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1. Introduction

Without doubt an extremely valuable property of
linear systems is that they are predictable, in the sense
that once their behaviour when excited in one particular
way is known, this information can be used to predict
their behaviour when excited in some different fashion,
Moreover, the outcome of increasing the strength of the
exitation is simply to wmagnify the response proportionately.
The consequence of this last property is that any approximate
analytic solution of a linear equation will retain its
bésic form as the amplitude of the disturbance is varied.
That this property is not enjoyed by non linear systems
can be demonstrated with the following example. Consider
the case of a mass linked tb an element (Fig. 1.1) with

a restoring force of the form,

z
F(x,) = Gy A CX | Fx)

C¢o ., C; >0

)

FIG. 1.1



The system has three equilibrium points as shown in the

phase plane diagram Fig.l.2.

V_i.s.\.l

The response of the mass when given a small initial dis-
placement with zero initial velocity follows the line

marked A: the mass will oscillate about the equilibrium
opl

point X =
s

When the mass is given a small initial velocity
it will oscillate about the saddle point O (curve B).
The two trajectories are markedly different in character
and approximate solutions describing these motions would
likewise haQe to be dissimilar to account for the different
types of motion. The point to be made here is that for
non linear systems, even after the system equation is
known, the form of an approximate analytic solﬁtion can
depend on the initial trajectory of the system.

In recent years a large number of papers have
appeared in the literature concerned with the construction

of approximate solutions of non linear oscillation



problems. For the most part, these contributions have
been aimed at portraying a direct comparison of the
approximate solution with 'exact' numerical solutions.
This is a somewhat disturbing feature in that many of

the contributions seem to end with this comparison which
seems to add very little to our understanding of non
linear phenomena. The usefulness of an approximate
solution would probably be a better guide to the relative
merits of different methods than a few comparisons of
solution curves,

In what way then, can these approximate analytic
forms be used so as to increase our understanding of the
non linear problem under investigation? The most obvious
use is that in principle they should enable us to (in
the case of autonomous systems) calculate the trajectory
of the system at any time T , without having to compute
the trajectory for t<T as has to be done in numerical
integration. However, in practice we often find that
although the form of an analytic approximation is known,
certain functions involved in the approximation have
to be integrated over the preceeding time, and hence
the approximaﬁion loses the instantaneous nature of the

original problem. However, the construction of an



approximate solution in terms of known functions is a
basically useful exercisg in that it should lead to a
clearer underétanding, by the analyst, of how the solution
is affected by chanées in the system parameters.

If we are given that a particular equation adequately
models a certain phenomenon then it might be possible
to estimate the modél parameters (coefficients in the
system equation) with the use of an approximate analytic
solution to the system equation. It is to this use
that one section of this note is devoted.

In Section 2 of the present note perturbation methods
are applied to a parficular class of non linear, one
degree of freedom, systems exhibiting oscillatory behaviour.
In the cases studies the small parameter in the equations
can be interpreted as a damping pafameter. The second
order differential equations with zero damping have as
exact solutions, combinations of the Jacobian Elliptic
functions. The two time variable method is used to
correct for the non uniformity present in a sﬁraight
forward expanéion scheme, Section 3 is devoﬁed to the
estimation technique mentioned above. It is shown in
Section 4 how the approximate solutions to three further

problems can be constructed.



2.  Perturbation Methods applied to non-linear systems

with small damping

2.1 Straight forward expansions and the source of

non-uniformity

The development of approximate analytic solutions
to non linear equations as a straight forward expansion
in the powers of a parameter occurring in the equation
is usually accompanied by a knowledge of the exact solution
of the equation when the parameter is set to zero.
This exact solution is often referred to as the zeroth
order solution of the expansion and as it stands contains
no information regarding the behaviour of the complete
solution when the parameter is non zero. It is necessary
to determine at least .the first order solution of the
expansion in order to reveal any new information regarding
the complete solution. When the parameter is small this
first order correction term can sometimes adequately
reveal the manner in which the solution is modified.
In many cases the small parameter occurs in a differential
equation multiplying a collection of non linear terms
and the zeroth order solution is the exact solution of

a linear equation. In this note we will be concerned



with a class of non linear differential equations which
have as zeroth order solutions the Jacobian Elliptic
functions or combinations thereof. One particular class

of such equations can be written in the general form

dx dx -
E;*'{:(%)-PLA('(,.E,I‘) =0 2.1

where L is a small parameter, and ‘F(x) is a polynominal

of maximum order € 3 . The zeroth order equation,

J!‘x + {'(x -
e e) = O .
d{z 2.2

then has an exact solution in terms of Jacobian Elliptic
functions (Appendix 1) but is usually solved by inverting
the inverse solution t- f(ib) where t(s) is an elliptic
integral.

A particularly simple case presents itself when.

43(1) is an anti-symmetric function of the form

_ 3
f(x) s X +CX

: 2.3
0, >O ) C3 >o

(see Appendix 1 for a study of the cases (,; 36 ,( <0 ;

G0 ,C3>»0)

The solution of equation 2.2 is then,



Lol4) = A., C.,(wao ) \)b) | | 2.4

where(ln(qA‘P) is the Jacobian Elliptic cosine function

of period Ap.ﬁfkf)(f<90 is the complete elliptic integral

of the first kind - see appendix l)and

/Jol-: €+ (3 I{A '
b . Foke "
e,wcyhs

A. andéﬁ are determined from the initial condition$
of the problem. For the most part this note will be
concerned with problems in which {Yx) is of the form
shown in equation 2.3 and here we include cases in which
the general form of {}x) is more complicated but a form
such as equation 2.3 is a good approximation in the
particular range of «(f) considered.

We begin the description of the approximate method
with a popular example in which the function ‘\(x'éift)

represents a linear 'damping' element of the form

\\ Clit ,:éa(_ 2,6
LROT R

and %(K) takes the form of equation 2.3,



Equation 2.1 can be written
3

Cs:( &)‘ii .
— A+ DR A QA+ G = O
A{‘L d'\f . 2.7

and we assume an initial trajectory i(0)='§. ) %i(a i} i

Adopting a direct expansion scheme in powers of

2

X) we assume ib{;b} to be analytic and continuous

in b and of the form

L04,1) = L) w b W)+ bl 60) 2.8

If we substitute the above form for i(i;\ﬁ into equation
2.7 and equate coefficients of i) ) ( When equation

2.8 is substituted into equation 2.7 the resulting equation
can be regarded as an identity in L and it follows that
the coefficients of the powers of L must all be zero.)

we obtain the following set of equations.

3

CB(.E:) a KD + ¢ Yo+ C\ZLoji-— o) 2.9
«Ja

(’liﬁ 1 )x.,_-____AxG ,
o) i + (¢ r2eats | /c\_{ 2 ob

2

<$ % ' | 2 A
2 " EXN e — o _ *
O(}») It + (e Beady )d‘ j"k 3z hy ol 2.9¢



The solution to the zeroth order equation (equation 2.9a)

is of the form
"(b C‘Q:- AoCn(ﬂ,{»r&o,P,) : Z.iO

The initial conditions for the problem are carried by
the function f(b(-(-_) if equation 2.8 is to be valid for

all b (including B‘ 0.

Thus :(o (o) = E‘ ', Ai“(b) = k\

dt
d . .
an Ule) = o , C\_{.(o) - 0
| dt
L
2 2 3 e A
(Ab = c|+C3Ao ¢ pg = _2———3’——6"‘.& : 2.11
) C,*ClAb
i
and We satisfies the equation,
4 z 2 | 3
A)o - 2C3§1 wo - [C,+§,zca) = O 2.12

Sinc; d b = — . |
() - i S (9 pad,pe)
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The phase angle %?, is then obtained from the relation,

:P“ = Cn_‘( E'.\\S) \"(g\ /'_"—‘ Q ) 2.113.

where ‘: 1
(QJ\S) 7/:::'/?—7"\ ) <
_IJmB

is an elliptic integral of the first «ind.

When the initial velocity is zero,(§‘= 0) the
required relationships are simplified,

AV” k\ and é)o
We continue with a study of this case since the essential
features of the non linear oscillation are retained.

To obtain the first order solution we have to solve
the inhomogeneous equation in X|(¥) (equation 2,92),
This is a linear differential equation with periodic
coefficients of period 4K and a periodic forcing term.
A certain property of such differential operators can
therefore be utilized and instead of actually constructing
the first order solution by solving equation 2.9b we can
reveal something about the nature of this solution.
A most useful result exists concerning the existence
of periodic solutions to inhomogeneous equationsof the
form equ&tion 2.9b. This result is constructed and

discussed at length in Appendix 2 of this note and hence
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we omit any formal analysis at this point. It is shown
that if the homogeneous form of equation 2.9b has any
periodic solution of period,.say,-TQ then the solution
to the inhomogeneous equation will be periodic with period
—T; if and only if the givén right hand side of equation
2.9b is orthogonal (ovef—“o ) to every periodic solution
of the homogeneous equation. Moreover we.can say that

if this orthogonality condition is not satisfied then

some part of the solution of equation 2.9b will be un-
bounded as t tends to infinity. This latter effect

is often referréd to as resonance. To use this result

we have to ask if there are any periodic solutions of

the homogeneous form of equation 2.9b. There are two.
fundamental solutions to the homogeneous equation and

one of these can be seen to be

T N

which is in fact periodic, with period 4K. The second
fundamental solution can be found from ¥ [—k) by the
variation of parameters technique but will not concern

us here since a little analysis reveals that this solution
is in fact non-periodic (ref 18). The function I“fﬂ
does concern us and the periodicity condition for the

solutions of the (5(&) equation (2.9b) to be periodic
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becomes, \‘_\(
'R}
‘(d‘c dt = o 2.15
&

Equation 2,15 can only be satisfied when Lé&b/&{)zq

a trivial case, and hence it is concluded that there -

will be no part of the first order solution periédic

with period 4K and that this solution will grow unbounded

as t: grows. This solution cannot be very useful to

us since the first order term (()(LJ) should have been

a small correction to theczeroth order solution io(t)

for small E and the second term in the expansion (equétion

2.8) will eventually be of O(J) , as L grows, no

- matter how small % is. In such situations we say the

expansion is non—uniform and the region of non-uniformity,

manifested in the behaviour of. X (-\;) » occurs for '\',?‘/b.

As is often the case, for our problem, the straight

forward expansion, equatioﬁ 2.8, fails and if we consider

again the zeroth order solution d&&*\ (equation 2.,10)

the reasons for this become clear. It is apparent that

the presence of the term b%—!{‘b in equation 2.7 when
Ci= & will result in a gradual decay of the solutién

as time grows, providing ka>0 . Physicaliy the motion

is damped out. From a knowledge of the phase plane
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character (Appendix 1) of the solution of equatibn 2.7
2

we can deduce that the effect of the non 1inearityiczx. 5
Ci>6 , will not change the basic nature of the decaying
process. Therefore as T tends to infinity, where the
real solution should be disappearing, the zerotﬁ order
solution is of the same magnitude as when’t= 6 . To
correct for the effects of damping the first order
solution would have to be at least as big as the zerqth
~order solution for large time. It is this accumulative
effect of the damping which causes.the non-uniformity
and to emphasise that the non-linearity is not to blame

it is useful to examine the linear case, Cz= O , in more

detail. The zeroth order solution is then simply,

L= )-\o Cos Wot 2,16
Wo = /e,

and the first order equation has periodic solutions

(period 275430 )

X,(4) = Cospet : Aualh)= Sinwsl 2.17

The orthogonality condition is again not satisfied and
a simple way of seeing the non-uniformity is to examine

the expanded form of the first order equation.
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d
—A—:{:“\—Ql'b(\ = A\o@og“\we‘t ' ) 18

The solution of equation 2.18 will involve terms of the
form deSNvt (linear oscillator at rescnance) and hence
the emvelope of the oscillation will grow linearly with
time. The exact nature of the unbounded growth of the
first order solution in the non linear problem will be
more complicated but the nature of the non-uniformity
in the two cases is the same in principle.

The failure of the expansion scheme described might
suggest that it would be wiée to abandon perturbation
methods in favour .of some other approximate technique.
Since one of the main reasons for the failure seemed
to be the absence of any decay in the zeroth order
approximation, a possible alternative approach would
be to artificially introduce the effects of damping into
the zeroth order solution by assuming that the constants

A., ,136 andpo vary with time in a fashion to be

determined. For the linear problem we would then write,

3(.('6) = Ao(é) Cos 000('”.(: 2.19
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where Ao“) and 1\)0({') are to be determined. This
procedure is similar to a scheme developed by Kryloff
and Bogoliuboff (Ref 1) although they actually assume .

a form,
ALY = Aa({r) eos (wet +30..({—)) | 2.20

The time derivative of %(#) is then assumed to be of

the form,

Cj%l: = - A° ('\’] h\"o QU\,(M\Et +é)b(%\) 2.21
The unknown functions GAB(AX and f?,b*) are then determined
by constructing two first order differential equations
and 'averaging' the equations over one cycle of the
oscillation. This basic approach carries the assumption
that the damping is small. A similar procedure can be
adopted for the hon linear problem and was first developed
in a series of papers by Barkham and Soudack (Ref. 2 - 5).

In a later series of papers Christopher (Ref. 6 -7
developed an improved method and his results show
remarkably good agreement with 'exact' numerical solutions.

But need we have abandoned the perturbation method?
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In doing so and resorting to the methods described above
we have, it seems, lost some of that valuable quality of
approximation methods, that is, rationalityf Using

a perturbation method if is possible to determine the-
order of the error of the approximation and to improve
the approximation by including terms of higher order.
But for the method to be useful the expansion should be
uniformly valid for the range of the independant variable
considered. For the non linear oscillation problem we
would ideally like the solution to have the same order
of error for all time i.e. to be uniformly valid over

the whole time range. How then do we obtain a uniformly

valid solution?

2.2 Obtaining a Uniformly Valid Approximation

'The kind of problem we are confronted with occurs
in a variety of different fields and many different
procedures have been devéloped to handle the situation.
A particular method, well suited to the present problem,
will be introduced which will enable us to include in the
zeroth order approximation the main features of the damped
non linear oscillation. The key to the method lies in

the recognition of two different time scales, one fast,
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one slow, that are invoived in the oscillation. On

the fast time scale ( o(t) ) the actual oscillation

is evolving whilst on the slow time scale (cht)) ’

the envelope of the oscillation and instantaneous 'frequency'
are changing. We begin by defining two new time scales.

A slow time scale

= bt
2.22

and a fast time scale ’Z = g(t)/h
and write the dependent variables as

Citih) = A (g7,v5h) - 2.23
so that

2.24

where = d
e N = Uy

and, i 5‘(\\ 3_.& +&a\(\§bya( 4

P L
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Substituting equations 2.23 - 2.25 into the original
equation 2.7 we obtain the partial differential equation,

q %
¥ R ) e )

2.26
*Q\%X»“\*Q'L—i = 0
We assume a perturbation expansion for 32(2)“55) in

terms of the damping parameter b , of the form,

g2 ;b = Belg,0) « badyp) e balg 0+ 067 7

Substituting equation 2.27 into equation 2.26 and collecting
the terms of various orders of &) together, we obtain
the following set of partial differential equations for

the functions ii(’zo'\’) ‘ L= o\,
azé Lo A C, io“\'c‘l‘(b - O : 2.28
g B,_}_L‘-\-(_C.\A«SC‘;X:)X\:: K B’(‘H-(afg) ‘*)
E'z‘ szv
At this point in the analysis the function a‘(‘\)j is

unknown and the solution to the zeroth order equation

(2.28) is also unknown until éjnlh has been determined.
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Similarly when the periodicity condition is abplied to
the right’ hand side éf equation 2.29 wno result is achieved
since Cﬁlba appears here. The whole point of.the
method now comes into focus: we can actually choose that
particular form of (3IQQ so that the right hand side
of equation 2.29 obeys the periodicity condition, i.e.
the overall solution of the first order equation is periodic
in Z and finitely bounded. Since the slow time scale

X does not appear in the differential‘operation of
equations 2.28 and 2.29, we can regard the solution to
these equations as being generated by ordinary differential
equations in Z but having the arbitrary constants now

dependent on ¥ . Thus the zeroth order solution becomes

v(o('z;e\ - A& Ca (’Z,th\) 2.30

with, as in equation 2.5, a similar relationship between

the unknown quantities

* 2 2 AN i
3\(1\ = Ci= Cz)\c o Fo(_‘\ = i CJ\?-——- 2.31

: ) k R
C.-\-Cz b
The technique we have introduced is known as the two-time

variable expansion method of the general multiple scaling
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technique described in great detail in Nayfeh (Ref. 8)
and Cole (Réf. 9). In an earliér work (Ref. 10) Kusmak
presented an analysis fof obtaiﬁing asymptotic solutions
of_non linear differential equations'of the form

(ifx' : _ :

c—!‘%,’“ %'Y(_i.ﬂ Aﬁ * (‘\'(?(,T) = 0 232

where € is a small parameter and X= iiJ is a slow

time (the class of equation analysed in thié note is of
éourse a special case of equation 2f32). Kusmak constructs
~ the solution of equation 2.32 as an asymptotic expansion

in powers of € and introduces a fast time scale akin

to 7(’6) . The unknown fast time scale is then detefmihed
by a method equivalent to the periodicity condition used

in this note. Kusmak pfoceeds to apply the method to

an equation of the form

é_‘__zf( v aR A+ \1(‘:\11:: o |
C\‘V . 2.33

and determines the zeroth order solution in terms of
Jacobian Elliptic functions. Equation 2.7 can, of course,
be transformed to the form-of'equation 2.33 with the

transformétion XYY = 0y e¥p (." H/,) or equation 2.7
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could be studied directly by Kusmak's method. Whilst
retaining the essential features of Kusmak's approach

we will proceed along slightly different lines and develop
an expression for the unknown function éﬁ\tﬂ in a form
amenable to computation and the estimation process to-

be described in a later section.

We return to the present problem and to the
determination of a\(f\\ by the application of the
periodicity condition. If the right hand side of equation
2.29 1is orthogoﬁal (over a period in‘Z ) to all the
periodic solutions of the homogeneous form of equation
2.29 ﬁhen the complete solution of this equation will
also be periodic with period 4K (period of s and édﬁ%
The only periodic solution of the homogeneous equation
is 2“"/37 and hence the condition for a periodic (and

bounded) solution, becomes

WK |
(3&(\\% Lo +(8“(\\48(\\)>7 )%7 &Z - ‘ 2.34

.

which can be written as,

N

2w (““) £ of G*Z) yy -
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and therefore,

wk

(3 LM"> Xz* Q& Q 2.36

where%° is a constant.

w 8 | \ | |
giz = - }\b(\'\iéj g g\(Z’PbJE“(‘Z)Pé)

and so equation 2.36 can be written as,

g M m}sz-ﬂ@mgﬁ\-p:}\«@AZz,éT

Zpdx

2.37

were K () = T )
and Q(Pb\ = Q’_(“/z}klb)

are complete elliptic integrals of the first and second

kind respectively. It is worth noting here that a disguised
approximation has been used in the application of the

. periodicity condition (equation 2.35). Equation 2,28

is a partial differential equation and has a solution

of the form given in equation 2.30 with period 4K in Zf
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Since the modulus ¥>o of the Jacobian Elliptic function
Qq('?‘po') is a function of the slow time scale U and.
k is a function of p“ then the period of i,(Z)Ti
and 1@/37 will vary with T . To correct for the
error involved in this approximation one would have to

expand the time scale Z(H in powersof \b in the form,

, 2
Z = 3-‘-\(‘%-\.. 36(\)) ‘\'%\(")L + Sm(‘}]\)*’ 2.39
b 2
+ 0(4F)
with each éji(j§ being determined by applying the periodicity
. . : L*‘)
condition to the right hand side of the DQ\) equation.
By carrying out a higher order analysis it can be shown
thatéic(h is actually an arbitrary function and can
be set to zero. To determine a\bh we would have to
. . - 3
investigate the perlodicity condition for the C)(A
equation and at this point in the analysis this does
not seem to be worthwhile,
The left hand side of equation 2.38 can be written
in an approximate form if we expand Eﬁ(P) and \((P) in
terms of |3 and recognise from equation 2.31 that
T
o 4\3 28 0.5 . The expansions of the complete elliptic

integrals are,
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)

Gy = AL B P O(P“JJ

EQ)

equation 2.38 can be simplified and reduces to,

g b (-2p) =4, .

\ - P e W“ 6(@§} 2.40

Retaining terms of up to O (pl") in K(@\ and E(P) »

2.41

whére %1 = 8‘(6} A:(ﬁ) (%_prz(b)) , and can be determined

from the initial conditions. Using equation 2.31 we
] 1

can express }\6 (ﬁ and bo("] in terms ofs (T\ and

substituting these expressions into equation 2.41 we

obtain a quartic equation for 3‘(‘3\ .

=X

(%‘(‘{" C\j( ‘% 3‘(\\1+ %C> % C%ﬂ(ﬁ e
Hence 3(‘33 = 3(63 +* S %\(\\&T

ma ) = 9wy b

2.42

For a given value oft (hence T ) we can solve equation
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2.41 for 6'('\% and obtain Ab(’)\ and pé(;*\ from equation
2.,31. It can be seen from equation 2.42 that when Ca= 0
we obtain the real solution, a‘(‘) = S,c_:‘ , which is,

of course, the linear oscillator freqqency to OCL) .

The exact 1ine.a_.1r. frequency is given by %‘(\)\ = J’G—\:?Z:
and to thain the correct result when Cz= 0 ‘we could
use -é\n C.-‘\o'z/q_ instead of €1 in equation 2.42.

This type of improvement 1is not strictly in keeping with
the systematic procedure used in the perturbation method
but it is hoped that the inclusion of corrections of OCL)
will only improve the approximation. Using the technique
described some examples have been computed and compared
with exact numerical results, The comparisons are shown
in Figs. 1 - 9 for various values of C; , €3 and \o ’
and are seen to be fairly accurate even for \9” .o

In all the cases a phase error begins to develop and grow
with time, which can only be corrected by including the
first order correction '-In('[_o’t’) .

Note here that we need not have introduced the new
fast time scale of D(A"G\' (i.e. ’ZC'L‘) Y: 1instead we
‘could have simply used ‘\: .. This woul.él have been equivalent
to writing z-'-' 3‘('6‘_‘J instead of ’Z“ &8‘@ dt &

>

\ ,
we actually used. The function 8('\)\ can be considered
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synonymous with the function 3,.(,\;\ in the more elaborate .
expansion of *?(fj in powers of b given by equation 2.39.
Figs. 9a and 9b show the effect on the solution curves
of using.the simple form Zﬂ g‘(ﬁ% .

Using the two time variable method, uniformly valid

asymptotic solutions of more general equations of the form,

“
O

3 + S \-\‘(3) 3 r “(3\3

‘3 + 5 \\,(E\)Cjar M(:pz‘

2.43

i1
O

“have been obtained by Rasmussen (Refs. 11, 12) and hié
results show very good agreement with exact numerical
results.
At this point in ﬁﬁe analysis it is expedient to
ask the question - What use is the zeroth order analytic
approximation to us? If we are satisfied with seeing
the solution curves, what better fhan the 'exact' numerical
ones? The value of the approximation will be accessed
when we examine the possible uses to which the analytic
forms generated can be put. It is to oné of these uses

that the next section is devoted.
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3. Estimating the characteristics of a Non Linear

Oscillation (Ref. 13)

Let us assume that we have a set of displacement
response curves of a non linear osciliator, the behaviour

of which can be approximately described by the equation,

, |
S, L& FOA+ L= O 3.1
IO

( k » Ci and C3 are unknown)

The response can either be obtained by giving the system

an initial displacement or applying an impulse (initial

velocity). We propose a method whereby the coefficients
b » €& and ¢y can be determined from such a set of curves
using the analytic approximation described in section 2.

Fig. 3.1 shows a pair of adjacent peaks of a typical

oscillation,

A 1)

Lo An+

Atn,
v -t

X

FIG. 3.1
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Now the zeroth order approximation is, again,
10(7 ) = Ao(t" Cn ('Z ) p&(ﬂ)
N .

where Z - 3(,}/" and d?/dé = 3’({)

3.2

S 2
) : LA
3’(!’, =Cit+(; Xo(ﬂ and I_)OCH 1: —7;~2—-'i

2
i+ C3Ae

At the peaks of the oscillation (xh) we can write,

o (7, pn) 2 Aol2n) = An 1 Cince Ca(7a,pn) = |

(the approximate equality is needed since the amplitude
envelope does not necessarily touch the oscillation curve

exactly at the peak values). Therefore it follows from

equation 3.2 that, at the peaks,.

\ b +
é(\’u\) = C\—k- Cz'xn ‘3.3

Now 8‘(‘\‘\ = AZ/A& and if we assume that 5%1) has

the constant value g?&tn) over the internal ATM we

can write,

) M < Ay, 2 2y »

and here we assume that ¥Bo is slowly varying so that
over the positive portion of the oscillation AZ = h'k(\'\)/z .

Combining equation 3.4 with equation 3.3 we can write,
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bk (pa) .
—_—Eg;)z = G+ | 3.5

xn
Expanding \((\Jn) in power of \3“ ard neglecting terms

of b(.l.)n“) and higher we have that,

\((Pﬂ) ~ T (s \E;) 3.6
A e
so that |
‘ 3
\((d(v.’) = g ( v 1 G 3.7

C |+ C’Li.\.‘-

According to this reiation K(\)\,\) varies between %_X_{

when Cs 2(»\1 is large and -“/1 when iv\: o. Actually
\((p) varies between approximately @.54W and ’“/7_ as

\; varies between \/7_ and zero. We will make the rather

crude approximation that k(pn) assumes the value %Z{

over the whole range of amplitude of the measured peaks.

Equation 3.5 now becomes

2

. ) 1 -
L%"—\Z»\ = e‘-&;C—;Xh 3.8

where % = %T
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It is interesting to note that a perturbation method
treating .Qijghz as a small parameter would lead to
the approxiézLe relation,
;“_ 2
T2

(ﬂh) = C, +§C31h+g(e;g(“‘*) . 3
which would be of the same order of accuracy as equation
3.8 when k(c_-: X:)>>\ . Equation 3.9 would probably
be a more uniformly accurate relation to use for estimating

Ci and ¢3 . However, the numerical examples shown

later are based on the use of equation 3.8, Using
measured values of 151 and A{Q we can now plot the points

2 Y
of ('&/Ab‘) v. Xa and obtain a least squares linear fit

through these points as shown in Fig. 3.2.

b ()

—a U

FIG. 3.2

.9
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Using a least squa res fit to the points the approx1mate

values of ¢, and C; are given by

C E QSL— 1) 3.10
V=, € '
3_

Ce ’%\ i (ng —Sz) 3.11

\

d= 1
where, n
S\ = \*\Sa." S'l.
N W
e
N
k2
S3 = ?Xi
(7] .

and N is the total number of amplitude peaks measured.
Regarding the approximate relations equations 3.8 and

3.9 a more accurate estimation of ¢+ and (3 would be obtained
_if we use the mean square peak amplitude defined by

2

2 1
xh = Xh..| -+ fx“
L
The approximate relations replacing equations 3.8 and
3.9 would then read,
2 2
2 2
L%-“- Ak““-* &{“‘Xz Ci+CyXn " T-I' }s_.v“——-—t\“ th{‘ = Q\-\—} €, X
2 L Machby 2L Mo b

We can now use the approximate values of ¢ and ¢; to

™

M

estimate the damping parameter L .  To do this we
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consider two adjacent peaks (xn '-(n* (Fig. 3.1) and
j L, 8

define the quantities,

8§ = 1\_&'\/‘“ 'I.::. im\l-\—i}z ¥ = C—,,D(Ml

L <y 3.12
2 2 2 Y
giving X\.\ = 9\3("‘ X\H\ = a___‘_g_ilh
P Va4

At the peak 'X“G,\) , eqn. 2.41 gives,

‘ 2 ~bta
S(T.) Lo (R43007) = R 3.13

1 2
\
Substituting forcj (.'en) , \SH“\ in terms of 1\4 (eqn. 2.31)
we obtain,
2 —2L*—V\

Y
T . € 3.14

13 2\
(¢4 TRER T ) E
N =
G~ G, L
A similar expression can be obtained for station —\.’M\

and if we divide this by eqn. 3.14 and introduce the

quantities $ and K we obtain,

. f (a0 20)) Qe v+ 8T) ) -l enta)
N

- (=€ 3.15
(e R 0aa3)) O $3+¢) E



_33_

Now for a linear gystem the logarithmic decrement is
defined as Qi%e \@iﬂ‘ and 1s a constant measure of
X |

the damping b , independent of amplitude. For a non
linear system the log. dec. is still a useful concept
although we would expect it to vary with the amplitude
of the oscillation. With the intention of introducing
the log. dec. into eqn. 3.15 we can expand log § for

S close to unity, retaining only the linear term in

S . Thus

Qog% = ¢~ §-1 3.16

hence we use the approximate forms,

Se [+ , $'e l+2¢ ’g‘*:“u&

Substituting these forms into eqn. 3.15 we obtain,after

some simplification,

D)+ <. D.(¥) =25 (tan "'l:n)
= € 3.17

D) + $D5(8)
where D) = (s ﬁ?)(u ?)

D) = Qi ﬁv)‘_\+u(\+\)3‘_\+ 20+ ¥) (1= %Y)
jD)(b’) = (\4){8)(\-\-‘ ‘I—.';B'b’)-v 2(|+Y> ' 3.18
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Since Ll) is a small paramete;: we need also use the first

_ - 2b(tne -“:n)
two terms in the expanded form of @€ . Thus,
N 7 C
e ~ l—rzL({?mﬁv(fn) ' 3.19

The time internal “:me) can be represented approximately

using eqn. 3.8

-ZL({»'HI’én)
e = 2L Du(d)
: 3.20
where bu,.(?) = 3.“- _ \4___
28 Ty |
3.21

Writing E:Lr eqn. 3.17 becomes,

D) + b Buty) =25 Duly)
D)+ L ED,0) -

U \:EDz = M‘ng-;lb\mﬁ*f 00&) 3.23
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hence to O(\;) we have,

| | .
T = 30D 9w (e Rl

. — T 3.24
Tad,  wiE e T y)

We can therefore write,

i 3 \IL
e~ O ‘Tﬂ)(‘”‘l L = 6L, 3

(i Ty 2977
] 32

where
m o= - h{c
7 A
A curve of M & V. § should, according to the approximation,
cut the Mg axis at the value b . A selection of

typical measurements are shown by the circles in Fig. 3.3

FIG. 3.3

The function (;(3) is of course the same for all cases

and a least squares fit can again be made on the points
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to shift the curve representing G(¥) to the 'best'
position.  (full line on Fig. 3.3). According to the

least squares fit, the approximate values of'L is given by,

R ‘W‘iwm

3.26
; G35
. Y
where ES are measurements of Doge\x“‘]
¥; are measurements of Cq ('.)(;H".y 3(;2)
xcC,
Note that when ¥ —> 6
e — = j j: * Cevact = - E Al
\l) \YZ, ) 8: o 1 SCN—bz/L:

The éur?e of GG)v.¥® is shown in Fig. 10a.

We can test the éccuracy of the parameter estimation
methods described by taking measurements from the exact
numerical solution of a particular equation. A variety
of cases were studied, and for each case three displacement
responses were analysed, (Initial conditions A{6)= 0:5,10,1.5)
so that a range of (xn,htﬁ) were obtained. Table 1

below shows some sample results:
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C, Cs b
EXACT l.o lo.o t.o
ESTIMATED 0.917 475 1,65%
EXACT \.o 26.0 l.o
ESTIMATED 1.0o9] 17.99 112
EXACT l.o 2.0 0.5
ESTIMATED 115 | 1.49 0.512
EXACT l.o \0.0 6.5
ESTIMATED | ©.931. 9.8 0. 49
EXACT 1.0 Q6.0 6.5
ESTIMATED 1.8y 1213 o-4b

TABLE 1 - COMPARISON OF EXACT AND ESTIMATED PARAMETERS

Accompanying the curve of the function C-r(?)) in
Fig. 10 are some measurements of the logarithmic decrement
for the cases b= 0.5 and 1.0 (Figs. 10b and 10c).
Some cases with k): 0.\ were analysed but the difficulty
the author had in measuring the peak amplitude accurately
gave rise to large errors in the estimated parameter.
One would however expect good estimations of the parameters
when b is small if the peak amplitude could be measured
accurately. In the present study the required measurements
were read straight from response curves drawn by'hand

and there is no doubt that this method could be improved.



The author felt that any elaborate improvement of the
measurement techniques did not warrant the effort required

in the context of the present study.

4. Some Further Examples

In this section we examine the behaviour of three
non linear systems and construct zeroth order approximations
of the equations of motion. In each case the approximation
will be expressed in terms of Jacobian Elliptic functions.
The first example exhibits a limit cycle due to non linear
damping; in the seéond we examine the step function
response of the non linear oscillator studied in sections
2 and 3; finally we show how some of the techniques
described can be applied to a simple two degree of freedom

system.

4.1 Equations with Non Linear Damping

This section is mainly concerned with the interaction

of two non linearities - a study of eqn. 2.1 where

0= Qxveax .; hex 0 3)s by @ 4 g
4+’ dt
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Before we begin to investigate this system however it

is illustrative to show that when Cy= 0 (the Van der Pol
equation), two quite different approximate techniques
generate the same solution. We will apply the Kryloff-
Bogliuboff method and the multiple scale method to the

Van der Pol equation

Aj-\ﬂ\)(“}—ﬂ\i‘**i{, = 0 4.2

In the K.B. technique we apply the transformation,

A = al) s+ 4O
4.3.

dA = a@) Cos (4 + )
and At

Substituting these expressions into eqn. 4.2 and equating
to zero the remaining terms in the expression for d794}t

we obtain two first order differential equations for QLh\

and )

da

11 Coslhad) = - b (asncts g) acastied)) 4

%fi S (%-\«Q\ = ,\i \\(asm(h»r@),qcos(hcg)) 4.5
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Multiplying eqn. 4.4 by CSS(-\+§P) and eqn. 4.5 by S\“(‘\-\-é)))
integrating from O toQy (assume Q&) , dq/Al ) ?) C\@/CH—

remain constant over a period of oscillation) ‘we obtain,

st
da _ -

at ar &\\Cos(&h{))&t: %q(\_

2
9y i
di Qra Sm(—ht\?)c\* = 8 4.7

1 .
S'\\_) 4.6

]

2 bt
. 2 Qs ©

Cq = _ % ad cf‘)—. S)O(Qm;(.) 4.8
L o2 bt
' (S b(‘e—-‘)
The approximate form of the solution (eqn. 4.3) will thus
exhibit a limit cycle with an amplitude equal to 2.
To apply thé two time scale method to the present
example, (this is necessary in a perturbation method
since a resonance effect in the first order solution is
predicted by a straightforward expansion), we introduce
the slow time scale 't=¥i'and retain'k as the fast
time scale. Thus the partial differential equation
replacing eqn. 4.1 becomes,
Bz_o(' B"‘ a2
" ~ 2 2 - _ ~
— +1+L\1 oL +(x-l\_}._i‘\+kx‘%_’&+(x_l)>}
2 Ade e ov  yp | 49
= O

where N’i(*).t )L) = ’{(+‘ \°>
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Expanding‘i({;t;L) in powers of L ,
W rol) = L)+ bl + 6y 410

Substituting into eqn. 4.9 and equating coefficients of

b we obtain,

CA TN 5 ° . |
o)+ gk = o hewe - Akcesthagud) 1,

Byt 3 |
oy =+l = _;ﬂu +(x2_|§a(°
St . )?{ 4.12

Equation 4.12 can thus be written,

)__Ill + 11 = (Q‘s_}\.,_ )\‘4- A‘o ) n (’h- Q(‘T\) 4+ A}_@ Co»S (Jc.\. @(v)) 4 .13
ot ot e g O .

4 Ao 6L )
The periodicity condition for eqn.‘z.lB is simply that

the function on the right hand side should contain no

componeﬁt in Sm¥ or east
9\—}_}5 _)\‘-» ‘)3\_3 =0 and 94)\@_@ = 0o 4.14
ot % Kekw

Hence we arrive at the same result as derived by the

K.B. method
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e - Mo
( and () = @ (east. 4.15
i \+ K‘S(e Yy ‘f ! (? |

To investigate the interaction of the two non linearities
we now consider the more general forms given by eqn. 4.1.

The equation to be studied 1is,

d d |
Tt ENCE )oli»fc.auc K = 0 e

&>e | C13>0
As in the previous example we introduce the slow time
scale k*: and the scale of 0({) , Z = 3(€»&'. Equation
4.16 becomes the partial differential equationm,

9 ézaue.au &% \,X(okb\)aw éidah’%ﬁv«k 417

g » V R0k ] -

We expand the solution to éqn. 4.17 in powers of L , in

the form,

';((ZOT)L\) = dc(‘ZOTJ\“\‘Li\(Z'T) + OCLIQ | 4.18

Equating coefficients of L we obtain the zeroth and

first order approximate equations,
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vy a1, R
jéﬂ BZ "'C 7(6'*'63&0 e O 419

9 M 2; +(C|+3C31.,)i = _g(ou ‘)3170 +2J\( X(Qx .
+é(ﬁizs j

The zeroth order approximation thus has the form,

f{(s(%r) = Ae(ﬂ Ca (7 ) Pdw\) 4.21

2
. \ 2 t * “!ic‘; Ao
W g6 = oA N I
) C\"‘be\‘
\
Once again the functionC‘j(\’) can be choosen so that

the first order solution is periodic with period L*.l((r”,)

in ? . The periodicity condition reads,

Wk
& axb_ljv\cjuﬁémza"g“@a‘%z_o (22

uk Wk W\
. é \ o\ : éxb ‘ \ PACY
_ ;_Tgawgé{%-’g)éz - j(‘\&(g«z)éz:_gta&%ib@i)iz 4.23

with 16(7 )p‘(ﬂ) given by equation 4.21
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and %__XZ“ = -j)\o(t)in(’z,ﬂﬂbn‘(%\lu}

we have, Vwk .
oy M
R K
We can write,
t T
0 (30 - hee - a0 |
J Lgﬂ(,) Z € T € 9 (s) Aol ds 424

6

4 o

b
where ¥1~ is a constant.
Using the same approximations as we used to arrive

at eqn. 2.41 we obtain,

T

: x T (e-s) W
8\(1) kb&t\:) (%-‘Spb> z %{ﬁ - 9.01&6, 8‘(S)kb (S) AS 4.25
o
T
(P 3ot 3L\ o v e |
or (gm- )3 9 ™)+ ;c.)- 3 bucqe - 2;_;/:3 Sej(ﬁ'*c')c\s 4.26
Fquation 4.26 can be solved for (5‘t0 using an iterative

method, regarding the integral term as a coefficient of
f . . . .
é}tﬂ and 1terating until the solution converges. We
. 1
can see from eqn. 4.25 that when Cy=0 (l.e.pgﬂb’%i:jz\ )

the amplitude Lb(ﬂ satisfies the equation,

%Ak—k°*ik;: o

[

AT 7 3 4.27
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a result which agrees with eqn. 4.14.
For the case when Ca# 6 the limit cycle amplitude can
be estimated with the aid of eqn. 4.25. 1f we choose

the initial condition so that ‘Xo(o,o)::AbLl + ’
. [ 1]

(o b) = © then we can write, T
’

\ 2 Yoy [ e
z SLA%(?“;gpdt)(\hﬁ‘t)—‘: —')‘CJ\AOLSLSQ ds 4 .28
&

where the subscript L refers to the limit cycle value

M,

of the respective quantity (these will of course be constants).
The 1limit cycle amplitude is then given by the solution

of the bi-quadratic
¢ 2
12 _
(20{('1)\.,‘_ + (RO( <= Z(K)AOL 'XCI =0 4.29

Any error in the approximate limit cycle amplitude will
be reflected in the apbroximate golution having an incorrect
limit cycle frequency and the phase error between approximate
and exact solutions in the limit cycle, varying with time.
Due to this varying phase error the approximate method
can hardly be expected to give a solution curve that 1is
quantitively accurate for large time, no matter how small
the damping parameter k . Some sample comparisons
of approximate and exact numerical solutions curves are
shown in Fig. 11.

We turn now to the use of the approximate method 1n

estimating the parameters <, , (3 , b and d , of
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the Van der Pol oscillator with non linear stiffness.
The parameters €1+ and Cz can be estimated by a similar
method as was used for the problem described in section

3. Once again we use the approximate relation, (eqn. 3.9)

T

(k‘{/ﬁ“ ~ G G 4 .30

and the values of €, and (3 can be obtained by a least
squares fit of the measurements as in section 3. Having
obtained estimates for C; and (3 the‘coefficient oA
can be determined by using the relation given in eqn.
4,29, Use of this equation implies that the limit cycle
amplitude ko\_ has been measured. Estimating the damping
% is more complicated than in the case of linear damping
since the algebraic equation (eqn. 2.41) has been replaced
by the integral equation 4.25.
We can here eliminate {A from eqn. 4.25 by considering
the equation satisfied at the two points —én and fnol

(corresponding to the peak values of 1(6) ). We can write,

’tn\

"T" = —ﬁdhu

\ 2 -5 W
€ Juk (03p)-€ gt @3- Meghds o

-t Y
(M

et i et M |

The function QSM b can be considered as a slowly
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~
varying function in the interval tn £TK Tnet and hence

we use the approximation,

Tast

S = L

Tn

After some reduction of eqn. 4.31 we can write,

VoL 2
Wnace) Yo Xnws (-3pua) 1(2-30) + Ak oo bl -t)

2 4,33
¢ - Frd (3-3p) [ (92300 = 2kt B(an o)

2 2 1
. . \ . . .
Substituting for 3\& ’ \).\ in terms of %n and introducing

the new variables

1 N v .
g: "X_li_\ ', Y = C.S_.E'k * ?(\». — Xﬂ»r\-xh

_

" . <,y ) P

and the approximate relation, ( QQ&_ eqn. 3.21)

<%\u—‘¥h = E[f;ﬁg LF;Eﬂ

equation 4.33 can be reduced to the form

p 2 2 2 13 - . s a
<‘+ $+29)¢ (145 tg gly) (\+§))(\+ £t $}$ a’)+%‘(\+§+lsy)%”}.b
22 2 3 y
Claguas?)1+ 8 29 ) [(ugtf1og’ 3 ¥)- 20 D)
' 2

2L(*hﬂ‘£“>
= € .

where B
Duy) = %Y/XE‘ \Jf\v?

4.34
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As 1n section 3 we now introduce an approximate form

for the logarithmic decrement,

Y 1:‘:‘\= 5= b o §-)

Jel %

)\\b ('\\A\"\f'\)
e ~ e 2bDul)

and similarly

Replacing % by \-\—LG’ in eqn. 4.35 and neglecting terms

2
o o} ) after some reduction we finally obtain the

result,
- 13 '
C:_*W (ep) O Rv- 20 )
U'—"— \]’C_:"\'X L\_+ \7Y+-3<7 1 4
2T g
and hence,
My
\3 A ¢,
g | e (b} (v 7 = £ ) 2
Jela | 9w = A
Cia Hya 30y
¢ 22
— x,C?\(ﬁ: d:fb )
w(y
The function Cr\(Y‘ éﬂ ) has the form shown in Fig. 3.4.
Wy
G.(¥) *
V.04 &C/l\-cz ‘“C?‘eqnnj
N
e 4G

ic. 3.4

.36

.37
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Note that G,(&OB = 6{80 (eqn. 3.25)

1

xul
and i\ , the curve

From measurements of 1oge\~i-
[N

of &,(¥) can be shifted to give the least squares fit

to the data and hence the best estimate for the damping

o

The non linear damping parameter, & , can also be

1!1‘ [EJE Ni
d\ Y

estimated from the curve of 1oge\

Wi
i.e. when log, \u_i:\l =0 » o= Wi \ib’) Cy
N L

(\+¥) Y

4.2 The Step Function Response of a Damped Non-Linear

Oscillator
We outline here the formal analysis for obtaining

the zeroth order solution, corrected by the two time
scale method for the effects of damping (non uniformity),
of a damped non linear oscillator excited by a step function.
The analysis is terminated when the form of the zeroth
order approximation is obtailned. The equation to be
solved 1is,

&

~j§ + \><Jd

3
44 CFC+GX+631 = Lot 4.38
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NG

Introducing the transformation,

§(J<) =0 - ) 430 L)

where XNC“;‘) , the steady state dm&)

response is given by,

LY
C\Xw\-b-csi\‘ = Qo 4.40

()

('xm = iu\: C))*Z?’_OO)

LN
/ A
—
FIC, 4.1
we obtain the equation in terms of § (*} ,
&%

CM: L §h+ (c\m zc?,i.f)i N %c,n(.“‘{«»rz {: ¥ () R

Fig. 4.1 portrays the behaviour of the various functions
in use. We are interested in k(&) for &'>0 and eqn.

4 .41 can thus be written,

*

vith  §() = -Aw | Slo) = o



By introducing the transformation eqn. 4.39 the indicial
response problem has been transformed into an initial
z

value problem. However, a term in k({) has appeared
in the non linear spring force which will give rise to
an asymmetric oscillation in %(&) ,aS 18 to be expected.
We will proceed to solve eqn. 4.42 by a perturbation method
using two time scales to include the dissipation effects.

Since it is required to state the problem in terms
of the original parameters b » Ci (f:,> , and Qo R
it would be useful to formulate a relation between the

old and new parameters ( k ,.E\ y Ca, *m )-.

These relations are,

3 2
Cilae+ Crdm = o IR (oY & ; C® 3G A 4.43

However, 1t 1s more convenient to convert these relations
into the more useful parametric form,
M
L z
Ca e, $e ¢4

\y — 5

4 .44

i
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So that with xo s C, 'Cl specified,

; C
C. can be obtained from the curve A 7é}52\
3

Fig. 4.2 and9QK and C, are then given
by,
LR /‘scI
N L 4.5 ""\h
C‘ = C\+ %(zi‘\_\ R‘Q (‘-‘L
A
FIG. 4.2

The relation between ©2 and Qw can be further explored
by examining the limiting cases.

(1) Qc, small C. = e C"/c,

Va
(2) S‘O Large C, = 3 (&bc_z)

It follows that G2 is not necessarily small when gio
is small. Returning to eqn. 4.34 we introduce the two

time scales Z('é) and T defined as before,
Z({) = S(ﬂ/l) , e bt §.47

Hence the partial differential equation replacing eqn. 4.42

becomes,

‘2 )S + c\cccx%g-»c;{ﬁ {9\3 -»\? X9 é;\

+\J\B\ le _ o o
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_where |
§(7,T’;L) = %('E;\b]

We now expand %(7 T\O) in the form,
oY

gbm)}k\ = .{Dﬁtﬂ +\o\$§‘(7,ﬂ + 02 4.49

Substituting the expansion (eqn. 4.49) into eqn. 4.48

and equating the powers of \) we obtain,

OQS-' 3 %_%:_*__E\ io'..\a G-,_\i:.pe.‘\: = & 4.50
Tl

ébﬂo) = Ao ‘,3%5/&2 o) = 0
OCb) 3\ %-;‘AEM\LCQD»3@;53%5—§R3‘\§;§T+(3‘w3“)é§]§4.51

with %\(b\ = O Bg\/gz(()‘ = 0 |

' Because of the asymetric term Ca_hoz in eqn. 4.50 the
solution of these equations cannot be wfitten as a single
elliptic function and it is not immediately obvious what
form the solution does take. The solution can however,

be written in an inverse form as a Jacobian Elliptic integral.
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Let
*

Eil = -EI Te b - 2 L
/3 (\‘\ C"L - Ql/a‘(“‘ ) CZ - C’/a\ql

Then equation 4.50 can be written in the altermative form,

L% =Ry ”“t(«‘m) -50“@ 452

where % = i (=) is the amplitude envelope of the negative
¢ L2

portion of oscillation and {N(o\ = {6(0) = —;(}.‘_
Eqn. 4.52 can be written in the form,

ie(z'r]
A%,

= 4.53
[ * ——

) S (Y B B T
PILTERE SR R Sl

The integral in eqn. 4.53 is an elliptic integral and

in order to use the standard tables (Ref. 14) we require

to factorise the denominator of the integrand. Although

EYk(Y} is a root of equation,

¢, (§\, JoZe, (3.3, Q{QM“; V=0 s

¥
for Cas 0 , we find that —ih(*() is not a second
root. The second real root we require is exactly that

value of é (Z f which occurs whcnib\o- Sﬁj% Qﬁ)

shown in Fig. 4.3. 7
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§‘(Y)

FIG. 4.3

Extracting the root.§‘= gn\ from eqn. 4.54 we obtain,

e a8, . |
%(%c%ﬂ E)E%: L_S"Q_AS *\i:* §0(§+5%§+§;) 4.55

CS zcz LN

2 .
+§o(ji&+§)+§3 = O
C3 “~ & -
The remaining cubic will have the one real root E-\(f
and for the case C|>0‘(3§>° , the other two roots will
be complex conjugates. (To see this, compare with symmetric

oscillator, Co = 6 ). For C, small we can obtain an

approximation to the root %\(*) by a perturbation analysis.

i.e. let

\?dﬂ - 5 )+ . $0)

4.56

and we find that,

@(\a] % Lt
Cuac i(\\
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The elliptic integral in eqn. 4.53 has the general form,

3
T & o
- \ Jlag) -6 o)

Q , T are complex conjugate roots.

From Byrd and Freidman (Ref. 14) p. 133, we can write
O,

T = \,,Rc\u = \\0\: \.\(:\\ chs\y‘v); \Q(}\\s\

6

where

(’058 | (a- -s)A- (s-L)R
(a- D8 (s- L)l\

and ,K: Cq- l)\)-\-q\ ) 3 = (\)—-L‘)z‘\—q\L

B = C4+¢ * s
l —3? ) G’\ =—-(C—~—;>
Y 2
b = Ca-b)_ ck-mz

AR

4.58

4,59

4.60

4.61
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Yy A— |
h - /ng 4.62
From eqn's. 4.53 and 4.58 we can therefore write,

7 (;2- \\(\) (Qogﬁ,(x \M‘.> 4.63

s AW bo AW - ety
A-A® ) newe

: ) - < (Jﬁhi))\)(t)

and finally from eqn. 4.59,

aR+bA-(ag-LA)C, (/% 2 1)
éSo(Y Jfg) = I\ K - CL‘ h@z)
& - AR ([E7 )

Although the expressions for the coefficient in eqn. 4.65

4.65

are likely to be of a simpler form than they appear,
especially for the case C, &) , in order to obtain these

expressions is closed form the cubic factor in eqn. 4.55
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has itself to be factorised. Due to such complexities
it was not considered worthwhile, by the author, at this
stage to continue the analysis beyond this point.
The present example serves to illustrate the construction
of a solution in terms of Jacobian elliptic functions
through the inversion of the more primitive elliptic

integral.

4.3 The Transient Response of a Simple Two Degree

of Freedom System.

Consider the two mass system shown in Fig. 4.4.

- —
Sy — Fex)
AMANN— M| “'\_

FIG. 4.4

The two masses "h;'“z are connected to each other
by a unit having stiffness and damping characteristics
defined by the functions P(x} and G(l)x) respectively,

and to the supporting structure by pure stiffness units
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having characterictics ~§Jd,] and g;(x;) as shown.

The equations of motion of the masses are,

MLy = -4, 0 € o) - G ey Tty .66

MLI‘L = =~ X_"(X")"' Q (2(.’—1,,) + 6 (X‘— :(7_ \:Xw- ’(L)

with initial conditions , (o) = is )XJ(O)C XLO 4.68

( '*1 denotes differentiation of %y w.r.t. time)

To illustrate how we might apply the techniques used previously
for one degree of freedom systems, we.simplify the model

and consider the particular case defined by,

My=Mazm %(L.) ‘_Qx(&z)'—‘_ %(a()

. 3 .
Q(ot)=c\a(+tga( e ) = \OAK/d‘c

The equations of motion thus take the form,
.o : ‘3 . N .
“’h(w&x‘ +¢ (,-X,) + Cz(’(rh)* er L) = o 4.70a

- X o
L Q’i,_" GQUG-X) = -o) = b (4 -x,) = o 4.70b
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Intreducing the new coordinate system defined by,

Q= Xt 4, L e

ve can subtract and add eqn's 4.70a, 4.70b to obtain the
equations of motion in the 'new' coordinate system.

It is exactly this transformation which in the linear
case ch=-0) decouples the system equation and defines
the normal modes of the system. A similar decoupling

occurs for the nonlinear systems with the particular

characteristics choosen. The new equations read,
-.9+1L5+(¥{1c) UG, -
< \ TAG) Y Ay, = 0 4.71a

-

L )
Y, + %31 — a 4.71b
with initial conditions

6

Sl(°> = j\oﬁ: 1|0‘- 1,_
b.72
\ ©
ij(O’ - t\’- =5 x‘o*xbb

It can be seen that for the present case it is possible
to regard the complete motion of each mass as linear

combinations of two independent motions, \3‘ij described
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by the non linear equation (4.7la) and :j,_(g described

by the linear equation (4.71b)

i.e. 'l)(|(‘)(% = 3\9*\3:.0) ) L.U) = ‘jz(g_j\uﬁ 4.73
N -

L

Eqn. &.7la has exactly the same form as eqn. 2.7 and hence
provided ('&4—1(\)70‘ C3>0 , the zeroth order, uniformly

valid solution (for small t) ) is given by,

\kj\o(’?,'ﬂ = A\b(Y\C'\(fZ , D“ (\-\) 4,74

where

7° 3‘% )j‘(ﬂ: (Rare) s 26 M)

1 L4.,75

\)“('g) = QTS\{\\y

v 2

N

and 3%*\ is obtained from the equation, 3\ A‘: (‘3'2\%5}: k\‘@

The solution of egn. 4.,71b is simply,

Sz&\f keﬂﬁﬁt . 4.76



-p2-

so that,
-

k(b(‘\“ ()s\(z , plo)i—h_,cf_&-&_&f‘%

a

heafit - )\ o) Calq )
A

X

11}

L.,77

(o

4]

Any asymmetry in the outer stiffnesses i.e.-%.(i)=#-§1(ﬂJ -
will give rise to coupling terms in éqn's 4,71, as will
the case of unequal masses. Also, if the outer stiffness
are non linear functions of displacement e.g.

; I%(Q(_): b‘(.* k';l? s then even in the symmetric case

the equation of motion in ('ﬂ‘iq1)  will be coupled.



LIST OF SYMBOLS

(in common use)

Displacement of Hon-Linear Oscillator (Eqn. 2.1)

Spring FPorce {(Lqn.

1)

A small parameter (fgn. 2.1)

Coefficients of linear and cubic terms in 41&)

Jacobian elliptic -functions of argument
-Z and modulus P

damping parameter (Eqn. 2.6)

Elliptic integral of the first kind

Elliptic integral of the second kind

Complete Elliptic integrals of lst and
2nd kind respectively.

Lty order approximaticn in a straightforward
asymptotic expansion.

(Eqn. 2.8)

Time scales of order L*_ and 't. respectively

(Eqn. 2.22)

Amplitude function (Egqn. 2.30)

'Frequency' of oscillation in time scale‘?

(eqn. 2.30)

Adjacent peaks in an oscillation

Ratio of 'xhﬂ

A mean peak value defined as

to iu\

2

'd\ =

x\t\ l* Xgl
2
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1
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SEOR L

Yuw, )

Czinﬁ/ch

An approximate form for the ldg. dec.

Coefficient in Non-Linear Damping term
(Eqn.. 4.1) :

Phase angle (Egn. 4.3)
Limit Cycle amplitude
Step function amplitude (Eqn. 4.40)

Steady state response of non linear

-oscillator to a step function

3Cy A

transformed displacement given by

3 = (@6

displacement of masses ™M1 and My in
two degree of freedom system (Fig. 4.4)

defined as 1= Lim2(i Y, v,

linear stiffness (Eqn. 4.69)
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AEEendix 1

Elliptic integrals, functions and the solution of

. .. 3
the equation X+ A+CAL = o

The character of the solution of the conservative

system described by the equation

. .
L+ x+cax = © | Al.1

depends markedly on the values of the parameters ¢, ,

C5 and the initial trajectory. Here we examine the range
of parameter values for which the solution has an oscillatory

character.

The initial trajectory is defined by the relations,

{(o) = 7, ;%L"):Z» AL.2

Equation Al.1 can be integrated once to give the relation,

2

dx x |
YA ‘( 1_ r + G W TS 1.3
KG\J o alzl o) @lgat) A

and this equation enables us to portray the trajectory in



phase space (‘ngikv-'x) . Before we discuss these portraits
in ‘more detail we see that egn:Al.3 ¢m be integrated once

more to give,

+ - do

2 AR
7, Z,, +Cy ('Z :- Xt) +c3-;(1'tif+)

The result given by eqn Al.4 is quite a common feature of

Al.4

non linear oscillation problems i.e. the solution is given
in the inverse form 'é = {(1). The integral in eqn. Al.4
is an elliptic integral and in order to proceed with the
inversion process it is necessary to reduce the denomenator
to standard form. Since all possible oscillatory phase
plane trajectories cross the A axis at some time, we do
not lose any generality by setting Zz‘=,o . In this case

the standard form of eqn. Al.4 reads
.8

-t = (cz.; z a1 = Al.5
) @,:X9(xt+7,1+351 '
1

G

With the help of Ref. 1lu4 (Handbook of Elliptic Integrals -
Bryd and Ireidman) we can now invert egn Al.5 for the various
ranges of values of 7, » C¢ and (g . Before we do this

it is expedient to examine more closely the phase plane



portraits of the system for the various cases. There are
three cases of interest.

1. >0, ¢3%6 : (the hard spring)

In this case there is

one equilibrium point

@, =0 and this is a |

centre.

(G
N

In this case the inversion of eqn. Al.5can be carried

out using relation 213.00 in Ref. 14 and is simply

FGIE Aﬁ.\(wa‘tlpo) Al.6

* z “‘CxA
where Wi = CV+C3A° and P . This is the Al.7
Ty C3 0 :
elliptic cosine function with period L&K(\.Q : where k(p)

is the complete elliptic integral of the first kind given by,

W/
kG- POk gy = \ 96 s

J’ ,JSM

The period in 1? is given by,

e “'k/wo Al.9



hence

L
— g (12 .1 .
% = . &/)‘) K(p._\ - A1.10
c M

» . .- /
Fig. A.2 below shows the behaviour of ﬁo and ¢ as the

amplitude of oscillation varies (Ref. 15)

]

C, —

LAO l*‘-\[‘-o
C"

- 10.0

- S o
8

1.0 \3.

FIG. A.2.

We note that for the present case C,yo‘.C?»o).oS PZ{"/{
For ©, or C; negative there is no guarantee that ¥>°
will remain positive and if we choose to retain the form
Eqn. Al.6 for the complete range of C. ,(y we would be
forced to consider values of &3 >\ and complex. Values
of k) are wusually tabulated for 64\)4 \ and hence we
look for different forms of the solution for other ranges

of @, and Cz .



2. Cho ,C3<o (soft spring)

\'
//_:\\// ‘
e~

!

v
\

)

FIG. A.3
In this case there are 3 equilibrium points Y=o ,
L= '_t‘/:z:“ : the first being a centre and the second
two being sa;dles. We can see that the trajectory will
—
only lie inside the separatrix if \10\4‘/‘3

this case the inverse of eqn Al.5 is accomplished by ex,

and for

218.00 of Ref. 14,

- Al.11
K(‘Q }\‘SV\(W*-\- é>‘) \\\\)
. e
where Q.Zz Cit Jic-sl\\ and P:-: 2 Q3)‘“ Al.12
C‘*"‘icgk\t

%h(k\\‘t)p\} is the elliptic sine function with period u4K.

The pericd in 't is given by

- NN
& = ‘1—\</N‘ = q/ el lc(p.) AL.13



* A
and Fig. A.4 showsthe behaviour of and VTt as A

is varied.

-0, )
&) + — .
\
180
~06.5 J
[ .

“U0T ik H10.0
cak
) RAY

FIG. A.4,
When the initial trajectory lies outside the separatrix
I
?,5‘/‘%_() the total spring force at =0 is negative
€z
and the solution will diverge - i.e. no oscillation.

In this case

(@) - Auns (ot )

Al.14
N\\ere ns (U) = \/S\\(LQ

2 2 2
. _C%L CY, \/N

W
3. C, Lo » <350 . This third case provides the

most interesting portrait (Fig. A.5)



(=S .

FIG. A.S.

We again bave three equilibrium points ¥=¢ , e ¥ [-&¢

VG
but this time the origin is the saddle and the other two

equilibrium points are centres, This case is particularly
interesting in that th types of oscillation are possible,
depending on the initial condition. . It can be shown that
the separatrix cuts the A axis at the points =0 ,
X= :./:%:9 and if the initial.displacement Z’, lies
inside thesé?latter two points, {with initial velocity
zero) the solution curve will oscillate about the non zero
equilibrium point (asymetric oscillation). For lzd:> —%ﬁ
the trajectory oscillates about the origin in the maﬁner :
shown by the outer curve in Fig. 5. Note that any non
zero initial velocity (with initial displacement zero) will
also cause the trajectory to follow this curve. Let us

examine the two cases separately.

-1C . .
a) \7.] < E—‘ . In order that p remains in
3 .



the range O to 1 we have to use ex. 217.00 (Ref. 1i) if

\N(@ and ex. QiB.OO (Ref. 14) .f \Zub J:i;

3
For \7J < [ we have,
3

A = )\ nd (Wt )

where V\A (L\‘p) = \/O\n (U"_,)

2
and \‘33 = C:_ CBA} ) W;’—' Ci+ G .A}
by
CV*‘%Ch.kz -

we use,

For 7 )> V C; |
U - Adlat pu)

were s 3GA P e
‘i‘(JAuz
note that,
c‘}m(ﬁ-&'l\(): dn (u)
dn (k) = ‘ﬂ_'\—:i \
)
dn (M) - ((J'*Pl)
dn (Lek) = mﬂ hel(u)

c\vl( UILP) =nd ( H}:‘\'P\) y B ‘J/()T?\F

Al.15

Al.l6

Al.17

Al.

18



These relations give the properties cf the asymetric oscillation
LY

and ensure that the two solutions match when \'Z|\= L/“Sl .

- C

3
b) \'Z,l > /-%ﬁ) . For this case the solution
Ca

is once again constructed with the aid of ex. 213.00 (Ref. 14)

i.e.

LW = As Ca (Qs.t)t)s) Al.19

: 2
b3
where ‘\)‘ T ¢ +C3A§° R IL): 2: '5{62 A" z

Ci+Cy Ag ?
We note that the trajectory does not have the elliptic
shape as in case 1. This result is explained by considering

the behaviour of the velocity Cl?(/o\‘\‘, s

dy

A: - - As Qs Sh. (W’i_t ,Ps)}n (\Qs‘t ) P;) Al.20

. .
This function has a maximum or minimum when A 144{1== O

b e L s,
i.e. - %Ws Cn :Dn '\3: Sa = O Al.21
eqn Al.21 has the solution Culu) =0 (i.e. AW = os*=o,2k,kk etc)

2
2 2
and also D\'\ - P‘t_ or Q\ - 1\35 -\ = --_S\__

———

L S
Sk : lpsl Q3 As



In the present case (;< 0 and hence in any che period
4K the velocity has an extra four stationary values, occuring
when '[C“ attains its equilibrium volue, A{Q) = il/E;
2
The velocity response will look sometaing like that shown
in Fig, A.6.
X

FIG. A.6
This case completes the range of C; and C3 giving the

solutlon an oscillatory character,



AEEendix 2

Condition for the existence of pericdic solutions of

periodic linear differential equations

In section 2, whilst discussing the behaviour of
the first order approximation generated by a direct perturbation
expansion, we introduced an important property of linear
periodic differential eqﬁations. For periodic solutions
to exist the right hand side of eqn. 2,9p was restricted
to obey the condition given in egn. 2.15. Using the two
time variable method a uniformly valid solution was 6btained
by utilizing the above condition, in that the first order
approximation was forced to have periodic solutions i.e.
the right hand side of egqn. 2.29 was required to obey the
so called periodicity condition (eqn. 2.34). We outline
here the proof of this property as given by Hahn (Ref. 16
p. 353 - 264).

The equations of the first order approximations
considered in this note belong to the general class of
equations written in the form

SIC YR
At ~

A2.1



where k(ﬁ is an(ﬂ*n) matrix with elements periodic such
that A(t] = A(—\;;Tk\) | 2@  is a periodic W -vector,
~
Z,('u: :{G*T») and li(\—) is the un_knc_vwn state 'L -vector,
We wish to determine the conditions fur the existence of

periodic solutions of eqn. A2.1 such that
Q*’ H\\ - ’b\k, (4Tw) A2.2

The solution of eqn. A2.1 can be written in the general form

t |
S L P h2:9

[-4

where the matrix \((*\ﬁa) , satisfies the equation,

ARA A . AW kG
f:RAE . A2.4

and has the following properties (Ref. 16).

Klds) = kb b) K, bo)
REEE) = Kb
K@ty = ©

A2.5



(subscript 1T denotes matrix inverse)
g& is the initial vector of the trajectory glt“
Without loss of generality we can chocse 4E=IO and write
egn. A2.3 at '*:=ﬂTk as,
Tu
\BN(':\\\ = \(,(Tw\b\ \}/a-\— \((TN ‘T) XL("{] é't A2.6

o

From the properties, eqn. A2.5, we can urite,

\{ (Fu,v) = k(01 K(0) and K(Tu\o\z \(LO(\’H)t

Hence eqn. A2.6 can be written,

™
‘. k(or\-w\ - E_l Qa = k(o,ﬂ 7;_&\ At A2.7

L]

For the case when the homogeneous equation,

dw _ .
ﬁ“'\\e - I

has no periodic solution we have, gq‘t\\x(oﬁw)dg—x #_- 0

i.e. the matrix &( (O{TQQ) has no eigenvalue equal to

unity. In this case the initial vector takes the form
T |
T .
O - Lk -e] [Klozade 4
~

o



and hence the complete periodic solution of eqn. A2.1 cuan

be written in the form

—

W €

1
Uj(“ - K (1“\()“~\< (0Tw) ‘?:l k(b‘t\l L+ (kG 2ade 427

° o

When the homogeneous form of eqn. Al.l has periodic solutions

the situation is not so straightforward, for in this case,

C&J \ \N(o\TH) el = o A2.10

Equation A2.7 can be regarded as a linear equatioh of the

form,
Eg = % ' |
1» \S _ A2.11

and eqn. A2.10 becomes Aé‘k% =0 . The set of equa‘tions
A2.11 are only compatable (solvable) when the vector ¥

lies in the range space of the matrix YS and this implies

that for every vector which satisfies the adjoint equation,

-

o
<
\(‘?D'E = O , wWe must have, t ‘D = 0 A2.12



i.e. the vector b must be orthogonal to the null space

of the matrix EF . (See Lanczos, Ref. 17 Sections 3.6 -
3.9).

Returning to eqn. A2.7, the condition given by eqn. A2.12

can be written

Tw

.
V, k(O,ﬂ 70y dr = o A2.13

~

o

for every Jo satisfying the equation,
~N

K\\V(oﬁwy—tj\\!do = 0 A2.14

. T | |
or K (o Tw) Vo =V, A2.15

} A

Egn. A2.15 implies that the vector

Vi = K (0,4) 'V,

-~

is a periodic solution of the adjoint equation,

-
O}—g - A(\a L’ =0 A2.16
d%

and hence eqn. A2.13 can be written as,



A2,17

T
7T .
%\LM 1M d = o

(s}

for all periodic !ﬁi] satisfying equ. A2.16. This is
exactly the result we require and if eqn. A2,17 is satisfied
then eqn. A2.1 has a periodic solution.
As shown by Hahn (Ref. 16 - p 361) one can go further
to show that if eqn. AQ.l? is not satisfied for every periodic
EC({) then the solution of eqn. A2,1 will grow unbounded

as ‘h increases (Resonance). If we write,

T

b - \i (S "\:\ 201 dv

then,
koo .
\i} ‘h{w) = \(.(Ru,o) W, +.E k(1. 0)‘ h A2.18
| e ol n

and the sum on the right grows without limit as ¥L increases.
Finally, if the solvability conditions are satisfied for

©) :
all periodic \L('“ ’ \/(_‘H , €= IIZ,- --m , then

equation A2.1 will have a periodic solution of the form,
L) L)(e)
U}’(H = fm +€§_Ce D (4) A2.19
- — :‘

e
where ﬂ%&‘ is a particular periodic solution and E{d& are the
linearly independent periodic solutions of the homogeneous

form of eqn. A2.1.



GUIDE TO I LCUKES

Figs. 1 - 9 show comparisons of approximate and exact

numerical scolutions of the equation

e g. 3
(4- Lx C|K+Q1i <~ 0O

for various combinations of the parameters C, ,Cz and L) .
The full line in all cases represents the numerical solution
and the circles represent the approximation.

Fig. 10 shows how the logarithmic decrement varies
with amplitude for a non-linear system. Some estimates of
the damping parameter l) are also shown.

Fig. 11 shows a comparison of approximaté and exact

numerical solutions ©f the equationm.

. .. .
X+ (A = DX +CX+Cid = o

Again, the full line represents the numerical solutiom.
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CN THE USE OF APPROXIMATE SOLUTIONS FOR NON LINEAR OSCILLATIONS

G.D. Padfield

SUMMARY

An approximate solution in terms of Jacobian Elliptic
functions is developed for a class of non linear second
order differential equations exhibiting oscillatory solutions
with weak decay rate (systems with small damping). Using a
perturbation method it is found that a straightforward
asymptotic expansion leads to secular behaviour in the
first order approximation. To correct for this non uniformity
the two time scale method is utilized and this yields a
zeroth order approximation containing the essential
characteristics of the damped non linear oscillation. The
value of an approximate technique is an implicit function
of its usefulness and with this idea in mind a method
is described whereby the parameters of an oscillatory
system can be estimated from response measurements with
the aid of the approximation. It is hoped that the analysis
in this note will serve as a stepping stone to the study
of higher order non linear systems.
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