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SUMMARY

" The literature on the leading edge viscous interaction
phenomena has been reviewed. Theoretical studies of the
the leading edge bluntness and the boundary-layer displace-
ment effects have been made by using a combination of
'tangent wedge + centrifugal force' pressure  law relation

“and also using the 2nd order tangent wedge formula suggested
by lees, These analyses, when applied to concave surfaces
show a mild oscillatory behaviour compared to the highly
oscillatory results of Cheng's theory. Further, an integral
approach due to Chernyi has been applied to concave surface
flows and the damping of the oscillations present in
Cheng's theory is demonstrated.

Experiments have been conducted at a Mach number Of 2.2
in a gun tunnel, on flat plates and on a concave surface
with a sharp leading edge. The results are compared with
the predictions of various interaction theories.
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CHAPTER 4 : INTRODUCTION.

.

_ The subject of hypersonic viscous interaction is important
for an understanding of the mutual coupling between the viscous ard
inviscid flow fields prevailing under high Mach number and low Reynolds
number flight conditions. Under these conditions, the laminar boundary-
layer on a slender body can be much thicker because of high temperatures
and hence low densities, and can cause external flow deflections of
magnitude comparable or even higher than those produced by the body
itself. These flow deflections caused by the boundary-layer modify
the flow characteristics and the resulting surface pressure distri-~
bution can be much different from the inviscid prediction. VWhen the
boundary~-layer is much thimner as in high Reynolds number flows, the
problem can be solved at least to a {irst approximation by rega4641g
the outer inviscid flow to be unaffected by the presence of the “boundary--
layer. However, this procedure becomes inapplicable or too inaccurate
in certain regions where the flow is considerably modified by the
boundary-layer growth, e.g. strong interaction region of a sharp flat
plate in hypersonic flow. In such regions, the determination of the
surface pressure, skin friction and the heat transfer rates requires
a simultaneous’ gonsideration of the viscous and inviscid flow fields.

In addition, other factors: such as nose bluntness, curvature of the
leading edge shock wave and the body curvature can further affect the
boundary~layer growth and hence, modify the interaction phenoumens.
In the present study, the flow situations where both the displacement
effect and the nose bluntness are important have been glven primaxry
attention, K
Considerable amount of theoretical and experimental studies
have been made in the past two decades regarding the hypersonic viscous
interaction effects on two-dimensional and axisymmetric bodies. The -
procedure adopted. in many of the theoretical studies is to deternmine
the inviscid flow past a hypothetical body defined by either the edge
of the: displacement thickness of the boundary-layer when the leading .
edge is sharp or the edge of the entropy layer for the case of a.
blunt leading edge. Tnla schene, d@pcndlng on the particular uncsrv
employed for determining the inviscid flow in conjunction with the
boundary-layer analysis gives results showing varying dezree of agree-
ment with the experimental observations, Tk most significant work
in this area is due to Cheng et al (Ref. 32). They showed for the
limiting case of. M —»00 and Y-—» 1, the pressure gradient effect
on the boundary-layer growth can be very small and calculated the
pressure by using the Newton-Buseuann formula for the inviscid flow,.
Though the analysis, as they mention it, was applicable %o a general
curved sfter-body shape; the results were obtained only for the case
of a flat plate and the agreement dewonsirated qualitatively with -
flzt plate heail transfer measurcments at M = 42. Following this works
there have been several studies (discussed in Chepter II ) to under-

stand the combined effects of 01gplaoement, bluntness and inciderce
at hmnwcon‘n}s sneeds and modifications to Chmnn‘c theorv have bsen

S A A T Red. e LU W AN A an s T ~ e an

suggested to give better predictions,



The extension of Cheng's method to surfaces other than a
flat plate afterbody has been made only recently. Stcllery (Ref. 22)
showed that the strong viscous interaction theory of Cheng predicts
highly urrealistic oscillatcary solutions far some concave surfaces.
This oscillatory behaviour was attributed to the centrifugal term in
the Newbton-Busemann formuls used in Cheng's analysis and an alter-
native analysis using tangent-wedge approximation in conjunction with
lees' (Ref 31 ) boundary-layer theory was suggested. The use of
tangent-wedge approximation was found to suppress the oscillatory
behaviour and predict a smooth approach to the inviscid values down-
"stream. The analysis was later extended to the case of hypersonic
flow past a blunted wedge (Ref. 4l).

Confining our attention to the case: of viscous intersciion
on a concave surface, tle work of Stollery highlights the importance
of a propsr choice of the pressure law to describe the interasction
phenomena. However, the choice of a pressure. law such as the tangent
wedge approximaiion ar modified Newtonian which is often cousidered
to be in error (Refs., 36, 74k) for not accounting for the centrifugal
pressure variation, casts a doubt on the role of inviscid turning
effects in governing the viscous interaction phencmena on concave
surfaces., The Newton-Busemarm formula used in Cheng's analysis is
obtained as the leading approximation of the shock-layer analysis for
the limiting case of M-»00 and V —>1, and when higher order appro-
ximations are considered , one can expect the umrealistic oscillations
yredicted by the zeroeth order thesory to be significantly modified.
For the problem of hypersonic wedge flow, CGheng. and Kirsch (Ref. 42)
have shown that the higher approximations almost completely fade away
the oscillations present in the zeroeth order theary. — Similarly,
for the case of viscous interaction on a concave surfece, one may
speculate to obtain satisfactory resulis without discarding the
inviscid turning effects if higher approximations are considered.
Perhaps, another interesting question which may be worth investigating
is - whether the Cheng's zerceth order theory correct sirictly for
Y =1, at least in some sense suggest forY £ 1, the possible formation
of a neck where the leading edge shock wave and the compression waves
frem the effective body surface coalsce to form the comcave shock-wave,
The physical reality of the subsequent poaks suggested by Cheng's
thecry is highly doubtful and the oscillations might get damped
quickly because of other higher order effects not cousidered in the
thecry.

The objective of the present study is to investigate further
the viscous interaction phenomena without ignoring the inviseid turning
effects. Alternstive anslyses which give satisfactory agreement fer
the case of a flat plate are presented. These anslyses when extended
to concave surface flows exhibit for large downstream distances z mild
oscillatory behaviour in centrast to the quantitatively unrealistic
oscillations predicted by Cheng's theory. ixperimentally, pressure
and hest transfer rate measurements on sharp and blunt flat plates

and on a concave surface with sharp leading edge made in a gun tumnel - . -

are presented and the results compared with -theoreticazl predictions.
The cxperiments were csrried out at a Mach number of 12.2 in the



. No. 1 gun tumnel of the Imperial College .

The application of the various methods suggested for the
viscous interaction analysis is also considered to the case of blunt-
ness dominated flows,

In the next Chapter, a review of the literature on the
viscous interaction phenomena: fol-lowed by a desctiption of the scope
- of the present work is given., This is mainly a detailed version
of the points discussed in the present chapter along with other
relevant information, Part 11 deals with the theoretical studies
and their comparison with earlier works and some experimental results.
Finally, the experimental work, the results obtained and their
comparison with the viscous interaction theories is presented in
part IIT, ,

#*
Department of' Aeronautics -

Imperial College of Science and Technolog:y
London.
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CHAPTER II -

'REVIEW OF FPREVIQUS LITERATURE. AND SCOPE OF THE. PRESENT WORK

2,0 Viscous interaction on & sharp flal plates

The hypersonic flow past a sharp flat plate represents a
‘spectrum of flow regimes from thin boundary-layer limit far downstream
to kinetic regime near the leading edge where the continuum concepts:
breakdown. It has been observed that the interaction of the leading

~edge with the external flow produces a shock-wave (Fig 1), which
can be quite strong to start with and will degenerate into an
acoustic wave far downstream. Very near the leading edge for some
distance downstream, the entire region between the shock-wave and the
body-surface is filled by the viscous boundary-layer growing from
the: leading edge. This region is known as the merged layer. In this,
layer, the rarified gas effects become increasingly important as the
leading edge is approached. It has been suggested by Talbot (Ref 4 )
that the merged layer effects begin to appear when the rarefaction
parameter V20,2 - 0.3. Downstream of the merged layer, the shock
wave and the boundary-layer are distinctly separated by an inviscid
region, - the separation distance increasing downstream. Near the
leading edge in this region, the growth of the boundary-layer strongly
influences the shock-wave growth and the resulting pressures on the
plate will be much higher' than the freestream value, Far downstreamn,
because of relatively small displacement effect of the boundary-layer,
the interaction effect tends to become weaker and the pressure on
the plate reaches the free stream value asymptotically. These
regions are called strong and weak interaction.regions respectively.
The growth of the boundary-layer and the interaction effects can be
mich different in merged, strong and weak interaction regions. In
the present study, only the regions downstream of the merged layer
are considered. ’

In the treatment of viscous interaction prcblems, there have
becn mainly two approaches employing different flow models shown in
figures 2a,b. The flow model (Fig 2a) in which a distinct inviscid
region separating the boundary-layer and ths shock-wave is considered,
was first used by Becker (Ref 2). Becker observed experimentally
at M= 6,9, that the pressures near the leading edge of a sharp flat
plate were much higher than the free stream value, and presented some
theoretical estimates accounting for the rate of boundary-layer
growth,  This method was later improved by Bertram (Ref 3) who
propesed an approximate method for evaluating the displscement effects
on two-dimensional bodies. A more extensive treatment o the weak

interaction problem was given later by Lees and Probestein (Ref 4).

The second mcdel shown in Fig 2b adopted by Shen (Refs 5 and €)
assumes that the edge of thc boundery-lsyer coincides with the shock- |
Wave. Shen considered the viscous effccts on insulated wedges and
flat plates, and showed that the compressible boundary-layer cquabions
ere still valid in the presense of viscous intersction provided -
(é?x)z <o The boundary-leyer was calculated vusing Karman



nomentum integral method and a linear velocity profile, and the -
pressure vas determined according to the strong shock relations., He
obtained the now familiar strong interaction limit,

oy 3
o g x® st
, Poo ' .

- Ii and Nagamatsu (Ref 7) later extended Shen's approach by usiing
a fourth degree polynomial for the velocity prcfile.  Though Shen's
analysis gave the correct dependence for the pressure and the boundary
layer growth; lees (Ref 8) pointed out that the flow model assumed
by Shen was incompatible with the equation of continuity, In order
to obviate this inconsistency, Iees used the flow model shown in
Fig 2a in which the boundary~layer and the shock-wave are separated
by an inviscid region. The pressure distribution was calculated
using the tangent-wedge approximation on the effective body described
by the displecement surface, With this refined approach, it was
shown that Shen's results are numerically different by a facter of
(V-H}/Z It appears that in most of the latcr works, the revised
nodel used by lees has been adopted. Iees' method is mare genersl
since the tangent-wedge approximation used in the analysis is vc.,lv’
1n both the strong and weak interaction regions,

In particuler, the problem of strong interaction has received
much interest and matching of the viscous and inviscid flowfields
has been considered by Stewartson (Ref 11 ), and Ii and Nagamatsu (Ref
9,40 and 12). Stewartson showed the existerce of self-similar
solutions for the strong interaction problem and the possibility of
matching with the similar sclutions for hypersonic flow past & 3
powexr law body. Ii and Nagamatsu (Ref ‘g treated the case of non-
insulated wall using the method of similar solutions of the compressible
boundary-layer equations., 1In all these studies, only the displace=~
mert effect was considered. Since the leading edge shock-wave is
- highly curved, the flow behind has an entropy gradient normal to the
streamlines and external vorticity is created. Ices (Ref 13) and
Oguchi (Ref 14) corrected the strong interaction results to account
for the effect of external vorticiiy. Bush (Ref 4 5) and Jee and
Cheng (Ref 16) have treated this problem in deteil using asymptotic
expansions and have shown that in order to get a uniformly valid.
temperature distribution across the entire flow field; it is necessary
to introduce an intermediate layer between the inviscid region and
the boundary-layee to account for the external vorticity.  Bush
showed that the direct maiching of the boundary-lsyer with the irviscid
regicn is possible only for the case of non-linear visccsity-temparature
relationship. Iee and Cheng later carried out a similox three-layer
analysis assuming a linear viscosity-temperature law and showed that
& separate analysis of the internediate layer in this case is not: .
strictly required and the conventional two-layer approach is sufTicient.

In most of the studies mentioned so far, only the limiting
theories of either strong or weak interaction have been considered.
These theories have been described in detail by Ilayes and Probesitein
(Bef 17), and Moore (Ref 18)., Recent investigations in the theory of
strong interaction have been summarised by Mikhailov, Neiland and Sychov



(Ref 19). In cases of practical interest, the intermediate region
between the strong and weak interaction limit is impartant. In
this region either of the theories may not be accurate enough. To
obtain soluticns in this region, it is necessary to integrate the
full equations of the viscous and inviscid flow fields from a point
close to the leading edge where the initial conditions are given
by the strong interaction theory, and proceeding downstreamn,
References 20 to 30 deal with this problem, in general., In these
studies, the boundary-layer growth has been calculated either by
ignoring the pressure gradient effects or using a local similarity
method, or by integrating the complete boundary-layer equations.
For the inviscid flow calculation, the tangent-wedge approximation
has been widely used because of its applicability in both the strong
and weak interaction regions, '

It was suggested by Lees (Ref 31 ) that the effect of streamwise
pressure gradient on the boundary-layer flow can be small when the
wall is highly cooled relative to the freestrean stagnation temperature.
This approximation considerably simplifies the momentum eguation
since the pressure gradient terms are ignored, and the energy and
momentun equations can be solved independently. This leads to the
well known result relating skin friction and heat transfer (for unit
Prandtl number),

. .
n 0) ' 4
—;(Q) = .._.9_5'———- = 04636 ' 2.014
: - 9w ‘ :
Moore (Ref 18) points out that for certain ranges of the pressure
gradient parameter B, lees' cold wall similarity approach is rather
inaccurate. However, the simplicity of the method has resulted in
its extensive application. Cheng et al (Ref 3¢) also arrive at the
same result as Eq 2.0.1 and have shown that -~ - ignoring - the pressure
gradient term can be justified in the limit of Me7> 4 &nd'V-4»1c
~In the limit of this hypersonic approx1matlon, the pressure gradlent
term . B.will be athost of the order € («¥Vut), and appesrs only as
a higher order effect. Though the resulting equation for the
boundary-layer is the Blasius équation in Cheng's as well as Ices'
analyols, it should be realised that the neglect of pressure gradlenu
terms is because of conceptually different reasons., Sullivan (Ref's
20 and 21) combining the tangent-wedge rule and Iees' boundary-layer
theory presented a simple formulation which can cover both the strong
and weak interaction regiocns. The method gave good agreement with
‘some experimental results. Stollery (Ref 22) extended this method
to a variety of two-dimensional shapes and demonstrated the applicabi-
lity of the method to problems involving no upsitrean influence. This
will be discussed in = subsegquent Sesction.

; Though the assumption cf negligible pressure gradient can be
Justified in the pathematical limit of Y-4-1, or for a highly cocled
wall, it is found that it can lead to considerable nunmerical errors
in the evaluation of skin friction and heat transfer rates for values
of Y of practical interest. In order to overcome some of these
liritations of the zerc pressure gradient theory, Dewey (Ref 23)
used a local similarity epproach for the boundary-leyer along with
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the tangent-wedge approxn.matlon for the inviscid flow fleld. Within
the scope of the local similsrity approach for the boundary-layer

it was possible to vary the pressure gradient parameter (3 in the
streamwise direction. The agreement of the method with the experi-
mental results was found to be good.

Numerlcalb solutions of the boundary-layer equations 1nclud1ng
the displacement effect have been obtained by Fl.lgge—I.otz and Blottner
(Rer 253, Garvine (Ref 26), and Werle and Wornom (Ref 27). A finite
difference scheme was employed for the boundary-layer analysis and
the tangent-wedge formula was used to calculate inviscid flow by
Flugge-Lotz and Blottner, and Werle-and Wornom. Garvine used a.

. linearised interaction model relating the pressure at the outer edge

of the boundary-layer with the vertical velocity. The mcre accurate
results of Werle and Wornom agree very closely with Sullivan's method
in the range of the viscous interaction parameter % (= chz‘i/:! from 1
to 40. The agreement suggests that in some cases, the appro;rlmate
nethod of Sullivan may be quite adequate. Chan. (Ref 30) used a. method
of combining integrzl relations and the similarity solutions for the
boundary-lsyer and used tangent-wedge formula.for the inviscid flow. .
Yalamanchili and Jeng (Ref 29) similarly used the tangent-wedge formule.
but the non-similar boundary-layer equations were integrated by the
method of steepest descent (Meksyn, Ref 82), A4ll these studies,
whilst refining the boundary-layer analysis,have treated the inviscid
flow to be adequately described by the tangent-wedge formula. 4
refinement in the analysis of the inviscid flow field was adopted by
Mann and Bradley (Ref 28), who used the method of characteristics

for the inviscid flow calculation and a numerical procedure for the
boundary-layer. Richey (Ref 24) used the tangent-wedge approximtion
for the two-dimensional case:and the method of characteristics for the
axisymmetric case,

With nost of the methods discussed above, it is not necdssary
to distinguish between strong and week interaction regions and the
solution can be obtained over the entire range of interaction, once
the initial data carresponding to the strong interaction limit is
specified.

V2.1 Effect of the leading edge biuntness:

The first theoretical study invelving both the effects of the
" leading edge bluntness and the boundary-layer displacement effect
was. made by Cheng et al (Ref 32). Earlier studies dealt with either
bluntness dominated flows (Re;s 33 to 35) or v1scous dominzated {lows
discussed in Sec 2.0. In treating the inviscid hypersonic [low
-problem past slender bodies, it is usual to invoke the 'equivalence
principle! and solve the corresponding unsteady flow problem in one
less space dimension. The leading edge tlunting in the steady Tlow
problem is effectively equivalent to the release of a finite amcunt
of energy 1nstantaneouuly at a.p01nt in the unsteady problem. This

similari ity between the two fields is known as the 'B’ast Wave "“""g;f

For the analogy to hold good, it is necessary that the body must be
slender and also(¥ d?)‘»o Under these approximations, the small



disturbance equations of the hypersonic flow past a slender body, and
the exact equatlons for the unsteady flow with the time variable
replaced by x/U,, are identical. A detailed account of the blast
wave analogy is glven by Hayes and Probestein (Ref 36) and Guirsaud
et al (Ref 37) In this Section, we shall confine our interest to
‘other approximete methods. - . :

For the hypersonic flow past a blunted flat plate, the flow
field consists mainly of three different regions (Fig 35 The region
ad jacent to the boundary-layer known as the entropy-layer contains '
fluid particles which have passed through much stronger portions of
the leading edge shock-wave and hence the temperature and the specif'ic
entropy in this region will be much higher, = The flow field between
the shock-wave and the edge of ' the entropy-layer is called:shock-layer.
Cheng et al proposed an elegant method to this combined problem of
bluntness and displacement on slender bodies with arbitrary after-body
shape, Assuming the shock-layer to be very thin, and considering

the limit M>»1 andV-—>1. they showed that the pressure at the

outer edge of the entropy-layer can be obtained by using the Newton~
Busemann formula, : '

. 2 v . _
e~ fw& (Ye + He’ie) v 2.4

_ By considering the momentum balance in the streamwise direction,
another equation relating the pressure p,, thickness of the entropy-
layer y, and the leading edge drag DN was obtained. The effect of
the pressure gradient on the boundary-layer growth and the variation
of pressure across the entropy-layer were shown to have only hihger
order effects, With these approximations, the basic parameters
governing the problem were identified. Considering the simplicity
of the theory, the anslysis predicted the trends correctly and agreed
reasonably with the experimental heat transfer measurements on flat
plates at M= 42. Xemp (Ref 38) found that Cheng's analysis did not
glve satisfactory agreecment with measurements in helium flows and
in order to improve the predictions, he proposed certain modlflcatlons.
The Lewton-Buoemann formula used by Cheng was modified as

T = —27- ¢ U (3'7; YeYsp ) 242

Kemp's modwflraiwons gave better agreement in the strong
interaction region. VWhen the centrifugal force reduces to zero, as
in the case of flow past & blunted wedge for large downsiream distarces,
the Eq 2.1.2 represents the correct shock pressure rise according
. to the oblique shock theory.

Another interesting feature of Cheng's analysis-isvthe oscillatory
zpproach of the pressure and shock-wave shgpe to the downstream
11m1ts when appllcd to blunted wedges. The physical real;tv of thls
37). The uthors suggeot thai for reallstlc v&lues of Y’ﬁ 1, the
ocscillatory decay may not exist since the amplitude of oscillation



was observed to be quite small even farY=1. It was supposed for

2 long time that a similer method due to Chernyi (Refs 39 and 40)
did not exhibit any such oscillatory approach to downstream conditions,
The non-existence of oscillations in Chernyi's approach was suspected
to be due to the inclusion of the kinetic energy term in the analysis
(Ref 36, p 364.). It has been demcnstrated recently by Schnieder

(Ref AAS that Chernyi's approach also predicts an oscillatary approach
in pressure and shock shape but the wave length and amplitude of
oscillations are different. Cheng and Kirsch (Ref 42) considered an
analogus unsteady problem of an intense explosion with an expanding
contact surface to treat the problem of inviscid hypersonic flow past
blunted slender bodies of arbitrary after~body shape. The case of the
contact surface expanding linearly with time is equivalent to the
steady hypersonic flow past a blunted wedge. For this case, their
results show that when higher order solutions are considered , the
oscillations present in the zeroeth order theory almost vanish, Good
agreement for surface pressure on blunted wedge was obtained with

the characteristics solution of Cleary and Axelsom (Ref 43).

Another approach to improve Cheng's zeroeth order theary to
give the correct downstream limit for the pressure was suggested by
- Stollery (Ref 22) for the pure viscous interaction problem.,  This
method was later applied to the case of blunted wedges by Stollery,
Pimputkar and Bates (Ref 44). They used the tangent-wedge approxi-
mation in place of the Newton-Busemann rule in Cheng's analysis and
integrated the resulting equations numerically. This modified
analysis suppressed the oscillatary behaviour and the downsiream
conditions were reached monotonically. Near the leading edge, the
method appears to overestimatc the pressure. It is flelt that the o
estimates of the/can be improved for the case of @ blunted wedge, by /method
incorporating modifications similar to those in Kemp's ahalysis.
This point will be discussed subsequeéntly. It would also be interest-
ing to see whether a similar analysis using the tangent-cone approxi-
mwation for blunted cones, predicts the undershoot in pressure. '

2.2 Eyperimental studies on flat platess

Numerous experimental studies (Refs 32,38, &5 ~ 1) have been
nade to investigate the effect of the boundary-liayer displacement
and the leading edge thickness on flat plates in hypersonic flow.
These studies have helped to evaluate the usefulness of the various
 theoreticsl methods discussed in Sections 2,0 and 2.1.

References L5- 53 deal with tests on flat plates at zero incie
dence. 1In general, these tests indicate that viscous interaction
theories using tangent-wedge approximation for determining the inviscid
flow field, reasonably predict the induced pressures for sharp leading
edges from weak interaction region to moderately strong interaction
region (%= 30- 40)., However, the heat transfer rates eppear to be
slightly undercstimated by most of the wmetheds, ¥or blunt leading
edges, good correlation for the shock-wave shape and the pressure
has been cobtained using the blast-wave analegy (Refs % - 55)., The
analogy fails very pear the leading edge where the perturbations in
the flow field are not smzll, and also far downstream where the



requirement of a strong shock is not met. Marvin (Ref 52) reports
good predictions for shock wave shape between 2-60 times the nose
thickness. The effect of blunting the leading edge was observed to
result in an increase . in heat transfer rates downstream corresponding
to- the sharping leading edge values (Ref 52 and 53). However, Neal
(Ref 54) and Stone (Ref 55) found that small blunting of the leading
edge reduced the heat transfer rates corresponding to the sharp
leading edge values, while the pressure distribution was not affected
much, Stone made impact pressure surveys and found that the boundary-
layer thickened due to nose blunting and reduced the heat transfer
coefficients, : v

The effect of incidence on heat transfer rates for sharp and
blunt flat plates was studied by Cheng et al (Ref 32). They compared
the heat transfer measurements at M = 12 in air, with their theoretical
‘analysis for M>7 1 and V-1 taking into account both the dispiacement
and the bluntness effects. The measurements were generally found to
be 15 = 20 % higher than the theoretical predictions. Allegre and
Bisch (Ref 57) made pressure measurements on sharp and blunt flat
plates at incidence in the strong viscous interaction region at M =8
in nitrogen. For the sharp leading edge, good agreement with Cheng's
theory (Ref 32) was found, but for the blunt leading edge the agree-
nent was rather poor. Stollery (Ref Ll 59) has made pressure
measurezents on a sharp flat plate at incidence at M = 14.8 and has
compared his measurements and also Holden's measurements (Ref 58) on
& sharp flat plate at zero incidence with Sullivan's method. The
comparison shows that the pressures are generally overestimated by
Sullivan's method. More detailed experiments involving both heat
transfer and pressure measurements over sharp and blunt flat plates
at incidence in the strong region (%= 60- 300) at ¥ = 42, in helium
have been made by Kemp (Ref 38), - The measurements agreed with Cheng's
theory after some modifications discussed in Sec 2,2, Vidal and
Bartz (Ref 60) conducted testsat M = 18 - 24., spanning flow regimes
from free molecule flow to thin boundary-layer flow, Their deta for
pressure and heat transfer on sharp flat plates showed good agreement
with Cheng's theory in the strong interaction region. Similar
heat transfer measurements on a sharp flat plate at Mach numbers 22.8
- 86.8 in helium have been made by Nagamatsu and Sheer (Ref 61) :
covering a wide range of the viscous interaction parameter, 2= 11 -
16000, and find good agreement with theoretical predictions of Ii
and Nagamatsu (Ref 12) for ranges of % not affected by rarified gas
effects. ' :

In gensral, it eppears that for sharp fliat plates in the strong
interaction region , Cheng's theory with Kemp's corrections gives
good predictions. Most of the studies mentioned in this Section
have generally established an understanding of the displacement effect
and the bluntness effect in the vicinity of the leading edge and.
for some distance downstream. The quantitative agreement of results
.with {theoretical predicticns doss not appear to be very satisfactory
for the case of biunt leading edges. Another interesting point is
the far downstream effect of a blunt lecading edge on the heal transier
rates, Perhaps, this would require some more theoretical and experi
mental study in the light of Neal's and Stone's (Ref 54 -and 55 )

-l
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work who find the heat trans®er rates to be decreased for small
leading edge bluntness.

2.3 Viscous interaction on curved surfaces:

The study of viscous interaction effects on surfaces other than
f£lat plate afterbody, in the presence of sirong leading edge inter-
action has received attention only recently. The nature of the
viscous interaction mechanism depends on the shape of the after-body.
In particular, when the after-body is a concave surface, the flow
phenomena: is quite: complicated because of the interaction between
the leading edge shock-wave and the compression waves generated from
the body surface. Other after-body shapes of practical interest
are convex surfaces, and compression and expansion corners. The
study of compression and expansion corner flows is beyond the scope of
the present thesis, though some of the analyses of the present work
are still applicable when the upstream influence is not significant.
' The concave surface flows are con51dered in detcu.l with occasional
references to convex surfaces.

From a pra.ctlcal point of v1e»v, concave surface flows are
impartant in the design of hypersonic inlets where the 'boundary-lawer
is subjectedfo adverse pressure gradients in addition to the viscid-
inviscid interaction. Even the treatment of the inviscid hyper-
sonic flow past such surfaces appears to be rather limited, considering
the zbundant literature existing on the corresponding convex surfaces.
Sullivan (Ref 62) obtained similar solutions far the inviscid
hypersonic flow on power-law concave surfaces and showed that they
are the correct first spproximstion to the exact inviscid equations
for Mg—t0. Thus, he was able to calculate the pressures on
concave surfaces, and compared with measurements on a cubic surface.
The agreement was found to be good. over the limited region downstream
of the leading edge where the similar solutions are expected to be a
good. approximation., & detailed comparison of the similar solutions
with other approximate inviscid theories was given in Ref 63.

For the viscous hwvpersonic flow on congave surfaces, the boundary-
" layer growth can significantly modify the effective body-shape and '
the inviscid calculations ignoring the displacement effects may be
incorrect in certazin regions of the flow. The region near the

leading edge will be much affected by the viscous interaction effects.
Because of the dominant incidence effect, the interaction effects
becone negligible far downstream and the inviscid predictions are
quite accurate in this region. Richey (Ref 24) presented an analysis
for compression surfaces taking the displacement effect of the boundary-
layer into consideration. The inviscid flow was determined by the
tangent-wedge rule near the leading edge region and in regions of
sdverse pressure gradient reverse Prandtl-Meyer turning (Simple wave
flow theory) was employed. The boundary-layer growth was calculated
using a local similarity approach. The enalysis covered both the
strong and weak interaciion regions and the method predicted a steady
decrease in the boundary-layer thickness  (super—critical behaviour

dg; <0 ) in the adverse pressure gradient region as observed experi-



mentally.  Thus, :the physical features of the flow on a compression
surface (Fig 4) were described correctly by the analysis. Since,
on compression surfaces, the viscous effects are important only neair
the leading edge, Stocllery (Ref 46) suggested that the the Newton-
Basemann. rule corrected for the strong viscous interaction effects
may be a good approximation far the pressure, i.e.,

. — 2 1 " '
| fg_ - 3 Jven X + W0 + YY) 23
o A | .

The first term in Eq 2.3.1 represents Cheng's strong interaction
solution and the other terms represent the inviscid pressure
calculated ignoring the viscous effects. The Eq 2.3.1 is simple and
‘and can be applied to complicated slender shapes in a straightforward
manner, However, comparing with the pressure distribution due to
viscous interaction effects predicted by Richey (curve[BBiof Fig 4),_ léMtﬁnd
the trend towards spprcaching the inviscid limit accerding to Eg 2.3.4
seems to be different. Eq 2.3.1 suggests that the pressure is
everywhere higher than the inviscid value: ,Wﬁereas, the pressure L
distribution in Fig 4 rcpresents a lag in’ the pressure rise due to
viscous interaction effects.

The boundary-layer on a concave surface is essentially growing
in an adverse pressure gradient and there are available a number of
standard methods for treating this problem (e.g., Ref 65 and 66),
provided the inviscid pressure distribution is known. Fitzhugh
(Ref 67 and 68) has made a detailed study of the various approximate
methods in the light of exaet numerical studies of the boundary-layer
equations, far boundary-layers in adverse pressure gradient. His~
results represent only the first approximation and cannot be expected
to hold good when the displacement and other eff'ects normally
considered to be of higher order assume first order importance.

A more rigorous extension of Cheng's analysis, rather than
the empirical modification suggested by Eq 2.3.1. was made later by
Stollery (Ref 22). The criginal Cheng's viscous interaction was
integrated for a variety of different after-bedy shapes such as
concave and convex surfaces, and compression and expansion corners.
Except for concave surfaces, the amalysis was found to predict correctly
the main flow features in the strong interaction region. However
the anelysis predicted highly oscillatory approach in pressure;
heat transfer and boundary-layer thickness to the downstream inviscid
limit, The amplitude of the oscillation was quantitatively
umrealistic, so as to provide any useful esbimates of interaction
effects.” To overcome this limitation, Stollery.modified the analysis
by substituting the extensively used tangent-wedge rule in place of
the Newton-Busemamn rule (Eq 2.1.1) used in Cheng's anralysis. The
modified amalysis, which only accounts for the shock pressure rise
removed the oscillatory behaviour completely and a smooth transition
to downstream conditions was obtained. o demonstrate the applica-
bility of the method, the pressure and heal transfer rates were
calculated for a number of cases and compared with experimental
measurements. In particular, the method gave good agreement for
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far pressure on a cubic surface, far which Cheng's theary yields
quantitatively unrealistic results. A more detailed investigation
of Cheng's method and ite modified version and their comparison with
experimental pressure and heat transfer measurements at M = 12.25
was made by Mohammedian (Ref 69). The sub-critical (987,p > 05
and super-critical (d8%y, <0) nature of the boundary-layer ci
concave. surfaces was also pointed out by Mohammadian, The modified
Cheng's analysis agreed well with the measurements, except for heat
transfer rates on the concave surface for which the predictions were
considerably lower’s Further comparisons for the concave surface’
were presented by Stollery (Ref 70) , by using the well knovm ILees-
Reeves integral techniaue (Ref 71) with subsequent modifications hy
Holden (Ref 72), and Klineberg and Ieces (Ref 73). With :this
approach, better agreement was obtained for ths heat transfer rate,
but pressures were considerably overestimated.

The effect of the longitudinal curvature can be quite important
on the boundary-layer growth over curved surfaces. Wornom and
Werle (Ref 85) solved the boundary-layer equadions taking into account
the displacement and the longitudinal curvature effects. They
employed a finite difference method for the boundary-layer and used
the tangent-wedge relation for the pressure on the displacement body.
The results agreed well with the pressure measurements of Mohammadian
on the cubic surface, ' ‘

- 2.4 Scope of the present works.

In the present work, the interaction effect has been studied
by varying the viscid-inviscid coupling. This is in contrast with
the earlier works as we have seen in Sections 2.0 = 2,3, where
refinement in the viscous flow field analysis has been adopted
extensively, whilst retaining the tangernt wedge approximation to
describe the inviscid: £iow field. The present investigation was
motivated by the fact that the widely used tangent wedge formula has
been criticised on many occasions (Ref 36 and 74) for not accounting
for centrifugal effects, and at the same time the Newton-Busemann
rule which is free of this criticism is f'ound to give oscillatory
results of unrealistic magnitude for concave surfaces (Stollezfy,’

Ref 22). In order to further investigate the effect of retaining

the centrifugal pressure variation in the inviscid flow field analysis,
the viscous interaction problem on flat plates and concave suri’aces
has been studied by modifying tk tangent-wedge approximation.
Basically, two medifications have been considered: '

(i) a straight forward correction for the centrifugal
effects to the tangent-wedge rule.

and (ii) modification to account for the centrifugal effects
~ and for variation in the {low inclination angle
between the body and the shock wave as suggested
by Lecs {(Ref 74). :

* than the measurements



. Fcr the boundary-layer, Iees' local flat pla‘te s:.mllarlty has
been used for simplicity. The applicatiocn of the suggested modifi-
cstions to bluntness dominated flows is also considered. The
results are compared with Cheng's theory and its modified version

due to Stollery (Ref 22). In order to facilitate comparison and

to present some generallzatlons, the treatment of the present analysis
is carried out along with Cheng's and modn.fled Cheng methcds,
whereever necessary. ’

Finally, the application of Chernyi's integral method has been
considered for the bluntness as well as viscous dominated flows and
it is demonstrated that the oscillations present in Cheng's zeroeth
order theory are heavily damped because of the inclusion of the
 after-body drag.: and kinetic energy terms in the analysis.

v On the ez:per:z.mntal side, measurement of keat transfer and
pressure have been made on blunt flat plates and on a concave surface
with a sharp leading edge at M =12.25. The measurements on

blunt flat plates was undertaken to study the downstream effect of
the blunt leading edge. The concave surface was designed so that
measurements can be made in a region as near to the leading edge as -
possible, where the growth of the leading edge shock wave is strongly
influenced by the body curvature. The results are compared with

the predictions of viscous interaction theories.
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CHAPTER III

"PRELIMINARY CONSIDERATIONS.

. In this Chapter, the governing equations for the viscous and
the inviscid flow fields will be presented. - For the boundary-layer
analysis, Iees' flat plate theory is used and its limitations discussed
in the light of local similarity approach., In the treatment of the
inviscid flow field, only the pressure laws extensively used in the
viscous interaction analysis and their modifiications for the present
analysis are considered., Within the scope of these pressure laws,
the sub-critical and super-critical behaviour of the boundary-layer
on concave surfaces is illustrated. The analysis of the inviscid
flow field using Chernyi's integral app*'oach is aexerred to Chapter
VII.

3.4  Local flat plate similarity theory: -

The compressible laminar boundary-layer equations far the |
steady flow of a perfect gas past a two-dimensional body can be
written as :

 Continuity: ng(ﬁm + «—3 (?19) Q LR
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Eqn of State: : “P

18T 344.5

- In the derivation of the above eqLa.‘bl'\--.:, it is assumed that
the thickness of the boundary-layer is small in comparison with the
longitudinal radius of curvature of the body, The boundary -conditions
are ,

y = 0; u=0,v=0

=
1

Hw For the heat transfer case:

ah""' For the insulated wall 344 .6
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' H=He ‘ - 3.1.7

Applying the well known Howarth-Darodnitsyn transformtion

L &= gf KU,
U
| N gg‘)d”
ant. witn S U, a9 Hfp,

the equations 3e1e1 - 3.1 .7 can be reduced to

i P“ d U .
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(l\l’;x%) + 1’1% + .-—-il \“")7&'}”} O 3;1.9

. where N = S)H/ow“w
with bouxﬂary conditions

=0
g, (Heat tansferring wall)

]
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Tl = 0; —}
g;

W

N> ; - Y =1 - ERET

It

0 (Insulated wall) 3.1.10

7
For the case of hypersonic flow (M 771, Ue/He 2 2)  the above
equations 3.1.8 and 3.1.9 can be further simplified assuming Y Lo
be constant along the wall and & linear viscosity-temperature relation,
to

i¢6

£ g4 P g4 <0 Csaaz

g nty 2B )0

o fe»dv ;
‘where 13 —_\',/;l (lb 3114

Y J,} “dt



In the flat plate similgrity rule, the effect of the pressure
gradient term. B in Eqn 3.1.12 is considered to be small for the
case of highly cooled walls since the term B( g- .;'2) <<4, over the
range of integration (Ref 3 ). It Ims also been argued by Sullivan
(Ref 20) that the contribution of the pressure gradient terms can be -
small when the pressure gradient is favourable even if the wall is
not cold. To simplify the problem, the Prandtl number is assumed
unity and the equations 3.1.12 and 3.1.13 are integrated subject
" to the boundary-conditions 3.1.10 and 3.1.11; to give

+'(0)

0-4696 o 3.4.15

= G- (-4) s

"
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v

Fronm bequation 3¢l o1l it can be seen tla b f5 can be small

when V—>1, even if the cold wall assumption is not met. This is
the basis for neglecting the pressure gradient effects in Cheng's
analysis (Ref 32). The resulting equations for the boundary-lsyer
are same in Lees' flat plate sinilarity approach and in Cheng's

analysis.

Displacement thickness:

is written as

In order to calculate the viscid-inviscid

interaction, it is necessary to know the variation of displacement *
thickness along the wall. By definition, the displacement thickness §
| m . ) h .
¥ ()u i
5 = (i— =) dy 34417
XD Peue b/ :

or in the transfoarmed cordinates
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The integrand in equation 3.1.18 can be simplified further by
making use of the hypersonic .approximstion 4£ c<i
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S{.w.bsrl;n.t,u‘t;:LnD 31619 in 3.1 41 8, we get
I
L @B He g
Lu. he | . 34.20

, A T 2 :
1= Y(%':F)d’l | 3402

where

, For unit Prandtl number and zero pressure gradient, the integral
I can be evaluated using equation 3.1.16 and we obtain

I = 0.469 (1 +2.6¢g)

The displacement thickness cannot be calculated directly from
equation 3.1.20 since the pressure distribution is unknown and the
Far further analysis,

" determinetion of which is a part of the problem,
assum:.no the flow to be everywhere hypersonic, we write

b [ fabattodn “?;Tw gat’dx
by g

He, = \ Li_é o Uw
| e = ' Zhe T ZGTe
Substituting for E feu and He{h e in equatloa 3e4 420, we g,{.t

'
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The expression within the square bracket can be written as
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So, the equation 3.4.23 reduces
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= 3y
where = Mooc RCx’ Viscous interaction parameter .
P = Pu “700
Writing I =
£ 0.u696(1 + 2.6 g )
and A =0.469 . Y-l (4 4+ 2.6 g )

we get

Choosing a. length scale L, = A XN and with X = "(/Ls,
equation 3.1.25 can be written as : :

It my be noted that, in general, the value of I_ depends on
the vajue of the pressure gradient parameter [3, Prandti number and’
tle. viscosity-temperature relation used in the analysis, In the
present flat plate similarity approach for zero pressure gradient,
unit Prandtl number and linear viscosity-temperature relation, I,
will be unity, and equation 3.1.26 reduces to

‘,\@% 3 (S:@d;‘\lvz - 341427

Ls P

Skin friction and Heat transfer: The local skin friction coefficient ¢

and the Stanton number St are defined as £

ou
Cp = f_(__f?ﬁ)_‘g.L 3.1.28,
Vg Lo Ve
snd G - ___i)l\’d C . 3.4.29
fOOUOO (:D (To" T-‘A)) B »
Polloving & similar analysis as earlier, it cpn be shown
R 0" P _
AM St = W . 3.4430
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For the local flat plate similarity approach-,v substituting
from equation 3.4 .4 6, we get (For Pr.y)

) 2 S{' = C_!_ = ' 3 - g ’/ ’ 3.1}»32
| AMZ ([P
The equations 3¢1427 and 3.4 +32 along with g Suitable prezsure

law to describe the inviscid flow field are the basic egquations used
in the viscous interaction analysis,

simplicity in the anaiysis by ignaring the Pressure gradient effects,
Though the neglect of the Pressure gradient effects can be Justified
either for a cold wall op in the mathématical limit of Y 4, it »
is found that far certain ranges of the pressure gradient parameter -
of practical interest, this can lead to serious numerical errors in
the evaluation op the integral I, heat transfer and skin frietion
(Rer 18, 74). € assumption of unit Prandtl number can be relaxed
easily and this can give mare accurate values of the boundary-layer-
DParameters even if the pressure gradient effect ig not considered,
Dewey (Ref 23) s Sullivan (Ref' 21), and Cohen ang Reshotko (Rer 75)
have given the values of I, 4 and 9, for different values of
Prandtl number ang th.? pressure; gradient paramenter 3. The values
of the integral I, 4y ana 9o/ Pn(i-9,) have been Plotted for

& Prandtl number of o 123 and for various B in figures 5 - 7, using
the results of Rogers (Refs 76 ang 77). It Ray e observed from
figures that Zero pressure gradient and unit Prardtl number results
are applicable over s restricted range of the barameter 3,
Discrepancies in the skin friction derivative fo can be as much

as 100% for an adiabatic walil,. Despite these inaccuracies, the
local flat plate bounda:y-laygr theory has been extensively used
because of its simplicity, e success of the methog nay be

rartly due to other weertainties involved in correctliy describing
the inviscig flow £ield which might compensate for the inaccuracies
and give acceptable agreement with measurements,

3.2 Governing equations for the inviscid flow fielg.

There are available a number of methods for determinipg-the
inviscid flow field past slender bodies at hypsrsonic speeds, Although
- exaet sclutions can be obtained by Tesorting to mumericnl rethods,
when the interest is mainly confineqd tc the deternination of the
Properties on the body surface, recourse is made to épproxirate metheds,
I%rticularly, in dealing with ihe rroblem of Viscous-inviscig inter~
action, thess épproximate methods relating the pressure at & point
on the body %o the local gecmetric broperties of the body shepe ofrer

Bkt e o i - -
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gbea:t simplicity., Some such approximate methods employed in the
viscous interaction problem are discussed below.

Newtonian approximations: These are applicable to blunt as well as
slender bodies. For slender bodies (with the approx:.matlon SmB=6
and (0w 1), we have

. Simple Newtonian formula: &)_ = |+Y Ma (dye/dx) 30241

. : P o) "2 'U”) ’
‘b, Newton-Busemann formula: W _ Y Mg (ge +ye Je 3,242
00
The Newton-Busemarn formuls alsc corresponds to the leading
approximation in the theary of thin shock layers for Y —>14. It

incorporates a correction to the shock pressure rise far the centri~
fugal pressure varistion across the Sheck layer.

Tangenit wedge approximations

In this extensively used approximation, the local pressure at
& point on the body surface is assumed to be equal to that on an
equivalent wedge having the same surface inclination. The tangent
wedge approximation assumes that the flow properties are constent
between the body-surface and the shock wave at a. given streamwise
location, The two-dimensiconal coblique shock relations simplified for
the limiting case of infinite Mach number are used for calculating
the surface pressure and can be written as

. /AR - /
B . g Y l/]?v dyo2 Y+l {(Y’H l z
W T m(aﬂ E T z:) MZ (O] | 3.2+

For M&da‘iﬁ 221, the equation 3.2.3 can be written as
o ;

¢
% = I+ Y Egi@_p V“’M (dye) V(“’) "’“(dx\V " 32

Similarly for M dy(’ s
o

B TG 2] s

Pro

The eguation 3.2.4 has been used by many investigatars to
calculate the weak viscous interaction effects, The first three
terms of 3.2.L are identical with the Busemann series for supersonic
airfoils, The fangent wedge approximation has the advantage that
it can cover both the strong and weak interecticn regions, whereas
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the Newton-Busemann relation is valid only in the strong interaction
region since far downstream the pressure does not asymptote to the
free stream value,

Proposed modifications:

In spite of their extensive use in tle viscous interaction
problem, the Newton-Busemamn formula and the tangent wedge approxiration
have been subjected to criticisms and modifications to overcecme some
of the objections have been attempted. In the Newton-Busemann relation -
the shock pressure rise is correctly represented only far deljfm77].
VWhen dealing with flow past general two-dimensional surfaces such as
concave or convex surfaces, the condition Myd¥f,»1, may not hold
good everywhere in the flow field and the Newton-Busemamn relatiocn
nay not be a good approximation for such f'lows. In particular, faor

* the case of a wedge in hypersonic flow, the Newton-Dusemann relation

does not give the correct value far the pressure far downstream where
the centrifugal force becomes zero. As discussed in Sec 2.4, Kemp
obviated this difficulty by empirically modifying the equation 3.2.2

”byk substituting 2y / (Y'-H) in place of. ¥ . Even with this modification

\it Shduld be realised that the resulting equation is correct only in

the. limit of Mogdy[’d?7’§ , and cannot cover the weak interaction region on
a flat plate.. PFurther, the modification introduces an error in the
centrifugal correction term which may not be seriocus considering the
uncertainties involved in assesing the extent of centrifugal correcticn

necessary for realistic values of V3= 4. Perheps, a more refined

modification, which at least removes scme of the objections levelled
against Newton-Busemann rule can be obtained by substitutingzthe 2
tangent-wedge rule 3.2.3 for the shock pressure rise term YMy (0Ye/4) in
equation 3.2.2, Alternatively, such a medification can be looked
upon as a correction to the basic tangent wedge rule to account for
the centrifugal effects, Tre complete formula can be writien as

“'?.Vl - L M | v {(Vﬂ)z L "vﬂ‘ ydbds
S .{”f?* AT B M T

The equation 3.2.6 can cover both the strong and weak interaction
regions and incorates the correct coefficient for the centrifugal
tern, In addition, it represents the correct limit for the pressure
on a wedge. 1t is impartant to note that the modifications’in
equation 3.2.6 is not just an outcome of heuristic reasonifg, but has
the justification , as we shall see later that it represents a logical
improvenent to the basiq%angent wedge approxination to account for the
centrifugal effects. /Yihile the application of equaticn 3.2,6. to

~ the viscous interaction problem was in progress, the author came across

a recent report by Sullivan (Ref 63) suggesting a combination of
'tangent wedge plus centrifugal' formula based on similar reasonings,
However, the analysis of Sullivan is limited to inviscid flows past
cusped concave surfaces, whereas in the present work the main interest
is to study the viscid-inviscid interaction and also the leading
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edge bluntness ef‘fects. The form of the equatian: used by'Sulli\ran

'CP .‘ 2 (l C) (/K'S” j_] '\-ZB{'X) d B(X) 3,2.,7

-where

CP,Z i’w ]%3/61) ]

o Kee MefEdx [ M dBde X
PRI 3 Z0-6 _ { 200 E
| E = ,C{"l)/(y'ﬂ) 5 BGO : Bedy shape -

It can be shown that eguations 3.,2.6 and 3.2,7 are identical,
The tangent wedge approximation asssumes the curvature of the: leading
edge shock wave to be small and is considred to be in errcr f or two.
reasons (Refs 36 and 74):

(i) It neglects. the centrifugal effects, and

(ii) It does not sccount far the variation in flow inclination
angle between the shock wave and the body.

Ices (Ref 74) has shown that these two effects are of opposite
sign and tend to cancel each other, The degree of cancellation
depends on the value of Y and for Y—>1, the correction for the flow
inclination will be much smaller than that for the centrifugal effects.
lees modified the tangent wedge approximtion far these two effects
and suggested the following formila.

By ¥ (Y1) w2 /g Z ,Y?-f> diy R
-—‘5‘;—— me( ?{9)—'\’\/(‘ ——f y@'g:x—zmw 3.2.8

The equation J.29u is called 2rd order tangent w dge in R& Tire

Hayes znd Probestein argue (Ref 36) that the errors involved in
estimating the correction for the flow inclination angle are of the
same order as the uncertzinties involved in the centrifugal pressure
correction ., Hence they account only for the centrifugal effects

Vaars

and suggest the following modificatien.

7; =1+ M’OV+YW‘§09§/ 3:2.9
() | -e R

"

= 1) /(r+1)

€
Rb = Redius of curvature of the bedy
(+, Concawe)
2‘ .,
dYy
& >0
dx

where

_Lv
Ry
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For slender bodies, equation 3.2.9 can be written as

2 2, PR
oy, TMe (dYeldd” by d%
7R =

For M@d})f/dx?’ﬂ , the equation 3.2.6 and 3.2.10 are identical
énd this suggests. that the correction incorporated in equation 3.2.6
- is justified as long as the flow inclination effects are small., The
equation 3.2.6 may be mare useful since it represents the shock
pressure rise correctly even for moderaste values of Mgy However,
in the weak interaction region, the effect of the centrifugal terms
is of higher order compared to the pressure increment associated
with small flow deflections, and may not introduce serious errors.

Now, considering the modifications represented by equations
3246, and 3.2.8, for Y greater than unity the corrections suggested
can be significantly different in two cases. Iees (Ref 74) ms :
compared equation 3.2.8 with the exact value for the initial
pressure gradient on plane ogive and the agreement seems to be better
"than 5% far 1 £ Y« 1.5. Iees' modification suggests that for
Y = 1.4, the effective correction can be much.smaller than that
given by purely centrifugal effects. In the present work, the
application of both the methods will be considered to the sfudy of
viscous interaction and bluntness effects. For corvenience. the
equation 3.2,6 will be referred as 'Tangent/plus centrifugal' or for [ Wedge
brevity 'TW + CFGL'., Similarly, the equation 3,2.,8 will be called
'2nd order Tangent Wedge'.

The surface pressures calculated from various approximate
formulae discussed in this Section are compared wiih the results of
hypersonic selfesimilar solutions (Sullivan, Ref 63) in figures 8
and 9. TFor power-law surfaces (.YeoL x ) , the equations 3.2.i to
34243, 3.2.6 and 3.2.8 can be written as (dez%fx -7 14 ).

ﬂfﬁ"’“’ 2
Y oy lhey (@Yein)

Newtonian

1.6

Neswton~Busenann

(22

n-1
e = = |-+ =

—"' " — = (Y'H) } Z

.
N

"

Tangent Wedge{TW)

W + CFGL 2 P I )
Z n

2nd order TW

”

., : - 2
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For Y = 1e4, the pressures predicted by the TW + CFGL formula
are slightly higher than the similar solutions, Sullivan suggests.
that the error in using the IW + CFGL farmula as compared to the
exact solution far finite My should be less than that of hypersonic
self-similar soluticns. The Newton-Busemann rule estimates are
slightly lower than the similar solutions and the difference keeps
decreasing as 1l increases. The results: of tangent wedge appro-
ximation, 2nd arder tangent wedge and Newtonian rule are much lower.

3.3 Behaviour Jf the hypersonic boundary-layers on power low
surfaces: ’ '

The asymptotic behaviour of the boundery-layer on a power-law
surface can be determined without sclving the complete viscous
interaction problem, From eguation 3.1.27, the non-dimensiom 1
displacement thickness “p* is

| Xz
M ( "oidg
T

Assuming the inviscid pressure distribution follows a power-
law P =k X', A* can be written as

L, -M
A* 1 I2” "
= —_— 1\
Tk (maD]%2
For m = O, the boundary-layer will be growing under constanti
pressure and we have the well known flat plate boundary/result N ¥2. [ layer

For m > 0, the boundar‘?y-layer/is subjected to an adverse pressure
gradient and the behaviour deperds on the value of m,

3.314

(i) For M< 1, the boundary-layer thickness A* increases
with X as pressure is increasing downstresmn,
ice, %A_* () (known as sub-critical behaviour)
. P :
(ii) Fo'm = 4, the boundary-layer thickness A*® will be
, constant for all X even though the pressure is
increasing

(iii) Far m »1; the boundery-layer thickness A* decreases
, with increasing X, though the pressure keeps imcreasing
i.e. %é," <0 (known as super-critical behaviour)
D

The sub~ and super-critical behaviour discusseéd above is entirely
dependent on the pressure distribution and is independent of the
mechanism causing the pressure distribution. Po example, the pressure
distribution can be imposed on a flat plate by an external bedy. In
particular, when we are dealing with concave surface flows, the
pressure distribution far downstream is mainly determined by the
bedy incidence,  If the bedy-shape is given by I,=X" , it my be
easily verified that all the pressure laws for large X and the self-
similar solutions behave like



P =C X e T  3.302
‘ wher_e'. , mn =2n - 2
c, = Constant

B

The value of C, will be different faor different pressure laws.
Depending on the vali‘ze of n, the boundary-layer wi 11 be of ewther
subcritical or super-crltlca.l type as shown below. .

Sub-critical

: A‘ m £ 4 corresponds N £ 3/2
Constant thickness :t m=1 correspords N = 3/2
Super-critical t m oot carresponds N 3/2

The behaviowir» of the boundary-layer thickness for large X on
concave surfaces is obtained by substituting for kand min
equation 3.3.1 and we get

AMmo(3= ’ 333

where C, is & constant vhose value deperds on n and Y only, and will be
different far different pressure laws., The actual expressions far

C1~ and 02 heve been tabulated in Table 3.1

The sub- and super-critical behaviour of the boundary-layer on
concave surfaces was pointed out by Mchammadian (Ref 69) by
considering the viscous interaction analysis of Cheng (us:ufso Newton-
Busemann Jaw) and also its modified version using the tangent wedge
approximation, From the present analysis, it may be seen that the
sub- and super-critical behaviour is not restricted to Cheng's analysis
or to its modified version but is true for all pressure laws, 1%
is also important to note that this behavicur of the beundary-layer
is not because of the viscous interaction effects but is entirely
determined by the inviscid pressure dis tribution far downsiream.

The character of decay or growth of the boundary-layer msy be modified
by the viscous interaction effects to a. certain extent.

In figure 40, the asymptotic behaviour of boundary-layer as
given by equation 3 3.3 is shomm plotted far Y = 4.k, and for
three pressure laws (I\nvrton-Busemann ™ and TH + CEGLB, The sub-
critical and super-critical behaviour can ba explained as follows.

The flat plate boundary-lsyer theory used doss nol necessarily ‘
imply that the body is a flat plate but is related to an equivalent
flat plate by a cocrdinate transformation. invelving the local

pressure (Ref 18).  When the pressure is constant, the-boundary-layer
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TA:BIE 3.4
Mathod o : e

- 5 2.2 2 Uz
"Newtonian - Y M OC {'YL (Zn’ D—l

; | e o . —)[2
Newton-Busemann \fM&a{s-n(Zn—l) [Yl (2n-1) ]

T I, | ., Ak

Tangent Wedge Y (—Yz-‘.) Mﬁods n ‘ [ \%—] n (2')’\ -l)}

B 1,
TW + CFGL YMmo( I % yenn- D} [{YH T4 (n- ))} (2n-1)
. | 2 ‘ /2
ond order TW YMmofs[H, N+0Mn- ’)} L{YH n+dnn- )} (2n- ‘7}

Self-similar obtained by numerical integration

solutions : (Sﬂe Reference 63)
. . yw :
Note: Y =X, X X= %L
U Ty W 0{ ] s
7 3hg
F=1- Y-l
V—

grows parabolically downstream. Since the pressure is also increasing
domnstream, the local unit Reynolds number also increases downstream
which causes the boundsry-lsyer thickness to decrease. Far n= 3/2,
the two effects tend to cancel each other giving almost a constant
boundary-layer thickness. VWhen n 7 3/2, the growth of the boundary-
layer is mwuch slower compared to the thinning effect due to increase
in the local unit Reynolds number and the boundary-layer thickness
decreases downstream. Similarly, from a reverse argument it 101107
that the boundary-layer thickness ircreases downstream far n < 3/2
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- The complete solution of the v1sc1d~1nv1sc:.d interasction problem
requires a simultaneous solution.of the equations derived in Chapter
III. In the following analysis, the displacement surface is assumed
to represent a stream line and the pressures are calculated using
the pressure laws described in Section 4.2.. The solution far the
case of the tangent wedge approximation and the Newton-Busemamn rule
when applied to general two-dimensional shapes have been g:wen by
Stollery (Ref 22), The original work of Cheng (Ref 32) using the
Newton-Busemann rule/mth only flat plates. /g4ealt

4.1 Cheng's snalysis:

The governing =qmtions for this can be written as

rﬁ%s*a“ A;i [ EP ax]‘/z o

kYM;(Hé+&k%) lat o2

x ;
_where He.—- ,‘Jw+8 ¢ Effective body slmpe

!

E"’O
U

Hw.; Geometric body shipe

- 06 ) (14 2.6 o)

for local similarity

>
t

i

T
046k 12 (1424 —%":) |

for Cheng's analysis,

The difference in definition far A arises from the fact that
Cheng's analysis uses a consistent approximetio: nlt-1k0]} 4 for both
the boundary-layer analysis and the inviscid flow fizld, The use of
the Nawhbon~Busemann rule which is the leading eppreximation cof the
thin shock layer theory, implies that the shock-wave coincides with the
edge of the 'boundary-layer and an inviscid region separa"ung the

'boundary-«layer and the shock wave camot be defined.  The equations
hotl ol and Lot ? are combined to rr:wn Y * )
2
i,‘Z . ;
/ Aran
e [ () z] : (.7”,..5) s
\rh/l"r . . el o
_ 4171 o

The right hand side of eguation 4.41.3 is @ constaent, For a

28
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flat plate at mero incidence ( ¥, =0 ), equation 4.1.3 admits a

solution 3
b MEY, 2% (hYME\
TR TR

Correspondlng expressions for pressure, disph cement thickness and
;  Stanton number are given 'by .

Lot ok

}/ . ‘ . /Z, — '
. / A P = (3/4_ Y—) Ax Lie5a
: | | * l ; o
Mg$ A ¢
. : ‘ ’X .1.
B (5 A | .
St ] 4 -
v - 1. 3y La.5¢c
Sk Z ) (AX

| 12
where SP() - O-337~ (-C/Rex)

For the case of a general curved surface (y ol X~ ) , the equation
4.1.3 can be written as % Ref 22)

(2 F &){(%z ’Z}%i ,4.1=.6 '

where - 21«) = :‘;‘C Equation of the surface

2 Y. _ A,
Zu o(ch'&“ /L'C

£ o y
L’c . (p* xx)/(wm,ﬁdﬁ) R e
X,
.‘g/%dvc—z*?ﬁ kAT

P~ (22"
7 2, = L. 7b
YM y

A-SF o (g*\
6330y o (2 :;.‘éf“) ofele )

It may be noted that far the case of a general curved surface,
the equation 4.1.6 cannot be integrated in closed form and reguires
to be 1nt=’grated numericaliy for the given wall shaps, The initial
conditions for .x.zwcvl ation are obtained from ti= DuI‘OuD interaction

solution given by equation 4.4 4. Sgollery (Ref 22) showed that
far concave surfaces the equation 4.4 .6 yields quantitatively

.7



unrealistic .oscillatary solutions, The severity of the oscillations
predicted by the theary was attributed to the over-correction of the
Busemann centrifugal term in the Newton-Busemamn pressure law. The
oscillations in pressure and heat transfer were found to be about _
the value given by

P g
ST, X

for n=2

30

—= Inviscid Value 4.1 08-3.

/—\ St ( )12 Méoalc ’..lmogb

- ’ : 0-332x lLVD(C
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Cheng's analysis is based on the approximation that I;T:}_‘ Z4 9
or Y —+1. It is quite possible in many pracitical cases, in
particular for Helium, Y can be quite different from unity and can
lead to unsatisfactory predictions even for flat plates. = Kemp (Ref
38) found that Cheng's theory under estimated the pressure and heat
transfer rates in the strong interaction in helium at Mach 42, To
improve the predictions, the Cheng's theory was modified using the
pressure formla 3.2.2 and following relations were obtained for
a flat plate at zero incidence in the strong interaction region,

2o\ - :
M?)otg - | 325_[ 5, (EBL) ‘XG:] o 092
, /g -
P - 2 [E_’ﬁ 'Y”‘XQ . 4ot 9b

n
¢ [0 651;+I¢37‘*’ }Mm8p~ 0-219 { /7" y /W bt o9
where: A1 = L”,Z'_’ H B:: ')r

The equations L4.1.92,b and ¢ reduce to Cheng's results when
g, =B =1. The bracketed variagbles on right hand side can correlate
e)q:»erlmental results in gases having different Y . The modification
introduced by Kemp gave good agreement with experimental results in .
the strong interaction region. '

Modified Cheng theory: Stollery proposed an alternative anaiysis by
mibstituting the tangent wedge approximation (equation 3.2.3) in
place of the Newton-Busemann formula used in Oheng's analysis. The

governing eguations for the analysis are cbiained by combining

equations %,1.27 amd 3.2.3 as

33 P 38#[” [Mﬂo”’)%} Inviscid Value L.1.8¢c



© 3127 and 3.2.56 can be written as
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Vhen M,A;= 0, the above equations reduce to the case of a
flat plate at zero incidence and the pressure distribution depends
on th: viscous interaction parameter 4 through L. For other
surfaces, far each Mgo{s there is a different sclution.,  Fhe pair
of equations L.1.40a and b are solved numerically by forwsrd integration
starting near the leading edge.,  Near gle leading edge, the equations
admit a solution of the form P = kTW X" and by substitution it may
be found

| o - 'f2
m= -4, Ky = 3 [y(yﬂ)} bt o10c

The results of the calculations obtained by numerical integration
by Stollery indicate for a flat plate at zero incidence; a smooth
variation in pressure and heat transfer rates from strong to weak
interaction region. A similar variation was found for the case of
a concave surface instead of the quantitatively unrealistic oscilla~
tory behaviour predicted by Cheng's analysis, ‘

4,2 Present analysis:

In the present analysis, the ' TW + CFGL ' and ' 2nd order
Tangent Wedge ' pressure laws discussed in Section 3.2. will ba used

ik
to investigate the viscous interaction effects. FMirst, the appli-
cation of the TW + CFGL rule will be considered since it can cover
both the strong and weak interaction regions. &s in the previcus

analyses, equation 3.1.27 will be used for the bourdary-layee growth
but for the inviscid flow field equation 3.2.6 will be used.

Ao Flat plate at zero incidence?! Par this esase, y_ happens to be
zerc and the effective body shape y is given by t}i§ edge of the
- displacement thickness §¥ of thke bouddary-layer. The equations
%

|
;xS
PVe= ( [ pd¥)

' [8]

J

or differentiating
dp
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O X

<
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where Ye ='—Z—S— 211
| X =2y Is= Ny oA

The equations 4.2.1 and 4.2.2 form the basic egquations for
further analysis and are required to be solved for P and Y . The
complete solution can only be obtained by numerical integration.

The inviscid equation is of second order compared to the first order
tangent wedge equation. To facilitate numerical integration, the
equations 4.2.1 and 4.2.2 are written as

de _ 1 _Ppay
ox ~ Ye ( e £ d:j

b (g le--f e eband o

In order to start the 1ntegra‘clon, thp behaviowr of P near the
leading edge is required. This is obtained by writing P = k X
where k and m are to be determined., Using eouatn.on L.2.1, the
corresponding expressions Tor Ye R d E/dx and d \/eﬁlc‘_n be written as

Ye = k1'Xmi ’ C L.2.ka
Ve m, v
= kX Le2.hD
gz_i’g =k, X' : be2olic
dx* |
where. ‘ "\/Z

k= [m(mw] 5 om, = M

4 bE =

K = "IZ,'WM i n"\vz = - (‘TWL)/Z

kj, = "k,z, MZ 3 %rLS - (3’}‘“’1)/2.

- Substituting for Y, ‘,C’ end Y'' in equation 4.2.3 and noting
that near the leading ndge ¢ >74 end Y 71, k and m can be
determined by equating the coefficient arxiepower of X, as

mE-% 5 g orer T [V(Vfl)—lié - %‘\"} 2. S0k



' If the centrifugal forces are neglected and only the tangent
wedge rule is considered, the term § ¥ in equation 4.2.5b will be
absent and the expression far k will be same as equation 4.1.10c.
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By comparing the expression for k, equations 4.1.10c and 4.2.5b, the direct

effect of centrifugal farce in alleviating the pressure can be seen.
Knowing the behaviour near the leading edge, the integration can now
be started at a point where the values of d Pldx and d?Ye/dx* ard the
leading edge solution 4.2.4 agree within the desired accuracy. The
complete solution was obtained by this method and the results are
discussed in Chapter Vi. Xnowing the values of P by numerical
integration, the heat transfer rates can be calculated from

: \
02 Apig - 0066k pg'? -
Yy'\‘l . 0 % ‘)’h+l . ,4‘2.6
where R = | Padg k2.7

To facilitate compariscon with other theories and experimental
results, the pressure and heat transfer rates have bsen plotted
against Fe = 2 QY = 2 ;(‘lz

¥l T+

" Substituting the value of ¥V in equation L.2.5b, the strong
" interaction solution for pressure can be written as

V= 5/3 P o= 1.3693 AX 42,88
Y= 1.4 P = 4.1683 A% 4.2.8b

Now, we shall express the pressure and heat transfer rates in
terms of the parameters defined by Kemp in equation &4.1.9, so . that
@ direct comparison of the present theory with strong interaction
results can be made. The expression far P can be written as:

. Mg 3
F’L Y-+ "o, —
P -k LT(H‘}] L ( 7) Y ‘X% 4.2.9

The quantity within square brackets is the same as Kemp's

veriable and k is the constant in the leading edge solution P
Substituting appropriate values of k, we get

] ] 14
o, Vo . 32 Vo A
W . o= 2. . — 2 Y’*'i Y
TW Rule: 1;_4[7"(\%—1-!)] ; P"Z'Z[(’Ti)’v ’XC,»
. : 5/2 )
o Y4\ 0y
A P =.1 - 051 [( “‘7?“) . . \e-LX-aztjo

#
as calculated by using equations 4.2.4 .and 4.2.3

ar
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XV’(Y»«I) 3/4\) - fﬂ

"TW + CPFGL Rule: k

e (3o [ (9]
7 \ 2 T+l
For T=1.4 P =0.90 [ (Yii') Y . 'Xe] k2.4
| S 3 !
Y=5/5  P=0.919 I (Tj_z‘ ey 'Xé} he2.12

Kemp's Sqlution: P

i

l2 - ,
0.866 [ Y"“i T\I XG] he2.13

From the above equatlons, it may be noticed that for the case
of‘ the tangent wedge approximation, when the pressure is expressed
as a function of Kemp's variable, the result does not depend on the
value of Y as in Kemp's theory. If the IW + CFGL relation is employed
. the result depends on the value of T , but the dependence is rather
weak, Similarly, the haat transfer rate can be expressed as -

| ) ’ : 3/
e (0-66h+ !3‘3 )M St ccms,ta,nt[(y 5 y,/4' fxez] ha2.4k

The value of constant in equation 4.2.14 depends on Y only for the
TW + CFGL relation and is given by ' \

: 0”2%[ (/”) é’(v’»ﬂ)}

The numerical values of the conStant are tabulated below

0.219

~ Kemp's theory (for all Y') H =
Tangent Wedée (for a11 ¥ ) = 0, 242
TW + CPGL (Y = 4.4) 2 - 0.223
| ( ¥v= 5/3) s = 0,225
( Y= 1.0 : = 0.219

As in the case of pressure, the dependence of heat transfer
on Y when expressed in terms of Kemp's variable is very weak. ‘The
IV + CFGL rule and Kemp's theory agree very well and the tangent wedge
estimates are higher in the strong interaction region.

The solution valid far downstream in the weak interaction
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region can be obtained from equation h.2 3, bj expanding in pomers
of Y. (i.e. Y'<< 1) as ,

P= 1+ 1"\13 +[Y\/ \/(’, —\—Y—(—!ﬂ)ye _J+——-’1+2.15

Since, in the v-eak interaction region Y < XZ we get

P - 1+fzm+o(;\2&) C L2as

It may be noted from 4.2.15 that the effect of centrifugal =
force in the weak interaction region is of higher order and the first
two terms carrespond to the tangent wedge solution. (r.e OiZ)CGempared wcfk
O (™), A 57 1) _

Analysis for power-law bodies: The scope of the analysis using the
IW + CFGL rule will ncw be extended to a general power-law surface
and the simplification of the equations when the inciderce parameter
- is large will be considered.

The effective body shape Y, will now bte given by the geometric
body shape y plus the displacemeént thickness, Thus, we will novw

have three eguatu.orw far determining the pr essure, bokndary—layer
thickness and the effective body shape

5 _
+ § 3 y, =kx

MmS% i (f:?d)(jlz
Ls P

"'z.

: Y F. /'\ 7‘ nt "2.
dye\ | Yl p{YH H FYpYht
? L+ ymy, (dij [ T - {\T) de‘de/dx) +V%ede

-

Choosing & length scale L sz '5(:7{, the above eguations can be written
in the non-~dimensional form as

;@E:J_(-_L._P A*)

ax = -A¥ 9 N¥ ax L.2AT
R N
dve  p.1-7(70) [T ""1(*4“/*@»'%5) L
dXZ = l+-.da18
Y Ve
X
&, A‘* = M@é‘ = \/ewvlmws \/W 42,49
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X H Bm shape

where Y =
. w
YW = yv/ 0(8 LS‘
X =x%/L_; Y = Mmye/Ls

S e

The equations 4.2.,17 -49 are of the same type as for the case of
a flat plate at zero incidence and when MpX¢ = O, they reduce to
eguations L4.2.,1 and 4.2.3, Near the leading edge, the dominating
effect is that due to displacement and the boundary-layer growth -
is similar to that in the strong interaction region of a flat plate
at zero incidence and the effect of incidence becomes important
downstream, In the limit, the pressure reaches the inviscid value
asymptotically., 4s in the earlier analyses, the equation is singular
at the origin and the solution is obtained by starting the integration
at a point close to the leading edge and making use of the strong
interaction solution given by equations 4.2.5a and b. Far each M %
and n, there is a separate solution. As in the case of tangent wedge
analysis,. the important parameters governing the flow are Maoﬂgan& AT .
Far MuXg=0, the flow is everywhere similar to that on a flat plate
et zero incidence and higher approximations can be obtained by
expanding P and Y_  in powers M, » Far MAs>»1, the equations
4.2,4719 can be gxpanded in inverse powers of M, using the trans-
formed variables (Appendix A) :

-

3/(472—3) -  Lp.90a
('Aéoo(5’> 4.2.20

Y. . Y, (Mwogs> _ | %.2,200b
xp = X (def  h2.200

Substituting for P, Ye and X in 4.2.,47 and 4.2,18, we get

) [ [hi]® e

o . ", 4
2] v+ ()’H S
¢ =Y [77"*"{ T)+{Amﬁ%j)?’%-? w1

’ 1 _ -2
FIYY 4 () T

It may be noted that for an inclined flat plate n =1, and.
the expansion is in powers of (wafj) and even the zerceth order
terms my be quite accurate and as n increases, it may becone necessary
to keep higher order terms. The zeroeth order spproximation can

L.2,22

be written as
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“.{’1:0 ( Yoo - 5 ) = [ L”Piodli]
| | 4.,2,23
i

-vf’io_" V(;f-)r))yiv + VY5950

L.2.2h

where ‘!)ioand y[o are the zeroeth order terms in the
expression for /)1 and ¥Y; for (Mepds) —> 0. If only the tangent
wedge rule is employed, the analysis is still applicable and only
the term Vywy,b will be absent in equation 4.2.24, Far Mpde?1 ,
it is possible to relate the pressure distribution and heat transfer
on different bodies belonging to a particular family of shapes
by using the variables 7,55; Yi and A . It may be verified easily
by using the relation between M R;and MpA; that the variable
differs from the non-dimensional variable ¥ in Cheng's analysis
(equation 4.1.6) only by a constant. So, by using Cheng's variables
in equation L.1.6, it is possible to treat the case of M4 >4 for
all the pressure laws in general., This will be attempted in the
following Section, ' '

.‘ . Y
4.3 Generalization for Me ek

With I_ =1 in equation 3.1.25, the general equatlon far M@dfﬁ >7!

can be writtén as x '
My 8" AX X d ;

1 TP N k3B

-_ye=yw+g’

- : 2 ' ] '
a o M (Y 4% Y)  ase

‘The values of a and b far various pressugre laws are

i) Cheng's analysis a =1 b =1
i1) TW + CFGL : as [’25.’ b=
iii)  2rd order TW : a = V4! b=f- ,!—f:rl
iv) Tangent Wedge 3 a= 7+l b=0
2
As in Section 4.1, writing ' ?" 9
Pl / Axn
B T ? Te T 8 4 A
¢ 4y Mg,
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Combining equations 4.3.3 and 4.3.4, the general:.zed form of Cheng's

equatlon can be written as
!

| | | , 0y ‘
' (2—2’0) { I,(ag'ﬁﬁ%‘%")dﬁ | =1 1.3.5

For Cheng's theory, a = b=1 and equation 4.3.5 redwces to
equation 4.1.6. The expression for the boundary-layer thickness,
pressure and heat transfer will be

& Lz, o
O(CLC ‘ ' ' 1}1306&
7 "

P . e+ 527
YMGZ;Z?(CZ | k_-i L.3.6b

AL [.L)
0332 4vdé  Z-Zu de/ 360

From the above analysis, it may be seen that the perameter
goverm.nrr the combined effect of irgcidence and viscous interaction
Jis (/"?mc/ﬂx). It should be noted that if the length scale used is

92‘94 x s the results stlll depend on Mco"(s separately even for

Ma %f’ =1

The analysis for Wdﬂf‘/d)n >>7 41311 be useful when dealing with
conceve surface flows. Nesr the Zl.r.nx?.:mo edge, the dispiacement
effect will be strong and hence Mdv 5,’75,,7*71 , anrd far downstream also this
condition is satisfied because tne inciderce is large,

¢ . . .
The strong interaction so*utlcn of equation L.,3, 5 “or

can be obtained by putting 2,/ and this gives for the pr

Senre
Sl v

nre
rre
gessur
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-)r b/)foo(g' - . 2 ll'-'3e7

Substituting for a and b in 4.3.7, the strong interaction
solution for any of the pressure laws can be written.

For Y =1, a and b will be equal to unity far all pressire

laws except tangent wedge. Knowing the behaviour near the leading
edge, equation 4.3.5 can be integrated for any given body shape z .
The results of the calculations obtained by numerical integration”

are discussed in Chgpter VI,



- CHAPTER V

- IEADING EDGE BIUNINESS EFFECTS

~ In the present Chapter, the analysis of viscous interaction
theories for sharp nosed slender bodies discussed in the previous
Chapter will be modified to the case where the leading edge is
slightly blunted, The effect of the blunting of leading edge is to
produce a very strong bow shock wave which induces on the after bedy
pressures which are much higher than the free stream value. The

analysis of the probler requires a consideration of the combined effects

of bluntness, displacement and incidence. This is treated in Sec 1.
~ For certain after-body shapes, the displacement effect can be much
 smaller compsred to the bluntness and incidence effects.  Therefore,
the inviscid problem with nose bluntness and incidence only, is
considered in Section 2 and some closed form solutions obtainable
when the after-body is a wedge are pointed out. ' v

' 5.4, Bluntness and Displacement Effects:

. The flow pattern for the hypersonic flow past a blunt nosed
slender body is shown in figure 3. The blunt leeding edge introduces
2 strong entropy gradient in the downstream flow which ca signifi-
cantly modify the pressvre and heat transfer on the after-body.: The

effective shape of the body is given by the edge of the entropy layer.

Fa Y—>1, Cheng {(Ref 32) shows that the pressure variation across
the entropy layer is small and the pressure on the -after-body can be
assumed to be equal to that at the edge of the entropy layer. Cn
the basis of the thin shock layer theory, the pressure 1 at the
outer edge of the entropy layer y_ is given by the Newton-Busemamm
formla (equation 3.2.2). Howeveg, in order to determins  the
pressure and shock shape, one more relation between p_  and y is
required. By an analysis of the flow within the entropy layer
Cheng obtains the integral relation between the pressure and -the
cross-sectional area as '

| r . |
('He—}/A) "ﬁe = louotond R

Consistent with the thin shock-lesyer assumption, the equation 5e1 .4
was further simplified by putting Y =41. As x-—0, y, tends to
gero, ¥y also tends to zero in such a way that the product y p_  is
consten®. This constant is related to the drag of the blunt“nése
and is determined by considering the balance of momentum in the
streamwise direction. This leads to the following simple pressure-

erea relationship. "
Pe (Ye- %) oo o

——ere.

Y| 2 5.4.2

is the drag of the blunt nose.  The equatibn 541 o2

where DN

40
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along with a suitable pressure law: determines the prcblem completely
provided y is known. - When the boundary-layer displacement effect is
_small, y. is the actual shape of the body. In the presence of the
dlsplacement effect, one more equation relating the displacement
thickness with the pressure, derived in Section 3.1 will be required.
Expressing equation 5.1.1 in non-dimensional variables, the
governing equation can now be written as

p (\/e;\/?) = kS. | s ,/2; 5a.3
Vg "'»Mcodsyk/ + g”l!;@ |

P = '; (V)\/e) ' 1 .5.1.5

5tk

) . ' A{%o«l/f’
: 4where , J&.{ = x/Ls. s I = ._—'Z;—-
: Xn , \/ = ..y-—l‘-')— '
| W dshs T

Y l) Mas Cont W
KS. =3 ks

It}

The second term on right hand side of equa tion 5.1 .4 represents
the modification of the actual body~shape by the displacement,
The function £( Y, ¥ ) represents a sultable pressure law such
as

(1) Newton-Busemann L 1"
(used by Cheng et al(Ref 32)) P- (Ve + Ye Ve )
' )

.. . 2 -u- : 2 ;

ii ent Wedge ! » +1 1
(_)%g!tlzllzr;rz%a.l Ref k1)  P- [+ ¥ Y [iﬂ+{,”ﬁ‘)+ 12 _/
’ . 9 , [/

iii)TW + CEFGL resen ! I +
(iii)TW + CFGL (Pr t) -AP: iv_{’yye [Y%‘__'_l (Y .71 _—Z—j ]—ry\/e/e
(iv) 2nd Order TW (Presert ) P- YgZiL) %—F Ve \/e( g )

5.1 °6g,b,c,d

Fer the case of & sharp _leading edge, K will be zero and
the analysis of the previous chapter will hold gocd, For given
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values of Mach number and leading edge drag coefficient, K can be
interpreted as the ratio of two lengths, nhamely - the ‘Clp Zhickness t
end the viscous interaction length scale L . The equations 5.1.3
to 5.1.5 can be integrated numerically for the given body shape Y ,
incidence paramester Mbooés and constant K .  However, the equa.tﬁms
are singular at the origin and the :Lntegratlon can only be started
at a point close to the leading edge. The solution valid near
the leading edge can be obtained by assuming P =k X" and by
substitution in 5.4.3 and 5.1.5, we get the values of k and m far
various pressure laws, The result is '

| | 3 .2/3
‘(i) Newton-Busemann Rule: P= (—ZE}— eréj X vs 5472
(ii) Tangent Wedge $s P= %) T(Y'H) Sl] X y 54170
) »
(iii) TW + CFGL : P = (% )fzkf l‘)x'% 5.7
! ,
(iv) 2nd order 1W : ‘P = 162/3 [% y(V+ ‘)‘%7 Y§ ] /;Z/S 5.1-7d
where | 6V = I". X‘%}"!’

The behaviour of P near the leading edge being known, the full
equations 5.1.3 - 5.1.5 can be integrated and other related quantities
like heat transfer and skin friction can be calculated. From
equation 3.1.32, we have
- 0-684 §64

28 = Mbo (fPOX//'_ | 5.1.8»

?Near the leadlng edge P ={pX &£ where ao is the coefficient
of X7° in equations 5.1.7a ~ d, and Equation 5.1.8 can be written

. as |/ "56
ﬁh/m \/é : 549

o facilitate :mtegratlon, ogaztions 5.1.3 and 5.1 .4 are comblnad
to give

dpP i 'P el
| L — —pdé&
ax | Se -Q(Pge’.l@ dxj .51.1é

where Se - Y, - Mmq’syw 5.1 011



£3

The presSur.e laws can be written as
| P-YYe Ye
aW;

(i) Newton-Busemann 3 2 : er | | 5442

o | yH G Iz |
(ii) TW + CFEL ﬁc _wﬁ-}——l"’”‘ 51413
| 4

0

‘ ,: Y (v w!)
(i3i) 2nd order TW s dzye - P \/ 5160l
| S
ax* vy Ye
(iv) Tangent VWedge : odYe P! | , 5siei5

\"

—— —— T )
dx Y{ | + z}i (P—D} &

The equation 5.1.10 can be integrated numerically along with
any one of the pressure laws, The results of numerical integration
for the case of a blunted wedge are discussed along with experimental
results in Part III.  Cheng et al (Ref 32) obtained a closed farm
solution of equations 5.1.3, 5¢1+4 and 5.1.12 for = blunt plate with
Gisplacement only (Mgt = 03 Their results indicate f10 z %ef z:’-ﬁc 2, [toy
both the bluntness and the displacement effect will be important.

5.2 Bluntness dominated flows:

The gnalysn.s of Section 5.4 will now be s:.mpllf:l.ed to the case
where the displacement effect is negligible. PFerticulariy for
curved after body shapes and for blunt flat plates at large angle
of attack, the dominating effect will be due to bluntness near the
leading edge and body incidence far downstream., :Fa such surfaces,
ignoring the displacement eff'ect simplifies the problem and in some ca.pey.
leads to closed form solutions.

The goverm.ng equations in th:x.u will be only equation 5.1.2
with a suitable pressure law. First, the case of a blunt flst

plate at zero incidence will be treated using the Newtonian formila
(equation 3.2.1) for the pressure. ’ The equations can be

written as . _ |
‘&&e 93 = ()"—l)' DN/Z v

 wa e = ) +fM@/dy€/d1) 5,22

or choosing a lenght scale L the equm tions 5 24 and 5.2.2 can be

written as
) MEGE Ly :
p'\/‘? T T &LD Al T s




P - I—t—T(d.y)f)z

v.".'hereg X = x/L Y = (Mm ye)/L

B

Combining equations 5.2.3 and 5.2.4, we get

K . Ye [ | + %/y\z)lj} . 5.2.5

It is interesting to note-an analogy between equation 5.2.5 which
describes the hypersconic flow past a blunt flat plate at zero inci-
dence and the classical equation for the Brachystochrone*, By
ana.logy, the solution of equatlon 5.2.5 can be easily written as

/2 ‘/1
- K S ( Ve ) — ( Ve - ) K
The constant K, will be zero since at X =0, Y = 0 and the
solutlon can be wr:x.t%en as : ,
, - 7 ‘
\ k. e
X_, = K|dm 7{5) Xé Ve //) Y 5e2.7
Y‘/ 2 : '
The equation 5.2.7 represents a cycloid in the transformed.

coordinates Xfhand Ye¢ , where K is the diameter of the gererating
circle. The choice of the length scale is still arbitrary and can be

44

chosen in such a. way to make K = . For X — 0, it may be verified

by expanding 5.2.7, ’che pressure behaves as
P ( ) /3 2/3 » .
K . 5.208

which is the correct behaviour when the blast wave effect of the
leading edge is strong {Ref 32). It must be noted that in using
equation 5.2.7 that it is applicable only in the region where P >71
since the Newtonian formula is valid only in the limit of infinite

. Mach nuwber. This example is considered, only to exhibit the
analogy with the Brachystochrone equation.

Biunt flat plate at incidence: For blunt flat plates at incidence
the governing cquations can be written as

. 3
P (Yo-My8 %) = “ (-1) g ot -k e

The Brachystochrone equation determines the shepe of the curve beiween
two given points A and B for which a particle released with zero ini-

tial velocity at A and acted upon by gravity alone would dsscend to point

B in the shartest time pos.<:1b‘lc., The equation for such a curve is
same as equation 5.2.5. (Ref 84 and 85).
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1)

where 9 angle of attack

X = /L, ¥ o=,y )L

n

: Tre equation 5.2.9 can be integrated in conjunctidn with any
one of the pressure laws (equations 5.1.11 to 5.1 45). In general,
the equations need to be integrated numerically. Cheng( Ref 32) found
that when the Newton-Busemann relation is used, the results exhibit an
oscillatary approach to downstream inviscid conditions, Stollery
et al ( Ref L) obviated this difficulty by using the tangent wedge
approximation (equation 5.1.15) and showed by numerical integration
that the use of the tangent wedge approximation suppresses the.
oscillatory decay. However, the resulting equations when the
tangent wedge approximation is used can be integrated in closed form
as shown below, The governing equations are

P(Ye- M0x) = K

dy Pt |
o
_and. ‘a—;{ B Y- [/._'.L % (P’:Z)J ’/2. 5.2.11

By substituting | N ye - M(ng and

/ | :
d__}ﬁ = Mﬁoa -+ OI'L/GIX 5.2-12
dx
and eliminating P from 5.2.10, the equation 5.2.11 can be written as

b, -4
dt k- M

a—

= T y, 5.2.13
dx. ‘V[l—k[%,,—(!ﬁ—«‘/);}z |  1.

5.2,40

-

o : ax = ——ﬁ(%’f_— 56214

.~ The function F(t) represents the .~ °: terms on the right hand side of
equation 5.2.13. The equation 5.2.14 can be integrated between given
limits X1 to X ; and t1 to €

l_
\(de= ar

% é,Fm

x-x =1(6) ~L(g) 5.2.15



h I, at | - 5.2.16
where = —_ 026
R F(6) |
The integral I, can be evaluated in closed form (Appx G) and the .
result is , 1 , : o : .
| +1 | , |

= ) | i) T o (rd)

by (bi-bo) | (p-b)(P-a)  (p-bo)lP
PR e, 0)-E (hob)
bl (-0 b)-E (bobo)]
. ,Z’a | : .
| - 5,247
' | L P o
Wher.e »E.(P,a,b) =Z_d:"b)2 @3 P,b (a'f’b)(&'b)
e Dy |
. ’ 2 ,2
boy - [ 2 fls 14 17|

Vf) = [ | + )::2%/ (K/é'_,O]'/Z
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k/{, = ﬁ: /Pw//gbo ‘ 5.2,18 a =&

In the particular case, when the integration is from the leading
edge, the lower limits X , t, in equation 5.2.16 happen to be zeroc.
4s t -0, from equat:i.on1 5.21185. it follows that p tends to
inifhity. It may be verified by expanding equation 5.2.17 tlat for
" p%71, L, is proportional to 43 so that I, tends to zero as p tends
to infiniky. ‘herefore, the solution 5.2M 5 reduces to

X = 11 5.2.49

where I is given by equation 5.2.17. The leading edge solution
for X -1—» 0 from equation 5.2.417 is obtained by expanding for 7’; 771
and the result for the pressure is

s -2y

D

P [ﬁ; v (14D K} X 5.2020



4%

The equation 5.2.20 is the same as that obtained in equatn.on 5e1 e b
If we substitute P = (K/t) the equation 5.2.17 is a function of the
pressure P and the incidence parameter M8 - ,{l for given values K and

Y . By giving values of P and M‘)(7 s X can be calculated from
eq_mtlm 5 201 9e

For calculatlng heat transfer rates, we need to know ,(P dx,
and it is possible to obtain a closed form solution for f P ax as
(see Appendix C)

| K(v+1) | b \. p-b ] f”v
"LPdX :‘m 19 moz —F'ﬁ —Mbvﬂ }

b b-br }
| E{ +1:/ZO/9 P+Q m 5.2.24

The definitions for b , 2 and p in equation 5.2.2{ are
the same as in equations 5. .1813 = d. The constant of integratiocn
~ in equation has been put equal to zero since for

) -
X—=0, P d&X «| XaxX -vO0

and right hand side of equation 5.2.21 also tends to zero for p—>&.
- With equations 5.2.19 and 5.2.21 it is possible to calculaie P and
P ax'for any M® . The results for particular values of I B

are presented in Chapter VI, '

Similar closed form solutions can be obtained if the Newtonian

farmula (equation 3.2,1) is used instead of the tangent-wedge appro-
ximtion. By coubining equations 5.2.4 and 5.2.10, we get

(Ye- M0x) [ | +Y (dy%{_x)z_—{ =K | 5.'2.;22

- Writing Ye - M&)@ X = t, equation 5.,2,22 simplifies to

r(%%;Mma)z _ ’[2‘ ;

—

3 ?‘7» (_si_,’_ ] )f/z’) M6 V2

5.2.23

Integrabing equation 5.2.23 from O to X, and 0 to t, we get
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where 15 = _____,,_,-————-—"""
|

‘ The 1ntegral I has been evaluated in Append:x C and the solutlon
of 5.2.,2k4 can be wrléten as

X 4 ka, k/é (Quz ), IT ;
_,__‘. = — — -3 , "f‘ ,E..ﬂ
Yo O Re (e B (el
| ok | 5.2.25
~ TR ) -

i

o
vhere F (t) _Jé_ _ f
S <e ) -a

: | |
4 M(,QQ Y /2.

o
1}

; In = similar manner, the f P aX can also be evaluated and the
result is (Appendix C)

ok 0. K [:_ ,M",@"" |
JPdX"m i Z’D 7:/2((') + ) (,, ]) }

It appears that for the prbsent TW + CFGL and 2nd order tangent
wedge pressure laws, solutions can only be obtained by numerical
integration and closed farm solutions are not possible. The )
equations to be integrated are given in the follcwing Sectitn on
curved after bodies.

‘Governing equations for powsr-law afier body shapes:

The power law shapes are given by

Yo ( 4 o 4 .
B (i oo/ = 5,31
64_ Le éc) W t«:

where [c ¢ length scale

Substituting equation 5.3.1 in 5.1.2,

£8

)
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FMEp. RS TR 084, - 5.5.2

The length scale -ﬁc can be chosen such that i‘ight hand side of
equation is unity, i.e.:

.__————"3""~ ’ ’ 503.3;

For Cheng's theary Yv 1 +2€, and the length scale f¢vin

b (€Gt/pep)”

- The governing equations can now be written as

(Z ?f) (WZQ>~1 _5.344

and the corresponding pressure laws will be

, = Z / 7 s
VMch + 50345

(i) Newton-Busemann

(i) TW + CFGL 2 ' J I

49

) _
SR O M R
L “*”6"’ T T\ T/ w7 .
YV Mo 8t W'fbo ¢ . a
(iii) 2nd order TW p Yol 5 o  5.3.7
V’M(%@c? 2 'Z +
 (iv) Tongent wedge , (,—Q ] /7 y /WU 62.

Z) f/’bogc OU' M6§91

£

P .Lqua:c:wnq 5.3.5 t0o 5.3.8 can be integrated after substituting

for .——;, ; from equation 5.3.4. For tangent wedge and TW + CFGL
 YMEGE

rules , the result depends on M COBe . However for Msb@c 771, equations
5¢3.5 t0 5.3.8 can be expressed in generalized form as

( L - f:) (a Z,Z-# b7 Z”) = 1 | 5.3.9

vnere a and b will have the following values for various pressure
laws. '
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Newton-Busemann ‘ a =1 s b= -1
TW + CFGL 4agy32—‘ , b=i
ord arder TW o a-_-’:;f:', b=
Tangent Vedge a= t":.‘ , b=0

- In arder to start the numerlcal mtegra’clm, we need tle
behav:.our near the leading edge. By substltut:mg Z =4, f'm' in
equation 5.3.9, we get 9

/3

i V‘_{l 2& b)] - -5.3.10

and from equatn.on 5.3.4, the pressure is given by |
R A
& YL o ' )
The part culr case when the after body is a flat plate at
incidence .n =1 in equations 5.3.4 and 5.3.9, and closed form solutions

can: be obtalned when b = 0 (i.e Ta.ngent wedge rule) With n =
and b = 0, equation 5.3.9 becomes

( Z f) a Z 503012
The solution of equation 5. 3.1 2 is giv.en by .

2 T ) |
,Yﬂ'ﬁc: A+ 7,\2 A+ Ltfj(l—?x) | 5.3.13

4
R (v:ﬂ.wé_@c 2
Z V4 5.3k

The analytical soluticn given by equation 5.3.13 is the appro-
ximate: form of the complete solution obtained in equation 5.2.17 for
My bc77 16 However, this can be quite accurate even for gtodera.te .
values of Heppbpo For Myf, =1 and P = 2u$ the values of 2372 é’@[—
czlculated by two enua’;wnv differ only by L7 :

- Qf partlcular :Lnterest is the anpllcaui on of equation 5.3.9 to
concave surface Tlows o which the viscous interaciion eﬂuzntﬂ on 435
was found to give highly cscillatory solution when a =b = 1 (Rer 22).
The results of numerical integration are discussed in the next Chapter,
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CHAPTER VI

RESULTS AND DISCUSSION

In this Chapter, the results obtained by integrating the
“equations derived in Chapters IV and V will be presented. The inte-
gration of the governing equations was carried out by splitting into
a number of first order equations and using the Runge-Kutta method.
The Runge-Kutta subroutine was checked by integrating the Blasius
equation (equation 3.1.12 with P =0) and comparing the results with
the tsbulated results (Ref 80). The computations were performed on an
ICL 1905 computer using double precision arithmetic and with variable
stepsize. - The stepsize was checked after a number of specified
operations to ensure the desired accuracy is maintained. The stepsize
' checking was carried out by integrating with the given stepsize as
well as with half its value and ascertaining that the two results
differ less than the specified accuracy. If' the difference was more
the process was repeated till the desired accuracy was achieved,
The integration was started at a point where the difference between-
the leading edge solutions and the values calculated directly from
the governing equations agreed within the specified accuracy. Using
this method, the governing equations for Cheng's and other modified
thearies were integrated for flat plates and coéncave surfaces.

6.4 Pure viscous interaction:

, " In figure: 11, results obtained by mimerical integration for a
flat plate at zero incidence (equations 4.2.1 and 4.2.3, TW4+CFGL) are
compared with the series expension for the strong and wesk interaction
limits and it can be seen that they are in good agreement over a
considerable range: of AX . Far 0,3< A%< 410, it may be necessary
to use the complete solutiom  As in the case of tangent wedge rule
(Sullivan, Ref 20 ; Stollery, Ref 22), the present TW + CFGL rule
predicts a smooth transition from the strong interaction region +to
weak interaction region. The pressure distribution in the strong
interaction region is shown plotited in figure 12 in terms of Kemp's
variables (Equations 4.2.10 = 413). The TW + CFGL rule and Kemp's
theory agree closely and the tangent wedge predictions are slightly
higher. The dependence of the pressure and heat transfer on Y when
expressed in Kemp's variables is rather very weak. 1In the strong
interaction region, the difference between the TW + CFGL rule and
TW approximation for the pressure is about 15% far T =1.4 and
413,56 for ¥ = 5/3. Corresponding differences in the heal transfer
coefficient is about 7.5% for Y =A.4 and 6.3% for Y= 5/3. As
th: weak interaction region is approached, the difference between
the two metheds is reduced because of the higher order effect o the
centrifugal forces (equation 4.2.15)s Far dovmstream, the centri-
fugal forces become zero and the IW + CFGL and TW zxules becoms
identical. Similarly, in the other extreme limit of merged (not
considered in the present work) where the boundary-layer growth is-
alnost lirear, the centrifugal terms venish and the TW+ CFGL rule
reduces to TW approximtion, The effect of Y on the pressure
dis tribution and heat transfer is shown in figwres 43a,b., The



interaction effects appear to be generally higher for Y = 5/3 than
for Vv =1.4. Comparison of the TW + CFGL results with measure-
ments is made in figures 14,45 and 16, From figure 14 and 15, it
may be seen that the present rule gives good agreement with Holden's
measurements for the pressure dis tribution, and with Kemp's and
other correlated results in the strong interaction region . Though,
the induced pressures are predicted favourably, heat transfer rates
are generally underestimated by the present as well as other methods.
compared to most of the experimental data. This underestimation

in heat transfer rates may be due to the simplifying assumption '
of unit Prandtl number in the analysis. It appears that the present
TW + CFGL rule with local flat plate similarity may serve as a good
prediction method for pressures on flat plates since the tangent
wedge estimates are generally higher.

For the case of general power-law surface, equations 4.2.17 to
“54,2.49 were integrated for the present TW + CFGL rule. In figure 17
 the pressure distribution on a sharp flat plate at incidence is shown
fa two values of the incidence parameter M /s . For M&.= 0.1,
the flow is everywhere similar to that on a flat plate at zero .
incidence. As ¥ «gincreases, the incidence effect dominates down-
stream and the pressure reaches the wedge value asymptotically.

The most severe test fer any pressure law to be used in the
interaction problem is its application to concave surfaces. The
inclusion of centrifugal terms in a pressure law can give rise to
oscillatory behaviour when applied to concave surfaces. As mentioned
in Section 1, Stollery (Ref 22) showed that the Newbton-Busemann rule
which accounts for the centrifugal pressure rise predicts highly
oscillatory results on concave surfaces. So, in order to study
the effect of the centrifugal term in the present TW + CFGL rule
computations were made for the case of a concave surface .y o X and
M,s =1.0. The pressure distribution and heat transfer rates
predicted by the present rule are compared with tangent wedge results
and with Cheng's theory in figures 18a,b. 1t may be noted that the
present method does exhibit an oscillatory behaviouwr similar to
that predicted by Cheng's thecry but the severity of oscillations -

- is very much less in magnitude., However, in comparing Cheng's thecry
with the TW + CFGL enzalysis. and also with the tangent wedge
approximation (i,e., Modified Cheng), figures 418a,b mneed to be
interpreted with some caution because of the different length scales
involved in two analyses. The results for Cheng's theory plotied
in figures 18a,b have been taken from Reference 22. “he TW + CFGL
results arc close to the taongent wedge results and present the correct
comparison between two theories because of the same length scale L
( =A7‘7’<21) used in the analyses, Howgver, the length scale used in
Cheng's theory is different (L - AR5tx s , and hence the value of the
' 4y ML
incidence parameter M will be different in two cases. This is
the reason far using subscripps 's' and ‘c' for M, X in the present
work, The relation between M (. and M X, is worked out
in Appendix B, and is given by :
' - ! 4n-3

n-1
Mefls = (1) (Mot 64



53

Only for n =1, will the deflnltlon of the 1nc1dence parameter M X
be the same., For other values of n, each M o, corresponds to a:
different value of M«p(s o«  The dlfference between two parameters
Mpods and Mg, is not just one of magnitude. If the length
scale L is used in the analysis using the Newton-Busemann rule

as in Cﬁeng s theory, for each M,X&g there is a separate solution
for a g:nven poyer-law surface, This can be seen easily 'by wrn_tlnc
the governing equa‘bn.ons Lelelo and L4.1.2 as

( g?dx)wz

’Ye‘Mm"(syw=-——“~l;‘-— - ‘ 6‘.1.2
ané »"f,;. f[(%zxe)2+\/ ize] 6.3

If the length scale Lc is used instead of L, equations 6.1.2
and 6.1.3 reduce to

=2
(Z ZW)YMQQOCZ < 20(2 > 6.1k

p'Z.u

1 ‘ v )

Y MRS |

The equations 6.1.4 and 6.1.5, when combined give Cheng's
viscous interaction equation 4.1.6. So, the results do not depend

on Mg, if L is used as the reference length scale.  Apparently,
it apnearv toCthe present author that this difference between M g
and M oA, has not been noticed in References 22 and 4k, and the
results of Cheng's theory and the tangent wedge approximation are
compared as ﬁz versus Mwo( . The figures {18a,b * (af figures
Y M« AX
5, 65 of Ref 22, and 9a,b of Ref M) can still be considered to
represent the rlght comparison only if the abclssa and the
ordinate are interpreted as l‘%ovt'c and Mesas ,_ P an
v A P A % TMW{CZ }'Mcg-ﬂ(_;
for the respective theories.,  In order to provide a correct
comparison of different theories, equations 6.1.2 and 6.1.3
were integrated for M %= 1.0 and the results are shown in figures
19a,b along with TW + C*GL and TW predictions. However, this y
difference in lengith scales doss not [the conclusion of Relerence 22 1"199‘1*9
that Cheng's theory resulis are quanititatively unrealistic., For the parti-
culer case considered, the oscillatory behaviour of the TW + CFGL :
rule appears to be very much less. The heat transfer results also

« .
However, owing o an error in plotting, the first peak in pressure is

omitied, Otherwise the pressure and heat transfer peaks cccur
almost simulteneously (confirnred durlnb private discussion).
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“also indicate a similar oseillatory behaviour. The boundary-layer
growing under the influence of the leading edge shock~wave, first
‘increases in thickness reaching a maximum value gt the point where the
. pressureis minimum and then starts decreasjng in thickness since the .
" boundary=layer is super-critical for Y Xé (Section 3. 3). Corres—-
pondingly, the pressure starts :mcreas:mg and eventually reaches the
inviscid value - far downstream . The approach to the inviscid value
is monotonically increasing when the tangent wedge rule is used,
However, when the centrifugal effects are considered as in the TW +
- CFGL and in Newton-Busemann rules, the downstream conditions are
approached in an oscillatory manner. The boundary-layer starts
decressing in thickness, reaches a minimum and then increases agein,
This pulsating behaviour of the boundary-layer repeats again and
again until it is damped far downstream, Under each neck where the
boundary-layer reaches a minimum thickness, the outer inviscid flow
has to negotiate small radii of curvature which gives rise to very
high centrifugal pressures and, correspondingly the pressure and
heat transfer rate reach a mximunm value beneath each neck. Cheng's
theory is valid only in the limit of Mu%%jxt and V—> 1. As
it is pointed by the present theory using IW + CFGL rule, the down~ -
stream oscillatory behaviowr is much less severe in magnitude for
MeXs =1 Since the TW + CFGL rule accounts correctly for the
shock pressure rise, it appears that the oscillatary behaviour is
dependent strongly on the relative pressure rise due to shock and
centrifugal effects, In figure 20, the viscous.- interaction pressure
distribution is compared with the 1n¢1 scid prediction. - The viscous
interaction solution fluctuates about the inviscid value and for
Cheng's theory the rise and drop in pressure appears to take place
over a narrow regicn azbout the maximum value and the distribution.
exhibits a spiky behaviour. In the case of TW + CGFGL rule, the
- oscillations are spread out and the distribution appesrs almost lik
a continuos rise with intermediate plateau regions. However, the
oscillations might become more severe as M og increases.  Another
factor which might affect the amplitude of cscillation is the variation
in ¥ . Figure 21 shows the pressure and heat transfer rate for
T— 1.1 and 5/3, and Myel, #1.0. It seems that for moderate values of
d,(=1), the change in t from 1.1 to 5/3 does not change the oscilla-
tory behaviour very much, In figure 22a,b, the results are plotted
for a family of shapes ¥ = X' with n =1.0, 1.5 and 2.0. For
n= 1,0, there is no oscitlatory behaviour and as n increases the
amplitude and frequency of oscillations also increase. This behaviour
is similar to that found by Mohammadian for the Newbon-Busemann rule
but the amplitudes are very much less., The position of the first
peak shif'ts towards the leading edge as n increases, :

The effect on the oscillatory behaviour of increasing M, Xs for
the TW + CFGL rule is studied for the worst case of M 55w, In
this limit, the governing equations can be considered to be a p&(f’tﬁ;"
- cular case of the generalized Cheng's equation 4.3.5 5, with & = ) /2
and b =4. The resulis for the pressure distribution and hest n
transfer rate are shown in figures 232,23b, for a family of shapes Zw-b .

From these results, it may bs seen that th&, cscillatory behaviour is =
nort severe compared to the case of M X = 1e So, it appears that
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the extent of shock pressure rise controls the amplitude of the
oscillatory behaviour. By varying Mpos in the TW + CFGL rule, we
are varying the shock pressure rise.to realistic values, keeping the
centrifugal corrections constant.  However, the 2nd crder tangent wedge
theory (equation 3,2.,8) suggests that the extent of the centrifugal

pressure rise far ¥ greater than unity could be ve ry much smaller
than the limiting value of ThMZYyassumed in the TW + CFGL analysis.
So, in order to study the effect of the reduction in the effective
centrifugal force for realistic values of VY, the equation 4.3.5 was
“integrated for '

N L G
sk e - ——
L ¥

The above values of a and b carrespond to the case of 2nd order
tangent wedge theory and the results of numerical integration are
shown in figures 24 - 26 forY =1.4. From the pressure and heat
transfer rate results in figures 24 and 25, the oscillatory. behaviour almost
vanishes compargd to the highly oscillatory results of Cheng's theory
(figures 19a and 19b).. The pressure and heat transfer initially
start decreasing away from the leading edge, reach a minimum value

_and start increasing again, At some point downstream, a slight

over shoot corresponding to the inviscid prediction and a subsequent
mild oscillatory decay to the asymptoticlimit is observed. The over-
shoot in pressure and heat transfer appear to be negligible for n< 2.
The downsiream asymptotic values are given by ‘

_ - , 2 ]
A - a2, + b2
g o U e
SR Ia%hmm-:)]zﬁ 6.1.6
| ) & | 3y,
___& = Hanzqubﬂ(mrl)}(zﬂ-ﬂ L
L o 2

@*332){4’V‘0(C:3 6.107

In the second order tangent wedge theory, the centrifugal force
is a function of Y and for Y =1, it reduces to the Newton-Busemann
rule. This suggests that the downstream osgillatory behaviour may
be sirongly dependent on Y. In figure 26, the effect of ¥ on
pressure and heat transfer is showm. The amplitude of oscillations
“és - strangly attenuated as ) is increased. Thnis is due to the
reduction in centrif ugal effects., For zero centrifugal effect, as

in simple tengent-wedge approximation or Newtonian formla, Stollery
' (Ref_ 22) has shown the oscillatory behaviour to vanish completely.

In figure,27, the boundary-layer thickness is plotted for the
surface Y. = X, according to IW + CFGL THERY., This clearly
exhibits the supercritical behaviour discussed in detail in Section

3e3e
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6.2 Bluntness dominated flowss:

The closed form solution given by equation 5.2. 19 for the
case: of a blunt flat plate at incidence using the tangent wedge - ‘
approximation, was solved for different values of MN_ 0 and the results
are shown in figure 28 along with Cheng's zeroeth order results,
The values of X were obtained by calculating the integral I, for
various values of ithe pressure. When the tangent wedge approximtion
is used, for each value of incidence 8 , there is a different down-
- stream limit corresponding to the wedge value, Near the leading
edge tangent wedge estimates are high compared to Cheng's zeroeth order
theary. Far downstream, Cheng's theory predicts an undershoot in
.pressure compared to the inviscid value, and a subsequent decaying
oscillatory approach to the downstream limit, A higher order theory
by Cheng and Kirsch (Reference 42) considering the carresponding
problem of an intense explosion with a moving contact surface
almost removes this undershoot in pressure and predicts close agreement ,
with the wedge value downstrean,

- Figure 29 shows comparison of the present TW + CFGL results
-with tangent wedge and Cheng's theory. Thegoverning equations for
this case are 5.3.4 and 5.3.6. As in the tangent wedge case, for each
M8 , there is a @ifferent solution. The presence of centrifugal
terms in the present rule give rise to oscillatory approach downstreanm,
Since, the viscous interaction results indicated that the oscillations
- become more predominant for large values of hipls s comparison has been
made in the present case far MpB= 10%,  The TW + CFGL results are
similar to that of Cheng's theory. However, the oscillations are
about the wedge value and amplitudes appear to be slightly less,

Neex the leading edge, the present estimates are in between the tangent
wedge and Cheng s theory values,.

In figure 30, the results when the 2nd order tangent wedge theory
is used far the pressure law relation, are glven for various values of’
¥ « This particular case correspo*zds to (Y'—H)/z s b=
and n =1 1in equation 5.3.9. As earlier in the viscous 1rteraction
problem (figure 26), the downstream oscillatory behaviour is strongly
dependent on For Y =1, the results are identical to Cheng's
theory. As Y increases, the amplitude of oscillations diminish

... fast and fory-4 o4, they are not even noticeable within the accuracy of

plotting, The downstream oscillatory approach occuring  whenever
the centrifugal force is considered can be shown analytically, byp
considering the asymptotic solution of equation 5.3.9 forn =1. For
the case of 2nd order ta.ngent wedge theary, the asymptotic solutlon
of equation 5.3.9 for t;c.._>~co can be written as (Appendix. D)

1 Y+l

P vl oy F AY: .
el L T htn (12 0)-) o

where A and B are constants,



The equation 6.2.1 clearly exhibits the csclllatory behaviour
for f,,_—a—bo. When Y=1 and 0C=1, equatlon 6.2.1 reduces to the case
of Cheng's theory :

-3/a

?%éegz B Me»(zf »fa) '"gzz

‘ The equation 6.2,2 is the same as that o’%talned by f‘heng et al
(equation 2.26 of Reference 32).

For the case of TW + CFGL rule , the behaviour is dependent on
and is obtained by putting 0 =1

P -4_{_ Y‘-H | '\ |
YMZG %"l | - fc A ﬂm{@”-kl)“( + le+v'~"’\ 6.2.3

From equation 6.,2.3, it may be seen that far V>4, the amplitude
of oscillation decreases much faster as fc-aya, .
o 2
By substituting ¢ = |- Y =1 in equation 6.2.4, the corres-

ponding behav:Lour for the 2nd order tangent wedge theory is obta:med.
For Y = 1.4, the result is
-3.6%

_ﬁ%gzr_ -9 [1; 2 € . A%{l?éxwt*gl ]ezz;
0 CC ’

 The equation 6.2.L reveals the strong damping behaviour for
Y= 1.4, thus providing further evidence to the results of nurerical
integration (figure 30). As regards the application of the 2nd order
tangent wedge theory forY = 5/5, it warrants some discussion . As Y
increases, (— decreases and becomes zero when Y = 41.618. For this
valug of 7y , equation 6.2.4 suggests infinite damplng and the -
govering differential equticn 5.3.9 reduces to the case of pure-
tangant wedge since the centrifugal term is zZero. Te “’haps this
infinite damping provides additicnal support for the non-cscillatory
solution obtained for the tangent wedge rule (figure 28).  For
values of Y > 1.618, the centrifugal correction becomes negative
since "< O. The change in the direction of centrifugal forces for
Y 71.618 does not appear to be satisfactory on physical grounds,
sincc the direction is determined by the geometry of the body. It
appears that the correction for the variation in flow inclination
between the body and the shock wave in the 2nd arder tangent wedge
farmula, turns out to be too inaccurate for values of Y away from
unity. As mentioned in Section 3.2, Hayes and Probestein (Reference
36) argue that the errors involved m ‘estimating the correction for
the flow inclination variation is of the same order as the inaccuracies
in centrifugal ccrrections and hence suggest only a centrifugal
correction, Fo Y = 5/3, ¢ is negative and the solution started
diverging when integrating nunericall] This is the reason why the
results have been presented for YV =1, b, only, when considering the
2nd order tangent wedge theory. It msy-be seen from equation 6,2.1

S



that when 6 is negative, the amplitude starts increasing for increasing

‘@,c . In spite of this derficiency, it is felt that the 2nd order
tangent wedge might serve as a lower bound for the extent of correctlons
~ dinvolved in the simple tangent wedge rule for Y =1.4.

In the analysis discussed so far and in reference 4L, different
pressure hws have been used in plece of the Newtun-Busemann rule
to give improved estimates for pressures on blunt flat plates, far
realistic values of ¥ . At the same time, the pressure- area
relationship given by equation 5.1.2 which is valid only in the limit
of Y—»1, has been retained. This introduces an inconsistent appro-
ximation in the aunalysis. This objection can be obviated by
incorporating cerrections to equation 5.1.2 as suggested by Kemp (Rer
38). Fortunately, these corrections do not alter the analysis and
introduce only a minot change in the length scale. Assuming the
shock wave to collapse on the edge of the entropy layer ( Vg = Vg ),
Kemp approximates Cheng's pressure area relation 5¢1.1 by

0045 s

The functién £ was linesrly approxinated by Y%" %6 and in order
: — <
to maLe equation 6.2.5 dimensiom 11y correct, M was assumed to be ;«‘f
yv’ ’% ] instead of = ,DN as in Cheng's theory.  Assuming @3

he obta.lns the improved pressure~ area relation
R @3"&2& ) = ra D | 6.2.6

In arder to use equation 6.2.6 in our case along with the pressure
laws 5.1.6b sC,4 we need one more relation connecting the shock shape
Y with the effectlve body shape Ygo A reasonable approximation for ys
carrect for M p>>1, would be :

yg ‘@ I—'%l—ye

This simplifies equation 6.2.6 to

_ Yy
Pe (Ve Yb) = =Rk
or from equation 5.3.2

P ot
W 02 (Z ZW) x,mlcgegﬁc
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If the length scale ec is interpreted as '% s the governing

equation will be the same as equation 5.3'.#. In figure 29, the results
with these coarrections are shown in dotted lines., In later analysis,
the results are presented with these corrections by interpreting J. as

€ ®F  rather than T-1 Gt

26¢ oA 92‘ o

Concave surface flows:

It is often consid@ed that leading edge bluntness effects in
concave suface flows will be much less important (Refence 62), . On
prhysical grounds, this is reasonable to expect since the body incidence
controls the flow everywhere on such surfaces except in the vicinity
of leading edge. However, theoretical investigation of such flews
instead of tacitly assuming the leading edge ef'fect to be uninmpaortant,
has not received much attention. TParticulerly, in the light of
Stollery's work (Reference 22) on viscous intersction over concave
surfaces exhibiting unrealistic results predicted by Cheng's theory,
it would be worth investigating to see whether, methods normally
employed for convex surface do give satisfactcry results for concave
surfaces, In order to study the applicability of various methods.
the generalized Cheng's equation 5.3.4 for bluntness-dominated f'lows,
was solved for different values of n, and tke results for the pressure
distribution are presented in figures 3 -36.

The dowmstream oscillatory approach predicted by Cheng's theory

for the case of a blunt flat plate at incidence appears to becom
very severe fa concave surfaces, as can be seen from figwre 3., The
oscillatory feature is similar to that found for the case of viscous
interaction but the amplitude of oscillation sappeers to be much higher,
Per /- }:f‘ s oscillations are poorly damped even after about 7 cycles.
Near the leading edgg where the distribution is similar to that on a
flat plate, the pressure is decreasing as the entropy layer produced by
the blunt leading edge is thickening, At a point dovmstream, the
pressure reaches a minimun and starts increasing. Correspondingly, the
entropy layer of the blunt leading edge thins down to 2 minimunm and
again increases., Following this, tlz entropy layer undergoes
successive thinning and thickening until eventuaily, the oscillaiions
are damped far downstream, . This phenomenon is similar to the
oscillatory festure exhibited in the case of viscous interaction
problem. At each point, where the entropy layer reaches a minimum 3
thickness, the pressure attains a maximum value. In figures 32 and 33,
the results for the IW + CFGL rule (equation 5¢3.6) are shovm for

Mg, 6, —7 0 and Mw 8¢ = 14, respectively, for various concave
surfaces, The results are similar to that of Cheng's theary but
the amplitude of oscillation is much less, 4As found for the case o€
‘viscous interaction, oscillations tend to become comparatively less
severe foar Myb.=1.

The corresponding results for the 2nd order tangent wedge thecry
ere shovn i figure 34, for Y = 4.4, Comparing with Cheng's theory



results (figure 3 ), we see the signif'icant attenuation in the
amplitude and even for Jw: &L, the oscillations are almost unnoticeable
after two cycles. For 2,- a{c"f the inviscid conditions are approched
‘almost without any observeable overshoot.

When the tangent wedge approximation is used, results (figure 35)
are completely non-oscillatory and the inviscid conditions are
reached monotonically. As n increases, the downstream conditions
are reached much faster, _In figure 36, tle effect of M6 for the
surface szffc/f’is shown, Tor Mpbc =1, it may be seen that the minimum
value of the non~dimensional pressure P/mgaf is lower than that for
Mméc-?éﬂ. The tangent wedge results suggest that the effect of a
blunt leeding edge is to cause a lag in the pressure rise compared
to that far a sharp leading edge.

The thinning of the leading edge entropy layer far downsiream cn
concave surfaces can be understood by studying the behaviour of
equation 5.3.4 for ﬁc—wo o VWriting A,= Z-Z7us the entropy layer
thickness is given by o

A w ..__ﬂ-————4!A . + - -
¢ .(PhMmeﬂg

; : c~7 bk
From equation 3.3.2, far ﬂc-——?w s

P _ ¢, 2n-12
YMG8  yMIge €

9 2-2M
therefore, Ae “ rM; B¢ ac
1

Par n =1 , corresponding to a blunt flat plate at incideice
the non~dimensiom l entropy layer thickness reaches a constant value
for fc ., For ny1, as in concave surface flaws , Aedc-;creases
with increasing ‘&C o This behaviour is similar to the sluper-critical
behaviour of the boundary-layer discussed in Section 3.3.

In the present Section, we Iave discussed only the inviscid
problem, The displacement effect of the boundary-layer can further
modify the flow field, In order to study the conbined effect of
bluntness and dispiacement, equation 5.1.10 requires to be integrated
along with the particular pressure law under consideration, This wa
carried out for the case & blunt £lat plates and the resulis show tha
the leading edge thickness generally increases the heat trensfer over
a significant region near the leading edge, but far dowmstream, it
causes a decrease compared to the skarp leading edge value.  Since
the results were obtained for some particuler cases corresponding
to experimentzl conditions, they will be discussed in Part IIlL.

S
4-

6o
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The results presented in this Chapter show the effect of the
incidence parameter MyB¢or Mpde and the extent of centrifugal
force in controlling the displacement and bluntness induced interactions.
However, in practice the reality of such poorly damped oscillations
(e.g., figure 20) is highly doubtful., Far downstream, other effects
normally considered to be of higher order, such as afterbody drag etc.,
might strongly damp the oscillations. . :

In the next Chapter, a treatment accounting for the higher
arder effects ignored in Cheng's zeroeth order theory is presented.
The spproach is based on using an integral method (similar to Chernyi's
method for blunted wedges and cones). The results obtained
demonstrate a heavily damped oscillatory approach to the downstream
inviscid conditions on concave surface flows for the cese of a sharp
leading edge as well as a blunt leading edge.

. Before concluding, it is worthwhile to mention the possibility
of application of the methods discussed in this Chapter toc the axi-
symmetric case, In general, provided the appropriate pressure-ares
relation is used in conjunction with the correct foarm of the pressure
low (Reference 8 ), the analysis of Section 6.2 can be extended to’
the axisymmetric case. Perhaps, the most interesting case would be
to study whether the tangent cone formula predicts the undesrshoot in
pressure on blunted cones, It may be recalled that the corresponding
tangent wedge formula for the blunted wedge approached the wedge
value asymptotically from the high pressure near the leading edge.

In Appendix E, the governing equations for the tangent cone method
to determine pressure on blunted cones are presented. For N, 0-700,
the equations are simpler to solve and the results of the numerical
- integration are given in figure 37 along with other theories and some
experimental data., The tangent cone method shows the undershoot

in pressure with subsequent asymptotic approach to cone value.
Cheng's zeroeth[theory results show an oscillatory approach to cone L ovder
value., Since the main purpose of the present work is restricted to
two-dimensional flows, detailed studies have not been made for the
‘axisymmetric case. However, the favoureble comparison of the tangent
cone method warrants a more detelled study of the various methods to
the axisyrmmetric case, '



CHAPTER VII

AN INTEGRAL APFROACH TO THE INTERACTION PROBIEM

In the previous Chapters, we have shown the inadeguacy of Cheng's
zeroeth order theory far certain concave surface flows and suggested
alternative avenues of approach which greatly mcdify the dowmmstream
oscillatory behaviour. The use of the tangent wedge approximation
as pointed out by Hayes and Probestein (Reference 36) mst be:
considered as empirically based in the range of its application. .

The improved forms of the tangent wedge approximation to account for
the centrifugal effect and also for varistion in flow inelination
angle highlight important parame::ters controlling the oscillatory
behaviour., Vhilst these improvements have at least helped to overconme
some of the objections ( as discussed in Section 3,2) levelled
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against the basic tangent wedge approximation, [sre still subject to [Ehey

some limitations. The validity of such improvements cannot be strictly
defended beyond a certain degree of empiricism and there is no means,
of effecting rigorous further modifications to improve the predicticus.
In spite of its highly oscillatory results, Cheng's theory is free
from this weakness since it is based on the theory of thin shock layers
and affords to seek further improvements by expanding in terms of € .
Though such a method is not impracticable, considering the severity of
the oscillatory behaviour, it is rather difficult to assess the exact
extent to which the higher order analysis should be carried out to
obtain satisfactory results. An alternative approach vhich provides
a means to account for the higher order effects ignored in Cheng's
zerceth order theory is afforded by using an integral approach for

the analysis of the inviscid flowfield. This approach has been
adopted in the present work using Chernyi's integral method. The
application of this method is considered to study the effect of
displacement and leading edge bluntness effects. For Y—>1 and Mach
number tending to infinity, Chernyi's method is identicel with Cheng's
theory. However, the two methods differ when higher arder approxi-
rations in Cheng's theory are considered. The results obtained in
this Chapter demcnstrate the damping of the oscililstory behaviour

for practical values of Y and show a s:gm.f‘m ant improvement over
Cheng s results,

7.1 Analysis:

In this Section, the governing equations for Chernyi's integral
approach will be described. The analysis is on the lines of Hayes
and Probestein (Reference 36) who have dealt with integral methods
in detail, Fere, only the eguations :cec;u:.red for further analysis
will be given, For the inviscid hypersonic flow of a perfect gas
with constant specific heats past a plane or axisymmetric body (

igure 7.1.1) , the conservation equations in the integral form can

. be written as
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j =0 2: Plane flow, J =1 : Axisymmetric

The conservation equations are simplified further by assuming
the shock layer to be very thin and the pressure to be constant across
the layer. Following Hayes and Probestein, the governing equations

~can be written as

o U HHJ | A '
U | - | J
VY “S) I8 _ T \ A
— = o | (P Yde TS
5 _ o
and -
. - ybl ] :
. [+) /+J J+J
o J : ) . 2
-—Q—NJ + Pbybdyb - b M— + fiiz%zyg.
yal | Y=l [+d 2 |+J
: 0
J+)
/709 JS:

T4 06
=1 (1+d) 1

where I . corresponds.tc a = «encentrated impulse at the nose

and D is thd drag of the blunt nose.

.- In srriving at equations 7.1.5 and 7.1.6, it is assumed that
the veloc:.tj U is constant across the shock layer. The eqution
7e1 o5 is further simplified by making use of the shock contlmrl:y
equation,

. { ' '
1\95 = (I“G)Uy‘s . v 70197

or, using obligue shock relations for £ (the density ratio
across the shoek)

2UY \ - |

US = —d% ’ — —'lz’— 9 . 7e1 e8
)+ Mo Y |

Substitubing for Us , equations 7.1.5 and 7.1.6 can be solved for

the pressure B, and shock shape Ys . By combining equations 7.1.5
and 7.1.8, we get

| . -2
coy . AU u',.Mm :gj_(_y_é(-la/\/]%?{/j)-}

lb’(m = ’)lb-e-‘] v /J_

Tole
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, In arriving at equation 5.1.42 in Cheng's theory, it is assumed
that. the second term on the left hand side and the .. .~ and fourth
terms on the right hand side of equation 7.1 .6 are negligible.
Similarly in the limit of V-1 and M —s>o , the equation 7.1.9
reduces to the Newton-Busemann formula used in Chengls theary. In
the following we put Jj = O , since we will te dealing with only two-
dlmens:.onal flows.

Jeading edge bluntness effect on power law surfaces:

n
For the case of general power law surface ybo(x s We will. choose

the following non-dimensional varn.ables

Ys
T oyl

where Ly = CD (iength scale) 744410

Zq’N

From equations 7.1.8 and 7.1.9,

U d7g(, !

Uy =

Y+ dXN | Moﬁ”\{l\zl 5'7'

2,2

PUAN  RUAN gt

B b *’Z’U%\Z“"’ .

SU‘D“‘C’ tuting 7.1:.411 and 7.1.42 in Pquninon 74 .6 and érovping
subscripts '1 ', we get

- =7 71 611
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a5 (sz> 11 f",t 75 Yl
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) ‘ 7.1 91 3
..F°1‘ M;oa{/v771, e@u,médm ¥ /ngmmw
_fhf‘:-zv d (Z diﬁ
hoU%an de LY
and equation 7.1.13 reduces to '
XN '
ye! fﬂjﬁ@i‘—’— (%’ 0-’25):0(/% Zs-Zb d Q’Zx)
T Td S dwl " Yo 1 O (Zg Xn
S - 9 .
+ & (4&) 7440
y"__'z_ | d XN .
Fof the case when the after bon is a wedge le = XN s and
the equation 7.1.14 reduces to v ’

S | | 2
fol oz dE It d [ sz> - 205
A dXn Y= adxn d>w Yl L d¥ )

71645

The eqaatlon T4 15 vhen ev'oressed in dimensional variables
Y.s ¥, and x is the same as equa.tlon 5.8.12 of Reference 36, and
equa.tlon 4 of Reference 4. For the case of general power -lc:€~7
surface, the above simplification is not possible and the solution
of equation 7.1.14 can only be obtained by computing the integral
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numerically or by differentiating the complete equations once and then
integrating the resulting differential equation.  Employing the
latter approacb the equation 701 014 can be differentiated with respect
to XN to give ’ '

dty d [z dZ z'@ % dz d% _dz\d [7.d%
MdXN( dx) T T dXN( dx/i\)+ (dXN Oé’)évdx ‘Sc’ﬁ)
Zi’s d % di" l df‘si ,
+ w: Q’X/V dX; ﬁ’l(_é’?/v 76
or writing ?S %Z_)—(S ’:: v>(I

dyl d?ﬁ 75 2 dy , {Y, d%)qu, Zy, dy (ﬂ)]
dXN diw 7*— dX/v Zs "X dXN =y P s

701 01 7

The equation 7.1.17 is a gesneral form of Chernyi's dif‘fex};en’cial
equation for the shock shape Z; for the given body shape Zb=Xnt
To facilitate numerical integration, equation 7.1.17 can be written as

| 4"%’5 - "y’l‘ | - | | o 7414182
d¥n Zs . _
dy)i - Yz 7.1.448b
AN
dx, Ze-%| diw o el diwl % oX/w/ 2y z{g c{,w

i |
y”-,/LI («Z%)J 7118 |
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- The equations 7.1.1 8a - ¢ are singular at the origin and in
order to start the integration, we need the behaviour far small XN
~ This is obtained by carrying out a series expa.ns:.on

m
Zsmk3 +—.

_ By su‘bs%ituting far ZS and ZQ:XN_ in eguation 7.41.14 and
~taking the limit )(N —> 0, we get.

| -2
N, ka Mgy (2 07 2l xsmd |
T o X —I-ﬁr/(ams N 740419

By eéuating the power and coefficient of XN , we get for .é;; and M3

M3 = 2/3 | 7.4.20a
o V3
L .
. Y-/ g
/63 z 9 (r+) ( ) ~7+1.20b
| ¢ (3r-1 |
So, f;ﬂ: JS\T-—%'O . 21775—-’
t mo X
5 3 N . 7019213.
s ks M 7.4.21b
- 2mgs-))
Yo v /@ ms(2m3- DXN 7.4 21¢

Using equations .’.1 24a~c as initial cnndntlons s the syqtem of
differential equations 7.1.18a-c can be integrated. f’t’he non-dimensional
pressure is given by

I

—_— = ___2,’_ » | » . 7«.1 .22
Yo MEAF T V2 | v

It may be noted from equation 7.1.14 that when Y =4, it
reduces to '
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, The equation 7.1 23 is the same as equatlon 5e3.9 (wn.th a=b=)
obtained in Cheng's thPory.

: The numerical result obtained by integrating equations 7.1.18a -c
are presented in Section 7.2 for concave surface flows. It must be
‘noted that the advantage of using the integral method is that it does
not stipulate that the major drag contribution should be at the
leading edge (Mnrels, Reference 87). Particularly for concave surface
flows for which the afterbody drag can be very significant, the ‘
' integral method may be very useful.

Anpl:.Catlon to V:Lscous Interaction:

~ In the presence of viscous interaction, the body shape’ mll be
modified by the boundary~layer growth and y, is unknown in equation
7.4.6. In order to solve far the shock shape Ys and the effective
body shape Y , we need one moru equation relating ¥ and the boundery-
layer displacement thickness s* This is furnished by equation 3.%.25.
To facilitate comparison with ‘Lhe results of Chapter IV, we will
‘ choose the following variables

Mpo yj

M %
' _ y.4 . | N ~Pb ) ﬁw
R R A =

Vith the new varisbles, equations 7.1.6 to 7.1.9 can be written
as (with j = 0 far two-dimensional flows)

DN Mg dy, | 2 ( Ys- Yb) J U Vs
e A% dx . L s ts 33
Zhds | 7 A

Tet 2k

r
— =& ol Y)Y
o Z’ b (1+1)* YS"Z 'S

and Pb = 7U+'[yg..j+\/‘gy¢//’ ..,_,Z) 7:1025v
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 From equation 3.1.26

 Combining 7.1.26 and 7.1.27,

X ,IZ
Mps' _ (Lpbdé)
LS ) /] Pb . .

_ ’ : n ,
If the geometric shape of the body is Yy&X , then § is
related to yb by ’ 7 -

71.26

Mﬂff - _ggf_ (':fbfyw) | A7..1.27‘

= YB .—' Mslol'{syw
| where V= Iw .
‘wh ; /w,‘_‘ Zﬂ; = X |
S X \VZ
T ([ rag)
; ( Vs ‘M@V(S\/N) = Io O&

With equations 7e1.2k, 7.1.25 and 7.1.28, we can solve for the

Teh o 28

" unknowns P, , Y. and Y for the given body shape Y. For a sharp

leading edgg, tﬁe firs® tera representing the nosewdrag in equation

741424 will be zero and in the limit of ¥V -—>1, we get ¥ =Y and

the shock wave collapses on to the effective body Y. defined By the
boundary-layer edge, - However, for Y different from unity, under
the present treatment, it is possible to treat the boundary-lsyer
and the shock-~wave to be distinct.

‘Now, the retention of the term I  in equation 7.1.28 needs some
discussion, In the earlier analyses ?Chapters IV and V ), I wes
assumed to be unityén the basis of cold wall similarity or iR the
limit € —> O, as”in Cheng's theory. In Cheng's analysis, consistent
with the approximation € —s O, the kinetic energy and after body drag
terms were considered to be of higher arder in the inviscid flow

field analysis. However, in the present approach we are not justified

in putting I =, and its variation with X needs to be considered
since we have retained the kinetic energy and afterbody drag terms in

the description of the inviscid flow field. A most straight foarward

approach to consider the variation in I_ is to use local similarity
method (Dewey, Reference 23). This method is easily applicable

for flat plates at angle of attack or at zero incidence.  Hovever,

in regions of adverse pressure gradient as on concave surfaces,

this approach may not lead to more correct results. This point
will be discussed later. For the present, we will assume I_ toc be a
function of [—; . ©
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As in the earlier cases, equations 7.1.24, 7.1.25 and 7.1.28 are
' singular at the origin and in order to facilitate numerical integration,
we need a series solution for small X, This is obtained by writing

.m
Pb Y’“ k X + - 701 029&
Yo = Ry % Taoo- - | 7444290
_ ms v .
Vg w ka X 4o 71.2%

where the constants k, kz, k3, my, M, m3 are to be determined.

Substituting for B, Y, and ¥ in equations 7. 025 and 7.1.28, we get

., for X —+ O

-—

Lol | -y :
! ; WMoy= —5— Tei 4302, b
[e(+m)® ~ 72 2

: z,f 2 '— ) WL = Z(WI -1 ‘
k = _ﬁ!-l&ms(?'% ) ‘Lv 37 7430, b

<~

2

where I = value of I for X —0.
oL, o}

Prom equation 7124, we have for the case o a sharp Jeading

edge " )
Mtz ER) 3mz-2
h}CZ mz X o ---= k’ .(_/?_‘3__’%}_?_@2(—- lks Mz X ‘
h’ll"’MQ B - . T+ M3 ’ 701 32
— &3 X |
V-1

Corparlnc the order of magnitude of various terms for X —>0
it may bes seen that m, = B i.e the shock wave shape and the
boundary-~layer shape are s lar) and therefore from equabions
7¢1.30b and 7.4 .31 b, we get

My == 34 5 M= Vg 70453

Substituting for w; m, and m in equation 7.1.33,

3

Vi a 5, a2y, ,
dkly X +---2 ij ) X 4 L7 &i-/é\.x Loks oyl

7] Gz VT T




- For X -—30 the last term is of h:Lgher order than the remalnlng terms
and equatlng the coefficients of X 74, ‘

3kk, = 37~ L ) 7o o3k
(TR Y-1 | + ()'“—}—1)2(4) ks 1

From equations 7.1.30a and 7.1' .‘31a

ko = Iy (7%) s

L3 2

o= 20k
YY)

Now, the values of k, k, and k can be determined by using equations .
7.1.33, 7443 and 701.35, as

and

| '/ 391 . :
- - : Z 2 TT - . ) 701 037
ko= T 1, |
3 %, A(mn 2, "
IRgeZD 37 TF __
and /33 = —ZL—(—&-)/@ I 741 .39
| | 37 S |
The values k, k, a.nd ];:3 depend on V
Y o4 P o= 4.6463 T X2
4 2
Y, =1.1022 OLK‘*
A - |
Y, =1.9399 IgL x*

1]

| B
T = 5/3 P =24125 I X7Z

7136
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Y. =0, 2
B 9730 IoL

_ z
Ys = 2,1229 IoL

-3
X4

3
X4-

Y3

From the above leading edge solutions, it may be noticed that
far Y = 5/3, the induced pressures are much higher in the strong
interaction region than for ¥ =1.4. Further, the shock shape is
about twice the distance from the wall compared to the boundary-layer
edge. The shock shape and the boundary-layer thickness are
proportional to the square root of Io , whereas the induced pressure
is directly proportional to I .. In“order to make a correct compa-
rison of resulgs for variousy , we need to know the value of 1 L
vhich depends on B (the pressure gradient parameter).

Y1 j;’ed%‘

equation 3.1 .4, p is

7/[-

S
Bt Bl

. Br
Substituting P ;.=k X

b. ‘,B 1 m

With m = —%, in the strong interaction region

po Il

)}

d e
o

4ab,

—e

ax

From

701 402

7.1 o 140b ’

744 .4

Thus, the value of }3 depends on ¥ and is equal to 0.2857 and

Ocky far ¥ equal to 4.4 and 5/3 respectively.

discussed in Section 3.1, the vilue of I

In general, I .
depends on £, wall enthalpy g _ and Prandtl number Pr. on
con vary by a fgctor of 1t04.6

As

- from cold wall conditions to adiabatic wgh._ ~ Corresponding
 veriation in I (- [9-7'%7) could be as mch as by a factar of 3 (

Dewey, Referente 76). oL

The values if L | are given in Table 7.4.1.

For &, = 0, using the values of Rogers (Table 7.1¢1), we have

1 :
V= q.k P, = 141066 X2 Y = 5/3
| :
YS=1¢5905X. A 3

3
o(- 9037 Xfr T

"

5

X,

IB .

1]

it

1
13946 X2
1,677 X*

' 3
0.7676 X*
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TABIE 7.1 .4
o v ' ! v ! v !
"Ref )B w Pr N g, | 11 IoL
R 0.2857 - 0,7 0.7 045 0660  O.7439
9 ' | 0.,0  0.7751 0.80%
e 0.60 4 ,0080 0.8385
& 0.8025 4.2380 ~ 0.854
R 4.0 0,723 0,0 0.6722
g 0.2 0.7507
g*. 056 007984
By ~ s
g = g, - 0.805%4
=~ Ol 0.7 0.7 0,45  0.4361 0,668
"
% 0,40 0,7256 0. 757k
m N
B 0.60 0.9432 0, 7816
8 0.7977 1.4530  0.7987
< 1.0 0.723 0.0 0.6223
E | 0.2 0, 7000
8 0.6 0. 7458
‘*f\ .
sg = 8 e 0,7520

; - :
IO‘L obtained from a quadratic fit for the data 058 < 0,5

The values of pressure calculated by the
close to the results of TW + CFGL rule obtained in equations 4.2.8a, be

present method are very

+tial

Knowing the solution near the leading cdge, the system of differential
equations 7.1.24, 7.1.25 and 7.1.28 can be integrated stariing from a
point close to the leading edge and marching downsiream.  Since Io
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in equation 7.1.28 is 2 function of X, the‘ equation 7.1.28 can be
differentiated to give . ‘
' 2

dp L[ T 1 df, rdnd g

o 2PA° IF ok Todx

were A - Vg - Mus Wy

In the local similarity method, the value of Pis assumed to be
a constant determined by the local values of the flew parameters,
This implies a power law variation for the pressure and hence d B/ax
can be put equal zero. Even otherwise, th%oterm 77!52% can be small if

the pressure is varying slowly with respecy X, and I could be treated
as a constant over the smzll stepsize range. of integration . The
full implications of the local similarity approach have been discussed
by Dewey (Ref 23). . So, the equation 7.1.42 cen be writien as :

_ A X
oYP_P}' Lo (P 1 daA |
dx © L g K dv T3
Ifweput I =1, eqﬁaticn 7.1 43 reduces te equaticn 4;2.1 7

for the cold [similarity approach. By differentiating equation 7.1.24 [woll

I. dYs dP  VYs-Ys ]}.d\/s b \/’Dl\lgd'zilg(,,z,
F'P"’Z{i:”ch”'".V_T+¢-lai+(‘>f‘+l)“"sd’xf3‘&’zl\/s' |

i “}'Lz/dygs PR d\/s
+(—ﬁ>(z§>(J \/Q'Z) ’E;ER 7o4 e
dx - | o1 ol
- ‘_'7% ys\(”*yirz) 71045

Vith equations 7«1e43, 7olell and 7.4 .45, we can evaluatle the
interaction effects for given body shape and given wall conditions.

Vhen the leading edge is blunt, the boundary-layer growth near
the leading edge is dictated by the inviscid pressure distribution
caused by the blunt lezsding edge. In order to obtain initial



conditions for this case, the series expansion 7.1.29a,b,c are

substituted in equation 7.1.24 and noting that the drag term is balanced

by the first two terms on the right hand side, we get

76

Z , .
Pb:kxm! k = g —F_‘H 3 n = ~2/3 ‘ 7ot JLb2.
. | . Vg — -
YB»“.kzxm,z’ ko= (%) Lo my= 5/6 | 7+1.416b
= ) = — _______/J $ = Zz : ol ¢ c
% = kXY, s [4 T(éf”)] ny= 23 7146

- where

o 37
K, - Y_QEL) Mo Ot
Ls

The values of /( 9 and M9 were determined using 7.1.28.
The relations 7.].46b suggests that the boundary-lsyer thickness Yp-—70
mich faster than the shock shape Ys for X —> O, The relations
741 obba,c are the same as obtained for the inviscid problem in equation
7120, when expressed in the corresponding non-dimensional veriables
for P, and Ys. The pressure gradient paramenter is given by

b
| Y-l M g Y
/B="7“,T¢T_I7‘27‘ TAT

CFa T o=1., P=osus

T o535 [Paos

Knowing the pressure by numerical integration, the values of
Stanton number can be calculated by using equa_.tions 31630 and 313

CInviscid limit for X—>00:

Far dgwnstream, the disturbance induced by the leading edge
(either blunt or sharp) would have become very small and the incidence
effect will be dominating., Particularly, on concave surfaces the
incidence effect will be increasing rapidly dovmsircanm and corres-
pondingly one would expect the leading edge bluntness and the boundary-
layer displacement eff'ect to become less important, and the inviscid
pressure distribution will be a good aprroximation. To determinc the
inviscid limit, we can lock for a series expansion of the type (for
X —>0) ‘

. 771] .

Pb t: j’ x + -7 ‘ ‘ 791 0483.

\/6 o '[;Z x 27- - ) 701 oi%gb
n3 '

Yo dy X - m,a&;



From equatlon 74428, we get for X —> 0,

Yo =Mets Vi =Mt
therefore jz: MOO”{’S , ’)’12:7’1

‘Substitutingv for By Yp and Y in equations 7.1.2h and 7.1.25

_' - 7,4+ Mg ny, "3 N2\
Conatomt  + 4ily 712)(’ L% (IQSX’ *02)()

= -+
YIRRY, - r-1
| 3 9 3Na- Nz, |
2 kN3 X 29 7449
T 2 =T
o : g Ams?
and "é xybl—f- - - - - A —g?_l': 1\7) X n3 [2%3"]_)—‘ 7030

From equation 7.1.50 far X —7 9,

a4

_2 L |
2 n5 ' _-701 o51 a
WS -1
A°€/ Y 455 (215D 7ot 51D
From equa‘blon 71049, comparing the crder of magnltude of various
terms ‘we get n =n, This result also follows from the similer
solutlon.,. Sugst:.tétlng for n1 and n2 in equatlon 7149,
| - 3n-2 3 4 3N-2
boslomt 4 Az X o - t2) L) ar 2
OV R 1 - N ko / ) i ":/2 _5
n+ 2 7~ ' ( )/_}J)
- - ﬁ )( 79! ,5‘;0
n-1

For the case of a wedge n =1, and for X —>W , we get by
equa.t:mo the coefficients of‘ X

Sde | LB ar PRy |
= 21373
M+ Y- (}*—H) n-! 751522

701 .52b



' From equations 7.1.52a and b, we can solve for »5’3

. . , ’ P 2 : \/2
I [k 4}
Ly - ';: M A + = {MWCS—F =

For Mo,

BRI -

| : L 2 L
0. = PO Eies
;- g 07 7.1.53b

Equations 7e1.53a and b are the Tamiliar strong shock resulis.

For the case of a generzl concave surface n>1 , the last term’
on the right hand side of equation 7.1.51c¢ is of higher arcder and by
equating the avefficient of X37 % , we have :

j,jz A J, ({3_!2) Q7 15722,
—_— =2 —+ — 9" 5 13 )
%_}_7’12 'y',_] A ()}‘_’,l) et 5h
From equations 7.1.51a and b,

’}’L, = o‘Ln - °2' s

4, - 2L nlan-N4ds
7+

n,+h =3N"%

Substituting for vél , V1 and N9 simplifying the resulting
egpression, we get

J. - on-! w.{nl)& |
3 7 an-< [Y(371"> .,v-(n—l)] ’70‘:.55

C -

= 1] ?’
| )f’-}-l :

and 7o% 56

Since ~€2 is knowvm from the geometry of the body shape, “és and
and hence the inviseid pressure and shock shapes can be evaluated,
he values of % and Jy arc given Table 7.1.2 for various n and Y.
The inviscid limits calculated in the present section helps . to
serve zs a check against the results of numerical integration for
large X :
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7.2 Numerical results and discussion:

First we will consider the inviscid flow past concave surfaces
 with blunt leading edge. 1In general, the results depend on the value
‘of the incidence parameter M <N and Y as can be seen from equations
74442 and 7.1 .43. For fixed ¥ , results presented in Chapher VI using
the TW + CFGL theory show that the oscillatory behaviour becomes
Very severe as Mb>t,  In view of this, computations were carried
out far the present case for MyAw—r®. The governing equations
7ohie18a - ¢, were integrated numerically as described in Chapter VI,
using the initial conditions 7.1.21a - ¢c. In order to lmve a check
on the numerical integration, the pressure distribution was calculated
for & blunted wedge (Zs=Xv) for which Schnieder's results (Reference
14 ) obtained by integrating equation 7.41.15 ere available., The
agreenent was found to be satisfactory. The results for the swurface
pressure on a family of sljapes ZU:X;? are presented in figure 38 for

= 4.4, Compering this with Cheng's zeroeth order theary results
(figure 31), we find a significent improvement in the downstream
behaviowr., To facilitate a more realistic comparison, the results
of two theories are plotted in figure 39 using the same length scale

o It may be noted that we I ve denoted the incidence parameter
in this thesis by M dy, My B¢ or Nxds corresponding to different
length scales employed in the analysis. For the case of a wedge, all
these have the same value, The results o figures 31 and 22 are
related by (Appendix F) for n = 2 and Y = ok

g ¢ 20E
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Near the leading edge, the flow is mainly governed by the biast
wave effect of the blunt leading edge and the pressure distribution
is similar to that on a flat plate. In this region, there is not
significant difference in results obtained by using Cheng's zeroceth
order, theory and Chernyi's method. At a point downstream, the
pressure reaches a minimum and starts increasing. In this region
as mentioned earlier, Cheng's theory predicts violent oscillations

' in yressure distribution about the inviscid value, similar to that

found by Stollery (Reference 22) for viscous interaction on a concave
surface, These oscillations represent a repeated thinning and
thickening of the entropy layer as it approaches the body surface.
This oscillatory behaviour is present even for a blunted wedge, but

is normally ignored since the amplitude of oscillation is small,
However, as we have seen now, the oscillatory behaviour assumes values
oft unrcalistic magnitude as the surface becomes more and more concavee
However , when Chernyi's method s used, we observe from figure 39, that
the pressure at the first instant slightly overshoots above the
inviscid value and then approachesthe inviscid value with an undershoo
and subsequent heavily damped oscillations, The amplitude of the
initial overshoot appzars to be a strong function of Y far a given
concave surface. 1In figure 40,.results for a family of shapes

for Y = 5/3 are presenteds The extent of overshoot is greatly
reduced for Y= 5/3 and the preé'sure appears to approach the Gowm-

N
Y]

stream asymptotic value much faster, he reason fa the strong
damping present in Chernyi's method, as can be seen from the present
analysis sappears to be/the inclusion of the afterbody drag and /due to

kinetic energy terms in the analysis. The neglect of these terms

as in Cheng's theory is only correct in a small region near the leading
edge where the flow is dominated by bluntness, However, far down-
stream, it is reasonable to expect the after bedy drag to deminate
over the lesding edge drag. Guiraud et al (Ref 37) point out that
even for the case of zero bluntness, it is necessary to retain the
after-body drag term in order to describe how the asymptotic value

of pressure is reached, 4 more rigorous comparison of the present
results can be made if higher order approximations ere ccnsidered

in Cheng's theory. This has not been attempted in the present work.
However, for the case  a wedge various theories are compered in
figure 41 with:exact results obtained by the methed of charzcieristics.
(Reference 43}, ALs it has been pointed by Mikhailov et al (Reference
19) , the difference between Cheng s and Chernyvi's method is' not .
significant for a blunted wedge.  Far downstreap, Chernyi's method
approaches the wedgs value, For concave surfaces, only the limiting
case of. Mp dy—~m has been considered and for finite valuesof KA N

the observed overshoot mey be still very much less, '

-

Now, we will consider the application of the present method
to the viscous intersction problem on a flat plate, Using equations
7102k, To1.25 and 7.4.28 and with the initial conditions given by
equations.7.1.29a, b and ¢, we can determine the pressure, boundary-
layer thickness and tne shock wave shapr.jfny a forward integration,
for the given body shape. “he solution is dependent on the wall
~conditions through the integral Io, ratic of specific heatsy,



and the incidence : parameter Muffgfor inclined plates or curved surfaces.
The verigtion of the integral I_ (Reference 78,79) over a range of

the pressure gradient mrameter” 3 is shown in figure 5. Within

the scope of the local similarity approach, we can account for the
variation in the value of I. from strong to weak interaction region.

In figures 42 and 43, the r@sults obtained for a flat plate at zero _
incidence are shown for = 0 and 0.2. These results were obtained by
fitting a second degree curve for the boundary-layer parameters I and
9,3/ B(/-9) in the range O< /54 0.5, "Som computations were made
with a 7th degree curve fit.over a much wider range of (3 from =0.3
t0 2.0 covering both the favourzable and adverse pressure gradient
regions, and these results did not differ much from the 2nd degree -
curve it results in the range of ﬁ’variation on a flat plate, However,
the use of the higher degree curve was abandoned since it . .

wen net efpeckive - in extremes o its range,  From figure 42, we
note a smooth variation in pressure from strong to weak interaction
region, The induced pressure is more sensitive to variations

in wall temperature since it is directly proportional to IO, snd
increases with increase in wall enthalpy. The present approaci .
affords the shock shape and the boundary-layer thickness to b’
calculated directly as a part of the problem and the results are shown
in figure 43, The shock wave tends to move away from the boundary-
layer with increasing dovnstream distance. Comparison with pressure
and heat transfer measurements (Reference 58) of the present approach
is shown in figure 14 in dotted lines. The agreement seems to be
satisfactory. The improved prediction in heat transfer rate may be due
to the inclusion of Prandtl number effects in the analysis. 1In

arder to fully evaluate the advantage of the methced, more detailed
comparison over s range of wall temperatures would be necessary.
However, the favourable agreement obtained for the fl=t plate is
encouraging enocugh to investigate further- its application to concave
sucface flows which happens to be a severe test for any method used

in the viscous interaction analysis.

Although, the application of equations 7.1.43 to 7.1.45, to
concave surface flows appears to be straight forwerd, the use of
the local similarity method for the boundary-layer analysis presents
some difficulties. The boundary-layer ¢n & concave swflace 1s
essentially growing in an adverse pressure gregient and is boumd to.
separate whenever the gradients are severe. The actual values of
the pressure gradient paremeter B, when separation cccurs have been
studied in detail for various wall conditions by Rogers {Reference
78,79). However, in the present viscous interaction analiysis, we
¥now from the resulbs of Chapter VI, that whenever the centrifugal
effects are retained im the analysis of the inviscid flow field,
the highly oscillatory behaviour of the pressure introduces very
much larger pressure gradients than the boundary-layer can withstand,
These severc pressure gradients would predict spurious premature:
separation of the boundary-layer, thus making the further analysisc
complicated.  This difficulty would offset the advantage afforded
by the local similarity approach and the resulting sclution may be
subject to a lot of errors. In order to obviate this difficulty,
in studying concave surface flows, we shall use local flat plate
similarity approach and assume IO =1, This assumption can be



justified only on the basis of cold wall similarity approach. The
variation in I from unity for cold walls is about + 30%. in the
range -0,3< 2 oé 0.3 and the amplitude of oscillation in precsure:
predicted by Cheng's theory can be an order of magnitudezlargcr than

- this value. For example, for the concave surface y X x , the maximum

value of the first overshoot in pressure is about 3"times the local

inviscid value- when the leading edge is sharp, and is about 20 times L

(figure 38) when %the leading edge is blunt. This suggests that major
difficulties arise from the inviscid flow model used in the analysis
and it is doubtful whether effecting further improvements in the
boundary-layer analysis would be of any practical use unless the
inviscid flow field analysis is significantly improved. It should
be borne in mind that even assuming a local similarity approach is
subject to errors since the boundary-layer profiles may not be similar
in regions of adverse pressure gradient.

ok

The results of computations carried far a family of shapes Yw = X0

fao Mypds = 1.are shomm in figures . 4k - 46, Comparing figure

L), with Cheng's theory results (figure 19a), we note that near the
leading edge region where the flow is mainly governed by the disph ce-
ment effect, prediction of both methods are similar. However far
dovnstream where the dominating effect is that due to incidence, the
present method using Chernyi's integral method for the inviscid flow
field approaches the inviscid corditions very rapidly while Cheng's
theory results are highly oscillatary.  The pressure rises rapidly
after reaching a minimum value, slightly overshoots and again reaches
‘a minimum and then decays rapidly to the inviscid value, Far X
gheater than 5 times the characteristic viscous interacvion length
scale A %% , the difference between the viscous interaction result
and the inviscid value for pressure is almost indistinguisheble,

This behaviour is similar to that observed for the case d' nose
bluntness (figure 38). From figure 45, it may be observed

that far ) = 5/3, the initial overshoot present far ¥'=1.4 almost
vanishes, The pressure after increasing rapidly is sensibly constant
for a short distance and starts increasing again, These results
show a marked improvement over Cheng's zeroeth order theory results,
A more direct comparison of various methods is given in figure L6,

In figure L7, the effedt of increasing the incidence psrameter
M@”(gon the pressure dis tribution is shown. For Hh’fs = 5, the extent
of overshoot appears to incfease slightly and the incidence effect
sets in much earlier than far MQO{,'S: 1. '

The shorgk-—v.-'ave shape and the boundary-layer growih cn concave
surface ¥ = are shovm in figures 48 a and b.  The boundary-layer
growing f¥om the leading edge first starts increasing in thickness as
though developing on a flat plate. At some distence dowmsiream £
reaches a meximum value and then thins down to a neck, and starts
increasing again, It may be noted from figure 48b that subsequent
oscillations after the first neck arc highly damped and the bourdary-
layer thins dovm very rapidly. The shock wave shape also shows 2
simik behaviour in the initial portion near the leading edge, but
starts increasing rapidiy downstream after the formation cf '

82



the first neck,

The analysis of the presert Chapter shows a sighificant improve=

ment over the highly oscillatory zeroeth order Cheng's theory results.
. The analysis can be applied to other shapes such as flat plates

at incidence, compression and expansion corners provided the upstream
influence is not significant. ~
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PART III EXPERIMENTAL STUDIES, RESULTS,

COI\X)iUSIONS AND RECOMMENDATIONS



CHAPTER § -

APPARATUS AND TESTS

8. 0 Tunnel and test conditions:

The present 1nvest1gat10n was @onducted in the Impcr:.al college
Noo 14 gun tunnel., A full description of the facility and its
z:peratu;g ranoes is g:Lven by Stollery et al (Ref 88) and Needham
Ref 89

The tunnel basically consists of a long barrel at the end of
which a convergent~divergent nozzle is fitted, The other end of the
barrel is connected to a drive chamber through. a diasphragm section,

The drive vessel is pressurised to the required pressure depending

on the running conditions by compressed air, When the diaphrag
separating the drive vessel and the barrel is burst, a light aluminium
alloy piston is accelerated inside the barrel and the working gas
(air) between the piston face and the nozzle end is compressed.

" Because of the multiple reflections of the incident shock between cha
barrel end and the piston face, the working gas is heated

non- caentropically and hence hlgh stagnation enthalpies are obtained.
The compressed gas inside the barrel expands through the nozzle

to the designed Mach number.  The working section is fitted at the
end of the nozzle and the dump chamber is evacuated (0.5 mm Hg)

prior to a:run., A microphone pick-up mounted on the barrel provides
the necessary signal for tr:.ggev'lng the oscilloscope beans and

the Schlieren system,

The tunnel is equipped with a conventional single pass Schlieren
system,  The spark source stabilised by an argon jet, is triggered
through a time deley unit from the instant the tw.nel primsry
diaphragn lS burst,

The present tests were condugted in the Mach 42 contoured
nozzle, with an exit diameter of 9%,  The nozzle has been calibraicd
by Mohammadian (Reference 90), Allowing for the nozzle wall ’
boundary~layer, the u@ezul test core is about 5" diameter at the
nozzle exit and L.5" diameter at a staticn 8" downstream. The exit
flow from the nozzle has a Mach number gradient &f approximately
0.015/inch, and the average test section Mach number was found to
be 12.25. A1 the tests were conducted at aimospheric pressure

in the barrel., The flcw conditions for the tesits were

A, Flat plate model: P, = 1600 psi
' )
To =13%00" K
. [~
Re . = 0,86 x 107/ irch

unit



B, Concave surface model:s i) = As far the plate model

and  ii) p = 800 psi

“1037° ¥
o = 0%

Be .. 0,644 x 105/ inch

‘ A11 the tests were conducted under cold wall conditions with
g = 0,22
w

8.1 Pressure measurenents:

For model static pressure measwrements, two types of pressure
transducers were employed, For low pressures, Pitran.pressure
sensitive transistor type transducer was used. This had a linear

- calibration for#* 0,25 psi with sufficient overload capability

permitting use up to 1.5 psi differential using non-linear calib-
rgtion. Full details of the Pitran transducer and asscciated
instrumentation are described in Reference % . The transducer was
calibrated using a solartron digital volt meter, against a water
manoneter at frequebtintervals during the test programme. For
higher pressures, a CEC strain gage type transducer (0-40 psia) was
used. This was calibrated against a mercury manometer. The
output of the transducers was reccrded directly on Tektronix 5024
dual beam oscilloscopes equipped with Polaroid land cameras,
Allowing for veriocus errors, the overall accuracy of pressure
measurements is estimated to be % 5% '

8.2 Heat transfer measurement:

Heat transfer measurements were made using thin film (platinum)
resistance thernrometers deposited chemically on the surface of pyrex
glass,  Because of very Jow heat capacity, these films respond
within a few microsecords to the surface temperalurs variations.

The platinum film heat transfer gage forms cne of the arms of &
wheatstone bridge and the change in resistance due to rise in

surface temperature during a run produces an oub-of balance
valtage proportional to the change of temperature, This voltage is
amplified and the temperature-time history is directly converted to
heat transfer rates by an electric anslogue circuit., The latter
makes use of the analogy between a one-dimensional network, having -
distributed resistance and capacitance, and the one-dimensional heat
flow through a solid material. The heat transfer equipment (comprising
the amplifier, analogue network and their associated instrumentation)
used in the present experiwents is described by Hunter (Reference 92),
The overall accuracy of heat transfer measurements is estimted to

be about +1 0%
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8.3 Models s

Flat plate model: A sketch of the flat plate model is given
in figure 49. The model was 6.5" long and 4" wide with inter-
changeable leading edge pieces of different tip thickness, The
0.0005" (Sharop leading edge) and 0.0%2" thick leading edges lmd
bevels of 34 and 30 respectively. For the largest tip thickness of
0.23", the plate was used without any leading edge piece. The model
was instrumented with/heat transfer measurement and also had static
_ pressure holes for pressure measurements. The heat transfer insert
consisted of a 6" long and 0.75" wide, 1/16" pyrex glass with
chemically deposited platinum films (Reference 93) at the locations
" shown in figure 49, The gauges were constructed by drawing a.thin
line of liquid bright platinum paint (Hanovia -~ 05X) using a
dreughting pen, and allowed to air dry for a short interval in & dust
free atmosphere. Following this, the glass was heated, starting from
room temperature in an electric oven, to a temperature of SOOOCe
During this process, the oven doar was kept slightly open to allow
the volatile gases to escape. <The door was then closed and the
temperature taken to the softening point of the pyrex glass (68000)
- which was allowed to soak at this temperature for 5 minutes,
" The glass was then removed from the furnace and cooled in open air,
Silver paste was painted to the ends of the film tocf‘orm the current
leads, and the glass was then reheated to about 600 %, By this
process 24 films were deposited on the pyrex: giass at 2" interval,
The resistance of the films varied from 55 to 80 ohms., Copper leads
were then soldered to the ends of the silver paint and the glass insert
was flush mounted in the steel plate using peisin wax, The films
were calibrated far temperature coefficient of resistance before
installing in the model. '

Since earlier tests of Mohammadian on concave and convex surfaces

(Reference 90) had shovm good two-dimensionslity, a single model was

. employed for both heat transfer and pressure tests. The static pressure
holes were 0,063 f, to allow pressures to% be recorded during the tunnel
running time, The pressure holes were blanked with plasticin and:

also the tubing (projected from the model) covered with one end

sealed plastic sleeves., Plate 4 shows the flat plate model mounted

on the variable incidence support designed for these tests., The
pressure transducers (Pitran) were mounted inside the model support.

To avoid flcw around the sides of the model, side ph tes were
U.Sed. ’ :

Concave surface model: For the concave surface, two separate
models for each pressure and keat transfer measwrenments were
fabricated, Both the models had sharp leading edges (0,001" leading
edge thickness for the pressure nodel and 0,0002" far the heat
transfer model), The equation of the curve for the concave surface
was .

K ﬁ . . - 3
Yoz 0082 A s ¥, ard = in inches,

x plotinum thin fiim gouges
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~ The shape of the concave surface vias determined so that the .
measurements can be made in a region where the viscous interaction
effects and the incidernce effects are both significant. — This
requirement introduced very large turning angles { 40 ) and hence
the domimating effect was duc to surface incidence over a.
considerable portion of the model, except for a short dis tance
downstream of the leading edge. It is quite possible that the
large turning angles of the model do not meet with the requirement of
slender body theory. However, it was hoped that somreliable
measurements can be made in a region near the leading edge, where the
body can be considered to be slender. The surface had continuos
curvature from the leading edge to the trailing edge.

‘ The location of pressure tappings on the model is shown in
figure 50a. As in the case of blunt flat plate model, the pressure
holes were sealed when not in use. The same model support
fabricated for the flat plate model was used for the concave surface
pressurc modét. The length of the tubing between the transducer
(housed inside the model support) and the static pressure hcles was
kept about about 3 - 4", The model mounted on the surface is '
shown plate 2. ' ’

, The concave surface heat transfer model is -ishovm in figure 50b;
and Plate 3., The platinum thin films:were deposited on pyrex glass
substrate by the technique described earlier in this Section, Pyrex
glass sheets cut to the required size of Lxh o 5"x1 /46" were purchased .
A steel mould was used for bending the glass sheet. The steel
mould was leter machined for the pressure model, The glass sheet
was bent by allowing it to sag on the mould by heating it to the
softening temperature in an electric oven, The holes were then
drilled in the glass using an ultrasconic drill at the required locations,
for tuking the leads. An aluminium plate bent to the same shepe vwith
the holes drilled at the desired locations served as a guide foz
drilling holes in the glass sheet. The platinum films were then
deposited by painting with Hanovia 05X and silver connecting leads
made by the[described earlier., The subsequent heating of the glass Znuﬂbd
sheet after drilling the holes helped to amneal, and remove any
residual stresses in the glass near the holes, Copper leads were
soldered to the silver paint and the glass sheet was then mounted flush
son an aluminium support with a steel leading edge machined to the
desired contour. The holes were then blanked with peisin wax. The
glass sheet was fixed to the support by peisin wax and the slots in the
suppact were filled with Bees wax so that the leads were held strongly
in positicn. Finally the leads were connected to a Canon 400 pin
plug. & photograph of the completed model is shown in Plate 3.

. The accuracy of the contour of the final model was checled by

. . R L < . ~ N X
using an optical projector with a megnificationcof 20, Ths contcur
was found to be smooth with no abrupt discontinuities and was found

to be within 0.005" of the desired contour. No direct check on the
slope of the contour was made.

¥ Jencons &Co., Scientific Instruments Jtd., Hemel Hempstead.
%% Cptical Measuring Tools Ltd. {(Nevall).



8.4 Gange Calibration:

The heat transfer gaufes were calibrated individually for tempera-
ture coefficient of resistance and a few sample calibrations were
carried out for the fGk for the pyrex glass substrate.

The temperature ccefficient of resistance of the films was found
‘by heating the glass insert in a silicone oil bath from room tempe-
rature to 60 ¢, amd measuring the _.change in resistance at suitable
- intervals., The silicone oil bath was heated in a Gallenkamp
‘water bath, The temperature was mintained uniférm by constant
stirring. The resistance of the films was measured by passing
a current of about 41mA through the gauge and noting the voltage
across the gauge on a digital voltmeter with a resolution of 40 AW,
Bhe temperature coefficient of resistance was determined by this
procedure for e30h {ilm independently and was found to e tz‘+% cf the
value 2.3 x 10 Individusl calibrations were found to be
Very linear, and caln.bra‘cions are expected to be better than 2%..

For the determination of ?CPP\ for the pyrex glass substrate -
the joulé heating method used by Skinmer (Ref 94) was adopted. No
detailed calibration for all thefilms was made. Only a couple of
films were pulsed in both air and glycerol by applying a step current
to the gauge. The value of (#(pk)%2 obtained by t‘hlq method was found to
agree closely with the value of 0,0745 Btu/ft‘ &P (Ref 92,94).

This value has been used in the reduction of the experi m°n+a1 heat
transfer data, :




 CHAPTER 9

EXPERIMENTAL RESULTS AND DISCUSSION

In this Chapter, the experimental results obtained on flat
plates and on concave surfaces will be discussed. Comparison of
the measurements with the viscous interaction theories has been made.
For flat plates, the follow:.ng theories have been used for comparison,

(i) Newton Busemann Ru'Le with lees' boxmdz.ry-..ayer theory
(ii) Tangent Wedge(Mod. Cheng) -, ,- .

(?.11) T + CFGL vwnh, -y, =

No comparison with the 2nd order tangem; wedge theory has
been made, since the differemnce between modified Cheng using IW rule

89

and the 2nd order TW rule is small because of relatively 1ow centrifu-

ga.l effects,

To provide a. better comparison of various theories, the results
are shown plotted on the actual scale rather than log-log., The use
of log-log correlation of'ten makes the compariscn impressive in
spite of bad agreement when a direct comparison is .made,

" 9,4 Flat plate studies:

9,11 Sharp flat plate heat transfer rates:

Figure 51 shows the heat transfer rates measured on a sharp
flat plate (R, = 45) at zero incidence along with theoretical
predictions., = In the absence of viscous interaction, the heat
transfer rate on a flat plate

4 = PUG (h-Tp) S
. V2
& - 0332 (:@)

As can be seen from figure 5, the estimates of the flat plate :
results -arc lower near the leading edge, whereas the agreement is

better far downstream where the interacuiﬁn is we - In the calcula
of C, Sutherlandy viscosity ~formula haxl been used throughout
this work, since the same formula has b‘,en used for Reynolds

number calculsbdion., € is given by
c- Ll 10
Ml T |
Following Cheng et al (Rer 32) Js the characteristic oem)eraturr: T"
was celculated using

ion
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The agreement of experimental data with the viscous inter-
action theory of Reference 22 (Modified Cheng) seems to be good. The
difference between mcdified Cheng and TIW + CFGL dis very small
for the present experimental conditions and hence a separate cmmparison
for the TW + CFGL rule has not been made, This measurement on
the sharp fh t plate at zero incidence was undertaken to serve as a
check on instrumentation (heat transfer) employed for the present tests,

L]

Figutes 52a and b show the effedg of inc%dence on heat transfer
measurements for two angle of attack 5 and 10, The goofi agree-
ment of the modified Cheng and the present TW + CFGL methed with
experimental data is expected because of the correct wedge limit
for the pressure given by two theories, The estimeteg using
Newton-Busemann rule appeer to be generally lower., For =10
the Newton-Busemann rule seems to asgree better near the leading edge.

(o]

It appears from the present heat transfer measurement on a
sharp flat plate +that the estimates of the tangent wedge and TW +
CFGL rules are quite satisfactory. The 1W + CFGL prediction may
give slightly improved predictions in the strong interaction
region,  However considering the experimental variations, there is
littlp/between 3 the two methods. [ {p chosse

9.4.2 Blunt flat plate heat transfer studies:

In figure 53, the heat transfer rates and Stanton humber for
blunt flat plates at zero incidence are shown, for lesding edge thick-
ness of t = 0,03 2" and t = C.23" along with sharp flat plate data.

It appears from the results that the heat transfer rates are generally .

increased by leading edge thickneds in the vicinity of the leading

edge but far downstream, fer t = C.0312", the values are slightly lower

than that for a sharp flat plate, ' For t = 0,23", the values appear

to be higher everywhere compared to the sharp flat plate results.

A similer bluntness effect has been found by Stone ( Reference 54.)

and Nezl (Reference 55), Their heat transfer data (using calori-

metric technique) measured far downstream from the leading edge

indicated that progressively blunting the leading edge caused firs®

& decrcasc and then an increase relative to sharp leading edge values,

The present thecretical predictions using modified Cheng theory

appears to agree qualitatively with this behaviour, but the extent of

. decrease in heat transfer rate and the point downstream of which the
values start decreasing 4o not appear to be predicted satisfactordily.

- The present results suggest ghat a slight blunting of the leading

ﬁﬁge decreases the heat transfer rates downstream and large bilunting
increases, In order to 2 gain a better understanding of this
leading edge bluntness effect , integration of tne govefing equations
for modified Cheng results was carried out over a wide range of the
viscous interaction parameter and the results are shown plotted
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in figure 54, From the results, it is evident that as the leading
edge is progressively blunted, at a point downstream , the heat
transfer rates start decreasing relative to the sharp leading edge
value, The point at which the values. start decreasing appears

to move farther away downstream as the leading edge thickness increases.
A similer behaviour is also found for the case of the flat plate at
incidence(figure 55). So, it appears from the present computations
that ithe decrease " .in heat transfer rate due to blunting i$ not
restricted to slight blunting , but is true for all leading edge
thickness provided measurements can be made sufficiently far down-

- stream, : ’

Regarding the agreement of <he present experimental results,
it is found that modified Cheng theory estimates are higher and
as we approach the leading edge, the difference keeps increasing.
The estimates of the Newton-Busemann rule appear to agree well with the
-experimental results. Far downstream, all the methods appear to
estimate the heat transfer satisfactorily for the bliéntest leading

edge « =

The decrease in heat transfer rate for small bluntness was found
. to be due fo an increase in boundary-layer thickness (Stone, Reference =~ .
54). In the present tests, no boundary-layer survey has been attempted.

The measured heat tr%nsfer r%tes are shown in figure 56 a-¢ {for

angles of attack of 57, 10” and 15 respectively. 1In general, as
the incidernce increases, the bluntness effect gradually diminishes,
Considering the experimental accuracy, the results for all the leading
edge thickness for =d15°, arg close over most of tle region,
At angle of attack of 5 and 19, for leading edge thickness of 0,03 2",
~ the results appear the be slightly lower than the corresponding

- sherp leading edge values. Away from the leading edge, the incidence
effect dominates and the heat transfer rates approach wedge values.
In figure 564, the heat transfer rates for the bluntest leading edge
are shown for various angles of atteck. As the angle of attack
‘increases, the heat transfer rates also increase because of the
increased pressure . '

Individual comparisons of Stanton number with different theories
is shown in figures 57 and 58. he degree of agreement of various
theories with experimental results depends on both leading edge
thickness and angle of attack. In general, it appears tht the tangent
- wedge approximation estimates give improved comparisons far downstrean
and remove the oscillatory behaviour. -~ Near the lcading edge,
wﬁere the bluntness effedt is important , the estimates apvear to be
slightly higher, In this region, the Newton-Busemann rule and the
present TW + CFGL estimates appear to be Betier. . -

Flat plate pressure measurcments: 7The pressure distridution was neasured’
for the bluntesg leading edge only, at zero incidence and at an angle

of athtagk of 10" and the results are shown in figures 59.. and 60,

The pressures induced by the blunt leading edge are much

higner comparcd to the sharp leadingg edge values (Figure 59), For

N g



this leading edge thickness, the tip Reynolds number is 49940, and

it is reasonable to expect the blunt ness effect to dominate over
the viscous effects. he predictions of all the theories

appear to be higher thanthe measurements, It appears from the
trend of the distribution that further downstream Cheng's theory
predicticns may be better. he tangent wedge estimates are higher
as much as by about 4100% abd the TW + CFGL estimates are in

. between Cheng's and tangent wedge estimates. Very near the leading

edge, all the theories, €ail because the small disturbence require-
ment is not met,

The prediction of the Newton Busemann rule appears to be good
for the angle of attack case,

- From the limited experlmuntal data on pressure measurements, it
appears that the tangent wedge and TW + CFGL estimates may be . :
-very inaccurate for blunitness dominated flows. Perhaps the predlculons
of the tangent wedge method may be better when both the bluntness and
displacement effects are present.

, Schlieren photos of the shock wave shape wan taken at zero -

" angle of attack and at incidence. Plate 4 shows shock shapes

' for the bluntest leading edge, and it may be seen that as the incidence
increases, the shock is much near.. to the bedv.. A summry of

shock wave shape at zero -~ - -~ &angi€” of attack is given in figure 61,

9.2 Concave Surface Flow Studies,

The tests on the concave surface were conducted at a Mach number
of 12.25 and representative Schlieren photographs are shown in Plates
5, 6 and 7. From Plate 5, we note that the leading edge shock wave
flrst sterts moving away from the body, reaches a maximum distance
and then comes very close to the body. In this region, there is
- & signiflicant interaction between the leading edge shock wave and the
compression waves generated by the effective body surfsce. Downstream
of tnis region, a well defined concave shock wave is formed where
the compression waves cealsce, Because of the domimting incidece
effect, the boundary-layer thins down very rapidly and it is rather
difficult from the photographs to clea~1J define the edge of it. From
the photograph it sppears that a neck might form in this region
before the boundary-layer thins down far downstream. In order to
fully appreciate the 1ﬂteractlon in this region, it may be necessary
to conducts tests at a : higher Mach number (ar at hihher values of the
viscous interaction param»tei) so that the boundary-layer is quite
thick., 1In the prﬁsent tests, the value . the viscous interaction
length scale \L A‘ »x ) is 2,75"% for p 800 psi. Hence
the value of the e fec ulve intenaction para(@)nﬂ*her X at & distance of
- 1" downstream of, the leading edge will be 0,6, and M5 97 ig
‘about 4.5, “his indicates that the 1n01denye e“frqtq set
in very rapidly. In order that ... the comolned effect of alﬁplace~
ment and incidence is imyortauu, 1t is nocessary that (Mé<f/45) 271,
and at the same tinme ﬁ % O 4 This condition is not strictly
net tn the present tests, However, in the design of present tests,



the main objective was to cover, at least, a flow region within available
experimental conditions , where both the concave shock wave and the
leading. edge shcclt wave are present he thinning of the boundary-
layer to a minimum appears go be rather more clear in Plate 7 taken

at an angle of attack of -5,

Since, the boundary-layer thickness is rather - _ » thin -and is
difficult to measure accurately from the photograph, comparison
with theoretical predictions has not been made. . However, the shock
shape can be taken as an indication of the boundary-layer as shown by
" figure 48b, where the formation of the - : neck in the boundary-layer
~is reflected in the shock-wave shape also, A comparison of figure 48b,
with plate 5, indicates at least qualitatively the formation of the first
neck in the shock-wave shape. It should be noted that it may be
possible that the transformation of the convex leading = edge shock
wave to the dowmstream concave shockwave mayn be much more smooth
than that supgested by figure 48b, for finite Mach number. Hayes
and Probestein (Reference 36) mention that an alternative choice
due to Iunev (Not referred to by the present author) of the basic
assumptions in the integral methods gives an equation similar to
Chernyi's method, but with the kinetic energy term doubled. Using
" this method for the inviscid analysis, it may be possible that the
+oscillations ;. 1+ . damped much faster than s suggested by the

results of Chapter‘7. _ '

It has not been possible to accouht for the normal densiiy gradient
shown by a black line in the region of the neck formation. The
term 'nreck' has been used with the restricted definition to denote the
region where the curvature of the leading edge shock wave changes
from convex to concave, if only one shock is assumed to be present’
in the flow field. K getailed boundary-layer and shock-layer traverse:
in the neck region at higher values of the viscous interaction
parameter might throw some light on this aspect.

From Plate 5, it may be observed that near the trailing edge, the
flow seems to be rather disturbed far some unknown reason. To see
whether the nozzle outlet flow had any effect on this disturbance; a
Schlieren photograph was taken with the front mlf of the model
well inside the nozzle. the flow feature was still the same,

However, since the primary interest in the present tests wss to
invest .gate the formation of the neck region, attention has been paid
to the flow upstream of the disturbance. In this region the flow '
appears to be satisfactory as can be Jjudzed from Schlieren photographs,

The slight differences between Plate 5 and 6 is perhaps due to
diffrent leading edge conditions of the respective heat transfer
and pressure models, and variations in Schlieren setting.

In figure 62, the heat transfer measurements, at a = free stream
Reynolds number of 0.644 x 10° and M = 12.25 are shown far zero

- . . - A o 50 .
incidence and for a negative angle of attack of 5, No measurement
was taken at positive angles of’attack, since the model blookeg the ! o
tunnel flow even’ the diffuserifioved well forward. For{ = 07, heat Hhen
transfer rate is sensibly ix constant for a short distance downstrean
of the leading edge and then rises very rapidly. After reaching



94

a maxlmum, at a distance of about 3 chord length there is a drop

in the heat transfer rates. thlS drop seems to be closely ,

associated with the disturbed region discussed earller. he~

tests were conducted with and without side plates. ‘he side plates
were used to avoid spillage from sides. he side plates extended
above the shock wave over almost the entire length of the model

Of course, this obstructed, the Schlieren flow visualization, However
from the heat transfer measurcments with and withtut sideplates

we see that over most of the model length, the two measurements agree
very well and further , the drop in heat transfer rate neat:. the trailing
edge seems to be less with sideplates than without, This

suggests that the flow quality may be better with sideplates and there
is no reason to suspect extraneous interference from the. sideplates,

Hence, all the tests were conducted w1th side plates except when taking
Schlleren pictures,
; Far negative angle of attack of 50= the trend of the heat
transfer distribution is similar to that at zero incidence. However,
the region of nearly constant heat transfer rate is extended furthsr
- downstream bf the leading edge, and the posifion of peak heat
transfer rate is also shifted downstream. his is to be expected
since the incidence effects set in more slowly for negative angle of
attack and the flow is llkc[on a flat plate: over a longer length of the [at
model from the leading edge.

In comparing the measurements, with theoretical prediction only
the viscous interaction theoriew discussed in Part I ., have becn used,
Other standard methods (such as Lees Reeves) for compre551ble
- boundary layers with khown pressure distribution have not been uued.
This is not because the latter methods are not applicable, but
the main interest was to study the viscid-inviscid coupling without
ignoripg the centrifugal, .- effects.

In figure 63, the measured heat transfer distributionson the concave
surface at zero incidence are compared with theoretical results. The
modified Cheng theory agrees very well with the measurements for aboph
40% of the chord from the leading edge « Downstream of this region
where the heat transfer is rising rapidly, the agreement appears to
be rather poor. 'fhe reason may be partliy due to simplifyins assumption
in the boundary—layen analysis, The TW + CfEL results are oscillatory.
Though, the TW + CFGL results are less oscillatary compared %o
Cheno s as seen from Chapter 6, the rise in heat trans@er rate sppears’
to be predicted tooearly. he subsequent oscillations in Cheng's ar
in TW+ CGFGL theories stem mainly from the llmlugt'onc of theowy in
not accounting for other higher order effects. ‘his is demonstrated
by the analysis of Chapter 7 using Chernyi's Intepral approsch

The present method of Chapter 7 using Chernyi’s approach for
the viscous interaction analysis appears ito predict the rapid rise
in heat transfer rate fairly weil. The subsequent drop in heat
transfer rate after reaching the maximum valye appears to be rather
lergg compared to the experimentzl observations. Homever, a rigorocus
comparison cannot be made in this region since the measuped distribution
may be subject mx to trailing edge effects and also the Schlieren
flow visualization (Plate 5)indicated a rather disturbed®flow in this
regibn,  Provided, the inviscid flow féeld analysis is improved further



the drqpvprediéted by fhe theory may be modified.

In general it apgears that the experimental resulis ar
 generally higher on concave surface, The reason for this is
perhaps due to effects;

(1) - The strong concave shock wave introduces in the flow
behind, high entropy gradients and hence vortigity . this effect is
also present in the strong interaction of a flat plate at zero incidence,
and can give rise to increased heating(discussed in Chapter 2). :
Since the downstream shockwave can be much stronger than the leading
edge shock wave, the vorticity heating effect may be more severe.

: (ii) Another effect which may be werth investigating

is the centrifugal instability of flow over concave surfaccs. A%
very high speeds of the externmal flow, the flow may be centrifugally
unstable, ‘his instability is found to generate vortices parallel
to the main stream whith are called Gortler vortices (Ref 80). It

is quite possible that these vortices may increase the heat transfer
rates. Thomman: (Ref 95) when studying turbulent boundsry-layers
on concave surfaces found a similar increase in heat transfer

due to curvature effects,

In figure 64 and 65, the measured pressure distribution gn the
concave surface at & free stream Reynolds : number of 0.64 x 10° ani
0.86 x 10”° respectively, are shown and are compared with viscous
interaction theories.

The measured distribution (pressure) is sensibly constant for a
short distance downstream from the leading edge, then sterts increasing
repidly.  However, after some distance downstream, the rate of
increase ia lowered and the pressure distribution has a kink in
this region before increasing again, The refion where the kink appears
in the pressure distribution appears .to be very close to the
region of 'neck' farmation in the shock wave (figure 65). +the pressure
distribution shown in figure 65 at higher Reynolds number was
conducted with the view <that the higher pressures on the model
can be measured accurately. :

In contrast to heat transfer measuremehts where the measured
heat transfer rates were higher than the theoretical predictions,
the pressures appear to be iggggféﬁﬁgiaé abl} in the region downstream.
of the kink, The modified Cheng agrees well with the peasured
distribution over a significant portion of the model. The trend of tl
pressure distribution is predicted well in the region néar the Jeading
. edge by the present method using Chernyi's integral approach, *hough
this method gives improved results compared with Cheng's theory, still
the quantitative agreement is not very satisfactory, with the experi-
mntal results, - Of the various theories considered, it
appears that the modified Cheng estimates for pressure appeer to be
superior,

e



96

CHAPTER 40: CONCLUSION

The problem of leading edge bluntness and boundary-layer
displacement effect has been studied by modifying the tangent
‘wedge rule for centrifugal effects., The analysis is applied to
flat plates and concave surfaces. On concave surfaces, these methods
- predict a mild oscillatory behaviour compared to the highly
oscillatorg results of Cheng's theory. Further, by adopting an
integral approach (Chernyi's), it is shown that consideration of
afterbody drag and other higher effects heavily damp = _ the
oscillations present in Cheng's theory. :

Experimentsl studies cn flat plates at M= 12.25 indicated
i) On sharp plates, the heat transfer ®ates appear to be prediced‘
, P .
satisfactorily by both the modified Cheng and TW + CFGL
methods, ‘ :

(ii) On blunt plates, the heat transfer rates agreed well with
the modified Cheng theory far downstream. In regions
where bluntness is important the modified 6heng appears to
overestimate. In this region either Newton Busemann or
‘TW+ CFGL . 'happens to be agood approximation . '

(II1) From the limited pressuremeasurements made, it appears
that the Newton- Busemann is a good approximstion when
considering cases of large bluntness, .

‘ hacH, o Mun(- ,Lea,d,mg Edg? (.‘::O'OSIZ)

(iv) &t zero. ongle ¢f . incidence ;  the heat transfer rate o
appeared to decrease S B ISPt CUR L
- far downstream relative to the sharp leading edge vakues.
This behaviour was qualitatively confirmed by theoretical-
calculations using modified Cheng theory ’

Experiments conducted on the concave surface indicated

(i) The Schlieren photograph of the flow suggested the possibility
of the formation of a neck in shock shape in the region,
where the leading edge shock wave approaching the. wall,
merges with the compression waves generated by the ¢ffective
‘body surface, However, further confirmetion of this
behaviowr from experiments conducted at higher values of
the viscous interacticn parameter is required.

(ii)Of the varicus theories, the modified Cheng appears to predict
setisfactorily the presswres on the concave surface. The
heat transfer predictions of the present method using Ghernyi's
integral spproach, agree well in the region of rapid rise

in heat transfer,



CHAPTER 14 : RECOMMENDATIONS

To evaluate the correctness of the various methods used
in viscous interaction analysis of the concave surface flows,
exact calculations using the method of characteristics far
the inviscid flow field analysis would be very ... . helpful.
Further detailed studv of the inviscid flows on concave surfaces
with nose bluntness is required.

In order to study the rather vaguely deflned neck regn o
observed in the present investi igation, experiments - U T at
a2 higher Mach number or at higher values of the viscous interaction
parameter need: to be conducted.
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APPENDIX A

GOVERNING FQUATIONS FOR Mowo(s +

The equétioné 4.2.47 =19, can be written as
. | .
-1y 1Y) v
P(\le—gx) ’-‘—{deXl . L4
"yiiih«!‘ _0”3 ! ’
P+ o
Pt [ % ﬁ(f)ﬂ'”}
vhere <§  =" (M 000(3‘)

In order to determlno ’cne stretch:mg factors, we shall write

the variables as ]
ql7 (3
P = 3
: ' Ny
V=9 &
. . N3
X = % 5
where Pis ¥, ere the new dpendent variables and x5 the independent
varlables and n, ard n, are to be: determnea. Substltatlng in
equations B ] ajﬂdﬁz, we gét e +7”3 )/z
-7 nz nﬂg I n .
 ST(E ) s T ] ]
A3
| o : ~Inz s
' N 2(n- }’13) 2 [ Y+ For | Py
1; - ¢ 4 Z’ / /IJILIZ'J , ) A m!+
Il 2 _ 3 )
+ VY Y, g (M2-13)
In arder to retain all the significant terms, we get by
equating the powers of § ‘
‘ _ -1
:n’L - %n3 . A ~5a
N+ 73
Ny+hg = —%— L-5b
o /.. \
’n,l = 2 }LQ - n’3}‘ £50
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Solviﬂg for n, n, and n3 , we get

9 3, A
—_— = —_— No =
,&,71—.3 '}’LZ 4dn-3 ’ -5 .lm—3

Using these values of n , n, and n3, the equations B and B,
o 1, 1 2
can b written as ‘

| iy S
%*(%’—% = [ H d%] | i
-~ ‘ V+ J+ 0 ]
4_7 \1&/7 + )’Z/ {( ) (Mm// s Y. }J’A-Y
| + 7 % %’
The valucs of 1, 2' ard ‘n, for @ifferent values of
n are |
n_ n, n, n, =
1 -2 3 b
e 3/5 L/5

3 - =2/9 3/9 49
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APPENDIX B

RELATION BETWEEN IENGTH SCATES L AND L ¢
1 &) o

- The surface; isgiven in the non-dimensional form as

. n A N
%, =E 7= ~ B
h ’ '/
where ¢ - 1—4&)‘ x - 7L/L.S
W dshs

2= Yolpl, b= 2ke

In the physical plane, the two eguations B+« represent the same
surface

Yy = Constant . x ‘ | B2

It must be ngted that the value of A is dependent on the
length scale L, “he subscripts ¢ and s denote the length scales used
in Cheng's analysis and in the modified Cheng method (Stollery, Reference
22), From B+ and B-2, substituting for ¥, 2z, X and ¥ ,
we obtain w w :
[-n -
: Déc .LO = 0(5 L_g = Constant

Made [ Ae)
,L‘S

L8 had 3
Myd's
Only for the case of a flat plate at incidence (n=1) s the
definition for Mpd will be same in both cases, '
From Ssction Loty we hove
5 .2
ATX 7
T iy Mad
- AP
and L = A" %
b‘n ,/{:C _ -'/—-Z,‘ l/ . B :
ey - - . . J-<

Substituting for Lc/Ls in  eguation B-3, we get



Il

ol
- Meds by Mgl

———

IR | | n-3 im-3 | -
or Mede = (’ZF) - (Mt B
- o | e Ln-3 |

or  Mpds = (h7). ( Mude) B
Por n =1, for ‘all ‘Yb s | MOt‘a{c=- MN"(S
n =2, for 7’.'—’ 1ol M‘oﬂ(cz 0.708 MW(S

n 7= 3," for yl =1h s Mooo(c.-'-- 0.682 MMO(S
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APPENDIX G
1) Eva;ll..uationiof Integréal 11 : . ‘
| _T_‘ = .—d-—‘-— B
. Fo |
; ’lé"— :
F((’) = __’_____e_______,_________——‘/ - Mme 84
Y )’ | + V4 (Jé,..)] A ‘
L Y \ £
» Y+l [ K
e = 1w ()
Ve have: '—g"i = %l ('f?" :Q
. » _ 7. .
| R S e B I
Substituting for F(t), I, can be vritten e;s
» dt |
R ot o
LA Poe kop- 1L |

where

sz = r‘ﬂme%

By partial fractions, the integr ano. can be sxfmpla.i‘led and C - 2
can be written as .

_Z'L - dt bo b.'
-V g bob{ 50—““[0_117;] | ’Cf“}'

where b,’""bo = J'CZ '
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Z(bz'bo) I
Vo

,: I“({D,“b,) -1y (P:.bﬁ | G4
e In = K b dt
A k . ', o b-—

Now, I, 1(_-9,15) can be integrated. To facilitate further integration

I1 4 is: written as

1 p-b

- Integrating C-5 by parts, and substituting for t, we get

[ kdp
b,b) = _._d
Fu(k,b) - = N E (p-B)*

A Iy (19 b

a,b G-6
Y bk ('p e 7) Eilh ) |
wheré,

Elpon= L [—E(}o,a,b)-:rfz (h~a,b>] et

oD
(o8]
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_ The> inﬁegral ‘E(p;a,b) can be evaluated easily m closed form"as ,
(-Pab) K{ P  1 ah‘
1 ((Mb)Z TR b ((,,b)z df’

‘ 53 “P'fo-_ ‘ ._(,_;_l_—_/ d-9
T o b T s

\ Theréfore, 11 4 can be written as

Y+l Iy (b)) _ r . ]',
_ZT bk~ (’lﬂeb)(b?;azj ;j l"(}»a b) +F (k- ab)]

€40

Substituting for I, (p,b) )5 in G-k, we get

'?_T_,z__‘if_fi_'l“ b, 'go'
AY(b bz)) 1 Pb)(bza) (iobo)(»bz 2)

+ 'zba gg(h,a,b,) ;E(io,a, b:)}

N be' V‘ y S . "]
A {t (p,,a,bo) E (b, a, bo)}J
vhere
G,Z".: .}./b:__'
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bot = [ 4ot (]

B Yol [ K :
- , + |
o { ™ zv(fc ')]
Jf;}P‘ 'f’m
T P,

and. E(p,a,b) is given by equation C-9,

2) Evaluation of fl@' dx for Tangent wedge approximation
. X . .l

From equation 5.2.14, 12 can be written as

»_'[ - K dxdi ) [ | K L " |
2 J T = J —————‘t o olt G2
Ky -4
poe E() =T _ Mg

'withvv “szslfl-AEi(-.?J)
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| we have, % = %I (,{32‘,&_{) , 043

and F,@ .1 4

= - M o4

@TP—DP (“b-—ba)(!?,b, A-45‘

where o R SR
_ Y’+|' : Y AN |
: "k,z = ._.2—- Mme > bO_)l = _%_ [kz i" (K2+4)IZJ C.-f%.b .

From: equation C- 3, by dgfferentlat:.on and substituting for ‘b,

- we get
| ,_K_"d/( — ZIQK Lo 0y o
£ b2 2 db 5 o 77 ot
Suhstitutingre%ﬁ and C47, in C-2
e | 2 |
I, = -k (m)j oo dr
b0t (pobo) (pb)

By partial fractions of the integrand, C- 8 can be writien as

_ (b-b) I,

m :v b‘ IZI (Ab)&’bl) - EOIZI(P’Q)IDO)
| o P o 1 | »
where J»Z!(b)a') !7>" J (vbl_’z%‘b( }9__ b) o
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I

7 [Ez (b-0,b) +E, (#,a,b)] o

| .
(P+a)(b-b)

A (Y [

= | Lofj | G-22

T K(V"") l: bO { | P A
2 e N L ~bo ) P’b “
!Zl“bo 2 O +b, " b0 + n+k 3 b,&o
Cobr [ g b 1 g Bb]
7 %a%; ~ Pra +_,a+b, Y }
where Ce=ly
I £ A |
C= L byl ()]
A J "1 —]\/2' |
- [ 4 ' K« _ k, - Py
? [ 7 LE ’/J e P



3) Evaluation of Inmtegral I

y | L db
3( Fi (B

F . [L- )VZ, M, 672

A Subs‘lj,itt.ztiné ?( = (.}f; ")‘/z,

¢
g
and a, = MOOBTIZ
I, - gdé dx
da ’)(Ql

Integrating by parts

13 ’l— + ( l’d%

- am—

1t U('Qi)z'
fron Cr-26 l: = mz
therefore o
T _ .{‘
13 = = 4+ KI
: F’ G) -+ 7 31

vhere I | : j d%
T (1+7° )(?{ 0,

ii%

c-25

C-26

C-28

PoYe)
vy

131 can be integrated in closed form by splitting the integrend.

-

into partial fraciions
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Iz = || A0 Q-1 ,za. o
| 5' ,“(Ha.z)z(wz) N o |

4 ‘ 2| d
| (1+0? ) (- ’}( a
"~ or by integration | o o | o _
_7:3, :.___,.a'_!._ Zﬁgl—ﬂz -—l—_,l——— ‘ ql#)i(ﬂ/l/
T el o)t pal) | T o T Y ]

C-30

» 2
Substituting G-30 in o-za and putting |+% ,,’é, and A-0O.,= Fi ®

. Far
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_ L) ~ Evaluation of jP dx far Newbonian rule ¢ From equiion 5.2.23

) | 4 "
gydx -, - X,‘:‘,/‘Hae e
» R ; .
whm'pz,(e);(lé ) M@)’
| Y | VY
writing, Y = 'U(é—ﬂz and 0, = My Y , equatiom O-32
becomes _ . | V
| 2K dxl
T, = | ——7
K J (1-+27) (x@0)

By splitting into partial fractions and integrating s we get

I~
=~
"o

7 L
2k At | gy 1% T -1 .
f [ Z 7 Tea) l

.LA = ..Z/Ki- 5 Q" —\ 72} ( 2 ') ){
(1+07) | % Erb) N
| o | c-31,
- A
L!/M —1’4 = = /’_:2> 9 G35
{L 50 | ~LH-L“
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APPENDIX D

ASYMPTOTIC BEHAVICUR OF THE SOLUTION FGR A BLUNTED WEDGE.

The governing eguations can be written as

(ZfEC)VMaf@z =1 D
v . 2 [T,
._B. PGl AR N AVA |
| {M(%GZ 9 . o - D-2
T g Yy b= 70/, |
| o | e 9
P, - Vf:l QD.!: ; = — V-l
Ter T g b e

For (, 00, the shock slope tends towards the value for a
sharp: wedggzcand in view of this, we can seek a solution of the form

J =AMt +B + Yty - P

The f-‘unétion Y, in D-3% represen’ss the higher correction and in
in the following analysis terms of order y12 ere ignored, By

substituting D-3, in D4 and D=2 the value of constants A and B,
and the governing equation for the function y, are obtained as follaws.,

Z.' = A + y”
)2 ' ! 4 2
7% pt+ 28y, 4 0(9))
v ‘ ‘3” ' '2
RN v-Zf.Z”: (Hfi“}'g) :7, 'T—O(jl>
Substituting for ?/}’MZ?; Z'zar.&. /7 in D-2, we get

[£(A-) +B+Y,r-) P—%—'(Az'f2AH;}+6“(AZ?¢+6)?/,‘.+0{9,4 =1 D4

Equating »terms of arder tc’ 1 and Yy on both sides, we get

2
It\\:i) 6:‘_

V]
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7 | z
= Y v -
chadﬁf Z(YE‘)%C+(%) 91“0
dtcz f a’;‘fc 6\
where k - Y_‘%—L .

% | | " | |
%%Z ’ (@‘ + '7%) d —*‘(0( +£+12)})’,=Q D6
with Q:O; O( = 0, b=‘2}%' and

= k%" o {: 0
The solution of eqa_uatlon: D~6.can be written as (Ref 83)
| ’b/z *a"/z

y - e C,(é) | 113-7' 

. where C 2 ( g is any solution of

%—d‘:f _,._( 3)2)’3 =0 88
£ - [(ﬁ—@)} P

iz
O (TR S L

PO,

Substituting for 4, b, A, poena f

$ I
RIS PIF
erefore | '-—— iz\ . D
ey

The general solution of Bessel's differential equation D=8 can
be written as
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BEEAOPEIND

D2

.where, C1 and Cz are aﬁbitrafy conéta_nts.
Far §..>-oo s TQ and YQ behave as (Ref 8i)
. leo ( —)m
L T, L) - E- =)

£t | \/—]:E/; |
M \/[g) §M(f—774—9ﬁ/2) DAL
- TE |

'mbstltutlng far J, (§)ama \}9( §) in D42, we get
Yo (&) [etm (5= -V
R Lt w@j

o Y. (,Tf) A ter (£+ B)

The constants A1 and B1 cannot be dtermined since they depend

on the initial conditions,  Substituting § ik /Z:m D45

9, = 042 b (cuaf Bt e

vmere' A and B are constants. Usa.ng equat;onb D-4 and D=6, ‘the
asymptotlc solut:.on for y, can be: written as '

?2.
'Z=Z+%I+f Afm("& ﬁ+5>+ D47a

The equation D+ 7a clearly il lustrates the oscillatory behaviow -

_ in the shecck shape. and hence in the pressure from equation D,

'/?

N - Yl S, /i B
¥ MZo* Z—Z”e z [””46 Tl (2L ZfJfB/“”' ]
D

Newton~Buscmann Rule:s This corrésponds the Cheng's analysis

and can be obtained by putting ¥ =4 in cquations D=2 and D=4 75

Far V:‘i; k:‘ig 5/=1

-/.7:)

{
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Tne e@atlon D=8 is the same as obtained by Cheng et al (Rei‘ 32).

Thereflore

(ii) TW + CFGL Formlas By putting 6 =1, in equations D-2 and D-fi 7

the resulting equation will hold good]./ jor W + CFGL formula.

Comparing D48 and D=1 9, it may be noted for ¥ >4, the
amplitude of the oscillation is damped much faster with the TW + CEGL
approximation tha,n in Cheng's analysis, , o

(iii) 2nd order Tangent wedge- In this case the oscillatory behaviour
depends on the value of § given bv

For Y: {ely D17 can be written 83

‘ ‘ 'Y“ "35)7 o ’/Z -
TMWG _ - - A
From equation D-20, it follows that the oscillations are heavily
deamped than in the earlier cases (1) and (ii)

D=20



124
APPENDIX E

APPLICATIDN OF THE TAI\EEI\U.’-CONE APPROXTMATION F(R BIUNIED CONES:

From Cheng's zeroeth order theory (Ref 32), we have the pressure
avea relation far the axisymmetric case

D _ Pb yc ,36 L
_— = == = : E-
am J-1 Z L -

In arriving at equati on£1 ; it is assumed that the shock layex
is thin and the pressure is constant across the entropy layer. For
the pressure on the body P Cheng used the Newton-Busemann relation
for the sxisymmetric case '

2 " '
v{?e = fm'Uz (’}jé +%9e/z) e

To s:LmolJ.fy the problem, we shall consider the limiting case of
Mwbc 771, where = O:is the semi—cone angle (figure E~ ), From
Cox and Crabtree (Ref &) for Mdoa 77, the tangent cone approxlmatlon
can be written as

o _ (Wﬁ) ( dye) .
Yhe T (r+3)? U -

—>M,, > 7
| Mgz Dea Ay
. : Figure E+
Substituting }J:(l‘) Td/v !//; M s equatior E-{ can be wrnten as’
4
h Gy
Hzf } NN I B 1,
VRJWZ ([ Y, ffjg) o (¥-) B
- P v
Y+l p
or (Ve JU" Lt Gydln z-
' zrpgoMao Do °
. Y—1 |
where € = -}7;7 .. o E-6

. - A X
Choosing a length scale L, = \/Qwé’ . O/N , equations E-3 and E-5

can be vritten as



2) Y4l
'-PT(‘\ITY’XT,) ',T?L_ | B
| (¥+7) [ dy :

E-8

where P ' __,_Eb,/
= 2
T _ Y bboMZ; QC

and XT’f 7[QC/LT

The equations E-7 and E-8 are singular at the origin and the
solution valid near the leading edge can be obtained by substituting
PTD( x;f‘ in E-7 and E-8, This leads to the leading edge solution

27/ ’/2' - .
P - [ 32 (V+3)° XT_ -

The equations E=-7 and E-8 can.now be integrated with the initial
~ condition given by equation E=9, For Y= 1.4, equation E-9 reduces
)

to | 027?5

PT X7 E-40
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APPENDIX F

RELATION BETVEEN IENGTH SCALES Ly AND 1,

We have the length scales I'N and 1c given by

vze - éa)(‘ o . #,_|
: ’ &ch -
Ly = b | £
L An®

. ' ‘ o 2
- (o)
Combining equaticns F< and F-2, LM = Ec (%} . .J-G—D

, o 4 ,
For a power, law body yb KM s we have from Appendix B

b . v
_ &
Combining equations F-3 and F-l Y n-!
Mobe . [ e (MehY )
odn Mee
Mot n-t C.s
an-%
v Mo - ¢
Mg 4N fam-2 -6
e = €

"
)
- (o]
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a, Invis.cicl flowr.

b, Viscous flow

AAe Inviseid distribution.
BB: Modified distribution due o
viscous' interaction effects.

Y

Fig 1.;..

2 /L

¢. Typical pressure distribution.

Vi*cid-«lnvlsc:,d interaction on a
compression surface. (Ref. 24.).

S5¥: Shock wave
CWs Compression waves
BL: RBoundary-layer
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Fig 31. Effect.of leading edge bluntness on inviscid pressure
distribution over concave surfaces (Cheng's theary).
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Fig 32, Inviscid pressure distribution on concave
surfaces with blunt leading edge according
to TW + CFGL theory for M 6%, Y=1.4 .
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Inviscid pressure distribution on concave
surfaces with blunt leading edge using
tangent wedge appreximation.

V= 4.k, MG =140%
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Cheng's- method

—mwwmm-w= Chernyi's method,

~with bluni leading edge.
(Mw‘:(,;’?w 3 Y--_- fols )

Fig 39. Comparison of Cheng's and Cheruyi's
pressure distribution on concave sur
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Fig 44 ¢+ Pressure distribution on a
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e Cheng's zer 3121:'11: theory *

Cheng & Kirsch* (Ref 42)
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(Characteristics Solution: Cleary & Axelson
Reference L.3)
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(" taken from figure 4 of Ref 42 )
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Fig 44. FPresswre distribution on & family os shapes ¥ = ¥

W
(Viscous interaction theory using Chernyi's method
with Iees' boundary-layer theory)
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Fig 45. Pressure distribution on a family of shapes Ywi e

(Viscous interaction theory using Chernyi's method
with Iees' boundary-layer theary)
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Fig L6, Fressure disiribution on concave surface }fw=)£Z ,

Mmo(sz 1. Comparison of various theories.
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Vis. Interaction Theory, Y= 1.4

Chernyi's Method with Iees' BL Thecry.

0 - 1
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Fig 47, Effcct of incidence parameber M on pressure

distribution on comsave surfece YV;‘“Z
. 1
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Viscous interaction theory, V =1 .4
Chernyi's method with Lees' BL theory.
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Fig 48a, Shock wave and boundapy-layer growth cn concave
surfaceé surface ¥ = X, Ma?( =,
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Fig 51+ Heat transfer to a sharp flat pla'té at

[

zero incidence,
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~ Chernyi's integral approach (Present method). ‘
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Fig 64: Comparison of Iﬂ.‘eéstme distribution on concave

surface¥;50,082 %% with viscous interaction
theories, (¢ - 5—“)
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dL= 15°

Plate Ui Sehlieren picture for,,the
bluntest leading edge t = ,
M - 12.25, Re unit= 0.86x1 (P.
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