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Abstract

This study analyses rendezvous guidance schemes for UAVs refuelling. Assuming the

target is non-manoeuvring with identical speed, a necessary condition is investigated

for the UAV to approach the rendezvous point. Three types of guidance laws are

considered to analyse the performance under the condition. A reachable region is

analytically obtained using the closed-form solution of the deviated pursuit and pure

proportional navigation. Numerical simulation demonstrates the analysed result for the

rendezvous mission.
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1. Introduction

Recent advances in unmanned aerial vehicles (UAVs) have facilitated the vast ap-

plication of autonomous systems and advanced autonomous mission capabilities. In

particular, UAVs are required to operate long-endurance flights during missions, and

air-to-air refuelling (AAR) enables such a requirement efficiently. By refueling in the

air, the UAVs proceed with their mission without returning to the ground base to refuel,
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thereby extending the mission coverage and operational time. From these benefits, the

AAR has been employed in the military domain and is further extended into unmanned

aerial systems (UAS) [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12].

For autonomous AAR, proper guidance design plays a pivotal role in autonomous

rendezvous between tankers and UAVs. Rendezvous guidance for UAVs has been inves-

tigated for decades using various approaches such as path planning [13, 14], geometric

approach [15, 16], optimal control[17, 18], and differential games [19, 20]. Dubin’s path

was adopted to the automatic AAR problem in the geometric perspective [15]. Remark-

ably, it characterised the performance of the rendezvous guidance according to the rela-

tive geometry from the target, where the rendezvous is well behaved when the UAV ap-

proaches from the side of the target. Meanwhile, considerable studies for the rendezvous

guidance problem have been based on the proportional navigation guidance (PNG)

[21, 22, 23] and pure pursuit guidance (PPG) [24, 25, 26, 27, 2, 28, 29, 30, 31, 32, 33, 34].

PNG has been usually adopted for interception problems because the proportional action

effectively ensures the collision condition between the objects [35, 36]. Rendezvous

guidance based on the PNG produced the heading command to enter a collision course,

and the speed control was incorporated into the guidance to satisfy the rendezvous.

Meanwhile, lots of the rendezvous guidance laws were proposed using the PPG con-

cept. The PPG shows a favorable characteristics in the tail-chase geometry. Since the

fueling cable or probe is usually located behind the tanker [2, 28], the PPG based per-

formance is suitable for the UAV rendezvous problem. The guidance command based

on the PPG aimed to a desired waypoint, and speed control was performed to meet the

rendezvous time and speed at the waypoint. An advanced PPG was studied in [27]. The

author proposed a deviated lead angle command as a function of range and adopted the

deviated pursuit guidance framework. The deviated pursuit guidance showed effective

performance when the target is in a circular motion, and its concept has further studied

in the enhanced observability [29] and cooperative coordination [30] perspectives.

On the other hand, rendezvous guidance strategies must also offer viable perfor-

mance even for an emergency case in which the receiver is in reduced flight performance

and adequate power is unavailable, i.e. loss of an engine or high-density altitude. A

change to the normal procedure is necessary, and the UAV is to maintain the speed
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until the rendezvous is completed. Furthermore, refueling operation often demands

the tanker to keep the reference path without changing its heading. To this end, a

capability that the UAV continues rendezvous while keeping the speed, and the appro-

priate guidance and path control is essential to achieve the mission withstanding the

challenge. Despite the excellent effectiveness for the UAV rendezvous application, the

existing methods may show limitations when the underlying assumptions are no more

guaranteed. Most of the existing methods utilize speed control to meet the terminal re-

quirements [22, 15, 23, 24, 25, 26, 37, 38]. In the absence of speed control, the pursuer

(UAV) tends to finish the rendezvous without narrowing the distance sufficiently to the

target. This type of problem set was introduced in Ref. [27]. The two identical UAVs

manoeuvre to rendezvous without any speed advantage or control. Vehicle heading

is controlled to achieve the rendezvous in the absence of speed control. A simulation

study was performed under some initial conditions, and further analysis is necessary by

showing the feasibility in various initial conditions.

Motivated by the work, this study aims to analyse existing rendezvous guidance laws

for autonomous aerial refueling mission in a harsh condition. The pursuer is required

to approach to a non-maneuvering target under an identical speed condition. This study

inspects guidance laws that cover from the PPNG and the deviated pursuit guidance, and

those guidance laws are analysed for two rendezvous conditions. An exact rendezvous

is defined as the pursuer arrives at the target with zero relative speed and distance,

the other definition of rendezvous may allow terminal distance between two objects

as a relaxed one. We first investigate the condition of initial configuration between

the pursuer and the target as the necessary condition. A geometric perspective is

incorporated to address the necessary condition. We also speculate what the guidance

laws based on the classical approach must consider to ensure the exact rendezvous

condition. From the necessity, the analysis also provides that the classical PPNG and

the deviated pursuit guidance cannot achieve the exact rendezvous when the target

does not maneuver. Under the relaxed rendezvous condition, the reachable region of

the rendezvous guidance laws are derived as the sufficient condition. By allowing the

terminal distance, the exact expression of the solution is used as the boundary of the

region.
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Figure 1: Planar Geometry between a pursuer and a target

The reachability analysis derived in this study provides the feasible initial condition

of the PPNG and deviated pursuit based rendezvous guidance laws, thereby allowing

the existing methods to achieve the rendezvous even in an unfavourable environment.

Importantly, the rendezvous under the relaxed condition is only guaranteed in a narrow

initial configuration. This implies that the exact rendezvous without the involvement

of speed variation is extremely difficult. A simulation study demonstrates the existing

rendezvous guidance methods using PNG, deviated pursuit, and variable gain pursuit

succeed in the rendezvous only if the UAV starts the rendezvous in the narrowed

reachable region.

2. Equations of Motion

Consider the planer motion between two objects as shown in Fig. 1. A pursuer

denoted by the subscript 𝑝 moves toward a target denoted by the subscript 𝑡. In this

study, the following assumptions are introduced to describe the motion.

Assumption 1. The target and pursuer are point-mass models, and autopilot responses

are fast enough to be negligible.

Assumption 2. Speeds of the target and the pursuer are identical.

Assumption 3. The target is non-maneuvering and does not change its heading.
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The equations of motion are given by

𝑉𝑟 , ¤𝑟 = 𝑉
(
cos(𝜆 − 𝜓𝑡 ) − cos

(
𝜓𝑝 − 𝜆

) )
(1a)

𝑉𝜆 , 𝑟 ¤𝜆 = 𝑉
(
− sin(𝜆 − 𝜓𝑡 ) − sin

(
𝜓𝑝 − 𝜆

) )
(1b)

𝑢 , ¤𝜓𝑝 =
𝑎

𝑉
(1c)

where 𝑟 ∈ R+ is the distance between the pursuer and the target, (𝜓𝑝 , 𝜓𝑡 ) represent

the heading angles of the pursuer and the target, respectively. (𝑉, 𝑎) are the speed and

the acceleration perpendicular to the velocity vector of the pursuer. The domain of

angles 𝜆,𝜓𝑝 , and 𝜓𝑡 are assumed to be defined in Ω𝑐 = [𝑐 − 𝜋, 𝑐 + 𝜋] by considering

the periodicity in 2𝜋 with a constant center 𝑐. Then let us define the exact rendezvous

condition between the pursuer and the target:

Definition 1. (Exact Rendezvous in Regard to Relative Distance and Velocity ([27]))

An exact rendezvous occurs when the pursuer arrives at the target with no relative

velocity as

𝑟 (𝑡 𝑓 ) = 0, ¤𝑟 (𝑡 𝑓 ) = 0 (2)

where 𝑡 𝑓 represents the rendezvous instant.

Note that 𝑟 and ¤𝑟 must be regulated simultaneously for the exact rendezvous condi-

tion. As a sufficient condition of the exact rendezvous, ¤𝑟 = 0, the heading angle must

be

𝜓𝑝 (𝑡 𝑓 ) = 𝜓𝑡 (𝑡 𝑓 ) (3)

3. Necessary Condition for Exact Rendezvous

This section addresses the analysis of the rendezvous guidance laws. The lead

angles of the pursuer and the target can be defined as

𝜎𝑝 = 𝜓𝑝 − 𝜆, and 𝜎𝑡 = 𝜓𝑡 − 𝜆 (4)

The pursuer’s lead angle represents the observation angle from the seeker, usually with

a limited field of view less than 𝜋/2. If the lead angle is obtuse, i.e., |𝜎𝑝 | > 𝜋/2, the

pursuer should perform a search manoeuvre to lock on the tanker within the seeker’s
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field-of-view. The additional time-lagged behaviour eventually leads to a significant

terminal distance. Without loss of generality, this study choose 𝜎𝑝 as positive value

which is restricted by the acute angle, i.e.,0 ≤ 𝜎𝑝 ≤ 𝜋/2. We also confine the

configuration of the target lead angle as 0 ≤ 𝜎𝑡 ≤ 𝜋. Domain of the lead angles 𝜎𝑡 is

defined as :

Σ =
{
(𝜎𝑡 , 𝜎𝑝) : 0 ≤ 𝜎𝑡 ≤ 𝜋, 0 ≤ 𝜎𝑝 ≤ 𝜋/2

}
(5)

3.1. Necessary Condition of Initial Configuration for Exact Rendezvous

This section presents the necessary condition of initial configuration using the geo-

metric perspective [39]. Figure 2 shows the illustrative situation of the exact rendezvous.

The target moves in straight from 𝑇 to 𝑅, and the pursuer approaches to the target from

𝑃 to 𝑅. If the pursuer and the target meet the rendezvous point 𝑅, trajectory of the

pursuer must properly satisfy

∫ 𝑠𝑝 (𝑅)

𝑠𝑝 (𝑃)

𝑑𝑠𝑝 =

∫ 𝑠𝑡 (𝑅)

𝑠𝑡 (𝑇 )

𝑑𝑠𝑡 (6)

where 𝑑𝑠𝑝 is the infinitesimal of the pursuer’s curve. 𝑑𝑠𝑡 denotes the infinitesimal of

target’s trajectory. Suppose that the path of the pursuer is expressed as implicit function

of target’s position, i.e., Φ(𝑥𝑝 , 𝑦𝑝) = 0. Since the target is nonmaneuvering, the path

of the target should be a straight line. The right-hand side of Eq. (6) can be further

expanded as ∫ 𝑠 (𝑅)

𝑠 (𝑃)

𝑑𝑠𝑝 =

∫ 𝑥𝑅

𝑥𝑃

√︄
1 +

(
Φ𝑥

Φ𝑦

)2

𝑑𝑥𝑝 = 𝑇𝑅 = 𝑉𝑡 𝑓 (7)

where Φ𝑦 =
𝜕Φ(𝑥,𝑦)

𝜕𝑦
and Φ𝑥 =

𝜕Φ(𝑥,𝑦)

𝜕𝑥
are partial derivatives of the implicit function

related to path of the pursuer. From this aspect, the following Theorem addresses the

necessary condition of the pursuer’s initial position for the exact rendezvous.

Theorem 1. Under Assumptions 1-3, if there exists a rendezvous guidance command

𝑢 ensuring the rendezvous condition Eqs. (2) and (3) for the given initial lead angle

𝜎𝑝0
> 0. Then, the initial lead angle of the target must satisfy

M0 =
{
(𝑟0, 𝜎𝑡0 ) : 𝑟0 ≥ 0, 𝜋 − 𝜎𝑝0

≤ 𝜎𝑡0 ≤ 𝜋
}

(8)
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(a) Necessary condition of initial position for exact rendezvous

(b) Relative geometry when the pursuer is in M0 (c) Relative geometry when the pursuer is outside M0

Figure 2: Illustration for the proof of Theorem 1
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Proof. Suppose that the pursuer reaches the rendezvous point 𝑅 from an initial position

𝑃 lying in the gray-shaded area such that 𝜎𝑡0 < 𝜋 − 𝜎𝑝0
as shown in Fig. 2-(c). Since

Φ(𝑥𝑝 , 𝑦𝑝) is a smooth curve from 𝑃 to 𝑅, the following inequality holds,

𝑃𝑅 ≤ 𝑙 =

∫ 𝑠 (𝑅)

𝑠 (𝑃)

𝑑𝑠𝑝 =

∫ 𝑥𝑅

𝑥𝑃

√︄
1 +

(
Φ𝑥

Φ𝑦

)2

𝑑𝑥𝑝 = 𝑇𝑅 (9)

Then, there exists a point 𝑄 lying on the layer 𝜎𝑡 = 𝜋 − 𝜎𝑝0
. satisfying ∠𝑅𝑄𝑇 = 𝜎𝑝 .

Therefore, 𝑅𝑄 = 𝑅𝑇 . On the other hand, 𝑃𝑅 is the largest side in the obtuse triangle

△𝑃𝑄𝑅, therefore

𝑃𝑅 ≥ 𝑄𝑅 = 𝑙 (10)

which violates Eq. (9). It completes the proof.

Theorem 1 gives a geometrical implication of the necessary condition of the initial

position for achieving exact rendezvous. Figure 2 shows the blue-shaded area obtained

from Eq. (8) represents the necessary condition of the initial position where the pursuer

must initiate the rendezvous. The necessary condition illustrated as the blue-shaded

region indicates that the pursuer must move ahead of the target until the rendezvous is

achieved. On the other hand, the grey-shaded area depicts the region where the exact

rendezvous cannot be achieved. If the pursuer initially begins the rendezvous from the

region, i.e., the pursuer is behind the target relative to the target’s heading direction,

the pursuer should choose a strategy that coincides its heading with that of the target at

least to maintain distance. Otherwise, the distance between the target increases, which

fails to the rendezvous. It is also note that the pursuer starting at the initial position 𝑃

with 𝜎𝑡0 = 𝜋 − 𝜎𝑝0
flies its shortest path by keeping its initial angle to reach the target

at 𝑅 but does not coincide with the heading.

3.2. Condition For Exact Rendezvous

In this section, the rendezvous guidance laws are analyzed in the perspective of the

nonlinear control theory [40]. First, let us describe the the equations of motion in the

state-space representation. Let x = [𝑟 𝜎𝑡 𝜎𝑝]
𝑇 be the state variables defined in the set
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X ⊂ R+ × Σ. The state dynamics can be obtained by substituting Eq. (4) into (1) as

¤x , f (x) + g𝑢 =



𝑉
(
cos𝜎𝑡 − cos𝜎𝑝

)
−𝑉

𝑟

(
sin𝜎𝑡 − sin𝜎𝑝

)
−𝑉

𝑟

(
sin𝜎𝑡 − sin𝜎𝑝

)

+



0

0

1


𝑢 (11)

Note that the relative motion can also be described by changing the dependant variable

from 𝑡 to 𝑟 as

𝑑𝜎𝑝

𝑑𝑟
=
𝑢 + 𝑉

𝑟

(
− sin𝜎𝑡 + sin𝜎𝑝

)
𝑉

(
cos𝜎𝑡 − cos𝜎𝑝

) (12a)

𝑑𝜎𝑡

𝑑𝑟
= −

1

𝑟

(
sin𝜎𝑡 − sin𝜎𝑝

)
(
cos𝜎𝑡 − cos𝜎𝑝

) =
1

𝑟
cot

(𝜎𝑡 + 𝜎𝑝

2

)
(12b)

For stable rendezvous, it is required that the relative motion is stabilized, i.e.,𝑉𝜆 = 𝑉𝑟 =

0. Then the capture condition, Eq. (2) can be mathematically expressed as follows.

Definition 2. (Exact Rendezvous Under the State-Space Representation) Under As-

sumptions 1-3, consider the state dynamics in Eq. (11). Then, a compact set represent-

ing the exact rendezvous condition is expressed as

L+
=

{
(𝑟, 𝜎𝑡 , 𝜎𝑝) : 𝑟 = 0, 𝜎𝑡 = 𝜎𝑝

}
(13)

If there exists 𝑢 = 𝜑(x) for the exact rendezvous, then largest invariant set of the

closed-loop dynamics ¤x , f𝑐 (x) = f (𝑥, 𝜑(𝑥)) should be 𝐿0

Most of the guidance laws are based on classical guidance schemes including PPNG

and pursuit-like guidance laws [23, 24, 25, 27, 33]. The guidance commands of these

guidance schemes can be expressed as

𝑢 = 𝑁 ¤𝜆 + 𝑏(𝑡) (14)

where 𝑁 is the navigation gain, and 𝑏(𝑡) is the bias function. Based on the definition,

the performance of the rendezvous guidance can be analyzed as the following example.

Example 1. Consider the deviated pursuit guidance law [27]:

𝑢 = ¤𝜆 − 𝑘 (𝜎𝑝 − 𝜎𝑝𝑐) (15)
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where the commanded lead angle 𝜎𝑝𝑐 is designed as

𝜎𝑝𝑐 (𝑟, 𝜎𝑡 ) =

(
𝑟0 − 𝑟

𝑟0

)
𝜎𝑡 (16)

By substituting Eqs (15) and (16) into (11),𝜎𝑝 converges to constrained curve𝜎𝑝𝑐 (𝑟, 𝜎𝑡 ).

The equilibrium conditions governed by the constrained curve are then obtained by ze-

roing 𝜎𝑝𝑐 = 0 as

𝜎𝑝 = 𝜎𝑝𝑐 = 𝜎𝑡 = 0 (17)

From Definition 2, a compact set L+ = {(𝑟, 𝜎𝑡 , 𝜎𝑝) = (0, 0, 0)} should be the largest

invariant set. Then, it should be verified that (𝑟, 𝜎𝑡 ) dynamics for all initial condition

converge to the origin. To inspect this, consider the relative motion can be also

represented in the range formulation:

By substituting Eq. (16) into (12b), we can get

𝑑𝑟

𝑑𝜎𝑡

= 𝑟 tan

©­­«
𝜎𝑡 +

(
𝑟0−𝑟
𝑟0

)
𝜎𝑡

2

ª®®¬
= 𝑟 tan

((
𝑟0 − 𝑟/2

𝑟0

)
𝜎𝑡

)
(18)

It is easy to show that 𝑑𝑟/𝑑𝜎𝑡 = 0 stabilized when 𝑟0 ≠ 0 and 𝜎𝑡 = 0. It means that the

above equilibrium condition satisfies even if 𝑟 is not regulated. Therefore, the largest

invariant set of the variable deviated pursuit guidance [27] is obtained as

L+
Rendezvous [27] =

{
(𝑟, 𝜎𝑡 , 𝜎𝑝), (𝑐, 0, 0), 𝑐 ≥ 0

}
(19)

The above example illustrates that the bias function as well as the navigation constant

should be properly designed for the exact rendezvous condition. Now, a necessary

condition for the guidance law design is addressed as follows.

Theorem 2. Consider the guidance command Eq. (14), where the navigation ratio is

𝑁 ≥ 1 and the pursuer’s lead angle is within the FOV limit, i.e., 𝜎𝑝 ∈ [0, 𝜋/2]. If there

exist a time interval [𝑡1, 𝑡 𝑓 ], 𝑡1 ∈ [𝑡0, 𝑡 𝑓 ) and a bias function 𝑏(𝑡) satisfying

𝑏 (𝑛) (𝑡) = 0, ∀𝑡 ∈ [𝑡1, 𝑡 𝑓 ] (20)

then, the exact rendezvous cannot be achieved.
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Proof. Suppose that 𝑏(𝑡) vanishes at 𝑡 = 𝑡1 and remains zero in the finite interval

including the terminal time 𝑡 ∈ [𝑡1, 𝑡 𝑓 ]. Then, the guidance command is equivalent to

PPNG. The LOS angle have proportional relationships:

¤𝜆 =
1

𝑁
¤𝜓𝑝 =

1

𝑁 − 1
¤𝜎𝑝 (21)

From Eq. (4), we can get

¤𝜎𝑝 = −(𝑁 − 1) ¤𝜎𝑡 (22)

Note that the navigation ratio 𝑁 ≥ 1 renders directions of the lead angle rates opposite

each other. Supposing that 𝜎𝑝1
keeps in the FOV range [0, 𝜋/2] at the time instant

𝑡1, let us consider two different cases in Σ, i) 𝐶1:𝜋 − 𝜎𝑝1
< 𝜎𝑡1 < 𝜋 and ii) 𝐶2:

0 ≤ 𝜎𝑡1 < 𝜋 − 𝜎𝑝1
. In the first case, 𝐶1, 𝜎𝑡1 > 𝜎𝑝1

and the rates of their difference

shows

¤𝜎𝑡 − ¤𝜎𝑝 = 𝑁 ¤𝜎𝑡 = −
𝑁𝑉

𝑟

(
sin𝜎𝑡 − sin𝜎𝑝

)
= −

2𝑁𝑉

𝑟
cos

(𝜎𝑡 + 𝜎𝑝

2

)
sin

(𝜎𝑡 − 𝜎𝑝

2

)
> 0

(23)

Therefore, the difference of two values will monotonically diverge to each other. In the

other case, 𝐶2, on the other hand, the proportional relationship makes two angles close

to each other. Integrating Eq. (22) yields

𝜎𝑝 = 𝜎𝑝1
− (𝑁 − 1)

(
𝜎𝑡 − 𝜎𝑡1

)
= −(𝑁 − 1)𝜎𝑡 + 𝛼1 (24)

where 𝛼1 = 𝜎𝑝1
+ (𝑁 − 1)𝜎𝑡1 . Then, the expected terminal value 𝜎𝑝 𝑓

= 𝜎𝑡 𝑓 = 𝜎 𝑓 can

be obtained as

𝜎 𝑓 =
1

𝑁
𝛼1 =

1

𝑁

(
𝜎𝑝1

+ (𝑁 − 1)𝜎𝑡1

)
(25)

Note that 𝜎𝑝 must satisfy the positive invariance for the FOV constraint [0, 𝜋/2]. From

Eq. (25), we can confine the feasible range of 𝜎𝑡1 in 𝐶2 as

0 ≤ 𝜎𝑡1 ≤ min

(
𝜋 − 𝜎𝑝1

,
𝑁𝜋

2(𝑁 − 1)
−

1

𝑁 − 1
𝜎𝑝1

)
(26)

Otherwise, the FOV constraint will be violated at the terminal instant. Note that in

Eq (26), 𝜎𝑝 + 𝜎𝑡 < 𝜋 and 𝜎 𝑓 < 𝜋/2 regardless of 𝑁 ≥ 1. Now, let us introduce the

Lyapunov candidate function to inspect the convergence of the LOS angle.

𝑊 =
1

2
sin

2

(𝜎𝑡 − 𝜎𝑝

2

)
(27)
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Note that cos

(
𝜎𝑝+𝜎𝑡

2

)
> 0 and cos

( 𝜎𝑝−𝜎𝑡

2

)
> 0 in 𝐶2. Differentiating 𝑊 gives

¤𝑊 =
1

2
sin

(𝜎𝑡 − 𝜎𝑝

2

)
cos

(𝜎𝑡 − 𝜎𝑝

2

)
( ¤𝜎𝑡 − ¤𝜎𝑝)

= −
𝑁𝑉

𝑟
cos

(𝜎𝑡 − 𝜎𝑝

2

)
cos

(𝜎𝑡 + 𝜎𝑝

2

)
sin

2

(𝜎𝑡 − 𝜎𝑝

2

)
= −

𝑁𝑉

𝑟
cos

(𝜎𝑡 − 𝜎𝑝

2

)
cos

(𝜎𝑡 + 𝜎𝑝

2

)
𝑊 < 0

(28)

Because ¤𝑊 is negative definite as long as 𝑊 is positive, 𝜎𝑡 − 𝜎𝑝 → 0 and the lead

angles converge to 𝜎 𝑓 . Substituting Eqs. (24) and (25) into (12b) gives

𝑑𝜎𝑡

𝑑𝑟
=

1

𝑟
cot

(
(2 − 𝑁)𝜎𝑡 + 𝑁𝜎𝑡 𝑓

2

)
(29)

By integrating Eq. (29), we have

ln
𝑟

𝑟1

=
2

2 − 𝑁
ln

©­­«
cos

(
𝜎𝑡1

+𝜎𝑝1

2

)
cos

(
2−𝑁

2
𝜎𝑡 +

𝑁
2
𝜎𝑡 𝑓

) ª®®¬
(30)

The miss distance can be obtained by substituting 𝜎𝑡 = 𝜎𝑡 𝑓 as

𝑟 𝑓 = 𝑟1

©­­«
cos

(
𝜎𝑡1

+𝜎𝑝1

2

)
cos𝜎𝑡 𝑓

ª®®¬

2/(2−𝑁 )

= 𝑟1

©­­«
cos

(
𝜎𝑡1

+𝜎𝑝1

2

)
cos

(
1

𝑁

(
𝜎𝑝1

+ (𝑁 − 1)𝜎𝑡1

) ) ª®®¬

2/(2−𝑁 )

> 0

(31)

Therefore, the guided trajectory cannot achieve an exact rendezvous in both cases 𝐶1

and 𝐶2.

Theorem 2 indicates that the persistent excitation of the bias function is prerequisite

for the rendezvous, and fast LOS stabilization would lead to a large distance error.

The miss distance cannot be compensated in the absence of speed control when 𝑉𝜆 is

regulated before convergent of the distance. In similar manner, the necessary condition

of the pursuit-like guidance law and the performance of the existing guidance laws can

be addressed as follows.

Corollary 1. (Impossibility of the Exact Rendezvous by PPNG and Deviated Pursuit

Guidance) Under Assumptions 1-3, the puruser guided by PPNG approaches to the

nonmaneuvering target. Then the PPNG cannot achieve an exact rendezvous condition.

Likewise, deviated pursuit guidance yields miss distance in the final time 𝑡 𝑓 .

12



Proof. PPNG is the particular case of the guidance form where 𝑏(𝑡) = 0 in Eq. (14).

By substituting the initial condition (𝑟0, 𝜎𝑡0 , 𝜎𝑝0
) into the corresponding variables

(𝑟1, 𝜎𝑡0 , 𝜎𝑝0
) in Eqs. (22)-(31), the miss distance can be obtained as

𝑟 𝑓 = 𝑟0

©­­«
cos

(
𝜎𝑡0

+𝜎𝑝0

2

)
cos

(
1

𝑁

(
𝜎𝑝0

+ (𝑁 − 1)𝜎𝑡0

) ) ª®®¬

2/(2−𝑁 )

(32)

If 𝑁 = 1 in the above equation, the guidance command is equivalent to the devi-

ated pursuit guidance. Then, the lead angle of the pursuer keeps constant 𝜎𝑝 𝑓
.

By integrating from 𝜎𝑡0 to 𝜎𝑡 𝑓 = 𝜎𝑝 𝑓
, the resultant miss distance is obtained as

𝑟 𝑓 = 𝑟0

(
cos 𝜎𝑝 𝑓

cos

( 𝜎𝑡0
+𝜎𝑝 𝑓

2

)
)−2

4. Reachability Analysis of Rendezvous Guidance Under Relaxed Condition

In the previous section, we investigate the necessary condition of the initial con-

figuration and bias function design for the exact rendezvous. We also investigate that

the rendezvous guidance based on PPNG and deviated pursuit guidance may yield miss

distance when the target is not maneuvering. In this section, we address the relaxed

rendezvous condition by allowing a terminal distance within a bounded value. It is

reasonable to analyse the rendezvous under the relaxed condition because the fueling

configuration using probe or cable requires the pursuer to coordinate its position relative

to the target . In addition, the rendezvous guidance can be applied to other missions, for

instance, formation flight of multiple UAVs. From the sufficient condition of the exact

rendezvous, let us introduce the following definition as

Definition 3. (Relaxed Rendezvous Condition Under the State-Space Representation)

Under Assumptions 1-3, consider the state dynamics in Eq. (11). Then, a compact set

representing the relaxed rendezvous condition is expressed as

L 𝑓 =
{
(𝑟 𝑓 , 𝜎𝑡 𝑓 , 𝜎𝑝 𝑓

) : 𝑟 𝑓 ≤ 𝑟allow, 𝜎𝑡 𝑓 = 𝜎𝑝 𝑓

}
(33)

If there exists 𝑢 = 𝜑(x) for the relaxed rendezvous, then largest invariant set of the

closed-loop dynamics ¤x , f𝑐 (x) = f (𝑥, 𝜑(𝑥)) should be L 𝑓

13



In this aspect, the reachability analysis is to obtain the feasible initial set X0 in

which the trajectories converge to L 𝑓 . The allowable distance 𝑟allow can be chosen

by considering the allowable dispersion from the target when both conventional flying-

boom and probe-drogue methods can be applied for the refuelling. The reachable region

is obtained by backward integrating the closed-loop dynamics ¤x = f𝑐 (x) backward from

the invariant set L 𝑓 . The analytic solutions of PPNG and deviated pursuit guidance

derived in [33] can be used to express the boundary of the reachable region. The

subsequent section presents the reachable region of the PPNG and deviated pursuit

guidance for the relaxed rendezvous.

4.1. Reachability of PPNG

In this section, let us consider the PPNG when the navigation gain is selected as

𝑁 ≥ 2 [35]. The largest invariant set L+
PPNG

is expressed as

L+
PPNG =



(𝑟 𝑓 , 𝜎𝑡 𝑓 , 𝜎𝑝 𝑓

) : 𝑟 𝑓 = 𝑟0

©­­«
cos

(
𝜎𝑡0

+𝜎𝑝0

2

)
cos

(
1

𝑁

(
𝜎𝑝0

+ (𝑁 − 1)𝜎𝑡0

) ) ª®®¬

2/(2−𝑁 )

,

𝜎𝑡 𝑓 = 𝜎𝑝 𝑓
=

1

𝑁

(
𝜎𝑝0

+ (𝑁 − 1) 𝜎𝑡0

)}
(34)

Note that the PPNG shows a qualitative behavior in [36]. Once the initial condition is

chosen, its terminal condition is determined from the initial values and corresponding

trajectory proportionally converges to the terminal condition. From the invariant set,

Eq. (34), the initial condition that makes the trajectory converge to the equilibrium

point (𝑟 𝑓 , 𝜎𝑡 𝑓 ) can be obtained as

𝜎𝑡0 =
𝑁𝜎𝑡 𝑓 − 𝜎𝑝0

𝑁 − 1
, 𝑟0 = 𝑟 𝑓

©­­«
cos

(
𝜎𝑝 𝑓

)
cos

(
1

2(𝑁−1)

(
𝑁𝜎𝑡 𝑓 + (𝑁 − 2)𝜎𝑝0

)) ª®®¬

2/(2−𝑁 )

(35)

From Eq. (35), 𝜎𝑡0 can be equivalently expressed in terms of 𝜎𝑡 𝑓 and 𝜎𝑝0
. Considering

the feasible initial range of 𝜎𝑡0 obtained from Eq. (26), 𝜎𝑡 𝑓 and 𝜎𝑝0
must satisfy

1

𝑁
𝜎𝑝0

≤ 𝜎𝑡 𝑓 ≤
𝜋

2
(36)

By specifying the initial value 𝜎𝑝0
, the initial position (𝑟0, 𝜎𝑡0 ) can be obtained by

integrating backward from the condition 𝑟 𝑓 , 𝜎𝑡 𝑓 . Consequently, the reachable region
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of PPNG XPPNG
0

can be obtained by changing the terminal values 𝑟 𝑓 ∈ (0, 𝑟𝑎𝑙𝑙𝑜𝑤 ] and

𝜎𝑡 𝑓 ∈ [ 1
𝑁
𝜎𝑝0

, 𝜋
2
] as

XPPNG
0 =



(𝑟0, 𝜎𝑡0 , 𝜎𝑝0

) : 0 ≤ 𝑟0 ≤ 𝑟𝑎𝑙𝑙𝑜𝑤
©­­«

cos

(
𝜎𝑝 𝑓

)
cos

(
1

2(𝑁−1)

(
𝑁𝜎𝑡 𝑓 + (𝑁 − 2)𝜎𝑝0

)) ª®®¬

2/(2−𝑁 )

,

𝜎𝑡0 =
𝑁𝜎𝑡 𝑓 − 𝜎𝑝0

𝑁 − 1
, 0 ≤ 𝜎𝑝0

≤
𝜋

2
,

1

𝑁
𝜎𝑝0

≤ 𝜎𝑡 𝑓 ≤
𝜋

2
,

}
(37)

Figure 3 shows the reachable region of the PPNG for a nonmaenuvering target under

relaxed rendezvous condition. The reachable region is made relative to the target

direction and depends on the initial lead angle. The feasible region becomes narrow

as the larger initial heading 𝜎𝑝0
is selected. The admissible range of 𝜎𝑡 𝑓 , Eq. (36),

becomes narrow, which leads to the narrowed reachable region. We can interpret the

qualitative behaviour of PPNG with the reachable region. When the pursuer starts

the rendezvous in the reachable region, the initial condition determines the terminal

equilibrium point (𝑟 𝑓 , 𝜎 𝑓 ) in the largest invariant set L+
PPNG

. The PPNG allows the

state variables to converge from the initial condition to L+
PPNG

. It also implies that the

end point depends on the initial position even if the pursuer is in a reachable area for the

same initial direction. To inspect the tendency of the reachable region by the terminal

condition 𝜎𝑡 𝑓 , Fig. 4 shows the corresponding reachable region where the specified

terminal condition is achieved within the reachable region. Most of the initial position

in the reachable region converges to the 𝜎𝑡 𝑓 =
𝜋
2

.

4.2. Reachability of Deviated Pursuit Guidance

First, the largest invariant set allowing the terminal distance, L+
Deviated Pursuit

can be

obtained as

L+
Deviated Pursuit =

{
(𝑟 𝑓 , 𝜎𝑡 𝑓 , 𝜎𝑝 𝑓

) : 0 ≤ 𝑟 𝑓 ≤ 𝑟𝑎𝑙𝑙𝑜𝑤 , 𝜎𝑡 𝑓 = 𝜎𝑝 𝑓

}
(38)

Then, we assume that the deviated pursuit guidance allows the look angle kept by

a constant. By integrating the differential equation, Eq. (12b), backward form the

terminal condition (𝑟 𝑓 , 𝜎𝑝 𝑓
) to the desired initial condition (𝜎𝑡 = 𝜎𝑡0 ), we can obtain

a trajectory of (𝑟0, 𝜎𝑡0 ) in a closed-form solution as [33]
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Figure 3: Reachable Region of PPNG for Relaxed Rendezvous 𝑟𝑎𝑙𝑙𝑜𝑤

Figure 4: Reachable Region Associated with the Terminal Condition 𝜎 𝑓 Within XPPNG
0

.
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Figure 5: Reachable Region of Deviated Pursuit Guidance for Relaxed Rendezvous

𝑟 = 𝑟 𝑓
©­­«

cos
2 𝜎𝑝 𝑓

cos2

(
𝜎𝑡0

+𝜎𝑝 𝑓

2

) ª®®¬
(39)

Note that the initial angle 𝜎𝑡0 is bounded as 𝜎𝑝0
≤ 𝜎𝑡0 ≤ 𝜋 − 𝜎𝑝0

from Eq. (26).

From the characteristics of the deviated pursuit guidance, the trajectory converges to

the stable point 𝜎𝑝 𝑓
. In this respect, a reachable region of deviated pursuit guidance

for a constant lead angle 𝜎𝑝 can be obtained as

XDeviated Pursuit
0

=



(𝑟0, 𝜎𝑡0 , 𝜎𝑝0

), 0 ≤ 𝑟0 ≤ 𝑟𝑎𝑙𝑙𝑜𝑤
©­­«

cos
2 𝜎𝑝 𝑓

cos2

(
𝜎𝑡0

+𝜎𝑝 𝑓

2

) ª®®¬
,

𝜎𝑝 𝑓
≤ 𝜎𝑡0 ≤ 𝜋 − 𝜎𝑝 𝑓

, 𝜎𝑝0
= 𝜎𝑝 𝑓

}
(40)

Figure 5 shows the reachable region of deviated pursuit guidance for a nonmaneuvering

target under the relaxed rendezvous condition. Compared to the PPNG, the reachable

region is formed in front of the target direction. If the pursuer is in a same reachable

area for the same initial direction, then the terminal condition of lead angle 𝜎𝑡 𝑓 is

identical. Note that the reachable region with small lead angle is made in the head-on

area. It was investigated that the deviated pursuit guidance has poor performance in the

head-on geometry. Note that the reachable region is made without consideration of the
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limited maneuverability on the pursuer. Because the deviated pursuit guidance shows

unstable characteristics in the head on geometry[33], the deviated pursuit guidance in

the reachable region may experience abrupt maneuver and fail to rendezvous although

it starts the rendezvous from the region. Considering the unfavorable characteristics of

deviated pursuit guidance in the head-on case, the designer must carefully choose the

desired deviated angle and proper initial position.

4.3. Reachability of Variable Deviated Pursuit Guidance

Aforementioned in Example 1, the variable deviated pursuit guidance converges to

the invariant set L+
Rendezvous [27]

when the pursuer demands a rendezvous with nonma-

neuvering target. In similar manner to Sec. 4.2, the initial position (𝑟0, 𝜎𝑡0 ) can be

obtained by integrating Eq. (18) backward from the terminal position (𝑟 𝑓 , 𝜎𝑡 𝑓 = 0):

Simple as it appears to be, however, the analytic solution is intractable. Instead, let

𝑠 = 𝑟/𝑟0 be the normalized variable. Then, Eq. (18) can be rewritten as

𝑑𝑠

𝑑𝜎𝑡

= 𝑠 tan

((
1 −

𝑠

2

)
𝜎𝑡

)
, 𝑓 (𝑠(𝜎𝑡 ), 𝜎𝑡 ) (41)

Note that the boundary conditions are determined as 𝑠0 = 1 and 𝜎𝑡 𝑓 = 0 in Eq. (41).

By specifying 𝜎𝑡0 , the terminal value of the normalized variable, 𝑠 𝑓 , can be obtained

by integrating Eq. (41) from 𝜎𝑡0 to 𝜎𝑡 𝑓 = 0 as follows

𝑠 𝑓 (𝜎𝑡0 ) = 1 −

∫ 𝜎𝑡0

0

𝑓 (𝑠(𝜎𝑡 ), 𝜎𝑡 )𝑑𝜎𝑡 (42)

We want to make the terminal value satisfy 𝑟 𝑓 ∈ [0, 𝑟𝑎𝑙𝑙𝑜𝑤 ], the normalized value must

satisfy

0 ≤ 𝑠 𝑓 (𝜎𝑡0 ) ≤
𝑟𝑎𝑙𝑙𝑜𝑤

𝑟0

(43)

By changing 𝑟 𝑓 ∈ [0, 𝑟𝑎𝑙𝑙𝑜𝑤 ], and 0 ≤ 𝜎𝑡0 ≤ 𝜎̄𝑡0 the reachable region can be obtained

as follows

X
Rendezvous [27]

0
=

{
(𝑟0, 𝜎𝑡0 , 𝜎𝑝0

), 0 ≤ 𝑟0 ≤
𝑟𝑎𝑙𝑙𝑜𝑤

1 −
∫ 𝜎𝑡0

0
𝑓 (𝑠(𝜎𝑡 ), 𝜎𝑡 )𝑑𝜎𝑡

, 0 ≤ 𝜎𝑡0 ≤ 𝜎̄𝑡0 , 𝜎𝑝0
= 0

}

(44)

Figure 6 shows the reachable region of the variable deviated pursuit guidance. The

rendezvous is reached in the limited initial area when the target is non-maneuvering.
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Figure 6: Reachable Region of Three Rendezvous Guidance with Zero Initial Look Angle Conditions

Note that the reachable region is made when 𝜎𝑝0
= 0, those of the PPNG and deviated

pure pursuit guidance for same initial condition are also plotted for comparative discus-

sion. The reachable region of the variable deviated pursuit guidance is placed left side

of the target, which complies well with the result in [15] where it investigated favorable

initial configuration for the rendezvous guidance strategies. As shown in blue-shaded

area, the standard deviated pursuit guidance forms the reachable region around the front

of the target. Considering the unstable characteristics of the pursuit guidance in the

head on geometry, the location of the reachable region implies that the guidance law

proposed in Ref. [27] will show better responses than conventional scheme.

In regard to the area of the reachable region, the variable deviated pursuit yields

narrower reachable region. The narrowness of the reachable region implies that the

guidance law is much difficult to achieve the rendezvous. It might be the reason that it

requires additional constraint for terminal condition 𝜎𝑡 𝑓 = 𝜎𝑝 𝑓
= 0. Whereas almost

cases of the PPNG finish at 𝜎𝑝 𝑓
≈ 𝜋

2
, the commanded lead angle 𝜎𝑝𝑐 allows to finish

the rendezvous at the specified terminal condition. However, the produced region can be

more favorable than that of PPNG if the rendezvous mission requires this requirement.
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5. Numerical Simulations

Numerical simulations are performed to demonstrate the analysed results of ren-

dezvous guidance laws. Three rendezvous guidance laws, PPNG based rendezvous

guidance, deviated pursuit based rendezvous guidance, and variable deviated pursuit

rendezvous guidance [27], are considered in the simulations. In the simulations, the

constant speed of the pursuer and the tanker is set as 20 m/s, the limit of the accelera-

tion commands of pursuer is 2𝑔, where 𝑔 is the gravitational acceleration. The initial

position of the tanker is (200, 0)m, and allowable distance is set to 𝑟𝑎𝑙𝑙𝑜𝑤 = 5𝑚. The

initial x-position of the pursuer is 0m and the initial y-position of the pursuer lies on

the reachable region in each case. The heading angle of the tanker is chosen as 2𝜋
3

and

the tanker does not maneuver in the simulations. The initial look angle of each pursuer,

𝜎𝑃0
, is chosen as 0, 𝜋

6
, and 𝜋

3
in each case. We assume no wind environments in the

simulations.

Figures 7 and 8 show the simulation results using PPNG based rendezvous guidance.

Figure 7 shows the flight trajectories of the pursuers using PPNG based rendezvous

guidance and the tanker. All pursuers track the tanker successfully, due to the pursuers

start to perform rendezvous maneuver from the reachable regions. Figure 8 shows the

relative distance and the acceleration commands of the pursuers using PPNG based

rendezvous guidance. The relative distance of the pursuer decreases and converges

to a bounded value. The acceleration commands converge to the zero, and it means

that the pursuers fly straightly and follow the tanker. Table 1 summarises terminal

distances of the PPNG based rendezvous guidance. Three cases all achieve the terminal

distance less than the allowable value 𝑟𝑎𝑙𝑙𝑜𝑤 = 5, and therefore the rendezvous mission

is satisfactorily completed.

Table 1: Terminal Distance using PPNG based Rendezvous Guidance

𝜎𝑝0
= 0 deg 𝜎𝑝0

= 30 deg 𝜎𝑝0
= 60 deg

Terminal distance (m) 1.1443 1.0710 2.8512

Figures 9 and 10 show the simulation results using deviated pursuit based rendezvous

guidance. Figure 9 shows the flight trajectories of the pursuers using deviated pursuit
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Figure 7: Flight Trajectories of the Pursuer using PPNG based Rendezvous Guidance
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Figure 8: Relative Distance and Acceleration Commands of the Pursuer using PPNG based Rendezvous

Guidance

21



-500 -400 -300 -200 -100 0 100 200 300 400

x (m)

-100

0

100

200

300

400

500

600

y
 (

m
)

Figure 9: Flight Trajectories of the Pursuer using Deviated Pursuit based Rendezvous Guidance

based rendezvous guidance and the tanker. Unlike the PPNG based rendezvous guidance

case, only one pursuer whose initial look angle is 𝜋
3

track the tanker successfully. This

is because the two pursuers whose initial look angles are 0 and 𝜋
6

start from the front of

the tanker and after the zero relative distance, the pursuers need agile maneuvers to track

the tanker but the limit of the acceleration commands is chosen as 2𝑔 to consider general

UAV dynamics in this study. If the limit of acceleration commands is not considered, the

pursuers starting on the reachable region perform the rendezvous maneuver successfully.

Figure 10 shows the relative distance and the acceleration commands of the pursuers

using deviated pursuit based rendezvous guidance. The relative distance of the pursuer

whose initial look angle is 𝜋
3

converge to a bounded value. The acceleration command

of the pursuer whose initial look angle is 𝜋
3

converge to the zero, and it means that the

pursuer flies straightly and follow the tanker.

For further discussion of the terminal distance with the variation of initial lead angle,

a multiple simulations are performed. 21 variations of initial lead angle are selected

from 0 to 90 degrees. Initial distance is set to 300𝑚, and initial positions (𝑥0, 𝑦0) for

each initial lead angle are chosen in the reachable region. Figure 11 depicts the trend of

the terminal distance with variation of initial lead angle, and Fig. 12 shows the initial
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Figure 10: Relative Distance and Acceleration Commands of the Pursuer using Deviated Pursuit based

Rendezvous Guidance

LOS angle and the reaching time where the pursuer reaches the closest distance to the

target. The terminal distance gradually decrease nearly up to 80 degrees and is less than

𝑟𝑎𝑙𝑙𝑜𝑤 from 45 degree. This result indicates that the reachable region is only feasible

in the range when the acceleration limit is taken into account. It is also observed that

the reaching time increases to reach the rendezvous point as the initial lead angle is

selected larger as shown in Fig. 12.

Figures 13 and 14 show the simulation results of variable deviated pursuit ren-

dezvous guidance [27], and terminal distance is summarised in Table 2. In this case, we

assume that UAV 1 and UAV 3 start to fly outside the reachable region, UAV 2 starts to

fly to the tanker on the reachable region. Figure 13 shows the flight trajectories of the

pursuers using variable deviated pursuit rendezvous guidance [27] and the tanker. UAV

2 starting on the reachable region tracks the tanker successfully, whereas the terminal

distance of UAV 1 and UAV 3 starting outside the reachable region cannot converge to

a bounded value. Figure 14 shows the relative distance and the acceleration commands

of the pursuers using variable deviated pursuit rendezvous guidance [27]. The relative

distance of UAV 2 converges to a bounded value. The acceleration command of UAV 2

converges to the zero, and it means that the pursuer flies straightly and follow the tanker.
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The simulation results corroborate the reachability analysis presented in the study.

Table 2: Terminal Distance using Variable Deviated Pursuit Rendezvous Guidance [27]

UAV1 UAV2 UAV3

Terminal distance (m) 93.2738 1.579 23.7291

6. Conclusion

This paper analysed the rendezvous guidance for UAVs aerial refuelling. First, a

necessary condition of exact rendezvous was addressed for the UAV to approach the

rendezvous point. Theorem 1 geometrically indicates the necessary condition for an

exact rendezvous in the absence of speed variation. Using the information, one may

specify the initial positions by excluding infeasible regions. Second, the reachability of

pure proportional navigation guidance and deviated pursuit guidance were analysed in

relaxed rendezvous condition, which can be utilized as prior information for rendezvous

operation.

The analysis implies that the exact rendezvous without the involvement of speed

variation is extremely difficult. A simulation study demonstrates the existing rendezvous
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Figure 14: Relative Distance and Acceleration Commands of the Pursuer using Variable Deviated Pursuit

Rendezvous Guidance [27]

guidance methods only achieve the rendezvous only narrowed initial configurations. To

overcome current limitations, the analysis will be utilized as a design guideline to

improve existing rendezvous guidance laws. A cooperative guidance strategy will be

considered to improve the rendezvous performance in the absence of speed variation.
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