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Summary. In previous work [TOMS, 2004, 30(3), 266—299], we used Markowitz-
like heuristics aiming to find elimination sequences that minimise the number of
floating-point operations (flops) for vertex elimination Jacobian code. We also used
the depth-first traversal algorithm to reorder the statements of the Jacobian code
with the aim of reducing the number of memory accesses. In this work, we study the
effects of reducing flops or memory accesses within the vertex elimination algorithm
for Jacobian calculation. On RISC processors, we observed that for data residing in
registers, the number of flops gives a good estimate of the execution time, while for
out-of-register data, the execution time is dominated by the time for memory access
operations. We also present a statement reordering scheme based on a greedy-list
scheduling algorithm using ranking functions. This statement reordering will enable
us to trade-off the exploitation of the instruction level parallelism of such processors
with the reduction in memory accesses.

Key words: vertex elimination, Jacobian accumulation, performance analy-
sis, statement reordering, greedy-list scheduling algorithms

1.1 Introduction

Many scientific applications require the first derivatives (at least) of a func-
tion f : x € R" — y € R™ represented by computer code. This can be
obtained using automatic differentiation (AD)[1, 2]. We assume the function
code has no loops or branches; alternatively, our work applies to basic blocks of
more complicated code. From the program, we build up the data dependence
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graph (DDG), or computational graph, of the function f as a Directed Acyclic
Graph (dag) G=(V, E), with vertex-set V' and edge-set E. A vertex v; rep-
resents a floating-point assignment of the original code; an edge (v;,v;) € E
represents the data dependence relationship v; < v; meaning v; appears on
the right hand side of the assignment that computes v;. Logically, E' and the
relation < are the same. Code may contain overwrites of variables; we assume
these removed by converting to Static Single Assignment form [3], so that
a variable may be identified with the statement that computes it. We have
|V|=n+p+m=N where n,p,m are respectively the number of independent,
intermediate and dependent vertices. We ‘linearise’ G by labelling its edges
with local partial derivatives. Finally, we eliminate, in some order termed the
elimination sequence, all intermediate vertices so that G is rendered bipartite.
This process, the vertex elimination approach, can be found in [2, 4, 5, 6].

As shown in [2, 4], the linearised graph G can be viewed as an N x N sparse
lower triangular matrix C=(c;;) and C—Iy is called the extended Jacobian.
The Jacobian J can be obtained by solving a sparse, triangular linear system
with coefficient matrix C—Ix using some form of Gaussian elimination.

Since p, the number of intermediate vertices, tends to be large even in
medium-sized applications, the performance of the vertex elimination algo-
rithm can be degraded by fill-in. The floating point operations (flops) per-
formed, and the fill-in, are determined by the elimination sequence. The ques-
tion one would ideally like to answer is “Which elimination sequence gives the
fastest code on a particular platform?”. As a platform-independent approxi-
mation to this problem one may ask “Which elimination sequence minimises
fill-in [respectively flop-count]?”. For a sparse symmetric positive definite sys-
tem of linear equations, the fill-in problem is NP-complete [7] and it is sus-
pected the same holds for our problem. Therefore, in practice a near-optimal
sequence must be found by some heuristic algorithm. Our premiss is that such
sequences allow us to generate faster Jacobian code.

Goedecker and Hoisie [8] report that performance of numerically intensive
codes on many processors is a low percentage of nominal peak performance.
There is a gap between CPU performance growth (around 55% per year) and
memory performance growth (about 7% per year) [9].

To enhance performance, it would appear crucial to keep the memory
traffic low. In this paper, we study two aspects of the vertex elimination al-
gorithm. First, we study how the number of floating point operations in the
Jacobian code relates to its performance on various platforms. Second, we
study how reordering the statements of the Jacobian code affects memory
accesses and register usage. For these purposes, we generated Jacobian codes
using Markowitz-like strategies and statement reordering and inspected the
assembler from different processors and compilers. We studied how the exe-
cution time is affected by the number of flops, and amount of memory traffic
(loads and stores). We observed:
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e A reordering of the Jacobian code’s statements can improve its perfor-
mance by a significant percentage when this reduces the memory traffic.

e For in-register data, the execution time is dominated by the number of
floating point operations and a reduction of floating point operations gave
further performance improvement.

e For out-of-register data, the execution time is dominated by the number
of load and store operations and a reordering that reduced these memory
access operations enhances Jacobian code performance.

Similar behaviour is found in performance analysis of other numerical codes,
see for example [8]. This paper presents the argument in the context of se-
mantic augmentation of numerical codes as is carried out in AD of computer
programs. We also describe planned work to improve performance of Jaco-
bian code, produced by vertex elimination, by reordering the statements using
standard instruction scheduling algorithms.

1.2 Heuristics

Solving large linear systems by Gaussian elimination can be prohibitive due to
the amount of fill-in. As said above, heuristic approximate solutions are used
to the NP-complete problem of finding an elimination ordering to minimise
fill-in. Over the past four decades several heuristics aimed at producing low-
fill orderings have been investigated. These algorithms have the desired effects
of reducing work as well. The most widely used are nested dissection [10, 11]
and minimum degree: the latter, originating with the Markowitz method [12],
is for example studied in [13].

Nested dissection, first proposed in [11], is a recursive algorithm which
starts by finding a balanced separator. A balanced separator is a set of ver-
tices that when removed partition the graph into two or more components,
each composed of vertices whose elimination does not create fill-in in any of
the other components. Then the vertices of each component are ordered, fol-
lowed by the vertices in the separator. Unlike nested dissection that examines
the entire graph before reordering it, the minimum degree or Markowitz-like
algorithms tend to perform local optimisations. At each elimination step, such
a method selects a vertex with minimum cost or degree, eliminates it and looks
for the next vertex with the smallest cost in the new graph.

As described in [4, 14], we built up the linearised computational graph in
the following two ways:

1. Statement Level (SL) in which local derivatives are computed for each
statement, no matter how complex its right-hand side.

2. Code List (CL) in which local derivatives are computed for each statement
after the code has first been rewritten so that each statement performs a
single unary or binary operation.

Then, we applied the following heuristics [4, 5] to the resulting graphs:
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Forward (F): where intermediate vertices are eliminated in forward order.
Reverse (R): where intermediate vertices are eliminated in reverse order.
Markowitz (M): at each elimination stage a vertex v; of smallest Markowitz
cost is eliminated. This cost is defined as the product of the number of
predecessors of v; times the number of its successors in the current, partly
eliminated, graph .

e VLR (V): as Markowitz but using the VLR cost function defined by

VLR (v;) = mark(v;)—bias(v;),

with bias(v;) a fixed value for vj, namely the product of the number of
independent vertices and the number of dependent vertices that v; is con-
nected to.

e Any of the above with Pre-elimination (P): vertices with single successor
are eliminated first and then one of Forward, Reverse, Markowitz or VLR
order is applied to those remaining.

We also used a Depth-First Traversal (DFT) algorithm [14] to reorder state-
ments of the obtained Jacobian code, without altering dependencies between
statements, in the hope of further performance improvement.

1.3 Performance Analysis

We consider two of the test problems reported in [4]: the Human Heart
Dipole (HHD) from the Minpack 2 test suite [15] and the Roe flux cal-
culation (ROE) [16]. These routines were differentiated using the AD tool
ELIAD [4, 14] using the heuristics listed in Section 1.2. All the Jacobian
codes were compiled on different platforms with maximum optimisation level,
and run for a number of times carefully calculated for each platform [4].

To assess the performance of the ELIAD generated Jacobians, we studied
the assembler from different platforms, counting the number of loads, stores
and flops (‘L’, ‘S’ and ‘Flops’ in the tables) after compiler’s optimisations.

Table 1.1 shows the results of our study from the SUN Ultra 10 processor
with 440 MHz, 32 KB L1 cache, 2 MB L2 cache, and using the Workshop
90 6.0 Compiler. The observed time Obs-Time is the CPU time obtained by
averaging a certain number of evaluations and runs, see [4] for details.

Table 1.2 shows some runtime predictions using a very simple model ap-
proximating the runtime via the memory access count and the flops count.
This approximate model estimates the following quantities: T, the time taken
by the floating point operations

Flops

Tr x cycle time x latency (1.1)

- flops rate

and Ty, the time taken by memory access operations
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Table 1.1. Performance data for the HHD and the Roe flux test cases on the UltralQ
platform, Obs-Time in us

HHD ROE
Technique Obs-Time Flops L+4S| Obs-Time Flops L+S
SL-F 0.77 150 179 11.38 1732 2489
SL-R 0.79 148 188 7.26 1432 1600
CL-F 0.73 150 184 16.57 1843 3406
CL-R 0.80 148 201 6.98 1496 1655
SL-P-F 0.83 172 205 6.64 1580 1718
SL-P-R 0.73 172 182 6.11 1382 1626
CL-P-F 0.72 150 174 6.24 1580 1662
CL-P-R 0.71 148 182 5.81 1382 1609
SL-P-F-DFT 0.78 168 214 7.49 1584 1855
SL-P-R-DFT 0.66 164 180 5.73 1382 1466
CL-P-F-DFT 0.80 168 200 7.42 1587 1923
CL-P-R-DFT 0.66 164 167 5.84 1387 1305
SL-P-M 0.69 150 181 6.91 1524 1803
SL-P-M 0.83 168 214 5.71 1365 1507
CL-P-V 0.69 150 181 7.40 1524 1824
CL-P-V 0.83 168 214 6.17 1364 1503
SL-P-M-DFT 0.73 150 184 8.03 1529 1958
SL-P-V-DFT 0.80 168 200 6.19 1366 1375
CL-P-M-DFT 0.73 150 184 7.58 1532 1945
CL-P-V-DFT 0.80 168 200 5.59 1369 1362
Ty = (L +8) x cycle time x latency. (1.2)

memory access rate

The Ultra 10 processor can perform up to 2 flops per cycle (its flops rate is
2) with a latency of 3 cycles and 1 load or 1 store (its memory access rate is
1) with a latency of 2 cycles, and uses in-order execution [8] of instructions.
In Table 1.2, we represent the performance measures for a sample of meth-
ods shown in Table 1.1. The column ‘Nom. flops’ is the nominal flops count
obtained from the source text. This table illustrates the following observations:

e A small reduction of flops count does not necessarily imply a reduction of
the actual runtime Obs-time.
T tends to be a better estimate of Obs-time than is Tr.
The statement reordering improved performance when it reduced the num-
ber of memory accesses.

These results have led us to believe that the runtime is more correlated
with the memory accesses (loads and stores) than with the flops count. To
further investigate this, we performed a linear regression analysis using the
regress function of MATLAB’s statistics toolbox [17]. For both test cases in
Table 1.1, we form the linear model:

T=aX+b+e (1.3)
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Table 1.2. A sample of methods applied to Roe flux on the Ultra 10 (timings in

1s)
Technique Nom. flops Flops L+S Tr Tum Obs-time
SL-P-V-DFT 1462 1366 1375 4.65 6.26 6.19
CL-P-V-DFT 1578 1369 1362 4.68 6.20 5.59
CL-P-F 1742 1580 1662 5.40 7.56 6.24
CL-P-F-DFT 1742 1587 1923 5.40 8.74 7.42
SL-P-R 1505 1382 1626 4.71 7.40 6.11
SL-P-R-DFT 1505 1382 1466 4.71 6.66 5.73

in which X represents the vector of flops or memory accesses (loads + stores),
b a constant vector, € a residual vector and a a vector of parameters. Ta-
ble 1.3 shows the ‘explained variability’ that is one of the statistics returned
by regress, and the norm of the residual € from the regression.

Table 1.3. MATLAB’s regress results of the regression analysis of data of Table 1.1

Model variability  ||e]|2
T = a1Flops + b1 + €1 0.87 8.7
T = az(L+S) + by + €2 0.99 3.2

The flops explain about 87% of the variability in the observed time T,
whereas the loads and stores explain about 99%. Furthermore, the (loads
and stores) model has a better residual compared to the flops model. It is
important to reduce the flops count in numerical calculations but it is even
more crucial to minimise memory traffic. These experiments suggest consid-
eration of code reordering techniques, data structures, and other optimisation
techniques that reduce the amount of memory accesses if we aim to generate
efficient derivative code even for medium-sized applications.

1.4 A Statement Reordering Scheme

In [4, 14], we used a Statement Reordering Algorithm (SRA) based on G’, the
DDG of the statements of the derivative code. By depth first traversal, for
each statement s it tries to place the statements on which s depends, close to
s. It was hoped this would speed up the code by letting the compiler perform
better register usage since, in our test cases, cache misses were shown not
to be a problem [14]. The benefits were inconsistent, probably because this
does not account for the instruction level parallelism of modern cache-based
machines and the latencies of certain instructions.

In this work, we plan to encourage the compiler to exploit instruction level
parallelism and use registers better, by a SRA that gives priority to certain
statements via a ranking function. The compiler’s instruction scheduling and
register allocation work on a dependency graph G” whose vertices are machine
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code instructions. We have no knowledge of G”, so we work on the DDG G’ on
the premiss that our ‘preliminary’ optimisation will help the compiler generate
optimised machine code. In the next sections, we shall use the instruction
scheduling approach used in for instance [18], and the ranking function ideas
of [19, 20, 21, 22] on a simple virtual processor.

1.4.1 The Processor Model

We consider the following simple model of a superscalar machine, similar to
that of [23]. It has an unlimited number of floating-point (and other) ‘regis-
ters’. It has one pipelined functional unit (FU) that can perform any scalar
assignment-statement in our code, however complicated, in 2 clock cycles, in-
cluding loading any number of operands from registers, computing, and storing
the result in a register. An assignment-statement that does no processing (a
simple copy) is assumed to take 1 cycle. A statement can be issued to the
FU at each cycle, however data dependencies may ‘stall’ it: e.g. if the code
c=axb; d=a+c is begun at time ¢ = 0 , we cannot issue the second statement
at t = 1 because c is not yet available.

We develop an algorithm that, within this model, tries to remove stalling
by re-ordering code statements. Coarse-grained though the model is, we hope
it imitates enough relevant behaviour of current superscalar architectures, to
produce re-orderings that give speedup in practice.

1.4.2 The Derivative Code and its Evaluation

Since the original code was assumed branch- and loop-free the same is true
of the derivative code. It includes original statements v; of f’s code as well
as statements to compute the local derivatives ¢;; that are the nonzeros of
the extended Jacobian C before elimination. But the bulk of it is elimination
statements. As originally defined in [6], these take the basic forms ¢;; = cicy;j
or ¢;; = ¢j + ke, and typically a ¢;; position is ‘hit’ (updated) more
than once, needing non-trivial renaming of variables to put it into the needed
single-assignment form.

Though not strictly necessary, we assume the VE process has been rewrit-
ten in ‘one hit’ form, e.g. by the inner product approach of [24]. That is, that
each ¢;; occurring in it is given its final value in a single statement, of the form
either ¢;; := c?j + > rek CikCrj if updating an original elementary derivative,
or ¢jj 1= ZkeK cikcr; if creating fill-in. Here K is a set of indices that depends
on 4, j and on the elimination order used, and ¢). stands for an expression that
computes the elementary derivative, Ov;/0v;. The result is that the derivative
code is automatically in single-assignment form.

Its graph G’ = (V', <) — where V' is the set of statements and <’ the
data dependence relationship — is a dag. A schedule m for G’ assigns to each
statement (denoted s in this section) a start-time in clock-cycle units, respect-
ing data dependencies subject to the constraints of our processor model. It is
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a one-to-one (as the FU only does one statement at a time) mapping of V' to
the integers {0,1,2,---}. Write ¢(s) for the execution time of s (1 or 2 in our
model). Then to respect dependencies it is necessary and sufficient that:

s1 < s2 = m(s1)+t(s1) < m(s2). (1.4)
for s; and sy in V'. The completion time of 7 is

T(m) = grée‘x/)g{ﬂ(s) +t(s)}. (1.5)

Our aim is to find 7 to minimise the quantity T'(m) subject to (1.4). This
optimisation problem is NP-hard [18, 25].

1.4.3 The DDG of the derivative code

The classical way of constructing the derivative code’s DDG would be to

parse the code, build up an abstract representation and deduce the depen-

dences between all statements, see for instance [26, 25]. Since derivative code

is generated from function-code, its DDG can be constructed more easily by

using data that is available during code generation. We omit details here.
Consider the code fragment of Fig. 1.1. A code fragment

Fig. 1.1. Tts computational graph is

V-1 =721
represented by the dag G on the left vo = o
of Fig. 1.2, with, on the mg'htZ the v = sin(vo)
extra edges produced on eliminat- Vs =1 —V_1
ing the intermediates v; and wvs in vy = V103
that order. vs =01

Fig. 1.2. Graph augmentation process: eliminated vertices are kept and fill-in is
represented by dashed arrows

®4
c41
1
C3,—1
0
(a) Original computational graph (b) Augmented computational graph

The left of Figure 1.3 shows derivative code from Figure 1.1, with a some-
what arbitrary order of the statements respecting dependencies. Note one
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Fig. 1.3. The data dependence graph G’ of the derivative code from the original
dag G on the left of Fig. 1.2

1: V-1 =1
2: vy = X2 3
3: C21 = 1
4: C2,—1 = —1
5: w1 =sin(wvo)
6: c10 = cos(vo) 9
T v =01 — V1
8 car = 1/(2y/01)
9: w3 =v_1v2 .0
10: C32 = V-1
11: vq = /v 1
12: C20 = C21C10
13: ¢3,-1 = v2 +c3202,-1
14: C30 = C32C20
15: C40 = C41C10
0

o4

statement, #13, that combines computation of an elementary derivative with
elimination. On the right is its DDG, which can be constructed directly from
the elimination order and the original graph on the left of Fig. 1.2. (It could
be made smaller by propagating the constant values ¢ —1 and cg;.) Edges out
of statement s are labelled by the value (¢(s) — 1), i.e. 0 or 1 representing the
time delay imposed by s, in our processor model.

The depth-first traversal approach of [4, 14] gave the following schedule:

w1+ [2[5] [8]6] [15[3]12[1][10[14]7]4[13]11]9] |

m1 contains 2 idle cycles and takes 18 cycles to complete including a cycle at
the end: T'(71) = 18. In Sect. 1.5, we produce a schedule that takes 16 cycles,
the minimum possible. This new schedule combines the depth-first traversal
property and the instruction level parallelism of pipelined processors via a
ranking function.

1.5 A Greedy List Scheduling Algorithm

We use a greedy list scheduling algorithm as investigated in [21, 23]. We
first preprocess the DDG G’ to compute a ranking function that defines the
relative priority of each vertex. Then a modification of the labelling algorithm
of [23, 27] is used to iteratively schedule the vertices of G’.

Our ranking function uses the assumption that operations with more suc-
cessors and which are located in a longer path should be given priority, being
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likely to execute with a minimum delay and to affect more operations in the
rest of the schedule. We use the functions height(v), depth(v) defined to be
the length of the longest path from v to an input (minimal) vertex and to an
output (maximal) vertex respectively. height(v) is defined by

1. for each input (minimal) vertex v, height(v) = 0;
2. for each other v € V', height(v) = 1 + max{height(w), for all w > v}.

depth(v) is defined in the obvious dual way. For a vertex v € V' we define the
ranking function by

rank(v) = a * depth(v) + b * succ(v). (1.6)

where succ(v) is the number of successors of v and a, b weights chosen on the
basis of experiment. For b = 0, we recover the SRA using depth-first traversal
as in [4, 14]. By combining the values depth(v) and succ(v), we aim to trade
off between exploiting instruction level parallelism of modern processors and
minimising register pressure.

The preprocessing phase of our algorithm is as follows.

1. Compute the heights and depths of the vertices of G’.
2. Compute the ranks of the vertices as in (1.6).

The iterative phase of the algorithm schedules the vertices of G’ in de-
creasing order of rank. It constructs the mapping 7 defined in Sect. 1.4.2 by
combining the rank of a vertex and its readiness using the following rule:

Rule 1
A wvertex v is ready to be scheduled if it has no predecessor or if all its prede-
cessors have already completed.

This ensures data on which the vertex v depends is available when v is sched-
uled.
Ties between vertices are broken using the following rule:

Rule 2
Among vertices of the same rank choose those with the minimum height.
Among those of the same height, pick the first.

The core of the scheduling procedure is as follows:

1. Schedule first an input vertex v with the highest rank (break ties using
Rule 2). That is, set time 7 = 0 and w(v) = 7.

2. For 7 > 0, let v be the last vertex that was scheduled at times < 7.
a) Extract from the set of so far unscheduled vertices, the set A as follows:

Sw) ={w:w>wv}

If S(v) is nonempty, set

B(v) = {u : height(u) < max{height(w) for w € S(v)}},
A= S(v) U B(v);

Otherwise
A = the set of remaining vertices.
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b) Extract from A, the set of vertices R that are ready to be scheduled.
c¢) If R is empty, do nothing (a no-op at this cycle). Otherwise, choose
from R a vertex v with maximum rank (break ties by Rule 2), and set
m(v) = T.
d) Set T =71+1.
3. Repeat step 2 until all vertices are scheduled.

We can easily check that this algorithm determines a schedule 7 that satisfies
(1.4), thus preserving the data dependences between vertices of the graph.

Let us apply this algorithm to the DDG of Fig. 1.3 to get a schedule mo. We
first compute the height, depth and rank of each vertex using the coefficients
a=b=1:

vertexl 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
heightf 0 0 0 0 1 1 2 2 3 1 2 2 3 3 3
depth| 2 3 2 1. 2 2 11 0 1 0 1 0 0 O
succ 3 21132210 2 0 1 0 0 O
rank 553 25 4320 3 0 2 0 0 O

To label the dag of Fig. 1.3, the algorithm starts with the input vertices and
assigns m2(1) = 1. Next it forms the set A = {2,3,4,5,6,7,8,9,10,11,12} of
available statements, and the set R = {2, 3,4, 10} of ready statements. Using
the ranking list, it assigns m2(2) = 2; etc. The result of this algorithm for the
dag of Fig. 1.3 is the following optimal schedule without idle cycles:

mp : [1]2[5[6[10[3]4]7[12[8[11]13]9[14]15] |

We observe that the completion time T'(m2) = 16, better than T'(m1). The
complexity of this labelling algorithm, which is similar to that of [23, 27] for
a dag with n vertices and e edges, was initially proved to be O(n?) [23, 27]
and can be implemented in O(n + e) as shown in [28].

1.6 Conclusions and Further Work

We have presented a detailed performance analysis of Jacobian calculations
using the vertex elimination algorithm. We have shown that for even medium-
sized numerical applications the execution time is very much correlated with
the memory accesses than with the number of floating point operations. We
pointed out that though the vertex elimination algorithm reduced the number
of floating point operations, it should be coupled with instruction scheduling
heuristics to enable exploitation of the superscalar nature of modern proces-
sors so as to maximise the performance of the derivative code.

For that purpose, we described a statement reordering scheme based on
a ranking function. We plan to implement it and test it using medium-sized
problems on a range of superscalar processors. We may also look at ways of
combining the two objectives of reducing flops and memory accesses in a single
objective function.
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