
Z Q

CRANFIEXD INSTITUTE OP. TEOMOIXTtY

DEPARTMENT OF AERODYNAMICS

P b , D T hesis  

Academ e y ea r 1970 -72

A. Y. MURTHY

S tu d ie s  in  H ypersonic V iscous I n te r a c t io n s

supervisor : De, J* F, Gierke

December. 72



ProQuest Number:

All rights reserved

INFORMATION TO ALL USERS
The quality of this reproduction is dependent upon the quality of the copy submitted.

In the unlikely event that  the author did not send a complete manuscript
and  there  are missing pages, these will be noted. Also, if material had  to be removed,

a note will indicate the deletion.

ProQuest

All rights reserved.
This work is protected against unauthorized copying under  Title 17, United  States Code

Microform Edition © ProQuest LLC.

ProQuest LLC.
789 East Eisenhower Parkway

P.O. Box 1346
Ann Arbor,  MI 48106 - 1346

10832254

10832254

Published  by ProQuest LLC ( 2019 ). Copyright of the Dissertation is held  by Cranfield University.



SUMMARY

The l i t e r a t u r e  on th e  le ad in g  edge v isco u s  in te r a c t io n  
phenomena has "been rev iew ed . T h e o re tic a l  s tu d ie s  of th e  . 
th e  le ad in g  edge b lu n tn e ss  and th e  b o u n d ary -lay er d is p la c e ­
ment e f f e c t s  have been  made by u s in g  a  com bination o f 
• tan g en t wedge + c e n t r i f u g a l  f o r c e ’ p re s su re  law r e l a t i o n  
and a ls o  u s in g  th e  2nd o rd er tan g en t wedge fo rm ula  su g g ested  
by l e e s .  These a n a ly se s , when a p p lie d  to  concave su rfa c e s  
show a m ild  o s c i l l a to r y  behaviour compared to  th e  h ig h ly  
o s c i l l a to r y  r e s u l t s  of C heng's th e o ry . F u r th e r , an in t e g r a l  
approach due t o  Chernyi has been  a p p lie d  to  concave su rfa ce  
flow s and th e  damping of th e  o s c i l l a t i o n s  p re s e n t i n  , 
Cheng’s th e o ry  i s  dem onstrated .

Experim ents have been  conducted  a t  a  Mach number Of 1 2 .2  
i n  a  gun tu n n e l ,  on f l a t  p la te s  and on a  concave su rfa ce  
w ith  a  sh arp  le ad in g  edge. The r e s u l t s  a re  compared w ith  
th e  p re d ic t io n s  o f v a rio u s  in te r a c t io n  th e o r ie s .
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v/ : W all shape

Do : “P ree  s tream  c o n d itio n s
:  D e - n o t e s  c L û ^ j e r e n k o R c t i  o n c e .

A bbrev ia tio n s  :

TW : Tangent wedge p re s su re  law.

TW-fGPG-L ; Tangent wedge + C entrifu gal pressure lawc

Notes Other symbols no t d e fin e d  in  t h i s  l i s t
w i l l  be d e fin e d  a p p n p ria te ly  in  th e  p a r t i c u l a r
con tex t.



CHAPTER. 1 ; INTRODUCTION.

The s u b je c t  o f hyperson ic  v isco u s  in te r a c t io n  i s  im portan t 
f o r  an  u n d ers tan d in g  of th e  m utual co u p lin g  betw een th e  v isco u s  and 
in v is c id  flo w  f i e l d s  p r e v a i l in g  under h ig h  Mach number and low R eynolds 
number f l i g h t  c o n d it io n s . Under th e se  c o n d it io n s , th e  lam inar boundary- 
la y e r  on a  s le n d e r  body can  be much th ic k e r  because  o f h ig h  tem p era tu res  
and henee low d e n s i t i e s ,  and can  cause e x te rn a l  flow  d e f le c t io n s  of 
magnitude com parable o r even h ig h e r th a n  th o se  produced  by th e  body 
i t s e l f .  These flow  d e f le c t io n s  caused  by th e  b o u n dary -layer modify 
th e  flow  c h a r a c t e r i s t i c s  and th e  r e s u l t in g  su rfa c e  p re s su re  d i s t r i ­
b u tio n  can  be much d i f f e r e n t  from th e  in v is c id  p re d ic t io n .  When th e  
boun d ary -lay er i s  much th in n e r  as  i n  h ig h  Reynolds number flo w s , th e  
problem  can  be so lv ed  a t  l e a s t  to  a  f i r s t  approx im ation  by re g a rd in g  
th e  o u te r  in v is c id  flow  t o  be u n a ffe c te d  by th e  p resen ce  of th e  boundary- 
la y e r .  However, t h i s  p rocedure  becomes in a p p lic a b le  o r to o  in a c c u ra te  
i n  c e r t a in  re g io n s  where th e  flow  i s  c o n s id e ra b ly  m odified  by th e  
bou n d ary -lay er grow th, e»g, s tro n g  in te r a c t io n  re g io n  o f a  sharp  f l a t  
p la te  in  hyperson ic  flow . I n  such re g io n s , th e  d e te rm in a tio n  o f th e  
su rfa c e  p re s s u re ,  s k in  f r i c t i o n  and th e  h e a t t r a n s f e r  r a t e s  r e q u ir e s  
a  s im u lta n e o u s 'c o n s id e ra tio n  o f th e  v isco u s  and in v is c id  flo w  f i e l d s .
In  a d d i t io n ,  o th e r fa c to rs ;  such as nose b lu n t n e ss , c u rv a tu re  o f th e  
le ad in g  edge shock wave and th e  body c u rv a tu re  can  f u r th e r  a f f e c t  th e  
bo u ndary -layer grow th and hence, modify th e  in t e r a c t io n  phenomena.
I n  th e  p re s e n t s tu d y , th e  flow  s i tu a t io n s  where b o th  th e  d isp lacem ent 
e f f e c t  and th e  nose b lu n tn e ss  a re  im p o rtan t have been  g iv en  prim ary  
a t t e n t io n .

C onsiderab le  amount o f th e o r e t i c a l  and exp erim en ta l s tu d ie s  
have been  made i n  th e  p a s t  two decades re g a rd in g  th e  hypersonic- v isc o u s  
in te r a c t io n  e f f e c t s  on tw o-dim ensional and axisym m etric b o d ie s . The 
procedure adopted, i n  many of th e  t h e o r e t i c a l  s tu d ie s  i s  to  determ ine 
th e  in v is c id  flow  p a s t  a  h y p o th e tic a l  body d e fin e d  by e i th e r  th e  edge 
of the; d isp lacem ent th ic k n e ss  o f th e  b o u n d ary -lay er when th e  le a d in g  . 
edge i s  sharp  or th e  edge o f  th e  en tropy  la y e r  f o r  th e  case  o f a . 
b lu n t  le ad in g  edge. T his scheme, depending on th e  p a r t i c u la r  theo ry  
employed f o r  de term in ing  th e  in v is c id  flo w  in  c o n ju n c tio n  w ith  th e  
boun d ary -lay er a n a ly s is  g iv e s  r e s u l t s  showing v a ry in g  degree of a g re e ­
ment w ith  th e  ex p erim en ta l o b se rv a tio n s . Tbs most s ig n i f ic a n t  work 
i n  t h i s  a re a  i s  due to  Cheng e t  a l  (R ef. 3 2 ). They showed f o r  th e  
l im it in g  case  o f M —̂ 00 and Y 1 , th e  p re s s u re  g ra d ie n t e f f e c t  
on th e  bou n d ary -lay er growth can  be v e ry  sm a ll and c a lc u la te d  th e  
p re s s u re  by u s in g  th e  Newton-Busemann form ula f o r  th e  in v is c id  flo w . 
Though th e  a n a ly s is ,  a s  th ey  m ention i t ,  was a p p lic a b le  to  a  g e n e ra l 
curved  a f te r-b o d y  shape, th e  r e s u l t s  were o b ta in ed  only  f o r  th e  cs.se 
o f a  f l a t  p la te  and the agreement dem onstrated  q u a l i t a t iv e ly  w ith  
f l a t  p la te  h ea t t r a n s f e r  measurements a t  M ~ 112. Follow ing t h i s  work*
th e re  have been s e v e ra l  s tu d ie s  (d isc u sse d  in  C hapter I I  ) to  under­
s ta n d  th e  combined e f f e c t s  of d isp lacem en t, b lu n tn e ss  and in c id en ce  
a t  hyperson ic  speeds and m o d if ica tio n s  to  Cheng’s th e o ry  have been  
su g g ested  to  g ive  b e t t e r  p r e d ic t io n s .



The e x te n s io n  o f Cheng’s method to  su rfa c e s  o th e r  th a n  a  
f l a t  p l a t e  a fte rb o d y  has been made only  r e c e n t ly .  S t c i l e r y  (Ref» 22) 
showed th a t  th e  s tro n g  v isco u s  in t e r a c t io n  th e o ry  o f Cheng p r e d ic ts  
h ig h ly  u n r e a l i s t i c  o s c i l l a to r y  s o lu tio n s  f o r  some concave, s u r fa c e s .
This o s c i l l a to r y  behav iour was a t t r i b u t e d  to  th e  c e n t r i f u g a l  term  i n  
th e  Newbon-Busemam formula, used  i n  C heng 's a n a ly s is  and an a l t e r ­
n a tiv e  a n a ly s is  u s in g  tangent-w edge approx im ation  in  c o n ju n c tio n  w ith  
Lees ' (Ref 31 ) b o u n dary -layer th e o ry  was su g g ested . The use o f 
ta n g en t -wedge approx im ation  was found to  su p p ress  th e  o s c i l l a to r y  
behav iour and p re d ic t  a  smooth approach to  th e  in v is c id  v a lu e s  down­
stream . The a n a ly s is  was: l a t e r  ex tended t o  th e  case  o f . hyperson ic  
flow  p a s t  a  b lu n te d  wedge (R ef. 4 4 ) .

C onfin ing  our a t t e n t io n  to  th e  case  of v isco u s i n te r a c t io n  
on a  concave s u r fa c e , the work of S to l le r y  h ig h l ig h ts  th e  im portance 
of a», p ro p e r ch o ice  of th e  p re s su re  law  to  d e sc r ib e  th e  in te r a c t io n  
phenomena. However, th e  ch o ice  of a  p re s su re  law such a s  th e  tan g en t 
wedge approxim ation  c r m odified  Newtonian which i s  o f te n  c o n s id e re d  
to  be i n  e r ro r  (R efs . 36 , 74) f o r  n o t acco un ting  f o r  th e  c e n t r i f u g a l  
p re s su re  v a r i a t io n ,  c a s ts  a  doubt on th e  r o le  o f in v is c id  tu rn in g  
e f f e c t s  in  govern ing  th e  v isco u s  in t e r a c t io n  phenomena on concave 
s u r fa c e s . The Newton-Busemann form ula used  in  Cheng’s a n a ly s is  i s  
o b ta in ed  a s  th e  lead in g  approxim ation  o f th e  sh o ck -lay e r a n a ly s is  f o r  
th e  l im i t in g  c ase  of M-^CO and y  —>  1 , and when h ig h e r o rd e r appro­
x im ations a re  c o n sid e red  , one can  expec t th e  u n r e a l i s t i c  o s c i l l a t i o n s  
p re d ic te d  by th e  z e ro e th  o rder th e o ry  to  b e  s ig n i f ic a n t ly  m odified .
For th e  problem  o f hyperson ic  wedge flo w , Gheng and  K irsch  (R ef. 42) 
have shown th a t  th e  h ig h e r approx im ations alm ost com pletely  fa d e  away 
th e  o s c i l l a t i o n s  p re s e n t in  th e  z e ro e th  o rd er th e o ry . S im ila r ly , 
f o r  th e  case  o f v isco u s  in te r a c t io n  on a concave s u r fa c e , one may 
sp ec u la te  to  o b ta in  s a t i s f a c to r y  re s u l ts :  w ith o u t d is c a rd in g  th e  
in v is c id  tu rn in g  e ffe c ts : i f  h ig h e r approxim ations a r e  c o n s id e re d . 
P erh ap s, an o th er in te r e s t in g  q u e s tio n  which may b e  w orth in v e s t ig a t in g  
i s  -  w hether th e  C heng 's z e ro e th  o rder th eo ry  c o r r e c t  s t r i c t l y  f o r  
V = 1 , a t  l e a s t  in  some sense, su g g est fo rY *£  1 , th e  p o s s ib le  fo rm a tio n  
of a  neck where th e  le ad in g  edge shock wave and th e  com pression  waves 
from th e  e f f e c t iv e  body su rfa c e  c o a lsc e  to  farm  th e  concave shock-wavea 
The p h y s ic a l  r e a l i t y  of th e  subsequent peaks su g g ested  by Cheng’s, 
th e o ry  i s  h ig h ly  d o u b tfu l and th e  o s c i l l a t i o n s  might- g e t damped 
q u ick ly  because of o th e r h ig h e r o rd e r e f f e c t s  n o t c o n s id e re d  i n  th e  
th e o ry .

The o b je c t iv e  of the  p re s e n t  s tu d y  i s  to  in v e s t ig a te  f u r th e r  
th e  v isco u s  in te r a c t io n  phenomena w ith o u t ig n o rin g  th e  in v is c id  tu rn in g  
e f f e c t s .  A lte rn a tiv e  an a ly se s  which g ive  s a t i s f a c to r y  agreem ent fo r  
th e  case  of a  f l a t  p l a t e  a r e  p re se n te d . These an a ly se s  when extended  
to  concave su rfa ce  flow s e x h ib it  f o r  la rg e  downstream d is ta n c e s  a  m ild 
o s c i l l a to r y  behaviour i n  c o n tr a s t  to  th e  q u a n t i ta t iv e ly  u n r e a l i s t i c  
o s c i l l a t i o n s  p re d ic te d  by C heng's th e o ry , Exp orimc n t a l l y . p re s su re  
and h e a t t r a n s f e r  r a t e  measurements on sharp  and b lu n t  f l a t  p l a t e s  
and on a concave su rfa ce  w ith  sharp  le ad in g  edge made in  a. gun tunnej. * 
a re  p re se n te d  and th e  r e s u l t s  compared w ith  • •-th e o re tic a l p r e d ic t io n s . 
The exocrim ents were c a r r ie d  out a t  a Mach number o f 1 2 .2  in  th e



No. 1 gun tu n n e l of th e  Im p e ria l C ollege .

The a p p l ic a t io n  of th e  v a r io u s  methods su ggested  f o r  th e  
v isco u s  in te r a c t io n  a n a ly s is  i s  a ls o  c o n s id e red  to  th e  c ase  o f blunt** 
ness  dom inated flo w s.

I n  th e  nex t C hap ter, a  rev iew  o f th e  l i t e r a t u r e  on th e  
v isco u s  in te r a c t io n  phenomena', fo llow ed  by a  d e s c r ip t io n  o f th e  scope 
o f th e  p re s e n t work i s  g iv en . This i s  m ainly a  d e ta i le d  v e rs io n  
o f th e  p o in ts  d isc u sse d  in  th e  p re s e n t c h ap te r  along  w ith  o th e r  
r e le v a n t  in fo rm a tio n . P a r t  I I  d e a ls  w ith  th e  t h e o r e t i c a l  s tu d ie s  
and t h e i r  com parison w ith  e a r l i e r  works and some ex p erim en ta l r e s u l t s  
F in a l ly ,  th e  ex p erim en ta l work, th e  r e s u l t s  o b ta in ed  and th e i r  
com parison w ith  th e  v isco u s  in te r a c t io n  th e o r ie s  i s  p re se n te d  i n  
p a r t  I I I .

Department o f  A ero n au tics
Im p e ria l C o llege  of Science and Technology
London.



CHAPTER I I

REVIEW OF PREVIOUS LITERATURE. AND SCOPE OF THE, PRESENT WORK

2 ,0  V iscous in te r a c t io n  on a  sharp  f l a t  p l a t e s

The hyperson ic  flow: p a s t  a  sharp  f l a t  p la t e  r e p r e s e n ts  ai 
spectrum  of flow  regim es from  th in  b o u ndary -layer l im i t  f a r  downstream 
t o  k in e t ic  regim e n ear th e  le ad in g  edge where th e  continuum  co n cep ts  
breakdown* I t  has been observed  th a t  th e  in te r a c t io n  of th e  le ad in g  
edge w ith  th e  e x te r n a l  flo w  produces a  shock-wave (F ig  1 ) ,  which 
can  be q u ite  s tro n g  to  s t a r t  w ith  and w i l l  deg en era te  in to  an 
a c o u s tic  wave f a r  downstream. Very near th e  le ad in g  edge f o r  some 
d is ta n c e  downstream, th e  e n t i r e  re g io n  betw een th e  shock-wave and th e  
b o d y -su rface  i s  f i l l e d  by th e  v isc o u s  bou n d ary -lay er growing, from  
th e  le a d in g  edge. T his r e g io n  i s  known as  th e  merged la y e r .  I n  th i s ,  
la y e r ,  th e  r a r i f i e d  g as e f f e c t s  become in c re a s in g ly  im p o rtan t a s  th e  
le ad in g  edge i s  approached. I t  has been  suggested  by T albo t (Ref 1 ) 
t h a t  th e  merged la y e r  e f f e c t s  b eg in  to  appear when th e  r a r e f a c t io n  
param ete r V it 0 .2  -  0.3* Downstream o f  th e  merged la y e r ,  th é  shock 
wave and th e  bou n d ary -lay er a re  d i s t i n c t l y  s e p a ra te d  by an  in v is c id  
re g io n , -  th e  s e p a ra tio n  d is ta n c e  in c re a s in g  downstream. Near th e  
le a d in g  edge in  t h i s  r e g io n , th e  growth of th e  boundary - la y e r  s t ro n g ly  
in f lu e n c e s  th e  shock-wave growth and th e  r e s u l t in g  p re s s u re s  on th e  
p l a t e  w i l l  be much h ig h e r- th a n  th e  f r e e  stream  v a lu e . F ar downstream, 
because o f r e l a t i v e l y  sm all d isp lacem en t e f f e c t  of th e  b o u n d a ry -la y e r, 
th e  in t e r a c t io n  e f f e c t  ten d s  to  become weaker and th e  p re s su re  on 
th e  p la te  re a ch e s  th e  f r e e  stream  v a lu e  asympt o t ic  a l l y . These
re g io n s  a re  c a l l e d  s tro n g  and weak in te r a c t io n  r e g io n s  r e s p e c t iv e ly .  
The growth of th e  b o u n d ary -lay e r and th e  in te r a c t io n  e f f e c t s  c an  b e  
much d i f f e r e n t  i n  merged, s tro n g  and weak in te r a c t io n  re g io n s . I n  
th e  p re s e n t s tu d y , on ly  th e  re g io n s  downstream of th e  merged la y e r  
a re  co n s id e re d .

I n  th e  tre a tm e n t o f v isco u s  in t e r a c t io n  problem s, th e re  have 
been, m ainly two approaches employing d i f f e r e n t  flow  models shown in  
f ig u r e s  2 a ,b . The flow  model (F ig  2a) i n  which a  d i s t i n c t  in v is c id
re g io n  s e p a ra tin g  th e  boundary -layer and th e  shock-wave i s  c o n s id e re d , 
was f i r s t  used  by Backer (Ref 2 ) .  Becker observed e x p e rim en ta lly  
a t  M = 6 . 9 , th a t  th e  p re s su re s  n ear th e  le ad in g  edge of a  sharp  f l a t  
p l a t e  were much h ig h e r th a n  th e  f r e e  stream  v a lu e , and p re se n te d  some 
t h e o r e t i c a l  e s tim a te s  accoun ting  f o r  th e  r a t e . of bou n d ary -lay er 
grow th. This method was la k e r  improved by Bertram  (Ref 3) who 
proposed  an approxim ate method f o r  e v a lu a tin g  th e  d isp lacem en t e f f e c t s  
on tw o-dim ensional b o d ie s . A more e x ten s iv e  tre a tm e n t a? th e  weak 
in te r a c t io n  problem  was g iven  l a t e r  by Lees and P ro b e s te in  (Ref 4 ) .

The second model shown in  F ig  2b adopted  by Shen ('Refs 5 and 6 ) 
assumes th a t  th e  edge of th e  boun d ary -lay er c o in c id e s  w ith  th e  shock- 
wave. Shen co n s id e re d  the  v isco u s  e f f e c t s  on in s u la te d  wedges and 
f l a t  p l a t e s ,  and showed th a t  the  com pressib le  b o u n d ary -lay er e q u a tio n s  
a re  s t i l l  v a l id  i n  th e  p resence  o f v isco u s in te r a c t io n  p ro v id ed  • 
(ÿZx)^ <X1'! • The boun d ary -lay er was c a lc u la te d  u s in g  Karman
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momentum in te g r a l method and a lin ea r  v e lo c i ty  p r o f i l e ,  and th e  
pressure vzas: determined, according to  the strong shock r e la t io n s . He 
obtained the now fa m ilia r  strong in te r a c tio n  l im it ,

^  d , % Z , S  d .  X /4"

Li and Hagamatsu (Ref 7) la te r  extended Shen's approach by using  
a fou rth  degree polynom ial fo r  the v e lo c ity  p r o f i l e .  Though Shen’s 
a n a ly s is  gave the co rrect dependence fo r  the pressure and the boundary- 
layer  growth^ Lees (Ref 8) po in ted  out th at the f lo w  model assumed 
by Shen was incom patible w ith  the equation of c o n tin u ity . In  order 
to  obviate th is  in co n sisten cy , Lees used the flo w  model shown in  
F ig  2a in  which the boundary-layer and the shock-wave are separated  
by an in v is c id  reg io n . The pressure d is tr ib u tio n  was c a lcu la ted  
u sin g  the tangent-wedge approximation on th e e f f e c t iv e  body described, 
by the displacem ent su rface. With th is  r e f in e d  approach, i t  was 
shown th at Shen ’ s  r e s u lt s  are num erically d if fe r e n t  by a fa c to r  of 
(Y*h) / 2 . I t  appears th at in  most o f the la te r  works, the r ev ise d  
model used by Lees has been adopted. le e s '  method i s  more general, 
s in c e  the tangent-wedge approximation used in  the a n a ly s is  i s  v a lid  
in  both the strong and weak in te r a c tio n  r eg io n s.

In  p a r tic u la r , the problem of strong in te r a c tio n  has rece iv ed  
much in te r e s t  and matching o f the v isco u s and in v is c id  f lo w f ie ld s  
has been considered by Stewartson (Ref 11 ) ,  and Li and Nagamatsu (Ref
9,1 0 and 1 2 ). Stewartson showed th e ex isten ce  o f s e lf - s im ila r  
so lu tio n s  fo r  the strong in te r a c tio n  problem and the p o s s ib i l i t y  o f  
matching w ith the s im ilar  so lu tio n s  fo r  hypersonic flo w  p ast a-. J- 
power lav/ body. Li and Ragamatsu (Ref 12J trea ted  the case  of non­
in su la ted  w a ll using the method o f s im ilar  so lu tio n s  of the com pressible  
boundary-layer equations. In  a l l  th ese s tu d ie s , only the d isp la ce ­
ment e f f e c t  was considered . Since the lead ing edge shock-wave i s  
h igh ly  curved, the flow  behind has an entropy gradient normal to  the  
stream lines and ex tern a l v o r t ic i ty  i s  crea ted . Lees (Ref 13) and 
Oguchi (Ref 14) corrected  the strong in te r a c tio n  r e s u lt s  to  account 
fo r  th e  e f f e c t  of ex tern a l v o r t ic i t y .  Bush (Ref t b ) ,  and Lee and 
Cheng (Ref 16 ) have trea ted  t h is  problem in  d e t a i l  using asym ptotic 
expansions and have shown th a t in  order to  get a uniform ly v a lid  
temperature d is tr ib u tio n  across the en tir e  flow  f i e l d ,  i t  i s  necessary  
to  introduce an interm ediate layer between the in v is c id  reg io n  and 
the boundary-layer to  account fo r  the ex tern a l v o r t ic i t y .  Bush 
showed that the d ir e c t  matching of the boundary-layer w ith the in v is c id  
reg io n  i s  p o ss ib le  only fo r  the ca se  of non -lin ear v isecsity -tem p eratu re . 
r e la t io n sh ip . Lee and Cheng la te r  ca rr ied  out a. s im ilar  th ree -la y er  
a n a ly s is  assuming a  lin ea r  v iscosity -tem p eratu re  law and showed th at  
a  separate a n a ly s is  of the interm ediate layer  in  t h is  ca.se i s  not 
s t r i c t ly  required and the conventional tw o-layer approach i s  s u f f i c ie n t .

In  most o f  the s tu d ie s  mentioned so  fa r ,  only the lim it in g  
th eo r ie s  of e ith e r  strong or weak in te r a c tio n  have been considered .
These th eo r ie s  have been described in  d e t a i l  by Hayes and E rob estein  
(Ref 1 ? ) , and Moore (Ref 1 8 ) . Recent in v e s t ig a tio n s  in  the theory of 
strong in te r a c tio n  have been summarised by M ikhailov, Ne Hand and Sychev



(R ef 1 9 ) .  I n  ca se s  o f p r a c t i c a l  i n t e r e s t ,  th e  in te rm e d ia te  re g io n  
"between th e  s tro n g  and weak in te r a c t io n  l im i t  i s  im p o rtan t. In  
t h i s  re g io n  e i th e r  of th e  th e o r ie s  may no t he a cc u ra te  enough. To 
o b ta in  s o lu t io n s  i n  t h i s  re g io n , i t  i s  n ecessa ry  to  in te g ra te ;  th e  
f u l l  eq u a tio n s  of th e  v isco u s and in v is c id  flow  f i e l d s  from  a p o in t  
c lo s e  to  th e  le a d in g  edge where th e  i n i t i a l  c o n d itio n s  a re  g iv en  
by th e  s tro n g  in te r a c t io n  th e o ry , and p roceed ing  downstream.
R eferences 20 to  30 d e a l w ith  t h i s  problem , i n  g e n e ra l. I n  th e s e  
s tu d ie s ,  th e  boun d ary -lay er growth has been  c a lc u la te d  e i th e r  by 
ig n o rin g  th e  p re s su re  g ra d ie n t e f f e c t s  o r u s in g  a  lo c a l  s im i la r i ty  
method, o r "by in te g r a t in g  th e  com plete bou n d ary -lay er e q u a tio n s .
For th e  in v is c id  flo w  c a lc u la t io n ,  th e  tangent-w edge approxim ation  
has been  w idely  used  because o f i t s  a p p l i c a b i l i ty  i n  b o th  th e  s tro n g  
and weak in te r a c t io n  re g io n s .

I t  was su g g ested  by le e s  (Ref 31 ) th a t  th e  e f f e c t  of stream w ise 
p re s s u re  g ra d ie n t on th e  b o u ndary -layer flow  can  be sm all, when th e  
w a ll  i s  h ig h ly  co o led  r e l a t i v e  to  th e  f r e e  stream  s ta g n a tio n  tem p e ra tu re . 
T his approx im ation  co n sid e ra b ly  s im p lif ie s  th e  momentum e q u a tio n  
s in ce  th e  p re s s u re  g ra d ie n t term s a re  ig n o red , and th e  energy and 
momentum eq u a tio n s  can  be so lv ed  in d ep en d en tly . This le a d s  t o  th e  
w e ll known r e s u l t  r e l a t i n g  sk in  f r i c t i o n  and h e a t t r a n s f e r  ( f o r  u n i t  
B randt 1 number),

 ̂ (0) = - 7 - 5— = 04696  2 . 0 ;-i
1-3W

Moore (Ref 1 8) p o in ts  out t h a t  f o r  c e r t a in  ran g es  o f th e  p re s su re  
g ra d ie n t param eter (3 , l e e s ’ c o ld  w a ll s im i la r i ty  approach i s  r a th e r  
in a c c u ra te . However, th e  s im p lic i ty  of th e  method has. r e s u l t e d  i n  
i t s  e x ten s iv e  a p p l ic a t io n .  Cheng e t  a l  (Ref 3 2 ) a ls o  a r r iv e  a t  th e  
same r e s u l t  as Eq 2.0.1 and have shown th a t  ig n o rin g  - th e  p re s su re  
g ra d ie n t term  can  b e  j u s t i f i e d  i n  th e  l im i t  of Me>> 1 and V—> 1 .
I n  th e  l im i t  of t h i s  hyperson ic  approx im ation , th e  p re s s u re  g ra d ie n t 
term  L /3 - w i l l  be a t t e s t  of th e  o rd er € («^'tyWy, and ap pears  on ly  as  
a  h ig h e r  o rd er e f f e c t .  Though th e  r e s u l t in g  e q u a tio n  f o r  th e  
bou n d ary -lay er i s  th e  B la s iu s  e q u a tio n  i n  Cheng1 s as w e ll a s  L ees ' 
a n a ly s is ,  i t  shou ld  be r e a l i s e d  th a t  th e  n e g le c t of p re s su re  g ra d ie n t 
te rm s i s  because o f c o n ce p tu a lly  d i f f e r e n t  re a so n s . S u ll iv a n  (R efs 
20 and 21 ) combining th e  tangent-w edge r u le  and L ees1 b o u n d ary -lay e r 
th e o ry  p re se n te d  a  sim ple fo rm u la tio n  which can  cover b o th  th e  s tro n g  
and weak in te r a c t io n  re g io n s . The method gave good agreem ent w ith  
some ex p erim en ta l r e s u l t s .  S to l le r y  (Ref 22) ex tended  t h i s  method 
to  a  v a r ie ty  of tw o-dim ensional shapes and dem onstrated  th e  a p p l ic a b i­
l i t y  of th e  method to  problem s in v o lv in g  no upstream  in f lu e n c e . T his 
w i l l  be d isc u sse d  in  a  subsequent S ec tio n .

Though th e  assum ption o f n e g l ig ib le  p re s su re  g ra d ie n t can  be 
j u s t i f i e d  i n  th e  m athem atical l im i t  of Y~>1 , o r f o r  a. h ig h ly  co o led  
w a ll ,  i t  i s  found th a t  i t  can  le a d  to  c o n s id e ra b le  num erical e r r o r s  
i n  th e  e v a lu a tio n  o f sk in  f r i c t i o n  and h e a t t r a n s f e r  r a t e s  f o r  v a lu e s  
o f T  of p r a c t i c a l  i n t e r e s t .  In  o rd e r to  overcome some of th e se  
l im i ta t io n s  o f th e  zero  p re s su re  g ra d ie n t th e o ry , Dewey (Ref 2 3 ) 
used  a  lo c a l  s im i la r i ty  approach f o r  th e  bou n d ary -lay er a long  w ith
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th e  tangent-w eâge ap p rox im ation  f o r  th e  in v is o id  flo w  f i e l d .  W ith in  
th e  scope- of th e  l o c a l  s im i la r i ty  approach f o r  th e  "boundary-layer 
i t  was p o s s ib le  t o  v a ry  th e  p re s su re  g ra d ie n t param eter j3 i n  th e  
stream w ise d i r e c t io n .  The agreem ent o f th e  method w ith  th e  e x p e r i­
m ental r e s u l t s  was found  to  be good.

Numerical* s o lu t io n s  o f  th e  b o u n d ary -lay er eq u a tio n s  in c lu d in g  
th e  d isp lacem en t e f f e c t  have been  o b ta in ed  by F lu g g e -lo tz  and B lo ttn e r  
(Ref 2 5 ), G arvine (Ref 2 6 ) , and Yverle and Y/ornom (Ref 2 7 ). A f i n i t e  
d if f e re n c e  scheme w as employed f o r  th e  b o u n d ary -lay er a n a ly s is  and 
th e  ta n g en t -wedge fo rm ula  was u sed  to  c a lc u la te  in v is c id  flow  by 
F lugge-L otz and B lo t tn e r ,  and  W erle - and Wornom. G arvine used  a. 
l in e a r i s e d  in t e r a c t io n  model r e l a t i n g  th e  p re s su re  a t  th e  o u te r  edge 
o f th e  b o u n d ary -lay e r w ith  th e  v e r t i c a l  v e lo c i ty .  The mere a cc u ra te  
r e s u l t s  o f  Y/erle and  Wornom ag ree  very  c lo s e ly  w ith  S u ll iv a n 's , method 
in  th e  range o f th e  v isco u s  in t e r a c t io n  param eter X  (= from 1
to  40. The agreem ent su g g es ts  t h a t  i n  some c a s e s , th e  approxim ate 
method of S u ll iv a n  may be q u i te  adequate . Chan (Ref j>0) used  a. method 
of combining in t e g r a l  r e l a t i o n s  and th e  s im i la r i ty  s o lu t io n s  f o r  th e  
bo u ndary -layer and u sed  tangent-w edge form ula f o r  th e  in v is c id  flow . . 
Y&lamanchili and Jeng  (R ef 2 9 ) s im i la r ly  used th e  tan g en t -wedge form ula, 
b u t th e  n o n -s im ila r  b o u n d ary -lay e r e q u a tio n s  were in te g ra te d  by th e  
method of s te e p e s t  d e sc e n t ( Meksyn, Ref 82 ). A l l  th e s e  s tu d ie s , 
w h ils t  r e f in in g  th e  boundary—la y e r  a n a ly s is ,h a v e  t r e a te d  th e  in v is c id  
flow, to  be ad eq u a te ly  d e sc r ib e d  by th e  tangent-w edge fo rm u la . A 
re fin em en t i n  th e  a n a ly s is  o f th e  in v is c id  flow  f i e l d  was adopted  by 
Mann and B radley (R ef 2 8 ), who used  th e  method of c h a r a c te r i s t i c s  
f o r  th e  in v is c id  flo w  c a lc u la t io n  and a  num erical p rocedure  for* th e  
boundary—la y e r . R ichey (Ref 24) used  th e  ta n g e n t—wedge approxim ation  
f o r  t h e  tw o-d im ensional c a s e .a n d  th e  method of c h a r a c t e r i s t i c s  f o r  th e  
axisym m etric c a se .

W ith most o f th e  methods d isc u sse d  above, i t  i s  no t necdssary  
to  d is t in g u is h  betw een s tro n g  and weak in te r a c t io n  re g io n s  and th e  
s o lu t io n  can  b e  o b ta in e d  over th e  e n t i r e  range of in te r a c t io n ,  once 
th e  i n i t i a l  d a ta  co rre sp o n d in g  to  th e  s tro n g  in te r a c t io n  l im i t  i s  
s p e c if ie d .

2.1 E f fe c t  o f th e  le a d in g  edge b lu n t ness s

The f i r s t  t h e o r e t i c a l  s tu d y  in v o lv in g  b o th  th e  e f f e c t s  of th e  
le ad in g  edge b lu n tn e s s  and th e  bou n d ary -lay er d isp lacem ent e f f e c t  
was. made by Cheng e t  a l  (Ref 3 2 ). E a r l i e r  s tu d ie s  d e a l t  w ith  e i th e r  
b lu n tn e ss  dom inated flow s (R efs 33 to  35) or v isco u s  dom inated flow s 
d isc u sse d  i n  Sec 2 .0 .  I n  t r e a t in g  th e  in v is c id  hypersonic flow  
problem  p a s t  s le n d e r  b o d ie s , i t  i s  u su a l to  invoke th e  ' equ ivalence  
p r i n c i p l e 1 and so lv e  th e  co rresp o n d in g  unsteady  flow  problem  i n  one 
le s s ,  space d im ension . The le ad in g  edge b lu n tin g  in  th e  s tead y  flow  
problem  i s  e f f e c t iv e ly  e q u iv a le n t to  th e  r e le a s e  of a f i n i t e  amount 
o f energy in s ta n ta n e o u s ly  a t  a  p o in t i n  th e  unsteady  problem . This 
s im i la r i ty  betw een th e  two f i e l d s  as  known as th e  * B la s t Y/avo Analogy * 
For th e  analogy to  h o ld  good, i t  i s  n ecessa ry  th a t  th e  body must be 
s len d e r and also(w  Under th e s e  app ro x im atio n s , th e  sm all



d is tu rb a n c e  .equations o f th e  hyperson ic  flow  p a s t  a  s le n d e r  body, and 
th e  ex ac t eq u a tio n s  f o r  th e  unsteady  flow  w ith  th e  tim e v a r ia b le  
re p la c e d  by x/Uy,, a re  id e n t i c a l .  A d e ta i le d  account o f th e  b l a s t  
wave analogy  i s  g iv en  by Hayes and E ro b e s te in  (Ref 3 6 ) ,  and G-uiraud 
e t  a l  (Ref 37)• I n  t h i s  S e c tio n , we s h a l l  co n fin e  our i n t e r e s t  to  
o th e r  approxim ate methods.

For th e  hyperson ic  flow  p a s t  a  b lu n te d  f l a t  p l a t e ,  th e  flow  
f i e l d  c o n s is ts  m ainly o f th re e  d i f f e r e n t  re g io n s  (F ig  3 )* The re g io n  
a d ja c e n t to  th e  b o u n d ary -lay er known as th e  e n tro p y - la y e r  c o n ta in s  
f l u i d  p a r t i c l e s  which have p assed  th rough  much s tro n g e r  p o r t io n s  of 
th e  le ad in g  edge shock-wave and hence th e  tem pera tu re  and th e  s p e c if ic  
en tro p y  in  t h i s  r e g io n  w i l l  be much h ig h e r . . The fla v . f i e l d  betw een 
th e  shock-wave and th e  edge of ' th e  e n tro p y - la y e r  i s  c a l le d :  sh o c k - la y e r . 
Cheng e t  a l  p roposed  an e le g a n t method to  t h i s  combined problem  of r 
b lu n tn e ss  and d isp lacem ent on s len d e r bod ies w ith  a r b i t r a r y  a f te r -b o d y  
shape. Assuming th e  sh o ck -lay e r to  be very  th in ,  and c o n s id e rin g  
th e  l im i t  M » 1  andV —> 1 e th ey  showed th a t  th e  p re s su re  a t  th e  
o u te r  edge o f th e  e n tro p y - la y e r  can  be o b ta in ed  by u s in g  th e  Newton- 
Busemann form ula.

Ê y c o n s id e rin g  th e  momentum ba lance  i n  th e  streamvd.se d i r e c t io n ,  
a n o th er e q u a tio n  r e l a t i n g  th e  p re s su re  pe> th ic k n e ss  o f th e  e n tro p y - 
la y e r  ye and th e  le ad in g  edge drag  Dn was o b ta in e d . The e f f e c t  o f 
th e  p re s su re  g ra d ie n t on th e  b o u n d ary -lay e r growth and th e  v a r i a t io n  
of p re s su re  a c ro ss  th e  e n tro p y -la y e r  were shown to  have on ly  h ih g e r 
o rd e r e f f e c t s .  W ith th e se  app rox im ations, th e  b a s ic  p a ram eters  
governing th e  problem  were id e n t i f i e d .  C onsidering  th e  s im p lic i ty  
of th e  th e o ry , th e  a n a ly s is  p re d ic te d  th e  tre n d s  c o r r e c t ly  and ag reed  
rea so n ab ly  w ith  the. ex p erim en ta l h e a t t r a n s f e r  measurements on f l a t  
p la te s  a t  M= li2. Kemp (Ref 3 8 ) found th a t  Cheng*s a n a ly s is  d id  no t 
g ive  s a t i s f a c to r y  agreem ent w ith  measurements i n  helium  flow s and 
i n  o rd e r to  improve th e  p re d ic t io n s ,  he proposed  c e r t a in  m o d if ic a tio n s . 
The Newton-Busemann form ula, used  by Cheng was m odified  as

Kemp's m o d if ica tio n s  gave b e t t e r  agreem ent i n  th e  s tro n g  
in te r a c t io n  re g io n . When th e  c e n t r i f u g a l  fo rc e  reduces to  z e ro , as 
i n  th e  c a se  o f flow  p a s t  a. b lu n te d  wedge f o r  la rg e  downstream d is ta n c e s , 
th e  Eq 2 .1 .2  r e p re s e n ts  th e  c o r r e c t  shock p re s su re  r i s e  acco rd in g  
to  th e  ob lique  shock th e o ry .

Another in te r e s t in g  f e a tu re  of Cheng1 s a n a ly s is  i s  th e  o s c i l l a to r y  
approach o f th e  p re s su re  and shock-wave shape to  th e  downstream 
l im i t s  when a p p lie d  to  b lu n te d  wedges. The p h y s ic a l r e a l i t y  of t h i s  
o s c i l l a to r y  behaviour has been  doubted by th e  a u th o rs  and o th e rs  (Ref 
3 7 ). The au th o rs  suggest th a t  fo r  r e a l i s t i c  v a lu es  o f V ^  1 , th e  
o s c i l l a to r y  decay may not e x i s t  s in ce  th e  am plitude of o s c i l l a t i o n
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w s l s observed  to  be q u i te  sm all even f o r  V.— 1 • I t  was supposed f o r  
a  long tim e th a t  a  s im ila r  method due to  C hernyi (R efs 39 and 40) 
d id  no t e x h ib i t  any such o s c i l l a to r y  approach to  downstream c o n d itio n s . 
The n o n -ex is ten ce  of o s c i l l a t i o n s  i n  C hernyi*s approach was su sp ec ted  
to  be due to  th e  in c lu s io n  of th e  k in e t ic  energy term  in  th e  a n a ly s is  
(Ref 36 , p 3 6 4 ) .  I t  has been  dem onstrated  r e c e n t ly  by Schnieder 
(R ef 41 ) th a t  C hernyi ' s  approach a ls o  p r e d ic ts  an  o s c i l l a to r y  approach 
i n  p re s su re  and shock shape b u t th e  wave le n g th  and am plitude of 
o s c i l l a t i o n s  a re  d i f f e r e n t .  Cheng and K irsch  (Ref 42) co n s id e re d  an 
analogue unsteady  problem  of an  in te n s e  e x p lo s io n  w ith  an  expanding 
c o n ta c t su rfa ce  to  t r e a t  th e  problem  of in v is c id  hyperson ic  flow  p a s t  
b lu n te d  s le n d e r  bo d ies  of a r b i t r a r y  a f te r-b o d y  shape. The case  o f th e  
c o n ta c t su rfa c e  expanding l in e a r ly  w ith  tim e i s  e q u iv a le n t to  th e  
s tead y  hyperson ic  flow  p a s t  a  b lu n te d  wedge. For t h i s  c a s e , t h e i r  
r e s u l t s  show th a t  when h ig h e r o rd e r s o lu tio n s  a re  c o n s id e red  , th e  
o s c i l l a t i o n s  p re s e n t i n  th e  z e ro e th  o rd er th e o ry  a lm ost v a n ish .  ̂ Good 
agreem ent f o r  su rfa ce  p re s su re  on b lu n te d  wedge was o b ta in ed  w ith  
th e  c h a r a c te r i s t i c s  s o lu t io n  o f C leary  and Axels on  (Ref 4 3 ).

Another approach to  improve Cheng’s z e ro e th  o rd e r th e o ry  to  
g iv e  th e  c o r r e c t  downstream l im i t  f o r  th e  p re s su re  was su g g es ted  by 
S to l le r y  (Ref 22) fo r  th e  pure  v isco u s  in t e r a c t io n  problem . T his 
method was l a t e r  a p p lie d  to  th e  c ase  o f b lu n te d  wedges by S to l le r y ,  
Pim putkar and B ates (Ref 4 4 ). They used  th e  tangent-w edge ap p ro x i­
m ation in  p la ce  of th e  Newton-Busemann r u le  i n  Cheng’s a n a ly s is  and 
in te g ra te d  th e  r e s u l t in g  e q u a tio n s  n u m erica lly . T his m odified  
a n a ly s is  suppressed  th e  o s c i l l a to r y  behav iour and th e  downstream 
c o n d itio n s  were reach ed  m ono ton ica lly . Near th e  le ad in g  edge, th e  
method appears to  o v e re stim a te  th e  p re s s u re . I t  i s  f e l t  t h a t  th e  
e s tim a te s  of th e /c a n  be improved f o r  th e  case  of &. b lu n te d  wedge, by /me 
in c o rp o ra tin g  m o d if ica tio n s  s im i la r  to  th o se  i n  Kemp’s a n a ly s is .
T his p o in t w i l l  be d iscu ssed  su b seq u en tly . I t  would a ls o  be i n t e r e s t ­
in g  to  see  w hether a. s im ila r  a n a ly s is  u s in g  th e  tan g en t-co n e  ap p ro x i­
m ation f o r  b lu n te d  cones, p r e d ic ts  th e  undershoo t i n  p re s s u re .

202 E xperim ental, s tu d ie s  on f l a t  -p la te s :

Numerous ex p erim en ta l s tu d ie s  (R efs 3 2 ,3 8 , 45 ~ 61 ) have been  
made t o  in v e s t ig a te  th e  e f f e c t  o f th e  b o u n d ary -lay e r d isp lacem ent 
and th e  le ad in g  edge th ic k n e ss  on f l a t  p la te s  in  hyperson ic  flow .
These s tu d ie s  have he lp ed  to  ev a lu a te  th e  u se fu ln e s s  o f th e  v a r io u s  
th e o r e t i c a l  methods d iscu ssed  in  S ec tio n s  2 .0  and 2 .1 .

R eferences 4 5 - 53 d e a l  w ith  t e s t s  on f l a t  p la te s  a t  ze ro  i n c i ­
dence. In  g e n e ra l, th e se  t e s t s  in d ic a te  th a t  v isco u s  in te r a c t io n  
th e o r ie s  u sing  tangent-w edge approx im ation  fo r  d e term in ing  th e  in v is c id  
flow  f i e l d ,  re a so n ab ly  p re d ic t  th e  induced p re s su re s  fo r  sharp  le a d in g  
edges from weak in te r a c t io n  re g io n  to  m oderately  s tro n g  in te r a c t io n  
re g io n  (%= 30- 4 0 ). However, th e  h e a t t r a n s f e r  r a t e s  appear to  be 
s l i g h t ly  u n d erestim ated  by most o f the  methods. For b lu n t le ad in g  
edges, good c o r r e la t io n  f o r  th e  shock-wave shape and th e  p re s su re  
has been  o b ta in ed  u s in g  th e  b la st-w av e  analogy (R efs pi -  55) » The 
analogy f a i l s  very  near th e  le ad in g  edge where th e  p e r tu rn a t io n s  i n  
th e  flow  f i e l d  a re  not sm all, and a lso  f a r  downstream where th e
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req u irem en t of &. s tro n g  shook i s  n o t met. Marvin (Ref 52) r e p o r ts  
good p re d ic t io n s  f o r  shock wave shape betw een 2 -6 0  tim es th e  nose 
th ic k n e s s . The e f f e c t  o f b lu n tin g  th e  le ad in g  edge was observed  to  
r e s u l t  i n  an in c re a s e  in  h e a t t r a n s f e r  r a t e s  downstream correspond ing  
to  th e  sh arp in g  le a d in g  edge v a lu es  (Ref 52 and 53)* However, Neal 
(Ref 54) and Stone (Ref 55) found th a t  sm all b lu n tin g  of th e  le ad in g  
edge reduced  th e  h e a t t r a n s f e r  r a t e s  co rrespond ing  to  th e  sharp  
le ad in g  edge v a lu e s , w h ile  th e  p re s su re  d i s t r i b u t io n  was no t a f f e c te d  
much. Stone made im pact p re s su re  surveys and found th a t  the  boundary- 
la y e r  th ick en ed  due to  nose b lu n tin g  and reduced  th e  h e a t t r a n s f e r  
c o e f f i c i e n t s .

The e f f e c t  o f in c id en ce  on h e a t t r a n s f e r  r a t e s  fo r  sharp  and 
b lu n t  f l a t  p la te s  was s tu d ie d  by Gheng e t  a l  (Ref 3 2 ). They compared 
th e  h e a t t r a n s f e r  measurements a t  M -  1 2 in  a i r ,  w ith  t h e i r  t h e o r e t i c a l  
a n a ly s is  f o r  M »  1 and V-* 1 ta k in g  in to  account b o th  th e  d isp lacem en t 
and th e  b lu n tn e s s  e f f e c t s .  The measurements were g e n e ra lly  found to  
be 15 -  20 % h ig h e r th a n  th e  th e o r e t i c a l  p r e d ic t io n s .  A lleg re  and 
B isch  (Ref 57) made p re s su re  measurements on sharp  and b lu n t  f l a t  
p la te s  a t  in c id en ce  in  th e  s tro n g  v isco u s  in te r a c t io n  re g io n  a t  M =1 8 
i n  n itro g e n . P ar th e  sharp  le ad in g  edge, good agreem ent w ith  Cheng’s 
th e o ry  (Ref 32) was found , b u t fo r  th e  b lu n t le a d in g  edge th e  a g ree ­
ment was r a th e r  p o o r. S to l le r y  (Ref 44, 59) has made p re s su re  
measurements on a  sharp  f l a t  p la te  a t  in c id en ce  a t  M = 1 4 .8  and has 
compared h is  measurements and a ls o  H o ld en 's  measurements (Ref 58) on 
a  sh arp  f l a t  p la te  a t  ze ro  in c id en ce  w ith  S u l l iv a n 's  method. The 
com parison shows th a t  the p re s su re s  a re  g e n e ra lly  o v e re stim ated  by 
S u l l iv a n 's  method. More d e ta i l e d  experim ents in v o lv in g  b o th  h e a t 
t r a n s f e r  and p re s su re  measurements oyer sharp  and b lu n t f l a t  p la te s  
a t  in c id en ce  in  th e  s tro n g  re g io n  (%= 60 -  3 0 0 ) a t  M = 4 2 , i n  helium  
have been  made by Kemp (Ref 3 8 ). The measurements ag reed  w ith  C heng 's 
th e o ry  a f t e r  some m o d ifica tio n s  d iscu ssed  in  Sec 2 .2 . V id a l and 
B artz  (Ref 60) conducted  te s t s  a t  M = 1 8  -  2 4 . ,  spanning flow  regim es 
from f r e e  m olecule flow  to  t h i n  b o u n d ary -lay er flow . T heir d a ta  fo r  
p re s su re  and h e a t t r a n s f e r  on sharp  f l a t  p la t e s  showed good agreem ent 
w ith  C heng 's th e o ry  in  th e  s tro n g  in te r a c t io n  re g io n . S im ila r 
h e a t t r a n s f e r  measurements on a  sharp  f l a t  p l a t e  a t  Mach numbers 2 r , 8
-  8 6 .8  in  helium  have been made by Nagamatsu and Sheer (Ref 61 )
co v erin g  a  wide range  of th e  v isco u s  in t e r a c t io n  p a ram ete r, X = 11 -
1 6000, and f in d  good agreem ent w ith  t h e o r e t i c a l  p r e d ic t io n s  of L i
and Nagamatsu (Ref 1.2) f o r  ran g es  of % not a f f e c te d  by r a r i f i e d  gas 
e f f e c t s .

In  gen era l, i t  appears th at fo r  sharp f l a t  p la te s  in  the strong  
in te r a c tio n  reg io n  , Cheng's th eo ry  w ith Kemp's correctio n s g iv e s  
good p r e d ic tio n s . Most of the s tu d ies  mentioned in  th is" S ec tio n  
have gen era lly  e sta b lish ed  an understanding of the displacem ent e f f e c t  
and the b luntness o f f s e t  in  the v ic in i t y  of the leading edge and 
fo r  some d istan ce  downstream. The q u a n tita tiv e  agreement o f r e s u lt s  
w ith  th e o r e t ic a l p red ic tio n s does not appear to  be very sa t is fa c to r y  
fo r  the case o f blunt lead in g edges. Another in te r e s t in g  p oin t i s  
the fa r  downstream e f f e c t  of a b lunt leading edge on the heat t r a n s f e r  
r a te s .  Perhaps, th is  would require some more th e o r e t ic a l and èxp&ri 
mental study in  the l ig h t  of N eal's  and Stone’s (Ref 54 and 55 )
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work, who f in d  th e  h e a t t r a n t e r  r a t e s  t o  be decreased  f o r  sm all 
le ad in g  edge b lu n tn e s s .

2 .3  V iscous in te r a c t io n  on cu rved  s u r fa c e s ;

The s tu d y  of v isc o u s  i n te r a c t io n  e f f e c t s  on su rfa c e s  o th e r  th a n  
f l a t  p la te  a f te rb o d y , i n  th e  p re sen ce  of s tro n g  le ad in g  edge i n t e r ­
a c t io n  has r e c e iv e d  a t t e n t io n  on ly  r e c e n t ly .  The. n a tu re  o f th e  
v isco u s in te r a c t io n  mechanism depends on th e  shape of th e  a f te r -b o d y .
I n  p a r t i c u l a r ,  when th e  a f te r -b o d y  i s  a  concave s u r fa c e , th e  flo w  
phenomena, i s  q u i te  co m p lica ted  because o f th e  in te r a c t io n  between 
th e  le ad in g  edge shock-wave and th e  com pression waves g en e ra ted  from 
th e  body s u r fa c e . O ther a f te r -b o d y  shapes, o f p r a c t i c a l  i n t e r e s t  
a re  convex: s u r fa c e s , and com pression  and expansion  c o rn e rs . The 
study  of com pression  and  expansion  c o rn e r flow s i s  beyond th e  scope o f 
th e  p re s e n t t h e s i s ,  though some of th e  a n a ly se s  o f th e  p re s e n t  work 
a re  s t i l l  a p p lic a b le  when th e  upstream  in f lu e n c e  i s  n o t s ig n i f i c a n t .
The concave su rfa c e  flo w s a re  c o n s id e re d  i n  d e t a i l  w ith  o c ca s io n a l 
r e fe re n c e s  t o  convex s u r fa c e s .

Prom a  p r a c t i c a l  p o in t  o f view,, eoossve s u r fa c e  flow s a re  
im portan t i n  th e  d e s ig n  of h y p erson ic  i n l e t s  where th e  b o u n d ary -lay er 
i s  s u b je c te d 6o a d v e rse  p re s s u re  g ra d ie n ts  i n  a d d it io n  to  th e  v i s c id -  
in v i s c id  in te r a c t io n .  Even th e  tre a tm e n t of th e  in v is c id  hyper­
so n ic  flo w  p a s t  such s u r fa c e s  appears, to  be r a th e r  l im i te d ,  c o n s id e rin g  
th e  abundant l i t e r a t u r e  e x is t in g  on th e  co rrespond ing  convex s u r fa c e s . 
S u ll iv a n  (R ef 62) o b ta in e d  s im ila r  s o lu t io n s  fo r  th e  in v is c id  
hyperson ic  flo w  on pow er-law  concave su rfa c e s  and showed th a t  th ey  
a re  th e  c o r r e c t  f i r s t  app ro x im atio n  to  th e  ex ac t in v i s c id  e q u a tio n s  
fo r  >Oo. Thus, he was a b le  to  c a lc u la te  th e  p re s su re s  on 
concave s u r fa c e s ,  and compared w ith  measurements on a  cu b ic  s u r fa c e .
The agreem ent was found to  be good over th e  l im ite d  re g io n  downstream 
o f th e  le a d in g  edge where th e  s im ila r  s o lu t io n s  a re  expec ted  to  be. a, 
good approx im ation . A .d e ta i le d  com parison of th e  s im ila r  s o lu t io n s  
w ith  o th e r approxim ate in v i s c id  th e o r ie s  was g iv en  i n  Ref 6 3 .

For th e  v isco u s  h y p erso n ic  f lo w  on concave s u r fa c e s , th e  boundary
la y e r  growth can  s ig n i f i c a n t ly  modify th e  e f f e c t iv e  body-shape and
th e  in v is c id  c a lc u la t io n s  ig n o rin g  th e  d isp lacem ent e f f e c t s  may be
in c o r re c t  i n  c e r t a in  re g io n s  o f th e  flow.. The re g io n  near th e
le ad in g  edge w i l l  be much a f f e c te d  by th e  v isco u s  in te r a c t io n  e f f e c t s .
Because o f th e  dom inant in c id e n c e  e f f e c t ,  th e  in te r a c t io n  e f f e c t s
become n e g l ig ib le  f a r  downstream and th e  in v is c id  p re d ic t io n s  a re
q u ite  a c c u ra te  i n  t h i s  re g io n . R ichey (Ref 24) p re se n te d  an a n a ly s is
fo r  com pression  s u r fa c e s  ta k in g  th e  d isp lacem ent e f f e c t  of th e  boundary
la y e r  in to  c o n s id e ra t io n . The in v is c id  flow  was determ ined  by th e
tangent-w edge r u le  n ear th e  le a d in g  edge re g io n  and in  re g io n s  of
adverse  p re s su re  g ra d ie n t  r e v e r s e  Erandt1-M eyer tu rn in g  (Sim ple wave
flow  th e o ry )  was employed. The b o u n d ary -lay er grow th was c a lc u la te d
using  a. l o c a l  s im i l a r i t y  approach . The a n a ly s is  covered  b o th  th e
s tro n g  and weak in te r a c t io n  re g io n s  and th e  method p re d ic te d  a  s tead y
d ecrease  i n  th e  b o u n d a ry -lay e r th ic k n e ss  ( s u p e r - c r i t i c a l  b eh av iou r
dft— <c_o ) i n  th e  adverse  p re s s u re  g ra d ie n t re g io n  as observed  e x p e r i-  
d>



m en ta lly . Thus, ..the p h y s ic a l f e a tu re s  o f th e  flo w  on a  com pression 
su rfa c e  (F ig  4 ) were d e sc rib e d  c o r r e c t ly  by th e  a n a ly s is .  S in ce , 
on com pression s u r fa c e s , th e  v isco u s  e f f e c t s  a re  im p o rtan t on ly  n ea r 
th e  le ad in g  edge, S to l le r y  (Ref 46) suggested  th a t  th e  th e  Newton- 
Busemann r u le  c o r re c te d  fo r  th e  s tro n g  v isco u s  in te r a c t io n  e f f e c t s  
may be a  good approx im ation  f o r  th e  p re s s u re , i . e . ,

T -  .  |  J r t t + n  x e
r»  A-

The f i r s t  term  i n  Eg 2.3 .1  r e p re s e n ts  C heng 's s tro n g  in te r a c t io n  
s o lu t io n  and th e  o th e r term s re p re s e n t  th e  in v is c id  p re s su re  
c a lc u la te d  ig n o rin g  th e  v isco u s  e f f e c t s .  The Eq 2 .3 .1  i s  sim ple and 
and can  be a p p lie d  to  com plicated  s len d e r shapes i n  a  s tra ig h tfo rw a rd  
manner. However, comparing w ith  th e  p re s su re  d i s t r i b u t io n  due to  
v isco u s  in te r a c t io n  e f f e c t s  p re d ic te d  by R ichey (curve/B H  of F ig  4)> ànd
th e  tre n d  tow ards approaching th e  in v is c id  l im i t  acco rd in g  to  Eq_ 2.3*1 
seems to  be d i f f e r e n t .  Eq 2.3 .1  su g g es ts  t h a t  th e  p re s su re  i s  
everywhere h ig h e r th a n  th e  in v is c id  v a lu e  y  JIMaereas, th e  p re s su re  
d i s t r i b u t io n  in  F ig  4  r e p re s e n ts  a  la g  i n  th e  p re s su re  r i s e  due to  
v isc o u s  in te r a c t io n  e f f e c t s .

The bou n d ary -lay er on a  concave su rfa c e  i s  e s s e n t i a l ly  growing 
i n  an  adverse  p re s su re  g ra d ie n t and th e re  a re  a v a ila b le  a. number of 
s tan d a rd  methods f o r  t r e a t in g  t h i s  problem  ( e . g . .  R ef 65 and 6 6 ) ,  
p ro v id ed  th e  in v is c id  p re s su re  d i s t r i b u t io n  i s  known. F itah u g h  
(Ref 6? and 6 8 ) has made a  d e ta i le d  s tudy  o f th e  v a r io u s  approxim ate 
methods i n  th e  l i g h t  of exac t num erical s tu d ie s  o f th e  b o u n d ary -lay e r . 
e q u a tio n s , f o r  bou n d ary -lay ers  i n  adverse  p re s su re  g ra d ie n t .  H is 
r e s u l t s  re p re s e n t  on ly  th e  f i r s t  approx im ation  and cannot be expec ted  
to  h o ld  good when th e  d isp lacem ent and o th e r  e f f e c t s  norm ally  
co n s id e re d  to  be of h ig h er o rder assume f i r s t  o rd e r im portance .

A. mere r ig o ro u s  e x ten s io n  o f C heng 's a n a ly s is ,  r a th e r  th a n  
th e  e m p ir ic a l m o d if ic a tio n  suggested  by Eq 2 .3 .1  „ was made l a t e r  by 
S to l le r y  (Ref 22 ). The o r ig in a l  C heng's v isco u s  in t e r a c t io n  was 
in te g ra te d  f o r  si v a r ie ty  of d i f f e r e n t  a f te r-b o d y  shapes such as 
concave and convex s u r fa c e s , and com pression  and expansion  c o rn e rs .
Except f o r  concave su r fa c e s , th e  a n a ly s is  was found to  p r e d ic t  c o r r e c t ly  
th e  main flow  fe a tu re s  i n  th e  s tro n g  in te r a c t io n  re g io n . However 
th e  a n a ly s is -p re d ic te d  h ig h ly  o s c i l l a to r y  approach in  p re s s u re , 
h e a t t r a n s f e r  and boundary -layer th ic k n e ss  to  th e  downstream in v is c id  
l im i t .  The am plitude of th e  o s c i l l a t i o n  was q u a n t i ta t iv e ly  
u n r e a l i s t i c ,  so  a s  to  p rov ide  any u s e f u l  e s tim a te s  o f in te r a c t io n  
e f f e c t s .  To overcome t h i s  l im i ta t io n ,  S to l le r y  .m odified  th e  a n a ly s is  
by s u b s t i tu t in g  th e  e x te n s iv e ly  used  tangent-w edge r u le  i n  p la c e  of 
th e  Newton-Busemann r u le  (Eq 2.1 „1 ) used  in  C heng's a n a ly s is .  The 
m odified  a n a ly s is ,  which only accoun ts f o r  th e  shock p re s su re  r i s e  
removed th e  o s c i l l a to r y  behaviour com plete ly  and a  smooth t r a n s i t i o n  
to  downstream c o n d itio n s  was o b ta in ed . To dem onstrate  th e  applicar* 
b i l i t y  o f th e  method, th e  p re ssu re  and h e a t t r a n s f e r  r a t e s  were 
c a lc u la te d  f o r  eu number of c ase s  and compared w ith  ex p erim en ta l 
measurements. I n  p a r t i c u la r ,  th e  method gave good agreem ent f o r
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fo r  p re s s u re  on a  c u b ic  s u r fa c e , f o r  which Cheng1 s  th e o ry  y ie ld s  
q u a n t i t a t iv e ly  u n r e a l i s t i c  r e s u l t s ,  A more d e ta i l e d  in v e s t ig a t io n  
o f Cheng1 s  method and I t s  m odified  v e rs io n  and t h e i r  com parison w ith  
ex p erim en ta l p re s s u re  and h e a t  t r a n s f e r  measurements a t  M = 1 2 *2 5 , 
was made by Mohammadian (R ef 6 9 ) .  The s u b - c r i t i c a l  ( ^ 8%iip >  0) 
and s u p e r - c r i t i c a l  ^ 0 ) n a tu re  of th e  b o u n d ary -lay er on
concave s u rfa c e s  was a l s o  p o in te d  out by Mohammadian, The m odified  
Cheng' s a n a ly s is  a g re ed  w e l l  w ith  th e  measurements, excep t f o r  h e a t 
t r a n s f e r  r a t e s  on th e  concave s u r fa c e  f o r  which th e  p re d ic t io n s  were 
c o n s id e ra b ly  lowers F u r th e r  com parisons f o r  th e  concave s u r fa c e ' 
were p re se n te d  by S to l le r y  (Ref 7 0 ), by u s in g  th e  w e ll known L ees- 
Reeves in t e g r a l  te ch n iq u e  (R ef 71 ) w ith  subsequent m o d if ic a tio n s  by 
Holden (Ref 7 2 ), and K lin eb erg  and Lees (Ref 73) • With t h i s  
approach , b e t t e r  agreem ent was o b ta in e d  f o r  th e  h e a t t r a n s f e r  r a t e ,  
b u t p re s s u re s  were c o n s id e ra b ly  o v e re stim a ted .

The e f f e c t  o f th e  lo n g i tu d in a l  c u rv a tu re  can be q u i te  im portan t 
on th e  b o u n d ary -lay e r grow th over cu rved  s u r fa c e s , Wornom and 
Werle (Ref 8 6 ) so lv ed  th e  b o u n d ary -lay e r eq u a tio n s  ta k in g  in to  account 
th e  d isp lacem en t and th e  lo n g i tu d in a l  c u rv a tu re  e f f e c t s .  They 
employed a  f i n i t e  d if f e r e n c e  method fo r  th e  b o u n d ary -lay e r and u sed  
th e  tangent-w edge r e l a t i o n  f o r  th e  p re s su re  on th e  d isp lacem en t body. 
The r e s u l t s  ag reed  w e ll  w ith  th e  p re s su re  measurements of Mohammadian 
on th e  cu b ic  s u r fa c e .

2 .4  Scope of th e  p re s e n t  w ork:

I n  th e  p re s e n t  w ork, th e  in te r a c t io n  e f f e c t  has been  s tu d ie d  
by v a ry in g  th e  v i s c i d - in v i s c id  c o u p lin g . This i s  i n  c o n t r a s t  w ith  
th e  e a r l i e r  works a s  we have seen  i n  S ec tio n s  2 .0  -  2 .3 ,  where 
re fin em en t i n  th e  v isco u s  flo w  f i e l d  a n a ly s is  has been  adopted  
e x te n s iv e ly , w h ils t  r e t a in in g  th e  tangen t wedge approxim ation  to  
d e sc r ib e  th e  in v is c id  f lo w  f i e l d .  The p re s e n t in v e s t ig a t io n  was 
m o tiva ted  by th e  f a c t  t h a t  th e  w idely  used  ta n g en t wedge formula, has 
been c r i t i c i s e d  on many o ccasions (Ref 36  and 74) f o r  n o t accoun ting  
f o r  c e n t r i f u g a l  e f f e c t s ,  and a t  th e  same tim e th e  Newton-Busemann 
r u le  which i s  f r e e  o f  t h i s  c r i t i c i s m  i s  found to  g ive  o s c i l l a to r y  
r e s u l t s  of u n r e a l i s t i c  m agnitude f o r  concave su rfa c e s  ( S to l le r y ,
Ref 2 2 ). In  o rd e r t o  f u r th e r  in v e s t ig a te  th e  e f f e c t  of r e ta in in g  
th e  c e n t r i f u g a l  p re s s u re  v a r i a t io n  in  th e  in v is c id  flo w  f i e l d  a n a ly s is ,  
th e  v isco u s  i n t e r a c t io n  problem  on f l a t  p la t e s  and concave s u rfa c e s  
has been s tu d ie d  by m odifying tie  t  angent-we dge: approx im ation . 
B a s ic a l ly ,  two m o d if ic a tio n s  have been  c o n s id e re d î

a  s t r a i g h t  fo rw ard  c o r r e c t io n  f o r  th e  c e n t r i f u g a l  
e f f e c t s  t o  th e  tangent-w edge r u le .

m o d if ic a tio n  t o  account f o r  th e  c e n t r i f u g a l  e f f e c t s  
and f o r  v a r i a t i o n  in  th e  flo w  in c l in a t io n  an g le  
between th e  body and th e  shock wave a s  su g g ested  
by Lees (R ef 74).

( i )

and ( i i )
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For th e  b o u n d a ry -lay e r, L ees1 loca l, f l a t  p l a t e  s im i la r i ty  has 
been u sed  f o r  s im p l ic i ty .  The a p p l ic a t io n  o f th e  su g g ested  m od ifi­
c a t io n s  to  b lu n tn e ss  dom inated flow s i s  a ls o  co n sid e re d . The 
r e s u l t s  a re  compared w ith  Cheng1 s th e o ry  and i t s  m odified  v e rs io n  
due to  S to l le r y  (Ref 2 2 ). I n  o rd e r to  f a c i l i t a t e  com parison and 
t o  p re s e n t some g e n e r a l iz a t io n s ,  th e  tre a tm e n t o f th e  p re s e n t  a n a ly s is  
i s  c a r r ie d  ou t a long w ith  C heng's and m odified  C heng 's methods, 
w hereever n e ce ssa ry .

F in a l ly ,  th e  a p p l ic a t io n  o f C hernyi ' s  in t e g r a l  method has been 
co n sid e red  f o r  t t e  b lu n tn e ss  as  w e ll a s  v isco u s  dom inated flow s and 
i t  i s  dem onstrated  t h a t  th e  o s c i l l a t i o n s  p re s e n t  in  C heng 's z e ro e th  
o rd e r  th e o ry  a re  h e a v ily  damped because o f the in c lu s io n  of th e  
a f te r-b o d y  d rag^  and k in e t ic  energy term s i n  th e  a n a ly s is .

On th e  ex p erim en ta l s id e ,  measurement of h e a t t r a n s f e r  and 
p re s su re  have been made on b lu n t f l a t  p la te s  and on a  concave su rfa ce  
w ith  a  sharp  le ad in g  edge a t  M = 1 2 .2 5 . The measurements on 
b lu n t f l a t  p la te s  was u n d ertaken  to  s tudy  th e  downstream e f f e c t  of 
th e  b lu n t  le ad in g  edge. The concave su rfa c e  was d esigned  so th a t  
measurements can  be made i n  a  re g io n  as n ear to  th e  le ad in g  edge as 
p o s s ib le ,  where th e  growth o f th e  le a d in g  edge shock wave i s  s tro n g ly  
in f lu e n c e d  by th e  body c u rv a tu re . The r e s u l t s  a re  compared w ith  
th e  p re d ic t io n s  of v isco u s  in te r a c t io n  th e o r ie s .



PART I I  THEORETICAL STUDIES
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CHAPTER I I I

PRELIMINARY CONSIDERATIONS.

I n  t h i s  C h ap ter, th e  govern ing  eq u a tio n s  f o r  th e  v isco u s  and 
th e  in v is c id  flo w  f i e l d s  w i l l  be p re se n te d . F or th e  b o u n dary -layer 
a n a ly s is ,  L ees' f l a t  p la te  th e o ry  i s  used  and i t s  l im i ta t io n s  d iscu ssed  
i n  th e  l i g h t  o f lo c a l  s im i la r i ty  approach. I n  th e  tre a tm e n t o f th e  
in v is c id  flow  f i e l d ,  on ly  th e  p re s su re  laws e x te n s iv e ly  used  i n  th e  
v isco u s  in te r a c t io n  a n a ly s is  and t h e i r  m o d if ica tio n s  fo r  th e  p re se n t 
a n a ly s is  a re  c o n s id e re d . W ith in  th e  scope of th e s e  p ressu re : law s, 
th e  s u b - c r i t i c a l  and s u p e r - c r i t i c a l  behaviour o f th e  boun d ary -lay er 
on coneave s u rfa c e s  i s  i l l u s t r a t e d .  The a n a ly s is  o f th e  in v is c id  
flow  f i e l d  u sin g  C h e r iy i 's  i n t e g r a l  approach i s  d e fe r re d  to  C hapter 
V II .

3.1 Local f l a t  p la te  s im i la r i ty  th e o ry :

The com pressib le  lam inar bou n d ary -lay er eq u a tio n s  f o r  th e  
s tead y  flow  o f a  p e r f e c t  gas p a s t  a  tw o-dim ensional body can  be 
w r i t t e n  as

C o n tin u ity  : | x ( f W  +  I  t s « )  ‘  0 3 .1 .1

Momentum : ^11 -t- §15 §31 -  -  -t- -§■ ( U  S lA  3 .1 .2
a y  a y v

y-Momentum : 9 1’ .
= 0 3 .1 .3

Energy's 4  $19 ^  1  f M 5H 4 -H *4
a x  9 y  s y  I  "b ? 'Sy d tij

Eqn o f S ta te  : I  = î  5 L 7 3 .1 .5

I n  th e  d e r iv a t io n  of th e  above e q u a tio n s , i t  i s  assumed th a t  
th e  th ic k n e ss  of the  bou n d ary -lay er i s  sm all i n  com parison w ith  th e  
lo n g i tu d in a l  ra d iu s  of c u rv a tu re  of th e  body. The boundary c o n d itio n s  
a re

y  = 0; u = 0 , v = 0

H = IIw For th e  h ea t t r a n s f e r  case;

F or th e  in s u la te d  w a ll 3.1 .6
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(X ) ;  u  =  u e

H = He 3 .1 .7

Applying th e  w e ll known H ow arth-D orodnitsyn t r a n s f o r m t io n

I  = f

^  '  7 % S p d y

a rd  w ith  3  -  U f<Lle and . H/ h 6

th e  e q u a tio n s  3,1 «1 -  3 .1 .7  can  be reduced  to

( Nf ")  +  ^  +  2 t  7  '  = 0  3 .1 .8

( i t j - * -  n ' ^ ^ o - i V ï ' ï " 0

where N %

3 .1 .9

w

w ith  boundary c o n d itio n s
i

= 0; f  = 0
g = gy (Heat ta n s f e r r in g  w a ll)

i
Q = 0 ( in s u la te d  w a ll)  3 .1  .1 0w

r|-> to  ; | = ^  = 1 3 . 1 .11

%

For th e  c a s e  o f hyperson ic  flow  ( M *7> 1  ?^ /H e  -  2 ) ? th e  above 
eq u a tio n s  3 .1 . 8  and 3 *1 . 9  can  be f u r th e r  s im p lif ie d  assuming 9 w to  
be c o n s ta n t a long  th e  w a ll and a  l in e a r  v is e o s ity - te m p e ra tu re  r e l a t i o n ,  
to

# " ' +  4 -  r  + 2 ) = 0  3 . 1 .1 2

^  -+ i  +  2  0 [ f ' f  ) - 0 3*1.13

(fed* «dkwhere 6 - . lZ-' 3-I-I4-



In  th e  f l a t  p l a t e  s im i la r i ty  r u l e ,  th e  e f f e c t  o f th e  p re s su re  
g ra d ie n t term  fi i n  Eqn 3 .1 .1 2 i s  co n sid e red  to  be sm all f o r  th e  
c a s e  of h ig h ly  co o led  w a lls  s in ce  th e  term  P [ ty- -f'^) , over th e
ra n g e  o f in te g r a t io n  (Ref 31 )• I t  has a ls o  been  argued by S u ll iv a n  
(Ref 20) th a t  th e  c o n tr ib u t io n  of th e  p re s su re  g ra d ie n t term s can  be 
sm all when th e  p re s su re  g ra d ie n t i s  fav o u ra b le  even i f  th e  w a ll i s  
n o t c o ld . To s im p lify  th e  problem , th e  B randt 1 number i s  assumed 
u n i ty  and th e  eq u a tio n s  3 *1*12  and 3*1*13 a re  in te g ra te d  su b je c t 
t o  th e  b o u n d ary -co n d itio n s  3*1 *10 and 3.1  *11 „ to  g ive

j"(o) c 0 - 4 6 9 6  3.1.15

9  -  I -  O T w X l - f ' )  3.1.16

From e q u a tio n  3*1 *14, i t  can  be seen  tls. t  P  can  be sm all 
when V —> 1 t even i f  th e  c o ld  w a ll assum ption  i s  n o t met. This i s  
th e  b a s is  f o r  n e g le c tin g  th e  p re s su re  g ra d ie n t e f f e c t s  i n  Cheng1 s  
a n a ly s is  (Ref 3 2 ;. The r e s u l t in g  eq u a tio n s  f o r  th e  bou n d ary -lay er 
a re  same i n  Lees * f l a t  p la te  s im i la r i ty  approach and i n  Cheng’s 
a n a ly s is .

D isplacem ent th ic k n e s s ; In  o rder t o  c a lc u la te  th e  v i s c id - in v is c id  
in te r a c t io n ,  i t  i s  n ecessa ry  to  know th e  v a r i a t io n  of d isp lacem en t 
th ic k n e s s  along  th e  w a ll .  By d e f in i t io n ,  th e  d isp lacem en t th ic k n e s s  
i s  w r i t t e n  a s  00

S * '  i ^ 1" 5 ' ’ ' 1 7

or i n  th e  tran sfo rm ed  c o rd in a te s  ■ .

S *  -  ®  1  ( t  -  —
0

The in te g ra n d  i n  e q u a tio n  3*1 *1 8 c an  be s im p lif ie d  f u r th e r  by 
making use of th e  hyperson ic  .approxim ation he 1

1



S u b s t i tu t in g  3*1: *19 i n  3*1 *1 8 , we g e t

f e ^ e

-to. . ^

T ie

where

5.1 .20

3.1.21

For u n i t  P iran d tl number and z e ro  p re s su re  g ra d ie n t ,  th e  in t e g r a l  
X can  be e v a lu a te d  u s in g  eq u a tio n  3 . 1 .1 6  and we o b ta in

I  = 0.4656 ( 1 + 2 . 6  s j 3.1 .22

The d isp lacem en t th ic k n e ss  canno t he c a lc u la te d  d i r e c t ly  from  
e q u a tio n  3 *1 .2 0  s in c e  th e  p re s su re  d i s t r i b u t io n  i s  unknown and th e  
d e te rm in a tio n  o f which i s  a  p a r t  of th e  problem . For f u r th e r  a n a ly s is ,  
assuming th e  f lo w  to  be everyw here h y p e rso n ic , we w r ite

L H i d V ' X  -  { hw d ii
<K Tvi I v

cK *e

H f/Kg +
S u b s t i tu t in g  f o r  k  ,  fg U g  and in  eq u a tio n  3 .1 .2 0 , we g e t

-  i l . ^ 4 . v . __
/he ~ zhe -  zC?Te

-\r

or
M qqS

%

X-
1 r-i

3 . 1 .2 3

The e x p re ss io n  w ith in  th e  square b ra c k e t can  be w r i t t e n  as

v £ k  ! Fu \ k  I . ,'lz r ’fe

where 0 = F U) 'm

FcoTw
So, th e  e q u a tio n  3 .1 .2 3  red u ces  to
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3 72 "7̂
where X  = M(^C £ ^ ,  V iscous in te r a c t io n  param eter

p = M b(p

I
w rit in g  I  =

and

we g e t

°  0 , 4696(1 + 2 .6  g^)

A = O.4696 . ÏL1 (1 + 2 .6  g^) 
Vz

o
3.1.25

2, a
Choosing a. le n g th  s c a le  Ls  = p  X and v /ith  X = ^[Ls > 

eq u a tio n  3*1 .2 5  c an  he w r i t t e n  as

M .S *  ,  ,  "  “ , '4( M
Ls -  " 6 P  3-1-26

I t  nay he no ted  t h a t ,  i n  g e n e ra l , th e  v a lu e  of I  depends: on 
th e  va lu e  of th e  p re s su re  g ra d ie n t param eter [i , E ra n d tl  number and' 
the v i s c o s i ty - te c p e r a tu r e  r e l a t i o n  used  i n  th e  a n a ly s is .  I n  th e  
p re s e n t f l a t  p la te  s im i la r i ty  approach f o r  ze ro  p re s su re  g ra d ie n t ,  
u n i t  P r a n d t l  number and l in e a r  v is e o s ity " te m p e ra tu re  r e l a t i o n ,  I 0 
w i l l  he u n i ty ,  and eq u a tio n  3«1 .2 6  red u ces  t o

M ? /  „ Ü M 'Z , . , . 2 7

M  f

Skin  f r i c t i o n  and Heat t r a n s f e r  : The lo c a l  sk in  f r i c t i o n  c o e f f ic ie n t  c„  
and th e  S tan to n  number S t a re  d e f in e d  as

C 3 .1 .2 8 .
Vt- fô o u â

and C  _ -P M —  ' 3 .1 .2 9

"  m Ç ( T o - T w )
Pollcrring  a  s im ila r  a n a ly s is  as  e a r l i e r ,  i t  c an be shown

ft -—  • — 1 —  . 3 . 1 .3 0

\ f z  - PM i M u ) (J p o ix )

i
\



—  AMay s fz m .  ?
( f e s f z  3 ' 1 ‘ 31

from  apI)roaoh> s u b s t i tu t in g

Cj = 1 P
A M f f j F d x ) '^  3 -1U32

H S I

1 * * * 1 ;
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g re a t  s im p l ic i ty 0 Some such approxim ate methods employed i n  the
v isco u s  in te r a c t io n  problem  a re  d iscu ssed .b e lo w .

Newtonian app ro x im atio n s; These a re  a p p lic a b le  to  b lu n t as w e ll  as 
s le n d e r  b o d ie s . For s le n d e r  bo d ies  (w ith  th e  approxim ation Sw 8 ? & 
and Cm6 ^ 1 ) ,  we have

2
a . Simple Newtonian fo rm u la : R j „ 3»2.1

Ro ^

b . Newton-Busemann fo rm u la : ^  -  Y Mfo ( ^ e  3 *2 ,2

The Nevrfcon-Busemam form ula  a ls o  co rresponds to  th e  le ad in g  
approx im ation  i n  th e  th eo ry  o f th in  shock la y e r s  f o r  Y" — . I t  
in c o rp o ra te s  a  c o r r e c t io n  to  th e  shock p re s su re  r i s e  f o r  th e  c e n t r i ­
fu g a l  p re s su re  v a r ia t io n  a c ro ss  th e  Shock layer.

Tangent wedge app rox im ation :

I n  t h i s  e x te n s iv e ly  used  approx im ation , th e  lo c a l  p re s su re  a t  
a. p o in t  on th e  body su rfa c e  i s  assumed to  be eq u al to  t h a t  on an  
e q u iv a le n t wedge having th e  same su rfa c e  in c l in a t io n .  The ta n g en t 
wedge approx im ation  assumes th a t  th e  flow  p ro p e r t ie s  a re  c o n s ta n t 
betw een th e  bod y -su rf ace and th e  shock wave a t  a  g iv en  stream w ise 
lo c a t io n .  The tw o-dim ensional ob lique  shock r e l a t io n s  s im p lif ie d  f o r  
th e  l im i t in g  c a s e  of i n f i n i t e  Mach number a re  used  f o r  c a lc u la t in g  
th e  su rfa c e  p re s su re  and can  be w r i t t e n  as

&  = I +  Y
Id *

v+l : i /  r+i ' 2 1 ^
3 .2 .3

For M , th e  e q u a tio n  3 .2 .3  can  he w r i t t e n  a s
4* dii

2
% = . i + r M w ^ +  3 . 2 .4

t b  ' 4  L d R j 3 Z [ ctxj-

S im ila r ly  f o r  y y \  ,
àt

\ =  + o [ m w # ; 3 .2 .5

The e q u a tio n  3*2.4  has been used by maïiy in v e s t ig a to r s  to  
c a lc u la te  th e  weak v iscous in te r a c t io n  e f f e c t s .  The f i r s t  th re e  
term s of 3 .2 .4  a re  id e n t i c a l  w ith  th e  Busemann s e r ie s  fo r  su p erso n ic  
a i r f o i l s .  The tan g en t wedge approx im ation  has th e  advantage th a t  
i t  can  cover b o th  th e  s tro n g  and weak in te r a c t io n  re g io n s ,  w hereas



2 2

th e  Newton-Busemam r e l a t i o n  i s  v a l id  only  i n  th e  s tro n g  in te r a c t io n  
re g io n  s in ce  f a r  downstream th e  p re s su re  does n o t asym ptote to  th e  
f r e e  stream  v a lu e .

Proposed  m o d if ic a tio n s :

In  s p i te  o f  t h e i r  e x ten s iv e  use in  tie  v isco u s  in te r a c t io n  
problem , th e  Newton-Busemann form ula and th e  tan g en t wedge approx im ation  
have been  su b je c te d  to  c r i t i c i s m s  and m o d if ica tio n s  to  overcome some 
o f the o b je c tio n s  have been  a ttem p ted . I n  th e  Newton-Busemann r e l a t i o n  
th e  shock p re s su re  r i s e  i s  c o r r e c t ly  re p re se n te d  only  fo r  M00̂ 0 %"7? I .
When d e a lin g  w ith  flow  p a s t  g e n e ra l tw o-d im ensional su rfa c e s  such as  
concave o r convex s u r fa c e s , th e  c o n d itio n  Mtqdyp/^l , may no t h o ld  
good everywhere i n  th e  flow  f i e l d  and th e  Newt on-Bus e mann r e l a t i o n  
may no t be a  good approx im ation  f o r  such flo w s. In  p a r t i c u l a r ,  f o r  
th e  case  of a  wedge in  hyperson ic  flo w , th e  Newt on-Buse mann r e l a t i o n  
does no t g ive th e  c o r r e c t  va lue  fo r  th e  p re s su re  f a r  downstream where 
th e  c e n t r i f u g a l  fo rc e  becomes z e ro . As d isc u sse d  in  Sec 2.1 • Kemp 
o b v ia ted  t h i s  d i f f i c u l t y  by e m p ir ic a lly  m odifying th e  e q u a tio n  3 *2 .2  
by s u b s t i tu t in g  ZY/ (y-j-i) in  p la c o  o f T  . Even w ith  th i s  m o d if ic a tio n

i t  shou ld  be r e a l i s e d  th a t  th e  r e s u l t in g  e q u a tio n  i s  c o r r e c t  on ly  in  
th e  l im i t  of , and cannot cover th e  weak in te r a c t io n  re g io n  on
a  f l a t  p la t e .  F u r th e r ,  th e  m o d if ic a tio n  in tro d u ce s  an e r ro r  i n  th e  
c e n t r i f u g a l  c o r r e c t io n  term  which may no t be s e r io u s  c o n s id e rin g  th e  
u n c e r ta in t ie s  in v o lv ed  in  a s s e s in g  the  e x te n t of c e n t r i f u g a l  c o r r e c t io n  
n ecessa ry  fo r  r e a l i s t i c  v a lu es  of XA^  1 • P e rh ap s , a  more r e f in e d  
m o d if ic a tio n , which a t  l e a s t  removes some o f th e  o b je c tio n s  le v e l le d  
a g a in s t  Newt on-Bus e mann r u le  can  be o b ta in ed  by s u b s t i tu t in g  ̂  th e  % 
tan g en t -wedge r u le  3 *2*3  f o r  th e  shock p re s su re  r i s e  term  YM̂ in
e q u a tio n  3*2 .2 . A lte rn a t iv e ly ,  such a  m o d if ic a tio n  can  be looked 
upon a s  a. c o r r e c t io n  to  th e  ,b a s ic  tan g en t wedge r u le  to  account f o r  
th e  c e n t r i f u g a l  e f f e c t s .  the com plete fo rm ula  can  be w r i t t e n  as

= 1 +
1

y y ed_ ^ L } ,2 .6
d x

The eq u a tio n  3*2.6  can  cover bo.th th e  s tro n g  and weak in te r a c t io n  
re g io n s  and in c o ra te s  the c o r r e c t  c o e f f ic ie n t  f o r  th e  c e n t r i f u g a l  
te rm . In  a d d i t io n , i t  r e p re s e n ts  th e  c o r r e c t  l im i t  f o r  th e  p re s su re  
on a  wedge. I t  i s  im p o rtan t to  no te  th a t  th e  m o d if ica tio n s7 i n  
e q u a tio n  3 . 2 .6  i s  no t ju s t  an  outcome of h e u r i s t i c  re a so n in g , b u t has 
th e  j u s t i f i c a t i o n  , a s  we s h a l l  see l a t e r  th a t  i t  r e p re s e n ts  a  lo g ic a l  
improvement to  th e  b a s iç ta n g e n t wedge approxim ation  to  account f o r  th e  
c e n t r i f u g a l  e f f e c t s .  ' Yrhile th e  a p p l ic a t io n  of e q u a tio n  3 * 2 .6 . to  
th e  v isco u s  in te r a c t io n  problem  was i n  p ro g re s s , th e  au th o r came a c ro ss  
a  r e c e n t  r e p o r t  by S u ll iv a n  (Ref 6 3 ) su g g es tin g  s. com bination  of 
'ta n g e n t wedge p lu s  c e n t r i f u g a l ' fo rm ula based  on s im ila r  re a so n in g s . 

However, the a n a ly s is  o f  S u ll iv a n  i s  l im ite d  to  in v is c id  flow s p a s t  
cusped  concave s u r fa c e s , whereas i n  th e  p re s e n t work th e  main i n t e r e s t  
i s  to  study th e  v i s c id - in v is c id  i n t e r a c t io n  and a ls o  th e  le a d in g
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edge b lu n tn e ss  e f f e c t s ,  
i s

The form  of th e  equation: used  by S u ll iv a n

M

2 ,

3 .2 .7

w here

and

cp z i {  " i3̂ ) /  

k., -
2 ( i ' 6 )

r M tp d s/d x '

" z C h d
4-

%

k

É -  (ï^O  /  (Y-M) » B(X) : Body ShajDe

Xt can  be shown th a t  eq u a tio n s  3 .2 .6  and 3 .2 .7  a r e  i d e n t i c a l .
The ta n g en t wedge approx im ation  assumes the c u rv a tu re  o f the: le a d in g
edge shock wave to  be sm all aM  i s  c o n sid red  to  be i n  e r r o r  f o r  two
rea so n s  (Refs: 3 6  and 74) :

( i )  I t  n e g le c ts  th e  c e n t r i f u g a l  e f f e c t s ,  and

( i i )  I t  d o es  n o t account f o r  th e  v a r ia t io n  i n  flo w  in c l in a t io n
an g le  betw een th e  shock wave and th e  body,

le e s  (R ef 74) h as  shown th a t  th e s e  two e f f e c t s  a re  o f o p p o site  
s ig n  and te n d  to  c a n c e l each  o th e r . The degree o f c a n c e l la t io n  
depends on th e  v a lu e  o f Y and f o r  Y—̂ 1  , th e  c o r r e c t io n  f o r  th e  flo w  
in c l in a t io n  w i l l  b e  much sm alle r th a n  th a t  f o r  th e  c e n t r i f u g a l  e f f e c t s ,  
l e e s  m odified  th e  ta n g e n t wedge approx im ation  fo r  th e se  two e f f e c t s  
and su g g ested  th e  fo llo w in g  fo rm u la .

3 . 2 .8

The e q u a tio n  3 .2 ,8  i s  c a l l e d  2nd o rd er ta n g e n t wedge i n  R ef 74.

Hayes and E ro b e s te in  argue (Ref 3 6 ) th a t  th e  e r r o r s  in v o lv ed  in  
e s tim a tin g  th e  c o r r e c t io n  f o r  th e  flo w  in c l in a t io n  ang le  a re  o f th e  
same o rder as th e  u n c e r t a in t i e s  in v o lv ed  in  th e  c e n t r i f u g a l  p re s su re  
c o r r e c t io n  . Hence th e y  account only  fo r  th e  c e n t r i f u g a l  e f f e c t s
and su g g es t th e  fo llo w in g .m o d if ic a tio n .

i - 1 -

where

3 .2 .9
I -  6

e  = (y- O / V t + i)

Kj,

= R adius of c u rv a tu re  o f th e  body 
(+ , Cone vise-)

_ 1_

Kb
d %  
d  oc8

>0
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For s le n d e r  b o d ie s , e q u a tio n  3»2.9  can  be w r i t t e n  a s

&  _ n -  r M %  ( d y e i d i  
h »  "  1 - 6

3 .2 .1 0

F or , th e  eqaisefcion 3 . 2 .6  and. 3 . 2 .1 0  a re  id e n t i c a l
and t h i s  su g g es ts  th a t  th e  c o r r e c t io n  in c o rp o ra te d  i n  e q u a tio n  3 . 2 .6  
i s  j u s t i f i e d  as  long  a s  th e  flo w  in c l in a t io n  e f f e c t s  a re  sm all. The 
e q u a tio n  3 . 2 .6  may he more u s e f u l  s in ce  i t  r e p re s e n ts  th e  shock 
p re s su re  r i s e  c o r r e c t ly  even f o r  m oderate v a lu e s  o f However,
i n  th e  weak in te r a c t io n  r e g io n , th e  e f f e c t  of th e  c e n t r i f u g a l  term s 
i s  of h ig h e r o rd e r compared to  th e  p re s su re  increm ent a s s o c ia te d  
w ith  sm all flow, d e f le c t io n s ,  and may n o t in tro d u ce  s e r io u s  e r r o r s .

Now, c o n s id e rin g  th e  m o d if ica tio n s  re p re se n te d  by eq u a tio n s  
3 .2 .6 .  and 3 .2 .8 ,  f o r  T  g re a te r  th a n  u n i ty  th e  c o r re c t io n s  suggested  
can  be s ig n i f i c a n t ly  d i f f e r e n t  i n  two c a s e s .  le e s  (Ref 74) has 
compared e q u a tio n  3 .2 .8  w ith  th e  eisact v a lu e  f o r  th e  i n i t i a l  
p re s s u re  g ra d ie n t  on p lan e  ogive and the agreem ent seems to  be b e t t e r  
th a n  5fo f o r  1 y  1 .3 .  L ees ' m o d if ic a tio n  su g g es ts  th a t  f o r  
Y* = 1 .4 ,  th e  e f f e c t iv e  c o r r e c t io n  can  be much, sm a lle r  th a n  th a t  

g iv en  by p u re ly  c e n t r i f u g a l  e f f e c t s .  In  the. p re s e n t work, th e  
a p p l ic a t io n  o f b o th  th e  methods w i l l  be co n s id e re d  to  th e  s tudy  of 
v isco u s  i n te r a c t io n  and b lu n t ness  e f f e c t s .  For convenience, th e  
eq u a tio n  3 .2 .6  w i l l  b e  r e f e r r e d  a s  ' T an g en t/p lu s  c e n t r i f u g a l  ' o r f o r  
b re v i ty  'TW + CFGL*. S im ila r ly , th e  e q u a tio n  3 .2 .8  w i l l  be c a l l e d  
'2nd o rd e r Tangent Wedge;1.

The su rfa c e  p re s s u re s  c a lc u la te d  from  v a rio u s  approxim ate 
form ulae d isc u sse d  i n  t h i s  S e c tio n  a re  compared w ith  th e  r e s u l t s  o f  
hyperson ic  s e l f - s im i l a r  s o lu t io n s  (S u ll iv a n , Ref 6 3 ) i n  f ig u r e s  8 
and 9c For power-law, su r fa c e s  (y^ot x11) ,  th e  eq u a tio n s  %2,1i to  
3 .2 .3 ,  3 . 2 .6  and 3 . 2 .8  c a n  be w r i t t e n  a s  (M ^ ?  “t ?  1 )

0.7L
-b y

Newtonian s ---- —rTTT" =■ "i.Ô

Newt on-Bus e mann. : 71" I
_  >1 — c. I - —k" ———

71
Tangent Wedge(TW) $ _ J - u  __ j y

TW + GFGL
= v>l  +  i d

Z n

Wedge

2nd o rd e r TW Ü l + î H A  4 ! )
I  r i  V Y  J
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For V *  = 1 «4, th e  p re s su re s  p re d ic te d  "by th e  TW + GFG-L formula, 
a re  s l i g h t ly  h ig h e r th a n  th e  s im ila r  s o lu t io n s .  S u ll iv a n  su g g es ts  
th a t  th e  e r r o r  i n  u sing  th e  TW + CPG-L fo rm ula  as compared to  th e  
e x ac t s o lu t io n  fo r  f i n i t e  shou ld  be le s s  th a n  th a t  of hypersonic 
s e l f - s im i la r  s o lu t io n s .  The Newt on-Bus e mann r u le  e s tim a te s  a re  
s l i g h t l y  low er th a n  th e  s im ila r  s o lu t io n s  and th e  d if fe re n c e  keeps 
d ec reasin g  a s  71 in c re a s e s .  The r e s u l t s ,  o f  tan g en t wedge appro­
x im a tio n , 2nd o rd er tan g en t wedge and Newtonian r u le  a re  much low er.

3*3 Behaviour o f th e  hyperson ic  b o u n d ary -lay e rs  on power law
su rfa c e s  :

The asym ptotic  behav iour of th e  b o u n d ary -lay er on a  pow er-law  
su rfa c e  can  be determ ined  w ith o u t so lv in g  th e  com plete v isco u s  
in te r a c t io n  problem . From eq u a tio n  3*1 o27, th e  non-dim ensioia 1 
d isp lacem ent th ic k n e s s  i s  ^ w

A * „ W
"  Ls  " P

Assuming th e  in v is c id  p re s su re  d i s t r i b u t io n  f  ollcv/s a  pov/er- 
law P = k XT, a * can  be w r i t t e n  as

-
For m = 0 , th e  boun d ary -lay er v z ill be growing under c o n s t a n t 

p re s su re  and we have th e  w e ll known f l a t  p la te  boundary /re  s u i t  I (aye/
For m 7 - 0 ,  th e  boundary -layer/is  su b je c te d  t o  an adverse  p re s s u re  
g ra d ie n t and th e  behav iour depends on th e  va lue  o f m,

( i )  For 1W <  1 ,  th e  b o u n d ary -lay er th ic lm e ss  ^ * in c re a s e s  
w ith  X as  p re s su re  i s  in c re a s in g  downstream, 
i*e* dA* 7̂-A (known as  s u b - c r i t i c a l  b eh av iou r)

CD?
( i i )  For in  -  1 , th e  b o u n d a ry -lay e r th ic k n e ss  A* w i l l  be 

c o n s ta n t f o r  a l l  X even though th e  p re s s u re  i s  
in c re a s in g

( i i i )  Fcr 7Y> >  1 j  th e  b o u n d ary -lay e r th ic k n e ss  d e c rea se s
w ith  in c re a s in g  X, though th e  p re s su re  keeps in c re a s in g
i . e .  dAT / q (known as  s u p e r - c r i t i c a l  beh av io u r) 

d p

The sub- and s u p e r - c r i t i c a l  behaviour d isc u sse d  above i s  e n t i r e l y  
dependent on th e  p re s su re  d i s t r ib u t io n  and i s  independent o f th e  
mechanism cau s in g  th e  p re s su re  d i s t r ib u t io n .  For exam ple, th e  p re s su re  
d i s t r ib u t io n  can  be imposed on a  f l a t  p la te  by an e x te r n a l  body. I n
p a r t i c u l a r ,  when we a re  d e a lin g  w ith  concave su rfa ce  f lo w s , th e  
p re ssu re  d i s t r ib u t io n  f a r  downstream i s  m ainly determ ined  by th e  
body in c id e n ce . I f  th e  body-shape i s  g iv en  by 1 1 = Xn , i t  may b e  
e a s i ly  v e r i f i e d  t h a t  a l l  the  p re s su re  laws f o r  la rg e  X and th e  s e l f -  
s im ila r  s o lu t io n s  behave l ik e
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P  = C_ X® 3 .3 .2
1

.
where m = 2n  -  2

0 = C onstan t
1

The v a lu e  o f 0 w i l l  he d i f f e r e n t  fo r  d i f f e r e n t  p re s su re  law s. 
Depending on th e  val&e o f n , th e  bou n d ary -lay er w i l l  be o f e i th e r  
s u b c r i t i c a l  o r s u p e r - c r i t i c a l  type  as shown below.

S u b - c r i t i c a l  • 7t\ Z. 1i co rresponds Tl Z 3 /2

C onstan t th ic k n e s s  : yfl z  1 co rresp o n d s l l  = 3 /2

S u p e rb -c r itic a l : m  co rresp o n d s 71 *7 3 /2

The behav iou r of th e  b o u n d ary -lay er th ic k n e ss  f o r  la rg e  X on 
concave su rfa c e s  i s  o b ta in ed  by s u b s t i tu t in g  f o r  k  and m in  
eq u a tio n  3 *3*1 and we g e t

I/, *  3 / z 'n
-  Cz X , . 3 .3 .3

where C9 i s  a  c o n s ta n t v/hose v a lu e  depends on n  and Y* o n ly ÿ and w i l l  be 
d i f f e r e n t  fo r  d i f f e r e n t  p re s su re  law s. The a c tu a l  ex p re ss io n s  f o r  
Cj and Cg have been  ta b u la te d  i n  Table 3*1*

The su b - and s u p e r - c r i t i c a l  behaviour o f th e  b o u n d ary -lay er on 
concave su rfa c e s  was p o in te d  ou t by Mohamrcadian (R ef 6 9 ) by 
c o n s id e rin g  th e  v isc o u s  in te r a c t io n  a n a ly s is  of Cheng (u s in g  Newton- 
Busemann law ) and a l s o  i t s  m odified  v e rs io n  u s in g  th e  tan g en t wedge 
approxim ation* Erom the p re s e n t a n a ly s is  5 i t  may be seen  th a t  th e  
su b - and super - c r i t i c a l  behav iour i s  n o t r e s t r i c t e d  to  Cheng1 s  a n a ly s is  
o r to  i t s  m odified  v e rs io n  b u t i s  t r u e  f o r  a l l  p re s su re  law s. I t  
i s  a ls o  im p o rtan t t o  note, t h a t  t h i s  behav iour of th e  b o u n d ary -lay er 
i s  n o t because o f th e  v isc o u s  in t e r a c t io n  e f f e c t s  b u t i s  e n t i r e ly  
determ ined  by th e  in v is c id  p re s su re  dis t r i b u t io n  f a r  downstream.
The c h a ra c te r  of decay o r grow th of th e  b o u n d ary -lay er may be m odified  
by th e  v isco u s  i n te r a c t io n  e f f e c t s  to  a. c e r t a in  e x te n t .

I n  f ig u r e  tO , the  asym pto tic  behav iour o f b o u n d ary -lay er as  
g iven  by eq u a tio n  3 *3*3  i s  shown p lo t t e d  f e r  T -  1 , 4 ? and fcar- 
th re e  p re s su re  law s ( Newton-Busemannÿ T\fï and Tïï: + CFG-L), The su b - 
c r i t i c a l  and s u p e r - c r i t i c a l  behav iour can  be. ex p la in ed  a s  fo llo w s .
The f l a t  p l a t e  b o u n d ary -lay e r th eo ry  used does not n e c e s s a r i ly  
imply th a t  th e  body i s  a  f l a t  p la te  b u t i s  r e l a t e d  to  an e q u iv a le n t 
f l a t  p la te  by ai c o o rd in a te  tra n s fo rm a tio n  in v o lv in g  th e  lo c a l  
p re s su re  (Ref 1 8 ) ,  When th e  p re s su re  i s  c o n s ta n t ,  the-boundary  " la y e r
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TABLE 3.1

Method S °2

' Newtonian r n2

Newton-Busemarm.
r I" ^

Tangent Wedge
r  'Vv

T±' /  (271-1)1 2

TW, + CFG-L YV\Uï 11±) nVïi (n-0̂  (lr\-i)l

2nd o rd e r TW y- nVn(n-ol W tb n+G'-ntn-Dj (2n-
-ï Vî

Se I f  »siin i2ar 
s o lu tio n s

o b ta in ed  by num erical in te g r a t io n  
(See R eference  6 3 )

N ote: Y = X11' ,  Y = ,
w w,  o£s*.s

r - i

Z  = x /L

r  = 1
v

grows p a ra b o iic a lJ y  downstream. Since the  p re s s u re - is  a ls o  in c re a s in g  
downstream, th e  lo c a l  u n i t  Reynolds number a ls o  in c re a s e s  downstream 
which cau ses  th e  boundary -layer th ic k n e ss  to  d e c re a se . For n  = 3 /2 ,  
th e  two e f f e c t s  ten d  to  c a n c e l each o th e r g iv in g  a lm ost a  c o n s ta n t 
bo u n d ary -lay er th ic k n e s s . When n */r 3 /2 , th e  growth of th e  boundary- 
la y e r  i s  much slow er compared to  th e  th in n in g  e f f e c t  due to  in c re a s e  
i n  th e  lo c a l  u n i t  Reynolds number and th e  bou n d ary -lay er th ic k n e s s  
d ecrea se s  downstream. S im ila r ly , from  a  re v e rs e  argument i t  fo llo w s  
th a t  th e  bou n d ary -lay er th ic k n e ss  in c re a s e s  downstream f o r  n  < 3 / 2 .
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CHAPTER IV
.

FUSE VISCOUS INTERACTION PROBLEM

The com plete s o lu t io n  o f th e  v i s c id - in v is c id  in t e r a c t io n  problem  
re q u ir e s  a  sim ultaneous s o lu t io n ,  o f th e  eq u a tio n s  d e riv e d  i n  C hapter 
I I I ,  I n  th e  fo llo w in g  a n a ly s is $ th e  d isp lacem ent su rfa c e  i s  assumed 
to  re p re s e n t  a. s tream  l in e  and th e  p re s su re s  a re  c a lc u la te d  u sing  
th e  p re s s u re  laws d e sc rib e d  i n  S e c tio n  4*2.. The s o lu t io n  f o r  th e  
c ase  o f the ta n g e n t wedge approx im ation  and th e  Newt on-Eu sem arm r u le  
when a p p lie d  t o  g e n e ra l tw o-d im ensional shapes have been  g iv e n  by 
S to l le r y  (Ref 22j .  The o r ig in a l  work o f  Cheng (Ref 32) u s in g  th e  
Newton-Busemann r u le /w i th  only  f l a t  p l a t e s .  / d e a-lt

4o1 Cheng1s a n a ly s is  :

The governing eq u a tio n s  f o r  t h i s  can  be w r i t t e n  a s

■Lvf
h r  "

X Pv, ..

fw  =• r K

Ô
p dx 

IT
4 .1 .1

4 .1 .2

where : E f fe c t iv e  body s la p e

Geometric body sh ip e

A = 6-66/i IrJ ( i -i- 2- i  i )
A, ^ «0

f o r  lo c a l  s im i la r i ty

= b U b  . t i ,  ( i + h ' | )
! 4-I \  Id

f o r  Cheng * s a n a ly s is .

The d if fe re n c e  i n  d e f in i t i o n  fo r  A a r i s e s  from  th e  f a c t  t h a t  
Cheng*s a n a ly s is  u ses  a  c o n s is te n t  approximationW'UIy+d]z.<i  ̂for- b o th  
th e  b o u n dary -layer a n a ly s is  and th e  in v is c id  flo w  f i e l d .  % e u se  o f 
th e  Nawton-Busemann r u le  which i s  th e  le a d in g  approx im ation  o f th e  
th in  shock la y e r  th e o ry , im plies, th a t  th e  shock-wave c o in c id e s  w ith  th e  
edge o f th e  b o u n dary -layer and an in v is c id  re g io n  se p a ra tin g  th e  
boundary - la y e r  and the shock wave canno t be d e fin e d . The eq u a tio n s  
4o1 «T and 4o1.2  a re  combined to  g iv e  v *•

i-3 . J l

( y e-h o )  [  ( y e y c 'ï'2]  = (
P c ï  X

. 4 *1 , 3

The r ig h t  hand s id e  of e q u a tio n  4*1.3 i s  a. c o n s ta n t, ^o r a
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f3a.jb p la te  a t  z e ro  in c id en ce  ( = 0 ) ,  e q u a tio n  4»1 *3 adm its a
s o lu t io n  , ,

2  f A r M & \

~ ¥ 7 %  '  3 ^  V A1 T1 )  4,1 '4
C orresponding ex p re ss io n s  f o r  p re s s u re , d ispih  cement th ic k n e s s  and
S tan to n  number a re  g iv en  by

P  -  w  . 5 .

4.1 .5b

B -  -  —  1  4 .1 .5 c
S k  Z y

where S h , -  0 - 3 3 2  ( c / £ e/

For th e  case  of a  g e n e ra l curved  su rfa ce  (y  o C ^ ) ,  th e  e q u a tio n
4.1 .3  can  be w r i t t e n  a s  (Ref 22)

, n
where: g  -  r  E quation  of th e  su rfa c e

-  VA  ■ ?  -  % l u

l c = ( A ^ ) / ( 4 r M i o f c )  ;
and

• ^  +  ^  4 .1 .7 a

m $ < r  .

û - 3 3 2 x / , ï o ( e  Cï TZ*)  U c L j
I t  may be no ted  th a t  fo r  th e  case  of ax g e n e ra l curved  s u r fa c e , 

the eq u a tio n  4 ? i .6  cannot be in te g ra te d  in  c lo se d  form and r e q u ir e s  
t o  be in te g ra te d  n u m erica lly  f o r  the g iv en  w a ll ' shape. The i n i t i a l
c o n d itio n s  f o r  in te g r a t io n  a re  o b ta in ed  from the s tro n g  in te r a c t io n  
s o lu t io n  g iv en  by e q u a tio n  4.1 .4 .  S to l le r y  (Ref 22) showed th a t  
f o r  concave s u rfa c e s  th e  eq u a tio n  4 .. 1 . 6  y ie ld s  q u a n t i ta t iv e ly
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u n r e a l i s t i c  .o s c i l la to r y  s o lu t io n s .  The s e v e r i ty  o f th e  o s c i l l a t i o n s  
p re d ic te d  by th e  th e o ry  was a t t r i b u t e d  to  th e  over « c o rre c t io n  of th e  
Busemann c e n t r i f u g a l  term  in  th e  Newton-Busemann p re s su re  law . The 
o s c i l l a t i o n s  in  p re s su re  and h e a t t r a n s f e r  were found to  be about 
th e  v a lu e  g iven  by .

for n = 2 ; -
r M ^ cz 

_  A A  _
0 -3 3 M K

M (U C

J
— I n v is c id  Value 4*t o Sa

n = 3 _ L  V
r M ^ 2,

A a

« I n v is c id  Value

r - i

4»1 o 8b

4 .1 .  8c

Cheng’s a n a ly s is  i s  based  on th e  approx im ation  th a t  -pq.| t  
o r Ÿ —̂ 1  » I t  i s  q u i te  p o s s ib le  in  many p r a c t i c a l  cases*  i n  
p a r t i c u l a r  fo r  Helium, T  can  be q u ite  d i f f e r e n t  from  u n ity  and can  
le a d  to  u n s a t i s f a c to ry  p re d ic t io n s  even f o r  f l a t  p l a t e s .  Kemp (Ref 
38) found th a t  Cheng’s th e o ry  under e s tim a te d  th e  p re s su re  and h e a t 
t r a n s f e r  r a t e s  i n  th e  s tro n g  in te r a c t io n  i n  helium  a t  Mach 42. To 
improve th e  p r e d ic t io n s ,  th e  Cheng’s th e o ry  was m odified  u s in g  th e  
p re s su re  fo rm ula 3*2*2 and fo llo w in g  r e l a t io n s  were o b ta in ed  f o r  
a  f l a t  p 3 a te  a t  ze ro  in c id en ce  in  th e  s tro n g  in te r a c t io n  re g io n .

MeoS -  I • S’2 S
%

P  - -
3.
2

K

I  B /'h %

h

6 '/z

0-664+ ] CS ( - = 0 - ZI9
% 60'

where

4.1 «>9a

4 .1 .  9b

4 .1 .9 c

The eq u a tio n s  4.1 »9a,b and c reduce  to  Cheng’s r e s u l t s  when 
4, = B = 1 . The b rack e ted  v a r ia b le s  on r i g h t  hand s id e  can  c o r r e la te  
ex p erim en ta l r e s u l t s  in  gases having  d i f f e r e n t  f  . The m o d if ic a tio n  
in tro d u ce d  by Kemp gave good agreem ent w ith  exp erim en ta l r e s u l t s  i n  « 
th e  s tro n g  in te r a c t io n  re g io n .

M odified Cheng th eo ry  t S to l le r y  proposed  an a l t e r n a t iv e  a n a ly s is  by 
s u b s t i tu t in g  the  tan g en t wedge approx im ation  (e q u a tio n  3 .2 .3 )  i n  
p la c e  of th e  Newt on-Buse mann form ula u sed  in  Cheng’s a n a ly s is .  The
governing eq u atio n s  fo r  th e  a n a ly s is  a re  o b ta in ed  by combining 
eq u a tio n s  3 .1 .2 ?  and 3 .2 .3  as
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.11 Oa

d R  = p 4 .1 .1  Ob

X = ^ / i s  j -  A 7 'X

Yflien M̂ cĈ  = 0, th e  above eq u a tio n s  reduce  to  th e  case  o f a  
f l a t  p la te  a t  ze ro  in c id en ce  and th e  p re s su re  d i s t r i b u t io n  depends

o f eq u atio n s  4.1 «1 Oa and b a re  so lv ed  n u m erica lly  by forw ard  in te g r a t io n  
s t a r t in g  near the le ad in g  edge» Near the leading: edge, th e  eq u a tio n s

The r e s u l t s  o f th e  c a lc u la t io n s  o b ta in ed  by num erical in te g r a t io n  
by S to l le r y  in d ic a te  f o r  a  f l a t  p l a t e  a t  ze ro  in c id e n c e , a  smooth 
v a r ia t io n  i n  p re s s u re  and h e a t t r a n s f e r  r a t e s  from s tro n g  to  weak 
in te r a c t io n  re g io n . A s im ila r  v a r ia t io n  was found f o r  th e  case  of 
s l concave su rfa ce  in s te a d  of th e  q u a n t i ta t iv e ly  u n r e a l i s t i c  o s c i l l a ­
to ry  behav iour p re d ic te d  by Cheng1s a n a ly s is .

4o2 P re se n t a n a ly s i s ;

I n  th e  p re se n t a n a ly s is ,  th e  1 TW + CFG-L * and 1 2nd o rd er 
Tangent Wedge ' p re s su re  laws d isc u sse d  i n  S e c tio n  3*2c. w i l l  be  used  
to  in v e s t ig a te  th e  v isc o u s  in te r a c t io n  e f f e c t s .  F i r s t ,  th e  a p p l i ­
c a t io n  of th e  TW 4- CFG-L r u le  w i l l  be c o n s id e re d  s in c e  i t  can  cover 
b o th  th e  s tro n g  and weal: in te r a c t io n  re g io n s . As i n  th e  previous, 
a n a ly se s , eq u a tio n  3 .1 .2 ?  w i l l  be used f o r  th e  b o u n d ary -lay er growth 
b u t f o r  th e  in v is c id  flow  f i e l d  eq u a tio n  3 .2 .6  w i l l  be used .

Ao F la t  p l a t e  a t  zero  in c id en ce  I For t h i s  c a s e , yx„ happens to  be  
ze ro  and the e f f e c t iv e  body shape y^ i s  g iv en  by tlig  edge o f th e  
d isp lacem ent th ic k n e ss  £* o f tine b o u n d a ry -lay e r. The eq u a tio n s
3 .1 .2 7  and 3 .2 .6  can  be w - i • *•

on the v isco u s  in te r a c t io n  param eter % th rough  L . For o th e r  
s u r fa c e s , f o r  each th e re  i s  a  d i f f e r e n t  s o lu tio n . The p a i r

adm it a  s o lu t io n  of th e  form  
be found

^  =  ̂ [ r  fy+Ojm = 4.1 .1:0c

o r d i f f e r e n t i a t in g
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and

P . *  14- Î

where

dx

Y = e
MtoS'

(dVeldx)

J / l l  %

4 -V 7 e 4 ^
dxz 4.2.2

Zs  J
x  = ^ A g  ; ^  = ft y, t

The eq u a tio n s  4 .2 .1  and 4 .2 .2  form th e  b a s ic  eq u a tio n s  f o r  
f u r th e r  a n a ly s is  and a re  r e q u ire d  to  be so lv ed  f o r  F  and X . The 
com plete s o lu t io n  can  only be o b ta in ed  by num erical in te g r a t io n .
The in v is c id  e q u a tio n  i s  o f second o rder compared to  th e  f i r s t  o rd er 
ta n g en t wedge e q u a tio n . To f a c i l i t a t e  num erical in te g r a t io n ,  the 
e q u a tio n s  4 .2 .1  and 4 .2 .2  a re  w r i t t e n  as

d p
d x

( f a e

d x 2

r + i L - i -  f '
r J  fdVe/dxT 4 .2 .3

I n  o rd er to  s t a r t  th e  in te g r a t io n ,  th e  behav iour o f P  n ear th e  
le a d in g  edge i s  re q u ire d . This i s  o b ta in ed  by w r it in g  P = k  Xm, 
w here k and m a re  to  be determ ined .. Using e q u a tio n  4 .2 .1  , th e  
co rrespond ing  ex p re ss io n s  f o r  X , dVf^jy and can  w i t t - e n  as

m.Yf = k X1

p  -  >=■■
d Vp = k

dx2

4 o 2 .4 a

4 .2 .4 b

4 .2 .4 c

where

k,, =

= [ k  ( m +  0 ]

= - t i ' M )

Vz
- M

I T -  

= ”■ ( l+lYl) / z

WI3  r  -  (3 + l’d /  z

S u b s ti tu t in g  f o r  Y^, Xd and Xf ’ i n  e q u a tio n  4 .2 .3  and n o tin g  
th a t  n ea r th e  le ad in g  edge Pe >71 a râ  Y* »  1 , k and m can  be 
determ ined  by eq u a tin g  th e  c o e f f ic ie n t  and6power of X. a s

m = 2 ? ^TW-fOPIL n 'v + o
a__ _  _3_ Y 4  -2- 5 (4,b
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I f  th e  c e n t r i f u g a l  fo rc e s  a re  n e g le c te d  and on]y th e  ta n g en t 
wedge r u le  i s  c o n s id e re d , th e  term  ■§ V' i n  eq u a tio n  4*2.5^ w i l l  be 
ab sen t and th e  ex p re ss io n  f o r  k w i l l  be same a s  e q u a tio n  4.1 .1 Oc.

comparing th e  e x p re ss io n  fo r  k , eq u a tio n s  4 .1 .1  Oc and 4 .2 .5 ^ ,  th e  d i r e c t  
e f f e c t  of c e n t r i f u g a l  fo rc e  i n  a l l e v ia t i n g  th e  p re s su re  can  be  seen . 

Knowing th e  behav iour near th e  lead in g , edge, th e  in te g r a t io n  can  now 
be  s t a r t e d  a t  a  p o in t  where th e  v a lu es^ o f d P/cfx and. cl^Y^/dx2- and th e  
le ad in g  edge s o lu t io n  4 .2 .4  ag ree  w ith in  th e  d e s ir e d  accu racy . The 
com plete s o lu t io n  was o b ta in ed  by t h i s  method and th e  r e s u l t s  a re  
d isc u sse d  i n  C hapter V I. Knowing th e  values, o f P  by num erical 
in te g r a t io n ,  th e  h e a t t r a n s f e r  r a t e s  can  be c a lc u la te d  from

B  A i ^ S f -  = p r /2
f+l W V  V'+l 4 .2.6

where It = \ P  dbg 4 .2 .7

To f a c i l i t a t e  com parison w ith  o th e r th e o r ie s  and ex p erim en ta l 
r e s u l t s ,  th e  p re s su re  and h e a t t r a n s f e r  r a t e s  have been  p lo t t e d  
a g a in s t  %6

r+i r+ i
S u b s t i tu t in g  th e  va lue  o f V" i n  e q u a tio n  4 .2 .5 b ,  th e  s tro n g  

in te r a c t io n  s o lu t io n  f o r  p re s su re  can  be w r i t t e n  as

T  = 5 /3  

T  = 1 . 4

P  = 1 .3 6 9 3

P  = 1 .1 6 8 3

4.2.8a 

4 . 2 . 6b

Now, we s h a l l  ex p ress  th e  p re s su re  and h e a t t r a n s f e r  r a t e s  i n  
term s of th e  p a ram ete rs  d e fin e d  by Kemp in  e q u a tio n  4.1 .9 ,  so .th a t  
a. d i r e c t  com parison o f th e  p re s e n t th e o ry  w ith  s tro n g  in te r a c t io n  
r e s u l t s  c an  be made. The ex p re ss io n  f o r  P  can  be w r i t t e n  as

2.

v

The q u a n ti ty  v /ith in  square  b ra c k e ts  i s  th e  same as  Kemp * s 
v a r ia b le  and k  i s  th e  c o n s ta n t i n  th e  le a d in g  edge s o lu t io n  P = k  XT, 
S u b s ti tu t in g  a p p ro p r ia te  v a lu e s  of k , we g e t

,  r  , A 11 1/4 » rTW R u le : k  = ; ¥  = Z - Z .

c r 1 0O61 f t ' )  2 '|r':‘ ?d 4 ‘2‘10

c a lc u la te d  by u sin g  eq u ations 4 .2 .1  .and 4*2.3as
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TW +. GFG-L R u le ; k  = ^ f  ( T - t l )  (■%)  '

' k

For T= 1.4 

Y = 5 /3

Z

P  = Oo90l 

P  = 0.919

Kempfs S o lu t io n : P = 0.866 |  . Y  ^

4.2 .11

4 .2.12

4 .2 .1 3

From th e  above e q u a tio n s5 i t  may be. n o tic e d  th a t  f o r  th e  case  
o f th e  ta n g en t wedge app rox im ation , when th e  p re s su re  i s  ex p ressed  
a s  a  fu n c t io n  o f Kemp's v a r ia b le ,  th e  r e s u l t  does n o t depend on th e  
v a lu e  of V as i n  Kemp's th e o ry . I f  th e  TW + CFG-L r e l a t i o n  i s  employed 
th e  r e s u l t  depends on th e  v a lu e  o f Y , b u t th e  dependence i s  r a th e r  
weak. S im ila r ly , th e  h e a t t r a n s f e r  r a t e  can  be ex p ressed  as

£ (û-664-(* 'Q^WlpSb = C onstan t  ̂ ‘Xç 4 .2 .1 4

The v a lu e  o f c o n s ta n t i n  e q u a tio n  4 .2 .1 4  depends on f  on ly  f o r  th e  
TW + CFG-L r e l a t i o n  and i s  g iv en  by \j^

0 6 6 4

The num erical v a lu es  of th e  c o n s ta n t a re  ta b u la te d  below 

Kemp's th e o ry  ( f o r  a l l  ^  % ~ 0.21 9

Tangent Y/edge ( f o r  a l l  Ÿ ) • = 0.242

TV/ + CFGkL ( Ÿ  = 1 .4 )

( Ÿ = 5 /3 ) 

( Ÿ = 1 . 0 )

= 0.223 

= 0.225 

= 0.219

As i n  th e  case  o f p re s s u re ,  th e  dependence o f h e a t t r a n s f e r  
on Y when exp ressed  in  te rn s  o f Kemp's v a r ia b le  i s  v e ry  weak. The 
TW + CFG-L r u le  and Kemp's th e o ry  ag ree  very  w e ll and th e  ta n g en t wedge 
e s tim a te s  a re  h ig h e r i n  th e  s tro n g  in te r a c t io n  reg io n .

The s o lu t io n  v a l id  f a r  downstream i n  th e  weak in te r a c t io n
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re g io n  can  "be o b ta in ed  from eq u a tio n  4 * 2 .3 , by expanding i n  powers, 
o f  Y* ( i . e .  Y '</< 1 ) as

p = 1 + t  Ye +  [ î V e Ye" +  Vè‘j +  4 .2 .15
h

S in ce , i n  th e  weak in te r a c t io n  r e g io n  Y YT, we g e t

p  = 1 +  x  A'-X 0 (  Az f )  4 .2 .16
'■

I t  may be  n o te d  from  4.2.1; 5 th a t  th e  e f f e c t  o f c e n t r i f u g a l  
fo rc e  i n  th e  weak in te r a c t io n  re g io n  i s  o f h ig h e r o rd e r and th e  f i r s t  
two term s co rrespond  to  th e  ta n g en t wedge s o lu t io n ,  (f-e. 0{x)Cvm/>4red boOk 
6 (x'ty, %>71)

A n alysis  f o r  power-law  b o d ie s : The scope of th e  a n a ly s is  u s in g  th e
TW + GPG-L r u le  w i l l  ncv/ b e  ex tended  to  a  g e n e ra l power-law, su rfa ce
and th e  s im p lif  ic  a t  io n  of th e  eq u a tio n s  when th e  in c id en ce  param eter
i s  la rg e , w i l l  be co n s id e re d .

The e f f e c t iv e  body shape y  w i l l  now be g iv en  by th e  geom etric  
body shape y  p lu s  th e  d isp lacem ent th ic k n e s s . Thus, we w i l l  now 
have th re e  eq u a tio n s  fo r  de term in ing  th e  p re s s u re , boun d ary -lay er 
th ick n ess , and th e  e f f e c t iv e  body shape

*
ye = yw + S

L s

h

y  -  k x  w
n

r-n ffv+A

Choosing a., le n g th  s c a le  L -  A the  above eq u a tio n s  can  be w r i t t e n  
i n  th e  non-dim ensional farm  as

dP i
d x

L  -  P d A
2  i f

_ P - 1  - f f T 1 ( v )  +  W i  ' j

4 .2 .1 7

4*2.1 8

and Â r-

*

/ Y e

= Ye -  Y k/ 4 .2 .1 9
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where w =  Y 1 Body shape

X = x/L = V l £

The eq u a tio n s  4 .2 ,1  7 ~1 9 a re  of th e  same type as  f o r  th e  case  o f 
a. f l a t  p l a t e  a t  ze ro  in c id en ce  and when MocXs = 0 , they7- reduce  to  
eq u a tio n s  4 .2 .1  and 4 .2 .3 .  Near th e  le ad in g  edge, th e  dom inating 
e f f e c t  i s  th a t  due to  d isp lacem en t and th e  boun d ary -lay er grow th 
i s  s im ila r  to  t h a t  i n  th e  s tro n g  in te r a c t io n  re g io n  o f a. f l a t  p la te  
a t  z e ro  in c id en ce  and th e  e f f e c t  o f in c id en ce  becomes im p o rtan t 
downstream. I n  th e  l i m i t ,  th e  p re s su re  re a ch e s  th e  in v is c id  va lue  
a sy m p to tic a lly . As i n  th e  e a r l i e r  a n a ly se s , th e  e q u a tio n  i s  s in g u la r  
a t  th e  o r ig in  and th e  s o lu t io n  i s  o b ta in ed  by s t a r t i n g  th e  in te g r a t io n  
a t  a  p o in t c lo se  to  th e  le ad in g  edge and making use of th e  s tro n g  
in te r a c t io n  s o lu t io n  g iv en  by eq u a tio n s  4 .2 .5 a  and b . For each 
and n , th e re  i s  a  s e p a ra te  s o lu t io n .  As i n  th e  case  o f tan g en t wedge 
a n a ly s is ,  th e  im portan t p a ram eters  governing th e  flo w  a re  M ^an d  %" . 
For iWfrXs-^O, th e  flo w  i s  everywhere s im ila r  to  t h a t  on a  f l a t  p la te , 
a t  zero  in c id en ce  and h ig h e r approx im ations can  be o b ta in ed  by 
expanding P  and Y i n  powers ♦ ^<r M^s>>1, th e  e q u a tio n s
4 .2 .1  7-1 9 can  be expanded in  in v e rse  powers o f u s in g  th e  t r a n s ­
form ed v a r ia b le s  (Appendix A)

V ( / fn - 3 )
(MfcXs)

~ )(

4 .2 .2 0 a

'•20b

4.2.20s

S u b s ti tu t in g  f o r  P , Y and X in  4 .2 .1  7 and 4 .2 ,1  8 , we g e t
r  C X

f t  d l i  . 4 ,2 .21M V i - X r )
0

1
'h

I M y f l  j  4 . 2 . 22

I t  may b e  no ted  th a t  f o r  an in c l in e d  f l a t  p la te  n -  1 , and - 
th e  expansion  i s  i n  powers o f ( f t ] s a i d  even th e  z e ro e th  o rd er 
term s ra y  be q u ite  a cc u ra te  and as n in c re a s e s , i t  may become n ecessa ry  
to  keep h ig h e r o rder terms,. The z e ro e th  o rder approx im ation  can  
be w r i t t e n  as
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ll

Co

4 .2 .2 3

4 .2 .2 4

where ^ a n d  tyio a re  th e  z e ro e th  o rd e r term s i n  the  
ex p re ss io n  f o r  f\  and ^  f o r  0 . I f  on ly  th e  tan g en t
v/ed^e r u le  i s  employed, th e  a n a ly s is  i s  s t i l l  a p p lic a b le  and only 
th e  term  w i l l  be ab sen t i n  e q u a tio n  4 .2 .2 4 .  Fcr ,
i t  i s  p o s s ib le  to  re la te -  th e  p re s s u re  d i s t r i b u t io n  and h e a t t r a n s f e r  
on d i f f e r e n t  b o d ies  be long ing  to  a  p a r t i c u l a r  fam ily  of shapes 
by u sin g  th e  v a r ia b le s  pi )  Vi  and %{  .  I t  may be v e r i f i e d  e a s i ly
by u sin g  th e  r e l a t i o n  between Afo^and t  t h a t  th e  v a r ia b le  
d i f f e r s  from th e  non-dim ensional v a r ia b le  £ i n  Cheng' s a n a ly s is  
(e q u a tio n  4 .1 .6 )  on ly  by a  c o n s ta n t. So, by u s in g  Cheng’s v a r ia b le s  
i n  e q u a tio n  4.1 .6 ,  i t  i s  p o s s ib le  to  t r e a t  th e  case  of M ^ ^ l  f o r  
a l l  th e  p re s su re  laws in  g e n e ra l. T his w i l l  be a ttem p ted  i n  th e  
fo llo w in g  S e c tio n .

M '4 .3  G e n e ra liz a tio n  f o r  %  c/y^1 ;

can  be w r i t t e n  as

ye = yw + S’

W ith 1 ^ = 1  in  eq u a tio n  3 .1 .2 5 , th e  g e n e ra l e q u a tio n  fo r

'  T 4 . 3.1

2

and p = tM fo  U y f + b y . y ë 4 .3 .2

The v a lu e s  o f a  and b f o r  v a r io u s  p re s su re  laws a re

i )

ix )

i i i )

C heng 's a n a ly s is  : 

TW + CFG-L j

2nd o rd e r TW «

iv )  Tangent Wedge

a  -  1

a  = t i ! 
2

a  = y-/-/ 
2

b = 1 

b = 1

b =ir= / - Ir
b = 0

As in  S e c tio n  4.1 , w r i t in g

H
Ç - L,
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2  =
ye-

w a ll shape

th e  eq u a tio n s  4 .3 .1  and 4.3*2 can  he w r i t t e n  a s

4 .3 .3

and P
r/wtoVc2

4 .3 .4

Combining eq u a tio n s  4*3.3 and 4 .3 .4 ,  th e  g e n e ra liz e d  form  of Cheng1 s 
e q u a tio n  can  be w r i t t e n  as

t V/?
= 1  4 .3 .5

For C heng's th e o ry , a  = b=i and e q u a tio n  4.3*5 reduces to  
e q u a tio n  4 .1 .6 .  The e x p re ss io n  f o r  th e  b o u n d ary -lay er th ic k n e s s , 
p ressu re ; and h e a t t r a n s f e r  w i l l  be

1 *  = 2 - ? w
q 4 .3 .  6a

.2 ■ //
f  _

K M fo /c
+

- i  4 .3 .6 b

4 .JL -, = - - - -
ù è ô Z < ^ f c i t  2 ' 2 io y ^ c L c l  4 .3 .6 c

From th e  above a n a ly s is ,  i t  may be seen  th a t  th e  param eter 
govern ing  th e  combined e f f e c t  of in c id en ce  and v isco u s  i n t e r a c t io n  
i s  I t  should  be no ted  th a t  i f  th e  le n g th  s c a le  u sed  i s

9 th e  r e s u l t s  s t i l l  depend on s e p a ra te ly  even fo r

'•Che a n a ly s is  f o r   ̂w i l l  be u s e f u l  when d e a lin g  w ith
concave su rfa ce  f lo w s„ Near th e  le ad in g  edge, th e  d isp lacem en t
e f f e c t  w i l l  be s tro n g  and. hence , and f a r  downstream a ls o  t h i s
c o n d itio n  i s  s a t i s f i e d  because the in c id en ce  i s  la rg e .

The s tro n g  in te r a c t io n  s o lu tio n  of e q u a tio n  4 .3*5 fo r  p re s su re  
c an  be o b ta in ed  by p u t t in g  and t h i s  g iv es  f o r  th e  p re s su re



S u b s t i tu t in g  f o r  a  and b  i n  4 .3 * 7 , th e  s tro n g  in te r a c t io n  
s o lu t io n  f o r  any o f th e  p re s su re  laws can  be w r i t t e n .

For Y' = 1 ,  a  and b  w i l l  be eq u a l to  u n ity  f o r  a l l  p re s su re  
laws ex cep t ta n g e n t wedge. Knowing th e  behav iour near th e  le ad in g  
edge, e q u a tio n  4 .3*5 c a n  be in te g ra te d  f o r  any g iv en  body shape z^ . 
The r e s u l t s  o f th e  c a lc u la t io n s  o b ta in ed  by num erical in te g r a t io n  
a re  d is c u s se d  in  C hap ter V I0
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CHAPTER V 

m m i m -  edge b u n tn e s s  e f f e c t s

I n  th e  p re s e n t  C h ap te r, th e  a n a ly s is  o f v isco u s  in te r a c t io n  
th e o r ie s  f o r  sh arp  nosed  s le n d e r  b o d ie s  d isc u sse d  i n  th e  p rev io u s  
C hapter w i l l  be m od ified  to  th e  case  where th e  le ad in g  edge i s  
s l i g h t ly  blunted© The e f f e c t  o f th e  b lu n tin g  of le ad in g  edge i s  to  
produce a  v e ry  s tro n g  bow shock wave which induces on th e  a f t e r  body 
p re s su re s  which a re  much h ig h e r  th a n  th e  f r e e  stream  v a lu e . The 
a n a ly s is  o f th e  problem  r e q u i r e s  a  c o n s id e ra t io n  of th e  combined e f f e c t s  
o f b lu n tn e s s , d isp lacem en t and in c id e n c e . T his i s  t r e a te d  i n  Sec 1 .
For c e r t a in  a f te r -b o d y  sh ap e s , th e  d isp lacem ent e f f e c t  c an  be much 
sm alle r compared to  th e  b lu n t  ness and in c id en ce  e f f e c t s .  T h e re fo re , 
th e  in v is c id  problem  w ith  nose b lu n t ness and in c id en ce  on ly , i s  
c o n s id e re d  i n  S e c tio n  2 and some c lo se d  form  s o lu t io n s  o b ta in a b le  
when th e  a f te r-b o d y  i s  a  wedge a re  p o in te d  o u t.

5.1 .  B lun tness  and D isplacem ent E f fe c ts  :

The flo w  p a t t e r n  f o r  th e  hyperson ic  flo w  p a s t  a  b lu n t nosed 
s le n d e r  body i s  shown i n  f ig u r e  3« The b lu n t  le ad in g  edge in tro d u c e s  
a  s tro n g  en tro p y  g ra d ie n t  i n  th e  downstream flow, which can  s i g n i f i ­
c a n t ly  modify th e  p re s su re  and h e a t t r a n s f e r  on th e  a f te r -b o d y . 
e f f e c t iv e  shape of th e  body i s  g iv en  by th e  edge of th e  en tro p y  la y e r .
Fœ  y  >1 , Cheng (Ref 32) shows th a t  th e  p re s su re  v a r ia t io n  a c ro ss
th e  en tro p y  la y e r  i s  sm a ll and th e  p re s su re  on the  a f te r-b o d y  can  be 
assumed to  be e q u a l t o  t h a t  a t  th e  edge o f th e  en tropy  la y e r .  On 
th e  b a s is  o f th e  th in  shock la y e r  th e o ry , th e  p re s su re  Pe a t  th e  
o u te r  edge o f th e  en tro p y  la y e r  y  i s  g iv en  by th e  Newton-Busemann 
fo rm u la  (e q u a tio n  3 .2 .2 ) .  However, i n  o rd er to  determ ine th e  
p re s su re  and shock sh ap e , one more r e l a t i o n  betw een p^ and y^ as 
re q u ire d . By an  a n a ly s is  o f th e  flo w  w ith in  th e  en tropy  la y e r  
Cheng o b ta in s  th e  i n t e g r a l  r e l a t i o n  betw een th e  p re s su re  and th e  
c r o s s - s e c t io n a l  a re a  a s

t
iVt-Vi)  'fg, - 5,1 .1

C o n sis te n t w ith  th e  t h i n  sh o ck -lay e r assum ption , th e  eq u a tio n  5*1 
was f u r th e r  s im p l i f ie d  by p u t t in g  /  = 1 . As x~*-0 , y^ ten d s  to  
z e ro , y  a ls o  te n d s  t o  ze ro  i n  such a  way t h a t  th e  p roduct y^P^ i s  
c o n s ta n t .  This c o n s ta n t  i s  r e l a t e d  to  th e  d rag  o f th e  b lu n t nose 
and i s  de term ined  by c o n s id e r in g  th e  ba lan ce  of momentum in  th e  
stream w ise d i r e c t io n .  T h is  le a d s  to  th e  fo llo w in g  sim ple p re s su re  
a re a  r e la t io n s h ip .

" f e  ( _

t ~ r

o h

l

where i s  th e  d rag  o f  th e  b lu n t nose. The e q u a tio n  5.1 =2
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along w ith  a  s u i ta b le  p re s su re  law  determ ines th e  problem  com plete ly  
p ro v id ed  y, i s  known* "When th e  boun d ary -lay er d isp lacem ent e f f e c t  i s
sm a ll, y^ i s  th e  a c tu a l  shape o f th e  body. In  th e  p resen ce  o f th e
d isp lacem ent e f f e c t , one more e q u a tio n  r e l a t i n g  th e  d isp lacem ent
th ic k n e s s  w ith  th e  p re s s u re ,  d e r iv e d  i n  S e c tio n  3*1 w i l l  be re q u ire d .
E xpressing  e q u a tio n  5»1 «1 i n  non-d im ensional v a r ia b le s ,  th e  
governing e q u a tio n  can  now be w r i t t e n  as

P  -  K s '/£ 5 . 1 .3

-  m . v v  +  l i y  5 , . 4

• p  ,  4  ( V , Y e)  • 5 .1 .5

ïAiere X = x / L  ; 1  -
n e I s

V  ■" ; Y“ - &
Ls = / l 4 V

V ( f- I.) X&) ; C&JtoJ-
V  - 7 T  l s

The second term  on r i g h t  hand s id e  of equa t i o n  5*1 *4 re p re s e n ts  
th e  m o d if ic a tio n  o f th e  a c tu a l  body-shape by th e  d isp lacem en t.
The fu n c t io n  f ( V , Y ) r e p re s e n ts  a  s u i ta b le  p re s s u re  law  such 
a s  ®

( i )  Newton-Buseraann /n f \t ^  \ i  \i
(u sed  by Cheng e t  a l  (Ref 3 2 )) p  -  T ( /g -*r 1Z J t  )

(11) ( S î n J ’ ^ ,  = „  W  P =  1 +  T Vc'! [ «  +  P

(iü )T iV  + CFSL ( b a s e n t )  p__ ^  +  y  [  ) M j ^  YV?y "

( iv )  2nd Order BY (feese rb  ) j? - PYgYg ^ / -

5*1 o 6 a ,b ,c ,d

Per th e  c a se  of a  sliarp  le ad in g  edge, K w i l l  be z e ro  and 
th e  a n a ly s is  of the p re v io u s  c h a p te r  w i l l  h o le  good* For g iv en
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v a lu e s  of Mach number and le a d in g  edge d rag  c o e f f i c i e n t ,  K can  be 
in te r p r e te d  as th e  r a t i o  of two le n g th s , namely -  th e  t i p  th ic k n e ss  t  
and th e  v isco u s  in te r a c t io n  le n g th  s c a le  The eq u atio n s  5*1 «>3
to  5.1 ,'5 can  be in te g ra te d  n u m erica lly  f o r  th e  g iv en  body shape Y , 
in c id en ce  param eter and c o n s ta n t Ko. However, th e  e q u a tio n s
a re  s in g u la r  a t  th e  o r ig in  and th e  in te g r a t io n  can  only be s t a r t e d  
a t  a  p o in t c lo se  to  th e  le ad in g  edge. The s o lu t io n  v a l id  n ear 
th e  le ad in g  edge can  be o b ta in ed  by assuming P  = k a and by 
s u b s t i tu t io n  in  5.1 .3  and 5 .1 .5 ,  we g e t th e  v a lu e s  o f k and m f o r  
v a r io u s  p re s su re  law s. The r e s u l t  i s

h -2/3
( i )  Ifewton-Busemann E u le i P  = f  ^  5.1 »7a

5 .1 .7b
1/ ^

( i i )  Tangent Wedge : s ' P  = TfV"-tO  ̂J ^
/  o 2  2X\'^

( i i i )  TW + CFG-L : P  = X k j /  % 5.1 .7o
9 //2

( iv )  2nd o rd e r TW : P  = ^  X f  ^

a- , y i iwhere 0 — I " y-

The behav iour of P  n ea r th e  le ad in g  edge b e in g  known, th e  f u l l  
eq u a tio n s  5 .1 .3  -  5 .1 .5  can  be in te g ra te d  and o th e r  r e l a t e d  q u a n t i t i e s  
l ik e  h e a t t r a n s f e r  and sk in  f r i c t i o n  can  be c a lc u la te d .  Prom 
e q u a tio n  3 .1 . 3 2 , we have p

» 0 - v v y  J

^  r T T m T  f f f d x j lz . 5-1 *8
7 /  '

« Near th e  le ad in g  edge P  = where Ao  i s  th e  c o e f f ic ie n t
of in  eq u a tio n s  5.1.7% -  d , and E quation  5.1 .8  can  be w r i t t e n

To f a c i l i t a t e  in te g r a t io n ,  ©msstions 5 .1 .3  and 5 .1 .4  a re  combined 
to  g ive

d P  _
d x  = S e

5.1 .1:0
M V S e ' l b )  

wfaere L  = %  -  5 ’1 -11
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The p re s su re  laws can  he w r i t t e n  a s  t

d S ,( i )  Nawton-Busemann : "/Ty^ Y 'Z  5.1 *12
“  V I T / J

a ,( i i )  Tïï + CFGL----------------------------------------------------  —----—  “  5.1 .1 3

4 n  y ' z
( i i i )  2nd o rd e r TW : t i  Vf ^ ‘ 2 ^  ^  5*1.14

v crY e

( iv )  Tangent Wedge : dV f 1   —- 5o1.15

3 V ”
Vf

The eq u a tio n  5*1 .1 0 can  be in te g ra te d  n u m erica lly  a long  w ith  
any one o f th e  p re s su re  laws* The r e s u l t s  o f num erica l in te g r a t io n
f o r  th e  case  o f a  b lu n te d  wedge a re  d isc u sse d  a long  w ith  ex p erim en ta l 
r e s u l t s  i n  P a r t  I I I .  Cheng e t  a l  (Ref 32) o b ta in e d  a  c lo se d  form 
s o lu t io n  o f eq u a tio n s  5 .1 .3 »  5 .1 .4  and 5 .1 .1 2  f o r  a. b lu n t p la te  w ith  
d isp lacem ent only  (%Xc = o). T lieir r e s u l t s  in d ic a te  /1  Cfi: 2 , /-A /
b o th  th e  b lu n t ness and th e  d isp lacem ent e f f e c t  w i l l  be im p o rtan t.

5 .2  B luntness, dom inated f lo w s :

The § n a ly s is  o f S e c tio n  5.1 v n .ll now be s im p lif ie d  to  th e  c ase
where th e  d isp lacem ent e f f e c t  i s  n e g l ig ib le .  P a r t i c u la r ly  f o r
curved  a f t e r  body shapes and f o r  b lu n t f l a t  p la te s  a t  la rg e  ang le  
o f a t t a c k ,  th e  dom inating e f f e c t  w i l l  be due to  b lu n tn e s s  near th e  
le ad in g  edge and body in c id en ce  f a r  downstream. : Per such s u r fa c e s , 
ig n o rin g  th e  d isp lacem ent e f f e c t  s im p lif ie s  th e  problem  and i n  some C da# 
le a d s  to  c lo se d  form  s o lu t io n s .

The governing eq u a tio n s  in  t h i s  w i l l  be only  eq u a tio n  5.1 .2
w ith  a  s u i ta b le  p re s su re  law. F i r s t ,  th e  case  o f a  b lu n t f l a t  
p la te  a t  ze ro  in c id en ce  w i l l  be t r e a te d  u s in g  th e  Newtonian fo rm ula  
(e q u a tio n  3 .2 .1  ) f o r  th e  p re ssu re . The eq u a tio n s  can  be
w r i t t e n  as

' h V e  =■ ( f - l )  ^ n ( z  r  2 ,

i  ' I
end - 4  = I ^  * Mso. ( d V e / d ü )  5 .2 .2

o r choosing a  lengh t s c a le  L, th e  eq u a tio n s  5 .2 .1  and. 5 .2 .2  can  be 
w r i t t e n  a s  .  ̂ '

P- Vé = TJ p ) M ë M  s  k  : b w h J -  ;
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^  ( di î 5»2 .4

vAiere X = x/I» , ï  = (Mw ye )/L

Combining eq u a tio n s  5 .2 ,3  and 5<>2*lf, we g e t

Ki ^ Ve

,z i

I 4 -
-

5 .2 .5

I t  i s  i n t e r e s t i n g  to  n o te  an analogy between eq u a tio n  5 .2 ,5  which 
d e sc r ib e s  th e  h y p erson ic  flo w  p a s t  a  b lu n t f l a t  p la te  at- ze ro  i n c i ­
dence and th e  c l a s s i c a l  e q u a tio n  f o r  th e  B rachystochrone* , By 
analogy , th e  s o lu t io n  o f eq u a tio n  5 .2 .5  can  be e a s i ly  w r i t t e n  as

- ( I < y , k z 5.2,6

-  Ic 5 .2 ,7

The c o n s ta n t K_ w i l l  be z e ro  s in c e  a t  X - 0 ,  Y = 0  and th e  
s o lu t io n  can  be w r i t t e n  as  e

r v ,. m  4 ]

The e q u a tio n  5*2 ,7  re p re s e n ts  a  c y c lo id  in  th e  tran sfo rm ed  
c o o rd in a te s  X//4and ,  where K i s  th e  d iam eter o f th e  g e n e ra tin g
c i r c l e ,  % e  ch o ice  o f th e  le n g th  sc a le  i s  s t i l l  a r b i t r a r y  and can  be 
chosen  in  such a. way " to  make K =4 « For X -—>  0 , i t  may be v e r i f i e d  
by expanding 5 .2 .7 ,  th e  p re s su re  behaves as

P - (4; t k f * ' 3
which i s  th e  c o r r e c t  b eh av io u r when th e  b l a s t  wave e f f e c t  o f th e  
le a d in g  edge i s  s tro n g  (Ref 3 2 ). I t  must be n o ted  th a t  in  u s in g  
eq u a tio n  5 .2 ,7  th a t  i t  i s  a p p lic a b le  only  in  th e  r e g io n  where P  » 1  
s in c e  th e  Newtonian fo rm ula  i s  v a l id  only  in  th e  l im i t  of i n f i n i t e  
Mach number. T his example i s  c o n s id e re d , only  to  e x h ib i t  th e  
analogy w ith  th e  B raohystochrone eq u a tio n .

B lunt f l a t  p la te  a t  in c id e n c e : For b lu n t f l a t  p la te s  a t  in c id en ce  
the govern ing  e q u a tio n s  can  be w r i t t e n  as

f  ( Y e  -  H ,  6  x )  = * 5 l 2 ' 9

The B raohystochrone e q u a tio n  determ ines th e  shape of th e  curve betw een 
two g iv en  p o in ts  A and B f o r  which a  p a r t i c l e  r e le a s e d  w ith  z e ro  i n i ­
t i a l  v e lo c i ty  a t  Â and a c te d  upon by g ra v ity  a lone  would descend  to  p o in t  
B in  th e  s h o r te s t  tim e p o s s ib le .  The eq u a tio n  f o r  such a cu rv e  i s  
same as e q u a tio n  5 ,2 .5 . (R ef 84 and 85).
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where 0  : ang le  o f a t ta c k

X = x / L ,  Yg = (M *,yg)/L

Tie e q u a tio n  5 .2 .9  can  be in te g r a te d  in  c o n ju n c tio n  w ith  any­
one o f th e  p re s su re  laws (e q u a tio n s  5*1 *11 to  5 .1 .1 5 ) .  ■ Yn g e n e ra l ,
th e  eq u a tio n s  need  to  be in te g r a te d  n u m erica lly . Cheng( Ref 52) found
th a t  when th e  Newton—Busemann r e l a t i o n  i s  u sed , th e  r e s u l t s  e x h ib i t  an 
o s c i l l a to r y  approach  to  downstream in v is c id  c o n d itio n s . S to l le r y  
e t  ad  ( Ref 44) o b v ia te d  t h i s  d i f f i c u l t y  by u s in g  th e  ta n g en t wedge 
approx im ation  (e q u a tio n  5 .1 .1  5) and showed by num erica l in te g r a t io n  
t h a t  th e  use o f th e  ta n g en t wedge approx im ation  su p p resses  th e  
o s c i l l a to r y  decay . However, th e  r e s u l t in g  eq u a tio n s  when th e  
ta n g en t wedge approx im ation  i s  u sed  can  be in te g r a te d  in  c lo se d  form  
a s  shown below . The govern ing  eq u a tio n s  a re

P ( V e -  M to6 X )  -  K
'P -  i

dVe

5 .2.10

anà. "Sx '  f  £ [  u ,  rM  (p -ijj ^ 5.2.11

By s u b s t i t u t in g  t  = y e -  M X and

M z  * Mfc8 +  M / d x  s - ù z

and e lim in a tin g  P  from  5 .2 .1  0 , th e  e q u a tio n  5.2.111 can  be w r i t t e n  a s  

dir  _ / t~ _ _____   m

d x

'k  "" 5 .2 .1 3

œ  3 ^  "  — 5. 2. 14

The fu n c t io n  P ( t )  r e p re s e n ts  th e  _ f: te rm s on th e  r i g h t  hand s id e  o f  
e q u a tio n  5 .2 013 . The e q u a tio n  5 .2 .1 4  can  be in te g ra te d  betw een g iven  
l im i t s  X to  X , and t  to  t

> ■
or
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where
d >

5 * 2 . 1 6

The i n t e g r a l  I  c an  he e v a lu a te d  in  c lo se d  form  (Appx c )  and th e  
r e s u l t  i s  1

ic ( u  0

^  f  (  b / ' t o )

b I

-h

5 .2 .1 7

where E ( p ,a ,b )  =
If’ + Q - _______

P-b (Q+b)(k~b)
2

a  =

h

m b ) 2 

t t - 0  h t

Oj i '  T '  ' ^"O +  ^

+ ' [ ! + %  I %-')]*
t y t '  P  = P ^ l h 5.2 .1  8 a. ~e

I n  th e  p a r t i c u l a r  c a s e , when th e  in te g r a t io n  i s  from  th e  le ad in g  
edge, th e  low er l im i t s  X , t  i n  eq u a tio n  5 .2 .1  6 happen to  he a e ro .
As t . - r > 0 ,  from  e q u a tio n  5 .2 .1  8d i t  fo llo w s  th a t  p te n d s  to
in iq u i ty .  I t  may he v e r i f i e d  hy expanding eq u a tio n  5 .2 .1  7 t la  t  f o r
p  ^ > 1 ,  I  i s  p ro p o r t io n a l  to  ^>'3 so t h a t  I  ten d s  t o  z e ro  a s  p ten d s
to  i n f i n i t y .  th e r e f o r e ,  th e  s o lu t io n  5 .2.1 5 red u ces  to

X = I . 5 .2 .1 9

where f  i s  g iv en  hy e q u a tio n  5 .2 .1 7 . The le ad in g  edge s o lu t io n  
f o r  X 0 from  e q u a tio n  5 .2 .1 7  i s  o b ta in ed  hy expanding f o r  j> >7 1 
and th e  r e s u l t  f o r  th e  p re s su re  i s

>  -2/3

î  = f i -  V (  '/+  0  - , X 5.2o20
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The e q u a tio n  5 .2 .2 0  i s  tho  same a s  th a t  o b ta in ed  in  eq u a tio n  5 .1 .7b« 
I f  we s u b s t i tu te  P = ( K / t ) ,  th e  eq u a tio n  5.2 .1  7 i s  a  fu n c tio n  o f th e  
p re s s u re  P and th e  in c id en ce  param eter ^ 6  • £# . f o r  g iv en  v a lu e s  K and 

f  . By g iv in g  v a lu e s  o f P  and > X can  be c a lc u la te d  from  
eq u a tio n  5 .2 .1 9 .

Per c a lc u la t in g  h e a t t r a n s f e r  r a t e s ,  we need to  know J p  dx , 
and i t  i s  p o s s ib le  to  o b ta in  a  c lo se d  form  s o lu t io n  f e r  J P dx as 
(se e  Appendix 0 )

P d x
It ( u  i)

i ) i "  l)t>

t i  l _ L  u  M ' + - l
2 I A f t /  ^  ^  - Q f t /

, n . , 1 1

5.2.21

The d e f in i t io n s  f o r  b , b  , a  and p  in  e q u a tio n  5.2.21 a re  
th e  same as  in  eq u a tio n s  5 .2 .1  8b -  d« The c o n s ta n t o f in te g r a t io n  
in  eq u a tio n  has been p u t e q u a l to  z e ro  s in c e  f o r

X 0, p ax
-Z/3 
X dX - ^ o

and r i g h t  hand s id e  o f eq u a tio n  5.2.21 a ls o  te n d s  to  zero  f o r  p ->  6o . 
With eq u a tio n s  5 .2 .1  9 and 5.2.21 i t  i s  p o s s ib le  to  c a lc u la te  P  and 
/  P  dX f o r  any M&oB . The r e s u l t s  f o r  p a r t i c u l a r  v a lu es  o f 9 
a r e  p re se n te d  in  C hapter V I.

S im ila r  c lo se d  form  s o lu t io n s  can  be o b ta in ed  i f  th e  Newtonian 
fo rm u la  (e q u a tio n  3 .2 .1  ) i s  u sed  in s te a d  o f th e  tangent-w edge appro­
x im a tio n . By combining eq u a tio n s  5 .2 .4  and 5 .2.1 0 , we @st

( Y e - M V x )  [ l  + r  ( dyF/d x ) 2 ]  = K

W ritin g  X = t ,  e q u a tio n  5 .2 .2 2  s im p lif ie s  to

5.2.22

2
d

ÔY

dx
Y

d b

( f O
72 \ / .

M ^ e v ' 2
5 .2 .2 3

I n te g r a t in g  eq u a tio n  5 .2 .2 3  from  0 to  X. and 5 to  t ,  we g e t



y  Va
1

where I_  = 
5

Jr

0

d 1"

5.2=24

( j t  - l ) vL
The in t e g r a l  I -  has been e v a lu a te d  in  Appendix G and th e  s o lu t io n  

o f 5 *2 . 2 4  can  be w r i t t e n  as

Tom  ( | - 0

5 .2 .2 5

1  i  +  B !  U 3 - 4 -
t ' / l  F,(t-) ( l + d i 1)  Fi 4 )  (.l-t-Oi))

-  a-) a + t i )  ,
where F,(t) = / K - ^  ft ,

^  = M (o0 Î  ^

I n  & s im ila r  manner, th e  J P  BX can  a ls o  he e v a lu a te d  and th e  
r e s u l t  i s  (Appendix C)

X
P d x  = F,’(6 z J - .  

5.2.26

I t  appears t h a t  f o r  th e  p re se n t TW + CFG-L and 2nd o rd e r tan g en t 
v/edge p re s s u re  law sÿ s o lu tio n s  can  only be o b ta in ed  by n u m erica l 
in te g r a t io n  and c lo se d  form  s o lu tio n s  a re  n o t p o s s ib le .  The 
eq u a tio n s  to  be in te g ra te d  a re  g iven  in  th e  fo llo w in g  S e c tio n  on 
curved  a f t e r  b o d ie s .

Governing eq u a tio n s  f o r  powor-law a f t e r  body shapes :

The power law  shapes a re  g iven  by

h .  s  (  2 H n
Qc 4 p  ̂ ^ £ J

n
or

e

v/here

5.3*1

^  î le n g th  s c a le

S u b s ti tu t in g  e q u a tio n  5o3»1 - n 5*1*2,
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7 - 7
t - 1  CoL

w -
c <c 5 .3 .2

t

The le n g th  s c a le  can  be chosen  such th a t  r i g h t  hand, s id e  of 
eq u a tio n  i s  u n i ty ,  i . e .

For C heng 's th e o ry  V"-  1 + 2 ^  , and th e  le n g th  s c a le  ^c w i l l

e f e w / z e f ) '
be

The governing  eq u a tio n s  can  now be w r i t t e n  as

= i

and th e  co rresp o n d in g  p re ssu re  laws w i l l  be

2
p - 1  1 1

( i )  Newton-Busemann “7771 .01

( i i )  TO + CKrL 2

f y \ m û  n d k

+

( i i i )  2nd o rd e r TW

( iv )  Tangent wedge

_P _  ) 4 i
YMtoft:’ "  2

5 .3 .5

f - J '6

5 .3 .7

7  -
[ p ~  Û  l  Ÿ M w d c

7 ^ 1 7 7 7 7 7 7 7  ^
[ z r M i é â c  j i r M t a ô L

5 .3 .8

p  É quations 5«3.5 to  5 .3 .8  can  be in te g r a te d  a f t e r  s u b s t i tu t in g  
f o r  _J— a from  e q u a tio n  5*3.4= For ta n g en t wedge and TW + CFG-L 

YMhOc
r u le s  9 th e  r e s u l t  depends on Mùoûç e However f o r  lv/ f o Z"̂ "1 > eq u a tio n s  
5*3.5  to  5 .3*8  can be exp ressed  in  g e n e ra liz e d  form as

(  z  -  r D  ( a  z |2 +  6 z  z " )  - 1  5 . 3.9

where a  and b w i l l  have th e  foiler,ving v a lu e s  f o r  v a r io u s  p re s su re
laws*



Newton-Busemann a = 1 9 b = 1

TW + CP&L a r-ti 
= T 9 b = 1

2nd o rd e r TW a
2- 9 b = f

Tangent Wedge a 9 b = 0

V I n  o rd e r to  s t a r t  th e  n u m erica l in te g r a t io n ,  we need the 
behav iour n e a r  th e  le a d in g  edge. By s u b s t i tu t in g  2 = ^  ' in
eq u a tio n  5*3»9S we g e t . «

7 ~  [ i  f r - a f  C

and from  e q u a tio n  5 .3 .4 ,  th e  p re s su re  i s  g iv en  by

2 ( u - i )  1,3 '  b
P

VM *l 0 c

f  5.3.11

The p a r t i c u J r  c a se  when th e  a f t e r  body i s  a  f l a t  p la te  a t  
in c id en ce  n  -  1 i n  e q u a tio n s  5 .3 .4  and 5 .3 * 9 , and c lo se d  farm  s o lu t io n s  
can  be o b ta in ed  when b  = 0 ( i . e  Tangent wedge r u l e ) .  With n  =1 
and b  = 0 , e q u a tio n  5 .3 .9  becomes

(  Z  -  Q  a  1  5.3.12

The s o lu t io n  o f e q u a tio n  5 .3 .1  2 i s  g iv en  by . ■

" ^  ^  ^  \  5 .3 .1 3

r, /  V+l tMtoûc  Y 2
where A I y

 ̂ 1 Z  /  . 5 .3 .1 4

The a n a ly t ic a l  s o lu t io n  g iven  by e q u a tio n  5*3.13 i s  th e  appro­
x im a te  form of th e  com plete s o lu t io n  o b ta in ed  in  eq u a tio n  5 .2 .1  7 fo r  
M<30&'7>1 . However, t h i s  c an  be q u i te  a c c u ra te  even f o r  fe d e ra te
v a lu e s  o f . ™or = 1 ^ d  P = 28 , th e  v a lu es  o f / £Q)b
c a lc u la te d  by two e q u a tio n s  d i f f e r  on ly  by 4%.

Of p a r t i c u l a r  i n t e r e s t  i s  th e  a p p l ic a t io n  of eq u a tio n  5*3*9 to  
concave s u rfa c e  flow s f c r  which th e  v isco u s in te r a c t io n  eq u a tio n  4 .3 .5  
was found t o  g iv e  h ig h ly  o s c i l l a to r y  s o lu t io n  when a  -  b  -  1 (R ef 22 ). 
The r e s u l t s  cf n u m erica l in te g r a t io n  a re  d isc u sse d  in  th e  n ex t C hap ter0



CHAPTER VI

RESULTS AND DISCUSSION

I n  t h i s  C h ap ter, th e  r e s u l t s  o b ta in ed  by in te g ra t in g  th e  
eq u a tio n s  d e r iv e d  in  C hap ters  XV and V w i l l  be p re se n te d . The i n t e ­
g ra t io n  of th e  govern ing  e q u a tio n s  was c a r r ie d  out by s p l i t t i n g  in to
а. number o f  f i r s t  o rd e r eq u a tio n s  and u sin g  th e  Runge-Eutta. method.
The R unge-K utta su b ro u tin e  was checked by in te g ra t in g  th e  B la s iu s  
eq u a tio n  (e q u a tio n  3 .1*12 w ith  /3 =0) and comparing the  r e s u l t s  w ith  
th e  ta b u la te d  r e s u l t s  (Ref 8 0 ). The com putations were perform ed on an 
ICL 1 903 com puter u s in g  double  p re c is io n  a r i th m e tic  and w ith  v a r ia b le  
s te p s iz e .  The s te p s iz e  was checked a f t e r  a number o f s p e c i f ie d  
o p e ra tio n s  to  ensure  th e  d e s ir e d  accuracy  i s  m aintained* The s te p s iz e  
check ing  was c a r r i e d  o u t by in te g r a t in g  w ith  th e  g iv en  s te p s iz e  as  
w e ll  as  w ith  h a l f  i t s  v a lu e  and a s c e r ta in in g  th a t  th e  two r e s u l t s  
d i f f e r  l e s s  th a n  th e  s p e c i f ie d  accu racy . I f  th e  d if fe re n c e  was more 
th e  p ro c e ss  was re p e a te d  t i l l  th e  d e s ire d  accuracy  was achieved*
The in te g r a t io n  was s t a r t e d  a t  a. p o in t  where th e  d if fe re n c e  betw een • 
th e  le a d in g  edge s o lu t io n s  and th e  v a lu e s  c a lc u la te d  d i r e c t l y  from  
th e  govern ing  e q u a tio n s  ag reed  w ith in  th e  s p e c i f ie d  accu racy . Using 
t h i s  method, th e  govern ing  eq u a tio n s  f o r  Cheng*s and o th e r  m odified  
th e o r ie s  were in te g r a te d  fo r  f l a t  p la te s  and concave su rfaces*

б.1 Pure v isc o u s  i n t e r a c t i o n :

I n  f ig u r e  1 1 , r e s u l t s  o b ta in e d  by num erica l in te g r a t io n  f o r  a  
f l a t  p la te  a t  ze ro  in c id e n ce  (e q u a tio n s  4*2.1 and 4 .2 .3 ,  TW+GFG-L) a re  
compared w ith  th e  s e r ie s  expansion  f o r  th e  s tro n g  and weak in te r a c t io n  
l im i t s  and i t  can  be seen  t h a t  th ey  a re  i n  good agreement over a  
co n sid e rab le  range; of /-I'X . Per 0* 3 <̂ A'X<10, i t  may be n e ce ssa ry  
t o  u se  th e  com plete s o lu t io n .  As i n  th e  case  o f tan g en t wedge r u le  
(S u l l iv a n , R ef 20 ; S t c i l e r y .  Ref 2 2 ) , th e  p re s e n t TW + CFG-L r u le  
p r e d ic ts  a  smooth t r a n s i t i o n  from th e  s tro n g  in te r a c t io n  re g io n  to  
weak in te r a c t io n  re g io n . The p re s su re  d i s t r i b u t io n  in  th e  s tro n g  
in te r a c t io n  re g io n  i s  shown p lo t t e d  in. f ig u r e  1 2 in  term s o f Kemp’s 
v a r ia b le s  (E q u atio n s  4*2*1 0 - 1 3 ) .  The TW + CFG-L r u l e  and Kemp’s 
th e o ry  ag ree  c lo s e ly  and th e  ta n g en t wedge p re d ic t io n s  a re  s l i g h t ly  
higher*  The dependence o f th e  p re s su re  and h e a t t r a n s f e r  on f  when 
ex p ressed  i n  Kemp’s v a r ia b le s  i s  r a th e r  v e ry  weak. In  th e  s tro n g  
in te r a c t io n  re g io n , th e  d if f e r e n c e  betw een th e  TW + CFG-L r u le  and 
TW approx im ation  f o r  th e  p re s s u re  i s  about 15% fo r  T -  1 .4  and 
13.5% f o r  V “  3 /3 . C orresponding d if f e r e n c e s  i n  th e  heat- t r a n s f e r  
c o e f f ic ie n t  i s  about 7*5/& f o r  Ÿ" d  .4  and 6*3% f o r  f  = 5 /3 . As 
the weak in te r a c t io n  re g io n  i s  approached, th e  d if fe re n c e  between 
th e  two methods i s  red u ced  because of th e  h ig h e r o rd er e f f e c t  cf the 
c e n t r i f u g a l  fo r c e s  (e q u a tio n  4 .2 .1  5 ) .  F ar downstream, th e  c e n t r i ­
fu g a l  fo rc e s  become z e ro  and th e  TW + CFG-L and TW r u le s  become 
id e n t i c a l .  S im ila r ly , i n  th e  o th e r  extrem e l im i t  of merged (n o t 
co n sid e red  i n  th e  p re s e n t  work) where th e  bou n d ary -lay er grow th i s  
alm ost l i n e a r ,  th e  c e n t r i f u g a l  term s v an ish  and th e  TW* CFG-L r u le  
red u ces  to  TW approx im ation . The e f f e c t  of iT on th e  p re s su re  
dis t r i b u t i o n  and h e a t t r a n s f e r  i s  shown i n  f ig u r e s  1 3&,b. The



in te r a c t io n  e f f e c t s  appear t o  be  g e n e ra lly  h ig h e r f o r  -  5 /3  th a n  
f o r  Y = 1 »4. Comparison o f th e  TW + CFGL r e s u l t s  w ith  measure­
ments i s  made in  f ig u r e s  1 4,1 5 and 1 6. From f ig u r e  14  and 1 5 , i t  
may be seen  th a t  th e  p re s e n t  r u le  g iv e s  good agreem ent w ith  H olden 's  
measurements f o r  th e  p re s s u re  dds t r i b u t io n ,  and w ith  Kemp's and 
o th e r  c o r r e la te d  r e s u l t s  i n  th e  s tro n g  in te r a c t io n  re g io n  . Though, 
th e  induced  p re s s u re s  a re  p re d ic te d  fa v o u ra b ly , h e a t t r a n s f e r  r a t e s  
a re  g e n e ra lly  u n d e re s tim a te d  by th e  p re s e n t a s  w e ll as  o th e r  methods 
compared to  most o f th e  ex p erim en ta l d a ta . T his u n d e re s tim a tio n  
in  h e a t t r a n s f e r  r a t e s  may be due to  th e  s im p lify in g  assum ption 
o f u n i t  E ra n d tl number in  th e  a n a ly s is .  I t  appears t h a t  th e  p re s e n t 
TW + CF1L r u le  w ith  l o c a l  f l a t  p la te  s im i la r i ty  may se rv e  a s  ai good 
p r e d ic t io n  method f o r  p re s s u re s  on f l a t  p la te s  s in ce  th e  ta n g en t 
wedge e s tim a te s  a re  g e n e ra l ly  h ig h e r . .

For th e  c ase  of g e n e ra l  pow er-law  s u r fa c e , eq u a tio n s  4 .2 .1  7 to  
4 .2 .1 9  were in te g r a te d  f o r  th e  p re s e n t TW + CFG-L r u l e .  In  f ig u r e  1 7 
th e  p re s su re  d i s t r i b u t i o n  on a  sh arp  f l a t  p l a t e  a t  in c id en ce  i s  shown 
fo r two v a lu e s  of th e  in c id e n ce  param eter M^Xs « For M ^ =  0.1 , 
th e  flow  i s  everywhere s im ila r  to  t h a t  on a  f l a t  p la te  a t  zero  
in c id e n c e . As in c r e a s e s ,  th e  in c id en ce  e f f e c t  dom inates down­
stream  and th e  p re s s u re  re a c h e s  th e  wedge v a lu e  a sy m p to tic a lly .

The most sev e re  t e s t  f@r any p re s s u re  law to  be used  in  th e  
in te r a c t io n  problem  i s  i t s  a p p l ic a t io n  to  concave su r fa c e s . The 
in c lu s io n  o f c e n t r i f u g a l  te rras i n  a  p re s su re  3aw can  g ive  r i s e  to  
o s c i l l a to r y  behav iour when a p p lie d  to  concave s u r fa c e s . As m entioned 
in  S e c tio n  1 ,  S t c i l e r y  (Ref 22) showed th a t  th e  Newton-Bus e mann r u le  
which accoun ts f o r  th e  c e n t r i f u g a l  p re s su re  r i s e  p r e d ic ts  h ig h ly  
o s c i l l a to r y  r e s u l t s  on concave s u r fa c e s . So, i n  o rd er to  s tu d y  
th e  e f f e c t  o f th e  c e n t r i f u g a l  terra  in  th e  p re s e n t TW + CFG-L r u le  g 
com putations were made f o r  th e  case  o f a  concave su rfa ce  ,y^ x  and 
M0eof5 = 1 . 0 .  The p re s su re  d i s t r i b u t io n  and h e a t  t r a n s f e r  r a t e s  
p re d ic te d  by th e  p re s e n t  r u l e  a re  compared w ith  tan g en t wedge r e s u l t s  
and w ith  C heng's th e o ry  in  f ig u r e s  1 8 a ,b . -^t may be n o ted  th a t  th e  
p re se n t method does e x h ib i t  an  o s c i l l a to r y  behaviour s im ila r  to  
th a t  p re d ic te d  by Cheng’s th e o ry  b u t th e  s e v e r i ty  o f o s c i l l a t i o n s  
is  v e ry  much l e s s  in  m agnitude. However, in  comparing C heng's th e o ry  
w ith  th e  TW + CFG-L a n a ly s is , and a ls o  w ith  th e  ta n g en t wedge 
approx im ation  ( i . e . ,  M odified Cheng), f ig u r e s  1 8a ,b  need to  be 
in te r p r e te d  w ith  some c a u tio n  because of th e  d i f f e r e n t  le n g th  s c a le s  
invo lved  in  two a n a ly s e s . The r e s u l t s  f o r  Cheng’s th e o ry  p lo t te d  
in  f ig u r e s  1 8 a ,b  have been ta k en  from  R eference  22. ?he TW + CFG-L 
r e s u l t s  a re  c lo s e  to  th e  tan g en t wedge r e s u l t s  and p re s e n t th e  c o r r e c t  
com parison betw een two th e o r ie s  because o f  th e  same le n g th  s c a le  L 
( =Alx S )  u sed  in  th e  a n a ly se s . However, th e  le n g th  s c a le  u sed  in  
C heng's th eo ry  i s  d i f f e r e n t  (L  =. x ) ,  and hence th e  v a lu e  o f th e

c 4  Y
in c id en ce  param eter M̂oC w i l l  be d i f f e r e n t  in  two c a s e s . T his i s  
th e  rea so n  fc r  u s in g  s u b s c r ip ts  ' s ’ and ' c ' f o r  Mto0C i n  th e  p re s e n t
work. The r e l a t i o n  betw een and i s  worked out
in  Appendix B, and i s  g iv en  by , _n-l 4-71-3

= ( 4 ? )  (  . 6 -1 -i
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Only f o r  n  = 1 , w i l l  th e  d e f in i t io n  of th e  in c id en ce  param eter 
be th e  same. For o th e r  v a lu e s  o f n , each co rresponds t o  a
d i f f e r e n t  v a lu e  o f ♦ The d if fe re n c e  between two p aram eters

and ùCc i s  n o t j u s t  one of m agnitude. I f  th e  le n g th
s c a le  L i s  used  i n  th e  a n a ly s is  u s in g  th e  Newton-Busemann r u le  
as  i n  OÊeng's th e o ry , f o r  each  th e re  i s  a  s e p a ra te  s o lu t io n
f o r  a  g iv en  poy/er-law  s u r fa c e . This can  be seen  e a s i ly  by w r it in g
th e  governing  eq u a tio n s  4 .1 .1  o and 4 .1 .2  as

( f p * )Ye - Yyj = -— —  6 . 1.2

and Ÿ  - i '  f 4- Ye 6 .1 .3
l v d x  /

I f  th e  le n g th  s c a le  L i s  used  in s te a d  o f 1g, eq u a tio n s  6 .1 .2  
and 6 .1 .3  reduce  t o

( Z  '  Z t v ) T M L ( |  "  2

^  ?  6 , 1  * 5

The e q u a tio n s  6.1 .4  and 6.1 .5 ,  when combined g ive  Cheng’s 
v isco u s  i n te r a c t io n  e q u a tio n  4.1 «6. So, th e  r e s u l t s  do n o t depend 
on ytçpCCç i f  L i s  u sed  a s  th e  re fe re n c e  le n g th  s c a le . A pparen tly , 
i t  ap pears  to c th e  p re s e n t au th o r t h a t  t h i s  d if f e re n c e  between 
and ttfrfCc l̂aS no^ ^ een n o tic e d  in  R eferences 22 and 44 , and th e  
r e s u l t s  o f Cheng’s  th e o ry  and th e  ta n g e n t wedge approx im ation  a re  
compared a s  —B , v e rsu s  . The f ig u r e s  1 8 a ,b  * (o r  f ig u r e s

of R ef 22, and 9 a ,b  o f  Ref 44) can  s t i l l  be c o n s id e red  to  
r e p re s e n t  th e  r i g h t  com parison only  i f  th e  a b c is s a  and th e  
o rd in a te  a re  in te r p r e te d  a s  MfeoC* and ,__Z,and —

~ Â l  r K 4  rM 5 4
f o r  th e  r e s p e c t iv e  th e o r ie s .  In  o rder to  p ro v id e  a  c o r r e c t  
com parison o f d i f f e r e n t  th e o r ie s ,  e q u a tio n s  6.1 .2  and 6.1*3 
were in te g r a te d  f o r  1 .0  and th e  r e s u l t s  a re  shown in  f ig u r e s
19 a ,b  a long  w ith  TW + CFG-L and TW p r e d ic t io n s .  However, t h i s  ,
d if f e re n c e  i jn  le n g th  s c a le s  does n o t / th e  c o n c lu s io n  of R eference  22 
th a t  Cheng’s  th e o ry  r e s u l t s  a re  q u a n t i ta t iv e ly  u n r e a l i s t i c .  For th e  p a r t i ­
c u la r  case c o n s id e re d , th e  o s c i l l a to r y  behav iour o f th e  TW + CFG-L 

r u le  appears t o  be v e ry  much l e s s .  The h e a t t r a n s f e r  r e s u l t s  a ls o

» .
However, owing to  an e r r o r  i n  p lo t t i n g ,  th e  f i r s t  peak in  p re s su re  as
om it bed. O therw ise th e  p re s su re  and h e a t t r a n s f e r  peaks occur 
a lm ost s im u ltan eo u sly  (confirm ed  du rin g  p r iv a te  d is c u s s io n ) .
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a ls o  in d ic a te  a  s im i la r  o s c i l l a to r y  b eh av io u r. The b o u n d ary -lay er 
growing under th e  in f lu e n c e  o f th e  le ad in g  edge shock-wave, f i r s t  
in c re a s e s  i n  th ic k n e s s  re a c h in g  a  maximum v a lu e  a t  th e  p o in t where th e  
p re s su re ,is  minimum and th e n  s t a r t s  d e c rea s in g  i n  th ic k n e ss  s in ce  th e  
b o u n d ary -lay er i s  s u p e r - c r i t i c a l  f e r  Y = a  (S e c tio n  3•3)* C o rres­
pond ing ly ) th e  p re s s u re  s t a r t s  in c re a s in g  and e v e n tu a lly  reach es  th e  
in v is c id  va lue  " fa r  downstream . The approach to  th e  in v is c id  va lue  
i s  m ono ton ica lly  in c re a s in g  when th e  ta n g en t wedge r u le  i s  u sed .
However, when th e  c e n t r i f u g a l  e f f e c t s  a re  c o n sid e red  as  in  th e  TW +
CFG-L and in  Newton-Busemann r u l e s ,  th e  downstream c o n d itio n s  a re  
approached i n  an o s c i l l a to r y  manner. The b o u n d ary -lay er s t a r t s  
d ec rea s in g  in  th ic k n e s s ,  re a c h e s  a  minimum and th e n  in c re a s e s  a g a in . 
This p u ls a t in g  b eh av io u r o f th e  b o u n d ary -lay er re p e a ts  ag a in  and 
ag a in  u n t i l  i t  i s  damped f a r  downstream. Under each neck where th e  
b o u n d ary -lay er re a c h e s  a  minimum th ic k n e s s , th e  o u te r  in v is c id  flo w  
has to  n e g o tia te  sm a ll r a d i i  o f  c u rv a tu re  which g iv es  r i s e  to  very  
h ig h  c e n t r i f u g a l  p re s s u re s  an d , c o rre sp o n d in g ly  th e  p re s su re  and 
h e a t t r a n s f e r  r a t e  re a c h  a  caximum v a lu e  b enea th  each neck . C heng's 
th eo ry  i s  v a l id  o n ly  in  th e  l im i t  o f and V —̂  1 . As
i t  i s  p o in te d  by th e  p re s e n t  th e o ry  u s in g  TW -i- CFG-L r u l e , th e  down- ' 
s tream  o s c i l l a to r y  b eh av io u r i s  much le s s  sev ere  in  magnitude f o r  
M = 1 * S ince  th e  TW + CFG-L r u le  accoun ts c o r r e c t ly  f o r  th e
shock p re s s u re  r i s e ,  i t  ap p ears  t h a t  th e  o s c i l l a to r y  behav iour i s  
dependent s t ro n g ly  on th e  r e l a t i v e  p re s su re  r i s e  due t o  shock and
c e n t r i f u g a l  e f f e c t s .  I n  f ig u r e  20, th e  v isco u s  in t e r a c t io n  p re s su re
d i s t r i b u t io n  i s  compared w ith  th e  in v is c id  p r e d ic t io n .  The v isco u s 
in te r a c t io n  s o lu t io n  f l u c tu a te s  about th e  in v is c id  v a lu e  and fo r  
C heng's th e o ry  th e  r i s e  and drop  in  p re s su re  ap pears  to  ta k e  p la c e  
over a  narrow  re g io n  abou t th e  maximum v a lu e  and th e  d i s t r i b u t io n  
e x h ib i ts  a  sp ik y  b e h av io u r . In  th e  case  of TW + CFG-L r u l e , th e  
o s c i l l a t i o n s  a re  sp re a d  o u t and the d i s t r i b u t io n  appears alm ost l ik e  
a  co n tin u es  r i s e  w ith  in te rm e d ia te  p la te a u  re g io n s . However, th e  
o s c i l l a t i o n s  might become more sev e re  a s  in c re a s e s .  Another
f a c to r  which m ight a f f e c t  th e  am plitude of o s c i l l a t i o n  i s  th e  v a r i a t io n  
i n  Y" . F ig u re  21 shows th e  p re s su re  and h e a t t r a n s f e r  r a t e  f o r
r =  1.1 and 5/3» and =^1.0. I t  seems th a t  f o r  m oderate v a lu e s  of
MwGUs( r 1  ) ,  th e  change i n  f  from  1.1 to  5 /3  does n o t change th e  o s c i l l a ­
to ry  behav iour ve ry  much. I n  f ig u r e  2 2 a ,b , th e  r e s u l t s  a re  p lo t t e d  
f o r  a  fam ily  o f shapes Y = Yp w ith  n  = 1 .0 ,  1 .5  and 2 .0 . For 
n= 1 .0 ,  th e re  i s  no o s c i l l a to r y  behav iour and as  n  in c re a s e s  th e  
am plitude and freq u en cy  o f o s c i l l a t i o n s  a ls o  in c re a s e . T his behav iour 
i s  s im ila r  t o  t h a t  fo u n d  by Mohammadian fo r  th e  Newt on-Busemann r u le  
b u t th e  am plitudes a re  v e ry  much l e s s .  The p o s i t io n  of th e  f i r s t  
peak  s h i f t s  tow ards th e  le a d in g  edge as  n  in c re a s e s .

The e f f e c t  on th e  o s c i l l a to r y  behav iou r o f in c re a s in g  f o r
th e  TW 4- CFG-L r u le  i s  s tu d ie d  f o r  th e  w o rst case  of Mtoc<6->60. In  
t h i s  l i m i t , th e  govern ing  eq u a tio n s  can  be c o n sid e red  to  be a  p a r t i ­
c u la r  case  of th e  g e n e ra l iz e d  C heng's e q u a tio n  4*3<,5, w ith  CK sW+vlZ
and b = 1 . The r e s u l t s  f o r  the  p re s su re  d i s t r ib u t io n  and h e a t n
t r a n s f e r  r a t e  a re  shown i n  f ig u r e s  23a, 23b , f o r  a  fam ily  o f shapes ?co-h 6
From th e se  r e s u l t s ,  i t  may be seen th a t  th e  o s c i l l a to r y  b eh av iou r i s  :■ 
mart, sev ere  compared to  th e  case  of = 1 . So, i t  appears t h a t
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th e  e x te n t  of shook p re s su re  r i s e  c o n tro ls  th e  am plitude of th e  
o s c i l l a to r y  b eh av io u r. Ey v a ry in g  M i n  th e  TW + CFG-L r u l e ,  we 
are; v a ry in g  th e  shock p re s su re  r i s e  to  r e a l i s t i c  v a lu e s , keeping  th e  
c e n t r i f u g a l  c o r re c t io n s  c o n s ta n t .  However, th e  2nd o rd er ta n g en t wedge 
th e o ry  (e q u a tio n  3®2.8) su g g es ts  th a t  th e  e x te n t o f th e  c e n t r i f u g a l  
p re s su re  r i s e  f e r  Y* g re a te r  th a n  u n i ty  co u ld  b e  ve r y  much sm a lle r 
th a n  th e  l im it in g  v a lu e  o f ^ a s s u m e d  in  th e  TW + CPG-L a n a ly s is .
So, i n  o rd er t o  s tudy  th e  e f f e c t  o f th e  re d u c tio n  in  th e  e f f e c t iv e  
c e n t r i f u g a l  fo rc e  f o r  r e a l i s t i c  v a lu es  o f "ÿ", th e  e q u a tio n  4*3*5 wa-s 
in te g r a te d  fo r

f .  I t r  I
Ol' — — and V ~ ‘

The above v a lu es  o f a  and b  co rrespond  to  th e  case  oi 2no. c rc e r  
ta n g en t wedge th e o ry  and th e  r e s u l t s  of num erica l in te g r a t io n  a re  
shown in  f ig u r e s  24 -  26 f o r t  = 1 *4* From th e  p re s su re  and h e a t 
t r a n s f e r  r a t e  r e s u l t s  i n  f ig u r e s  24 and 25, th e  o s c i l l a to r y  behav iour alm ost 
v an ish es  compared to  th e  h ig h ly  o s c i l l a to r y  r e s u l t s  o f  C heng's th e o ry  
( f ig u r e s  1 9a and 1 9 b ). The p re s su re  and h e a t t r a n s f e r  i n i t i a l l y  
s t a r t  d ec rea sin g  away from  th e  le ad in g  edge, re a c h  a  minimum v a lu e  
and s t a r t  in c re a s in g  ag a in . At some p o in t  downstream, a. s l i g h t  
over shoot co rrespond ing  to  th e  in v is c id  p re d ic t io n  and a  subsequent 
m ild  o s c i l l a to r y  decay to  th e  a sy m p to tic lim it i s  observed . The over­
shoo t in  p re s su re  and h e a t t r a n s f e r  appear to  be n e g l ig ib le  f o r  n<  2.
The downstream asym pto tic  v a lu e s  a re  g iv en  by

2. . _H

_ du" 4-i Tv (yi-^ C 6 . 1 . 6

Vz h '3 /z

— U l L -  = [ {a n + i ,n (v ir f ) ] (Z n -5 l

In  th e  second o rd er tan g en t wedge th e o ry , th e  c e n t r i f u g a l  fo rc e  
i s  a  fu n c tio n  o f t  and f o r  T  -  1 , i t  red u ces  to  th e  Newton-Busemann 
r u l e .  This su g g es ts  th a t  th e  downstream o s c i l l a to r y  beliav iour may 
be s tro n g ly  dependent on T . In  f ig u re  26 , th e  e f f e c t  o f  f  on 
p re s su re  s ud h e a t t r a n s f e r  ils shown. The am plitude of o s c iH a t io n e  
: </? s tro n g ly  a t te n u a te d  as in c re a se d . This i s  due t o  th e
re d u c tio n  in  c e n t r i f  u g a l e f f e c t s .  For ze ro  c e n t r i f u g a l  e f f e c t ,  as 
in  sim ple tangent-w edge approx im ation  or Newtonian fo rm u la , S to l le r y  
(Ref 22) has shown th e  o s c i l l a to r y  behav iour to  v a n ish  completely..

I n  fig u re^ ,27, th e  b o u n dary -layer th ic k n e ss  i s  p lo t t e d  f o r  th e  
su rfa c e  Y = acco rd ing  to  TV/ + CFG-1 THE CRY. T his c l e a r ly
e x h ib i ts  tï ïe  s u p e r c r i t i c a l  behaviour d isc u sse d  in  d e t a i l  i n  S e c tio n
5*5*
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6 .2  B lun tness dom inated floy/'s:

The c lo se d  form  s o lu t io n  g iven  "by e q u a tio n  5 .2 .  1 5 f o r  th e  
case  o f a  "blunt f l a t  p ^ a te  a t  in c id e n c e  u s in g  th e  tan g en t wedge 
approx im ation , was so lv ed  f o r  d i f f e r e n t  v a lu es  o f and th e  r e s u l t s
a re  shown in  f ig u r e  28 a long  w ith  C heng's z e ro e th  o rd e r r e s u l t s .
The v a lu es  of X were o b ta in ed  by c a lc u la t in g  th e  i n t e g r a l  f o r  
v a r io u s  v a lu es  o f "the p re s s u re . "When th e  ta n g en t wedge approx im ation  
i s  u sed , f o r  each v a lu e  o f in c id en ce  6 ,  th e re  i s  a  d i f f e r e n t  down­
stream  l im i t  co rresp o n d in g  to  th e  wedge v a lu e 0 Near th e  le a d in g  
edge tan g en t wedge e s tim a te s  a re  h ig h  compared to  C heng's z e ro e th  o rd e r 
th e o ry . F ar downstream, C heng's th e o ry  p r e d ic ts  an undershoot in  
p re s su re  compared to  th e  in v is c id  v a lu e , and a  subsequent decaying 
o s c i l l a to r y  approach to  th e  downstream l im i t .  A h ig h e r o rd e r th e o ry  
by Cheng and K irsch  (R eference 42) c o n s id e rin g  th e  co rrespond ing  
problem  of a n  in te n s e  ex p lo sio n  w ith  a  moving c o n ta c t s u r fa c e , 
alm ost removes t h i s  undershoot in  p re s su re  and p r e d ic ts  c lo se  agreem ent 
w ith  th e  wedge v a lu e  downstream.

F ig u re  29 shows com parison o f th e  p re s e n t  TW + CFG-L r e s u l t s  
w ith  tan g en t wedge and C heng's th e o ry . The governing  eq u a tio n s  fo r
t h i s  case  a re  5*3*4 and 5*3*6. As in  th e  ta n g en t wedge c a s e , f o r  each 

, th e re  i s  a  d i f f e r e n t  s o lu t io n . The p resen ce  of c e n t r i f u g a l  
term s in  th e  p re s e n t r u le  g ive  r i s e  to  o s c i l l a to r y  approach downstream» 
S in ce , th e  v isco u s  in te r a c t io n  r e s u l t s  in d ic a te d  th a t  th e  o s c i l l a t i o n s  
become more predom inant fo r  la rg e  v a lu es  o f , com parison has been
made in  th e  p re se n t case  fc rM Éo0= 10^. The TW + CFG-L r e s u l t s  a re
s im ila r  to  th a t  of C heng's th e o ry . However, th e  o s c i l l a t i o n s  a re  
about th e  wedge v a lu e  and am plitudes appear to  be s l i g h t ly  l e s s .
Near th e  le ad in g  edge, th e  p re s e n t e s tim a te s  a re  i n  between th e  tan g en t 
wedge and C heng's th e o ry  v a lu e s .

I n  f ig u r e  30 , th e  r e s u l t s  when th e  2nd o rd er tan g en t wedge th e o ry  
i s  used  f o r  th e  p re s su re  law r e l a t i o n ,  a re  g iven  f o r  v a rio u s  v a lu e s  of 

. T his p a r t i c u l a r  case  co rresponds to  a  = (f+ O lz  , b = (TV 
and n  = 1 i n  e q u a tio n  5*3*9* As e a r l i e r  i n  th e  v isco u s  in t e r a c t io n  
problem  ( f ig u re  2 6 ) , th e  downstream o s c i l l a to r y  behav iour i s  s tro n g ly  
dependent on f  . For V = 1 , th e  r e s u l t s  a re  id e n t i c a l  to  C heng 's 
theory» As T in c re a s e s ,  th e  am plitude o f o s c i l l a t i o n s  d im in ish  
f a s t  and f o r  Y=1.4 ,  th ey  a re  no t even n o tic e a b le  w ith in  th e  accuracy  o f 
p lo tt in g »  The downstream o s c i l l a to r y  approach occuring  whenever 
th e  c e n t r i f u g a l  fo rc e  i s  co n sid e red  can  be shown a n a ly t i c a l ly , by 
c o n s id e rin g  th e  asym ptotic  s o lu tio n  o f  eq u a tio n  5.3*9 fo r  71 -  1 . -^or 
th e  case  o f  2nd o rder tan g en t wedge th e o ry , th e  asym pto tic  s o lu t io n  
of eq u atio n  5*3*9 f o r  ç can be w r i t t e n  as (Appendix D)

1 » /
P

T M Ï  Be

6.2.1

where A and B a re  c o n s ta n ts .



The eq u a tio n  6 .2 .1  c l e a r ly  e x h ib i ts  th e  o s c i l l a to r y  behav iour
f o r  When T  = 1 and (T = 1 y  e q u a tio n  6 .2.1 red u ces  to  th e  case
o f  Cheng1s th e o ry

-3 /^  \j v

The e q u a tio n  6 .2 .2  i s  th e  same as t h a t  o b ta in ed  by Cheng e t  a l  
(e q u a tio n  2 .26  o f R eference 3 2 ).

Ror th e  case  of TW + GFG-L r u l e ,  th e  behav iour i s  dependent on
"f* and i s  o b ta in ed  by p u t t in g  CT = 1

r 6* z
_ 1 ,  Yj±] ]h

| _ ^  Z A ^ ’ {(V'+0Xc2+  8  V ' - "  j  6 .2 .3

Rrom eq u a tio n  6 .2 o 3 , i t  may be seen  th a t  f o r  V>1 ,  th e  am plitude 
o f o s c i l l a t i o n  d ecreases  much f a s t e r  a s  £  •

i  cY* I *%  s u b s t i tu t in g  (j~ = I — LU- in  e q u a tio n  6 . 2 . 1 ,  th e  c o r r e s -
V

ponding behaviour f o r  th e  2nd o rd er ta n g en t wedge th e o ry  i s  o b ta in e d . 
For T  -  1 s4 , th e  r e s u l t  i s

p  r  - 3 - £ *  P . >

T Mi»2 6c
I- /-Z tc • A + - 6.2.4

. The eq u a tio n  6 .2 .4  re v e a ls  th e  s tro n g  damping behav iour f o r  
• — 1 . 4 , th u s  p ro v id in g  f u r th e r  evidence to  th e  r e s u l t s  o f n u m erica l 

in te g r a t io n  ( f ig u re  3 0 ). As re g a rd s  th e  a p p l ic a t io n  o f th e  2nd o rd e r 
ta n g e n t wedge th e o ry  f o r  'f = 5/3» i t  w a rra n ts  some d is c u s s io n  . As Y* 
in c re a s e s ,  y  d e c re a se s  and becomes ze ro  when V" = 1 .61  8 . For t h i s  
v a lu e  of y  , eq u a tio n  6 . 2.1  su g g es ts  i n f i n i t e  damping and th e  
goveipng d i f f e r e n t i a l  eq u a tio n  5 . 3 . 9  red u ces  to  th e  case  of pu re
ta n g en t wedge s in ce  th e  c e n t r i f u g a l  term  i s  z e ro . P e rh ap s , t h i s
i n f i n i t e  damping p ro v id es  a d d i t io n a l  support f o r  th e  n o n - c s c i l l a tc r y  
s o lu t io n  o b ta in ed  f o r  th e  tan g en t wedge r u le  ( f ig u re  2 8 ) .  For 
v a lu e s  o f /  ^  I 0618 , th e  c e n t r i f u g a l  c o r r e c t io n  becomes n e g a tiv e  
s in c e  0 . The change in  th e  d i r e c t io n  o f c e n t r i f u g a l  fo rc e s  f o r  
"f "7 1 .6 1  8 does n o t appear to  be s a t i s f a c to r y  on p h y s ic a l g rounds, 
s in c e  th e  d i r e c t io n  i s  determ ined  by th e  geom etry of th e  body. I t  
appears  th a t  th e  c o r re c t io n  f o r  th e  v a r ia t io n  in  flow  in c l in a t io n  
betw een th e  body and th e  shock wave in  th e  2nd o rd e r ta n g en t wedge 
fo rm u la , tu rn s  ou t to  be to o  in a c c u ra te  f o r  v a lu es  o f a w a y  from  
u n i ty .  As mentioned in  S ec tio n  3 .2 ,  Hayes and Probes te  in  (R eference  
3 6 ) argue th a t  th e  e r ro r s  in v o lv ed  in  e s tim a tin g  th e  c o r r e c t io n  f o r  
th e  flo w  in c l in a t io n  v a r ia t io n  i s  of th e  same o rd er as th e  in a c c u ra c ie s
in  c e n t r i f u g a l  c o r re c t io n s  and hence suggest only a  c e n t r i f u g a l
c o r re c t io n .  Per Y = 5/3» 6" i s  n e g a tiv e  and th e  s o lu t io n  s t a r t e d
d iv e rg in g  when in te g ra t in g  n u m erica lly . This i s  th e  re a so n  why th e  
r e s u l t s  have been p re se n te d  f o r  Y  = 1 . 4  o n ly , when c o n s id e rin g  th e  
2nd o rder tan g en t wedge th e o ry . I t  may be seen  from  e q u a tio n  6 .2 .1



t h a t  when ff  i s  negative-, th e  am plitude s t a r t s  in c re a s in g  f o r  in c re a s in g  
. In  s p i t e  o f t h i s  d e f ic ie n c y , i t  i s  f e l t  th a t  th e  2nd o rd e r 

ta n g en t wedge m ight se rv e  a s  a. lower bound f o r  th e  e x ten t o f c o r re c t io n s  
in v o lv ed  in  th e  sim ple ta n g e n t wedge ru le  f o r  T = 1  «4#

In  th e  a n a ly s is  d is c u s se d  so f a r  and in  re fe re n c e  44 , d i f f e r e n t
p re s su re  3a ws have been used  in  p la ce  of th e  Newtcn-Busemann r u le  
to  g ive  in p ro v ed  e s tim a te s  f o r  p re s su re s  on b lu n t f l a t  p l a t e s ,  fo r  
r e a l i s t i c  v a lu e s  o f  T  • At th e  same tim e , th e  p re s s u re -  a r e a  
r e la t io n s h ip  g iv en  by eq u a tio n  5 .1 .2  which i s  v a l id  only  in  th e  l im i t  
o f Y—M  , h as  been r e ta in e d .  This in tro d u ce s  an in c o n s is te n t  appro­
x im ation  in  th e  a n a ly s i s . This o b je c t io n  can be o b v ia ted  by 
in c o rp o ra tin g  c o r re c t io n s  to  eq u a tio n  5 .1 .2  a s  suggested  by Kemp (&ef 
3 8 ). F o r tu n a te ly , th e se  c o r re c t io n s  do no t a l t e r  th e  a n a ly s is  and 
in tro d u ce  on ly  a  minor change i n  the le n g th  s c a le .  Assuming th e  
shock wave t o  c o lla p s e  on th e  edge o f th e  en tro p y  la y e r  ( y s = ye ) ,
Kemp approxim ates C heng 's p re s su re  a re a  r e l a t i o n  5 .1 .1  by

(  I -  - f )  "f* & 6 .2 .5

The f u n c t io n  f  was l in e a r ly  approxim ated by " ÏÏ and in  o rder 
to  make e q u a tio n  6 .2 ,5  dim ensiora l l y  c o r r e c t ,  M was assumed to  be y.

in s te a d  o f 5 %  as  in  C heng's th e o ry . Assuming ^  I ?"2 * — f  * vC tiU . VA /zyv c io  o -ii w i i ^ i i ^  o  u iiv v u L jr #

he o b ta in s  th e  im proved pressure*- a re a  r e l a t i o n

%  t r l  'D m 6 .2 .6

In  o rd e r to  use e q u a tio n  6 .2 .6  in  our c ase  a long  w ith  th e  p re s su re  
laws 5 e1 u 6 b ,c ,d  we need  one more r e l a t i o n  co n n ec tin g  th e  shock shape 
y  w ith  th e  e f f e c t iv e  body shape y  . A re a so n a b le  approx im ation  fo r  y  
c o r r e c t  f o r   ̂ , would be

y s

This s im p l i f ie s  e q u a tio n  6*2.6 to

(  V e -  =

or from  e q u a tio n  5.3*2
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I f  th e  le n g th  s c a le  i s  in te r p r e te d  as  2Q3 # th e  governing

eq u a tio n  w i l l  be th e  same as eq u a tio n  5«3»4« In  f ig u r e  2$. th e  r e s u l t s  
w ith  th e se  c o r re c t io n s  a re  shown in  d o tte d  l i n e s .  In  l a t e r  a n a ly s is ,  
th e  r e s u l t s  a re  p re se n te d  w ith  th e se  c o r re c t io n s  by in te r p r e t in g  ^ c as

^ Q lt  r a th e r  th a n  TH (J f  ,
Tef T-%
Concave su rfa c e  f lo w s ;

I t  i s  o f te n  consicBred th a t  le ad in g  edge b lu n tn e ss  e f f e c t s  in  
concave su rfa c e  flow s wtll be much l e s s  im portan t (Refence 6 2 ) .  On 
p h y s ic a l g rounds, t h i s  i s  re a so n a b le  to  expect s in ce  th e  body in c id en ce  
c o n tro ls  th e  flow  everywhere on such su rfa c e s  excep t i n  th e  v i c in i t y  
o f le ad in g  edge. However, t h e o r e t i c a l  in v e s t ig a t io n  o f such flow s 
in s te a d  o f t a c i t l y  assuming th e  le ad in g  edge e f f e c t  t o  be u n im p o rtan t, 
has n o t re c e iv e d  much a t te n t io n .  P a r t i c u l a r ly ,  i n  th e  l i g h t  o f 
S to l l e r y f s work (R eference 22) on v isco u s  in te r a c t io n  over concave 
s u rfa c e s  e x h ib it in g  u n r e a l i s t i c  r e s u l t s  p re d ic te d  by Cheng1s th e o ry , 
i t  would be w orth  in v e s t ig a t in g  to  see w h e th er, methods norm ally  
enployed f o r  convex su rfa ce  do g iv e  s a t i s f a c to r y  r e s u l t s  f o r  concave 
s u r fa c e s . In  o rd er t o  s tudy  th e  a p p l i c a b i l i ty  of v a r io u s  methods, 
th e  g e n e ra liz e d  Cheng ‘ s e q u a tio n  5*3*4 fo r  b lu n t ne s s-dom inat e d flo w s , 
was so lv ed  f o r  d i f f e r e n t  v a lu es  o f n , and the r e s u l t s  fo r  th e  p re s su re  
d i s t r ib u t io n  a re  p re se n te d  i n  f ig u r e s  51 ~3 6 .

The downstream o s c i l l a to r y  approach p re d ic te d  by Cheng1s th e o ry  
f o r  th e  case  o f a  b lu n t f l a t  p la te  a t  in c id en ce  appears t o  become 
v e ry  severe  fo r concave s u r fa c e s , as  can  be seen  from f ig u r e  31 . The 
o s c i l l a to r y  f e a tu r e  i s  s im ila r  to  th a t  found  f o r  th e  case  of v isco u s  
in te r a c t io n  b u t th e  am plitude o f o s c i l l a t i o n  appears to  be much h ig h e r . 
Per ZiV- 'Cc * o s c i l l a t i o n s  a re  p o o rly  damped even a f t e r  about 7 c y c le s .  
Near th e  lead in g  edgf where the d i s t r i b u t io n  i s  s im ila r  t o  t h a t  on a  
f l a t  p l a t e ,  th e  p re s su re  i s  d ec reasin g  as th e  en tropy  la y e r  produced by 
th e  b lu n t  le ad in g  edge i s  th ic k e n in g . At a  p o in t downstream, th e  
p re s su re  re a ch e s  • ai minimum and s t a r t s  in c re a s in g . C orrespond ing ly , th e  
en tro p y  la y e r  of th e  b lu n t le ad in g  edge th in s  down to  a minimum and 
ag a in  in c re a s e s . Follow ing t h i s ,  tbs en tro p y  la y e r  undergoes 
su cc e ss iv e  th in n in g  and th ic k e n in g  u n t i l  e v e n tu a lly ,  th e  o s c i l l a t i o n s  
a re  damped f a r  downstream. - This phenomenon i s  s im ila r  t o  th e  
o s c i l l a to r y  fe a tu re  e x h ib ite d  in  th e  case  o f v isco u s  in te r a c t io n  
problem . At each p o in t ,  where th e  en tro p y  la y e r  reach es  a  minimum 
th ic k n e s s ,  th e  p re s su re  a t t a i n s  a  maximum v a lu e . I n  f ig u r e s  32 and 33, 
th e  r e s u l t s  f o r  th e  TW + CFG-L r u le  (e q u a tio n  5*3»6) a re  shown f o r  

Mfo Qc —7» Oo and & c ~ 11, r e s p e c t iv e ly ,  f o r  v a rio u s  concave 
s u r fa c e s 0 The r e s u l t s  a re  s im ila r  to  th a t  of Cheng’s  th e o ry  b u t
th e  am plitude o f o s c i l l a t i o n  i s  much l e s s .  As found f o r  th e  c ase  cf 
v isco u s  in te r a c t io n ,  o s c i l l a t io n s  ten d  to  become com p arativ e ly  le s s  
severe  f o r  1 .

The co rrespond ing  r e s u l t s  f o r  th e  2nd o rd er tan g en t wedge th e o ry  
a re  shown i l l  f ig u re  34, fo r  Y' ~ 1*4. Comparing w ith  Cheng1 s th e o ry
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r e s u l t s  ( f ig u re  31 ) ,  we see th e  s ig n i f ic a n t  a t te n u a t io n  i n  th e  
am plitude and even f o r  Zw*- & , the o s c i l l a t i o n s  a re  alm ost u n n o tic eah le  
a f t e r  two c y c le s e For ? w-- tf/'f th e  in v is c id  c o n d itio n s  a re  approached 
alm ost w ith o u t any observe ab le  o v ershoo t.

"When th e  ta n g en t wedge approxim ation  i s  u sed , r e s u l t s  ( f ig u re  35) 
a re  com pletely  n o n -o s c i l la to ry  and th e  in v is c id  c o n d itio n s  a re  
reach ed  monotonie a l l y .  As n in c re a s e s , the downstream c o n d itio n s  
a re  reach ed  much f a s t e r .  nIn  f ig u r e  3 6 , t ie  e f f e c t  of f o r  th e
su rfa c e  % ^ is  shown. For Mfr&c ~ Î > i t  may be seen  th a t  th e  minimum 
v a lu e  o f th e  non-d im ensional p re s su re  P/ŷ ^ c i s  low er th a n  th a t  f o r  

tan g en t wedge r e s u l t s  suggest th a t  th e  e f f e c t  o f  a  
b lu n t le ad in g  edge i s  to  cause a  la g  i n  th e  p re s su re  r i s e  compared 
to  th a t  f o r  a  sh arp  le ad in g  edge.

The th in n in g  o f th e  le ad in g  edge en tro p y  la y e r  f a r  downstream on 
concave su rfa c e s  can  be understood  by s tu d y in g  th e  behav iour of 
eq u a tio n  5 .3 .4  f o r  6 c->Do. W riting  Ag= Z - Z w , th e  en tro p y  la y e r  
th ic k n e ss  i s  g iven  by

j
A-----------  I------ -h -  - -  •

e ( p /v  0c)
From e q u a tio n  3 *3 .2 , f a r  s

2 1
th e re fo re ,  f  Meo Be ^

t .

Z - Z n

e  C ,

Far n = 1 , co rrespond ing  to  a  b lu n t f l a t  p la te  a t  in c id en ce  
the non-dimensiom. 1 en tropy  la y e r  th ic k n e ss  re a c h e s  a  c o n s ta n t v a lu e  
f o r  i c -*rOo* For n  >1 , a s  in  concave su rfa c e  flow s , A € d ec rea se s  
w ith  in c re a s in g  0 This behav iour i s  s im ila r  to  th e  s u p e r - c r i t i c a l
behav iou r of th e  b o u n d ary -lay er d isc u sse d  in  S e c tio n  3.3*

I n  th e  p re s e n t S e c tio n , we la v e  d isc u sse d  only  th e  in v is c id  
problem . The displacem ent e f f e c t  of. the  b o u n d ary -lay er can  f u r th e r  
modify th e  flow  f i e l d .  In  o rder to  s tu d y  th e  combined e f f e c t  of 
b lu n tn e s s  and d isp lacem en t, eq u a tio n  5,1 .10  r e q u ir e s  to  be in te g ra te d  
a long w ith  th e  p a r t i c u l a r  p re s su re  law under c o n s id e ra tio n . T h is was 
c a r r ie d  out f o r  th e  case  cf b lu n t f l a t  p la te s  and th e  r e s u l t s  show th a t  
the le ad in g  edge th ic k n e ss  g e n e ra lly  in c re a s e s  tie  h e a t t r a n s f e r  over  
a  s ig n i f ic a n t  re g io n  n ear th e  le ad in g  edge, b u t f a r  downstream, i t  
cau ses  a  d ecrease  compared to  the  sharp  le ad in g  edge v a lu e . Since 
th e  r e s u l t s  were o b ta in e d  fo r  some p a r t i c u la r  c a se s  co rrespond ing  
to  exp erim en ta l c o n d it io n s , th ey  w i l l  be d isc u sse d  in  P a r t  I I I .
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The r e s u l t s  p re se n te d  in  t h i s  C hapter show th e  e f f e c t  o f th e  
in c id en ce  param eter c or Mtodc and th e  e x te n t of c e n t r i f u g a l  
f a r c e  in  c o n tro l l in g  th e  d isp lacem ent and b lu n tn e ss  induced  in te ra c t io n s *  
However, in  p r a c t ic e  th e  r e a l i t y  o f such p o o rly  damped o s c i l l a t i o n s  
( e . g . ,  f ig u re  20) i s  h ig h ly  d o u b tfu l . Far downstream, o th e r e f f e c t s  
norm ally  co n sid e red  to  be o f h ig h e r o rd e r , such as  a f te rb o d y  d rag  e t c . ,  
might s tro n g ly  damp th e  o s c i l l a t i o n s .

I n  th e  n ex t C hap ter, a  tre a tm en t accoun ting  f o r  th e  h ig h e r 
o rd e r e f f e c t s  ig n o red  in  Cheng’s  z e ro e th  o rd e r th eo ry  i s  p re se n te d .
The approach i s  based  on u s in g  an in te g r a l  method ( s im ila r  to  C h erny i*s 
method f o r  b lu n te d  wedges and c o n es ). The r e s u l t s  o b ta in ed  
dem onstrate  a  h e a v ily  damped o s c i l l a to r y  approach t o  th e  downstream 
in v is c id  c o n d itio n s  on concave su rfa c e  flow s f o r  th e  case  o f a  sharp
le a d in g  edge as w e ll  as a  b lu n t le ad in g  edge.

Before co n c lu d in g , i t  i s  w orthw hile  to  m ention th e  p o s s i b i l i t y  
o f  a p p l ic a t io n  of th e  methods d isc u sse d  in  t h i s  C hapter to  th e  a x i -  
symmetric c a se . In  g e n e ra l, p ro v id ed  th e  a p p ro p r ia te  p re s su re -a re a , 
r e l a t i o n  i s  used  in  c o n ju n c tio n  w ith  th e  c o r r e c t  form  of th e  p re s su re  
law (R eference 8l ) ,  th e  a n a ly s is  o f S e c tio n  6 .2  can  be ex tended to  
th e  axisym m etric c a se . P e rh ap s , th e  most in t e r e s t in g  case  would be 
to  s tudy  w hether th e  tan g en t cone form ula p r e d ic ts  th e  undershoo t in  
p re s su re  on b lu n te d  con es . I t  may be r e c a l le d  th a t  th e  co rresp o n d in g  
ta n g e n t wedge form ula f o r  th e  b lu n te d  wedge approached th e  wedge 
v a lu e  a sy m p to tic a lly  from th e  h ig h  p re s su re  n ea r th e  le ad in g  edge.
I n  Appendix E, th e  governing eq u a tio n s  f o r  th e  ta n g en t cone method 
to  determ ine p re s su re  on b lu n te d  cones a re  p re se n te d . For ,
th e  e q u a tio n s  a re  s im p ler to  so lv e  and th e  r e s u l t s  o f th e  num erica l
I n te g r a t io n  a re  g iven  in  f ig u r e  37 a long  w ith  o th e r th e o r ie s  and some
ex p erim en ta l d a ta . The ta n g en t cone method shows th e  undershoo t 
i n  p re s su re  w ith  subsequent asym ptotic  approach to  cone v a lu e .
Cheng1 s z e ro e th /th e o ry  r e s u l t s  show an o s c i l l a to r y  approach to  cone /  flyd-tV 
v a lu e . S ince th e  main purpose of th e  p re s e n t work i s  r e s t r i c t e d  to  
tw o-dim ensional f lo w s , d e ta i le d  s tu d ie s  have n o t been made f o r  th e  
axisym m etric c a s e . However, th e  fav o u rab le  com parison o f th e  tan g en t 
cone method w arran ts  a  more d e ta i l e d  s tu d y  of th e  v a rio u s  methods to  
th e  axisym m etric c a se .
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CHAPTER V II

AN INTEGRAL APPROACH TO THE INTERACTION PROBLEM

In  th e  p re v io u s  C h ap te rs , we have shown th e  inadequacy of Cheng*s 
z e ro e th  o rd er th e o ry  f o r  c e r t a in  concave su rfa c e  flow s and su g g ested  
a l t e r n a t iv e  avenues o f approach which g r e a t ly  modify th e  downstream 
o s c i l l a to r y  b eh av io u r. The use o f th e  ta n g en t wedge approxim ation  
as p o in te d  out by Hayes and P ro b e s te in  (R eference 3 6 ) must be: 
c o n s id e re d  as  e m p ir ic a l ly  based  in  th e  range  o f i t s  a p p l ic a t io n .
The improved form s of th e  ta n g en t wedge approxim ation  t o  account f o r  
th e  c e n t r i f u g a l  e f f e c t  and a ls o  f o r  v a r ia t io n  in  flow  in c l in a t io n  
ang le  h ig h l ig h t  im p o rtan t p a r a m e te r s  c o n tr o l l in g  th e  o s c i l l a to r y  
b eh av io u r. W hils t th e se  improvements have a t  l e a s t  he lped  to  overcome 
some of th e  o b je c t io n s  ( as d isc u sse d  in  S e c tio n  3»2) le v e l le d  
a g a in s t th e  b a s ic  ta n g en t wedge a p p ro x im a tio n ,/a re  s t i l l  s u b je c t to  
some l im i t a t i o n s .  The v a l i d i t y  of such improvements canno t be s t r i c t l y  
defended beyond a  c e r t a i n  degree o f em piric ism  and th e re  i s  no means 
o f e f f e c t in g  r ig o ro u s  f u r th e r  m o d if ic a tio n s  to  improve th e  p re d ic t io n s .  
I n  s p i te  o f i t s  h ig h ly  o s c i l l a to r y  r e s u l t s ,  Cheng * s th e o ry  i s  f r e e  
from t h i s  weakness s in c e  i t  i s  based  on th e  th e o ry  o f th in  shock la y e r s  
and a f fo rd s  to  seek  f u r th e r  improvements by expanding in  term s o f 6 . 
Though such a  method i s  n o t in p r a c t ic a b le , co n s id e rin g  th e  s e v e r i ty  o f 
th e  o s c i l l a to r y  b eh av io u r, i t  i s  r a th e r  d i f f i c u l t  to  a sse ss  th e  exac t 
e x te n t to  which th e  h ig h e r o rd e r a n a ly s is  shou ld  be c a r r ie d  ou t to  
o b ta in  s a t i s f a c to r y  r e s u l t s .  An a l te r n a t iv e  approach vjhich p ro v id es  
a  means to  account f o r  th e  h ig h e r  o rder e f f e c t s  ig no red  in  Cheng*s. 
z e ro e th  o rd e r th eo ry  i s  a ffo rd e d  by u s in g  an in t e g r a l  approach f o r  
th e  a n a ly s is  of th e  in v is c id  f lo w f ie ld .  T his approach has been
adopted  in  th e  p re s e n t  work u s in g  C hem yi * s in te g r a l  method. The 
a p p lic a t io n  o f t h i s  method i s  c o n s id e red  to  s tu d y  th e  e f f e c t  o f 
d isp lacem ent and le a d in g  edge b lu n tn e ss  e f f e c t s .  For Ÿ —> 1 and Mach 
number te n d in g  to  i n f i n i t y ,  C h ern y i1 s method i s  id e n t ic a l  w ith  Cheng’s 
th e o ry . However, th e  two methods d i f f e r  when h ig h e r o rder ap p ro x i­
m ations i n  Cheng1 s th e o ry  a re  c o n sid e re d . The r e s u l t s  o b ta in e d  in  
t h i s  C hapter dem onstrate  th e  damping of th e  o s c i l l a to r y  behaviour 
f o r  p r a c t i c a l  v a lu e s  o f Y" and show a  s ig n i f ic a n t  improvement over 
Cheng’s r e s u l t s .

7.1 A n a ly s is :

I n  t h i s  S e c tio n , th e  governing  eq u a tio n s  f o r  Chernyi ’ s i n t e g r a l  
approach w i l l  be d e sc r ib e d . The a n a ly s is  i s  on th e  l in e s  of Haye a  
and P ro b e s te in  (R eference  3 6 ) who have d e a l t  w ith  in te g r a l  methods 
in  d e t a i l .  H ere, on ly  th e  eq u a tio n s  r e q u ire d  f o r  f u r th e r  a n a ly s is  
w i l l  be g iv en . For th e  in v is c id  hyperson ic  flow  o f a  p e r f e c t  gas 
w ith  c o n s ta n t s p e c i f ic  h e a ts  p a s t  a  p lan e  or axisym m etric body ( 
f ig u re  7.1 o l ) ,  th e  c o n se rv a tio n  eq u a tio n s  in  th e  i n t e g r a l  form  can  
be w r i t te n  as
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F ig  • 7»1 *1 : Contour f o r  I n te g r a l  c o n se rv a tio n
e q u a tio n s . (Ref 3 6 ) .
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j  = 0 : P lane  flo w . 0 = 1  ; Axi symmetric

The c o n se rv a tio n  eq u atio n s  a re  s i n p l i f i e d  f u r th e r  by assuming 
th e  shock la y e r  to  be ve ry  th in  and th e  p re s su re  to  be c o n s ta n t a c ro ss  
th e  la y e r .  Follow ing Hayes and P ro b e s te in , th e  governing eq u a tio n s  
can  be w r i t t e n  as

I tJ

W W s ,

/+j
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7»106

where I  corresponds, to  a  co n cen tra ted  im pulse a t  th e  nose 
and l y  i s  th e  d rag  o f th e  b lu n t no se . ,

In  a r r iv in g  a t  eq u a tio n s  7 .1 .5  and 7»1 .6, i t  i s  assumed th a t  
th e  v e lo c i ty  V  i s  c o n s ta n t a c ro ss  th e  shock la y e r .  '-Che e q m tio n  
7 .1 .5  i s  f u r th e r  s im p lif ie d  by making use  of th e  shock c o n t in u i ty  
e q u a tio n .

vs = {i-e)vy's
or, u s in g  ob lique  shock r e la t io n s  fo r  6 ( th e  d e n s ity  r a t i o  

a c ro ss  th e  sh o ck ).

7 ,1 .7

2 V %'S
\

y + i
! -

7 .1 .8

S u b s ti tu t in g  fo r  , eq u a tio n s  7 .1 .5  and 7.1 .6  can  be so lv ed  f o r  
th e  p re s su re  and shock shape %  . By com bining eq u a tio n s  7 .1 .5  
and 7*1 ,8 , we g e t

f4-l /V-J
7.1 .9



I n  a r r iv in g  a t  e q u a tio n  5 .1 .1 2  i n  C heng's th e o ry , i t  i s  assumed 
t h a t  th e  second te rm  on th e  l e f t  hand s id q  and th e  L _Z and fo u r th  
term s on th e  r i g h t  hand s id e  o f e q u a tio n  7*1.6 a re  n e g l ig ib le .  
S im ila r ly  i n  th e  l im i t  o f Y - ^ 1  and M —>co , th e  e q u a tio n  7.1«9 
red u ces  t o  th e  Newton-Busemann form ula used  i n  Cheng I s th e o ry . In  
th e  fo llo w in g  we p u t j  = 0 , s in c e  we v z ill be d e a lin g  w ith  only  tw o- 
dimens i o m l  flo w s .

Leading edge b lu n tn e s s  e f f e c t  on power law s u r f a c e s :
n

For th e  c a se  o f g e n e ra l power law su rfa c e  y, of x , we wl.11 
th e  fo llo w in g  non-d im ensional v a r ia b le s

Vs

where

U n

( le n g th  s c a le )  7 .1 .1  0

From eq u a tio n s  7 .1 .8  and 7 .1 .9 ,

7.1.11

7 .1 .1 2

S u b s t i tu t in g  7.1*11 and 7.1 .12 in  eq u a tio n  7*1 =6 and dropping  
s u b s c r ip ts  *1 1, we g e t
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Y + \  Ün 

• ^  «fioTrV/v‘Z/«/
■+~ T+l È é _ -  ^  J x

d x „
N ? 5 -  _ k  . z>i

f - 1  f ^ / k h  z

4 -
/(d?i  

f + !  l"9ÂV>
1 —

Ï» ?, f+ i

p y 4  r-i ' Z
7.1 .1 3

™c r  > epualûm ï - l  -12 gkptoô 4^oJ-

/'i _ 2 ri d  7-s
b v W  ~ f + i  d x #  I  5  m w /

and e q u a tio n  7*1!*13 red u ces  to

xN

f + i
A

4 -

• o

+
f + i  I d  x/zy

7 .1 .1 4

?/ = X.. , andFof th e  case  when th e  a f t e r  body i s  a  wedge $
th è  e q u a tio n  7.Ü .1 4  red u ces  to

f - t \

h
+ ? 5  d i s  _

d x / v
,  l â ^ Z à  d  h  d ± \  +  Z

Ÿ "   ̂ d̂ /v x- c f  t y  J  7 *f-f-/1 'V  /  

7 d  »1

The e q u a tio n  7*1 d  5 vzhen exp ressed  in  d im ensional v a r ia b le s  
y ^ , y  and x  i s  th e  same as  eq u a tio n  5»8.12 of R eference 3 6 , and 
eq u a tio n  1 o f R eference  41 » For th e  case  of g e n e ra l pow er-law  
s u rfa c e , th e  above s im p l i f ic a t io n  i s  n o t p o s s ib le  and th e  s o lu t io n  
o f eq u a tio n  7*1 d  4  can  only be o b ta in ed  by computing the i n te g r a l
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n u m erica lly  or "by d i f f e r e n t i a t i n g  th e  com plete eq u a tio n s  once and th e n  
in te g r a t in g  th e  r e s u l t in g  d i f f e r e n t i a l  e q u a tio n . Employing th e  
l a t t e r  approach , th e  e q u a tio n  7 d  «14 can  be d i f f e r e n t i a t e d  w ith  r e s p e c t  
to  to  g ive

2.
d-tb d_ I z  d ÿ )  -  ( ? e d * s \ +  I ld?s d ? t \ d

, 1 1 1  4 h  d i s  I ( d z ' f
f - t i  d^N f - n i . d w )

7 .1 .1 6

o r w r i t in g

7s-?6 d V, . 7  
r - /

1
%

d%\cfy, i rzyjy,  j y l

7.1 *17

The eq u a tio n  7.1 .17  i s  a  g e n e ra l form  of Ghernyi ’ s  d i f f e r e n t i a l  
eq u a tio n  f o r  th e  shock shape ?s  f o r  th e  g iven  body shape Xy .
To f a c i l i t a t e  num erical in te g r a t io n ,  e q u a tio n  7 .1.1 7 can  be w r i t t e n  as

i l s
d ^ N

II •
7 .1 .1  8a

d Y i
cT x«

=  Yz 7.1 .1  8b

d y 2 - i '  ' d !  , d n _ _ i  d *  i
dV/v d %  / - /  dXyv I

i  Il H
%  ^ A ///  /if ./ Ç  cia'/v

I Z s /
7.1 .1  8c



The e q u a tio n s  7.1 .1 8a  -  c  a re  s in g u la r  a t  th e  o r ig in  and in  
o rd e r to  s t a r t  th e  in te g r a t io n ,  we need th e  behav iour f o r  sm all 
This i s  o b ta in e d  by c a r ry in g  out a  s e r ie s  expansion

m

n
By s u b s t i t u t in g  f o r  %  and in  e q u a tio n  7.1 *14 and

ta k in g  th e  l im i t  X/y — ^  0 , we g e t

y > / e  , , ,
Y -  / . t-t-i

By eq u a tin g  th e  power and c o e f f i c i e n t  o f XN , vre g e t f o r  ^3 and Mj

So, f o r  Xjj

W j  = V i

k-.

Ys

0
g -  /

Y/ ^  &  %  ŷv

%

2

%?3
^  ^/v

7 . 1 . 20a

7 . 1 . 20b

7.1  «21 a  

7 .1 .2 1 b

7*1 «21 c

Using eq u a tio n s  /.1  .21 a**c as i n i t i a l  c o n d it io n s , th e  system  of 
d i f f e r e n t i a l  eq u a tio n s  7*1 *1 8a -c  can  be in te g ra te d .  The non-d im ensional 
p re s su re  i s  g iv en  by

z y3 7.1.22

I t  may be n o ted  from  eq u a tio n  7*1 .1 4  th a t  when Z' = 1 , i t  
red u ces  to



eg

The eq u a tio n  7 .1 .2 3  i s  th e  same as  eq u a tio n  5 .3 .9  (w ith  a  = b  =1 ) 
o b ta in ed  in  Cheng’s th e o ry .

The num erica l r e s u l t s  o b ta in e d  by in te g r a t in g  eq u a tio n s  7 .1 .1  8a ~c 
a re  p re se n te d  in  S ec tio n  7 .2  f o r  concave su rfa c e  flo w s. I t  must be 
n o ted  th a t  th e  advantage of u s in g  th e  in t e g r a l  method i s  th a t  i t  does 
n o t s t ip u la te  th a t  th e  major d rag  c o n tr ib u t io n  should  be a t  th e  

/ le a d in g  edge (M ire ls . R eference  87 ). P a r t i c u la r ly  f o r  concave su rfa ce  
' flow s f o r  which th e  a fte rb o d y  drag  can  be v e ry  s ig n i f i c a n t ,  th e  

I in t e g r a l  method may be ve ry  u s e f u l .

A p p lic a tio n  to  V iscous I n te r a c t io n ;

In  th e  p resence  of v isco u s  in te r a c t io n ,  th e  body shape w i l l  be 
m odified  by th e  b o u n d ary -lay er growth and y, i s  unknown in  eq u a tio n  
7 .1 .6 .  I n  o rd e r to  so lve  f o r  th e  shock shape %  and th e  e f f e c t iv e  
body shape ^  , we need one mere e q u a tio n  r e l a t i n g  %  and th e  boundary— 
la y e r  d isp lacem en t th ic k n e ss  . T his i s  fu rn ish e d  by eq u a tio n  3«1 ®2b, 
To f a c i l i t a t e  com parison w ith  th e  r e s u l t s  of C hapter IV, we w i l l  
choose th e  fo llo w in g  v a r ia b le s

% -

X -

M»VS

%

With th e  new v a r ia b le s ,  eq u a tio n s  7 .1 .6  to  7*1.9 can  be w r i t t e n  
as  (w ith  j  = 0 fo r  tw o-d im ensional f lo w s)

DuMiCo

V.

- h

X

n  ,(jx .. P b h s ^ l b ) ^  +  A  Vs  Vj _  Vi
cw. ? - i 2  kDo

cr

and

r-\
7 .1 .2 ^

7 .1 .2 5
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Erom eq u a tio n  3»1*26

Combining 7*1.26 and 7*1 <>27

7 .1 .2 6

7 .1 .2 7

7 .1 .2 8

W ith eq u a tio n s  7 .1 .2 4 , 7 .1 .2 5  and 7 .1 .2 8 , we can  so lv e  fo r  th e  
unknowns P , Y and Y f o r  th e  g iven  body shape Y^. *ar a  sharp  
le ad in g  edge, th e  f i r s !  term  re p re s e n tin g  th e  nose d rag  in  eq u a tio n  
7 .1 .2 4  w i l l  be zero  and in  th e  l im i t  of f  1 , we g e t Yg = Y and 
th e  shock wave c o lla p s e s  on to  th e  e f f e c t iv e  body Y^ d e f in e d  j y  th e  
b o u n d ary -lay e r edge. However, f o r  f  d i f f e r e n t  from  u n i ty ,  under 
th e  p re s e n t  tre a tm e n t, i t  i s  p o s s ib le  t o  t r e a t  th e  b o u n d ary -lay er 
and th e  shock-wave to  be d i s t i n c t .

Now, th e  r e te n t io n  of th e  term  I  i n  eq u a tio n  7 .1 .2 8  needs some 
d is c u s s io n . I n  th e  e a r l i e r  an a ly se s  ^C hapters IV and V ), I q was 
assumed to  be u n ity d n  th e  b a s is  of c o ld  w a ll s im i la r i ty  or i n  th e  
l im i t  € —̂ 0 ,  a s  " in  Cheng * s th e o ry . In  Cheng’s a n a ly s is ,  c o n s is te n t  
w ith  th e  approxim ation  £ —>  0 , th e  k in e t ic  energy and a f t e r  body drag  
term s were c o n s id e red  to  be of h ig h e r o rd er i n  th e  in v is c id  flo w  
f i e l d  a n a ly s is .  However, in  th e  p re se n t approach we a re  n o t j u s t i f i e d  
i n  p u t t in g  I  =1 , and i t s  v a r ia t io n  w ith  X needs to  be co n s id e re d  
s in ce  we have r e ta in e d  th e  k in e t ic  energy and a fte rb o d y  d rag  term s in  
th e  d e s c r ip t io n  o f th e  in v is c id  flow  f i e l d .  A most s t r a ig h t  fo rw ard  
approach to  c o n s id e r th e  v a r ia t io n  in  I  i s  to  use lo c a l  s im i la r i ty
method (Dewey, R eference 2 3 ). This method i s  e a s i ly  a p p lic a b le
fo r  f l a t  p la te s  a t  angle  of a t ta c k  or a t  zero  in c id e n ce . However, 
in  re g io n s  o f adverse  p re s su re  g ra d ie n t a s  on concave s u r fa c e s , 
t h i s  approach may n o t le a d  to  more c o r r e c t  r e s u l t s .  This p o in t
w i l l  be d isc u sse d  l a t e r .  For th e  p r e s e n t , we w i l l  assume 1q to  be a
fu n c tio n  of £  «
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As in  th e  e a r l i e r  c a s e s , eq u a tio n s  7 .1 .2 4 , 7 .1 .2 5  and 7 .1 .2 8  a re  
s in g u la r  a t  th e  o r ig in  and i n  o rd er to  f a c i l i t a t e  num erical in te g r a t io n ,  
we need a  s e r ie s  s o lu t io n  f o r  sm all X0 This i s  o b ta in ed  by w r it in g

n  , . n
Kj, % «■ X ■ >■■■■■ 7.1.29a

' V L
/g 2  A 7 . 1 . 29b

W j
K K j  X 4----------- '  7 .1 .29=

where th e  c o n s ta n ts  k , k^, k^ , m, a re  to  be de term ined .
S u b s t i tu t in g  f o r  and in  eq u atio n s  7.1 .25  and 7.1 .2 8 , we g e t

f o r  X . — ^  0

, J-OL I - M i

e i  T T ( t » ) ] V2 '  w , ! =  2

fc = i  w  =  2 ( ™ 3 - 0  ^

where I  T = va lue  o f I  f o r  X —->0. oL o

From e q u a tio n  7.1 .2 4 , we have f o r  th e  case  cC a  sharp  le ad in g
edge

k k i - j m n  x *  + . 5  ^  1 4  % x5 ” 3 2
M rH M z 7 .1 .3 2

-  O  X 
r - y

Comparing th e  o rd e r of magnitude of v a r io u s  term s f o r  X —> 0 ,  
i t  may be seen  th a t  = sl, \±*q th e  shock wave shape and th e
b o u n d ary -lay er shape a re  s im i la r )  and th e re fo re  from  eq u a tio n s  
7 .1 130b and 7.1.31 b ,  we g e t

m 2 * yn5 -  3 /4  j yri -- ' V 2 7.1.33

S u b s ti tu t in g  f o r  m, m0 and m_ in  e q u a tio n  7 .1 .3 3 ,

f - i  ( t - t i ]  ' ■ ' J y->
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Fer X —=> 0 , th e  l a s t  te rm  i s  o f h ig h e r o rd e r th a n  th e  rem ain ing  term s 
and e q u a tin g  th e  c o e f f i c i e n t s  o f  X  ^

2 3
3 k k ,  A l h s M  +  &  l i f t

?  y - 1

From eq u a tio n s  7<>1.30a and 7.1.31 &

(r+0

and

■L 0 l  [ x ')

%

7 .1 .3 4

7 .1 .3 5

7 .1 .3 6

Now, th e  v a lu e s  o f k , k„ and k  can  be determ ined  by u s in g  eq u a tio n s  
7 .1 .3 3 , 7 .1 .3 4  and 7 .1 .3 5 , as

k  =.

Æ  3 / - I  
'z  ■ yC T

l'/z
-+  A

k l t + o

3f

T,

fe2 = â - f

7 .1 .3 7

7 .1 .3 8

and =  I ^  ^  ^
1 3 t  ' j

!/2

The v a lu e s  k , kg and k_ depend on Y

“> = 1 .4  Pb = 1 .6463 I  T X"2Oil

= 1 .1 022

4 , = 1 .9399

y  = 5 / 3  pb .= 2.11 25 i .  x"7
on

7 .1 .3 9
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1_ 3r. = 0.9730 1% x4B OB
-  %Ï  = 2.1229 I 2t X4 s  oL

Eîrom the^above le a d in g  edge s o lu t io n s ,  i t  may be n o tic e d  th a t  
f  or t  = 5 /3 ,  th e  induced, p re s su re s  a re  much h ig h e r i n  th e  s tro n g  
in te r a c t io n  r e g io n  th a n  f o r  V' = 1 F u r th e r ,  th e  shock shape i s
about tw ice  th e  d is ta n c e  from  th e  w a ll  compared to  th e  boundary-layei
edge. The shock shape and th e  b o u n d ary -lay er th ic k n e ss  a re  
p ro p o r t io n a l  t o  th e  sq u are  ro o t  o f w hereas th e  induced  p re s su re
i s  d i r e c t l y  p ro p o r t io n a l  to  I  In  order* to  make a  c o r r e c t  compa­
r i s o n  o f r e s u l t s  f o r  v a r io u s  , we n eed  to  know th e  v a lu e  o f X ^  
which depends on p  ( th e  p re s s u re  g ra d ie n t p a ra m e te r) . From 
eq u a tio n  3 ,1 ,4 ,  p  Is

f - !  J M *  c| h

*  Py d x

S u b s t i tu t in g  = k X?3

7.1 .40b

With m = - 4 ,  in  th e  s tro n g  in te r a c t io n  re g io n

f -  I
7.1 .41

Thus, th e  value  of F depends on f  and i s  eq u a l to  0.2857 and 
0o4, f o r  t  e q u a l to  .4  and 5 /3  r e s p e c t iv e ly .  In  g e n e ra l ,  I  Tj 
depends; on P  , w a ll e n th a lp y  g. and B randt 1 number B r. As 
d isc u sse d  i n  S e c tio n  3.1 , th e  v a lu e  of can vary  by a. f g c to r  o f 1to1*6 
from  c o ld  w a ll  c o n d itio n s  to  a d ia b a tic  w a ll .  C orresponding 
v a r ia t io n  in  I  (* /  co u ld  be as much as by a f a c to r  o f 3 (
Dewey, R eference  76 ). The v a lu e s  i f  I  ,  a re  g iven  in  Table 7 .1 .1  .

For K = 0 , u s in g  th e  v a lu es  o f Rogers (T able 7 d  .1 ) ? we have

1 1
f = 1 . 4  = 1.1066 X""2 - " / " = 5 / 3  = 1 . 3 1 4 6 X 2

3
Y = 1 .5905 x5 •. = Y_ = 1 .6747 X
S

Yb = 0.9037 x 4 - Yg = 0*7676 X4-
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TABLE 7.1.1

t 1 1 ii t f
R ef F CO F r gw zi h L

5 0.2857 Ool 0 .7 0.15 0.4660 0.7139

1 0 .40 0.7751 0.8091

>> 0 .6 0 1.0080 0.8385

i 0.8025 1 .2380 0.8541

1o0 0.723 0 .0 0.6722

1
0 .2 0.7507

to
bOO cx
& r -

0 .6 0.7984
/

gaw 0.8054

K\ 0 .4 0 .7 0 .7 0 .15 0.4361 0 .668î
<M
% * 0.4 0 0.7256 0.7574
5

i

0 .60 0.9432 0.7846

0.7977 1.1 530 0.7987

1 .0 0.723 0 .0 0.6223

%
* 0 .2 . 0.7000

Ro
ge

rs
 

( 

79 
f

0 .6 0 .7458

gav/ 0.7520

X ? o b ta in ed  from  a  q u a d ra tic  f i t  f o r  th e  d a ta  0 - / 5  ^  0 .5  oL

The v a lu es  of p re s s u re  c a lc u la te d  by th e  p re s e n t method a re  v e ry  
c lo s e  to  th e  r e s u l t s  o f TW + GFG-L r u le  ob ta ined , in  eq u a tio n s  4* 2 . 8a , b< 
Knovd-ng th e  s o lu t io n  near th e  le ad in g  edge, th e  system  of d i f f e r e n t i a l  
eq u a tio n s  7 ,1 .2 4 , 7 .1 .2 5  and 7 d .2 8  can be in te g ra te d  s t a r t i n g  from  a  
p o in t  c lo se  to  th e  le ad in g  edge and marching downstream. S ince I



in  eq u a tio n  7 .1 .2 8  i s  a. fu n c tio n  o f X, th e  e q u a tio n  7 .1 .2 8  can be 
d i f f e r e n t i a t e d  to  g ive „ z  -i

dp
d x

-  P J o  _ I w f  ^  I d l 0 - 
_ Z P / $ Z 4 * 'fllx. dx_

7 .1 .4 2

vmere A  =  Y g  -  % v

I n  th e  lo c a l  s im i la r i ty  method, th e  v a lu e  o f P i s  assumed to  he 
a  co n stan t, de term ined  by th e  lo c a l  v a lu e s  of th e  flo w  p a ra m e te rs .
This im p lie s  a  power law v a r ia t io n  f o r  th e  p re s su re  and hence P  P/dX  ̂
can  be p u t eq u a l z e ro . Even o th e rw ise , th e^ te rm  can  smai:L ^
th e  p re s su re  i s  v a ry in g  slow ly  w ith  r e  spec ̂  X, and co u ld  be t r e a te d
a s  a  c o n s ta n t over th e  sma3J, s te p s iz e  range, o f in te g r a t io n  • ^h©
f u l l  im p lic a tio n s  of th e  lo c a l  s im i la r i ty  approach have been d is c u s se d  
by Dewey (Ref 2 3 ). So, th e  eq u a tio n  7.1 .42 can  be w r i t t e n  as

à ?

d x
-  P

Z P Z i* ! y

d A 
dx

-,

7 .1 .4 3

Tf we p u t I  = 1 , eq u a tio n  7*1 *43 red u ces  to  e q u a tio n  4 .2 .1  7 
f o r  th e  c o ld  ̂ s im ila r i ty  approach. By d i f f e r e n t i a t i n g  e q u a tio n  / .1 .2 4

A

d x ^

(2t\(dV\(j

n

I d l i  
t - i  dx

X L  Vc ( I +  "777Z
r + i

7 .1 .4 4

7 .1 .4 5

Y#ith e q u a tio n s  7 .1 .4 3 , 7 .1 .4 4  ai^d ( . 1 .43» we can e v a lu a te  une 
in te r a c t io n  e f f e c t s  f o r  g iven  body shape and g iven  w a ll c o n d it io n s .

Y/hen th e  le ad in g  edge i s  b lu n t , th e  boundary—la y e r  growth neai 
th e  le ad in g  edge i s  d ic ta te d  by th e  in v is c id  p re s su re  d i s t r i b u t io n  
caused  by th e  b lu n t le ad in g  edgec In  o rd er to  o b ta in  i n i t i a l



c o n d itio n s  f o r  t h i s  c a se , th e  s e r ie s  expansion 7 *1 . 29a ,b ,c  a re  
s u b s t i tu te d  i n  e q u a tio n  7 .1 .2 4  and n o tin g  th a t  th e  d rag  term  i s  b a lanced  
by th e  f i r s t  two term s on th e  r i g h t  hand s id e ,  we g e t

Pb  = k x “ ,
k  = 4  n - '  ^

xh  -

m = ~2/3

!? . -l'/j
5. ( f + \ )  Ks 

L 4  r  [ l ' f - b

ia„= 5 /6

m = 2 /3

7 .1 . 4 6a

7 . 1 . 46b

7*1 <• ̂ {-vCî

where l c .  -- Ü M )  [ 4  w
*  7 7

The v a lu e s  o f ^ 2  and were determ ined  u s in g  7 .1 .2 8 .
The r e la t io n s  7*1 .46b  su g g es ts  t h a t  th e  boundary -layer th ic k n e ss  
much f a s te r  th a n  th e  shock shape Yj fo r  X -—> 0. The r e l a t io n s
7.1 .4 6 a ,c  a re  th e  same a s  o b ta in ed  f o r  th e  in v is c id  problem  in  eq u atio n  
7 ,1 .2 0 , when ex p ressed  in  th e  co rrespond ing  non-d im ensional v a r ia b le s  
f o r  and Y^. The p re s su re  g ra d ie n t p a r ament e r  i s  g iv en  by

p. J M l — - 7  ^  '
^  "  "IT" ~ " I F  7 .1 .4 7

P er f  = 1 . 4 ,  0.5714

F  = 5 /3  /*= 0 .8

Knowing th e  p re s su re  by num erical, in te g r a t io n ,  th e  v a lu e s  o f 
S tan to n  number can  be c a lc u la te d  by u s in g  eq u a tio n s  3.1 «30 and 3.1 «31 *

In v is c id  l im i t  f o r  X •CO.

P ar downstream, th e  d is tu rb a n ce  induced by th e  le ad in g  edge 
( e i t h e r  b lu n t c r  sh a rp ) would have become v e ry  sm all and th e  in c id e n ce  
e f f e c t  w i l l  be dom inating . P a r t i c u la r ly ,  on concave su rfa c e s  th e  
in c id en ce  e f f e c t  w i l l  be in c re a s in g  r a p id ly  downstream and c o r r e s ­
ponding ly  one would expect th e  le ad in g  edge b lu n tn e ss  and th e  boundary- 
la y e r  d isp lacem ent e f f e c t  to  become le s s  im p o rtan t, and th e  in v is c id  
p re s su re  d i s t r i b u t io n  w i l l  be a  good approx im ation . To determ ine  th e  
in v is c id  l im i t ,  we can lo o k  fo r  a  s e r ie s  expansion of th e  ty p e  ( f o r  
X —

h

y ,

Ys -1% X

7 .1 .4 8 a  

7.1 .48b

7*1 *480



7 ?

From eq u a tio n  7*1 «28, we g e t fo r  X — * •  03 ,

V s  -  7 iv  ^

therefore -̂Z ~ ^  2 '  ^

Substituting for and in equations 7.1 .24 and 7*1 .25

+  ^ 2X" ,+ n :  i i t e Z z j i W .

■ti +  l z  T " 1
o . 3  2 3 % - 2  %

4- ^ - . 24 %  X __ 7.1 «49
( m r  t - i

V, 1  \
and J  x -  J ? i  ^2 K .'yZg -7.1.50

< / A - ' • ----------  "ÿ-;p ^

Prom equation 7.1 .50 for X — 0° >

71,  ̂ 2713 7.1.51s.

^  _  J X  -1$ .  Ylg (2 7 1 3 -  0
/  If~hl ~ ~ 7*1o51d

Prom equation 7o1 o49, comparing the order of magnitude of various 
terms, we get n? = n = n« This result also follows from the similar 
solutions. Substituting for n̂  and in equation 7.1.49*

/
:—’ —— K 7®1.510 ■ 

7 2 -/

For the case of a wedge n = 1 , and for X —̂Vo , we get by 
equating the coefficients of X

A k  -  J ~ l h - Q  J n l - j l
Th-t- -̂z T -/ tŸ7Ù 71-/ 7.1.52a

and = dL J 7lj ~ Z^S -2 ~0

l - 4 ± . 4' j  7 . 1 , 52b



Ecorn e q u a tio n s  7 .1 .5 2 a  and b , we can  so lv e  f o r

For ,

4  -  

* / = t iZ + l )  mX

7 .1 .5 3 a

7 .1 .5 3 b

E quations 7.1 ,5 3 a  and b  a re  th e  f a m i l ia r  s tro n g  shock r e s u l t s .

For th e  c a se  o f  a  g e n e ra l concave su rfa c e  n  >1 , th e  l a s t  term  
on th e  r i g h t  hand s id e  of eq u a tio n  7.1.51 cl i s  o f h ig h e r o rd e r and by 
eq u a tin g  th e  c o e f f i c i e n t  o f , we have

i i i k S *  4 - A t - „ %
f z + O '

7.1.54

From e q u a tio n s  7.1 .51 a  and b ,

71, * ; 7 l , + rh ~ l' n

.1, ~ J X  7!. (m-0  -4
f-l-1

S u b s t i tu t in g  f o r  ,1^1  and 712. s im p lify in g  th e  r e s u l t in g  
e x p re ss io n , vre g e t

i N  . fr+/) 4

and

7 .1 .5 5

7 .1 .5 6

Since $2 i s  known from  th e  geometry o f th e  body shape , ^3 and 
and hence th e  in v is c id  p re s su re  and shock shapes can  be e v a lu a te d . 
The v a lu e s  of and $q_ a re  g iv en  Table 7 .1 .2  f o r  v a rio u s  n and f  
The in v is c id  l im i t s  c a lc u la te d  in  th e  p re s e n t s e c tio n  h e lp s  to  
se rv e  as a  check  a g a in s t  th e  r e s u l t s  of num erical in te g r a t io n  f o r  
la rg e  X
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TABLE 7.1.2

n

i t

b
t t

X1

"f = 1 .4 f  = 5/3 t  = 1 .4 II

1 1 .2  Xz 1.3333-<2.
.2.

0 .96  h
1

2.2222 ^

1 .5 1.1022 Vp 1.1789 h 4 .252 i4
a

5.2121 tz

2.0 1.08 ^2. 1.12,29
.1

8 . 162^  4
, 2

9.7959 "fz.

7o2 Num erical r e s u l t s  and d is c u s s io n :

F i r s t  we w i l l  c o n s id e r th e  in v is c id  flo w  p a s t  concave su rfa c e s  
w ith  b lu n t le ad in g  edge. I n  g e n e ra l ,  th e  r e s u l t s  depend on th e  v a lu e  
o f th e  in c id en ce  param eter M and Ÿ  aus can  be seen  from  eq u a tio n s
7.H1 2 and 7.1 .1 3 . For f ix e d  t  ,  r e s u l t s  p re se n te d  in  C hapter V I u s in g  
th e  TW + GFGL th e o ry  show th a t  th e  o s c i l l a to r y  behav iour becomes 
Ve/jti sev ere  a s  In  view  o f t h i s ,  com putations w ere c a r r ie d
out f o r  th e  p re s e n t caseT fo r . The governing eq u a tio n s
7.1; .1 8a -  c ,  were in te g ra te d  n u m erica lly  as  d e sc r ib e d  in  C hapter V I, 
u s in g  th e  i n i t i a l  c o n d itio n s  7.1 e21 a  -  c .  I n  o rd er to  have a  check 
on th e  num erica l in te g r a t io n ,  th e  p re s su re  d i s t r ib u t io n  was c a lc u la te d  
f o r  a. b lu n te d  wedge f o r  which S ch n ied e r1 s  r e s u l t s  (R eference
41 ) o b ta in ed  by in te g ra t in g  eq u a tio n  7.1 d  5 a re  a v a i la b le . The 
agreem ent was found to  be s a t i s f a c to r y .  The r e s u l t s  f o r  th e  su rfa ce  
p re s su re  on a fam ily  o f shapes 2 ^ * / /  a re  p re se n te d  in  f ig u r e  38 f o r  

7 '=  1 .4 .  Comparing t h i s  w ith  C heng 's z e ro e th  o rd e r th e o ry  r e s u l t s  
( f ig u re  31 ) ,  we f in d  a s ig n i f ic a n t  improvement in  th e  downstream 
b eh av io u r. To f a c i l i t a t e  a  more r e a l i s t i c  com parison, th e  r e s u l t s  
o f two th e o r ie s  a re  p lo t te d  in  f ig u re  39 u s in g  th e  same le n g th  s c a le  
L o I t  may be no ted  th a t  we have denoted  th e  in c id en ce  p a ram ete r 
i n  t h i s  th e s i s  by M 9 9 c o r co rrespond ing  to  d i f f e r e n t
le n g th  s c a le s  employed in  th e  a n a ly s is .  For th e  case  of a  wedge, a l l  
th e se  have th e  same v a lu e . The r e s u l t s  cf f ig u r e s  31 and 32 a re  
r e l a t e d  by (Appendix F) f o r  n  = 2 and ^  = 1 . 4

ana

-  0 ^

_ 1 _  _ o - h i  ?

■ r  t i è d e

7.2.1

7.2.2



Near- th e  le ad in g  edge, th e  flow  i s  m ainly governed by th e  b l a s t  
wave e f f e c t  o f th e  b lu n t le ad in g  edge and th e  p re s su re  d i s t r ib u t io n  
i s  s im ila r  to  th a t  on a .f l a t  p l a t e .  In  t h i s  re g io n , th e re  i s  n o t 
s ig n if ic a n t ,  d if f e r e n c e  in  r e s u l t s  o b ta in ed  by usirg  C heng's s e ro e th  
order, th e o ry  and C h e rn y i's  method. At a  p o in t downstream, th e  
p re s su re  re a ch e s  a  minimum and s t a r t s  in c re a s in g . In  t h i s  re g io n  
a s  m entioned e a r l i e r ,  C heng's th e o ry  p r e d ic ts  v io le n t  o s c i l l a t i o n s  
in  p re s su re  d i s t r ib u t io n  about th e  in v is c id  v a lu e , s im ila r  to  th a t  
found by S to l le r y  (R eference 22) f o r  v isco u s  in t e r a c t io n  on a  concave 
su r fa c e . These o s c i l l a t i o n s  re p re s e n t  a  re p e a te d  th in n in g  and 
th ic k e n in g  o f th e  en tropy  la y e r  as i t  approaches th e  body s u r fa c e .
This o s c i l l a to r y  behav iour i s  p re s e n t even f o r  a  b lu n te d  wedge, b u t 
i s  no rm ally  ig n o red  s in c e  th e  am plitude o f o s c i l l a t i o n  i s  sm a ll.
However, a s  we have seen  now, th e  o s c i l l a i  c ry  behav iour assumes v a lu es  
of. u n r e a l i s t i c  m agnitude as  th e  su rfa ce  becomes more and more concave*, 
However, when C h e rn y i 's  method is u sed , we observe from  f ig u r e  39 , t h a t  
th e  p re s su re  a t  th e  f i r s t  in s ta n t  s l i g h t ly  overshoo ts  above th e  
in v is c id  v a lu e  and th e n  app roachesthe  in v is c id  value  w ith  an  undershoot 
and subsequent h e a v ily  damped o s c i l l a t i o n s .  The am plitude o f th e  
i n i t i a l  overshoot appears to  be a s tro n g  fu n c tio n  of t  fo r  a  g iven  
concave s u r fa c e . In  f ig u r e  4 0 , - r e s u l t s  f o r  a  fam ily  of shapes 
f o r  t  = 3 /3  a re  p re s e n te d . The e x te n t of overshoot i s  g r e a t ly  
reduced  f e r  Ÿ = 5 /3  and th e  p re s su re  appears  to  approach th e  down­
stream  asym pto tic  v a lu e  much f a s t e r .  The re a so n  fo r th e  s tro n g  
damping p re s e n t in  C h e rn y i's  method, as  can  be seen  from  th e  p re s e n t 
a n a ly s is  ap pears  to  b e /th e  in c lu s io n  of th e  a f te rb o d y  drag  and /d u e
k in e t ic  energy term s in  th e  a n a ly s is .  The n e g le c t of th e se  term s 
a s  i n  C heng's th e o ry  i s  on ly  c o r r e c t  in  a  sm all re g io n  n ear th e  le ad in g  
edge where th e  flo w  i s  dom inated by b lu n tn e s s . However, f a r  down­
s tream , i t  i s  re a so n a b le  to  expect th e  a f t e r  body d rag  to  dom inate 
over th e  le ad in g  edge d rag . G uiraud e t  a l  (Ref 37) p o in t ou t th a t  
even f o r  th e  case  of ze ro  b lu n tr ie s s , i t  i s  n ece ssa ry  to  r e t a i n  th e  
a f t e r —body d rag  term  in  o rd er to  d e sc r ib e  how th e  asym ptotic  v a lu e  
of p re s su re  i s  re ach ed . A more r ig o ro u s  com parison of th e  p re s e n t 
r e s u l t s  can  be made i f  h ig h e r o rd er approx im ations a re  co n s id e re d  
in  C heng's th e o ry . '-^ is  has n o t been a ttem p ted  in  th e  p re s e n t  work. 
However, f o r  th e  case  cf a  wedge v a rio u s  th e o r ie s  a re  compared in  
f ig u r e  41 w ith  : ex ac t r e s u l t s  o b ta in ed  by th e  method o f c h a r a c t e r i s t i c s  ? 
(R eference 4 3 ) .  As i t  has been p o in te d  by M ikhailov e t  a l  (R eference  
1 3 ) ,  th e  d if fe re n c e  between Cheng s and C h e rn y i's  method is* not 
s ig n i f ic a n t  f o r  a  b lu n te d  wedge. P ar downstream, C h e rn y i's  method 
approaches th e  wedg© value© For concave s u r fa c e s , only  th e  l im it in g  
case  o f Mo has been c o n sid e red  and f o r  f i n i t e  v a lu es  of /«/̂ nyv
th e  observed overshoot may be s t i l l  very  much less©

Now, we w i l l  c o n s id e r th e  a p p l ic a t io n  of th e  p re se n t method 
to  th e  v isco u s  in te r a c t io n  problem on a f l a t  p l a t e .  Using e q u a tio n s
7.1 ©24, 7©1.2 5  and 7 .1 .2 8  and w ith  th e  i n i t i a l  c o n d itio n s  g iv en  by 
e q u a tio n s ,7.1 ©29a, b and c ,  we can determ ine th e  p re s s u re , boundary- 
la y e r  th ic k n e ss  and th e  shock; wave shapely  a forw ard  in te g r a t io n ,  
f o r  th e  g iven  body shape. ‘‘"he s o lu t io n  i s  dependent on th e  w a il 
c o n d itio n s  th rough  th e  in t e g r a l  1^ , r a t i o  of s p e c if ic  h e a t s t .



and th e  in c id en ce  • param eter f o r  in c l in e d  p la te s  or curved  s u r fa c e s .
The v a r ia t io n  of th e  i n te g r a l  I  (R eference 73 ,79 ) over a  range of 
t in  p re s su re  g ra d ie n t p a ram ete r0 p  i s  shown in  f ig u re  5* W ithin 
th e  scope o f th e  lo c a l  s im i la r i ty  approach , we can  account f o r  th e  
v a r ia t io n  i n  th e  v a lu e  of I  from s tro n g  to  weak in t e r a c t io n  re g io n .
In  f ig u r e s  and 43 , th e  r e s u l t s  o b ta in ed  f o r  a  f l a t  p la te  a t  zero  
in c id en ce  a re  shown f o r  c = 0 and 0 .2 . These r e s u l t s  were o b ta in ed  by 
f i t t i n g  a  second degree curve f o r  th e  b o u n d ary -lay e r p a ram ete rs  I q and 
^ffkCI-9iS)  in  th e  range 0 ^ ^  0 .5 . Sone com putations were made 
w ith  a  7 th  degree curve f i tv o v e r  a  much w ider ran g e  o f /3 from  -0 .3  
tO 2 .0  covering  b o th  th e  favou rab le  and adverse  p re s su re  g ra d ie n t 
re g io n s , and th e se  r e s u l t s  d id  n o t d i f f e r  much from  th e  2nd degree 
curve f i t  r e s u l t s  in  th e  range  of ft v a r ia t io n  on a  f l a t  p l a t e .  However, 
th e  use o f the  h ig h e r degree curve was abandoned s in c e  i t  . .

7wC- Q.£f-Qcl~(\JG. y. m  extrem es cf i t s  ra n g e . Rrom f ig u r e  42 , we 
n o te  a  smooth v a r ia t io n  in  p re s s u re  from  s tro n g  to  weak in te r a c t io n  
region© The induced p re s su re  i s  more s e n s i t iv e  to  v a r ia t io n s  
i n  w a ll  tem p era tu re  s in c e  i t  i s  d i r e c t ly  p ro p o r t io n a l  to  I Q, and 
in c re a s e s  w ith  in c re a se  in  w a ll  e n th a lp y . The p re s e n t approach _  
a f fo rd s  th e  shock shgps and th e  b o u n d ary -lay e r th ic k n e ss  to  be' 
c a lc u la te d  d i r e c t ly  as  a  p a r t  o f  th e  problem  and th e  r e s u l t s  a re  shown 
in  f ig u r e  43. The shock wave ten d s  to  move away from  th e  boundary- 
la y e r  w ith  in c re a s in g  downstream d is ta n c e .  Comparison w ith  p re s su re  
and h e a t t r a n s f e r  measurements (R eference 58) o f th e  p re s e n t approach 
i s  shown in  f ig u r e  14  in  d o tte d  l i n e s .  The agreem ent seems to  be 
s a t i s f a c to r y .  % e improved p r e d ic t io n  in  h e a t t r a n s f e r  r a t e  may be due 
to  th e  in c lu s io n  of P ra n d tl  number e f f e c t s  i n  th e  a n a ly s is .  In  
o rd e r to  f u l l y  e v a lu a te  th e  advantage o f  the  method, more d e ta i l e d  
com parison over a. ran g e  of w a ll tem p era tu res  would be n e ce ssa ry .
However, th e  fav o u rab le  agreement o b ta in ed  f o r  th e  f l a t  p la te  i s  
encouraging enough to  in v e s tig a te , f u r th e r  i t s  a p p l ic a t io n  t o  concave 
su rfa c e  flow s which happens to  be a  severe  t e s t  f o r  any method used  
i n  th e  v isco u s  in te r a c t io n  a n a ly s is .

A lthough, th e  a p p l ic a t io n  o f e q u a tio n s  7.1 .4 3  to  7.1 «45, to  
concave su rfa c e  flow s appears to  be s t r a ig h t  fo rw ard , th e  u se  of 
th e  lo c a l  s im i la r i ty  method f o r  th e  b o u n d ary -lay e r a n a ly s is  p re s e n ts  
some d i f f i c u l t i e s .  The b o u n d ary -lay er dm a  concave su rfa c e  i s  
e s s e n t i a l ly  growing in  an adverse  p re s su re  g ra d ie n t  and i s  bound to  
s e p a ra te  whenever th e  g ra d ie n ts  a re  sev e re . The a c tu a l  v a lu e s  oi 
the  p re s su re  g ra d ie n t param eter p , when s e p a ra t io n  occurs  have been 
s tu d ie d  in  d e t a i l  f o r  v a r io u s  w a ll c o n d itio n s  by R ogers (R eference  
78,79)* However, i n  th e  p re s e n t  v isco u s  in t e r a c t io n  a n a ly s is ,  we 
know from the r e s u l t s  o f C hapter V I, t n a t  whenever th e  c e n t r i f u g a l  
e f f e c t s  a re  r e ta in e d  ira th e  a n a ly s is  o f th e  in v is c id  flow  f i e l d ,  
th e  h ig h ly  o s c i l l a to r y  behaviour o f th e  p re s su re  in tro d u c e s  v e ry  
much la r g e r  p re s su re  g ra d ie n ts  th a n  th e  bou n d ary -lay er can  w ith s ta n d . 
These severe  p re s su re  g ra d ie n ts  would p r e d ic t  sp u r3ous p rem atu ra  
s e p a ra tio n  o f th e  b o u n d ary -lay e r, th u s  making th e  f u r th e r  a n a ly s is  
com plica ted . This d i f f i c u l t y  would o f f s e t  th e  advantage a ffo rd e d  
by th e  lo c a l  s im i la r i ty  approach and th e  r e s u l t in g  s o lu t io n  may be 
s u b je c t to  a  l o t  of e r r o r s .  In  o rd e r to  o b v ia te  t h i s  d i f f i c u l t y ,  
in  s tu dy ing  concave su rfa c e  f le w s , we s h a l l  u se  lo c a l  f l a t  p la te  
s im i la r i ty  approach and assume 1 = 1 .  This assum ption can  be



j u s t i f i e d  onty  on th e  b a s is  o f c o ld  w a ll  s im i la r i ty  approach . The 
v a r ia t io n  in  I  from  u n i ty  f o r  c o ld  w a lls  i s  about ±  3 %  in  th e  
range -O.jSZ /3 %  0*3 and th e  am plitude o f o s c i l l a t i o n  in  p re s su re  
p re d ic te d  by  C heng 's th e o ry  can  be an o rd er of magnitude2la rg e r  th a n  
t h i s  v a lu e . For exam ple, f o r  th e  concave su rfa c e  y  K x , th e  maximum 
v a lu e  of th e  f i r s t  overshoot in  p re s su re  i s  about 3 tim es th e  lo c a l  
in v is c id  value-w hen th e  le ad in g  edge i s  sh a rp , and i s  about 20 tim es \ 
( f ig u re  3 8 ) when th e  le a d in g  edge i s  b lu n t .  T h is  su g g es ts  t h a t  major 
d i f f i c u l t i e s  a r i s e  from  th e  in v is c id  flow  model used  in  th e  a n a ly s is  
and i t  i s  d o u b tfu l w hether e f f e c t in g  f u r th e r  improvements in  th e  
b o u n d ary -lay e r a n a ly s is  would be of any p r a c t i c a l  use u n le s s  th e  
in v is c id  flow  f i e l d  a n a ly s is  i s  s ig n i f ic a n t ly  improved. I t  shou ld  
be borne i n  mind t h a t  even assuming a  lo c a l  s im i la r i ty  approach i s  
su b je c t to  e r r o r s  s in c e  th e  b o u n d ary -lay er p r o f i l e s  may n o t be s im ila r  
in  re g io n s  o f ad v erse  p re s su re  g ra d ie n t .

eix t _ f
The r e s u l t 25 o f com puta tions c a r r i e d / f c r  a fam ily  o f shapes ^

fc r  = 1 ..tare shown in  f ig u r e s  44 -  4 6 . Comparing f ig u r e
44 w ith  C heng 's th e o ry  r e s u l t s  ( f ig u r e  1 9 a ) ,  we no te  th a t  near th e  
le ad in g  edge r e g io n  where th e  flow  i s  m ainly governed by th e  d ispb . c e ­
ment e f f e c t ,  p r e d ic t io n  of b o th  methods a re  s im i la r .  However f a r  
downstream where th e  dom inating e f f e c t  i s  th a t  due to  in c id e n c e , th e  
p re s e n t method u s in g  C hernyi * s in t e g r a l  method f c r  th e  in v is c id  1 low 
f i e l d  approaches the in v is c id  c o n d itio n s  very  ra p id ly  w h ile  C heng's 
th e o ry  r e s u l t s  a re  h ig h ly  o s c i l l a to r y .  The p re s su re  r i s e s  r a p id ly  
a f t e r  re a c h in g  a  minimum v a lu e , s l i g h t ly  overshoo ts  and a g a in  re a ch e s  
a  minimum and th e n  decays r a p id ly  to  th e  in v is c id  v a lu e . For X 
gfceater th a n  5 tim es  th e  c h a r a c t e r i s t i c  v isco u s  in te r a c t io n  le n g th  
s c a le  /)%%. , th e  d if f e r e n c e  betw een th e  v isco u s  in te r a c t io n  r e s u l t  
and th e  in v is c id  v a lu e  f o r  p re s su re  i s  alm ost in d is t in g u is h a b le .
T his behav iou r i s  s im ila r  to  th a t  observed f o r  th e  case  cf nose 
b lu n tn e ss  ( f ig u r e  3 8 ) .  From f ig u r e  4 5 , i t  may be observed 
th a t  f o r  Ÿ  = 5 /3 ,  th e  i n i t i a l  overshoot p re s e n t  f o r  T -  1 .4  alm ost 
v a n ish e s . The p re s s u re  a f t e r  in c re a s in g  r a p id ly  i s  s e n s ib ly  c o n s ta n t 
f o r  a  s h o r t  d is ta n c e  and s t a r t s  in c re a s in g  again* These r e s u l t s  
show a  marked improve ment over C heng's z e ro e th  o rd er th e o ry  r e s u l ts *
A- more d i r e c t  com parison ©f v a rio u s  methods i s  g iven  in  f ig u r e  46 .

In  f ig u r e  47 , th e  e f f e d t  o f in c re a s in g  th e  in c id en ce  param eter 
MfapÇon th e  p re s su re  d i s t r i b u t io n  i s  shown. For = 5 ,  th e  e x te n t
of overshoo t appears  t o  in c fe a se  s l i g h t ly  and th e  in c id en ce  e f f e c t  
s e t s  in  much e a r l i e r  th an  f c r  1 .

The shock-wave shape and th e  b o u n d ary -lay er growth on concave 
su rfa c e  Y = a  a re  shown i n  f ig u r e s  4-8 a  and b . The b o u n d ary -lay er 
growing fFom th e  le a d in g  edge f i r s t  s t a r t s  in c re a s in g  in  th ic k n e ss  as 
though d ev elop ing  on a  f l a t  p l a t e .  At some d is ta n c e  downstream if 
re ach es  a. naximum v a lu e  and th e n  th in s  down to  a neck , and s t a r t s  
in c re a s in g  a g a in . I t  may be n o ted  from f ig u r e  48b th a t  subsequent 
o s c i l l a t i o n s  a f t e r  th e  f i r s t  neck a re  h ig h ly  damped and th e  boundary- 
la y e r  th in s  down v e ry  ra p id ly *  The shock wave shape a ls o  shows a 
sim ib* behav iou r i n  th e  i n i t i a l  p o r t io n  near th e  le ad in g  edge, bu t 
s t a r t s  in c re a s in g  r a p id ly  downstream a f t e r  th e  fo rm atio n  c f



th e  f i r s t  neck.

The a n a ly s is  of th e  p re s e it  C hapter shows a  s ig n i f ic a n t  improve­
ment over th e  h ig h ly  o s c i l l a to r y  z e ro e th  o rd er Cheng*s th eo ry  r e s u l t s .  
The a n a ly s is  can  he a p p lie d  to  o th e r  shapes such as f l a t  p la te s  
a t  in c id e n c e , com pression and expansion  c o rn e rs  p ro v id ed  th e  upstream  
in flu e n c e  i s  n o t s ig n i f ic a n t .
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CHAPTER 8

APPARATUS AMD TESTS

8 ,0  Tunnel and t e s t  c o n d itio n s :

The p re s e n t in v e s t ig a t io n  was conducted  i n  th e  Im peria l- c o lle g e  
Kqo 1 gun tu n n e l. A f u l l  d e s c r ip t io n  of th e  f a c i l i t y  and i t s  
o p e ra tin g  ran g es  i s  g iv en  by S to l le r y  e t  a l  (R ef 88) and Needham 
(Ref 89 ).

The tu n n e l  b a s ic a l ly  c o n s is ts  o f a  long  b a r r e l  a t  th e  end o f 
which a  convergen t -d iv e rg e n t n ozzle  i s  f i t t e d *  The o th e r  end of th e  
b a r r e l  is  co n n ec ted  to  a  d r iv e  chamber through, a  diaphragm s e c t io n .
The d r iv e  v e s s e l  i s  p r e s s u r is e d  to  th e  r e q u ire d  p re s su re  depending 
on th e  ru n n in g  c o n d itio n s  by com pressed a i r .  7/hen th e  diaphragm 
s e p a ra tin g  th e  d r iv e  v e s s e l  and th e  b a r r e l  i s  b u r s t ,  a  l i g h t  alum inium  
a l lo y  p is to n  i s  a c c e le ra te d  in s id e  th e  b a r r e l  and th e  working g a s  
( a i r )  betw een th e  p is to n  fa c e  and th e  no zz le  end i s  com pressed.
Because of th e  m u ltip le  r e f l e c t io n s  of th e  in c id e n t  shock betw een th e  
b a r r e l  end and th e  p is to n  fa c e ,  th e  working gas i s  h ea ted  
non-:Cav» e n tro p ic a lly  and hence, h igh  s ta g n a tio n  e n th a lp ie s  a re  o b ta in e d . 
The com pressed gas in s id e  th e  b a r r e l  expands th rough  th e  nozzle  
to  th e  designed  Mach number. The working s e c t io n  i s  f i t t e d  a t  th e  
end of th e  n ozzle  and th e  dump chamber i s  evacua ted  (< 0 .5  mm Hg) 
p r io r  to  a  ru n . A microphone p ick -u p  mounted on th e  b a r r e l  p ro v id e s  
th e  n ece ssa ry  s ig n a l  f o r  t r ig g e r in g  th e  o sc il lo sc o p e  beams and 
th e  S c h lie re n  system .

The tu n n e l i s  equipped w ith  a  c o n v en tio n a l s in g le  p a ss  S c h lie re n  
system . The sp a rk  source s t a b i l i s e d  by an argon  j e t ,  i s  t r ig g e r e d  
th rough  a  tim e d e lay  u n i t  from  th e  in s ta n t  th e  tu n n e l p rim ary  
diaphragm  i s  b u r s t .

The p re s e n t  t e s t s  were conducted in  th e  Mach 1 2 con tou red  
n o z z le , w ith  an e x i t  d iam eter of 9*V The nozzle  has been c a l ib r a te d  
by Mohammadian (R eference ^O), A llowing f o r  th e  nozzle  w a^l 
b o u n d a ry -lay e r, th e  u s e f u l  t e s t  co re  i s  about 5 lt d iam eter a t  th e  
nozzle  e x i t  and 4 ,5 "  d iam eter a t  a s t a t i o n  8" downstream. The e x i t  
flow? from  th e  nozzle  has a  Mach number g ra d ie n t h f approx im ately  
0e0l p / in c h , and th e  average t e s t  s e c t io n  Mach number was found t o  
be  1 2*25» A ll  th e  t e s t s  were conducted  a t  a tm ospheric  p re s s u re  
in  th e  b a rre l*  The flow, c o n d itio n s  f o r  th e  t e s t s  were

A. F la t  p la te  model $ p^ = 1 600 p s i

T = 1300° K o
Re ., = 0 ,86  x 1 0 -y  in chu n i t  z



B, Concave su rfa c e  models i )  As f o r  th e  p l a t e  model

and i i )  pQ = 800 p s i

T = f097 K o

^ eu n l t  = x >l i 110̂

All. th e  t e s t s  were conducted  under c o ld  w a ll c o n d itio n s  w ith
Sw = 0 .22

8.1 P re s su re  measurements s

For model s t a t i c  p re s s u re  m easurem ents, two ty p e s  o f p re s su re  
tra n sd u c e rs  were employed. For low p re s s u re s ,  P i t r a n .p re s su re  
s e n s i t iv e  t r a n s i s t o r  ty p e  tra n sd u c e r  was used . This had a  l in e a r  
c a l i b r a t io n  f o r  ± 0 .25  p s i  vrith  s u f f i c i e n t  overload  c a p a b i l i ty  
p e rm itt in g  u se  up to  1 .5  p s i  d i f f e r e n t i a l  u s in g  n o n - lin e a r  c a l i b ­
r a t i o n .  F u l l  d e t a i l s  o f th e  P i t r a n  tra n sd u c e r  and a s s o c ia te d  
in s tru m e n ta tio n  a r e  d e sc r ib e d  i n  R eference 91 . The tra n sd u c e r  was 
c a l ib r a t e d  u s in g  a  s o la r t r o n  d i g i t a l  v o l t  m e te r, a g a in s t  a  w ater 
manometer a t  freq u e n t in te rv a ls :  d u rin g  th e  t e s t  programme. For 
h ig h e r  p re s s u re s ,  a. GEO s t r a i n  gage type  tra n sd u c e r  (0-1 0 p s ia )  was 
u sed . T his was c a l i b r a t e d  a g a in s t  a. mercury manometer. The 
o u tp u t of th e  tra n s d u c e rs  was re c o rd ed  d i r e c t l y  on T ek tron ix  502A 
d u a l beam o s c il lo sc o p e s  equipped w ith  P o la ro id  la n d  cam eras.
A llowing f o r  v a r io u s  e r r o r s , th e  o v e ra l l  accuracy  of p re s su re  
measurements i s  e s tim a te d  to  be 1  5%

8 .2  Heat t r a n s f e r  m easurem ent:

H eat t r a n s f e r  measurements were made u s in g  th in  f i lm  (p la tin u m ) 
r e s is ta n c e  therm om eters cLeposxted ch em ica lly  on th e  su rfa c e  of n y rex  
g la s s .  Because of very low h e a t c a p a c ity , th e se  f i lm s  respond* 
w ith in  a  few m icroseconds to  th e  su rfa ce  tem pera tu re  v a r ia t io n s .
The p la tin u m  fxlm  h e a t t r a n s f e r  gage form s one o f th e  arms of a  
w heatstone b r id g e  and th e  change i n  r e s is ta n c e  due to  r i s e  in  
su rfa ce  tem p era tu re  d u rin g  a  ru n  produces an  o u t—of b a lance  _ 
v o lta g e  p ro p o r t io n a l  to  th e  change of te m p e ra tu re . This v o lta g e  i s  
a m p lif ie d  and th e  tem p e ra tu re -tim e  h i s to r y  i s  d i r e c t l y  co n v erted  to  
h e a t t r a n s f e r  r a t e s  by an  e l e c t r i c  analogue c i r c u i t .  ” The l a t t e r  
makes use o f th e  analogy  betw een a  one-d im ensional netw ork, hav ing  
d i s t r ib u te d  r e s is ta n c e  and c a p a c ita n c e , and th e  one-d im ensional h e a t 
flo w  th rough  a  s o l id  m a te r ia l .  The h e a t t r a n s f e r  equipment (co m p ris i 
th e  a m p l i f ie r , analogue netw ork and t h e i r  a s s o c ia te d  in s tru m e n ta tio n )  
used  in  th e  p re s e n t experim en ts i s  d e sc rib e d  by H unter (R eference 9 2 ) .  
The o v e ra l l  accuracy  o f  h e a t t r a n s f e r  measurements i s  e s tim a te d  to  
be about i  l 0}b
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8c 3 M odels:

F la t  p la te  model: A- sk e tc h  o f th e  f l a t  p la te  model i s  g iv en  
in  f ig u r e  49 , The model was 605u long  an d  4" wide w ith  i n t e r ­
changeable le ad in g  edge p ie c e s  o f d i f f e r e n t  t i p  th ic k n e s s . The 
0,0005** (Sharp  le ad in g  edge) and 0,0512" thicK  le a d in g  edges had 
b e v e ls  of 34 and 30 r e s p e c t iv e ly .  For th e  l a r g e s t  t i p  th ic k n e s s  of 
0 .2 3 " , th e  p la te  was used  w ith o u t any le ad in g  edge p ie c e . The model 
was in s tru m en ted  w ith /h e a t t r a n s f e r  measurement and a lso  had s t a t i c  
p re s su re  h o le s  fo r  p re s su re  measurem ents. The h e a t t r a n s f e r  i n s e r t  
c o n s is te d  of a. 6" long and 0,75" w ide, l / i  6" pyrex  g la s s  w ith  
ch em ica lly  d e p o s ite d  p la tin u m  f ilm s  (R eference 93) &t th e  lo c a t io n s  
shown i n  f ig u re  490 The gauges were c o n s tru c te d  by drawing a  th in  
l i n e  o f l iq u id  b r ig h t  p la tin u m  p a in t  (Hanovia -  05X) u s in g  a  
d rau g h tin g  pen , and allow ed to  a i r  dry  f o r  a  s h o r t  in t e r v a l  in  a  d u s t 
f r e e  atm osphere. Follow ing t h i s ,  th e  g la s s  was h e a te d , s t a r t i n g  from 
room tem peratu re  in  an e l e c t r i c  oven, to  a  tem pera tu re  of 500  Ce 
D uring t h i s  p ro c e ss , th e  oven door was kep t s l i g h t l y  open to  a llow  
th e  v o l a t i l e  gases to  escap e . % e  door was th e n  c lo se d  and th e  
tem p era tu re  tak en  to  th e  so fte n in g  p o in t  o f th e  p y rex  g la s s  (680 C) 
which was allow ed to  soak a t  t h i s  tem p era tu re  f o r  5 m inu tes.
The g la s s  was th e n  removed from th e  fu rn ace  and co o led  in  open a i r .
S i lv e r  p a s te  was p a in te d  to  th e  ends o f th e  f i lm  to^farm  th e  c u r re n t  
le a d s , and th e  g la s s  was th e n  re h e a te d  to  about 600 Q. By t h i s  
p ro c e ss  24 f i lm s  were d e p o s ite d  on th e  pyrex: g la s s  a t  ÿ* in te r v a l .
The r e s is ta n c e  o f th e  f i lm s  v a r ie d  from 55 to  80 ohms. Copper le a d s  
were th e n  so ld e red  to  th e  ends o f th e  s i l v e r  p a in t  and th e  g la s s  in s e r t  
was f lu s h  mounted i n  th e  s t e e l  p la te  u s in g  p e i s in  wax. ^he f i lm s  
were c a l ib r a te d  f o r  tem pera tu re  c o e f f ic ie n t  o f r e s is ta n c e  b e fo re  
i n s t a l l i n g  in  th e  model.

S ince e a r l i e r  t e s t s  of Mohammadian on concave and convex s u rfa c e s  
(R eference 90) had shown good tw o -d im en s io n a lity , a  s in g le  model was 
employed f o r  b o th  h ea t t r a n s f e r  and p ressu re , t e s t s .  The s t a t i c  p re s su re  
h o le s  were O.O63 0 9 to  a llo w  p re s su re s  t o t  b e  reco rd ed  d u rin g  th e  tu n n e l 
runn ing  tim e . The p re s su re  h o le s  were b lanked  w ith  p l a s t i c  in  and 
a ls o  th e  tu b in g  (p ro je c te d  from th e  model) covered  w ith  one end 
s e a le d  p l a s t i c  s le e v e s . P la te  1 shows the f l a t  p l a t e  model mounted 
on th e  v a r ia b le  in c id en ce  su pport designed  f o r  th e se  t e s t s .  he 
p re s s u re  tra n sd u c e rs  (P itr& n) were mounted in s id e  th e  model su p p o rt.

To avo id  flow  around th e  s id e s  o f th e  model, s id e  p3a t e s  were
u sed .

Concave su rfa ce  model: For th e  concave s u r fa c e , two s e p a ra te
models f o r  each p re s su re  and h ea t t r a n s f e r  measurements, were 
f a b r ic a te d .  Both th e  models had sharp  le ad in g  edges ( o6001 " le a d in g  
edge th ic k n e ss  f o r  th e  p re s su re  model and 0.0002" fo r  th e  h e a t 
t r a n s f e r  m odel). The eq u a tio n  of th e  curve fo r  th e  concave su rfa ce

. y  and x  in  in c h e s , w

was
2-%--o-on?c

* ^lahnum  ihm  fii-rn oaiyes
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The shape of th e  concave su rfa ce  was determ ined  so th a t  th e  
measurements can  he made i n  a  re g io n  where th e  v isco u s  in te r a c t io n  
e f f e c t s  and th e  in c id en ce  e f f e c t s  a re  b o th  s i g n i f i c a n t .Q This 
req u irem en t in tro d u ce d  very  la rg e  tu rn in g  an g les  ( 40 ) and hence
th e  domim t in g  e f f e c t  was due to  su rfa c e  in c id en ce  over a 
co n s id e ra b le  p o r t io n  of th e  model, excep t f o r  a  s h o r t  d is ta n c e  
downstream of th e  le ad in g  edge. I t  i s  q u ite  p o s s ib le  th a t  th e  
la rg e  tu rn in g  an g les  o f th e  model do no t meet w ith  th e  requ irem en t of 
s len d e r body th e o ry . However, i t  was hoped th a t  s one r e l i a b l e  
measurements can  be made in  a  re g io n  n ear th e  le ad in g  edge, where th e  
body can  be c o n s id e red  to  be s le n d e r . Ih e  su rfa c e  had c o n tin u e s  
c u rv a tu re  from th e  le ad in g  edge to  th e  t r a i l i n g  edge.

The lo c a t io n  of p re s su re  tap p in g s  on th e  model i s  shown in
f ig u r e  50a. As in  th e  case  o f b lu n t f l a t  p la te  model, th e  p re s su re
h o le s  were se a le d  when n o t in  u se . Ihe  same model support 
f a b r ic a te d  f o r  th e  f l a t  p la te  model was used  f o r  th e  concave su rfa ce  
p re s su re  model. The le n g th  of th e  tu b in g  betw een th e  tra n sd u c e r  
(housed in s id e  th e  model su p p o rt)  and th e  s t a t i c  p re s su re  h o le s  was 
k ep t about about 3 *■ 4** • The model mounted on th e  su rfa ce  i s  
shown p la te  2 .

The concave su rfa ce  h e a t t r a n s f e r  model i s  1 shown in  f ig u r e  50b> 
and P la te  3 . The p la tinum  th in  film srw ere. d e p o s ite d  on p y rex  g la s s  
s u b s tr a te  by th e  tech n iq u e  d e sc rib e d  e a r l i e r  in  t h i s  S e c tio n . I^ rex . * 
g la s s  s h e e ts  c u t to  th e  re q u ire d  s ix e  of 4 t,x4o5,l3d /l were purchased  »
A s t e e l  mould was u sed  fo r  bending th e  g la s s  s h e e t .  The s t e e l
mould was l a t e r  machined f o r  th e  p re s su re  model. The g la s s  sh ee t
was b en t by a llow ing  i t  to  sag on th e  mould by h e a tin g  i t  t o  th e
so f te n in g  tem pera tu re  in  an  e l e c t r i c  oven. The h o le s  were th e n
d r i l l e d  in  th e  g la s s  u s in g  an u l t r a s o n ic  d r i l l  a t  the r e q u ire d  lo c a t io n s .
f o r  ta k in g  th e  le a d s . An aluminium p la te  b en t to  th e  same shape w ith
th e  h o le s  d r i l l e d  a t  th e  d e s ire d  lo c a t io n s  se rv ed  a s  a  guide f œ
d r i l l i n g  h o le s  i n  th e  g la s s  s h e e t. The p la tin u m  f ilm s  were th e n
d e p o s ite d  by p a in t in g  w ith  Hanovia 05X and s i l v e r  co n n ec tin g  le ad s
made by th e ^ d e sc rib e d  e a r l i e r .  The subsequent h e a tin g  o f th e  g la s s  I yftdhfid
sh ee t a f t e r  d r i l l i n g  th e  h o le s  h e lp ed  to  a n n e a l, and remove any
r e s id u a l  s t r e s s e s  in  th e  g la s s  n ear th e  h o le s .  Copper le a d s  were
so ld e re d  to  th e  s i l v e r  p a in t  and the  g la s s  sh ee t was th en  mounted f lu s h
aon an  aluminium support w ith  a  s t e e l  le ad in g  edge machined to  th e
d e s ir e d  c o n to u r. The h o le s  were th e n  blankeo. wiuh p e i s in  wax. rhc
g la s s  sh ee t was f ix e d  to  th e  su p p o rt by p e i s in  wax and th e  s lo t s  i n  th e
su pport were f i l l e d  w ith  Bees wax so  th a t  th e  le a d s  were h e ld  s t io n g iy
in  p o s i t io n .  F in a lly  th e  lead s  were connec ted  üo a  Canon 1 00 p in
p lu g . A photograph of The com pleted model i s  snown in  P la te  3*

The accuracy  of th e  con tou r of the  f i n a l  model was checked by 
u s in g  an  o p t ic a l  p ro je c to r  w ith  a  m ag n ifica tio n v o f 20. The co n tou r
was found to  be smooth w ith  no ab ru p t d i  sc on t i n u i t  ie  s and was I ound 
to  be w ith in  0.005" o f th e  d e s ire d  c o n to u r . No d i r e c t  check on ike 
s lo p e  of th e  con tou r was made.

* Je  ne ons dC o., ^ c n t i f ï c l n s  trum ent s L td . ,  Hemel Hempstead.
**O p tic a l M easuring Tools L td . (N ev/all)»
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8o4 G-au^e C a l ib r a t io n :

The h e a t t r a n s f e r  gauges were c a l ib r a te d  in d iv id u a l ly  f o r  tem pera­
tu re  c o e f f ic ie n t  o f r e s i s ta n c e  and a  few sample c a l ib r a t io n s  were 
c a r r ie d  ou t f o r  th e  fCpk f o r  th e  pyrex, g la s s  s u b s t r a te .

The temperature c o e f f ic ie n t  of r e s is ta n c e  o f the f ilm s  was found 
by heatin g  the g la s s  in s e r t  in  a s i l ic o n e  o i l  bath from room tempe­
rature to  60 Q 9 amd measuring the jchange in  r e s is ta n c e  a t su ita b le  
in te r v a ls .  The s i l ic o n e  o i l  bath was heated in  a Gallenk&mp 
water bath* The temperature was maintained uniform by constant 
s tirr in g *  The r e s is ta n c e  o f the film s  was measured by p assin g  
a  current of about 1 mA through the gauge and noting th e vo ltage  
across the gauge on a d ig i t a l  voltm eter w ith a r e so lu t io n  of 1 0 /W.
The temperature c o e f f ic ie n t  of r e s is ta n c e  was determined by th is  
procedure fo r  each f ilm  independently and was found to  be a  o f the 
value 2*3 x  1 0*"^/°C, In d iv id u a l c a lib r a tio n s  were found to  be 
very l in e a r , and c a lib r a tio n s  are expected to  be b e tter  than 2%.

Per the determ ination o f fCp k fo r  the pyrex g la s s  substrate  • 
the jo u le  h eatin g  method used by Skinner (Ref 94) was adopted. No 
d e ta ile d  c a lib r a t io n  fo r  a l l  th efilm s was made. Only a couple of 
f ilm s  were pu lsed  in  both a ir  and g ly c er o l by applying' a step  current 
to  th e gauge. The value of ( t t p W 2- obtained W  th is  method was found to  
agree c lo s e ly  w ith  the value of _p,p745 B tu /f i  ô e ^ F  (Ref 9 2 ,9 4 ).
This value has been used in  the red uction  of the e5gerimëhtaï^}%at 
tra n sfer  data.
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CHAPTER 9

EXPERIMENTAL RESULTS AND DISCUSSION

I n  t h i s  C h ap ter, th e  ex p erim en ta l r e s u l t s  o b ta in ed  on f l a t  
p la te s  and on concave su rfa c e s  w i l l  be d iscussed*  Comparison o f 
th e  measurements w ith  th e  v isco u s  in te r a c t io n  th e o r ie s  has been  made.
For f l a t  p l a t e s ,  th e  fo llo w in g  th e o r ie s  have been used  f o r  com parison.

( i )  Newton Busemann Rule w ith  l e e s '  boun d ary -lay er th e o ry  
( i i )  Tangent Wedge (Mod. Cheng) -

( i i i )  TW + CFG-L w ith  -  , ,  -

No com parison w ith  th e  2nd o rd er tangen t wedge th e o ry  has 
been made, s in ce  th e  d if fe re n c e  betw een m odified  Cheng u s in g  TV/ r u le  
and the 2nd o rd e r TW r u le  i s  sm all because o f r e l a t i v e l y  low c e n t r i f u ­
g a l  e f f e c t s .

To p rov ide  a  b e t t e r  com parison o f v a rio u s  th e o r ie s ,  th e  r e s u l t s  
a r e  shown p lo t te d  on th e  a c tu a l  s c a le  r a th e r  th a n  lo g - lo g . The use 
of lo g - lo g  c o r r e la t io n  o f te n  makes tbs com parison im pressive  in  
s p i te  of bad agreem ent when a  d i r e c t  com parison i s  .made.

9o1 F la t  p la te  s tu d i e s :

9<>1 d  Sharp f l a t  p la te  h e a t t r a n s f e r  r a t e s ;

F ig u re  51 shows th e  h e a t t r a n s f e r  r a t e s  measured on a  sharp  
f l a t  p la te  ( R ^  % 45) a t  z e ro  in c id en ce  a long  w ith  th e o r e t i c a l
p re d ic t io n s .  I n  th e  absence o f v isco u s  in te r a c t io n ,  th e  h e a t 
t r a n s f e r  r a t e  on a  f l a t  p la te

4i =- ? vCr ( ip - Tfc) Si- 
^  , 0 -332 • '

As can be seen  from f ig u re  51, th e  e s tim a te s  of th e  f l a t  p la t e  : 
r e s u l t s  are. low er n ear th e  lead in g  edge, whereas th e  agreem ent i s  
b e t t e r  f a r  downstream where the in te r a c t io n  i s  weak. I n  th e  c a lc u la t io n  
o f C, S u therland^  v is c o s i ty  * form ula h&sJ been  used th roughout 
t h i s  work, s in ce  th e  same form ula has been used  f o r  Reynolds 
number c a lc u la t io n .  C i s  g iven  by

c ,  ï £ n )  a
M i e s )  j *

F o llw d n g  Cheng e t  a l  (Ref 3 2 ). th e  c h a r a c te r i s t i c  tem p era tu re  T  
was c a lc u la te d  u sin g
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The agreem ent o f exp erim en ta l d a ta  w ith  th e  v isco u s  i n t e r ­
a c t io n  th e o ry  o f R eference 22 (M odified  Cheng) seems to  be good. ^he
d if fe re n c e  betw een m odified  Cheng and TV/ + CFG-L i s  v e ry  sm all 
f o r  th e  p re s e n t ex p erim en ta l c o n d itio n s  and hence a  sep a ra te  com parison 
fo r  th e  TW + CFG-L r u le  has no t been made. T his measurement on 
th e  sh arp  f  It t  p la te  a t  z e ro  in c id en ce  was undertaken  to  serve  as  a 
check on in s tru m e n ta tio n  (h e a t t r a n s f e r )  employed f o r  th e  p re se n t t e s t s .

P ig u te s  52a and b show th e  e f f e d t  o f in c id en ce  on h e a t t r a n s f e r  
measurements fo r  two angle  o f a t ta c k  5 and 1 0 .  The good ag re e ­
ment o f th e  m odified  Cheng and th e  p re se n t TW + CFGL method w ith  
ex p erim en ta l d a ta  i s  expected  because o f th e  c o r r e c t  wedge l im i t  
fo r  th e  p re s su re  g iv en  by two th e o r ie s .  The e s tim a te ^  u sin g  
Newton-Busemann r u le  appear to  be g e n e ra lly  low er. S’or o(= 1 0 
th e  Newton-Busemann r u le  seems to  ag ree  b e t t e r  n ear th e  le ad in g  edge.

I t  appears from th e  p re s e n t h e a t t r a n s f e r  measurement on a  
sharp  f l a t  p la te  th a t  th e  e s tim a te s  of th e  tan g en t wedge and TW -}*
CPG-L r u l e s  a re  q u ite  s a t i s f a c to r y .  The TW + CFG-L p r e d ic t io n  may 
g ive  s l i g h t ly  improved p re d ic t io n s  in  th e  s tro n g  in te r a c t io n  
re g io n . However c o n s id e rin g  th e  ex p erim en ta l v a r ia t io n s ,  th e re  i s  
l i t t I p /b e tw e e n  th e  two methods. £ ip i/uoe&e

9 .1 .2  B lunt f l a t  p la te  h e a t t r a n s f e r  s tu d ie s  $

I n  f ig u re  53> th e  h e a t t r a n s f e r  r a t e s  and S tan to n  Lumber f o r  
b lu n t f l a t  p la te s  a t  ze ro  in c id en ce  a re  shown, f o r  lead in g  edge th ic k ­
ness o f t  = 0o 031 2" and t  = 0 . 23" a long  w ith  sh arp  f ^ a t  p la t e  d a ta .
I t  appears from  th e  r e s u l t s  th a t  th e  h e a t t r a n s f e r  r a t e s  a re  g e n e ra l ly  . 
in c re a se d  by le ad in g  edge th ick n ed s  in  th e  v ic in i ty  of th e  le ad in g  
edge b u t f a r  downstream, f e r  t  = 0 .0312” , th e  v a lu es  a re  s l i g h t l y  lower 
th a n  th a t  f o r  a  sharp  f l a t  p la t e .  • For t  = 0 .2 3 ” , th e  v a lu es  appear 
to  be h ig h e r everywhere compared to  th e  sharp  f l a t  p la te  r e s u l t s .^
A s im ila r  b lu n tn e ss  e f f e c t  has been found by Stone ( R eference 54) 
and Neal (R eference 5 5 ). % e i r  h e a t t r a n s f e r  d a ta  (u s in g  c a l o r i -  
m etric  te ch n iq u e) measured f a r  downstream from  th e  le ad in g  edge 
in d ic a te d  th a t  p ro g re s s iv e ly  b lu n tin g  th e  le ad in g  edge caused  f i r s t  
sl decrease  and th e n  an in c re a se  r e l a t i v e  to  sharp  le ad in g  edge v a lu e s . 
The p re se n t th e o r e t i c a l  p re d ic t io n s  u sin g  m odified  Cheng th e o ry  
appears to  agree q u a l i t a t iv e ly  w ith  t h i s  b eh av io u r, b u t th e  e x te n t  of 
decrease  in  h e a t t r a n s f e r  r a t e  and th e  p o in t  downstream of which th e  
v a lu es  s t a r t  d e c rea s in g  do no t appear to  be p re d ic te d  s a t i s f a c t o r i l y .
The p re se n t r e s u l t s  suggest ÿ h a t a  s l ig h t  b lu n tin g  o f t.he le ad in g  
wdge d ecrea se s  th e  h ea t t r a n s f e r  r a t e s  downstream and la rg e  b lu n tin g  
in c re a s e s . In  o rder to  a  g a in  a  b e t t e r  u n d e rs tan d in g  o f  t h i s  
le ad in g  edge b lu n tn e s s  e f f e c t  , in te g r a t io n  o f th e  govering  eq u a tio n s  
fo r  m odified  Cheng r e s u l t s  was c a r r ie d  out over a  wide range o f th e  
v isco u s  in te r a c t io n  param eter and th e  r e s u l t s  a re  shown p lo t t e d



91

i n  f ig u r e  54«. îlrom th e  r e s u l t s ,  i t  i s  ev id en t th a t  as  th e  le ad in g  
edge i s  p ro g re s s iv e ly  b lu n te d , a t  a  p o in t downstream , th e  h ea t 
t r a n s f e r  r a t e s  s t a r t  d e c rea s in g  r e l a t i v e  to  th e  sharp  le ad in g  edge 
v a lu e , 'Aie p o in t  a t  which th e  v a lu es  s t a r t  d e c rea s in g  appears 
to  move f a r th e r  away downstream as  th e  le ad in g  edge th ic k n e ss  in c re a s e s . 
À s im ila r  behaviour i s  a lso  found f o r  th e  case  o f th e  f l a t  p la te  a t  
in c id en ce  ( f ig u re  55 )• So, i t  appears from th e  p re s e n t com putations 

/ th a t  vthe d ec rea se  * ; i n  h e a t t r a n s f e r  r a t e  due t o  b lu n tin g  is  no t 
' r e s t r i c t e d  to  s l i g h t  b lu n tin g  , b u t i s  t r u e  f o r  a l l  le ad in g  edge 

/ th ic k n e s s  p ro v id ed  measurements can  be made s u f f i c i e n t ly  f a r  down­
stream .

R egarding th e  agreem ent of th e  p re s e n t ex p erim en ta l r e s u l t s ,  
i t  i s  found th a t  m odified  Cheng th eo ry  e s tim a te s  a re  h ig h e r and " 
a s  we approach th e  le ad in g  edge, th e  d if fe re n c e  keeps in c re a s in g .
The e s tim a te s  of th e  Newton-Busemann r u le  appear to  agree  w e ll w ith  th e  
ex p erim en ta l r e s u l t s .  Far downstream, a l l  th e  methods appear to  
e s tim a te  th e  h e a t t r a n s f e r  s a t i s f a c t o r i l y  f o r  th e  b lu n te s t  le a d in g  
edge .

The decrease  in  h e a t t r a n s f e r  r a t e  f o r  sm all b lu n t ness was found 
. to  be due t o  an in c re a se  in  b o u n d ary -lay er th ic k n e ss  (S to n e , R eference 

5 4 ). I n  th e  p re se n t t e s t s ,  no b o u n d ary -lay er survey  has been a ttem p ted .

The measured heg t t r a n s f e r  r a t e s  a re  shown in  f ig u re  56  a -c  f o r  
an g les  o f a t ta c k  o f 5 , 1 0  and 15 r e s p e c t iv e ly .  I n  g e n e ra l , as 
th e  in c id en ce  in c re a s e s ,  th e  b lu n tn e ss  e f f e c t  g ra d u a lly  d im in ish es . 
C onsidering  th e  ex p erim en ta l accu racy , the  r e s u l t s  fo r  a l l  th e  le a d in g  
edge th ic k n e ss  f o r  5 , a rg  c lo se  over most o f the re g io n .
At ang le  of a t ta c k  o f 5 and 1 9, f o r  le ad in g  edge th ic k n e ss  o f 0.051 2 " , 
th e  r e s u l t s  appear th e  be s l i g h t ly  low er th an  th e  co rrespond ing  
sharp  le ad in g  edge v a lu e s . Away from th e  le a d in g  edge, th e  incidence, 
e f f e c t  dom inates and the  h e a t t r a n s f e r  r a t e s  approach wedge v a lu e s .
I n  f ig u r e  56d, th e  h ea t t r a n s f e r  r a t e s  fo r  th e  b lu n te s t  le ad in g  edge 
a re  shown fo r  v a r io u s  an g les of a t ta c k .  As th e  angle  o f a t ta c k  
in c re a s e s ,  th e  h e a t t r a n s f e r  r a t e s  a ls o  in c re a se  because of th e  
in c re a se d  p re s s u re  •

In d iv id u a l  com parisons of SJan ton  number w ith  d i f f e r e n t  th e o r ie s  
i s  shown in  f ig u r e s  57 and 58* he degree o f agreem ent o f  v a r io u s  
th e o r ie s  w ith  ex p erim en ta l r e s u l t s  depends on b o th  le ad in g  edge 
th ic k n e ss  and ang le  of a t ta c k .  I n  g e n e ra l , i t  appears  thx t  th e  tan g en t 
wedge approx im ation  e s tim a te s  g ive improved com parisons f a r  downstream 
and remove the  o s c i l l a to r y  beh av io u r. Near th e  lead in g  edge, 
w^ere th e  b lu n tn e ss  e f f e c t  i s  im p o rtan t , th e  e s tim a te s  appear to  be 
s l i g h t ly  h ig h e r . I n  t h i s  re g io n , th e  Newton-Busemann r u l e  and th e  
present'. TW + CFG-L e s tim a te s  appeal* to  be b e t t e r .  e

F la t  p la te  p re s su re  m easurem ents: Aie p re s su re  d i s t r ib u t io n  was m easured
f o r  th e  b lu n te s t  le ad in g  edge on ly , a t  z e ro  in c id en ce  and a t  an ang le  
o f a t ta c k  of 1 0 and the  r e s u l t s  a re  shown in  f ig u r e s  59-- and 60.
The p re s su re s  induced  by th e  b lu n t le ad in g  edge a re  much
h ig h e r compared to  the  sharp  lead ing#  edge v a lu es  (F ig u re  5 9 ) .  For
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t h i s  le a d in g  edge th ic k n e s s ,  th e  t i p  Reynolds number i s  1 99405 and 
i t  i s  re a so n a b le  to  expec t th e  b lu n t ness e f f e c t  to  dom inate over 
th e  v isco u s  e f f e c t s e "'"he p re d ic t io n s  o f a l l  th e  th e o r ie s  
appear to  be h ig h e r than  th e  measurem ents. I t  appears from th e  
t re n d  o f th e  d i s t r i b u t i o n  th a J  f u r th e r  downstream C heng's th e o ry  
p re d ic t io n s  may be b e t t e r .  he ta n g e n t wedge e s tim a te s  a re  h ig h e r 
a s  much as by about 1 00^ and th e  TW + CFG-L e s tim a te s  a re  in  
between C heng 's and ta n g e n t wedge e s tim a te s . Very near th e  le ad in g  
edge, a l l  th e  th e o r i e s .  B a i l  because th e  sm all d is tu rb a n c e  r e q u i r e ­
ment i s  n o t met.

The p r e d ic t io n  of th e  Newton ^usemann r u le  appears t o  be good 
f o r  th e  an g le  o f a t t a c k  c a s e .

From th e  l im ite d  ex p erim en ta l d a ta  on p re s su re  measurements, 
appears th a t th e  ta n g en t wedge and TW + CFG-L e s tim a te s  may be - 
v e ry  in a c c u ra te  f o r  b lu n t  n ess  dom inated flo w s. Perhaps th e  p re d ic t io n s  
o f th e  tan g en t wedge method may be b e t t e r  when b o th  th e  b lu n tn e ss  and 
d isp lacem en t e f f e c t s  a re  p re s e n t .

S c h lie re n  pho tos o f  th e  shock wave shape won ta k en  a t  zero  
ang le  of a t t a c k  and a t  in c id e n c e . P la te  4  shows shock shapes 
f o r  th e  b lu n te s t  le a d in g  edge, and i t  may be seen  th a t  as th e  in c id en ce  
in c re a s e s ,  th e  shock i s  much near, to  th e  b o d y .. A summry o f
shock wave shape a t  z e ro  " ' an g le  o f a t ta c k  i s  g iven  i n  f ig u r e  6l .

9o2 Concave Surface Flow S tu d ie s .

The t e s t s  on th e  concave su rfa c e  were conducted  a t  a  Mach number 
of 1 2 .25  and r e p r e s e n ta t iv e  S c h lie re n  photographs a re  shown in  P la te s  
5 ,6  and ?• From P la te  5 , we no te  th a t  th e  le ad in g  edge shock wave 
f i r s t  s t a r t s  moving away from  th e  body, re a ch e s  a  maximum d is ta n c e  
and th e n  comes very  c lo s e  to  th e  body. In  t h i s  re g io n , th e re  i s
ai s ig n i f ic a n t  i n t e r a c t io n  betw een th e  le ad in g  edge shock wave and th e
com pression waves g e n e ra te d  by th e  e f f e c t iv e  body su r fa c e . Downstream 
of t n i s  r e g io n , a  w e ll d e f in e d  concave shock wave i s  formed where 
th e  com pression wavers c o a ls c e .  Because of th e  dom inating in c id e c e  
e f f e c t ,  th e  b o u n d ary -lay e r th in s  down very  r a p id ly  and i t  i s  r a th e r  
d i f f i c u l t  from  th e  pho tographs to  c le a r ly  d e f in e  th e  edge o f i t .  From 
th e  pho tograph  i t  ap p ears  t h a t  a  neck might form in  t h i s  re g io n  
b e fo re  th e  boundary - la y e r  th in s  down f a r  downstream. In  o rd er to  
f u l l y  a p p re c ia te  th e  in te r a c t io n  in  t h i s  re g io n , i t  may be n ecessa ry  
to  conducts t e s t s  a t  a  :■ h ig h e r  Mach number (o r  a t  h ig h e r v a lu es  o f th e  
v isc o u s  in te r a c t io n  p a ram ete r) so th a t  th e  b o u n d ary -lay er i s  q u ite  
th ic k .  I n  th e  p re s e n t t e s t s ,  th e  va lu e  y f  th e  v isco u s  in te r a c t io n  
le n g th  s c a le  (Lo = ) i s  2075,i f o r  p = 800 p s i .  Hence
th e  va lu e  of th e  e f f e c t iv e  in te r a c t io n  param eter f} X a t  a  d is ta n c e  of 
1" downstream o f th e  le a d in g  edge w i l l  be 0 .6 ,  and /fiZ id
about 4.5» xh is  in d ic a te s  th a t  th e  in c id en ce  e f f e c t s  s e t  
in  very  r a p id ly .  In  o rd e r t h a t  h  , th e  combined e f f e c t  of d id p la c e ­
ment and in c id e n ce  i s  im p o r ta n t, i t  i s  n ecessa ry  th a t  1 ,
and a t  th e  same tim e /) «% y fp  1 . This c o n d itio n  i s  no t s t r i c t l y  
met mn th e  p re s e n t t e s t s .  However, in  th e  d e s ig n  of p re se n t t e s t s .
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th e  main o b je c t iv e  was to  co v e r , a t  l e a s t ,  a  flow  re g io n  w ith in  a v a ila b le  
ex p erim en ta l c o n d itio n s  , where b o th  th e  cpncave shock wave and th e  
le ad in g  edge shock wave a re  p re se rtt . he th in n in g  o f th e  boundary- 
la y e r  to  a  minimum ap p ears  to  be r a th e r  more c le a r  in  P la te  7 tak en  
a t  an  ang le  of a t ta c k  o f  -5  *

S in ce , th e  b o u n d a ry -lay e r th ic k n e ss  i s  r a th e r  - „ j  th in  and i s  
d i f f i c u l t  to  measure a c c u ra te ly  from th e  photograph , com parison 
w ith  t h e o r e t i c a l  p r e d ic t io n s  has n o t been made, . However, th e  shock 
shape can  be ta k e n  as an  in d ic a t io n  o f th e  b o u n d ary -lay er as shown by 
f ig u r e  48b, where th e  fo rm a tio n  of th e  : : neck in  th e  b o u n d ary -lay er
i s  r e f l e c t e d  i n  th e  shock-wave shape a ls o ,  A com parison of f ig u r e  48b,

. w ith  p la te  5 , in d ic a te s  a t  l e a s t  q u a l i t a t iv e ly  th e  fo rm atio n  of th e  f i r s t  
neck in  th e  shock-wave shape . I t  shou ld  be no ted  th a t  i t  may be 
p o s s ib le  th a t  th e  tra n s fo rm a tio n  o f th e  convex lead in g  r  edge shock 
waver to  th e  downstream concave shockwave mayn be much more smooth 
th an  th a t  su g g es ted  by f ig u r e  48b, fo r  f i n i t e  Mach number « Hayes
and Probe s t e i n  (R eference  36) m ention th a t  an  a l te r n a t iv e  cho ice  
due to  Lunev (Not r e f e r r e d  t o  by th e  p re se n t a u th o r) o f th e  b a s ic  
assum ptions i n  th e  in t e g r a l  methods g iv es  an eq u a tio n  s im ila r  to  
C h ern y i1 s method, b u t w ith  th e  k in e t ic  energy te rm  doubled. Using 
t h i s  method f o r  th e  in v is c id  a n a ly s is ,  i t  may be p o s s ib le  th a t  th e  
o s c i l l a t i o n s  ; g i damped much f a s t e r  th a n  vs su g g ested  by th e  
r e s u l t s  of C hapter 7*

I t  h as n o t been  p o s s ib le  t o  accouùt f o r  th e  norm al d e n s ity  g ra d ie n t 
shown by a  b la c k  l in e  in  th e  re g io n  of th e  neck fo rm a tio n . The 
term  'n e c k ' has been  u sed  w ith  th e  r e s t r i c t e d  d e f in i t io n  to  denote  th e  
re g io n  where th e  c u rv a tu re  o f th e  le ad in g  edge shock wave changes 
from convex to  concave, i f  on ly  one shock i s  assumed to  be p re se n t 
in  th e  flow  f i e l d ,  A d e ta i l e d  b o u n d ary -lay er and sh o ck -lay e r t r a v e r s e  
in  th e  nec& re g io n  a t  h ig h e r  v a lu e s  o f th e  v isco u s  in te r a c t io n  
param eter m ight throw  some l i g h t  on t h i s  a sp e c t.

Prom P la te  5 , i t  may be observed  th a t  n ear th e  t r a i l i n g  edge, th e  
flo w  seems to  be r a t h e r  d is tu rb e d  f o r  some unknown re a so n . To see 
w hether th e  n o zz le  o u t l e t  flo w  had any e f f e c t  on t h i s  d is tu rb a n c e , a  
S c h lie re n  pho tograph  was ta k e n  w ith  th e  f r o n t  h a l f  o f th e  model 
w e ll in s id e  th e  n o z z le , ^he flow  fe a tu re  was s t i l l  th e  same.
However, s in c e  th e  p rim ary  i n t e r e s t  in  th e  p re s e n t t e s t s  was to  
in v e s t- g a te  th e  fo rm a tio n  of th e  neck re g io n , a t t e n t io n  has been p a id  
to  th e  flow  upstream  o f th e  d is tu rb a n c e . In  t h i s  re g io n  th e  flow  
appears to  be s a t i s f a c to r y  as can  be judged from  S c h lie re n  pho tog raphs.

The s l i g h t  d i f f e r e n c e s  betw een P la te  5 and 6 i s  perhaps due to  
d i f f r e n t  le a d in g  edge c o n d itio n s  o f th e  r e s p e c tiv e  h e a t t r a n s f e r  
and p re s su re  m odels, and v a r ia t io n s  in  S c h lie re n  s e t t in g .

In  f ig u re  62, th e  h e a t t r a n s f e r  m easurem ents, a t  a  i f r e e  stream  
Reynolds number o f 0 .644  x 1 0^ and M = 1 2 .25  a re  shown f o r  z e ro  
in c id en ce  and fo r" a  n eg a tiv e  ang le  o f a t ta c k  o f 3 » No measurement 
was tak en  a t  p o s i t iv e  an g les  o f a t ta c k ,  s in ce  th e  model b locked  th e  f 
tu n n e l flow  e v e r / th e  d i f f u s e r  Amoved w e ll forw ard ; Per of = 0 ° , h e a t /(hûn
t r a n s f e r  r a t e  i s  s e n s ib ly  i s  c o n s ta n t i f  or a  s h o r t  d is ta n c e  downstream 
of th e  le ad in g  edge and th e n  r i s e s  very  ra p id ly .  A fte r  re a ch in g
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a maximum, a t  a  d is ta n c e  o f about J  chord  le n g th , th e re  i s  a  drop 
in  th e  h e a t t r a n s f e r  r a t e s .  ^.his drop seems to  be c lo s e ly  
a s s o c ia te d  w ith  th e  d is tu rb e d  re g io n  d isc u sse d  e a r l ie r , .  ^he 
t e s t s  were conducted  w ith  and w ithou t s id g  p la t e s .  '1he s id e  p la te s  
were used  to  avo id  s p i l la g e  from s id e s .  he s id e  p la te s  extended 
above th e  shock wave over alm ost th e  e n t i r e  le n g th  o f th e  model 
Of c o u rse , t h i s  o b s tru c te d , th e  S c h lie re n  flo w  v is u a l iz a t io n .  Howeveir 
from th e  h e a t t r a n s f e r  measurements w ith  and w ith o u t s id e p la te s  
we see  t h a t  over most o f  th e  model le n g th , th e  two measurements agree  
v e ry  w e ll and f u r th e r  , th e  drop i n  h e a t t r a n s f e r  r a t e  n e a t ; . th e  t r a i l i n g  
edge seems to  be l e s s  w ith  s id e p la te s  th a n  w ith o u t. T h is  
su g g es ts  t h a t  th e  flo w  q u a l i ty  may be b e t t e r  w ith  s id e p la te s  and th e re  
i s  no re a so n  to  su sp e c t ex tran eo u s in te r fe re n c e  from  th e  s id e p la te s .

Hence, a l l  th e  t e s t s  were conducted  w ith  s id e  p la te s  excep t when ta k in g  
Ssrh lieren  p ic tu r e s .

For n e g a tiv e  ang le  o f a t ta c k  o f 5 ° , th e  tr e n d  o f th e  h ea t 
transi*e r  d i s t r i b u t io n  i s  s im ila r  t o  th a t  a t  z e ro  in c id e n ce . However,
th e  re g io n  of n e a r ly  c o n s ta n t h e a t t r a n s f e r  r a t e  i s  ex tended f u r th e r  .
downstream b f  the  le a d in g  edge, and th e  p o s i t io n  of peak h e a t
t r a n s f e r  r a t e  i s  a ls o  s h i f t e d  downstream. T h is  i s  to  be expected
s in c e  th e  in c id e n ce  e f f e c t s  s e t  i n  more slow ly fo r  n e g a tiv e  ang le  of 
a t ta c k  and th e  flo w  i s  l ik e /o n  a  f l a t  p la te  over a  longer le n g th  o f th e  
model from  th e  le a d in g  edge.

I n  com paring th e  m easurem ents, w ith  th e o r e t i c a l  p r e d ic t io n s ,  only  
th e  v isco u s  in t e r a c t io n  th e o r ie s  d isc u sse d  in  P a r t  I  - ,  have been  used . 
O ther s ta n d a rd  methods (su ch  as  Lees R eeves) f o r  com pressib le  
boundary la y e r s  w ith  khown p re s su re  d i s t r i b u t io n  have no t been u sed .
This i s  no t because th e  l a t t e r  methods a re  no t a p p lic a b le , bu t 
th e  main i n t e r e s t  was t o  s tu d y  th e  v is c id - in v is c id  co u p lin g  w ith o u t 
ig n o rin g  th e  c e n t r i f u g a l  . e f f e c t s .

In  f ig u r e  6 3 ,  th e  measured h e a t t r a n s f e r  d is t r ib u t io n s  on th e  c.oncave 
su rfa c e  a t  z e ro  in c id e n ce  a re  compared w ith  t h e o r e t i c a l  r e s u l t s .  ihie 
m odified  Cheng th e o ry  ag re e s  very  w e ll w ith  th e  measurements f o r  aboyt 
k-Ofo o f th e  ch o rd  from  th e  le a d in g  edge . Downstream of t h i s  re g io n  
where th e  h e a t t r a n s f e r  i s  r i s i n g  r a p id ly ,  th e  agreem ent appears to  
be r a th e r  p o o r. The re a so n  may be p a r t ly  due to  s im p lify in g  assum ption 
i n  th e  b o u n d ary -lay er a n a ly s is .  The TW -f CfgL r e s u l t s  a re  o s c i l l a to r y .  
Though, th e  TW + GFQ-L r e s u l t s  a re  le s s  o s c i l l a to r y  compared to  
C heng's as seen  from  Chapie^. 6 , th e  r i s e  in  h e a t t r a n s f e r  r a t e  appears 
to  be p re d ic te d  to o e a r ly . he subsequent o s c i l l a t i o n s  in  C heng's or 
in  TW+ CFG-L th e o r ie s  stem  m ainly from th e  l im i ta t io n s  of th e o ry , in  
no t accoun ting  f o r  o th e r h ig h e r o rd e r e f f e c t s .  ^ h is  i s  dem onstrated  
by th e  a n a ly s is  o f C hapter 7 u s in g  C h erny i1s I n te g r a l  approach

The p re s e n t method of C hapter 7 u s in g  G herny i’s approach fo r  
th e  v isco u s  in te r a c t io n  a n a ly s is  appears to  p r e d ic t  th e  ra p id  r i s e  
in  h e a t t r a n s f e r  r a t e  f a i r l y  w e ll. 'p ie  subsequent drop i n  h e a t 
t r a n s f e r  r a t e  a f t e r  re a ch in g  th e  maximum v a lu e  appears  to  be r a th e r

compared t o  th e  ex p erim en ta l o b se rv a tio n s . However, a  r ig o ro u s  
com parison cannot be made in  t h i s  re g io n  s in ce  the  measured d i s t r i b u t io n  
may be su b je c t mx to  t r a i l i n g  edge e f f e c t s  and a ls o  th e  S c h lie re n  
flow  v i s u a l iz a t io n  (P la te  5 ) in d ic a te d  a  r a th e r  d is tu rb ed ^ flo w  in  t h i s  
re g iô n . P ro v id ed , th e  in v is c id  flow  f i e l d  a n a ly s is  i s  improved f u r th e r
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th e  drop p re d ic te d  by th e  th e o ry  may be m odified .

I n  g e n e ra l i t  ap p ears  t h a t  th e  ex p erim en ta l r e s u l t s  a re  
g e n e ra lly  h ig h e r on concave s u r fa c e . The re a so n  f o r  t h i s  i s  
perhaps due to  e f f e c t s ;

( i )  " The s tro n g  concave shock wave in tro d u ces, in  th e  flow  
beh in d , h ig h  en tropy  g ra d ie n ts  and hence v o r t i e i t y  . * h is  e f f e c t  i s  
a ls o  p re s e n t in  th e  s tro n g  in te r a c t io n  o f a  f i a t  p la te  a t  z e ro  in c id e n c e , 
and can  g iv e  r i s e  to  in c re a s e d  h e a tin g (d is c u s se d  in  C hapter 2 ) .
S ince th e  downstream shockwave can  be much s tro n g e r  th a n  th e  le ad in g  
edge shock wave, th e  v o r t i c i t y  h e a tin g  e f f e c t  may be more se v e re ,

( i i )  Another e f f e c t  which may be w o rth  in v e s t ig a t in g
i s  th e  c e n t r i f u g a l  i n s t a b i l i t y  of flow  over concave s u r fa c e s . At 
v e ry  h igh  speeds o f th e  e x te r n a l  flo w , th e  flow  may be c e n t r i f u g a l ly  
u n s ta b le . h is  i n s t a b i l i t y  i s  found to  g en e ra te  v o r t ic e s  p a r a l l e l  
to  th e  main stream  tahfch. a re  c a l l e d  Cor t i e r  v o r t ic e s  (Ref 8 0 ). I t  
i s  q u ite  p o s s ib le  th a t  th e se  v o r t ic e s  may in c re a se  th e  h e a t t r a n s f e r  
r a t e s .  Thomman (Ref 95) when s tu d y in g  tu rb u le n t  boundary-layers: 
on concave s u r fa c e s  found  a  s im ila r  in c re a se  in  h e a t t r a n s f e r  
due to  c u rv a tu re  e f f e c t s .

I n  f i g u r e  64  and 6 5 , th e  measured p ressu re , d i s t r i b u t io n  pn th e  
concave su rfa c e  a t  k f r e e  stream  Reynolds number o f 0 ,6 4  x 1 0 and
0.86  x 10  r e s p e c t iv e ly ,  a re  shown and a re  compared w ith  v isco u s  
i n te r a c t io n  th e o r ie s .

The measured d i s t r i b u t i o n  (p re s s u re )  i s  s e n s ib ly  c o n s ta n t f o r  a  
s h o r t d is ta n c e  downstream from th e  le ad in g  edge, th e n  s t a r t s ,  in c re a s in g  
r a p id ly .  However, a f t e r  some d is ta n c e  downstream, th e  r a t e  of 
in c re a se  i a  low ered and th e  p re s su re  d i s t r i b u t io n  has a  k in k  in  
t h i s  re g io n  b e fo re  in c re a s in g  a g a in . The re g io n  where th e  k in k  ap pears  
in  th e  p re s su re  d i s t r i b u t i o n  ap pears  to  be very  c lo se  to  th e  
re g io n  o f ‘neck* fo rm a tio n  i n  th e  shock wave ( f ig u re  6 5 ) .  t h e  pressure 
d i s t r i b u t io n  shown i n  f ig u r e  65 a t  h ig h e r Reynolds number was 
conducted  w ith  th e  view  th a t  th e  h ig h e r p re s su re s  on th e  model 
can  be m easured a c c u ra te ly .

I n  c o n t r a s t  to  h e a t t r a n s f e r  measurements where th e  measured 
h ea t t r a n s f e r  r a t e s  were h ig h e r th an  th e  t h e o r e t i c a l  p r e d ic t io n s ,  
th e  p re s s u re s  appear t o  be low e^fcbhsiderab ly? i n  th e  re g io n  downstream 
of th e  k in k . The m odified  Cheng ag rees  w e ll w ith  th e  measured 
d i s t r i b u t io n  over a s ig n i f i c a n t  p o r t io n  of th e  model. The tr e n d  of th e  
p re s su re  d i s t r i b u t io n  i s  p re d ic te d  w e ll in  th e  re g io n  n ear th e  le a d in g  
edge by th e  p re s e n t  method u sin g  G herny i’s in t e g r a l  approach. ^hough 
t h i s  method g iv e s  improved r e s u l t s  compared w ith  C heng's th e o ry , s t i l l  
th e  q u a n t i ta t iv e  agreem ent i s  n o t v e ry  s a t i s f a c to r y ,  w ith  th e  e x p e r i­
m ental r e s u l t s ,  ' - ; Of th e  v a rio u s  th e o r ie s  c o n s id e re d , i t  
appears th a t  th e  m odified  Cheng e s tim a te s  f o r  p re s su re  appear to  be 
s u p e r io r .
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CHAPTER 1 0 g COK3IHSION

The problem  o f le a d in g  edge b lu n tn e ss  and boun d ary -lay er 
d isp lacem ent e f f e c t  h as been  s tu d ie d  by m odifying th e  ta n g en t 
wedge r u le  f o r  c e n t r i f u g a l  e f f e c t s .  The a n a ly s is  i s  a p p lie d  to 
f l a t  p la te s  and concave s u r fa c e s .  On concave s u r fa c e s , th e se  methods 
p r e d ic t  a  m ild o s c i l l a to r y  behav iour compared to  th e  h ig h ly  
o s c i l l a to r y  r e s u l t s  o f Cheng’s th e o ry . F u r th e r ,  by ad op ting  an  
in te g r a l  approach (C h e rn y i 's ) ,  i t  i s  shown th a t  c o n s id e ra tio n  of 
a fte rb o d y  d rag  and o th e r  h ig h e r  e f f e c t s  h e a v ily  damp " _ th e
o s c i l l a t i o n s  p re s e n t  i n  Cheng’s th e o ry .

■ .

E xperim en ta l s tu d ie s  on f l a t  p la te s  a t  M= 1 2 .2 5  in d ic a te d

( i )  On sh arp  p l a t e s ,  th e  h e a t t r a n s f e r  ± a te s  appear to  be p re d ic e d  
s a t i s f a c t o r i l y  by b o th  th e  m odified  Cheng and TW + CFG-L 
methods.

( i i )  On b lu n t p l a t e s ,  th e  h e a t t r a n s f e r  r a t e s  ag reed  w e ll w ith  
th e  m odified  Cheng th eo ry  f a r  downstream. In  re g io n s  
where b lu n tn e s s  i s  im p o rtan t th e  m odified  Cheng appears to  
o v e re s tim a te . In  t h i s  re g io n  e i th e r  Newton Busemann or 
TÏÏ+ CFG-L . happens to  be agood approx im ation  .

( i l l )  From th e  l im i te d  p re s su re  measurements made, i t  appears 
th a t  th e  Newton- Busemann i s  a  good approxim ation  when 
c o n s id e rin g  c a se s  o f la rg e  b lu n tn e s s .

hîHj blurulr hadi'nÿ t\:--b-o5iî)
( iv )  At zero , tonyle ef in c id en ce  ^ th e  h e a t t r a n s f e r  r a t e

appeared  to  d ec rea se  :  ̂ A j  - . O.Cp-
f a r  downstream r e l a t i v e  to  th e  sharp  le ad in g  edge v a lu e s .
T his behav iou r was q u a l i t a t iv e ly  confirm ed by th e o r e t i c a l  
C a lc u la tio n s  u s in g  m odified  Cheng th eo ry

Experim ents conducted  on th e  concave su rfa c e  in d ic a te d

( i )  The S c h lie re n  pho tograph  of th e  flow  su g g ested  th e  p o s s i b i l i t y  
o f th e  f  o r mat io n  o f a  neck in  shock shape in  th e  re g io n , 
where th e  le a d in g  edge shock wave approaching  t h e .w a ll ,  
merges w ith  th e  com pression waves g e n e ra te d  by th e  e f f e c t iv e  
body s u r fa c e 0 However, f u r th e r  co n firm a tio n  of t h i s  
behav iou r from  exp e r im e n ts  conducted  a t  h ig h e r v a lu es  of
th e  v isco u s  i n t e r a c t io n  param eter i s  re q u ire d .

(ii)C zf th e  varzous th e o r ie s ,  th e  m odified  Cheng appears to  p r e d ic t  
s a t i s f a c t o r i l y  th e  p re s su re s  on th e  concave s u r fa c e . The 
h e a t t r a n s f e r  p r e d ic t io n s  of th e  p re s e n t method using  C h e rn y i 's  
in te g r a l  approach , agree  w e ll in  th e  re g io n  of r a p id  r i s e
in  h e a t t r a n s f e r .
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CHAPTER 11 : RECOMMENDATIONS

To e v a lu a te  th e  c o r re c tn e s s  o f th e  v a r io u s  methods used
in  v isco u s  in te r a c t io n  a n a ly s is  of th e  concave su rfa c e  f lo w s ,
e x ac t c a lc u la t io n s  u s in g  th e  method of c h a r a c te r i s t i c s  fo r
th e  in v is c id  flow  f i e l d  a n a ly s is  would he very   , h e lp fu l .
F u r th e r  d e ta i l e d  s tu d v  of th e  in v is c id  flow s on concave s u rfa c e s
w ith  nose b lu n tn e ss  i s  re q u ire d .

*

I n  o rd e r to  s tu d y  th e  r a th e r  vaguely  d e fin e d  neck re g io n  
observed  i n  th e  p re s e n t  in v e s t ig a t io n ,  experim ents -v - '., a t  
a  h ig h e r Mach number c r  a t  h ig h e r v a lu es  of th e  v isco u s  in t e r a c t io n  
p aram eter need; to  be conducted .
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APPENDIX A

GOVERNING EQUATIONS FOR

The eq u a tio n s  4 .2 .1  7 -  1 9 , can  he w r i t t e n  as

P  ( Y e -  i ' x n ) -  [  f p d x ] '2

v/here

T + w h -
- /

xV? -1 ?|

+ryeYe

A 4

Â—2

In  o rd er t o  determ ine th e  s t r e tc h in g  f a c to r s ,  we s h a l l  w r ite
th e  v a r ia b le s  a s  „_ . a t

P  -  h  &
71Z.

n 3

where p . ,  y . a re  th e  new dpendent v a r ia b le s  and x . th e  independent i  i  I
v a r ia b le  and n  ,  and n  a r e  to  b e  determ ined . S u b s t i tu t in g  in  
eq u a tio n s  6-J a id  3-2 , we g e t ^  ,

nr/^-nt nnr> n\  r z 1 f  U <rJ')ZI ,t l /  -!/ ' ‘ i  " -"j ' 71 \  „

T i  ;  ( X i -  5  ) -  §

liVi-np) % r
y;. / ^  +  (  (t£) +

4 -

A 4 y/*J ■

A -3

In  o rd e r to  r e t a i n  a l l  th e  s ig n i f ic a n t  te rm s, we g e t by 
eq u a tin g  th e  powers o f g

71^ r. TL 71 j  j-

71/ *7 H g = 2  
(71  y -  2  L h 2 ~ ft'3 )

A "5a

A ~5b 

A~3c
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Solv ing  f o r  , n^ and n^ , we g e t

71 I ~ J _  ■ n  - _ L . .  ;
A

Using th e se  v a lu es  o f n  9 n^ and n_ 5 th e  eq u a tio n s  and 
can  be w r i t t e n  a s  <

'k

A~6

-h  t  V i d i

/  W i
A„7

The v a lu es  of n̂  ,  n ^  n^ f o r  d i f f e r e n t  v a lu e s  of

n a re

n ni n2 ”3

1 «*2 3 4

2 -2/5 3/5 V5

3 -2/9 3/9 V9
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APPENDIX B)

RELATION BE'IVffiEN LENGTH SCALES L AND L -       c :— —~s

Tlia surface,' i s  g iv en  i n  th e  non-d im ensional form  a s

Ï .  - -  t  w .  '

,  „  h ,  X ,  ■*,%
w dsLs

In  th e  p h y s ic a l  p la n e , th e  two e q u a tio n s  B-4 r e p re s e n t  th e  same 
su rfa ce

y  = C onstant . % B»2w

I t  must be n o ted  th a t  th e  va lu e  of # i s  dependent on th e  
le n g th  s c a le  L. •‘■he s u b s c r ip ts  c and s denote  th e  le n g th  s c a le s  used  
in  Cheng* s a n a ly s is  and in  th e  m odified  Cheng method ( S to l le r y ,  R eference 
2 2 ), Prom B-1 and B-2, s u b s t i tu t in g  fo r  1  ,  z , X and ^ , 
we o b ta in  w w

b n
oLc ~ od$ L s  = C onstan t

= i  b ) n  * b~3

OnẐ r f o r  th e  case  of a  f l a t  p la te  a t  in c id en ce  (n=1 ) ,  the 
d e f in i t io n  fo r  w i l l  be same in  bo th  c a s e s .

Prom S ec tio n  4=1 » we have
,2 . - ^

f i x  X .

J T m U c11

and h -s

z ,  ' .
"  1 5  = Z, r y / X

S u b s ti tu t in g  fo r  L /L  in  eo u a tio n  B-3. we g e t “ c s  * "

B-i.



il

o r

o r A W

j t i
> ? î - 3

to

k r i'Z

n - \  h n - 3
[ h  f )  •_ [  M ^ o ^ c j

B-5

B-6

F ar n  = 1 ,  f a r  a l l  Y' #

n  = 2 , f o r  / -  1 .4  ,

n  = 3 /  f o r  ^  = 1 .4  ,

m ^ <:= y i t f^ s

M ^ c =  O.703

P j^ e '=  0 .682 f t 'W s



I l l

APPENDIX C

1 ) E v a lu a tio n  o f  I n t e g r a l

F(t)
I ,  =

F ( 0  —

^ -  1  
tr __

V
L i + ! £ ( t -

-

P u tt in g

We have

and

y + i

F (0 = z  + - l _ n . e
r + i  f

S u b s t i tu t in g  f o r  F ( t ) ,  can  be  v r i t t e n  as

n -

^ â l r
0-2

where ' k M b 6 ■ Î + 1

By p a r t i a l  f r a c t i o n s ,  th e  in te g ra n d  can  be s im p lif ie d  and C 
can  be w r i t t e n  a s  /

-  2

A l l
r + i

d L

b o 'b i

_bo_

bo
C-3

where

bD b  j —  -  d-



where t n  = _ b _

\ > - b
dfr-

Now, (p >"b) can  be in te g ra te d .  To f a c i l i t a t e  f u r th e r  in te g r a t io n  
1 ^  i s  w r i t t e n  as

r . d a ) ,
J  t p - b

dir bdk
di>  ~ J I b

0-5

In te g ra t in g  0 -5  by p a r t s ,  and s u b s t i tu t in g  f o r  t ,  we g e t

2 |i  (f’ . t )  = ■t

f>-4)
+

j r d l> '
( b - b ) Z

l r  In Ch W  ̂ 1
v+i b 1< (p-.b)(b2-o7j

+  (  b > a >  b) c - 6

where

Ê , ( f3, & j b ) =
z a

a ,  j?) 4- £  ( h  - 0"  b) c - i

E b) d f

( b + û . )  (  I’- b ) '
C '8
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The in te g r a l  E (p ,a ,'b ) can  be e v a lu a te d  e a s i ly  i n  c lo se d  form  a s

£  (-K  i t ;  t>) =. —L  
( M Y k 11 k b  ( k b )

+

M

( d + b ) *  k  b (Ct-fb) ( k b )
C-9

Therefore. I  . c an  be w r i t t e n  as. 11

Î ± L  I n  ( K b )  I

Z f  ( k b ) ( k - a L) ^
4 - - Ë  b ) + E  ( k ^ - i b )

C-/l 0

S u b s t i tu t in g  f o r  X . ( p ,b ) ,  i n  C -4, we g e t

T j  -  K f i r + 0

A  V f  b i-fco )

bi t Ô

z a

bo

l a

Ë(b-û 'b i )  -  E [frAj bi) I

Ë ( b j - û - , b0) — b ( k  û -j k ) 0-11

where

a  = f -

Z Y



hOo
and E (p ,a ,b )  i s  g iv en  by eq u a tio n  G-9.

2 ) E v a lu a tio n  of P  dx f o r  Tangent wedge approx im ation

L et _L f  d /

Prom e q u a tio n  5 .2 .1 4 , can  be w r i t t e n  as
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we have. I t  ' 
y + i i t

'C-1'3

and F- ( 0 Z f - 1
t + !  ^

-  Mfo6 C-14

G-15

where

1  . \Vzkz ± ( k Z4-A) G H  b

From, e q u a tio n  CM 3 , by d i f f e r e n t i a t i o n  and s u b s t i tu t in g  f o r  t ,  
we g e t

J t  c k  =
• r

Z H

P - a a l =  ’- z T
7

S u b s t i tu t in g  G^15 and C-4 7 , i n  C-12

1  c  -  -  !{/ f V '+ l)
d >

- f t p
G-̂ 1 S

By p a r t i a l  f r a c t io n s  o f th e  in te g ra n d , CM 8 can  be  w r it te n , as

( b , - i ) o )  1  

( t + i )  K
-  b \ l Z] ( h & t h )  -  b 6 1 ZI ( ^ a ,  b o )

where i> ^ | ( I?; Q j b) ^ ^  d / ^ ____ ___

( P _ P )  (  jo-'b)

C-20
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or 1 ' +  j _  r _ 4 L
P - 0 . ^  J ziï-b)

[ h - f c / b )  -+ Ez (  ^  a ,  b) C-21

where E z & ' û ’ b)
d(?

C l-fb

1 A - k

H - n a

th e re fo re

T l o g Kf c +
. A + a  - a + B

I
A - t

/ ) - a

S u b s t i tu t in g  C~23 i n  G~1 9 , we g e t

C-22

G-23

r  _  k  (ir+1) 

z  "  T v T o

bo
I

  L  LfrP A - ko ,
a + f c 6 |7+ a

A - ko I

Q+fc J  I
L c j

kl { -L  U  .^A1' + —  urn 
z [a+bi J A+a _a+i, J

L  Itrq M ' l  
M - J

where



3) E v a lu a tio n  o f I n té g r a i

ï . d f

f . t e

% . .  . . .7 2

S u b s t i t u t i f

and

«  -  ( 4
%

Cl i - T
Vz

c-25

c-26

1 3  =
t k

d x  'X. " Cl j

In te g ra t in g  by p a r t s

I F +
%'%' y  ( x - a , )

from  G

th e re fo re

-2 6  £■ - J L
j + x

0-27

r 0-28

d %
vmer-v 3i C-29

I  can  be in te g r a te d  in  c lo se d  form  by s p l i t t i n g  th e  in te g ra n d  
31

in to  p a r t i a l  f r a c t io n s
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h \  =
Cl+Qf) (I4X2)

z a

(Q.z+/)r l+r ( l + Q z T  * - û . i

- t -
( l + Q f )  (M 'Q i)'

d?t
o r by in té g r a t io n

i-31 -
d l U Ï 4 -

( M f ) z ( X - Q f  ( M i )
- ,  - L  +  fo/ÿi'-Ti 

■X'ÛI Cl f+I

C-30

S u b s t i tu t in g  C- 3 0  i n  0 -2 8 , and p u t t in g  I + % -  JL and X - C l, = Pi f ô
c

3 = lea
F | f r )  n  ( l + o , ' , A1  ' 1

M -  ^  j c

m , F,tO
4

F, (P) = - f
V,

« i i i
a 4 1 f

0-31

K e  r x/z ■DO 3

Fcr i  - 4 0  ,

/ ,

Ft  i f )  

b /p  

F > )

lk  %
K 7 4 0

4 - 0

F i i F  

t  ( q , 2 -  /) 7T



V) B ra lu a itio n  o f j  P  dx  f o r  Newtonian r u l e  : Prom enn t3.on 5«2.25

V? ’/z
Pdx -- r  i 4 =y j o .

F jIT )
c-32

w here F | (^ )  — / S - i f -
y V,

'.w riting . X  ^  " 0  Q / =  ^  3 e q u a tio n  0 -32

"becomes

2  K% d x
( l + X z)

s p l i t t i n g  in to  p a r t i a l  f r a c t io n s , and in te g r a t in g ,  we g e t



APPENDIX D

ASYMPTOTIC BEHAVIOÜE OP THE SOHJTION FOR A BIDNTED WEDGE,

The governing equations can "be written as

_ p _  -  Ü L  - h  f  Z Z

f M â e z  2

where -  Z ' - ^ l h

D-2

For C ->0o, the shock slope tends towards the value for a 
sharp wedgecand in view of this, we can seek a solution of the form

Z  = A t c +  6  +  y . C Q t - - ■ «

The function y in D~3 represents the higher correction and in
‘ 2 in the following analysis terms of order y are ignored. By

substituting 3>— in D-l and D-2 the value of constants A and B, 
and the governing equation for the function y, are obtained as follcnîs.

Z - A +  v! '
Z l2= a 2 -j- 2A ^ '  -I- 0 (y ? )

-~zz" - Vj -t- o ^ y r )
Substituting for 'Z' snd we get

Equating terms of order 1 an<i 5̂  on both sides, we get



1 2 1

ff" C Vi 2, ( Eri) 4̂ 1. -t- l v-t-)
-) y , - - 0

c _____ -+ ^  ^  V,  D-5
(T

t  Ai -p a k ay, 
d t i  f  H t .

Wiere L __
* T ^

The equation D-5 is of the form

^  +  + ( r f + | + ï . ) ^ 11«

with Q_ = °» 0 ^ = 0 ,  o = and

P = ^?/r  ; f-0
The s o lu t io n  of e q u a tio n  D-6 can  he w r i t t e n  a s  (R ef 8 3 )

lk ' hk  - a %
y ,  = tc'

where is any solution of
c , ( »

D-7

, hdy _j_ z't2 92')̂ i -0 b-8
T f + ï T ç  ' ]/n

f ,  2 [ ( ^ -  2

7 =
. I  -n V2
(b-l) — 4 V'j

D-9

D—1 0

S u b s t i tu t in g  for d ., b, f} and /

$ L * h
vy //ÿ

7  = ^  ' / z

T here fo re

d ' " '  c ,  (  1  e )
The g e n e ra l s o lu t io n  of B esse l $s d i f f e r e n t i a l  e q u a tio n  B-8 can  

be w r i t t e n  a s
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y  -  ^  ^ i )  +" y ■? ( - § )

where C and G, a re  a r b i t r a r y  c o n s ta n ts .1 2
F er and behave a s  (Ref

U  L  4 )  «
^  J ï ï f / Z

L w i  \/ /  n  v, S v n  (  $  -  V j t -  y  ÏÏJ2Ï  
$ - * »  / 9  ^  '  V T r r n

S u b s ti tu t in g  f o r  f ^ a n d  ÿ  ^ ^  in- IH  2 , we g e t

r  ( i r g ) * [  2 ,< ^ >  %  -  ^ ) +

2M 2

D-13

XM4

dv

' / 2

y  ^  ^ ^  D-t5

The c o n s ta n ts  A and B canno t be d t e r mined s in c e  th e y  depend
1 1 h * L U.y

on th e  i n i t i a l  c o n d itio n s . S u b s t i tu t in g  D~15
, d vT

Î ,  =  t j \  Â  t m  ' ^

where A and B a re  c o n s ta n ts .  Using eq u a tio n s  IM1 and B-1 6 , th e
asy m pto tic  s o lu t io n  f o r  y  can  be w r i t t e n  as

Z =  tc  +  jr + l +  r t  ^ b ^ i . % -  ^ + 6 ) 4 '" W 7 a
The eq u a tio n  IM 7 a  c le a r3 y  i l l u s t r a t e s  th e  o s c i l l a to r y  behav iour 

i n  th e  shock shape, and hence i n  the  p re s su re  from  e q u a tio n  IH  .

=   ]

P a r t i c u l a r  C ases* b~ I f y

( i )  Newton-Buscznann R u le : % is  co rresp o n d s th e  C heng's a n a ly s is
and can  be  o b ta in ed  by p u t t in g  t  -  Î i n  eq u a tio n s  D~2 and IH  76

For /  = 1 ; k ~ i j, [f "  1
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T herefo re •c. I — T ? 3 /4 ft ten %c - t -t - IM  8
m » e 2

The e q u a tio n  EM 8 i s  th e  same a s  o b ta in ed  by Cheng e t  a l  (Ref 3 2 ).

( i i )  TW + C5ML Porm ulaj By p u t t in g  6~ = 1 , i n  eq u a tio n s  D-2 and IM  7 
th e  r e s u l t in g  e q u a tio n  -w ill h o ld  good f o r  TW" + CPG-L fo rm ula .

1/4 -  W  ^

"  1 H 9
_ P _____

r M ^ e 2 "  2

Comparing IM  8 and IM  9« i t  may be no ted  f o r  T >1 ,  th e  
am plitude o f th e  o s c i l l a t i o n  i s  damped much f s is te r  w ith  th e  TW + C5XJL 
approx im ation  th a n  in  C heng 's a n a ly s is .

( i i i )  2nd o rd e r Tangent wedge : I n  t h i s  c ase  th e  o s c i l l a to r y  behav iour
depends on th e  v a lu e  o f 6~ g iv en  by

yd-J
r

For Ÿ ~ 1 IM 7 can be written as

P ; • I • • 3  "  '  ■ '

T w l e 2 "  2
D-20

Prom e q u a tio n  D-20, i t  fo llo w s th a t  th e  o s c i l l a t i o n s  a re  h e a v ily  
damped th a n  i n  th e  e a r l i e r  c a se s  ( i )  and ( i i )
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APPENDIX E.

APPLICATION OP THE TANGENT-GONE APPROXIMATION FOR BIUNTKD CONES;

Prom Cheng1 s  z e ro s th  o rd e r th e o ry  (Ref 3 2 ), we have th e  p re s su re  
a r e a  r e l a t i o n  f o r  th e  axisym m etric case

» j !  . h  y U i
f ' 1 z

I n  a r r iv in g  a t  e q u a tio n ^  , i t  i s  assumed th a t  th e  shock la y e r  
i s  t h i n  anSl th e  p re s su re  i s  c o n s ta n t a c ro ss  th e  en tro p y  la y e r , For 
th e  p re s su re  on th e  body ^  , Cheng used  th e  Newton-Busemann r e l a t i o n  
f o r  th e  axisym m etric case

[Vè -t^eye/z) E-2

To s im p lify  the  problem , we s h a l l  c o n s id e r  th e  l im i t in g  case  of 
# where 9c i s  th e  sem i-cone angle  ( f ig u re  E-1 ) .  ïîrom 

Cox: and C rab tree  (Ref Eh) f o r  , th e  ta n g en t cone approx im ation
can  be w r i t t e n  as

_  ( f j j J U j t j )  I d ' J e ' f
y fe M to  "  ( y + j ) 2 d / y  E ' 3

',0

F igu re  E-1

S u b s ti tu t in g  X  A e q u a tio n  E-1 can  be w r i t t e n  as
n vN 2 rti° &

or

h . e r-iwhere tr = —r— ;
f + l

E -5

E-6

Choosing a  le n g th  s c a le  L ~ V ^/V ^- $/V » eq u a tio n s  E-3 and E-5 
can  be w r i t t e n  as



1 2

and

Pt(1
Pt

( f t p  ( M )
~ 7 y > 3 ) r ~ '

dv£N
d x r .

B-7

E-8

where

aixd

Pt  -  

Vr =

Y - r  -

i  - I
i  PtoMâ 0c

B c ^ / l

l o \ / l T

The eq u a tio n s  E~7 and E-8 a re  s in g u la r  a t  th e  o r ig in  and th e  
so lu tio n , v a l id  n ear th e  le ad ig g  edge can  he o b ta in ed  by s u b s t i tu t in g  
Pf pf  X** ^*"7 and E-8. This le a d s  to  th e  le a d in g  edge s o lu t io n

3 2  ( t - f - 3 ) 2Ft - xr E-9

The e q u a tio n s  E~7 and E-8 can^now be in te g ra te d  w ith  th e  i n i t i a l  
c o n d itio n  g iv en  by e q u a tio n  E -9. For /"= 1 .4 ,  eq u a tio n  E-9 red u ces

t o  0 - 2 W

7 E-10



APPENDIX F

RELATION BETWEEN LENGTH SCALES L . AND 1
C

Y/e have th e  le n g th  s c a le s  1^ and 1^ g iv en  by

L  =r 1 ^ 1  ' h - '
d e c3 

L  = i B t -
/ / ;  \ 3

Combining e q u a tio n s  F-1 and F -2 . h  /j -  tg  [ -4". | ■ J —:

yv-
For a  power, law "body 4/^ » we ^Q-ve from Appendix B

e -  z / - 1
Combining eq u a tio n s  F-3 and F -4  .

Tl"
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•y-layer

SB»

Shock wj

B m ndetry-layer

Trzxryj'j Œry-rTTrfT-nr/v; / /  /  /

P ig  2* Plow models used  i n  v iscous, in t e r a c t io n  
a n a ly s is .
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SïY

a . In v isc id i fla w .

SW

BL

"bi, V iscous flo w

AAi In v is c id  d i s t r ib u t io n .
BB: M odified d i s t r i b u t io n  due to

v isco u s  i n te r a c t io n  e f f e c t s .

A

%

c .  T y p ica l p re s su re  d i s t r ib u t io n .

P ig  4« Y is c  id - in v i  sc id  in te r a c t io n  on a  
com pression su r fa c e . (R éf. 24),

SW î Shock wave
CW 5 Gompr e s s io n  waves
BLr B ounàory-layer
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aw 
=  0*6 
—  0*2 
=  0*0
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F la t  p la te  s im i la r i ty

0 - i 0-3

I3

F ig  5 ; V a r ia t io n  I  w ith  p re s su re  g ra d ie n t pa ram ete r f t  « 

(D ata  from H efs 78 ,79)
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F la t  p la te ;  
s im i la r i ty

F ig  6 i V a r ia tio n  o f /  fôJwith ft (Data, from  R ef 78, 79)

P r = 0.723
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=  0*2

0*6

F la t  p la te  s im i la r i ty

F ig  7 . V a r ia t io n  o f w ith  p  (d a ta  from  Ref /8 , 79)

E r = 0.723
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* X— similar soins. (Bef 63) 
y =1.4

3 %, '4
•̂g 8s Variation of 'A; vvlth 7i 

^ M ^ V e ld t)2-

z o .

l'X.

INo

H

0£5

Mq n t ù n j a n

— Similar soins. (Ref 63)

9: Variation of A   v̂ th y-
n = «•
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F ig  1 Oc ' Asym ptotic behaviour o f boundary la y e r  th ic k n e s s .
—  — — Nevrfcon-Busemann fo rm ula .
---------------- -Ï7/ + OFG-L

Tangent Wedge fo rm ula.
)r = 1 ,4
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J Kemp (R ef 38)

2 Tff + CF&L (P re se n t)

^  TW ( S to l le r y ,  R ef 22)

F ig  1 2 ; Comparison o f p re s su re  d is t r ib u t io n ,  i n  th e  s tro n g  
in te r a c t io n  re g io n .
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t  = 5/3

1 o 4 \

1
10

10

r-H

F ig  13 a ; F te s s 'a re  d i s t r i b u t io n  on a  f l a t  p la t e  f o r  d i f f e r e n t - f  s 

u s in g  TV/ + CFG-L R ule
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P ig  13bi Heat t r a n s f e r  on a  f l a t  p la te - f o r  d i f f e r e n t  V”

u s in g  T‘W + GFG-L ru le ,
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10
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2

F ig  1:4; Comparison o f  t h e o r e t i c a l  p re d ic t io n s  of
p re s su re  d i s t r ib u t io n  and h e a t t r a n s f e r  v /ith  
ex p erim en ta l r e s u l t s ,  o f Holden (Ref 58 ),
 ----- — s b o lle ry  (TV/); -— — P re se n t TV/+GFG-L;

P re se n t (u s in g  G h e rn y i's  in t e g r a l
method, g =0, P r=0=725)> ‘Ay
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Cheng e t  a l  jj 
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From Ref 38
C o r re la t io n  of E x p tl. 
da ta.

— ___ P re se n t
■*' TW + CFGL

a

F ig  15s P re s su re  d i s t r i b u t io n  on a  f l a t  p la te  a t  
z e ro  in c id e n c e .
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——————— Ghezi  ̂ e t  3.1
■-----  Kemp
C orrelation  o f Exptl, 
Ite±a

From Ref 38

Present 
TW + CFG-L

IBS

Pig 16 ; Heat tra n sfer  on a sharp f l a t  p la te  a t  
zero incid en ce.
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2 . TW (Modi.fied Cheng) 

3* Cheng1 s Theory

Prom S to l le r y  
(R ef 22 )
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ID
6-0 3 0-01 o.
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P ig  l8 b i  Ko a t  t r a n s f e r  on at concave s u r fa c e , T -  X ,  ̂i
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2-5

A $10 _

4 y M®<X<

F ig  2é. E f fe c t  of )' on p re s su re  d i s t r i b u t io n  and 
h e a t t r a n s f e r  r a t e  on a concave su rfa ce  
z = % , acco rd ing  to  2nd o rd er TiY th eo ry . 
(a=i , 13=5" in  Eq„. 4 .3 .5 )
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F ig  27. V a r ia tio n  o f boundary th ic k n e ss  on 
su rfa ce  Y -  XT acco rd ing  to  TW + 
OFGL t h ë e y ,  Y"= 1 .4  .
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F ig  31 e E f f e c t •o f le ad in g  edge b lu n tn e ss  on in v is c id  p re s su re.db lu n tneiding edge
d i s t r i b u t i o n  over concave su rfa c e s  (Cheng

p reon ci .S's s
th e o ry  )
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ÇV VJ

F ig  32.

28c x

In v is c id  p re s s u re  d i s t r i b u t io n  on corcave 
s u r fa c e s  w ith  "blunt le ad in g  edge acco rd ing  
t o  TW 4 GFG-L th e o ry  f o r  T =  1*4 »
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F ig  34. I n v is c id  p re ssu re  d i s t r i b u t io n  on concave
su rfa c e s  w ith  b lu n t le ad in g  edge acco rd ing  
to  2nd o rder tan g en t wedge th e o ry , f  = 1 «4 .
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F ig  35« In v is c id  p re s su re  d i s t r i b u t io n  on concave 
su rfa c e s  w ith  b lu n t le a d in g  edge u s in g  
tan g en t wedge approx im ation ,
r = i . 4 ,
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. . .  Cheng*
—> —x- Gnernyi
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Tangent Cone ; -
e se n t ) L* *\
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F ig  37s I n v is c id  flo w  about g. b lu n t cone , (.4 . ,  Co^ui

( * & o th e r  exp erim en ta l d a ta
from  Dewey, R eference 76)
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F ig  28. In v is c id  su rfa c e  p re s su re  d i s t r i b u t io n  on a  fa m ily  
o f shapes wd.th b lu n t lead ing ; edge,
u s in g  C h ern y i1s ‘ method.
( “j'G) j>  ̂ — i • 4-)
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1000

Cheng1s method 

G herny i' s method,

-cx

X

F ig  39* Comparison of Chang’s and G herny i’s method f a r  
p re s s u re  d i s t r ib u t io n  on concave su rfa ce  X̂ TJ 
Tidth b lu n t le ad in g  edge,

,  Y"= 1 .4  )
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Cdh t

F ig  40o In v isc i.d  su rfa ce  p re s su re  d i s t r i b u t io n  on a  fandJ.y 
o f shapes z^= 5 w ith  b lu n t le a d in g  edge$
u s in g  C h ern ÿ i’s ' method,
^ocA .n"^ •* r  =5/3’- )
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P ig  41 : P re ssu re  d i s t r i b u t io n  on ec
b lu n te d  v/edge. 1 = 1 . 4

Cheng1 s  zer o s th  th e o ry  *
/

Cheng & K irsch 1 * (Ref 42)

— Chernyi * s  Method
(from  p re s e n t c a lc u la t io n s )

Â 5 5°; e  y 10 °5 m § ;  o  ; 20°? "V j 25° *
(C h a ra c te r is t ic s ' S o lu tio n : C leary  & Axels on 
R eference 43)

( ta k e n  from f ig u re  4  o f R ef 42 )
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P ig  42 , P re s su re  and h e a t t r a n s f e r  on a sharp  f l a t  p la te
a t  z e ro  i  no id e m  e ; > = 1 c4 (Using C h e rn y i 's  method)
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F ig  44« P re s su re  d i s t r i b u t io n  on a  fa m ily  os shapes ¥  = a
(V iscous in te r a c t io n  th e o ry  u s in g  O h e rry i1 s  method 
w ith  L ees’ b o u n d ary -lay er th e o ry )
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F ig  45• P re s su re  d i s t r i b u t io n  on a  fam ily  o f shapes Y = X11
(V iscous in te r a c t io n  th eo ry  u s in g  O h e rn y i's  method 
■v?ith l e e s '  boun d ary -lay er th e o ry )
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C hang's th e o ry  ,
M odified Cheng(TW)V"=1 64
1 Oherixyi*s Method, Y" = 1 .4

2 -  , ,  -  y*= 5 /3> ~e ~

0
IQ

2 I0X

F ig  46 . P re s su re  d i s t r i b u t io n  on cons aye s u r fa c e  Yw *
1 Comparison o f v a r io u s  th e o r ie s .
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V is e I n te r a c t io n  The c ry , Y"= 1 ,4  
Chernyi *s Method m t h  L ees1 BL Theory

P ig  47» E f fe c t  of in c id en ce  param eter on p re s su re  
d i s t r ib u t io n  on concave su rfa ce  ^ = x 2



V iscous i n te r a c t io n  th e o ry , T =4 .4  
C h e rn y i's  method w ith  L ees1 BL th e o ry

10 f-

i o  AILS
F ig  2.8au» Shock wave and bou n d ary -lay er c

C;T1 r> fi Cl l-.-'-f* <-,v-ira V  — 'i Wi /V  ■— *!
growth on concavebound la y e rand
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Fig 5 0 a$ la y o u t o f Concave s u r fa c e  p re s su re  model
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© EXpER!M!;NVrA!

F ig  51 5 Heat t r a n s f e r  to  a  sh arp  f l a t  p la te  a t  
zero  in c id e n c e «
M = 1 2 .2 5 , R&unit = 0 .85  x  1 05 .
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F ig  52bs Experimental Heat tra n sfer  on a  sharp f l a t  

p la te  a t in cid en ce,
= 0*86  x  1 0" \M = f i2 .2 5 .  R eu n i t
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P ig  54? E f fe c t  of le ad in g  edge b lun tness- on f l a t  p l a t e  
h e a t t r a n s f e r  (M odified  Cheng Theory)
in c id e n ce .
M = 1 2 .2 5 , Beu n i t = 0 .8 6  x ?;0'
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= 0 .23  „
,= 0.0312
Sharp le ad in g  edge

% i

P ig  55$ E f fe c t  o f le ad in g  edge th ic k n e s s  on th e  h e a t 
t r a n s f e r  f o r  a  f l a t  p la te  a t  ze ro  incidence*  
TW+ OFGXi (T heory).
M = 1 2 .2 5 , Ee 0 .86  x  1.05
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P ig  56d; E xperim en ta l Heat T ransf e r  r a t e  t o  ai "blunt 
f l a t  p la te  a t  d i f f e r e n t  an g les  o f a t ta c k ,

5
H = 1 2 .2 5  /
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0.0312

Theory, TW+ CFG-L -

---------  Tangeiit wedge -

Newton Busemann

X -
F ig  57 i Comparison o f measured h e a t t r a n s f e r  r a t e s

w ith  th e o r e t i c a l  p r e d ic t io n s .  (B lu n t f l a t  p l a t e )

M ^11*25, Eeuni t  ~ 0c86 % 10^
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F ig  58 d  : Comparison of h e a t t r a n s f e r  measure men us w ith
• th e o re tic a l!  p re d ic tio n s ., (B lun t f l a t  p l a t e )

M = 1 ,2 .2 5 ,  0 . Sox 1 0 ^ ,
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Theory, Tangent Wedge 

TW+ CPG-L

Newton-Busemann 
Expérimental

o

fl-lS
0

o

0

—G

I w 3
X - IHCHSS

F ig  58d; Comparison o f h e a t t r a n s f e r  measurements v /ith  
th e o r e t i c a l  p re d ic t io n s  (B lun t f l a t  p l a t e )
M = 1,2*2$, ^ euni t ~  x 1 <y,



196

£ x P B X i M £ / / r A  L  ( r ^ 0 ' 2 3  J c ( - Ù

-  ;; è Lo4j> l-B. y /= o

Tangent wedge th e o ry

TW+ GFG-L Theory , [> l~0-23
Cheng1 s The ory p. %

1
sr

F ig  59 i  P re s su re  on sh arp  and b lu n t f l a t  p la te s  a t  
g e ro  in c id en ce

M = D 2.25, Reu n i t= 0*86 x  1 05 .
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t  = 0 .23"
ft  =r. 0.0312" . 
t=  0 . 0005"

F ig  6i : Measured Shock wave shapes f  of f l a t  p l a t e
a t  z e ro  a n g le  o f -a tta c k .

M = 1 2 * 2 5 ,  ^ eu n i-fc= 0 .8 6  x  110^.
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