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SUMMARY

An attempt has been made, in this work, to design an
efficient, linear—-elastic and elasto—plastic, fracture
mechanics package based upon finite and boundary element
methods. The package contains many useful facilities such
as, pre— and post-processors, different types of loading
including 1inertial and thermal loading, and different
typés of finite and boundary elements. New crack-tip
elements, and efficient algorithms for the analysis of
J-integrals, have been derived. Elasto-plastic boundary
element programs with different types of loading, and
using a new subregion facility have also been developed.
The package was emploved for fracture mechanics analysis
of some case studies with elastic, thermo—-elastic, and
elasto—plastic conditions, and with one and two modes of
Ffracture. The results have proved that the package is ulery
reliable and controllable, and new facilities and
techniques, developed in this work, can provide useful

tools for fracture mechanics analysis.



CHAPTER

1.

3.

11
1.2

1.3

21
22

23

24

25

2.6

31
3.2

3.21

. 322

3.23
3.24
3.25
3.2.6
327

CONTENTS

DESCRIPTION

INTRODUCTION
General Introduction.
Ob jectives of the Work.

Layout. of the Thesis.

LITERATURE REVIEW

General Review in Fracture Mechanics.

Review on the Development. of Singular

Crack-Tip Elements.

Review on the Methods of Calculating

Stress Intensity Factors.

PAGE NO.

12

Review on the Development of J-Integral and

Crack Opening Displacement. Approaches.

15

Review on the Development of Elasto-Plastic

Fracture Mechanics Concepts.

General Discussions and Conclusions.

INTRODUCTORY CONCEPTS OF FRACTURE

MECHANICS

Introduction.

Basic Concepts of Stress Analysis. -

Stress.

Equations of Equilibrium.
Boundary Equilibrium.
Strain.

Stress-Strain Relations.
Plane Deformation.
Elasto-Plastic Behaviour.

19 -
22

25
25
25
27
27
28
30
31
32



—ii-

CHAPTER DESCRIPTION PAGE NO.

33 Linear-Elastic Fracture Mechanics
Concepts. 33
3.3.1 Introductory Concepts. : 33
3.3.2 The Stress Intensity Approach. 37
3.3.3 Elastic Field Equations around
Crack Tips. 39
3.34 Fracture under Combined Loading. 40
335 Crack-Tip Plasticity. 42
34 Elasto-Plastic Fracture Mechanics
Concepts. 44
3441 The Crack Opening Displacement Approach. 44
342 The J-Integral Approach. 45
4. DERIVATION OF GENERALISED J-INTEGRAL

FOR 2D FRACTURE MECHANICS PROBLEMS

4.1 Introduction. 56
4.2 Introductory Definitions and Relations. 56
4.3 Energy Principles and Relations. 857
4.4 Derivation of the J-Integral Expressions. 62
441 The Physical Concept. 62
4.4.2 Change of Coordinates. 64
4.4.3 Caze of a Closed Contour. ' 65
4.4.4 Case of a Blunt Crack. 69
448 Caze of a Sharp Crack. 71
446 Energy Changes Due to Crack Growth. 72
447 The J-Integral as a Contour Integral. 74
45 Useful Expressions for Domain Loading
Term in J-Integral 75
451 Reduction of Domain Integrals for
Special Cases. ’ 75
452 First Integration of Domain Loading Term. . 78
453 Domain Loading Term for Rotational

Inertia around Z-Axis. 79



—iii-

CHAFPTER DESCRIPTION » PAGE NO.

4.6 Cases with Thermal & Plastic Strains. 83
4.61 Case with Thermal Strains. 83
4.6.2 Case with Plastic Strains. 84

5. THE FINITE ELEMENT METHOD FOR FRACTURE

MECHANICS PROBLEMS

514 Introduction. 94
52 Finite Element Analysis of Linear-Elastic
2D Problems. 95
521 Outline of the FEM for 2D Problems. 95
5.2.2 Library of Two-Dimensional Elements. 103
523 Initial and Domain Type Loading. 104
524 Pressure Type Loading. 106
53 Crack-Tip Finite Elements. 109
531 Basic Concept of Singular Isoparametric
Elements. 109
5.3.2 The Quadratic-Side Crack-Tip Elements. 111
533 The Nine-Node Lagrangian Crack-Tip
Element. 114
534 The 1/42Z Singular Crack-Tip Element. 116
5.35 The Collapsed Six-Node Triangular
Crack-Tip Elements. 120
5.3.6 The Cubic-Side Crack-Tip Elements. 121
5.4 Finite Element Analysis of Elasto-Plastic
2D Problems. | 124
541 Derivation of Elasto-plastic
Stress-Strain Matrix. 124
5.4.2 Hardening Rules. 127
543 Outline of the Finite Element

Elast.o-Plastic Theory. 131



—-iv-

CHAPTER DESCRIPTION PAGE NO.

6. THE BOUNDARY ELEMENT METHOD FOR FRACTURE
MECHANICS PROBLEMS

61 Introduction. - 153
62 Outline of the BEM for 2D Linear-Elastic
Problems. ' 154
6.3 Families of Standard and Crack-Tip
Boundary Elements. | 163
6.31 Family of Standard Elements. 163
632 Family of CGrack-Tip Boundary Elements. 164
6.4 Boundary Intégral Expressions for Domain
Loading. 166
65 Boundary Integral Expressions for Thermal
Loading. 168
6.6 Accuracy Measure Parameters. 170
6.6.1 The Singular Integrals. 170
6.6.2 Corner Jump Functions Technique. 174
663 Use of Rigid Translation Conditions. 179
6.6.4 Boundary Integral Equations for Strains. 182
6.6.5 Use of Finite Difference Method. 187
6.6.6 Use of Subregion Technique. 188
6.7 Outline of the BEM for 2D Elasto-Plastic
Problems. ' 190
6.71 Boundary Integral Equations for
Elasto-Plastic Problems. | 191
672 Incremental Boundary Integral Equations. 192
6.7.3 Boundary Integral Equationbs for Strain
Components. ’ 193
674 Evaluation of Strain and Stress
Increments. 195
6.785 Numerical Integration over N-Node
Elements. 198

6.7.6 Solution Algorithm. 200



CHAFPTER

7.

8.

74
72

7.3
74

75

7.6

7.7

78

8.1
8.2

8.3

7.21
7.2.2

741

7.4.2

743

8.2.1
8.2.2

83.1
8.3.2

DESCRIPTION

THE APPLICATIONS OF FEM & BEM
IN FRACTURE MECHANICS

Introduction.

Extrapolation Methods of Stress
Intensity Factors.

Displacement. Extrapolation Method.
Stress Extrapolation Method.
Extrapolation Curve-Fitting Technique.
Numerical Evaluation of the J-Integral.
Piecewise Discretization of

Arbitrary Contour.

Characteristics of N-Node Boundary
Element.

Evaluation of the Elemental J-Integral.
Evaluation of the J-Integral Domain
loading Term.

Transformation of J-Integral Domain
Loading Term.

Evaluation of the J-Integral Thermal
Loading Term.

Evaluation of the J-Integral Plastic
Loading Term.

Evaluation of J-Integral for Oblique
Cracks.

PROGRAMMING

Introduction.

Pre-Proce=ssing Module.

Two-Dimensional Mesh Generator Program.

Two~Dimensional Mesh Plotter Program.
Finite-Element. Module.

Types of Elements.

Types of Loading.

PAGE_NO.

213

213
213
215
216
220

221

221
223

226

229

230

232

232

242
242
242
244
246
246
247



—vi-

CHAFPTER DESCRIPTION PAGE NO.

8.3.3 Structure of the Linear-Elastic Program. 247
834 Structure of the Elasto-Plastic Program. 251
84 Boundary-Element. Module. 255
841 Linear-Elastic Boundary Element Program. 255
8.4.2 Linear-Elastic Domain Loading Boundary
E‘lement Program. 2589
843 Linear—-Elastic Subregions Boundary
Element Program. 260
8.4.4 Elasto-Plastic Boundary Element Program. 262
85 Fracture Mechanics Module. 265
851 The General J-Integral Program. 266
85.2 Extrapolation Method Program for
Symmetric Cracks. ) 268
85.3 Program for Extrapolation Method of
Unsymmetrical Cracks. 269
854 The General Curve Fitting Program. 269
8.6 Post-Processing Module. ' 270
9. RESULTS AND DISCUSSION
91 Introduction. 285
92 Linear-Elastic Validation and Case
Studies=s. 286
21 Finite Element Simple Validation Test. 286
922 Boundary Element Program Validation Test. 287
923 Case Study of Centrally-Cracked Plate in
Tension. 288
924 Case Study of Single-Edge Crcaked Plate
in Tension. 294
925 Case Study of Centrally-Cracked Rotating
Di=sc. 297
@3 Elasto-Plastic Validation and Case
Studies. 298

931 Finite Element. Elast.o-Plastic Validation
Case. 298



—-vii-

CHAPTER DESCRIPTION PAGE NO.

93.2 Boundary Element. Elasto-Plastic

Validation Case. 301
933 Case Study of Elasto-Plastic Analysis for
Centrally-Cracked Plate. 304
234 Case Study of Symmetrically Cracked
Pressurized Cylinder. 305
935 Case Study of Cracked Thick-Walled
Preassurized Cylinder. 307
9.4 General Discussion. 307
10. CONCLUSIONS 397
REFERENCES 399
APPENDIX A 406
APPENDIX B 409
APPENDIX C 421

APPENDIX D : 449



CHAPTER 1

INTRODUCTION



1.4 General Introduction:

In many engineering problems, failure of loaded structures is
frequently caused by the growth of cracks or crack-like flaws
in the structure. Fbr complex structures and loading
conditions, no analytical solution is available for failure
prediction due to the difficulty encountered in evaluating the
field parameters at the crack tip. Therefore, numerical methods
such as the finite element method (FEM) and the boundary
element method (BEM)> are more likely to be considered for such

situations.

The usefulness of Hldnear-elastic fracture mechanics (LEFM) and
the elasto-plastic fracture mechanics (EPFM) has become widely
recognized in the current. trends towards the design of large
and small size structures, with the increasing use of high
strength materials, and with the development of welding
techniques.

Fracture mechanics parameters such as stress intensity factors,
J-integrals, and grack—opening displacements have become
important parameters when evaluating the strength of a cracked
structure, since they can represent the strength of the stress
field at the crack tip and have critical values which determine

whether or not the crack will propagate.

In the past, fracture mechanics parameters had been calculated |
for =some geometrical shapes of c¢cracks by using various
analytical and experimental methods. However, =such results are
limited to geometrically simple shapes of cracks and

structures.

Engineering problems with more complex shapes and boundary
conditj.ons may require investigation bi( ~means of methods
of £ erihg greater flexibility than existing analytical and
experimental techniques. The major two of such methods are the

finite element method and the boundary element method, and



their accuracy and efficiency for the stress analysis of two

and three dimensional problems are now undenied.

1.2 Objectives of the Work:

Using the finite element method and the boundary element method
to solve fracture mechanics problems may require =special
elements and additional facilities. These elements and
facilities are not fully recognized in most of the commercial
packages available on the market, vespeciauy the boundary
element. packages. Therefore, the main objective of this work is
to develop an efficient finite element and boundary element
package specially designed to deal with static, elastic and

elasto-plastic, two-dimensional, problems of fracture

mechanics. Other complementary objectives are summarized as

follows:

I. Special isoparametric finite and boundary crack- t.ip
elements are +to be developed and implemented in the
package.

2. Facilities for efficient meshing, such as transition

elemeht.s and transition blocks are to be included in the

programming package.

3- The package would be capable of dealing with different
types of loading, such as concentrated, pressure,

inertial, centrifugal and thermal loading.

4. Efficient solvers such as the frontal =solver are to be

employed in the package.

5. Due to the sensitivity of the BEM to the geometrical shape
of the problem and the applied loading "and boundary

conditions, an attempt should be made to improve the



accuracy of the boundary element elastic and
elasto-plastic solutions. A subregion technique is to be
employed for bof.h elastic and elasto-plastic analyses.
Efficiency measures aiming at reducing computer CPU time
and/or human being effort should also be considered.

| 6. Methods for the calculation of fracture mechanics
parameters will be thoroughly investigated =so0 as to
improve their accuracy, and new ideas should also be

explored.

7- Relevant pre- and post.—prdcessing facilities are to be
developed for efficient mesh generation, plotting and

useful graphical representation of results.

8. Developed programming facilities must be thoroughly
validat.ed s0 as to assure the reliability of the

programming package.

o. Some case studies will be analyzed aiming at, evaluating
the efficiency of the package developed, and making a
useful comparison between finite element and boundary

element. techniques.

1.3 Layout of the Thesis:

This work 1is based upon three basic aspects, finite element
methods, boundary element methods, and their applications to
fracture mechanics. The thesis starts with a general
introduction and a summary of the basic objectives of the work.
A detalled lterature review of the development of dif ferent.

fracture mechanics aspects is summarized in the next chapter.

For the completion of the thesis material, the basic principles

of stress analysis, Hnear-elastic fracture mechanics, and



elasto-plastic fracture mechanics are reviewed in chapter 3.
However, a =separate chapter, chapter 4, 1is devoted to the
discussion of a generalized derivation for the J-integral

parameter, and some interesting ideas will be introduced there.

A review of the basic theory of the finite element method for
linear-elastic, and elasto-plastic, fracture mechanics analysis
is presented in chapter 5, together with the derivation of some
efficient crack-tip finite elements.

Chapter 6 contains a summary of the theory of the boundary
element method for elastic and elasto-plastic analyses. Some
accuracy measures, together with the subregion technique will

be explained.

The use of the finite element and boundary element results for
the calculation of various fracture mechanics parameters is
investigated in chapter 7. Some interesting new ideas for

improving the accuracy of those parameters are also introduced.

It was not possible to .describe the details of the programmihg
package developed in this work without exceeding volume limits.
Hence, it was decided to present a brief description of the

basic programs constituting the package, in chapter 8.

Different validation cases and other case studies are described
in chapter 9, together with their results obtained by means of
the package compar-ed, according to each case, with

corresponding =olutions available in the literature.

Finally, the major conclusions and recommendations for future

work are summarized in chapter 10.



CHAPTER 2

LITERATURE REVIEW



2.1 General Review in Fracture Mechanics: -

The earliest invest.igat,ion into fracture mechanics would appear
to be that of Leonardo da Vinci, in his study mentioned in
Refl1l. The study dealt with the variation of the failure
strength of iron wire, using different lengths of wire with the

same diameter.

It was mentioned in Refl2], that in 1835 Lloyd and Hodkinson
studied the same effects but for the case of iron bars. It was
until 1939, when it was explained by Weibull, using statistical
analysis, that those effects were due to flaws in material
under test [Ref.31

The first attempt at applying a mathematical approach to
fracture was carried out by Inglis in 1913 ([Ref. 41, followed by
Griffith in 1920 [Ref.5], and then Westergaard in 1939 [Ref .6l

The main work of Inglis lies in the determination of the stress
around a hole in a plate, the hole being elliptic in form. He
claimed that the results obtained were exact and consequently
applicable to the extreme limits of the form which an ellipse

can assume.

Griffith ([Ref 5] formulated the well-known concept that an
existing crack will propagate 1if thereby the total energy of
the system is lowered. He assumed that there iz a simple energy
balance, consisting of a decrease 1n elastic straln energy
within the stressed body as the crack extends, counteracted by
the energy needed to create the new crack surface. His theory
allows for the estimation of the theoretical strength of
brittle solids and also gives t.he‘ correct relationship between

fracture strength and defect size.

VWestergaard I[Ref.61 treated crack problems by employing the
complex variable technique. He used a complex stress function
which satisfied the nominal requirement. of compatibility
Cbi—harmonitc eqﬁat'ion) in order to determine the displacements

and stresses in the immediate neighbourhood of a crack in an



infinite plate subjected to a remote bi-axial stress.

Griffith’s concept was first related to brittle fracture of
metallic materials by Zener and Hollomon in 1944 [Ref.7]. Soon
after, Irwin I[Ref.8] pointed out that a Griffith-type energy
balance should exist between the stored strain energy and the
surface energy plus the work done in plastic deformation. Irwin
also recognized that for relatively dﬁct.ﬂe materials the
energy required to form new crack surface 1is generally
insignificant compared to the work done in plastic deformation,
and he defined a material property G as the total energy
absorbed during cracking per unit increase in crack length and
per unit thickness. This parameter was called the ‘energy

release rate' or ’crack driving force’.

In the middle of 1950=s Irwin [Ref.9]1 contributed another major
advance by =showing that the energy approach is equivalent to
the stress intensity approach, according to which fracture
occurs when a critical stress distribution ahead of the crack
tip is reached. The material property governing fracture may
therefore be stated as a critical stress intensity Kc’ or in

terms of energy as a critical value Gc.

Demonstration of the equivalence of G and K has provided the
basis for the development of disciplines for li;iear—elast.ic
fracture mechanics C(LEFM). This is because the form of the
stress distribution around and close to a crack tip is always

the same.

The beginning of elasto-plastic fracture mechanics (EPFM) can
be traced to the early development of LEFM, notably Wells’s
work on crack opening displacement (COD), which was published
in 1961. However, the greater complexity of the problems of
analysis has unavoidably led to somewhat =slower progress. EPFM

is still very much an evolving discipline.

During the =seventies numerical methods such as the finite
element. method (FEM), and later on the boundary element vmet.hod
C(BEM)> have provided greater flexibility than the existing



analytical techniques in analyzing engineering problems with
more complex shapes and loading conditions. For fracture
mechanics problems = special finite and boundary element.
formulations have been developed. The development of =such
formulations as well as the development of fracture mechanics

techniques will be reviewed in the following sections.

2.2 Review on the Development of Singular Crack-Tip Elements:

The implementation of the finite and boundary element methods
in fracture mechanics problems is difficult due to the stress’
field singularity which exists at the crack tip. The two most
successful methods of approach to =solve this problem, would
appear to be the so-called energy technique and the singularity
function formulation.

To overcome the necessity for excessive mesh refinements,
several elements containing the proper form of singularity have
been developed during 1971 to 1987.

In 1971, Tracey ([Ref.10]1 introduced a new type of finite
element.,, which embodied the inverse square root singularity
present near a crack in an elastic medium. He selected the
displacement function of the element such that the
displacements are continuous everywhere and the near-tip
displacements are proportional to the =quare root of the

distance from the crack tip.

Blackburn [Ref 11], in 1973, developed special singularity
elements with square root displacement variation radiating from
the crack tip and they conformed with adjacent. standard
displacement. element.s. These elements were extended to three

dimensions by Blackburn and Hellen in 1977 (Ref.121.

In 1975, an alternative procedure to achieve the singularity
has been introduced by Henshell and Shaw ([Ref13]1, as well as

Barsoum [Ref 141, These two references showed independently



that f.he quadratic isoparametric elements can possess the
required singularity by moving the mid-side nodes on the two
sides meeting at the crack tip to the quarter points. This
movément. will be carried out. in the cartesian plane without. any
effect. on element int.rix_lsic shape functions. Hence, Henshell
and Shaw concluded that. special finite elements for crack tips
are not necessary for plane stress/strain analyses, since the
whole structure can be analyzed using absolutely standard
8-node elements, where the elements adjacent to the crack tip

are to be distorted to produce the proper singularity.

Barsoum carried out a comparison between two types of those
elements, and showed numerically that the crack-tip 6-node,
triangular element gives better  results t.har; the crack-tip
8-node, quadrilateral element, because, as he claimed I[Ref.14],
that the strain energy of the later element is unbounded.

In the same year, Hibbit.t [Ref 151 offered a possible
explanation for such behaviour based on the proof that the
strain energy and hence the =stiffness of such a quadrilateral

element. i= unbounded.

Tracey and Cook [Ref.16]l, in 1977, described a finite element
formulation with a special 3-node triangular element. encircled
the singularity and focused to share a common node at the
singular point.. The =shape functions of the element have the
appropriate r" variation mode <0<n<1> and a smooth angular mode
expressed in element natural coordinates. The conditions of
continuity, low order solution capability, and numerical

integration of the singularity element have been discussed.

In the same year, Barsoum ([Ref 171 showed that the triangular
and the prismatic quadratic isoparametric elements, formed by
collapsing one side and placing the mid-side nodes near the
crack tip at the quarter points, contained the 1/vr singularity
of elastic fracture mechanics and the 1/r singularity of
perfect plasticity. He concluded that. the proposed elements
have wide applications in fracture mechanics analysis of

structures where ductile fracture is investigated.



In 1978, Gallagher Refl181 reviewed the past developments | in
finite element calculation of design parameters for linear
fracture mechanics. The component. aspects of singularity
element. development were identified as stiffness formulation
based on classical~-solution displacement. fields, polynomial
displacement fields, and isoparametric concepts as well as
hybrid formulations.

In the same year, Stern and Becker published a paper [Ref.19],
in which the shape functions for a 6-node triangular element
with v displacement. field were given. Also numerical results
were presented, as well as the shape functions for a 15-node

three—-dimensional element.

Also in 1978, it was shown ([Ref.20] that, for a 12-node
quadrilateral isoparametric element, t.hé inverse =quare root
singularity of the strain field at the c¢crack +tip can be
obtained by collap=ing the quadrilateral element. into a
triangular element around £he crack tip and placing the two
nodes of two sides of the triangle at 19 and 49 of the length
of the =side from the tip. This was analogous to placing the
mid-side nodes at. the quarter points in the vicinity of a crack
tip for the quadratic isoparametric elements. The authors of
this reference concluded that with this method the displacement
compatibility is =atizfied throughout the region, and there is

no need for special crack-tip elements.

In 1979, the use of 8-node parabolic isoparametric element as a
crack-tip element was tested by Fawkes and Owen [Ref.21], who
demonstrated the use of a hybrid element as a special case for
the boundary integral method.

In the =same year, Heymann [Ref.22]1 reviewed the usefulness of
the standard elements for fracture mechanics with most emphasis
being placed on linear elastic plane analysis. ‘He concluded
that the iterative method used by Swedlow in 1978 would =till
be. used due to the inability of linear elastic methods to
account. for the changing of singularity surrounding the crack
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tip, and it was an interesting alternative to use high order
elements, and to place nodes iteratively to obtain the correct
order of singularity.

Also in 1979, Morris and Wailt [Ref .23]. showed how the standard
transformation for singular isoparametric elements can be
combined with non-standard reference elements. Such reference
elements may have nodes which are not symmetrically placed

along the sides, and they may have curved sides.

Lin and Tong [Ref.241, 1in 1980, formulated special notch
elements to account. for the =singular stress around the tip of a
sharp V-notched plate. They concluded that the special notch
element.s could be matched compatibly with the standard

izoparametric elements outside the notch-tip region.

In 1981, Blanford [Ref.251 presented a multi-domain boundary
element. formulation for the analysis of general two-dimensional
plane stress/strain crack problems. The analysis was performed
using traction singular quarter-point boundary elements on each
side of the crack +tip with and without transition elements.
Blanford concluded that the use of transition elements in
conjunction with the traction singular quarter-point elements
gives improved results with coarse meshes for the mixed mode
crack problems, while the use of transition elements for mode I
problems vyields approximately the same results as obtained
without. transition elements for both tension and bending crack

problems.

In 1982, the boundary integral equation method (BIEM) was used
for the analysis of centrally cracked plate [Ref26]l. The
authors concluded that a further development and validation
were necessary before the BIEM could be applied with complete

confidence to the treatment of stress singularities.

In the same year, Smith and Mason [Ref.27] presented a general
formulation of the boundary element method for applications of
both straight. and curved crack problems in two dimensions. A

technique was adopted, in which the region was subdivided along
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the line of the crack, and traction =singular quarter-point
elements were used to provide an accurate crack-tip
representation of displacement and traction. The authors
concluded that. the BEM could be applied successfully to curved
crack problems, with a recommendation to use traction singular

quarter—-point. elements.

Reference (28], presented in 1984, a historical overview on the
use and development of crack-tip isoparametric elements. Also a
recommendation was made, concerning the use and installation of

such elements when modelling a crack tip.

In the =same year, Banks-Sills and Bortman [Ref.29]1 re-examined
the quarter-point 8-node isoparametric serendipity element.
They concluded that the stresses were square-root. singular in a
small region adjacent. to the crack tip, and that. the strain
energy, and hence the stiffness of the above element were
bounded. Also they recommended the wuse of quarter-point
quadrilateral elements, and claimed that these elements yields

excellent. results without. any poor behaviour.

In 1985; Wahba [Ref. 301 investigated special ' displacement.
crack~-tip elements. These elements are based on 6-node
quadratic triangular isoparametric elements, and have a
singular stress proportional to the reciprocal of the s=square
root. of the radial distance from the crack tip. The singular
elements were used in the region surrounding the crack tip, for
a problem of _an infinite isotropic plate containing . a
straight-through crack, =subjected to a constant out-of-plane
bending. Wahba concluded that the =singular elements have
satisfied the essent.ial convergence criteria, namely,
continuity of displacements, inter-element. compatibility,

constant-strain modes, and rigid-body motion modes.

Hellen [Ref.31], introduced, in 1986, a new approach to match
the classical crack-tip behaviour of displacements in the
vicinity of a crack tip. In his approach, instead of using
special elements containing the tip node and the required
dizplacement variations, as given by the classical crack-tip
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equations of elasticity, generalized constraints were specified
to relate individual degrees of freedom along rays emanating
from the tip. He cofxcluded that. the developed relations have
reflected the classical behaviour and could be extended to
include a secondary term due to such effects, as thermal

strains.

In 1987, Al“Edani [Ref.32]1 =studied the use of three types of
singular isoparametric crack-tip elements using the finite and
boundary element methods. Also he introduced a new crack-tip
element.,, the Lagrangian 9-node quadrilateral element with
mid-side nodes of two adjacent sides moved to the quarter
points. The new element was tested and a conclusion was drawn,
that the results obtained by using such an element are more
accurate than those obtained by using the 8-node and the 6-node

isoparametric crack-tip elements.

2.3 Review on the Methods of
Calculating Stress Intensity Factors:

Stress intensity factors represent very useful parameters in
linear-elastic fracture mechanics, since they can be used for
the description of the stress field in the vicinity of a crack
tip. They can also be compared with material critical values to
assess its strength against brittle or sudden failure. During
the past years, several methods have been developed to

calculate such parameters.

In 1971, Tracey [Ref10] used the finite element method with
the inverse square-root singularity elements to calculate the
stress intensity factors. He showed that by using the above
elements near the crack tip in two typical crack
configurations, stress intensity factors within 522 of the
accepted values had been obtained, with meshes having as few as

25 degrees of freedom.

7
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Cartwright and Rooke [Ref.331, in 1974, developed a
‘compounding’ method for calculating stress intensity factors
at the tips of cracks in structures having complex geometrical
configurations. This method was based on the =systematic
evaluation of the effects on one particular crack tip in the

presence of other cracks, holes, and structural boundaries.

In 1977, Mendelson [Ref.34]1 presented a boundary integral
equation method to calculate the stress intensity factor
directly. This BIEM included the crack-tip singularities, so
that the stress intensity factor became just one more unknown
in the set of boundary unknowns, =0 it could be calculated
directly to avoid the uncertainties of plotting and
extrapolation. The method was applied to problems of notched

beams in tension and bending.

Takao and Kawata ([Ref.35], in 1979, applied the boundary
collocation procedure to the plane elastic problem of a
rectangular tensile cracked plate with ends being considered as
free from shear and constrained to a uniform vertical
displacement. They concluded that for the calc;'mat,ed stress
intensity factors, it seemed that there were two characteristic
effects of the specimen length-width ratio.

Vainsht.ok [Ref.36], in 1980, proposed a procedure of virtual
crack variation technique for calculating stress intensity
factors for mixed mode cracks. He pointed out that this
technique was based on curvilinear crack theory developed by
Cherepanov in 1974 and Hellen in 1975. Also he concluded that
the above procedure had vyielded similar results compared with
the energy method of calculating stress intensity factors for

mixed mode cracks.

In 1982, a method for the determination of stress intensity
factors of a cracked body using a conic-section simulation
model of the crack surface was presented in Ref(37). The
authors claimed that. this method has improved the accuracy of
the stress intensity factor values, and they mentioned that it

is =imple enough to be used with most standard isoparametric
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finite element programs, and it eliminates the necessity of
extrapolation to estimate the stress intensity factors at the
crack tip.

Rooke and Hutchins ([Ref.38]1, introduced, in 1984, an integral
transform technique to evaluate stress iIntensity factors for a
crack at the edge of a hole subjected, on its perimeter, to a
localized force, either radial or tangential. These stress
intensity factors can be used as numerical Green’s functions to
obtain both KI and Kn stress intensity factors. They concluded
that this Green's function technique involves simple summation
methods which do not require large expensive computing
facilities and the developed technique and similar techniques,
have been used =successfully to analyze experimental data on

crack growth under fretting conditions.

In 1985, a constrained finite element for the two-dimensional
crack problems in common with other elliptic problems
containing a boundary singularity was introduced ([Ref.39]1. The
method has been summarized such t.hat.b the singularity was
surrounded by a super element containing a refined mesh whose
interior nodal values were constrained to agree with the first
few terms of the known expansion for the solution. The authors
claimed that the calculation yields the expansion coefficients
directly, and the method has been applied to determine stress
intensity factors for a yariety of configurations and the
results are in excellent agreefnent. with those obtained by other
methods.

In the s=same year, Walsh and Pipes [Ref.401 used the finite
element. method and the energy release rate principle for the
determination of mode I stress intensity factors for =elected
crack configurations. This approach relates the change in the
strain energy resulting from crack advancement.,, to the change
in the stiffness matrix of the structure containing the crack.
The method was tested and the generated solutions were compared
with analytical solutions.
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In 1986, Refl41l] presented a finite element technique to
calculate mode I stress intensity factors within the framework
of plane linear-elastic fracture mechanics. Also it has been
shown that the ratio of K for two separate crack problems can
be approximated by the ratio of crack opening displacements
near the crack ‘t.ips, as obtained from conventional finite

element. solutions.

In the same year, a comparison between three methods for
calculating =stress intensity factors was shown in Ref.[42]1
These methods were the displacement ext.rapolation, the
J-integral and Griffittl’s énérgy calculations, and the
stiffness derivative technique. The authors observed that the
stiffness derivative method ylelds the most accurate results,
whereas displacement. extrapolation is the easiest method to

implement. and still gives reasonable accuracy.

Also in 1986, Baker and Parker [Ref43] used the boundary
element. method with several methods for calculating stress
inf.ensit.y factors in lnear-elastic fracture mechanics, the
methods were based on utilizing the classical crack-tip
solutions for stresses and displacements. They concluded that
the methods based on the displacement values are more accurate
than the stress methods, and the displacement extrapolation
method is consistently accurate for two-dimensional and

axisymmetric fracture mechanics problems.

2.4 Review on the Development of J-Integral

_and Crack Opening Displacement Approaches:

The crack opening displacement. (COD)> approach was first
introduced by Wells [Ref. 441 in 1961. The philosophy behind the
approach is that, in the regimes of fracture-dominant failure,
the stresses and strains in the vicinity of a crack or defect
are responsible for failure. For practical engineering problems

the stresses always exceed the yield strength at crack tips and
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plastic deformation occurs. Thus fallure is brought about by
stresses and hence plastic strains exceeding certain respective
limits [Ref.71

In 1966, Burdekin and Stone [Ref.451 provided an improved basis
for the COD concept. They used Dugdale’s =strip yield model to

find an expression for the crack opening displacement.

The path independent. J-integral proposed by Rice [Ref.46], in
1968, has been used as a fracture criterion, and as a technique
for calculating stress intensity f. actors, =since under LEFM
conditions, the J value may be equated to the strain energy
release rate G, which can be related by a simple expression to
the stress intensity factor K. This technique has now been
widely recognized and used for both linear and nonlinear

fracture mechanics.

In 1975, Knott [Ref.47] discussed the problems in applying LEFM
to the fracture of metals. He mentioned that the crack opening
displacement and the J-integral approaches could be employed to
characterize fracture in some ways which may be open to
discussion, but should be tested by experiment, also the
calculation of the CODP or J could be carried out using finite
element. techniques, but a part of the assumption is that, if
failure is controlled by fracture in a test piece, it 1i=s
controlled by a similar type of fracture in the structure.

In the =same year, Turner [Ref.48] mentioned that the crack
opening displacement, &, and the J-integral are two proposals
for describing the stresses and deformation at. the tip of a
sharp crack embodied in a region of a yielding material. Also
he showed that. the two concepts can be related in the form
J = MYS, where Y is the uniaxial yield stress of the material,
and M a factor with value between about 1.0 to 25. Finally, he
concluded that either COD or J offers a reasonable one term
description of the conditions at the tip of an elasto-plastic

crack.
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In 1979, Reff49] presented the path independent. J-integral as
the energy release rate during crack extension, also it showed
" the usefulness of the J-integral in fracture problems, where
numerical values of the J-integral in t.heA presence of body
forces, thermal strains, inertia effects, and preloadings were
evaluated using the finite elemenf. method.

In .the same year, Miyoshi and A Shiratori [Ref.501 described a
finite element analy=sis, which =showed the correlation between
the J-integral and the crack opening displacement.

Again in 1979, the authors of Ref {511 investigated
experimentally and numerically (by means of the finite element
method) the calculation of crack opening displacements from
crack-mouth opening displacement. (CMOD) by measuring it at
different distances from the crack tip, and then by
extrapolating the results to the crack tip.

In 1980, a method for estimating the dynamic stress intensity
factor by using the finite element method and the path
independent J-integral was developed [Ref.52]l. The authors
concluded that the results of the computation for the streas
intensity factors of pure and mixed modes have agreed well with
analytical solutions published, also they recommended this
method because it does not require neither a fine mesh near the

crack tip nor an element of special type.

Dodds, Read, and Wellman [Ref 53], presented,in 1983, =some
experimental and finite element results for the J-integral and
the CMOD 1response for tensile panels containing short
single-edge cracks. The experimental J-integral values were
obtained by iﬁtegrat.ing strain and displacement. quantities
measured along an instrumented contour. The authors concluded
that the short cracks d@/w<0.25> in tensile panels have a
radically different J-integral behaviour than that. observed in
tests with more traditional specimen geometries dJ{a/w>0.85). Also
they claimed that conventional finite element and limit load
approaches for J-integral prediction are inadequate for short



-18-

cracks commonly encountered in practice.

In the same year, Sladek and Sladek [Ref 541 formulated
boundary integral equations, which give the relation be£ween
the crack opening displacement and the traction on the surface
of a crack embedded in an infinite isotropic elastic body. The
integral equations were transformed into spherical and
cylindrical surfaces respectively, so as to be converted into a
system of algebraic equations. Also the dependence of the
streass intensity factor on the curvature of the cracks has been
numerically calculated for a spherical crack with a circular

contour under a constant load.

In 1984, Ref (55] examined, in preliminary studies, the
accuracy of solutions obtained by the boundary element method
based on direct and indirect formulation. Also a formulation of
the J-integral calculation by using the indirect method was
performed, and applications were made on the analysis of a
number of typical crack problems. The authors concluded that
the J-integral method has given excellent. accuracy for the

selected problems.

Dodds and Read [Ref 561, in 1985, repeated the same study
carried out by them in 1983 [Ref.53], with the introduction of
a small stiffened =Zone near the crack tip, and by using
plane-strain elements. They concluded that. the results of the
finite element J-integral and CMOD values are in a close
agreement. with experimental values, and the large geometry
changes near the crack tip have a negligible effect. on the
finite element J-integral and crack-mouth opening displacement

values.
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2.5 Review on the Development of
Elasto-Plastic Fracture Mechanics Goncepts:

In 196?, Zenkiewicz, Valliappan, and King [Ref57]1 presented a
general formulation of the elasto-plastic matrix for evaluating
stress increments from those of stresses for any yield sﬁrface
with an associated flow rule, also an *intial stress?’
computational process . was px:;:posed, which, as the authors
claimed, showed to give a more rapid convergence than other
approachés, to permit large load increments without violating
the vyield criteria, and to establish lower bound solutions.
Several =solutions demonstrated =stress distribution, strain
development, and growth of plastic enclaves were presented for

both von Mises and Coulomb (Druker) type yield criteria.

In 1971, the use of the finite element method applied to
elasto—pléstic analysis of a cracked plate was demonstrated
[Ref58]1. In this demonstration , first, the effect of the
plate thickness on the growth of the plastic =zone and the
stress distributions along the leading edge of the crack tip
were studied, second, the cyclic behaviour of the element near
the crack tip and the deformation of the crack surface were

analyzed for pulsating and completely reversed loads.

Tracey [Ref.59], in 1976, carried out an incremental plasticity
finite element formulation for the analysis of a complete field
problem including the ext.énsively deformed elasto-plastic
region near the crack tip, and the remote elastic region. He
claimed that the formulation has general applicability and can
be used to =solve small scale yielding problems for a set of
material hardening exponents. The distribution of the COD at
the crack tip and through the elasto-plastic zone was presented
as a function of the elastic stress intensity factor and

material properties.

In 1979, Refl601 presented some results of an elasto-plastic
finite element analysis on a centrally cracked plate. A

comparison was made, on features lke crack tip plastic zone,
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intensities of plastic strain near the +tip, the major principle
stress in the crack tip region, crack opening displacements,
values of the J-integral, and crack separation energy rates,

all corresponding to different blaxial stress states.

In the =same year, Hammouda and Miller [Ref.611 showed an
elasto-plastic analysis of notches. The authors concluded that
it is possible to predict the effect of notch plasticity on the
behaviour of short. propagating cracks, and a crack may
initially propagate at a decreasing rate until it generates
crack tip plasticity which 1is greater than the elastic
threshold stress intensity condition.

Pilcer and Ohlson [Ref.62]1, carried out, in 1983, experimental
and numerical investigations to discuss the relation problems
between fracture toughness parameters (COD, J, K). It was found
that generally known relations wvalid in linear elasticity, can
be extended into the elasto-plastic range through the use of
certain factors, which take into account the =strain hardening
exponent.. The authors concluded that the numerical evaluations
together with the experimental investigations showed that the
measured and calculated plastic components of the clip gage
displacements suggested a presence of plane-strain during
experiments, even when some of the requirements of recommended

testing procedure in the COD testing were not fulfilled.

In 1985, Refi63]1 introduced 'an elasto-plastic finite element
analysis for a three-point bend specimen geometry. The
elasto-plastic parameters, such as CTOD and J, were determined
from results of 2D and 3D finite element analyses. Analytical
CTOD values were determined from the finite element model
displacements. The authors concluded that the J-integral values
determined from the 2D finite element results using direct
contour integration were used in conjunction with the
corresponding CTOD values to deyglop an improved correlation
between J and CTOD for a ) wide range of material
characteristics.
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In the same vyear, a new alternative to subincrementation
technique for the analysis of solid media with rate independent
elasto-plastic material behaviour was presented ([Ref.64). The
new procedure was called the {-method. The authors concluded
that. the numerical result.s obtained for an assortment problems
by the finite element method had showed an improved numerical
efficiency.

Again in 1985, Ref.[65] demonstrated the applicability of the
selective reduced integration/penalty function method for the
analysis of two and three dimensional fully-plastic fracture
problems. The fully-plastic solutions for cylinders with a
circumterential through-wall crack, and plates with a
semi-elliptical surface crack subjected to remote uniform
tension were calculated as a function of the hardening

exponent.

Cruse and Polch [Ref.66], also in 1985,‘ extended the boundary
integral equation method of 2D elastic fracture mechanics to
the elasto-plastic problems. The formulation is based upon a
special elastic Green’s function for the crack, thereby
eliminating the need to model the crack itself. Application of
the general formulation was made to problems of localized or
Hmited plasticity. The authors concluded that., in those
problems, the elastic streass intensity f ﬁct.or still provides a

useful characterization for cyclic crack growth predictions.

In 1986, Refli67] presented an incremental implicit mechanical
formulation for elasto-plastic problems, and two numerical
resolution algorithms of the equation system. The authors
concluded that the =solutions obtained with the two algorithms
are the same, since the mechanical formulation is =separated
from the resolution algorithms, also this method requires less
computer time than the initial stress method in the case of
elasto-plasticity with work hardening, and it is easy to
implement. in an elasto-plastic program based on the initial

stress method.
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In the same year, Cruse and Polch [Ref.681 republished the work
£hey carried out in 1985 [Ref.66]1 with the use of a new
algorithm for crack-tip plasticity modelling. This algorithm
was explored for small and large-scale plasticity conditions.

Also in 1986, they presented a paper in two parts. Part one of
this paper [Ref.69]1 deals with the formulation of a boundary
integral equation model for fracture mechanice analy=sis of
cracked plates, subjected to elasto-plastic behaviour or other,
related body force problems. The basis of this formulation
contrasts with other boundary integral equation elasto-plastic
formulations, in the use of the @Green’s function for an
infinite plate containing a stress free crack. Part two
fRef. 701 covers the numerical implementation of the developed
algorithm. An iteration solution scheme was adopted which
eliminated the need for recalculation of the boundary integral
equation matrices. The stability and accuracy of the algorithm
were demonstrated for an uncracked, notch geometry, and a
comparison with finite element results was made for a centrally

cracked panel.

Cruse [Ref.71] presented, in 1988, a fundamental treatment. of
the boundary integral équat.ion method and its application to
fracture mechanics problems. Two and three dimensional,
elastic, and elasto-plastic formulations and applications were
presented. He concluded that the treatment. includes all of the
past as well as the c"urrent' boundary element applcations to

fracture mechanics problems.

2.6 General Discussions and Conclusions:

It is clear from this literature review that a great amount. of
experimental, and finite element analyses have been carried
out, and a variety of approaches and methods have been
developed to estimate or to find valid relations, which can

describe or relate certain fracture parameters such as stress
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intensity factors, J-integrals, crack opening displacements,
and fracture toughness. Also it is clear that there is no
general relat,ion,. method, or criterion which can be valid for
all fracture problems, because of the influence of other
parameters such as plasticity, vielding, loading conditions,
crack configurations, and material behaviour. Hence it can be
concluded that further investigations and tests whether

experimental or numerical are still necessary and required.
Other conclusion remarks can be summarized as follows:

a. A small amount of work for the solution of fracture
problems by the boundary element method, has been carried
out., compared with that based on the use of the finite

element method.

b. A variety of singular crack-tip finite elements have been
developed. The boundary crack-tip elements and the higher
order elements need to be considered and tested. Singular
elements with shape-function singularity méy be
advantageous to be developed, since they do not require

any distortion in the mesh used.

c. The energy method for calculating stress intensity factors
ought. to be reviewed and tested against. different. crack

configuration and loading conditions.

d. The J-integral technique =should be generalized and applied
to different crack problems with different loading
conditions, =such as inertial loading, thermal strains, and
elasto-plastic behaviour, with the use of finite and
boundary element methods, because no clear derivation or
implementation of this technique to the finite or boundary
element. methods has been given in the lterature.

e. The use of crack opening displacement technique in finite
and boundary element methods requires further

investigations and testing.
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Finally, the elasto-plastic fracture mechanics approach
with the use of finite and boundary element methods
requires more attention and development, and further
investigations to improve the applicability and | the
accuracy of such an approach is =still very much valid and
required.



CHAPTER 3

INTRODUCTORY
CONCEPTS OF FRACTURE MECHANICS
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314 Introduction:

In the process of designing structural or machine components
one of the important. steps is the =selection of the material in
such a way that under given loading and environmental
conditions the component will perform its function properly.
This is usually carried out by applying a *failure criterion”
which is in general a comparison of a critical load intensity
of the component with the characteristic strength parameter of
the material. It is, therefore, clear that in order to predict
failure of engineering structures, it is necessary to
understand the basic concepts of stress analysis,
linear-elastic fracture mechanics, and elasto-plastic fracture
mechanics, and to link these via physical principles. Some of

these concepts are summarized in this chapter.

3.2 Basic Concepts of Stress Analysis:

3.2.1 Stress:

Consider a three-dimensional body in equilibrium under the
action of external forces Fn n = 1,2,3,.9 as shown in
Fig (31>, Suppose that the body be =sliced at a cross =section
C, with actual internal forces being kept on the surface of the
cut. to maintain equilibrium. Confining the attention to a small
area SA on one of the cut surfaces, the proportion of the total
internal force over the cross section acting on A may be named
SF. The force SF may be resolved into two components, one &P
normal to the area, and the other &Q in the plane of the area
as shown in Fig.(3.2>. The intensity of these forces (force per
unit areal) at a point is termed the “stress’”. There are
stresses associated with both the normal and the tangential

components of the force &F, and these are given by:

direct stress, o a {lm g{- 3.1

SA-0
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5Q

shear stress, T =m fim ZA <3.2>
SA-0

In general, an infinitesimal prism element. within a
three-dimensional body has both direct and shear stresses
acting on each of its =ix faces. In order to form a coherent
reference system it i= necessary to resolve the stress on
each face in accordance with the -coordinate system. This
produc:es nine stress components, which may be represented by

the following matrix:

- -
(4 T. T
x Xy Xz
T o T
Yx b4 ¥z
T T o
zZX zy z

where a single subscript indicates a direct stress, and a
double subscript indicates a shear stress, and from moment

equilibrium of the element, it can be deduced that:

T = T , T s T , T = T (3.3
X XZ zy Yz b2 xy
For some cases of configurations which possess geometrical or
loading symmetries it may be advantageous to use cylindrical
polar coordinates as shown in Fig(33>. The corresponding

stress matrix iz given as follows:

(24 T T
r r@ rz
T o T
Gr e ez
T T [#4
zr z8 z
h -l

with
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T = T

8 or’ Tez T o T = T {3.4>

zr rz

3.2.2 Equations of Equilibrium:

Consider an infinitesimal element with sides of lengths 6&x, &y,
&z, respectively, being subjected to a general stress system in
which increments of stress may occur. If only the forces in the
x~-direction have been considered, then the stress system is as
shown 1in Fig.(3.4)3. Considering body forces, the equilibrium in
the x-direction is satisfied by:

ao‘x mxy . asz

8x+6’y 62+X-0 <3.5>

Similarly y- and z-directions equilibrium is satisfied by:

do ar ar
8yy + a;z + a:"x + Y =0

{3.6>
30’2 asz zy '
=t et ey tTZ2=0

where X, Y, Z are the body force intensities C(force per unit

volume) in the x-, y-, and z-directions, respectively.

3.2.3 Boundary Equilibrium:

Consider a structure subjected to surface loads. Let AA be an
infinitesimal surface area at a point on the boundary of the
structure and AF be the part of the external surface load which
acts through AA. The traction vector T at such a point. i=s

defined as follows:

T = 2im
AA40O

Bl5
S5

<3.7>

and it can be expressed in terms of its components in the x-,

y—, and z-direct.ions as follows:
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TmT i+T 4+T & 3.8>
: x Y z

Hence, at any part of the boundary where there is no acting
load, it can be deduced that:

T =T =2 T =20 3.9>
x Y z

Employing equilibrium conditions between external surface load

and internal surface stresses, it can be proved that:

T =f{ o +a-T + nT
x x Xy zX

T =4&7T +mo +nT <3.10D
Y Xy Y Yz

T mf{1 + m-T + n o
z zX Yz z
where ¢, m, n are the directional cosines of the outside normal

to the surface at. the considered point.

3.2.4 Strain:

There are many different methods for the definition of the
direct. strain. The simplest and oldest measure for direct
strain is the Cauchy’s engine‘ering strain, which is defined as
the ratio of the change of length to the original length, i.e.

£ & — - ° 311>

Alternatively, the Green’s strain is defined as follows:

_2 _2
AS - AS
o

£, = ————— 312>

2

7

o
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Considering the different. components of strain, a strain matrix

[E_Lj] can be defined such that.:

2 2

25 - A5 = 2 AS' [£.] AS 7 <3.13>
o o i} ©
where

F> F > £

x Xy Xz
F o - F> & F

[ ‘-J] X Y Yz
£ £ Fa

i zx zy z ]

[=]

and Ax, Ay, A=z

are the components of the vector with
infinitesimal length AS .

Green’s strain matrix can be defined explicitly in terms of the

following components [Ref.721:

au 1

‘e "3 T2
du 1

& - o +
v ay 2
Aw 1

%, "9z T 2
. =i
xy 2 || ox
. =lfow
vz Zkay
£ glr.a__u
zx 2 | 9z

2w )
ax |

where uw, ¢, w are the

z—-directions, respectively.

Y2, (o0 Y2, [ owY? T

+ -— | + —

P n.ax.l gaxJ .

2z ~2 . 2

Y+ (2 )+ [ 22)]

4 Laya Laya A

ﬂ2+ r-aﬁﬂz-‘-rgg-‘z'

P L.azJ L.azJ J

+ 1 foudu, du v, Owdw
2 | 9x oy ax ax 8y |

+ 1 fouou, d o, Ouwdw
2 | 9y o=z oz dy =z |

+ 1 [8udu 000 dwdw]
2 | 8z dx 8z dx 9z x|

displacement. components in x-, y~-, and
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Due to the symmetry of the strain matrix [sij] » it can be
represented in terms of an engineering 6-component wvector £,

where:

;ny = 2 sxy, yyz m 2 syz, and Y. = 2 £
For the special case of two-dimensional problems, the strain

vector may be reduced to:

£ = { €, ;Ey ny } <3.14>
and by neglecting the high-order terms, the small-strain or
Cauchy’s strain components may be defined as follows:

o av

%y 8y’ ‘xy 8y  ax

x ax
Since the three components of strain are derived from two
components of displacement for two-dimensional problems, some
restrains must be placed on "allowable’ strains, the strains
must. be compatible. By differentiating the' components of
equat.ion \(3‘,14), the following can be obtained: 7

> e azy
+ Y - Xy
2 2

ay ax axdy

= 0 " 3.15>

The above equation is the compatibility requirement. expressed

in terms of strains.

3.285 Stress-Strain Relations:

The relationship between =stress and strain for an elastic
homogeneous,  isotropic material, termed generalized Hooke’s
law, is well known, and for a three-dimensional case 1t is

given by:
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1 [ : - 1+p '

sy = g ] cry v (dz + crx) ] » syz = o ‘ryz » <3.16>
1 T 1+

sz--ého' v(ax+o')], szxn—-——E sz

where E is Young’s modulus (modulus of elasticity), and v is

Poisson’s ratio.

3.2.6 Plane Deformation:

The problem of evaluation of stresses and displacements at
points within a loaded structure is considerably simplified if
it can be assumed, that there is no change along the
z-direction in the distribution of either stress or strain,
over the x-y plane. In other words, the displacement components
w and ¢ are functions of x and y only, whilst the displacement
component. & is either negligible or dependent on 2 and ¢. Such
cases will be denoted here as "plane deformation’” cases, and

the two familiar cases of plane deformation are as follows:

(a) Plane stress:

This is the state of stress which may be assumed to exist in a
thin sheet, or plate, which iz considered incapable of
supporting stresses through the thickness (the z=-direction).
Thus any stress having a =z subscript may be ignored, yielding:

o =T = T = 0 317>

which reduces the stress-strain relationships, equations
3.16>, to:
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1
.s:x -—E(o' v .o d
e mico -vod ¢3.18>
Y E vy X
1
& = (1 + V)T
xy E xy

(b>) Plane strain:

This case models a plane-symmetric structure which is
sufficiently thick to prevent through-the-thickness strains.
Thus with appropriate loading and boundary conditions any
strain having a =z subscript may be set to zero, giving:

£ =g = £ = 0 319>

and reducing the stress-strain relationships, after some
manipulation to:

1-» v
s, = F “% 15 9°
1-p° v
£ 2 —— (o0 - —— ¢ D 3.200
v E v 1-v "x
1-v v
“oy T E DTS Tuy

These equations can be obtained from plane stress equations
(3.18>, if E is replaced by E/1-v%> and v replaced by v/{1-wd.

3.2.7 Elast.o-Plast.ic Behaviour:

The actual elasto-plastic behaviour of a material is usually
investigated experiment.ally for uniasdal stress conditions,
whilst fundamental criteria, based often upon =some experimental

evidence, are employed s=o as to predict the behaviour of the
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material under multiaxial stress conditions. A typical o-£
diagram for annealed mild steel is shown in Fig.(3.5), 'and it
is clear that the material starts vyielding at point €, after
which a permanent plastic deformation will be generated with

the increase of the applied force.

Most metals and alloys do not show such a clearly marked
initial yield as that =seen in Fig.(35)>. For such materials,
the change form elastic to elasto-plastic state is gradual and
it is common practice to use a stress broadly equivalent to the
yield stress, known as the proof stress which represents a
stress value corresponding to a permanent strain (or plastic
strain) equal to a specified percentage of the original gauge
length, as shown in Fig.(3.6). Some examples of o-2 diagrams
for useful engineering materials are given ~ in Fig (3.7>
[Ref.881. ~

3.3 Linear-Elaztic Fracture Mechanics Concepts:

3.3.1 Introductory Concepts:

(i) The Energy Balance Concept:

In an elastic =olid =such as that considered by G@Griffith
[Ref 5], if W and U respectively refer to the work done by the
external forces and the elastic energy, and if Uy is the
specific surface tension energy of the solid, then according to
the energy balance concept adopted by G@Griffith the necessary
condition for fracture propagation may be expressed a=:

d
aa (W = U 321>

where A is the surface area of the crack.

In equation (321 the left-hand =side is the specific energy
available for fracture, and the right-hand side represents the
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resistance of the solid to fracture and for a given system of
loading, the stability of ((quasi-static) fracture propagation

may be determined from:

> 0 unstable fracture.
[d (wv-n - U ] {- 0 neutral equilibrium. - <(3.22)

Sl
5

¥
< 0 stable fracture.

Ciid Griffith Energy Balance Approach:

For an infinite plate with unit thickness containing a
through-thickness crack of length 2a and being subjected to a
uniform tensile stress ¢, applied at inf: initjr, as Shoywn
approximately in Fig(3.8>, the total energy x of the cracked
plate may be written as:

x=U +U +U -W <3.23>

where,

U = elastic energy of the loaded uncracked plate d(a

o
constant),

U = change in the elastic energy caused by introducing
the crack in the plate,
u change in the elastic surface energy by the formation

of the crack surfaces,

VW = work performed by external forces.

Griffith =showed that for the plate with unit thickness the
value of Ua is given by:

a
U = —5 3.24)

Moreover, the elastic surface energy, Uy, iz equal to the
product of the elastic surface energy of the material, v, and

the new surface; area of the crack:
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U =4 ay (3.25)
¥ (-]

For the case where no work is done by external fdrces, the
so—called fixed grip condition, W = 0, the total energy x of
the cracked plate can be written as:

2 2
T oa

x=U°-—E——+4aye (3.26>

Since Uo is constant, dUo/da is =zZero, and the equilibrium
condition for c¢rack extension 1is obtained by =setting dy-sda
equal to zero, ie. ‘

2 2

d T oa

The above equation shaows that, when the elastic energy released
due to a potential increment of crack growth, da, ocutweighs the
demand for surface energy for the same crack growth, the
introduction of a crack will lead to its unstable propagation.
From the equilibrium condition, the following can be obtained:

2 o'za
— = 4 y (3.28)

(=]
which can be rearranged to:

ZEye

124

1,2 -
] (3.29>

a{a_n[

The above equation indicates that crack extension in ideally
brittle materials is governed by the product of the remotely
applied stress and the square root of the crack length and by
material properties. Because E and v, are material properties,
the right-hand =side of equation (3.29> indicates that. crack
extension in such materials occurs when the product ola reaches
certain critical value.
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(i) Irwin’s Modification to Griffith Theory:

In 1948 Irwin suggested that Griffith theory for ideally
brittle materials could be modified and applied to both brittle
materials and metals that exhibit plastic deformation. The
modification recognized that materials resistance to crack
exténsion can be measured in terms- of\ the elastic =surface
energy -and the plastic strain work yp accompanying crack
extension. Consequently, equation (3.28> may be modified to:

2
T oa

= 2 (ya + yp) <3.302

For relatively ductile materials yp » ¥ .

(-

Civ) Modes of Fracture:

All stress systems in the vicinity of a crack tip may be
derived from three modes of loading as illustrated in

Fig (3.9>. These modes are as follows:

Ca> The Opening Mode:

The crack surfaces move directly apart under a tensile stress

perpendicular to these surfaces.

(b) The Sliding Mode:

The crack surfaces move normal to the crack front and remain in

the crack plane under a shearing stress parallel to this plane.

C(cd) The Tearing Mode:

The crack surfaces move parallel to the crack front and remain
in the crack plane under a shearing =stress perpendicular to
this plane. ‘
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3.3.2 The Stress Intensity Approach:

Irwin’s second important contribution was on providing the
technique for the calculation of the rate of the energy (W-UD.
He observed that the symmetric crack =solutions given by
Vestergaard and Sneddon may be generalized to include
asymptotic expressions for all crack problems in which the
plane of the crack is a plane of symmetry and showed that, by
introducing a constant d, for small values of the distance r
from the crack tip the cleavage stress and the crack surface

displacement in the plane of the crack may be expressed as
[Ref.741:

o 0 = K 331>

Y §2r

oo,y [%‘5‘: ] K {Zv 3.32>
where,

= 8y a 12
- 1+8 "« ’

¢ = BE201+0),

B-vi)/d+vd for plane stress.
& = { B :

3-4v> For plane strain.

and <r,8>) are the polar coordinate with the origin at. the crack
tip.

For a small crack extension da in the plane of the crack, in a
symmetric problem, the strain energy release under fixed grip
conditions can be calculated through the crack closure energy
as follows [Ref.741: '

da

&KW-1 = 2 | % o @r,05 otda-r,m> dr €3.33>

o]
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which, by substituting from (331> and (3.32), gives:

d_ W-Ud> = @ (3.34>
da

Hence, it 1is clear that the energy avallable for fracture per
unit. crack extension may be directly related to the parameter K

which Irwin called the “stress—intensity factor.

In the middle of 1950s Irwin made a major advance by developing
this stress intensity approach. Using linear elastic theory he
showed that the stresses in the vicinity of a crack tip may be
expressed in the form:

o m —KX £ e+ ... €3.35>

N yZar Y

where ,8) are the polar coordinates of a point with respect
to the crack tip, as shown in Fig.(3.10>, and K is the stress
intensity factor which can define the elastic stress field at
the crack tip.

Then, it can be =een that if the elasticity =solution of the
crack problem is available, the stress intensity factors may be

evaluated by means of expressions of the form:

Katim [ 2 G—ad? o 00 1 €3.36)
X=a ij

If the problem has symmetry with respect to loading and
geometry, then the following expression can be obtained:

G m %g’ K2 ¢3.37>

Then the parameter governing the fracture process may be
expressed as a critical stress intensity value, KC, instead of
a critical energy wvalue Gc' For tensile loading conditions the

relationship between Kc and GC may be stated as:
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K¢
Gc - = €3.38>
where,
E =E for plane stress,
E = E/ -5 for plane strain.

From equations (337> it is clear that under mode I condition
the specific energy available to create a unit crack surface is
GI. Irwin has designated the corresponding *critical strength
parameter'” of the material by ch and called it the ' fracture
toughness' of the material For mode I fracture, the necessary
condition for fracture C(failure criterion) may be expressed as:

G = %2 g ¢3.39)

I 81 1 Ic
Since ch is a material constant.,, the =stability of fracture
propagation can be determined by the sign of dGI/da, where a

positive sign corresponds to an unstable fracture condition.

The critical value of KI can now be expressed as Kxc
Ccorresponding to Gm) which is called the *critical stress
intensity factor'. Therefore, the fallure criterion equation

(3.39> can be replaced by:

K =k = &4 g

)1/2
1 1c 1+& "1C

3.40>

Again, =since Kxc is a material constant, the =sign of dKI/da
determines the stability of fracture propagation.

3.3.3 Elastic Field Equations around Crack Tips:

The elastic field equations around the crack tip for a
plane-loaded infinite plate containing a crack <Fig. 3.11) can
be written in terms of cartesian coordinates [Ref.75]1, as

follows:
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ot eos(d) [ s (3 ]
o an(@) 2+ cos(g) o= (3) ]

i =) [+ om(g) o) |
5 cos(2]) win(g) wos ()

e =) =) ===( 5" ]

e con(g) [ en(g) sn(Z) ]

1,2
b o) (2] o
5 ] [ 2&-1> cos [2-] cos g——] ]
1,2
r (=] a
v ] [ (2£4+3D =in [f] + =in [32—] ]

2 2

A

]1/2[ s> sn(Z) - =in(Z2) ]
= ]1/2[ 24-3> cos [g_] + cos [gg] ]

{3.41>

3.42>

3.43>

(3.44>

(3.45>

where <(r,8) are the polar coordinates of the crack tip based on

the right-hand crack tip as shown in Fig.<3.11).

334 Fracture under Combined Loading:

Engineering

tension,

shear,

structures =subjected to a combined

loading of

and torsional loading usually experience mixed
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mode cracking. The combination of in-plane tension and shear
gilves a mixture of mode I and mode II. It is clear that. under
mode II condition only the fracture failure takes place when
Kn reaches a critical wvalue Knc’ With mixed mode loading
conditions, failure may occur when the value of certain
combination of the two stress intensity modes reaches a

critical magnitude.

Using the elastic energy balance criterion, the total energy

release rate G can be written as follows:

G=aG +G_+ G (3.46>
1 IX III

For I-IX mixed loading condition an = 0, and:

G =812 g =8y
I 8y I
An equivalent stress intensity factor KE can be defined

[Ref 751 such that.:

2
E

8u
K = yey (GI + Gu) €{3.47>
Hence, fracture may occur when the following condition is
satisfied:

K2+ kX = k2 o (3.48)
I II E

Comparing KE with only Krc may provide a conservative solution,

since usually KE = KI.

In practice Kxc > Knc’ therefore, the fracture failure

condition can be modified as follows:

K 2 K. 2 ’
( - ] + [ 7 ] = 1 3.49>
ic 1IC
Since K is difficult to predict, it can be approximated

IIc
[Ref.76] as follows:
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K 2~ 0.75 K <3.50>
IIC Ic

Equation (349> is the locus of an ellipse, and fracture
fallure takes place when K'I and Ku reach wvalues sufficient to
fulfill such an equation.

3.35 Crack-Tip Plasticitvy:

The elastic stress field in the vicinity of a crack tip, as
given by equation (3352, shows that as r tends to zero the
stresses become infinite (i.e. there is a stress singularity at
the c¢rack tip). Since many structural materials deform
plastically above the yield stress, there will be in reality a
plastic =zone surrounding the c¢crack tip, and the elastic
solution is no longer applicable for such =situations, which may

require modification to some of the linear-elastic fracture

mechanics concepts.

The two physically acceptable vield criteria for metals and
alloys are the well-known Tresca and von Mises yield criteria.
The Tresca criterion states that vyielding will occur when the
maximum wvalue of shear =stress approaches a critical value. In
terms of principal stresses (o‘i)»o'z)crg), Tresca’s criterion

predicts vielding when:
| o, -0 | =Y (351>
1 3
where Y is the uniaxial yield stress of the material.
The wvon Mises criterion requires that the distortion energy per
unit volume approaches a critical value. This criterion can be
expressed in terms of principal stresses as follows:

-0 +Co- o + o- od=2 y* 352>
1 2 2 3 3 1

In order to apply a proper yield criterion, the crack-tip
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stress field equations (3.41-343), =should be deduced in terms
of principal stresses, and since mode I is the most predominant
stress situation in many practical cases, then the stress field

equations for this mode can be deduced as follows:

0-1-._____1 =3 cos(g] [1+sin(g] ]
Cnard

K
aza———l—u—zcos[g] [1—31:1[2—]] 353>
2nard ’
(o +o D Ffor plane strain.
o = { 12
4] For plane stress.

By substituting the above equations into Tresca and von Mises
criteria equations (351, 352), expressions for the plastic
zone boundary as a function of €, can be obtained. Considering
the derivation given in Refl{76]1, these expressions can be

stated as follows:

For Tresca criterion:

2

r @ = cosz[ g- ] [1+sin[ —2— ]] plane stress, 354>
2n
K 2( 6 | e 1%

r <a> cos ( 5 ] [1-2v+sin[ 5 ]] prlane strain. 355>
2n

For von Micses criterion:

K -

rp(é) = :’2 1+ g sin’@ + cos6 ] plane stress, 3.56>
4mn -
Ki 3 2 2

rp(e) = e 5 sin'e + 1-2v) (1+cose)] plane strain. 357>
4 o
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3.4 Elasto-Plastic Fracture Mechanics Concepts:

The concepts of linear-elastic fracture mechanics can be used
satisfactorily with brittle materials and may be safely applied
to ductile materials as long as the plastic zone is =mall
compared to the crack =size. This usually occurs at stresses
extremely below the yield stress of the material in use. In
such a case the fracture can be characterized by Kxc or ch’
If, however, the plastic =zZone 1is large compared to the crack
size, linear-elastic fracture mechanics can no longer be valid,
and elasto-plastic fracture mechanics should. be considered
instead. The basic approaches to elasto-plastic fracture

mechanics are summarized in the following sections.

3.4.1 The Crack Opening Displacement. Approach:

The crack opening displacement (CODI approach which was first
introduced by Wells [Ref.44] in 1961, has been used as a
criterion to charact.erizg failure of cracked specimens in “the
presence of moderate piasticit.y. By using the Dugdale strip
yield model, an expression for the COD, &, can be found as
follows [Ref.751:

8Y ne
1S =%E-awge[sec[z—)—;] ] <3.58>

Expanding the above equation in series form, the following can
be obtained:

2 4 [
8Y i (no 1 o 1 o
S=gE“° [ z [2)’) Nk [zy] * 15 [2}'] * ] 3592

A reasonable approximation to & can be deduced by using a

remote load of o < 0.7 ¥, as follows:

and since KI- 0(na)1/2, then é = K:/[E)’.
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In general, a critical crack-opening displacement, <5c, can be

defined azs follows:

KZ

IC
CSC = m {3.61>

where A i=s a constraint factor [Ref.761.

3.4.2 The J-Integral Approach:

The path independent J-integral concept  has first been
introduced by Rice [Ref46]1 in 1968. This concept is based on
the energy balance approach discussed earlier in this chapter.
Considering the energy balance given in equation <({3.23>, as
long a=s this energy balance remains valid, an instability

condition can be derived as follows [Ref.71:

duU

W-u> = E&l €3.62)

d_
da

Hence, a nonlinear elastic parameter equivalent to G can be

defined as follows:

J= 3 w-u> ' €3.63>
da a

where for elastic behaviour J = G.

Referring again to equation (3.23>, the potential energy IJp can

be defined as:
U =U + U - W (3.64>
fo] =} a

which means that.:

x=U +U (3.65>
P ¥ ,
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Equation (3.64>, shows that Up contains the basic energy terms
that may contribute to nonlinear material behaviour. Since Uo

is a constant, differentiation of Up glves:

au_ 4 d
—Pw_w-w> = - w-U> €3.66>
da da a da a

Thus, from equation (3.63) it can be shown that:

dUP
J = - — (3.67>
da

Now consider a line integral along a contour ' surrounding the
crack tip, starting from the lower crack surface, and moving
anti-clockwise to +the upper surface, as shown in Fig.(3.12>, J

can be redefined as:

J=§[Wdy-'_r_‘[§§-]ds] €3.68>
r

where,
z

V=f~otds
o o a=s

= Stress vector,

= Strain vector,

M b |Q

= Traction vector,

=

= Displacement vector.

Rice has shown that in case of a closed contour ABCDEF as shown
in Fig(313>, J = 0. Since no contribution is gained from CD
and AF on the crack surface (T = 0, dy = 0>, the integral along
ABC must be equal and opposite to that along DEF. Therefore,
the J-integral taken along an unclosed anti-clockwise contour

between unloaded crack surfaces is path independent [Ref.761.

The path independency of the J-integral allows its calculation
along contours remote from the crack tip. Such contours can be

chosen to contain only elastic stresses and displacements. Thus
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an elasto-plastic energy release rate can be obtained from an

elést,ic expression in terms of stresses and displacements.

For a cracked structure, the J values may be compared to a
critical wvalue, Jc’ which is a characteristic of the material,
analogous to Gc in linear-elastic fracture mechanics. Finally,
a number of expressions relating J and 6 can be found in the

lHterature, most of these expressions take the form:
J=a= M&Y (3.69>

where M varies from 115 to 2.95 [Ref.71
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Fig.(3.1> Three-dimensional body under general 1oading system.
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Fig.(3.2> Normal and tangential force components.
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zh

Fig.(3.3> Cylindrical polar stress system.
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Fig.(3.4> Stress equilibrium in the x-direction.
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Fig.(3.7)> Tensile test curves for various metals.

Fig.(3.8> A through-thickness crack in an infinite plate.
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Fig.¢(3.10> Crack-tip coordinates system
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Crack

Fig.(3.12> Unclosed contour around the crack tip.

Fig.(3.13> Closed contour at the crack tip.



CHAPTER 4

DERIVATION OF GENERALISED J-INTEGRAL
FOR 2D FRACTURE MECHANICS PROBLEMS
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4.1 Introduction:

It is clear from the literature t.hat. Eshelby [Ref 751 was the
b3 irét. to derive a number of contour integrals including the
so—-called J-integral. Cherepanov [Ref.76] and Rice [Refs.46,
771 were apparently the first to apply such an integral to

crack problems.

The basic advantage of the J-integral is that it is independent
of the integration path, and hence it can be evaluated over
contours which are far from a cx;ack tip so as to avoid
singularities and nonlinearities often encountered in the
vicinity of the crack tip. Unfortunately, many of the
algorithms suggested in the literature, for the estimation of
J-integral values are either crude or lack the generality.

In this work an attempt is made to derive the J-integral
expre=ssions for cases with general loading conditions. Some
useful ideas for saving computer CPU time and/or improving the
accuracy of the J-integrals are summarized. A new procedure for
the calculation of J-integrals, based upon boundary element

characteristics will be introduced in chapter 7.

4.2 Introductory Definitions and Relations:

Consider a two-dimensional structure defined in terms of a

domain O in the x-y plane and a thickness ¢t in the =z-direction.

At any point x,y) inside Q; the following parameters can be
defined:

I. Displacement vector:

gu[:‘:]a{u v} <4.1>
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2. Domain loading intensity vector:

2{_=['§]={X Y ¥ 4.2>

zZ. Stress vector:

o=+ o o T ¥ ‘ <4.3>
- x Y Xy

. 4. Strain vector:

e =<L¢& g ¥ > 4.4>
- x b’ Xy

5. Traction vector:

T fo + mT
a5

-3
n
]

T £T + mo

4.3 Energy Principles and Relations:

Consider a domain as that shown by Fig.(4.1)>. This domain can
be divided into an equivalent system of subdomains, if each
subdomain has its contribution of internal loading to be acting
azs external loads on the subdomain boundary together with its
share of existing boundary and loading conditions. This
consideration has been used successfully in the finite element
method and it has been pointed out that the subdomain should
obey the same physical principles and constitutive

relationships as the parent domain.
From the first law of thermodynamics:

x = KE + DE + U + V = stationary. 4.6>
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where,

x = Total energy of the subdomain,

~
n

Kinetic energy of the subdomain,
= Dissipation energy of the subdomain,

Strain energy of the subdomailn,

< c w
n

Potential energy of the subdomain.

For a subdomain 2 with boundary I', the following parameters can
be defined:

. Kinetic Energy:

K = f(u'2+v'2)dm
E

D} =

=%fft(u'2+u'2)pdA 4.7
Q

2. Strain Energy:

U = f” W dvol <4.8>
where,
g
W= [o de 4.9>
o ,

3. Potential Energy:

In the absence of magnetic, electric,...., fields, the
potential energy is equal to minus the work done by external

loads, and can be defined as follows:

(i> Due to surface traction:

An increment. of force due to surface traction can be written

as:
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df = T ¢ ds

where, T = Txi, + Ty} » and the corresponding increment of the

potential energy due to the above force is given by:
dv_ = - 4 . dF

> ]
where, u=w d{+ o 4 .

Therefore, the total potential energy due to traction can be

evaluated as:

vr'=—5§a’-di‘=g5t<'1‘.a>ds
r r

Using matrix notation, V

r can be rewritten as:

vr=—g5t'g u ds 410>

(i1d) Due to domain lcocading:

The rate of force due to domain loading can be expressed as:
.

dF = X dvol

where, ¥ =X i+ ¥ 4. Then the rate of change of potential
energy due to such force is equal to:

dVQ=—ﬁ.d?=-a.idvol

ie.

VQ=—”t<3.i>dA
Q

and by using matrix notation:
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VQ--‘”'tlc_"gdA 411>
Q

4. Energy Densities:

The strain energy density W can be defined as:

du

W o= dvol - (442>
or for two-dimensional problems:
WV o= % % : 413>
ie.
U= [[twaa <4.14>
o .
Other similar energy densities can be defined as follows:
(1) Kinetic energy density:
dKz:
K m dvol ._ 4.15>
“ie.
K = % p it 0 €416

where U represents the vector of velocity components, then:

K, = f_[ t K dA 417>
o)
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Citd) Sur face work density:

d(Surface Workd
d{(Surface Aread

The surface work can be defined as:

u
t
vr=ftcof T du > ds €4.18>
r _—
therefore,
u ,
ve [ ™ du 4.19>
°
ie.
V. = f t ¢ ds <4.20)
r

For surface forces being independent of u:

Ay = T' Au 421>

(iii) Body work density:

2 = (work done by body forcesd>
dvol

Since the work done by body forces is:
u
t : .
V“-‘”t(of)_c du > dA 4.22>

Q —

it can be deduced that.:

2= [ X du 423>
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ie.

v, = ff t B dA 4.24>
Q

If the domain forces are independent. of u, then:

AZ = X' Au , 425>

4.4 Derivation of the J-Integral Expressions:

441 The Phvsical Concept.:

Consider a two~dimensional structure which contain a crack of

original length a_. The total energy of the structure may be
expressed as follows:

xXa> =K +D +I1 + 8§
E E

where,
M=U+V as defined before,

S = energy required to form the crack.
Now, if the crack grows by Aa, then from energy conservation:
xCatAar = (JI+AID) + (S+ASD + (KE+AKE) + (DE-!-ADE)

Hence, from energy balance:

Cathad — x<ad

Lim g

Aa-+o

=
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ATT S AK AD
fim — + &im — + fim ——-—E+£4',m, — = =0
A A Aa Aa
Aa-o Aa-so Aa-ro Aa-»o

Thus,
i‘£+.d£+——dKE+—-—-dDE=0
da da da da
or
as __ (an, Te  Pg 426>
da da da da )

If the changes of kinetic and dissipation energies can be

ignored, then:

ds dIl

da = da

4

or for two-dimensional problems:

1-d5 1 dIl
7 ag = 7 da <4.27>

~

For linear-elastic analysis, % g—f;- represents the energy release

rate G, and it can be shown that [Ref.781:

1 A+vd

G =2,k + K> + K. 428>
I Iz E IXY
E
where,
E= E for plane stress,
= E > for plane strain.
1-v
; 1 ds
For elasto-plastic analysis, 7 da still represents the energy

release rate, and it will be denoted by J. Although J = g,
equation €4.28> is only valid for linear-elastic fracture
mechanics.



64—

4.4.2. Change of Coordinates:

If (&,n3> are used such that their origin is located at a crack
tip which has a length a, and is growing in the x-direction, as
shown in Fig.(4.2>, where:

x=a + ¥
4.29>
y=n

The =x~y coordinates system is always independent. of the crack

growth, ie. %, y, and a are independent. or:

dx dy

35 " ag = 0 4.30>

From equations (4.29> and (4.30>, it can show that:

df dx _ _

as = ag 1= -1 4.31>
dar _ da

p i 1 == 1 4.32>

Consider a function f(a,x,y> which 1is continuous and has a
continuous first order partial derivatives in the reference
domain. From,

dfﬂgg-da+%xidx+g‘—;dy

it can be deduced that:

df _ af¢a,x,y)

dag o (4.33>
df afla,x,y>
ax = T ax C4.34)

By using x = a+f, then fla,x,yd) + f(a,f,yd>, and,

afCa,t,y> afla,t,y> dfca,t,yd
df = da  da* g X5 dy
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then, it can be shown that.:

af . 9f<a,f,y> | 8f<a,f,y> df
da aa ar da

df _ 8f<a,f,y> df
dax o dx

From equations <(4.31) and <4.32>, the above equations can be

reduced to:

df 8fCa,t,y)  a8fla,f,y>
da © da E74 (4.35)
dyf afca,t,y>

Comparing equations <4.35), (4.36) with (433> and <4.34)>, it
can be proved that:

df _ 8#a,{,y> _ éf<a,x,yl

da Fa % <4.372>

4.4.3. Case of a Closed Contour:

Consgider a domain Q, with a closed contour I' (the domain is
actually a substructure of a cracked structure as desecribed
beforel, Fig (41> Hence,
tay tfau T Po av a5 _,

Tt | da ' da da da da
Neglecting the rate of the change of the dissipation energy,
then:

1 dU E dv
= z[a—a*d—a *a'a] 4.38>

Using the expressions in terms of energy densities, it can be
shown that.:
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J_[”,;g_';i+%>u—§g_zds—”%m] €4.39>
Q r Q

Substituting from equation 437> intoe 439>, it can be
deduced that.:

J==d +Jd <4.40>
where,
M K ay B
Ja=”<£+%>cm—§£ds—”5;m €4.41>
Q r Q
and
W . X vy AR
Jxaf‘fcai-a)dA—gsads—ff-é—x—dA 4.42>
Q r Q

Comparing equations 441> and 442> with equation <dA6D
[Appendix Al, it i=s clear that:

Equation (4.42) has an interesting reduction, as follows:

@

J_= ] S a0 dA - 'g%ds—_[‘fg-‘%dp. €4.43)>
O r o

U=sing integration by-part theorem <(A.1> [Appendix Al, it can be
shown that:

- ay -

J-Jx-gScw-rﬁody g;a—x-ds $Rrdy =0 <4.44>
r r

The above reduction is only possible if the contour I' does not

contain any singularity ddi.e. derivation of W, X, and R are

continucus over I') which is not +the case of a contour

containing a crack tip.
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Consider next. a domain with contour I' which does not contain a

crack tip, as shown in Fig.(4.32>, where:
' = abc + cd + def + fa
and define l"1 and I"z such that.:

 =abec , ' = fed
1 2

From equation (4.44>, it. can deduced that:

J=g5(w+9<—3>dy—§%ds=o

r r

ie.

J = J‘ (WHX-R> dy + _[ W+K-R> dy + J‘ (W+K-B> dy + j‘ (W+K-2> dy

r cd def a

_f %xw_ds_
ri

al =

o ay oy
[ gmas- [ ;s
der =

Now, for small crack opening, dy + 0 over cd and fa, ie.

J wx-8> dy = [ W+%-2> dy = 0 <4.45>

cd fa

and on the crack surfaces cd and fa, T = Ty = 0, ie.

f%x‘/ids.f%ds-o €4.46)>
ad . =
and
[ fasm-[ fds=- [ fas | <4.47)
r

def fed 2
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Hence, from equations 445>, (446>, and 447>, it can be
deduced that:

I(V-!-ﬁ(-.:B)dy—f—q—w—ds-f(l/+9‘<—$)dy+f%ds=0>

ax
r r r r
i 1 2 2
Defining:
J, = [ - dy-f?—w-ds
1 ax
r r
1 1
J_ = [ w+K-B> dy - _[“-’-"‘—ds
2 ax
r r
2 2
gives, J1 - ..I’2 = 0, ie.
J = J <4.48>

This interesting result. shows that such integrals over contours
from lower surface of the crack to the upper surface of the
crack are independent of the integration path. Since the
contour is not closed, then for any open contour I"o (similar to

Fi, or l"z) the following integral can be defined:

J_ = $ wWH+x-2> dy - ¢ ds 4.49>

r r

(o] o

%

From equation <(4.48)>, it is «clear that such quantity is
- independent. of l"o.

Taking I"o very near to the crack tip, it can be shown that:

(i) for a crack with blunt edge (Fig. 4.4):

J = lim [ $ wx-2> dy - ¢ ¥ 4s ] + § wrx-2> dy €4.50)
e r - r Ix
o t r

=} (=] t
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(iid) for a crack with sharp edge (Fig. 4.5):

J_ = tim [§<w+9<—3>dy—§§‘”—ds}

Ix
r o-oo r r
o ()
= - fim ¥ gs 451>
| Y Ix
o r
(=)
Using polar coordinates such that: |
¥ = r cos6 , x = a + r cos6
n=rs=sing , y=1r =iné
Ignoring crack edge and angle, then:
14 L2 oy
J o= Um [ f WHX-R> r sin6e de - f = r dg } 4.52>
o T 40 —x _ ax

It. is clear that up till now Jc> hazs not yet been related with

the term % ds/da.

4.4.4. Case of a Blunt. Crack:

If there is a crack with a smooth blunt edge, as shown in
Fig.<(4.6>, then there is no singularity related +to surface
tractions, which means that Tx= Ty= 0 ¢ for old and developed

crack surfacel, then:

-:-Ax = f_[ [cwmw) + (KHAKD - <:3+A:3>] dA
Q+ AQ
—_f_j‘cw+9<—:3> dA-gSAwds-!-%ASaO

Q r

Dividing by Aa, and taking the limit. Aa +» 0, the following can
be obtained:
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tim ([ (é‘ﬁ-{-g—m]dﬁx—{im 1 [ awas-2> dA

Aa
Aa-o A+ AQ Aa-o AQ

ie.

1 ds dv _ d%X d=
te (S5
o)
- ay - p2 1 : _
Sﬁ&ds zzm Zﬁff WAHK-B> dA
l_, a -0 Aﬂ

From equation (A.6> [Appendix Al, it can be deduced that.:

ff[‘““’ & G- §oras
r

Hence,

, 1
524: s _[‘J‘ W+K-B> dA
-0 AG

ST
3]z
|

= Lim 115_5 [[ w+x-2> da dy = J wex-2> dy

Aa-o AQ o I_.t

where I“t is the crack tip boundary.

Comparing this result with equations 450> and {4.838), it is
clear that:

“
A
9
n

]

3l

4.53>

which means that J is not zero on a contour which contain a
crack tip and it can be evaluated at any open contour !"o
starting from lower crack surface up to the upper =surface of

the crack.
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4.45. Case of a Sharp Crack:

Initially,
TaxmiS+ [f ansem dA - [yds

Q r
)

where l"o represents the free surface of the boundary I, as
shown in Fig.{4.7).

If the crack is very sharp and grows by Aaq, without. any c’hange
of ©, then: "'

% CtAx) = % s+as> + [ [ WHAWDY + (KHAFKO — CBHARD ] dA

Q

- [ wwrapd ds
r
(o]
Dividing the difference of the above equations by Aa, and
taking the limit. Aa + 0, it can be deduced that.:

%

1d ax _ d=
f "5 +ff(da da da]d“‘—-r ds = 0
-

If only the tractions are assumed singular at. the crack tip,
then from equation (A.6> [Appendix Al:

EA A S
r
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or

NS
816

dy
+faggas=0
T
[

Since the tractions are zeros on the surface of the crack,

then:

- - Zim g%ds

Now, at the crack tip, :——Z— -+ % » therefore, comparing with

equation (451>, it can be shown that.:

_ oy
J = Jo = Lim Sﬁ 7 O 454>

4.4.6 Energy Changes Due to Crack Growth:

Let the effect of a crack growth Aa on displacement.,, stress,

and traction vectors be Au, Ao, and AT respectively. Hence,

AU = [ft Co+adod As dA
a

t
Avr-—ft<1+ﬁA1> Au ds
r _

t
AVQ-IItQC_ Au dA

Q

where, O a <1, 0K 3 <1.

Neglecting =econd order terms, then:
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AU

lie
=

4~
e,
13

&

therefore,
de
du , AU t -
ag =t = ffteo g7 aa <4.55>
Aa-+o
Q
dv AV
L atim _‘:-ftg‘g-%ds 456
da Aa da
Aa-+o
r
av AV
Q 9] t du
Aa-o a

Substituting from equations <455 and 456> into <4.38) and
employing the previous approximation, it can be deduced that:

a8

s=-lfre
9]

t d d
adA—fgcT%ds—ffxt—d-—g—-dA] <4.58>
r Q

An interesting (similar) result can be obtained by applying the

following theorem:

Theorem:

Consider that u, v are functions of a parameter {, then:

+ft(xd7+y3-§-]dxdy 459>
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4.4.7. The J-Integral as a Contour Integral:

From equation {(4.58>, it can be shown that.

J=—ffg%dxdy+f [Txg—%‘+ry%]ds
Q r

(=]

+_”‘[xg_:+y%§)dxdy
o

Hence, from previous analysis ( Equ. 4.49), it can be deduced
that:

If the crack is taken as explained before, then dy -+ 0 over I"c

¢ 1"'_. is the crack surfaced, ie.

§Wdy=fwdy+fwdy_,fn/dy
r r r r

- c ]

which leads to:

Jﬁdey—'f[Tx?}_“-bT a_”]ds

aa y da
r r
o (=)
au v
—II[X&+Y——3]dxdy <4.60)
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4.5 Useful Expressions for Domain Loading Term in J~Integral:

451 Reduction of Domain Integrals for Special Cases:

Defining the domain loading term as:
au v
%'H(Xa+fa]“
Q

then, from the equations of equilibrium:

auw aox
b, =[f { ax [ % oy ax | ox
Q
Using integration by-parts theorems [Appendix Al, it
proved that:
au v
b =-¢ [ % Tx Y ax Ty ] ds
r
2 2 2 2
a u a u 8 v BT
+If{”xax2+Txy[ax8y ax2]+oy8xay

ie.

which can be written as follows:

aw au av
%“IH*’§[H%+E%]“
r r

(=]

where ' is the complete boundary contour for Q.

<4.61>

aTxy)+a_U[aTxy+Zy_oy]}dA

can be

4.62>

Special cases of symmetric cracks can be considered as follows:
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Cad Case of One Crack Tip:

For the case shown in Fig.(4.8), it can be shown that:

1 au av
sI=fway- [T G+ T, 5] as
r r

(o] (=]

_I[Xa__u-g.ya_“’)dxdy
1§

Hence, from equation <4.62>, it can be written that:

1 _ & av i au v i
§J= I(Txax"'Tyax] +§[Txax+:‘"yax]
r r
o
ie.
; ° o au
zJ==f {Tx5§+’1‘y——i]ds <4.63)

The above equation is a simplified expression for J, but it

contains a singular point (i.e. the crack tip).

(bd Case of Two Crack Tips:

U=ing Fig. (4.9, for crack tip r, it can be shown that:

lt—g—‘u‘;ds—ff)_{tﬁdxdy
[¢]

.
-

]
L.-,

¥

&

)
Pl—] =

i

For crack tip =2, x is in the opposite direction, and hence the
contour should be in the clockwise direction, ie., it can be

proved that:

Therefore, it can be deduced that:
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du du
J-J = [ wday - [ f—-i—ds—”x‘——dxdy
r +T I+ Q +Q
1 2 12 1 2

or, it can be written that:

Ji—Jzaj‘wdy—_ff%ds—ffx*g—x“—-dxdy C4.64>
r o

For the special case of symmetric crack J1 = Jz’ and it can be
proved that:

dx dy 4] <4.65)

ey
X
o,
-
|
en
=
2|
i
1
Sl
e
2|

Now, the following results can be deduced:

(i) Result (ri:

Since for a closed contour I' enclosing a domain Q:

x* Mgy dy = - 10 N, taidxd
JI ¥ 5 ax dy $T FZ* Il 3% v
Q r Q
=—§1‘_t§%+d§wdy €4.66)
r r

Generally speaking, it is clear from equation 4.64>) that the
result obtained by equation (4.65> is only correct if there is
no crack tip inside I'' For the =special case of a symmetric

crack inside the closed contour ', equation {4.66> =should be
valid.

(i1) Result (=2):

For symmetric crack, surrounded by symmetric contour I°, it can
be proved that:
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J"de=o,f1‘%:=ds=o, ff)_(t%dxdy=0 C4.67>
r

r Q

since, f W dy = - J' v dy,

r r
1 2

and dey=0=dey,et,c.
ro4r ’ r
1 2

452 First Integration of Domain Loading Term:

Using integration by-parts theorems [Appendix Al, equation

<4.61> can be written as:

X ay
3 L + 3% Y ] dx dy 4.68>

DLaf(Xu-i-Yu]dy—-ff[
r £

o

For domain loading due to translational or rotational inertia,

it can be shown that:

X=a +a x+a vy
o 1 2

4.69>
Y =b +b x+b vy
o 1 . 2
Hence, using the above equations, it can be deduced that.:
DL=I[Xu+Yu]dy—ff[ai'u,-i-biv]dxdy “.70>
Q

(=)

The domain integration is evaluated in terms of integration
cells within the whole domain, including the c¢crack tip. For
most cases, the strain parameters dw/dx and dv/d8x are s=ingular
at. the Crack tip, whilst v+ and ¢ are not. Hence, it is clear
that  using equation <4.70> for the calculation of domain
loading term does not involve any singular parameters and

should lead to more accurate values=s.
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Note also that for the special case of translational inertia,
or rotation with respect to the x-axs, a = l:’1 a 0, the domain
integral term in equation <4.70) vanishes, leading to a =imple

contour integration, i.e.

DLu_f[X'u,-!-Yo]dy <4.71D>
r

o]

45.3 Domain Loading Term for Rotational Inertia around Z-Axis:

For the special case of a structure rotating around the z-axis,
the corresponding domain loading intensities can be expressed

as follows:

X =a + ax
o 1

4.72>

N
]

+
bo bzy

Hence, from equation <(4.61> and by using Integration by-parts
theorems [Appendix Al, it can be shown that:

[fyr22aa=s$yody - [[o2 axdy

ax ax
Q r Q
and from equation <(4.72), its clear that aY-7x = 0, which
means:
[fr2aa=g¢vyoay €4.73>
o .
Q r
au
The remaining problem is to reduce the term ff X F dA.

Q

Considering the equilibrium equation in terms of displacements
[Ref. 791, then:
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1 a dqu v X
Vut s ow (ow T ae ) ta = O

where,
. p'= p for plane strain,
= v+ for plane stress.

u = EZ21+0D

Define a function (x> such that.:

o .
Fy 0

The =implest form of such function is:

1 2
+
FGoO = a_x 5 a X

Hence,

1-2v a2 axdy u ax
ie.
. 2 2 2
Zifzv'>8u+au+112v' gxu +_1_%xj:=0
v s 6y2 - ay M
or
& & 12 au + 1 d‘zu 4 12w’ ar o
2 2¢1-v* D ayz 2{-v’' > dxdy 2A1-v' D %

For more simplifications:

620

Ixay

°u , %
2 Ixd
ay y

= (1-2v° ) [ ] + 2v°

Now, the equilibrium equation may be rewritten as follows:

14.74>

4.75)

4.762>
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2

ZXZ’ + 2(1_1:1),) -g—)-,- [ <1-2v° D “ny + 2p’ g—:i-] + i%—;%g;?ﬁ -g—;‘-f = 0‘
Defining,
C = 1-2p° - 17207 1+
1 4C1-v’ D 2{1-v’)> E
Hence, the equilibrium equation can be expressed as:
"2"'4-2_[0;/ +C "—”]-rzc % a0 C4.77>
P ay 2 “xy 1 dx 1 9%

Considering Ff{x> to be a weighting function, then:

2
Fuw o v af
fff(x)[——;+-5y—[Czyxy-*CB-a—x—]-!-zci—-]dxdyﬂo
o ax ax

ie.

&

2
[[ roo ‘;x——’: dx dy + [[ foo
0

au i '
W[Czyxy+csax] dy
Q

Q@

2

+ [f ¢ [f(x)]dxdy=0
Q

Using integration by-parts theorems

[Appendix Al, it
dedu¢ed that.:

can be

gﬁfcx)g—;"dy—”gg—;idxdy—gpﬂm [Czy

dv
+ C -——i]dx
r Q r

Xy 3

_ af v
fb—y—-[Czyxy+C35x—-]dxdy+§5€1f2(x>dy=0

r



Now, by using equations 4.75),

expression may be reduced to:

g5f<x>g-;—"dy-ffxg—:dxdy

82—

it can be proved that the above

L
§f<x> [Cz yxy+csb—)—(') dx
r Q r
+§c, FGo dy = 0
r
i.e.
u u )
I Xa—x-dxdy=§f(x)5—£dy $ roo [Cz”xy'*cs?x_] dx
Q r r
+§c, Fex> dy
r
or
au au
I X 35 dx dy = $ roo [-‘ﬁ-+c1 _f(x)] dy
Q r
-froo [c v +c 2] ax C4.78>
2 ‘xy 3 ax )
r
Hence, from equations 4.61), <4.73) and <¢4.78>, it can shown
that.:
t du ’ au
I x 3% A = ¢ roo [-5;+C1 f(x)] dy
0 r,

_g;f(x? [Czyxy-!-C

r

+§Yody
r

o

av
3 dx

] ax

4.79>
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4.6 Cases with Thermal & Plastic Strains:

4.61 Case with Thermal Strains:

Consider a case with a thermal Iloading represented by £
where,
£ T
X
e = £ = o T <4.80>
-0 b4
Y ey 0
and
o = oo for plane stress,
R & 0TS % for plane strain,

a = (oefficient of thermal expansion,

T = Temperature difference.

For such a case, the strain energy term in the J-integral

equation, may be written as follows:

o o)
J wdy = [fo' o= axay C4.81>
r Q

[=4

Vhere £ represents the total strain vector.

From the elastic stress-strain relationship, it can be shown
that.:

‘l,l")

where,

ie.
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ds = ds_ + ds

—e -0

Hence, it can be deduced that:

taﬁ 1 a t
[Je maxav= 3 M5 [esne | axay
Q Q
. g %
*Ile g dxdy

The above expression can now be written as follows:

ac

[Jo macaym 3[f 5 (e )axa
Q Q
. %,
*Il e & oy

Using integration by-parts theorem, then it can be shown that.:

as de

_”'g_t-a—;dxdyﬂf wody+j‘fg_‘5x:°dxdy C4.82>

Q r Q

(o]
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4.6.2 Caze with Plastic Strains:

For this case the change in =strain energy can be defined as

follows:

dW = o' de = of de + o' de

where,

dﬁo = Elastic strains component,
df:_p = Plastic strains component.
Now, the strain energy rate W, can be written as:

V=K +W
e P

where,

E°t 1 t
Vo[ 2de =32 2

o

£

Py
V-_ro'd.s
P - =p

Hence, the total strain energy can be deduced as follows:

, o2 aw_ oW
[Jmacay= [ [552+ 52 ) axay
Q Q

Finally, the following can be deduced:

8e
I o sgaxdy = § o/ w> ay
Q r

The plastic work intensity Vp can be calculated
incremental finite or boundary element analysis.

<4.83>

4.84>

<4.85)>

<4.86>

within
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" Fig.(4.1) Domain Piecewise Discretization.



-87-

"$9)eUIPIOO) Jo o5uweY) (2'¥) I

gty X -1
e

)






-890-—

Fig.(4.4) Crack with Blunt Edge.

o~ ¥

Fig.(4.5) Crack with Sharp Edge.
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Fig.(4.8) Case of One Crack Tip.
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CHAPTER 5

THE FINITE ELEMENT METHOD
FOR FRACTURE MECHANICS PROBLEMS
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514 Introduction:

There are many engineering problems which may be considered as
boundary wvalue problems (BVP). A typical boundary value problem
is govermed by one or more ‘differential’ or integral’
equations within a specified domain, together with some
conditions over the boundary of the domain.

For complex boundary value problems or complex boundary
conditions an analytical or closed-form solution might be
difficult. to discover, and there i=s therefore no other choice
but. to employ an approximate procedure for the =olution of such

problems.

With the ad{rent of high-speed digital computers, approximate
numerical procedures have become very accurate and reliable for
the solution of linear and nonlinear boundary wvalue problems.
Currently, the most dominant numerical techniques for
engineering analysis are the finite element method (FEM), and
the boundary element. method (BEM).

The finite element method is based upon integral formulations
for the governing equation of the given BVP. Discretizing the
problem domain piecewise into a number of subdomains, or finite
element.s, the governing equations for each element can be
obtained by means of variational or weighted residual
approaches. Assembling the subdomains equations together, a
simple algebraic system of equations can be obtained and

solved.

In thi=s chapter the procedures of linear-elastic and
elasto-plastic finite element analyses are reviewed together
with different LypesA of loading conditions. New formulations of
the standard crack-tip finite elements are preseht.ed, also new

crack-tip singular finite elements are developed in this work.
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5.2 Finite Element Analysis of Linear-Elastic 2D Problems:

5.2.1 Outline of the FEM for 2D Problems:

The process of solving a two-dimensional linear-elastic
fracture mechanics problem by the finite element method can be
conveniently summarized into the following steps for the

so~called ’displacement’ or ’stiffness’ formulation.

Step 1) ‘
Discretization of the Domain (Piecewise discretization).

In this step the whole domain is divided into =subdomains
Cfinite elements) which are connected together at. specified
nodes. The field variables on the finite element model Iis
lumped on the specified nodes, 1ie. the infinite number of
system degrees of freedom is substituted by a finite number of
degrees of freedom which represent the values of the field

variables at. the nodes.

Fig (51> shows the dizcretization procedure for a plate
sub jected to an in-plane tensile load at one end and fixed at
the other end. Fig.(51-ad> shows the whole domain as global
while Fig.(5.1-b) shows the discretized domain with two finite
elements connected by nodes.

The essential points which should be taken into consideration

in this step are:

Ca) The rate of change of the field variables.
Cb> The boundary and loading conditions.
Cc) The discontinuity in the geometry and material.

- The . above points affect  the selection of the shape, =size,
number, and configuration of the elements, which consequently

affect the accuracy of the results, and the computer CPU time.
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Step 2>
Selection of Field Variable Models (Pointwise discretization).

After discretizing the domain into subdomains, each subdomain
will be treated =separately. The field function over the
subdomain is represented in terms of its values at the given
nodes and of element shape functions. The shape functions are
used for the interpolation of the field variables and may be
Hnear, quadratic, cubic, etc.

For the case shown in Fig.(5.1), the field wvariable is the
displacement. component, =0 at any point the displacement
component is expressed in terms of nodal displacements and

shape functions.

The displacement vector u at any point x,v> can be expressed

as follows:

n
ulx,yd) = Z u Ni_(x,y) G.1O
i=1
where,
udx,yd = Displacement vector,

Ni(x,y) = Element shape functions,
n = Number of nodes,
i = 1, 2, 3, ..... '

The function chosen to describe the field wvariable pattern
within a specified element must meet certain criteria, usually
the same function is used for all of the elements over the
discretized domain, but if more than one type of elements is
used in the same domain, it will be clear that these functions
will need to be different for different types of elements.
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Step 32
Formulation of Element Stiffness Matrices and Vectors.

In this step the relation between the source and the field
variable is obtalned C(ie. between the applied force acting on

the nodes and the nodal displacement).

The element stiffness matrix for two-dimensional elasticity

problem is given in RefI80]1 as follows:

Keey = [ B DB ¢t ax gy 52>
Vv X

where,

E(e) = Element stiffness matrix,

B 2 The matrix which relates the strain vector to the
nodal displacement. vector dOmatrix containing the
derivatives of the element shape jfunctions with
respect to the cartesian coordinates),

D = The stress-strain matrix Omatrix containing the
element properties such as, Young's modulus and
Posston's ratio),

t = Thickness in the z-direction.

Since the shape functions Ni' are expressed in terms of the
intrinsic coordinates E,d, 1t is  useful to deduce the
derivatives with respect to cartesian coordinates in terms of
the intrinsic derivatives. This is possible by means of the
chain rule of partial differentiation with the following
result:

aN AN,
1 T
¢ ax
= J 5.3
AN - 8N
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where J is the Jacobian matrix which can be defined as:

9% 3y
14 74
J =

ox Sy
m a0

L o
i)l\l1 aN 2 X, Y,
:/4 g

- 54>
aN aN x v
1 2 2 2

an D47 -

b = e o

The area relationship between the cartesian coordinates and the

intrinsic coordinates is expressed as follows:
dx dy = |J| d4¢ dn a5

Thus, equation <(5.2> can be rewritten in terms of the intrinsic

coordinates coordinates <{¢,n) as follows:

t
§(e)=ff_3_ DB |J] t df dn 5.6
nE
Step <4):

Assembly of the Element Matrices and Vectors.

In this step all of the subdomains are assembled together to
build the whole domain, the procedure of the assembly is based
on the requirement of ‘’Compatibility’ at element. nodes. For the
case of stress analysis, two conditions must. be satisfied,

which are:

i To satisfy the equilibrium condition, the global load on a
node is equal to the summation of all element forces

Joining at this node.
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Ciid To satisfy the continuity condition, the global
displacement. of each node has the same value for all the
elements joining at. this node.

Hence, the nodal stiffness and nodal loads for each of the
elements sharing the same node are added to each others to
obtain the net stiffness and the net load at the specified

node, so the global stiffness matrix can be expressed as:

n
@

K= Z Koy A 5.7

=4

and the global force vector as:

n
<
E= Z Eee> 5.8
ec=1
where,
F = Element. force vector,
—ed
ng = Number of elements.
Step (8>

Application of the Boundary Conditions.

The overall system of equations for the domain can be written

as follows:
K.Us=F ' 5.9
where U is the global displacement. vector.

In order to solve the above system of equations the following

boundary conditions are applied:
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(i3 At Joaded nodes the displacement Iis
applied force is known.
(i1 At restrained nodes the load i=s

displacement is known.

unknown

unknown and the

and the

After applying the above two boundary conditions the system of

equations can be partitioned as follows:

K K U F
“uu —up ~u Tu
=
K K u F
pu PP P P

where,

= Unknown displacement. vector,

= Prescribed displacement. vector,
= Prescribed force vector,

= Unknown force vector.

.ol"-‘! :l":l _OIG ch

5.10>

Hence, from the above equation it can be show that:

K U + U =F

uu u up <] u

K U +K U =F

Py u PP P P
ie.

K U = F - K u

Tuu Tu ~u “up Tp

which represents a reduced system of equations.

Step_ <6):
Solution of the Resulting Reduced Equations.

To solve equation G123, one of the following

employed:

<5.11>

BG.12>

solvers can be
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C(a) Gauss elimination ordinary solver.
Cb) Choleski factorization ordinary soalver.
(c>) Banded Gauss or Choleski solver.

(d) Gauss elimination frontal solver.

The above solvers are avallable in the finite element package
developed in this work.

Step (7>:

Determination of nodal Strains and Stresses.

Once the vnodal displacements have been determined from the
above step, the element strains and stresses can be calculated
using strain-displacement, and stress-strain relations, =such

as:

e=BU €5.13>

=D = <5.14>
Hence, it can be shown that.:
o=DBU : 5.15>

The D matrix can be expressed for plane stress and plane strain

Iinear-elastic conditions as follows:

For plane stress:

i v 0
E
D = v 1 0 516>
1-v2
i-»
(4] ¢) 5 ]
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For plane strain:

1-v 3 (4]
Dw__ E v 1-» 0 (BATY
S PETS Y& B7275) .
1-2v
0 0 >

where,
E = Young’s modulus of elasticity,

v = Poisson’s ratio.

The B matrix fdr linear-elastic conditions is defined as

follows:
aN-L
..... B 0
aNi
B= ] ..... 0 = ... 5.18>
= ay
aN 8N,
T 1
—— 3y

8N . 4N

1 L
ax at

-4
= ] 519>

aN IN .

1 1
ay an

The =stresses are then obtained by means of Hooke’s law, and
since they are proportional to the derivatives of the
displacements they will not be as accurate as the displacements
themselves. Accurate values for stresses can be obtained at

gaussian quadrature polnts as suggested by Ref.[801
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5.2.2 Library of Two-Dimensional Elements:
The library of the two-dimensional elements, available 1in the
developed finite element module, consists of two familles as

follows:

Cad The Standard Family:

r. The 4-node Isoparametric Quadrilateral Element.
The 6-node Isoparametric Quadrilateral Element.
The 8-node serendipity Quadrilateral Element.
The 9-node Lagrangian Quadrilateral Element.
The 8-node Isoparametric Quadrilateral Element.
The 10-node Isoparametric Quadrilateral Element.
The 12-node Serendipity Quadrilateral Element.

IS BN

The 3-node Isoparametric Triangular Element.
©. The 6-node Isoparametric Triangular Element.
ro. The 10-node Lagrangian Triangular Element.

(b)) The Transition Family:

rr. The 5-node Quadrilateral Element.

rz. The 6-node Quadrilateral Element.

3. The 11-node Lagrangian Quadrilateral Element.
r4. The 13-node Lagrangian Quadrilateral Element.
r5. The 10-node Quadrilateral Element.

6. The 12-node Quadrilateral Element.

17. The 4-node Triangular Element.

r8. The 8-node Triangular Element.

The above familles of elements are shown in Fig(5.2> and
Fig.(5.3> respectively. Also the shape functions of the

elements are given in Appendix [Bl
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523 Initial and Domain Type Loading:

The total potential energy of a two-dimensional subdomain under

general loading conditions can be written as follows:

i .t t t
x-ig[”‘g ggtdxdy]g—ug 5.20>.

Elemoent

The total force vector F can be expressed as follows:
F = +F +F B5.21>

where,

F_=[[B D taxady

Eloment

F =- [[B" o tdxady

where £, and go are the initial strain and stress vectors, and

the above loading vectors are defined as follows:

ES = A nodal loading vector equivalent. to initial and/or
thermal strains.

= A nodal loading vector equivalent to initial

=
stresses.
E_E = A nodal loading vector equivalent.. to any other

type of loading such as body forces, pressure, etc.

In the presence of body forces t,hé problem can be =olved by
obtainingz the nodal loading vector which is equivalent to a
given force field, represented by the following intensity

vect.or:
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w = { (AR W W e W ® } 522>
g ]

where <w ,o.) ) are the components of the body force intensity

Cforce per unit area) at. the 1 node.

Now, if the equivalent. nodal loading vector is written as:

X Y x Y

9-{() Q Q Q .. 2 0 } <8.23>
xt yi 2 2 n n

then, it can be shown that [Ref 801

<5.24>
n
Q = .. W
RDIRT
J=1
where,
QLj = f] Ni Nj dx dy
element
For the special case of a uniform body force, ie.
W = = = W
X X . X
1 2
w [ A = =
Yi Yz ¥
it can be deduced that.
C&i = Qi w&
3.25>
Q = Q w
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where,

o = JI N, ax gy

Element

Now, from the definition of _EE, it can be deduced that.:

a=F,
ie.

F=Q+F_ +F | | (5.26>
Applying the minimum total potential energy theorem, such that:

x€ U > = minimum

onr

leads to the same system of equations, as shown by Equ.(5.9).

52.4 Pressure Type Loading:

Consider a two-dimensional finite element having a side under a
pressure P which is uniform 1in the thickness direction

Cz—direction), i.e.
P = Px,y> 827>

The force acting on an infinitesimal length As of the loaded

side of the element can be expressed as follows:

~

AF m - PAs t 0 5.28>
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where,
t = The thickness of the element.
fi = The outward unit vector normal to As.

Writing the outward normal unit vector as:

ﬁﬂti-!-m,j

where ¢ = dy/ds and m = - dw/ds, it can be shown that:
A = Pt ¢- Ay © + Ax 5.29>

Hence, the increment. of the change in work done by AF due to a

virtual displacement 6&'. can be expressed as follows:
ECAWY m AP . 858 = P t (- Su Ay + Su AxD <5.30)

In order to model geometrically the loaded boundary of the
finite element a compatible one dimensional pressure (boundary)
element. should be used, such that the number of nodes of this
element. is equal to the number of nodes on the loaded side of
the parent finite element.

From the properties of two-dimensional shape functions, the
choice of compatible pressure elements will lead to t.hé same
interpolation of the field functions over the loaded boundaries
(This is due to the Co continuity of two dimensional

interpolation expressions).

The equation of the pressure element in the x-y plane can be

represented in terms of the following parametric equations:

n

XC(E) m z X N,LCE)
i=1
<5.31>
n-
yC(&> = Z y,L N,\(tf)

i=4
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where,

5.32>

\p] n
NG = 27> = I T

[ n-1> ¢ - (1D ]
r®L

The displacement components can be interpolated over the

pressure element, as follows:

n

Su = Z Su, N &)
1 1

i=1
5.33>
n

Sv = Z Sv, N &>
T 1

i=1

Hence, the increment. of the work done by pressure forces due to

63, can be obtained form equation (8.30) as follows:

W = I Pt (- &u dy + Su dd (5.34>

Praeasaure
El ement

Now, substituting from equations (8.33)> into (534>, it can be
shown that.:

n
W = Z [fp t N ¢ Su dy + Su. dx)] (5.35>
T T 1

i=z4 Pressure
ement

The work done by the equivalent nodal forces due to 63, can also

be written as follows:

n

SW = Z [ F &u + F Su, ] 5.36>
- x i | Y, i

Comparing equations (5.35) and <(5.36>, it can be proved that:
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in =- [Pt N.<¢> dy

5.37>

Fyi-+_fPtN,L(E)dx

U=sing equations (5.31>, the above equations can be rewritten

for a pressure element in the intrinsic system (O=<f=<1>, as
follows:

F =—fiPtNi(£)[g—§]dE
i O

<5.38)
1

Fy.u-i-f PtN,L(Zf)[
1

) «

The resulting vector F is acting on the nodes of the pressure

K%

o]

element and it can be added to the global nodal loading vector

by means of the topology array of the pressure element, in the
usual way.

5.3 Crack-Tip Finite Elements:

5.3.1 Ba=sic Concept of Singular Isoparametric Element=:

The geometry of an isoparametric two-dimensional element can be
mapped into a normalized element <0=<F{=<1,0<1<1) in the intrinsic
¥-n space, through the following transformation:

n
X = Z Ni.(}:’n) x,L
i=1

5.39>
n

y=) N&my,

i=1
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where,
n = Number of element. nodes.
Ni(E D = The shape functions in the (¥¢,n> space.
(xi_,yi) = The nodal cartesian coordinates.

Displacement. components at  any point within the element are

interpolated in terms of the corresponding nodal values as

follows:

n

w = Z N,LGf,n) u.
i=1

5.40>

n

v = Z Ni_(t',n) v,
i=1

The form of N‘;CE ;2 in all isoparametric elements are algebraic
polynomials [Ref 141, and hence, 6Ni/88 » ON,L/ an, are
non-singular.

On the other hand, the =strain in equation (513> can be written
by combining equations 5.13), 5.18> and 5.19), in the

following form:

e= J B, U , . G4
where B ,n> is the B matrix with respect to the & ,n> system,

and ‘l_i is a 3x3 matrix formed from _,_1__1.

Therefore, a crack-tip singularity could be achieved by making
the Jacobian matrix ,_I_ singular at the crack tip, or in other
words, if the determinant of the Jacobian |i I vanishes at the
crack t.ip, where from equation (5.4):

ax ax

J = -a—g 5—77- 5?)- 5—8.- 5.42>

It wa=s found [Ref.13,14,25,27,291 that by placing the mid-side
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node of the appropriate elements at the quarter point of two
sides, the Jacobian matrix J become singular, at the common
corner between those sides. Consequently, the values of strain
and stress vectors go to infinite values, at such a corner,

which should, of course, be set at the crack tip.

5.3.2 The Quadratic-Side Crack-Tip Elements:

Cad) The Eight-Node Quadrilateral Singular Element:

This element is an eight-node quadrilateral with the mid-side
nodes of two sides being placed in the x~-y plane at the quarter
points as shown in Fig.(§5.4-a).

Using ((0<F<1,0<9n<1) system, the =shape functions for this
element. are the same as those used for standard s=serendipity

element. and can be expressed explicitly as follows:

2
]

A-E> <1-7d A-2E-2nD

4 £ A= A-p

E D> (~1428427)

4 £ n A-nd <5.43)>
oy C-3+2E427D

=4 f 1-£> 7y

A-§> 7 (—1-2E427D

= 4 A-§> n A-

'S

NZ
]

mz
n

‘2
]

2 QZ QZ uz
] n

For simplicity, the strength of the singularity will be found
along the line 1-3, as shown in Fig.(5.4).

The shape functions along the line 1-3 can be evaluated by
setting v = 0, as follows:

N = 1-£> 1-2¢>

N, = 4 ¢ c1-¢)> <5.44)>
N, = & c2t-1>
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Using equations (5.39), it can be shown that:
xXCEI = (1-F> (1-2F)> xi-!- 4 £ 1-¥> x2+ ¥ QE-1> X, - (5.45>

For the quarter-point element in the x-y plane, the cartesian

x-coordinates of nodes 1, 2, and 3 are:
xm 0, x= L /4, x= L
1 2 b4 3 X

Substituting the above values in equation <645, it can be
deduced that.:

XG> = L A-Z> + L £ -1 5.46)

and by rearranging the terms, it can be proved that.:

x =L g2 <5.47>
therefore,
t--!-Jx/Lx (5.48>

In the Jacobian matrix the term x/8f will then be given/ by:

ﬂ-zLxg-szLx <5.49>

o

Now, it is clear from equation (5.49>, that the Jacobian matrix
becomes singular att ( x = 0, ¥ = 0 ).

Considering only the nodes 1, 2, and 3 the displacement wu along
the line 1-3 can be written according to equations G.40> as

follows:

u = (1-¥F> 1-28D u,i-l- 4 ¥ 1-¥> u,2+ ¥ QE-1 u, : (5.50>
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In terms of %, equation (850> will be as follows:

u = [1—3o]x/L+2x/L]u+[4olx/L-4x/L]u
X b4 1 b4 x 2

+[2x/L—Jx/L]u - (551>
b4 X h- 1

Since the strain in the x-direction can be expressed as

follows:
gga._t.bg‘]'-ia_t_l'-.a_g_a_..u
% ax = .74 ax o
therefore,
fm Ui B) e (E-t)
* 2 4 x L % 1 4 xL x 2
+ [-21:—- -—1—] u, | (552>
x 2 4 x

Measuring x from the crack tip as r, it is clear from the above
equation that the strain singularity along the line 1-3 1i=s
1/{r, which 1is the required singularity for lnear elastic
fracture analysis.

(b)) The Six—-Node Triangular singular Element:

This is an isoparametric element with the mid-side nodes of two
sides being placed at the quarter points, as shown in
Fig (5.5-ad.

Using Argyris theorem [Ref80], the shape functions for the

element. can be expressed in terms of area coordinates <L1’ L,

2
Ls) as follows:
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= L QL -1
1 1
= 4 I L
1 2
m I QL -1
2 2
=4 L L 5.53>
2 - |
= . L -1D
3 3
= 4 L L
a3 1

2 uz l"2.’ wz NN

[+

Alternatively, they can be expressed in terms of the intrinsic
coordinates <(¥,n> by using the following relations:

L = 1-¢-n

I_.2 - ¥ <5.54>
I_.g -y

Hence, the shape functions with respect to the (O<¥=<1,0<np=<1>

system, can be expressed as follows:

m (A-F-0) 1-2¥-27

=4 F A-F-1

= F (2F-1>

= 4 F 5y 555>
= 7 Cn-1>

= 4 v A-F-v

2 uz *2 wz Nz e

For this element, the singularity can be investigated along the

side 1-3 C(Fig55> in the same manner as shown in section
(5.3.2-aD. )

5.3.3 The Nine-Node Lagrangian CGrack-Tip Element.:

This element. has been derived by the current. author and it has
been used, for the first time, as a crack-tip element.. The
element has mid-side nodes of two adjacent =sides at the quarter
points, as shown in Fig.(5.6)>. The inside node of the element

has been deduced, using the equations of the intersected lines,
as follows:
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20

X u g t+ ———
120 x

2a
y=b+ 1+2a Ty
where <a,bd> are the coordinates of node 1, and for

quarter-point. element. a = 1/4.

The type of singularity for this element can be investigated
using the O<¥<1,05n<1> system by applying equations 5.39>) to
the element, and using the coordinate system described in

Fig.(6.7), it can be deduced that:

x> = a + L { .%32({) + ¥

N D

1 _a
+ 5 .1‘?9(77) ] } (5.56>
similarly, it can be proved that:

3 20 k:

N W

y&m = b+ L { :egcn) + ¥

+ .e:cz) ] } (557>

N -

At the crack tip, ¢=0, n=0>, the derivatives with respect to ¢
and n can be found as follows:
55'_ = Lx 401D » — = 0
(.58
dy ay
= L <{4o-11 == =m. 0
an y 74

Now, from equation (54>, it can be shown that, at. the crack
tip:
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L <4a-1> o
J = * , <559
0 Ly (4o-1>

It is clear from equation (59> that for a quarter-point
element (omi/4> the Jacobian matrix J vanishes, which gives the
required singularity.

The explicit shape functions for this element. can be written as

follows:

m C1-£) C1-28)> <A-pd 1-2pd

-4 F A-E> -7 A-2p

- F 21> A-7d -2

=4 F 2E-1> 7 -7

E 2E-1> 7 Cn1d ¢5.60>
m 4 F A-E> n @p-1d

- 1-F) 1-28)> p @n-1d

= 4 A-F> A-2E> p A

= 16 ¥ A-§D> p -

2 2 NZ e

[N

zuz
R

02 0l G2 o

Now, from equations {5.60) it can be proved that the strength
of the singularity along the line 1-3, is 1/{r , which 1is the
required singularity for linear-elastic fracture mechanics.

5.34 The 1/J2 Singular Crack-Tip Element.:

One of the disadvantages of standard isoparametric crack-tip
elements is that the distortion should be carried out in the
x-y plane by the package user. Hence, an alternative family of
crack-tip isoparametric elements, in which the distortion is

only in the intrinsic ¥-7v plane would be more useful.

This element.,, which also has been derived by the current. author
for the first time, iz one of such a family of elements, and it
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is based upon the 9-node Lagrangian isoparametric element.

Consider a one-dimensional element on the ¥¢-line, as shown i1n

Fig.(5.8-a). Using the Lagrangian multiplier as:
£-t
[ — ] 5.61>

£,
=1

the shape functions for this element. can be deduced as follows:

3 1
N, = £ &) m DA o>
N w2 ad>m—1 _ ¢ -8 ¢5.62>
2 2 a (1-od -

3 1
Nsu.fa(t)n i-:_—a-t’(oat’)

Now, consider the same element on the x-lne, as shown in
Fig.(5.8-b)>. U=sing the isoparametric transformation given by
equations (539>, and assuming that Xx= a, x= a + L/72, and X =
a + L, it can be deduced that:

L L
Xmat a7 g b e

By rearranging the terms, it can be shown that.:

L

X®mat gt

[ A-267> + Qo-1d ¥ ] 5.63>

The condition for having the coefficient of ¢, in the above

expression, equal to zero is:

1-2c =m0

which gives,
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o m 1/42 5.64>

Substituting back in equation (5.63)>, and setting a = 0, it can
be shown that:

x = L &2 ¢5.65)

Comparing equation (B6.65) with equation 47>, it is clear
that equation <5.65> gives the singularity required for the
analysis of linear elastic fracture mechanics.

Now, at o = 1/{Z the shape functions for the one-dimensional

element. are deduced as follows:

N = -£> A-4Z ¥
N, =2 2 +1> ¥ 1-¢> (5.66>
N, = - 2 +#1D ¥ 1-§2 ¥>

In order to check the element shape function derivations the
following condition should be satisfied:

n

Z Ni(f) =1 B.67>

i=1

Substituting equations (5.66> in the left-hand side of equation
" (5.67)>, it. can be shown that:

N+ N+ N=1 (5.682>
1 2 1

Hence, equations (68.66> represent. the correct shape functions
for an element on the ¢-line. Notice also that. the above =shape
functions can be used for a crack-tip boundary element. from the

same family.
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Similarly, for an element on the y-line the shape functions are

as follows:

NG = d-nd A-yZz
N = 2 WZ +1D n A= 5.69>
N = - Q2 +1D 5 A-§Z

Now, consider a nine~node element in two-dimensional plane as
shown in Fig.(6§.9>. The shape functions for this element can be

deduced as follows:

NIQ,‘,n) - Ni(z_’) N1Cn)
NZ(?;' Ry NZCE 2 Nicn)
NSC?;' NI = Ng(t{ 2 NiCn)
N4(If,n) - Ng(ff) Nz(n)
NSQ’ ) = NBQ‘ > Na(*n) B.70
NCS(&r s> = NZQ‘ > N3(n)
N7(8,n) = N1(E) Ng(n)
Nﬂ(& ) m N1(f > N2(n)
Np(?f,n) = NZ(E) Nz(n)

Substituting from equations (666> and 569> into 8.70>, the
shape functions for the 9-node 142 =singular crack-tip element

can be deduced in explicit form as follows:

2
|

A-8> 1-42 £> d-pd d-{Z2 v

m 22 HDF A-E> - A-dZ

m - 2 D F -2 > - A-{Z

= -2 ({2 +D% F 1-4Z £> 5 A-n

m (2 +DZ F A-{Z > n A-{Z : B.71>
m -2 {2 +%F A8 A-{Z

m - 2 D U-ED A-42 £ o =42

m 2 Y2 1D A -2 ¥d> n A-

=4 {2+ F A-£> n A-pd

ZNZ»

znzqzazuz‘zw

L+
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8.3.8 The Ccollapsed Six-Node Triangular Crack-Tip Elements:

The collapsed triangular . crack-tip element.s given in the
literature are based upon distorting the quadrilateral elements
in the cartesian x-y plane such that one of their =sides
diminishes [Ref=.13,17,20,87]. Alternatively, singular
triangular elements can be generated by collap=sing the
7 quadrilateral elements in the -7 plane. '

Collapsed 6-Node triangular crack-tip elements have been
derived in this work using different transformations, one of
these elements is generated and described 1in this =section,
whilst the derivations of other collapsed eleme;it,s can be
revi;wed in Appendix [B]:

Conslderr an 8-Node isoparametric element in the ¢ ,n > system

as shown In Fig.<5.10-a>. This element can be collapsed to a
6-Node  triangular element., Fig. (5.10-bh> using the following

transformation:
[ = é— » N =Y B.72>

Hence, the shape functions for this collapsed element can be

written as follows:

N =N +N +N,
s (=] rd

B5.73>
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Now,' substituting from equations 643> and equation G723
into the above equations, the shape functions for this element
can be deduced explicitly, as follows:

Ni' = 3 2n-1>
Nz m 4 nn A-F-7>

282
N, = (~£-9> C1-2n) - 2¢ + T 5.74)
a ar? 0
N = 4¢ -
4 i-n

282

N, =48

Notice that some of the shape functions and their derivatives,
for such an element, are singular at n = 1, which should be set
at. the crack tip.

Another crack-tip element. can be deduced from the previous one
by locating the mid-side nodes of two sides at quarter points,
as shown in Fig.(5.10-c).

5.3.6 The Cubic-Side Crack-Tip Elements:

Two singular cubic crack-tip finite elements can be generated
from the standard 12-node quadrilateral and 10-node triangular
elements, by moving the two internal side nodes of two
intersecting =sides in both elements to 172 and 4/9 locations
with respect to the length of the side [Ref.20]. These elements
can be derived for the O=<¥=<1,0=59n<1) system as will be =shown in

the following subsections.

Ca) The Twelve—-Node Quadrilateral Singular Element:

The shape functions of this element along the line 1-4 (=03,
as shown in Fig.(5.11)>, can be written explicitly as:
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N = (4-¢> [ 1 - %E A-£> ]

9
N = 5 ¥ 1-¢> (2-8¢)

<B5.75>
N = - %zf A-£> 1-3)
9
N =¥ [ 1—2-?;‘ a-¥> ]
Using the isoparametric transformation equations (539>, and
setting x = 0, x = 1/9 L, x= 479 L, and x = L gives:
1 2 b 4 - ] x 4 X
xXCF) = % ¥ 1-¥> 2-38> l_.x + 2 F (4-F) 3¥-1 l..x

Q Q _2 :
+ ¥ A -2-E+§E)Lx B.76>

which leads to,

xCED> m §2 L 577>
where,
¢ = J . | E.78>

Now, from equations (577> and (5.78), it can be shown that.:

- 2 |x I_.x B5.79>

Comparing equation <&.79> with equation .49, it 1is clear
that the element can produce the same order of singularity
required for ldnear-elastic fracture mechanics, which is the
1/4r .
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(&) The ro-Node Triangular Crack-Tip Element:

This element. is again derived by the current author as a crack
tip element. for the first time. The shape functions of this

element. in the £{-line =0> for the line 1-4, as shown in
Fig.(5.12), are as follows:

N =

’ %- A-£> (2-3F> C1-3£)

N = % & 1-§> (2-3¥)>
<5.80>
N =m - %E 1-¥> (1-3%>
¥ 2-3F> (1-3F>
Now, setting X = Q, %, = 1/9 Lx, X, = 4/9 Lx, x4=l.,x and using
equations (5.39), the following can be deduced:
HC(ED) = % ¥ (1-¥8> (2-3¢> Lx + 2 ¥ (4-F> 3F-1D Lx

+ % £ €2-8¢> A-38) L_ 581>
which leads to,
xCEY = ¢ L, 5.82>

Comparing equation 82) with equation G772, it 1= obvious
that. this element. can generate the same order of =singularity
required for the analysis of linear-elastic fracture mechanics.
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5.4 Finite Element Analysis of Elasto-Plastic 2D Problems:

The complexity of elasto-plastic fracture mechanics problems
has necessarily led to the use of a numerical method such as
the finite element method to determine the field parameters
(ie. displacements, stresses, etecd required to evaluate
fracture mechanics parameters such as the J-integral, and the

crack-opening displacement. COD.
The elasto-plastic behaviour of any engineering material can be
modelled for a nmultiaxial stress state from a uniaxial stress

state by means of the following conditions:

(x> An initial yield condition which defines the elastic limit

of the material.

(z) A Fflow rule which relates any plastic strain increment to

sStresses and stress itncrements.

Cz> A hardening rule to define the subseqguent yield condition

from a plastic state.

5.4.1 Derivation of Elasto-Plastic Stress-Strain Matrix:

In general, the yield surface of many engineering materials can

be expressed as follows: .

F(o ,&)=0 5.83)>

where & is a measure of the degree of work hardening.
The hardening vector & is generally a function of the plastic

strain _s_p and a history parameter &. Thus, equation &.83> can

be written as:

F(g,ﬁp,k)-() 5.84>
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The Drucker’s postulate states that the work done by an
external agency during a complete cycle of loading and
unloading must. be non-negative. Hence, the following
requirements must. be satisfied [Ref 801

Cr) The instantaneous yield surface is convex with respect teo

the origin in the stress space.

(2> The plastic strain increment vector is on the outward

normal to the instantaneous vield surface.

The second condition is known as the normality principle, which
provides a means by which a constitutive relationship may be
obtained. This constitutive relationship, known as the flow
rule, can be written for materials with associated plasticity

as follows:

de mdx 2L = an a <5.85>
-p do =
where,
ar arF aF ar
9'35'[5535 ----------- a7 ] ¢5.862
—_ x v zZX
Now, from equation (584> it can be shown that.:
oF Y ar Y OF
dF = —-— do + - de + — d&d = 0 85.87>
ao - a_.‘:"_p —p ak

The above equation can be simplified by grouping hardening

terms as follows:

t

aF aF
A = [[-é-gp}df_p*'ﬁ—dk]/d}\ 5.88)

Hence, equation (5.87) can be written as:

t

ﬁ‘l?-]dd-ddklo .89
o —

o
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The totali strain vector can be expressed in two parts, elastic

and plastic, as follows:

de = de + de <5.90>
pid gy 5
where,
-1
de = D deo
pndy pdl
and
de = d\ a
i

Hence, equation (5.920> can be written as:

de = D' do + d\ a ¢5.91>

Now, from the above equation it can be shown that:

do = D de - d» D ad 5.92>

Multiplying both sides of equation B5.92> by a' and

substituting 4 d\ for g_t do as deduced by equation 589>, the
following can be obtained:

Ad. = a Dde - d\ (a D a) <5.93)
de (5.94>

Hence, equation <(5.92) can be expressed as follows:

>t

)

do = D de - (_g)t(
A+ a

de (5.95>

o e
I

[

ie.
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do = D de 5.96>
iy ep —_—
where,
=D ~-D
op P
and
t
D = <D _a_)t(D_ ad <5.97>
P A+aDa

The _Qap matrix is known as the elasto-plastic stress-strain

5.4.2 Hardening Rules:

Ca) Euler’s Theorem:

Euler’s theorem on homogeneous functions states that if F(x) is

homogeneous and of degree n, then:

For a homogeneous yield surface in o and ﬁ, s F( o , & ) = 0O,
and:
F

[——]o’-l-[ﬁ]é-nl? 5.99>

@

b> H De finition:

Given the uniaxial stress-strain diagram of a material, as
shown in Fig (5.13), the parameter H is defined as follows:
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H = dd/d.‘:p

The total strain is defined as:

£ m g + £
e 34

where,

<5.100>

5.101>

and Eo i= Young’s modulus of the material, defined as the

tangential moduius at. om0, £ = 0.
Thus,

£ wm g - o/E
P [

Now, differentiating the above equation with respect
can be deduced that.:

de

_9-1_

B8

1
d=z E
[«]

Hence, from equation (6.1002>, it can be shown that.:

do / de do / de
de / dz 4 - 1 do
P P E ds

>

[}
BI§
BIE

Defining the tangential modulus Et such that:

(5.102)

to &£, it

5.103>

<5.104>

51055

(5.106>
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Ccd Isotropic Hardening:

The theory of isotropic hardening states that during plastic
flow the instantaneous yield surface expands uniformly in the
stress space around the origin, maintaining the same shape,
centre, and orientation as the initial vyield surface. The

subsequent. yleld surface equation may be written as follows:
F( o, Y<hY )= O <5.107>

where,
& = A hardening parameter,
Y&>) = The instantaneous, uniaxial yileld stress of the
material.

In order to define the hardening parameter &, one of the

following two hypotheses may be used:

i The Work-Hardening Hypothesis:

This hypothesis considers that the amount. of hardening depends
only upon the total plastic work, and it is independent of the

strain path. ie.
det = dW = o' de (5.108>
1 P - —p

where, wp is the total plastic work.

(iid) The Strain—-Hardening Hvypothesis:

This hypothesis employs an expression, known as the effective

plastic strain Ep, as a measure of work hardening. ie.
dé = de 5.109)
2 P

For the case of the von Mises yield criterion the above two

hypotheses are equivalent.
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Since the work hardening hypothesis is the more general one
from thermodynamics point of view, a useful expression between
the uniaxial and the multiaxial cases arises if the following
assumption is made:
dW = o' de = ¥ ds
P - -Pr P

or

dW = Y dc =m (de ) o= d\ a o 5.110>
P P b -

(d) The Relation between 4 and H :

For isotropic hardening, where aF/agp a 0, equation <588
reduced to: ' V k

A= - (g%] -:—;—% 5.111D

which can be written as:

de
_8F &Y "= da
4=~ ¥ o @& & G2

With further reduction to the above equation, the following can
obtained:

aF ‘
A= ( Ll ] H ¢5.113>
where,
‘ lhg
H =3z
o
For the special case of f(o> - ¥ = 0, the following can be
deduced:
. E
A = H = t

i——:——é—/—E (5.114)
t [~}
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54.3 Qutline of the Finite Element Elasto-Plastic Theory:

Cad Formulation of Finite Element Equations:

The minimum energy theory states that.:

x =2 U - W= Mintimum
where,

U = Strain energy,

W = Work done by external loads.
thus,

dy = dU - dW = 0O 5.115>
The total strain energy U, can be defined as follows:

Um [[[C[e de)av 51162
Then, the variation of the strain energy can be written as:

au = [f[ de" o dv <5.117>
Similarly, it can be shown th;—xt:

dw = ds" F (5.118>
where & is the nodal displacement vector.
Hence, equation (85.115) can be rewritten as follows:

dy = [[[ ds" o dv - d5' F = 0 ¢5.119>
The st.rain;-displacement matrix B is defined such that.:

dz = B d& <5.120>
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Thus, equation (5.119> can be restated as follows:
dy = d5' ¢ [[[B*odv-F)=o0 5.121>
Hence, for an arbitrary variation dé, it. can be deduced that:
[[fgea-E=0
ie.
[[[B o¢avmF 5.1422>

The above equation represents, a generalized equilibrium
equation, which is wvalid for both lnear and . non-linear
situations.

(&) Linearization of Non—-Linear equations:

Let. a vectorial function y be defined such that:

y =y = [[f g‘c:_s_) o(5> dv - F (5.123>

and ¥ = 0 when & = the exact solution.

For non-lHnear cases, an approximate solution éo may be found
such that:

t .
g(cgo)-_[ffgcgo)gcgo)dv Fm-R 5.124>

o

where _Fgo is a residual vector or error vector.

In general, the residual vector can be expressed as follows:

g_-

M

- IS B' o dv 5.125>

Now, let an incremental vector AS exist such that:
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YyS + ASd) m O B5.126>
e, pd
Defining:
z(éo-r AS) = _yi(_é_c) + Ay
B'<5 + AS> = B'¢S > + AB' 5.427>
—o — —o
oS + ASd) = oS5 ) + Ao
then, it can be shown that:
~ t t
ws > + Ay = - R+ _f_” B Ao dv + [[[ AB o dv = 0 (5.128
For the case of =mall deflection,

AB =0 and Ao =D B AS

Then from equation (5.128), it can be stated that.:

t
CfffB D _Bdv)As =R : 5129

ap

or
K A5 =R ' <5130>
ep — o

where Kop is the elasto-plastic stiffness matrix.

Thu=s, for a finite element. mesh:

n

(-]
K = Z K ) ¢5.131>
op ep e

e=x1

where,
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o
®, ), =J[[fB D Badv

Element

n
<@
R =F - E: If B"' o dv | (5.132>

e=4 Element

The summations can be carried out using ordinary finite element

assembly rules.

Cc) Solution Algorithms:

1. Interpeolative, *"Newton-Raphson' Scheme:
Step <1): Initiation.

Before applying the first/next load increment.,, the following
vectors are assumed to be known from the previous increment, or

they are zeros.

= The total strain vector, at every Gaussian point.
= The total stress vector, at every Gaussian point.
= The total nodal displacement vector.

4742 4°

The load increment. vectors are defined as follows:
Af‘_i = The increment of equivalent nodal loading vector.

AQ‘ = The vector of initial and thermal strains, during a

given load increment, at the stress points.
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Step (2> Incremental solution.
Calculation of the elasto-plastic stress-strain matrix at

x>

2D

<3

Cqd

5D

6D

all of the stress points.

D =D (o ,o D>
(=] ep —0 —O

Calculation of the element stiffness matrix for every

element. in the mesh.

go(e) = -rff ‘Bf g‘o g dv

Elemaent

Assembly of the stiffness matrix for the whole structure.

e

@

E = Z Koced

e=1

Solution of the following 1nc_rement.a1 equat.ion.

K A5 = AF
(=] —1 1

Calculation of the resulting strain increment at each

stress point.

Az = B AS - Ap
—1 —1 -4

Evaluation of the corresponding stress increment.

Ao m D Are

—41 =] —1

The upper dash ia written to indicate that A.c:r1 may not be equal
to the actual Agi.
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Step (32 Total Solution.

The calculation of the total vectors are as follows:
x> cS1 = éo + Aé_i

2> £ = g + As

<3) o -go-l-AO'i

Step <4>: Plasticity Check.

In this step, each stress point in turn is checked for vyield
using a given vyield criterion. If none of the stress points
have yielded, then no more calculations are required.
Otherwise, the following procedure must. be employed, assuming
that there is no unloading.

If a point has vyielded from an initial elastic state, a

parameter ¢ can be assumed such that.:
Y m £ o, + £ Agi)

The value of ¢ can be either calculated directly or found by an
iterative approach. With ¢ ' being known, the completely elastic
part. of the stress and strain increment can be expressed as

follows:

’

bo, = % Ao,

be, = £ e,

—_—

and the elasto-plastic parts as:

¢

Ao m (1-¥) Ao
—ep —1
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Ag = (1-¥D> Ae
—ep —1

Notice that ¢ = 0, if the initial state has already exceeded
the initial yielding condition.

St.ep_ 5> Stress Correction.

In this procedure, the strain increment. is assumed to be
correct. and a correction of the stress is to be carried out so
as to match the stress-strain behaviour of the material. The

correction algorithm is as follows:

x> Assume Ao m Ao

—ep —ep
(23 & =g + A + Ae 7 2
—m —0 —a —ap

(3) o = o+ Ao+ Ao /7 2
- —m -0 - —ap

€4 D =D <o,z

ep Tep —m —m

(5) Ao = D Ae

—ep Tep —ep

6y If | Ao - Ao | > a permissible error, then go

—ep(newv) —ep(oldy

to step (31

(7)) o =m o + Ao + Ao
—1 —o —a —ep

-€8) The error in the stress increment i=s A_o'_E R - 9’_1— 9—1'

Co) The required equivalent nodal force to restore equilibrium

is:

n
@
)
e=

j]]‘gfc@%R dv
1
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Step (63: Iteration Control.

The corrected load is to be applied and the previous steps are
to repeated, with all of the numerical subscripts increased by
one, until at least one of the following conditions Ii=s
satisfied.

C(r2> An acceptable error in the displacement. Such an error can
be measured by the following norm:
L. - t
Br, = (85 -85, ) /€& -5 )

(22 An acceptable error in the corrected load. This error can

be measured as follows:

t t
Br, = CAE, - 4E ) 4 CE -

)
(3> Divergence. When the structure has become unstable.
(4> Vibratory divergence. This is the case when the problem

has failed to reach the required error tolerance within a

given number of iterations.

it. Iterative, Modified ""Newton-Raphson’ Scheme:
In this scheme, a constant value of K , based upon the elastic

stress strain matrix !_)a is used. A procedure similar to the

previous one, can be employed with:

where for any element in the mesh, K_° is defined as follows:

K> = [[JB D Bav
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The procedure requires more iterations than the interpolative

scheme, but there is no need to update K_o.

iii. The Combined Scheme:-

In this approach, the K and D matrices are assumed to be fixed
C(similar to the modified Newton-Raphson Scheme), however their
values are the tangential or the elasto-plastic values at the
start of the new load increment. This procedure is perhaps the
best.,, being a compromise of the previous two, the stiffness
matrix is updated only once for every new load increment which

may save time and accelerate the iterative procedure.
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Fig.(5.1) The Finite—Element Model for a Plate in Tension.
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Fig.(5.2) The Standard Family of Finite Elements.
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Fig.(5.3) The Trensition Family of Finite Elements.
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Fig.(5.13) Uniaxial Stress—Strain Diagram.



CHAPTER 6

THE BOUNDARY ELEMENT METHOD
FOR FRACTURE MECHANICS PROBLEMS
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6.1 Introduction:

An alternative approach to the domain type solution is to
integrate the weighted residual expressions of the governing
differential equations analytically before introducing any
approximation procedure. Using some mathematical techniques, an
integral equation within a specified domain can be transformed
into a boundary integral equation over the boundary of the
domain.

The boundary integral equation (BIE> can be solved numerically
by means of plece-wise discretization, whereby the boundary of
the domain is divided into sub-boundaries C(boundary elements).
The equations of the boundary elements, are assembled together
to form a system of algebraic equations in terms of the wvalues
of field function parameters over the boundary. Solving such
system of equations, the values of the field function at any
peint. inside the domain can be obtained in terms of it=s
boundary values, and this involves the evaluation of some

boundary integrals.

This approach is known as the boundary element method (REM)
[Ref 811, and it has many advantages, compared with other
numerical methods. Such advantages are given in Ref821 as

follows:

I. It reduces the dimensionality of the problem by one,
resulting in a smaller system of equations and a
considerable reduction 1in the data required for the

analysis.

2. It offers continuous  interior modelling  within the
solution domain, and the values of the solution wvariables

can be calculated at any selected interior point.

3. The method is well suited to problems of infinite domains,
such as fracture mechanics, soil mechanics, hydraulics,
stress analysis, for which the classical domain methods

are unsuttable.
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Since most of the fracture mechanics problems are .considered as
boundary-type problems (ie. the field parameters are only
required on the boundary of the structure) then a numerical
technique =such as the boundary element method can be very
advantageous and can save computer time and human effort when

used to solve such problems.

There are, however, some difficulties associated with the
boundary element method which must be taken into consideration.
The integrands of the boundary integrals wusually contain
singular terms such as Logr, r_i, r—z, which approach infinite
values as r goes to zero. Also for geometries like narrow
sf.rips, the wide variation in r can cause computer rounding
errors which may lead to inaccurate solutions. In this work an
attempt has been made to overcome those problems and others
such as corner effects, edges, etc, in two-dimensional boundary
element. programs utilizing general isoparametric elements. The
outlines of the boundary element method for linear and
nonlinear problems with different types of loading and boundary

conditions are reviewed in this chapter.

6.2 Outline of the BEM for 2D Linear-Elastic Problenﬁ:

The basic procedure for the boundary element method can be
stated in a standard algorithm, which can be summarized for
two-dimensional linear-elastic fracture problems in the

following steps.

Step 1)
Discretization of the boundary.

Considering a typical two—dimensional problem within a
specified domain Q, as shown in Fig.(6.1), the boundary I' of
the domain is to be discretized in terms of boundary elements

connected by boundary nodes. i.e.
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r=y r_ ‘ 6.1

e=1

where n_ is number of boundary elements.

The boundary nodes are to be defined in terms of their
cartesian coordinates, and the boundary elements are defined by
the number of element nodes and a topology array. The topology
array of the external boundary should be defined in an
anti-clockwise direction whilst it =should be in a clockwise
direction for any internal boundary, as shown in Fig.(6.2), in
order to obtain the boundary normals in the outward direction
with respect to the domain.

The field parameters u, o, Tx, and Ty are defined for each
element in terms of their elemental nodal wvalues. The nodal

displacement. and traction vectors are as follows:

S =4{u ¢ U O ... uw v}
- i 1 2 2 m m
6.2
T =4 > T > T O T ..<T>D> T > }
x 1 vy 1 x 2 y 2

X m y m

where m is number of the boundary nodes over I

For isoparametric elements, the nodes are placed at the ends of
the element and along its length such that if there are n nodes
on the element, the _j"h node has ¢ wvalue of (J-1>/n-1>. The
shape functions Nj(f) are the standard Lagrangian multipliers
given by:

€6.32>

(n-1) ¥ - (r-1) ]

NCEY = 27 ¢8> = T [ —
3 J ;;3. j-r

Taking the field function uw as an example, it can be

approximated over the element as follows:
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n
U = Z Nj(E) uj <6.4>
J=1

where u,j are the nodal values.

Step 2>:
Formulation of the Boundary Element Matrices ge » l_$:°.

The element matrices can generally be defined for an n—node
boundary element. with respect to a =source point (x_t,yi)
[Ref 831, as follows:

1
-

9d,2(j—1)+ﬁcxi’yi.) = J‘G 0(‘GCM—x_t,.y--yi) Nj(f) |J| a¢
o
65>
1
<@
b 23KV = JF oK PYTY 2 NCE |J| d¢
o
where,
(¢] o F o are fundamental solution parameters,

i = The local number of a node on the eth element.,

a =1,2,8=1,2,

13l = J "+ G

The above integrations may be obtained numerically by means of

a Gaussian quadrature technique.
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Step 3
Assembly of the Matrix Equation for the Whole Boundary.

Employing the concept of boundary discretization and the
definitions of element matrices g°, &°, and considering all of
the boundary equations for the’ t.ot.ai number of nodes m, it can
be shown, in the absence of domain-type loading, that the

boundary integral equation is represented by:

m
c w  + H v + H v
21-1,21-1 I 21-1,2J-1  J 21-4,25 J

J=1

-G «<T> -6 <‘.r>]-o C6.6D
21-1,2J-1 x J 214,25 y J

m

(& o+ H + + H 'y

21,21 I 21,2J-1  J 21,20 J
J=1

- d FH -4 (‘I‘)]-O €6.7>
21,2J-1 X J 21,29 y J

Defining the topology array .TA, such that TAC(e,j> is the global
number of the Jth local node on the et'h element.,, an assembly

rule can be deduced as follows:

=9 . €6.8>
2(X- 1+ OL2(I-1+{3 2(X-4)5+0,2¢(TJ-13+f3 i .
[~}
Hz(x—nw:,zu-n»,ﬂ = Z h'a’z( j=15+ ﬁ(xi Yy 2 6.9
e
[~}
Gz<1-1>+ot,zu-n+ﬁ = Z 90'2( j-1+ ﬁ,(xi »Yi) <6.10>
e
where,
I = 4

o= 1, 2
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g =1, 2
J = TAde, P>
j=1, 2,.., n

and the summations are carried out. on relevant. elements.

Now, for I = 1, 2, .., m, the equations generated from
equations (66> and <6.7>, can be expressed in the following

matrix form:

CsS+HSE-GT =0 <6.11>

From the rigid translation condition, the € matrix can obtained

as follows:

c = - Z H for finitte domains.
i,i L]

6.12>

Gii = + Z Hij for infinite domains.
] b d

Step (4>
Application of the Boundary Conditions.

Defining a matrix H such that, H = ¢ + H , then the system of
equations given by equation (6.11) can be written as follows:

[

Sm@T €6.13>

In order to solve the above system of equations, 2m values of &
and T should be prescribed. So the nodal vectors 6 and T can be
participated as follows:
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=48, 6 }
<6145
T={I T }
where,
éu, I_p are the unknown parts of 6 and T ,
& , T are the pre=scribed parts of & and T.
-p° Tu -
Hence, equation (6.13> can be partitioned as follows:
H H & <] 4 T
Tuu —up —u - —uu “up u 6155
H H & <] G T
pu PP -P pu PP P
and it can be rearranged as follows
H -6 & ] -H T
uu up —u = uu up u C6.16)
H -6 T 8 -H &
Py PP j 34 pu PP -P
Now, equation <(6.16> can be rewritten as:
AX=BP <6.47>
where,
H -8
é_ = :\.xu up
H -8
pu PP
G -H
Ba [ P
8 -H

pU PP
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X =4 £S_u gp } which is a vector of the unknown nodal
values. .
P = { Eu _c_S_p }» which is a vector of the prescribed nodal

values.

Defining a vector Y such that, ¥ = B P, then equation 6147

can be written as follows:

A X = Y €6.18>
T2mx2m T 2mxt —T2mx4

Step (51
Solution at Boundary Nodes.

The matrix equation given by equation 6.18) represents a
system of 2Zm =simultaneocus equations in 2m unknowns. These
' equations are generally neither symmetric nor banded and an
ordinary Gauss elimination solver may, therefore, be used for

solving such system of equations.

Step <62:
Solution at Internal Nodes.

Cal) Displacement Components:

Consider a point (xt,yt) which 1is inside the domain, the
equation for the displacement components can be expressed

[Ref.83], as follows:

utagsenrxdsaegSemTyds—Spr-*uuds-gﬁpnuds

6.19>
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where,
W m ulx b
t 24

v, = u(xt,yt)

= Gm(:vo:--xL ,y—yt)

4
re
F!‘Q - Frn(x_xt’y_yt)
r -1, 2

s =1, 2

U=sing element. matrices Qo(xt,yt) s :"‘4,_9(3-1t ,yt) , and boundary

discretization concepts, the displacement components can be

expressed in matrix form as follows:

n
u @
fl= Z [ g7y I - &7°Cx,y> & 1] €6.20>
o
t e=1

where for n-node isoparametric boundary element:
T =4 T > T > T > T > ..TH> T > } 6.21>
© x 1 vy 1 x 2 v 2 X n yn e

& = {u v w O .. uw v} <6.22>
—e 104 2 2 n n'le

C(b) Strain Components:

The strain components at the internal point (xt,yt), are stated

in RefI83]1 as follows:

z:j(xt,yt) = § Qij(x—xl,y—yt) T ds + $ sz(x—xt,y—yt) Ty ds
r r

- Sﬁ Pij(x-xt,y—yt) w ds - f’; sz(x—xt,y—yt) v ds €6.23>
r r

where,
j =1, 2, 8.

]
L)
t
I
)]
-
1)
n
?

e = —
1 X 2 b4 3 Xy
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The element matrices Qe and E_° can be expressed with respect to

a source point (xi,yi_) ‘as follows:

1

e
Qa.2<j-1>+{3<xt’yi_) = f Q o‘B(x"x_t,y y;> Nj(E > |J} dg
o
€6.24>
E
&
Pa,z(j_inﬁ(xi,yi) = J‘ P aﬁcx X ,;y-y,> Nj(f) |J| gz

o]

Using the discretization concept=s, the strain components can be

expressed in matrix form as follows:

n
(-}

@ (=]
E(xt,yt) = Z [ @ (xt_.yt) _'1:0 P (xt,yt) ée ] €6.25>

e=1

where 1‘_9 and '—5-9 are as defined in equations (6.21> and 6.22>

respectively.

Ccd) Stress Components:

The stress vector at a point (xt,yt) inside the domain can be
obtained in terms of the strain vector at the point, as
follows:

_cz(xt,yt) = D ._s_(xt,yt) €6.26>

where,

and the D matrix can be expressed as follows:
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1-v° v’ 0
D= 2K v 1-v° 0 627>
2= Gz :
1-2v°
0 0 »

where,

H = Shear modulus,

¢

= p for plane strain,
¥

1-»
v = Polsson’s ratio.

For plane stress,

6.3 Families of Standard and Crack-Tip Boundary Elements:

6.3.1 Family of Standard Elements:

This family contain two types of elements, as follows:

Ca) The Constant Element:

This is a one-node element. defined in terms of two geometrical
points, as shown iIin Figd{63-a>, and 1is called the constant
element. because the field parameters of this element. are
approximated in the node on the middle of the element. The

shape functions of this element are approximated as follows:
Nj({‘) = 1 €6.28>

where j = 1, and the field parameters for this element can be

expressed as follows:

T = €6.29>
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- <6.30>

b>) The General n—node Element:

This i= an n—node isoparametric element, as shown in
Fig.(6.3-b), and its shape functions are as given in equation
63>, where n = 2, 3, 4, 5, etc. The field parameters for this
element are expressed in equations €6.21> and €6.22>

respectively.

6.3.2 Family of Crack-Tip Boundary Element.s:

This family contains three types of crack-tip elements as

follows:

Ca) The z-Node Isoparametric Crack-tip Element:

This element. - i a three-node isoparametric one-dimensional
element with its mid-side node being at the quarter point, as
shown in Fig.(6.4-a).

The element can be represented in the intrinsic ¥¢-system
(0<F<1), and it has the following shape functions:

N = <1-£> 1-28>
N, =4 & -8 €6.31>
N, = ¢ C2¢-1>

The above equations are the same as equations (5.32), therefore
this element can provide the same strain s=singularity which is
required for linear-elastic fracture analysis, ie. the 1/{r
singularity. |
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b)) The 4—Node Isoparametric Crack-Tip Element:

This element is a four—-node isoparametric with the two 1nterna_1
nades of the element beihg moved to 179 and 479 locations with
respect to the length of the element, as shown in Fig.<6.4-bd.

The shape functions for this element are as follows:

N = A-£> 01 - 52—’& A-£> 1

N = % £ -F> (2-8F>
€6.32>
N = - %z A-£> C1-8¢)

N, =£01-32¢ <181
Comparing the above equations with equations 6.61>, it is

clear that this element can produce the same singularity
required for linear-elastic fracture mechanics.

Cc) The 1/{z Singular Crack-tip Boundary Element:

This element has been derived and used by the current. author
for the first time. The derivation of this element can be
reviewed in section (343, The =shape functions for this
element. in the f-system (O<¥f=<1) are as follows:

N, = -£> -2 ¥

N, = 2 {2+ ¢ -8 ) <6.33>

N, = = {2+ ¢ 1-{Z £

which are the same as equations (5§.54).
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6.4 Boundary Integral Expressions for Domain Loading:

In the presence of domain loading, the boundary integral
equations are given in Refl83]1 as follows:

ciui+§Fuu.ds+§F21vds-§GuTxds
r r T

€6.34>

where,

U_t-‘”'(XG“+Y621)dxdy
0

Viwff(XG’.z-!-YGzz)dxdy
Q

From the above equations, the one remaining domain integral is
the body force integral In j)ractice this integral has to be
evaluated numerically, increasing the amount of data
preparation and the CPU time required to solve such a problem.
However, it has been shown [Ref.83], that for most of the
commonly used body forces such as gravity, rotational inertia,
or steady thermal loading, the domain integral may be reduced
to a boundary integral by further application of the divergence

theorem.

For two-dimensional problems the reduced domain integral
equat.ions are given in Ref(831 as follows:
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Ca) For Translational Inertia:

» ‘ »

1 dg _ _ e o
U-ia-[_[‘x[cb; 2(1v)%—]ds+f)’[m,a]ds]
r
€6.35>
3 * »
1 %8 _ 5cq-0> 28 de
v'é‘&‘[f”[”"oy z<1v>an]ds+_fx[537]ds]
r r
Ca) For Rotational Inertia:
- E E 3 - »
1 g _ _ ag ag
"’E[J‘X_ta z<1v>an]ds+fy_m-é-§]ds
r r

an

* X iy X L * Y
—fg JE—Z(i—v)——]ds J‘g z-—-]]ds

<6.362

|
*
*

* [ Yy ayY # ax

where a = 8nu(1—v2), and g* = r’ Logr.

To produce programmable equations, specific values for the body

force terms X and Y have been considered as follows:
(12> Rotation about the z—axis:
X = e—-x% D (1)2
P o z

€6.37>
Y m p (y—yo) co:
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{iid) Rotation about an axis in the x-y plane:

2
X=p [ x xo) t.oy (y—yo) W my ]
€6.38>
2
an[(yyODwx (xxo)wxmy]

where,
o is the density of the material,
X » yo are the coordinates of the centre of rotation,
w_, coy, w ~are the angular velocities in the %, y, and =

X
directions.

6.5 Boundary Integral Expressions for Thermal Loading:

In the case of thermal loading the Ui. and Vi_ pérameters in the
boundary Iintegral equations, 634>, are given explicitly as
follows [Ref 831

[ 2o ) i 11 6(521 7
b=l |l T | =ty | W
Q
<6.39>
( 2o’ 1 ) 1 6612 6622 b
Vi.ﬂ.rfti—ZU'JTL'ax."'ayddXdy
Q
where,
o' = o for plane stress,
= (1+vda for plane strain.

a = Coefficient of thermal expansion.

T = Temperature difference.

and, it can be shown that.:

11 24 1-2v° o »
[ ax ] = s> a7 ¢
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12 22 1-2p° a e
[ o t T3y ) i TITE BT ay(VZG )
where GlillE iz a fundamental s=solution parameter defined as
follows:
* rZ
G = - — Zopr €6.40>

Hence, it may be deduced that.:

of a *
U = [[ 55+ T 376 dx dy
Q .
€6.41>

v = J‘fﬁ‘r T ‘;—y(vze*) dx dy
Q

Now, by using integration by-parts theorems [Appendix Al, it
can be shown that.: '

3

] ‘*
“‘Tv”(g:i)dxdy= SﬁTgﬁcg)ds—gp%(g‘g)ds
Q r r
86*
+”(v2'r)5§dxdy
a
€6.42>
Tvz(f'ﬁ;dxd= Ta—(-a—e;ds— a'1'(‘3'6’).&(13
[T 3y 4 ¢ anay SpTaE??'y“
Q r r

e
+ [ v’ g;i dx dy
Q

For steady-state heat. condition with no heat generation:
7T = 0

Hence, it can be proved that.:
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. *” »* -
b2 [T D - R D e
r r )
<6.43>
»* e .
o’ ' a ,dG ar 4G
Vi = o [SﬁTa—n(‘a?)"S‘ﬁﬁ(sy—)dS_
r r

The thermal strain vector is defined for plane stress/strain

problems as follows:

£, = { aT o’'T 0}

and the corresponding stress vector can be written as:

o =D (e72,)

6.6 Accuracy Measure Parameters:

6.6.1 The Singular Integrals:

The mechanics of the boundary element method implies that. the
magnitude of the basic variables are determined by the
inflyence of a number of s=source points on the boundary. The
effect of each source point on the field point 1is only a
function of the distance r between the two points. Thus when
the source point and the field point coincide, a singularity
occurs due to terms lke JZdogr, r_i, and r_z, which approach

infinite values when r tends to zero.

Now, in order to improve the accuracy of the solution obtained
by the boundary element method, the singularity problems should
be solved. A technique developed and employed in this study to
solve the &vg(%) singularity problem, is based on the
quadrature table given in Refi84]l. This technique 1is required
for the go matrix formulation only.
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The term @ o which appears in equations (65> is defined

[Ref.83], as follows:

0]
1
Rim=
1k

ar
I ] <6.44)>

[[01“9(%‘)_09]‘503*” -

where a, C;.’ and Cs are given constants.

For the =special case where the field point coincides with the
source point, the value of r in equation (644> will go to =zero
making &99(:‘—:) singular. Using the intrinsic coordinate ¢, for
any general isoparametric element at node ), ¥ = 0, it can be
shown that:

teg(::) = &w(%) + tvg(%) €6.45>

Hence, for the case of a = 3, and (.’:3 = 0, it can be deduced
that.:

1 1 £ N )
G = 5 | Ot Conp) + 2o 1 + G | <6.46

For a constant element, the function Gaa can be calculated
analytically [Ref.831. However, for an Iisoparametric element

the cha terms can be split into regular and =singular parts as

follows:
g =gt +4a ' €6.47>
aot act aat

where,
R 1 4 ar 2
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s 1 1 \
@ == [ G, ZooC ] <6.49>

Since it can be proved that %05"’9(%) = finite value, equation
(6.48) represents a regular function, the integration of which
can be obtained by the usual Gauss-Legendre quadrature. On the
other hand equation 6.49> represents the singular part in a
format =suitable to be evaluated by means of the quadrature for

the logarithmic kernels given in Ref.{841

Similarly for node (n?, at. ¥ = 1, it can be shown that:

1 1 1-¥
therefore,
R 1 1-¥ or (2
@ =2 [ C, Log{—>) + ( o() ] 651>
= 1 1
GO(O( = 5 [ C.‘1 &99(_1—&) ] €6.52>

Now, for an interior jth node Ej, where ¥ ; = (J-1D/(n-1>, the
element. can be divided into two parts as shown in Fig.(65>, a
separate analysis is to be carried out for each parts, as

b o\llows:
Ca) Part I:

For this part, the following can be shown:

tog(ly = teg[ fj’g ] + am[ £ ] <653>
J

therefore,

654>

QQD
Q
R
Qe
| g |

9]

g
—
LA '-N

A
[ —— )
+
4y
&
N
| WO——}
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.

s 1 ' ‘
@ == [c1 tag[ gjjf ] ] 655>

A parameter ¢ is now defined such that ¢ = 0 at ¢ = F i and
P m1at ¥ = 0, e,

p = I <656

resulting in,

E = gj 1-¢d C6.57>
and
fj o 1
j‘ FCEY df = —‘_f gj FCP> dop m fzfj FCPd dop €6.58)
4] 1 4]

Therefore, the function Gia can be written as follows:

v

[ c, &9'9(-1—) ] : - <659

& =
oo a

¢

by Part II-

The logarithmic function for the second part iz modified as

follows:
. 1-¢ £t
top(3) = &99[ =3 ] + &yg[ aE e ] €6.60>
R s
and G , G can be expressed as:

aa ala}

-z :
R 1 i or (2
o =1 [ ¢ {og( ar ] * G ] 6.61>
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= 1—§‘j . 1—tj

o - T[ a t&g[ = ] ] €6.62>
The parameter ¢ is defined such that, ¢ = 0 at E = fj and ¢ = 1
at ¥ = 1, ie.

f—'c’j
¢ = 1_% <(6.63>
and
En = Ej + (1—Ej) ¢.,, <6.64>

Hence, the function GZO( can now be written as:

o 1-¢, . .

6.6.2 Corner Jump Functions Technique:

Cr) Definitions:

Consider the boundary integral equations given by equations‘
(6.34>, and let the boundary I' contain a corner defined by two
nbdes a and b (a=b), then it can be written that:

$ f ds = lm [ffds-!-fb'fds] €6.66>

a-+b

r I"b a

where I"b = - FC, as shown in Fig.(6.6D.

Now, define (xc,yc) = (xa,ya) = (xb,yb) to represent a boundary
node at. the corner c¢. From equations {6.34)>, it can be =shown

that.:
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b
§Faﬁuads=fFaﬁudds+lu&L_’bIFaBuads
r r a
b
- f F o3 Yo ds + ¥ a{?(xi.’yi) u Cx,y D €6.67>
l"b '

where (x_l,yi) are the 1th source point coordinates, and the

term § aﬁ(xi’yi) iz defined as follows:

b
i aﬁ(x,t,yi) = Zim J, F aﬁ(x-x,‘,y-yi) ds | €6.68>

a

Similarly it can be deduced that:

$ e o T ds = I Gdﬁ T, ds + & aﬁ(xi,yi) T Cx,y ) €6.69>
r r
b
where,
b
® aﬁ(xi,yi) = lm j ¢] aﬁ(x-xi,y-yi) ds €6.70>

a

The functions §¥ o3 and & whenever they exist are called "Jump

of3

Functions"".

(2> Jump Functions for a Smooth Corner Model:

Consider a s=mooth corner model as defined in Fig.(6.7>, where
(xc,yc) are the coordinates of the centre of the circular arc

which is tangent. to the boundary at points a and b.

To use this model, two cases should be taken into consideration
depending upon the location of the source point. The two cases

are as follows:
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Case Cad:

The Source Point is not a Corner Node.

For such a case there is no singularity in F o and 4§ of3 terms.
Hence: ‘
b
im. _[ fds =+ 0 €6.71>

a

From the above equation it can be deduced that the Jump
functions ¥ o and ® for this case as defined by equations

o3
(6.68> and (6.702> respectively, are zeros.

Case (b):

The Source Point is a Corner Node.

For this case, F o and G o contain singular terms, therefore
their integrals should be examined with care. Considering the
corner model shown in Fig(6.7), it can be deduced that the
field point <(x,y> is moving from point a to point & on a

circular arc centred at.c, as explained before.

Now, since X = X and Yy, = Y it can be shown that.:

ro= J x D* + Cy-y >* 6.72>
Using polar coordinates, it can be proved that:

Xx = X + r cosé
c

€6.73>
Y=Y, + r sing
Also it. can be shown that.:
ar ar ar ar
% = cosg, Fy_ = ginG, n = 1, Foli 0 <6.74>
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The terms F o and G o as given in RefI83], are as follows:

1 ér dr or _ ér ar
Fop ® ~ Fncipor [2 an o, ox, T P g ax T fa )

: 1 1
gaﬁ‘s—npci-m{ [(34p)£&gx~+§-]éaﬁ

dr ér
+ % B } <6.76>
o
where & o is the Kronecher delta.

From equations (6.692>, (6.74> and (6.75>, it can be shown that:

eb
B, koY > = b I F rde
e

a -+

a

e
b
1
&for},_'o f 4ndi-p> [ 2U-pd> + cos(26) ] de C6.T7D
e

a

Therefore, from Fig 6.7 and equation 677>, it
deduced that:

can be

3, Xy = C %T- - % > - % cos(2y> sina €6.78>

Similarly, it can be deduced that.:

o 1 1
Ezz(xc,yc) = 3 3 >+ Y cos(2y) sina <6.79D
1
812(xc,yc) = 321(xc,yc) = Y cos(2y) sina <6.80>
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where,
b= 4 a0 (1-pd
am ¥ ¢a— ¢b
y = CE?Q-!- eb> s 2

Using similar procedure, it can be proved that.:

®, X v = 0 €6.81>

(3> The Modified Boundary Integral Equations:

For a source point (xi,yi) being not a corner node, there is no
modification required for the boundary integral equations. On
the other hand, for (xi,y_t) being the corner node (xc,yc), the
following modification is required.

Using the previous corner model, the boundary integral

" equations may then be rewritten as follows:

(C“uc-l-cizuc)+g5F“uds+45Fuvds

—§G Tds-gSG T ds - U =0 €6.82>
41 % 241 a3

21 22 c 12
r, re
-¢$a Tds—gsa T ds -V = 0 €6.83)
12 X 22 b4 c
rb rb

where,

Gu ) * 'g“(xc,yc) ’ 022 =32 * B2:..%‘("e’3’<:"')

sz = '321(xc,yc) ’ Cu = 812(xc,yc)
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6.63 Use of Rigid Translation Conditions:

If the structure is moved rigid translations a in the
" x~direction, and 3 in the y-direction, then there are no
loading and no stresses generated, which means that at any

point. in the structure, the following can be deduced:

T =T =20
X Y

U =V =0
T L

uls,y) = o

ole,y) = f3

Then, the boundary integral equations given by equations (6.34)

can be rewritten as follows:

cia+a§F11ds+B§inds=0
r r
6.84>
ciﬁ+a§F12ds:+ﬁ§F22ds=0
r r

For the special case of a = u and 3 = v, the above equations
can be restated as follows:

ciui+§F11u.ds+§F21v_Lds=0

1 R
r r
<6.85>
c,v.*-dSF ‘u,,ds-!-g)‘!:‘ v ds = 0
1 1 12 T 22 18

r r

Subtracting equations €6.85> from equations €6.34), the

boundary integral equations can be rewritten as follows:

gs F  <(u-uw)d ds + gS F <w-u)d ds - gﬁ G T d=
i1 1 241 1 FES b4
r r r

—,gSG T ds - U = 0 <6.86>
24y i ‘
r
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g; F <(u~u)d ds + gs F  <(u-0)> ds - g; 4 T ds
12 1 22 1 12 X
r r r

- §G T d= - V. = @ <6.87>
22 vy i v
r

Now, for the special case of having a corner node (xc,yc),

equations (6.86) and (6.87) can be rewritten as follows:

$ F, wudds +w-ud§F x-yd>+¢§ F_ Co-v) ds
11 1 [ T 11 L 1 241 1
l-'b rb
+w-v>F -¢F & T ds-¢f 6 T ds-U =0 €6.88>
¢ i 21 14 x 21 Y i

T T

$ F_ Cuudds + u-udF x-yd>+ ¢ F_ -0 ds
12 1 c | 12 1 22 1

r, _ RS

r

+uw-ud>F -F 6 T ds-f G _T ds-V =0 <6.89>
c 1 22 12 X 22 b4 1
I-‘b b

From the Jump function equations, it can be seen that.:

Ca> if (xi,yi) = (xc,yc), then Boq?(xi.’yi.) = 0.

by if (x,t,yi) = (xc,yc), then 3d6(xi,yi) # 0, but (uc-‘u.,t) = 0,

and v -0 D> = 0.
C 1

Hence, for any source point (xt,yi), it can be deduced that.:

b
&gb_’b J‘ Poq? (‘u.—'u,_t) ds = 0O 6.90d>
a
and
b
“ﬁ‘..b f F‘aﬂ (o—vt) des = 0 6.91>
a
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From previous analysis, it can be shown that.:

b
i f F o3 Cw-u)d ds = Cu ~uw. > § aﬁ(xt,yi) = 0 6.92>
a
and
b
&Lg:,_'b J' Fa{? (u-oi) ds = (uc—vi) Ba[?(xi.’yi.) = 0 <6.93>
a

Substituting equations (692> and 6.9232>, into equations 6.88>
and (689> and using equations (690> and 6.91), the boundary

integral equations can now be rewritten as follows:

gS F, Cwru)d ds + 4; F,, C-o) ds - gS 6, T ds
r

b b b

—45 G T ds - U =0 €6.94>
24 1
r .

—g; G T ds - V. = 0 €6.95>
22 vy
r

The above equations are free from corner effects. The corner
can be left as a finite gap in the boundary element mesh. This
result justifies the double-node technique of the corner, ie.
representing the corner with two nodes, one with element. 1)

and the =second with element (2>, as shown in Fig.(6.8).

For further simplification, defining the factor C 30t at. source

point. (xi,y,t), as follows:

Gﬁa(xi’yt) - - g; F o(ﬂ,(x-:»ci.,y—yi) ds €6.96>

Ty
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Then, the boundary integral equat.idns can be expressed as

follows:

uds-l-gi Fuvds
r

b b

cu(xi’yi.) v Gs.zcxi’yi.) o r § Fu
r

—§GTds—§GTds-U_-O 6.97>
11 x 21 vy i

Te Te

cm(xi’yi) e * czzcxi.’yi) % * gﬁ Fiz
r

b b

- ¢] Tds-gSG T ds - V. =m0 €698
x 22 vy i
r

6.6.4 Boundarvy Integral Equations for strains:

Although the boundary integral equations for strains exist.
[Ref.83], the results are not expected to be very accurate,
especially near the boundary. This is because the fundamental
solutions for the boundary integral equations of strains
Cobtained by differentiating the fundamental solutions of the
BIE’'s of displacements) exhibit a high degree of singularity.
In an attempt to improve the accuracy of the results, a number
of techniques were developed, their use depending on the

position of the source point from the boundary.

Consider the boundary Integral equations given by equations
{6.34>. Differentiating these equations with respect to x, and
Yy, yields the following equations: ‘

au. v,

18 + G

1
o ax " % B " ¢ xoy2 .99
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6'u,,L au,
C:21 Ix. * Gzz . = wxcxi’yi)
1 1
(‘."u,,L 801
Cu ¢':Vy.L + Ciz c?y,L = ¢y<xi.’yi)
ci?'u,i c‘m,L
21 0),',L * sz a‘y,L = wy(xi,yi)
where,
8611 6621
¢ (x,y> = o T ds + j‘ I Ty ds
r ' r U
b b
aF‘u c‘iU,L
- 8"1 v ds + 6x,L
l_‘b
6612 anz
z,ux<xi,y,l) = % Tx ds + % TY ds
l_, 1 I.. 1
b b
81“22 avi
- "X-L v ds + 8"‘-,
r‘b
aG“ 6621
¢y(x_t,y,t) = 3y, Tx ds + Fy Ty ds
r v r v
b b
6F21 GUL
- 3 v ds + 3y,
I—. 1
b
6612 6‘622
wy(xi,yi) = Fy Tx ds + 3y Ty ds
r r
b 1)
anz av,t
- v ds +
dy. OY.L
r
b

The above system of equations can be

€6.100>
€6.101>

€6.102>

<6.103>

<6.104>

€6.105>

€6.106>

solved to obtain the
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partial derivatives of w and v, with respect to X, and Y, and
hence the wvalues of strain at (xi,yi). To obtain the wvalues of
stress and strain at an internal node using the method outlined

above, the rigid translation condition must be used to define

the term C_ .
3a

As mentioned before, the boundary integral equations for
strains have =ingularities in their fundamental =solutions.
Thus, they are wunsuitable for boundary nodes, where these
singularities occur. Other techniques exist at such points,
where the displacement. components at any point on the boundary

element. can be interpolated as follows:

n
ullf) = Z 'u:i Nj(t')
J=1
<€6.107>

n
o) m Z Uj Nj(f)
J=1

The derivatives of the above displacement components with

respect to ¥, can be deduced as follows:

n
d_u.z o
d€ j df

J:

€6.108>

n
ge_.z o
at i da¢

J=1

From the chain rule of partial differentiation, it can be
written that:

€6.109>
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Now, dividing throughout by the Jacobian ]l ], t.hé following

expressions can be obtained:

duw au au
ar 7l =- o+ 85
€6.110D>
do v v
a7 Ml =- g tis

The surface traction components can be obtained as follows:

T =l o +m T
x x Xy
61110

Substituting the strain values with the appropriate
stress/strain coefficients dij’ into equations (6.111), it can
be deduced that.:

au av v au
"‘"x"‘[dus;*du?ﬁ]*mdga [?&*'a‘y‘]
<6.112>
du du du au
Ty“"’"["u’a;*dzz?y']““’gg [?&”W]

If the value of £ is known for a given (x,l,yi), then a system
of equations can be set up to find the partial derivatives of »
and ¢ with respect to LA This system can be represented

by:

Ax=y €6.113>
where,
-m A 0 0
a 4] -m £
é_ =

{<d /ED m<d__/E) mCd_ /B> £<d _/BED
11 a3 33 12

nld 7B fidd 7BED £d. /ED m(d__/E)
12 33 33 22
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{au au
?.‘.B.— ——

au 3
x-{ w ldl ol TE T E }

A separate method exists for isoparametric elements if (xi,y,t)
coincides with two different nodes d(double nodes techniqued.
The nodes belong to separate elements, say element. (1) and {2).
Defining (Ji,m,i) and ‘(Zz,m,z) to be the direction cosines for
element. 1) and (2> respectively, then ir (‘I'x)1 and (3"){)1 are
the tractions for the node on element 1> and (Tx)z and (Ty)z
are similarly defined for the node on element. (2>, it can be
shown that.:

LT - m T m8 o0 - o
1 ® 4 1 v i 1 x
6.114>
L (TD> - m (TO> =L o - m o
2 x" 2 2 v 2 2 x 2z ¥
The traction components in the above equations can be obtained
from the boundary integral equations of displacements, then the

equations can be rewritten as follows:

2
o -no =1
1 x 1

¥ 1

6.115>
52 o - m,z o =1
2 x 2 Y 2

where f1 and f2 are known parameters.

There are a variety of techniques for solving equations 6.115>
depending on the values of the following three determinants:

452 -m,z £ -m MM £ L -m m

1 1 12 1 2 1 2 2
» >

2 —a? 2 —a? 2 -a?

2 2 1 1 2 2
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6.65 Use of Finite Difference Method:

It was clear from many cases tested, that the previous
approaches would fail if the source point (xi,yi) being very
close to the boundary. For such cases, u(xi,yi) and v(x,t,yi)
are always very accurate, and the finite difference method can

therefore, be employed.

For source point (xi,y,t), as shown in fig.(6.9>, define a, b,
¢, and d, such that:

a = (x,L—Ax,yi)

b = (xi+Ax,yi)

c = (xi,yi—Ay)

d = (x,y +Ayd
1 1N

The increments Ax and Ay should be selected such that a, b, c,
and d are still inside the domain or on its boundary, but not

outside the domain.

For such a case, the following can be deduced:

ouy | Bt o0y oY%
ax . T 2Ax ’ ax . - 2Ax
<6.116>
ouy  Za % o0 Tda %
ay . - 2Ax ? ay . - T2Ax
The displacements (ua,ua), (ub,vb), (u,c,uc), and <(u Y d) will

be evaluated from the boundary integral equations. The strain

and stress components can be evaluated as follows:

o= (5] » ex=[%])

1 L

o= (5] (&)

<6.117)

L L

and, ¢. = D g <6.118)
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6.6.6 Use of Subregion Technique:

In many engineering applications it is essential to divide the
structure analyzed into several V regions known as subregions.
This may be due to the existence of cracks, flaws, or because

the dimensions of the structure are not regular.

In each of the situations mentioned above, a set of regional
boundary equations can be formulated and assembled. These
boundary equations are inter-related by the compatibility and
equilibrium constraints at the region interfaces, and wherever
the traction 1is discontinuous on an interface boundary the

multiple nodes concept., mentioned earlier, can be used.

Consider a structure of two subregions a and & as shown in

Fig (6.10). For subregion a the following can be defined:

& m The displacement. vector of the independent. boundary

—aa
nodes of subregion a.

éa b = The displacement vector of the nodes on the interface

between subregions a and b.

Now, the displacement and traction vectors for all boundary

nodes of subregion a can be defined as follows:

s =46 6.}

—a —ab
<6.119>
T =4I _ T, }
Similarly, for subregion b , the following can be defined:
ES—b = A ébt:x é—bb t
<6.120>

T, =T, T}
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Consider the matrix equation given by equation 6.11), the

matrix equation for subregion a and b can be written as

follows:
¢ &6 +H 6 -6 T =0
a —a a —a a a
€6.121)
G, 6 *H, 6, "9 T, =0
Therefore, g_a, ﬂa, and (_J_d, can be partitioned as follows:
“aa Tab & “aa Tab &
—ab —ab
T
- [G <] ] “ 1l mao €6.122>
~aa: Tab =
“~ab
Similarly, for gb, _lib, and gb

Now, =since it is assumed to be no relative movement between the
subregions (ie. no slip or separation), the conditions of
compatibility and equilibrium over the interface must be

satisfied. These conditions can be summarized as follows:

i c_‘j_\'1 b = S—S-ba for compatibility of displacement.
it lab = - Iba Ffor equilibrium of tractions.

The above conditions allow the =separate subregion matrices to
be assembled into a global matrix for the complete boundary.
However, before the system can be solved, further conditions

must. be applied at the multi region interface nodes.

The problem of discontinuity of traction at corners are also
encountered at subregion interface nodes, where the normals are
not. defined. Consider the node 4, as shown 1in Fig.(610>, the
total number of variables at this node is six dile. two

displacement components, and two traction components for each
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Subreg'ion). Now, two component equations, with respect to x and

v axes, can be generated for each of the two subregions.

For a unique solution of all the variables, another two extra
independent equations are required. To provide these extra
independent. equations, | the multiple nodes concept is used.
Auxiliary nodes are defined at the Iintersection points, where
each node  is assigned a unique normal. Considering node 1
again, three auxillary nodes take the place of this node, as
shown in Fig.(6.11>, although they are considered to be
geometrically coincident,, each node 1is associated with a

particular element and hence a unique normal.

This technique also applies to internal interfaces between
subregions. For a node at the intersection of three subregions,
three nodes should be defined to take the place of the actual
node, leading to the auxiliary nodes being only common to two
subregions. Thus two equations can be generated from each
subregion to correspond to the four unknown variables active at

each node.

The subregion technique does have the disadvantage of
increasing the total number of active variables, and hence the
size of the matrix equation to be solved, also there will be an
increase in assembly and solution time, which may mean that for
large or complex structures requiring many auxiliary nodes,
this method is inefficient. However, using many subregions may
lead to a matrix of coefficientas diagonally dominant., which

faciitates the use of banded solvers.

6.7 Outline of the BEM for 2D Elasto-Plastic Problems:

The outline of the boundary element method for two~dimensional
elasto-plastic fracture mechanics problems is summarized in the

following sections.
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6.7.1 Boundary Integral Equations for Elasto-Plastic Problems:

The boundary integral equations for elasto-plastic problems are
given as follows [Ref .83

—j‘[k*ap+a*op+k* 'rp]dxdy=0 | €6.123>

—j[&*op+k*ap+k*‘ Tp]dxdy-=0 6124
12 x 22 "y 3z xy
Q
where,
c, = Ir SCx-x,y-y. > dx dy
Q
In the above equations the plast.ic' stresses o": , o'; s and T: v can

be defined as follows:

Zp = D EP (D - Qop) £ ) €6.125>
where,

of = { o’ of TP I

- x b4 xy

P P P P _

sf = {ef £ yf ), and

, gep = Elasto-plastic stress-strain matrix.
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6.7.2 Incremental Boundary Integral Equations:

Since the incremental plasticity theory is used, then due to
the application of a load increment represented by ATx, ATy,
and the load intensity increment AX, AY, equations (6.123) and
(6.124> may be written as follows:

¢ Au + C Au,+§[5‘ Au + F Au)ds
14 t 12 t 14 21
r

—-gs[e AT + @ A:r]ds—_[f[e AX + @ A}’]dxdy
11 X 24 v 11 21
r Q

'—_[‘_[‘[R* AP + RN AP + RT Ar")dxdyno 61265
14 X 24 Y 84 Xy
0

C Au + C Au.+g§(s‘ Au + F Au]ds
21 1 22 1 12 22
r

- f[R* AP + RY Aof + RY A7P )dxdy=0 €6.127>
x 22 b'4 az b4

The boundary element calculation of elasto-plastic problems
will start always with the elastic solutions, in which the

following can be defined:

Ac'= D As 6.128>
Then a correction may be carried out. such that.:

Ag_o o = _Qop Ag | €6.1295

.- Now, from equations <(6.125>, {6.128>, and <<6.129>, it can be
shown that.:

Aof = Ao’ - Ao €6.130>

—ep
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The above equation represents the difference between the

non—-corrected and the corrected stress increments.

6.7.3 Boundary Integral Equations for Strain Components:

The boundary integral equations for strain components can be
generated by differentiating equations ¢6.123) and (6.124> with

respect to X and y, as follows:

Cxr) With respect to X :

6%_{ 6UL aFu ans.
11 8%, 12 8%, $ [ F i S R i ] ds
i i i i
r
%%, 21 aa 21
-45[8x Tx+6‘x Ty]ds~f-l‘(ax.x+8x Y]dxdy
r t " O L i
R} aR) aR] .
) “r‘r [ ox. dz * ax. ofi * ax. Txy ] dx dy = 0 €6.131>
O ' t t
aul 64),_ aF12 anz
21 O%. 22 3% T § ( % Cumu > + vy Co-v. > ] ds
1 L i i
r
_ds 12 5, 22 o dS_J-J- 6612X+ 22 » ) ax ay
ax ® ox. Y .
r t t O i L
oR) aR) oR,,
- I ( %, % * % "5 *ax. Ty ] dx dy = 0 €6.132>
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(2> With respect to v,*

1 i i1 24
- + -
Wy Gyt ¢ [ A ] ds
r
- § aGuT+ 2 . as - [ U x+ 2y | dx dy
ay ® 6y Y aY. ay
r ' " Q " '
* * *
3R R oR
_— [ 14 p . 20 p . 31 p ] dx dy = 0 €6.133>
8yi x ay. Y Byi Xy ;
Q
du, dv, oF aF_,
» —-—8yi c,. a + § [ 3y, Cumwd + 3. Cw-0.> ] ds
r
(e T Y g (e ) e
ay ® ay Y ay.
r ’ ’ Q " '
% * *
R 4R R
_— [ 12 p , 22 p . 32 p ] dx dy = 0 €6.134>
c'i'y,l x ayi v <9yi Ry
" .

Now, the above equations can be rewritten as follows:

«3‘&,(,,l 60,L au,i au,L
+
11 9x. * 012 Ix. = 81 * 021 Ix. 0‘22 ax. = 82
1 T 1 1
€6.135>
du, v, du. dv
b —t m g . —t = g
11 8y 12 0y,L a ’ 21 8yi 22 Oyi 4

where, the parameters 81,‘82,..., can be defined as follows:
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[L > + L Co-0) ] ds
ol T o2 1

Qm
]
I
"1 %

+§[QMTX+QMTY]ds"’ff(wa"'QmY]dxdy
r Q
+f[smo="+s a§+s TP]dXdY <6.136>

and o = 1, 2, 3, 4.

'~ Therefore, from equations €6.135> it can be deduced that.:

61.:,i
ax_=(81022_32612)/(611022_C

T

J

C
12 24
€6.137>
801
=(82011-81021)/(0110 -G _C )

ax. 22 12 24
1

Similarly,

J

= (% G -% ¢ Yy (¢ ¢ _ -G <«
a 22 4 42 11 22 12 24

€6.138>

=(8%,C -3 C ) /(C, C_~-C_GC)

22 12 21

6.7.4 Evaluation of Strain and Stress Increments:

The incremental Boundary integral equation of strain can be

written by defining A?SO( such that:

A8 = - gs [ L ACu~ud + L ACvo-0)D ] ds
o ol 1 o2 1
r

+
71 n

[QMATX+QmATy]ds+ff[QwAX+Qa2Ay]dxdy
Q

+ J‘[s AP + S A® +S AP ]dxdy <6139
ou x o2 b'% og Xy

o
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Then the incremental equations of strains can be deduced as

follows:

C AU + G AV = A%
11 X 12 % 1

C AU + G AV = A%
24 % 22 x 2

6.140>
AU + C AV = A% - I
14 v 42Ty Ta —_—
AU + G AV = A%
24 ¥ 22 ¥ 4
where,
au au
Up=3x » Y, =3
ao v
Ve S * Yy, " &
Now, the increments of strain can be obtained as follows:
Ae = AU
X x
Ar = AV 6.141>
¥ b4

A',vxy = AUy + AVX

For elasto-plastic analysis, the increments of stress can be

expressed in terms of strain increments as follows:

Ao = Ao
bl ~ep

= D Az - Ao €6.142>
where,

Ao = { Ao Ao AT }

= x y xy

and in terms of displacement increments as follows:

AAw A0 Y _ ., p
on = [ du % * d12 ay ] on
o JaXTA aAv
Aoy = ( d - *d, 5 ] Aors €6.143>

dAv _ P
A'rxy= dss [—-——ay + I ] A'rxy
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Then the corresponding traction increments can be written as

follows:
AT =c[d AU +d AV ]+m,d CAU + AV ) - ATP
x 14 x 12 ¥ aa v x x
€6.144>

AT -m,(d AU + d_ AV }+£d ( AU + AV ) - ATP
b4 21 X 22 b4 as Y x Y

ArpazAa§+mA-ri

x Y

ATF = ¢ A'rz

+ m Ao®
Y Y

Y

Now, equations (6.144> can be used to form a =system of

equations similar to that given by equation (6.113), ie.
Ax=y (6.145>

where A and x are as defined before, and y may be defined

as follows:
du [ 1%
y = %-/Ill a?/l i l ATx/E ATy/E } €6.146>

The solution of the above system of equations involves the use
of Gauss elimination solver with a partial pivoting procedure,

that. due to the zeros in the leading diagonal of matrix A.
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6.7.5 Numerical Integration over N-Node Elements:

Cal) Numerical Integration over an N-Node Cell Element:

Consider an integration term as follows:

¢ = Ir [ FOx,y-y> * pl,yd ] dx dy €6.147>
Q
where,
f(x—x_t,y—yi) = A fundamental solution parameter with

respect to a source point (xi,yi)-
ox,y) & The wvalue of one of the field function

parameters (stress, strain, etcl).

Now, for an n-node cell element, as shown in Fig.(6.12-a>, the

isoparametric interpolation can be employed such that.:

n
plx,yd) = Z pj Nj(f,n) €6.148>
J=1

where Nj(f ;) are the shape functions of the corresponding

n-node cell element. ¢ finite element) as given in Appendix [Bl

Therefore, the integration in equation <(6.147) can be written

for the e:"h element. as follows:

1 @ n
o= [ [ [ £ Uxcmmy@meydl « ) e Nt | (1] ar @
oo ‘ j=1
....... 6.149>
where,
@ = 1 Ffor quadrilateral elements,

= 1-9 for triangular elements.

131 =1 1G5 |



-199-

The numerical evaluation of the above equation can be carried
outt in a way similar to that used for the finite element method

by means of Gaussian quadrature technique.

&> Numerical Integration over an N—-Node Boundary Element:

Consider the term,

B, = [ [ FOex,y-y > * pGLyd ] ds €6.150>
r

(-

For an n—-node isoparametric boundary element., as shown in
Fig (6.12-b>, the value of the field function p can be
interpolated at point {x,y) as follows:

n
pCe,yd =~ pj Nj(t‘) <6.151>
J=1

where Nj(f > are the shape functions as given by equation (6.3).

Hence, equation (6.150> can now be written as:

n 1
B°= Z pj { ff [x(:f)-xi,y(f)-yi] * NJ_(Z:’) Lll dg } €6.152>
J=1 o

where,

= dx.2 dy.2
131 = | G° + &

Similarly, the above integration can be evaluated by means of
Gaussian quadrature technique.
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6.7.6 Solution Algorithm:

The solution algorithm for two-dimensional elast.o-plastic
boundary element. method can be summarized in the following

steps.

Step (1) Initial Calculations.

The boundary element. procedure of elasto-plastic problems
starts always with an elastic solution, and matrices like H, G,
A, and B will be the same throughout the elasto-plastic

iterations. To save CPU time, these matrices will be calculated

once and saved before the start of the load increments.
Step <2>: New Load Increment.
The initial traction vector Ex will be prescribed, =so that any
new load increment 1s defined as a ratio of +the original
vector, i.e.

AP = Ratio x g,L
Then the following can be defined:

AY = B AP

Also at the =start of a load increment.,, the displacement vector

Au is assumed to be zero, ie.

Au = 0

Step <3>: Elastic Solution.

To define the initial displacement and traction increment
vectors A_é_o and AI_O, the following system of equations should

be solved:
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A AX = AY

where AX represents a vector of the unknown values.

Step <4): Results at Integration Cells.

The domain inside the boundary element will be discritized into
a number of integration cells, the extent of the cells need
only to cover the area of expected plasticity, but could and
normally does cover part or all of the boundary. Each cell is
defined in terms of an n-node finite element, the nodezs of t.he‘
cell are defined depending on their position in the domain,
i.e. either "internal node” or “boundary node’. Then for each
node the vectors Ay, Ag, and Ao should be calculated as

follows:

Ca) For Boundary Nodes:

The above vectors can be calculated using the incremental

equations given in section (6.7.4).

(b)) For Internal Nodes:

The above displacement vectors can be calculated using the
boundary integral equations given in section 6.7.2), then the
strain and stress vectors can be calculated using either the
boundary integral equations for strain increments as given in
section <6.7.3> V or the finite difference =scheme de=scribed in
section €6.65).

Step B: Elasto-Plastic Stress Correction.

By knowing Ac’, Az, o and = at. every internal and boundary
node, and using an algorithm similar to that described in steps
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(4> and (8> from section (6.4.3-c), a corrected stress vector o

can be obtained. Hence,

Ac_:r_p = Ag' - Ao

where,

Ao = D Ae

— e p ——

Now, if Agp is negligible then a new load increment can be
applied, and calculations from step (2> in this section are to

be repeated.

Step <6D: Elasto-Plastic Iteration.

The =steps of the elasto-plastic iteration can be outlined as

follows:

Ca) Consider AP = 0 , and but Ay = Au , where Au is now
calculated in terms of the newly evaluated Agp.

(b) Solve the system of equations A Ax = Ay to define the
additional correction vectors ASS_1 » A’gi, which =should be
added to Aéo » A_'L‘_o respectively.

(e3> Due to Aéi , AIu find the corresponding A£1 » and Ag'i. Then

calculate Azp.

(d>» Carry on the iterations wuntil, one of the following

conditions iz encountered:

1. < a permissible error.



i1,
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AT'.AT

< a permissible error.
T

Divergence, where the displacement or traction vector

ratios begin to increase numerically instead of decrease.

Vibratory Divergence, where the displacement. or traction
vector ratios failing to reach prescribed values within a

given number of iterations
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Fig.(6.1) Discretization of the Boundary.
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Fig.(6.2) Discretization of Problem with
Internal Boundary.
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a) 3—Node Singular Element.
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b) 4—Node Singular Element.
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c¢) 1/ /2 Singular Element.

Fig.(6.4) Family of Crack-Tip Boundary Elements.
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PART 11 PART I
o |

Fig.(6.5) The Two Parts of An Element Essential
to the Application of the Singular Integral.
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Fig.(6.6) Boundary with a Corner Node.
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Fig.(6.7) Smooth Corner Model.
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1

Fig.(6.8) Double Noding for a Corner.
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Fig.(6.9) Finite—Difference Points of a Source Point.
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Fig.(6.10) Structure with Two Subregions.
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Fig.(6.11) Multiple Nodes at Interface.
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b) N-Node Boundary Element.

Fig.(6.12) N—Node Cell and Boundary Elements.



CHAPTER 7

THE APPLICATIONS OF
FEM & BEM IN FRACTURE MECHANICS
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71 Introduction:

The ability of the finite element and the boundary element
methods in providing numerical solutions for some field
parameters lke displacenient., stress, and strain nearly at any
point inside or on the boundary of a problem can be very useful
for the evaluation of fracture mechanicse parameters such a=
stress intensity factors, crack opening displacements, and
J-integrals.

To make use of the finite and boundary element solutions in
fracture mechanics, several techniques have been developed and
employed in this work. Some of these techniques are summarized

in the following sections.

7.2 Extrapolation Methods of Stress Intensity Factors:

The extrapolation methods fall into two categories each one
associated with the field parameter used for the calculation of

the stress intensity factor. These categories are as follows:

7.2.1 Displacement. Extrapclation Method:

Considering only the tensile mode ¥, where the crack plane is
the plane of symmetry, the analytical expressions for the
displacement. variation along the radial line emanating from the
crack tip can be written, for both plane-stress and

plane-strain conditions, as follows:
K 1,2

v= () (5]

K 1,2

)

)

[ (24-1) cos[

) - ==(3] ]

[ an($) - (3] ]

7.1>

<

i
~—
3
Tim
L S—
lonm
N B
Al
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H = EZ221+0D

B-vd/d+vd for plane stress,
& = {

3-4v> for plane stratin.

For the purpose of numerical evaluation, a modified parameter
K: can be defined as a function of the crack-tip coordinates r,
and 6. Consider the finite element mesh given in Fig.(7.1), and
using equations <((7.1>, +this parameter can be written as

follows:

" 21 172
K, 0 = 4 uou, [ 2n ] , [ (246-1) cos[

N D

) (2] ]

or 7.2>

172

o 27 ) . 30
chri’e) =4 u v, [ IT,_-] 7 [ (2&+1) 31n[ > ] sn’:[ 5 ] ]
where, »
r. = Nodal radius from the crack tip,
W, O = Nodal displacements,
i = Node number.

By substituting the nodal point displacement uw or o at some
nodes on the plane where 8 has a constant value between 0° and
1800, and the corresponding radial distance r in the suitable
equation, the quantity K: can be calculated at each node and

plotted against the radial distance r, as shown in Fig.(7.2).

With suitable refinement of element size the K: curve obtained
approaches a constant =slope at a point cloze to the crack tip.
The intersection of the tangen£ to the constant slope position
on the curve with the K: axis will define the KI stress
intensity factor. i.e.

K = 2im K¢ 0 7.3
X o] I T

r -
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7.2.2 Stress Extrapolation Method:

The stress method for determining crack-tip stress intensity
factor is similar to the dispiacement. method.

Equations (3.41-343> «can be written for mode I loading

conditions, in a general form, as follows:

K
0. m —— £ &> 74>
H {Zar Y
where,
i==x v
Ji=x v
e . a . 38
fxx(e) = cos(i] [1 81n[§] S].n[z-——] ]
a =] 38
fyy(e) = cos[i—] [1 + sin[ E] sin[i—-] ]
e e . 38
fxycm = cos[ > ] sin[ 5 ] sux( 5 )
Now, the K: parameter can be defined as follows:
* —
chrk,e» = Jank <dij)k 7 fijCG) <7.5>
where,
(dij)k = Nodal stresses,
k = Node Number.
Similar to the displacement method, nodal point stress o, ©°r

o'yy or 'rxy can be subzstituted into equation 75> with a
sultable fij(e) function to calculate and plot the parameter

K:. Then KI can be estimated from the K: curve in the same way

as explained before.
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For the case of an oblique crack, both mode I and mode IX
loading conditions should be considered. In this case the
stress intensity factors KI and KII can be calculated using the
extrapolation methods by =solving a syastem of two simultaneocus
equations generated from equations {3.41-3.45> by using
combinations of two stress or displacement. distributions along
the line of the crack or any other line with specified crack

angle 6.

7.3 Extrapolation Curve-Fitting Technique:

An alternative approach to the graphical extrapolation,
described above, is to use an analytical curve fitting for
extrapolation. A =special ext.rapolat.ioﬁ curve-fitting procedure
has been developed in this work to evaluate stress intensity
factors as well as crack opening displacements. This technique

can be summarized as follows:
Consider a polynomial equation as follows:
= + + +
y{x> a, ¢1(x) a, ¢2(x) a, qbg(x) a cpn(x) <7.6>
i-1

where ¢ (x> can be defined as ¢ x> = xi"i, ¢ = (Leg)

et.c.

Now, for a set of points such as (xk,yk), k = 1, 2, ..., m. The

above equation can be written as follows:

n
y(xk) = Z aj ¢j(xk) 7.7>
J=1

The absolute error 2, at. point ka,yk) can be defined as
follows:
‘n
s, = y(xk) -y, = {Z aj ¢j(xk) ] -y, 7.8>
3=1
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Now, by employing the least—-square mef.hod, it can be written
that:
m
Z si = minimum ' 79>
k=1

From the above equation, a functional x(ai,az,...) can be

defined a= follows:

m
X = k
k=1
ie.
m n
2
x(ai,az,...) = Z [ Z aj ¢j<xk) - Y, ] = min. 7.10>
k=1 J=1

from which, it can be deduced that 69(/601 = 0. ie.

m

ask
Z Ek [60 ] = 0 <7.11>
k= i

1
Since:

ac
k

aa

i

= ¢1(Xk) 7.142>

then, from equations 7.8>, 7.11), and <7.12> it can be shown
that.:

m n
Z ¢’L<Xk) [ Z aj ¢j(xk) . A ] = 0 <7.13>
k=1 j=1

Now, the above equation can be rearranged as follows:
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n m m
Z ¢:zj [ Z ¢i(xk) ¢j(xk) ] = Z ¢L<xk) Y, 714>
j=1 k=4 k=1

Hence, from equation (7.14>, the following parameters can be
defined:

G, = Z ¢ x> @00 €7.15>

b, = Z ¢ x> v, 716>

where C, = C  , and i = 1, 2, 3,..,, n.
i i

Thus, equation (7.14> can be rewritten as follows:

Z G,a, =b ,i=12.n <7 AT

and in matrix form as:

c a = b 7.18>

NN 1p)5 8 TThnxi

Solving the above system of equations will provide the

coefficients a, az,...-, a .
™

Hence, the intersection of y(x> with the y-axis can be obtained

as follows:

n
y<a> = 6}4(,411,0 [ Z aj c,bj(x) ]
J=1

~and for the case of algebraic polynomial:

ve0> = a 719>
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An alternative method to the absolute error approach is to use

the relative error, where the following parameter is defined:

_ y(xk) TV,
Sk = —T—— H yk = 0 <7.200

and the functional to be minimized is:

<7.21>
— 2
b, =b /vy 722>

Using the curve fitting procedure explained above, the stress

intensity factor can be calculated as follows:

(& D) Calculate K:(rk,e) for a given set of r., as shown
in section 7.2).

. — * —

did Let y(xk) = chrk,m and xk = rk_

dii> Follow the procedure given above to generate the
system of equations given by equation (7.18).

dwvd Solve the generated system of equations by means of

Gauss elimination =olver, to obtain the coefficients

1 2 n

o Finally, substitute the above coefficients into
equation 7.6>. It is clear from this equation and
equation (7.19> that the stress intensity factor at
the crack tip can be obtained by putting x = 0. ie.
for an algebraic polynomial KI = a.
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Similarly, the crack opening displacement can be evaluated by
u=sing the model given in Fig.(?.S) as follows:

(69 Evaluate Auk for a given set of r, on the surface of

the crack as shown in Fig.(7.3).

iid Let y(xk) = Auk and X, =T

dii> Generate and solve the system of equations given by
equation (7.18).

Uwd Finally, the crack-tip opening displacement & = 2 a..

7.4 Numerical Evaluation of the J-Integral:

For the special case of linear-elastic fracture mechanics, the
J-integral expression can be written, in the absence of domain

loading, as follows:

Jaf[ Wdy-T

r

{04

ds ] : 7.23>

o

Using the finite element method or the boundary element method
to obtain field parameters such as displacements, stresses, and
strains, equation (723> can be written 1in terms of such

parameters as follows:

o' sy - T

22
&

<7.24>

N =

Jnf[
rO

The numerical evaluation of the above equation can be reviewed

in the following subsections.
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741 Piecewvise Discretization of Arbitrary Contour:

Consider an arbitrary contour I"O around the crack tip. This
contour can be divided into ne sub—-contours (sub-boundaries) a=s

shown in Fig (7.4). i.e.

r = Z r 7.25>
= e

Therefore, equation (7.24> can be written as follows:

n
e
J=Z _[[%g_‘sdy—'r‘%ds] 726>
r

e=q

A parameter Jg can be defined such that:

n
e

J = Z J, <7.27>

e=4
where,
1 t t du

Je=f[-2-9'_ £dy - T —==ds ] <7.28>

- .

7.4.2 Characteristics of N-Node Boundary Element.:

To evaluate the J’Q term numerically, an n-node isoparametric
boundary element is employed as a contour element, on the same
sub-contour within the x-y plane, as shown in Fig (75> The
element may be transformed into a straight line of unit length
in the ¥-line, and the parametric equations of the element. can,

therefore, be expressed as follows:
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n
XCED = z X .‘6’:<E>
i=4
7.29>
n
yeEd = Z y, £<E>
i=4
For the special case of E,L = (4-1>/(n-1>, it can be shown
that:
£0¢Ey = 1 [ D £ - ot ) <7.30)
i r=4 i-nr
r&i
Hence, it can be proved that.:
n g}
dx _ y d.‘ei(Z)
daz = i df
i=1
<7.31>
n 3]
dy _ dxi(f>
a Yi az
i=4
where,
n n
df, &2 n-1 (1> £ - <15
= — <7.32>
dar i-8 r=1 i-r
sS=1 ?;;
=X
Now, for n—node boundary element. it can be'shown that:
ds = |J| df ' - <7.33>
or
ds

where,
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dx d
1l = | @+ @

and the directional cosines of the outward normal can be

defined as follows:

dy ds

& = -_— S -

dg df
7.35>

M = - d_x ~ d_.._S...

df daf

7.4.3 Evaluation of the Elemental J-Integral:

The evaluation of the elemental J-integral Je is not possible
unless the values of o andfor £, and u are given at the

boundary nodes of the corresponding e-th element.

Let the eth element be an n-node isoparametric element as
described before. Using isoparametric interpolation equations,

it can be shown that.:

n

oCE> = Z o £ (7.36>
i=1

£t = DY oktd <7.37>

If £ is given instead of _é-_ » the following can be written:

n

=y = Z £ £ <7.383
1=1

ot = D 28D €7.39>

Similarly, the displacements can be expressed as follows:
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~ n
ucf> = Z u £CED

n

N
Z v, .‘f’i-(f)

i=1

vCED

i

Then it. can be deduced that:
n
FE) )
df — f

do
aF

e
;-;[\/] ot
&
| N—

If the values of crx(.f), o'y(f), and rxy(f) are known

Then, the tractions can be defined as follows:

T CE> f o>+t m T (D
x X Ry

T )= 41 &)+ m o £
b4 Xy b4

Now, from the chain rule of partial differentiation:

du _ ou dx , dudy
dfF = 9x df = dy df

do _ ov dx , ov dy

dg ax df dy dr
ie.

df x df dy df

du duv dx dy

—_— — — + T —_—

dz ax df y df

where e, = dusax, sy = du/ay.

at.

7.400

(7.41>

any ¥.

742

{7.43)

<7.44>

(7.45>
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The evaluation of the term duv/8x in equation (7.45> involves
the following two conditions:

Cad) If dxs7dfé # ¢ (m # oJ:

From equation (7.45>, it can be written that.:

Qﬂ[ﬂ_ﬂg]/g
ax da& df daf
Using equations (7.35) it can be deduced that:

ov de dx
ax

—_— S == + e /' m 7.46>
dg df] y

bl If dx/df = o, dy/df # o (£ &2 od:

From equation (7.44>, it can be shown that:

8u= [du/d_y

and from ¥ = ou + ov » it can be deduced that.:
Xy ay ax

] - m .sx VA £7.47>

Now, from equation (7.28)> it can be written that:

1 t au av
Je=§fg £ dy f[Tx5;+Ty-é§]ds €7.48)
r r

(-] e

Then for an element. in the f-plane, it can be shown that:

y %

[
N s

feteFa-[ (T, 5%+7, 5] Il & i
o

or
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1
1 t
O

Using Gaussian quadrature technique, it can be written that:

N
a
J = Z AJ <& > 751>
e e 'q
q=1
where,
' 1 t du v
AJe=wq{[§£c_7§ (Txg-l-?"y—a—}—{-]]lil} 752>
f=fq

7.5 Evaluation of the J-Integral Domain Loading Term:

If the domain loading effect is considered, then a domain
loading term can be defined as follows
ou av
JD=_”[X5§+¥&]¢4 753>
Q

Using the discretization procedure of +the finite element

method, the above equation can be written as follows:

n
E=4
. Jb, = Z (Jn)e 754>
e=1
where,
WD =[T x 2%+ y 220 |J] df dn 7 55>
p’e ax ax = , )
n £

and J as given by equation (5.4).
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The domain integral in the above equation can be carried out by
means of integration cells C(finite elements). The  shape

functions for such cells or elements are given in Appendix (Bl

Let equation (7.55) be written as follows:

), = [ [ roayd |J] d dn 7563
n g

where,

au ou

U=sing quadrilateral cells, the above integration can be

evaluated by means of Gaussian quadratures as follows:

N N
a e
s=14 r=1
where X V.o can be evaluated using the céll shape
’ »

functions as follows:

7.58>

The domain loading components X, ¥, can be defined as follows:
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Cad) For Transitional Inertia:

X =-p a
<7.59>
Yy = - a
e b4
where,
£ = Material density,
a = Rigid acceleration in the x-direct.ion,

ay m Rigid acceleration in the y-direction.

(b)) For Rotational Inertia about the Z—-Axis:

X = p W Cx - x D
z r,s o
£7.60>
2
¥=pr wz (Yr,s yo)

where o is the angular velocity in the =z~direction, and

(xo,yo) are the coordinates of the centre of rotation.

Ced For Rotational Inertia about a Line in the x—y Plane:

2
X m pj er,n xo) my <y

r,e - yo») wxwy 1

7.61>
2
Y = o f (yrﬁ yo) W (xr'g xo) (.oxmy 1
where @ coy are the angular velocities in the x- and

y-directions respectively.

A generalized expressions for the domain loading components can

be defined [Ref.851, as follows:

X = a x + a vy + a
i r.2 2 “r,8 o]

<7.62>
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where,
ai=p(m§+m§) » b1=—pmxwy
az=—pwxwy » bz=p(wi+co:)
c.ro=--(a1 xo+¢cx2 y°> » bc”=—(b1 x°+b2 yo)

The above equations are valid for the following conditions:

ad w #0, 0 =w =0.
z x v

did o =0, 0o #2 0, o = 0 .
® ¥

-~
=

7.6 Transformation of J-Integral Domain Loading Term:

The domain integral in equation (753> can be transformed to a

boundary integral as explained before in chapter 4. ie.

au
Jo= ff(x)[5§+c1f(x)]dy
r
O
-§ro0 | c » +c 2 dx + [ ¥ o dy C7.63>
2 “xy 3 9% )
r ' r

o]

where f(x, 01’ Cz, and C3 are as defined in section (4.5.3).
The above transformation iz valid for the following cases:
a4 w#o,mx=w = 0 .

did wz=0,w =0,wy7=0.

Using the first integration approach, discussed in section

4523, then:
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Jn=f $dy—f_f(aiu+biu)dxdy | (7.64>
r QO

o]

where,

For the case of transitional inertia and the case of rotation
in the x-y plane when wy = 0 (i.e. only . is considered), it

can be proved that:

Jo= ¢ 2 dy 7.65>
r

Hence, equation (7.28> can be written as follows:

-5 ol

It is clear from equations (7.63)> and (7.64> that there is no.

M
e
[
I
"

du
3% ds ] C7.66>

1

requirement. to use integration cells for the evaluation of the
J-integral domain loading term, since the domain integral is
transformed to a boundary integral. This transformation is very
useful for the numerical evaluation of such a term, =since it
can save computer CPU time and reduce the effort required for

the preparation of data.

7.7 Evaluation of the J-Integral Thermal Loading Term:

For elastic case with thermal loading, the J-integral thermal
loading term is given in equation <4.82). The domain integral

part of this equation can be written as follows:
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de

J’T=ff9‘_t§dxdy
Q

7.67>

The double integrals in the above equation can be evaluated by

means of integration cells and Gaussian quadrature technique as
follows:

m
1=
DI AY
e=1

7.682

where m_ iz the number of integration cells.

The term (JT)9 can be defined according to equation (7.67> as
follows:

N N
a

Q
AN D YL A R A

S=1 Ir=4

where,

t
fcxr,s’yr,s} =< <Xr

Now,

the complete J-integral value due to thermal loading can
be evaluated as follows:

n
e
-y
e=

1

N =
IQ
-
®
S
=}
<
!
-
ras
S
c

I

<7.69>



-232-

7.8 Evaluation of the J-Integral Plastic Loading Term:

For the case of plastic strains the complete J-integral

expression can be written using equation (486> as follows:

v=§ |y ay -1

r

2l

ds ] <€7.700

where W° and Vp are as defined in chapter 4.

Now, to evaluate  equation <(7.70> numerically, the plastic
strain energy component Vp should be evaluated using an
elasto-plastic finite element or boundary element programs.
Then a numerical procedure similar to that introduced in

section (7.4> can be used.

7.9 Evaluation of J-Integral for Oblique Cracks:

All the equations given before for the evaluation of the
J-integral are with respect to crack axes, the x-axis of which
is on Cor paratlel tod) the crack surface, as shown in
Fig.<7.4).

Consider the case, in which the crack axes (x‘-y’> are oblique
with respect to the structure axes (x-y>, by an angle ¢, as
shown in Fig(7.6>. To facilitate the FEM or BEM analysis, the
structure axes will be used in the analysis and to be selected
as the best appropriate axes for the finite or boundary element
mesh employed, fte. u, o , o ., £ given to the J-integral
program are assumed to be with respect to structural gl;>bal
axes (x-y). However, according to the derivation of the
J-integral expression, explained in chapter 4, the expression

should now be modified as follows:
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- [fext g-x%, ) dx’ dy’ 771>
o

where the dashed parameters are measured with respect to the

crack axes x'-y’>D.

The directional cosines of the x' and y’'axes with respect to

the x and vy axes, can be obtained as follows:

£ = cosg

} for x'-—axis.

m = =ing
<7.72>

£ =—-=ing
Ffor v’ —axis.

m_ = cosg

A vector can be represented in term=s of its x-y components as

follows:

f
P=v i+uv d=uv L+ v 4
X b4 x b4

From which, it can be deduced that.:

vx {1 {2 U;( |
V=15 o o - <773
y 1 2 y

or

' v’ 51 m ¥
vetl oo l=l: n o 7.74>
¥ 2 2 v ’

U=sing the above equations to represent. du, T, X in terms of

du’, T , X , it can be proved that:
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T du =T du
7.75>
X' du =X du
From which, the following results are deduced:
‘t du’ = t du
J‘ T o ds_f T 5. ds (7.76>
r r
(s [a)
and
‘t au’ . A t du ‘ .
_U_)g I 9% dy-_fx_&—,dx dy C7.77>
Q Q

and from the invariance of the strain energy function, it can
be deduced that:

V¥ o= {7.78>

Substituting equations (7.76-7.78> into equation <(7.71), the

expression for the J-integral can now be written as follows:

. t du
J= [ waday - [(T 52 )ds

r r

o (o]
—j‘_f(){‘f”-g ) dx* dy’ C7.79>

—_ axl -

0

For the numerical evaluation of J, the following

simplifications can be employed:

N
av = Fas (T Fry ow)«

(e ma)
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au du ax du a8y

.__=._.._..__+___...

ay’

ay
=[s+~m,( —g;:—]

ov _ dv dx v 8y
ax'  ax ax ay ay’

v
=L &t ™ e
{1 1
dx’ dy’ = dx dy = dx dy
zz My

For the case of domain loading, with:

X
¥

a +ta x+ta y
o 1 2

b°+b1x+b2y

it can be deduced that:

ff(X—g%,+)’g%,]dx‘ dy'=J‘ [.X’u.-!-_vu]dy‘
9] r

ax ) ay
ff(ﬁ, u o o, u]dxdy <7.80>
Q
where,
ax ax ax
o "L Tyt
ayY ay ay
 “ Lty Lt b,

Finally, for the case thermal loading, the J-integral

expression can be written as follows:
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J= [ Way -f(fg%, ) ds

r r

(=) [a]
- Jfex &) ax

9]

where,
e 9%,
JT = j‘g et dx’ dy’

Q

Now, for numerical evaluation of J'r’ it can proved that:

aio ago 6£°
o "4 T ™ &y
where,
oz _ n ON_
i Z (€ 3
i=1
oz _ n N,
¥ - Z ) 5
i=4
Hence, from equations <(7.82)> and <(7.83),
that:
. 650 42>
J.o=[fle [ﬁm MR }d""“’

it

can

be

<7.81>

<7.82>

{7.83>

written

784>
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Fig.(7.4) Discretization of a J-Integral Contour.

u ¥

Fig.(7.5) N—-Node Boundary Element used as
Contour Element.
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Fig.(7.6) An Oblique Crack with respect to Global Axes.



CHAPTER 8

PROGRAMMING
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8.1 Introduction:

A modular approach has been adopted in this work to design the
programming system, which is named FRAMEC (FRActure MEChanics)
system. The system consists of five basic modules, each module
corresponds to the type of analysis required (i.e. for example
mesh generation, finite element analysis, boundary element
analysis, etc.d). The modules are linked together as shown in
Fig (8.1>, and each one of them contains a group of programs
related to the type of analysis which can be carried out using
such a module. The modules and the programs are described in

the following sections.

8.2 Pre-Processing Module:

This module consists of two programs namely, a two-dimensional
general mesh generator program, and a two-dimensional mesh
plotter program. The procedures of these programs are explained

in the following subsections.

8.2.1 Two-Dimensional Mesh Generator Program:

This is a general mesh generat.or program, which is capable of
generating finite and boundary element. meshes for
two-dimensional structures. The structure of the program Iis
given in Fig.(8.2>, and the basic steps of the mesh generation

procedure can be summarized, for the FRAMEC system, as follows:

Ca) Block Modelling:

A primary coarse mesh is to be prepared such that, for finite
element. analysis, multilateral or curved regions are reduced to
quadrilat.eral or triangular blocks, and for boundary element
analysis, the boundary is divided into one-dimensional blocks.
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The curved domains or boundaries are to be modelled in terms of
curved blocks which belong to finite element or boundary
element. families. The data for blocks can be introduced as mesh
data, and the user has the choice, either to employ it directly
as the suggested mesh, or to direct the program to generate a
new one. Each generat.éd mesh can be considered as a model of

blocks for any further generation.

(b)) Intrinsic Trans formation:

Each block is to be transformed into a uniform element inside
its own local intrinsic space, by employing an isoparametric
transformation as explained in the finite and the boundary

element. theories.

Cc) Intrinsic Discretization:

The di=scretization is carried out wusing the following two

steps:

¢i> Division into simple similar elements; the quadrilateral
block into 4-node quadrilaterals, the triangular block

into 3-node triangles, etc.

(ii> Fitting the required elements, such elements may have
different geometry or different nodal systems from the
simple ones. The fitting is to be performed recursively,
by using the local intrinsic space of every generated

simple element.

The final result is to obtain a fully-discretized block in its

own intrinsic space.
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(d) Transformation to the Global Space:

The global cartesian coordinates of each generated node are
obtained by applying the previously-mentioned isoparametric
transformation. Hence, the generated elements of every block

can be described in the global cartesian space.

Ce) Condensation and Compatibility:

The nodes generated on the common boundary between any two
blocks may have been repeated. A condensation process is to be
performed so that the genuine nodes are to be kept. It i=s
necessary to maintain compatibility at such common boundaries.
The geometric points, division numbers, and division ratios
should be uniquely specified at these boundaries. The
isoparametric transformation itself does not violate any
compatibility, as long as the shape functions s=atisfy the
Co—continuity condition over the whole domain.

8.2.2 Two-Dimensional Mesh Plotter Program:

This program has been designed to plot finite and boundary
element. meshes by using plotting subroutines from the GINO
library. The =structure of the program is given in Fig.(8.3),
and the procedure of every subroutine will be described as

follows:

Ca) ASS TERM Subroutine:

The use of this subroutine is to assign the graphical computer
terminal to the FORTRAN stream, in order to produce a graphical

picture.
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Cb) DAT A Subroutine:

This subroutine reads +the output of the mesh generation
program, which contains all the information required to run the
plotting program (such as, number of nodes and elements, types

of elements, coordinates, topology array, etc).

Ccd) AMIN & AMAX Functions:

These functions calculate the minimum and the maximum values of
the coordinates, which are required by the program to set a

graphical view port.

(d) PLOTTER Subroutine:

This is the main subroutine in the program which uses the GINO
library and the following subroutines to plot the required

mesh.

i. QUAD-N Subroutines:

These =subroutines are designed according to the quadrilateral
family of the finite elements. Every subroutine is capable of
plotting one type of element.

i1i. TRI-N Subroutines:

The subroutines are designed for the plotting of the triangular
family of finite elements, and they are carrying out s=similar
Job as in the QUAD-N subroutines.

tii. GENBEM Subroutine:

This subroutine 1is designed to generate the isoparametric
boundary elements. It is called by the PLOTTER subroutine when
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a boundary element mesh with any type of isoparametric elements

is required to be plotted.

Ced) NODE Subroutine:

This subroutine is designed to plot {.he node number according

to the output. of the mesh generation program.

8.3 Finite-Element Module:

In this module two general finite element programs are

developed, these programs are:

Cx) Linear-Elastic Finite Element Program.

(=) Elasto-Flastic Finite Element FProgram.

The above programs have the capability of carrying out elastic
and elasto-plastic finite element analyses using different
types of two-dimensional elements, loading condition=s, and
boundary conditions. Both programs contain a frontal solver
developed in the Computational Mechanics Group ([Ref.861 to
reduce the CPU time required for the solution of large
matrices, especially in the case of elasto-plasticity where
iterations take place. A description of the programs is given

in the following sections.

8.3.1 Types of Elements:

The above two programs use a library of elements which contain
different. families of st.andard, transition, and crack-tip
elements, including the newly developed singular elements. The
families of elements are as described in chapter 5, and the
shape functions of the standard and transition elements are

given in Appendix [Bl.
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8.3.2 Types of Loading:

The previous programs are capable of carrying out elastic and
elasto-plastic analyses with different types of loading such as
point. loading, distributed loading, pressure loading, thermal
loading and different. types of domain loading (i.e. 4inertial,
translational, and rotational). The above types of loading are

described in chapter 5.

8.3.3 Structure of the Linear-Elastic Program:

The structure of the two-dimensional linear-elastic finite
element. program is given in Fig.(84)>, and can be summarized as

follows:

Cad) DATA Subroutine:

The data subroutine is designed to read all the information
required to run the program such as mesh generated data,

material data, boundary conditions data, and the loading data.

(&) DPLOAD Subroutine:

This =ubroutine assembles the equivalent pressure loading
vector and the equivalentt domain loading vector which are

generated for each element by the following subroutines:

i. EPVG Subroutine:

This subroutine generates the elemental pressure loading vector
using the theory described in chapter 5, section 5.24, and by
calling GAUSS, SHAPEP, and JACOBP =subroutines which will be
described later.
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ii. EDVG Subroutine:

This is a generator for an element domain loading vector using
the theory described in chapter 5, section 523, and it calls
GAUSS, JACOB, and SHAPEF subroutines.

() INITIATION Subroutine:

This =subroutine initiates all the matrices and the vectors

required for the frontal solver solution.

(d) FRONT Subroutine:

This subroutine assembles and reduces the system of equations
for the whole domain using the approach developed in the
Computational Mechanics Group [Ref 86]l. Each assembled equation
is eliminated whenever becoming complete and stored in a direct
access file. The subroutine calls STIFF subroutine which is
designed so as to make the FRONT =ubroutine independent. of the
type of elements used. STIFF subroutine prepares data required
for the generation of the stiffness matrix for one element and

calls ESMG subroutine for carrving out this process.

(e) ESMG Subroutine:

This iz an element =stiffness matrix generator which uses the

following subroutines:

i. DMATRIX Subroutine:

This subroutine generates the b mat.rix which is the
stress-strain matrix required for the correlation between

stresses and strains.
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itt. BMATRIX Subroutine:

This subroutine generates the B matrix in terms of the

cartesian derivatives of the element. shape functions.

iii. GAUSS Subroutine:

A data file containing the parameters for Gauss quadrature Cup
to the 16-point scheme) 1is opened by this subroutine, and the
parameters for the quadrature scheme selected for an element

are read.

iv. MATT, MATM, MATS, MATI Subroutines:

These are matrix operations subroutines, which are required to
carry out a number of operations such as transposition,
multiplication, initiation, etc.

Cf) SOLVER Subroutine:

This subroutine carries out a backward substitution by reading
the eliminated equations backward from the direct access file,

so as to calculate the nodal displacement. vector.

(> DISP Subroutine:

This subroutine extracts and prints the nodal displacements for

the whole number of nodes.

C(h) STRESS Subroutine:

This subroutine generates and prints the nodal strains and
streszses for the whole number of nodes by using the DMATRIX and

the following subroutines:
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i. INTERCO Subroutine:

This =subroutine generates the nodal intrinsic coordinates for

all types of standard, transition, and crack-tip elements=s.

ii. MATV Subroutine:

Thizs =subroutine i=s used for the multiplication of a matrix by a
vector, and is required to multiply the D matrix by the nodal
strain vector to obtain the nodal stress vector.

The remaining subroutines are as follows:

(1> SHAPEP & JACOBFP Subroutines:

These subroutines generate the pressure element shape functions
and Jacobian matrix using the theory described in chapter 85,
section 52.4.

(j) SHAPEF Subroutine:

This subroutine uses the developed finite element library to
call the type of element required by the EDVG subroutine, so as
to generate the wvalues of its shape functions at any given

point..

(k) CARTD Subroutine:

This subroutine generates the cartesian derivatives of the

element. shape functions as required for the BMATRIX subroutine.

1D JACOB Subroutine:

This subroutine generates the two-dimensional finite element
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Jacobian matrix required by the CARTD subroutine.

(m>) INTRD Subroutine:

This subroutine uses the finite element library to generate the

intrinsic derivatives of the required element shape functions

eassential to generate the Jacobian matrix.

8.34 Structure of the Elasto-Plastic Program:

This iz a two-dimensional elasto-plastic finite element. program

based upon the initial stress incremental method, as described

in chapter 5. The program uses the finite element library

mentioned before, and incorporates different types

of vyield

criteria, hardening rules, and solution algorithms, as follows:

Car Yield Criteria:

Tresca criterion.
Von Mi=zes criterion.

Mohr-Coulomb criterion.

al B A

Druker-Prager criterion.

(bl Hardening Rules:

1. Isotropic hardening.
2. Kinematic hardening.
3. Mixed hardening.

Cc2 Solution Algorithms:

1. Newton—-Raphson interpolative algorithm.
2. Modified Newton-Raphson iterative algorithm.
3. Combined algorithm.
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A flow diagram of this program is illustrated in Fig.(85)>. The
steps to carry out an elasto-plastic stress analysis using this

program are as follows:

Ca) Data Preparation:

A data =subroutine has been designed and implemented in this
program to read all the information required for carrying out
the elasto-plastic stress analysis using the facilities
availlable in the program.

b) Pressures/Domain Loading:

In this step the program uses the DPLOAD subroutine explained
earlier to generate the pressure and the domain loading vectors
and assemble them in the main force vector, if the analysis

involves any pressure and/or domain loading conditions.

Ccl Initiation:
In this step the program initiates all the vectors and matrices

required to carry out a frontal solution, using the INITIATION

subroutine mentioned earlier in this chapter.

(d>) Load Increments Do—-Loop:

Since the program is based upon an incremental approach, a
number of load ratios are specified according to the given
number of load increments. The nodal loading vector for every
new increment. is obtained by multiplying the corresponding
ratio by the total nodal loading vector applied.
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Ce) Assembly & Reduction:

In this step the program uses the FRONT subroutine described
earlier in this chapter to generate the assembled, reduced,
eliminated equations for the whole structure and store their

coefficients in a direct access file.

Cf) Frontal Solver:

In tis step a backwards substitution procedure is carried out
to =solve the =system of equations generated by the FRONT

subroutine.

Cgd Stress/Strain Calculation:

In this step the displacement-strain relations are uzed to
perform strain calculations at all quadrature and nodal points,
similarly the =stress-strain relations are used for stress
calculations. Also in this step the equivalent étress at every
point is checkad with the initial yield stress of the material
If no point has exceeded yield, then no plastic calculations

are required and a new load increment is to be applied.

(h) Stress Correction:

In this step a stress correction procedure will take place
using the theory explained in chapter 5. The structure of the
plasticity correction subroutine is shown in Fig.(8.6)>. This
subroutine is common between the elasto-plastic finite element
program and the elasto-plastic boundary elements program.
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(1) Residual Force/Reaction Calculation:

In this step the equilibrium equations are checked =0 as to
calculate the vectaor of nodal residual force resulting from
stress correction. The subroutine calculates also the reaction

forces at restrained nodes.

CJ> Convergence Check:

In this stage an error calculation takes place to check the
convergence of the displacement and the residual force vectors.
If the displacement error or the residual force error Iis
greater than a given wvalue, a new iteration takes place
Caccording to the iteration algorithm employed) using the

residual force vector as a new load increment.

(k) Print Output:

In this step all the required output =such as displacements,
stresses, stralns, forces, and reactions are printed for all or

selected load increments at. the nodal and quadrature points.

> Unloading Calculation:

After the last load increment for the elasto-plastic
calculation, the unloading calculation takes place if required.
This calculation involves the evaluation of the residual
stresses, strains, and displacements at. the nodal and

quadrature points.
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8.4 Boundary-Element Module:

In this module, =ix different two-dimensional isoparametric
boundary element. programs have been developed for
lnear-elastic and elasto-plastic fracture mechanics problems.

These programs are:

(x> Linear—Elastic Boundary Element Program.

C2) Linear—Elastic Domain Loading Boundary Element Program.
(33 Linear—-Elastic Subregions BRoundary—-Element Program.

(42> Elasto—Plastic Boundary Element Program.

(523 Elasto—Plastic Domain Loading Boundary Element Program.

(6D Elasto—Plastic Subregions Boundary—Element Program.

The structures of the above programs are described in the

following sections.

8.4.1 Linear-Elastic Boundarv Element. Program:

This is a two-dimensional isoparametric boundary element
program. The structure of the program is illustrated in
Fig (8.7>. This program uses different techniques for accuracy
measures, such as the singular integration technique, the jump
function technique, the corner module technique, and the finite
difference =cheme. Also a special subroutine has been developed
in this work to generate the isoparametric crack-tip boundary
element. automatically inside the program without the
interference of the user. The structure of this program can be

explained as follows:

Cad) DATA Subroutine:

This =subroutine reads all the information required to carry out

the analysis, and it calls the following subroutines:
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i. GAUSS Subroutine:

The job of this subroutine is similar to that of the GAUSS

subroutine used for FEM analysis, and described earlier.

it. SING Subroutine:

This subroutine opens a singular quadrature file and reads the
quadrature parameters required to carry out a numerical

integration for integrands which contain £sp(r> or Jag(;:)_

iii. TIP ELEMENT Subroutine:

This subroutine has been developed for the purpose of
generating crack-tip boundary elements automatically by moving
the mid-side node of a 3-node i=moparametric element to one
quarter of the distance from the crack tip, or for a 4-node
isoparametric element. by moving the two mid-side nodes to 19
and 49 the distance from the crack tip. The location of the
generated crack-tip elements should be specified by the user in
the DATA subroutine by giving the global number of the element

in the mesh.

(&) GHMAT Subroutine:

In this subroutine @ and H matrices are assembled for all
boundary nodes of the whole =structure. This subroutine carries
out. the assembly after calling the GH subroutine for every

boundary element in the mesh.

Cc) GH Subroutine:

This subroutine generates the elemental g and ﬁ, matrices with
respect to any specified =source point. The singular quadrature
is invoked whenever the =source point lies on the element

involved.
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(d) JACOR Subroutine:

This subroutine generates the Jacobian matrix required by the
GH subroutine. The generation of the Jacobian matrix is carried

out. by calling the following functions:

.. 1. GLAG Function:

This function is used for the generation of Lagrangian shape
functions for n-node isoparametric boundary element. The
required element. should be specified by the user in the DATA

subroutine.

ii. DLAG Function:

This function generates the derivatives of Lagrangian shape

functions for n—-node isoparametric element.

{ed BCO Subroutine:

This =subroutine applies the specified boundary conditions to
organize the system of equations generated by the GHMAT
subroutine, so as to form a linear simultaneous system of

equations.

Cf3) SOLVER Subroutine:

This is a Gauss elimination solver used for  the solution of

equations prepared by the BCO subroutine.

Cgd) OUTPUT Subroutine:

This subroutine extracts and prints the nodal displacements and

tractions for the whole boundary.
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Ch) INTERNAL Subroutine:

This' subroutine evaluates the required field parameters such as
displacements, tractions, stresses, and strains at given
: }r_;t.ernal nodes. The subroutine incorporates different
t;;chniques to improve the accuracy of the results such as Jjump
functions and other techniques which explained before in
chapter 6. The subroutine uses GH and the following

subroutines:

i. CORNER Subroutine:

This subroutine evaluates the € matrix required at a corner
node. The number of corners on the mesh should be specified by
the user and doubling the nodes at. each corner is essential to

model the corners efficiently.

ii. BOUNDARY Subroutine:

This subroutine calculates the field parameters at any internal
node on the boundary of the structure. The subroutine uses a
Lagrangian interpolation technique to calculate the location of
each node within the nearest element. in the mesh, then

interpolates the field parameters accordingly.

iti. FINITEDEF Subroutine:

This subroutine uses a finite difference =cheme to evaluate the
field parameters for internal nodes which are very near to the
boundary. At =such nodes the boundary integral equations for
strains may not lead to accurate‘ answers due to the singular
term=s involved. However, with the jump function correction, it
i= possible to obtain accurate displacement. wvalues there, and
hence it becomes more accurate to evaluate the =trains from
derivatives obtained from direct finite difference ratios of

displacement components, as explained in section (6.6.5).
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iv. STRAIN Subroutine:

This subroutine uses the boundary integral equations to
evaluate the field parameters for internal nodes which are far

enough from the boundary.

v. DMAT Subroutine:

This subroutine generates the elastic D matrix which Ii=

required to correlate between stresses and strains.

vi. MATVEC Subroutine:

This subroutine carries out a multiplication of a matrix by a

vector as follows:

tg

. X =

™mMXN xXd Tmxd

]

(1) EXTERNAL Subroutine:

This subroutine uses the boundary displacements and tractions
so as to generate a system of 4 equations in 4 unknowns (du/dx,
dursdy, Su/dx, dvrsdy) at every boundary node by means of
subroutine AMAT. The equations are solved by using SOLVER
subroutine, then the strailns and stresses are evaluated and

printed at each boundary node.

8.4.2 Linear-Elastic Domain Loadingz Boundary Element. Program:

Thi=s is a two-dimensional, domain loading, izoparametric,
boundary element program which accounts for different. types of
domain loading such as inertial, rotational, translational,
thermal, and concentrated point loading. The structure of this
program is illustrated in Fig.(88>, and it is similar to the
elastic boundary element. program described above except that
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some new extra subroutines are developed and added to the
program for dealing with domain loading. The new subroutines

are as follows:

Cad CPLOAD & CPSTRAIN Subroutines:

These subroutines are developed to  generate the equivalent
displacement. and strain vectors due to a given set of
concentrated point loading with respect to any given =ource
point. The GH and STRAIN subroutines then assemble these
vectors to the corresponding boundary integral equations for

displacements and strains, respectively.

(b)Y BFORCE & BSTRAIN Subroutines:

Theze subroutines generate the equivalent displacement. and
strain vectors due to other types of domain loading at any
specified source point, as required by the GH and STRAIN
subroutines to account for the effect of these types of loading
on the boundary integral equations for displacements and

strains.

8.4.3 Linear-Elastic Subregions Boundary Element. Program:

Thiz program is a two-dimensional domain loading boundary
element. program which incorporates the =subregion technique
described in chapter 6. The structure of this program is shown
in Fig(89), and it is similar to the above program except
that some additional subroutines are developed and linked to
the program for the assembly of =subregions. Also some
subroutines such as BCQ, QUTPUT, EXTERNAL, and INTERNAL have
been modified to deal with each subregion separately. The new

subroutines are as follows:
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Ca) SUBDAT A Subroutine:

This subroutine is developed to extract the required data for
each subregion from the global data provided by the DATA
subroutine, and also to generate and store a location vector
for the nodes in the mesh with respect to each subregion. The
location vector is required by the ASSEMBLER subroutine to

assemble the required matrices for the whole boundary.

Cb) ASSEMBLER Subroutine:

This subroutine is designed to assemble the @ and H matrices
for the whole structure by calling the GHMAT subroutine for
every subregion. The GHMAT subroutine in this case treats each
subregion as a separate boundary element mesh and generates the
required matrices by calling other subroutines, as described

before.

Ccl) CONDENSER Subroutine:

Doubling the nodes at generated corners due to subregioning is
essential so as to maintain the accuracy gained by using the
double-node technique. However, unless a finite tolerance i=s
inserted between the nodes of each corner, a singularity may
develop in the generated equations. This tolerance may,
unfortunately, reduce +the level of accuracy. Altérnatively,
CONDENSER subroutine is developed to condense the equations by
eliminating any unknown which is similar to another. A number
of similar nodes (nodes with one or more boundary parameter
being similar) can be specified in the data by the user. Thi=
subroutine can also deal with any other similar nodes besides
those at generated corner=s. Using the CONDENSER =subroutine
leads to a reduction in the number of equations required to be

=olved.
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(d) EXPANDER Subroutine:

Every time the CONDENSER subroutine is used, the program calls
EXPANDER subroutine, after solving the condensed equations, in
order to generate the =solution at eliminated nodes, from the
specified conditions of =similarity. The CONDENSER and EXPANDER
routines can also deal with parameters being equal in magnitude

and opposite in direction at specified boundary nodes.

8.4.4 Elasto-Plastic Boundary Element. Program:

Thi=s is a two-dimensional elasto-plastic boundary element
program developed in this work for dealing with elasto-plastic
fracture mechanics problems. The program uses the same CORRECT
subroutine explained before and shown 'in Fig(8.63. Alsc it
uses the same library of finite elements as integration cells
for the purpose of domain integration required for
elasto-plastic analysis. The program flow diagram is =shown in
Fig (810> and the stages for an elasto-plastic boundary

element. analysis carried out by this program are as follows:

Cad Data Preparation:

In this stage the program reads all the information required to
carry out an elasto-plastic boundary element analysis and
generates the required vectors such as the prescribed

displacement. and traction vectors.

(b)) Assembly of G & H Matrices:

The program in this stage generates and assembles the 8 and H

matrices for the whole structure to form a system of equations

in terms of boundary displacement and traction.



-263-

Cc>» Boundary Conditions:

In this stage the boundary conditions are applied to organize
the matrices generated by the previous =stage, =0 as to
formulate a system of linear equations in terms of the unknown

parameters at boundary nodes.

(d> Load Increments Do-Loop:

The total load vapplied to the structure is divided into a
number of increments according to some ratios specified by the
user in the N_dat,a. Then the analysis is to .be carried out
several timesj ) by adding one load increment each time till the
total load i= applied completely. Inside this stage the

following steps are carried out:

i. Tractions Calculations:

In this step the prescribed traction vector for each load

increment is calculated according to the specified load ratio.

ii. Soluver:

The generated =system of equations is s=solved in terms of the
current. load increment. Since a large amount. of computer CPU
time is spent in eliminating the matrix of coefficients for
equations, provision has been made in the SOLVER subroutine
uzed in this program =so as to eliminate the matrix only once.
For further load increments, only the “equivalent” loading
vector will be manipulated together with a backward
substitution. Using the vector of prescribed values, the nodal
displacement. and traction vectors are defined for all boundary

nodes.
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iii. Boundary Calculations:

In this step the =strains and stresses are calculated at every
boundary node u=sing the technique described in s=ection 6.7.4).
Old and new values are =stored so as to facilitate stress

correction carried out. later.

iv. Internal Calculations:

All the field parameters such as displacements, tractions,
stresses, and strains at internal nodes are calculated in this
step, and old and new values are stored. The equivalent. stress
at. every internal point is calculated and checked against the
initial yleld stress of the material. If any point has exceeded
yvield, next =step is carried out, otherwise, the procedure goes
to step (FO.

Ce) Iterations Do—-Loop:

In this stage a plasticity check and a correction =scheme are
applied iteratively till a convergence iz met. The steps inside

this stage are:

1. Boundary stress correction at the specified boundary
nodes.
ii. Internal stress correction at internal nodes defining

integration cells.

iii. Estimation of “equivalent” residual force: Every
integration cell is checked and if some of the nodes of a
cell have plastic deformation, then an integration Ii=s
carried out. over the cell to estimate the effect of stress
correction on boundary integral equations for every source

point.,, as explained in chapter 6.
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The stress correction is carried out using the CORRECT
subroutine mentioned before, whilst additional subroutines are
developed for calling CORRECT at boundary and internal nodes

and for the estimation of equivalent’” residual force.

Cf> Print Output:

The required output for each load increment. is printed in this

stage according to specified switches in the data.

Cgd Last Increment:

When the last load increment is applied the program terminates
the analysis and stops, unless an unloading calculation is

required.'

8.5 Fracture Mechanics Module:

This module has been designed for the evaluation of fracture
mechanics parameters such as stress intensity factors,
J-integrals, and crack-opening displacements. The module
consists of two types of programs. The first type is programs
using the finite element or the boundary element results +to
calculate the required fracture mechanics parameters. The
second  type is analytical solution programs based upon
well-known  analytical =solutions to calculate ~ mainly stress
intensity factors and crack-opening displacements. In thi=s
section only the first type of programs are described, the rest
of the programs are not included =since they are simple and

bazed upon well-known literature.
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851 The General J-Integral Program:

This is a two-dimensional J-integral program based wupon the
algorithm given in chapter 7. The program has been developed in
this work to use the finite element or the boundary element
results for the evaluation of J=-integrals for specified
contours. it has the ability to calculate elastic,
thermo-elastic, elasto-plastic, and domain loading J-integrals.
The domain loading J-integrals are calculated using domain
integration or the newly developed techniques of using boundary
integrals. The structure of this program is illustrated in

Fig. (8.11>, and can be described as follows:

Ca) DATA Subroutine:

This subroutine reads all the information required to carry out
a J-integral calculation using finite or bcundar-y element
output. It uses the following subroutines to interpolate the
field parameters at the Gaussian quadrature points if a domain

loading analysis is based upon domain integration.

i- SHF Subroutine:

This subroutine uses the standard library of finite elements to
generate shape functions for the integration cells specified by

the user in the DAT A subroutine.

ii- CGAUSS Subroutine:

This subroutine opens one of two Gaussian quadrature files
depending upon the type of integration cells employed di.e.
Quadrilateratl or Triangular), and reads the quadrature

parameters for the selected scheme.
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(&) INLOAD Subroutine:

This =subroutine is designed to evaluate the domain and thermal
‘loading term=s in the J-integral, if such loading conditions are
assumed, by using domain integration. The =subroutine uses the
CGAUSS subroutine described above and the following

subroutines:

i. TRANS Subroutine:

This is a transformation subroutine, based wupon the theory
given in section <7.9>, required for the calculation of
J-integrals for oblique cracks, where the line of the crack is

not. lying on the x—axis.

ii. BMATRIX, CARTD, CJACOEB, and INTRD Subroutines:

These subroutines are similar to the subroutines explained
before in the finite element module, and they are used in this

program for the same purpose.

(c) JINTr Subroutine:

This is an assembler =subroutine which assembles the J-integral
contour elements and provides the final wvalue of. the evaluated
J-integral for a specified contour. It is also assembles the
domain loading term calculated by the domain integration
technique provided by the INLOAD subroutine. The subroutine
calls the following subroutines:

i. JELP Subroutine:

This is a subroutine to generate the elemental plastic
J-integral term required for an elasto-plastic J-integral

analysis. The subroutine uses JACOBC, GAUSS, GLAG, and DLAG
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subroutines, which are the same subroutines explained before in
the boundary element module.

ii- JELE Subroutine:

This subroutine generates the the elastic elemental J-integral
term by calling the same subroutines called by JELP &subroutine.

Cd>) JINT=2z Subroutine:

This subroutine is similar to JINTxr subroutine but it is used
for the calculation of the domain loading term by the boundary
integral technique developed in this work. The subroutine uses
the next. subroutines in order to assemble the final wvalue of
the J-integral for the required contour.

(ed JEBP & JEBE Subroutines:

These subroutines are used for the generation of the elemental
elastic and plastic J-integral terms required for an elastic or
an elasto-plastic J-integral evaluation. The subroutines use
the DCOEF =subroutine, which generates the domain loading
coefficients required for the boundary integrals.

8.5.2 Extrapolation Method Program for Symmetric Cracks:

This program is based on the theory explained in chapter 7. The
program uses the finite and boundary element results such as
stresses and displacements to calculate the nodal parameters K:

and K:I for symmetric cracks.
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85.3 Program for Extrapolation Method of Unsymmetrical Cracks:

This is a program for the calculation of stress intensity
factors K: and K:: required for the extrapolation method and
based upon the theory explained in chapter 3. The program uses
the finite and the boundary element results to calculate the
stress intensity factors for a =specified orientation with
respect. to the crack plane. It employs a stress transformation
technique to account for oblique cracks, and uses different
combinations of stresses and displacements to generate a system
of equations and then solve this system by using Gauss
elimination =olver. A part from the flow chart of this program
is =shown in Fig.(8.12), where a combination of ¢ and ¢
stresses have been used to calculate K: and KII stres;

intensity factors.

8.5.4 The General Curve Fitting Program:

This program is based upon the theory explained in chapter 7.
The program uses the output. of extrapolation method programs to
calculate and plot the stress intensity factors KI and Kn at.
the crack tip. The =structure of this program iz {llustrated in
Fig.(8.13> and can be explained as follows:

Cad PDAT A Subroutine:

This subroutine reads the information required to carry out a
curve fitting using the least-—square method.

b)) CFrIV Subroutine:

This =subroutine reads an interactive data required by the
program to select the type of fitting and some other
parameters. Then it carries out the curve fitting and plotting

by means of the next subroutines.
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(c>) GLSQC & PLSQC Subroutines:

These subroutines are based upon the least-square procedure.
The first subroutine is used for the curve fitting in terms of
general functions, whilst the second subroutine is used for
polynomial curve fitting. Both subroutines wuse the BFUN

function to generate the required system of equations.

Cd) SOLVER Subroutine:

This iz a Gauss elimination solver used for the solution of the

systerﬁ of equations generated by one of the above subroutines.

Ced PLOTTER Subroutine:

This is a plotting procedure based upon the GINO library. The
subroutine is used to represent. the original data and the
fitted data graphically.

8.6 Post-Processing Module:

This module contains a suit of programs, developed in this
work, based on UNIRAS and GINO libraries to | represent. the
results obtained from the previous modules, and to produce hard
copies. These programs have been used to create all

results-figures presented in this work and they are as follows:

(rd) Graph Plotter based on Uniras Library.
(23 Graph Plotter based on Gino Library.
(3> Contour Plotter based on Uniras Library.

(4> UNIPICT Spooler based on Uniras Library.
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Ca> The Graph Plotters:

These plotters are designed to represent a system of functions
of one variable. The programs can generate graphs with straight

line or curve-fitted segments, and also can draw shaded graphs.

(b)) The Contour Plotter:

This program is designed to represent. the results in a contour
form. It can represent two-dimensional, three-dimensional,
shaded, and annotated contours. Alzo the program can represent
cracks, holes or contours within any geometrical shape. This
plotter has also been used to plot plastic =zZones using the

out.put. of the finite element or the boundary element. module.

Cc> The UNIPICT Spooler:

This program has been designed to use the UNIRAS =standard
UNIPICT file c¢reated by previous programs, =s=o as to produce
hard copies or to display the results again without. using the

original plotters or the original data files.
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Data preparation

Pressure/domain loading

Initiation

1st/next load increment

Assambly & Reduction

Solver

No

Check Piasticity

Yos
Stress/strain calculation A

Stress correction é

Residual force/reaction calculation

Check convergence
Yes
Print qutput

L

Last increment
Yas

No

No

Unloading calculation

Stop/end

Fig.(8.5) Flow Diagram of the Elasto—Plastic FE Program.
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Data preparation |

|

| Assambly of G & H matrices

1

|  Boundary conditions |

1st/next load increment

Tractions calculation

[ Solver |

Boundary calculations

Internal calculations

No
Plasticity Check A
Yes

1st/next iteration

|  Traction correction |
|

l Stress correction | A

|

Force correction |

Check convergence
Yes

[ Print ou]igut |

No

Last increment

Yos
Unloading calculation

|
Stop/end

No

Fig.(8.10) Flow Diagram of the Elasto—Plastic BE Program.
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CHAPTER 9

RESULTS AND DISCUSSION
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9214 Introduction:

It is clear from chapter 8 that the package, developed in this
work, contains many old and new elements and numerous
facilities for engineering fracture mechanics analysis. Hence,
it was essent.i:ﬁ to test every developed part, using cases with
known analytical or published solutions so as to be sure of its
validity. Many of such tests had been carried out in the course
of the package development,, and some of them will be reported

here.

It was wvital for such =study to assess the efficiency and
accuracy of different. schemes developed for linear-elastic, and
elasto-plastic fracture mechanics. Hence, a number of case
studies, most. of which have well-known solutions, had been
selected, and fracture mechanics parameters such as stress
intensity factors and J-integrals were evaluated using
differentt methods possible, and some assessment. have been

carried out.

Since, the BEM could offer a numerical technique more efficient
than many others, specially for dealing with LEFM, a comparison
has been made between the BEM and its nearest competitor , the
FEM, for a number of case studies, where accuracy of results,
computer CPU time, and human being effort were monitored for
each of the two methods. ‘

In this chapter, some validation test cases, and case studie=s
are described together with their results obtained by using the
FRAMEC package developed in this work. The cases are divided

into the following two basic sections:

< Linear—-Elastic Cases.

(i) Elasto—-Plastic Cases.

Although =some discussion will be given with every case study,

aiming at. results interpretation and comparison between



~-286-

different techniques used, the chapter will end with a rather
more general discussion about the efficiency and reliability of
the basic facilities available in the package.

9.2 Linear-Elastic Validation and Case Studies:

The following linear-elastic finite and boundary element case
studies have been analyzed using FRAMEC system.

921 Finite Element Simple Validation Test:

The aim of this =simple test is to check the validity of the
linear-elastic finite element. program developed in this work by
comparing the results obtained by using it with those obtained
be means of an analytical solution. The test was carried out
using a thin plate (Plane-Stress condition)? under a uniform

tensile load as shown in Fig.(9.1).

In order to validate the standard elements available in the
finite element library used with this program, seven finite
element. meshes for the plate with different. types of elements,
as shown in Appendix I[Cl, Figs.(C.1-C.7>, have been employed.
The meshes were generated and plotted using FRAMEC system

pre-processing module.

The displacement. distribution on the lower surface of the plate
Calong the x—axis), as obtained for different meshes, iz shown
in Fig.(9.2> against the analytical =olution. It is clear from
the figure that the accuracy of results obtained for different

elements tested are beyond any doubt.

The axial stress (o‘x) distribution along the y-axds, on the
Hne x = 1, i=s also plotted for different. types of elements

against. the exact answer for the case used (o’¢ = 1>, as shown
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in Fig.(2.3> which confirms the validity of the stress routines
in the FEM program.

It is worth mentioning that several other patch tests for
plane-strain cases, cases with different types of loading, and
cases with curved boundaries, had been carried out and proved
that different facilities available in the FEM program are

absolutely correct.

92.2 Boundary Element Program Validation Test.:

The test 1is carried out +to validate the isoparametric
linear-elastic boundary element progran; deve;oped in this work.
A pressurized cylinder under a uniform internal pressure, as
shown in Fig.(9.4>, is used. Different boundary element meshes
with different elements are generated for this case and can be
reviewed in Appendix [C], Figs.(G.8-C.11).

The results of the boundary element. program were compared with
the well known Lame’s =solution. Fig.(95> shows the radial
displacement. distribution along the radius at €6 = 45° It is
clear from this figure that the results obtained by using the
3-node isoparametric element are more accurate than the results

obtained by the use of other elements.

The radial stress distribution along the same radius is shown
in Fig.(9.6>. It is clear from this figure that the 3-node and
the 4-node isoparametric elements have given more accurate

results compared with other elements.

Fig (9.7> shows the hoop stress distribution along the same
radius of @ = 45°. Again it is clear from this figure that. the
results obtained by using the 3-node isoparametric element. are

more accurate than the results obtained from other elements.

It i= obvious from the three previous figures that, according
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to Lame’s =olution, the 3-node i=zoparametric element has
provided results more accurate than those obtained by means of
the constant. and the higher order isoparametric elements. The
reason that the higher order elements have less accuracy than
the 3-node element is related to the high round-off errors

encountered with high-order interpolation within such elements.

Validation of other facilities available in the PBEM programs
such as different types of loading and subregioning will be
demonstrated within the analysis of case studles discussed
later.

9.23 Case Study of Centrally-Cracked Plate in Tension:

This case is as shown in Fig.{(28) with all of the information
required to carry out a finite or boundary element analysis. It
is clear from this figure that only one quarter of the plate
structure 1is required to be modelled in order to carry out the
analysis, since the structure of the plate is symmetrical with
respect. to the x any y axes. The meshes for one quarter of the
plate with different types of finite and boundary elements are
given in Appendix [Cl, Figs.<(C12-C17>. In these meshes, a
modest. refinement has been employed in the area around the
crack, =since crack-tip elements described earlier have been

used.
Different analyses were carried out for this case study, and

different types of results were obtained. The results are

categorized in the following sections.

Cad Calculation of Stress Distributions:

The distribution of the stress cry along the x-axis was
calculated for the case study with a fixed crack length of 60
mm, using different types of standard and crack-tip, finite and
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boundary elements, and it has been plotted as shown Iin
Fig=.(9.9-9.11>, where r represents the distance from the crack
tip along the x-axis.

Fig.{(9.9> shows the stress distribution calculated by using the
9-node standard element.,, the 9-node crack-tip element.,, and the
{1/8SQR2> =ingular element developed in this work. It is clear
from this figure that the use of one (1/SQR2) element in the
left-hand =side of the crack-tip has provided better accuracy
than the use of two elements in both sides of the crack-tip or
than one element in the right-hand =side of the crack-tip.

Using the 6-node standard, isoparametric crack-tip, and
collapsed crack-tip finite elements, the stress distributions
were calculated and plotted as shown in Fig.(9.10>, which
indicates that the isoparametric crack-tip element and the
first collapsed crack-tip element. have given better
distributions than the rest of the elements. This conclusion
will become clearer in the next section whex-e. the stress
intensity factors are presented and compared with an analytical

solution.

The 3-node standard and crack-tip boundary elements were used
to calculate the stress distribution for the =ame case study.
Thia distribution is shown in Fig.(9.113, which proves that the
crack-tip boundary element has given a stress value near the
area of the crack tip higher than that obtained by using the
standard element.,, especially when only one crack-tip element,

located in the left-hand side of the crack-tip, is employed.

(b)Y Calculation of SIF using Extrapolation Methods:

The KI stress inten=sity factor was calculated using
extrapolation methods with different types of finite and
boundary elements for the same case study, and the results are
demonstrated in Figs.(92.12-9.21).
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Fig.<(9.12> shows the K: stress intensity factor calculated
using the 8-node finite, and 3—-node boundary, standard
elements, at points on the line inclined an angle 8 = 0° from
the crack surface. It is clear from this figure that the
results obtained by |using stress values can easily be
extrapolated to an accurate value of Kx’ compared with the
results obtained from displacement. values. Also it can be seen
from the figure that the 3-node boundary element has given
accuracy much better than that obtained by means of the 8-node

finite element with reference to Feddersen’s solution {Ref.71.

On the line with angle 8 = 90°, the .KI stress intensity factor
for the same case study was calculated using the same elements,
and the results are shown in Fig.{(913) and Fig.(9.14)>, which
indicate that both elements have given good results compared

with Feddersen’s solution mentioned earlier.

Similarly, at €8 = 1800, the stress intensity factor KI was
calculated using the displacement extrapolation method, as
plotted in Fig.(9.15>, which proves that, for this particular
case, the results obtained using the 3-node boundary element
are more accurate than the results obtained using the 8-node

finite element.

The curve fitting technique discussed earHer has been employed
with the boundary element results of the =stress intensity
factor, as shown in Fig.(9216>. It 1is clear from this figure
that the results obtained are more accurate than the results
obtained by means of manual fitting as =shown in the previous

figures.

Different types of elements; old and new, standard and
crack-tip, finite and boundary elements have been employed for
the analysis of the previous case study and stress and
displacement. results have been used for the estimation of KI
streas intensity factors. Curves leading, by means of

extrapolation, to the value of Kx Cat the crack tipd) are shown
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in Figs.(9.17~9.22), and extrapolated values of KI "have been
compared with the corresponding Feddersen’s solution [Ref.7l
To facilitate the comparison, curves f‘or similar types of
elements have been plotted together, and the results can be

summarized as follows:

1. For the 8-node =standard and crack-tip elements, it is
clear from Fig.(917> that it is hard to find any
appreciable improvement gained by the use of that

crack-tip element.

1. Although the use of the 3-node, c¢rack-tip, boundary
element may cause some diét.urbance in results near the
crack tip, as shown in Fig.(9.18), it has been found that
the use of one crack-tip element as such in the right-hand
side of the crack tip dmaterial side) leads to smooth
curves which can be extrapolated to a very accurate wvalue

for the stress intensity factor K’x

™
.
)

The ©@-node elements developed in this work; the 9-node
crack-tip element and the 1/SQR2) =ingular element. have
shown =some improvement of accuracy compared with the
standard 9-node element, as demonstrated in Fig.(9.19).
Some disturbance of results has occurred near the crack
tip, when the 1/SQR2) element. is used, but this can be
avoided if only one of such elements is employed at. the
left~hand side of the crack tip, or if more refined mesh

is used.

iv. Comparing the results obtained by means of several
collapsed 6-node elements, developed in this work, against
those from =standard and crack-tip, 6-node triangular
" elements, as illustrated in Fig.(9.20>, it was proved that
the first collapsed element, in which no distortion of
node locations is required, has vyielded the most. accurate
answer. It has also shown the minimum disturbance of

results near the crack tip.
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. Testing the cubic elements; the 12-node standard and
crack-tip quadrilateral elements, and the 10-node standard
and crack-tip triangular elements, against one another, as
shown in Fig(9.21), it is clear that crack-tip elements
have very little effect on extrapolated answers, except in
minimizing the disturbance of results near the crack tip.

vi. When comparing the KI values obtained by using different
types of elements, as demonstrated in Fig.(92.22)>, 1t is
obvious that most of the new elements developed in this
work perform well near the crack tip and lead to =ome
improvement. in the accuracy of the extrapolated KI values.
One should deduce that. such improvement. in accuracy would
have become significant. if coarser meshes have been used
for this analysis.

Ccd Calculation of SIF using the J-Integral Technigue:

Undér linear-elastic fracture mechanics conditions the
J-integral wvalue is equivalent to the energy release rate G.
This correlation can be used to calculate the stress intensity
factor K: as explained before in chapter 3. Using this
approach, the stress intensity factors from standard finite and
boundary element results have been calculated for the same case
study with different crack lengths and compared with the values
obtained from five different. analytical solutions available in
the literature, as shown in Fig(923>. It is clear from this
figure that the finite and the boundary element results are in
-good‘ agreement with the analytical solutions for a wide range
of crack length.

Using different crack ratios, the non-dimensional stress
intensity factors for the same case study have been calculated
from finite and boundary element results, as illustrated in
Fig (9.24>. This figure =shows that the finite and boundary

element results are 1in good agreement with the analytical
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solution for crack ratios of wvalues more than 01. The reason
for this phenomenon is that for the case of a short crack, a
very fine mesh should have been used in the vicinity of the
crack tip to model accurately the =stress distribution in this

area.

‘The same technique has been used to calculate the stress
intensity factor Kx for the same case study with a fixed crack
length of 60 mm, by means of 9-node and (1/SQR2)> elements. A
comparizson between the stress intensity factors calculated by
means of these elements using different J-integral contours at
different. distances from the crack tip is shown in Fig.(9.25),
which proves that the use of 9-node =standard, crack-tip, and
(1/SQR2>» elements gives good accuracy compared with Irwin
solution. Also this figure indicates that the results of the
J-integral technique are path independent.

(d) Calculation of CTOD under Linear—-Elastic Conditions:

The crack-tip opening displacement, 61.’ has been calculated,
using the curve fitting technique, from finite and boundary
element. results for the same case study. The results are shown
in Fig9.26> and Fig.(9.27>) respectively. It 1is clear from
these two figures that the use of the curve fitting technique
for the calculation of the CTOD has provided an acceptable
accuracy compared with Dugdale solution [Ref.7], whilst the use
of Hnear extrapolation, as suggested in the lHterature and

shown in Fig (928>, leads to less accurate results.

Ce) Plotting of Displacement and Stress Contours:

The displacement and stress contours for the same case study
have been generated and plotted from the finite element output
using post-processing facilities available in the present.
programming package. Fig.<(9.29)> shows cqnt.ours of the
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displacement. in the y-direction, whilst Fig. (92302 shows
contours of the stress in the y-direction. These two figures
show the behaviour of the displacemént, and stress distributions
for a cracked plate under uniform tension, also it is clear
from Fig.(2.30>2 that the highest =stress concentration occurs
near the area of the crack tip, and this behaviour of stresses
agrees well with the theoretical prediction that the stresses
at. the crack tip have infinite values.

924 Gase_ Study of Single-Edge Cracked Plate in Tension:

This case is a single-edge cracked plate with an oblique crack
at angle 6 = -45°, as shown in Fig (931>, =subjected to a
uniform tensile loading. Finite and boundars} element. analyses
have been carried out using the meshes shown in Appendix (C1,

Flg=.(C.18-C.19).

Such a case =study was very useful for the validation of the
subregion technique developed in this work for the BEM, and it
has been proved, in the course of the analysi=s, that without
such a technique it would become impossible to obtain accurate
answers from the BEM for any case with an oblique crack being a
part of its whole boundary, since it seems that every two
opposite boundary elements on the two surfaces of the crack

tend to cancel each other.

For such a case study, fracture modes I and II exist, and this
has provided a chance for testing and wvalidating not only the
procedures for calculating KI and KH stress intensity factors,
but also the use of the J-integral for defining an equivalent

stress intensity factor, under linear-elastic conditions.

The stress results obtained by means of the FEM and the BEM
have been used together with different combinations of
simultaneous equations given in section (333>, so0 as to

obtain wvalues for K: and K:I at. different distances from the
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crack tip, on the line with @& = 0. Due to the nature of the
resulting curves, as can be observed in Figs(9.32-9.34>, it
was decided to employ the Extrapolation-Curve-Fitting
technique, developed in this work, =so0 as to obtain the true
values of KI and Kn’ at. the crack tip, which have then been
compared with the corresponding analytical solution, as given
by Rooke & Cartwright [Ref 331

The curves for KI and Kn extrapolation, based upon stress
components o, and o'y obtained from the finite element and
boundary element analyses, are shown in Fig(9.32> which
emphasizes the good agreement of package results compared with
the analytical solution.

Using each one of o, and cry stress components together with T,
component.,, for the evaluation of KI and Kn values, two sets of
curves have been obtained, as illustrated 1in Fig.(9.33> and
Fig (9.34), respectively.

One may deduce, from Fig(933), that the ax—'rxy combination
has led to well-defined curves for Kr’ with an extrapolation
easler than with corresponding curves in Fig.(9.32)>, should the
manual extrapolation have been used. The figure indicates also
that the FEM resultys tend to be extrapolated to answers more
accurate than those obtained by extrapolating the corresponding
BEM results.

Alternatively, the curves resulting from the ay—'rxy
combination, as represented in Fig.(92.34> have all reasonable
curvatures, and the BEM extrapolated K: value seems to be very
accurate indeed. One should, of course, have guessed that
computer limitations have restricted the usage of very fine

meshes required for such cases with irregular geometries.

The equivalent. stress intensity factor can be calculated for
such a case study, by means of the following formula, suggested
in the literature:



-296-

K = JK2+K2
eq I II

Using this formula, the equivalent =stress intensity factor for
different stress combinations have been calculated from the
finite and the boundary element results, and compared with the
analytical solution, as can be seen in Fig (9.35) and
Fig.(92.36> respectively. It is clear from these two f igures
that. the best accuracy has been gained from the combination of
ay and 'rxy fgtress components, where both the finite and the
boundary element results have given nearly the same value for
K - stress intensity factor.

eq

Using the J-integral technique, the values of Koq were
calculated and compared with the analytical s=olution, as shown
in Figures (937> and (92.38> . Fig.{(2.37> shows the Keq stress
intensity factor for +this caze study calculated using the
f inite?element results at different contours around the crack
tip. It is clear from this figure that the calculated stress
intensity factors are in a reasonable agreement with the
analytical solution, also it shows that the values of +the
stress intensity factor calculated at different contours are in
cloze agreement with each other, proving that the J-integral

values are path independent.

A comparison between the Keq values calculated be means of the
J-integral technique, and the corresponding value from the
analytical solution, is demonstrated in Fig.(92.38> which
indicates that the BEM value 1is nearer to the analytical
solution of Rooke & Cartwright than the corresponding FEM

value.

The maximum stress contours for this case study has been
generated using finite element results, and plotted in three
dimensions as shown in Fig (939>, which demonstrates that the
maximum stress concentration for this case has occurred at the
area near  the crack tip, whilst the minimum stress

concent.ration has occurred on the surfaces of the crack itself.
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925 Case Study of Centrally-Cracked Rotating Disc:

In order to verify the calculation of domain loading conditions
in FRAMEC system, finite and boundary element analyses have
been carried out. for the centrally-cracked rotating disc shown
in Fig(9.40>. Due to the symmetry of the disc, only one
quarter of it has been modelled using the Meshes =shown in
Appendix [Cl, Figs.CC.20-G.21). ‘

Using the J-integral technique for the case of domain loading,
the J-values for this case have been calculated from the finite
and boundary element results for different crack ratios and
compared with the analytical solution of Rooke & Cartwright
[Ref.33]1 as =shown in Fig(92.41>, which proves that the J-values
calculated from the finite and boundary element. results are in
a very good agreement. with the analytical solution values up to
a crack ratio of a/R = 035, beyond which the analytical
solution is no longer valld. Also it is clear from the figure
that the finite element and the boundary element. results are in

a very good agreement. with each other.

The KI stress intensity factor has been calculated for this
case study using the J-integral wvalues obtalned before, and
shown in Fig.(9.42>. Hence, it is clear that the results of
this figure exhibit the same accuracy as demonstrated in the

previous one.

In order to study the effect of the crack ratio and the domain
loading conditions on the path independency of the J-integral,
the J-v;:xlues at. different contours around the  crack tip have
been .célculat.ed for different crack ratios, as shown in
Figs.(9.43-9246>. It is clear from these figures that the
domain loading conditions  have no effect on the path
independency of the J-integral. However, the crack ratio has
some effect. not only on the path independency of the J-integral
but also on the accuracy of the results cdmpared with the
analytical solution. This fact 1is very clear in Fig.(9.43> when
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the crack ratio is very small, and it can be seen that the best
agreement. with the analytical solution is gained when the crack
ratio a/R = 025 as seen in Fig.(9.44)>. Also, it is clear from
Figs.(9.45-9.46> that when the crack ratio exceeds the limiting
value of a/R = 035, the FEM and BEM J-integral values,
although converging with each other, start to diverge away f roni
the analytical solution, whilst the path independency of their
J-integrals improves noticeably.

9.3 Elazto-Plastic Validation and Case Studie=s:

Before using FEM and BEM elasto-plastic programs developed in
FRAMEC =system for the analysis of elasto-plastic fracture
mechanics, it was essential to validate such facilities. A
number of validation cases, with known analytical solutions,
have been tested, and =some of them will be reported here,
followed by results and discussions for some interesting case

studies.

9314 Finite Element Elast.o-Plastic Validation Case:

This case is a pressurized cylinder, as shown in Fig.(9.47),
with increasing internal pressure and plane-strain conditions.
Due to the symmetry of the problem, only one quarter of the
strﬁcture has been meshed using 8-node finite elements as shown
in Appendix [Cl, Fig.(C.22>. The analysis has been carried' out.

in different stages, as follows:

Ca) Analysis with Pressure in the Elastic

Range of the Matertial:

Since the elasto-plastic analysis is based upon the incremental
theory, which requires the loading to start with an increment

generating stresses below the vyield stress of the material
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(i.e. elastic analysis), it was necessary then to verify the
elast.o~-plastic analysis at, this stage. Hence, an initial
pressure increment of 10 N/mm* has been applied to the
structure, causing the stresses to be within the elastic range
of the material.

Fig (948> =shows the elastic radial displacement distribution
for this case compared with the ahalyt.ical solution given in
RefI72] and with the ABSEA finite element package. It is clear
from this figure that. the results of FRAMEC finite element
module agree well with the other results. Similar agreement has
been achieved for the elastic radial stress and hoop stress
distributions as can be observed in Figs.(9.49-9.50).

b)) Elasto-FPlastic Analysis with Pressure Higher

than the Elastic Range:

Increments of pressure leading to plastic deformation have then
been applied, and the results for the case with a pressure of
16 N/mmz, Ccausing plasticity up to the radius of rzs mum), arve
demonstrated here. The elasto-plastic radial and hoop stress
distributions have been plotted as shown in Fig(951) and
Fig (952> respectively, which illustrate that the results of
FRAMEC system have more or less the same accuracy as the
analytical solution and ABSEA package, and this agreement in
accuracy level may verify that the elasto-plastic procedure
employed in FRAMEC system is absolutely correct.

Using von Mises yield criterion, the equivalent. stress
distribution has been calculated and plotted in contour form,
as shown in Fig. (953>, which shows that the maximum equivalent
stress distribution occurs in the area near the internal
surface of the cylinder, also this figure shows the size of the
plastic zone and the plastic zone boundary.
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Cc) Elastic Unloading from Pressure Higher than

the Elastic Range:

In order to calculate residual stresses and validate +the
unloading facility in the FRAMEC finite element module, an
unloading elasto-plastic analysis has been carried out when the
pressure reached the value of 16 N/mm°. The residual radial and
hoop stress distributions have been calculated and shown in
Fig.(954> and Fig.(955> respectively. It is clear from these
two figures that the results of FRAMEC system are more close to

the analytical solution than the results of ABSEA system.

The residual radial and hoop stress contours have been plotted
azs can be seen in Fig.(®56> and Fig.(957 respectively.
Fig (956> shows that the maximum residual radial stress
distribution occurs in the area ﬁear the internal surface of
the cylinder, whilst the minimum  residual radial stress
distribution occurs on the outer surface of the c¢ylinder.
Similarly, Fig. (957> illustrates that the maximum residual
hoop =stress distribution occurs in the internal surface of the
cylinder, and it ia a compressive stress, which may be useful
to improve the =strength of the material, if the structure is
re-loaded CAutofrettagel. '

(d) Elasto-Plastic J-Integral Validation with

Different Pressure Values:

Before applying the J-integral elasto-plastic algorithm ¢to
cracked components, an attempt has been made " to validate it,
using a 1reliable solut;ion. The present case study is very
useful, since it has an analytical solution for elasto-plastic
displacement.,, stress and strairi, but the actual wvalue for any
J-integral around a closed contour within the cylinder is =zero,
since it has no crack. Hence, a non-trivial J-integral value

does exist, if only a part. of a complete contour is considered.
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An analytical solution for the value of the J-integral,
considered only around the outer boundary of the cylinder has
been derived in this work using Tresca vyield criterion, a=s
shown in Appendix [Dl, and the final expressions of the

J-integral for plane stress/strain conditions are given as

follows:
r c 4
J = 5% y? [ ;] for plane-stress condition,
(=)
r c 2
J = % y? [ ;] <1-v"> FJor plane—strain condition.
(=4
where,

C = The radius of the plastic zone,

r°= The outer radius of the cylinder.

Elasto-plastic J-integral calculations have been carried out
using different pressure values ranging from elastic to
plastic, for both plane-stress and plane-strain conditions and
using Tresca yield criterion. The results are compared with the
above analytical solution and shown in Figs.(9.58, 959). It is
clear from these two figures that the finite elemént J-integral
results are in a very good agreement with the analytical
solution up to the pressure value of 14 N/mm>. However, for
pressures higher than that, the FEM J-integral value starts to
diverge from the analytical .éolut.ion. This=s may be related to
the accumulation of errors during the elasto-plastic finite
element analysis, and to the growth of the plastic zone at high

pressure levels.

9.3.2 Boundary Element. Elast.o-Plastic Validation Case:

In order .to validate different facilities available in the
boundary element. elasto-plastic programs developed in this
work, an analysis has been carried out, using a case similar to

the previous one, with different loading conditions, and one



-302-

and two subregions. The boundary element meshes and the
corresponding integration-cell finite element. mesh are shown in
Appendix [C]l, Figs (C.23-C.25), respectively.

Ca) Case with Pressure Loading Only:

A boundary element elasto-plastic =stress analysis has been
carried out for the case study, under different. pressure
values, assuming the von Mises vyield criterion, and ignoring
strain-hardening effects.

The resulting hoop and radial stress distributions, for the
pressure values of 14 and 16 dN/mm® have been compared with the
corresponding finite element and analytical solution results,
as shown in Fig=s.(9.60-9.63>.

It iz clear from figures (92.60) and (9.61>, which demonstrate
the radial distributions of hoop and radial stresses at. the
pressure value of 14 dN/mmz, that. the boundary element. results
are even slightly more accurate than the corresponding finite
element. results, compared with the analytical solution. This
may prove that the boundary element elasto-plastic algorithm is
completely reliable. However, the hoop and radial stress
distributions at the pressure of 16 dN/mmz, as can be seen in
figures ((9.62) and <92.63>, indicate a =slight drop in accuracy,
compared with the analytical solution, due to the accumulation

of errors resulting from the increase of the plastic zone.

b)) Case with Subregions:

The previous case has also been analyzed using the
elasto~plastic, boundary element,, .subregion program developed
in this work. Two different meshes were tested, one with only
one subregion and the second with two subregions, as shown in

Appendix [Cl, Figs.(0.23, CG.24).
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The hoop and radial stress distributions, at. pressure 14
dN/mm” R are presented in figures .64> and <9.65),
respectively, which prove that subregioning technique leads to

" an improvement in .t.he accuracy of the BEM analysis.

The =subregion program contains a facility which allows the user
to =electt one or more subxfegions to be elastically analyzed
only, depending upon his prediction of the expected plastic
zone. When such a facility has been tested by considering the
case with two =subregions, such that only the inner subregion
would be analyzed plastically, a significant =saving of the
computer CFPU time has been achieved, with the same level of
accuxiéxd;, proving the usefulness of such a facility which can

only be employed with subregioning.

Cc) Case with Pressure and Thermal Loading:

The previous case of the pressurized cylinder was reconsidered
when its inner surface was kept at a temperature of 120 QC,

whilst the outer surface was at 20 °C.

Boundary element programs for heat conduction, with and without
subregions, as developed in this work, have been employed to
calculate the values of temperature and its gradient at
different. nodes, and feed them to the elasto-plastic programs.
The resulting hoop and radial stress distributions at. pressure
18 dN/mm’ have been compared with the corresponding finite
element. solution, wvalldated before, and plotted as shown in
figures (92.66> and (9.67> respectively, which prove that.,, for
the case of thermal loading the elasto-plastic boundary element
analysis, developed in this work, is as accurate as the finite

element. analysis.
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(d) Case with Domain Loading:

The pressurized cylinder was also analyzed when it was assumed
to rotate with a uniform angular speed W) around its axis.
Different. values of..’ o have been tested, and it may be worth
mentioning that, as =soon as plasticity occurs, the Valué of ©
can only be increased slightly before divergence occurs in
finite element and boundary element elasto-plastic’' programs.
This phenomenon may be explained, since the difference between
the value of « causing complete collapse of the structure and o
which initiates yield is only 11% [Ref.72]. The results for the
particular case, with ®w = 1 rad/s together with an internal

pressure of 11 dN/mm” is reported here.

The hoop and radial stress distributions are =shown in
Fig (968> and Fig.(9.69> respectively, which prove that the
boundary element. elasto-plastic results are very accurate
compared with the corresponding finite element. solution,
validated earlier.

93.3 Case Study of Elasto-Plastic Analysis
for Centrally-Cracked Plate:

Having validated the elasto-plastic finite element and boundary
element. programs, the elasto~plastic fracture mechanics
analyses for some case studies of cracked components have been
carried out, aiming at comparing the newly-developed boundary
element method with the well-established finite element method,
in terms of accuracy and computer CPU time. The case study,
which is shown in Fig.(9.70), is the first case employed for‘

such a purpose.

Due to the symmetry of the problem, only one quarter of the
structure has been modelled. The finite element mesh and the
boundary element mesh used in this analysis are similar to

those given in Appendix [Cl, Figs.(C.12, C.17).
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The ¢ stress distribution along the line of the crack has been
calculzted and plotted, as shown in Fig(9.713>. This figure
.shows an acceptable agreement between the finite element and
the boundary element. results. However, the boundary element
results seem to have more singularity (ie. higher stress

distribution) in the area near the crack tip.

Using different. load wvalues, the J-integral values have been
calculat.ed, for every load value, and plotted as can be seen in
Fig (272>, It is clear from this figure that the finite
element. results and the boundary element results are almost
identical.

The J-integral values have also been calculated using different
contours around the crack tip. The results from the finite and
the boundary element programs are shown 1in Fig.(9.73>. It i=s
obvious from these results that. the path independency of the
J-integral has been satisfied, although the boundary element
results show a higher J wvalue at contour number 1, because the
contour has been  taken on the outer boundary of the problem,

which contains some corners, with less accurate results there.

The von Mises equivalent. stress contours around the crack tip
has been calculated and plotted in Figs.(9.74-9.76>. The =scale
of the stress contours has been magnified 25 times in order to
show the shape of the plastic zone, which is in this case, the

area srounded by the 400.0 MN./m> cont.our.

234 Case Study of Symmetrically Cracked

Pressurized Cvlinder:

The case has been selected to test the efficiency of boundary
element accuracy measures such as subregioning on the
performance of the BEM elasto-plastic analysis for a cracked
component. A pressurized cylinder with two symmetric radial

cracks, as shown in Fig.(9.77), was employed for this purpose.
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Since, the case has two axes of symmetry, one quarter of it was
moclélled with a finite element mesh as shown in Fig.(C.26>
[Appéndix Cl, and a boundary element mesh with four subregions
as ilustrated in Fig (G27> [Appendix Cl

On running the case without any subregions, the BEM
elasto-plastic analysis had divergence occurring due to the
high =stress concentration at the crack tip. Vith the
4-subregion mesh, and limiting plastic check to the inner
subregions, it was possible to obtain boundary element results

with rapid convergence, for such a relatively coarse mesh.

The boundary integral equation for strains was tested against
the finite difference procedure, by changing the length of the
finite difference boundary layer thickness from a very small to
a very large value, no difference in results has been observed

throughout all of the load increments used.

The uy displacement distribution on the crack surface, and the
o'y atress distribution on the crack line have been plotted, for
elastic results, as shown in figures €9.78> and (9.79)>
respectively, which indicate that BEM results have more or less
the same accuracy level as FEM results. Fig.(9.79) =shows also
that, without using any crack-tip element, a =singularity occurs
at. the crack +tip because of 1its location as a corner node

common between two subregions.

The elasto-plastic J-integral values are plotted at different
internal pressures, as =shown in Fig(92802>, which shows a
reasonable agreement between FEM and BEM results. The deviation
between the results of the two methods increases with the
increaze of the internal pressure due to plasticity in outer

subregions.
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938 Case Study of Cracked Thick-Walled

Pressurized Cylinder:

This case is similar to the previous one but with one radial
crack only, as shown in Fig.(981). Due to the symmetry of the
problem around the x-axis, only one half has been analyzed
using the mesh given in Appendix rcal, Fig.CG.28). The
nondimensional J-integral for this case study has- been
calculated for different pressure ratios using the
elast.o-plastic FEM program of FRAMEC package and compared with
similar results obtained for the same case study by Sumpter
fRef 891, and Tan & Lee [Ref.90]1

The output has been plotted, as shown in Fig.(9.82), which
proves that the elasto—plasﬂic J-integral values obtained by
means of FRAMEC finite element analysis is in a very good
agreement,l with the published results. The equivalent stress
contours for this case study is shown in Fig.(9.83> which can
provide a useful illustration for stress concentration and

plastic zones.

9.4 General Discussion:

During the course of study, and considering the results
obtained for different case =studies described before, some
general interesting points have been materialized, and they are

discussed and reviewed as follows:

(a2 Programming Package Facilities:

It was not possible: to run the package so easily and smoothly
without the help of its control program developed as a
VAX-Command file which controls different. operations of the
package. It is also clear that. the package pre- and

post-processing facilitiezs are very useful tools for data
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preparation, mesh genérat.ion and  plotting, and results
presentation. Most. of the figures presented in this chapter

have been generated by means of those facilities.

Many other facilities have been validated and proved to be very
advantageous. Pressure elements may helj: in reducing data and
human effort required for the specification of finite element
loading equivalent. to pressure loading. The package own finite
and boundary element., heat-conduction programs provide thermal
data required for thermo-elastic analysis, using the same mesh.
An experienced user can employ facilities, such as transition
and crack-tip elements, for generating very economical meshes,
without. affecting accuracy levels required. Some advantages of

other facilities may become apparent within next sections.

b>) Standard Finite and Boundary Elements:

Although different tests have proved that all of the finite and
boundary elements available in the package are correct in
derivation, it is clear from the analysis of previous case
studies that one should not expect an automatic improvement. in
accuracy wheneverﬂ higher order elements are employed. The
second order finite elements, elements with one mid-side nodes,
and the second order boundary element., the 3-node isoparametric

element., provide an optimum choice.

Ce> Package Modularity:

The package modular design has proved to be extremely useful
The same J-integral program can be coupled wit.h results from
either FEM programs or BEM programs without any interference by
the user. The elasto-plastic analysis; stress-correction,
stress-strain matrix, ..etec, {is avallable in a separate file
which can be linked to either FEM or BEM elasto-plastic

programs. It is perhaps best to use the same mesh employed for
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FEM analysis as an integration-cell mesh for the BEM
elasto-plastic analysis, since it will make it possible to have
a direct comparison, at the same nodes between the results
obtained by means of each method. This idea was not possible
without including the same finite element library in
elasto-plastic BEM programs. Different boundary elements have,
similarly, been employed in the FEM analysis as pressure
element=s, they have also been used as contour elements in the

J-integral programs.

(d>) Assessment of Crack-Tip Elements:

Many old and new crack-tip elements have been tested, and the
results have proved that a crack-tip singularity can be
generated within a rather coarse mesh, when such elements are
used in the vicinity of a crack tip. Most of the crack-tip
elements available in the Hterature require coordinates
~distortion for some nodes near to the crack tip, and this may
become as a heavy burden to the user generating meshes for

cracked components.

However, two of the new elements developed in this work, the
(1/7SQR2Y» element and the collapsed element require the
distortion to be carried out only in the intrinsic plane,
keeping the nodal cartesian coordinates untouched. These new
elements have also proved to be very accurate compared with
other elements. Some crack-tip elements, specially the 3-node
boundary element.,, seem to have a favoured direct.ion; i.e. they
cannot. be used efficiently except when located at certain =side

of the crack.

(ed) Methods for Stress Intensity Factor Evaluation:

Many methods for the evaluation of stress intensity factors
have been presented in this work. The extrapolation method,
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which is based upon some parameters defined on a line emanating
from the crack tip, may require the use of additional internal
nodes for the BEM analysis. The suitability of generated curves
for belng extrapolated, may depend upon the parameters used -and
the inclination of the line from the crack surface. The
extrapolation curve-fitting technique, developed in this work,
provides a very efficient. tool for the evaluation of stress
intensity factors, specially when the component. contains an
oblique crack. Short cracks may require the use of very fine
meshes so as to obtain accurate stress intensity factors for
them by means of FEM or BEM results. It may be advantageous to
employ the J-integral technique for the evaluation of
linear-elastic stress intensity factors but it is only capable
of providing the value of an equivalent stress intensity

factor, whenever the component. has multiple modes of fracture.

CfO> J-Integrat Algorithms:

The algorithms developed in this work for the calculation of
J-integral wvalues have proved to be very accurate and
efficient. They have performed well for cases with boundary
loading, domain loading, and thermal loading and with elastic
and elasto-plastic analyses. They have been programmed so as to
use directly output. files generated by means of the FEM or BEM
programs without any human interference. Transformation of
global axes to crack axes have been carried out internally
within the J-integral programs, and this allows the user to
employ the best global axes possible for the FEM or BEM
analysis. New derivations and simplifications of domain-loading
terms in J-integral éxpressions have helped in obtaining
J-integral values accurately and efficiently, and also in

reducing computer CPU time.

Although the ABAQUS finite element. package, which contains
J-integral facilities, is available at Cranfield, no comparison

with its results has been presented here, simply because some



-311-

test= carried out earlier had proved that. the J-integral values
for domain loading cases, as calculated by means of the ABAQUS

package, were far from being accurate or path independent.

Cg>) BEM Accuracy Measures and Subregioning:

Some  accuracy measures should be obzerved when |using
isoparametric boundary elements such as, doubling of corner
nodes, using subregions whenever necessary, and defining a
boundary layer within which stresses are calculated by means of
a finite difference procedure applied to displacement. wvalues
there.
T

The subregion technique presented in this work is unique in
using double nodes at. generated corners, and a condensation
algorithm to minimize unknowns at similar nodes. This allows
the use of, gaps with zero length at corners, and corner
Jjump~functions which improve the accuracy of the BEM analysis.
It is clear from previous tests that, in addition to the
condensation facility, there are three basic advantages

achieved by subregioning:

1. It improves the accuracy of BEM results, specially for
cases with irregular domains.

it. It has made it possible for the BEM to deal with cases
which contain non-symmetric or oblique cracks.

iit. It can be used to reduce the computer  CPU time for
elasto-plastic analy=sis, by specifying whether every
subregion may have plastic analysis or not.
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C(h) Finite Element versus Boundary Element

Ffor Linear—-Elastic Fracture Mechanics:

It is clear from previous results that the BEM has proved to be
very advantageous for the analysis of HlHnear-elastic fracture
mechanics problems as compared with the FEM, due to the

following main reasons:’

i. For the calculation of J-integrals, and stress intensity
factors from data along crack surfaces, FEM and BEM
results are only required on the boundary. This represents
an ideal =situation in favour of the BEM since no internal

nodes are required for fracture mechanics analysis.

it. The accuracy of the BEM is, without any doubt, as good as

that. for the FEM, or may even be better, for many cases.

itt. Some =aving in CPU time may be achieved with the use of
the BEM. However, with the frontal solver being employed
only for FEM, the actual saving with the BEM would be in
data-preparation effort and in mesh generation, specially
whenever there are non-symmetric or oblique cracks which

may require mesh-zooming in the vicinity of crack tips.

iv. Subregioning, if considered instead of a coarse finite
element. mesh would provide more accurate answers and have
banded-matrix characteristic which may then be dealt with

by means of efficient solvers.

i Finite Element versus Boundary Element

for Elasto—Plastic Fracture Mechanics:

It iz clear from previous cases that there are still =some
development. required to be carried out in order to have the BEM
being as efficient as the FEM for elasto-plastic fracture

mechanics  analysis. With old and new accuracy measures
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considered within the BEM analysis, 1its accuracy has not now
become the crucial factor, since accurate BEM results could be
obtained by one way or another, but the basic disadvantage is
that the CPU time required for carrying out an accurate BEM
analysis is larger than that for the corresponding FEM
analysis. One may, of course, reduce the BEM CPU time by means
of efficient subregioning. Although the present author, cannot
argue against the view that this may not provide enough grounds
for the BEM to become superior to the FEM, for elasto-plastic
analysis, he belleves that most of the CPU of the BEM, iz spent
in pagination required with a virtual memory computer such as
VAX. Anyway, subregioning techniques provided here may pave the
way for generating a hybrid procedure within which the FEM and
the BEM will be coupled together to provide a new technique
more efficient than each of the two methods on its own.
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CHAPTER 10

CONCLUSIONS
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CONCLUSIONS

From previous analysis and discussions, one can conclude that
the basic objective of the work, aiming at the development. of
an efficient elastic, and elasto-plastic fracture mechanics
package, based upon finite and boundary element methods, has

been achieved.

When using the package for fracture mechanics analysis of some

case studies, the following conclusions have also been

envisaged:
Cad) Package characteristics and facilities, such as
controllability, modularity, pre-' and post-processors,

different types of elements, different. types of
loading,... etc,, have proved to be very useful tools for

carrying out such analysis.

(b2 New crack-tip elements developed in this work have shown
to be very efficient and can lead to an accurate
estimation of lnear-elastic fracture mechanics

parameters.

Cc) Accurate values for stress intensity factors can be
obtained by means of the extrapolation-curve-fitting
technique developed in this work.

Cd) New algorithms derived for the calculation of J-integrals,
have proved to be very efficient and advantageous for both

linear-elastic and elasto-plastic fracture mechanics.

(e The subregion technique, presented in this thesis,
provides an indispensable facility to fracture analysis of
components with non-symmetric and oblique cracks by means
of the boundary element method. It has also proved to be



H

Ced
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very useful for reducing computer CPU time during

elasto-plastic boundary element. analysis.

The boundary element method has shown to be more
éfficient., in terms of accuracy, CPU time and human
effort, than the finite element method, for linear-elastic
fracture mechanics analysis. However, for elasto-plastic
conditions, an accurate boundary element analysis may
require CPU time larger than that for corresponding finite

element. analysis with the same accuracy level.

Fracture analysis of components with short cracks may

require very fine meshes in the vicinity of crack tips.

Recommendations for Future Work:

Cad

b

Ced

Cadd

Efficient solvers for boundary element analysis are
required to be developed, specially for cases with
elasto-plastic conditions.

A proper coupling between finite and boundary element
methods for an efficient analysis of non-linear problems
should be investigated.

Some experimental work is to be carried out for the
validation of results showing some deviation from
published analytical solutions.

Fracture mechanics analysis, presented in this work, could
be extended to cover fracture dynamics and fatigue crack

growth.
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APPENDIX A

A1l Integration By-Parts Theorems:

Let f(x,y> and g£<{x,y> be continuous functions with continuous
first order derivatives defined in a domain Q with boundary [,
then:

Cad ”fgg;dA= gSzfgds—J‘_[gx—fgdA CA1D
o r o

<b> fffg-%délg §mfgds—ff-g—§gd;\ CA.2>
o r a

where, £ ds = dy, m ds= = - dx .

The proofs of the above theorems are shown in Ref[791

A.Z2 Useful Theorems:

A21. Theorem (1):

Let a parameter [ exists such that u = udxy,l), then, for a
stationary structure defined in terms of the domain , it can
be shown that:

[Jo granm $1° G as + [ X 3¢ an A
r

where O is a closed two-dimensional domain with a boundary T.
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Cal) Result Cr):

[[ o' a2 dA = $ 1" Auds + [ X" Au dA CA4D
Q r

(b)) Result (2)-

Defining I1 = U + V = U - Work done by external loads, then:

An = [[t aw da - [[t o As dA CAS5>
Q ol
where W m au iau

dvol=?d_x'

A.22 Theorem (Z:

Let a parameter { exist such that u, o, £, T, and X are all
functions of {, then in the absence of dissipation energy, for
a moving structure defined by means of the domain ), it can be

proved that.:

o = ar

jf(aw+ag<>dA=§g-’gds+_f_[g?dA CA.6D
Q r 0

Cad Result (r):

For a constant system of surface and body forces:

W IK t du
ffch+-5f->dA- 1-&,——

Q r Q

du
e dA CATY
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(b)) Result (23

Dividing equation (A5 by tAf and taking the limits, it can be
deduced that.:

di J‘j‘%dA—j‘_]‘o«‘-:dA CABD
a

Ccr) Result (33:

Substituting equation (A.8> into <(A.8), it can be shown that:

dA A9

A2

all oW t du
far = lfxa-$r e [Ix
Q r Q
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APPENDIX B

FRAMEC PACKAGE LIBRARY OF FINITE ELEMENTS

B.1 Standard Family of Elements:

Element. No. 1

4-Node Isoparametric Element.

2
]

2 2
£y Lo

2
n

2 2

Loy Lo
2 2

N, = £ Lo
2 2

N, = £2¢6> 2209

where,

.’8’,’(2) an
L r

{ n-1> =z - {r-1> ]
r=l

i—-r

Element. No. 2

6—-Node Quadrilateral Element.
N = £7¢£> 22y

1 1

3 2
N, = £.¢&> £

3 2
N = £¢¢> Lo

=z
I

3 2
£ Lo
3 2
N, = £¢¢> £.nd

. | 2
N_ = £ £



Element.

No. 3

8-Node

Element.
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Isoparametric Element.

3 2 2 3
= LD Lnd + LE £

- .%’:(E)
= 22(5)
= f‘:cg)
= .ﬁe:co

3
= .‘62(5)

3
£¢E>

= .ff(g)

No. 4

o—Node

.15’:(}))
xfc’n)
.sezcm
:ezcm
xzcm
:ezcm

a
22(7))

2 3
+ Jﬁ‘z(f) .".‘,’1(7})

2 3
+ £E> LD

2 3
+ 21(8) 3‘38(7))

Lagrangian Element.

- .«ejcz)
- :eicg)
a JS?Z(E)
= 22(5)
= Jezc'@
- x:cm

3
= £

xi’cm
.sffcr,)
:efcm
:ﬁ’:(n)
J.‘,’:(n)
2:0;)

3
.83(7))

2 4
5> Lo

2 2
£XE> L2

2 2
£KE> Lo

2 2
£ Lo
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2 3
Na = 31(8) .‘L‘,’z(n)

3 3
N, = £ £

Element. No. 5§

8-Node Quadrilateral Element.

2
]

4 2

21> Loy
4 2

N, = £ £l
4 2

N, = £.¢¢) £

4 2
N = 24(‘(’) .‘6’1(‘(;)

2
]

4 2

x‘cn ."32(7))
4 2

N = .’83(&‘) sz(n)
4 2

N = .‘6"2(6) ifz(n)

4 2
N, = £/¢&> £

Element. No. 6

To—-Node Quadrilateral Element.

N = 2% L2 + 22> L2 - 22> 2o
1 1 1 1 1 1

N = 2> £2md
2 1
4 2

N, = £5¢6> £ian

4 2 2 3 2 2
N = 3’4(&') .Y:‘i(‘n) + fz(f) .'6’1(7)) Zz(f) .E’i(n)



N
10

2
£
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3
.‘62(7))

2 3 4 2 2 2
.'6’2(8) fa(’n) + .’34(?{) .Ez(n) 32(5) .%’2(7))

4
E e’

..
248>

2
£

2
.‘82(7})

4 2 2 3 2 2
xicn .992(7}) + .‘61(5) fa(n) .55’1(&') .i?z(n)

2 3
£ Lo

Element. No. 7

r2—Node Isoparametric Element.

< 2 2 4
N = £ £ + £, giap

10

.‘ezcz >
.f;cf >
.2‘3:(8 >
:s’zcg >
x;’(f >
.fch >
xgcg >
xch >

4
£

.ﬂe:m)
:efcm
:efcm + :3:(&) x‘:(m
ﬁ’:(n)
x;qrp
:ejcn) + xjco x:q;)
fz(n)
.‘6’2(7))

2 4
om + .ff(}:) £

2 2
£reEd> Lo

2 4
.‘620(’ > sz W2

2 2
£ Lo

2 2
£ Lo
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2 4
N = 268> giom

2 4
N = £.¢¢) £30

Element. No. 8

3-Node Triangular Element.

Ni = L1 = 1-f-p

Element. No. @

6-Node Triangular Element.
N = r2%L >
2 1
N = 2% > 2% >
1 1 1 2
N = 2% >
2 2

N = 2% > 2% >
1 2 1 b |

2z
n

AL >

2 3

N = 2%t > 2%l >
1 3 1 1

where,

n s-1 n LX‘_ t'
ADeL > = M ( — ] , s =1, 2, ...
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Element. No. 10

ro—-Node Lagrangian Element.
N = 2L
1 4
N = »23¢cL > 2>
2 1 41 2
N = 2%z > 2L >
E 1 2 2
N = 2% >
3 2
N = 23 > 2L >
2 2 1 3

N =23 > 2%
i 2 2 g

2
]

e >

: g =
N = 22> 23>
2 g 1 1
N = 2% > 23>
1 h | 2 4

N = 22 > 23 > 2L >
1 1 1 2 1 3

B.2Z2 Transition Family of Elements:

Element. No. 11

5—-Node Quadrilateral Element.
N = £¢d £
1 - §
N = x’:cn xfcm
N = 2:0:) xfcn)

2 2
N, = £.¢&> £



N
5
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2 2
= .1.‘?1(&’) .%’2(7))

Element. No. 12
6—Node Quadrilateral Element.
N = xi’cb .ffcm
N, = .‘ezcm ff(m
N, = .L‘z(t‘) f::(n) + .@:cz:» .‘e:cn) - .‘5’:(8) zfcrp
N, = xicg) xi<n>
N, = .ﬁfzcg) f:cn>
N, = .‘ﬁ’:(f) .f:(n)
Element. No. 13 ;
rr—Node Lagrangian Element.
N = xfcf) xf<n>
N, = xfcg> xf<n>
N, = x";’cg) xicm
N, = xicn xi‘cm
N, = zi<f> xfcn>
N, = :ezcm x:m)
N = xzcm fzcn)
N, = x:(@ .zezcn)



-416-

3 a

N‘> = .331(8) .%’3(77)
' 3 )

N10= i‘;’i(t’) .53’2(7‘;)

3 3
N = £X¢> £

Element. No. 14

r3-Node Lagrangian Element.
N = 2;5(&') x‘;‘cm
N = x’:cg) x‘i’cm
N = :e:(g) xjcm
N, = £.¢> £

] 2 2 = 3 3
N = 350,’) 21(7)) + $a§f) .1‘;’1(7;) .‘91(8) .Ei(n)

2
[}

:3:(&) xzcm
N = :e:c{f) x;’(m
N = .se:a:) xfcn)
N = .t’:(.f) :e:m)
N _= .33:(&) .se:cm
N = 2:’({‘) .&ezcm
N = :ei’c@ aeicm

3 3
Nmn .‘6’2(8) .‘62(7))
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Element. No. 15

ro—Node Quadrilateral Element.

N = .ﬂejcaf) zfcn) + .@fcgy :ei‘cm - .‘E’:({‘Z) :efcm
N = zzcw ffcn)

N = x:<f> .ffcm

N = xjca xfcn)

5 2 2 3 2 2
N = .‘65(5) 21(1)) + .‘ez(f) 31(7;) 3.‘?2(2:') é‘.’:‘i(‘n)

2
fl

.se:cg) :ezcm |
N = xzcm xzcm + .ech; :eZcm - sz(f) xicm
N = :ezcg) xzcn)
N = .se:cg) xzcm + :efcg) chm - ff(f) .&e;o;;)

2 3
<
0= .‘6’1(?;') ...2(‘(})

Element. No. 16

rz—Node Quadrilateral Element.

N = xfcz:) rfcm + z’fcg) xi‘crp - :efcw .tfcm
N = J?:(E) .éfcrp

N = .z’:cg) xfcm

N = xi’c@ xfcm

N = .‘6:({‘) x’fcm + .‘z‘,’;(E) .ff(n) - xfca') xfo;)
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N = .?32(@ :ejcn)
N = .t’ch x";'cm
N = .e:c@ .ﬁefcm
N = .‘»f:(éf) x:cm + r:<g> :eZcm - xzczf) xzcm
N = x’:cg) .E‘:Cn)
N = .t’i(‘g’) xicm + xfcg; x:m) - zfcg; xzcm

2 3
N, = £ £

Element. No. 17

4—node Triangular Element.
N =L 4 - 2L
1 2

N =4 L L
2 1 2

2
n

L_ Q2L _+ 2L -1>
2 2 3

N = L
4 a

Element. No. 18

8-Node Triangular Element.

N = L QL -1> - 8 L L [2L <L -L > - 'L 2L ~-12]
2 2 3 2 T3 2 2 3 1 2

N = S L L [C4L -1> L ~1> + 2L -1> (4L -3>]
3 2 a3 2 2 3 ]

N = -2 L L [<4L ~1> (4L -3> + (4L —-1> (4L -3)>]
2 a3 2 2 3 a

2
N
wj e

L L [<4L -1> 2L -1> + Q2L -1> (4L -3>]
z 1 3 3 2 2
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8

N =L QL -1> - - L L [2L <L -L D> - L <L -1>]
3 - ] 3 2 1 3 3 2 1 2

N =L 1 - 2L -2L >
1 2 3

2
n

4 L. L
8 1 2

B.3 Collapsed Crack-Tip Elements Family:

Element. No. 1:

N = 5 2np-12
N = 4 5 AA-F-71D

N, = (-F-n> 1-2n> — 2¢ + ?'_C'—n

3 2 1
N = 4r - 2
4 1i-n
2¢?
N, = -f 2z + o
N =4¢ 79

Element. No. 2:

N = (1-£> C(1-2¢)
N = 4f (1-£> <1 - gy

N =<g—n>c-1+zg—zg

2
|}

477(1—?
nc—s+zg+z%}->
N = 4y 1-£>

l:‘2
]
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Element. No. 3:

’,

--{- 'g
4 7 s N N

N = d-p> <d1-2p)

N = 4F <1-nd

N = ¢ 3 + 2 % + 27

= 4 1 - %p

= (F) -1 - 2 % + 2
N = 4 53-8> -7
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APPENDIX D

Derivation of the Elasto-Plastic

[FIntegral Expressions for Pressurized Cvlinder

For the case of pressurized cylinder as shown in Fig.(9.47),
the J-integral expressions for plane s=tress and plane strain

conditions can be derived as follows:

Gonsidering the outer boundary of one quarter of the cylinder
as the J-integral contour, and assuming that the structure
contains a crack of =zero length, then the J-integral expression

for such a case can be written as follows:

J =

N =

[ o' = dy / D.1>
r

For this case:
dy = r_ cos8 de <D.2>
where r_ is the outer radius of the cylinder.

Now, for the quarter cylinder, equation (D.1) can be expressed

as follows:

4 noz
J = = J‘ o £ cos6 d6 <D.3>
2 o —
o

Assuming Tresca criterion, the =stress and straln relations for

this case are given in Refi72] as follows:

(a) For Plane-Stress Condition:
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yC Yy C
r [=]
o
(&) For Plane-Strain Condition:
o = o, ’l‘rs = 0
2 2
YC bd C 2
Oy = 2 , 9 = F [;o] A-v™ <h.5>

where C 1is the radius of the plastic 2zone which can be

estimated from the following expression:

2P ' 2
i c c
-1 [;] + 2 Jdg[ ;1] | ¢D.6>

(=)

Now, by =substituting from equations D4> and DB, the
integration in equation (D.3> can be =olved and expressions for
the J-integral can be obtained as follows: ’

r 4
J = 5% y? ( (—I::-] for plane—-stress condition,
o .

r c v 2
J = ﬁ% y? [ ;] A-v7> for plane-strain condition.



