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Non~equilibrium flow in plane expansion waves
- by =~ .

J.W. Cleaver, B.A., D.C.Ae.



The non=-equilibrium supersonic flow of a relaxing or reacting
gas through a plane expansion has been studied from a nunerical,

analytical.and .experimental point of view,

The flow of an ideal dissociating gas in a two dimensional
expansion has been solved numerically by writing the governing

equations of motion in their characteristic forn.

In conflict with linearised theory along the wall, the

numerical solutions do not asymptote to the infinite rate equilibrium

values., To estimate how far the asymptotic state deviates from the
infinite rate equilibrium values, a formal second order solution has
been developed with the aid of transform techniques, An example has
been discussed for a simplified relaxing gas model, and estimates of
the asymptotic state have been obtained. An exact solution over the
whole field was not possible but by treating the parameter e§§g~l)

as small, an approximate answer has been found,

To understand in more detail the coupling effects of two
relaxation processes, linearised theory has been extended to cope
with the flow of a gas with more than one relaxing mode. An example
has been discussed far Carbon Dioxide and the effect of pcssible
coupling between the bending and stretching modes of the molecule

in a plane expansion has been investigated.

The Mach=-Zehnder interferometer and Schlieren method have
been used in conjunction with a 2" - diameter shock tube to study the
density end density gradients within, and following a sharp two=-
dimensional expansion for shock heated Carbon Dioxide., Measurement
of the density gradient at the leading edge of the expansion by
guantitative Schlieren methods have allowed relaxation times to be
obtained, This method has the advantage that relaxation times can
be obtained for specific values of the density and tempefature far

only small departures from an equilibrium state,
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1,0 Introduction

: Over the past decade the fluid dynanicist has become
increasingly concerned with the flow of high temperature gases and
this has resulted in the union of éxisting work in physics and
chemistry to fluid dynamics. At sufficiently high temperatures the
inert degrees of freedom of the molecules can absord sufficient
energy for considersble departures from ideal (structureless) gas

,‘ theory to occur. This has meant that the overall equations describing
the flow must be modified to allow for the re-distribution of energy
~ among the internal degrees of freedom, Provided the reaction
 processes are known, and knowledge of the energy distribution within
the molecules is available, the equations can be readily formulated.
If, also, this energy re-distribution occurs infinitely- qulckly, the
‘equations of motion are outwardly unchanged and only the equations of
state are affected.

In practice, once a gas is disturbed from some initial
equilitriun state, the reactions and relaxations of the molecules
fake a finite time befare complete equilibrium among all the degrees
of freedon is re-established. For example' the translational degree
of freedom is in equilibrium after about one or two collisions, the
" potational modes usually require about 10 collisions whereas the
vibrational modes of a molecule may take up to 10,000 collisions.
Thus, while the translational and rotational modes nay be considered
to be in equilibrium for most situations encountered in fluid dynamics
the vibrational modes and dissociation and recombination modes will
toke some finite time to readjust themselves. This time is generally
~ inversely proportional to some power of the density and a function of
'iv-.tempera.ture. Thus, in most gas dynanic problens it is pcssible to
£ind conditions where the relaxation times are sufficiently long far
~ portions of the flow to be carried large (measureble) distances before
equilibrium is re-established. (For example such a situation can
arise in the hypersonic flight regime of a re-entry vehicle at high
altitude). Thus, if the relaxation or reaction times are long

compared with the flow times pertinent to the problem, then local




-2~

departures from statistical equilibrium may occur. This can result in
- significant differences of the pressure, temperature and density from
 the values computed as if “the fluid was at all times in equilibrium,

‘ These effects can be particularly important when large amounts of
energy are tied up in the inert modes, For the class of problems in

~ which viscosity, heat conduction and diffusion may be considered as
negligible, and which are dealt with here, Kirkwood and Wood -(1957)
conveniently formulated the basic equations for any number of reactions
and relaxations, all of which may be locally out of equilibrium,

These 'real! gas effects introduce into the problems non-

- linearities, over and above those which already exist in ideal gases
to such an extent that even the one dimensional steady flow in a
nozzle which for an ideal gas can be solved exactly, becomes analytic-
ally impossible and numerical techniques must be used (cf Bray 1959).
For complex reacting and relaxing systems, (Vincenti 1961)£ even the
numerical solutions can become prohibitively long and, thus, when
dealing with more complex flow situations the trend in recent years
has been to develop more approximate but analytical techniques for
prelininary exploration of the problem, These approaches have shed
light on some of the underlying physics of the problem, but generally,
if exact answers have been required, the field of non-equilibrium gas
Synamics has been in the province of the numerical analysist,

Because of the difficulties encountered with the one
dimensional problem of a real gas, in order to look at fhe. twomdirension
flow from a numerical, analytical and experimental point of view, the
problem of the supersonic flow past a sharp expansion has been
considered, Iike the one dimensional problem this has an exact
- solution (Prandtl-Meyer solution) for the ideal gas and thus the
extra non~linearities associated with giving the gas an internal
structure canv readily be appreciated. Fortunately this particular
problen has already received some attention and thus provides a sound
basis for the present study.

The problem was tackled simultaneously by Moore and
Gibson (1960) and Clarke (1960) who both spplied linearised theary to

non~equilibrium flow and consequently obtained analytical solutions,
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These authors following the basic work of Chu (1957) show, after
~ linearising the equations, that the partial differential equation
 characterising ks flow of a gas with one mode (either vibrational

~ or dissociative) not in equilibrium is now of third order and is

~ given by ,
2 e {{M’; agﬁ’;ﬁe’b} {(Me f)‘?J’ .3‘;?2}::0

X Y
Where p' is the perturbation pressure; Mf are the Mach numbers based
on the frozen and equilibrium sound speeds, and g a relaxation time,
k Noore and Gibson (1960) approximate this equation by the telegraph
equation and find solutions over the whole field whereas Clarke (1960)
solves it exactly and compares the solution at the wall for a sharp
expansion with numerical solutions obtained by Cleaver (1959) for an
Ideal Dissociating gas. A more exhaustive numerical solution was

then obtained by Appleton (1960) and more recently by Glass and

Tekano (1963). Another analytical approach to the problem was
proposed by Napolitano (1960) who suggested a series solution in
terms of the radial distance from the corner, This is only valid
close to the corner and a comparison with the mumerical solution is
mede in section (2.333).

One of the shortcomings of numerical solutions arises from

‘the numerical approach used and this appears to be vquite important in
this problem. The work of Appleton (1960), and the present
computations indicate that the pressure recovery downstream of the
carner does not increase monotonically to the new equilibrium state
far downstrean of the corner but overshoots this value and spproaches
it asymptotically from above, Although plausible explanations for
the phenomenon exist, there is always the possibility that such an
oceurance could be attributed solely to the numerics, More recent
wark by Glass and Takeno (1963) suggest that downstream of the corner
energy can be supplied to the gas aba sufficient rate for a weak
upstream facing shock to be produced, This was not found by

Appleton (1960) or in the present computation which suggests that
once again great care must be taken in drawing too many physical
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~ conclusions from the computations, To add to the difficulty, because
entropy and vorticity is produced when a gas is out of equilibrium, it
is impossible to predict 'a priori' the new equilibrium state that
will be reached far downstream of the corner. Although as shown by
Appleton (1963) momentum eonsiderations indicate that the pressure

at least, must return to the infinite rate equilibrium value, the rest
of the variables are undetermined., Thus, the pressure is the only
check on the entire solution.
; | Because of these inherent difficulties in the numerical

- approach to the problem it is desirable to have an analytical
solution, even if approximate, to elucidate some of the above queries.
A well established technique is to seek a series solution in some
small parameter characteristic to the problem (in this case the
expansion angle), Linearised or acoustic theory arises by neglecting
terms of order two or greater in the small parameter. As mentioned
above to this approximation a solution has already been obtained by
Noore and Gibson (1960) and Clarke (1960).

Vorticity and Entropy production is an essential
characteristic of non-equilibrium systems but in the process of
linearisation it is considered to be zero, Nevertheless, despite

this apparently severe approximation, the results of linear theory
| reveal nost of the salient features pertinent to many non-equilibrium
flow problems. In particular for the plane flow past a corner the
linear theory describes surprisingly well the variation of the
pressure, density, etc. in the relaxation zone downstream of the
corner (cf section 2,3). However, to first order the theory is
inadequate in that it does not predict, for example, how far the new
equilibrium state, which is achieved far downstream of the corner,
deviates from the conditions calculated as if the flowws at all
times in equilibrium. Because, to the first order approximation
the flow is isentropic, the linear theory automatically implies

that the final asymptotic state is the one obtained using the
infinite rate equilibrium solution, which from physical arguments

mst be incorrect, Thus, to make the approach more valid, a higher
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gpproximation is needed which allows for finite entropy and vorticity
 production. Therefore it is logical to include some of the neglected
terns in the original series solutions to see whether a ‘better' answer
can be obtained, (PFrom the outset there is of course no guarantee that
the proposed series solution is convergent and ik is possible for
higher order solutions to be worse)., In consequence, a formal second
crder solution is attempted in section 2,5, and although an exact
 solution was not possible some of the queries raised about the numerical
‘solutions can in some neasure be answered, In particular it is possible
to show that far downstream of the corner the pressure, to the second
order approximation tends to the infinite rate equilibrium value. This
| agrees with momentum arguments and gives some confidence in the pre~
dictions of the asymptotic values at the wall of the other state
variables,

Apart from some very preliminary experiments by Feldman
(1957) no experimental evidence has been published relating to the
plane supersonic expansion of a gas which is out of equilibrium. To
rectify this, a series of experiments has been undertaken which uses
the high temperature steady supersonic flow of gas following the
primary shock in a shock tube as the test gas. By inserting a wedge

~ shaped aerofoil section into the unexpanded part of the shock tube,

a plane expansion has been generated. The flow field was investigated
optically to measure the density and density gradients by means of
the Mach~-Zhender interferometei' and by Schlieren techniques,

Since the theoretical studies suggest that expérimental
observation of a plane expansion could provide a further technique
for measuring the rate at which a non~equilibrium process occurs,

a feasibility study was made with Carbon Dioxide as the test gas,.
This was chosen because of the relative ease with which its
vibrational mocdes are excited and because its relaxation time is
small, criteria determined by the performance of the shock tube) and
nost important, because the properties of this gas have been well
studied by other techniques and thus a comparison of the results can
readily be made,
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The fact that Carbon Dioxide has more than one inert mode
does to some degree complicate the issue but at the same time it has

provided the incentive to look at the linearised problem of a gas

~ with nore than one inert mode (cf Section 2,.4).

For gxpansive flows, temperature is the ideal measurement
to make and density the worst if non-equilibrium effects are to be
isolated, and from this point of view the density measurements
ob’cai-ned, especially within and downstream of the expansion have been
inconclusive, However, along the leading edge of the expansion, it
is possible to show, Appleton (1960), that the gradient of the flow
~variables decay in an exponential manner away from the corner when
non-equilibrium effects are present, This decay has been detected
by Schlieren and Interferometric. techniques and has allowed relaxat-
ion times to be estimated, Although the technique cannot claim

great accuracies (probably no better than % 50%) it has the advantage
that a relaxation time can be obtained for specific values of the
density and temperature upstream of the corner for small departures
from an equilibrium state., The results agree on the whole with those
~ obtained by studying the relaxation zone after a normal shock as
reported by Johannesen et al (1963). These preliminary results
suggest the technique bodes well for the possible determination of

recombination rate coefficients in oxygen and perhaps nitrogen.



2.0 Thearetical

, ;'2.1 The Basic Flow Equations

The derivation of the conservation equations for quite

~ complex reacting and relaxing gas flows is well formulated even for
 gystems in which local statistical equilibrium among the various
 degrees of freedom is not sustained, For completeness these equations
are briefly stated and follow identically the formulation first given
by Kirkwood and Wood (1957).
For the class of problem which is dealt with here the
fluid is considered as non heat conducting, non-diffusive and inviscid.
~ When an arbitrary number of chemical reactions coupled with relaxations
of the internal modes of the molecular species can occur, the overall
equations of continuity and the Eulerian equations of motion remain
unaffected and take their faniliar forn

%% + pv q =0 2,1(1)
ond -g{' + -é-ﬂ"adf’ =0 | 2,1(2)

the equation of energy is also outwardly unchanged and is given by

9 Dt %‘E‘ — - 2.10)
o

where %-E is the convective operator 5% ok + grad, !:: is the pressure,
q, the velocity vector, 9 the density and h is the specific enthalpy
whn.ch is dependent on the structure of the gas,

For a chemically reacting gas there will exist a rate

equation for each chemical species
fbcg = K (a=1,..., n) 2,1(4)

-where Ko is the net mass rate of production of the = species per unit

volume and Cg¢ is the concentration by mass of the o< species, If R
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reactions are taking place thenk = ZI(,, where W jis the mass rate

- of production of the Jd. species ar:.s:mg from the j reaction,

At the same time as the chemical reactions are occuring
adjustments of the internal degrees of freedom will also take place.
~ The rate processes governing the approach to a common equilibriun
~ temperature between the various degrees of freedom are given in the

forn

%P = Qe (potreo o) 2.1(5)
where Q"‘P are functions of the local thermodynamic state and the
subscript % indicates the % mode of the molecular species =<,
Generally little is kmown about Q“P but in the past it has been assumed
that linear rate laws hold and that the rate at which equilibrium is
re-established is proportional to the deviatién of the vibrational
temperature Teg from the translational temperature T and hence

Q*? = T;:I«Q
Teagp

'Z:,Léhas the dimensions of time and is defined as the relaxation time
for the th node of the « species, and is generally a function of the
- density and temperature. For polyatomic molecules the above rate
equation may be inadequate to describe how the internal mode adjusts
itself and other forms of Q.(?must be considered, see for example
section 2.4,

To complete the system of equations the thermal and calorie

~ equations of state must be specified, f.es

; P=p(T,p,Cx) 2,1(6)
and h=h(T,b,Cu, Tup) 2,1(7)
These will depend on the thermal and chemical kinetics of the gas and
have been tabulated for many gases. -

From the practical point of view the set 6f' independent

state parameters are usually taken as T, P and €, but in sone
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 circumstances it is convenient to choose P s tos and B, the trans-
~ lational entropy to describe the system., For example if the density
"1s’cakenas? ?(?),, ) then '

HEERCE DA ST

From the original work of Kirkwood and Wood (1957) or the more recent
publication of Clarke and McChesmey (196L), where the associated
~analysis is comeisely recorded, the rate of change of translational
entropy along a streamline can be obtained, and after some lengthy
algebra it can eventually be shown that equation 2,1(8) can be
written

(ap)‘z 22 . f[[sm C,, DL ﬂ,z,,. D

The density derivative can then be eliminasted by means of equation
2,1(1) to give

2 DC{M
'[,’5" +P%div g + PGFZLE“ %—%Q +?‘:‘;Z°’&EE =0 2,1(9)
% o

where

i%f

) _%;E_—s Cee _{ aﬁ}k Coe, Tecp

i éfé’.f?)} skl -{ap
FF {aT h('“ F ide}scﬂ aeks'cu:{:tg

C.{ez specific heat of mode of  species

o - m[{ } -& BRI
Cu
CPF ok T‘:&?,C@ ¢ o PT
In addition one may note (cf Clarke, McChesney) that

the total entropy production along streamlines is given by

?T D$ - Z }4“ ...?Z ( T%;X ‘Q‘ C‘ ?{[};%% 2.1(10)
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- where Pacis effectively the chemical potential of the o species.
So far no particular significance has been attached to Cl’f_
and all that can be deduced from equation 2,1(9) is that it has the
- dimensions of a velocity, Chu (1957) was able to show that Ceis
the speed at which wave fronts of infinitesimal strength propagate and
since the analysis shows that Cg is evaluated by assuming all
- the inert modes to be inactive, it has in consequence been called
~ the frozen speed of sound, However when the reactions and relax-

afions oceur inf'initely quickly the vibrational temperatures Tw;»
ad the concentrations €, are able to keep in equilibrium with the
translational degree of freedom and in consequence DW‘E‘?: %5—:‘:: o T
and then equation 2,1(9) is replaced by

%—% + yﬂzdw 9 = O,

sz is now defined as (%% ) S1 o Tog,? the subscript € indicating
that the inert modes are in equilibrium, For this condition the
wave fronts are found to propagate at the speed ae which is called
the equilibrium sound speed. In the development of the subject there
was some corflusion about the role of‘ @, when the rate processes are
fast but not infinitely fast, Chu (1957) clarified the situation
~and was able to demonstrate the 0g in near equilibrium flow is the
| phase velocity and & is the wave fronmt velocity, Thus if a finite
- disturbance is propagated into a relaxing fluid, the head of the
disturbance always propagates at &g but the magnitude of the wave
head deceys and the bulk of the disturbance is found to follow
behind the wave front at a speed Qg .
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2.2 Method of Characteristics

For plane flow equations (2,1(1) - 2,1(7) ) constitute {5+mn)
quasi-linear partial differential end alzebraic equaticss.dn the (5*""‘")
unknown dependent variables and the independent variables x, y.

Solutions of these equations, except for particular cases, can only
be obtained by mumerical techniques and from this aspect it is
practical to develop the governing equations into their characteristic
forms

As the basic equations stand they contain derivatives
with repect to both x and y. From the numerical point of view it
would be preferable if gach equation were total rather than partial
in that it would contain derivatives with respect to only one
variable, If a combination of the basic equations can be found such
that the resulting equations contain derivatives which are in one
direction only, then this direction is called a characteristic
direction and the curve which they describe is the characteristic
curve., Across these curves the dependenmt variables are continuous
but the normal derivatives need not be so, in fact a property of
characteristics is that they are loci of possible discontinuities in
the partial derivatives of the first or higher order,

To find these derivatives (ref. Couvant and Friedrich)
a system of multipliers }nj(say) dependent on (x » y) is specified such
that in a linear combination of the original system of equations
(formally of the form @jouy/dx + byj 305/63 +C3=0 )
all the dependent variables appear differentiated in the same
direction given bydy/dx= o (say). If the curve specified by dy fdx ==
is given by X(% ), u( %) where % is a parameter associated with the
characteristic curve, the condition that all the variables be
differentiated in the same direction is given by 3‘[%"5 ﬁ = (A} bij):(’\j “i))
If the( & +nwm) governing equations are compatible, i.e. if a
characteristic direction exists, then the >\j may be eliminated to
yield a characteristic determinental rotation which defines the

direction of the tangents to the characteristic curves at the point

(x,3 In this case the directions are given by




3_% = ‘Ean(é t IA) : 2.2(1)

~ where 8 is the flow angle to x axis and H = sin"-”MF where
 is the Mach number busef on the frozén sheed of sound, Provided
~ the flow is supétsenic the characteristics are real,
The equations connecting the dependent variables which hold
~along the characteristic curves are readily found to be

- T I oz, Deo C vDL ,
ETaRY ‘*é';;*'&«';{ ThL b‘ *g et =0 222)

Pq? O, = 9 Dt

which hold along lines given by equa'tion (2,2(1) ! VY3 are lengths

&

‘measured along the characteristic curves, The characteristic
relotions holding along the streamiime characteristios exist naturally
and are given by equations ( 2,1(3), (21.(4) and (2,1(5).

2,211 Integration of the Choracteristic equations

Now that the equations have been reduced to a system of
ordinary differential equations they may be readily written in finite
difference forn and imtegrated step-by-step throughout the flow field
~ provided suitable initial data are posed. If the initial data is
~ given on some curve (Pig. 2.2(1) which is not coincident with any of
the characteristic curves, the solution can be progressed away from
~ this initial line,

' If points (1) and (2) lie on the data curve then provided the
points 1 and 2 are sufficiently close together the position of a

point 3 may be located by letting the characteristic lines through

1l and 2 be represented by straight lines based on the slope of the
frozen mach lines at 1 and 2 and deternining the intersection point.
This naturally introduces ai error (of order of the mesh size) which
 may be reduced by iteration (to order of the mesh size squared) and
overall errors in many cases can be reduced by reducing mesh size,

(This is only true provided the truncation error is not an impartant

factor), Having located point 3 the pressure and flow angle may be




deduced from equations (2,2(2) written in finite difference form,

Before the other flow variables can be determined the intersection of
the streamline through the point 3‘;Wi'bh the initial data line must be
located, To a first approximation this is accomplished by extra-
polating the tangent at ?oint 3'to intersect the data curve. Then by
interpolation all the dependent variables may be found at the point
of intersection and hence by equations (2.1(4) and (2;1(5) the values
of ¢ _and T;.ﬁat poink 3' nay be evaluated., Using the energy equation
h+ /2 = constant and the thermal and caloric equations of state
all the dependent variables are determined at the point 3. By
iteration through the whole cycle the results can be improved.

This is the computation scheme which is used in :section 2.3.

The restrictions associated with prescribing the initial
data is well formulated for general quasi-linear systems and for the
systens associated with non-equilibrium flow fields Der (1963) and
Nepolitano (1960) discuss the implications of these restrictions, In
particular Der points out in detail the importance of these restrictions
when designing supersonic non~equilibrium nozzles, One result of
importance to fluid dynamicists is that it is impossible to design a
- nozzle for prescribed uniform exit conditions,

In passing it may be noted that two relatively simple
solutions arise when the flow is considered to be in either a frozen
or equilibrium state.

(i) Frozen Flow : In regions where the flow times are fast
compared with the chemical rates or relaxation times then the right
hand side of the rate equations tend to zero and the non-homogeneous
terms in equations (2,2(2) vanish, In this situation the flow will
occur isenmtropically with a constant ratio of specific heats and
solutions in nany cases may be constructed analytically.

(ii) Equilibrium Flow : For the other extreme when the flow

 times are slow compared with chemical rates or relaxation times the

chemical reactions and internal adjustments of the molecules occur
infinitely quickly, In this situation the disturbance fronts propa=-
~ gate with the equilibriun speed of sound and in the limit it dis found
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that the characteristic directions change discontinuously to

3.13 = Fan (8= pe) 2.2(3)
where Ho = s ';‘:—; and -tae is the Mach number based on the equilibrium
speed of sound, For finite relaxation or chemical times, no matter

how small, the characteristic directions will be given by equation
(2,2(1) and not equation (2.2(3).

Along the curves given by equation (2,2(3) there holds
WME-1 dp £ db =0
RE
,Peq'edq’e* dPe" o
PE d he-—d PGFO

where the subscript & indicates that the dependent variables are
evaluated for equilibrium conditions. The rate equations used to
deternine C&,ﬂ@are now replaced by the equilibrium relations |
: ccnnectingq‘n'[‘?ewith the translational temperature and pressure,
In this case no analytical solutions exist since the composition
and vibrational temperatures vary throughout the flow field and
mmerical techniques must be resorted to, However since the inde-
_péndent variables are now a function of only two state variables
(p, T) say, the computation is simpler than the non-equilibrium
situation, Provided information concerning the chemical kinetics
and thermodynamics of the fluid is available the dependent variables
nay be computed in a step by step manner similar to that already

described,
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23 Mumerical Solution for the two Dimensional Expansion of am Ideal
Dissociating Gas,
As an example of the general method discussed in the

,ifprekus section the method of charactern.s’clcs is applied to the
supersonic flow of a 'Iighthill' type Ideal Dissociating gas around a
'Jisherp corner,

We consider only one chemical reaction and the equetion.des=-

cribing the reaction may be written formally as

Az + X 'géf.‘:_t 2A + X 2,3(1)
ke

where x is any third body, which in collision with a molecule or atom

may act as a heat sink or source, Far a distomic gas this third body

may be an atom or a molecule, k; and Kp are the specific reaction

rate coefficients far dissociation and recombination, both being

dependent on local temperature,

If ¢ is the concentration by mass of the atomic species

and ce, which may be evaluated from the law of mass action

g ik P" Rxp *T/T s 1s the concentration evaluated as if

it were in egull:.brn.um with the local values of the pressure and the

 temperature, then the rate equation pertinenmt to the above reaction

(ef Clarke 1960) is

Bt " k¥ {"“c j 2.5(2)

It nay be noted that m’}/yf(f has the dimensions of time and may be
- freated as a characteristic chenical tine, is the nass of the
atomic species.

Notice that for this gas

o = +6)U+To4) - (urc)
()6 +€)

2,3(3)

where To is the characteristic temperature (%59,000%ford) far

dissociation, and since no internal modes exist equation 2.2(2)
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reduces to

IA;

“?—-l ok 4+ 38 - YH(-MH”%) (4+6)} {’Cti-.-.o 2.3(4)
GL

7g i~ &v; Me [+ (410 -

~ which holds along the characteristic directions

dy _ tan ( B+
e ( ©% pe) 2,3(5)

'In (2,3(4) the length has been made non-dimensional with the product
of the free stream velocity and the chemical relaxation time
mb/ k,—qf‘:’ . ke is strictly a function of teuperature but for

the purpose of the present calculations it has beesn assumed constant,
~AMong the streanlines

Dt Bt
and P%g—%"l" g—i: =0 holds. 2.3(7)

The system of equations is completed by the thermsl.. equation o
state

$= = {3(!4»&) RT 2,3(8)

_ and the caloric equation of state
h=z@G+c)RT+ RToC 2,3(9)

&t the corner the flow is completely frozen and the solution is
identical to that of Prandtl-Meyer flow for an isentropic gas with
;o= R -
At large distances from the corner the flow time is long
compared with the chemical reaction time, and the flow will occur

88 it were in equilibrium and a solution is obtained in a step~by-
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step manner as indicated in the last section, The full non-equi-

libriun equations have been solved by the method of characteristics
 discussed in the last section,

24331 Discussion of the Characteristic Calculations

To check the results of Appleton (1960) a full solution

_ was obtained for oxygen for the same initial conditions with Mg,z 2.0
‘Taa.— 3540 &, € 20.52427 and p = 0,21 atmospheres. More

recent calculations by Glass and Takano (1963) treat a similar case

and ihis is diseussed below,

The characteristic mesh, see figure 2,2(1), was constructed

in the physical plane and the basic computing procedure was identieal
‘%o that described in section 2,2:1. The iterative procedure followed
standard practice (cf Isenberg (1952) ), with the coefficients in the
difference scheme being replaced by mean values of the coefficients

~at points 2, 3 and 1,5 , and the whole process was repeated until
successive guesses at the new point 3' differed by less than one

pert in ten thousand.

| The assessment of the optimum mesh size needed to ensure
stability and convergence of the computing scheme was made by trial
and error, Choice of the best angular increment at the corner (see
- figure 2,2(2) ) was made by comparing the numerical solution with

the exact Prandtl-Meyer solution which exists at the corner. It was
found that O, 250 intervals gave satisfactory agreement to better than
one part in ten~thousand fdr a 10° carner. The increment in the
initial radial distance& h along the leading characteristic was then
varied and the results compared. The density along the wall,

figure 2,3(10), displayed the greatest change in character (not
magnitude) to variations in mesh size, with the rest of the dependent
variables being affected to some degree (see figures 2,3(1) to 2,3(4)).
The programme was too long (timewise) to choose an even smaller nesh
size,

By suitable combinations of initial mesh sizes the density
could be made to increase or decrease, figure 2,3(10), and thus it

would appear that one must proceed with some care in the neigh‘bourhood



of the singular point at the carner. These rather incomplete

caloulations suggest that it is possible to produce at will, curves

gimilar to those of Appleton 1960, who found initial increases in the

. density for the larger expansion angles of 20° and 306 . The
mugerical solutions which produced an initial increase in density

also show that the flow angle just away from the corner over-
expanded. This will produce . compression waves as the flow becones
perallel to the wall and thus the characteristics will tend to converge.
Although these preliminary computations did not proceed far enough to

- see whether the characteristics actually intersect, one may conjecture
that incarrect numerical calculations could produce a shock.of thetype
first suggested by Feldman (1958) and like the one which Glass and
Takano (1963) elaim to have discovered.

As pointed out by Wood and Parker (1958), whc.studied the
unsteady expansion of a relaxing gas the gradients of the flow
variables at the frozen wave head may be evaluated exactly, once

the rate laws are known. For the particular case of an Ideal Dis=
sociating Gms and for plane flow, Appleton (1960) has shown for

steady flow that the decay of the gradients can be written

“a uifrip)
( r?L& krexp-kr 2,3(10)

B ?g mtom)]?% |- exp-ke

_ 4+(D
where K = ..L( ‘S‘“)Mﬁﬁ c: (l-&Cm’O"&,a
ey
and  is the engular position in the expansion fem and Pris its
value along the leading characteristic, Wi is any dependent

variable,

In the computations equation 2,3(10) was used to assess the
accuracy of the mesh size rather than incorporate this extra data into
the solution. A comparison between the exact solution 2.3(10) and the

gradients of pressure obtained from numerical results is maede in




~19~
figure 2,3(11), The values of the pressure, tenperature and

concentration within the expansion fan, referred to free strean
conditions, were plotted against radial position in the fan and
distance from the corner, figures 2.3(6), 2.3(7), 2.3(8). The
results were found to agree closely with those of Appleton.
Since considerable departures from equilibrium occur within
the expansion fan (i.e, at the corner after a 10° expansion ¢ = 0,52427
end cg = 0,11400) the region downstream of the corner is one where
energy is being fed inbo the systen through recombination of atoms and
this results in a corresponding readjustment of the dependent variables
to some new equilibrium state. The 'a priori' prediction of this
asymptotic equilibrium state does not appear possible due to the finite
entropy and vorticity production associated with real gas flows.
Since the infinite rate equilibrium solution is an isentropic process
it is difficult to see what relation it bears to the asymptotic
soludiom other than the fact that the isentropic equilibrium solution
~ gives a fair approximation, see figures (2.3(1) = 2.3(5) ).
‘ The results indicate that the pressure, temperature and
density are tending to approach the infinite rate equilibrium values
but to the extent of the present calculations a small but finite
difference exists, ,
Argunents put forward by Appleton (1963) show by momentun
- considerations that the final value of pressure far downstreanm of
~ the carner will tend towards the &quilibrium value, A result which
is borne out by the present calculations, Overshoots in the wall
Pressure occur and are probably assiociated with the vorticity pro-
duction within the expansion, It is however interesting to note
~ that a reduction of the nesh size (see figure 2,3(1) ) reduces this
overshoot considerably and one may conjecture that the overshoot is

a result of the numerical solution., The formal second order analysis
| of section 2,5 shows no evidence of an overshoot and could perhaps
be a further indication that the choise of a smaller nesh size would
completely eliminate the overshoot,
The more recent calculations of Glass and Takano (1963)
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cannot be truly compared with those presented here because they use

a gas model which assumes that the vibrational energy is always
cbmpletely excited whereas the present solutions use the Ideal

_ Dissociating Gas which assunmes that only half the vibrational energy
is in equilibriun with the translational degree of freedom, More
serious is the fact that their problem is incorrectly posed, For on
~ the one hand they assume that the vibrational mode is always in

- equilibriun with the translational mode, and on the other, they assume
that truly frozen flow (i.e. the vibrational enei‘gy and the
dissociation fraction remain equal to their free stream values) exists
at the corner and the disturbances can be felt along the initial

 ~ truly frozen lMach line., Both these assumptions are incompatible if
the vibrational energy mode is in equilibriun,

Fortunately the difference between the frozen and partially
frozen states is small and thus their calculations behave fairly well
away from the corner. The results agreeing on the whole with the
bresent calculations. But in the region of the corner which is very
| sensitive,the calculations are meaningless and their discovery of a
recombination shock is probably a result of the fictitious problen
they have formulated.

2,312 Comparison of the numerical calculations with the available
theories

In view of the essentially non~linear character of none-
equilibriun flow problems numerical techniques have to be used.
However approximate theories have been developed and it is of interest
to see their range of validity. So far two approaches have been used;
a fully linearised theory and a co-ordinate perturbation technique,
(1) Iinearised Theory

Classical linearised theory was first applied to non-
equilibrium problems independently by Clarke (1960) and Moore and
Gibson (1960) for the expansion of a reacting gas. Moore and Gibson
approxinate the basic equation by the telegraph equation and Clarke
8olves it exactly by transform techniques, The solution at the
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*
wall is compared with the numerical solution in figuredR®({ to 5),

nay be expected agreement between the two becomes worse as the
éxpansion angle is increased but for a 5Q corner agreement is good,
especially when one hears in mind that the entropy and vorticity
production is neglected to first orders In all cases the extent of
the relaxation zone is well predicted for the 50 corner, Obviously,
for the larger angles, the fact that the relaxation time is pro-
portional to the inverse of the density squared, the linear theory
will tend to underestimate. the zone, as shown in figures 2,3 (1)
‘and 2,3(6). The fact that the temperature and concentration agree
8o well appears to be quite fortuitous,

(ii) Co-ordinste Perturbation Solution.

: An alternative approach to the problenm was proposed by
 Napolitano (1960) and Stulov (1962), who suggested a series solution
to the problen with the independent variables expanded as a power

series in.r s the radial distance from the corner, Thus they assumed

[}

ui(n8) = z Ui

= O

where W§ is any dependent variable., Writing the governing equations
in polar co-ordinates centred at the apex of the expansion and sub-
stituting the above series solution, and then collecting together

terms of like order i.e. of o(rﬂ ) a system of equations for M iw

was obtained. In practice only first order terms W/, can readily

be obtained due to the complexity of the algetra. The zeroth solution

% For further details see Clarke (1960) and section (2.4) where
linearised theory is discussed for more than one relaxing mode and

for which the above problem would be a special case,



_yields the fiopzen flow solution whioh exists at the corner. The first

order solution is independent of the radial distance r and is only a
function of the angular position within the fan and of the frozen
 solution; and the dependent variables up to the first order can be
evaluated, For details of the algebra see the papers cited above,

The solution to the first order has been evaluated for this particular
roblen and the pressure, temperature and atom concentration are

- compared with the computed solutions in figures 2,3(6) to 2,3(8).

As can be seen, the results show moderate agreement for the
ressure and temperature for only quite small values of the radial
distance. As r increases, the solution rapidly diverges and becomes
,quife meaningless after r = 0,24, In a recent paper by Shanatian

and Inger (1962) this small radius of convergence for the first order
‘solution was also found, These results also show that the radial mesh
','size in the characteristic solution must be chosen carefully and
suggest that even quite small values of radial mesh size Jjust away
from the corner will probably overestimate the increases in P, P,T
ete, These errors may be sufficient to cause the erratic variation

of the density downstream of corner shown in figure 2,3(10).

’ From figzure 2,3(9) it may be noted that the characteristic
lines are distinctly non-linear., This non~-linearity can be predicted
quite well with this approach to the problem, The characteristic lines

‘emanating from the corner are given by

Y 2 ron (6+p)
dx

Letting @ +P = Q‘, + -Po + (8, + M ), where the subscripts © and ¢
denote the zercth and first order solutions and substituting in the

‘above equation we have

34 on (80000 + e oo
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Since the characteristics to a first approximation are the straight
frozen ones, r can be written asX/cos ( @e + Mg). Thus very

_approximately

Y Fon (8rha X + 56 (Bor Ba) C (B )4 e 2,50)

represents the equation of the characteristic lines. 8y ana |J| are
unwieldy expressions and are not given here but with reference to the
‘paper of Napolitano (1964) they may easily be derived. Infigre 2.3(9)
the last characteristic in the expansion fan is compared with the

above approximation and the result is surprisingly good.

; Since the density variation downstream of the last character-
Jistic. of the expansion is small, 2%, interferograms will tend to
indicate the position of this line, Comparison of the observed
characteristic witheguation 2,3(11) could yield an estimate of the

‘relaxation tinme.

244+ ILinearised Non=Fquilibrium Flow with more than one relaxing
internal mode

The previous sections have shown that any non-equilibrium
plane flow problem, with an arbitrary number of relaxing or reacting
nodes » can in principle be solved, at least by numerical techniques,
provided the flow is supersonic, However section 2,3 indicates that
even for a simple flow with only one relaxing mode this is a lengthy
nmethod of solving the problem, Thus before embarking on solutions
with more than one relaxing mode it is advisable to look first far
approximabe but analytical solutions, The underlying principles of
such a solution have been proposed by Moocre and Gibson (1960} and
Clarke (1960) who applfed acoustic theory to solve the non-equilibriun
equations with just one relaxing mode., It is now proposed to extend
‘this analysis to a gas with two relaxing modes (and eventually to n

relaxing modes). The original work of Moore and Gibson and Clarke

then becomes a special case of the resulting analysis, To give some




 physical significance to the analysis an example is evaluated for Carbon
‘  "‘]‘)ioxide .

’ Apart from the rate equations the basic equations governing
;"'the flow of a relaxing gas with more than one mode remain the same and
;:applying the usual small perturbation technique the basic equations

reduce to

Uw ,Lb‘ -+ e* (BU! 4 b"h) - 244(1)
ax ox' By

wlos JUy L P = 2.4(2
P",;;:-* W =0 (2)

2.4(3)

?wumgii" + B (ah :: _,,aa g) 2.4(4)

. where 4, and Vy are the components of velocity in the x' y' directions
P density and F, is the pressure, the subscripts on the dependent
. varisbles indicating a perturbed quantity., The total specific internal

energy is

E.= e +€3, + €, 244(5)

~ where @, is the energy contained in the translational plus active
‘modes and @, and L, are the linearised amounts of energy associated
with the first and second modes. The thermal equation of state for a

 relaxing gas becomes

F = p LT 2.4(6)
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he above system of equations constitute six equations for eight

unknowns. Therefore, to complete the system it is necessary to specify

ow the internal modes re-adjust themselves once a non-equilibrium
_state is established.

2,451 The Rate Equations

For only one internal mode the classical Landau-Teller theory
_shows that the rate of re-adjustment of the internal energy will occur
in a linear menmer proportional to the difference of the actual intern-
“al energy from the equilibrium value of theninternal energy, evaluated
’?‘f>so that it is in equilibrium with the local value of the translational
temperature, Iittle published work exists which describes how
ndividual rate processes occur when a molecule has more than one
internal mode. In view of this lack of detail, for the purpose of the
present analysis it is assumed that all re-adjustmentsof the internal
modes will occur in a linear manner., To this extent the description

f the rate processes follow the ones presented by K. F, Herzfeld

(19 )« Allowing for some degree of coupling between the internal
nodes a possible description of the way by which the internal modes

‘may re-edjust themselves is

o
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be T A 2.5(7)
i gig = ﬁa(ﬂ; € | ez(T:l;‘EL_ ' 2.4(8)

T is the translational temperature and T, is the vibrational
temperature of the first mode, In this approximate description the
first mode is allowed to gain energy from the translational mode by
collision and at the same time be allowed to lose some to the second
mode by internal leakage. Similarly the second mode may adjust its
internal energy by the same processes. R., ’JCH and T'“ are the

belaxation times associated with the different mechanisms by which
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Zrmergy exchanges may occur, Hquations 7 and 8 imply that for both
modes the rate at which energy is gained from the translational mode
is proportional to deviaticn of the actual internal energy from the
equilibrium value evaluated with the local translational temperature.
In oddition it is also specified that the rate at which the two modes
exchange energy internally is proportional to the deviation of the
actual internal energy of the second mode from the equilibrium value
of thts mode valuated as if it were in equilibrium with the local
vibrational temperature T, of the first mode, Obviously such
representations are approximate but from the point of view of dealing
~ with linearised gas flows it is hoped that it will be adequate to
indicate aspects peculiar to gases with two relaxing modes,

K. F. Herzfeld (Princeton Series on High Speed Aerodynamics)
in discussing absorption and dispei'sion of acoustic waves propagating
t' into relaxing gas mixtures discusses two mode relaxing gases for the
extreme situations of equat:’;'?ns 7 and 8, 1In the case when no coupling
~ exists between the modes Tw = o0 and only translational collisions

k; ‘are important, Herzfeld refers to this situation as excitation of

the modes in parallel, If on the other hand it is assumed that the

- second mode receives little energy directly from translational then
v'tn = ®  and the situation is commonly referred to as excitation

- in series,

24422 Non-Bguilibrium equation for two modes
’ Provided we let ' "' and ! take their undisturbed free-
~stream values the rate equations 2,4(7) and 2,4(8) are in a linearised

forn provided e‘a{Tg and ot Ty . It (’1 now possible to eliminate all
z.ag

~ the dependent variables in equations ‘n favour of the pressure

_ perturbation \“. and the following is the .inearised non~equilibriun

equation pertinent to gases with the relaxing nodes
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%55 3 WATE T ol *3 3y
(ch e \[B2 3b 3k 2.4(9)

It will be noted that by introducing a second mode into the
system the order of the partial differential equation has been raised
by one above that for a single relaxing m»:xie."t In fact it is not
difficult to generalise the situation to a gas which has i relaxing
nodes, in which case the order of the equation is increased to (n+2).
To & linearised approximation the flow field is irrotational and

‘hence equation 2,4(9) could have been writtin in terms of velocity
potential,

In equation 9 the independent variables have been made
‘non-dimensional with some characteristic length L such that x = X'/.L
iy =u'fL . Cp
~ obtained by assuming there is no contribution from the internal modes

is the specific heat at constant pressure,

Cygmw 2nd Cuy, are the heat capacities of the first and second

~ modes such that €, =€, T, and e,;cuz'l',,’ Ty and T, being the correspond-
 ing vibrational temperatures of the modes. CPE = C'PFi- G + Cuy

is the equilibrlum heat capacity at constant pressure.

: E’ﬁn is the Ackeret factar (u“ -1) based on the
frozen speed of sound Og, {% RT%"& and BQ ( %,_*- | )e
= (Cﬁ: ftve ) RT ds the squa?g of the equilibrium sound speed

~ obtained by considering that all the modes take an active part., For

® For the case of only one relaxing mode Clarke (1960) Vincenti (1960)
and Moore and Gibson (1960) show that the governing linearised

equation is given by Tﬁﬂm% [B};, th— h,_,,,;}+{%§ fn"- P”W =0
y )
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gas with two modes two other nafbural sound speeds exist.

a® = Ge+Ca  RT 2.1(10)
CUF . c\.n
c:@ = Cper Cuy  RT 2,4(11)

active part., It may be noted that

QF-':’ a‘l:f} L 76‘&

provided the first mode contains more energy than the second. These
two extra speeds introduce the corresponding Ackeret factors B, and BZ
in equation 9.

: In the case where only one relaxing mode participates the
éhoice of L becomes a natural one when no other length characteristic
o the problen exists, For example, L is taken as equal to the product
of the freestrean velocity and the relaxation time, For gases with
_more then one relaxation time the choice of L is wide., Inspection of
quation 9 now indicates that if L is set equal to either uat' or ueT"
: then a situation can arise such that one node may never take
an active part within the flow field, whose coordinates have been non-
‘dimensionalised with UaX(relaxation time of the other mode). In

such cases the total solution has to be obtained by superposition,
f'Na’curally the situation becomes more complex as the number of modes

is increased,

The characterlstlcs of equatlon 9 are the streamlines and

:the lines dg/dx_.. Be.? provided 'both*‘f, and’ﬂ are greater than

ero, However in the limit of either QZ or Q; equalling zero the

characteristics of the system change discontihuously to




dy/ =+ /”EZ.M or dy/ Ry, respectively, In the event of both

and ' being zero then the characteristics change discontinuously

todg/dx p / Beoe + This discontinuous change is characteristic to
non-equn.l:.brlum equations and was first discussed at length by
Boa-Teh~Chu (1957). One imteresting feature not obtained in the
simle case is when T!''=» 0, i.e. when energy is exchanged internally
eﬁween modes infinitely quickly, then the order of the equation is
educed but the characteristics remain equal to the frozen ones.

‘ Before continuing the analysis several deductions may be
nade, When @ = A" = 0 the classical Prandtl-Gluaert equation for
quilibriun flow results. When @ = = oo the corresponding
quetion for frozen flow is obtained. When ! and /" remain finite
tbut @" = 0 the system reduces to the familiar third order equation
haracteristic to non-equilibrium problems, See for example

TVincenti (1959) Moore and Gibson (1960) and Clarke (1960)

;4':3 The solution for a sharp cornered expansion in supersonic flow
‘ Truly supersonic flow is said to exist when M } My MM )l
he interesting transonic region is not dealt with here.

To examine the flow past a sharp corner equation 2, 4(9) is
*
olved subject to the following boundary condition

a;%,ﬁ}.. za ¥
S'E“( = W _S}gm »

which holds along y = O, H(x) is the unit step function. The
solution of equations 2,4(9) subject to the above boundary condition
s most easily solved by transforn techniques, Defing the Laplace
ansforn of p, (x V) as

‘F’a{,z.%) = j:l}’s(ﬂ.ﬁ) ex p-2X ad x

There is of course, no need to restrict the solution to a sharp
carner. As with all linearised problems flow past arbitrary boundary
shapes nay be considered,
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hoosing L = W Tole  in equation 2.4(9), multiplying by exp~¥Z and

ntegrating from zero to infinity yields the following ordinary

lifferential equation in the transform plane,

i+[ ‘LQ"B,.*E'*C_;&’_AB f-u-rcuz‘t 2 +cfét{+tu z ,_“]3: -
G BT G, B Gy T Gp L @i ot b2.(12)
2

Z {Cm%g +SrtCa 4 GG, T ,2 +% E+Cu,_t .ﬂ-\
LS T Cpe Gn T CpeT'L € T

or convenience let the roots of the quadratics within the curly
'acketso(? d and O then equation 2.4(12) becomes

f{__& -(z BF) (z+6}(24~6')}\:» =0

ay Er < Y(2r 8) 2.4(13)

or an outgoing wave system a possible solution of 2,4(13) is

T _ (2+8)(z2+7) \
b= A exp -2B J(:«u—u){ug) Y 2,4 (14)

The arbitrary constant may be evaluated by utilising the transformed
boundery condition, Evaluating the constant A}the transforned

pressure perturbation is given by

-;:3: Z (21'00( @ F'?B (E+3\(i+6') 2,4(15)
J (Z+ 5)(B+o) (zgﬂs(y &> 3

A general solution of equation 2.4{15) is not easily obtained due

to the essential singularities at z =~ ,i:«-g which occur in the
exponential, but as in the case of one relaxing mode (Clarke 1960) the
nvession of equation (15),when y = O, i.e.(along the wall),is

eadily accomplished, From the standard inversions listed in
Erdelyi, Oberhettinger and Tricomi (1954) used in conjunction with the

onvolution theorem, the pressure perturbation at the boundary y = O
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inthe physical plane is

% b(x,0) = ID[?%}_ {t zxp[— Mﬂ-&;}

2
FMﬁ
X

Lot Io[g%—é u] exp[u “_fi'_ﬁs_ u] dy

2
L +]

[t erfmre el Jofereed)

(3]
t .
o et #<l
{Ie[“z ;J&P[“%'E]wo = e 2.4(16)

where I o 2nd I 4 are modified Bessel functions of the zeroeth and
first order, _
j Since the parameterso&!{s. § and & are functions of Qj) ,ﬁ" and
there exists an infinity of possible combinations for which
equation 2.4(16) can be evaluated, It is therefore convenient to

select certain extreme cases for discussion. |

To give some physical interest to the solution of the: ¢guation
an example has been evaluated for the polyatomic molecule of carbon
oxide, Carbon dioxide has a linear symmetric molecule and has four
ibrational modess a doubly degenerate bending mode with a character-
istic temperature of 9590K and two stretching modes with characteris-
tic temperatures of 1920°K and 3380°K. Some doubt exists about the
nechanism by which the modes are excited and as such the simple
ciescription of the rate equation may be quite adequate. Although
carbon dioxide has three vibrational modes, provided the teumperature

is sufficiently low, <« 1000 OK, the energy contained in the last
stretching mode is negligibly small and in such circumstances the

nolecule may be treated as one which has two active modes of
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ibration, This situation has been discussed by Witteman (1961) who

.

ssunes that the first stretching mode is excited only by internal

eakage. IHis analysis suggests that the relaxation time associated
ith the transfer of energy from the bending node to stretching mode
s smaller than the relaxation time associated with the direct
cyi’cation of the bending mode, Schwartz (1954) on the other hand
ndicated that the reverse situation would prevail.

The specifiic freestrean conditions chosen were ones that
ould be generated in the steady supersonic flow region that follows
normal shock in s shock tube, With Tee = 1000°K and an equi-
briun Mach number of ME = 2. this condition would correspond
roughly to a shock Mach number of about 4 to 4.5 in a shock tube,
The energy contained in the various modes is as followsi= 1200 R,

330 R and 188 R. Thus it can be seen that neglect of the last mode

2-4.4 Parallel Bxc:.ta‘tlon of the internal modes, 'ﬁr =00,

As noted earlier '2; = ©@ indicates that the two internal

degrees of freedon only gain energy from translation. The choice of
L = ® allows u,? }S and & to be determined for a range of values
of T/’L’ ' . For the specific conditions cited above that may exist
ffOr Carbon Dioxide this case has been evaluated in figure 2.l+(l)

‘or o range of 'C”/ ! .+ Particularly simple solutions arise for the
miting cases of ™ -0 ; T"/‘(’ =1 and TVL! =00,

| (i) For r‘,’/"f" = 0 the highest order derivatives in equation
2‘.4(9) are removed and it degenerates to a third order equation.
‘Relative to the first mode the second mode adjusts itself infinitely
quickly and thus it may he noted that the pre-cursor signals will
always be felt along lines given by % =% !/5, rather than the
:f‘rozen ones, The pressure distribution along the wall then

implifies to



Cp +Cu3 2 Cp.+Cuy B—.ﬂ-‘)] C{CF’K"”% é;"l % N
S L xp] 2@(;?* ( ¥ 1. - (gi ) dx 2,4(17)

(i1) Far1¥k%’ = 1 the unwieldy expression under the root sign in

equation 2,4(12) factorises and allows the inversion to be written as

HMES P 2Cp \ B¢ ¢ ch(‘é’;’ )

e

% e 2 7
+ e [ o E-E”lﬂ.' Be y) %IY Be_s ]dx 2.4(18)
CPFL P QCP;:(EE} 2C pF(B?:' ) ,

(iii) For T%' = w equation (2.4(9) indicates that the pressure
will never return to its full equilibrium value, This arises of
course because of the way in which the independent variables have been
made non-dimensional., For this case a first integral of equation can

be obtained and the resulting third order equation gives the following
solution

RN

-hCPE"!'CVféKP P*c'ds Ew g } {CP‘*% B' 93{&(2.#(19)
C’PF Cﬁ: ‘“‘P{l
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o,Lth Series Excitation of the internal modes ‘T‘ ‘ =00
Tn this case it is assumed that energy cen only be fed into
the second mode by internal Yeakage. Once again equation 2.4(9) may
be simplified far limiting values of e /ﬂ;'
(i) When JE’"/’E;‘ - o the system behaves as if it has only one

active internal mode., A first integral can be obbtained and the

solution for the pressure distribution along the wall is identical to
gquation 2.4(8) . The pressure never recovers to its full equilibrium
value,
P g
(ii) When 40 A&, = O the highest order derivatives are removed
but in this case the characteristics assocciated with possible
discontimuities in the pressure, velocity etc. remain unchanged but

one streamline characteristic is removed. The solution is

- Be (p-b) = expl-Sur “‘”(%*“}QI:;{\:C“' ._‘__.(Ei,t);l
HM b Carl, 2 \BE 1 ] Tl > 1B

h S

+Sa [exp{:&&. *L.(ﬁf@ﬂ%ﬁ[&; '-‘;(ﬁfxa-i)%de.A(ZO) |

Cobo, S Cogrlu, 2 \Bg TR
Both cases (i) and (ii) are given in figure,

Of particular interest in this section are the results of

Witteman (1961) who suggests that for carbon diocxide the most probable
means of energy distribution to the stretching nodes 1s through
internal leakage i.e. T;;x = e . His work suggests that at
T=1000°% , T"/7' ~ 0«25 - and this case would lie between cases (1)
and (ii) presented in figure 2,4(2). The difference between the
profiles T'"/z' e and T/T'= 0 is so small that it is unlikely

that experimental determination of the actual pressure distribution

: : t'y:
would ever be accurabe enough to asses the ratio of e




w35

2,486 A particuler example of parallel and series excitation,

When it is assumed that the energy can be transferred
"e

internally at an infinitely fast rate T = O equaticn 2,4(9) reduces
to

1# W 2y _ e L. -
Ce (‘*%'ﬁ = u‘"%% [Bfa"'w \0’3‘.;,] *Cﬁf@u“’i‘r * )S.E'*—F'“ hﬁ;}_.o

lebting L = Um'::' threc simple cases arise 2,4(21)
(i) TWhen ’T'“/:ﬁ = O the solution is just the equilibriun limit
(ii) When ’T“/,_g, = 1 the solution is given by equation 2! (1 8)
(iii) TWhen T fqr1 =2 the solution is given by equation ‘% (20)

These are shown in figure 2.4(3)

2,437 Decay of the Pressure Perturbation Along the leading -
characteristic

To determine the flow field in the vieinity of the first

frogen Mach line it is convenient to work in a seni-characteristic

co~ordinate system rather than the rectangular cartesian systen

used in equation (9). ILet ? = X = B; y and 9 = By y then
(-8 L]

equation (9) transforms to

2V Ery ] sy [

foaeeferyn i alolE)e Y]

+ C& (' + %«_”ut ‘%; ¥ %;;)BBE" l}-hg‘*z %‘ﬂ"t’la?] =0 2.4(22)

Defining a laplace transform as in equation (11) and applying the
boundary condition equivalent to equation (10) gives the following
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solution for the pressure perturbation in the transform plane

-8B, b=l |&r0(zep) _g [@D)(Ee)
%@P TlaEre) © %" *Eomn § 1

where ﬁ‘? ,g and © take on the same values indicated in equation
2.4(13).

2.4(23)

To look at the behaviour for small% (i.e. near the first
cheracteristic) laplace transform theory shows that this corresponds
to large z., Expanding eguation 2.4(23) in inverse powers of z and

neglecting powers of ( Yz )1 gives

i

- B = 1 (Sromac-p
Ty P ot ee-g (fe ) o

Inverting equation 2,4(24) and substituting for <gi' G‘-—u-% shows
that at the wave head the pressure perturbation decays like

-_%_;r_.f (;:-h_,) = exp-1 Cre+Om T (&) + Sl {E’;‘z% i
¢ 2 U e \B

\ 2,4(25)
Renembering that Q is made non=-dimensional withuwT . It will be
noted that the decay is independent of any internal relaxations and
is only a function of the relaxation processes associated with direct
energy transfer by eollisions from the translational mode and thus
if energy transfer is by internal leakage only then observation of the
decay of the head of the fan could yield a technique for measuring the
true ! for a wide temperature range, (See section (3.30) for further
~discussion on this point).

i
The limiting case #z_/m =» 0 suggests that the decay will
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cceur in an infinitely small distance from the corner. This of course
corresponds to the discontinuous change of the characteristics due to

the higher order terms vanishinge

2,138 Extension of linear theary to n active internal nodes

Before concluding this chapter on the application of
linearised theory to the problem of plane expansion it may be pointed
out that the proceeding work for two modes mey formally be extended
to cope with any number of modes.

Since the analysis is only algebraically difficult, the
general form of the solution for n modes will be derived for excitaw
tion of the modes in parallel only. The more general case of parallel
and excitation only adds difficulties in manipulation.

Equations 2..4(1), 2,(2), 2.4(3), and 2,4(}4) remain the
same but now f
B @ 4+ & € 2,4(26)

A= ,
. 7
where €, is the specific internal energy of the b mode., Further,

instead of the two general rate equations 2.4(7), 2,4(8) there
exist n equations
-D__,‘e“ = QV(T)*‘Q“ of = by oy ;
D T Tw 2.4(27)
which have no coupling by internal energy transfer. Letting
€ = Gt Toe to a linear approximation where Ta 1is the vibrational
temperature of the &ﬁs mode then substituting the equation of state

inbo the energy equation there results to first order

ft

ap ?&%L(’auf v R 5 b
‘.*-y____.»w-&,_',-}-f_ﬁ___ o Wit ®

¥ P | OX Y g\f;'%ow 1= X © 2.1428)

By means of the nomentunm equation the velocity perturbations may be

elininated to give

2 . >
B30 A 4 aRUe § a3 =0 2.1429)
o Y kb Ls OX
| £3
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Eliminating the translational femperature between the energy equation

and the rate equations gives

Be Ai’ - P f : %,
Cuplq Tad 1 B'i; EBx—Tay | ) ezl
F(q' Es; % Patics R + ‘{Fﬁ.. \ ‘:xx'*'%w, 2,4(30)

Cug Pt

Eliminating the vibraticnal temperatures between 2.4(29) and then
equation 2,4(30) in favour of the pressure gives after a considerabile

amount of manipulation the following equation

n
R-f : _ ; 2 %
i é...,. CP;"'%Q‘””C&riM" -1 M-Ej\ﬂ 0 2,24(31)
(Lo~ ax™ A P R
-0 olga. nlp

= ¢ may take any value between 1 and n and the symbol “z <6 represents
the sun of all possible products taken r at a time from the 'n!
possible values of ™g Thus for a given r there will exist

“Gr = nt/r! {n-r)! ways of choosing possible combinations ofet  taken
r at a time. The Mach Number M, .. is based on the speed of sound

Cp, + Gyt - + G \Dw

i

e Cups Gt + O o 2.1(52)

Far the specific case of n = 2 this equation reduces to equatioﬂ
2,4(9) with 1" =ob ,

In principle equation 2.4(30) may be solved by lLaplace
transforn techniques. For the case of a sharp corner the transform

of the pressure perturbation is of the forn

ﬁ(i‘ B)  ox aei/
(?-333 H(%“ét

L

b, and E‘si are roots of 1 order equations in z.
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The n essential singularities at z = g; make it difficult to evaluate

for a general y, but at the boundary & =0
- o~
b = 1| Nz-89
ENCO(z-80)

and nay be inverted by repeated application of the convolution

theorem,.

2,5 A Second Order Solution For Plane Supersonic Non-Equilibrium
Flow, .

For small departures from equilibrium, linearised theory
describes the general features of many non-equilibrium flows remark-
ably well. However, some aspects of the problenm are not made apparent
because some of the non-linearities which are peculiar to such
systems are removed in the process of linearisation, Far example,
for the flow past a sharp corner it is not imnmediately apparent, in
the exact solution, what the final asymptotic values of the dependent
variables are far downstream of the corner. As mentioned earlier,
this query arises because of the finite production of vorticity and
entropy associated with non=equilibrium flows. The linearised theory
automatically implies that the asymptotic values will be the sane as
the infinite rate equilibriun values, since to this approximation
the entropy and vorticity production is zeros. Iinear theory also
fails to predict the phenomena of freezing Pirst discovered by Bray
(1959) and later predicted (on an analytical bagis by Blythe (1963).
In view of these essential differences it would thus appear
desirable to seek a higher approximation which accounts in sone
measure for the non-linearities and hope that it will shed light on
the numerical solutions and perhaps explain in a more satisfactory
way the observed results, For isentropic flow with a constant
ratio of specific heats higher approximations have generally yielded
o better answer (for example see Van Dyke (1951) ). In particular

the formal second order solution for the plane flow around a corner
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is known to yield the Busemann approximation and has proved to be a
satisfactory improvement.
The aim of the present study is to seek an analogous

solution for non-equilibrium flow in two dimensions.

2.5:1 The Iteration Procedurs
Unlike the case dealt with by Van Dyke (1951), a general

equation in one dependent variable (In isentropic flow this is

the velocity potential) does not exist. Thus, it is assumed that any

dependent verieble u, (say) may be represented by the series

| | r
THESUN z U;r(x,\d)é 2.5(1)

wheére 5 is some small parameter. Substitubting this series into the
besic equations of motion 2,1(1), 2,1(7) and collecting together
terns of order Br yield r sets of equations faor us . Bach of the
set equations is linear in u, (x y) and has right hand sides depend-
ing on the solutions of the previously computed (¥=1) solutions.
The complexity of using such a technique increases rapidly with each
successive approximation. In practice it is rare that it is ever
possible to proceed beyond the second approximation and thus a
discussion of the convergence of such a series is virtually
impossible. In fact, there is no ta priori'! guarantee that the
second order solution will be better than the first. It is hoped
however that, for sufficiently small & the extra terns will show
en improvenent., The degree of success can only be assessed ta
posteriori! by comparing with other techniques of solution, in this
instance with the numerical solution.

Since non-equilibrium effects are very dependent on the
thernal and chemical kinetics of the problem it is necessary to
choose from the outset a specific example. Thus in the following
discussion the problen 61“ the expansion of a relaxing gas is

considered. The basic equations describing the flow then simplify




from those in section 2.1 to the following.

udp +vdb & W O\ g R .p. Dy
3% ""v'% M( a*%@}* et 5 =°

Pubu +pv 2 Bu _,.E_)_l_: =0

udy 4oV
P ax+? bg +.§_§ =0 2.5(2)

<

R

(u& *Vh ( T*"CUTV).*-':(&‘;.&%(A)’;Q

ud +v )T - =%
( 5% M) =
For a simple harmonic vibrator

Cu, = (é\»') avp By év /(axp Ay «k) 2.5(3)

but to help to simplify the algebra the specific heat associated with
the internal mode is treated as a constant. This is generally not
a very severe restriction and does not seriously affect the non-
equilibriun character of the problen, In the above equations Tv is
the vibrational temperature and the rest of the variables take on

‘

their usual significance, % is the relaxation time and in general,

experiment has shown that it &s of the forn

e - exp b (TR-D)TE

danm

T P/feo 2.5(%)

%
where b is a constant determined by experiment and the subscript e

represents some reference state, The variations of “B can be very
significant in non-equilibrium problems (for example it is the
¥ Tor Carbon Dioxide b = 60 (%K)3
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primary reason why Ifreezing' occurs in nozzle f‘lows), but in the
present example of corner flow for small angles of expansion it may
not be too significant and for the moment T is treated as a constant.
However some comment is mede later about the possibility of including
this varistion and its subsequent effect on the theory.

Substituting the series expansion 2,5(1) into the above
systen of equations and collecting terns of order © gives the
linesrised form of the equations, As in section 2.4 all the depend~-
ent varisbles may be eliminated in favour of the pressure perturbation

p, to give the following third order partial differential equation

Che Twtta L {(ué,;s\& ..3’.._3.2&...{(%-&)3*.-&4 -0

Che . 3x* vyl | ot Ayl T 7 2.5(5)
This is a special case of the more general problen treated in section
(2.1;.) Equation 2.5(5) can be solved by transforn techniques, (cf
'fglarke 1961, Der 1963) or by Greens functions (cf Clarke-Clegver 1963).
Approximate solutions have also been obtained by treating (‘%‘“_‘t‘. —1}
as an additional small parameter characteristic to the problens
Utilising this parameter Mocre and Gibson reduce equation 2,5(5) to
the telegraph equation and dbtein a.dlcsed form solution valid over the
whole flow field. Napolitano (1961) also makes use of this extra
parameter to obtain a series solution of equation 2.,5(5) Morrison
(1986) solves the equation exactly. In all cases the solution is
relatively complex for a general field point, Since the second order
solution, as -~ will be seen, depends on the first arder solution
difficulties may be anticipated even at this stage.

For this supersonic case M, p M, P 1, equation 2,5(5) is
hyperbolic and thus no disturbances from the given boundary will be
felt ahead of the first frozen characteristic. Therefore when deal-
ing with flow fields which are unbounded on one side, it is
convenient to transform to a semi-characteristic co-ordinate systen
by]etting%:x—Bfwyand?:nyWi‘thfQ == .

f
In transformed co-ordinates the linearised equation becomes
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(CF'::“t;,.u.n 1} M’: ...25 S.;.(B-J)?_tz =0 2,5(6)
Che 39" %D

Substituting the series expansion 2,5(1) in the governing
equations and collecting terms of order Giand transforming to a
semi-characteristic co-ordinate system F=%x-Byy, P=By , the
following second order systen of equations may be obtained,

[‘é.“&u“;* h,{[ - “fE‘Mh{’(ﬁﬁ-uJ u.§ + Bey.(us,z -'“‘g)}" "?(57}2.5(7)

it sdny e o s e

;P1§+ %ﬁ("‘: §* 3&(";7“&5‘9 + g..‘i.; TV:J = - U, P.§+%(P‘?_ [D-)

Y (‘:wif +Bebu(v, -.v.‘} + S.*.’.!((pn.:)Tw + B (T, -1;3:: - {g0)
2.5(10)

(5 ] g w85 <~ A (59), 0

[ﬂ e (il AT

__(( pe=2Ti4u4) T,f +B v (‘T.? SR | +( P et B¢, gn(v.?- Va‘,})) = -»5;{2»(923)

The above set of equations for iy are linear with terms on the
right hand side ? s ¥, 0, A,.& which are functions of the first

order solution only. The second order perturbation components may be
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eliminated in favour of the pressure perturbation to give

() Bl i

2,5(14) -

T2 ')( -V/)B Cr M O VM ¢ )
+ ke --3 e Ly s ?
(‘“ag* Yo ¥ LYG, & § Huafsy""""” el
foo
where Jop = u»'t;‘c?;_}c% and F(‘{,Q) represents the terms in
the curly brackets.
Before continuing with the general solution of equation

2,5(14) it is of interest to examine the vorticity and entropy

production terms,

2,532 Vorticity Production
The vorticity% (%‘?) is defined as

/5 1) - D B, [du _ou
5(?:*7)*«5% ”Bﬁg(%f? %é) 2,5(15)

and fron the generalisation of Croccos theoren (cf Clarke-McChesney

(1964) ) to include flows with relaxing or reacting modes, it follows
that 'ﬁ is only zero when the flow is completely frozen or when it is
in equilibrium, Substituting the series 2. 5(1) into 2.5(15) it is
readily shown that the vortieity to first order is zero and hence

a velocity potential may be defined. However to second order this is
no longer true and on collecting together terms of order Q and using
equations 2.5(7) and 2.5(8) it is found that the second order vorticity

is given by

$
%3(‘%;‘?):[0 {Bef%" Pe) - "’g} 4% 2.5(16)




Thus in the second order system a velocity potential cannot be defineds
Equation 2,5(16) also shows that the vorticity is simply a function
of first order products and can thus be evaluated directly. Inspect-
ion of the definitions of ? and V} show that along the wall the
vorticity is zero at the corner and will steadily decrease to sone
new constant value far downstream, In the far field awsy from the
cornerSZJ s (}l and their derivatives become very small. At infinity
— % ond Y—» 5()2' , their equilibrium values, which can
be shown to be zero, and hence the vorticity becomes zero. The
variation of vorticity along the wall has been evaluated (Appendix D)
for a specific example of Carbon dioxide discussed in more detail in
Section 2,529 andzis presented in f;igpre 2.,5(3). It may be shown .
that 52-« ofB>1) , where i =% , and since for many flows Bal
this suggests, that if (B‘-—!) is chosen to be of arder € then to

second order a velocity potential could be defined.

2.533 Entropy Production

For only one relaxing mode the entropy production along a

streamline, equation 2,1(10) reduces to

Ds _,(T=~Tv) D
Dt %t T ° Dt

2.5(17)

To first order this is zero but collecting terms of order © shows that
the entropy production is given by
3
50 05 =Co S (T- ) ~ 2.5(18)
0  w

where Se is the entropy in the undisturbed state ahead of the corner,

Once again the right hand side is a function only of first
order products and may quickly be evaluated. The evaluation is
carried out in appendix (E ) and is presented in figure 2.5(2).
Since (T, = Tv,) is finite at the corner and tends to zero as s—» @
the entropy perturbation,which is equal to the integral of %‘Fi %‘Tl T}

. @
varies from zero at the corner to some new constant value a long
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way downstrean on the wall, Far away from the corner T, and Ty
approach their equilibrium values therefore Ty g = Tvie and thus
the entropy is zero. Therefore like the vorticity, a long way downe
stream an entropy layer exists going from a constant value at the

wall to zero at infinity.

2.584 General solution of the second order equation

The flow is rotational and therefore a velocity potential
cannot be defined and some other dependent variable must be chosen.
In this case the pressure perturbation was chosen for, in the
particular case of the expansion, (as seen in section 2.3), of all
$he dependent variables the pressure 1s the one that will tend to
the infinite rate equilibrium value, downstream of the corner. Thus
if the expansion procedure is valid the solution of 2. 5(14) should
show that p  approaches Pre 25 § oo,

The basic task therefore is to solve

ab, _ F( k)|
NS - S BR R e

subject to some appropriate boundary conditions. % ‘? have now been
made non—dlmensn.oml with _P e » In this instance equation 2, 5(19)
is tackled by Ieplace transform techniques.

Define the laplace transforn of any independent variable

as Uja

a.'i(*'fﬂ = f ui?_(%*'?) ”P"Z? 4% 2,5(20)

and its inverse as

c»iiﬂ
uiz(%?)}:é‘_v.&jf U, (zyexp=f de .

Oom b B0
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Operating on both sides of equation (2.5(19) ) and performing the

infinite integrals shows that the transform of the pressure perturb-

ation is governed by

dE, _ 2adB. _ (g2)= B =-F@)

dnz b +2 Be(w2)

2,5(21)

where ﬁ(z}y) is the transfo‘rm of F(?,i?). ‘
By the method of Variation of Parameters a general solution
of equation 2.5(21) is

el [ i

{ "FEm £ (u) exp- f 22dt dul /(D)
c(”f’ 2.5(22)

where C is given by

06 _fof P2adk 5(23}
{, 5 -.-*Fz._.g.'?t = Cexpf 22 2,5(23)

and £, and £y are two particular solutions of the homogeneous

equation given by

Jco = exp(z-a)f] and f2 = exp(z+0)p

where for convenience a is defined as

a = ’]i.:_zz ® 205(2"4-)

The undetermined constants have to be determined from the boundary
conditions, For an outgoing wave systenm it is necessary to put
Bzawd ,

To determine A the boundary condition along the wall must

be imposed.
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Along thé wall given by

Va1l = T(x) (say), there holds the following condition

@) - __Q.?.C.mllg .

" wall (x,y wall

Letting V = V; (x ywall) e + Vy(x ywall) o
and u = 1 + “'(X"ywall) e + W(X’ywall) 0% and substituting for
Ywall and expanding in powers of © gives
2 2 e | by
“(60)8 + TGY B %_!10"10) + v BTE) + 8 TH) ui o)
Y .

Collecting terms of order @ gives

i
Vy (X;O) =T (x)
which is the familiar linearised boundary condition., Collecting

2
terms of order 6 gives

V0,00 = T'{x)uilx,0) - TO %‘g"‘m 2.5(25)

Both these boundary conditions are imposed along y = 0. The follow-
ing analysis is primarily concerned with the solution for T(x) = x
but it may be extended to fairly general values of T(x).

The connection between Vz and Py arises through the
nomentun equation 2.5(8) and therefore along =0 equation 2,5(22) must
be solved subject to

4 b y K 1‘ o e e bey’
Substituting equation 2,5(22) for pa into the above b.c gives an
equation for A, Substituting for A and B shows that
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52 (%.Q) - i EZ_(;;?;\ exp{ (%4-:1)&234-{2*&)9} er

TEED) exp|-
2 Jq..,..__‘?* exp{ (z+a)(n, Q}} an_

+

" rea ) —~(z- 1)
’ 'ét& o Be (uz‘;w?{ (z-a)(q, m} a,

LM S 2 v o}+1 Polexp(z-a))  2.527)
"B O

It is now possible to invert formally the above equation
provided the inversion is accomplished before the ?o integration,
This can be done if the integrands are well behaved,

By definition

C+iw0

P (5, '7) = --—, [ Flan)expTz dz 2.5(28
C~in0 v
In addition define c 100

1 (5.0) = J’f"‘;( ~(2:0) Do HE-00)) exp iz dz  2,5(2)

ali+&)
2wil,_ iw(

(ot 21

¢ (§,7)= L j exp ~(2+0H-N xpPTE de 5 5(30)
il _2a(1+®)

€4 tee

an . -1 ex::«(z-a)mw“l))?xpfa,dt .
a 1(€,9) [ ek 2.5(31)

T~ a0
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where € 0.

Although the general inversion of H, G, I is not simple
, for general ‘7 it will be noted that for the integrals in equations
 258(29 - 31) to exist the following conditions must be satisfied for

equation (2.5(29) §-2n >0 7.> 0 2.5(32)
(2.5(30) T -2%-Mvo 7> 7 2,5(33)
(2.5(31) €Syo < f 2.5(34)

With the above definitions it is possible to invert
equation 2, 5(27), Making use of the convolution theorem the second

order pressure perturbation is

§ 520,
ko) - [*[ Hgl MRS dTAL

Q~-Q

__E_gj.mﬂz G(§-5,3 0 01d5,2%

J\gir $-2 Vo O)
f-‘»

f Jf \ T (3-5i0:0) d5d0,

Xe,,. fi. Mg [ Y(% 0 J(5-5,0) 45,

Be,

't
- TeMy [ Vi(E, o) K(5-5.,9) dSe  2.509)
T Je '

where J( g\()) L] = ex%(z-a)%‘{% dz 2.5(36)

7“0 uw
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k(59)= L S J.axp{(z-aw-«—gz dz 2.5(37)
77' c-\% '

In the above equation the limite of the S__a and Qointegra‘bion have

arisen fron the restrictions given in equations 2.5(32) to 2.5(34).

The domains of integration are shown in figure 2.5(1) and in
confarmity with a hyperbolic equation it is seen that the point i, 9
is only influenced by points bounded by the linearised characteristics
DE and BF, the leading characteristic and the bounling wall. For any
given position of %— there is a constant contribution, given by the
first integration over ABC, to the pressure no matter what the value
of f] . The second and third integrals give the contributions for
%77 and ?‘1{9 , the last two integrals arising from the boundary
conditions.,

In principle the problenm is now solved for any field point
(3,? ) provided the first order solution is available. However the
first order solution is itself algebraically complex, ref. Morrison
(1956) and since the evaluation of G, H, I, J, K are equally complex
the integrations must be performed numerically, This would probably
be more cumbersome than the solution by the method of characteristics,
It is therefore difficult to argue that a nmumerical solution is
Justifiable.

Because of the above difficulties an approximate solution
is Jdesirable, Three possibilities present themselves, (i) Find an
approximation to F, G, H in the physical plane and perforn the inte-
grations., For example one could attempt to use the approximate
analysis of Moore and Gibson (1960) to obtain ¥, G, H over the whole
field. (ii) Seek a formal series expansion in (B=4) in the physical
plane in a similar manner to that attempted by Napolitano (1961) for
the first order problem, (iii) To revert back to the transform plane
and make the approximation in that plane,

It is proposed to tackle the problen by method (iii) but
before attempting the full non-equilibrium second order solution the

two limits of I ¥ 8and _ﬂ;""w are interesting in themselves,




52

2.5:5 The Second Qrder Solution for Frozen Flows ‘—Pﬁ':ua
"\'Vhen..(;:eo the governing second order equation 2.5(14) be-

comes for frozen flow

é ___E} 2 b b'z. M 2.. 2.5(38
Sle T aon aeaﬂ? A S A

where the primes on the independent variables signify that they have

not been made non-dimensional. ' and tf/ ' are defined as in equatlons

2,5(7) and 2.5(8) but nowLl' —-UF; P FVE(PHy [z:-,g).g-‘f{l)uu .+E’> (u. W, \ﬂ
A first integral of 2. 5(38) with respect to ? may be obtained and

the constant which is a function ofl? must be zero since the free

stream is specified to be uniform.

Taking the Leplace transform equation 2.5(38) becomes

3= -

é_&% 2z ik’:s -1 [K;H—B (7% )..,M zﬂ:)—-ﬂ_zmz 5(39)
it 97 & Fe

where the bar signifies that it is a transformed quantity.

To be specific equation 2. 5(39) is solved subject to the
second order boundary condition which for a sharp cornered expansion
reduces to 6”(___3(30) - F’a{zp’)) ~+ ﬂQ&Mﬁo u, ::«-‘-V (2 ,0)
in the transform plane.

For the case of a sharp corner the first order quantities
are W,= - /B y p’..‘g;Nz‘/B(_ and?' = MF/E, F(z, ) may be
evaluated by means of the complex convolution theorem. It can then
be shown that _@ ‘?D = 0 and that the only contribution to F arises
through IL’ » Por this example

Mg 0 = - (BerD) Me
2.5(40)
QE‘F‘m
# If P(z) is the transform of p(?) and @é z) is the transform of q(%)
then the transform of p‘(?‘)"{j“;' (‘ Ya(z-q) dq with Re(z-4>>0
and. d}O Also see Apoen ix Whe e tne ~convolution theorem has

been used to evaluate @v ete,
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Recalling that the general solution is given by inverting equation

2,5(27) and noting the linits on the ¥} integration

E(f’ ) _ e+ Mf‘w - f Jc:j 2zp48"2l dz dn’
‘6}@4& < B‘ 2ni —iauP z % )S D
f&?* G4 Voo |
N expl-22(0,-0') +5} de dy!
] ';: 2 fe—-i*

2,5(41)

Performing the integrations shows that

# (5 9 ) = _fﬁl?f- 2.5(42)

‘O’g_Mp - 4B

(In equation 2,5(41) the third integral vamshes because laplace

e xp ?24% 5(0 Yvwnich is

transform theory shows that i

outside the range of interest).

Equation 2,5(42) is the Busemann solution and agrees with
the results obtained by Van Dyke (1951) who discovered particular
integrals of the second order equation.

For the case of a parabolic wall the second order pressure

perburbation is

B Emww ]§+“€+1)M{-§? 5
“FM@ 4 B 2 Bt 2 2.5(43)
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which again agrees with Van Dyke.

The solution for the parabolic wall reveals the non-
unifornities in'? which exist in the isentropic case, Thus it may
be anticipated that the non-equilibrium case could have a similar
qon-uniformity. Whether a further one exists with respect to %

renains an open question at this stage.

2.5:6 The Second Order Solution for Fouilibrium Flow, J:,ﬁcf

In the case where the relaxation process is occurring

infinitely quickly the second order equation reduces to

2 =
The subscripts @ indicate that the terms are evaluated under equi-
1ibrium conditions, The primes on the independent variables now
indicate that the co-ordinate system is based on the equilibrium
characteristics, thus Q“z EQ.QB and 'f‘: ¥ - B%:ﬂ .
As pointed out by Boa =~ Teh = Chu and discussed in section 2.4, one
of the singulsr features of non-equilibrium flow is the way in which
the characteristics change discontinuously as the limit f o == O

is taken.
When Jeo =0

% = (ﬁ‘ *Ue.\%.g, 4 B&o"(e;(uaf)s - Ve.g.) 2.5(L45
Y= (o ’“‘ﬂ)"mg* > B, Ve, (ve,'r - Verg) 2.5(46)
and {2, ‘-'E‘m f%a?.*’%“e;{ Pe;?,- Peygde E,g,’ue.i ,*-fe gﬁg}\‘es)‘.\&%‘ 5(47)

and ,3' ,./\__ are zero,
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In cases where the specific heat is considered as a function of
temperature . Cuy ::;é. constant then .Qa will have extra terms in it
which represent the variation of Te through the expansion. However
for the rather simplified gas considered here it will be noticed that
the form of the frozen and equilibrium equations are identical and

thus the equilibrium pressure to second order is

Poa( 5,00 _ (0%} _ L
LmE |48 Bl 2.5(48)
Equations 2. 5(&«(} and 2, 5(18) show that: the seconfl erder solutions for

the two limits.are consistent with resalts obtained by other techmiques

for isentropic flow,
2,57 The Non-BEgquilibrium Case, O < Jud @

For finite 5"‘; the corner problem has no.absolute length

associated with it and it is thus convenient to work in§. D co-
ordinstes. As pointed out earlier inspection of the general solution
inmediately suggests that a simple closed form solution is unlikely to
be discovered due to the intrinsic difficulties associated with the
Pirst order solution. Therefore an approximate solution is sought
which if it is to be general for any field point, implies that some
extra small parameter exists. The parameter which presents itself is
(B‘z -1) and has been used previously by Moore and Gibson (1960) and
Napolitano (1961) to obtain approximate solutions for the first order
problem, In the following analysis it is assumed that the transform
c("-i ?) of the right hand side of equation 2, 5(21) may be written as

a series expansion in (B - 1) in the following forn.

Fl) = Z Flzo)ex)’ 2.5(49)

where F g ¢ (2, 2)) is assuned to be of order unity. No justification for
this expansion appears possible and it can only be hoped that the
series is convergent for some saltably small value of (B-—!) For
example one may always teke (B -4 ) to be of order 8, 4 further
query also arises whether it is correct to make the spproximation to

P but not to the left hand side of equation 2.5(19). Collecting




56

terms of order (B=~l) from both sides of equation 2.5(19) is equi~-
valent to the series expansion developed by Napolitano who showed

that terms up to (Bg—-! )* are needed. For the second order problen

this leads to an excessive amount of algebra and thus the approximations
are made only to the right hand side., L4 further point of interest is
the technique suggested by Moore and G:Lbson (1960\ _Their approach

was to make the transformation § CB ( g ) and 7 (B {) B 7:

which transforms the first order equation 2.5(6) into

F?‘? \:»g ~+ p.. =0 2.5(50)

which is the telegraph equation and which has been obtained by
judicious choice of the constant C.This equationis correst to order (B—4#)
and gives a very good approximation over the whole field, However to
second order the technique is complicated by the right hand side and

now the governing equation is

- € 2 f
(’5‘5 2'63? i’?? ta,_+ P-)+o(3~4} F_f?' D) é}AZXE(Bl)

where c has been chosen as 1 - é (B ). With F = 0 and letting
Py= ‘H- p (3 ')) etc. exactly the same equation as Moore and Gibson
is recovered but with F finite this technique renders the right hand
side of O(-L\) which is large for sufficiently small (B>1), Thus
the technique suggested for solving the first order problem breaks
down in the second order case, This probably arises because the third
arder equation has been described by a second order one.

Inspection of E’; in equation 2,5(49) reveals that in the
expansion procedure suggested here that the solution is unlikely
to be uniformly valid in z and {J. Generally 7( E,O ) cons ists o prodds
first order quantities p : (;;9 ) a; /[7) (say). The transforms

* p and g are terms like u, Pyy Yig p,
occurring in equation 2,5(1h) and 2.5(1%) to 2 5(
Lppendix (A).

12:9,13,;‘9 etc.
). Also see




of p,; and qy are of the form P (z) exp (z - 5?2:;)? ard
Qy(z ) exp (z - 2z E':'E )'7 therefore by using the convolution theorem
F(Z x‘?) may be written

—gyBE
chie s 00 '{2 q« i%’%}d%

F(:z! = — Z Q’KE)P ﬁ)Q (2-9) exp q,- jﬁwﬁ QT 2.5(52)
.-N!Q
where 3,’ (z) have been obtained by taking the transform of F(‘?,?).

The sum of over i formally indicates all the possible product terms

that can occur in F,

It is now necessary to expand Pi, Qi and the exponential
term in (B?-J ). Thus Fr (z,f} ) are specific to the problem under
consideration., Because of the essential singularity at z = -1, it
is also necessary to expand the exponential terms of (Bl'-!) as well,
Then the components 7E“;z-(z ,7) of F contain only powers of order ?f
and thus the approximation to F will be valid only close to the
wall, Due to the integration overr? , the extent of the region
covered by this expansion procedure will depend on the number of
terms considered in the expansion and will thus only be valid near
to the coarner,

To simplify the problem further the analysis is restricted

to looking at the behaviour of the perturbation terms near the wall
7-

2:529 Non-Equilibrium solution forlf)] =0, O ‘;‘fm L 00 |

PFor Q

_ % cﬂT | Ez0) (82 £ - B $
p(§0)=2 a-‘—. “? {Z £0)(841) zxp% (2+§j;:)2+ %

2n 282 (143
' ‘ ( =& dzd?@

b 160

%ﬁﬁm‘ | gg_ﬁ V;(ipﬂ)ﬂ;wp%z dz 2.5(53

BF 2K1 a
b - C"‘im
which to arder (B=1) can be written as
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% Cap i 0
p,(§0 ) 2 X_LJ - 29)4- A=) - RE0)- F Fa(20) = S(BE\)».
= art -[.:wo( {' ::?Hi—?@ 20m) ‘]
x exp —22Datv§2 dz 4n),
‘2%;‘ z(142)
¥t o
+”6FMF {-‘L‘/ (z, 0)+ q);(a,o)-{E(%'.O)}(&’wﬂqh]%t?i. dz
F Im AT41) z
@ C=ie
1 c+190
+¥Me, 1 [v(z,oyivz{i,o) Gz F)+ T exp ¥ o
B 2wl 2D =5.5(54)

Substituting for -E:o, F etc and performing the integration (see

ippendix (&) for more details) the pressure perturbation to order
2

(B=1 ) becomes after some considerable manipulation

3”2(?'07 _ (1+%, )M% L (-OM (1 - exp-§)

w18 ESRCEE
{32 ME-17ME -3 M58 M- 24}(; ~exp-§)
| 16 B

Me L
287 16 B} Cp, )

{ : 3‘(5;-—‘\”‘42-‘50; 1(1*(“‘9&'?‘%)

N %exP*g‘J(Bz——*) + C‘(i?‘z""):L 2.5(55)
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The inelegant form of 2,5(55) immediately suggests that
higher order terms in (B®*-\ ) will be increasingly tedious to obtain,

Inspection of equation 2,5(55) shows that at ‘% = 0 the flow
is frozen and equals the Busemann approximation corresponding to
equation 2.5(24.2), i.ee

t»;(o,av (wmm? 0 2.5(56)
T M 4By B,

It may also be noted that if the neglect of (B-l) can be tolerated

then the second arder non-equilibrium solution still retains some

simplicity, i.e.

RIS _ (49IMe. 1 Gu(§dME (1-e9-) 2.5(57)
ML 4B B2 %4E

To discuss the solution further a specific example must be

considered since it is difficult to assess the relative values of the
terms as they stand, The vibrating gas is chosen as Carbon Dioxide
and the conditions taken are those that could be obtained behind the
primary shock in a shock tube., For a shock Mach Number of 3,
T, ~ 600°K, ‘6&;1.24, M~ 1.6, M, = 151 ,Cuz 1 62R .
Cyy has been chosen as the specific heat of the bending mode of 002
and it has been assumed that the other modes have a negligible effect,
For this example (B=}) = 0,23 which will provide a fairly severe test
of the validity of the expansion in (B —1),

Recalling that'*

B+ F,F)-t{?a@z-t"

Poo
the total pressure variation along the wall for a 10° expansion
for the above conditions is plotted in figure 2.5(4). As can be

* Where {D (%' o) _ = &xPp~- (B?H)‘g Io LE;M]; +‘(§¢xi> 54.3)‘5' I‘EEJ-J% a ?
AT
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seen the asymptotic value tends very closely to the equilibriun
value, and in the light of the results obtained in section 2. 5(9)
which show that the exact ssymptotic value equals the infinite rate
equilibrium value, it suggests that even to order (B ..\) the ex-
pansion procedure for o is satisfactory. The inclusion of higher
order terms of (B{»v) would not change this value appreciably since
the neglected terms will probably be less than (Ba—-l) Qawhich far
the present example is  0,002.

It will be noted however that the approximation given by
equation 2.5(57) is not satisfactary, see figure 2.5(4), away from
the corner and the inclusion of the {Bn) tern)is necessary. However
if (B%1) was smaller, equation 2.5(57) may still yield a satis-
factory improvement, '

A further check on the validity and accuracy of the expansion
procédure can be made by comparing the 'exact! gradient of the flow
variables with respect tog at the corner, with the approximate
gradient. It can be show, see Appendix (B)for more details, that the

exact pressure gradient at the corner is given by

‘..Efi"’ n=0) _ (B l){% ) (e ’)M{{2+4{+M;...“$¢M;}

b/‘: g B/

4 B‘é OPe Cf’e QBF i

_EIMe | (Bo)
—=  t
2 B¢ B

This can be compered with the approximate gradient by taking the
derivative of P, in equation 2,5(55). In figure 2,5(4) the slopes
of the pressure at the corner for the exact second order solution
and the approxinmate second order solutions given by equations
2,5(55) and 2.5(57) are plotted. Now whereas the asymptotic
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pressure agreed with the infinite rate value to within (B>1 )z o it
can be seen that the gradients at the origin show considerable
variation and implies that further terms in (Ba-l) are needed before
the slope converges to the exact value. Choosing a smaller value
of (B-"-«- }) will obviously improve the situation, It is also interest-
to note that the rate at which the pressure recovers is less than the
linearised solution and is thus in qualitative agreement with the
mmerical solutions. To the order of the approximation the second
order theory does not show up an overshoot in the pressure.
Evaluation of the second order velocity perturbatlon along
the wall is readily obtained. Since q = i(i“-h ‘*’Uzg.* ) *(Vig*vag"")}z
then G, = Up+ Vi/s , thus by using the § wise
momentum equation q 2':'t.s

4,= - ‘9;”c A [ P(g:0)ds + | 2.5(58)

which to arder (B -l) is given by

9.~ -— B§ ‘-‘*) (B"')('*”P'?)M[E’ﬂ 2,5(59)
W“c

This is plotted in figure 2,5(5 ) and as can be seen a noticeable
difference exists between the saymptotic value of 2.5(59) and the
equilibrium value, Since equation 2.5(55) shows that Py —> f"z e
very closely, and in fact it can be shown (see section 2.5 $9) that
Py= Py o exactly as ?aw , then g4 will always be different by

j ¥ ;;p{g’ o) d § . This is in qualitative agreement with
the mmer1Cal solutions discussed in section (2.3), as can be seen
from figure 2.3(2), To evaluate the density, use is made of the
continuity equation which in the transform plane to second order

is given by

BT B (V) < X st




N,

where X is the transbrm of +f u.?_i-ih f,;‘y- BF{ F'(Vl Y )-{»W(Q, -1 )
Elininating uz and v by the momentum equgtion o-:.vesg d

™ M

2,5(61)

?2 {Mé tai'i'-g (F 22%) )4‘@ +' (ngQ/'?-)
but j‘iF ;

- (B D _ F=@
Pan 22% sz h" B%((s.yz)j |

. )% o {( %f{:}:)) F(Za?) .;.._Q 4,%(@'?_2@%% 2.5(62)

sybstituting for F(z, n ) gives

7 e+ (BN D 14 MDY e -Q.Mgﬁmj\.}
r T!M‘ ¢ (H‘i)) (N“ C?%(i*i) MC&‘{[{-&% Cfen.t

Substituting for.ﬂ.,r% anda A and ¥, then up to (B 24 )0 it 1s
found that along the wall the density perturbation is ghven by

, Mg bf0)  Be(B-)| g f"f o dF L-IMe
ke *g‘;MF t&M‘j hi(5) 45 2 By

-‘—-

- G, (1-E7). %QD‘FW*‘Q‘%«&M, m}fr )0

aBF q’e

NS (ﬁ‘«i);;-(wﬁm-?} M (B Fep-S .

2Br G 2.5(63)

Once again a relatively simple solutior is obtained if terms con-

. 2 . . .
taining (B™—1{ ) are neglected. Then the density perturbation is
given by




2 "
+(?‘T¢)C”;(\6‘"0MF (‘“‘WP‘§> 2.5(6L)
2 4B; Cp,
Adding :mf& to the linearsolubion allows the overall density to be

obtained. This has been evaluated and is plotted in figure 2.5(6).

like the density variation in the numerical solutions this, as can be
seen in figure 2.5(6), appears to be extremely sensitive to the
approximation used, For whereas the contribution to the overall density
perturbation from terms independent of ('5’2-‘—-#) show a monotomic

decrease from the frozen value at the corner to a value below the
infinite rate equilibrium value, the inclusion of terms of order

(Bz-l) indicate that first the density increases and then decreases

in a similar way to the inexact numerical solutions discussed earlier
(see figure 2.3(10) ). The exact value to second order of the

density gradient at the origin, see Appendix (C), is given by

an(‘, )= My 0B B %&”)Mé-!,}
a§§°;§’0) Fb% +~( )%M 48? &

D §- (2

g | Gy }%? gLt
el V-0 Mg P
43,;( B%) 287 2}

- ,(‘&:-0“"% - tﬂi’é(s.w.g)%(a%f)
Be

' A
L (B Me 2,5(65
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For the example discussed this shows that the overall density gradient
is negative and suggests that in the exact solution the density will

monotomically decrease to its new asymptotic value, evaluated in

section (2.5(9) ). By comparison with the pressure variation down-
stream of the corner the density variation is small, i.e. about 30%
of pressure variation, This mey indicate that a delicate balance of
terms of equal magnitude exists and that the small errors (aue to
the approximation) which exist in each of the terms can, when added
up over all terms, give an overall error which is relatively large.
The error in the initial slope is sufficient to upset the
whole of the result and now quite by chance the approximate solution
tends very closely to the infinite rate equilibrium value rather than
the true asymptotic value evaluated in section 2.,5:9., This is in
agreement with the numerical solutions and gzives further Justification
for the disbelief in the overshoots of the density curves. Although
q difference between the approximate asymptotic value and the exact
asymptotic value exists it is only about 0,002, which is ofC(Qa(ﬁiﬂ?).

and is thus accurate to the approximation. made.

2,539 An Asymptotic Solution forf] = 0, S ¥00,

The preceding approximate analysis of the non-equilibrium

region downstream of the carner resulted in an inelegant solution

to the problem., Nevertheless several results obtained in the nunerical
solution have been repeated, In particular the approximate solution
suggests that the pressure tends to the equilibrium value far down-
strean of the corner. On arguments based on the momentun equation in
natural co-ordinates (i.e.?ﬁf%?g %é?; = 0 where s and n are co=
ordinates along and normal to the streamlines, © the flow angle and

Ba and p take their usual meanings), Appleton (1963) deduced that

if the flow far awsy from the wall becomes parallel to the Wall

% Since the vorticity is non-diffusive in a relaxing gas flow,
the flow must at large distance from the corner see the true wall
and not the edge of some vorticity layer as is obtained with a

boundary layer.
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then the pressure must be constant far away from the corner and
therefore the correct limit for the pressure on the wall is the infinite
rate equilibrium value, So far numerical calculations and the approx-
inate second order analysis substantiates this argument but de not
conclusively prove it, Thus it is of interest to see whether an
exact solution of equation 2,5(35), can be found when . T 500

Rather than begimning the problem with equation 2,5(35) it
is more convenient to return to equation 2.5(27). After formally
performing the inversion, equation 2,5(27) takes on the following
fornm Whenl? =

i 190
el
= b 42 F(imex {E ‘c’} E di) dz
P2 (& ©) 2ni B:(Hz)i}ﬁ‘#i ¢ P 9 ?
Je-te0 ]
2 Chied _ _
M J {Z VJE,°)+~‘-LP(2;0)}@*P§E dz  2.5(66)
Be 2t L0 d

The second integral which arises from the boundary conditions presents
no difficulties and thus will not be discussed for the moment,

It was noted in equation 2,5(52) that F, the transform of
first order products, may be evaluated by the convolution theorem.
Substituting equation 2.5(52) into equation 2,5(66) gives, for the

first integral
C+ico d""w

g0 -t [ dTE [1z g.[2>
15 i | 83 fivz)| B 2m . @(Q)P"“" ’}

C-tab
| B2’ B*+q, {B?ﬂdb |
* &P ."9{?:/: g M’J t+q &) i+‘i~‘?}qdzﬁ ;

2. 5({,_)7)
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Both ¢ and d are greater than zero and from the convolution theorem
¢ -a» 0, The integrand is well behaved along Re(q) = d and thus
the arder of the ?o and q integrations may be changed. Integrating
with respect to rives

W pe % gi

1{§,0)= — NS .ﬁ__ %9'.(*79(%@ i-cm awg
' Em B 5»&' u»azm
Q-{;ﬂ 4 M H'q' o e rg—fz@)

The essential singularity at q = -1 has now been (apparently)
removed and replaced by a denominatar which has six roots not easily
evaluated.

However the method of steepest descents suggests that the
inversion w, r. t z will, for very large values of % , have a maximum
contribution from the region z a8,

Therefore,, let us formally expand the whole of the intes
grand w, r. t z for 'small Z, l.€.

Cobtob 100

o)l (oot | [Zg0RGIQEA &8I0k )t _du
Zm‘f'f e ““”]'*‘%« %] gt {B+ i—’Z g A(é'v—@)im&)

The denominator cannot be expanded further since the expansion
would become invalid in the region of g = 0. Inspection of the
definition of F(z )fk )(See Appendix Q, shows that all the g, (z)
behave like z™ (n some integer >o) s o 8y (0) =0 bt-}é_a # 0

@
@ e

C«%;& A o0

voi (St [ Srmosil i
(%D) pye E@BF LS %‘%@‘qﬁzgﬁaﬂ'j_% 'Z%'_q.,g)

2.5(70)
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Thus if equation (2.5(70) is to have a contribution as T3> (Z2-=> 0\}
the integrand must behave at least as z."n (n some positive integer).
Judicicus inspection of equation 2.5(70) shows that it is only in the
region of q= 0O that this appears to occur, To evaluate the line
integral let us close the contour to the left by a large semi-circle.
Since P. Q behave at least like ]{1 and the denognminator behaves like

g on the large seni-circle given by R %a then as R-—»%0 the

contribution vanishes, The simple pole at the origin arising from
the terms PiQi gives a contribution ZEPQ(‘L)G (z-0, q,) @lqvo‘*@;f)zza
2B

The roots of the denominator are not easily evaluated but it will be

noted that in the region of g = O the denominator behaves like

-(8-Da" 282

B and thusapproximately (exactly when
': ,J&Q"a? Z oprovided q and z are
small, The use of the convolution theorem demands that Re(z - q)) 0

always. Therefore since the integral is evaluated by closing the

= 0) two poles exist at q =

contour to the left the pole at gq = %E’i must be excluded.

Therefore in addition to the pole at g = 6. it is necessary to

include the pole at g 2B 2 Since P, Q beha.ve as the

pole will give a contrlbut:?:;- __Z_L_P(@\)Q (?—"'”otqr\) Q«; B (%%3?‘9
4 Be

thus as z -0,

(g0) e Z i q,sa)& (2"‘3;@'“0)@ z,als 2.5(71)
e 4 Be

Unfortunately the algebraic manipulations are too lengthy to include

but associating P; and @) with terms occuring in equations 2,5:7 to
2.5(13) and hence finding the . corresponding to F(z , s )y it can
eventually be shown that equation 2,5(71) becomes
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1f)~ L ,(3 -G ‘)Eﬁe +{msf;3] Mg+ o E'ng.n m}eﬁg(&*@}@ﬂ
§oo 4 B;' Cpe L8 C?g Bé

. %.1 {«5; M? +{@€_;‘) M;-B;(Bi')}g %QM: ~2(4-0) nf— +1%2 (&) «-}%ﬁg
£

] ...g(“"f;-i) M;?»EE(B"")} +§ M+ B (%) l‘*—f 2.5(72)
r, Be
which on noting that \6( Mglm\G@M;) Bé E}Q;» Bé” and
Yo = Cretlay /Cuf,w,)reduces to
I C{”O Mé 2.5(73)
= 4 &g .

The \}/(z)I 0) occuring in the second integral of equation 2.5(66)

combines with the ¥ term in F(z ) ) and

C4ad - ] .
.L,Je"m z Va (o) expSzd - b R3S F P
B (S 0) Cﬂeﬂ) M'ﬁ t
AR 4 Sui - — A5 ?-‘?w 2.5(74)

Te Me 48¢ ke

This is exactly the infinite rate equilibrium value obtained in sections
2,526, Thus to second order the asymptotic value of the pressure is

the equilibrium value and gives further evidence that the numerical
solution should eventually asymptote to the equilibrium value and

the degree of divergence of the solution from this value nay

confidently be taken as an assessment of the error of the computing

schene.,
The result also helps to Jjustify the original expansion
process 2,5(1) and suggests that ncimon-uniformity okt éexists.

Having obtained equation 2.5(74) it is now pos. .ole to
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evaluate the rest of the dependent variables and to assess (to
within the accuracy of the second order theory) the deviation from
the corresponding infinite rate equilibrium values.,

(i) Evaluation of the second order temperature perturbation

T

can most easily be obtained by use of the energy equation
Z 2
N+ 4 &4 = conskh,
Neo 2
where the specific enthalpy h and the velocity have been made non-
dimensional with their undlsturbed values, Lett:.ng, h=1+ Q%-&-Qhr’c- .
2
and q = (1 +8Wb + 8 ) + ( Vib+ V29 + e ) and collecting

terms of order © gives

2 2
h2 + (je-—\) Me (U,g + Vf_':;w'—) = O

2

Since hy, = (Cf;T2,+GJ“1 TV:)/ CoptOuy

then

— : 2
CPF T2+ Cuy Tva -+ (_XE"") Me (Ul+ VQI.;-U‘I) =0
e +lar, *

As?.:,oo, ()= 0) it is not difficult to show from equation. 2.5(11)
that T vy T

P % kA
,°, as S~ o0 Ty ~= ,._(‘gg..f)Me (U1_+\J‘2T+u‘>
')‘::0 Y ) 1'

Tow Ul-{*vﬁ < Mt @S ?ﬁw,t?:.o
2 2Bl

and from equations 2,5(58) and 2,5(74)

R
> - he — (Tg(59a5
Yo ME o
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T, —=(Be-1) M (e ML A (Be-)ME
- 48¢ B 2B

Ged e [ Pl5o)a

T:ze + (%) M;L P(5,0)d¥ 2,5(75)

Therefore to second order it can be seen that the temperzature will

be greater than the equilibrium temperature by an amount
: 5 o
B (eI ["P(5,0)d¥
G

Since the infinite integral has a value = 0JQ the difference of the
temperaﬁure from its infinite rate equll:.brlum value is
10, 4{%2-})\/1 © per cent, For a 5° corner this is 0.0S(‘%*OMZ‘ %,

(ii) Evaluation of the asymptotic second order density
perturbation,

Since f‘& =B - T2 - 5:. T, it is not difficult to show
that as §' <5 00 that

Pa—> 5" *(ﬁz-#)Mef @(?0 )dE

thus to second order the density will fall below the infinite rate
equilibrium value ﬁ by an amount (Fg- )M l @(§ ) )d?

the particular example under discussion this is shown in figure

2,5(6). This overshoot has not been found in the numerical
golutions for the ideal dissociating gas. This could of course be
simply because of the different non-equilibrium gas flow models used
but in view of the fict that the approximate solutions tend to the
equilibriun walues it does suggest that there is probably still an
error in the mumerical solutions and that a more exact solution may
show up this difference,

Although the differences that exist for the density and

temperature are the same it must be remembered that as a percentage
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of the total veriation between the frozen and equilibrium, the density

is large »
e (o0 Me [z ds > (*zs@f:)m”‘éf Pl5.045
?{— - ?e T ~Te

i.e. 30% as compared with 5% for the temperature.

Before concluding this sub-section it is perhaps worth

noting that if a variation of the relaxation time is allowed, then
the solution appears to break down completely. For example if the
variation of @ is considsred to be that proposed by equation 2.5(4)
then the right hand side of the second order rate equation 2,5(11)
contains an extra term equal to ~( Py b""‘/g'ra;’% )(‘T; - vy ).

Including this in the analysis far deternining the exact gradients

at the corner changes the overall pressure gradient from + 0,034 to
w0,004, Corresponding, but exaggerated changes occur in the approx-
imste solution. In fact if the second order rate equation is

assumed to have no non-linearities associated with it and is taken

simply as'al} =7§E:%;? overall improvement in the solution ccurs;
® Teo

although the” approximate solution still maintains similer initial
increases in density, it is not so pronounced. Apart from the fact
that (B?~!) is not particularly small, at this stage it is not easy
to see why the second order terms in the rate equation should make
the solution so sensitive near the carner and yet have no overall .
effect on the frozen or asymptotic values. This obviously warrants
further investigation.

4 suitably small value of © or (Bg”') can correct most
of the peculisrities of the theory when looking at the overall

pressure, density etc.




2.5:10 The Role of the Characteristics of the Second Order System

Since the characteristics of hyperbolic equations play
such an important part in the exact solution, it may be anticipated
that any iteration process should be intimately connected with the
characteristics. In fact the perturbation scheme* proposed keeps
the undisturbed state characteristics for the characteristics at all
stages of the iteration process and all the modifications that
actually cccur to the characteristics are transferred to the right
hand side of the equations, Thus the role of the characteristics
becomes buried in the algebra.

The forn of the characteristics can however be looked at.
Exactly, the equation of outgoing characteristics are given by

dy = foo (8+p)
A
Applying the perturbation procedure to © andi.& and collecting

terms of order 6 gives,
A= fanp + S poy (Ggﬂh)@
ax “om. ‘Jten

For the frozen case }Jg = tan f‘w( =Pl — Uy V% x) wherdl &(x) is
the slope of the boundary . 6,. - QE;(..E,F ta)

s (Brrp) = Féwﬁ) MET 2(x- Bty
EBC

o, du o b + (‘6;*')"‘5‘-’@ T()%—-%\g)

e et -
cse ¢

X

>

# Since charactersitic ce~ordinates D(‘(a(say) are natural ones it

would be expected that some advantage may be gained by working in

these co~ordinates. The main disadvantage is the determination of x

and y in terms of O;F and the difficulty in applying the boundary
conditions., Certainly if one could work, in these co-ordinntes.it would

ensure that the correct characteristics are used at each stage of
the iteration process.




Por the non-equilibrium case the problem is complicated owing to the
difficulty of evaluating p i, f\D, and u,; etc, for a general field

point, Once again

dy _ 1 L B Mg, { p L E::.E’:.mu;.%
Ix "B B@'eﬁ‘?’F( 2 )

e
However it is possible to lock at the solution for small x = ny,

in which case the above may be written approximately

% é;w*} &) M&a(ﬁﬁ;ﬂ) K (x- %(;_\a) exp — B P;I\a,
%

showing that near the wall and at the corner, the characteristics
start off with the slope

du ~ L + © Re (?&"")
X BF@ 2 fﬁpg

and tending to Ay t as y =0,

thus the cheracter?g;ics Eﬁfrﬁé convex downstrean, see figure (2 5(7))
For the linearised corner problem of course this variation occurs in
an infinitely thin strip adjacent to the linearised leading frozen
charscteristic. The equation may also be evaluated along the wall.
For they will start off at the corner with the second order frozen

characteristics and slowly increase until

W (oy=) » L +§ I+ L (‘“5&_........,..."5“'%*’1 Kl"ée
AX x > oo 2Bos ) B

which is in qualitative agreement with numerical solutions.




3.0 Eggeriments

The intention of this section is an attempt to provide some
experimental support for the theoretical discussions of the previous
section., To obtain a test gas which is at a sufficiently high
temperature for the real gas effects (which have been studied in the
earlier sections) to be present, the steady flow of gas following the
primary shock in a shock tube has been used, Initially it was hoped
to study the chemical kinetics of oxygen dissociation and recombination
(hence the section on the flow of an ideal dissociating gas) but
limitations of the experimental equipment available has restricted
the work to looking at non=equilibrium effects associated with the

vibrational relaxation of Carbon Dioxide.
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3,1 The Shock Tube and associated equipment

The layout of the College of Aeronautics Shock Tube has been
described by J.R. Busing (1962). 1In brief it is mounted vertically

and is made of stainless steel with a 5,08 cn, internal diameter,
The driving section is 1,22 metres long and the working section in
the unexpanded part of the tube is situated Lo66 metres fron the
diaphragm. The diaphragms are allowed +o break naturally and by
scribing them repeatable shock Mach numbers could be obtained.

An Edwerds Oil Diffusion pump, backed by a rotary pump is
used to pump down the system to pressures of less than 10—4’{:ORR. ,
The whole system was found to have a leak rate of about 0,25 x ZLO“3
TORR/min, in any twenty minutes after pumping for two to five hours.
Longer pumping periods tended to reduce this leak rate.

Gas pressures sre measured with an Alphatron vacuun gauge.
This instrument has a range of 1073 TORR ~ 10° TCRR with an accuracy
of 2% of the full scale defleztion and has been calibrated with
a Mcleod gauge in conjunction with a liquid nitrogen trap at the low
pressures and with a master manometer at the higher pressure=z,

The shock velocity is recorded by timing the shock over
20 cms at a station just prior to the working section. The shock is
detected by two thin film platinum resistance thernometers painted on
a pyrex substrate and mounted flush to the tube walls, The output
of these gauges are used to start and stop a nicrosecond counter.

The spark source designed by J.R. Busing consists of the
barium titinate condensers charged to 12 kv. This has a relatively
large light output with a spark duration of 3/10 m.secs. The spark
was triggered via a digital delsy unit fronm a thin filn platinun
gauge mounted in the working section.

A disgrammatic description of the instrumentation is

given in figure 3.1(1).




iy
3.1.1l. The Mach Zehnder Interferoneter,
The Mach~Zehnder interferometer has been constructed on

similar lines to the one at The National Physical Iaboratory and
described by Tamner (1959). It consists of two fully reflecting

nirrors and the half silvered nirrors (splitters) of dimensions

(4" x 6,5" x 1") and placed on a.horizontal heavy steel table
figure 3,1(1). The whole table rests on sponge rubber pads which
were found sufficient to absorb much of the surrounding vibrations,
When the nirrors are mounted at 24.50 to the working section this
allows a four inch square field of view, MNirror (2) and splitter (1)
have only course adjustment, but mirrar (i) has three degrees of
freedom and splitter (2) hss two degrees of freedom, After coarse
adjustment, fine adjustment of rotation and translation of these
componsnts is achieved through gear boxes which allows movements
of the order of a wavelength of lightto be made, Apart from a
poorly mounted splitter, which caused extreme unsteadiness in the
fringes and which was cured by extra damping, the fringes could

be rapidly obtained (with practice) by utilising the newmrand far
cross hawn  method described by Tamner (1959). Once adjusted

the fringes remained steady and stable for indefinite periods of
tine and only day to day adjustments for focus and contrast was
needed,

The associated optical components consisted of a mercury
vapour lamp, a sperk source and two £2,5= 12 inch. focal length
lenses, one forco!!;marﬁ% the light andthe other for collecting
the light prior to focusing on the camera. The mercury vapour
lampwes wsed for setting up the system and was first focussed on
to the electrodes of spark and used for adjusting . the inter-
ferometer .,

A compensating chamber with dimensions equal tothe
working section was used 8o that the initial path differences in
each circuit of the interferometer are equal.

A photograph and general leyocut of the equipment is shown
in figure 3.1(1)

Zale2e The Schlieren System

The Schlieren system is qiu%'}ge conventional and a diagranm
of the layout is shown is figure (®(




-77-

3,200 A study of the Normal Shock to deternine the relaxation tiume
for Carbon Dioxide

The imtention of this section is not to discuss in detail
the structure of shock waves, but to introduce briefly some experi-
ments that were made to compare the relaxation times estimated by
studying the structure of a plane expansion wave with relaxation
times estimated by interferometric observation of the relaxation
zone following the primery shock in a shock tube.

This is a well tried experimental technique and has been
used extensively to determine relaxation -and dissociation time data
for gases at high temperatures. In particular it has been utilised
by Smiley and Winkler (1954) and Geiffith, Brickl and Blacknan
(1956) to determine relsaxation times for carbon dioxide. A more
recent paper by Johannesen, Zienkiewicz, Blythe and Gerrard (1962)
reports a very careful series of experiments in which the Mach-
Jehader interferometer was used, in conjunction with an exact
analysis developed by Johannesen (1961), to study the structure of
the shosk wave and hence determine the relaxation time for varying
temperature . These measurenments suggest that previous determin-
ations of the relexation times are too low, especially at the
higher temperatures, and tkis they attribute to the extra care that
was teken to ensure that the Casbon Dioxide used in the tests was
extra dry. The available shock tube data is presented in figure
(320,

Since it is difficult to assess the exact amount of
impurity in the shock tube just prior to a run, the above experiments
were repeated to assess, by comparison, the residual impurities
that exist in the College of Aeronautics 5,08 cm shock tube system.

Provided the relaxation time & and the vibrational specific
heat Cp are assumed constant the equations governing the structure
of the shock mey be integrated. However T and Cp can vary quite
strongly and one must proceed with some care when developing an
approxinate solution. Blythe (1961) by comparing the many approx-

imations that exist)with the exact olution, showed that the constant
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enthalpy, pressure, Cp and T approximation used by Blackman (1956)
gives a good approximation to the structure of the wave, and that
provided Cp and ‘T was represented by thelr mean v(a%ues Cpm » tm
between the condltlons just behind the shock front{and the final
equilibrium valuef, then the relaxation time will be overestimated by
a few per cent.

Bearing these limitations in mind the results have been
evalunted on the assumption that the following density profile, given

by Blackmen, exists in the relaxation zone

f _ Ol exp (“gh UMQ

Pa- £ g' +(P‘-e) exp ( Epe WM)];

The density is GValuated from the interferogram and is

obtained by means of the Mach-Zehnder interferoneter, The relation-
ship between the fringe shift and the density change is given by
ZblfD = >\ AN
when A is the density change across the shock, AN the fringe
shift, ;
Gladstonedale count ahd L the width of the working section. K was

the wavelength of the nmonochromatic light used, K the

determined by experiment and was found to equal 0.233.

A set of results for M, = 2. 85, Py = 2346 mm, is shown in
figure 3,2(3) and the plot of 1og(€-( ) indicates by the
linearity how well this spproximation g’é; ribes the density profile.

Using the theoretical estimates for Cpm and Up, the
relaxation time may then be determined from the slope, for the mean
temperature T‘”ﬂ . These are given in figure 3,2(2)

In view of the critical manner which water vapour affects
the relaxation time, care was taken to ensure that fhe gas was dry.
This consisted of using anslytical grade carbon dioxide (water content
specified as less than 1 part per 50 million) and was passed over a
phosphorous pentoxide trap prior to being injected into the tube. In
an atiempt to reduce the outgassing to a minimum the tube was pumped
for 2=5 hours after which time the final pressure was about O.2r‘~ng
and the leak rate about 0.25;}1 Hg/min. over a period of about
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20 minutes. This leak rate was comparable to that quoted by
Johamnesen et al but the ultimate pressure was higher. The tiue
between stopping the pump and firing the tube was usually less than
5 ninutes,

In spite of these precautions the final estimates of the
relaxation times for the present series of experiments still lie lower
than those of Johannesen et al and in the main, they tend to agree
with those of Smiley and Winkler (1954) and Griffith et al (1956)
(See figure 3%2).

Because of the difficulties associated with the measurement

of water vapour content at the pressures used it would appear that

one must conclude that the gas is still relatively wet. DPerhaps

one may venture the suggestion that since the volume to surface area
ratio of the tube used by Johannesen et al is approximately six
times greater than the College of Aeronautics tube and the other

warkers, then for a fixed leak rate and initial pressure, the gas

in the present experiments has the possibility of being about six

tines more wet,

In sgreement with Johannesen it was found that the overall
density ratio across the shock wave agrees with the assumption that
all the degrees of freedom are in equilibrium downstream of the
shock. (See figure 3.2(1).




3¢3,0 Vibrational Relaxation Times for Carbon Dioxide obtained from
expansion waves

Clarke (1960) as a consequence of discussing some
theoretical aspects of linearised non-equilibrium flow fields
suggested that the relaxation zone occuring downstream of a centred
two dimensional expansion could provide an alternative means of
determining the rate at which a relaxation process occurs., In a later
paper Appleton (1960) indicated that a study of the decay of the
gradients of the flow variables that occurs along the leading
characteristic of the expansion might be a more profitable pro-
position from the experimental point of view, Although both papers
were specifically concerned with dissociated gas flows the arguments
are equally applicable to any situation in which a relaxation process
may exist.

With these thoughts in mind, a feasibility study was made
to determine whether relaxation times for Carbon Dioxide could be
sensibly estimated by using a steady plane expansion. Carbon
Dioxide was chosen because the vibrational modes of the molecule are
readily excited and also because many independent experimental
neasurenents of the relaxation time have been made, Considerable
variabion in the relaxation times exist (see figure 3.2(2) ), but
recent papers by Blythe (196X) and Johanneson et al (1962) have
put much of the discrepancy into perspective, With this data avail-
able a ready comparison with the results obtained here can be made.

The steady supersonic flow following the primary shock in
a shock tube was used to obtain samples of equilibrium Carbon
Dioxide at high temperature. The plane expansion was generated by
inserting a wedge into the unexpanded section of the two inch
diameter shock tube described earlier. Since it is the gradient of
the flow variables that decay along the leading characteristic,
the Schlieren method is naturally suited to the experiment because
of its sensitivity to density gradients. The gradients were obtained

by measuring the image densities on the photographic plate.
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3,3.1 The Density Gradient ot the leading edge of the expansion

Appleton (1960), by adapting the work of Wood and Parker
(1958) (who analysed the structure of a centred unsteady expansion
wave ), showed that the gradients of the flow variables decayed at the
wave head of a centred steady expansion wave for the Lighthill type
Ideal Dissociating Gas, see section (2.3). The analysis for a
relaxing gas is the same as presented by Appleton (1960), but as
background to the experiment these results are re-derived for the
case of a simple vibrator, (For Carbon Dioxide it is considered,
for the moment, that only the bending mode is important and that
the energy contained in the other modes can be considered small
enough. to be neglected completely, an approximation which will
certainly be wrong at the higher temperatures. )

The results are most easily derived by considering the
governing equations in their characteristic form, For this particular

case equations (2.2{2)) of section 2.2reduce to

36 ycotpdb , Mo PE: —o 5.3(1)
O PGP X RCpTMq De
which holds along Bu = n ( &+ t’*) xa( CKV\O\

bP - ‘3’{'@ D_E_}:o
-QEL‘- RCA TN DE 3.3(2)

which holds slong ‘4@ = kan (Q-—f&})ﬁg

ol and @ are characteristic parameters (as yet unassigned), ©
the flow angle, p is the pressure, Opf the specific hecat at constant
pressure obtained by ignoring the energy contained in vibratiop, M'f
the frozen Mach number and{d = sinnl(l/Mf)‘ Ei is the internal
energy associated with the bending mode and for equilibrium conditions

this is given bye.

E. ;zﬁgy/(exPév T =) 3,3(3)
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fvbeing a characteristic temperature for vibration of the bending
mode and equals 95901{.

It is now necessary to specify the tiue rate of change of

the internal energy. In accordance with previous work it is assumed

that the usual linear relaxation equation
DE; - E{D) -Ei
Dt T(pT)

holds, where E(T) is the internal energy evaluatéd as if it is in

303(4)

equilibrium with the local value of the translational temperature,
E; is the actual inbernal energy and T ( {’, T) is a relaxation time
associated with the vibrating mode and is a function of temperature
and inversely proportional to the density., The experimental
deternmination of the relaxation time discussed later will be
obtained on the assumption that the above simple rate law holds. In
addition to the characteristic relations 1 or 2 the streanmlines

represent a third characteristic direction and along these holds

, -Db _
P&t 2k -0 3.3(5)

where h is the specific enthalpy. These together with the thermal
equation and caloric equation of state complete the basic system of
equations. ILet the parameter g label those characteristics
originating at the apex of the expansion fan, then it may be noted
that the derivatives of the dependent variables with respect to X
will be zero at the leading edge of the expansion. Further, it is
readily deduced that Ym (2%,Bo ) + tan H,x (¢, ?'a = 0,

Bl (Po) = 0, fohy (o) - py (i fo) = 0 ama §(, Po) -

Dy (ot }ﬁo )/?Sqm = 0 where ? is the first characteristic in the fan
and the subscript o representing conditions upstream of the corner.
By differentiating equation 3.3(1) with respect to ﬁ and utilising
the conditions at the wave head the decay of the density gradients

along the leading characteristic is
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The constant C may be obtained from the frozen flow solution at the

i)

corner but for the present purpose however, there is no direct need
to evaluate it, It is now necessary to assign to the characteristic
parameters values pertinent to the problem. Following Appleton (1960)
it is convenient to associate ®4 with r the radial distance from the
corner and.%gmdih an anglegb representing the inclination at the
characteristics at the corner. Then it may be shown that

o) - o _krexp-kr
5(}9 g, | — IXP—kv¢

where k is given by the term in curly brackets in equation 3.3(6).

3.3(7)

Since the schlieren system is sensitive to gradients with respect

to some physical length s (say) a more convenient form of (3.3(7) ) is

5{(’/@’) = A 29 "Fr 3.3(8)
S R0 { — xPp-kC
and A is some arbitrery constant. Thus for an ideally centred
expansion the gradient tends to zero as r tends to infinity and
to infinity as r tends to zero, Provided the gradient can be
neasured the constant k can be determined and with knowledge of all

the dependent variables ashead of the corner, an estimate of the

* It is of interest to note that provided the energy exchange to the
stretching modes is through internal leakage only then the decay of

gradients will be the same as above, but if the excitation of the
stretching arises through inelastic collisions involving energy
transfer from translation to the stretching mode as well,, then the

curly brackets in equation 3,3(6) contains extra terms associated with
the other mcdes., This is in agreement with the linearised analysis for

two modes discussed in section (2.4).
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relaxation time can be made,

In practice the viscous interaction of the expansion wave
with the boundary layer at the corner causes the toe of the expansion
to spread and thus the result given by equation 3.3(8) for a centred
expansion is not directly applicable to the real problem., In fact
the upstrean influence can be appreciable. Lighthill (1953) indicates
that for a liminar boundary layer the upstream influence can be as
mich as ten boundary lgyer thicknesses and for a turbulent boundary
the order of one boundary layer thickness. At the base of the lead-
ing characteristic of the fan the density gradient will be finite
rather than infinite as indicated by equation 3.3(8), For evaluation
assume thoet the first few characteristics of the fan, figure 3.3(2),
which arise from the upstream influence of the corner, are effectively
centred at some virtual point O distant Ty from the corner, Then
relative to the measured value of the density gradient at r, (i.e.
at the outer edge of the boundary layer on the model) the decay of
the density gradient at the wave head is given by

? .
(%S _ | — exp ~K%

) | | - expk(ra) )
("bs)f;, | P (405

Provided it is possible to measure r, or at least ensure that kro is

evp —kr 3.3(9)

sufficiently large or r sufficiently small to render the tern in
brackets approximately one, then equation 3.3(9) may be used in

conjunction with experiments to estimaté the relaxation tine.

3.3%2 Experimental Method

The experiments were performed in the 5,08 cm shock tube
described in section (3.1) and the plane expansion was generated by
inserting a wedge, figure 3.3(1) which spanned the working section,
The leading portion of the wedge was mounted parallel to the gas
flow to minimise the leading edge shock and the plane expansion is
situated 2.54 cm from this leading edge.
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In view of the recent experiments by N.H. Johannesen et al
(1962) precautions were taken to ensure that impurities were kept to
a minimuim, The tube was pumped for at least two hours at<10~ATiQRR
before performing the experiment and after this period of time the
leak rate had reached«15 lOﬂETQRR/hour. As in the normal shock
experiments described in section (3.2) Analytical Grade Carbon Dioxide
was used and has a water content of not more than one part per
50 willion. It was further passed over a phosphorous pentoxide trap
bef'ore being injected into the tube.

A conventional schlieren systenm was used to obtain density
gradients throughout the flow field. Care was taken to ensure that
thecolls maled light wes aligned perpendicular to the wedge and that
the image plane of the camera was focussed on the centre line of the
tube, A barrier layer photo-cell was used to ensure that the knife
edge was always adjusted to cut of £ just half the light. This,
of Holder and North (1963), allows maximum and uniform sensitivity
for a given range,

The spark source deseribed in section 3,1 was used, The
exposures were taken on Ilford L.N, fast blue sensitive plates and
developed in a Ieica bath ( 5 grams metol, 100 grams Sodium Sulphite
and 1000 cc's water) for fifteen minubes at 650F. A characteristic
curve for this plate processed under the above conditions was
obtained by exposing the plate with the spark source through a
standard Kodsk step filter, This is plottad in figure 3.3(3). The
exposures of the actual schlieren pictures were then adjusted so that
the required image density range to be reasured always lay on the
linear portion of the characteristic curve. This ensured that an
approximately linear relationship existed between the image densities
and the actual illumination of the schlieren inage. The image
densities on the photographic plate were measured with a Hilger and
Watts micro-densitoreter,

One of the major difficulties and source of error in
analysing the photographic plates was the precise location of the

leading characteristic of the expansion., To overcone this, scribes
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spanning the working section, were made on the wedge upstream of the
corner, These produced approximations to Mach lines and since for

a relaxing gas flow disturbances are first felt along frozen Mach
lines, the leading edge of this disturbance should spproximate

to these frozen Mach lines and should be parallel to the leading
characteristic of the expansion, Far from the scribe, one may expect
to see the disturbance diffused about the equilibrium Mach line but
in the photographs taken where this phenomena could happen the Mach
lines just became indistinct a long way from the disturbance,
Comparison of the angle of the leading edge of the disturbance for a
large number of runs are shown in figure 32(4) and as can be seen they
scatter very closely around the theoretical frozen values,

Tt e micro~densitometer was then aligned along these 'Mach
lines' and moved until the expansion fan was just penetrated, the
traverses being parallel to the Mach lines. Several traverses
parallel to and near the estimated position of the wave head were then
token and the mean of the results used. (The error bands on Figure (33(8)
signify the scatter due to this

The Schlieren System appeared to be very sensitive to the
boundary layer on the windows and this led to fairly rigid restrictions
on the time at which the picture was taken. The delay was usually
adjusted so that the picture was taken while the secondary wave
system which developed just downstream of the corner was still in
view see figure (3'3&). For these conditions it was estimated that
the boundary loyer on the windows would be laminar for most of the

TMiNS.

3,333 Results of wave head experiment

The series of experiments covered a shock lach range of
dout 2.5 to 6,5, The low limit arising because the flow Mach
number relative to the wedge becomes too low for shock attachment
below this value,

Choice of the initial conditions in the low pressure part

of the tube have been dictated mainly by the requirement that the
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decay of the density gradients should be complete within the field
of views In fact since the effective centre of the leading portion
of the expansion camnot be accurately located, it is necessary to
choose initial conditions so that k is as large as possible. This
means that relatively high initial pressures are best. This helps to
compensate for the uncertainty in L

A precise evaluation of ry does not appear possible
although estimates can be made from the schlieren and interferometer
pictures, By traversing with the micro-densitometer along a line
parallel to the boundary downstream of the corner and Jjust outside
the boundary lasyer results in figure (2.3(}) say. Since the resulting
trace is proportional to the density gradient the peak represents
the position where the expansion is occuring most rapidly and which
will be somewhere in the fan., Unpublished results of tests per-
formed by Zuckermann and Cleaver and Clark and Gibson (1962) in
a 6" x 4" supersonic tunnel where the interaction of a Prandtle
Meyer expansion fan with a turbulent boundary was investigated,
suggest that this peak gradient occured in the vicinity of the corner
and thus the distance from the beginning of this trace to the peak,
represents an order of magnitude estimation of the upstrean
influence. This distance was roughly 0.75 nm. see figure (%~360.
If the boundary is laminar,theory suggests that the boundary
thkmmésss‘just ahead of the corner is about 0,05 Mmn, Lighthill
(1953) suggests that the upstrean influence will be about ten
boundery layer thicknesses thus very approximately the two estimates
agree. The interferograms and the pressure distribution obtained by
Clark ~nd Gibson (1960) suggest that at the most the flow has
expandedby 2q“°30 Just chead of the corner thus a very crude estimate
Qo208 0o 12 X 210 ynich gives 10, mm. & r & 20

2,3
In nost of the cases tested the value of k varied from 0.2 to 0,1 thus

1l = exp - kr
the factor ( z o
© iee 1 - exp - k(ro+ r) )

point r = O to 0.6 at the worst estimate to 0,98 in the best

circumstances., In evaluating the relaxation times this factor has

for Ty is given by

varies from 1 at the reference
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been taken as unity., Thus when taking a mean slope from the log

( %% ffgg)ﬁﬂ Jeo T it will tend to be exaggerated if a sample of points
very far from the corner is taken, and hence the relaxation time
obtained will be underestimated., However if conditions are chosen
such that the decay of gradients is complete within a few millimetres
of the corner, then this error will be small compared with the error
associated with locating the wave head correctly.

An overall assessment of the experimental error does not
appear possible at this stage apart from defining some limits
associated with locating the wave head see figure (998). Of
particular concern is the boundary layer growth on the shock tube
wall which can affect the quality of the schlieren picture to a
large extent and undoubtedlf accounts for some of the large scatter
of the measured relaxation times, Although care was taken to take
the schlieren at approximately the same position in the hot flow
behind the primary shock, variations in the quality of the pictures
still occured;{the rate of charging of the driver section for
example could influence the flo@L In view of these fairly large
exrors no attempt was made 10 assess the effect of shock
attenuation or the precise conditions existing ahead of the expansion
which in the experiments have been taken as the equilibriun conditions
behind the shock, '

Despite all possible errors it was encouraging to £ind that
final estinmates of the relaxation time agreed fairly well with
existing data. In particular they lie broadly in the same region as
the measuremetits obtained by Johannesen et al (1962) and if any-
thing, the relaxation times tend to be a little longer.,

Of some concern is the discrepancy that exists between
the relaxation times obtained from the expansion waves and those
obtained fron interferometric studies of the normal shock in the
College of Aeronautics tube. Compare figures (2¥8) and (3:2(>).

As mentioned in section (2 ) it was not possible to measure the
water content of the test gas just prior to a run and thus no

absolute measurement of HéO impurity was available, However it was
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noted that for a given shock Mach number, hence temperature, the
initial pressure in the shock tube was generally five times or more
greater in the expansion wave experiments than the corresponding
pressure needed to study the shock front. Thus for given impurities
in the tube it is likely that the Carbon Dioxide could be five times
drier in the expansion experiments, an amount which msy be sufficient
to explain the difference., While on the topic of dryness of the test
gas it is particularly interesting to note the results of Daen~

De Broer (1963), Their relaxation times, obtained by studying the
normal shock with an integrated schlieren system, were longer than
those of Johannesen and this they claim is because they baked their
tube prior to a run at 300°C. to ensure that the tube was perfectly
dry.

3e4 Interferometric observations of the expansion wave.

Preliminary calculations to determine the frozen and
equilibrium conditions that exist downstream of a corner for the
supersonic expansion of Carbon Dioxide showed that of all the state
variables the density variation is the least sensetive to relaxation
effects (see figure 3.4(1) ). It was found that the temperature is
the ideal measurement to make with the pressure lying in between
the two, Owing to the size of the model, useful surface pressure
measurements were not possible and at the present time the measurement
of temperature is still a formidable problem. Thus the only
immediate practical alternative was to use the Mach=Zhender inter-
ferometer to try to detect the rather insensitive density change
which arises from the non~equilibrium effects.,

The magnitude of the density change due to relaxation
effects downstream of the corner for Carbon Dioxide is less than one
per cent of the freestream density for a 20° expansion, To make
this change correspond to a half of one frirge hift the initial
channel pressures that are needed vary from 500 mm. Hg at a Shock
Mech number of M = 2,5 to about 140 mm for M = 5. The corresponding
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fringe shif't through the expansion itself then range from 60,5 at

M =2,51t026 at Hg = 5. Thus, one is trying to detect a % a fringe

in 26 ~ 60 frirges. If the flow were inviscid and the density drop
at the corner was discontinuous this may have been practical but
unfortunately the viscous interaction of the boundary layer on the
wedge with the expansion spreads out this theoretical drop to a

considerable extent., With the initial perssures required to obtain

‘a half a fringe shift the extent of the relaxation zone along the

wall has shrunk to a few millimetres and has thus become blended
with the viscous effects., Little data is available about the exbtent
of the downstream effect the boundary layer has on the expansion
but some experiments in an intermittent supersonic wind tunnel
performed at the College of Aercnautics (Clarke and Gibson, and
Cleaver and Zuckerman) show that this can be of the order of two or
three boundary-layer thicknesses for a turbulent boGndary layer.

The flow situation is further complicated by the boundary layers on
the window walls and for the initial pressures which are needed

the fringe shift due to the side wall boundary layers can be

greater than the fringe shift associated with the relaxation effects.,
Bearing these points in mind, the overall density change through
the expansion was measured for several shock Mach numbers, see
figure 3.4(2), and as can be seen the scatter from run to run is
greater than the difference that one wishes to detect.

Thus the main conclusion of these interferometric
investigations is that the viscous interactions downstream of the
corner play such an important part in the expansion process that the
measurement of the density in particular is severely handicapped,

In fact this study suggests that a more detailed investigation of
the viscous interaction of the boundary layer with an isentropic
Prandtl-Meyer expansion would be a profitable one from both the
theoretical and experimental point of view,

One further interesting point which was not pursued in
detail is the possibility of utilising the upstream facing shock
wave (see figure (34(2) ), which is generated by the unsteady wave
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processes, to determine relaxation times., In the present experimental
srrangemnents the wedge cannot be made long enough to separate the
shock wave from the expansion fan but if this could be done the wave
(see figure (3¥2) ) is sufficiently plane for interferometric
observations to be practically useful., If the expansion is made
sufficiently small, this upstream shock is weak enough for it to be
fully dispersed and may prove a useful way of observing fully

dispersed wave in a dissociating gas.
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4,0 Concluding Remarks

The problem of the non-equilibrium supersonic flow of a
relaxing or reacting gas through a plane expansion has been discussed

from the numerical, analytical and experimental points of view.

The numerical solutions of the supersonic flow of an
Ideal Dissociating Gas agreed closely with those obtained by Appleton
(1960). It was also shown that care must be exercised in choosing
the mesh size near the corner, and that according to the choice of
mesh size the density could be made to increase or decrease down-
stream of the corner. 'Correct' choice of the computing intervals
indicated that the density decreases from its frozen value at the
corner to the infinite rate equilibrium value, The pressure variation
along the wall exhibited the overshoots in pressure obtained by
Appleton and to the extent of the calculations it tended to the
infinite rate equilibrium value, as did the temperature. This
example also revealed the importance of the entropy and vorticity
production associated with the non-equilibrium state of the gas and
it was reflected in the inability to predict beforehand the final
state of the gas far downstream of the corner., No recombination

shock was discovered,

The formal second order theory which described in an
approximate mamner, how far the state of the gas, a long way down-
stream of the corner, deviated from the infinite rate equilibrium
values, showed that for a rather simplified relaxing gas model,
that on the wall

(1) %he asymptotic pressure equalled the infinite rate
equilibrium value,
(ii) +the asymptotic témperature was greater than the infinite
rate equilibrium value,
(iii) the asymptotic density was less than the infinite rate

equilibrium value,
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In addition, the theory showed that at the corner, where
the flow is frozen, the second order Busemann solution is obtained
and that the density will decrease and the pressure and temperature

will increase to their asymptotic values,

An exact solution to the second order problem was not
poes sible throughout the relaxation zone and an approximate solution

-1
gave a monotonic variation of the pressure between the corner and the

was obtained by treating (He?-\ -} ) as a small parameter. This
TAg—1

asymptotic value, With this spproximation the density was found to

be extremely sensitive near the corner and it incorrectly predicted

the gradient at the corner and overshoots were obtained which were

similar in character to the numerical calculations which used the

wrong nesh size,

The analysis, like so many second order solutions, is
algebraically complex but in view of the time involved in the digital
computor calculations of such problems it may well be worth while
extending the present analysis to mare complex but realistic

situations.

It was found that linearised theory could readily be
extended to gases with more than one relaxing or reacting mode, and
could at the same time include coupling effects between the inert
nodes, An example was discussed for a two relaxing mode system with
the object of assessing the importance of possible coupling effects
between the bending and stretching modes of the Carbon Dioxide mole-
cule in a plane expansion and it was concluded that although the
differences were finite it would be difficult to detect them

experimentally,

Overall interferometric observations of the supersonic

flow of high temperature Carbon Dioxide through a plane expansion
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have been inconclusive due to the excessive viscous interaction of the
boundary layer on the model and on the windows, Analysis of the head
of the expansion wave however, have borne fruitful results. By
measuring the decay of the density gradient that occur along the wave-
head in a relaxing gas with quantitative Schlieren methods estimates
of the relaxation times have been obtained. This assumed that the
conditions shead of the expansion wave are the equilibrium conditions
which exist behind the primaery shock wave in.the shock tube. The
method has the advantage that relaxation times can be obtained for
specific values of the temperature and density (say) for conditions
which are near to equilibrium. The accuracy was not high but on the
whole the results compare favourably with those of Johamnesen et al
(1961) who studied the non-equilibrium region behind a normal shock.
Relaxation times were also estimated by interferometric observation
of the normal shock and the two sets of results did not agree. This
discrepancy could arise through the residual water vapour in the
shock tube and it was concluded that since the initial pressures in
the expansion wave experiments were always five or six times higher
than the corresponding conditions in the shock wave experiments that
the gas could be five or six times drier. This could be sufficient

to cause the increase in the measured relaxation times.

These preliminary results do suggest that the technique
may prove suitable for determining relaxation times or recombination

rate coefficients for other gases.
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Appendix A
In this gppendix a brief statement is made of some of the

points underlying the manipulations that are needed to obtain the

second order pressure perturbation,

1. The determination of T,
Upon taking the transform of F, defined equation 2,5(1k)
it is found that
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Before proceeding further it is necessary to discuss the individual

terns,

(a) Evaluation of 5:

This like the rest of the terms appearing in A 1 may be

*
obtained by use of the convolution theorem,

# 1In gpplying the convolution theorem the transforms of the first

order solutions are I;'Leeded. ~ These are
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It is not poss:Lble to evaluate this easily by complex variable
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theory because of the essential singularity at g ==}, but expand-
ing in powers of (B 'l) it is not difficult to show that
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In section (@%%) a solution is obtained along 17“ =0 as z-30,

Under these conditions A 2 reduces to
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This has not be solved analytically. The numerical value of this
integral has been found as @ = 04104,
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(¢) Evaluation of :ﬁ_
Prom equation 2,5(10)
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(d) Evaluation of 3
From equation 2,5(13)
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(e) Evaluation of A
From equation 2,5(11)
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2, Having obtained the transforms of @,‘f'etc then the collection
of terms independent of (B {) and then (B f) tc. from equations
A(3), A(5), A(7), A(8) and A(9) gives after substitution into
equation. A(1) the coefficients f‘o(z,? ), -f“,(z)? ) etc.  These
may now be substituted into equation 2,5(54)., After performing

the two integrations equation 2,5(55) results.




Appendix B : An asymptobic solution for‘gb far smll §,

The gradient of the second ardei pressure perturbation can
be written in the fornm
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where the P 1 »Qi, gi are as defined in equation 2, 5(52), As

exp g z is the only exponential term in the integrand transform theory
shows that a solution for small ‘f corresponds to the solution of

B(1) for large Z. Therefore the first task is to evaluate the g
integral for the case when z is large. When z is large the
denomlna’cor behaves like 2z therefore one is left to deal with
,{c;I w%ﬂ i)ﬁh}@( z "‘?)dﬁﬁ F(i,o) In a similar manner to the last
appendix it is necessary to evaluate @ JQJ etc, when z is large.

First note the following, which arise when z is large,
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If we now substitute the values of these integrals into
equations A(2), A(5), A(7), A(8), A(9) to determine the values of
@ z,o)ﬁza (z,0) etc. and then substitute the values ofgé, 7]
into A(1) en equation for ?’(z) 0) as z -»o¢ can be found
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The pressure gradient may then be written as the following when z

is large.
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substituting for f(z} 0) and collecting terms which behave like -%'-
gives the finite contribution to the gradient which exists at the

corner, This 1s given by
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Appendix C § An Asymptotic solution for OB for small .

Starting with the energy equaticn —?H-QJ‘ * = constant
it is not difficult to show that

CFt,,Tz -+ G)inVa, (\(e..;') Ml (U; 4 V; +LM ) =0
Cprt W1 T2 c(1)
Noting that F'A- =P, - 1.~ P,Tg and substituting for T;Il from
equation 2,5(11) C(1) can be written as
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and EmbstJ.tutlnD for jpz R @ a.ndJ'c. s then making use of the relations

B(2) derived in Appendix (B) the density derivaiive can be evaluated.
This is given in equation 2,5(65).




Appendix D ¢ The vorticity production

The vorticity is given by

B - 2w BF(buz aug)
&*® of "\ o7 = o%

and is correct to second order. Substituting for ugy and V.y from

the second order momentum equations then allows us to write
(€1 2 »
ﬁ.g;_?l Be, | Sb d§ B 9-y

The first order solution is known exac‘bly along the wall and
therefore @ and (?U ere known. This i1s a lengthy operation and
a good approximation to the answer can be obtained by treating
(B'~1) as a small parameter. The transfarm of & along the wall

is given by
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Appendix B s Entropy production

To second order the entropy production along the streamlines
is given by

S:5. - cuCh [ (T-T)* ds
S5 8 CPe

Ty and Ty, are known exactly along the wall and therefore the
integral can be eraluated. However, like the vorticity production

a fairly simple, but approximate, answer can be obtained by treating
(Bt-¥) as a small parameter. Making use of the convolution theorem

the transform of the entropy production is
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Appendix B : Entropv production

To second order the entropy production along the streamlines
is given by

37% = cCre f%('ﬂ~Tv.)’ d§
5w 8 Cbe

T, and Ty, are known exactly along the wall and therefore the
integral can be evaluated. However, like the vorticity production

a fairly simple, but approximate, answer can be obtained by treating
(B‘-*) as a small parameter, Making use of the convolution theorem

the transform of the entropy production is
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