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SUMMARY 

The non-equilibrium supersonic flow of a relaxing or reacting 

gas through a plane expansion has been studied from a numerical,, 

analytical,anii,experimental point of view. 

The flow of an ideal dissociating gas in a two dimensional 

expansion has been solved numerically by writing the governing 

equations of motion in their characteristic form. 

In conflict with linearised theory along the wall, the 

numerical solutions do not asymptote to the infinite rate equilibrium 

values. To estimate how far the asymptotic state deviates from the 

infinite rate equilibrium values, a formal second order solution has 

been developed with the aid of transform techniques. An example has 

been discussed for a simplified relaxing gas model, and estimates of 

the asymptotic state have been obtained. An exact solution over the 

whole field was not possible but by treating the parameter Mr4 i) 

as small, an approximate answer has been found. 

To understand in more detail the coupling effects of two 

relaxation processes, linearised theory has been extended to cope 

with the flow of a gas with more than one relaxing mode. An example 

has been discussed far Carbon Dioxide and the effect of possible 

coupling between the bending and stretching modes of the molecule 

in a plane expansion has been investigated. 

The Mach-Zehnder interferometer and Schlieren method have 

been used in conjunction with a 2" - diameter shock tube to study the 

density and density gradients within, and following a sharp two-

dimensional expansion for shock heated Carbon Dioxide. Measurement 

of the density gradient at the leading edge of the expansion by 

quantitative Schlieren methods have allowed relaxation times to be 

obtained. This method has the advantage that relaxation times can 

be obtained for specific values of the density and temperature for 

only small departures from an equilibrium state. 
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1.0 Introduction 

Over the past decade the fluid dynamicist has become 

increasingly concerned with the flow of high temperature gases and 

this has resulted in the union of, existing work in physics and 

Chemistry to fluid dynamics. .At sufficiently high temperatures the 

inert degrees of freedom of the molecules can absorb sufficient 

energy for considerable departures from ideal (structureless) gas 

theory to occur. This has meant that the overall equations describing 

the flow must be modified to allow for the re-distribution of energy 

among the internal degrees of freedom.. Provided the reaction 

processes are known, and knowledge of the energy distribution within 

the molecules is available, the equations can be readily formulated. 

If, also, this energy re-distribution occurs infinitely quickly, the 

equations of motion are outwardly unchanged and only the equations of 

state are affected. 
In practice, once a gas is disturbed from some initial 

equilibrium state, the reactions and relaxations of the molecules 

take a finite time before complete equilibrium among all the degrees 

of freedom is re-established. For example the translational degree 

of freedom is in equilibrium after about one or two collisions, the 

rotational modes usually require about 10 collisions whereas the 

vibrational modes of a molecule may take up to 10,000 collisions. 

Thus, while the translational and rotational modes may be considered 

to be in equilibrium for most situations encountered in fluid dynamics 

the vibrational modes and dissociation and recombination modes will 

take some finite time to readjust themselves. This time is generally 

inversely proportional to some power of the density and a function of 

temperature. Thus, in most gas dynamic problems it is possible to 

find conditions where the relaxation times are sufficiently long for 

portions of the flow to be carried large (measurable) distances before 

equilibrium is re-established. (For example such a situation can 

arise in the hypersonic flight regime of a re-entry vehicle at high 

altitude). Thus, if the relaxation or reaction times are long 

compared with the flow times pertinent to the problem, then local 
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departures from statistical equilibrium may occur. This can result in 

significant differences of the pressure, temperature and density from 

the values computed as if 'tbs, fluid was at all times in equilibrium. 
These effects can be particularly important when large amounts of 

energy are tied up in the inert modes. For the class of problems in 

which viscosity, heat conduction and diffusion may be considered as 

negligible, and which are dealt with here, Kirkwood and Wood -(1957) 

conveniently formulated the basic equations for any number of reactions 

and relaxations, all of which may be locally out of equilibrium. 

These 'real' gas effects introduce into the problems non,-

linearitiesI  over and above those which already exist in ideal gases 

to such an extent that even the one dimensional steady flow in a 
nozzle which for an ideal gas can be solved exactly, becomes analytic-

ally impossible and numerical techniques must be used (cf Bray 1959). 

For complex reacting and relaxing systems, (V..incenti 1961)even the 

numerical solutions can become prohibitively long and, thus, when 

dealing with more complex flow situations the trend in recent years 
has been to develop more approximate but analytical techniques for 

preliminary exploration of the problem. These approaches have shed 

light on some of the underlying physics of the problem, but generally, 

if exact answers have been required, the field of non-equilibrium gas 

dynamics has been in the province of the numerical analysist. 

Because of the difficulties encountered with the one 

dimensional problem of a real gas, in order to look at ft.. tiAto.olimenibn 
flow from a numerical,' analytical and experimental point of view, the 

problem of the supersonic flow past a sharp expansion has been 

considered. Like the one dimensional problem this has an exact 

solution (Prandtl-Meyer solution) for the ideal gas and thus the 

extra non-linearities associated with giving the gas an internal 

structure can readily be appreciated. Fortunately this particular 

problem has already received some attention and thus provides a sound 

basis for the present study. 

The problem was tackled simultaneously by Moore and 

Gibson (1960) and Clarke (1960) who both applied linearised theory to 

non-equilibrium flow and consequently obtained analytical solutions. 



These authors following the basic work of Chu (1957) show, after 

linearising the.. equations, that the partial differential equation 

characterising Adow flow of a gas with one mode (either vibrational 

or dissociative) not in equilibrium is now of third order and is 

given by 

	

0 et; 	,f (m2 _1)6; 	= 0 

	

ax, 	aye, 	e a  x2 a,2 
Where p' is the perturbation pressure, Mf, are the Mach numbers based 

Olathe frozen and equilibrium sound speeds, and'' a relaxation time. 

Moore and Gibson (1960) approximate this equation by the telegraph 

equation and find solutions over the whole field whereas Clarke (1960) 

solves it exactly and compares the solution at the wall for a sharp 

expansion with numerical solutions obtained by Cleaver (1959) for an 

Ideal Dissociating gas. A more exhaustive numerical solution was 

then obtained by Appleton (1960) and more recently by Glass and 

Takano (1963). Another analytical approach to the problem was 

proposed by Napolitano (1960) who suggested a series solution in 

terms of the radial distance from the corner. This is only valid 

close to the corner and a comparison with the numerical solution is 

made in section (2.3:3). 
One of the shortcomings of numerical solutions arises from 

the numerical approach used and this appears to be quite important in 

this problem. The work of Appleton (1960), and the present 

computations indicate that the pressure recovery downstream of the 

corner does not increase monotonically tothe new equilibrium state 

far downstream of the corner but overshoots this value and approaches 

it asymptotically from above. Although plausible explanations for 

the phenomenon exist, there is always the possibility that such an 

'occurance could be attributed solely to the numerics. More recent 

work by Glass and Takano (1963) suggest that downstream of the corner 

energy can be supplied to the gas at sufficient rate for a weak 

upstream facing shock to be produced, This was not found by 

Appleton (1960) or in the present computation which suggests that 

once again great care must be taken in drawing too many physical 
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conclusions from the computations. To add to the difficulty, because 

entropy and vorticity is produced when a gas is out of equilibrium, it 

is impossible to predict fa prioriT the new equilibrium state that 

will be reached far downstream of the corner. Although as shown by 

Appleton (1963) momentum isonciderations indicate that the pressure 

at least, must return to the infinite rate equilibrium value, the rest 

of the variables are undetermined. Thus, the pressure is the only 

cheek on the entire solution. 

Because of these inherent difficulties in the numerical 

approach to the problem it is desirable to have an analytical 

solution, even if approximate, to elucidate sone of the above queries. 

Amen established technique is to seek a series solution in some 

small parameter characteristic to the problem (in this case the 

expansion angle). Linearised or acoustic theory arises by neglecting 

terns of order two or greater in the small parameter. As mentioned 

above to this approximation a solution has already been obtained by 

Moore and Gibson (1960) and Clarke (1960). 

Vorticity and Entropy production is an essential 

characteristic of nom-equilibrium systems but in the process of 

linearisation it is considered to be zero. Nevertheless, despite 

this apparently severe approximation, the results of linear theory 

reveal most of the salient features pertinent to many non-equilibrium 

flow problems. In particular for the plane flow past a corner the 

linear theory describes surprisingly well the variation of the 

pressure, density, etc. in the relaxation zone downstream of the 

corner (cf section 2.3). However, to first order the theory is 

inadequate in that it does not predict, for example, how far the new 

equilibrium state, which is achieved far downstream of the corner, 

deviates from the conditions calculated as if the flowvns at s11  

times in equilibrium. BecaUse, to the first order approximation 

the flow is isentropic, the linear theory automatically implies 

that the final asymptotic state is the one obtained using the 

infinite rate equilibrium solution, which from physical arguments 

must be incorrect. Thus, to make the approach more valid, a higher 
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approximation is needed which allows for finite entropy and vorticity 

production. Therefore it is logical to include some of the neglected 

terms in the original series solutions to see whether albettertanswer 

can be obtained. (From the outset there is of course no guarantee that 

the proposed series solution is convergent and it .is possible for 

higher order solutions to be worse). In consequence, a formal second 

order solution is attempted in section 45, and although an exact 

solution was not possible some of the queries raised about the numerical 

solutions can in some measure be answered. In particular it is possible 

to show that far downstream of the corner the pressure, to the second 

order approximation tends to the infinite rate equilibrium value. This 

agrees with momentum arguments and gives some confidence in the pre-

dictions of the asymptotic values at the wall of the other state 

variables. 

Apart from some very preliminary experiments by Feldman 

(1957) no experimental evidence has been published relating to the 

plane supersonic expansion of a gas which is out of equilibrium. To 

rectify this, a series of experiments has been undertaken which uses 

the high temperature steady supersonic flow of gas following the 

primary shock in a shock tube as the test gas. By inserting a wedge 

shaped aerofoil section into the unexpanded part of the shock tube, 

a plane expansion has been generated. The flow field was investigated 

optically to measure the density and density gradients by means of 

the Mach-Mender interferometer and by Schlieren techniques. 

Since the theoretical studies suggest that experimental 

observation of a plane expansion could provide a further technique 

for measuring the rate at which a non-equilibrium process occurs, 

a feasibility study was made with Carbon Dioxide as the test gas. 

This was chosen because of the relative ease with which its 

vibrational modes are excited and because its relaxation time is 

small„ (criteria determined by the performance of the shock tube) and 

most important, because the properties of this gas have been well 

studied:by other techniques and thus a comparison of the results can 

readily be made. 



The fact that Carbon Dioxide has more than one inert mode 

does to some degree complicate the issue but at the same time it has 

provided the incentive to look at the linearised problem of a gas 

with more than one inert mode (cf Section 2.4). 

For expansive flows, temperature is the ideal measurement 

to make and density the worst if nonr-equilibrium effects are to be 

isolated, and from this point of view the density measurements 

obtained, especially within and downstream of the expansion have been 

inconclusive. However, along the leading edge of the expansion, it 

is possible to show, Appleton (1960), that the gradient of the flow 

variables decay in an exponential manner away from the corner when 

non-equilibrium effects are present. This decay has been detected 

by Schlieren and Interferomeizio techniques and has allowed relaxat-

ion times to be estimated, Although the technique cannot claim 

great accuracies (probably no better than t 5%) it has the advantage 

that a relaxation time can be obtained for specific values of the 

density and temperature upstream of the corner for small departures 

from an equilibrium state. The results agree on the whole with those 

obtained by studying the relaxation zone after a normal shock as 

reported by Johannesen et al (1963). These preliminary results 

suggest the technique-bodes well for the possible determination of 

recombination rate coefficients in oxygen and perhaps nitrogen. 



2.0 Theoretical 

2.1 The Basic Flow Equations  

The derivation of the conservation equations for quite 

oodii(ni: reacting and relaxing gas flows is well formulated even for 

systems in which local statistical equilibrium among the various 

degrees of freedom is not sustained. For completeness these equations 

are briefly stated and follow identically the formulation first given 

by Kirkwood and Wood. (1957). 

For the class of problem which is dealt with here its 
fluid is considered as non heat conducting, non-diffusive and inviscid. 

When an arbitrary number of chemical reactions coupled with relaxations 

of the internal modes of the molecular species can occur, the overall 

equations of continuity and the Eulerian equations of motion remain 

unaffected and take their familiar form 

sidiv q, 
Pt 

4
grad j  

Dt 

the equation of energy is also outwardly unchanged and is given 

wherewhere
t 
 is the convective operator 

dt.-1- 
 grad, is the pressure, 

 
q, the velocity vector, .P 

 the density and h is the specific enthalpy 

which is dependent on the structure of the gas. 

Fora chemically reacting gas there will exist a rate 

equation for each chemical species 

where K.k is the net mass rate of production of theek species per unit 

volume and C 	the concentration by mass of the e< species. If R 



reactions are taking place then K=Z ice  where $(.4.; is the mass rate 
-t=1 

of production of the j1;34. species arising from the j reaction. 

At the same time as the chemical reactions are occuring 

adjustments of the internal degrees of freedom will also take place. 

The rate processes governing the approach to a common equilibrium 

temperature between the various degrees of freedom are given in the 

form 

where CZ,e.p. are functions of the local thermodynamic state and the 

subscript f, indicates the t!, mode of the molecular species mac:. 

Generally little is known about albut in the past it has been assumed 

that linear rate laws hold and that the rate at which equilibrium is 

re-established is proportional to the deviation of the vibrational 

teraperattrceTo% from the translational temperature T and hence 

14, has the dimensions of time and is defined as the relaxation time 
for the f, mode of the ex species, and is generally a function of the 

density and temperature. For polyatomic molecules the above rate 

equation may be inadequate to describe how the internal mode adjusts 

itself and other forms of 	f.must be considered, see for example 

section 2.1+. 

To complete the system of equations the thermal and caloric 

equations of state must be specified, at,. a. 

p = p 	, , 
acid 	 h = h (T , 1 p 	 ) 
These will depend on the thermal and chemical kinetics of the gas and 

have been tabulated for many gases. 

From the practical point of view the set of independent 

state parameters are usually taken as T0 1) and CO. but in some 
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From the original work of Kirkwood and Wood (1957) or  the mare recent 

publication of Clarke and McChesney (1960, where the associated 

sis is conoisely recorded, the rate of change of translational 

entropy along a streamline can be obtained, and after some lengthk 

algebra it can eventually be shown that equation 2.1(8) can be 

written 

that 

21f. 

t", 	
d 

In addition one may note (of Clarke, McCheangy 

the total entropy production along streamlines is given by 

-9- 

circumstances it is convenient to choose 	s  and 5, the trans- 
entropy to describe the system. For example if the density 

t Dt 
,cw 

The density derivative can then be eliminated by means of equation 

2.1(1) to give 

1(9) 

specific heat of mode of c., 

2.1(10 



• where fka<is effectively the chemical potential of the ®c species. 

So far no particular significance has been attached to a 

and all that can be deduced from equation 2.1(9) is that it has the 

dimensions of a velocity, Chu (1957) was able to show that Of is 

the speed at which wave fronts of infinitesimal strength propagate and 

sinee the analysis shows that 1:4,  is evaluated by assuming ;all 

the inert modes to be inactive, it has in consequence been called 

the frozen speed of sound,. However when the reactions and relax—

ations occur infinitely quickly the vibrational temperatures "T...f  
alithe concentrations ;m are able to keep in equilibrium with the 

translational degree of freedom and in consequence R:4= 	0 

and then equation 2.1(9) is replaced by 

2 	 a oe  is now defined as t-9- st Cam' Toy 	
the subscript e indicating 

that the inert modes are in equilibrium. For this condition the 

wave fronts are found to propagate at the speed aa which is called 

the §gailarjap sound. speed. In the development of the subject there  

was some contusion about the role of Cie  when the rate processes are 

fast but not infinitely fast. Chu (1957) clarified the situation 

and was able to demonstrate the Oe  in near equilibrium flow is the 

phase velocity and Op is the wave front velocity, Thus if a finite 

disturbance is propagated. into a relaxing fluid, the head of the 

disturbance always propagates at CIF  but the magnitude of the wave 

head decays and the bulk of the disturbance is found. to follow 

behind the wave front at a speed. oe  . 
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2.2 Method of Characteristics  

For plane flow equations (2,1(1) - 2,1(7) ) constitute (64010) 

quasi-linear partial differential andalgebrnit-. equations,da the (54-nril 

unknown dependent variables and the independent variables x, y. 

Solutions of these equations, except for particular cases, can only 

be obtained by numerical techniques and from this aspect it is 

practical to develop the governing equations into their characteristic 
form, 

As the basic equations stand they contain derivatives 

with repect to both x and y. From the numerical point of view it 

would be preferable if 4ach equation were total rather than partial 

in that it would contain derivatives with respect to only one 

variable., If a combination of the basic equations can be found such 

that the resulting equations contain derivatives which are in one 

direction only, then this direction is called a characteristic 

direction and the curve which they describe is the characteristic 

curve. Across these curves the dependent variables are continuous 

but the normal derivatives need not be so„ in fact a property of 

characteristics is that they are loci of possible discontinuities in 

the partial derivatives of the first or higher order. 

To find these derivatives (ref. Courant and Friedrich) 

a system of multipliers ?%J (say) dependent on (z y) is specified such 

that in a linear combination of the original system of equations 

(formally of the form io ;i shity ZX 1  bu au vz) 	c: 	) 
all the dependent variables appear differentiated in the same 

direction given byd0y= 0( (say). If the curve specified by 41 lox 
is given by x( ), ij(*) where is a parameter associated with the 

characteristic curve, the condition that all the variables be 

differentiated in the same direction is given by 
	

jl ') (Ai ali) 
If the( 5 rt 0) governing equations are compatible, i. e. if a 

characteristic direction exists, then the )ti may be eliminated to 

yield a characteristic determinental rotation which defines the 

direction of the tangents to the characteristic curves at the point 

(x y  37), In this case the directions are given by 



(21 = tan(e t 
dx 

2.2(1) 

-1 
where is the flow angle to it axis and Jl= sin • '1,46  where 

is the iviach number' base& *on' the frolen .seed ipt sound. Provided 

the flow is supetscnic the aharacterietics are real. 
The equations connecting the dependent variables which hold 

along the characteristic curves are readily found to be 

?c1.1 
	

¶ at 
	0 2.2(2)  

which, hold along lines given by equation (2.2(1) ) 	are lengths 

measured along the characteristic curves. The characteristic 

relations holding along the streamline characteristils exist naturally 

r.,:nd are given by equations ( 2.1(3), (21.(4) and (2.1(5). 

2,211 lat x:sc-...L...attc...2142.-aomer 

Now that the equations have been reduced to a system of 

ordinary differential equations they may be readily written in finite 

difference form and integrated step-by-step throughout the flow field 

provided suitable initial data are posed. If the initial data is 

given on some curve (Fig, 2.2(1) which is not coincident with arty of 

the characteristic curves, the solution can be progressed away from 

this initial line. 

If point3 (1) and (2) lie on the data curve then provided the 

points 1 and 2 are sufficiently close together the position of a 

point 3 may be located by letting the characteristic lines through 

1 and 2 be represented by straight lines based on the slope of the 

frozen mach lines at 1 and 2 and determining the intersection point. 

This naturally introduces ail, .error (of order of the mesh size) which 

may be reduced by iteration (to order of the mesh size squared) and 

overall errors in many cases can be reduced by reducing mesh size, 

(This is only true provided the truncation error is not an important 

factor). Having located point 3 the pressure and flow angle may be 
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deduced from equations (2.2(2) written in finite difference form. 

Before the other flow variables can be determined the intersection of 

the streamline through the point 31  with the initial data line must be 

located. To a first approximation this is accomplished by extra-. 

polating the tangent at point 3' to intersect the data curve. Then by 
interpolation all the dependent variables may be found at the point 

of intersection and hence by equations (2.1(4) and (2,1(5) the values 

ofc,,,andat point 3.  may be evaluated. Using the energy equation 

h at! = constant and the thermal and caloric equations of state 

all the dependent variables are determined at the point 3. By 

iteration through the whole cycle the results can be improved. 

This is the computation scheme which is used in section 2.3. 

The restrictions associated with prescribing the initial 

data is well formulated for general quasi-linear systems and for the 

systems associated with non-equilibrium flow fields Der (1963) and 
1Tapolitano (1960) discuss the implications of these restrictions. In 

particular Der points out in detail the importance of these restrictions 

when designing supersonic non-equilibrium nozzles. One result of 

importance to fluid dynamicists is that it is impossible to design a 

nozzle for prescribed uniform exit conditions. 

In passing it may be noted that two relatively simple 

solutions arise when the flow is considered to be in either a frozen 

or equilibrium state. 

(i) Frozen. Flow : In regions where the flow times are fast 

compared with the chemical rates or relaxation times then the right 
hand side of the rate equations tend to zero and the non-homogeneous 

terms in equations (2.2(2) vanish, In this situation the flow will 

occur isentropically with a constant ratio of specific heats and 

solutions in many cases may be constructed analytically. 

(ii) Equilibrium Flow : For the other extreme when the flow 
times are slaw compared with chemical rates or relaxation times the 

chemical reactions and internal adjustments of the molecules occur 

infinitely quickly. In this situation the disturbance fronts propa-

gte with the equilibrium speed of sound and in the limit it is found 



that the characteristic directions change discontinuous 

2.2(3) 

where Ne  =sin mt and Nis the Mach number based on the equilibrium 

speed of sound. For finite relaxation or chemical times, no matter 

how small, the characteristic directions wi11 be given by equation 

(2.2(1) and not equation (2.2(3). 

Along the curves given by equation 2.2(3) there holds 

14-  I 416. ±.de 

41:: rest  dqvt  d 

Qe d -111  Pev0 
where the subscript Q indicates that the dependent variables are 

evaluated for equilibrium conditions. The rate equations used to 

determine CeloT,tfare now replaced by the equilibrium relations 
ccanBotingctlewith the translational temperature and pressure. 

In this case no analytical solutions exist since the composition 

and vibrational temperatures vary throughout the flow field and 

numerical techniques must be resorted to. However since the inde-

pendent variables are now a function of only two state variables 

(p, T) say, the computation is simpler than the non-equilibrium 

situation. Provided information concerning the chemical kinetics 

and thermodynamics of the fluid is available the dependent variables 

maybe computed in a step by step manner similar to that already 

described. 
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2.3 Numerical Solution for the two Dimensional Expansion of an. Ideal 
Dissociating Gas.  

As an example of the general method discussed in the 

previous section the method of characteristics is applied to the 
supersonic flow of a ILighthillt type Ideal Dissociating gas around a 

corner. 

We consider only one chemical reaction and the equation_des.-

wiling the reaction may be written formally as 

k 
a A 	X 

kr 
.3(1) 

where xis any third body, which in collision with a molecule or atom 

may wt as a heat sink or source. For a diatomic gas this third body 

may be an atom or a molecule. kF  and kr  are the specific reaction 

rate coefficients for dissociation and. recombination, both being 

dependent on local temperature. 
If o is the concentration by mass of the atomic species 

ando4, which may be evaluated from the law of mass action 
c: 	j)s)  

e:040-*/"VT 	is the concentration evaluated as if i-ce 
it were in equilibrium with the local values of the pressure and the 
temperature, then the rate equation pertinent to the above reaction 

f Clarke 1960) is 

0 c 
t 

   

a 

 

.3(2) 

It may be noted that has the dimensions of time and may be 

treated as a characteristic chemical ti 
	

is the mass of the 
atomic species. 

Notice that for this gas 

c)(i T*) 

4-004. 2.3(3) 

where To is the characteristic temperature (55,03oo/tforCia) for  
dissociation, and since no internal modes exist equation 2.2(2) 



reduces to 

+ c)( t 4.191) 
+ c) ( 4 .1. c) 

which holds along the characteristic directions 

Ih(2.3(4) the length has been made non-dimensional with the product 

of the free stream velocity and the chemical relaxation time 
fqVig.r.e-  . 	kris strictly a function of temperature but for 

the purpose of the present calculations it has been assumed constant. 

Along the streamlines 

DJ! 	DA) = 0 	 .3(6) 
E At 

and 	 PI 	1 
0 

holds. 	 2.3(7) ot 5 
The system of equations is completed by the thermal equation cf 

state 

At the corner the flow is completely frozen and the solution is 

identical to that of Prandtl-Meyer flow for an isentropie gas with 

At large distances from the corner the flow time is long 

coapared with the chemical reaction time, and the flow will occur 

as it were in equilibrium and a solution is obtained in a step-by- 
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step manner as indicated in the last section. The full none-equi-

librium equations have been solved by the method of characteristics 

discussed in the last section. 

,30, Discussion of the Characteristic Calculations 

To cheek the results of Appleton (1960) a full solution 

was obtained for oxygen for the same initial conditions with Isoic ,C> 

Tcer 3T41-0°K, C=0.52-4-17 and p = 0,21 atmospheres. More 

recent calculations by Glass and Takano (1963) treat a similar case 

andites is discussed below. 

The characteristic mesh, see figure 2.2(1), was constructed 

in the physical plane and the basic computing procedure was identical 

to that described in section 2.211. The iterative procedure followed 

standard practice (cf Isenberg (1452) )4  withthe coefficients in the 

difference scheme being replaced by mean values of the coefficients 

at points 2,3` axed1,3' 	and the whole process was repeated until 

successive guesses at the new point 3' differed by less than one 

part in ten thousand. 

The assessment of the optimum mesh size needed to ensure 

stability and convergence of the computing scheme was made by trial 

and error. Choice of the best angular increment at the corner (see 

figure 2.2(2) ) was made by comparing the numerical solution with 

the exact Prandtl-Meyer solution which exists at the corner. It was 

found that 0,25°  intervals gave satisfactory agreement to better than 

one part in ten-thousand for a 10°  corner. The increment in the 

initial radial distance & h along the leading characteristic was then 

varied and the results compared. The density along the wall, 

figure 2,3(10), displayed the greatest change in character (not 

magnitude) to variations in mesh size, with the rest of the dependent 

variables being affected to some degree (see figures 2,3(1) to 2.3(4)). 
The programme was too long (timewise) to choose an even smaller mesh 

size. 

By suitable combinations of initial mesh sizes the density 

could be made to increase or decrease, figure 2.3(10), and thus it 

would appear that one must proceed with some care in the neighbourhood 



at the singular point at the corner. These rather incomplete 

calculations suggest that it is possible to produce at will, curves 

similar to those of Appleton 1960, who found initial increases in the 

density for the larger expansion angles of 20°  and 30P . The 

auterical solutions which produced an initial increase in density 

also show that the flow angle just away from the corner over— 

expanded. This will produce ,compression waves as the flow becomes 

parallel to the wall and thus the characteristics will tend to converge. 

Although these preliminary computations did not proceed far enough to 

see whether the characteristics actually intersect, one may conjecture 

that incorrect numerical calculations could produce a shock. of the type 

first suggested by Feldman (1958) and like the one which Glass and 

Takano (1963) claim to have discovered. 

As pointed out by Wood and Parker (1958), whc studied the 

unsteady expansion of a reinxing gas the gradients of the flow 

variables at the frozen, wave head may be evaluated exactly, once 

the rate laws are known. For the particular case of an Ideal Dis—

sociating G401 and for plane flow, Appleton (1960) has shown for 

steady flow that the decay of the grnaients can be written 

ty1/442....1  

and 	is the angularposition in the expansion fan and Fist its 

value along the leading characteristic. loti is any dependent 

variable. 

In the computations equation 2.3(10) was used to assess the 

accuracy of the mesh size rather than incorporate this extra data into 

the solution. A. comparison between the exact solution 2.3(10) and the 

gradients of pressure obtained from numerical results is made in 
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figure 2.3(11). The values of the pressure, temperature and 

concentration within the expansion fan, referred to free Stream  

conditions, were plotted against radial position in the fan and 

distance from the corner, figures 2.3(6), 2.3(7), 2.3(8).  The 
results were found to agree closely with those of Appleton. 

Since considerable departures from equilibrium occur within 

the expansion. fan (i. e, at the corner after a 100  expansion c = 0.52427 
and a = 0.1)400) the region downstream of the corner is one where 

energy is being fed into the system through recombination of atoms and 
this results in a corresponding readjustment of the dependent variables 
to some new equilibrium state. The la priori' prediction of this 

asymptotic equilibrium state does not appear possible due to the finite 
entropy and vorticity production associated with real gas flows. 

Since the infinite rate equilibrium solution is an isentropic process 
it is difficult to see what relation it bears to the asymptotic 

sollution_ other than the fact that the isentropic equilibrium solution 

gives a fair approximation, see figures (2.3(1) - 2.3(5) ). 
The results indicate that the pressure, temperature and 

density are tending to approach the infinite rate equilibrium values 

but to the extent of the present calcli3ntions a small but finite 

difference exists, 

Arguments put forward by Appleton (1963) show by momentum 

considerations that the final value of pressure far downstream of 

the corner will tend towards the 4quilibrium value. A. result which 

is borne out by the present calculations. Overshoots in the wall 

pressure occur and are probably associated with the vorticity pro-

dUction within the expansion. It is however interesting to note 

that a reduction of the mesh size (see figure 2.3(1) ) reduces this 

overshoot considerably and one may conjecture that the overshoot is 

a result of the numerical solution. The formal second order analysis 

of.section 2.5 shows no evidence of an overshoot and could perhaps 

be a further indication that the choise of a smaller mesh size would 

completely eliminate the overshoot. 

The more recent calculations of Glass and Takano (1963) 



•X• 

-20- 

INW'q.4.0,41n.41  
'14,4  .„7 	s i:44  • 

^Jrh- 
 

c 

cannot be truly compared with those presented here because they use 

a gas model which assumes that the vibrational energy is always 

completely excited whereas the present solutions use the Ideal 

Dissociating Gas which assumes that only half the vibrational energy 

is in equilibrium with the translational degree of freedoM4 More 

serious is the fact that their problem is incorrectly posed. For on 

the one hand they assume that the vibrational mode is always in 

equilibrium with the translational mode, and on the other, they assume 

.that truly frozen flow (i.e. the vibrational energy and the 

'dissociation fraction remain equal to their free stream values) exists 

at the corner and the disturbances can be felt along the initial 

truly frozen Mach line. Both these assumptions are incompatible if 

the vibrational energy mode is in equilibrium. 

Fortunately the i1ifference between the frozen and partinlly 

frozen states is small and thus their calculations behave fairly well 

away from the corner. The results agreeing on the whole with the 

present calculations. But in the region of the corner which is very 

sensitive)the calculations are meaningless and their discovery of a 

recombination shock is probably a result of the fictitious problem 

they have formulated, 

2,3z2 Cor •arison of the numerical calculations with the available 
theories  

In view of the essentially non-linear character of non-

equilibrium flow problems numerical techniques have to be used. 

However approximate theories have been developed and it is of interest 

to see their range of validity. So far two approaches have been used; 

aAaly linearised theory and a co-ordinate perturbation technique. 

(i) Linearised Theory  

Classical linearised theory was.  first applied to non-

equilibrium problems independently by Clarke (1960) and Moore and 

Gibson (1960) for the expansion of a reacting gas. Moore and Gibson 

approximate the basic equation by the telegraph equation and Clarke 

solves it exactly by transform techniques. The solution at the 

w?eWOMirWAMftiVroldtm- 	. 	4-- 
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wa".0 is compared with the numerical solution in figurea(t to 5). 

As may be expected agreement between the two becomes worse as the 

expansion angle is increased but for a 5°  corner agreement is good, 

especially when one hears in mind that the entropy and vorticity 

production is neglected to first order. In all cases the extent of 

the relaxation zone is well predicted for the 5°  corner. Obviously, 

for the larger angles, the fact that the relaxation time is pro-

portional to the inverse of the density squared, the linear theory 

willtend to underestimate. the zone, as shown in figures 2.3 (1) 

and 2.3(6). The fact that the temperature and concentration agree 

so well appears to be quite fortuitous. 

(ii) Co-ordinate Perturbation Solution.  

An alternative approach to the problem was proposed by 

Napolitano (1960) and Stulov (1962)0ho suggested"a series solution 

to the problem with the independent variables expanded as a power 

series in_r , the radial distance from the corner. Thus they assumed 

r  

a 

where U, is any dependent variable. Writing the governing equations 

in polar co-ordinates centred at the apex of the expansion and sub-

stituting the above series solution, and then collecting together 

terms of like order i.e. of o(r
a 
) a system of equations for MI;i4,4 

was obtained. In practice only first order terms U can readily 

be obtained due to the complexity of the algebra. The zeroth solution 

For further details see Clarke (1960) and section (2,4) where 

linearised theory is discussed for more than one relaxing mode and 

for which the above problem would be a special case, 



yields the *men flow solution which exists at the corner. The first 

order solution is independent of the radial distance r and is only 

function .of the angular position within the fan and of the frozen 

solution, and the dependent variables up to the first order can be 

evaluated. For details of the algebra see the papers cited above. 
The solution to the first order has been evaluated for this particular 

problem and the pressure, temperature and atom concentration are 

compared with the computed solutions in figures 2.3(6) to 2.3(8). 
As can be seen, the results show moderate agreement for the 

pressure and temperature for only quite small values of the radial 

distance. As r increases, the solution rapidly diverges and becomes 

quite meaningless after r rz. 0.24. In a recent paper by Shanatian 

and Inger (1962) this small radius of convergence for the first order 

solution was also found. These results also show that the radial mesh 

size in the characteristic solution must be chosen carefully and 

suggest that even quite small values of radial mesh size just away 

from the corner will probably overestimate the increases in pwr 
etc. These errors may be sufficient to cause the erratic variation 

of the density downstream of corner shown in figure 2.3(10). 
From figure 2,3(9) it may be noted that the characteristic 

lines are distinctly non-linear, This non-linearity can be predicted 

quite well with this approach to the problem. The characteristic lines 

emanating from the corner are given by 
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Since the characteristics to a first approximation are the straight 

frozen ones, r can be written asVcos ( eo + Flo). Thus vary 

approximately 

9 	ton e0-14&0  x } Sec(6.+ 'JO x' (61+ Ft') + 263(11) 

represents the equation of the characteristic lines. to and IA are 

unwieldy expressions and are not given here but wit reference to the 

paper of Napolitano (1961) they may easily be derived. Infigare 2.3(9) 

the last characteristic in the expansion fan is compared with the 

above approximation and the result is surprisingly good. 

Since the density variation downstream of the last character-

istici, of the expansion is small, 2%, interferograms will tend to 

indicate the position of this line. Comparison of the observed 

characteristic withavation 2.3(11) could yield an estimate of the 

relaxation time. 

2.1k  Linearised Non-Equilibrium Flow with more than one relaxing 
internal mode  

The previous sections have shown that any non-equilibrium 

plane flow problem, with an arbitrary number of relaxing or reacting 

modes, can in principle be solved, at least by numerical techniques, 

provided the flow is supersonic. However section 2.3 indicates that 

even for a simple flow with only one relaxing mode this is a lengthy 

method of solving the problem. Thus before embarking on solutions 

with more than one relaxing mode it is advisable to look first for 

approximate but analytical solutions. The underlying principles of 

such a solution have been proposed by Moore and Gibson (1960)and 

Clarke (1960) who applled acoustic theory to solve the non-equilibrium 

equations with just one relaxing mode. It is now proposed to extend 

this analysis to a gas with two relaxing modes (and eventually to n 

relaxing modes). The original work of Moore and Gibson and Clarke 

then becomes a special case of the resulting analysis. To give some 



physical significance to the analysis an example is evaluated for Carbon 

Dioxide. 

Apart from the rate equations the basic equations governing 

the flow of a relaxing gas with more than one mode remain the same and 

applying the usual small perturbation technique the basic equations 

redUce to 

0 	 2.4.(1.) 

X/  b 

where U, and VI are the components of velocity in the x' y' directions 

p 	density and 173,is the pressure, the subscripts on the dependent 

variables indicating a perturbed quantity. The total specific internal 

energy is 

es tee, 	 2.4(5) 

where e, is the energy contained in the translational plus active 

modes and el, and a2, are the linearised amounts of energy associated 

with the first and second modes. The thermal equation of state for a 

relaxing gas becomes 



The above system of equations constitute six equations for eight 

unknowns. Therefore, to complete the system it is necessary to specify 

how the internal modes re-adjust themselves once a non-equilibrium 

state is established. 

2.4i1 The Rate Equations  

For only one internal mode the classical Landau-Teller theory 

shows that the rate of re-adjustment of the internal energy will occur 

Ina linear manner proportional to the difference of the actual intern-

al energy from the equilibrium value of the-i internal energy, evaluated 

so that it is in equilibrium with the local value of the translational 

temperature. Little published work exists which describes how 

individual rate processes occur when a molecule has more than one 

internal mode. In view of this lack of detail, for the purpose of the 

present analysis it is assumed that all re-adjustments of the internal 

modes will occur in a linear manner. To this extent the description 

of the rate processes follow the ones presented by K. F. Herzfeld 

(19 ). Allowing for some degree of coupling between the internal 

modes a possible description of the way by which the internal modes 

mrre-adjust themselves is 

T is the translational temperature and T, is the vibrational 

temperature of the first mode. In this approximate description the 

first mode is allowed to gain energy from the translational mode by 

collision and at the same time be allowed to lose some to the second 

mode by internal leakage. Similarly the second mode may adjust its 
tt 	I I 

internal energy by the same processes. X 1: and 	are tht 

relaxation times associated with the different mechanisms by which 
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energy exchanges may occur. Equations 7 and 8 imply that for both 

modes the rate at which energy is gained from the translational mode 

is proportional to deviation of the actual internal energy from the 

equilibrium value evaluated with the local translational temperature. 

In addition it is also specified that the rate at which the two modes 

exchange energy internally is proportional to the deviation of the 

actual internal energy of the second mode from the equilibrium value 

of this mode valuated as if it were in equilibrium with the local 

vibrational temperature Ti  of the first mode. Obviously such 

representations are approximate but from the point of view of dealing 

with linearized gas flows it is hoped that it will be adequate to 

indicate aspects peculiar to gases with two relaxing modes. 

K. F. Herzfeld (Princeton Series on High Speed Aerodynamics) 

in discussing absorption and dispersion of acoustic waves propagating 

into relaxing gas mixtures discusses two mode relaxing gases for the 

extreme situations of equations 7 and 8. In the case when no coupling equations 

exists between the modes 1V 	'20 and only translational collisions 

are important. Herzfeld refers to this situation as excitation of 

the modes in parallel. If on the other hand it is assumed that the 

second mode receives little energy directly from translational then 
11 

= 00  and the situation is commonly referred to as excitation 
in series. 

2.442 Non-Equilibrium equation for two modes  

Provided we let rrt "et t and fen take their undisturbed free-

stream values the rate equations 2.4(7) and 2.4(8) are in a linearized 
form provided e1.41-1 (04 ea  Tz  , It ' -- now possible to eliminate all 

(1 the dependent variables in equation; 2 	n favour of the pressure 
7 - perturbation 	and the following is the -lnearised non-equilibrium 

equation pertinent to gases with the relaxing modes 
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2.4(9) 
x2  

 

It will be noted that by introducing a second mode into the 

system the order of the partial differential equation has been raised 

by one above that for a single relaxing mode.
* 

In fact it is not 

difficult to generalise the situation to a gas which has n relaxing 
mxlesl, in which case the order of the equation is increased to (rk+ 2). 
To a linearised approximation the flow field is irrotational and 

hence equation 2.4(9) could have been writt4n in terms of velocity 

potential. 

In equation 9 the independent variables have been made 

non-dimensional with some characteristic length L such that x = 

and y =11/1.. 	Cr 	is the specific heat at constant pressure, 

obtained by assuming 	is no contribution from the internal modes 

C U el) and Cvloo  are the heat capacities of the first and second 

modes such that f4 = Coll; and e2 =c02:1-).)Ti  and Ta  being the correspond-
ing vibrational temperatures of the modes. Cfle  = (75z+ Cis,  + CAv2. 

is the equilibrium heat capacity at constant pressure. 
rld a 	 Oot:1  110764  is the Ackeret factor (--.1.  -1) based on the 

2 
frozen speed of sound 0.60. = C',..rf IZT 1)/2  and B. . ( 42?-2, 	I 	). 1 	 c.,-; 	 a. 
ae 	= (Cre/ctie) 0-  is the square of the equilibrium sound speed 

obtained by considering that all the modes take an active part. For 
	 atbalmsaloviantraa 

* For the case of only one relaxing mode Clarke (1960) Vincenti (1960) 

and Moore and Gibson (1960) show that the governing linearised 

equation is given by Iii#Uva 64614 -154;11+{.12111,„ 
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a gas with two modes two other natural sound speeds exist. 

The subscript indicating which node has been considered as t 

active part. It may be noted that 

1- 

vided the first mode contains more energy than the second. These 

two extra speeds introduce the corresponding Ackeret factors B and 82  

in equation 9. 

In the case where only one relaxing mode participates the 

choice of L becomes a natural one when no other length characteristic 

to the problem exists. For example, L is taken as equal to the product 

of the freestream velocity and the relaxation time. For gases with 

more than one relaxation time the choice of L is wide. Inspection of 

equation 9 now indicates that if L is set equal to either clot or Roo T 

then a situation can arise such that one mode may never take 

an active part within the flow field, whose coordinates have been non-

dimensionalised with thisk(relaxation time of the other node). In 

such cases the total solution has to be obtained by superposition. 

Naturally the situation becomes more complex as the number of modes 

is increased. 

The characteristics of equation 9 are the streamlines and. 

the lines csgick =± 
foia- 

, provided. both
e
el; and 	are greater than 

zero. However in the limit of either 1  or 	equalling zero the 

characteristics of the system change discontinuously to 



-29- 

-41c 	VE/1„, or qy4.1c  = 	respectively. In the event of both 

V end 't' being zero then the characteristics change discontinuously 
toy d x 	 This discontinuous change is characteristic to 

non-equilibrium equations and was first discussed at length by 

Boa-Teh-Chu (1957). One interesting feature not obtained in the 

simple case is when tit--> 0, i.e. when energy is exchanged internally 
between modes infinitely quickly, then the order of the equation is 

reduced but the characteristics remain equal to the frozen ones., 

Before continuing the analysis several deductions may be 

made. When 	= tr.  = 0 the classical Prandtl-Gluaert equation for 
equilibrium flow.  results. When' = 	= ao the corresponding 

equation for frozen flow is obtained. Then I) and ot,' remain finite 

but "I = 0 the system reduces to the familiar third order equation 

characteristic to non-equilibrium problems. See for example 

Vincenti (1951) Moore and Gibson (1960) and Clarke (1960) 

2.4:3 The solution for a sharp cornered expansion.  
Truly supersonic flow is said to exist when Me>. MI> M4,, Mi)p 1. 

The interesting transonic region is not dealt with here. 

To examine the flow past a sharp corner equation 2.1(9) is 

solved subject to the following boundary condition 

which holds along y = O. H(x) is the unit step function. The 

solution of equations 2.4(9) subject to the above boundary condition 

is most easily solved by transform techniques. Define the Laplace 

transform of p (xy) as 

There is of course, no need to restrict the solution to a sharp 

corner. As with all linearised problems flow past arbitrary boundary 

shapes may be considered. 



in equation 2.4.(9), Choosing L = V z...6 multiplying by exp —XS and 

integrating from zero to infinity yields the following ordinary 

differential equation in the transform plane. 

Cit-t-cv, 	C...-4C/ 
cff t Cp4 	C4.II t 	Cf. 

For convenience let the roots of the quadratics within the cur 

brackets of 	and tr then equation 2.4(12) becomes 

z4-61( 14-er  ill  

&)(1+0"' 

7+.0k)(t+ 

The arbitrary constant may be evaluated by utilising the transformed 

boundary condition. Evaluating the constant A,the transformed 
pressure perturbation is given by 

A general solution of equation 2.4.(15) is not easily obtained due 

to the essential singularities at z 	1 4-_ # which occur in the 

exponential, but as in the case of one relaxing mode (Clarke 1960) the 

inversion of equation (15),,when y = 0, i.e.(along the wall% is 
readily accomplished. from the standard inversions listed in 

Erdelyi, Oberhettinger and Tricomi (1954) used. in conjunction with the 
convolution theorem, the pressure perturbation at the boundary y = 0 



in the physical plane is 

4u 8+11E 
2.416) 

where i©  and 14  are mocftried Bessel functions of the zeroeth and 

first order. 

nr 
It there exists an infinity of possible combinations for which 

equation 2.4(16) can be evaluated. It is therefore convenient to 

select certain extreme cases for discussion. 

To give some physical interest to the solution of tbo-tipmtion 

an example has been evaluated for the polyatomic molecule of carbon 

dioxide. Carbon dioxide has a linear symmetric molecule and has four 

.vibrational modest a doubly degenerate bending mode with a character—

istic temperature of 959°K and two stretching modes with characteris—

U4temperatures of 192Q°K and 5580°K. Some doubt exists about the 

mechanism by which the modes are excited and as such the simple 	 A A 

description of the rate equation 	may be quite adequate. Although 

carbon dioxide has three vibrational modes, provided the temperature 

is sufficiently low, .< 1000 °K, the energy contained in the last 

stretching mode is negligibly small and in such circumstances the 

molecule may be treated as one which has two active modes of 



irk•  

vibration. This situation has been discussed by Witteman (1961) who 

assumes that the first stretching mode is excited only by internal 

leakage. His analysis suggests that the relaxation time associated 

with the transfer of energy from the bending mode to stretching mode 

is smaller than the relaxation time associated with the direct 

excitation of the bending mode. Schwartz (1954) on the other hand 

indicated that the reverse situation would prevail. 

The specific freestreamccmditions chosen were ones that 

could be generated in the steady supersonic flow region that follows 

a normal shock in a shock tube. With Top = 1000°K and an equi-

librium Mach number of Me = 2. this condition would correspond 

roughly to a shock Mach number of about 4 to 4.5 in a shock tube. 
The energy contained in the various modes is as follows:- 1200 R, 

330 R and 188 R. Thus it can be seen that neglect of the last mode 

is possible. 

nt 
2.2f:4 Parallel Excitation of the internal modes te = tom  

ttt 

As noted earlier 	= 00 indicates that the two internal 

degees of freedom only gain energy from translation. The choice of 
tn 

= 04 allowsotit)S; and cr to be determined for a range of values 
of 4140 . For the specific conditions cited above that may exist 

for Carbon Dioxide this case has been evaluated in. figure 2.1.(1) 

for a range of 	. Particularly simple solutions arise for the 

limiting cases of 1:1A/  = 0 ; 1r )le = 1 and 'CYrt  =c16, 

(i) For t7i1  = 0 the highest order derivatives in equation 

2.4(9) are removed and it degenerates to a third order equation. 

Relative to the first mode the second mode adjusts itself infinitely 

quickly and thus it may be noted that the pre-cursor signals will 

always be felt along lines given by (33rAlx =4 1$1.  rather than the 

frozen ones. The pressure distribution along the wall then 

simplifies to 




























































































































































































































