), "n+l(a)-)'n+s(c), 0, ",(a)-)',(c) •... t 
(B.ll) 

.... 

It Is obvlous that "i' and )'i" are Independent of each other. so 

they can be used as "la and "lb 1n equation (B.4) to express other 

solutions of the non-homogenious equatlons. 

Therefore, substituting equation(B.10) and(B.ll) jnto equation 

(B. 4). the solutions to the non-homogeneous equation (B.1) can be 

written in the following form: 

"1 - "i(a) + kl' *"1' +k2' *"i" 

• "i(a) +kl' *C"l(a) - )'j(b» + k2' * ()'l(a) - "i(c» 

• kl* )'i Ca ) + k2* "l(b) + k3 *"l(C) 

It can be concluded that any solutions of the non-homogeneous 

equations of equation (B.2) can be expressed as linear combinations 

of any three solutions of the four defined basic flows. 
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APPENDIX 

c 

DIRECTION OF VORTEX LEAVING BLADE TRAILING EDGE 

The correct prediction of the position of the nascent vortex shed 

from the blade trailing edge is important because this position can 

effect the subsequent vortex shedding process. Hsu et al (1986) 

give a trailing edge flow model that determines the position. 

Consider an 1nf1n1 tes1mal control volume at the blade trailing 

edge as shown in fig.C.I and applying the momentum to it, this gives 

\ 1 • --=-a - J p V dv 
L at cv 

+ J' p(V d; ) v 
cs 

(C-l) 

here cv 1s the control volume and cs is the control volume surface. F 

1s the force acting on the control volume. 

In the limit as dx tends to zero 

F • 0 

v • 0 

Therefore, equation(C-l) becomes 



.. .. .. 
p(V ds) V cO 
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(C-2) 

Applying equation (C-2) to the control volume in the x and y 

directions, the direction at which fluid leaves the trailing edge is 

found to be 

tan($) - --------------- (C-S) 

From this equation. when VI equals zero, the flow direction after 

blade trailing edge is 

tan($) =-tan(<<) 

This means the flow leaves the trailing edge parallel to the blade 

upper surface. The similar result can be found when Uu is equal to 

zero, the leaving flow is in the direction parallel to the lower 

surface at the trailing edge. 

Applying continuity to the control volume, the velocity of the 

nascent vortex leaving the trailing edge is found to be 

(C-4) 
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f--0o4- --- _ 

FIG C 1 BLADE TRAILING FLOW MODEL 
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APPENDIX 

D 

LOA NEASUREHENT UNCERTAINTY 

0.1 Control Volume Po.1t1on(CVP) and Half Inter.ect1on Angle(HIA) 

As shown in fig.7.4. the two laser beams penetrate the perspex 

pipe and cross each other at a point inside the pipe after the front 

focusing lens. During the measurement., the crossing paint of the two 

~aser beams (also named the control volume) can be moved to any 

required position inside the test section by adjusting the platform 

on which the laser system is mounted. In circumferential velocity 

component measurements, a perspex matching box full of water is fitted 

around the perspex pipe to improve doppler signal quality. The laser 

beams then have to penetrate the box first then travel into the pipe. 

Following the laser beams from the front lens to the crossing 

point and applying the law at geometrical optics. the CVP (control 

volume position) and the HIA (half intersection angle between these 

two beams) can be obtained. The experimental configurations tor axial 

and circumferential velocity component measurements are shown in 

figures 0.1 and 0.2. 

To calculate the CVP and the HIA, laser beams, perspex pipe walls 

and matching box surfaces have to be represented by mathematicai 

equations. The relative positions of the test section and the LOA 

system are described in the coordinates shown in tig.O.l and tig.0.2 

tor axial and circumferential veloc! ty component measurements 
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respectively. These general equations are given below. 

laser beam one 

X-Xs y-Ys Z-Zs 
• • (0.1.1) 

p q r 

laser beam two 

--.. (D.1.2) 
u v w 

The parameters in the above equation are as the following 

direction vectors (p,q,r) and (u,v,w) 

starting positions (xs,y"z,) and (xa'Ya,za) 

In an ideal setting of the test section and the LOA system, the 

surface equations are 

pipe surface equations: 

X2+y2. R.z 

x2+y2. Rzz 

outer surface 

inner surface 

matching box surface equations: 

(D.1.3) 

(D.1.4) 

y, -Do· 0 (0.1.5) 

y -Di- 0 (D.1.6) 

While all those parameters are known, the CVP and the HIA can be 

calculated. 

In the experiments, because of the uncertainties in the LDA 

system, in the measurement system integration(such as the. measured HIA 

in air and the alignment between the laser system and test section) 

and in the test section production, a certain level of. uncertainty 

exist in both the CVP and the HIA. Consequently, uncertainty exists in 

the measured velocity components. 

According to error propagation theory[ Herschr(1985). 

Kighorn(1989)J. given a quantity Q is a function of variables 



and 
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... , the error in Q due to the errors in these variables is 

1 aQ 
OQ • oXi 

aXI 

Squaring the above equation gives 

N aQ 

1 2 OQ2 • ( OXl) 

n=l aXI 

Suppose the function Q is 

N 

Q= I I 
j-1 

(D.2.1) 

(D.2.2) 

(D.2.3) 

Then, the error in Q caused by the errors in its var1ables 1s 

N 

oQ' • 2 I I Xj) 'ox1' .(D.2.4) 

i-l j.ai 

the uncertainty of Q is , 

OQ 

-j 
N oXI 

2 ( )2 

Q 1-1 x1 
(D.2.lS) 

S1milarly, if 

N 

Q- 2 Xi (D.2.6) 

1-1 

The error ot Q is 

N 

OQ' '" 1 (OXl)' (D.2.7) 

1-1 

and the uncertainty is 
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6Q 1 ?'l (6Xl)2 - .. (0.2.8) 
Q . Q 

When the uncertainties of all the equation parameters are known. 

the uncertainty in the CVP and the HIA can be calculated by applying 

error propagation theory to the calculation of CVP and HIA. 
The uncertainties in the CVP and HIA are in two groups. i. e. 

systematic and random components. The systematic component arises from 

the errors in the determined positions of. the laser beams and the 

errors in the manufacture of the test section. These uncertainties can 

be either positive or negative. The random component comes from the 

misalignment between the laser system and the test section. The 

uncertainties in each laser beam caused by these alignment errors 

might have the same tendency. The errors due to the second group 

uncertainties are considered separately from the first group in this 

uncertainty analysis. Fig.0.3 shows a typical example ot the axial 

velocity measurement with misalignment. This misalignment only 

produces a very small influence on the HIA. but the control volume can 

move from point 0 to 0' and there is also some error in the measured 

velocity direction. To determine the uncertainties in the CVP and the 

HIA by the second group errors. several extreme misalignments are 

examined. The resulting maximum deviationsof the CVP and the HIA from 

their ideal setting value are taken as the possible uncertainties. 

The total uncertainties in the CVP and the HIA are the sum of the 

uncertainties in the two groups. 

D.3.1 Uncert.1ntie. in re.t Section Production 

The production uncertainties considered here are the reading 

errors of the machine tool used in its production. The possible 

reading error ot the used scale is O. 02mm and the uncertainty Is 

taken as 0.04mm for 95% confidence level. The uncertainties of the 
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pipe outer and inner diameters are O.04mm# i.e. 

6R,· O.04mm and OR, _ 0.04mm 

Another error whi ch can cause large uncertainty is the f1 tUng 

error of the matching box in the circumferential velocity measurement. 

The ideal box should have its surfaces parallel to the pipe axis as 

shown in fig.D.4. Because of the manufacture errors of the box and the 

pipe, the uncertainty in AB 1s 

(0.3.1) 

where A is the manufacturing tolerance between the fitting surfaces. 

The same uncertainties exist at both ends of the box. Due to these 

uncertainties# the box wall surface probably formed an angle with the 

pipe axis as shown by the dotted lines in fig.0.4. This angle is 

2 6 
(0.3.2) 

L 
where 

6 is the possible error at each box end, 0- 0.156 mm . 

L is the length of the box, L-150 mm 

Hence 

D.3.2 Uncert.1nty in the Ne •• ured RIA in Air 

As shown in fig.D.5, the HIA in air is measured using a very 

sensitive light power detector. There is a small pinhole ot O.lmm 

diameter at the head of the detector. This head 1s mounted on a track 

and can be adjusted in all directions. The centre of each laser beam 

is decided according to the maximum light intensity detected by a 

sensor behind the pinhole. The distance between the two laser beams is 

measured twice at two different stations as shown in fig.D.6. Among 

these two measurements, the crossing point of the two laser beams is 

chosen as one of them. The HIA of the two laser beams in air i8 

tan (e) -
AB 

2L 
(0.3.3) 
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The readings from the twice measurements are: 

AB- 59.05 * 0.1 mm 

L= 260 * 0.5 mm 

The calculated HIA and its uncertainty are 

9=6.478624 * 0.0167 0 

D.J.3 Uncert.1nt1es 1n A11snments 

D.3.3.1 Axial misalignment 

---- Axial measurement 

Fig.D.7 shows the possible axial misalignment between the LDA 

system and the test section in axial velocity measurements. In an 

ideal setting, the bisection line of the two laser beams should be 

perpendicular to the pipe axis. The alignment is achieved by adjusting 

the laser system until the reflected laser beams from the pipe surface 

form symmetric images on a reflection device fixed in the front of the 

front lens. Because of the blurred diameters of the reflected laser 

beam images, errors could occur in the determination of their central 

'posi tions. The uncertainties in the determined central positions are 

"half, the image diameter and one diameter error is taken for 95% 

confidence level. The diameter ot the used laser' beam is 1.3mm at an 

intensity of lIe'. 

In fig.D.7. C is the ideal image position of the reflected laser 

beam from point A, so 

AB • BC (D.3.4) 

Due to the possible misalignment, the determined image position 

might be at ct. The distance between point C and point C' is one laser 

image diameter. As shown in rug.D.7, 6 is given by 

6 • L[ tan(9+269axiz)-tan(9)] (0.3.5) 

In the alignment, L is 220mm and 6 is 1.3mm. 

Hence the uncertainty in the angle is 

69axiz ., 0.167 0 
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----~Circumferential measurement 

Fig.D.S shows the possible axial misalignment between the laser 

system and the test section in circumferential velocity measurements. 

Ideally, the plane formed by the two laser beams should be 

perpendicular to the test section. The alignment is adjusted to allow 

the reflected beams in the same plane as the incident beams on the 

reflection device. The uncertainties are also caused in the 

determination ,of the central pos! tions of the reflected laser beam 

images on the reflection device. Because of the uncertainty, the laser 

beams probably have a small angle with the y axis as shown in fig.D.S. 

This angle is 

6 

tan(69cirz) - --- (0.3.6) 
2L 

In the alignment, L- 220 mm and 6· 1.3mm, then 

69clrz • 0.169 0 

---- Axial measurement 

The angular uncertainty is the possible errors between the laser 

system and the test section in the pipe tangential direction. In the 

axial velocity measurements, this error can cause the two laser beams 

and the pipe axis In different horizontal planes as shown in fig.D.9. 

Due to the error ~axix' an incident angle exists at the 

reflection point on the pipe surface and the laser beams are not 

reflected back in the same horizontal plane as their incident beams. 

The incident angle is 

and 

~ax1x 
lin(69). ----

6 

tan(26 9axix) ---­
L 

(0.3.7) 

(0.3.8) 

In the alignment, L- 220 mm, 6 - 1.3 mm and RI- 62.23 mm. So 



283 

~axix • 0.184 mm 

----Circumferential measurement 

In circumferential velocity measurements. the angular alignment 

between the pipe and the laser system is adjusted without the matching 

box. The alignment is achieved by moving the laser system to make the 

reflected laser beams producing symmetric reflected images on the 

reflection plane. As shown in fig.D.IO. the ideal image of the laser 

beam one is at point C. the possible image of the beam is point C' due 

to the misalignment ~cirx' Therefore 

and 

~cirx 
(D.3.9) 

o = CC' - L [tan(e) -tan(e-20 ecirx)] + ~xcirx (D.3.10) 

In the alignment. L is 220 mm and 0 is 1.3 mm.' so 

oecirx·O,147° 

~cirx • 0.160 mm 

After this alignment is finished, the matching box is fitted on. 

Its position is adjusted as shown in fig.D.11. The angular uncertainty 

of the, front surface of the box is 

tab(e+2 oecirb) -tan(e) • OIL (0.3.11) 

o is equal to the diameter of the bl urred laser beam image of 

1.3mm and L is 220mm. so 

All those uncertainties analysed above contribute to the 

uncertainties in the CVP and the HIA. The input parameters and their 

uncertainties are summarised here. 
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The direction parameters and their uncertainties are 

p=O op-oeaxiz 
q--cose oq=oe*sine 

r--sine or-oe*cose 

u .. O ou=oeaxiz 
v=-cose ov=Oe*sine 

w=sin9 ow-oe*cos9 

In the measurements, the laser platform 1s moved to the required 

position relating to a reference position crossed by three reference 

planes. In the x direction, the reference, plane is the horizontal 

plane wi th the pipe axis. The position is determined as the angular 

alignment between the laser system and the pipe in axial velocity 

measurements. The reference plane in the y direction is the vertical 

plane tangential to the inner surface of the pipe wall. By moving the 

control volume across the inner surface of the pipe in y direction on 

the x reference plane, the inner seuface of the,pipe wall is found 

when the PM output reachs its maximum value. The reference plane in z 

direction is chosen at a cross section of the step edge on the perspex 

pipe. When the control volume is moving cross the step edge in z 

direction, a large PM output can be detected. Those three planes 

together determine the reference point. 

'The position of the reference plane in x direction is determined 

according to the reflected images as the angular alignment for axial 

velocity measurements. So the uncertainty in the x coordinate of the 

reference position is oXaxix1 i.e. oXr = 6Xaxix' 

The determination of the reference point 1n y and z directions is 

based on the PM output and the output is dependent on the central 

position of the control volume. The maximum output can be only found 

when the central section of the control volume is on the reference 

planes. The dimension of the control volume(Herschy, 1985) is 

>.Jf 1 
Ie • (D.4.1) 

"De- 2 sin9 

>"r 1 

de • (D.4.2) 
"De-2 cose 
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De-, is the beam diameter at an intens! ty of lIe' and If is the 

focal length of the front lens. In the used laser system. lc is O.97mm 

and dc is O.l2mm. 

Because only when the central cross section of the control volume 

is focused on the reference plane, the maximum scattered signal can 

be obtained from the PM output, so the uncertainties of the control 

volume position are half dimensions of the control volume. The 

uncertainties of the reference position are 

OYr .. O.48mm 

6Zr - O.06mm 

After the reference point is determined, the control volume is 

moved to the required pos! tion by adjusting the platform in three 

directions. The uncertainties of each platform setting are 

ox'- O.lmm 

OY'C O.lmm 

oz'- O.lmm 

And the total uncertainties of every setting are 

Ox 1 -O.21mm 

6y1 cO.49mm 

OZl~O.lmm 

6xa=O.21mm 

OYa-O.49mm 

oZa-O. 1mm 

The direction parameters and their errors are 

PI --sin9 OPlcOS*cosS 
qs--cosS oqs-09*sins 

rl-O. 6r l -09cirz 

ua- sins 6Ua-09*COSS 

va--coss 6Va-69*sin9 

wa-O 6Wa-69cirz 

The uncertainties of laser platform setting are 

6x l-O.21mm 

6YI-O.49mm 



6z 1 ",0.lmm 

6xa c O.21mm 

6Ya",0.49mm 

6Za '"'O.lmm 
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The uncertainty of the lIatching box comes from the manufacture 

uncertainties 69b in axial direction and the angular uncertainties of 

its setting. The actual equation would be 

Ax + By +Cz + D=O 

The parameters in the above equation and their uncertainties are 

A- BtanO:cirb 

B·l/~ 1.+tanZO: cirb +tan269b 

C- BtanO:b 

The input parameters and their uncertainties are 

Ao·O 6Ao·6.6xlO-3 

Bo·l 6Bo"'4.46X10-4 

Co·O 6Coc 2.7xlO-3 

Do-77.38.mm 

Ai·O 

Bi-l. 

CiaO 

Di- 75 mm 

6Do·O.2mm 

6Ai-6.6Xl0-3 

6Bj"'4.46Xl0-4 

6Cj"'2.7XIO-3 

6Dj-O.2mm 

The uncertainties of the pipe radii are 

R, -62.23mm 

R, -50.8 mm 

6R, • O.04mm 

Aft, - 0.04mm 

Using the uncertainties of those parameters, the uncertainties in 

the CVP and the HIA can be calculated, the result is presented in 

chapter 7. 
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D.' Uncertainties of DOppler Signals 

The uncertainties of the obtained doppler signals depend on the 

nature of the used fluid. the used laser light and the signal 

processing system. Actually. the signal processing system contributes 

almost all the doppler signal uncertainty. The standard deviation of 

the transit time of the PM is only 0.6ns according to manufacturer's 

specification(THORN EMI 1986), so the uncertainty due to the PM is 

ignored here. The main uncertainties of the signal processing system 

are: 

(1 ) Of s: frequency shift modulators. 

(2) Of,: spectrum analyser. 

(3 ) of 3: ADC. 

(l) Of 1 - After the laser beams pass through the bragg cell, a 
\ "\ 

different shifted frequency is presented to each of them. 

The 40MHz nominal modulator has an output of: 

fl • 39.99457 * 1.999 xl0-4 MHz (0.5.1) 

The 37.6MHz nominal modulator has an output of: 

" f2· 27.59848 * 1.879 xl0-4 MHz (0.5.2) 

The, difference between them is 

fs • f 1 -f, (0.5.3) 

The uncertainty of the frequency difference is 

(D.5.4) 

(2) Of, ---The uncertainty of the spectrum analyser comes from 

the errors of the central frequency pOSition setting, the scan width 

accuracy(SWA). the long term drift (LTD) and the temperature 

drift(TD). Their uncertainties are 

CFP at 0 to 11 MHz 

SWA at O.OSMHz/Div 

LTD 

TD 

0.005MHz 

0.010 MHz 

0.lxlO-3 MHz/IOmin 

0.2xl0-3MHz /C 

To reduce the long term shaft. the central frequency 1s checked in 

every two hours, the LTD uncertainty is 1.2xlO-3 MHz. 
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The maximum temperature difference 

analysis during one day testing is So. 

temperature shaft TO is 1.6xI0-3 MHz. 

surrounding the spectrum 

The uncertainty of the 

Then the SA total uncertainty is 

(D.5.5) 

(3) Of, ~ A ramp function from 0 to 8 VDC resolves the whole 

screen of the SA. Any signal inside the SA frequency definition is 

converted into a voltage digital signal through an ADC. The 

uncertainty of the output voltage is 

OV • 2.x S/256 - 0.0625 (volts) (0.5.6) 

On SA front panel, the central frequency is set at 2.4MHz and the 

S~n width is always set at 0.05MHz/div for circumferential velocity 

measurements. The relation between the doppler frequency and the 

output voltage for circumferential velocity measurements is 

fd (MHz) • 0.05V +2.2 (D.5.7) 

So the doppler frequency uncertainty due to the ADC is 

Of, • 3.125xlO-' MHz. 

The total uncertainty of the doppler signal is 

Scan width is set at O.lMHz/div for axial velocity measurements. 

The relation between the doppler frequency and the output voltage is 

fd (MHz) • O.IV +2 (D.5.S) 

and the total uncertainty of the doppler signal is 
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1'ocal Leo!' 

FIG. D.7 AXIAL MISALIGNIIENT (axial measurement) 
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FIG. D.B AXIAL MISALIGNIIENT (circumferential measurement) 
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FIe. D.ff MATCHING BOX MISALICNMENT 


